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NORMAL CONE IS ALL YOU NEED:

UNSOFTENED SYMPLECTIC INTEGRATION OF THE NEWTONIAN

N-BODY PROBLEM ACROSS COLLISIONS IN FINITE STEPS

JEREMY NUSA

ABSTRACT. In the classical formulation of the Newtonian N-body problem, symplectic ge-
ometry and collision singularities appear fundamentally irreconcilable: fixed-step symplectic
integrators preserve the Poincaré integral invariants on smooth orbits only by softening the
gravitational potential or breaking down at close encounters, whereas classical Sundman
and Levi-Civita regularizations resolve collisions only by deforming the global time flow or
altering the canonical phase-space structure. In this work, we show that this dichotomy is
not an intrinsic obstruction of Hamiltonian mechanics, but an artifact of working on the
unblown Cartesian configuration space.

By lifting the dynamics to the standard cotangent bundle T*Q[N] of the real oriented
Fulton-MacPherson compactification Q[N] = Bl ) (M, /R?) and applying the Calaque—
Safronov shifted cotangent deformation to the normal cone DzQ[N] — A', we construct
an exact, unsoftened (¢ = 0) Hamiltonian splitting covered by the combinatorial atlas
of (2N — 3)!! rooted binary Jacobi trees. Along the normal-cone degeneration, the inter-
action decomposes canonically into commuting Kepler—Sundman leaf flows, synchronous
anti-Zeno supernodes, and a scale-invariant quadrupolar-screened apex potential of global
CY! regularity. Endowing the exceptional collision divisors with McGehee’s unitary elastic
bounce involution (B% = Id) renders the leaf flows globally complete and time-reversible
across binary collisions in a finite number of physical steps, thereby lifting the Sheng—Suzuki
negative-timestep barrier for high-order symmetric compositions.

In the bi-graded Poisson—Lie algebra L, . associated with this splitting, we establish a
Universal Double Obstruction Theorem at order six: momentum-parity alternation prevents
any pure configuration-space corrector from cancelling the leading secular error, while a
non-vanishing Hall cohomology class in H'(Da,Ls2) creates an incompressible O(e*h*)
quadratic tidal floor. We overcome the parity obstruction by introducing a torque-free
cotangent corrector K4 € L41 NP1, realized via a palindromic Lie conjugator Z?M4(h)
that vanishes naturally as O(r"/2) at collisions (scheme PBM4). Whenever the trajectory
changes local Jacobi chart or dyadic step-size level, a non-commutative covariant gauge con-
nection Tlgigg[ Y closes the Cech 1-cocycle on the atlas groupoid and eliminates interfacial
shadow-energy jumps. Accompanied by a complete, axiom-free Lean 4 formalization and val-
idated up to 116-bit quadruple precision against the REBOUND integrator suite (IAS15, TRACE,
MERCURIUS, and WHFast), the resulting architecture preserves all Galilean Lie-Bargmann in-
variants to machine precision across secular, collisional, and chaotic multi-body regimes.
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whose foundational discoveries made this work possible.
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1. INTRODUCTION

1.1. The Gravitational N-Body Problem: Contemporary Relevance and Open
Questions. The Newtonian N-body problem models the mutual gravitational interaction
of N > 3 point masses my,...,my > 0 in three-dimensional Euclidean space, governed on
the cotangent bundle 7*(R3" \ A) by the classical Hamiltonian:

N

112 S
l‘l(ol,p)zzup’H - > Gmim; (1.1)
=1

where q; € R? denote Cartesian positions, p; = m;q; € R? are conjugate momenta, and
A =Ui<icj<niad € R3Y | q; = q;} represents the singular collision divisor.

In contemporary astrophysics, the demand for accurate, long-term multi-body integration
of this Hamiltonian has never been more acute. Investigations into the secular stability and
chaotic diffusion of the Solar System over gigayear timescales, the orbital migration and
resonant capture within tightly packed exoplanetary systems, the core-collapse dynamics
of globular star clusters, and the relativistic coalescence of intermediate-mass black holes in
galactic nuclei all rely upon numerical integrations spanning millions to billions of dynamical
times.

Within these dense multi-body environments, close encounters play a decisive dynamical
role. In continuous phase space, seminal theorems of Saari [61, 62] establish that initial con-
ditions leading to true collisions in the Newtonian N-body problem form a set of Lebesgue
measure zero in the full phase space RV (and in the center-of-mass reduced phase space
RO6N=6) Among collisional configurations, simultaneous multiple collisions (k > 3) form a
lower-dimensional stratum of measure zero, while non-collision singularities are physically
pathological configurations conjectured to have measure zero (Saari [63]; see also Xia [84]).
Consequently, in continuous time, the dynamics is non-singular almost everywhere with re-
spect to the physical Liouville measure. However, in discrete numerical integration with finite
time step h > 0, generic trajectories (which constitute open sets of strictly positive Lebesgue
measure) inevitably penetrate compact quasi-collision spheres of radius §(h) < 1, triggering
catastrophic step-size collapse or artificial numerical ejections in conventional codes. While
exact multiple collisions remain absent almost surely, resolving binary encounters and mul-
tiscale cluster hierarchies symplectically without potential softening (¢ = 0) desingularizes
these generic positive-measure quasi-collisional encounters and ensures robust, unsoftened
propagation across all physical regimes (see Figure 1).

1.2. Survey of Contemporary Numerical Approaches and the Pathology of Invari-

ant Drifting. To address this challenge, computational celestial mechanics has historically

explored three distinct avenues, each of which entails substantive mathematical trade-offs:

(a) High-Order Adaptive Non-Symplectic Integrators: Modern astrophysical pack-

ages frequently deploy high-order non-symplectic schemes with adaptive step-size
control, such as 15th-order Gauss—Radau quadrature with compensated summa-
tion [53, 58], embedded Runge—Kutta pairs, or Bulirsch—Stoer rational extrapolation
techniques. In scenarios featuring chaotic scattering or highly eccentric orbits, adap-
tive step-size controllers automatically contract the integration time step to resolve
steep acceleration gradients, achieving remarkable local accuracy. However, because
these integrators do not preserve the canonical symplectic 2-form wg = Zi]\il dqg; Adp;
nor the phase space volume, they do not possess an exact modified shadow Hamil-
tonian. Consequently, while standard non-symplectic integrators suffer from secular
linear energy drift (O(t)), even compensated high-order quadrature schemes that
suppress linear energy drift down to Brouwer’s random-walk roundoff limit (o /2
in energy [13]) inevitably suffer from a secular orbital phase error growing as O(t%/2)
and lack an exact shadow Hamiltonian H , eroding the long-term qualitative fidelity
of secular resonances and semi-major axes.
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FIGURE 1. Multi-regime trajectory showcase of unsoftened normal-
cone symplectic integration with palindromic dyadic substepping.
Along every trajectory, white beads (o) mark uniform macro-step boundaries
(tn, = nh,k = 0), while progressively darker gray beads denote internal dyadic
sub-steps (At, = h/2Fsmn for k = 1,2,> 3) triggered automatically in-
side the shaded close-encounter spheres without potential softening (¢ = 0).
(a) Closed eccentric Keplerian binary (e = 0.75) showing palindromic refine-
ment kgym : 0 = 1 — 2 — 1 — 0 around pericenter qperi. (b) Unbound
hyperbolic slingshot (e = 1.25, deflection Af = 106°) reaching ksym = 3 (h/8)
at closest approach. (c) Synodic multi-loop Arenstorf orbit in the Earth—
Moon PCR3BP (p = 0.012277471), combining local Levi-Civita / Sundman
leaf regularization with Hill-sphere chart switching (713 <> 723). (d) Equal-
mass three-body Figure-8 choreography (Chenciner—-Montgomery [18]), where
democratic Voronoi chart transitions (712 — T2s — 7Ti3) and symmetric
dyadic sub-steps resolve the central crossings. (e) Grazing three-body reso-
nant encounter (713 — 712) triggering the high-velocity recoil of mg (coasting
at k = 0) and the expulsion of a tightly bound binary pair (mi,msg) tracked
at k € {1,2}. (f) Simultaneous three-body Lagrange collapse onto the blown-
up McGehee supernode manifold (ps — 0), where the synchronous cluster
hierarchy and unitary bounce involution (B% = Id) resolve the triple quasi-
collision at kgym = 3.
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(b) Classical Analytical Regularization Techniques: In the early twentieth century,
Sundman [72] achieved the analytical regularization of isolated binary collisions by in-
troducing a local conformal time reparameterization d¢t = r;; du (Section V, Eq. 71),
and extended it globally to the 3-body problem via the product clock dt = I'dw
with T' = [T3_o(1 — e "#/%) (Section XI, Eq. 179-180). This was extended to three
dimensions via the spinor transformation of Kustaanheimo and Stiefel (KS) [36] and
subsequently generalized into chain regularization algorithms by Mikkola and Aarseth
[1, 51]. While exceptionally powerful for isolated binary pairs, classical regulariza-
tions are burdened by a fundamental drawback: the global time-freezing dilemma.
Because the regularizing clock dt = g(q)dr is defined as a global scalar field over
configuration space (such as I' — 0 in Sundman’s global clock or g = 1/(T+U) — 0 in
chain methods), whenever any two bodies approach a collision (r;; — 0), the physical
time increment dt collapses toward zero for the entire system. Consequently, the mo-
tion of distant, non-colliding bodies is artificially frozen, rendering global Sundman
regularization computationally intractable for general N > 3 systems.

(c) Phenomenological Potential Softening: To avert singular gradient explosions
in large-scale N-body simulations, numerical practitioners frequently replace the
physical Newtonian potential with a softened kernel, such as the Plummer poten-
tial Vz(q) = —Gmimj/\/Hqi —qj||? + 2 with € > 0, or impose an artificial force
cutoff distance dy > 0. Softening is physically well-justified and indispensable in
collisionless galactic dynamics and cosmological simulations (N ~ 10% — 10! par-
ticles), where it suppresses artificial two-body relaxation and converges toward the
smooth mean-field Vlasov—Poisson kinetic limit. However, in collisional, point-mass
systems such as compact planetary architectures, dense globular cluster cores, or mul-
tiple stellar systems, introducing an ad hoc length scale € > 0 fundamentally alters
the physical point-mass Hamiltonian: it suppresses large-angle gravitational deflec-
tions, introduces unphysical apsidal precession, shifts resonant commensurabilities,
and precludes the faithful study of close gravitational encounters.

Importantly, while smooth, stationary, radially symmetric softening potentials (such as
V2) preserve the kinematic Galilean invariants (P, G, L) via standard spatial Noether symme-
tries, they corrupt the physical energy spectrum and orbital geometry. The Lie—Bargmann
invariant algebra is then directly violated whenever practitioners introduce discontinuous
force cutoffs (dyp > 0), dynamical time-dependent softening scales £(t), or non-symplectic
dissipations, permanently eroding the 10 universal first integrals of an isolated Newtonian
system (total energy H, linear momentum P, center-of-mass boost G, and angular momen-
tum L) and degrading the long-term qualitative credibility of the simulated phase space
trajectories.

1.3. The Geometric Promise and Singular Dilemmas of Symplectic Integration.
Symplectic integrators [28] offer a rigorous remedy to secular dissipation. By construction, a
numerical map ®p : (qpn, Pn) = (An+1, Prt1) is symplectic if its Jacobian matrix J satisfies
identically:

O I
J TenT = Jon, Jon = (_H?’;jv @33];7\[) ) (1.2)

The decisive theoretical advantage of symplectic schemes is elucidated by Backward Error
Analysis [6, 28, 46]: the discrete sequence generated by a symplectic integrator does not
approximate the original continuous system with secularly drifting energy; rather, it tracks
exactly the trajectory of a nearby formal Hamiltonian, known as the shadow or modified
Hamiltonian:

H(q,p) = H(q,p) + h*Ha(q,p) + h*Hi(a,p) + . .. (1.3)
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Because H is an exact invariant of the discrete flow, the energy error H (an, Pn) — H(qo, Po)
does not grow linearly with time, but remains confined within an adiabatic oscillatory enve-
lope of amplitude O(hP) over astronomical durations. Furthermore, whenever the underlying
splitting respects the spatial symmetries of the potential, discrete Noether theorems guaran-
tee that linear momentum P and angular momentum L are exact first integrals (A¢runc = 0)
without secular discretization drift.

However, applying symplectic integrators to the unsoftened gravitational N-body problem
encounters three formidable theoretical bottlenecks:

(i) The Constant Time-Step Constraint: As demonstrated by Skeel and Gear [66]
and Hairer et al. [28], standard adaptive step-size mechanisms based on local error
estimators destroy the symplectic 2-form. Introducing a variable step h,, = h(qn, pn)
converts the discrete map into a non-Hamiltonian system, reinstating secular energy
drift comparable to that of non-symplectic integrators.

(ii) Singularity of the Newtonian Potential: Under a fixed time step h, when two
bodies experience a close encounter (r;; — 0), the physical acceleration |[VV|| ~ r;jQ

and its Hessian || Hess(V)| ~ r;jg diverge rapidly. The modified Hamiltonian series

H fails to converge, leading to numerical divergence or unphysical ejections.

(iii) The Sheng—Suzuki Barrier for High-Order Compositions: To achieve high
precision, one constructs higher-order integrators via symmetric composition of lower-
order stages. However, a rigorous non-existence theorem proved independently by
Sheng [64] and Suzuki [74] establishes that any symplectic partitioned Runge—Kutta
or splitting method of order p > 3 with real coefficients must necessarily include
at least one negative intermediate time step (wy < 0). In the presence of singular
gravitational forces, propagating backward in time near a collision boundary triggers
catastrophic numerical instabilities unless the singularity has been regularized in an
analytically reversible manner.

In the regular planetary regime where orbital eccentricities remain small and a single cen-
tral mass dominates (H = A+¢B with € < 1), the celebratory perturbative splitting school
pioneered by Wisdom and Holman [82], equipped with symplectic correctors [9, 83] and gen-
eralized into high-order symmetric families by Laskar and Robutel [38], Blanes et al. [8, 10],
and Farrés, Laskar et al. [22], achieves unmatched efficiency at fixed macro-steps. Yet these
perturbative splittings rely fundamentally on the uniform analyticity of the interaction po-
tential B away from collision diagonals: whenever a subsystem enters an extreme eccentricity
excursion (e — 1), undergoes a grazing planetary flyby, or forms a democratic multi-body

encounter (r;; — 0), the Lie commutator ad’j (B) explodes as (’)(r;j(nﬂ)) and the fixed-chart
Kepler—drift hierarchy breaks down. Rather than competing with fixed-step planetary inte-
grators on quasi-circular regular orbits, the theory developed in this paper constructs their
universal, unsoftened singular extension on the Fulton—-MacPherson compactification Q[N]:
it seamlessly reduces to an exact hierarchy of commuting Keplerian leaves and cotangent-
corrected PBM, propagators in regular hierarchical regimes while traversing arbitrary binary
collisions and dense multi-body encounters in a finite number of physical steps.

1.4. The Deformation to the Normal Cone and Canonical Hamiltonian Splittings.
A promising mathematical bridge across this impasse has emerged from modern symplectic
geometry. In a groundbreaking memoir, Damien Calaque and Pavel Safronov [15] formalized
the deformation to the normal cone within the framework of shifted cotangent structures
and symplectic groupoids on derived stacks. While their foundational work operates in the
abstract setting of derived algebraic geometry, the present treatise adopts this canonical
geometric degeneration as a conceptual guiding paradigm, translating its core insight into a
classical Hamiltonian operator splitting on the ordinary cotangent bundle T* M.

Let M = R3Y denote the ambient configuration space of the N bodies, X = M \ A the
regular non-collision locus (defined as the set complement of the collision divisor A), and
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let Z C A C M be an isolated collision submanifold (such as a pairwise collision diagonal
Aijj = {q € M | q; = q;}). The deformation space DzM — Al over the real affine
line A! 2 R (parameterized by a continuous deformation parameter ¢ € [0, 1]) interpolates
geometrically between two distinct symplectic regimes:

e Generic Fiber (¢t = 1): The fiber (DzM);~; is canonically isomorphic to the
ambient configuration space M, and on the regular locus X its cotangent bundle
carries the standard physical Darboux form wy.

e Degenerated Normal Fiber (f = 0): As ¢t — 0, the space degenerates onto the
normal bundle Nz M, and the cotangent space lifts to T7*(N; M), which is endowed
with a canonical, linear, flat symplectic structure.

Transposed to celestial mechanics, this normal cone perspective suggests a principled, non-
heuristic method for Hamiltonian operator splitting. Rather than modifying the potential
with ad hoc cutoffs, one decomposes the dynamics into:

(1) An exact groupoid exponential along the base manifold X, governed by kinetic inertia
and generating unconstrained Galilean drift;
(2) A family of transverse impulses acting in the flat normal cotangent fibers T*(N,z M)
at t =0.
Crucially, in the flat normal cotangent fiber, the pairwise gravitational force between particles
i and j acts strictly along the central direction (q; —q;). By virtue of Newton’s third law and
the symmetry of the central interaction, the transverse impulse field is strictly orthogonal to
the level sets of the 9 kinematic first integrals:

N

N
> Ve,V=0, Y qxVgV=0. (1.4)
i=1 =1

Consequently, this normal cone splitting preserves total linear momentum P, center of mass
G, and total angular momentum L unconditionally and identically at each stage of the
integration, while energy H is preserved through the shadow Hamiltonian H without secular
dissipation.

1.5. Fulton—-MacPherson Compactification: Resolving the Sundman Time-Freezing
Dilemma. While binary collisions Z = A;; form smooth submanifolds of codimension 3,
general N-body systems (N > 3) introduce multiple collision strata A; = ; ;e /{di = q;}
with non-transverse intersections. As Siegel [65] proved the non-analytic regularizability of
triple collisions and McGehee [47] uncovered chaotic dynamics on the blown-up collision
manifold, the intrinsic normal cone along multiple collisions in R3Y is not a regular bundle,
but a singular, reducible cone with intersecting branches, causing naive Cartesian splittings
to generate unphysical "ghost poles" at cluster barycenters.

To resolve this obstruction and decouple trivial center-of-mass motion, one passes to rel-
ative configurations via the algebraic quotient M, = M/R3 = (R?)N /R3. We then invoke
the real Fulton-MacPherson compactification Q[N] = Blyy ) (M/R?) [3, 24] (see Axelrod &
Singer [3, Section 5]), constructed by performing canonical spherical blow-ups along collision
diagonals ordered by the partition lattice II(/V) of {1,..., N}. On the compactified manifold
with corners Q[N], the singular collision arrangement A becomes a simple normal crossing
(SNC) divisor with corners, whose boundary strata are smooth hypersurfaces with regular
normal line bundles, and whose maximal corners of codimension N — 1 are bijectively dual
to binary Jacobi trees 7 € Trees(N).

This compactification provides the definitive geometric resolution to the Sundman time-
freezing dilemma and multi-body singular barriers:

(1) Decentralized Cluster Clocks: Each hierarchical node v of the Jacobi tree T
carries its own local cluster clock dt, = p, dr,, where p, is the internal hyper-radius
of cluster C,.
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(2) Asynchronous Multiscale Evolution: Fast internal orbital or collisional motions
within tight sub-clusters evolve in their own local time, crossing pairwise collisions
analytically via universal Stumpff functions cx(z) [70] and regularized elastic bounces
Beo : v, — —v, in McGehee coordinates, while distant bodies drift symplectically
without artificial deceleration.

(3) Resolution of the Suzuki Barrier: Because McGehee’s regularized bounce is a
unitary involution (B% = Id) combined with odd Stumpff transformations, the flow
is strictly time-reversible across collisions, enabling the safe deployment of high-order
symplectic compositions (Sy, BMSP, BMéH)) with negative intermediate time steps.

(4) Elimination of the Multipolar Ghost Pole and Universal C!'' Regular-
ity: Naive subtraction of a barycentric monopole creates an unphysical “ghost
pole” +GMpMpg/||ry|| whenever two cluster barycenters coincide (||r,|| — 0) with-
out any physical collision. Introducing the scale-adapted screening function ©(u,)
(uy = |lryll/(pL + pr)) cancels both the monopole and dipole identically, leaving a
pure quadrupolar tidal interaction governed by a symmetric trace-free tensor Typex €
Symg(3) that is uniformly C%! Lipschitz across all of Q[N] without any softening cut-
off (dp = 0, Theorem 4.4).

(5) Synchronous Anti-Zeno Super-Nodes for Multi-Body Encounters: When-
ever a dense sub-cluster of cardinality £ > 3 crosses the scale-invariant Hill/Marchal-
Sundman tidal threshold (ns < neiy = 3~ 3, Proposition 4.11, stabilized by a spec-
tral Schmitt trigger [271/3,271/6], Corollary 4.12), asynchronous pairwise splitting

would trigger a catastrophic O((Sc_li/fer) Lie commutator divergence (Proposition 4.7).

The sub-cluster dynamically fuses into a synchronous super-node integrated under its

local unfolded Sundman clock dtg = X% drg, guaranteeing traversal of arbitrary close

multi-body encounters in a uniformly bounded, finite number of sub-steps (universal

Anti-Zeno property, Theorem 4.9).

1.6. Core Claims and Practical Numerical Schemes. To bridge the persistent chasm
between algebraic geometry and computational astrophysics, this paper demonstrates that
deep geometric structures directly govern high-performance symplectic integrators. Our over-
arching claim is anchored in a decisive measure-theoretic foundation: because collisions form
a set of Lebesgue measure zero [61, 62] with multiple collisions occupying a lower-dimensional
sub-stratum of measure zero, resolving pure binary close encounters via normal cone desingu-
larization and decoupling cluster hierarchies via Fulton—-MacPherson compactification yields
an exact, unsoftened symplectic integration valid on every event set of non-zero measure in
phase space. We formulate our contributions along two complementary axes: foundational
geometric structures and operational numerical schemes.

1. Foundational Geometric and Symplectic Framework. From an analytical and geometric
perspective, this paper establishes four fundamental structural pillars:

(a) Normal Cone Hamiltonian Splitting on 7% M: Formalizing the graded Rees de-
formation to the normal cone 7 : Dz M = Spec,; R(Zz) — Al (Theorem 2.1) decom-
poses dynamics into unconstrained groupoid/coadjoint base drifts @% = expg(hv(pn))
on the generic fiber t =1 (X = M \ A) and flat abelian cotangent fiber translations
DI (py) = py — sV,V(n) on the special fiber t = 0 (T*(Nyg/p), endowed with
the additively split symplectic 2-form wyorma) = dz A dp + dn A dw, Proposition 2.2).
This unifies Lie-Poisson Casimir-preserving splittings on se(3)* and (S?)% (Theo-
rem 2.3, Propositions 2.4 and 2.5) with planar synodic and conformal regularizations
(Proposition 3.1, Theorem 3.2), while guaranteeing pure Newtonian motion without
softening (¢ = 0,dp = 0) and unconditional exact conservation (A¢yync = 0) of the 9
kinematic Lie-Bargmann first integrals (P, G, L) without external projection.

(b) Fulton—-MacPherson Multiscale Desingularization on 7*Q[N]: Blowing up
M /R3 by iterated real oriented spherical blow-ups along the irreducible building set
Girr of the Whitney partition lattice II(N) transforms multiple collision strata into a
simple normal crossing divisor with corners covered by (2N —3)!! binary Jacobi trees,
where disjoint sub-clusters commute identically on the standard cotangent bundle
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T*QIN] without the logarithmic boundary poles of Melrose’s b-cotangent bundle
bT*Q[N] (Theorem 4.1, Proposition 4.2). Associating decentralized clocks dt, =
po d7y, CH screened apex potentials (with dual C* Gevrey-2 Cauchy mollifier and
order-matched C?* Hermite spline realizations, Theorem 4.4 and Propositions 4.5
4.6), and recursive synchronous Anti-Zeno super-nodes triggered at the parameter-
free Hill/Marchal-Sundman threshold 7y = 3-1/3 (Proposition 4.7, Theorem 4.9,
Proposition 4.11, Corollary 4.12) resolves both the Sundman time-freezing dilemma

and the O(é;is/fer) commutator barrier.
Analytic Continuation and Time-Reversible Crossing of Binary Collisions:
Coupling McGehee’s radial elastic bounce B¢ : v, — —v, (Lemma 5.6) with the real-
analytic Sundman—Stumpff diffeomorphism A7 +— At(A7) (Proposition 5.5) and
Weierstrass pericenter conditioning (Proposition 6.11) integrates pairwise collisions
analytically across the singular divisor without cutoff. Because B¢ is an exact unitary
involution (B?; = Id), the regularized trans-collisional flow is strictly time-reversible
(t — —t), providing the indispensable mathematical stability required for negative in-
termediate time steps (87 < 0) in high-order symplectic compositions (Theorem 5.4).
Universal Double Obstruction Theorem and Incompressible Quadratic
Tidal Floor: Within the bi-graded Poisson-Lie algebra £, ,,, on T*Q[N]—where ex-
act Jacobi-Kepler leaf integration collapses the unperturbed column {Ajk, Ajx} =
0 = Lyo = {0} (n > 2) and spatial commutativity {Wi5e™, Vieat Jo, = 0 an-
nihilates ad%[/as}c)léien(AJK) = 0 (Proposition 5.16, Theorem 5.13)—we prove that (i)
momentum-parity alternation (Im(D4|p,) C Py versus HA¥ € Py @ Py) strictly
forbids any pure configuration-space corrector K(r) € Py from elevating BMEP to
order 6, and (ii) a non-vanishing Hall cohomology class [DpD3B] € HY(Da, L52)
(dim Ls2 = 2 > dimIm(Dalg,,) = 1) with strictly positive Poincaré orbital aver-
age induces an incompressible quadratic tidal error floor O(¢2h*) (Theorem 5.17,
Theorem 5.18).

2. Operational Numerical Schemes. To serve practical computational needs in celestial me-
chanics and stellar dynamics, this theoretical architecture is realized as a concrete hierarchy
of geometric integrators:

(a)

Strang Normal Cone Propagator Ss: A symmetric 7-operator second-order
splitting on (Pext, Qext) interleaving barycentric drift, exact Kepler-Sundman leaf
solvers, synchronous super-nodes, and C%! screened apex kicks, bounding energy
errors within an O(h?) envelope without secular dissipation while conserving all 9
kinematic Lie-Bargmann invariants exactly (Definition 5.1, Theorem 5.2, Proposi-
tion 5.3).

Symmetric 4th-Order Yoshida Integrator S;: A 3-stage symmetric composition
Si(h) = Sa(ah) 0 Sa(Bh) o Sy(ah) (o = 1/(2 — 21/3),8 = —21/3/(2 — 21/3)) [85].
Benefiting from the involutive time-reversibility of B¢, it overcomes the Sheng—Suzuki
barrier [64, 74], executing trans-collisional steps with negative intermediate durations
fh < 0 without instability (Proposition 5.7).

Optimized 4th-Order 7-Stage Scheme BMEZ): Higher-order symmetric composi-
tion of Blanes & Moan [10] (s = 6 non-trivial FSAL evaluations in direct ABA/RKN
form, or 7 FSAL evaluations in symmetric S5 composition, Table 2) with moderate
retrograde sub-step (a4 =~ —0.4344), compressing the principal BCH order-5 com-
mutator error norm by a factor exceeding 400 relative to Yoshida (|C5| < 0.01236
vs 5.3719) and ensuring exponential Benettin—Giorgilli shadow confinement (Defini-
tion 5.8, Theorem 5.9, Theorem 5.10, Proposition 5.11).

Optimized 6th-Order 11-Stage Scheme BM(ﬁll): An 11-stage symmetric palin-
dromic composition (s = 10 FSAL in direct RKN form SRKN?;, or 11 FSAL in
S3 composition) solving the 7 independent order-6 RKN algebraic conditions on
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L1, L3, L5, bounding negative sub-steps (Ja;| < 0.36), and variationally minimizing
the residual order-7 commutator norm | H7|| (Definition 5.12, Theorem 5.13, Theo-
rem 5.14, Proposition 5.15).

Cotangent-Lifted Corrector K, € P; and Processed Scheme PBM, (Pre-
Asymptotic Order 6): Bypassing the first parity obstruction via the cotangent lift
Ky(r,w) = cBMRAD3 B = BMARA ST Tr(Tapex,x Msym(ta, Wa)) € L41NPy (EM ~
+1.7600 x 10~%) realized by the 2-stage palindromic Lie conjugator ZPM4(h) (with
antipodal half-shell factorization, Theorem 5.18, Theorem 6.5, and Proposition 6.6),
PBM, annihilates the linear tidal error O(eh?*) with zero internal torque (Ti, = 0)
and O(r7/?) free-fall extinction across binary collisions (Theorem 5.19), achieving
pre-asymptotic effective order 6 (peg = 6.25, up to 2,537 energy accuracy gain)

down to the O(2h*) floor at zero additional interior cost (s = 6, Theorem 5.18).

Covariant Symplectic Atlas Gauge Transition Operator T((i]zi/[;i( Bhp) and

Canonical Voronoi Admissibility: Dynamic restructuring across the (2N — 3)!!
Jacobi tree charts via unimodular SL(2,R) < Sp(6N — 6,R) tree rotations under
the three-regime Hill-weighted Delaunay—Jacobi admissibility criterion at canoni-
cal Voronoi threshold v = 1.0 and time-reversal-covariant adjoint hysteresis A_ =
Iro Ajrl o Zp (Theorem 4.10, Proposition 6.13, Theorem 6.15, Remark 6.5.2), glued
in shadow space across both chart flips and dyadic step-size junctions by the non-
commutative cotangent-lifted gauge operator T((iii/[)ﬂ(ﬂh}a) = ZEM4’(B)(—hB) o

Meoord © ZfM4’(A)(+h 4) which closes the Cech 1-cocycle (5.30 x 10736 algebraically,

4.08 x 10~3° dynamically) and suppresses interfacial shadow energy jumps to machine
precision (2.36x 1073 in Float128 and 0.00 to 4.19x 1071¢ in Float64, Theorem 5.20
and Theorem 6.16).

Skeel-Gear Synchronized Two-Endpoint Dyadic Multirate Scheduler with
Leaf/ Apex Decoupling: A time-reversible dyadic step hierarchy hy, = Atmacro/ Qksym,n
governed by the two-endpoint symmetric selector ksym n = max(kdyn(2n), k:dyn(@(ADzn (2n)), ksched)
with bit-exact scaled-integer timestamping (Remark 6.3.4), enforcing intra-block
chart freezing (Proposition 5.22, Proposition 6.14), bilateral pericenter anticipation,
and the Leaf/Apex Decoupling Theorem with two-regime quadrupolar tidal modu-
lation (Tpair(C') = min(74yn(C), max(Treg,1, Treg,2)), Theorem 5.25, Proposition 5.24,
Proposition 5.26, and Theorem 6.9), preventing dyadic step-size collapse (k < 2,
ksym = 0 on isolated binaries) during extreme pericenter passages (e — 1).
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1.7. Outline of the Paper. The remainder of this treatise is organized into eight principal
sections, progressing systematically from differential-geometric foundations and canonical
Hamiltonian splittings to high-order processed symplectic schemes, asynchronous multirate
algorithms, dual-precision empirical metrology, and overarching perspectives, complemented
by a unified formal and computational appendix:

Section 1 (Introduction and Common Mathematical Foundations):

Establishes the astrophysical motivation, the measure-theoretic foundation grounded
in Saari’s theorems guaranteeing unsoftened integration on all positive-measure phase-
space events, the core theoretical and numerical claims, and the common mathematical
primitives (§1.8: relative configuration manifold M, singular collision arrangement A,
canonical Darboux symplectic structure wg, and the 11-dimensional centrally extended
Lie-Bargmann Poisson algebra bargmann(3), Proposition 1.1).

Section 2 (Calaque—Safronov Normal Cone Methodology and Algorithmic Recipes):
Develops the geometric theory of the deformation to the normal cone 7 : DyM =
Specy; R(Zz) — Al via the graded Rees algebra and establishes the additive splitting
of the degenerated symplectic 2-form wyormar on 7%(N. Z/M) into base coordinates and
flat abelian cotangent fiber translations (§2.1, Theorem 2.1, Proposition 2.2). Formu-
lates the canonical four-step normal-cone Strang splitting Sa(h) = (I)hN/é o (ID?L o @hN/g
coupling ¢t = 0 transverse impulses with the ¢ = 1 symplectic groupoid exponential
map CID%, proving unconditional Casimir conservation and exact time-symmetry with
odd Baker—Campbell-Hausdorff generator parity (§2.2, Theorem 2.3, Proposition 2.4).
Demonstrates how this framework retrospectively unifies and explains the structural fi-
delity of explicit Lie—Poisson integrators for the SE(3) heavy rigid top on se(3)* and
Bogomolov-Kirchhoff point-vortex dynamics on (S?)¥ (§2.3, Proposition 2.5).

Section 3 (The Planar Three-Body Prototype and Classical Regularizations):

Investigates the planar circular restricted three-body problem (PCR3BP) in syn-
odic coordinates as a foundational low-dimensional archetype, establishing the exact
invariance of the Jacobi constant C; = —2Hgy, (alongside Szebehely’s gauge shift
Cs, = Cj + p(1 — p)) and the canonical decoupling between the exact linear Coriolis-
kinematic flow WK™ € Sp(4, R) and transverse gravitational kicks (§3.1, Proposition 3.1).
Proves that classical analytical regularizations—Sundman’s conformal clock dt = rdr,
Levi-Civita’s branched 2 : 1 spinor covering z = w? on P(NzM) = S!, Birkhoff’s global
primary regularization, Kustaanheimo—Stiefel’s 4D spinor lift, and McGehee’s real ori-
ented spherical blow-up Bly; M = St x R>o—arise as local coordinate slices of the special
fiber t = 0 of Dz M while exposing their global time-freezing, spinor-branching, and non-
transversality obstructions for N > 3 (§3.2, Theorem 3.2, Remark 3.2.1). Validates the
dyadic normal-cone solver governed by the harmonic Sundman scale x(q) = r172/(r1+72)
on multi-loop Arenstorf periodic orbits (JAC,| < 10714 §3.3, Remark 3.3.1, Appen-
dix A.2).

Section 4 (Fulton—-MacPherson Compactification and Multiscale Splitting):

Constructs the real oriented Fulton-MacPherson compactification Q[N] = Blg,,, (M)
along the irreducible building set of the Whitney partition lattice II(N), turning A
into a simple normal crossing divisor with corners covered by (2N — 3)!! binary Ja-
cobi tree charts, contrasting the smooth standard cotangent bundle T*Q[N] against
Melrose’s logarithmic b-cotangent bundle *T*Q[N], and proving exact cotangent com-
mutation between disjoint sub-clusters (§4.1, Theorem 4.1, Proposition 4.2). Neutralizes
multipolar “ghost poles” via the scale-invariant screening function ©(u,) (in both C*
Gevrey-2 Cauchy mollifier and order-matched C?* Hermite spline realizations) to estab-
lish universal C1! Lipschitz regularity, trace-free quadrupolar tidal structure Tapex €
Symg(3), exact preservation of the 10-generator Lie-Bargmann algebra on (Pext, Qext),
and palindromic BCH odd-parity symplecticity (§4.2, Theorem 4.4, Propositions 4.5
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and 4.6). Identifies the O(é;ﬁs/tir) asynchronous commutator barrier and resolves it
via synchronous super-nodes with universal Anti-Zeno regularization, parameter-free
Hill/Marchal-Sundman compactness thresholds (1qix = 3~/%), spectral Schmitt trig-
gers ([271/3,271/6]), and unimodular SL(2,R) < Sp(6N — 6,R) atlas transitions with
positive dwell time under canonical Voronoi partitioning (v = 1.0, with optional v = 0.6
anti-chattering hysteresis; §4.3, Proposition 4.7, Theorem 4.9, Theorem 4.10, Proposi-
tion 4.11, Corollary 4.12).

Section 5 (Symplectic Discretization and High-Order Schemes):

Formulates the 7-operator palindromic Strang propagator Sa(h) on (Pext, Qext) with
exact Noether conservation of the 9 kinematic Lie-Bargmann invariants (§5.1, Defini-
tion 5.1, Theorem 5.2, Proposition 5.3), resolves the Sheng—Suzuki negative-timestep
barrier via the real-analytic Sundman—Stumpff diffeomorphism and McGehee’s unitary
elastic bounce involution BZ = Id to certify the 4th-order Yoshida composition Sy(h)
across exact binary collisions (§5.2, Theorem 5.4, Proposition 5.5, Lemma 5.6, Propo-

sition 5.7), and deploys the optimal 7-stage 4th-order scheme BMEE) (> 400x BCH
error compression and exponential Benettin—Giorgilli shadow confinement at € = 0, §5.3,
Definition 5.8, Theorem 5.9, Theorem 5.10, Proposition 5.11) alongside the 11-stage 6th-
order scheme BMéH) and the bi-graded Lie algebra L,, ,, governed by {Ajx, Ajx} =0
and adls/‘/sgregcen(AJK) = 0 (§5.4, Definition 5.12; Theorem 5.13, Theorem 5.14, Proposi-

tions 5.15 and 5.16). Section 5.5 proves the Universal Double Obstruction Theorem at
order 6 (Theorem 5.17), constructs the cotangent-lifted partial corrector K4 € L4131 NPy
and 2-stage palindromic conjugator ZPM4(h) characterized by the incompressible qua-
dratic floor O(e2h*) and zero internal torque (Theorem 5.18), establishes the 5-strata
regularity partition of T*Q[N] with O(r7/?) free-fall extinction of K, at binary colli-

sions (Theorem 5.19), and derives the covariant cotangent-lifted gauge transition op-

erator T((E’]?Li/{;i( Bhy) closing the Cech 1-cocycle (Theorem 5.20). Finally, §5.6 estab-
lishes the Skeel-Gear synchronized dyadic multirate lattice (Proposition 5.22), the Fun-
damental Leaf/Apex Decoupling Theorem with two-regime quadrupolar tidal modula-
tion (Tpair(C) = min(74yn(C), max(Treg,1; Treg,2)), Theorem 5.25, Proposition 5.24), and

dyadic shadow Hamiltonian continuity (Proposition 5.26).

Section 6 (Computational Architecture and Algorithmic Realization):

Translates the mathematical theory into a deterministic, zero-allocation computa-
tional architecture: details the six-phase operational pipeline and 16-component state
vector (§6.1), O(N?log N) agglomerative Jacobi tree construction under the unilat-
eral Delaunay—Hill intruder guard (vpuq = 1.0) and antipodal half-shell shadow pre-

processing ZPM4(h) (§6.2, Proposition 6.2, Theorem 6.5, Proposition 6.6), the time-

reversible two-endpoint predictive dyadic scheduler kgym, , = max(kdyn(zn), kdyn(q)(AOzn (Z1)), Ksched)
with bit-exact scaled-integer timestamping (§6.3, Proposition 6.7, Theorem 6.9, Re-
mark 6.3.4), the analytical Kepler—Sundman leaf solver with Weierstrass pericenter condi-
tioning and Battin unimodular projection alongside recursive normal-cone super-nodes
and C? Hermite-screened apex kicks with exact monopole cancellation Viiek = Vinter
(86.4, Propositions 6.10, 6.11, and 6.12), the strict four-step causal macro-boundary
sequence, three-regime Hill-weighted Delaunay—Jacobi chart admissibility, time-reversal-

. . . = (PBMA4) .
covariant adjoint hysteresis A_, Cech 1-cocycle closure under T( Aha)(Bohg)’ and Battin

Wronskian / Lie-Bargmann metrology (§6.5, Propositions 6.13 and 6.14, Theorem 6.15,
Remark 6.5.2, Theorem 6.16, Proposition 6.18), and high-performance vectorized and
LLVM JIT-compiled micro-kernels (0.0 ULP bit-exact equivalence and up to 62.54x
apex and 59.83x super-node speedups across N € [3,64]) alongside 35-digit Float128
reference solvers (§6.6, Propositions 6.19 and 6.20).
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Section 7 (Numerical Benchmarks):

Conducts a comprehensive empirical validation following the spectral metrology of
the Laskar school across dual-precision (53-bit Float64 and 116-bit Float128) imple-
mentations. Section 7.1 evaluates Laskar’s inverse-cost metric 7/s on the Chenciner—
Montgomery Figure-8 choreography [18] and 3D eccentric hierarchical triples, isolates
Brouwer’s  N1/2 roundoff regime from true asymptotic slopes (p = 2.000, 3.999, 4.000, 4.000, 5.999
down to 3.74 x 107! in energy and 1.89 x 1073! in position, §7.1.1), experimentally con-
firms the two-channel peg = 6.25 — 4.00 crossover (2,537 energy and 1,335x position
gain) and 100x /decade O(e?h?*) quadratic floor of Theorem 5.18 (§7.1.2), and bench-
marks four unsoftened singular limit cases (§7.1.3: L1 analytic pericenter conditioning
down to 1 — e = 107'2 and e = 1.0 with kg = 0, L2 O(r7/2) asymptotic free-fall ex-
tinction of the PBMy cotangent corrector across r € [10712,10°] AU, L3 exact McGehee
central-collision traversals for k € {2,3,4}, and L4 chaotic 3-4-5 Burrau scattering and
i9 = 84.0° 3D Kozai-Lidov secular resonance). Section 7.2 validates historical astronomi-
cal encounters (§7.2.1) and long-term secular stability (§7.2.2): Comet Lexell’s 1770/1779

Jovian encounters (3.031 R, demonstrating interfacial shadow-jump suppression down

to 2.36 x 1073° in Float128 and 0.00 in Float64 under T((§2i4)4_)}(37h3)), Shoemaker—

Levy 9’s 1992 sub-Roche tidal disruption (1.336 Ry < 2.45 R, A§** = 16,690), Asteroid
Apophis’s 2029 Aten — Apollo deflection and full-flyby palindromic time-reversibility,
the 4:2:1 Jovian Laplace resonance under active dyadic substepping (ksym = 3, 17.6x
max / 32.6x RMS shadow energy reduction in Float128 [5.8x / 7.5x in Float64] and
179.85° + 0.80° resonant locking), and Inner Solar System secular integrations across
264 dyadic junctions (22.4x Float64 / 27.3x Float128 RMS shadow energy reduction,
unbiased  t*/2 Brouwer Noether diffusion, and 2,120x Laskar NAFF frequency conver-
gence down to the 3.70 x 10713 spectral floor with KAM symplectic conjugacy invari-
ance [37]). Finally, Section 7.3 (§7.3.1-§7.3.4, including the cross-benchmark synthesis in
§7.3.4) conducts three head-to-head comparative benchmark suites against the compiled
C99 integrators of REBOUND 5.2.2 (IAS15 [53, 57, 58], TRACE [41], MERCURIUS [56], and
WHFast [59, 60]) across star-grazing pericenters (1—e; € [107%,107!] with 29,423 x tighter
round-trip reversibility than IAS15) and exact collision e; = 1.0 (9.40 x 10? x more accu-
rate than TRACE and 9.13 x 10! x over IAS15) with exact index-permutation invariance

(B1), deep Jovicentric Hill-sphere crossings (3.98 x 107* Ry, s, 8,858 x —33,618x interfa-

cial jump suppression and exact machine zero on three of the seven flybys via ngp_?gl 4),

overcoming the Wisdom [81] second-order hybrid switching barrier with 3.69x 107 x lower
energy error and 61,734 x tighter reversibility than TRACE) and repeated giant-planet Hill
crossings (B2), and democratic Pythagorean 3—4-5 chaotic scattering across 27 Voronoi
chart transitions (37.2x at 7' = 40 up to 133.9x at T' = 80 tighter pre-saturation re-
versibility than IAS15 in Float64 at £ = 0) and across the Float64 Lyapunov horizon
via 35-digit Float128 (1.80 x 10%°x tighter post-horizon reversibility at 7' = 120, B4).

Section 8 (Conclusion and Outlook):

Synthesizes the theoretical, algebraic, and algorithmic achievements of the monograph
alongside its demonstrated numerical capabilities and intrinsic mathematical boundaries
(§8.1), and formulates four open research questions regarding ultra-high-order processed
cotangent schemes beyond PBMy, anisotropic multi-body collision regularizations (k >
3), O(N log N) fast-multipole coupling for dense star clusters, and momentum-dependent
post-Newtonian or stratified potentials (§8.2).

Appendix A (Certified Lean 4 Formal Artifacts and Numerical Schemes):
Throughout Sections 1 to 7, definitions, propositions, theorems, algorithms, and empir-
ical benchmarks are anchored by verification badges cross-referencing Appendix A (§A.1-
§A.2), which co-locates the complete, zero-sorry mechanized Lean 4 formal proofs (35
modules comprising 125 formal declarations covering the Constructive 1-Jet Algebraic
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Kernel, graded Rees degeneration, planar synodic and Levi-Civita regularizations, Whit-

ney partition lattice, C'"! apex bounds, Anti-Zeno super-nodes, Universal Double Ob-
struction Theorem, cotangent corrector K, € Py, and Cech 1-cocycle gauge transitions)

and the complete directory tree and module-by-module locator of the dual-precision com-

panion GitHub repository (normal_cone_nbody_float64/ and normal_cone_nbody_float128/,
§A.2).
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1.8. Common Mathematical Foundations and Notational Primitives. To bridge
continuous differential geometry with mechanized verification, our accompanying Lean 4 de-
velopment [21] formalizes the Constructive 1-Jet Algebraic Kernel: by operating on algebraic
1-jets of observables over an arbitrary commutative ring rather than infinite-dimensional
Fréchet manifolds, it certifies the finite-dimensional tangent-space symplectic structure, the
constructive duality of collision loci, and the closed Lie algebra of observables that underpin
our numerical integrators.

1.8.1. Ambient and Relative Configuration Manifolds. Let N > 3 be the number of gravi-
tationally interacting point masses mi,...,my > 0. The ambient configuration manifold
models the unconstrained spatial positions of all N bodies in physical three-dimensional
space:

M=R»Y ={q=(qi,...,an) | @; € R?} 2 R, (1.5)
The manifold M is naturally equipped with the mass-weighted Riemannian kinetic metric:
N
(v,wW)m = Zmivi -w; = vl Mw, (1.6)
=1
where M = diag(mqls,...,myI3) denotes the positive-definite mass tensor, and the total

mass is Miot = Zi]il m; > 0.
[ Lean A.1: AmbientConfiguration]

The diagonal linear subspace of uniform spatial translations is defined by:
Atrans:{qeM‘CIl:"':ClN}CMgRg. (1.7)
Under an arbitrary spatial translation q; — q; + a with a € R3, the center of mass vector
Ream(q) = ﬁ Zfil m;q,; undergoes a pure rigid translation Regm — Ream + a.

To decouple this trivial Galilean drift, we identify the relative configuration manifold with
the orthogonal barycentric slice My = AL, .= {q e M | >N, m;q; = 0}:

Mrel = M/Atrans = MO = (R?})Nil- (1.8)

{ Lean A.1: RelativeConfiguration]

1.8.2. The Singular Collision Arrangement and Locus. For each distinct pair of particles
1 <i < j < N, the pairwise binary collision locus is the linear submanifold:

Aij={qeM|q=q;} CM, (1.9)
which is of codimension 3 in M. It is algebraically cut out by the pairwise vanishing ideal:
I(A”) = <qi7a —Gj,a | a = 1,2,3> C Oy (1.10)

{ Lean A.1: BinaryCollision]

The global singular collision arrangement A is the union of all pairwise collision diagonals
across all possible particle pairs:

A= U Aij Cc M, IA = ﬂ I(Az’j) C Oypy. (1.11)
1<i<j<N 1<i<j<N

{ Lean A.1 : InCollisionLocus ]

The physical domain of collisionless Newtonian motion is the regular configuration locus,
defined by excising the collision arrangement from the configuration manifold:

X=M\A,  Xea=M\MNA). (1.12)

[ Lean A.1 : NonCoincident]

The regular locus X represents configurations where all particles remain pairwise distinct.
The certified formal duality establishes that this condition is constructively and logically
equivalent to the negation of membership in the collision locus:



18 JEREMY NUSA

Lean A.1 : regular_iff_not_collision

1.8.3. Symplectic Phase Space and Lie—Bargmann Algebra. The physical phase space of the
system is the cotangent bundle T*X C T*M = R3N x R3N | parameterized by the canonical
position and momentum coordinates (q,p) = (qi,...,qn, P1,-- -, PN) With p; = m;¢; € R3.

The cotangent bundle carries the canonical Liouville 1-form 6y = Zi]\;l pi - dg; and the
exact Darboux symplectic 2-form:

N 3
wg = —dfy = Z Z dqi,a A dpi,a. (1.13)
i=1a=1

[ Lean A.1 : omega0 ]

The symplectic form wg is closed (dwy = 0), skew-symmetric, and alternating on all
tangent variations:

[ Lean A.1 : omegaO_skew]

It satisfies constructive non-degeneracy on the configuration tangent space:
Yo e T(TX), (VweT(T*X), wo(v,w)=0) = v=0. (1.14)

{ Lean A.1: omegaO_tangent_nondeg]

On smooth observables f,g € C*°(T*X), the canonical Poisson bracket induced by wyq is

given by:
N
_ of dg Of 39)
{30 _; (8% opi  Opi Oai/)’ (1.15)

[ Lean A.1 : poissonBracketVal ]

The unsoftened Newtonian dynamics is governed by the kinetic energy T'(p) = %pTMflp

Gmimj” , yielding the

and the singular pairwise gravitational potential V(q) = — > 1<;cj<n Tai—a; T
<i<j< i—qy

fundamental autonomous first integrals:

N N N
Piot = Zpu Liot = Z%‘ xpi, K= ZmiQi = MiotReam, H =T(p)+V(q). (1.16)
i=1 i=1 i=1

ollowing Bargmann [4], the autonomous observables (Pyot, Liot, K, H,1) generate an 11-
dimensional closed Poisson Lie algebra on T*X isomorphic to the centrally extended
Galilean algebra bargmann(3) = gal(3) 4, R1, satisfying the canonical brackets:

’— Proposition 1.1 — Central Poisson Closure of the Lie—Bargmann Algebra in T*X
F\

{Ka, Py}o = Miotdapl, {La, Kp}o = €apcKe,
{La, Ly }o = €apeLe, {La, Py}o = €ape P, (1.17)
{Ha Ptot}O =0, {H, Ltot}O =0, {Ka; H}O = P,.

[Lean A.l1 : BargmannAlgebra.poisson_L_X_L_Y

[ Lean A.1 : BargmannAlgebra.poisson_P_G_same ]

[ Python A.2 : core/invariants.py, diagnostics/metrics.py [Float64 / Float128]

Proof. By the canonical Darboux brackets {gi o, Pj}o = 0ij0as and {¢;.a,gj0}o = {Pi,arPjp}o =0,
the kinematic brackets follow from direct componentwise contraction of the Levi-Civita tensor &,p.:
{Kaan}O = Zi,j mi{qi7a7pj,b}0 = (Zz mi)éab = Mtotéab]-a {Lava}O = Zi,c,d Eacdmiqi,cédb =
€abeKey {La, Po}o = €abe P, and {Lg, Ly }o = €apeLe. For the Hamiltonian H = T'(p) + V(q), since

T(p) = 3N lp: 1 depends solely on momenta and V(q) depends solely on pairwise Euclidean

=1 2m;
distances 7;; = ||q; — q;|, skew-symmetry Vgq,7; = —Vgq,7; and collinearity (q; —q;) X Vg, 7i; = 0
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yield Zf\il Vq.V =0and Z@A; q; xVq,V =0asin (1.4), while Zf\il pixVp, T = vazl m; (pi %
pi) = 0; hence {H,Piot}o = >.; Vq,V = 0 and {H, Lt }o = 0. Finally, since {K,,V(q)}o = 0,
one obtains {K,, H}o = {K,,T(p)}o = Zi\il m; 82?(1 = Zivzl Dia = Pa.

d

In extended phase space-time, the non-autonomous secular Galilean boost G(t) = K —
tPiot completes the ten classical Galilean first integrals, satisfying { Py, Gpto = —Miotdapl
and vanishing total convective derivative along the Hamiltonian flow:

dG 0G

o +1{G, H}o = —Ptot + Ptot = 0. (1.18)
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2. CALAQUE—SAFRONOV NORMAL CONE METHODOLOGY AND ALGORITHMIC RECIPES

2.1. The Deformation to the Normal Cone and Graded Rees Algebra. A foun-
dational obstruction in the numerical simulation of singular Hamiltonian systems is that
standard numerical integrators discretize the phase space in an undifferentiated manner.
Near a singularity, metric gradients diverge, forcing variable-step algorithms into an infinite
slowdown (the Sundman time-freezing dilemma [72]) or prompting ad-hoc potential softening
that alters the secular invariants of the physical model.

To resolve this dilemma without metric alteration, we invoke the canonical geometric
degeneration developed in algebraic geometry by Fulton [23] and Verdier [78], and elevated
to derived symplectic geometry by Calaque and Safronov [15]: the deformation to the normal
cone. Rather than regularizing a singularity by adding artificial isotropic parameters, this
construction replaces the ambient phase space with a one-parameter family of geometries
interpolating smoothly between the non-linear global dynamics and a flat, abelian linear
model at the singularity.

Ontological Scope: Classical Symplectic Mechanics vs. Shifted Derived Geometry.—While
Calaque and Safronov [15] formalize the deformation to the normal cone within the higher
category of derived prestacks equipped with shifted symplectic and Lagrangian structures
(n € Z), our physical Hamiltonian phase space and accompanying Lean 4 kernel operate on
the classical degree-0 differential framework: smooth finite-dimensional manifolds M = R3V,
classical unshifted cotangent bundles 7% M, and canonical Darboux 2-forms wg. Calaque and
Safronov’s theory provides the conceptual and functorial justification for the normal cone
degeneration, which we instantiate in unshifted Hamiltonian mechanics.

To bridge global derived algebraic geometry with mechanized proof, our accompanying
Lean 4 development formalizes the Constructive 1-Jet Algebraic Kernel: it certifies the re-
traction of the evaluation morphism onto the singular base stratum, the canonical normal
cone symplectic 2-form wyormal, its constructive non-degeneracy, and the exact symplecticity
of the transverse fiber flow.

2.1.1. The Graded Rees Algebra and Affine Degeneration. To describe the local geometry
near a singular or collision locus Z C M without coordinate pathology, we equip the smooth
configuration manifold M with its structure sheaf Qs of smooth (or regular algebraic) func-
tions. The closed submanifold Z is intrinsically defined by the collection of functions that van-
ish along it; this forms the ideal sheaf Tz C Oy;. Inlocal adapted coordinates (z,y) € Z xR*
where the locus is cut out by {y1 = --- = yr = 0}, the ideal Z is locally generated by the
transverse coordinate functions (y1, ..., yx), and its powers Ig consist of functions vanishing
to order at least k on Z.

The canonical geometric degeneration of M toward the normal bundle of Z is algebraically
encoded by the graded Rees algebra R(Zz) over the affine line A! = Spec R[t], which rescales
functions according to their vanishing order along Z:

R(Iz) =Pt *1h c Oumlt. t™1, (2.1)
keZ
with I} = Oy for k£ < 0. The total deformed space is the relative spectrum DyM =
Spec,; R(Zz), canonically fibered over the affine line via 7 : DzM — Al. Geometrically,
Dz M = Bl 1oy (M x AN\ M x {0}.

To develop geometric intuition for this algebraic construction, consider the adapted coor-
dinates (x,y). For any t # 0, the scaling map (z,y) — (z,y/t) identifies the generic fiber
771(t) with M. Ast — 0, the dilated transverse coordinate n = y/t parametrizes the linear
vector space Nz/yr. The deformation thus acts as an intrinsic differential microscope, blow-
ing up an infinitesimal neighborhood of the singular locus Z into a full vector space where
non-linear metric stiffness degenerates into abelian translational invariance.
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Theorem 2.1 — Fulton—Verdier Deformation and Calaque—Safronov Degeneration

Following Fulton [23, Chapter 5, §5.1-5.2], Verdier [78], and Calaque and Safronov [15,
Theorem C, Section 3.1 & Section 5.2], the fibration 7 : Dz M — Al establishes a smooth
one-parameter geometric degeneration:
(1) Generic Fiber (¢ # 0): 7 1(t) & M canonically for any ¢ € A'\ {0}.
(2) Central Special Fiber (¢t = 0): At the degenerate apex t = 0, the fiber is
canonically isomorphic to the normal bundle (or normal cone) of Z in M:

771(0) = N/ = Specy (@ I@/Z@“) : (2.2)

k>0

[ Lean A.1: deformation_limit_zero]

In the accompanying mechanized 1-jet algebraic kernel, the evaluation morphism retracts
identically onto the singular base stratum Z at t = 0 (see Figure 2).

7 (0) = Nz/m () = M 1) =M
Abelian Normal Fiber Dilated Scale n = y/t Curved Ambient Space
(I,grans . t—0 n = y/t
w—w— sV, V| +— -
7z ={y=0}
pe VA —_—— -_
Wnormal = dz Adp + dn A dw evi(z,n) = (z,tn) Coupled flow on (T™* M, wo)
1
m L g
v
o o > A! = SpecR]t]
t = 0 (Special Fiber) 0<t<1 t =1 (Generic Fiber)

FIGURE 2. Geometric degeneration of the graded Rees fibration 7 : Dy M =
Specy; R(Zz) — Al and its cotangent lift (Theorem 2.1 and Proposition 2.2).
As t — 0, the rescaled transverse coordinate n = y/t blows up an infinitesi-
mal tubular neighborhood of the singular locus Z C M into the flat normal
bundle 771(0) = N, /u> where non-linear potential forces become exact linear

momentum translations " along the cotangent fibers N} M

2.1.2. Symplectic Cotangent Lift and Transverse Normal Leaves. In the framework of derived
symplectic geometry [15], the cotangent lift of this family carries a relative symplectic form
Qe over AL,

The essential computational property uncovered by this degeneration is that the cotangent
bundle of the central fiber T (N Z/M) inherits a strictly abelian, linear symplectic structure.
In canonical Darboux coordinates (z,n,p,w) € T*(Nz/yr), where (z,p) € T*Z and (n,w) €
Nz xz Ny, M (the Whitney sum N/ © Ny, /M), the canonical 2-form splits additively:

Wnormal = Z dx, A dpe + Z dngy A dwp. (2.3)
a b

Lean A.1 : omegaNormal ]

[ Lean A.1 : omegaNormal_nondegenerate ]

While the dynamics on the generic fiber T*M is governed by coupled non-linear equations
with divergent curvatures near Z, the transverse motion along the cotangent fibers N7 M
degenerates into an exact translation generated by the normal gradient of the potential:
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’7 Proposition 2.2 — FEzact Normal Cone Symplectic Folia and Fiber Linearity
I

n the sense of Cannas da Silva [20, Chapter 2] and Calaque and Safronov [15, Theorem C],
let V(n) be a smooth transverse potential on the normal cone fibers with symmetric Hessian
matrix. The transverse fiber flow ®U2(z n, p,w) = (z,n,p,w — sV, V(n)) satisfies exact
symplectomorphism with respect to wnormal:

((I)grans)*wnormal = Wnormal- (2.4)

Furthermore, the position and base momentum variations (dz, dp, dn) are strictly preserved
by ®Uans jsolating all non-linear force accumulation into pure momentum translations
along the flat transverse cotangent fibers.

{ Lean A.1 : transverse_conormal_flow_symplectic

Proof. Under the transverse fiber flow ®2"(z n,p,w) = (z,n,p,w — sV,,V(n)), the differentials
of the canonical Darboux coordinates transform as dz), = dz,, dp, = dp,, dnj = dny, and dw}, =
dw, — s, Hpe(n) dn., where Hye(n) = 9*V/(0ny0n,) is the Hessian matrix of V. Pulling back
the normal cone symplectic 2-form yields

(PU2P5)* 0 ormal = Z dz, A dpg + Z dny Adwy, — s Z Hpe(n) dnp A dne. (2.5)
a b b,c
Since Hp.(n) = Hep(n) is symmetric while the exterior product dnyAdn,. = —dn.Adny, is alternating,

the double sum vanishes identically, establishing (®2%)*w, o rmal = Wnormal-

d

This decoupling provides an exact geometric criterion: rather than fighting non-linear
stiffness near singular strata with infinitesimal time steps, one can decompose the Hamilton-
ian vector field into a motion preserving the base Z and a flat, exact translation along the
transverse cotangent fibers of N M
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2.2. The Canonical 4-Step Normal Cone Splitting Recipe. Translating the derived
geometry of Calaque and Safronov into an operational numerical algorithm requires a sys-
tematic four-step procedure. Rather than applying an off-the-shelf black-box integrator or
heuristic regularizations, the normal cone methodology dictates where and how to partition
the physical phase space into complementary sub-geometries: a stiff singular base manifold
Z and a flat, abelian transverse momentum fiber N7, N

2.2.1. The Four Invariant Steps of Normal Cone Splitting. Given an autonomous Hamilton-
ian system z = JVH(z) on a symplectic manifold (7*M,wp), the normal cone geometric
discretization proceeds systematically as follows:

Step 1: Canonical Detection and Partition (Z, Ny/;):

Identify the geometric submanifold Z C M governing the stiffness, constraints, or
singular locus of the physical interaction (e.g., an algebraic collision divisor A;j, a rigid
spherical constraint S?, or an attitude Lie group SO(3)). On the full cotangent bundle
T*M, canonical Darboux coordinates partition the state into base variables (xz,pz) €
T*Z and transverse normal and cotangent variables (n,w) € N z/m Xz Ny /M On
reduced Lie-Poisson spaces g* (such as rigid body dynamics), this reduces to base
orientation xz € Z and conjugate transverse momentum py € N Ve

z = (Xz,PN) € Z X Ny . (2.6)

Step 2: Exact Linear Integration in the Transverse Momentum Fiber (¢t = 0):

In the degenerated central fiber ¢t = 0, the transverse dynamics is governed by an
abelian vector field. The transverse normal kick K(xz) = -V V(xz) induces an exact
linear momentum translation along the flat transverse momentum fibers without matrix
inversion or non-linear iteration:

h
Dy vy + o K(xz),  xz—xz (2.7)

Because K(xz) is strictly transverse and derives from the base geometry, it satisfies
the orthogonality condition (VC,K) = 0. When C is affine with respect to fiber mo-
menta, this guarantees unconditional preservation for all finite step sizes h € R without
numerical projection.

Step 3: Symplectic Groupoid Exponential on the Base (¢t = 1):
On the base manifold Z, the motion is non-linear and governed by the Lie algebroid
Lie(G) of configuration symmetries (or the Lie algebra g of a symmetry group acting
transitively on Z). Rather than applying an unconstrained additive Euler-type update
that would depart from the manifold, the flow is integrated via the exact exponential
map of the symplectic groupoid expg : g — G, accompanied by the conjugate coadjoint
action on momenta:

*

Y. xz+—— expg(hv(pn)) - X2z, PN — Addg, (hv) (PN)- (2.8)

For Lie group actions, this is computed via closed-form analytical expressions (e.g., Ro-
drigues’ rotation formula on SO(3) or great-circle geodesics on S?), preserving algebraic
manifold invariants with exact geometric closure (bounded in floating-point realization
solely by IEEE 754 roundoff). Crucially, by operating globally on the Lie group action
rather than through local chart parameterizations, this groupoid update is intrinsically
immune to coordinate singularities, entirely circumventing artificial coordinate break-
downs such as gimbal lock in Euler angle formulations or polar coordinate singularities
at coordinate axes.
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Step 4: Symmetric Canonical Splitting and High-Order Compositions:

Compose the transverse normal kick and the groupoid exponential into a time-reversible,

second-order Strang splitting:
Sa(h) = @5 0 BF 0 B} (2.9)

Higher-order symmetric compositions (such as the Yoshida 4th-order scheme [85], Suzuki’s
fractal composition [73], or the optimized partitioned Runge—Kutta schemes of Blanes
and Moan [10]) are constructed by recursive substeps []; Sa(wjh), preserving exact sym-
plecticity and time reversibility (see Figure 3).

Invariant Casimir Foliation Leaf Oc, = {z = (xz,p~) € Z X N3, | C(2z) = co}
Step 1: Canonical Phase-Space Partition z = (xz,py) € Z X N;/M
Abelian Fiber (IT) Base Groupoid Exponential ¢>§f [Step 3, t =1] . Abelian Fiber
! XD = expg (hv(pyy)) K = A, o) (PR) PN
: T 2= (" pN)
(III) Second Half-Kick
[Step 2, t = 0]: <1>;}"/%2
p(n+1) _ p,\,* + %K(xg+l))

Step 4: Palindromic Composition Sa(h) = <I>}]7\/Z o @% o ‘ID;]/IZ <VV(V K) = 0

N7 nel o 7l
NS 2/l

21 = (x§”, )

(I) First Half-Kick
[Step 2, t = 0]: <1>;}’/L2
Py =P + SK(x)
(VC,K) =0

Zn = (X(Zn)7pg\¢))

C(znt1) =Clzn) =co & Sa(—h)oSa(h) =id

Xy Xy
Base Manifold Z (Symmetry Groupoid § = Z, t =1)

F1GURE 3. Geometric architecture of the canonical 4-step normal cone Strang
splitting Sa(h) on Z x N, /ar- Following the canonical partition (Step 1), the
first and second transverse half-kicks (I and III, Step 2 at ¢t = 0) act along
the vertical fibers N7, M orthogonally to VC, while the central base groupoid
exponential (IT, Step 3 at ¢ = 1) transports the state along the symmetry
orbit without local chart singularities. Their palindromic composition (Step
4) preserves all Casimirs C'(z) = ¢y unconditionally (Theorem 2.3) and en-
sures exact time-reversibility (Proposition 2.4).

Theorem 2.3 — Ezact Invariant and Casimir Preservation

Following McLachlan [48, Section 2] and Hairer, Lubich, and Wanner [28, Section VII.4.2],
let S3(h) be constructed according to Steps 1-4. If both the transverse kick ®V* and the
groupoid flow ®Y preserve a scalar functional C' : Z x N 7 M R, then the symmetric
Strang composition unconditionally preserves C' for all step sizes h € R:

C(Sy(h)z) = C(a). (2.10)

In particular, all Casimirs of the Poisson bracket belonging to the kernel of the groupoid
Lie algebroid are preserved to floating-point machine precision without numerical drift.

[ Lean A.1: ConormalSplitting.strang_exact_casimir_preservation]

Proof. By hypothesis, C(®NL(z)) = C(z) and C(®Y(z)) = C(z) hold for all 7 € R and all z €
Z x NE/M. Evaluating C' along the three sequential sub-steps z; = (I>hN/L2(z), Zy = @g(zl), and
Sy(h)z = <I>hN/L2 (z2) yields by composition

C(S2(h)z) = C(@hN/LQ(ZQ)) = C(z92) = C(@%(zl)) =C(z1) = C(@hN/LZ(z)) = C(2), (2.11)

and similarly by induction for any multi-stage symmetric composition J[; S2(w;h).

d
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Proposition 2.4 — Time-Symmetry of the Normal Cone Splitting

In accordance with Strang [69] and Hairer et al. [28, Section V.1], let @V and ®Y satisfy
the one-parameter flow group property ®(hy + ha) = ®(h1) o ®(h2) and ®(0) = id. Then
the symmetric Strang composition Sa(h) is an exact time-symmetric integrator:

Sa(—h) 0 Sa(h) = id. (2.12)
In particular, its formal Lie generator Z(h) = InSa(h) is strictly odd in h (Z(—h) =
—Z(h)), eliminating all even powers in its Baker—-Campbell-Hausdorff expansion and all
odd dissipative error orders in the shadow Hamiltonian H (h).

{ Lean A.1 : ConormalSplitting.strang_time_reversibility ]

Proof. By direct evaluation under inversion of the numerical step size h — —h:
—1 _ —1
Sa(—h) = ®NE, 089, 0 BN, = (@hN/g) o (#9) "o (cth/g) = Sy(h)~. (2.13)

Consequently, the formal Lie generator Z(h) = InSy(h) satisfies Z(—h) = InSy(—h) =
In(S2(h)~1) = —Z(h). In the Baker—Campbell-Hausdorff expansion:

Z(h) = hXy + h*Z3 + h°Zs + O(h7), (2.14)
all even powers of h vanish identically. Equivalently, the formal shadow Hamiltonian H (h) = Z(h)/h
satisfies time reversibility H(—h) = H(h), expanding exclusively in even powers:

H(h) = H + h>Hy + h*H, + O(h°). (2.15)

This parity cancellation ensures that the local truncation error is O(h?), yielding an exact second-
order geometric integrator with global error O(h?) free from odd-order secular drift.
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2.3. Retrospective Case Studies: Unifying Known Splittings on SE(3) and S%. To
establish that our geometric splitting methodology is not an ad-hoc heuristic but an overar-
ching framework, we examine how our splitting recipe, grounded in the deformation to the
normal cone of Fulton—Verdier and its cotangent lift due to Calaque—Safronov, naturally uni-
fies and justifies classical symplectic algorithms developed for rigid bodies and fluid vortices.
Originating in the Lie-Poisson geometric frameworks of Ge-Marsden [25] and Channell-
Scovel [17], and the explicit splitting paradigm of McLachlan [48], Lie-Poisson splitting
methods exploit subgroup geometries to conserve Casimirs.

2.3.1. Case Study 1: The Heavy Top on the Lie—Poisson Space s¢(3)*. The dynamics of a
heavy rigid top spinning about a fixed point is described on the dual Lie algebra se(3)* =
R3 x R? by the Hamiltonian:

1
H(ILT) = §H-H_1H+mgl (T - x), (2.16)
generating the classical Euler—Poisson equations of motion:
MM=TIxQ+mgl(Txx), I'=IxQ, (2.17)

where IT € R? is the angular momentum in the body frame, Q@ = I7'II is the angular
velocity, T' € S? is the unit vertical gravity vector, and x points toward the center of mass.
The Lie-Poisson structure possesses two fundamental Casimir invariants:

Ci(T)=||T|*=1,  Co(II,T) =1II-T = const. (2.18)

Identifying the zero-momentum sphere Z = S? with the configuration base and so0(3)* with
the transverse fiber, our geometric base-fiber splitting recipe decomposes the dynamics into
two explicit algebraic updates:

(1) Normal Fiber Step (¢t = 0): Gravity exerts a torque K(I') = mgl (" x x). The

normal fiber update is an exact linear translation along the transverse momentum fiber
50(3)* = Nyzse(3)*:

h
I =11+ §mgl (T x x), r=r. (2.19)

Crucially, because K(T') - T' = 0 by antisymmetry of the vector cross product, the
transverse torque is strictly orthogonal to the vertical axis, guaranteeing that Cy is
unaffected by the kick step without any numerical projection.

(2) Groupoid Exponential (¢t = 1): The kinematic rotation on Z = S? is integrated in
SO(3) acting simultaneously on gravity and angular momentum via Rodrigues’ expo-
nential formula:

sin(|2*]]) & | 1 — cos(h||27]])
1€2]| €22

This single-exponential map integrates the free rigid-body sub-step either for an isotropic

top (I = IpI3, where 2* is constant) or along each individual principal inertia axis in

McLachlan’s explicit symmetric three-rotation splitting Ry, = R,(ll/)QR,(f/)QR,(f) R,(IQ/)QRS/)2

of Hyase = S.0_ T12/(21,) [48]. In either realization, Ry, € SO(3) is an exact orthogonal
isometry on S? and R3, preserving C; = ||T'||> = 1 and Cy = II - T' identically to
floating-point precision (10716).

Ry=1+

(Q*)2, ™ =R/T*, II*=R]II" (2.20)

Proposition 2.5 — Ezact Casimir Preservation of the Heavy Top Splitting
Following McLachlan [48] and Hairer, Lubich, and Wanner [28, Sections VII.5.3-VIL.5.4],
let Sa(h) = @2‘;5‘“31 ophase @2‘;5“131 be the Strang splitting of the heavy rigid top on se(3)*.
Then Sa(h) unconditionally preserves both Casimirs:

C1(S2(R)(IL,T)) = C1 (IL,T), Co(S2(h)(IL,T)) = Co(IL,T), (2.21)

identically for all step sizes h € R.
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{ Lean A.1 : HeavyTop.heavy_top_strang_casimirs_exact ]

Proof. Along the normal fiber kick ®2r™a/(TL, T') = (IT + 7mgl(T x x),T), the gravity vector T is
unchanged so C; = ||T||? is trivially preserved, while the scalar triple product identity (I'x x)-T' = 0
yields (IT + 7mgl(T' x x)) - T' = II - T = C5. Along the base groupoid update ®h2s¢(IT*,T'*) =
(RFTI*,RIT*) with Ry, € SO(3), orthogonality RyR} = I preserves the Euclidean inner product
on R3, so |[R}T*||?2 = ||T*||? and (R} TI*) - (R]T*) = IT* - T'*. Applying Theorem 2.3 to Sz(h) =
@2%‘11&1 o <I>2ase o <I>2‘/’r2m"’1 concludes the proof.

d

Every stage of the composition preserves both invariants identically, illustrating how the
explicit Lie—Poisson splitting methods developed by Channell and Scovel [17] and McLach-
lan [48] provide a Lie-Poisson counterpart to the normal cone base-fiber decoupling on se(3)*.
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To synthesize this geometric architecture into an operational reference, we summarize the
resulting structure in the dedicated specification below. This structural synopsis delineates
the reduced phase-space geometry, the canonical Hamiltonian polarization into base and
normal components, and the unconditionally preserved Lie—Poisson Casimirs, establishing
the unified classification format adopted for constrained and singular systems throughout
this treatise:

» Normal Cone Decomposition: Euler—Poisson Heavy Top on se(3)*

Geometric Base & Normal Fiber: The physical state describes a heavy rigid body spinning
about a fixed pivot under uniform vertical gravity. The system is parameterized by the body
angular momentum vector IT = (I, Iy, II3) € s0(3)* = R3 in the body frame, the unit Poisson
vector I' = (I'y, 'y, T'3) € S? tracing the spatial gravity direction, the positive-definite inertia tensor
I = diag(l1, I2, I3), and the constant center-of-mass displacement vector x € R3.

The reduced phase space is the dual Lie algebra se(3)* = s0(3)* x R?, whose symplectic leaves are
coadjoint orbits equipped with the Kirillov—Kostant—Souriau 2-form:

Ocyye, = {(ILT) €5¢(3)* | |[T|*=¢; >0, II-T =3}, (2.22)
wkks (0w, ov) = —((IL, T), [u, v]). (2.23)

The kinematic configuration base corresponding to zero rotational momentum is the unit sphere:
Z={(ILT)es(3) |I=0, D=1} =S*  Iy= (0,1, I, D> = 1) C Og(z)-- (2.24)

Hamiltonian Polarization: Polarizing the physical energy into base kinematic rotation and trans-
verse gravitational torque:

1
H(II,T) = 5H-Irermgz (T-x). (2.25)
T Huoma

e Base Kinematic Hamiltonian Hyase: Generates free Euler rigid body rotation along the symmetry
base Z = §%, integrated via Rodrigues’ formula in SO(3) acting simultaneously on I' and IT (or
via McLachlan’s 3-rotation splitting [48]), preserving both Casimirs Cy and Cs strictly without
truncation error.

e Normal Potential Hamiltonian Hyorma: Generates transverse gravitational torque K(T') =
mgl(T x x), integrated as an exact abelian translation IT — IT + hK(T') along the transverse
momentum fiber so0(3)* = Nyzse(3)*.

Preserved Invariants: Under the symmetric Strang splitting Sa(h) = @Iﬁ%mal o hase o @E%mal,
both quadratic Lie-Poisson Casimirs are conserved identically along trajectories:
dC;
{ClyHbase} = {ClaHnormal} =0 = E = 0, (226)
dCs

{027 Hbase} = {027 Hnormal} =0 = = 0, (227)

dt
guaranteeing unconditional confinement to the coadjoint orbit O; g, .

[ Lean A.1 : HeavyTop.heavy_top_strang_casimirs_exact ]
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2.3.2. Case Study 2: The Bogomolov—Kirchhoff Point Vortex System on S?. A parallel real-
ization occurs for the spherical point vortex system formulated by Bogomolov [12] (extend-
ing Helmholtz’s vortex principles and Kirchhoff’s planar Hamiltonian dynamics [35]), with

Hamiltonian:

1
H(Xl,...,XK) = —Z Z FZ'PJ‘ loni —XjH2 = Z Hij, X; € SZ, (2.28)
T i<i<i<K 1<i<j<K

where I'; € R\ {0} denotes the vortex circulation and ||x; —x;|| = 2sin(6;;/2) is the Euclidean
chord distance in R3, which yields the exact Green’s function on S? up to an additive constant.
Here, the phase space is the compact manifold (S?)¥ equipped with the symplectic form

w=YK T wé? (Kéhler when all T'; > 0). The singular loci are pairwise collision strata
Aij = {X € (SQ)K ‘ X; = Xj}.

Rather than separating a kinetic cotangent drift and a potential kick, the normal cone
philosophy of isolating singular divisors adapts to first-order vortex dynamics via the Lie—
Poisson splitting framework of McLachlan [48], instantiated for spherical point vortex pairs
by Myerscough and Frank [52]:

(1) Pairwise Lie-Poisson Foliation: The Hamiltonian is decomposed into K (K —1)/2
autonomous pairwise stages H = 7, _; H;;. Under each isolated Hamiltonian H;j, the
mutual chord distance ||x; — x;|| is an exact invariant, and the vortex pair (4,7) un-
dergoes an exact, non-singular rigid rotation around their pairwise momentum vector

Jij =T'ix; + T'jx; € s0(3)* with constant angular velocity w;; = computed

ij
2r[lxi—x;[[* 7
analytically via Rodrigues’ formula, while spectator vortices k ¢ {i,j} remain station-
ary.
(2) Symmetric Strang Composition: The complete flow is integrated via the symmetric
composition Sa(h) = [];; @hH;2 o [Ti¥; @hH/Z;
Because each pairwise flow @,Ijij is an exact SO(3) isometry preserving sphere radii and
commuting with the diagonal SO(3) action, this integrator unconditionally preserves the
individual Casimirs ||x;[|2 = 1 on (s0(3)*)®X and the global SO(3) momentum map J =
oK | Iix;, hence its quadratic Casimir ||J||?, analytically without projection.
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To synthesize this pairwise geometric architecture into an operational reference, we sum-
marize the resulting structure in the dedicated specification below:

» Normal Cone Decomposition: Bogomolov—Kirchhoff Point Vortex System on S?

Compact Kihler Phase Space & Symplectic Collision Diagonals: The physical system
describes K interacting ideal point vortices on the unit two-sphere S> C R3. The state is specified by
the vortex positions x; = (;,1, %; 2, %;3) € S* and their non-vanishing vortex circulations I'; € R\ {0}
forie {1,...,K}.

Unlike mechanical cotangent bundles 7@, the geometric phase space is a compact boundaryless
Kéhler product manifold equipped with the Kirillov—Kostant—Souriau symplectic form:

K
M=K w=>Twl, Wl (6uév)=x;(duxiv). (2.29)
=1

The singular locus is the union of pairwise collision diagonals (which are codimension-2 symplectic
submanifolds whenever I'; + I'; # 0, rather than Lagrangian conormal submanifolds):

A= U Aij, Aij = {(Xl, ‘e ,XK) € (SQ)K | X; = Xj}7 IAU = <X1' 7Xj>. (230)
1<i<j<K

Pairwise Lie—Poisson Chordwise Splitting: Because (S?)X carries no cotangent base-fiber
fibration (Hyin = 0), the singular divisor isolation principle transposes analogically into a pairwise
Lie—Poisson splitting across the K (K — 1)/2 chordal logarithmic interactions:

;0
H(Xl,-~-7XK): Z HU(XZ,XJ), HZJ(X7,7XJ):_ iﬂ-]
1<i<<K

In ||x; — x;]%. (2.31)

o Absence of Inertial Base Drift: Reflecting the first-order, non-inertial nature of point-vortex
dynamics on compact Kéhler manifolds, coordinates and conjugate momenta are intrinsically
coupled on each S? factor without free kinetic translation.

e Ezact Pairwise SO(3) Isometry Stages H;j: Each isolated pair Hamiltonian H;; generates an
exact rigid SO(3) rotation around the pair angular momentum vector J;; = I';x; +I';x; € s0(3)*

with constant angular velocity w;; = > via Rodrigues’ formula, leaving the singular

i
2m i =]
chordal distance ||x; — x| strictly invariant along each stage.

Preserved Invariants: Under the symmetric Strang pairwise composition Sa(h) = [, j <I>f/§ o

i<j
cally:

| <I>hH/i§, all sphere Casimirs and the total Lie—Poisson angular momentum are preserved identi-

d

where J = Zfil I'ix; € s0(3)* is the total vorticity momentum map, ensuring unconditional con-
finement to the coadjoint SO(3) orbit on (s0(3)*)®X.

2.3.3. Conceptual Bridge to the Gravitational N-Body Problem. These retrospective case
studies illustrate the core thesis: whenever classical mechanics has successfully designed
stable, long-term geometric integrators for constrained or singular systems, those integrators
implicitly leveraged the abelian structure of the normal cone.

In the gravitational N-body problem, however, singular configurations do not form isolated
smooth submanifolds. Instead, pairwise collision diagonals A;; and multiple collision strata
Ag intersect along a non-transverse conical stratification. While an isolated groupoid /normal-
cone splitting suffices when singular loci are disjoint (as in SE(3) or S?), handling intersecting
collision cones requires a systematic desingularization of the arrangement. To extend this
methodology systematically to gravitation, we proceed in two stages:

e Low-dimensional prototype (Section 3): We first examine the planar circular re-
stricted three-body problem (PCR3BP), where the singular locus Z = {q(1),q(2)} con-
sists of two isolated primary points, allowing an unsoftened base-fiber treatment of binary
close encounters.
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e Multiscale hierarchical desingularization (Section 4): We then lift the full N-body
collision arrangement to the Fulton-MacPherson configuration space Q[N]. By iteratively
blowing up the collision diagonals along the Whitney lattice of collision partitions, inter-
secting collision cones are desingularized into a simple normal crossing (SNC) divisor
with corners, enabling synchronous, multiscale normal cone desingularization across all
cluster hierarchies.
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3. THE PLANAR THREE-BODY PROTOTYPE AND CLASSICAL REGULARIZATIONS

3.1. Canonical Synodic Formulation of the PCR3BP. To benchmark our normal-cone-
inspired splitting methodology on a concrete celestial mechanics problem before tackling the
full N-body collision stratification, we examine the planar circular restricted three-body
problem (PCR3BP). This classic Hamiltonian system provides a rigorous, low-dimensional
testing ground possessing isolated binary singularities, non-trivial Coriolis coupling, and an
exact first integral.

3.1.1. Rotating Synodic Coordinates and Canonical Phase Space. Let two massive bodies
(the primaries) of masses m; = 1 — p and mg = p (with 0 < p < 1/2) revolve in circular
Keplerian orbits about their common center of mass with normalized mean motion Q = 1
and separation distance R = 1. A third massless body moves in the orbital plane of the
primaries.

In the co-rotating (synodic) reference frame, the primaries are fixed at coordinates q) =
(=1,0) and qg2) = (1 — p,0). Denoting the Cartesian coordinates of the third body by
q = (z,y) € R? and its conjugate canonical momenta by p = (p.,p,) € R?, the phase space
is T*(R?\ {9(1),9(2)}), equipped with the Darboux symplectic form:

wo = dx A dp; +dy A dp,. (3.1)

3.1.2. Unsoftened Synodic Hamiltonian and Jacobi Energy Surface. The unsoftened autonomous
Hamiltonian governing the third body in canonical variables is:

1 l—p p

Hegn(2,Y, P, py) = 5 (05 + D) + (ypz — 7py) — -4, (3.2)

2 T1 T2
where r1 = /(z +p)2+9y2 and ro = /(x — 1+ p)2 + y2 denote the pairwise Euclidean
distances to the primaries. The kinematic coupling term yp, — xp, = —q X p accounts

for the Coriolis acceleration of the rotating synodic frame. The kinematic velocity vector
v = (&,9) is related to canonical momenta by v =p —Q x q = (pz +y,py — x), yielding the
squared velocity relation v = [|q[|* = (p2 + p}) + 2(ype — xpy) + (22 + 7).

ollowing Jacobi [33] and Szebehely [75, Chapter 1, §1.2-§1.5], because the synodic Hamil-

Proposition 3.1 — Autonomous Conservation of the Jacobi First Integral
F\
tonian Hgyy is autonomous (0Hgy, /0t = 0), the Jacobi energy observable:

CJ($7yap1’7py) = _2Hsyn
]_ _
= —(p2 + 1)) — 2(yps — zpy) + 2 ( Tl“ + 7{2) (3.3)

= 2Weg(z,y) — (&2 + ), (3.4)

where Ueg(z,y) = 3(2? + y?) + 17,_—1“ + £ is the augmented effective potential, is an exact
first integral along every unsoftened phase space trajectory:

dc
d—t" = {Cy,Hyn}o = 0. (3.5)

[ Lean A.1 : PhaseState.jacobi_conservation_identity, PhaseState.coriolis_step_symplectic J

Proof. Hamilton’s equations for Hgyy, with respect to wg = dz Adp, +dy Adpy read & = 0p, Hyyn =
Pz + Y, y = 8pstyn =Py — T, pw = _astyn =Py — aﬁv‘/graV7 and py = _astyn = —Pz — 8ngraV7
where Vgray (2, y) = —1;—1"—%. Differentiating Cy = —2Hgyn = 2(zpy —ype) — (03 405) —2Vgrav (4, )
along any solution curve yields:

dC'y

W = 2(5.5103; — YDz +xpy _ypz) _2(pxpz +pyﬁy) _2(8x‘/vgrav i.+ayvgrav y) = _2{Hsyna Hsyn}O =0.
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Substituting p, = i —y and p, = § 4z into (3.3) expands —(p2 +p3) — 2(yp. — xpy) = (2* +y*) —

(#2 + 2), recovering (3.4).
O

The energy hypersurfaces C'; = const determine Hill’s forbidden regions whose topolog-
ical bifurcations at the Lagrange equilibrium points L1,..., Ls govern capture, resonance
transitions, and escape [75]. In classical celestial mechanics, Szebehely [75] adds the gauge
constant u(1 — p) to the effective potential Q(z,y) = Uegr(z,y) + $p4(1 — p), which doubles
to +u(l—p) in Cs, = 2Q(x,y) — (22 +§?) = Cy + u(1 — ), leaving the physical trajectories
identical.

To synthesize this synodic Hamiltonian architecture into an operational reference, Fig-
ure 4 illustrates the co-rotating synodic base geometry alongside the canonical cotangent
polarization, and we summarize the resulting structure in the dedicated specification below:

Synodic Configuration Base R*\ {q(),q(2)} Normal-Cone Splitting on 77 (R?\ A)
) * T2 ase * 2
a=(z,9) Q=1 TaoR"  wbae e spa,R) TR
)
r1 PLAERN ” N Exact Coriolis Flow
47 N 2
=1—- -7 - N = normal normal
my =1 “., - ~=m2 r - Yo u Chjz
a1y = (=4, 0) qez) = (1 —p,0) (q0; Po) (q1,p1)
0 a1 = R_n(qo0 + hpy/2)
A={aquyqe}, v=p-2xq Sa(h)*wo = wo, Cyp=Cs+ O(h?)

FIGURE 4. Left: Co-rotating synodic configuration space R? \ {9(1),9(2)} of
the planar circular restricted three-body problem (PCR3BP) with primaries
mi; = 1 — p and mo = p. Right: Canonical normal-cone Strang splitting
Sa(h) = @Iﬁ%mal o Phase o ég%mal on T*(R?\ A), alternating vertical cotan-
gent fiber momentum translations with the exact linear Coriolis-kinematic

groupoid flow Whae € Sp(4,R).

» Normal Cone Decomposition: Planar Circular Restricted 3-Body Problem
(PCR3BP)

Geometric Base & Normal Fiber: The physical system describes the coplanar motion of an
infinitesimal third body under the Newtonian gravitational attraction of two massive primaries
revolving in circular orbits about their common barycenter. The state is parameterized by the
synodic position vector q = (z,y) € R?\ {q(1),q(2)}, the conjugate canonical momentum vector
p = (pz,py) € R?, and the normalized mass parameter u = mo/(m; +ms) € (0,1/2].

The geometric phase space is the canonical cotangent bundle of the punctured plane equipped with
the standard Darboux 2-form:

M =T*(R*\ {qq), 92 }) wo =dg Adp = dz Adp, +dy A dp,. (3.6)
The collision locus is the discrete codimension-2 subvariety formed by the two primary masses:
A= {q(1)7q(2)} = {(—/1,,0),(1—#70)}7 Ia = (y, ($+M)($— 1+lu)> CR[:L‘,y]. (3'7)

Hamiltonian Polarization: The synodic kinetic-potential model originating in the synodic in-
tegral of Jacobi (1836) [33], cast in canonical Hamiltonian form by Poincaré (1892) [54], and
systematized by Szebehely (1967) [75] identifies with the canonical degree-0 cotangent lift of the
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deformation to the normal cone, polarizing the autonomous synodic energy into:

1 l—p
Hen(a,p) = 5Pl + (ype — 2py) + (— o m) : (3.8)
—_— ——
Hpase Hpormal

e Base Kinematic Hamiltonian Hy,se: Quadratic kinetic-Coriolis generator governing uniform ro-
tating frame kinematics and free inertial drift in Sp(4, R), integrated exactly without truncation
error via the linear groupoid action ¥2*¢(q,p) = (R_x(q + hp), R_»p).

e Normal Potential Hamiltonian Hyorma: Singular Newtonian gravitational potential depending
strictly on base configuration q € R? \ A, integrated as an exact abelian transverse kick p +
P — hVVgav(q) along the vertical cotangent fibers T;RQ, corresponding to the cotangent lift of
the normal cone coordinates.

Preserved Invariants: Under the symmetric Strang splitting So(h) = @2‘/’r2malo\llgasco¢2‘/’r2mal, the
symplectic 2-form is preserved identically at any finite step h, while the continuous flow preserves
Cj = —2Hgy, exactly and the discrete propagator preserves the modified shadow Jacobi integral
a],h = —Qﬁsymh = Cj + O(h?) without secular drift:

Sg(h)*wO = wo, {CJ7Hsyn}0 =0 = — =0, (39)

guaranteeing exact conservation of the phase-space Liouville volume dq A dp and bounded Jacobi
energy oscillations with zero secular drift.

{ Lean A.1 : PhaseState. jacobi_conservation_identity, PhaseState.coriolis_step_symplectic J

Python A.2 : interfaces/pcr3bp_canonical_solver.py [Planar PCR3BP Float64] ]
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3.2. Bridging Normal Cone Degenerations with Classical Regularizations. The
mathematical regularization of gravitational collisions in celestial mechanics has an illustri-
ous history spanning more than a century. To understand how our normal cone splitting
relates to classical methods, we demonstrate that the landmark regularizations of Sundman,
Levi-Civita, Birkhoff, and McGehee represent particular local coordinate realizations of the
deformation to the normal cone.

3.2.1. Taxonomy of Classical Two-Dimensional Regularizations. Near a binary collision lo-
cus (without loss of generality, centered on one of the primaries q — q(r), translated locally
so that g — 0):

(1) Sundman Time Rescaling (1912): Sundman [72, Section V, Eq. (71)] introduced
the differential relation dt = rdu, where r = ||q||. While this transformation unfreezes
the singularity by stretching time along collision orbits, it is non-canonical and breaks
symplectic structure if applied with variable step sizes in physical time [66].

(2) Levi-Civita Conformal Regularization (1904, 1920): Levi-Civita [39, 40] coupled
the conformal fictitious-time rescaling d¢t = r d7 with the complex quadratic conformal
mapping z = w? (i.e., z+iy = (u+iv)?). At the level of the Hamiltonian, the Keplerian

singularity % = ﬁ is multiplied by |w|? via the Poincaré time-energy transformation,
transforming singular Keplerian trajectories into smooth orbits of an isotropic harmonic
oscillator.

(3) Birkhoff Global Regularization (1915): To regularize both binary collisions simul-
taneously in the PCR3BP, Birkhoff [7] introduced the transformation w — 3(w + 1/w),
mapping the two primaries to conjugate branch points.

(4) McGehee Invariant Manifold Blow-Up (1974): McGehee [47, Sections 2-3] re-
placed coordinates (r,#) by scaled variables (p,6,v,u) with » = p? and v = prr. The
collision singularity » = 0 is blown up into a non-trivial boundary manifold—the colli-
ston manifold M. Motion on Mg is governed by an invariant vector field, and binary
collision orbits enter and exit M via an involutive branch-crossing map B¢.

Theorem 3.2 — Normal Cone Geometrization of Classical Regularizations

Following Sundman [72, Section V, p. 127, Eq. (71)], Levi-Civita [39, 40], and McGehee [47,
Sections 2-3], let M = R? and let Z = {0} be the binary collision locus.
(1) The central special fiber of the Rees deformation DzM at ¢ = 0 is canonically
isomorphic to the normal space Ny M = R2.
(2) Levi-Civita’s quadratic mapping z = w? is the unique branched 2-fold covering of
the projectivized normal cone P(NzM) = S! resolving the collision divisor with
C* smoothness.
(3) McGehee’s blow-up corresponds to the real oriented spherical blow-up of configura-
tion space Blz M = S! x R>, whose boundary p = 0 forms the base configuration
circle of the phase-space collision manifold M.

Lean A.1: levi_civita_normal_cone_covering, levi_civita_antipodal_covering,

levi_civita_conformal_orthogonality, levi_civita_conformal_scaling

Proof. (1) For Z = {0} C M = R?, the vanishing ideal is Zy = (z,y) C R[z,y]. The special fiber of
the Rees algebra @, -, Z2t™ at t = 0 is the associated graded algebra @,,-,Z%/Z5"" 2 R[¢,,&,],
whose spectrum is canonically Ny M = ToR? = R2. (2) Under Levi-Civita’s spinor map z = w? =
(u? — v?) + 2iuv on NzM =2 C, the radial norm satisfies 2% + y% = (u? — v?)? + 4u?v? = (u? +0?)?,
so r = u? +v?%, and the map is invariant under the antipodal involution (u,v) + (—u, —v), defining
an unramified 2 : 1 Galois covering S' — P(NzM) = S! with conformal Jacobian determinant
det Juc = 4(u® + v?) = 4r. Multiplying the shifted Hamiltonian Hgy, — Eo by r = |w|? via
Sundman’s relation d¢ = rdr cancels the 1/r pole identically. (3) Passing to real oriented polar
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coordinates q = r(cosf,sinf) on Bly M = S' x R>( and setting 7 = p? > 0 yields McGehee’s
boundary circle p = 0 as the base of the collision manifold M.
O

Consequently, while classical regularizations perform explicit surgeries on the configuration
space @) (branched coverings for Levi-Civita, compact boundary blow-up M¢ for McGehee),
the Calaque—Safronov cotangent lift of the normal cone deformation operates intrinsically on
the unshifted symplectic geometry T*@Q (see Figure 5). The normal cone Nz M serves as the
universal linear degeneration space whose projective and conformal chart uniformizations
recover the classical constructions without ad-hoc time singularities.

(1) Rees Deformation to the Normal Cone DM — Al'at Z = {0} ¢ M = R?

Generic fiber (t # 0): Punctured plane X = R?\ {0} with singular Keplerian potential V (r) = —u/r
Special fiber (t = 0): 7~ "(0) = Spec(ED,.,Z5/Z3"") = SpecR[&:,&,] =2 Nz M = ToR> 2 R* = C

Z/2Z Covering Oriented Polar Blow-Up Symplectic Cotangent Lift
A Y A\
(2) Levi-Civita (1904, 1920) (3) McGehee (1974) (4) Calaque—Safronov Lift
Quadratic spinor map z = w? Real blow-up Blz M = St x R>o Cotangent fiber T (NzM)
2 : 1 cover of P(Nz M) = St Scaled r = p2, v = pr Canonical 2-form wnormal
det Jic = 4(u® 4 v?) = 4r Collision circle p = 0 on Mc¢ Flat abelian fiber translations
Sundman clock dt = rdr & involutive map B¢ No 2 : 1 spinor chart branching

A\ Y A\

Synthesis in the Normal-Cone Symplectic Splitting
Solver (Remark 3.2.1): H = Hbase + Hicat + Wipex
Embeds Sundman—Stumpff analytical leaf diffeomorphisms (d¢ = rdu) and McGe-
hee’s involutive bounce B¢ directly inside the cotangent splitting on T (Nz M), achiev-
ing exact symplecticity without variable-step Skeel-Gear drift or softening (¢ = 0).

FIGURE 5. Geometric bridge of Theorem 3.2 and Remark 3.2.1: classical two-
dimensional collision regularizations—Levi-Civita’s branched covering z = w?
on P(NzM) = S' and McGehee’s real oriented blow-up Bly M = S x Rso—
emerge as coordinate uniformizations of the special fiber 7=1(0) = NzM
of the Rees deformation Dz M — Al whereas the cotangent lift T*(NzM)
embeds them into a globally symplectic operator splitting.

Remark — From Classical Time-Rescaling to Normal-Cone Symplectic Splitting Solvers. While
Sundman’s original differential relation d¢t = r du unfreezes the collision singularity by stretching
time along two-body orbits, integrating it with variable physical time-steps in naive Cartesian coor-
dinates destroys the symplectic structure and introduces secular energy drift (Skeel & Gear [66]). In
our normal-cone cotangent framework, this classical limitation is comprehensively overcome: rather
than altering the global physical time parameter arbitrarily, the Sundman transformation is embed-
ded into the Hamiltonian splitting H = Hpase + Hieaf + Wapex - Each isolated leaf pair is solved
through universal Stumpff diffeomorphisms evaluated via high-order cubically convergent Halley
iterations (Section 5.2), achieving exact symplecticity and machine-precision energy conservation

(< 10~!) without softening (¢ = 0).
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3.3. Geometric Synthesis: Classical Obstructions and the Normal Cone Impera-
tive. The planar circular restricted three-body problem serves as a foundational low-dimensional
archetype. Having established the canonical synodic Hamiltonian and its Jacobi invariant

in §3.1, and connected Levi-Civita’s conformal map and McGehee’s boundary to the Rees
deformation in §3.2, we now synthesize how the normal cone geometry unifies these historical
constructions and why it becomes strictly indispensable for the general N-body problem.

3.3.1. Canonical Synodic Splitting in the Planar Prototype. The autonomous synodic Hamil-
tonian partitions naturally into kinetic-Coriolis and gravitational components, Hgyn = Hyin +
ngav:

l—p p

1
Hkin(Qv p) = §”pH2 + (ypac - Cﬂpy), ngav(q) = - - - g (3'10)

The kinematic Hamiltonian Hy;, generates a linear autonomous vector field on 7*R? whose
exact flow over time-step h is given by the closed symplectic mapping \Illflm € Sp(4,R):

a(h) = R_4(q(0) + hp(0)),  p(h) = R_,p(0), (3.11)

cosh sinh
—sinh cosh
tational potential Hgray depends exclusively on positions q, acting as an exact momentum
translation:

where R_;, = < > € SO(2) is computed without truncation error. The gravi-

p(h) = p(0) — hVqHgrav(a(0)),  a(h) = q(0). (3.12)
Their symmetric composition So(h) = @%]f/azvo\lllfbmoq)ir/zv yields a second-order, time-reversible
symplectic integrator preserving the phase space 2-form wy unconditionally. (The quantita-
tive numerical validation of this normal cone scheme along the highly sensitive Arenstorf
figure-eight periodic orbit [2] (T ~ 17.0652, u = 0.01215), demonstrating machine-precision
shadow Jacobi conservation |[AC;| < 1074 and long-term phase stability across repeated lu-
nar close encounters, is provided in the executable reference implementation of Appendix A.2
alongside the full benchmark comparisons in Section 7.)
{ Python A.2 : interfaces/pcr3bp_canonical_solver.py [Planar PCR3BP Float64] J

Remark — Normal Cone Subsumption and Resolution of Classical Obstructions, see [15, 40, 47,
72]. The cotangent lift of the normal cone deformation Dz M — A!, formalized in the unshifted sym-
plectic framework following Calaque—Safronov, provides a unifying geometric umbrella subsuming
classical low-dimensional regularizations while resolving four fundamental structural deadlocks:

(1) Subsumption of Levi-Civita and McGehee: In the binary collision limit r; — 0, the
cotangent bundle of the normal bundle T*(Na, M) fibers over the collision locus with flat
abelian Lie algebra fibers. Levi-Civita’s conformal scaling |Jpc| = 4r and McGehee’s scale-
invariant coordinates p = /2 emerge as specific one-dimensional coordinate slices of this Rees
deformation.

(2) Resolution of Sundman’s Time-Freezing Dilemma: Sundman’s transformation d¢t = rdr
regularizes isolated binary collisions by slowing global time, but freezes the physical clock for
all distant uncolliding bodies when N > 3. The normal cone splitting operates at constant
physical time ¢, desingularizing momentum transfers along vertical cotangent fibers without
time distortion.

(3) Resolution of Non-Abelian Coordinate Branching: Conformal coordinates—whether
the 2D Levi-Civita spinor map z = w? or the 4D Kustaanheimo—Stiefel (KS) spinor trans-
formation [36]—cannot be consistently glued across multiple overlapping collision divisors
A;j N Aj, # 0. In systems with N > 3, spatial spinor transformations fail to commute along
triple collision branches, resulting in non-abelian coordinate branching ambiguities and singular
coordinate patches. The normal cone framework substitutes non-local coordinate transforma-
tions with a local canonical base-fiber (or Lie—Poisson) splitting on the cotangent bundle.

(4) Resolution of McGehee’s Non-Symplectic Boundary: McGehee’s collision manifold M
excises collisions by introducing a manifold with boundary that loses the canonical symplectic
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form wy. By contrast, the Rees algebra deformation preserves exact relative symplecticity w;
on all fibers.

This conceptual subsumption demonstrates that pre-existing regularizations are low-dimensional
shadows of the deformation to the normal cone. To extend this geometry to arbitrary particle
numbers N > 4 without coordinate singularities, one must resolve the intersecting collision
arrangement A via the multiscale Fulton-MacPherson compactification Q[N], developed in
Section 4.
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4. FULTON—-MACPHERSON COMPACTIFICATION AND MULTISCALE SPLITTING

4.1. The Partition Lattice II(N) and the Fulton-MacPherson Manifold Q[N]. As
established in Section 3, classical regularizations of celestial mechanics encounter an insur-
mountable topological barrier as soon as N > 3: while isolated binary collisions admit
conformal uniformization via Levi-Civita’s branched double cover, multiple collision loci in-
tersect along non-transverse submanifolds where local conformal charts fail to commute. For
N > 4, this geometric pathology intensifies into an intricate combinatorial arrangement of
intersecting singular divisors.

To overcome this bottleneck without resorting to unphysical gravitational softening (e =
0), we construct a multiscale desingularization of the Newtonian configuration space grounded
in the Fulton-MacPherson compactification [24] and its real differential counterpart devel-
oped by Axelrod and Singer [3] and refined by Campos et al. [16]. This section establishes
the stratification of the collision arrangement, the real oriented blow-up sequence producing
the smooth manifold with corners Q[N], and the adapted cotangent charts associated with
maximal Jacobi binary trees.

4.1.1. The Collision Arrangement and Whitney Stratification along II(N). Consider N > 3
point masses m1,...,my > 0 with positions q; € R3. Setting the center of mass to the
origin, the relative configuration space is the linear quotient

N
> miq; = o} ~ R3NS3, (4.1)

M = (R*)N/R? = {q = (qi,...,qn) € (RH)N
=1

The space M is naturally endowed with the mass metric (q,q' )y = S0, milq, q,), repre-
sented by the positive-definite diagonal block matrix M = diag(miIs, ..., myI3). The dual
momentum space is the zero total linear momentum subspace M* = {p = (p1,...,pPnN) €
RHN | >N, p; = 0}. By Marsden-Weinstein symplectic reduction of the ambient space
T*((R*)N) = RSN with respect to the spatial translation group (R?,+) at the regular value
J(q,p) = XN, p; = 0 [20, Chapter 23], the ambient Darboux 2-form Y%, dq; A dp; de-
scends without degeneracy to the canonical symplectic 2-form 2y on the physical cotangent
bundle T*M = M x M* = RSN=6_ The total Newtonian potential is singular along the
collision arrangement A C M, defined as the union of all pairwise collision submanifolds:

A= U Aij, where A;; ={q e M |q; =q;}. (4.2)
1<i<j<N

Each pairwise diagonal A;; is a linear subspace of codimension 3 in M. For an arbitrary
coalition of particles I C {1,..., N} with cardinality |I| = k > 2, the multiple collision
stratum is the linear subspace where all particles in I coincide spatially:

Ar={qeM|q;=q; Vi jel}, codimps(Ay) = 3(k —1). (4.3)

[ Lean A.1 : collisionCodimension J

The intersection theory of the family {A;} is governed by the transitivity of Euclidean
coincidence: for any three distinct indices i, j, k,

AijNAjr={qeM|q=q; =aqr} = Ag ik C Ak (4.4)

[ Lean A.1 : collision_diagonal_non_transversality ]

Consequently, the pairwise collision submanifolds A;; do not intersect in general position:
while any two submanifolds A;; and Ajp meet transversally in codimension 3 + 3 = 6,
Fuclidean transitivity forces the third submanifold A;; to pass through the exact same locus
(Aij N Aji C Ajg). Thus, three codimension-3 strata meet along a locus of codimension 6
rather than 9, forming an intrinsically non-normal crossing arrangement.

The combinatorial structure organizing these intersections is the partition lattice TI(N),
defined as the set of all partitions P = {By,..., B} of {1,..., N}, partially ordered by
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reverse coarsening (refinement):
P <P < VBeP, 3B € P’ such that B C B'. (4.5)

The minimal element 0 = {{1},{2},...,{N}} corresponds to the collisionless open stratum
M\ A, while the maximal element 1 = {{1,..., N}} corresponds to the total collision point
Aot = {0}. To each partition P € II(N) corresponds a closed linear stratum:

Ap={qe M |q;=4q; Vi jin the same block of P} = ﬂ Ap, (4.6)
BeP

with unified codimension codimp;(Ap) = 3(IN — |P|). The collection of open strata Sp =
Ap \ Uprsp Apr forms a Whitney (A)- and (B)-regular stratification of M [80].

Remark — Measure-Theoretic Scope of Singularities. By the seminal theorems of Saari [61, 62],
the set of initial conditions in T*M leading to multiple or total collisions (k > 3) has Lebesgue
measure zero. However, in numerical simulations of dense stellar clusters or hierarchical plane-
tary systems, trajectories routinely enter narrow tubular neighborhoods of A; (quasi-collisions and
close encounters), generating arbitrarily stiff tidal forces. The purpose of compactification is not
merely to regularize exact collision orbits, but to provide uniform, scale-invariant coordinate charts
throughout these stiff asymptotic corridors.

4.1.2. Real Oriented Blow-ups and the Compactified Manifold with Corners Q[N]. In alge-
braic geometry, Fulton and MacPherson [24] resolved diagonal singularities by introducing
the compactified configuration space X[N], obtained by embedding X N \ A into X N
H| 11>2 P(Na, X N) and taking the schematic closure. For differential dynamics, Axelrod
and Singer [3] adapted this construction to real manifolds by substituting complex pro-
jective blow-ups with real oriented spherical blow-ups, producing a smooth manifold with
corners Q[N] that fully desingularizes all collision singularities (compactifying internal direc-
tional approach while preserving spatial infinity for non-compact configuration spaces such
as M = R3VN=3),

Let Blz (M) denote the real oriented blow-up of a manifold M along a closed submanifold
Z. Topologically, Blz(M) is obtained by replacing Z with its unit normal sphere bundle
S(NzM) = (NzM \ Z)/Rsg, so that points approaching Z retain their limiting direction of
approach:

Blz(M)=(M\Z)US(NzM). (4.7)

To desingularize the entire collision arrangement A, the blow-up must be performed itera-
tively along the proper transforms of the subsequent strata of the irreducible building set
Gir = {A7 | I C{1,...,N},|I| > 2} in order of increasing manifold dimension of collision
strata (which strictly corresponds to decreasing cluster cardinality k = |I|, progressing from
the total collision stratum & = N of minimal manifold dimension 0 up to binary collision
pairs k = 2 of maximal manifold dimension 3N — 6):

Theorem 4.1 — Fulton—MacPherson Desingularization and SNC Divisor

In the sense of Fulton and MacPherson [24], Axelrod and Singer [3], De Concini and
Procesi [19], and Campos et al. [16], let M = (R?)V /R3 =2 R3N=3 and let Gy, = {A7 | [I] >
2} be the irreducible building set of the partition lattice II(/N). The iterated real oriented
blow-up
Q[N] = Blg,, (M) —— M (4.8)
satisfies the following canonical geometric properties:
(1) Manifold with Corners Structure: Q[N] is a smooth manifold with corners
of dimension 3N — 3, whose interior Int(Q[N]) is diffeomorphic to the collisionless
configuration space M \ A.
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(2) Simple Normal Crossing (SNC) Boundary: The total boundary 0Q[N] =
71(A) is a simple normal crossing divisor with corners:

QN = U Er (49)
IC{1,..,N}
1>2
where each exceptional divisor Ej, defined as the compactified proper transform
of the spherical normal bundle S(Na, M), is a smooth codimension-1 boundary
hypersurface with inward-pointing normal coordinate (defining boundary function)
pI € [07 OO)
(3) Transversality of Boundary Intersections: Two exceptional divisors Ej and
E; intersect if and only if the coalitions are nested or disjoint:

EiNE; 40 — ICJ, JCI, or INJ=0. (4.10)

When E;NEj # (), their intersection is strictly transversal in Q[N], meeting along
a corner stratum of codimension 2.

Proof. Assertion (1) follows from the differential blow-up construction of Axelrod and Singer [3,
Sections 4.3 and 5], where each stage replaces an embedded submanifold by its normal sphere
bundle, preserving C*° differential structure with corners.

Assertion (2) is established by observing that blowing up along the clean arrangement II(N) in
order of increasing manifold dimension of strata (decreasing coalition cardinality |I]) transforms
all non-transverse intersections into normal crossings: if I N .J # () and neither contains the other
(overlapping clusters), their union satisfies |/ U J| > |I| and |I U J| > |J|. Consequently, the
deeper collision stratum Ay has strictly lower manifold dimension dim Ay ; = 3(N — [TU J|) <
min(dim A7, dim Ay), so its proper transform is blown up at an earlier stage of the sequence,
separating the proper transforms of Ay and A; and ensuring E; N E; = (). For disjoint coalitions
(INJ = (), the submanifolds A; and A are already in clean, transverse intersection in M; their
proper transforms E; and E; intersect transversally along a codimension-2 corner stratum without
requiring the prior blow-up of A;NA; ¢ Gy, in exact agreement with De Concini—Procesi wonderful
models [19].

Assertion (3) reflects the combinatorial property that non-empty boundary strata correspond bi-
jectively to nested sets of the building set Gi, (chains of nested and mutually compatible disjoint
clusters), with defining coordinates of the corner [0, €)™ given by scale ratios up = pr, /p1,,, > 0,
and with maximal codimension corners in one-to-one correspondence with complete binary Jacobi
trees (see Figure 6).

d

Remark — Epistemic Note: Standard Cotangent Bundle T*Q[N] versus Melrose’s b-Cotangent
Bundle.In the differential geometry of manifolds with corners (Melrose [50]), the canonical
boundary-adapted structure is the b-tangent bundle *TQ[N] (spanned by vector fields tangent
to all boundary faces, locally generated by p;0,, and 0y) and its dual b-cotangent bundle *T*Q[N]
whose smooth sections admit logarithmic poles dpy/py.

One might wonder why our Hamiltonian framework lifts configuration space to the standard cotan-
gent bundle 7*Q[N] (and its Poincaré-Sundman extension Pey;) rather than adopting *T*Q[N].
The justification stems directly from the physics of gravitational singularities:

(1) Singularity Order Mismatch: The Newtonian potential diverges as p; ' (a pole of order 1),
while virialized relative velocities scale as pl_l/ ?. Because these divergences are algebraic
rather than logarithmic (p; ' > log ps), working on *T*Q[N] without an explicit temporal
reparametrization does not desingularize the Hamiltonian vector field.

(2) Preservation of Canonical Darbouz Symplectic Geometry: Passing to b-symplectic geometry
(as developed by Guillemin, Miranda, and Pires [26]) replaces the canonical symplectic 2-
form Qg by a singular b-symplectic form Q, = > dp% Adp,, +.... This destroys the affine
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bundle structure of the cotangent fibers and prevents vertical Hamiltonian translations
(potential kicks), which are fundamental to symplectic splitting methods.

(3) The Normal-Cone Cotangent and Poincaré—Sundman Resolution: By coupling configura-
tion blow-ups on Q[N] with Calaque—Safronov cotangent lifts and the unfolded Sundman
local clock dtg = X2SdTS (Section 4.3), the algebraic velocity divergence is resolved within
standard, non-singular Darboux geometry on Pext = T*Q[N] x R; X Rg. This preserves
exact Lie-Bargmann symmetries and admits explicit, palindromic symplectic splitting prop-
agators.

A Ei3
O Tis
=2 Ti2 FE123 T2s
Q QO
Ags Eq2 Eos
(a) M/R? (b) Bla,, (M/R?) (c) Q[3] = Blg,,, (M/R?)

FIGURE 6. Sequential real oriented blow-up constructing the Fulton—
MacPherson manifold with corners Q[3] = Blg, . (M/R3) (Theorem 4.1). (a)
In the unblown relative configuration space M/R3, the three binary collision
strata Aq1s, Aoz, Aq3 intersect non-transversally at the triple collision origin
A123. (b) Blowing up the deepest stratum Aj93 (|I| = 3) inserts the spher-
ical boundary divisor Ej23 (p123 = 0) and separates the proper transforms
A12, Agg, A3 into pairwise disjoint rays (A;; N A, = 0). (c) Blowing up the
separated binary loci Aij (II| = 2) replaces each ray by a boundary collar E;;
meeting F193 orthogonally at codimension-2 corners indexed by the binary
Jacobi trees T1s, 723, T13.

4.1.3. Mazximal Flag Jacobi Trees and Adapted Cotangent Charts. The maximal flags (satu-
rated chains) in the partition lattice II(N),

Fe(Pi<Pr< < Pyoy), (411)

where P contains exactly one non-trivial binary pair, and each subsequent partition Pjq is
obtained from Pj, by merging either two existing clusters or an isolated body with a cluster,
represent the simplicial conical sectors (or linear extensions) that subdivide the boundary
corners.

Geometrically, the corners of maximal codimension N — 1 in Q[N] (transversal intersec-
tions of maximal sets of mutually compatible exceptional divisors) correspond bijectively to
complete binary Jacobi trees 7 € Trees(/N) with N labeled leaves and N — 1 internal nodes
Vint(T) [24, 34]. The natural projection from maximal flags in II(N) to binary Jacobi trees
is surjective, with fibers reflecting the commutation of mergers between mutually disjoint
clusters. The total number of maximal saturated flags in II(V) is given by

N
| Flags(II(V))| = ] (’;) - W (4.12)
k=2

yielding 3 flags for N = 3, 18 flags for N = 4 projecting onto (2N — 3)!! = 15 binary trees,
and 180 flags for NV = 5 projecting onto 105 trees.

Lean A.1 : jacobi_node_defines_hierarchy J
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For each internal node v € Viy(7T) merging two disjoint sub-clusters L(v) and R(v) of
total masses M) = > ier)™i and Mpw) = > jcr() Mj, we define the relative Jacobi
coordinate vector r, and its conjugate momentum w,, [34]:

1 1
ry = XL v) XR v) — m;q; m;q; |, (413)
(v) o=\ ig}v) i j%%v) i
Wy = iy = iy | D20 Pr) _ M) Mrw) (4.14)
! o ’ ML(U) MR(U) ’ ! ML(U) + MR(v) ’

where Po = ) ,co p; denotes the total linear momentum of cluster C. The linear map
(4, P) = (Tu, Wy)pew,,, (7) defines a canonical symplectic isomorphism on T*M = RON=6_ In
these coordinates, the total kinetic energy decouples diagonally:

Tin(W) = 1 Z [[wo? (4.15)
kin(W) = — . .

vEVint (T) o

For each sub-tree 7¢ rooted at an internal node v with cluster bodies C' = L(v) Ul R(v),
the internal cluster potential is given by the restriction of the gravitational interaction to
pairs in C:

Ve(a)=— ) iy
1<)

(4.16)

The local cluster hyper-radius po € [0, 00) is defined by the mass metric on the sub-cluster,
expressing equivalently in relative Cartesian barycentric coordinates and diagonal Jacobi
tree coordinates:

1
po=|=— > mmjlla—q;|*= S pallral?, (4.17)
{i,j}cC u€Vint (7o)
1<J
MryMpw)

where p, = denotes the reduced mass at internal node u. To ensure strict

My (u)y+Mp(u
dimensional horrio)gene;t;f with relative positions r, (physical dimension [L]), we also define
the mass-normalized hyper-radius pc = pc/vMc € [0,00), of dimension [L], ensuring that
coordinate scale ratios u, = [[ry[|/(PL(v) + PRr(v)) are strictly dimensionless. Each complete
tree 7 defines an adapted conical clustering chamber (or Maclaurin—-Sundman wedge) in
configuration space:

Ur=5aqeM \ Al Vv e Vint(T)> HrvH < nggl qu - QjH ) (418)
J¢Co
guaranteeing that intra-cluster separations remain strictly hierarchized (see Figure 7).
[ Lean A.1 : hyper_radius_sq_pos J

[ Python A.2 : core/jacobi.py, core/coordinates.py [Float64 / Float128] J

Geometrically, the hyper-radius po provides the explicit metric realization of the boundary
normal coordinate pc € [0, 00) defining the exceptional divisor Ec C 0Q[N] in local Jacobi
charts. Because the Newtonian pairwise potential is homogeneous of degree —1, it satisfies
McGehee’s scale factorization on each cluster [47]:

uru
Volr) = o Vels), where s = (suluevr) = (Vort ) € S (NagM).
pc u€Vint (7o)
(4.19)

[ Lean A.1 : newtonian_potential_is_homogeneous

[ Lean A.1: mcgehee_potential_factorization]
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T(12)3 /.3
Tiz: Lo 5el ri2 =713
1 e—oc—e 2

1 23 s
Le, T(23)1
Tas: PR
2’\.—0—0/3
2 31 713 ;53
o—o—e3
Tis: N
T(13)2 \b 9
1 3 2 T2 =723 _ _
(a) Jacobi Trees T;; and Clusters (ri; < 7(;j)k) (b) Chamber Partition Q[3] = U7, Ul T UUT,

FIGURE 7. Rooted binary Jacobi trees and their associated conical chamber
covering of Q[3] (N = 3). (a) Each of the (2N — 3)!! = 3 binary trees
Tij = ((i,7),k) groups the closest binary leaf at separation r;; = ||q; — qj]|
(solid segment inside the dashed cluster oval) and links its center of mass (hol-
low circle) to the third body at apex separation r(;;), = [|Xi; — qx|| (dashed
segment), independently of the instantaneous direction of motion. (b) In
the blown-up configuration space Q[3], the three Maclaurin-Sundman coni-
cal chambers Ur,,,Ur,,,UT;, defined in (4.18) form a sectorial covering around
the respective binary collars E1s, E23, Fh3 and meet along the Voronoi equidis-
tance hypersurfaces r12 = 123, 723 = 713, and r12 = r13 (dashed rays).

A foundational feature of this hierarchical decomposition is the dynamical decoupling of
disjoint clusters:

et Ta, T C T be two disjoint sub-trees of a Jacobi tree T, meaning that their body
sets are disjoint (AN B =0). Let Hy(ra,wa) and Hp(rp, wp) be internal Hamiltonians
depending exclusively on the relative degrees of freedom within 74 and 7p, respectively.
Then:

(1) The canonical Poisson bracket of H4 and Hp vanishes identically on T%M:
{H4a,Hg}q, =0. (4.20)
(2) The corresponding Hamiltonian vector fields X, and X, (defined by the canon-

ical convention ¢y, Qo = dH) commute strictly:

[(Xi,, Xip] =0, ®f40als — ¢lls o pHa, (4.21)
on their maximal ambient domain of definition Dap = T*M \ (7 (A(A)) U
75 (A(B))) = T*(Ma \ A(A)) x T*(Mp \ A(B)) x T*My, where A(C) =
U (i,j}CCLi<) A;; denotes the complete pairwise collision arrangement of sub-cluster

’7 Proposition 4.2 — FEzact Cotangent Commutation of Disjoint Jacobi Clusters
L

[ Lean A.1 : disjoint_cotangent_commutation_local ]

Proof. Because AN B = (), the internal Jacobi coordinates of 74 and 7g form disjoint subsets
of canonical variables: Ving(7a) N Vine(75) = 0. Since (ry,, wy)yew,, (7) is a canonical Darboux
coordinate system on T* M, the Poisson bracket evaluated over all internal nodes of the full Jacobi
tree T,
{Ha,HpYo, = Y ((Ve,Ha,Vw,Hp) = (Vw,Ha, Ve, Hg)) =0, (4.22)
UEVint (T)
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vanishes identically because for each internal node u € Vi (7T), at least one of Hy or Hp does not
depend on (r,, w,), ensuring that the corresponding gradient pair is identically zero.
Equivalently, in Cartesian coordinates, for each individual body ¢ € {1,..., N}, at least one of the
two Hamiltonians has identically zero gradient with respect to (q;, p;):
vie{l,...,N}, (Vq;Ha=0 and Vp,Hy=0) or (Vq,Hg=0 and V, Hp=0).
(4.23)
The local term of the canonical Poisson bracket at index i,

{HA’HB}’L' = <Vq@'HA7VPz‘HB> - <vpiHA’ VCMHB>7 (424)

vanishes identically for every ¢ € {1,..., N}, establishing {Ha,Hp}lq, = Zivzl{HA;HB}i = 0.
The commutation of the Hamiltonian flows follows directly from the Lie algebra homomorphism
between Poisson brackets and vector field commutators: [Xp,, Xr,] = —Xim, my) = 0.

This exact cotangent decoupling reflects in classical mechanics the canonical conormal Whitney sum
N*(AaNAp) = N*A @ N*Ap, mirroring the symmetric monoidal property of shifted cotangent
functors under normal cone deformation established by Calaque and Safronov [15, Theorems B,
3.13 and Corollary 5.13].

Remark — Epistemic Scope: Constructive Combinatorial and 1-Jet Algebraic Kernel.In accor-
dance with the formal verification standard established in Section 1, the companion Lean 4 mod-
ules colocalized in Section 4.1 mechanize a Constructive Combinatorial and 1-Jet Algebraic Kernel.
While the global differential and symplectic topology of Q[N] (smooth manifolds with corners,
blow-up sequences, and continuous Hamiltonian flows) is developed analytically in the text, Lean 4
certifies the exact combinatorial incidence of the partition lattice II(N), the scale homogeneity of
the Newtonian potential, the hierarchical tree inclusion, and the pointwise algebraic vanishing of
local Poisson brackets without axioms or approximations.

Transition to Screened Apex Dynamics. Proposition 4.2 guarantees that mutually disjoint
sub-clusters evolve with complete symplectic independence, laying the rigorous foundation
for decentralized multi-rate time-stepping on hierarchical supernodes (§4.3). However, when
two clusters L(v) and R(v) interact at their common parent node v (the apez), their rel-
ative distance vector r, couples to internal configurations through the global Newtonian
potential V(q). In raw Jacobi coordinates, the kinetic energy remains strictly diagonal
(Tkin = 3 3 ||Wol|?/p0); however, the cross-metric products between interparticle distance
gradients sharing an apex body, (Vri;, Vrj)y-1 # 0, reflect the non-orthogonality of in-
ternal pairwise interactions. Furthermore, subtracting the point-mass barycentric Keplerian
attraction —G'Mp ) Mp(y,)/|Iry| leaves an unphysical multipolar residual potential that di-
verges as an artificial “ghost pole” when cluster barycenters coincide (||r,|| — 0) even while
all internal interparticle separations remain strictly positive. Section 4.2 resolves this chal-
lenge through the construction of a smooth screened apex potential achieving universal C!
Lipschitz regularity.

4.2. Smooth Scale-Adapted Screening of the Apex Potential and C!'' Regularity.
While Proposition 4.2 establishes the complete symplectic decoupling of mutually disjoint
clusters, real gravitational dynamics inevitably couples sub-clusters through parent hierar-
chical nodes. In this section, we analyze the residual inter-cluster potential coupling that
arises at the parent apex of two interacting clusters, identify the multipolar “ghost pole” gen-
erated by naive Keplerian center-of-mass subtraction, and construct a smooth scale-adapted
screening function ©(u,) that resolves this singularity. We prove that the resulting screened
apex potential achieves universal C1'! Lipschitz regularity without introducing any artificial
distance cut-off (dy > 0 strictly banished), while strictly preserving all 10 Galilean generators
realizing the centrally extended Lie-Bargmann algebra and ensuring palindromic symplec-
ticity.
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4.2.1. Residual Inter-Cluster Potential Coupling and Multipolar Ghost Poles. Consider an
internal node v € Vi (T) of a complete binary Jacobi tree T, whose left and right children
represent two disjoint clusters L(v) and R(v) with total masses M) = 3 ;cr(y) M and
MRy = > jer(w) m;- The relative position vector between the centers of mass of these two
clusters is the Jacobi apex coordinate:

1

Z miqZ-) - (Ml Z quj) . (4.25)
)

ry = Xpw) — XRe) = (
L(v) jer(v R() jeR(v)

In Cartesian configuration space, the mutual distance between an arbitrary particle i € L(v)
and an arbitrary particle j € R(v) decomposes linearly along the hierarchy:

i —dqj =1y + (a4 — Xp)) — (a4 — X)) (4.26)

Although the kinetic energy is strictly diagonalized by the Jacobi momenta (Tii, = % Sl well?/

with u € Vine(T)), the gravitational potential retains a non-decoupled inter-cluster interac-

tion at the apex node. In Cartesian coordinates, the inverse mass metric M~ = diag(ml_ll 3yee., M

generates non-orthogonal cross-products between the gradients of mutual interparticle dis-
tances sharing a common mass point:

1 (di —qgj,9; — qx) :
(allas = a1, Vallay =l =~ p BB B 0 ). e
As established in the classical analysis of multi-body collision manifolds and asymptotic con-
figurations by Marchal and Saari [43] and Waldvogel [79], the relative geometry of interacting
clusters cannot be fully decoupled by linear coordinate changes alone.
To separate the macroscopic Keplerian motion of the two clusters from their internal high-
frequency dynamics, standard hierarchical approaches attempt to subtract the point-mass
barycentric interaction —G M,y Mp(y)/|[ry|| from the cross-cluster Newtonian potential:

-y ¥ _Gmim;_ (4.28)

7,€L(’U)]€R ||q2 q.]”

However, the naive residual difference,

G M) Mg v)) Gmym; GML<U>MR<v>
[ 22

Vieww(a) = V() — (— | (4.29)

ol Ta—al T el

exhibits an unphysical, catastrophic singularity: when the centers of mass of the two clus-
ters coincide (||ry|| — 0) while all internal interparticle separations remain strictly positive
(PLw) > 0 and pg,) > 0), the added term +G M,y Mg /|ty diverges as an artificial
multipolar ghost pole (~ ||r,]|~!). In conventional approaches this divergence forces the
introduction of an arbitrary distance threshold dy > 0, destroying scale invariance and intro-
ducing secular energy drifts.

4.2.2. The Smooth Scale-Adapted Screening Function O(u,). To neutralize the ghost pole
without softening the gravitational law (e = 0 strict), we construct a scale-invariant screen-
ing mechanism grounded in the geometry of the Fulton—MacPherson configuration manifold
Q[N]. From an architectural perspective, this screening function ©(u,) acts as an opera-
tional bridge connecting the continuous configuration geometry of Section 4 to the discrete
symplectic numerical propagators developed in Section 5: it guarantees that the residual
interaction remains uniformly Lipschitz continuous on cotangent fibers, providing the exact
analytical regularity required by the Picard-Lindel6f theorem and formal backward error
analysis to prevent algorithmic instability during discrete operator kicks.

For an elementary binary leaf pair (|L(v)] = |R(v)| = 1), the cross-cluster potential
Vu(q) = —Gm;m;/|lq; — q;l| is already pure Keplerian with internal hyper-radii pg;; = 0 and

N3)
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pejy = 0, so the residual potential vanishes identically (Vies,p = 0) and requires no screening.
Accordingly, we restrict the apex screening to the set of composite internal nodes:

Veomp(T) = {v € Vine(T) | |L(v)| > 2 or |R(v)| > 2}. (4.30)

For each v € Veomp(T), let ping(v) = PL(v) T PR(v) > 0 denote the combined mass-normalized

internal hyper-radius of the child clusters (where pc = po/vVMc € [L]). We define the
dimensionless scale ratio coordinate:

wy = el ol

= — = — — € 10, 00). 4.31
Pint (U) PL(v) + PR(v) [ ) ( )

The ratio u, monitors the relative hierarchy: when u, — 0, ||ry|| — 0 corresponds to the
internal transverse locus where cluster barycenters coincide in Int(Q[N]); conversely, when
Uy — 00 (i.e., u; ! — 0), the two clusters are asymptotically separated, reaching the boundary
divisor Epr(,) N Egyy € 0Q[N]. In particular, in the point-particle limit where both child
clusters shrink to point masses (pint(v) — 0 with ||r,|| > 0), we have u, — oo, identically
recovering the unscreened point-mass Keplerian attraction with ©(u,) = 1.

We introduce a smooth, monotonic scale-adapted screening function © : [0,00) — [0, 1]
satisfying the asymptotic partition:

0 for u <1,
O(u) =¢o(u) forl<u<?2, (4.32)
1 for u > 2,

where o : [1,2] — [0, 1] is a smooth, monotonic transition function with vanishing derivatives
of all required orders at u = 1 and u = 2. The mathematical specification of o(u) reflects
a deliberate architectural duality balancing theoretical rigor with practical computational
efficiency:

(1) Canonical Theoretical Standard (C*° Cauchy Mollifier): For high-order symplectic

Baker—Campbell-Hausdorff expansions (Section 5), o(u) is defined as the normalized
Cauchy mollifier. Letting s = u—1 € [0, 1], it admits the exact closed-form evaluation:

(1)
exp (—1) +exp (— ;)

with continuous boundary limits ocauchy(0) = 0 and ocauchy(1) = 1. This closed
form is strictly C*°([0,1]) with vanishing derivatives of all orders at the boundaries
(c®(0) = o®)(1) = 0 for all k > 1), circumventing the computational burden
of numerical quadratures. Its Gevrey-2 regularity guarantees that formal modified
Hamiltonians H (h) exist asymptotically to all orders without truncation, enabling
sub-exponential shadow energy conservation for high-order integrators.

OCauchy(8) = for s € (0,1), (4.33)

(2) Order-Adapted Computational Prozies (C** Centered Hermite Splines): In high-performance

scientific computing where transcendentals incur non-negligible cost, o(u) is alge-
braically realized via a family of odd-degree Hermite polynomial splines centered in
¢ =s—0.5 € [-0.5,0.5] to prevent catastrophic floating-point subtractive cancella-
tion:
e C? quintic spline (degree 5, k ~ 1): for 2nd-order Strang splitting So;
e C* nonic spline (degree 9): 5°(126 — 420s + 540s% — 3155 4- 70s%), for 4th-order
compositions (BMy, Yoshida Sy);
e (S tridecic spline (degree 13): with vanishing derivatives 1...6 at boundaries,
matched to 6th-order schemes (BMg, PBMy);
e C® heptadecic spline (degree 17): derived from o§(s) = 218790(s(1 — s))3,
matched to 8th-order effective schemes (PBMg).
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Each spline degree is calibrated to match the order of the symplectic integrator,
ensuring that the truncation error of the screening boundary does not degrade the
asymptotic convergence slope.

—— Definition 4.3 — Screened Hierarchical Apex Potential
For each internal composite node v € Veomp(T), the screened apex potential is defined by
GML(U)MR(v)
o]
When the configuration contains compact sub-clusters promoted to synchronous supern-
odes (Section 4.3), let Syt denote the collection of disjoint sub-clusters S C {1,...,N}
satisfying the compactness condition pg < dcjuster (Whose intrinsic, scale-invariant dynami-

cal determination 6%t s established in Section 4.3.4). The set of free composite nodes
is defined by

Wipeeo(@) = Vao(q) + O(uy) (4.34)

Vggirelp(T) = Veomp(T) \ U Vint (Ts)- (4.35)
Sesact

The total hierarchical screened apex potential across the tree is the sum over free composite
nodes:

Wapsc @)= Y Wapati(a). (4.36)

VeV (T)
The screened apex potential enables an exact five-term decomposition of the total physical
Hamiltonian of the N-body system:

H = Tign + WSS (q) 4+ Eosgened (q) + Ve () + 3 HY™, (4.37)
SESact
GMp ) MR ()
lIroll

interaction, Vlgffes(q) contains the uncoupled elementary leaf-pair potentials outside active
supernodes, and Hg P governs the internal multi-body dynamics of each synchronous su-
pernode.

When u, <1, ©(u,) = 0, completely extinguishing the Keplerian subtraction and leaving
the exact, smooth physical potential V,(q). When u, > 2, ©(u,) = 1, restoring the full
multipolar subtraction where the interaction decays rapidly. In the intermediate zone 1 <

uy < 2, ©'(uy,) is compactly supported, ensuring smooth, bounded transitions (see Figure 8).

where ViSereened (q) = — 37 e () O(uy)

Kepler froe is the screened macroscopic Keplerian

4.2.3. Universal C*' Lipschitz Regularity without Distance Thresholds. The foundational an-
alytical property of the screened apex potential is its uniform C1! regularity (i.e., belonging
to the Sobolev-Lipschitz space YW?>) on each adapted chart of the configuration manifold:

Theorem 4.4 — Universal C' Lipschitz Regularity of the Screened Apex Potential

Let 7 € Trees(N) be a complete binary Jacobi tree, and let Uy C Q[N] be its adapted
atlas chart. Endow the relative configuration space M with the Riemannian mass metric
induced by M (and its cotangent bundle 7*M with the dual metric M—'). Then, on the
domain of validity of the adapted chart Uy and without requiring any artificial distance
threshold (dy = 0 strictly), there exist finite strictly positive constants Mapex > 0 and
Lapex > 0 such that for all configurations q € Ur and all relative Jacobi coordinates

r = (Tu)ucvn (T):

IVeWopex (@It < Mapex <00, [[Hessy Wpe™ (@)1 < Lapex <00 (4.38)
Consequently, W3See™ is uniformly of class C1(Ur) = W?*°(Ur), so its gradient force
field V, Wgsieen is globally Lipschitz continuous (C%') on Ur.

[ Lean A.1 : apex_universal_lipschitz_bound
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FIGURE 8. Scale-adapted apex screening function ©(u,) and universal C1:!
regularity across the three scale regimes of Definition 4.3 and Theorem 4.4.
Regime 1 (u, < 1): O(u,) = 0 completely extinguishes the unphysical
multipolar ghost pole +GMpMpg/||ry|| (dashed purple curve) when cluster
barycenters overlap (||ry|| — 0). Regime 2 (1 < u, < 2): The transi-
tion function o(u,) (solid blue curve, realized via the C*° Gevrey-2 Cauchy
mollifier or centered C?* Hermite splines around ¢ = u, — 1.5 = 0) interpo-
lates smoothly across the compact projectivized annulus A} 5. Regime 3
(uy > 2): O(u,) = 1 restores the full Keplerian subtraction, where exact
monopole and barycentric dipole cancellations leave a rapidly decaying trace-
free quadrupolar interaction Wsgeeh = —GQ,(s)/|ry|* + O(||ry]|™*) (solid
green curve).

Python A.2 : potential/{screened_apex, optimized_screened_apex, screening}.py [Float64 / Float128]

The accompanying formal certification badge denotes the verification of the Constructive
1-Jet Algebraic Kernel (formalized in Lean 4 over an arbitrary commutative ring), certifying
the constructive algebra of the Lipschitz bounds, with the global topological compactness
and the smooth transitions established by the differential proof below.

Remark — Epistemic Scope: CY' Regularity and Atlas Chart Domain Usy. Two essential struc-
tural remarks must be highlighted:

(1) Functional Class C*' vs C> (Algorithmic Interface): Qualifying W as C1-! designates
the minimal regularity guaranteed by the algebraic C? quintic Hermite spline proxy. Under
this minimal Sobolev—Lipschitz regularity (/?°°), the Hamiltonian vector field X Wiereen 18
Lipschitz continuous, satisfying the classical Picard-Lindeldf theorem and ensuring strict
convergence of the second-order Strang splitting Sa(h) (Section 5.1). When our canonical
theoretical baseline (the C* Cauchy mollifier) is activated, Wi5e" is locally C*° with
uniformly bounded derivatives of all orders < 2 and Gevrey-2 sub-exponential stability,
fulfilling the analytical prerequisites for all-order formal backward error analysis in high-
order composition schemes.

(2) Domain of Validity Ur and Synchronous Supernodes: The Lipschitz bounds Mypex and
Lapex are established on the adapted chart Uy C Q[N]. While W;iiseh(q) eliminates
the multipolar ghost pole upon barycentric coincidence (r, — 0), it does not protect
against an internal collision between a particle i € L(v) and a particle j € R(v) if the
hierarchy of T ceases to be adapted. Under such dynamics, either the distance hierarchy
reverses (triggering an SL(2,R) Jacobi tree transition via the 4 = 0.6 hysteresis band of
Theorem 4.10) or the entire sub-cluster collapses into a compact k-body quasi-collision
(k > 3), in which case the sub-tree is subsumed into a synchronous supernode governed by

Sundman’s unfolded local clock dtg = y%drs (Section 4.3).
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Proof. It suffices to establish the bounds for each node v € Veomp(7T) across three complementary
scale regimes covering [0, c0):
Regime 1: Compact Sub-Apex Regime (u, < 1). In this regime, ©(u,) = 0, and Definition 4.3
Gm;m;
JERE) Tai—a,
By definition of an adapted Jacobi chart Uy, when u, < 1, interparticle collisions between L(v)
and R(v) are either bounded away from zero by pairwise separation within the tree hierarchy or
absorbed into a synchronous supernode (analyzed in Section 4.3). Hence, on the regular locus of
Ur, the pairwise distances ||q; — q;|| remain uniformly bounded below away from zero, ensuring
IVV,|| < By and ||HessV,|| < Bj for finite constants By, B] > 0. The artificial ghost pole is
completely eliminated since its coefficient ©(u,) is identically zero.
Regime 2: Compact Transition Annulus (1 < u, < 2). In this domain, the ratio u, =
Ity ll/pint(v) lies in the compact interval [1,2]. Consequently, ||ry|| > pint(v) > 0, guaranteeing
that cluster centers cannot coincide. On the set of free composite nodes V(fﬁﬁflp(T), any sub-cluster
satisfying ping (v) < deluster is subsumed into an active synchronous supernode S € Syt (Section 4.3);
therefore, pint(v) > codeluster > 0 holds uniformly on ng)‘fﬁp, ensuring that pf < (Codeuster) + <
oo is strictly bounded away from infinity (with dciuster = 05t o, (Fo) determined dynamically by
the total energy Ey and masses via Proposition 4.11, eliminating any arbitrary metric regulator).
Furthermore, since ©(u,) = o(uy) is a smooth function with compact support of its derivatives
n [1,2], both ©(u,) and all its derivatives are uniformly bounded. We emphasize that while the
Euclidean hyper-radius pco is non-differentiable at the origin in naive Cartesian coordinates (due
to the singularity of » — ||r|| at » = 0), on the Fulton—-MacPherson compactified manifold with
corners Q[N] (or in McGehee polar blow-up coordinates pc € [0,00[ and s¢ € S**74), the total
collision locus A¢ is replaced by the smooth boundary divisor {pc = 0}. The radial coordinate
pc is a defining boundary coordinate of the manifold with corners, and the radial vector field
Op is smooth up to the boundary stratum pc = 0 within each adapted chart Us. By the chain
rule, Vg, tty = prt Vi IToll = [T |05z Ve, Pint; since ||V, pint]] < +/mi/Mc uniformly by Cauchy—
Schwarz on cluster hyper-radii and pint > codcluster > 0, the spatial gradients and second derivatives
of u, remain uniformly bounded on [1,2]. By Weierstrass’s extreme value theorem on the compact
projectivized annulus A[; ) C S(Na, M) (or on the compact slice in the coordinates with corners of
Q[N]), the gradient and Hessian of Wiy are continuous functions on a compact domain, hence
bounded by finite constants By, B > 0.
Regime 3: Asymptotic Multipolar Regime (u, > 2). In this regime, ©(u,) = 1, and
Wigsen(a) = Vi(a) + S Let diy = (a5 — Xp) — (@ — Xpw) be the physical
internal displacement vector, such that q; — q; = r, + d;;. For any particle i € C, the dis-
tance to the cluster barycenter is bounded by |lq; — X¢| < VMc/mipe < &(C)pc, where
k(C) = maxgec v/ Mc/mi > 1 is the finite mass disparity factor of the cluster, and setting
Ky = max(k(L(v)), k(R(v))) yields ||di;|| < ku(pr + Pr) = KuPint(v). On the compact interme-
diate annulus 2 < u, < 2k,, the adapted chart condition on U7 maintains pairwise separations
uniformly bounded below away from zero, so the gradient and Hessian are bounded by projective
compactness on A 2,,] exactly as in Regime 2. In the far-field multipolar domain u, > 2k,, we

reduces identically to the restricted interaction Wit (q) = V,(q) = — ZieL(U)

apex,v

have strictly ||di;|| < kypint(v) < 3||ro]|. Since , < oo is a fixed constant determined exclusively by
the mass spectrum {m; }, expanding the pairwise distance ||q; —q;||~! in multipole Legendre-Taylor
series on u, > 2k, yields:

1 1 1 v,di’ 3 'U7di‘2_ v Qdi' 2 3p3
_ L L) Sl IPIGE o (R (g
lai —ayll  flro +digll leafl (o 2|, | [l
Summing over all ¢ € L(v) and j € R(v) weighted by Gm;m;:

Gmim; _ GMy(o)Mr()
(B (B

(1) Monopole Cancellation: 3 cr ) jcr(v)

. . GMy oy My
lerian subtraction +%.

(2) Dipole Cancellation: By definition of the barycenters Xy and Xg, > icr ) mi(di —
Xrw) = 0 and ZjeR(U) m;(q; — Xpy) = 0. Therefore, the linear dipole term
Zi,j mym;d;; = Mgy, m;(q; —Xr) — Mg, Zj m;(q; — Xg) = 0 vanishes identically!

, exactly cancelling the Kep-
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(3) Quadrupole Leading Order: The leading non-vanishing term is purely quadrupolar:

screen G GML » MR » ﬁ?n
WS = —gps D mem (3 dy)® Pl )?) + O ( )
I e L(v),j€R(v) v
(4.40)
which contracts to:
; G GMp\M 03
WEsa) =~ 0 + 0 (TR ) (e41)
v v

with unit direction vector s = r,/||r,|| and trace-free quadrupole interaction tensor con-

traction: ]

QU (S) = 5 [ R(v) (STQL(U)S) + ML(U) (STQR('U)S)] 5 (442)
where  Qrw) = Dicn i (3(ai — Xpw) (@ — Xpw)” = [lai — Xpw)l*I3)  and
Qrw) = 2jerw)™i 3(dj — Xrw)(dj — Xrw)" = laj — Xgrw)[*3) are the trace-

free quadrupole inertia tensors of the child clusters.

Differentiating with respect to r,, the gradient decays asymptotically as [|[Vy, Wiseen || ~ O((|ro||=*),
and the Hessian decays as O(||r,|| 7). Although the spatial domain {u, > 2} is closed but
unbounded (extending to spatial infinity [[r,| — oo), the gradient V, Wirieh and Hessian
Hessy, Wabecn are continuous functions on this closed domain that vanish asymptotically at in-
finity (Cq regularity) due to their fast multipolar decay. Consequently, both fields attain their finite
supremum on {u, > 2}, bounding them by finite positive constants Bs, B < oo without requiring
spatial compactness.

Summing across the three regimes and all composite nodes, we obtain Mypex = Zv (Biv+ B2y +

By ) < oo and Lapex = ., (B1,, + Bj,, + Bj ) < 00, completing the proof (see Figure 9).

4.2.4. Invariance of the Lie—Bargmann Algebra and Palindromic Symplecticity. The intro-
duction of the scale-adapted screening factor ©(u,) must not compromise the fundamental
conservation laws of Newtonian mechanics. We now demonstrate that the screened apex flow
rigorously preserves the 10 classical generators of the Galilean group and preserves extended
symplecticity.

Proposition 4.5 — Ezact Invariance of the Extended Lie-Bargmann Algebra
Let H = Ty, + Wscreen 4 yjscreened | Vlfree + o 5eSuct HGP® be the Hamiltonian on the

apex kepler eaves
extended phase space Pext = T*M x Ry X R equipped with the canonical configuration-
momentum conjugate pair (g, pr) = (t,—F), extended Liouville 1-form Aexy = p - dq +
prdt = p - dq — Fdt, and canonical extended 2-form Qeyt = —dAext = Qo — dpr A dt =
Qo+dEANdt = Qo —dt AdE (with Qg = —d(p-dq) = dqAdp). Then the 10 classical gener-
ators of the Galilean group, realizing the 11-dimensional centrally extended Lie-Bargmann
algebra [4] with total mass M. as central charge ({Ga, P} = Miotdap for spatial indices

o, f €{1,2,3}):
N N
P=>pi L=) qixpi, G=DMgoRcam—tP, Hex=H—E, (4.43)
=1 =1

where Reqm := ﬁ Zfil m;q; is the center of mass with total mass Mo = Zi]il m;, sat-
isfy exact discrete conservation under the screened apex time step for all spatial invariants:

AP=0, AL=0, AG=0, (4.44)

while the energy defect A%y undergoes zero secular drift, oscillating within an O(h?)
energy band of the shadow invariant energy surface Hexy = Hext + O(h?) (and on shadow
invariant tori in quasi-periodic hierarchical regimes).

{ Lean A.1 : lie_bargmann_exact_invariance J
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' ’ eO=1
‘\ 2RC y JWscreen , _ GQ'U (S)

~ S R TE

FicUrE 9. Spatial geometry of the scale-adapted apex screening around a
binary cluster C' = {4, j} with barycenter X¢, internal leaf separation ro =
q; — g, and characteristic scale Rc = pint(v). Inside the core disk ||r,|| < R¢
(uy < 1), ©(uy) = 0 extinguishes the barycentric ghost pole +GMecmy/||ry||-
Across the shaded projectivized annulus Ap 9y = {Ro < vyl < 2R} (1 <
Uy < 2), O(uy) = o(uy,) interpolates smoothly. In the exterior domain ||r,|| >
2Rc (up, > 2, ® = 1), subtracting the barycentric monopole along r, =
qr — X¢ from the exact pairwise interactions along q; — q; and q; — q;
cancels both monopole and dipole terms, leaving the trace-free quadrupolar

tide —G'Qy(s)/||ry|>.

The formal certification badge establishes the algebraic closure of the Lie-Bargmann invari-
ants and the exact Poisson bracket compensation of the Galilean boost in the Constructive
1-Jet Kernel.

Proof. Linear Momentum (P): The screened apex potential W35ise® depends exclusively on

interparticle vectors q; — q; and Jacobi relative vectors r,. Both are invariant under uniform
spatial translations q; — q; + a. By Noether’s theorem, Zf\il Vg Wited™ = 0. The momentum

apex

kick Ap; = —AtVq, Wiree™ therefore sums to zero: AP =) Ap; = 0.p

Angular Momentum (L): The scale ratio u, = |ry||/(Pr(v) + PRr(v)) is constructed entirely from
Euclidean norms invariant under spatial rotations SO(3). Since each constituent term in W35y
is a scalar function of rotationally invariant norms and scalar products, Wit (Rq) = W™ (q)
for all R € SO(3). The internal torques vanish identically: S | q; x Vg, Wise™ = 0, ensuring
AL =0.

Galilean Boost (G): Under a translation drift sub-step At, the center of mass advances by

Ream(t + At) = Ream (t) + ﬁP. The updated boost generator is:
G(t + At) = Mot Ream (t + At) — (t + At)P
At
= Mtot (Rcdm(t) +
tot
= MiotReam () — tP = G(t). (4.45)

During the apex kick sub-step, positions q; (hence the barycenter Rcqm) and time ¢ remain frozen,
while total linear momentum P is conserved (AyiexP = 0), ensuring AyixG = 0 identically. In the
Poisson bracket formulation on Peys, with temporal momentum p; = —F conjugate to ¢ inducing

P) —tP — AtP
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{t,pe} ={t,—E} =1 < {t,E} = —1, the boost generator satisfies:
{G, Hext } = {MiotReam — tP, H — E}
= {M;otReam, H} — {tP, —E} — { Mot Ream, E} — {tP, H}
~P-P-0-0=0, (4.46)
where {MiotReam, £} = 0 because the barycentric position is independent of the conjugate en-
ergy E, and {tP,H} = t{P, H} = 0 because the total physical potential depends exclusively on

translation-invariant pairwise vectors, ensuring exact Poisson compensation without secular drift.

d

et Rext : (q,p,t, E) — (q,—p, —t, E) be the extended time-reversal involution on Pext,
satisfying Rgxt = id and anti-symplectic reflection RY (Qext = —Qext. Then:

ext

’7 Proposition 4.6 — Eztended Symplecticity and Palindromic Parity
L

(1) The elementary apex kick ®P* and kinetic drift ®{ are exact symplectomor-
phisms on (Pext, Qext)-

(2) The symmetric Strang splitting [69] Sa2(h) = Qi;gt o &P o @272& is strictly palin-
dromic:

Rext © S2(h) 0 Rext = Sa(—h) = Sz(h) L. (4.47)

Consequently, its formal Lie generator Z(h) = logSa(h) is strictly odd in h
(Z(=h) = —Z(h)), and the shadow Hamiltonian H(h) contains exclusively even
powers of h, eliminating all odd-order energy errors.

[Lean A.l : extended_palindromic_symplecticity

The Lean 4 certification badge verifies the palindromic algebraic involution identity R o
S2(h) o R = Sa(—h) and the symplecticity of the elementary 1-jet updates.

Proof. Ttem (1) follows from the fact that the kick p — p — AVW2EEe hag symmetric Jacobian

apex
Hess Witiee™ = (Hess Wigee™)T (Schwarz symmetry), preserving the Darboux symplectic 2-form
Qo = dq A dp, while the time advancement ¢ — ¢t + h/2 under the kinetic drift is a pure translation
that trivially preserves dE A dt (with frozen (¢, E)) under the apex kick). Furthermore, because all
potential operators depend exclusively on base configuration positions q € Q[N], their correspond-
ing Hamiltonian vector fields commute identically in the vertical cotangent fibers ([Xv, , Xy,] = 0),
allowing them to be evaluated simultaneously or nested into the 7-stage palindromic Strang scheme
formalized in Section 5.

Item (2) is verified by direct composition: under momentum and time negation, @2’73 maps to

q)‘ir}Lf/tQ and ®3P maps to @5, reversing the operator sequence and inverting the composite

map: Rext © S2(h) 0 Rext = Sa(—h) = Sz(h)~!. In the Baker—Campbell-Hausdorff expansion
for Z(h) = log(exp(%A) exp(hB) exp(4 A)), this time-reversal symmetry enforces Z(—h) = —Z(h).
Hence the shadow Hamiltonian H(h) = h™'Z(h) = H+h2Hs+h*Hs+. .. satisfies H(—h) = H(h),
which forbids all odd error powers h, h3, h%, ... and confines the energy error to O(h?).

Under the canonical theoretical C*° Cauchy mollifier ©(u,), backward error analysis [28, Theo-
rem IX.8.1] ensures the asymptotic existence of H to arbitrary order, endowing the transition with
Gevrey-2 regularity (G?) and guaranteeing sub-exponential shadow Hamiltonian confinement in
exp(—c/h!/?) following Marco & Sauzin [45], or arbitrary polynomial order O(hM) for any M € N,
completely bypassing the C? jump discontinuity of polynomial splines.

d

Transition to Synchronous Supernodes. Theorem 4.4 ensures that whenever clusters are sepa-
rated by u, > 1, the residual apex interaction is bounded and smooth, enabling efficient asyn-
chronous multi-rate integration where the apex potential acts as a slow, smooth tidal pertur-
bation across synchronous supernodes. However, while the apex interaction remains globally

bounded across Q[N], the internal dynamical frequencies we ~ /GMc/p?, and tidal forces
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inside compact sub-clusters (pc < deluster) diverge as (’)(p(_;g/ 2) and (’)(pEQ) respectively. In
Section 4.3, we resolve this high-frequency singularity by transitioning compact sub-clusters
into synchronous supernodes governed by Sundman’s unfolded local clock dtg = X%drs, es-
tablishing the finite Anti-Zeno crossing property across multiple quasi-collisions.

4.3. Synchronous Supernodes and the O(6~%/?) Commutator Resolution. While
Section 4.1 establishes the exact cotangent commutation of disjoint clusters and Section 4.2
constructs a smooth scale-adapted apex potential ensuring universal C1'! regularity, gravi-
tational dynamics inevitably concentrates matter into tightly bound, dense sub-clusters. In
this section, we analyze the analytical catastrophe that arises when multi-rate asynchronous
time-stepping is naively applied inside a compact sub-system of k > 3 bodies, demonstrate
the resulting (’)(5‘5/ 2) commutator divergence, and resolve this obstruction by introducing
the synchronous supernode governed by Sundman’s unfolded local clock dtg = X%de. We
prove the universal Anti-Zeno property precluding algorithmic deadlock and establish the
symplectic continuity of Jacobi atlas transitions in Sp(6 /N —6, R) with guaranteed elimination
of topological chattering under hysteresis v = 0.6.

4.3.1. The Excluded Middle Dilemma and the O(6~°/2) Commutator Barrier. In classical ce-
lestial mechanics and astrophysical stellar dynamics, gravitational contraction and resonant
multi-body scattering systematically harden close binaries (Heggie’s law [29]) and generate
dense multi-body sub-clusters (k > 3) undergoing chaotic close encounters [1]. Consider a
compact sub-cluster S C {1,..., N} with |S| = k > 3, characterized by its internal McGe-

hee hyper-radius pg = \/Zi<j€5' mim;||d; — q;]|?/Ms < Sclusters Where cpuster > 0 denotes

nat
cluster

a cluster compactness threshold (whose intrinsic, scale-invariant determination 6 is es-
tablished in Section 4.3.4).

In an asynchronous multi-rate scheme, one would ideally wish to assign independent,
local time steps h, # hy, to distinct internal Jacobi sub-nodes u,w € Vin(7Tg) within the
cluster. However, unlike disjoint clusters where the Poisson bracket vanishes identically by
Proposition 4.2, internal Jacobi nodes within the same compact cluster interact through

non-orthogonal kinetic cross-terms and strongly coupled Newtonian potentials.

2 2
Let H, = % + V, and H, = % + Vi (where m, = w, denotes the canonical
momentum conjugate to the Jacobi vector r,) be the local Hamiltonians associated with two
overlapping internal nodes of 7g. Differentiating their Newtonian potentials V,, ~ —Gm?2/pg

with respect to relative positions and momenta yields the Poisson bracket scaling:

OHu OHw  OHu an) Gm® ||x|

{Hu, Hu} = Y ( 2
Vi (T) or, O, om, Ory P 7

0 (ps™?),  (448)

since virialized relative velocities scale as ||&|/u ~ VGm/ps ~ O(p§1/2). In the Baker—
Campbell-Hausdorff expansion of any split asynchronous operator, the local truncation error
per step contains the commutator contribution:

hyhow

AMHasyne = ~5 " {Hu, Hu} + O(h) ~ O (P aulie,) - (4.49)

cluster

As the cluster contracts (pg — 0), the commutator error diverges as O(pgs)/ 2). Any attempt
to absorb this divergence by shrinking the asynchronous step size h — 0 leads directly to
algorithmic Zeno paralysis. This analytical obstruction constitutes the asymptotic commu-
tator barrier for split gravitational operators (commonly referred to as the Ezcluded Middle
Dilemma):

’7 Proposition 4.7 — Asymptotic Commutator Barrier for Split Operators
L

et S C {1,...,N} be an interacting cluster in a hierarchical N-body splitting scheme.
Then:
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(1) Macroscopic Regime (u, > 1): If the cluster is separated from external bodies such
that u, = [[ry[|/pint(v) > 1, the screened apex interaction Wiree™ is uniformly of
class C1! (Theorem 4.4), permitting exact macroscopic asynchrony between clusters
without secular drift.

(2) Microscopic Compact Regime (ps < Ocusters |S| > 3): Any internal desynchro-
nization of sub-steps within the cluster triggers an unremovable Lie commutator

divergence of order O(‘Sc_lis/'ir)

Consequently, there exists no consistent intermediate splitting regime: dense sub-clusters
of cardinality & > 3 must be dynamically unified and integrated strictly synchronously.

Proof. Ttem (1) follows directly from Theorem 4.4: for u, > 1, the scale-adapted screening function
O(u,) guarantees that the screened apex remainder W;ggfn belongs to C1'!'(Us) with uniformly
bounded force and Hessian norms Mjpex, Lapex < 00, while disjoint sub-clusters commute identically
on phase space by Proposition 4.2. For Item (2), within a single compact cluster S with |S| > 3 and
ps < Ocluster, Overlapping internal Jacobi nodes u, w € Viny(Ts) share common particle positions, so
their Newtonian gradients scale as ||0xH,|| ~ Gm?/p% while virialized relative velocities scale as
|0z Hw|| ~ /Gm/ps. Substituting these scalings into the canonical Poisson bracket (4.48) yields
{Hu, Hw} ~ Opg <°/%), which enters the leading Baker-Campbell-Hausdorff error (4.49) of any

asynchronous multi-rate splitting as O(h%;iﬁcr)

4.3.2. Unified Synchronous Supernodes and the Universal Anti-Zeno Property. To resolve
the O(675/2) commutator catastrophe without compromising symplectic conservation, we
introduce the concept of a synchronous supernode:

—— Definition 4.8 — Synchronous Supernode

Let 7 € Trees(N) be a binary Jacobi tree. A composite node S € Veomp(7) with |S]| >
3 is designated a synchronous supernode whenever its internal hyper-radius satisfies the
compactness condition:

isCompactCluster(ps, dcluster) <= P < Oclusters (4.50)

where dguster > 0 is a scale threshold, whose canonical, scale-covariant value 521autster(5 ) is
dynamically determined by the gravitational tidal tensor and Marchal-Sundman energy
scaling in Section 4.3.4. The full N-body Hamiltonian then decomposes into supernode

blocks and a regularized inter-cluster remainder:
H= > Hy" + Hem, (4.51)
SESact

where the internal sub-tree 7g is dynamically collapsed into a single entity governed by the
full, unsoftened internal Hamiltonian:

r ™ Gm;m;
HSUPG (q57pS) = Z ||2uH Z ” : ]H (452)
uEVint (Ts) Hu Z<JS i —qj
7]6

while Hyem contains the spectator kinetic terms and the screened inter-cluster apex poten-
tials governed by Theorem 4.4. All internal degrees of freedom of S advance synchronously
under the single, unified unfolded Sundman clock [72]:

dts = x4 drs = pgdrs  (with xg = /ps > 0). (4.53)

{ Lean A.1 : super_node_time_step_sq_pos]

This formulation articulates the essential duality between continuous vector field desingu-
larization and discrete numerical time-stepping: McGehee’s continuous homothety scaling
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dtg = pg/ 2d7'5 [47] is indispensable for eliminating the algebraic velocity divergence pgl/ 2
and extending the Hamiltonian vector field smoothly to the collision manifold {pg = 0} in
phase space; conversely, for discrete multi-step sub-stepping, Sundman’s unfolded local clock
Atg = x%4A7s = psATg with non-singular state xg > 0 guarantees strict algebraic positivity
(Atg)? = X%«(A’fs)2 > 0 and establishes the discrete Anti-Zeno finite sub-stepping property
without artificial time freezing.
The accompanying formal certification badge verifies the strict algebraic positivity (Atg)? >
0 and the cumulative forward progression of time in the Constructive 1-Jet Kernel.

The central analytical property of the synchronous supernode is that the unfolded Sund-
man transformation completely eliminates the algorithmic Zeno effect across multiple close
encounters:

Theorem 4.9 — Universal Anti-Zeno Regularization of Synchronous Supernodes

Let S be a synchronous supernode governed by the unfolded Sundman clock dtg = X%dTS
on the extended phase space Pext. Then:

(1) Strict Temporal Progression: For any regularized time step A7g > 0 and any non-
singular state yg > 0, the induced physical time increment is strictly positive:

Atg = physical TimeIncrement(ys, ATg) = x5 Atg > 0. (4.54)

(2) Orbit-Wise Anti-Zeno Finiteness for Almost All Initial Conditions: On any finite
physical macro-step Atphys > 0, for all non-collisional initial states zg € Pext \
Neon belonging to the full Lebesgue-measure complement of Saari’s collision set
(reb(Neon) = 0 [61]), the total number of regularized sub-steps Ngub(zo) required
to advance through the encounter is strictly finite along the orbit:

At hys
N (2z0) < ’pr
o ( 0> Canti—zeno(z[))

where Canti-zeno(Z0) = Pmin(20)ATs > 0 with pmin(zo) = MN[0, At 0] ps(z(t)) > 0.
Consequently, algorithmic Zeno stagnation is strictly impossible along any physical
trajectory.

-‘ < 00, (4.55)

{ Lean A.1 : super_node_anti_zeno_regularization]

{Python A.2 : potential/supernode_detector.py, solvers/{supernode, jit_supernode}.py [Float64 / Float128] ]

The formal certification badge denotes the verification in Lean 4 of the Archimedean property
ensuring the existence of the finite uniform bound Ny« € N on the required sub-steps.

Proof. Ttem (1) follows immediately from the product of strictly positive real numbers: since xg > 0
and Ats > 0, we have x4 > 0 and Atg = xy2ATs > 0.

For Item (2), consider a physical macro-step of duration Atpnys > 0. In McGehee coordinates
(xs,Ss,Ws) on the blown-up boundary manifold with corners Mg = {yg = 0} x S3I5I=% x R3ISI=3,
the equations of motion are analytic in regularized time 7g [47]. In the asymptotic approach to a
multiple quasi-collision, the hyper-radius scales according to Kepler’s generalized law pg(t) ~ ct?/3
(¢ > 0), which implies by integration of Sundman’s relation dtg = pgdrs (t*2/3dt = cdrg =
3t'/3 = crg) that t(7g) ~ 2378 and dt/drs ~ 372

By the classical theorems of Saari [61, 62], exact multiple collisions (ps = 0) form a subset of
Lebesgue measure zero in phase space. For every individual non-collisional trajectory z(¢) belonging
to the full-measure complement (upe, > 0), the hyper-radius ¢ — pg(z(t)) is continuous over
the compact physical interval [0, Atpnys] and strictly positive. By the Weierstrass extreme value
theorem, it attains a strictly positive minimum:

min - i t)) > 0. 4.56
Pmin(20) te[or’rilghys]ps(Z( ) (4.56)

Setting Canti-zeno(Z0) = pmin(Z0)ATs > 0, each sub-step advances physical time by at least Atg >
Canti-zeno(Zo) > 0. By the Archimedean property of the real field R, there exists an integer N € N
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such that N - Canti-zeno(20) > Atphys. Taking Noup(zo) = [Atphys/Canti-zeno(20)] < 00 guarantees
algorithmic completion. We emphasize that this bound is orbit-wise: while pmin(2z9) > 0 holds
strictly along any individual non-collisional path, no strictly positive infimum inf,, pmin(zo) > 0
exists across the full phase space since initial conditions may approach the measure-zero collision set
Neon arbitrarily closely. Furthermore, even in the idealized limit of an exact collision, the Sundman
regularized time integral Atg = Om ps(t)~tdt ~ fOAt c1t723dt = 3¢ (A3 < oo remains
strictly finite, precluding any infinite accumulation of regularized steps.

4.3.3. Symplectic Atlas Transitions in Sp(6N — 6,R) and Hysteresis Anti-Chattering. As a
dense multi-body system evolves, close encounters alter the mutual hierarchy of particle dis-
tances, necessitating a transition between distinct adapted Jacobi binary trees in the atlas
{(T,U7) }retrees(vy- We now demonstrate that these coordinate transitions are exact sym-
plectomorphisms and that topological chattering (infinite alternating flips across transition
boundaries) is strictly eliminated:

Theorem 4.10 — Symplectic Atlas Transitions and Unconditional Anti-Chattering
Let Q[N] = Uy Ut be the Fulton-MacPherson configuration manifold endowed with the
atlas of adapted binary Jacobi trees.

(1) Ezact Symplectomorphism in Sp(6N — 6,R): For any two adjacent Jacobi trees
Ta and Tp differing by an elementary tree rotation ((S1,52),S3) «— (S1, (S2,S3))
on overlapping charts Uy, N U, # 0, the relative coordinate transformation is
governed by the 2 x 2 block matrix:

___ma 1
Mcoord = ( mﬂ/ﬂf ___ms3 ) € SL(Z,R), det Mcoord = +1a (457)
(m1+mz2)(ma+ms3) ma+ms3

where Mot = mq + mg + mg. Its cotangent lift induces a global linear symplecto-
morphism on phase space:

LIIA%B = LIIro‘c @ IGN718 € Sp(6N - G,R),

. Mcoor ®I 0
with Wy = ( (;1 3 (ML )T®Ig> € Sp(12,R), (4.58)

coord

acting as the identity on all spectator Jacobi coordinates and preserving the canon-
ical extended Darboux form W% _, Qe = (lexs. Furthermore, because W, acts as
a scalar 2 x 2 block tensor product with I3, it commutes with any global 3D spatial
rotation: Wior © Repatial = Respatial © Yrot- 1o preserve numerical time-reversibility
and prevent shadow Hamiltonian discontinuities (Skeel & Gear [66]), chart tran-
sitions W 4_,p are evaluated strictly at discrete global synchronization boundaries
t = nAtpnys. The physical Cartesian state (q, p) and extended energy E are strictly
C-continuous across chart boundaries.

(2) Unconditional Anti-Chattering under Optional Hysteresis v = 0.6 vs. Canonical
Voronoi Bijectivity v = 1.0: Let D1a = || Xgs, — Xg,|| and Doz = || Xg, — Xyl
denote the mutual Euclidean distances between the barycenters of the interacting
clusters, and let v € (0,1] denote the admissibility threshold ratio. In chart 74
where (57, .52) is the internal close pair, a transition to Tp (where (S2, .S3) becomes
the internal pair) is triggered when Dss < ~yDjg; conversely, the return transi-
tion from Tp back to T4 requires Do < vDa3. When operated with the strict
asymmetric hysteresis ratio v = 3/5 = 0.6, closed back-and-forth chattering cycles
across the transition boundary are strictly forbidden, and on every compact phys-
ical time interval [0,7], the total number of atlas transitions is uniformly finite:
Nirans(T) < [T/Tmin] < 00, with strictly positive a posteriori minimal dwell time
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Atéi;gﬁart) > 15 slzim > %Zz;‘; > 0 for two-chart cycles and Atéi;gﬁart) > %f};‘ﬁ >0
for three-chart permutations. However, while spatial hysteresis (7 < 1) was theo-
retically introduced as a worst-case safeguard against pathological boundary chat-
tering, genuine chattering along physical N-body trajectories is exceedingly rare
in practice (since generic non-collinear trajectories cross codimension-1 Voronoi
bisectors Y45 = {D12 = D3} transversely at non-zero radial velocity). Further-
more, any strict hysteresis deadband v < 1 creates an overlapping co-admissible
region Adm, (74) N Adm,(75) = {y < Da3/D12 < v'} # 0 inside which the
chart assignment map q — 7(q) is non-injective (multi-valued, depending on past
trajectory history). Under pure phase-space time reversal R(q,p) = (q, —p), this
history-dependent non-injectivity breaks state-only time-reversal symmetry (as for-
ward entry occurs at A = v~! whereas backward return switches late at A =
unless an explicit history stack is maintained). Consequently, the canonical opera-
tional default sets v = 1.0, restoring a memoryless, single-valued Voronoi partitioj

where chart selection is a pure bijection on generic configurations and time-reversal
symmetry holds intrinsically without history dependence.

Lean A.1: atlas_transition_symplectic_anti_chattering]

Python A.2 : core/transitions.py, system/atlas_manager.py [Float64 / Float128]

The formal certification badge verifies in Lean 4 that any M € SL(2,R) preserves the canon-
ical symplectic area z1y2 — xoy1 and proves by contradiction that the hysteresis conditions
cannot be simultaneously satisfied.

Proof. For Ttem (1), let qi,q2,qs be the barycentric positions of three interacting sub-clusters of
masses mj,mg, m3. In chart 74, the relative Jacobi coordinates are r4 1 = q2 —q; and ry o =

miqi+moq : . _ _ m2qz2+tmsq
qs — W In chart 7p, the new coordinates are rp1 =q3 —qz and rgo = q; — W
Expressing (rp,1,rp,2) in terms of (ra1,ra2) yields:
mi
rp1=TYA2— ———TraAl, (4.59)
mi —+ mo
Mo Mot ms
rp2 = T4, (4.60)

_ ra;— ————
(m1 +m2)(m2 +m3) mo + Mg

The determinant of the 2 x 2 matrix Myorq evaluates identically to:

det Megorg = (——— ) (——8_) (1) (Mol
coord L+ My ma + ms (m1 + ma)(ma + ms3)

_ myma + ma(my +ma +ms3)
(my +mz)(ma +ms3)
=+1. (4.61)

Thus Mcoora € SL(2,R). In cotangent coordinates, the canonical momenta transform via the inverse
transpose g = (M;)lord)Tﬂ- 4. By the canonical theorem of cotangent lifts (Marsden & West [46],
Cannas da Silva [20]), U*,(dm A dr) = dmw A dr. Since the remaining N — 3 Jacobi vectors and
momenta are spectators, embedding V4,5 = V.ot ® Igny_1s8 yields a linear symplectomorphism
in Sp(6N — 6,R). Since the transformation operates purely on relative spatial degrees of freedom,
time ¢ and extended energy E remain strictly invariant, ensuring % _ 5Qcyxt = Qext-

For Item (2), suppose for contradiction that an instantaneous chattering cycle exists between trees
Ta and Tp. In chart T4, the pair (S7,S2) is internal, so a forward transition 74 — Tp requires
Dy3 < 7y D1o. In chart Tp, (S2,53) is internal, so an immediate return transition 7z — T4 requires
D15 < v Ds3. Combining these inequalities with v =3/5 > 0:

9
D1y < vDa3 < ’)/(’y Dlg) = 72D12 = %Dlg = 0.36 Dq5. (462)

Since physical distances are strictly positive (D15 > 0), dividing by D12 yields 1 < 0.36, a blatant
contradiction.
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To bridge this static geometric exclusion to dynamic finiteness Nyyans(T') < 00, consider the dimen-
sionless distance ratio A(t) = D12(t)/D23(t). In tree T4, a transition to T occurs when Dog < v D1a,
which corresponds to A > v~ = 5/3. To trigger a subsequent return transition from 7z back to
Ta, the system must satisfy Dio < v Dag, which is equivalent to A <~ = 3/5. Thus, between any
two consecutive transitions in a two-chart cycle T4 — Tg — Ta, the continuous trajectory must
traverse the finite hysteresis gap:

5 3 16

3 E= 18 1.067. (4.63)
On any compact energy hypersurface X, = {(q,p) € Pext | H(q,p) = Eo} with negative energy
Ey < 0 within the compactified manifold with corners Q[N], the time derivative of the dimensionless
ratio A(¢) is a transition rate bounded by a finite frequency: sup,com IA(t)] < Qmax < 00 with
[Qmax] = [T]7*. Explicitly, differentiating A(t) = D12(t)/Das(t) by the quotient rule and bounding
|D,]| < 2Umax and Da3 > 7y, yields |)\(t)| < % < ?’:;‘]—“;‘ across the hysteresis interval
A € [3/5,5/3]. Consequently, the minimal physical dwell time for any two-chart cycle Ty — Tp —
T4 is bounded below a posteriori:

Ax=7"l—q=

, -1 16 16/15 1 7mi
At(2 chart) i 7 — - Tmin . 4.64
el T Quax 15Qmax — (16/3)(Umax/Tmin) 5 Umax 469
Similarly, if the trajectory transitions from 75 (where (S2,S53) was selected at ¢; as the shortest
pair, so u(t1) = D13(t1)/Das(t1) > 1) to a third distinct chart 7o at to (requiring p(tz) < v = 3/5),
the ratio p(t) must traverse at least Apgchart = 1 — = 2/5 at rate |g(t)] < 205 Vmax - < f Pmax

Tmin Tmin
enforcing Atgi;gﬁart) > m = %;«Zﬁ > 0. Therefore, on any compact physical time interval
[0,T], spatial hysteresis alone guarantees Atgwell > Tmin > 0 a posteriori and bounds the total
number of atlas transitions by Nyans(T) < [T/Tmin| < 00, eliminating all Zeno-type topological

chattering without any a priori temporal lock.

d

4.3.4. Intrinsic Scale Invariance and Dynamical Determination of the Compactness Thresh-
old. A critical foundational inquiry naturally arises regarding the status of the cluster com-
pactness threshold djyster > 0 introduced in Definition 4.8: if d¢juster Were treated merely as
an arbitrary, user-specified dimensioned parameter ([deiuster] = [L] - [M]Y/?), it would appear
to reintroduce through the back door an artificial metric cut-off akin to the banished soften-
ing length dy > 0. Furthermore, unsoftened Newtonian gravity (¢ = 0) possesses an exact
scale symmetry under the homothety group:

q+— A, t—s N3/, H+— X"1H (A>0). (4.65)

While the apex screening variable u, = ||vy||/(pL(y) + PRr(v)) (Section 4.2.2) is strictly di-
mensionless and invariant under homotheties (q — A\q = u, — uy), a rigid dimensioned
constant dcuster Would break this scale covariance across disparate astronomical systems
(from compact stellar triples to hierarchical planetary systems or galactic cores).

We now prove that d¢uster is N0t an independent or arbitrary numerical regulator, but an
intrinsic, dynamically determined observable dictated by the gravitational tidal tensor on
QI[N] and the fundamental first integrals of motion:

et 7 € Trees(N) be an adapted binary Jacobi tree, and let S € Veomp(7) with |S| > 3
be an interacting sub-cluster whose parent node is P = parent(S) € Vin(7) with relative
Jacobi vector rp = Xg — X g separating S from its sibling cluster S’.

’7 Proposition 4.11 — Dynamical Determination of the Compactness Threshold
L
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(1) Dimensionless Gravitational Tidal Ratio: The dynamical susceptibility of S to
tidal disruption by its external environment is governed by the dimensionless grav-
itational tidal ratio:

ns(q) = _Ps_ (MS’)1/3: Ps (Ms’>1/3 (4.66)
[rpll \ Ms VMsllrpl| \ Ms )~

which is strictly scale-invariant (ns(Aq) = ng(q) for all A > 0). An interacting
cluster is dynamically uncoupled from external tidal shear, forming a gravitation-

ally self-bound entity whose internal evolution triggers the (’)(p§5/ 2) commutator
catastrophe if integrated asynchronously, if and only if:

n5(q) < Nerit = 37% ~ 0.69336, (4.67)

where 7.t is the universal Hill stability constant corresponding to the collinear L
Lagrange point.

(2) Canonical Energy-Scale Threshold (Marchal-Sundman): For any isolated, gravita-
tionally bound N-body system with negative total energy Fy < 0 and center of
mass at rest, the conﬁguration is constrained by the macroscopic Lagrange radius

2

Rsys(Eo, Miot) = 3] Em‘t The canonical, scale-covariant compactness threshold for
cluster S is uniquely given by:

Mg \ /3 GME MY
Ohitee(S) = e (7] Ry (B Mu) VM5 = s g5 (4.68)

Mot 2| Ep|
Under homothety q — Aq, 03, scales covariantly (6225 ~+— A5 ), ensuring
that the compactness ratio pg/d52L, . is an absolute conformal invariant.

(3) Universal Closure of the Lipschitz Bounds: On every energy hypersurface ¥p, =
{(q,p) € Pext | H(q,p) = Ep}, the predicate isCompactCluster(S) is entirely
determined by the first integrals (G, {m;}Y,, Ep), and the uniform Lipschitz con-
stants Mapex and Lapex of Theorem 4.4 depend exclusively on (G, {mi}N,, Eo),
completing the rigorous elimination of all free parameters.

Proof. For Item (1), let q; = Xg+8; be the position of an arbitrary particle i € S, with ), ¢ m;0; =
0. The gravitational force exerted by the sibling cluster S’ on particle 7 expands in multipole Taylor
series about the barycenter Xg:

Gmym;(q; — q; Gm;Mg Gm; Mg p>
e Z mym;(q 3‘1]) __Gm SSrP — GmiMsT(rp)8i + O (ms4ps> , (4.69)
5 llai—all [rp|l [rell

where T(rp) = ||rp||73(Is — 38 pth) is the classical symmetric trace-free tidal tensor. The leading
term accelerates the center of mass X uniformly, while the differential tidal acceleration disrupting
the internal geometry of S is aige,; = —GMg T (rp)d;. Under the mass-weighted Riemannian metric
Mg = diag(m;I3);cs, the root-mean-square norm of the internal tidal acceleration satisfies:

G2 M?
”atide”% = 7zmz |at1dez 2 = ”Sél [|T( ||2 ( Zmz”é ”2)

1€S zES
AG2M2, 2G Mg
S Wﬂs = Hatlde”S = || ||3 PS (470)

Concurrently, the characteristic internal gravitational binding acceleration holding cluster S to-
gether scales as ||ans||ls = GMg/p%. The ratio of disruptive tidal acceleration to cohesive self-
gravitational acceleration is therefore:

lacaclls _ o Msr (ps \*_y s (4.71)
launells ~ ~Ms \Tieel | '

By classical Roche-Hill stability theory (Hill [32], Marchal [42]), an N-body sub-system retains
dynamical autonomy without tidal stripping if its mean density exceeds three times the Roche
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density of the perturber, which translates directly to 2n% < 2/3 <= ng < 3713 = nerie. When-
ever 11s < 7Neit, the external tidal field is a minor perturbation (< 1/3) of internal gravity, and
the internal degrees of freedom are strongly coupled through non-orthogonal kinetic cross-terms,
inducing the (’)(pgs/ 2) Poisson bracket divergence (Proposition 4.7) and necessitating synchronous
Sundman integration. Because both ps and |[rp|| carry the dimension of length [L] while Mg/ /Mg
is dimensionless, ns(q) is strictly scale-invariant under q — Aq.

For Item (2), consider a bound system with total energy Ey = T+ V < 0. By the Sundman—Smale
inequality [67, 72] and the Lagrange identity [ = 4Ey — 2V = 4FE +2U > 0, the moment of inertia
I =N mil|ai — Xeam||? is bounded in mean by the virial equilibrium 2(T) = —(V') = |Eo|. The
total gravitational potential satisfies U(q) > GMZ,/(2Rsys), which establishes Rgys(Eo, Mior) =
GM2,/(2|Ey|) as the maximal macroscopic bounding scale of the system (Marchal & Saari [43]).
For any internal sub-cluster S, the maximum separation from the remaining mass M, — Mg is
bounded by Rsgys, so that the tidal condition pg < Ucrit(Ms/Mtot)l/SHI'PH yields the canonical scale
threshold 6224, (S) = Nexit (Ms/Miot)'/® Reys/Ms. Under homothety q + Aq, the potential scales
as V + A7V and the energy as Ey — A" Ey; hence Ryys — ARgys and 6525 (S) — X622t (9),
demonstrating strict covariance.

For Item (3), substituting 63%,  (S) into the lower bound pint(v) > codcluster 0f Theorem 4.4

(Regime 2) expresses the infimum ppi < (cod%,.)~! as a function of Ey, G, and {m;}. Con-

sequently, the Lipschitz bounds Mypex and Lapex are closed, finite functions of the physical first
integrals alone, without any external parameter choice.

’— Corollary 4.12 — Predictive Dyadic Anticipation and Spectral Schmitt Trigger
In

practical numerical integration, the boundary crossing of the Hill tidal domain {ng <
Nerit ;18 governed by a two-tier coupled temporal-topological protocol:

(1) Upstream Predictive Dyadic Anticipation: For any approaching external perturber
(Vrad = (vp,rp)/|lrp|| < 0), the dyadic multirate scheduler (formally defined in Sec-
tion 5.6 and algorithmically implemented in Sections 6.2-6.3 and Appendix A.2)
continuously estimates the ballistic encounter timescale tapproach = —||rp||/Vrad-
Whenever tapproach < 2Atmacro, the dyadic exponent k is refined proactively
(hi = Atmacro/2F) prior to crossing the tidal boundary. This guarantees that
the system enters the stiff Hill interaction zone with an already refined temporal
grid, preventing sudden truncation shock and energy error spikes.

(2) Canonical Spectral Schmitt Trigger Hysteresis ([NentersTexit] = (273,27 V6] ~
[0.7937,0.8909] ): To eliminate high-frequency numerical chattering without delay-
ing activation, both thresholds of the Schmitt trigger band are derived analytically
from the spectral norms of the trace-free tidal tensor T(fp) = I3 — 3f‘pf‘£ and
positioned strictly above the Hill stability limit nepit = 371/3 ~ 0.6934:

(a) Proactive Activation at Radial Equigravity (Menter = 2~ /% ~ 0.7937): Along
the line of centers r'p, the maximum stretching tidal eigenvalue is |Ajaq| = 2.
The exact balance where peak external tidal acceleration equals internal self-
gravitational binding acceleration (atidemax = @int <= 277% = 1) uniquely
defines:

INYE
Tenter = (2) =2 ~ (0.7937005. (4.72)
Cluster S is promoted to an active synchronous supernode as soon as g <
Nenter, anticipating entry into the physical Hill sphere by a scale factor of
(3/2)'/3 ~ 1.145 (14.5% geometric safety margin).

(b) Guaranteed Deactivation at Spherical RMS Equigravity (Nexit = 2-1/6 ~

0.8909): Averaged uniformly over the unit sphere S?, the root-mean-square

norm of the tidal tensor is || T|jmms = 1/3 Tr(T2) = /2. The threshold where
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the mean spherical tidal pull equals internal binding (v273 = 1) uniquely
yields:
= ( ! )1/3 — 271/6 ~ 0.8908987 (4.73)
Nexit = \/i = ~ 0. . .

S remains an active supernode until ng > 7exit-
The canonical spectral ordering:

Nexit = 373 ~ 0.6934 < Nenter = 273 & 0.7937 < nexeis = 27 /¢ ~ 0.89009, (4.74)

satisfies the exact dyadic squaring identity 7epter = (nexit)Q. Because both thresh-
olds reside strictly above the physical Hill limit, orbital breathing and roundoff
fluctuations around 7.4t occur deep inside the locked active supernode regime, com-
pletely precluding topological chattering while ensuring zero activation latency.

Proof. By Proposition 4.11, the dimensionless tidal tensor T(fp) = I3 — 3fp#% has eigenvalues
(—2,1,1). Its operator norm (realized along £t p) is | T||op = 2, while its spherical root-mean-square

norm over S? is ||T||;ms = \/%((*2)2 +12 +12) = /2. Equating the corresponding tidal-to-self-

gravity acceleration ratios 217?51 and \/ing to unity yields Nenter = 2-1/3 and Nexit = 2-1/6 — /Nenter-
Since 3 > 2 > /2 > 1, taking the inverse cube root reverses the strict inequalities to yield
Nerit = 3-1/3 < Nenter = 2-1/3 < Nexit — 2-1/ 6, establishing a non-empty hysteresis deadband of
width Nexit — Nenter ~= 0.0972 strictly above the physical Roche-Hill stability limit.

4.3.5. Synthesis of Section 4: The Complete Hierarchical Symplectic Architecture. With the
establishment of Theorems 4.1, 4.4, 4.9, and 4.10, the geometric and analytical construction
of the Fulton—-MacPherson hierarchical splitting on Q[N] is complete:

(1) Spatial Regularization without Distance Softening: The collision arrangement A is
blown up into the compact manifold with corners Q[N], transforming physical colli-
sion singularities into regular boundary divisors with simple normal crossings, with-
out modifying Newton’s gravitational law (¢ = 0 strictly preserved).

(2) Disjoint Symplectic Decoupling: On maximal Jacobi trees, disjoint sub-clusters com-
mute exactly on phase space ([X4,Xp] = 0), allowing fully independent local inte-
gration.

(3) Universal Ct' Apex Screening: The scale-adapted screening function ©(u,) eliminates
the multipolar ghost pole at cluster barycenter coincidence, providing uniform Lips-
chitz bounds (Mapex, Lapex < 00) without introducing any artificial distance cut-off
(do = 0).

(4) Ezact Symmetry and Palindromic Invariance: The screened apex flow strictly con-
serves all 10 generators of the centrally extended Lie-Bargmann algebra, while sym-
metric Strang splitting eliminates all odd-order dissipative errors.

(5) Anti-Zeno Supernode Synchrony: Dense sub-clusters (k > 3) are unified into synchro-
nous supernodes under Sundman’s unfolded local clock dtg = X%de, eliminating
the (’)(5_5/ 2) commutator catastrophe and guaranteeing finite crossing time across
multiple quasi-collisions.

(6) Symplectic Atlas Continuity: Transitions between adapted Jacobi charts belong to
Sp(6N — 6,R) under canonical parameter-free Voronoi partitioning (y = 1.0, or
optional asymmetric hysteresis v = 0.6 guaranteeing positive dwell time without
topological chattering).

» Normal Cone Decomposition: Unsoftened 3D Newtonian N-Body Problem on Q[N]
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Geometric Base & Normal Fiber: The physical system describes N > 3 point masses
miy,...,my > 0 in R3 interacting through unsoftened Newtonian gravity (¢ = 0). In the
center-of-mass frame, the relative configuration space is M = (R*)V/R3 =~ R3N—3 equipped
with the mass Riemannian metric M = diag(mi/s,...,myI3) and physical momentum space
M*={pe ®R)"|Yp; =0}

The geometric phase space is the extended Poincaré-Sundman manifold equipped with the extended
Darboux 2-form:

Pext = T*Q[N] x R; x Rp, Qext = Qo +dEAdt =dg Adp +dE Adt, (4.75)
where (¢, —F) = (g, p:) form a canonical pair with {¢, —FE} = 1. The collision locus is the Whitney-
stratified arrangement organized along the partition lattice II(N):

A= |J Ay, Ar={qeM|q=q;Vijel}, codimy(Ar)=3(I|-1). (4.76)
1<i<j<N

The configuration base is the smooth manifold with corners Q[N] = Blg,.. (M) obtained by iterative
real oriented spherical blow-ups in order of increasing stratum dimension (decreasing cluster cardi-
nality), whose boundary 0Q[N] = |,;/>, Er is a simple normal crossing (SNC) divisor with corners

with defining normal coordinates p; = ]\/LII >icjermimjlla; — qjl|? € [0,00). Maximal codimen-
sion corners correspond bijectively to complete binary Jacobi trees T € Trees(N) (totaling (2N —3)!!)
defining canonical charts (r,, Wy )yev,,, (1) With diagonal kinetic energy Ty, = 15 Iwoll?/ 1, con-
ical clustering chambers Uy, and exact cotangent decoupling on disjoint sub-trees: {Ha, Hp}a, =
0 = [‘XHAaXHB] =0.

Hamiltonian Polarization: Polarizing the unsoftened N-body energy into unconstrained
kinematic-Keplerian base drift, normal screened apex interaction, and synchronous supernodes:

H(a,p) = Tiin(W) + Vit (@) + Vs (@) + Wiges™ (@) + Y, H™(as,ps).  (4.77)
SESact

H apex
base Hnnrmal

HSYne

Shper

e Base Kinematic & Screened Keplerian Hamiltonian Hy.se: Generates free diagonal inertial drift
along the interior Int(Q[N]) and macroscopic screened Keplerian motion between well-separated
clusters, integrated symplectically without spatial cut-off.

e Normal Screened Apex Hamiltonian H?YY* : Governed by Wgceen — D veyiee Witeeh with

normal apex e apex,v

Wipexws = Vo + @(UU)G]KLHI‘\([R. The scale-adapted screening function O(u,) completely extin-

guishes the multipolar ghost pole at barycentric coincidence (0 = 0 for u,, < 1), smoothly interpo-

lates across the compact projectivized annulus Aj; 9}, and cancels monopole and dipole terms for

uy > 2, leaving a quadrupolar decay O(||r, || 3). This guarantees universal Sobolev-Lipschitz reg-
ularity Wgereen € L1 (Uz) = W2°°(Ur) with finite uniform bounds ||[VWEES|[y—1 < Mypex <

apex apex
oo and || Hess WSt [p—1 < Lapex < 00 without artificial distance softening (do = 0 strictly).
Integrated as exact commuting vertical kicks along cotangent fibers ([Xy,, Xv,] = 0).

e Synchronous Supernode Hamiltonian HY, : Collapses tightly bound sub-clusters (pg < 055,

|S| > 3, dynamically determined by the intrinsic tidal criterion ns < 7)eit of Section 4.3.4)
into unified synchronous blocks integrated under Sundman’s unfolded local clock dtg = x%drs,

eliminating the (’)((575/2

cluster) aSynchronous commutator divergence.
Preserved Invariants: Under the 7-stage palindromic splitting Sa(h), the discrete flow guarantees
unconditional geometric and physical fidelity:

e FEzact FExtended Symplecticity € Lie—Bargmann Conservation: The flow preserves the canonical
extended 2-form S(h)*Qext = Qext and strictly conserves all 10 classical Galilean generators
realizing the centrally extended Lie-Bargmann algebra (AP = 0, AL = 0, AG = 0) with central
mass charge Mo, while the extended Hamiltonian defect satisfies AHey = O(h?) without
secular energy dissipation.

e Palindromic Parity & Shadow Confinement: Reversal involution Rext(q, p,t, E) = (q,—p, —t, E)
enforces Rext © Sz(h) 0 Rext = So(—h) = Sz(h)~!. The shadow Hamiltonian H (h) contains only
even powers of h, eliminating all odd dissipative errors (O(h), O(h?),...) and conferring Gevrey-2

sub-exponential shadow stability under the canonical C*° Cauchy mollifier.
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e Universal Anti-Zeno Finiteness: On almost all orbits (pren(Neon) = 0 by Saari’s theorem), the
hyper-radius satisfies pmin(Zo) > 0, guaranteeing finite sub-steps Ngup < [Atphys/(PminATs)] <
oo across all multiple close encounters.

o Symplectic Atlas Transitions & Anti-Chattering: Inter-chart Jacobi transformations ¥ ,p =
Vot BIgn—_18 € Sp(6N —6,R) with Mcoora € SL(2,R) preserve oy under canonical parameter-
free Voronoi partitioning (v = 1.0), while optional asymmetric hysteresis (7 = 0.6) strictly forbids
topological chattering (1 < 0.36 impossibility), ensuring a finite dwell time 7, = ﬁ >0
and bounded transitions Nyyans(T) < 0.

Transition to High-Order Numerical Integrators. The continuous Hamiltonian decomposi-
tion established in Section 4 provides the exact mathematical substrate required for discrete
algorithmics. In Section 5, we operationalize this structure into computable high-order nu-
merical propagators: we construct the 7-stage palindromic Strang scheme S3(h), analyze the
Suzuki barrier forbidding positive-coefficient integrators beyond order 2, prove that McGehee
bounce involution guarantees unconditional stability under negative sub-steps (w; < 0), and
formulate the optimized 4th-order Blanes—Moan propagator BM, minimizing the shadow
Hamiltonian error on Q[N].
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5. SYMPLECTIC DISCRETIZATION AND HIGH-ORDER SCHEMES

Having established the continuous geometric foundations of the Fulton—-MacPherson com-
pactification Q[IV], the C1!-regularized screened apex potential Wapex ' and the synchronous
supernode regularization in Section 4, we now pass from continuous Hamiltonian geometry to
discrete symplectic time-stepping. The overarching objective of this chapter is to construct
a hierarchy of unsoftened (¢ = 0, dy = 0), structure-preserving geometric integrators on the
extended cotangent bundle Pexy = T*Q[N] x Ry x Rp that conserve all ten Lie-Bargmann
first integrals to machine precision while traversing exact binary and cluster collisions in a
finite number of physical steps.

Our exposition proceeds in six logical stages. Section 5.1 constructs the foundational 7-
operator hierarchical palindromic Strang propagator Sz(h) and establishes its unconditional
extended symplecticity and discrete Galilean invariance. Section 5.2 confronts the Sheng—
Suzuki impossibility barrier (w; < 0 for order p > 3) and proves that the real-analytic invert-
ibility of universal Sundman—Stumpff flows coupled with McGehee’s unitary collision bounce
involution (B% = Idm,, ) renders retrograde sub-steps completely singularity-free, enabling
Yoshida’s fourth-order scheme Sy(h). To suppress the large backward excursion of minimal
triplets, Section 5.3 deploys the spectrally optimized 7-stage Blanes—Moan scheme BM, and
proves general order-2p exponential shadow Hamiltonian confinement under zero softening.
Section 5.4 extends this composition architecture to the 11-stage sixth-order scheme BM(GH)
and establishes the bi-graded Lie algebra filtration L, m(Ajk, Wapes™) governing hierarchical
error commutators. Section 5.5 then investigates symplectic boundary processing: we prove
the Universal Obstruction Theorem prohibiting global order-6 configuration correctors on
T*QIN], construct the domain-restricted tidal corrector K4 (PBMj) on D,ee with its irre-

ducible quadratic floor O(¢2h*), and derive the covariant cotangent-lifted gauge transition

operator T 1&123%/{ Y across Jacobi charts. F inally, Section 5.6 synthesizes these propagators

into a time-reversible dyadic multirate scheduler governed by Skeel-Gear macro-boundary
synchronization and the Leaf/Apex Decoupling Theorem.

5.1. The 7-Operator Hierarchical Palindromic Strang Propagator (Sz). The foun-
dational building block of our geometric numerical integrator on the compactified Fulton—
MacPherson configuration space Q[N] (Section 4) is the second-order symmetric Strang split-
ting propagator [69] (independently developed by Marchuk [44] and rooted in Trotter’s prod-
uct formula [77]). In classical celestial mechanics, operator splitting for unsoftened N-body
dynamics has historically foundered on close encounters: when pairwise separations pc — 0,
naive kinetic-potential splittings suffer unbounded truncation error spikes. While advanced
splitting schemes for perturbed systems H = A+ ¢B (most notably Laskar and Robutel [3§]
and Blanes, Casas, Farrés, Laskar, Makazaga and Murua [8]) achieve extraordinary efficiency
in regular, quasi-circular secular regimes with a uniform distance barrier infy 7;;(t) > rmin >
0, unsoftened close encounters (pc — 0) violate e < 1 and drive catastrophic Lie commuta-
tor explosions. On the compactified cotangent bundle Peyy = T*Q[N] x Ry x Rp, however,
the continuous Hamiltonian established in Section 4 decomposes into autonomous, regular,
and desingularized vector fields.

In this section, we construct the discrete 7-operator hierarchical palindromic Strang scheme
Sa(h), prove its unconditional extended symplecticity on (Pext, Qext), demonstrate the exact
cancellation of all odd-order dissipative error terms in its Baker—-Campbell-Hausdorff expan-
sion, and verify the exact discrete conservation (with identically vanishing truncation error)
of all ten generators of the centrally extended Lie-Bargmann symmetry algebra.

5.1.1. Eztended Phase Space and FElementary Lie Propagators. Recall from Section 4.2.4
(Proposition 4.6) that the dynamics is formulated on the (6N + 2)-dimensional extended
Poincaré-Sundman phase space:

Pext = T*(Q[N] x RY;,,) x Ry x Rp = T*Q[N] x T*R3y,, x Ry x R, (5.1)

cdm cdm
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which identifies smoothly with the standard cotangent bundle (T*(R3N \ A)) x R; x Rg
on the dense open collisionless stratum Q[N]°, while rigorously incorporating the boundary
strata OQ[N] associated with binary and multiple collisions. Equipped with the canonical
configuration-momentum conjugate pair (g, p;) = (t, —F), where ¢t € R represents the phys-
ical coordinate time and F € R is the conjugate energy variable, the extended Liouville
1-form is:

N N
At = »_Pi-dq; +pdt = p;-dg; — Edt, (5.2)
i=1 i=1

inducing the canonical closed non-degenerate extended Darboux 2-form:
Qext = —ddext = Qo —dps Adt = Qg — (—dE) Adt = Qo +dE Adt, dQext =0, (5.3)

where Qy = Zi\il Zi:l dg® A dp¢ is the standard spatial Darboux form on T*R3Y. The
canonical extended Poisson brackets satisfy:

{a8. 0]} =0;0°7,  {t,-BE}=1 < {t,E} = -1, (5.4)

all other fundamental brackets vanishing identically. The autonomous extended Hamiltonian
is given by:

Hext(a, P, 1, E) = H(q,p) — E, (5.5)
and physical motions correspond to trajectories confined to the regular zero-energy level
hypersurface Yo = {(q, p, t, F) € Pext | Hext = 0}.

In any adapted Jacobi chart Uy C Q[N] associated with a maximal flag tree T € Trees(NN)
(Section 4.1.3), the physical Hamiltonian is rigorously structured as a Fulton-MacPherson
hierarchical splitting:

H(r77_r) — Ahier(r, 71,) + Wscreen(r) — AJK (r, 7T> _|_ WSCI‘GEH(I,) + Vscreened(r)7 (56)

apex apex kepler

where the unperturbed hierarchical Keplerian operator Ajyk aggregates all decoupled kine-
matic and Keplerian degrees of freedom:

Ak (r,m) = To(m0) + Teomp () + Hieaf (r, ™) + Hguper (T, 7). (5.7)

Crucially, in canonical Jacobi coordinates, the relative pairs and barycentric channels are mu-
tutally orthogonal under the Darboux form 4 = > dry A dm, ensuring that all constituent
channels of Ajk Poisson-commute pairwise:

{Hli(epler’ HlKepler} =0 (Vk + l) — {AJK, AJK} =0. (5'8)

Consequently, the unperturbed flow exp(6tX 4,, ) factorizes into the exact direct product of
its autonomous channels without any operator splitting error.

Remark — Geometric Grounding: Calaque—Safronov Cotangent Specialization and Hierarchical
Splitting. In the foundational framework of Fulton—Verdier [23] and its shifted cotangent lift es-
tablished by Calaque & Safronov [15], the deformation to the normal cone DAQ — A'! induces
a relative symplectic family T*(DaQ/A') — Al whose special fiber at ¢t = 0 specializes to the
cotangent bundle of the normal cone T*(NaAQ) = T*A x T*(Na@/A). Under this geometric lens,
our operator splitting (5.6) realizes the canonical base-fiber polarization:

H = Hpase + Hy o001 + H3PG (5.9)
where Hpase = To + Tcomp generates the regular horizontal drift on the base stratum (¢ = 1),
HP™ = Hiear + K*P® governs the decoupled two-body dynamics and vertical cotangent interac-

tion kicks along the fibers (t = 0), and HZ}P¢, regulates multiple collision loci on the deeper strata
of the Fulton—MacPherson tree.

Hierarchical Structure and Error Grading: An important consequence of this geometry is that
on the regular hierarchical domain D,es, the unperturbed operator Ajk is completely integrable
by exact analytic quadratures (universal Kepler-Sundman flow), while the perturbation Wapex ™
is scaled by the dimensionless tidal parameter ¢ ~ (rieat/Rext)® < 0.125 < 1. This structure
breaks fundamentally from classical Cartesian splittings T'(p) + V(q): because internal two-body
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dynamics is analytically absorbed into A;k, all pure velocity error commutators L+(V) € P4 vanish
identically, and the Baker—Campbell-Hausdorff error series is bi-graded in powers (h?", &™) with
no residual term in O(e°hF).

The five elementary Hamiltonian sub-flows governing the Fulton—-MacPherson decomposi-
tion (5.6)—(5.7) are defined explicitly as follows:

(1)

Center-of-Mass Kinetic Drift (7p): Governed by Tp(mg) = gﬁjﬁ with total mass

Moy = Zf\il m;. Its exact Hamiltonian flow for a step 6t is a linear shear:

drift
(1)615

O (Regmm 70) (Rcdm Iy wo) , (5.10)
Mtot

leaving all internal Jacobi relative coordinates and (¢, E') invariant.

Composite-Node Kinematic Drift (Tcomp): Governed by the sum of kinetic

[l ||

2y
is the reduced mass. Within the Fulton-MacPherson hierarchical opera-

energies of internal cluster barycenters Tcomp(7) = Zvevwmp(T)
Mp(v) MR(v)
ML(1))+MR(1))
tor Ajk, intermediate cluster barycenters advance along exact straight-line Galilean
drift,(comp)

, where p, =

shears ®g, , while their mutual gravitational attractions are smoothly ab-
sorbed mto the screened apex potential Wipie™:
T
(I)drlft »(comp) 1T, — Iy, + 0t ,LTU’ Ty — Ty YU € Veomp(T). (5.11)
(%

Since p, > 0 and Teomp is purely quadratic, this flow is smooth and non-singular

across r, = 0. We denote the aggregate kinematic drift by @gfft = q)g;ift’(o) o

drift,(comp)
@é't .

Leaf Keplerian Pairs Flow (Hje,s): Governed by the decoupled sum of isolated

lxcl?>  Gmim, ...
e ol ) By Proposition 4.2,
disjoint sub-clusters commute identically under the Poisson bracket ([X Hes XHC,] =

0), so the collective flow factorizes as:

two-body Keplerian pairs Hieaf = > oy, (T) (

plaf = T of), (5.12)
C&Viear(T)
where each <I>(ACT)C is integrated analytically in universal Stumpff series under Sund-
man’s eccentric anomaly clock dtc = podrc and extends smoothly across collision
M via the McGehee bounce involution B2 = id.
Synchronous Supernodes Flow (Hgyper): Governed by compact multi-body sub-
clusters (pg < 6%t . dynamically determined by Proposition 4.11) under Sundman’s

cluster»

unfolded local clock dtg = x%drs (Section 4.3). The collective flow is:

sAufzr _ H (I)ATS’ (5.13)
Ses

guaranteeing finite Anti-Zeno crossing (Ngy, < 00, Theorem 4.9) and preserving
extended Darboux area.

Screened Apex and Keplerian Potential Kick (K*P*): Governed by the con-
figuration potential Vijex(q) = Wiges™(q) + Vljggﬁfrned(q), whose apex component is
universally C1!-bounded (Theorem 4.4) and whose screened Keplerian attraction is
smooth away from collisions. Because Vi depends purely on configuration coor-
dinates q, its Hamiltonian vector field A%y; ., is vertical along the cotangent fibers
T4Q[N] (spanning the vertical subbundle V(T*Q[N]) = kerdn). In particular, any

two configuration kick components V,, V;, commute identically: [Ay,, Xy,] = 0. Its
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exact Hamiltonian flow for a time step dt is a vertical cotangent shear:

Kst™ s — qi,  pim— Pi — 8t Vo, (WEe (@) + Vigpior (@) (i =1,...,N). (5.14)
5.1.2. The 7-Operator Hierarchical Palindromic Composition. Combining these elementary
Lie flows into a symmetric palindromic sequence yields the complete second-order normal
cone splitting propagator (in the cotangent lift framework of Calaque—Safronov [15]).

—— Definition 5.1 — The 7-Operator Hierarchical Palindromic Strang Propagator

Let h > 0 be the macroscopic time step. The 7-operator hierarchical palindromic Strang
propagator Sa(h) : Pext — Pext is the composite operator:
driff r leaf X leaf T driff
Sa(h) = <I>h72t o (I)Zl;%e o ®pis 0 KCiPe o Ppis 0 @f;ge o (I>hr/12t, (5.15)

augmented by the physical time advancement ¢ +— t+h, while the conjugate energy variable
E is held strictly invariant (E — E).

The ordering of subflows in Equation (5.15) reflects the hierarchical nesting of dynamical
scales on Q[N]:

drift

e The outer subflows & /2 advance the free barycentric and composite coordinates by
a half-step h/2.
e The intermediate subflows @f;}ger and @}fjg evolve the tightly bound internal degrees

of freedom under their respective regularized local clocks.

e The central subflow ICZpeX delivers the full screened tidal interaction kick at the
midpoint of configuration space, where positions are evaluated with second-order
midpoint centering.

5.1.3. Unconditional Extended Symplecticity and Energy Confinement. We now demonstrate
that Sa(h) is an exact symplectomorphism on (Pexs, Qext) and satisfies strict backward error
confinement without dissipative energy drift.

Theorem 5.2 — Unconditional Extended Symplecticity of Strang Splitting
In the sense of Strang [69] and Marchuk [44], the 7-operator symmetric hierarchical splitting
propagator Sa(h) : Pext — Pext satisfies:

(1) Exact Symplecticity: Sa(h) is an exact symplectomorphism of (Pext, Qext ):

S2(h)*Qext = Qext.- (5.16)

(2) Strict Energy Invariance: The extended energy variable E is an exact discrete
first integral:
Ek+1 =Fk.,=Fy VkeN. (5.17)
(3) Confinement of Physical Energy: Across any integration interval [0, 7], the
physical energy defect satisfies:
sup |H(qk,pr) — Eo| < CR?, (5.18)
k>0, kh<T
where C' > 0 is a constant depending only on the universal Lipschitz constant Lapex
and the mass spectrum.

{ Lean A.1 : strang_order_two_symplectic_theoremJ

[ Python A.2 : integrators/{strang, common}.py [Float64 / Float128] ]

The formal certification badge denotes verification of the Constructive Combinatorial and 1-
Jet Algebraic Kernel (formalized in Lean 4), certifying exact scalar and 3D tensorial symplec-
tic area preservation under Schwarz symmetry, temporal mirror involution, and palindromic
micro-reversibility.
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Proof. Ttem (1): Following the classical geometric splitting theory of Hairer, Lubich and Wan-
ner [28, Theorem I1.2.3, pp. 23-27], each elementary constituent flow of Sz(h) is an exact Hamil-
tonian phase flow on (Pext, Qext): the kinematic drifts @g;i& are linear shears with symmetric mass
tensor M!; the leaf Keplerian steps @iﬁf are exact analytic Sundman—Stumpff flows on disjoint
Poisson-commuting pairs, extended across binary collisions M via McGehee’s anti-symplectic
boundary bounce B¢ applied at entry and exit; the supernode flows are exact symplectomorphisms
on compact sub-clusters (Theorem 4.10); and the apex kick L3P preserves Qy by Schwarz sym-
metry of the Hessian of W T, Since time translation trivially preserves dE A dt, the composite
operator Sa(h) is an exact extended symplectomorphism: Sa(h)*Qext = Qext-

Items (2) and (3): Throughout all seven stages, no operation modifies E, ensuring Ey1 = Ej, =
Ey for all k. Backward error analysis [28, Chapter IX, pp. 335-370] guarantees that the numerical
trajectory interpolates the exact flow of a modified Hamiltonian ﬁext(h) = Heoxt + R2Hs + O(h4),
which is an exact first integral of the shadow flow. Gevrey-2 stability (following Marco & Sauzin [45])
confines the physical energy defect |H(qg,pr) — Fo| < Ch? over exponentially long times T' <

exp(c/h'/?) without secular energy drift.
O

5.1.4. Baker—Campbell-Hausdorff Parity and Lie—Bargmann Conservation. A defining prop-
erty of the symmetric Strang splitting is its micro-reversibility, which eliminates all odd orders
of the time step in the formal modified Hamiltonian. Furthermore, following Bargmann [4]
and the geometric symmetries established in Proposition 4.5 (Section 4.2.4) and Proposi-
tion 1.1 (Section 1), the scheme preserves all ten Galilean invariants.

ollowing Bargmann [4] for Galilean central extensions, and Yoshida [85] and Hairer, Lu-
bich and Wanner [28] for time-reversible palindromic compositions, let Rext : (q, p, ¢, E) —
(q, —p, —t, E) be the unitary time-reversal involution on Pey, satisfying R2,, = id and anti-
symplectic reflection R} ;Qext = —ext. Then:

(1) Palindromic Micro-Reversibility: The Strang propagator Sa(h) satisfies:
Rext © S2(h) © Rext = Sa(—h) = Sa(h) L. (5.19)

(2) Even Shadow Hamiltonian: The formal Lie generator Z(h) = logSa(h) is
strictly odd:

’7 Proposition 5.3 — Palindromic BCH Parity and Lie-Bargmann Conservation
F

ext

Z(—=h) =—-Z(h), (5.20)
so that the formal shadow Hamiltonian H(h) = h~1Z(h) is strictly even in h:
H(—h) = H(h), (5.21)

eliminating all odd dissipation orders (O(h), O(h3),...).

(3) Exact Lie-Bargmann Invariance: Under each macro-step Sa(h), the ten gener-
ators of the centrally extended Lie-Bargmann algebra (P, L, G, Hext) satisfy exact
discrete conservation:

AP=0, AL=0, AG=0, (5.22)

and the Galilean boost Poisson bracket compensation {G, Hext} = 0 holds identi-
cally.

Lean A.1 : 1ie_bargmann_conservation_theoremJ

The formal certification badge verifies the algebraic closure of the Lie-Bargmann invariants,
3D vector action-reaction, vanishing total apex torque, and exact Galilean boost step-by-step
invariance in Lean 4.
Proof. Items (1) and (2): Under the time-reversal involution Rext, momenta and coordinate time
reverse sign (p — —p,t — —t). Since every elementary stage is time-reversible (Rext © Pst 0 Rext =
®_s.), conjugating the symmetric composition (5.15) inverts the stage sequence and negates each
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sub-step, establishing Rext 0 Sa(h) 0 Rext = So(—h) = So(h) L. By the Baker-Campbell-Hausdorff
theorem for symmetric compositions (Hairer, Lubich and Wanner [28, Theorem V.3.1, pp. 143—
150]), the Lie generator Z(h) = log Sa(h) is strictly odd (Z(—h) = —Z(h)), which forces the formal
modified Hamiltonian H(h) = h~'Z(h) to be strictly even in h, eliminating all odd dissipation
orders.

Item (3): Following Bargmann [4], spatial translation invariance of W3Tie"(q) enforces

N . . .
Yoic1 Va Wise™ = 0, ensuring exact total linear momentum conservation AP = 0. Rota-

tional SO(3) invariance ensures that the total apex torque vanishes identically (7o = Zf\il Qi X
Vo Wise™ = 0), ensuring AL = 0. Under center-of-mass drift, Reqm (t + 0t) = Ream(t) + J\/(Iitot P,
which exactly cancels the coordinate time shift in G(¢) = MiotReam(t) — tP, ensuring AG = 0

across every stage.

d

Transition to Higher-Order Schemes and the Suzuki Barrier (§5.2). While the second-order
Strang scheme Sy (h) provides unconditional extended symplecticity, exact palindromic parity,
and exact discrete Lie-Bargmann invariance, modern high-precision astrophysics (such as
long-term solar system ephemerides and dense star cluster simulations) demands integrators
of order 4 or higher. In classical Hamiltonian integration, higher-order symmetric schemes
are constructed via composition:

Sgk(h) = Sgkfg(’wlh) ©---0 Sgkfg(wmh). (523)

However, the celebrated theorem of Suzuki [74] and Sheng [64] establishes that any symplectic
composition of order p > 3 must necessarily include at least one negative sub-step w; < 0.
In classical coordinates, a negative time step facing a singular Newtonian collision po — 0
causes catastrophic failure (diverging inward instead of receding). In Section 5.2, we show
how the desingularized Fulton—-MacPherson configuration geometry Q[/N] combined with the
unitary McGehee collision bounce involution B¢ effortlessly overcomes the Suzuki barrier.

5.2. The Sheng—Suzuki Barrier and McGehee’s Involutive Collision Bounce. The
second-order palindromic Strang scheme Sy (h) established in §5.1 provides an unconditional,
structure-preserving foundation on the compactified phase space Pexy = T*Q[N] x Ry x
Rp. However, in precision celestial mechanics (such as secular planetary ephemerides over
multi-millennial horizons or dense globular cluster cores), second-order integrators exhibit
an intrinsic limitation: while energy and first integrals remain bounded without secular drift,
the accumulated orbital phase error grows as Af(t) ~ O(h? - t). Eliminating this secular
phase error demands higher-order geometric integrators (p > 4).

In classical geometric numerical integration, higher-order symmetric integrators are gener-
ated by composing symmetric second-order base propagators Sy. Yet, the celebrated Sheng—
Suzuki impossibility theorem [64, 73, 74] establishes that any real-coefficient splitting or
composition scheme of order p > 3 must contain at least one strictly negative time sub-step
(w; < 0). In standard gravitational N-body codes, backward time steps are fatal: near
an unsoftened collision po — 0, integrating backward accelerates approaching bodies into
singular division-by-zero or numerical deadlock.

In this section, we show that the Fulton-MacPherson blow-up desingularization on Q[N]
effortlessly surmounts the Suzuki barrier: the universal Sundman—Stumpff two-body flow
is an exact, real-analytic diffeomorphism on the whole real line R, while McGehee’s colli-
sion boundary bounce operator is a unitary involution (B% = Id) guaranteeing exact, time-
reversible collision traversal during negative sub-steps. We formalize this resolution through
Yoshida’s canonical order-4 symmetric composition.

5.2.1. The Sheng—Suzuki Obstruction to Positive-Coefficient Splittings. To elevate a sym-
metric second-order integrator Sy(h) to order p > 4, one considers an s-stage palindromic
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composition:

Sp(h) = Sg(wsh) e} Sg(ws_lh) ©---0 82(w1h), Zwi = 1, (5.24)
=1

with symmetric weights ws41—; = w;. The formal Baker—Campbell-Hausdorff expansion
of Sp(h) expresses the modified Lie generator Z,(h) = logS,(h) as a series of nested Lie
brackets. Achieving order p > 3 requires eliminating the lower-order commutators. The
fundamental algebraic barrier governing this elimination is formulated as follows:

Theorem 5.4 — The Sheng—Suzuki Impossibility Barrier

Following Sheng [64] and Suzuki [73, 74], let A and B be non-commuting operators in a
free Lie algebra. Any real-coefficient exponential splitting:

exp(h(A+ B)) = [ exp(cihA) exp(d;hB) + O(RPH1) (5.25)
i=1
or any symmetric composition of second-order schemes:

Sy(h) = ]‘[ Sy (wih) + O(RP) (5.26)
i=1

achieving convergence order p > 3 must necessarily possess at least one strictly negative

stage coeflicient:
di € {1,...,s} such that w; <O. (5.27)

Proof. For any symmetric composition S,(h) = []_; Sa(w;h), eliminating the order-3 Baker—
Campbell-Hausdorff error term requires > ;_, w; = 1 and ) ;_, w} = 0 (Hairer, Lubich and Wan-
ner [28, Section 1.4, p. 46]). If all w; > 0, then Y w? > 0, an immediate contradiction requiring
min; w; < 0. The general impossibility for arbitrary exponential splittings was established in full
generality by Sheng [64] and Suzuki [73, 74] through free Lie algebra commutator bases.

Remark — Scope of the Sheng—Suzuki Barrier and Normal-Cone Desingularization. It is essential
to circumscribe the exact mathematical domain of Theorem 5.4: the necessity of negative sub-steps
(w; < 0 or ¢; < 0) is an algebraic consequence of operating in a free Lie algebra L(A,B). In that
unconstrained setting, the two operators A and B possess comparable magnitudes (e ~ 1), and all
independent Lie brackets [A, [A, B]], [B,[B,A]], etc., must be eliminated simultaneously without
scale differentiation.

In general-purpose celestial mechanics compositions where no asymptotic hierarchy is presupposed
(e ~ 1), such as the 3-stage Yoshida propagator S, below and the optimal 7-stage Blanes—Moan
scheme BM, studied in §5.3, negative sub-steps remain algebraically unavoidable. It is precisely for
these schemes that the Fulton-MacPherson desingularization provides an unconditional guarantee:
backward time steps are rendered completely singularity-free through the unitary McGehee collision
bounce involution (B2 = Idm,. ), as established below.

In classical celestial mechanics, Theorem 5.4 represents an insurmountable barrier for
standard unsoftened Cartesian codes. In standard Newtonian coordinates, the gravitational
force F;j = —Gm;m;(q; — q;)/||ai — q;||> diverges as p;; — 0. A negative sub-step ot =
woh < 0 inverts the velocity vector q — —q with respect to the forward marching direction,
driving approaching bodies backward along their orbit toward the singularity. In adaptive
step-size codes, this backward motion produces step-size collapse, numerical stiffness, and
loss of symplecticity (Skeel and Gear [66]).

5.2.2. Sundman—Stumpff Analytical Diffeomorphism under Retrograde Steps. The multiscale
splitting architecture on Q[N] resolves the negative time step deadlock by decoupling phys-
ical time from the internal integration of close encounters. Under the Fulton-MacPherson
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splitting on Q[N], every tight binary pair C' € Vieus(T) is integrated using the Sundman
conformal clock dtc = podro. We establish that this transformation remains a global
diffeomorphism under backward time steps:

n the Sundman—Stumpff universal two-body representation [70, 72], the physical time
advance At(AT) generated by an isolated leaf pair C' € Viear(7) with reduced mass pc and
total mass M¢ is:

At(AT) = poAT 1 (aAT?) 4+ 09 AT? co (@ AT?) + GMoAT? c3(aAT?), (5.28)

where pg = ||rol|, 00 = ro-mo/ e, @ = 2GMc/p0—H7r0||2/,uQC, and ci(z) = >0 % are
the universal Stumpff transcendental series. For any Keplerian orbit with non-zero angular
momentum (L > 0), the mapping A7 — At(A7) is a strictly monotonic, real-analytic (C*)
diffeomorphism from R to R. For exact radial collision orbits (L = 0), At(A7) is a strictly
monotonic global homeomorphism from R to R, smooth on R\ {0} with a classical 1/3
Holder singularity (At ~ A73) at collision. For every physical time step At € R (positive
or negative), there exists a unique Sundman time increment A7 € R satisfying:

sgn(A7) = sgn(At), (5.29)

and the universal state transition matrix preserves exact symplectic unimodularity fg —

fg =1 identically.

’7 Proposition 5.5 — Backward Real-Analytic Invertibility of Universal Kepler Flows
I

Proof. Differentiating the Sundman relation (5.28) yields 3((2?) = p(AT) > 0, which is strictly pos-

itive everywhere for L > 0 and vanishes only at isolated collision instants for L = 0 (Stumpff [70];
Hairer, Lubich and Wanner [28, p. 25]). Hence At(Ar) is a strictly monotonic global homeomor-
phism on R, smooth away from collision with Holder exponent 1/3 (At ~ A73). In particular,
sgn(AT7) = sgn(At) holds for any step At € R, and the state transition coefficients satisfy the exact
symplectic unimodularity identity fg — fg = 1 to floating-point precision floor.

O

5.2.3. Unitary McGehee Bounce Involution under Backward Sub-Steps. When an unsoftened
binary pair experiences a near-head-on encounter or exact radial collision (e — 1, L — 0),
the physical separation reaches the collision divisor po = 0. On the compactified Fulton—
MacPherson space Q[N] (Section 4), this locus corresponds to the exceptional boundary
manifold M. In blow-up coordinates (pc,sc, we), where po = ||rc|| > 0, sc = rc/pc € S?
is the collision unit direction, and wo = plc/ 271'(; /¢ = wySc + Wy partitions the scaled
momentum into radial velocity w, = w¢ - s¢ and tangential momentum wy = weo — w;-sc,
the boundary manifold is M¢c = {pc = 0} x S? x Sf/m, with energy condition w? +

|wg|> = 2GM¢ (and ||wy| = 0 for radial collisions). While the regular continuation of
binary collisions by elastic reflection traces back to Sundman [72] and Levi-Civita [39, 40],
McGehee’s blow-up framework [47] formalizes this continuation on the collision manifold.
We now establish that McGehee’s collision boundary bounce operator regularizes collision
crossings symmetrically under negative time sub-steps:

Lemma 5.6 — Unitary Involutivity and Microscopic Reversibility of Collisions

Following McGehee [47], on the compactified collision boundary manifold M¢ = {pc =
0} x S§? x S%/m, the specular radial bounce operator Bc : (pc,sc,wr, wg)

(pc,sc, —wy, Wy) is an exact unitary involution:

Be o Be = Idy,. . (5.30)
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Consequently, crossing M under any sequence of forward and backward sub-steps re-
turns the orbit identically to its pre-collision state on the incoming sheet without phase
discontinuity, dissipative loss, or numerical hysteresis.

Lean A.1 : yoshida_order_four_suzuki_theorem]

Python A.2 : solvers/{kepler_sundman, optimized_kepler_sundman, stumpff}.py,
integrators/yoshida.py [Float64 / Float128]

The formal certification badge denotes verification of the Constructive Combinatorial and
1-Jet Algebraic Kernel in Lean 4, certifying the algebraic necessity of negative sub-steps
(wp < 0), the cubic order-3 Lie cancellation 2w$ + w§ = 0, and the unitary involutivity of
the radial boundary bounce B% = Idm,. .

Proof. Following McGehee [47], the specular radial bounce Be :  (po,sc,w,,wy) —
(pc,sc, —w,, Wp) satisfies B%(pc,sc,wr,we) = (pc,sc, —(—wy),wp) = Idm,. A retrograde sub-
step hg < 0 following a forward crossing hy > 0 drives the system back along the time-reversed
orbit by Proposition 5.5; applying B¢ upon return restores the pre-collision velocity wi® without

dissipation or numerical hysteresis (see Figure 10).
O

(2) Blown-up configuration (oc, sc) (b) McGehee phase plane (pc,wr)
M¢ = {pc =0}
+v2G Mg ¢ wih >0
A <«
woh < 0
wy >0 wrzpéﬂwr/\/ﬁ Be (B2 = 1d)
.D POSC—————> - .
wr <0
'u;'of"__f,(_) .............
—V2GMG G ' wih >0
T ™~ */751/2 — —00

F1GURE 10. Geometric resolution of binary collisions and the Sheng—Suzuki
negative-timestep barrier via McGehee’s blow-up and unitary bounce involu-
tion (Lemma 5.6). (a) In blown-up configuration coordinates (pc,sc), the
singular collision origin is replaced by the spherical boundary divisor E¢ =
{pc = 0}, where the specular bounce B¢ reflects the radial velocity w, — —w,
at s¢. (b) In the McGehee phase plane (pc, w,), whereas the unscaled Carte-
sian momentum 7w, ~ — pgl/ 2 diverges (dotted curve), the rescaled energy tra-
jectory w? — 2pc Ec = 2G M reaches the collision manifold Mo = {pc = 0}
at finite endpoints Fv/2GM¢c. Because Bo : —/2GMg <+ ++/2G M satis-
fies B% = Idm,, forward sub-steps (wih > 0, solid arrows) and retrograde
Suzuki/Yoshida sub-steps (wph < 0, dashed arrows) traverse M¢ reversibly
without hysteresis.

5.2.4. The 8-Stage Symmetric Yoshida-4 Propagator. Armed with the global backward in-
vertibility of Sundman—Stumpff flows (Proposition 5.5) and the unitary collision bounce
(Lemma 5.6), we construct the canonical fourth-order symmetric integrator:

’7 Proposition 5.7 — Order-4 Convergence and Invariance of the Yoshida Scheme
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Following Yoshida [85], let Sa(h) be the second-order palindromic Strang scheme on Pext
established in Proposition 5.3. The 3-stage symmetric composition:

S4<h) = Sz(wlh) e} Sz(woh) o Sg(wlh) (5.31)
with the unique real algebraic weights (w; ~ 1.3512,wg ~ —1.7024):
1 21/3
TV R D S VER (5.52)

satisfies the following structural properties:

(1) Order-4 Convergence: The second-order truncation error vanishes identically,
and the formal shadow Hamiltonian expands exclusively in even powers:

Hy(h) = H + h*Hs + O(h%). (5.33)

(2) Unconditional Extended Symplecticity: Si(h)*Qext = Qext 0N Pext-
(3) Exact Lie-Bargmann Invariance: All 10 generators (P, L, G, E) are conserved
exactly across all three sub-steps: AP =0, AL =0, AG =0, AFE =0.

Proof. Item (1): Applying the Baker-Campbell-Hausdorff formula to the symmetric composition
Si(h) = Sa(wih) o So(woh) o So(wih), the order-3 error term is proportional to (2w + wd)h®Hs,
which vanishes identically under the algebraic weights w; = (2 — 21/3)*1 and wy = —2Y3w,
(Yoshida [85, eq. (2.11)]; Hairer, Lubich and Wanner [28, pp. 44-45]). Palindromic symmetry
Si(=h) = S4(h)~! eliminates all remaining odd orders, leaving leading error O(h%).

Items (2) and (3): By Proposition 5.3, each elementary sub-step Sa(w;h) is an exact symplec-
tomorphism preserving ey and all ten Lie-Bargmann generators (P, L, G, F). Because the com-
position of symplectomorphisms is a symplectomorphism and symmetry invariants are conserved
stage by stage, S4(h) preserves Qo and the symmetry algebra unconditionally.

O

Transition to Optimal 7-Stage Compositions and Boundary Correctors. Although Yoshida’s
3-stage composition Sy(h) achieves the optimal formal order p = 4 with a minimal stage
count (s = 3), it suffers from a significant practical drawback in celestial mechanics: its
negative weight wg ~ —1.702 is large in absolute magnitude, exceeding the total macro-step
(Jlwo| > 1). In hierarchical systems featuring fast Keplerian inner binaries or eccentric orbits,
this large backward excursion forces substantial coordinate deflections, increasing the Lo
norm of the residual order-5 and order-7 Lie commutators in the shadow Hamiltonian.

To overcome this limitation without compromising symplecticity or Bargmann invariance,
multi-stage symmetric compositions optimize the coefficient norm: following Blanes and
Moan [10], their optimal 7-stage scheme BMy (studied in §5.3) reduces the negative step to
a mild a4 = —0.4344 while compressing the commutator error constant by over two orders of
magnitude (a factor > 400). In Section 5.5, this engine is further augmented on the regular
hierarchical domain Dyes by the partial boundary corrector PBMy.

5.3. High-Order Symmetric Compositions and Spectral Optimization. While the
palindromic 3-stage composition of Yoshida [85] in §5.2 formally achieves fourth-order accu-
racy (p = 4), its applicability to precision celestial mechanics is constrained by the magnitude
of its negative sub-step:

91/3

W= =5 517

~ —1.7024143839193153. (5.34)
Because |wg| > 1, the intermediate backward integration forces a substantial spatial excur-
sion away from the true orbital trajectory. In dense cluster cores or near eccentric peri-
centers (e — 1), this large retrograde step amplifies the local high-frequency tidal pertur-
bations, inflating the leading Baker—Campbell-Hausdorff (BCH) truncation error constant

1/2 ,
1C5|| = ( ?:1 Wj|2) / in the Hall basis of the free Lie algebra to ||CY°%Md?|| ~ 5.3719.
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To overcome this geometric bottleneck without sacrificing symplectic micro-reversibility,
we deploy multi-stage symmetric compositions based on the variational optimization of Lie
commutators developed by McLachlan [49] and Blanes & Moan [10]. While advanced gener-
alized order methods designed for perturbed systems H = A+¢B (notably the ABAg ¢ 4 and
heliocentric ABAHjg 6 4 families of Blanes, Casas, Farrés, Laskar, Makazaga and Murua [8])
effectively eliminate error commutators in powers of € in regular planetary regimes, their
retrograde substeps cause local truncation errors to diverge as 77! /rP*! during unsoftened
close approaches (r — 0). Overcoming this requires combining multi-stage optimization
with the structural desingularization of Q[N]. By expanding the palindromic composition
to 7 stages, the scheme gains auxiliary algebraic degrees of freedom: the order conditions
S a; =1 and Y a} = 0 define a continuous algebraic variety upon which the Ly norm ||Cs||
of the fifth-order Lie brackets can be minimized variationally.

5.3.1. The Optimal 7-Stage Blanes—Moan Scheme BM4. Let Sa(h) denote the base 7-stage
palindromic Strang propagator on the extended cotangent bundle (Pext, ext) certified in
Proposition 5.3. In multi-stage compositions, it is computationally optimal to express the
base propagator in its kick-exterior dual form:

85(575) — Kz)ex ° (I)(gift o q)silzper o (I)};%af ° (I)Sil;per o (bcgift ° ICageX, (5‘35)

2 2 2 2 2 2

which is symplectically conjugate to Sa(dt), preserving identical palindromic symmetry, Lie—
Bargmann invariants, and spectral parity on (Pext, Qext)-

—— Definition 5.8 — Optimal 7-Stage Palindromic Blanes—Moan Scheme

The optimal 7-stage palindromic Blanes—Moan scheme SPM(h) is the symmetric composi-
tion of base Strang propagators in kick-exterior form:

SBM(h) == S3(a1h) o Si(agh) 0 Si(ash) o Si(ash) o Si(azh) o Si(azh) o Si(arh), (5.36)

parameterized by the real coefficient vector a = (ay,as, a3, as) € R* satisfying the linear
consistency and cubic cancellation conditions:

2(a1 +ag +a3) +ag =1, 2(a3 + a3 + a3) + a3 = 0. (5.37)
This 7-stage symmetric S5 (a;h) composition (with 7 drifts and 8 merged FSAL kicks by, =
(ax—1+ay)/2) complements the direct 6-stage partitioned ABA /RKN schemes (Sg, SRKN,

with 7 drifts and 6 independent kicks) of Blanes and Moan [10, Tables 2-3] within the
reference implementation.

The optimal numerical weights minimizing the residual order-5 commutator norm are
given by [10, 49]:

a1 ~ +0.2390843168869614, az ~ +0.2390725069195032,

5.38
a3 ~ +0.2390524743622015, ag =1—2(a; + az + az) = —0.4344185963373322, ( )

where the unique negative sub-step is the central stage a4 < 0, strictly complying with the
Sheng—Suzuki obstruction (Theorem 5.4) while maintaining a moderate retrograde excursion
las| = 0.4344 < |wo| = 1.7024.

With the base step formulated in kick-exterior form S;(dt) as in (5.35), adjacent apex
potential kicks between stage k and stage k + 1 fuse via the First-Same-As-Last (FSAL)

property:
Kapex o ’Capex — ,Capex (539)

agh a1l (agtagq1)h-
2 2 2

Across the 7 stages, the 7 x 2 = 14 half-kicks fuse at the 6 interior stage boundaries into 6
full kicks, while the outermost half-kicks fuse across consecutive macro-steps, reducing the
effective computational cost of SPM(h) to exactly 7 apex force evaluations per macro-step.



76 JEREMY NUSA

5.3.2. Lie Commutator Minimization and Truncation Hierarchy. The mathematical superi-
ority of the Blanes—Moan composition over minimal splitting schemes stems from the spectral
structure of the free Lie algebra generated by the kinetic and potential vector fields.

Theorem 5.9 — Lie Commutator Minimization and Truncation Hierarchy

In the sense of Blanes and Moan [10], let SPM(h) be the 7-stage palindromic scheme defined
in Definition 5.8. Then:
(1) Unconditional Symplectic Preservation: SPM(h) is an exact symplectomor-
phism on the extended phase space (Pext, Qoxt):

(S?M(h))*gext = Qext- (5.40)
(2) Strict Fourth-Order Palindromic Parity: The formal Lie generator Zpy(h) ==

log SPM(h) is an odd function of h, ensuring that all odd-order error commutators
vanish identically:
Zm(h) = hXy + R ZEM + O(h"). (5.41)

(3) Spectral Error Hierarchy: The unweighted order-5 BCH commutator vector

norm ||[CBM|| satisfies:
1

400
where ||CFoshida || ~ 5.3719 (corresponding, after standard RKN factorial normaliza-
tion, to the modified Hamiltonian norms || HEM || &~ 0.0029 and || HYoshda ||y, ~
1.25 reported in Table 2, preserving the exact spectral compression ratio 434.6 >
400).

(4) Geometric Confinement of Retrograde Excursions: The negative sub-step
magnitude satisfies:

|ag| ~ 0.434419 < |wo| ~ 1.702414. (5.43)

|CEM|| < 0.01236 < — ||CYoshiday), (5.42)

[ Lean A.1 : blanes_moan_shadow_confinement_theoremJ

[ Python A.2 : integrators/blanes_moan_4.py [Float64 / Float128] J

The formal certification badge denotes verification of the Constructive Combinatorial Al-
gebraic Kernel in Lean 4, certifying the exact cancellation of cubic order conditions, the
400-fold spectral error constant inequality (|[CEM| < 5.3719/400), and the arithmetic sub-
critical threshold criteria for fourth-order secular superiority.

Proof. Ttem 1 follows from the group property of symplectomorphisms (Proposition 5.3). Item 2
follows from palindromic time-reversal symmetry Rexi © SEM(h) 0 Rext = SEM(—h) = (SEM(h)) 71,
which eliminates all even powers of h in Zgy(h) (Hairer, Lubich and Wanner [28, Theorem V.3.1]),
while the order conditions (5.37) cancel orders 1 and 3. Item 3 is established by McLachlan [49] and
Blanes & Moan [10] by variationally minimizing the Euclidean norm of the six independent order-5
Hall basis commutators, yielding ||[CEM|| ~ 0.01236 versus ||CY*M42|| ~ 5.3719 (or ||Hs||man ~
0.0029 vs. 1.25 in normalized RKN units, a ratio of 434.6 > 400). Item 4 is verified by direct

evaluation: |a4| ~ 0.4344 ~ 0.255 |wy|.
O

5.3.3. Unsoftened Ezxponential Shadow Confinement. In classical numerical integration of
N-body systems with gravitational softening (¢ > 0), the smoothed potential V.(q) =

—G Y- m;m;j/+/]|qij]|? + €2 is globally real-analytic (C*), allowing direct invocation of classi-
cal backward error analysis (Benettin & Giorgilli [6], Hairer & Lubich [27]). In our unsoftened
formulation (¢ = 0), the physical Hamiltonian H is singular along the collision divisor A.
Nevertheless, because our discrete scheme is defined on the compactified extended phase
space Pext = T*Q[N] x R; x R, desingularized by Fulton-MacPherson coordinates Q[N]
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and McGehee’s boundary Mg, the regularized vector fields recover real analyticity in local
chart coordinates, yielding exponential shadow stability.

Theorem 5.10 — Shadow Confinement of Order-2p Palindromic Schemes

Following the backward error analysis of Benettin and Giorgilli [6] and Hairer and Lu-

bich [27], let H be the 3D Newtonian N-body Hamiltonian on Pey; with zero softening

(e = 0), desingularized by Sundman’s universal clock dtc = pcdre and the McGehee colli-

sion boundary M¢. For any symmetric palindromic composition Sa,(h) of order 2p (p > 2,
such as BMy with p = 2 or BMg with p = 3):

(1) Exponential Shadow Confinement in the Analytic Stratum: On the regular

hierarchical domain D, where the screened apex potential is locally real-analytic

C¥ (or of Gevrey class G* o > 1), there exist positive constants hg > 0, C' >

0, ¢ > 0, and Ty > 0 such that the optimally truncated modified Hamiltonian

Hy+(h) = H+ ch\zp h2k Hop 1 (N*(h) ~ ¢/hY®) is conserved exponentially:

~ -~ C C
sup ‘HN*((I(U,P@)) — Hy+(qo, PO)’ < Cexp <_h1/a) for T' < Ty exp (hl/a) :

0<t<T
(5.44)
Consequently, the physical energy fluctuation satisfies the uniform algebraic bound:
c
sup [H(a(t),p(t) ~ Hlanpo)| < Coph® for T<Toesp (52). (545)
0<t<T hi/e

(2) Algebraic Order-2p Stability under C!'! Transition Strata: On the screening
transition stratum Dirans Where the apex potential is realized via C1'! mollification
cutoffs, classical backward error analysis is restricted by the finite regularity of third-
order gradients. Discrete consistency and Lipschitz stability guarantee algebraic
energy preservation:

sup |H(q(t),p(t)) — H(qo,po)| < CzthP for T < Tyh™?P. (5.46)
0<t<T

(3) Unconditional Zero Secular Dissipation Slope: Across an arbitrary finite
sequence of binary collisions (r¢ — 0,e — 1), the McGehee bounce involution
B% = Idm, preserves (e and kinetic metric norm without dissipation, ensuring
that the secular dissipation drift is identically zero:

d
&(Hh

Slopey = ‘ = 0. (5.47)

[ Lean A.1 : blanes_moan_shadow_confinement_theoremJ

The formal badge denotes algebraic verification in Lean 4 of the combinatorial kernel un-
derlying shadow stability; the exponential asymptotic bounds (Item 1) and C! stability
(Item 2) are established via the continuous analytical proof below.

Proof. For Item 1, in universal Sundman—Stumpff coordinates, the regularized vector fields are
real-analytic on Pey; (Proposition 5.5). Since Sa,(h) is symplectic and palindromic, the asymptotic
shadow series f{gp(h) =H+ Z;@V:p h%Hng satisfies the optimal truncation theorem of Benettin
& Giorgilli [6] and Hairer, Lubich & Wanner [28, Theorem I1X.8.1]. Truncation at N*(h) ~ c/h'/®
yields the exponential bound (5.44). Because |H — Hy«| < chv:*p h2*|Hop 1| = O(h?P), triangle
inequality immediately yields (5.45). For Item 2, finite differentiability of C1'! cutoffs bounds
asymptotic expansion at order 2p, yielding algebraic stability over T' < Toh 2P via discrete Gronwall
estimates. Item 3 follows from Lemma 5.6: B¢ is an anti-symplectic involution applied twice per
round-trip ((Bc)? = Idm,. ), preserving Qe and kinetic energy (|| —w,.||?> = ||w,||?) with zero energy
dissipation, establishing Slope; = 0.
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5.3.4. Secular Orbital Phase Confinement. While energy conservation is governed by the
shadow Hamiltonian H (h), long-term astrometric accuracy over thousands of planetary rev-
olutions is governed by the secular orbital phase drift. For a Keplerian orbit of frequency wy
and semi-major axis ag, symplectic integration preserves the action variable Iy without secu-
lar drift, but perturbs the fundamental frequency &(h) = OH /I = wo+ h? Awg,+ O(h?+2),
accumulating phase error linearly in physical time: Af(t) ~ h?P Awyy, - t.

ollowing Brouwer [13] and Hairer, Lubich and Wanner [28, Section X.3.2], let an un-
perturbed celestial channel have orbital frequency wy and nominal energy Hg. Under an
order-2p symplectic scheme Sy, (h), the secular orbital phase drift is bounded linearly:

’7 Proposition 5.11 — Secular Orbital Phase Confinement for Order-2p Compositions
F

AO(t) < Mapes (WO) h2Pt, (5.48)
Ho

where May, 11 > 0 is proportional to the leading error commutator norm. In particular, for
p =2 (BMy), whenever h?(Mswo/Ho) < Oz, the fourth-order error is strictly smaller than
the second-order Strang error for all ¢ > 0.

[ Lean A.1 : secular_drift_order_four_confinement J

Proof. Integrating the perturbed frequency § = OH,,/dI = wy + h2PAwy, + O(h212) with
|Awa,| < Mapi1(wo/Ho) immediately gives AO(t) < Mapyy1(wo/Ho)h?Pt. Multiplying the sub-
critical threshold by h%t > 0 gives fourth-order secular superiority over Strang.

d

Transition to the 11-Stage Sixth-Order Scheme BMg (§5.4). Although the 7-stage Blanes—
Moan scheme BMy achieves exceptional fourth-order accuracy with spectral commutator
compression (||Cs]| < 0.01236), multi-million-year celestial integration over secular astro-
nomical horizons requires suppressing phase error to an even higher algebraic order. In
Section 5.4, we extend the palindromic composition framework to order 6 by constructing

the 11-stage scheme BMgH), proving the resolution of the eight independent RKN order con-
ditions with strictly bounded sub-step excursions (max |a;| ~ 0.3572, maxg,, <o |a;| ~ 0.2463)
and establishing the bi-graded Lie algebra filtration that governs hierarchical error commu-
tators.

5.4. The 11-Stage Sixth-Order Scheme BMg and High-Precision Lie Integration.
In long-term orbital mechanics, planetary ephemerides integrations over multi-million-year
horizons (such as the INPOP and NASA /JPL DE440 ephemerides) and dense stellar cluster
simulations require geometric integrators capable of suppressing phase error far beyond the
fourth-order envelope (Af(t) ~ O(h*t)) established in §5.3. When integration horizons
span 107-10° dynamical times, fourth-order secular phase errors accumulate to macroscopic
fractions of an orbit, necessitating transition to sixth-order geometric propagators.

In classical Hamiltonian mechanics, sixth-order symmetric integrators have historically
been generated by recursive compositions of lower-order symmetric steps, such as Yoshida’s
recursive triplet [85] applied to S;. However, recursive composition introduces a severe geo-
metric penalty: composing three Sy steps (or nine Ss steps) forces an intermediate retrograde
sub-step whose magnitude exceeds w(()ﬁ) ~ —2.03. In the presence of close gravitational en-
counters, such large backward time excursions trigger tidal overshooting and catastrophic
numerical divergence.

To overcome this recursive bottleneck, Blanes and Moan [10] developed direct multi-
stage symmetric partitioned Runge-Kutta—Nystrom (RKN) compositions. In this section,

)

we formulate the 11-stage palindromic scheme BMé11 , prove its unconditional extended
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symplecticity on (Pext,ext), demonstrate the resolution of the eight algebraic order con-
ditions governing symmetric RKN compositions with strictly bounded sub-step excursions
(max |a;| ~ 0.3572, max,, <o |a;| =~ 0.2463), establish its sixth-order shadow Hamiltonian and
secular phase confinement without softening (¢ = 0), and formulate the bi-graded Lie algebra

filtration Ly, (Ask, Wipex ) that governs hierarchical error commutators.

5.4.1. The Optimal 11-Stage Palindromic Scheme BMgl). Let &K .= @rift o GSUPCT o pleaf
denote the exact unperturbed base propagator on (Pext, Qext) (incorporating center-of-mass
and composite drifts together with synchronous super-node and analytical Sundman—Stumpff
Keplerian leaf evolution), and let K;P“* denote the screened apex potential kick flow estab-
lished in Section 4 and §5.1. Following Blanes and Moan [10], a 6th-order symmetric scheme
is constructed as an 11-stage palindromic composition alternating base propagator and apex

impulse operators.

—— Definition 5.12 — Optimal 11-Stage Palindromic Blanes—Moan Scheme BMg

The optimal 11-stage palindromic Blanes—Moan scheme SEM(h) (SRKNY; of [10, Table 3])

is the symmetric composition on (Pext, Qext ):

BM . CAPEX AJK apex | AJK Ak apex | A]K apex | AJK AJK apex
Sg " (h) = Koin 0Poh 0Ky 0Py 00 -0y olCy 0@y olCy oy o - o okl T,
(5.49)

characterized by 11 palindromic base advancement coefficients a = (ay,...,as,as,...,a1)

(a12—5 = aj for j =1,...,5, with central drift ag) and 12 palindromic impulse coefficients
b = (b1,...,b6,b6,...,b1) (bis—r = by for k = 1,...,6, with central impulse pair by = bg
flanking ag), satisfying the linear consistency conditions:
5 6
2> b =1
k=1

2 aj+ag =1, (5.50)

Jj=1

The certified numerical coefficients (a;, bj)?:h determined to 25 decimal places by varia-
tional minimization of the order-7 Lie bracket residual || H7|| under the order-6 constraints [10,
Table 3|, are recorded in Table 1.

TABLE 1. Optimal 25-Digit Algebraic Coefficients of the 11-Stage Blanes—
Moan Scheme BMéH) (SRKNY,: 11 drifts aja—; = aj with central drift ag,
2 Z?zl a;j +ae = 1; 12 kicks by3_j, = by, with central pair b7 = bg, 2 22:1 b =
1).

Stage j Drift Weight a; Impulse Weight b;

1

O U W N

+0.1232297759462710188989670
+0.2905537977995580045431665
—0.1270492126254170068593452
—0.2463317610620750102148924
+0.3572088727959280198425176
+0.2047770542914699475791730

+0.0414649985182624239841838
+0.1981286719180669986348123
—0.0400061921041533031024560
+0.0752539843015807062451982
—0.0115113874206879009841253
+0.2366699247869310752223870

Properties of the Coefficient Spectrum. The spectrum of BMg
tural features for unsoftened celestial integration:

(11)

exhibits two crucial struc-

(1) Moderate Retrograde Sub-Steps: In accordance with the Sheng—Suzuki impossibility
barrier [64, 74] (Theorem 5.4), negative sub-steps are strictly necessary (az < 0, a4 <

0, b3 < 0, b5 < 0). However, unlike Yoshida’s order-6 recursive step \wéG)] ~ 2.03,
the maximum backward drift excursion in BMéH) satisfies:
max |aj| = |as| ~ 0.3572 < 0.65, max laj| = |as] = 0.2463 < |wg| =~ 1.7024.  (5.51)
aj

1<5<6
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Consequently, intermediate backward trajectories remain tightly bounded within the
regular tubular neighborhood of the collision divisor, avoiding spurious tidal colli-
sions.

FSAL Impulse Fusion: The kick-exterior formulation allows the outermost impulse
operators ICZf,fX to fuse across consecutive macro-steps:

Ko © Ky = Kap- (5.52)

Thus, despite comprising 11 drift stages and 12 impulse stages, SEM(h) requires
strictly 11 apex potential force evaluations per macro-step in chained FSAL integra-
tion (12 for an isolated step), achieving optimal efficiency among sixth-order sym-
plectic RKN integrators.

5.4.2. Lie Algebraic Order Conditions, Shadow Confinement, and Secular Phase Preserva-
tion. The mathematical validation of order 6 relies on the formal Campbell-Baker—Hausdorff—

Dynkin

(CBHD) theorem in the free Lie algebra £( A, B) generated by the unperturbed vector

field A = X4, and the impulse vector field B = Xwscreen, combined with the general order-2p
backward error analysis established in Theorem 5.10 and Proposition 5.11.

Theorem 5.13 — Order-6 Lie Algebraic Solvability and Spectral Confinement

In the

sense of Blanes and Moan [10] and McLachlan [49], let SEM(h) be the 11-stage

palindromic scheme defined in Definition 5.12 with coefficients from Table 1. Then:

(1)

(2)

Unconditional Symplectic Preservation: SEM(h) is an exact symplectomor-
phism on (Pext, Qext):

(S?M(h))*gext = Qeoxt- (553)

Sixth-Order Palindromic Parity: The formal Lie generator Zpyg(h) =
log S$M(h) is an odd function of h:

Rext 0S5 (h) 0 Rext = S5 (—h) = (S§M(h)) ™" = Zpme(—h) = —Zpue(h), (5.54)

3)

ensuring that all even-degree error commutators in the Lie generator vanish identi-
cally (Z2=Z4:Z(3:EO)

Exact Cancellation of Order-3 and Order-5 Lie Commutators: The coeffi-
cients (aj, b;) satisfy the complete set of eight independent RKN order conditions
on ﬁl, £3, £5:

Zpme(h) = h(A + B) + h"ZEM + O(R?), (5.55)
implying formal convergence of order p = 6 with normalized Hall residual
HH%BMGHHaH ~ 0.0004.

Exact Lie-Bargmann Invariance: The ten classical generators of the Lie—

Bargmann algebra (P,L, G, E) are exact first integrals of the discrete operator
SéBM(h), with identically vanishing truncation error across each macro-step:

AP=0, AL=0, AG=0, AE=0. (5.56)

Lean A.1 : blanes_moan_order6_certifiedJ

Python A.2 : integrators/blanes_moan_6.py [Float64 / Float128] ]

The formal certification badge denotes verification of the Constructive Linear and Sign Con-
sistency Kernel in Lean 4, certifying the 25-digit linear consistency conditions 2 Z?:l aj +

a6:1

and 2 22:1 br = 1, the Sheng—Suzuki negative sub-step signs, and the 2D Darboux

symplectic area preservation; the cancellation of higher-order Lie commutators on L3 and
L5 (Item 3) is grounded in the analytical RKN tree conditions of Blanes & Moan [10].
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Proof. Item 1 follows from the group property of symplectomorphisms (Proposition 5.3). Item 2
follows from palindromic time-reversal symmetry Rey; 0 SEM(R) 0 Rexs = SEM(—h) = (SEM(h)) Y,
eliminating all even powers of h in Zpmg(h). For Item 3, observe that although the hierar-
chical operator Ajk(r,w) = T(7) + Vieat(r) includes the binary leaf potential Vieae(r), both
Vieat(r) € Po and the screened apex potential WiSie" (r) € Py depend purely on configuration
coordinates and therefore Poisson-commute identically ({W3rec™, Vieat}o, = 0). Consequently,
adwzereen (Ajk) = adwzereen (T'(m)) € Py is strictly linear in conjugate momenta, which enforces the
exact RKN nilpotence identity ad%vi;r&m (Ajk) = ad?,vz;gicn (T'(w)) = 0. Together with palindromic
symmetry, this reduces the order-6 system on (Ajk, Wisee™) to the eight independent RKN tree
conditions across orders 1, 3, and 5 (Blanes & Moan [10]; McLachlan [49]). The certified 25-digit
algebraic coefficients in Table 1 annihilate all order-3 and order-5 multi-commutators, leaving lead-
ing residual error at degree 7 with || H7||man &~ 0.0004 < 1, establishing formal order p = 6. Item 4
follows from stage-by-stage conservation of the Lie-Bargmann generators (Proposition 5.3).

d

Specializing Theorem 5.10 and Proposition 5.11 to p = 3 (2p = 6) immediately yields the

sixth-order shadow and orbital phase confinement guarantees of BMéH):

Theorem 5.14 — Sixth-Order Shadow Confinement and Zero Secular Dissipation

In the sense of Benettin and Giorgilli [6] and Hairer and Lubich [27], let H be the 3D
Newtonian N-body Hamiltonian on Pey with zero softening (¢ = 0), desingularized on
Q[N] with the McGehee collision boundary M¢. Under SEM(h), Theorem 5.10 holds at
order 2p = 6:
(1) Sixth-Order Shadow Stability: On the analytic domain Dyeg, the truncated
modified Hamiltonian Hy- (k) = H +hSH7 + O(h®) is conserved exponentially over
T < Tyexp(c/h'/®), confining physical energy fluctuations to sup,«p |H (t) — Ho| <
Cgh® (and algebraically over T' < Toh ™% on Dirans).
(2) Unconditional Zero Secular Dissipation: Across any finite sequence of binary
collisions (r¢ — 0), the McGehee involution B2 = Idm,, guarantees Slopey = 0.

[ Lean A.1 : mcgehee_bounce_unitary

’7 Proposition 5.15 — Sizth-Order Secular Orbital Phase Confinement
F\

ollowing Brouwer [13] and Hairer, Lubich and Wanner [28], under S¥M(h), the secular
orbital phase drift satisfies:

AO(t) < M5 (j:;;) nt, (5.57)

where M7 oc ||[HPMO||gan. Whenever h?(Mzwg/Ho) < Cy, the sixth-order secular phase
error is strictly smaller than the fourth-order error for all £ > 0.

[ Lean A.1 : order_six_superior_to_order_four

Proof. Direct specialization of Theorem 5.10 and Proposition 5.11 to p = 3 (2p = 6), using the
cancellation of error orders h? and h* established in Theorem 5.13.

d

5.4.3. Bi-Graded Lie Filtration and Hierarchical Error Classification. To prepare the theory
of symplectic boundary correctors developed in Section 5.5, we now formalize the algebraic
structure that distinguishes the Fulton-MacPherson hierarchical splitting H = Ak +War™
from classical Cartesian splittings H = T'(p) + V(q).
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’7 Proposition 5.16 — Bi-Graded Lie Algebra and Error Commutator Classification
I

n the graded Poisson algebra framework of Wisdom and Holman [82], let H = Apjer +
Wt = Ajx(r,w) + eﬁf;ggien(r) be the Fulton-MacPherson hierarchical Hamiltonian
on T*QI[N] established in §5.1, where ¢ ~ (Tleaf/RapeX)g < 0.125 < 1 on the regular
domain Dyeg, and {Ajk, Ajk} = 0. Let L(A, B) denote the Poisson Lie algebra generated
by the unperturbed Jacobi—Kepler operator A := Ajk and the screened apex perturbation

-— screen Nscreen .
B = WESen = e WSS, Then:

(1) Bi-Graded Lie Filtration: The Poisson algebra L£(A, B) admits a natural bi-

grading (degy,,deg,):
L(A,B) = @ @ Lym, where deg,(X) =n, deg.(X) =m. (5.58)

n>1m>1
For any two homogeneous elements X € L, »,, and Y € L, y,, the Poisson
bracket satisfies:

{Xv Y} € £n1+n2,m1+m2' (5'59)
(2) Strict Annihilation of Unperturbed Error Commutators: Because

{A, A} = 0 by canonical Jacobi orthogonality (Equation (5.8)), the unperturbed
subspace vanishes identically for all degrees:

L0 = {0} (Vn > 1). (5.60)
Consequently, the formal Baker—Campbell-Hausdorff Lie generator contains
strictly zero terms of perturbation order £°:
Z(h) =log(S(h)) = h(A+B)+ > > "™ Zy i1 m, (5.61)
n>2m>1

demonstrating that no pure velocity commutators (L%(A) = 0) or unperturbed
Cartesian errors are ever generated.

(3) Momentum Parity Alternation and Physical Classification of Leading
Error Commutators: In the Baker—-Campbell-Hausdorff expansion of palin-

dromic compositions on Dieg, let Dy = {-, Ajx} denote the unperturbed Lie
derivative. Because Ajx € Ps ® Py is even in conjugate momenta w while
B = Wi = —%,urTTapeXr € Py is pure configuration, each application of

D4 flips the momentum parity (D4B € P1, DAB € Py @ Py, D3B € P,
D4B € Py @ Py). Specifically, at third order, the quadratic kinetic cross-terms
cancel identically against the radial derivative of =3, confining D3 B strictly to
the linear momentum subspace P;:

GM,
T?f‘” 41T Ty pex(R) W — ;

3(r-w
( 5 ) I'TTapeX(R) I‘] € £4,1 N Pr. (5.62)

D3 B(r,w) =

Consequently, the grade-5 error commutators decompose into two distinct physical

channels:
e Linear Leaf-Apex Tidal Interaction O(eh*) € L5 1:
HEmew = MDY B = Do (P DYB) € Ls1 0 (P2 & Py), (5.63)

where cf™M* is the exact Duhamel quartic BCH moment of the 7-stage Blanes—

Moan scheme (b > 0, 7, = Z§:1 a; € [0,1]):

s L[S I 1) 1(&, 4 1
=G0 ) =t 3)

1
— 11.7600050100410120 x 104~ —
+ X 5681.802008"

(5.64)
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which is 11.84x smaller in magnitude than the single-stage Strang coefficient
Grane — _ Lo~ 20833 x 1075,

e Quadratic Apex Self-Interaction Floor O(s>h?): For the second-order Strang
splitting, the leading quadratic apex commutator appears at grade 3:

H?c)luadratic _ F\'/Q[B, [A, BH _ R2{Wscreen {AJKa Wscreen}} e £3’2 (N O(€2h2))7 (5.65)

apex apex
while for the fourth-order scheme BMy, palindromic order cancellation (Hsg =
0) pushes the leading quadratic apex self-interaction to grade 5 in Ls o:

Havdnatic ¢ poo (~ O(E2RY)), (5.66)

which is quadratic in € and quartic in h.

(4) Architectural Impact on Symplectic Integrators: Because Hinear
CEMA‘DiB € Py @ Pp is even in momenta whereas D4(Py) C P; is odd in mo-
menta, no pure configuration potential K € Py can cancel H, éinear (Theorem 5.17).
Instead, the exact homological equation D4 Ky = h4H51)inear is solved identically
across phase space by the cotangent lift generator K, = cFMAh*D3 B € Py (Sec-
tion 5.5). In the asymptotic hierarchical regime ¢ < h?, eliminating H"**" confers
an authentic pre-asymptotic effective order 6 (slope h®, error reduction ratio 64)
on Dieg, whereas as h — 0 at fixed € > 0, the residual quadratic interaction

{ Ky, Wigess™} + pAHIRNC — 0(:2p4) € L5, forms an irreducible fourth-order
floor.

Proof. For Item 1, assign degree (1,0) to A and (1,1) to B = sﬁ//gggffn. In any nested commutator
containing p instances of A and ¢ instances of B, the total degree in the time step is deg; =
p + g, while the power of the perturbation parameter is deg. = ¢. By the derivation property
of the Poisson bracket, {X,Y} = Y (0X/0¢;0Y/0p; — 0X/Op;0Y/Dq;), which adds the degrees
(degy,(X) + degy, (Y),deg.(X) + deg.(Y)), establishing (5.59).

For Item 2, any element in £, ¢ must be generated exclusively by nested brackets of A with itself:
{A,{A,... {A,A}...}}. Since A = Ay = Ty + 3, HE ™" decomposes into mutually commuting
Hamiltonians supported on disjoint Jacobi degrees of freedom ({H,i(el)ler, H lK Pl — ) for k # 1), we
have {A, A} = 0 identically. By induction, every unperturbed bracket vanishes, proving £,, o = {0}
and establishing (5.60)—(5.61).

For Ttem 3, consider first the symmetric Strang step Sa(h) = exp(%DB) eXp(hDA)eXp(%DB),
whose modified Hamiltonian expands as:

2

~ h
Hy(h)=A+B— —
2h) = A+ B =5
For a general palindromic composition Sy(h) = [[, exp(arhD4) exp(bpyhDpg) of order 4 (3 by =1,
Sobk(r,—1/2)2 =1/12,and Y b1 = #ﬂ form =1, 2,3 where 73, = Zf;ll a; € [0,1]), Duhamel’s
interaction-picture expansion Sy(h) = eXp(%DA) I, exp(bkhef(Tk’l/z)hadDA DB) exp(%DA) has

(B, [A, B]] — gij +O(h%). (5.67)

vanishing lower-order moments (m = 1,2,3 match the exact integrals fiﬁz 7™MdT), so the in-
verse Bernoulli operator x/(2sinh(z/2)) = 1 — 22/24 + 72*/5760 — --- acts as the identity on

the leading quartic residual and subtracts the exact continuous integral fi{% 747 = 8—10 (or

equivalently fol 787 = ! in uncentered variables), giving cfM* = L (S0 bp(mp — 1) — &) =
L (o et — L) = +1.7600050100410129 x 10~* in (5.64). Evaluating the iterated Lie deriva-
tives of B = —%urTTapcxr along the Keplerian vector field v = w/u, W = —GMpur/r® gives
DiB = —r"Topexw € Pi, DIB = — 2w  Topew + Cptlir ' Typoir € Py @ Py, and at third
order the O(||w||?) terms cancel identically (I%WTTapCXVV + %rTTapoxw = %rTTapcxw),
yielding (5.62) and Hme" = BMADA B € L51 N (Py ® Py). Words with ¢ = 2 belong to L5 5 and
scale as O(g2h?).

Item 4 follows immediately from the identity DaKy = Da(cEM*h*D3 B) = h*HI™ and the

comparative asymptotic scaling between O(e2h?) € L5 5 and O(eh®) € L7 ;.
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d

Transition to Symplectic Boundary Correctors (§5.5). While direct compositions such as

BMéH) achieve unconditional sixth-order convergence across all strata at the cost of 11
force evaluations per macro-step (and s > 21 stages for order 8), Proposition 5.16 reveals a
remarkable structural shortcut on the regular hierarchical domain D;eg: the dominant fifth-
order error of BMy is concentrated in the linear tidal channel Hire¥ = (BMADAB € £y .
In Section 5.5, we prove the Universal Obstruction Theorem governing pure configuration
correctors K € Py, construct the cotangent-lifted boundary corrector K4 = CEM4h4DiB €
P; and its symmetric 2-stage Lie conjugation operator ZPM4(h) (PBMy) that annihilate

H émear with zero intermediate force evaluations, and establish the covariant gauge transition

PBM4 .
operator T ,El B ) across Jacobi charts.

5.5. Symplectic Boundary Correctors, Universal Obstruction, and Asymptotic
Order Elevation for BM4. The composition schemes constructed in the preceding sections
achieve orders 4 and 6 directly through symmetric palindromic factorizations (SPM and
SEM). However, advancing to higher orders by direct composition incurs an exponential
explosion in computational complexity: an 8th-order symmetric scheme requires between
21 and 33 stages per macro-step [28, 68], multiplying the evaluation cost of mutual cluster
forces. Furthermore, the Sheng-Suzuki theorem (Theorem 5.4) forces substantial negative
sub-steps in high-order compositions on free Lie algebras, exacerbating numerical shear near
close gravitational encounters.

Given this severe computational barrier, exploring alternative geometric pathways is natu-
ral. Among these, the framework of boundary symplectic correctors (or processed symplectic
integrators) [9, 28, 38, 83] presents an appealing structure: by conjugating a base composition
Szp(h) with a boundary symplectomorphism Cop(h) = exp(—h* Xk, ):

Wopia(h) = Cop(h) 0 Sap(h) 0 Cop(h) 7L, (5.68)

interior corrector pairs telescope identically to the identity over an M-step trajectory (C~1o

C = 1d). Consequently, processed schemes offer the theoretical promise of raising the effec-
tive convergence order by two units while requiring strictly zero additional force evaluations
during intermediate trajectory propagation.

In this section, we establish the theoretical foundations and structural limitations govern-
ing boundary correctors on the cotangent bundle 7*Q[N]. First, we prove an insurmountable
Universal Obstruction Theorem demonstrating that no pure configuration corrector K € Py
can eliminate the grade-5 Baker—Campbell-Hausdorff error, and that no boundary corrector
can achieve effective order 6 globally across 100% of the phase space. Second, building di-
rectly on the bi-graded Lie filtration and momentum parity alternation established in Propo-
sition 5.16, we show that lifting the corrector generator to the linear momentum cotangent
subspace Py via Ky = cgM*h* D3 B € Py, realized non-perturbatively by a 2-stage symmet-
ric palindromic Lie conjugation operator ZPM4(h), identically annihilates the leading linear
tidal commutator H. émear = c4BM4Dj14B € L5 on Dyeg, producing an authentic pre-asymptotic
effective order 6 (AH o h® for ¢ < h?) while leaving an irreducible quadratic tidal floor

{K,, Weereeny 4 pAgauadratic. _ o 2pdy ¢ £, Third, we construct the covariant gauge

apex
transition operator T}gl?g/[ 4 ZfM4’(B) (—h)oMcoord © ZfM4’(A) (4+h) on Datjas, proving that

chart transitions across Jacobi trees preserve all ten Lie-Bargmann invariants, satisfy exact
Cech 1-cocycle closure, and eliminate shadow energy discontinuities (AHgauge = 0).

5.5.1. Theoretical Admissibility Conditions for Boundary Correctors. Let (Pext, Qext) be the
extended cotangent phase space T*Q[N] x R; x R equipped with the canonical Darboux 2-
form Qexy = Qo+dEAdt. For a symmetric base composition Sy (h), the shadow Hamiltonian

expands as H(h) = H+h* Hap,y1+O(h?12). By the Campbell-Baker-Hausdorff-Hadamard
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lemma, the processed shadow Hamiltonian under Cay(h) = exp(Dk,,) (where Dp = {-, F'})
satisfies:

Hyroo = exp(Die, )H = H + h* Hopyy — Dy Ko, + O(R?P2). (5.69)

To eliminate the leading error h2pH2p+1, the generator K3, must satisfy the fundamental
homological Lie bracket equation:

DHKQP = {K2p7 H} = h2pH2p+l- (570)

To examine the solvability of (5.70) on the compactified manifold Q[N], we first analyze the
classical admissibility class of pure configuration correctors (K € Py) before lifting to the
cotangent bundle (P;):

(1) Pure Configuration Trial Class (K € Py) vs. Cotangent Lift (K € P;): A
pure configuration generator K € Py (Vw K = 0) generates an unipotent momentum
shear leaving spatial coordinates invariant (Aq = 0):

VwkKop =0 < Ky, € Pp. (5.71)

However, as we prove in Theorem 5.17, restricting Ko, to Py induces a fundamental
momentum-parity obstruction against Hs, forcing any admissible corrector to lift
into the linear momentum cotangent subspace P;.

(2) Time-Reversal Parity: Palindromic symmetry requires that the processed propa-
gator ‘1’2p+2(h) = Cgp(h) o Sgp(h) o Cgp(h)_l satisfy \I/2p+2(—h) = \P2p+2(h)_1 under
the momentum inversion involution R(q,p) = (q, —p).

(3) Exact Lie-Bargmann Invariance: Kj, must Poisson-commute with the genera-
tors of the Galilean Lie-Bargmann group, preserving total linear momentum Py,
Galilean boost / center of mass Ggal, and SO(3) angular momentum Lyot.

5.5.2. The Universal Obstruction Theorem for the Apex Interaction. When confronting the
configuration constraint K € Py with the algebraic structure of the Baker—-Campbell-Hausdorff
series, a profound structural impossibility emerges for any natural Hamiltonian splitting.

Theorem 5.17 — Universal Obstruction Theorem for Processed Order 6

Extending the processed symplectic integrator framework of Wisdom, Holman and
Touma [83], Blanes, Casas and Ros [9], Laskar and Robutel [38], and Farrés, Laskar,
Blanes, Casas, Makazaga and Murua [8, 22|, let T*Q[N] be equipped with the canonical
Poisson bracket and the momentum graduation P = @72, P4, where Py denotes the space
of homogeneous polynomials of degree d in the conjugate momenta w. Let Sy(h) be any
symmetric, palindromic fourth-order symplectic integrator with grade-5 Baker—Campbell—
Hausdorff error generator Hs.

Then the obstruction to attaining global processed order 6 operates across two nested
structural tiers:

(1) Tier 1A: Adjoint Homological Confinement of P, to P; (Structural
Lemma 1): For any natural Hamiltonian H =T + V where T' € Py and V' € Py,
the adjoint action Dy = {-, H} on any pure configuration generator K € Py is
strictly confined to the linear momentum subspace P; (odd in w):

tm (Dirlp,) Pt = Tm (Dilp ) NPa={0} (¥d#£1), (5.72)

(2) Tier 1B: Total Momentum-Parity Obstruction of Py (Structural Lemma
2): Under either the Cartesian kinetic/potential splitting H = T'(p) + V(q) or
the Fulton-MacPherson hierarchical splitting H = Ajx + Wi with Ajx =
T 4 Viono € P2 @ Py and W;greffn € Py, both splitting operators are strictly even
in w. Every grade-5 Baker—Campbell-Hausdorff commutator with p operators A

and ¢ operators B (p+ ¢ = 5,q € {1,2,3,4}) involves four Poisson brackets and
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satisfies the even parity law:
dp,q) <2p—4=6—-2q€{0,2,4} = Hs € Py B P2 D Pu, IIp, (H5) =0. (5.73)

Consequently, zero terms of Hj lie in Im(Dg|p,). No pure configuration corrector
K € Py (Aq = 0) can eliminate even the leading linear tidal error Hinear —
MDY Wapex € P2 @ Py, forcing any effective boundary corrector to be lifted to
the linear-momentum cotangent subspace P;.

(3) Tier 2: Hall Lie Cohomology H'(D4, L52) = R and Poincaré Secular Aver-
age Obstruction Beyond Pj (Structural Lemma 3): When the boundary gen-
erator is lifted to K = K4+ K® € Py @ P with Ky = BMptD3Wsseen € PrnLyy
so that DaKy = h*H, })inear cancels the O(¢) error channel in L5 1, the homological
equation at quadratic apex order O(g?) requires solving DK @ = Rs52 where
Ry = h*H guadratic —{ Ky, Wapes™} € L5200 (P2® Po). This quadratic equation is
obstructed both algebraically and analytically:

(a) Hall Lie Cokernel Obstruction: The bidegree-(5,2) Hall subspace L52 =
span{e; = DaDpD?%B, es = DpD? B} (of letter degree (deg 4, degp) = (3 2))
has dimension dim £52 = 2, whereas the coboundary image of the grade-4
bidegree-(4,2) subspace L49 = R - DpD?%B (of letter degree (deg,,degp) =
(2,2)) under D is strictly one-dimensional, Im(D4lz,,) = R - e;. Hence the
first Lie cohomology group is non-trivial:

Ls52

Im (DA’£4,2)

and the residual projection (cglg — BMYRA DR D3 B # 0 cannot be generated
by any Lie polynomial K e Lyo.

(b) Poincaré Secular Orbital Average Obstruction: Functionally on T*Q[N], along
any closed periodic Keplerian leaf orbit ~ of the integrable flow @f TK  the
orbital time average of any exact Lie derivative D4K® = = {K 2) AJK} of
a single-valued smooth phase—space function K e C‘X’(T*Q[ ]) vanishes

identically ((DAK®), = T.} . d (K@ o <I>,§4JK)dt = 0), whereas the qua-

dratic double-apex residual possesses a non-vanishing secular orbital average
(Rs5,2)~ # 0 (compounded by dense Poincaré small-divisor resonances on Dgyper
and non-smooth C! screening derivatives ©’ (u) on Dirans)-

(4) Universal Impossibility on 7*Q[N] (Structural Lemma 4): Neither a pure
configuration corrector K € Py nor a general momentum-dependent cotangent cor-
rector K € P; @ P can simultaneously eliminate both the linear L5 ; and quadratic
L52 channels across 100% of T*Q[N]. Any processed scheme based on a two-
operator splitting is fundamentally subject to an irreducible O(e2h?*) quadratic
floor and is prohibited from attaining unconditional global order 6 when € ~ O(1).

H' (D4, Ls55) = ~R- [DpD}B| # {0}, (5.74)

[ Lean A.1 : universal_order6_separable_splitting_obstruction J

The formal certification badge denotes verification in Lean 4 of the Two-Tier Universal
Obstruction Theorem, certifying Tier 1 (Im(Dg|p,) € P; and the even parity of Hs), the
cotangent lift solvability DaKy = h4]'1féine"j“r on L5, and Tier 2 (the Hall cohomological
obstruction H'(D 4, L52) = R and the secular orbital average obstruction (D 4K (2)>Kepler =
0 7é <R5,2>Kep1er)-

Proof. For any f € Py, and g € Py,, the Poisson bracket satisfies {f, g} € P4, +d,—1. Since V € Py
and K € Py, their bracket vanishes identically ({K,V} = 0). Hence:

DyK ={K,T+V}={K,T} +0 € Poy2-1 = P, (5.75)
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establishing Im(Dg|p,) C P1 and Im(Dg|p,) NPy = {0} for all d # 1 (Structural Lemma 1).
Under any splitting H = A + B where A € Py @ Py and B € Py are both even in w, every
Poisson bracket with an even-parity generator flips momentum parity (Peven <> Podd). Because
Dynkin’s formula expresses Hs(A, B) as a combination of 5-letter commutators containing four
Poisson brackets, every term in Hs has strictly even momentum degree d < 2p—4 = 6—2¢ € {0, 2,4}.
Thus Ilp, (Hs) = 0, proving that Im(Dg|p,) Nsupp(Hs) = {0} and that no K € Py can cancel
HYmear (Structural Lemma 2).

To cancel HiP®" = cBMAID4 B € L5, the generator must be lifted to K = K4 + K?) with K, =
BMARAD3 B € Py N L4 1, which satisfies D4 K, = h*HIn™ € Py ¢ Py. Expanding exp(ad)(A4 +
B + h*Hj) to bidegree (n,m) = (5,2) (letter degree (deg,,degg) = (3,2)) yields the quadratic
residual Rs > = h*H guadmtic — DpK,. In the Hall basis of the free Lie algebra generated by A and
B, the bidegree-(4,1) subspace has dimension 1 (£4,1 = R- D3 B, letter degree (3,1)), the bidegree-
(4,2) subspace has dimension 1 (L42 = R - DpD?%B, letter degree (2,2)), and the bidegree-(5,2)
subspace has dimension 2 (L5 = span{e; = DaDpD?%B, ea = DpD? B}, letter degree (3,2)).
Because Im(D 4|z, ,) = R-e1, the quotient H'(Da, L52) = L52/Im(D4lz, ,) = R- [es] is non-zero,
and the component (c:()}% — cBMhte, ¢ Tm(Dy) is algebraically unsolvable. Moreover, for any
smooth single-valued function K(?) € C>(T*Q[N]), integrating DK = %(K(z) o <I>;4JK) over
a closed Keplerian period Ty, gives (D4 K?), = 0, whereas (Rs 2)- # 0, establishing Structural
Lemmas 3 and 4.

d

5.5.3. Cotangent-Lifted Construction: The Boundary Corrector K4 € P1 on Dreg, Symmet-
ric Lie Conjugation ZEM‘l(h), and the Quadratic Apex Floor. Theorem 5.17 demonstrates
why any pure configuration potential K € Py fails: because D 4(Py) C Py is odd in w while
Hlinear — C4BM4DiB € Po@ Py is even in w, cancelling H. " requires lifting the generator to
the linear momentum cotangent subspace P;. By Proposition 5.16, we can solve the homo-
logical equation identically on the regular hierarchical sub-domain Dyeg where the quadratic
cokernel channel L5 2 is asymptotically suppressed.
Recall from Section 4 the definition of the regular hierarchical domain:

Dieg = {(q,p) € T*Q[N] | Vv, uy > 2 and xg>3}. (5.76)

On Dieq, every cluster is well-separated (xs > 3), all bodies lie outside the screening tran-
sition zones (u, > 2), and all internal node monopoles are absorbed analytically into Ajk.
Furthermore, all apex monopoles and dipoles vanish identically, so the screened apex field

B = Wgiex " reduces at leading order to its symmetric trace-free tidal quadrupole:

1
Viide(T,R) = —§urTTapex(R)r €Po,  Tapex € Symg(3). (5.77)
By Proposition 5.16 (Equations (5.62)—(5.64)), the leading linear tidal error commutator in
L5 1 is the exact Lie derivative along Aji of c4BM4DiB € Py

Hm (r, w) = M Dy B(r,w) = Dy (c4BM4 DiB(r,w)) €Ls1N (P2 Py),  (5.78)
allowing an exact, closed-form constructive resolution on Dyeg:

Theorem 5.18 — Cotangent-Lifted Boundary Corrector K4 € Py and ZEM4(h)

In the sense of Wisdom, Holman and Touma [83] and Blanes, Casas and Ros [9] adapted to
the Fulton-MacPherson hierarchical splitting H = Ak (r,w) + W3sen(r R), let SPM(h)

apex
be the 7-stage fourth-order Blanes-Moan integrator on D¢, with tidal parameter £ ~
(r/R)? < 0.125 < 1 and exact Duhamel quartic moment cgM* = i(Z%Zl (i — 5)* —

L) = 5 (CF—1 bemd — 1) = +1.7600050100410129 x 104,
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There exists a unique cotangent-lifted corrector generator K4 € P; linear in conjugate
momenta:

Ky(q,p) = csM*h* D} B(q,p) = Z Tr(Tapesr(R) Maym(ra, wa)) € P1,  (5.79)

A=(a,b)
where Mgym (r, w) € Sym(3) is the symmetric torque-free dynamic quadrupole tensor:
GM, 3(r-w
Mgy (v, w) = cgMp? Tab {2 (roaw+w®r) — ( 3 ) rer|, (5.80)

such that:

(1) Exact Homological Cancellation on Py @ Py: K4 € P; identically solves the
homological equation for the entire linear tidal error channel L5 across both its
kinetic (P2) and potential (Py) components:

DKy = {Ky, Ajx} = M40 Dy (D3 B) = $M4ht D4 B = hiHlinear, (5.81)

(2) Non-Perturbative Realization via 2-Stage Antipodal Symmetric Palin-
dromic Lie Conjugation ZPM#(h): For general multi-level N-body hierarchies
(automatically encompassing composite barycentric drift R # 0 and all higher
multipoles [ > 2 of W3S without manual tensor truncation), let S(«, 8;7) =
D p(—ar)oPp(—pT)oPs(2a7) 0 Pp(+5T) 0 P4 (—aT) denote the elementary 5-flow
shell and Sgym(c, B;7) = S(+a,+%5;7’) ) S(—a,—%,@;T) its antipodal half-shell
symmetrization (which preserves the odd linear moments in («, /) while identi-
cally cancelling the quadratic self-commutator O(af%73[Dg,[Da, Dg]])). Then
the boundary symplectomorphisms ZPM4(—h) = exp(—Dp,) + O(e2h*) (shadow
entrance) and ZEM4(+h) = exp(+ Dk, ) + O(e?h*) (shadow exit) are realized non-
perturbatively by:

ZBM4(h) = Ssym(ala Bl; |h|) © Ssyrn(a%ﬂ% ’h|)

(5.82)
ZPM(=h) = (ZPM (1) = Sem(az, Ba; [B) ™" © Sym (1, B3 [h]) 7!
with rational node and kick weights:
1 1
o=, az =g, B1 = 256 M, By = —512 M4, (5.83)
(3) Exact Conservation of All Ten Lie-Bargmann Generators and Internal
Torque Vanishing: Because Mg;m = Mgym is symmetric, the internal cotangent

kick Ar = Vy Ky, Aw = —V, K, exerts strictly zero internal binary torque (7in; =
r x Aw + Ar x w = 0), and every elementary flow ®4, ®p in ZPM4(h) commutes
with the Galilean group, guaranteeing bitwise conservation of Piot, Ltot, and Ggal.
(4) Dual Origin of the Irreducible Quadratic Tidal Floor O(s2h?*): Because
K, € Py is linear in momentum (VK4 # 0), its Poisson bracket with WSSieer € P

apex
does not vanish:
DKy = {Ky, Wi} = —=VWiset . Vp Ky € L5 NPy (~ O(*hY)). (5.84)

Combining this induced quadratic bracket with the native grade-5 quadratic com-

mutator H. ;‘uadratic € Ls52 of BMy yields the processed shadow Hamiltonian:
Hpoo = H + (R*HZ™ — {Ky, WIS }) +O(h® + 2h0). (5.85)

€£5,2~O(€2h4)
(5) Pre-Asymptotic Effective Order 6 vs. Asymptotic Order 4 Crossover:
e In the hierarchical pre-asymptotic regime where ¢ < h% (h >> Reross ~ V),
the sixth-order linear residual O(eh®) € L7, dominates the quadratic floor

O(e%h*) € L5, producing an authentic effective order 6 convergence slope
(AH o h8, octave ratio 64).
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e Conversely, as h — 0 below the crossover scale hcposs ~ /€ at fixed € > 0, the
quadratic floor O(e2h?*) dominates O(gh%) and the asymptotic slope transitions
to fourth order (AH o e2h*, octave ratio 16) with an amplitude suppressed
by an additional factor of € relative to uncorrected BMy (AHppg €h4).

{ Lean A.1 : cone_normal_corrector_bm4_certified

[ Lean A.1 : pbm4_effective_order_six_cancellation

[ Lean A.1 : global_pbm4_effective_order_six_cancellation]

[Python A.2 : integrators/correctors.py, integrators/processed.py [Float64 / Float128]

The formal certification badges denote verification in Lean 4 of the corrector certificate
for BMy, the constructive cancellation of the linear tidal error in L5 via the cotangent
liftt K4 € P1, and the algebraic weight identities of the 2-stage symmetric Lie conjugation
operator ZPM4(h) with its quadratic O(e2h*) floor.

Proof. By Proposition 5.16, the grade-5 error of BMy decomposes as h*Hs = cFM4h*D4B +
h4H§uadra“C. Defining K; = cfM4h*D3 B € P; via (5.62), the Lie derivative along Ajk satis-
fies DaKy = cBMARAD 4 (D3 B) = cBMAhtDY B = h* Hlinear jdentically across phase space, proving
Item 1.
For Ttem 2, expanding  the elementary  palindromic  shell  S(q,5;7) =
exp(—atDa)exp(—p7Dp) exp(2arDy) exp(+87Dpg)exp(—atD4) to first order in [ via
exp(+aradp,) —exp(—aradp,) = +2sinh(aradp, ) yields:
3 5

log S(a, B;7) = +2B7sinh(aradp,)Dp+0O(5?) = +2ﬁa72DAB+ﬁ%#DiB—i—%TGDZB—&—O(aBZT‘g).

(5.86)
Pairing the antipodal half-shells Ssym (v, B5; [h]) = S(+a;, +38:; |h]) o S(—ay, —1B:; |h|) cancels
the O(a;B2|h|3[Dp,[Da, Dp]]) term identically (since a;(3? is odd in «; and even in f3;) while
summing the two half-shell linear generators 1+ 3 = 1. Composing the two stages Sgym (a1, 813 |h)o
Ssym (a2, B2; |h]) with aq = 1/4 and oy = 1/8 gives log ZEM*(h) = 2(Bra1+Paaz) W2 DaB+ 1 (B +
B203)h*D3 B+O(eh®+¢2h*). Enforcing vanishing quadratic shift f1a1 + 8202 = 0 = Sy = —2;
and matching the quartic generator +% (8103 + B2a3) = +cBM* gives %(é - 5) = 2%6 = M4
(with opposite sign for ZBM4(—h)), establishing (5.83).
For Item 3, writing K4 = >, Tr(Tapex,x Mgym(ra, Wy)) with Mgy, given by (5.80), the symmetry
MSTym = Mgym and Tgpex = Tapex implies r X VK4 + W X VyKy = 2 veCskew (Tapex Msym —
Mgym Tapex), which is identically compensated by the spectator reaction R x Vg K. Moreover, in
the non-perturbative realization ZEM4(h), every sub-flow ® 4 and @ is an exact Galilean-invariant
Hamiltonian flow, conserving all 9 geometric Noether invariants bitwise.
Items 4 and 5 follow immediately from expanding exp(Dg,)H = H + h*(HInear — p=4D 4 Ky) +
pAHINC _ DKy + O(ehS), where DKy = {Ky, Wioeen} = O(e?h?) € L2 N Py. Comparing
O(e2h*) against O(eh") yields the crossover scale heoss ~ /2 (see Figure 11).

Theorem 5.19 — Asymptotic Hierarchical Scaling and 5-Strata Partition of T*Q[N]

Under the asymptotic stratification theory of McLachlan [49] and Blanes, Casas and Ros [9],

the effective sixth-order convergence scaling (AH (h) < Cgh® <= AH(h)/AH(h/2) ~ 64)

of PBMy is an asymptotic hierarchical property whose validity is rigorously governed

by the canonical 5-strata stratification of the cotangent bundle T*Q[N] = Dyeg U Deon U
Dtrans U Dsuper U Datlas:

(1) Regular Hierarchical Stratum D, (u, > 2, xs > 3): Under the scale condition

e ~ (r/R)®> < h?, the linear tidal error H}™® € [y, is completely eliminated

by K4 € Py (via ZPM4(h)), and the quadratic floor O(g%h*) is sub-dominant to

O(ehf), producing authentic pre-asymptotic effective order 6 (slope h8, octave ratio
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Unperturbed Leaf Linear Tidal Sector Quadratic Tidal Sector
(m=0) (m=1, O(e)) (m =2, O(?))
Weight n = 1 A=A €Lip B = W™ € L1a L1, = {0}
o) Pyg Py (Exact Leaf Flow) Po (Positional Apex) (No bare O(e?) potential)

| o2 =t a1

Weight n = 4 Ly = {0} Ky =cBMpiD3 B L42 = span{DpD? B}
9 ‘ 1
O(h®) gen. {Ajk, Ajk} =0 L4,1 NPy (dim = 1, Cotangent Lift) | 1 dim L4 =1
1
P T - DpKy = {K4, B}
1 L) . s N — Ty Sy e e e ——————
Postions el Ks(0) c oty Dk § | Dy ok
| asabh S =zl (P — P, ® Py Match) | ills DaDp D3 B only
____________________ e
1 Parity e ‘ . 2 3
Weight = 5 Loo=1{0)  Mismatey M =cPMh'DAB | | Ls»=span{DaDpD4B, DsD}B}
O shad o . ==%=3> L5100 (P2®Po) (dim = 1) dim L52 =2 > dimIm(D4) = 1
(h*) shadow (Proposition 5.16) R proc,lin _ 1 3
Annihilated: HZ'*“™ =0 Cohomology: H'(Da,Ls2) = R-[DpD B]
Vanishes Identically Under PBMy: Irreducible O(e2h*) Floor
Pre-Asymptotic O(¢h®) (Theorem 5.18) (Theorem 5.17)

FIGURE 11. Bi-graded Hall Lie cone L, = @y>(Lnm N Pq) and the
two-tier structural mechanism of the processed normal-cone corrector PBMy.
Left (m = 0): Exactness of the unperturbed Jacobi-Kepler leaf flow
({Ask, Ajk} = 0) collapses the entire unperturbed column £, = {0} for
n > 2 (Proposition 5.16). Center (Tier 1, m = 1): Any purely positional
processor K4(q) € Pp maps under Dy = {-, Ajk} into odd momentum degree
P1, missing the even-degree residual Hs € Py @ P2 @ Py. Lifting the genera-
tor to the cotangent bundle via K4 = CEM4h4DiB € L41 NPy (realized via
ZPM4(h)) restores parity alignment and annihilates the entire linear O(eh?)
error Hrewr = BMARADAB € L£51 N (Py @ Py) (Theorem 5.18). Right
(Tier 2, m = 2): In the quadratic sector L5, the Hall basis dimension
dim L52 = 2 exceeds dimIm(Dalz,,) = 1, leaving the one-dimensional Lie
cohomology class [DpD3B] € HY(Da,Ls52) = R as the universal O(g2h%)
floor (Theorem 5.17).

64). When h < /g, the quadratic floor O(e2h*) dominates and the observable slope
transitions to order 4 (ratio 16) with an O(e) amplitude gain over BMy.

Deep Collision Stratum Dg,y (755 — 0,u;; > 2): The non-perturbative
Lie conjugator ZPM4(h) propagates binary leaves through the exact analytical
Kepler—-Sundman—Stumpff solver ® 4 and smooth screened apex kicks ®p, com-
pletely avoiding the Cartesian r~° ultraviolet divergence without softening (dy = 0)
and preserving regular C'! collision bounce traversal. Moreover, under the lo-
cal dyadic sub-step scaling heu(r) X Tayn(r) = /13/(GMgy) o 73/ along any
Keplerian free-fall branch w(r) oc r~1/2, the prefactor heuy,(r)*GMy/r® o 73
in (5.80) forces the generating potential and corrective phase-space shifts to van-
ish asymptotically as |[K4| = O(r7/2) = 0, ||Areon|| = |[VwKal| = O@F*) — 0,
|AWeor || = ||V Eal| = O(5/%) — 0, and [|Aweor | /[|W] = O(r%) — 0.

Screening Transition Stratum Dyans (1 < u, < 2): Non-linear mollification
cutoff derivatives ©'(u)Vu inject transverse non-smooth components (C! transi-
tions at boundaries u = 1,2), stably retrograding the local convergence rate to
nominal symplectic order 4.

Democratic Supernode Stratum Dg,per (xs < 3): Multi-body close interac-
tions and Poincaré non-integrability are integrated by the synchronous Sundman
supernode solver at the base fourth-order symplectic accuracy.
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(5) Atlas Boundary Stratum Dyas (po ~ pg): Chart transitions across Ja-

. . . (PBM4)
cobi trees are executed by theAdedlcated covariant gauge operat(?r T, g =
ZfM4’(B)(—h) © M¢oord © ZfM4’( )(—I—h) (Theorem 5.20) with exact Cech 1-cocycle

closure and machine-zero energy jump (AHgauge < 1073%).

{ Lean A.1 : cotangent_lift_pl_solves_linear_151_channel ]

The formal certification badge denotes verification in Lean 4 of the asymptotic domain
conditions and the 5-strata partition governing the effective sixth-order scaling.

Proof. We evaluate the residual homological error across each canonical stratum of T*Q[N]:

(1) On Dieg, the separation conditions u, > 2 and xs > 3 guarantee that the screened apex
potential is smooth with scale ¢ ~ (r/R)?> < 1. By Theorem 5.18, the cotangent-lifted
corrector K4 € Py realized by ZBM4(h) cancels the entire linear tidal commutator Hinear =
BMADAB € L5,. The remaining error is governed by (5.85): Hproe — H = O(e2h%) +
O(eh®). For e < h?%, 2h* < ¢hS, yielding an observable convergence rate of effective
order 6; for h < /g, the O(e2h*) floor dominates and the rate transitions to order 4 with
an amplitude reduced by O(e) relative to BMy.

(2) On Deon, as ri; — 0 with u;; > 2, the 2-stage Lie conjugator ZEM4(h) evaluates
® 4 (£, |h]) via the regularized universal Stumpff solver (Proposition 5.5) and ® g(F8,|h|)
via the bounded screened apex gradient VW;re", introducing zero singular derivatives at
the collision boundary of Q[N].

(3) On Dypans (1 < u, < 2), the CH! cutoff function ©(u) has bounded Lipschitz derivatives at
u € {1,2}, confining the local convergence rate across the screening boundary to nominal
order 4 without compromising symplectic stability.

(4) On Dgyper (xs < 3), close multi-body democratic clusters are handled by the synchronous
Sundman regularization on the supernode sub-graph, maintaining fourth-order symplectic
accuracy.

(5) On D,yas, chart transitions across overlapping binary trees are governed by the covariant
gauge operator Tffgl ) established in Theorem 5.20, which ensures exact symplecticity,

Cech 1-cocycle closure, and machine-zero energy jump.

5.5.4. Covariant Symplectic Atlas Gauge Transitions for Processed Schemes. When integrat-
ing the N-body problem on the compactified manifold Q[N], the system transitions across
overlapping charts corresponding to different binary Jacobi trees. For uncorrected composi-
tion schemes (such as Strang, BMy, or BMg), coordinate chart transitions are governed by
the classical linear symplectic transformation Mcyorq € SL(2,R) C Sp(6/N — 6,R):

qB = Mcoorqu) PB = (M;olord)TpA~ (587)

Because M¢oorq is a pure linear symplectic map, it preserves the canonical Darboux form
and introduces zero floating-point energy jump (AHgauge = 0).
However, for processed schemes like PBMy, the internal numerical trajectory evolves in a

shadow space defined by the boundary symplectomorphism ZPM4(h) = exp(Dg, ) + O(2h?).

Because the splitting H = Agﬂ) + ngéien’(T) depends on the active Jacobi tree T', the shadow

manifold in chart A differs from the shadow manifold in chart B by O(sh*). When a chart
transition occurs at time ¢, transferring the raw shadow state directly via Mcoorq Without
gauge conjugation would inject an O(eh*) secular energy discontinuity at every flip.

Theorem 5.20 — Covariant Symplectic Atlas Gauge Transition Operator Tf_]?g[ B

Following the atlas connection framework of De Concini and Procesi [19] and Calaque and
Safronov [15], let T4 and Tp be two adjacent Jacobi tree charts on Q[N] connected by the
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canonical coordinate change Mcoorg € Sp(6N —6,R), and let ZfM4’(A)(h) and Zf M4’(B)(h)

be the corresponding boundary symplectomorphisms generated by K iA), K iB) € Pi.

Mapping the shadow state z4 in chart A back to the underlying physical manifold via
ZfM4’(A)(+h), executing the canonical chart transition Mcyq, and projecting onto the
shadow manifold of chart B via ZfM4’(B)(—h) = (ZfM4’(B)(+h))_1 defines the exact co-

variant symplectic gauge transition operator TE;}}S;/{ V. Ty — T*Tp:

TEEMD () = ZPMYB) (Lh) 6 Miggora 0 ZEMW (41). (5.88)
At leading order in eh?*, this conjugation induces the covariant cotangent shift:

QB - Mcoord (aA + vaKziA)) - vaKzEB)a

PB = (M;}ord)T(f)A - VQAKXA)) + VQBKAEB)v

while in the unipotent limit restricting to pure configuration potentials (K € Py), the
cross-chart bracket {K®B) M*KW} = 0 collapses (5.89) to a pure momentum kick with
Aq =0.

(PBM4) .. : .
The operator Ty 5 satisfies the four canonical gauge axioms:

(5.89)

(1) Exact Physical State Continuity: The physical phase-space coordinates recon-
structed via zPs = ZBM4(41)[Z] are strictly invariant across the transition:

2B = ZPMYP TP (@4)) = Meoora 20N (40)[24] = Meoora 25, (5.90)

(2) Exact Lie-Bargmann Invariance: T f_?gl D s a composition of exact Galilean-

invariant symplectomorphisms, preserving total linear momentum Py, center-of-
mass boost Ggal, and SO(3) angular momentum Ly, to machine precision.

(3) Exact Machine-Zero Energy Jump: Because the physical state zP"* is con-
tinuous across the chart flip, the physical energy jump vanishes to floating-point
roundoff:

AHgouge = |H(Z2) — H(Z0™)| < O(emacn)  (~ 107 in Float128). (5.91)

(4) Cech 1-Cocycle Groupoid Closure: For any triplet of adjacent
charts (T4,Tp,Tc), the intermediate boundary correctors telescope identically

(Zf M4(B) (+h) o ZfM4’(B)(—h) = Id), satisfying the exact transitivity condition
on tree cycles:
PBM4 PBM4 PBM4
Té—>C )OTIE{—>B ): ,El—>c )7 (592)

guaranteeing total absence of secular hysteresis or topological energy drift along
arbitrary chart switching sequences.

{ Lean A.1 : pbm4_gauge_symplecticity

{ Lean A.1 : pbm4_gauge_bch_exact_collapse

[ Lean A.1 : pbm4_gauge_cech_cocycle

Python A.2 : integrators/correctors.py, core/transitions.py [Float64 / Float128]

)
)
)
)

The formal certification badges verify in Lean 4 the exact symplecticity of the gauge transi-

tion operator TIgP_}?Jg/I 4), its unipotent configuration specialization, and exact Cech 1-cocycle

groupoid closure on overlapping Jacobi coordinate charts.

Proof. By definition (5.88), TA(‘P_E)%M) = ZfM4’(B)(—h) o Mcoord © ZfM4’(A)(+h) is the composi-
tion of three exact symplectomorphisms (ZfM4’(A)(+h) € Symp(T*T4), Mcoora € Sp(6N — 6,R),
and ZfM4’(B)(—h) € Symp(T*Tgs)), and is therefore an exact symplectomorphism preserv-

ing the canonical 2-form ). Applying ZfM4’(B)(+h) to zZp = Tjglfgm)('sz) yields z%hys =



NORMAL CONE IS ALL YOU NEED 93

ZfM4’(B)(+h) o ZEM4’(B)(7h) 0 Mcoord © ZfM4’(A)(+h)[EA] = Meoorazy ™ by the exact algebraic
inversion ZPM4(—h) = (ZBM4(h))~1 of (5.82), proving Axioms 1-3.

For any triplet of charts (T4, Ts,T¢), composing T gfg Y Wwith Tf_]?g[ . yields:
(C ) ; (A (C
TEBMD o (PBMY) — ZBMAO) (_pyoMproZP™MH P (4h) 0 ZEM B (h) oM 4o 2PMH W (1) = ZPMHD (—h)oM 4,
=1d
(5.93)
which establishes exact Cech 1-cocycle groupoid closure (Axiom 4; see Figure 12). Finally,
in the unipotent specialization where K KB ¢ Py, {K(B),M*K(A)} = 0 collapses
the Baker—Campbell-Hausdorff series to a pure momentum kick with block-triangular Jaco-
bian J = (hﬁf:(’; (M;Erd)T> whose symmetric Hessian block ML Hap = —hAV2KA) 4
h4M2;0rdV2K(B)Mcoord satisfies JTJcand = Jean.
(\[/,I:E"“'(A))k Moond € Sp(6N — 6,1) (\[/’IL’EI\H.(B))M,

phys, (A

Physical Phase Sp?ce zghy&(A) € T*Ty 2"

hys,(B hys, (B
T, ooy ) e 1Ty ———— 2" e T T ——— P e

. BM4,(A) BM4,(B)
ZBM4,(A) Z, (+ha) Z, (=hp) BM4,(B)
24 (=ha) ! (Pullback) (Iie—project) 24 (+hs)

(@Z:M,(ﬁw)k — PBM4) ((}Ezu,m))m

7l
o I[A.h,\)‘v(:B,’!R) - o (B) o
v €T Ty [ Ei; ) e T°Tp Zpm €ET*T'p
2402, =1d # Meoora (AK4 #0) Zi02; ' =1d

Shadow Manifold

T*Ta (z) “

(Cech 1-Cocycle Clo(sure
PBM4) _ (PBM4) __ ,(PBM4)
Tgc ' °Tasp =Tisco

(PBM4) (PBM4)
(Aha)=(Che) (B,hp)=(Cihe)

FIGURE 12. Processed shadow-gauge architecture and covariant Cech 1-
cocycle transition across Fulton-MacPherson Jacobi charts (Theorem 5.20).
Left and Right (Interior Shadow Telescoping): Within a fixed chart
Ty at step hg or Tp at step hp, interior shadow steps @ENM telescope
without evaluating the boundary processor (ZPM4(+h) o ZEM*(—h) = Id).
Center (Covariant Shadow-Gauge Bridge): At a chart or dyadic
step switch (T4, ha) — (T, hp), the linear coordinate symplectomorphism
Mcoora € Sp(6N — 6,R) does not commute with the chart-dependent pro-

cessors (AKy; # 0). Executing the composite shadow-gauge connection
A
BN = ZPE)N ) 0 Moo 0 2P (4h4) pulls back to

the physical phase space before re-projecting onto T*T g, preserving exact

physical continuity (AHgauge < O(€mach)) and closing the Cech 1-cocycle

T gfg{ Do 1&1232/[ 4 1511233/[ D across any chart triplet (T4, T5,T¢) (bottom).

5.5.5. Comparative Synthesis of Symplectic Integrators. We consolidate the theoretical hier-
archy established throughout Section 5 into a comparative synthesis table (Table 2). This
matrix compares the five canonical symplectic integration architectures of Section 5 across
effective convergence order, computational cost, algebraic Lie properties, secular celestial
invariants, and formal Lean 4 certification status.

Python A.2 : integrators/{strang, yoshida, blanes_moan_4, blanes_moan_6, processed,

correctors}.py [Float64 / Float128]

Transition to Dyadic Multirate Scheduling (§5.6). Having established the high-order base

propagators (BMEZ) and BMéH)), proved the Universal Obstruction Theorem 5.17, and con-

structed the boundary-corrected scheme PBM, together with its covariant chart transition
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TABLE 2. Comparative Synthesis of Symplectic Integrators on Q[N].
Comparison of the five canonical symplectic integration architectures of Sec-
tion 5 across effective convergence order, force evaluation cost per macro-
step (isolated step vs. FSAL chained steps), principal Lie error commutator
norm || - ||fgan, maximum retrograde sub-step max,, <o |a;|, exact discrete Lie—
Bargmann first integrals, zero-softening trans-collisional traversal, secular en-
ergy dissipation slope Slopey, secular orbital phase drift Af(t), and formal
Lean 4 certification status.

Evals Lie Error Max Retr. LB o Secular Lean 4
Scheme DPeft (Tso/FSAL) |- llezan maxXg, <o |a;| Invar. Bo=1d Slope Ad(t) Kernel
Strang S 2 2/1 | Hs|lan ~ O(1) 0 Exact Yes =0 O(h%*t) Kernel Cert. (§A.1)
Yoshida Sy 4 4/3 | H 5| an = 1.25 1.702 Exact Yes =0  O(h') Kernel Cert. (§A.1)
BM{” 4 8/7 | Hs|ltan ~ 0.0029 0.434 Exact  Yes =0  O(h*) Kernel Cert. (§A.1)
BM{Y 6 12/11 || H7||11an ~ 0.0004 0.246 Exact  Yes =0  O(hSt) Kernel Cert. (§A.1)
PBM, (BM{" 4 2BM4) ¢ 8/ 7 ST [|gan &~ 0.0018  0.434 Exact  Yes =0  O(St) Kernel Cert. (§A.1)

* Note on Evaluation Count and Invariants: Evaluation counts list isolated single steps followed by
chained FSAL (First Same As Last) steps where terminal and initial evaluations merge. The asterisk for PBM4
indicates that boundary symplectic correctors telescope to the identity at every interior sub-step (ZEM*(—h)o
ZpM4 (+h) = Id), requiring zero additional force evaluations during continuous shadow propagation. The Lie
error norm || - ||uan denotes the canonical Hall basis norm of the leading uncompensated modified Hamiltonian
commutator on the reference Keplerian two-body problem following Blanes and Moan [10] (differing from the
unnormalized RKN tree vector norm ||Cs|| of Section 5.3 by the uniform factorial tree normalization while
preserving the exact 434.6x > 400x reduction ratio between Yoshida Ss and BME:)). Exact LB Invariance
denotes exact discrete conservation of all 10 Lie-Bargmann generators on Pex;. Secular energy dissipation
vanishes identically (Slope = 0) across unsoftened collision bounces (B% = Idmy,,)-

¢ Note on Pre-Asymptotic Order 6 of PBMy: Effective order 6 is realized in the hierarchical regime
e ~ (r/R)® <« h? on Dieg, because the cotangent-lifted corrector Ky = ciM*h*D% B € Py (implemented via
ZPEM4(p)) identically cancels the linear tidal error Hi™* = ¢BM4D4 B € L5 while leaving the quadratic
channel h* HU9*4¢ _ (|0, W5} = O(e?h*) € Ls,2 as an irreducible floor, transitioning to order 4 (with

an O(e) amplitude gain over BM4) when h < /¢ in agreement with Theorem 5.17. Chart transitions are

executed via the covariant gauge operator TX:BgM) (Theorem 5.20).

operator Tf(‘P_]?gl 4 (Theorem 5.20), all single-step geometric components are in place. How-

ever, gravitational N-body systems exhibit extreme multi-scale dynamical stiffness: while
outer hierarchical clusters evolve over secular macro-steps Atyacro, close hyperbolic flybys or
non-leaf pericenter passages demand local time steps orders of magnitude smaller. Crucially,
both the Benettin—Giorgilli shadow Hamiltonian confinement and the telescoping identity
Cy, L6 ¢, = Id of PBMy require the integration step and the Jacobi chart 7 to remain
piecewise constant across interior sub-steps. Section 5.6 resolves this tension by embed-
ding our high-order propagators into a Skeel-Gear dyadic multirate lattice with inner/outer
Leaf/Apex decoupling.

5.6. Dyadic Multirate Symplectic Scheduling and Skeel-Gear Synchronization.
In gravitational N-body systems characterized by hierarchical clustering, high eccentricity,
and large mass ratios, physical interaction timescales span multiple orders of magnitude,
ranging from days for hardened inner binaries to millennia for outer spectators [1, 29]. Ad-
vancing the entire phase space with a global uniform time step governed by the instantaneous
minimum timescale At = nmin;; 7;; incurs a prohibitive computational penalty, scaling as
O(Nsteps - N 2). Conversely, naive asynchronous multi-rate schemes, in which particles or
Jacobi nodes advance under independent uncoordinated step sizes, break the symplectic
2-form of phase space and trigger the unremovable O(65/2) Lie commutator catastrophe
established in Proposition 4.7 (Section 4.3).

To resolve this dichotomy, this section establishes the mathematical theory and algorithmic
architecture of the dyadic multirate symplectic scheduler. By restricting local sub-steps to
a discrete dyadic lattice hy = AtmacrO/Zk, enforcing macro-boundary synchronization in
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the sense of Skeel & Gear (1992) [66], decoupling desingularized leaf pairs from singular
apex refinement (the Leaf/Apex Decoupling Theorem), and freezing the Jacobi tree chart
throughout each macroblock, we construct a multirate integrator that guarantees:

(1) Strict symplecticity on the extended phase space T*Q[N] x R; x R to machine
precision IEEE 754 float64;

(2) Exact microscopic time-reversibility S(—h) = S(h)™};

(3) Absence of artificial dyadic saturation (k = 17) on tight binaries;

(4) Continuity and long-term boundedness of the modified shadow Hamiltonian H.

5.6.1. The Discrete Dyadic Lattice and Skeel-Gear Macro-Boundary Synchronization. Let
Atmacro > 0 denote the base macroscopic time step of the global integration scheme. To
combine multi-rate flexibility with the rigid algebraic symmetries required by symplectic
composition, local sub-steps are constrained to a discrete dyadic lattice:

—— Definition 5.21 — Dyadic Multirate Lattice
The dyadic multirate lattice of depth kmax € N is the set of discrete step sizes:
At
D) = {hk — Simecro

A macroblock over the physical interval [t,,, t, + Atmacro] assigned dyadic level k is subdi-
vided into exactly 2* identical substeps:

keN,0<k< kmax} . (5.94)

tm =t +mhy,  me{0,1,...,2"} (5.95)
By construction, the dyadic partition satisfies the exact completeness identity:
2k
At
> hy =25 (;j‘)) = Atmacro, (5.96)
m=1

which evaluates bit-exactly to machine precision without cumulative floating-point sum-
mation drift by computing intermediate timestamps via t,, +m - (Atmacro/2") rather than
recursive addition t < t 4 hy.

The fundamental challenge of multirate symplectic integration lies in the preservation of
geometric conservation laws across step size transitions. Skeel & Gear (1992) [66] established
that variable time-stepping in Hamiltonian systems generically destroys symplectic conser-
vation unless the step adaptation occurs synchronously at pre-assigned macro-boundaries:

ollowing the multirate Hamiltonian framework of Skeel and Gear [66], let S, : T*Q[N] —
Q[N] be a symmetric palindromic symplectic integrator of order 2p (S_, = S, 1) ad-
vancing across macroblocks I, = [t,,tn11] of duration Atyacro. If the dyadic refinement
level k, € {0,...,kmax} and the Jacobi chart 7, € Trees(N) remain frozen throughout
macroblock I,,, then:

Proposition 5.22 — Intra-Block Invariance and Macroblock Symplectic Propagation
F
T*

(1) Ezact Microscopic Reversibility: The macroblock propagator \I/(&)mwo = (Shkn)2kn

is an exact symplectomorphism on 7*Q[N] preserving the time-reversibility identity

Atmacro 7Atmacr0 :
(2) Suppression of Internal Commutator Spikes: Freezing chart 7T, inside I, eliminates

mid-step Lie commutator jumps AHgi, ~ hkn{Wiﬁé‘jf“’(A), W;f,gfn’(B)} # 0. Chart

transitions are executed exclusively at macro-boundaries ¢,, via the covariant gauge

T(PBM4)

operator T .5~ (Theorem 5.20).
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Proof. Symplecticity follows from the group property of canonical transformations: the 2F»-fold
composition of symplectic maps S, is strictly symplectic. Microscopic reversibility follows from

(Sh,., )’21% = (S_n,, )21% = \Il(:gtmcm by palindromic symmetry [66]. If a chart change occurs at an
interior substep m € {1,...,2%» — 1}, the broken symmetry introduces an uncompensated Baker—

Campbell-Hausdorft cross-bracket %h%n [Xv,, Xvy;] # 0, destroying shadow energy preservation.
Restricting transitions to macro-boundaries restores global reversibility.

d

5.6.2. Scale-Invariant Dynamical Timescales and Predictive Encounter Anticipation. Having
established the stability of macro-boundary synchronization, we now formalize the physical
observables governing the selection of the dyadic exponent k € {0, ..., kmax}. Rather than
relying on arbitrary metric distance tables (such as empirical thresholds r < 0.015), the
dyadic scheduler dynamically evaluates three scale-invariant, Galilean-invariant characteris-
tic timescales for every interacting pair (i, j):

— Definition 5.23 — Scale-Invariant Interaction Timescales

Let q;,q; € R3 and Vi, Vj € R3 be the Cartesian positions and velocities of bodies i and
J, with relative separation vector r;; = q; — q;, distance r;; = ||rj;||, relative velocity
Viel = V; — Vj, and radial velocity:

_ Tj5 - Vyel
Vrad = ————.

5.97
(.97
We define:

(1) Kinematic Fly-by Timescale:

CoN Tij
Tl vl ) 599
measuring the transit time across the local interaction sphere at constant relative
velocity.
(2) Dynamical Free-Fall Timescale:

- (5.99)

Tdyn(i,j) = W,

governing the local gravitational orbital frequency and free-fall collapse time.

(3) Predictive Bilateral Pericenter Encounter Timescale: For pairs whose osculat-
ing encounter envelope satisfies the symmetric macro-window condition |tpei| <
2| Atmacro| (Where tperi = — (T Viel)/ | Vee1|? in the rectilinear flyby approximation,
or |M| < nAtmacro for eccentric orbits), the two-body Keplerian energy and specific
angular momentum:

1 G(m; +m;
EQb = 5”"1"61H2 — M, L= I'Z‘j X Vryel, (5.100)
ij
predict the osculating pericenter distance rpei = a(1 — e) and pericenter velocity

Uperi = \/ | Vrel||?2 + 2G (m; + mj)(r;elri - rzgl). The predictive encounter timescale

1S:

P
N peri
Tperi(l,]) ‘= min ,

Uperi

(5.101)

Because |tperi| is an even function under phase-space time reversal R(q,p) =
(q,—p), the bilateral activation window ensures identical refinement sequences on
approach and departure, strictly preserving microscopic time-reversibility.
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Proposition 5.24 — Scale and Galilean Invariance of the Dyadic Scheduler
Under the gravitational homothety group of Sundman [72] and McGehee [47]:

q— \q, t— N3/2, vi— A2y (A >0), (5.102)
all three timescales scale with identical homogeneity:
Tkin — A2 1gn, Tdyn — )\3/2Tdyn, Tperi = )\3/27'peri. (5.103)
Consequently, for any safety factor nsatety € (0, 1), the dimensionless ratio:
At
R = — (5.104)

Nsafety Mili<; 7 (7, )
is strictly invariant under homotheties (R(Aq) = R(q)). The resulting continuous dyadic
level:
k = min (kma)u max (kdefaulta HogZ R—‘ )) (5105)
is an absolute conformal invariant, preserving numerical resolution identically from compact
stellar triples to galactic clusters.

Proof. By direct substitution of the homothety transformations: 7y, = (Ar)/(A~Y2v) = X3/27,,
and Tayn = /(Ar)2/GM = )\3/27dyn. In the predictive pericenter formula, Eop — A ™' Fop, and L —
AV/2L, yielding eccentricity e = /1 +2EL2/(GM)? ~ e (strictly invariant) and semi-major axis
a =—GM/(2E) — Aa. Thus rperi — ATperi and Uperi — A‘l/vaeri, confirming Tperi —> /\3/27'peri.
Since Atmacro — A2 Atmacro, the ratio R is the quotient of two quantities scaling as A3/2, hence

R—R.

5.6.3. The Leaf/Apex Decoupling Theorem and Singular Pericenter Isolation. A naive appli-
cation of predictive pericenter refinement (Tperi — 0 as rperi — 0) to all particle pairs in an
N-body system introduces a catastrophic computational pathology: for any tightly bound,
eccentric Keplerian binary (e.g., e > 0.999, 7peri ~ 107?), the scheduler would saturate at
the maximum depth kp.x = 17 (217 = 131072 substeps per macro-step), even though the
binary is already integrated analytically to machine precision!

This obstruction is resolved by the Leaf/Apex Decoupling Theorem:

Theorem 5.25 — Leaf/Apex Decoupling Theorem
Under the Fulton-MacPherson desingularization of terminal pairs (Fulton and MacPher-
son [24]), let 7 € Trees(N) be an adapted binary Jacobi tree, and let LeafPairs(7) C
({1"'2"N }) be the set of mutual two-body binary pairs occupying the terminal leaf nodes of

T.

(1) Ezact Analytical Desingularization and Invariant Timescale: For every leaf pair

C = (i,7) € LeafPairs(7T) with negative binding energy E¢ = 2;%0 |mel|? - Gﬂgﬁj <
0, the internal Keplerian Hamiltonian:
2 Gmam.:
He(xo, me) — Imell” _ Gmim; (5.106)

2uc el
is integrated analytically by the universal Stumpff-Sundman diffeomorphism (Sec-
tion 5.2). Consequently, the local flow exp(hXp,) generates zero operator split-
ting error and zero truncation error across arbitrarily close pericenters (rperi — 0,
e — 1). The dynamical timescale of the bound leaf pair is governed by its invariant
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semi-major axis ac = —Gm;m;/(2E¢):
al P,n(C)
C) = ¢ === 5.107
Tdyn( ) G(ml + mj) 27 ’ ( )
which remains strictly bounded and non-vanishing throughout eccentric pericenter
passages.

(2) Hill Isolation Guard and Two-Regime Quadrupolar Tidal Decoupling: Let Mo =
m; + m; and Remco = (miq; + mjq;)/Mc. For N = 2, the apex remainder
vanishes identically (Waree™ = 0) and Tpair(i, ) = Tayn(C). For N > 3, under the
instantaneous Hill sphere isolation condition for all external perturbers k ¢ {i,5}

at distance Rexr = ||k — Rem,c|l:

1 1 Mc 1/3 -
Tij < gRHill(C7 k) = gRext,k W and Rext,k > 37’ij7 vk ¢ {%]}7
(5.108)
the external tidal perturbation WZSE™ on pair C is strictly quadrupolar

(O(Tc/Rg’ka)) and uniformly bounded across pericenter. Defining the Hill-
clamped effective semi-major axis aes(C) = min(ac, Minge(; i} %RHiH(C, k)), the
characteristic orbital size {c = max(r;;, aes(C)), the effective orbital timescale
Tayneff(C) = Vaex(C)3/(GM¢), the local encounter timescale Tioc(i,7) =
min (7yin (¢, 7), Tayn (4, 7), Tperi (4, j)) at effective distance rioc(4,7) = min(rij, res),
and the dimensionless quadrupolar tidal parameter:

0\
Etidal(C) : mk( < ) : (5.109)

= max ——
k¢{i.j} MC Rext,k
the pairwise scheduling timescale is governed by the two-regime tidal decoupling
law:
Tayn(C), if C = (i,7) € LeafPairs(T), Ec <0,
and (N = 2 or g4ga1(C) < 107%9),
Toair (8, 1) = 3 min(Tayn(C), max (Trag1 (5, 5), Treg2(C)) ), if C = (i, ) € LeafPairs(T), Ec <0,
N > 3, and Hill-isolated,
7—loc(ia ]) = min (Tkin (Za .7)7 Tdyn(ia ])? Tperi(ia .7)) ) otherwise,
(5.110)

where the instantaneous quadrupolar scale Ty¢g,1 and the periastron-invariant tidal
floor Tyeg,2 are given by:

0.1 ng’afcty

Tloc(iaj)
, T C)=—"2-r1
1/4 reg.2(C) Edar (C)3/4 O™l

(cuant(C) (min(r10e, €0)/00)°)

Treg,1(6,) = (©).
(5.111)
(3) Protection Against Algorithmic Paralysis: Because Tyeg 2(C) depends exclusively on
act(C) and €4iga1(C) and is strictly independent of r;; and rper, as rij — Tperi — 0
(e = 1) the vanishing branch 7yeg1 = O(710c) — 0 is superseded in max(Treg,1; Treg,2)
by the strictly positive floor 7yeg2(C) > 0. Under rule (5.110), active leaf pairs
require only modest orbital resolution (k < 7, hi/Pop ~ 0.05), while extreme
dyadic refinement (k — 17) is deployed exclusively when an external body plunges

into the non-integrable screened apex potential Wil or breaches the Hill sphere.

[ Python A.2 : system/dyadic_scheduler.py [Float64 / Float128] ]
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Proof. By the Fulton—-MacPherson Hamiltonian decomposition (Section 4.2), the global Hamiltonian
partitions as:
2
™
H=Ty(mo)+ Y Im” > He+Wegse, (5.112)
veComp Hov CeLeaf

The mutual Newtonian potential —Gm;m, /r;; of any leaf pair C' = (3, j) is entirely contained within
Hc and is strictly absent from the apex remainder W tiee™ by definition of the screened partition. In
the operator splitting Sj, = exp(%Xv) exp(hXr) exp(%XV)7 the Keplerian sub-flow exp(hX g, ) is
executed in closed form via Stumpff functions without spatial discretization. Thus, no truncation
error proportional to r;& is generated by He. The only error involving pair (i,j) arises from

tidal coupling with third bodies & ¢ {4,7} through Wie™. As long as the Hill isolation guard
ri; < %RHiH(C, k) and Rext,x > 3r;; is respected, the tidal force exerted by third bodies scales
as O(egidaimij/lc) (Equation (4.40)), which vanishes linearly as r;; — 0. Away from pericenter
(T1oe ~ £c), matching the fourth-order splitting commutator O(etiqa1(T10c/€c)?(h/T0c)?) yields the
first regime Tieg1 = Tloc(Etidal(rloc/ZC)2)_1/4. As roc — 0 near periastron, the integrated tidal
impulse over the analytical Sundman passage is bounded by the semi-major axis scale aqg(C),
yielding the periastron-invariant second regime Tyeg 2(C) = 0.177§’afety£;§§ Tayn,eff (C') > 0. Taking
min(7ayn (C), Max(Treg,1, Treg,2)) therefore resolves external quadrupolar tides near apocenter while
rigorously preventing artificial step-size collapse at periastron (rperi(C) — 0). Conversely, if a third
body breaches the Hill sphere (r;; > %RHM(Q k) or Rext,x < 3r;j), or for non-leaf pairs (¢, k) whose
interaction is mediated by Wiri®", strong three-body tidal deformation occurs, requiring the full
local and predictive encounter timescale 71, (4, j) until an atlas chart rotation transfers the tightest
pair to a leaf.

5.6.4. Shadow Hamiltonian Continuity and Phase Preservation. We conclude by demonstrat-
ing that the dyadic multirate scheduler preserves the asymptotic properties of the modified
(shadow) Hamiltonian across variable step sizes:

ollowing the adiabatic invariant and backward error analysis of Benettin and Giorgilli [6]
and Hairer, Lubich and Wanner [28], let Sj, be a symmetric symplectic scheme of or-
der 2p advancing on the dyadic multirate lattice. On each macroblock I, = [ty,tn41] of
duration Atpacro With level k,,, the numerical flow interpolates the autonomous modified
Hamiltonian:

’7 Proposition 5.26 — Interfacial Shadow Energy Bounds and Quasi-Reversibility
F\

Hy, (r,w) = H(r, ) + hingpH(r, ) + O(hiﬁ”). (5.113)
Then:

(1) Interfacial Energy Jump Bound: At the macro-boundary ¢, separating block I,,_1
(level k,,—1) and block I,, (level k), the shadow energy discontinuity is bounded

by:
|Hy, (2(tn)) = Hy, , (2(ta))| < [2725 — 2720 [ AR Hopi (2(ta))]. (5.114)
(2) Adiabatic Confinement vs. Chaotic Random-Walk Diffusion:
e For symmetric, isolated close encounters, the bilateral time-reversible selec-
tion of timescales ensures that inward and outward level progressions match
identically (Kpn,o;+m = Knpes—m). The interfacial jumps cancel telescopically

to higher order (3. AH = O(A#22F1 ), bounding physical energy fluctuations

macro

within an envelope |AE| < CAt?2,  over exponentially long times.
e Under generic asymmetric multi-body encounters or chaotic flybys where chart

transitions and level switches do not pair symmetrically, the interfacial energy
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jumps behave as zero-mean quasi-random perturbations. The cumulative en-
ergy error exhibits slow diffusive random-walk growth:

ABna(t) < C | . A2

—= A macro’
macro

(5.115)

preserving the superior O(v/t) Brownian envelope characteristic of symplectic
integrators over the linear secular drift O(t - At) of non-geometric schemes.

Proof. Subtracting Hy, , from Hj, at the interface point z(t,) immediately yields (5.114) from
the dyadic scaling hy = Atmacro/ 2% Under time-reversible orbit segments, timescales depend only
on even functions of time (r(t) and ||v(t)||), yielding identical dyadic sequences on approach and
departure. The interfacial jumps telescope symmetrically, leaving only higher-order non-adiabatic
errors bounded by the Benettin—Giorgilli theorem [6, 28]. Under chaotic or asymmetric multi-body
encounters, the interface jump signs and amplitudes decouple, acting as uncorrelated perturbations

with variance 0% 5 ~ O(AtE,..). Summing over Ngteps = t/Atmacro independent steps yields

root-mean-square diffusion AE,,g = \/Nsteps oar ~ O(Vt- Atffa_crlo), establishing the Brownian
diffusion envelope.

d

The complete operational architecture of the dyadic multirate scheduler is summarized in
the formal algorithmic specification below:

» Algorithm 1: Dyadic Multirate Symplectic Scheduler (Skeel-Gear & Leaf-Decoupled)

(1) Input: Macro-step Atmacro, tree T, state z,, = (A, Pr), limits (kdetault, Kmax ), safety Nsasety-
(2) Leaf Identification: Extract terminal binary pairs LeafPairs(T) = {(i., j¢)}-
(3) Pairwise Timescale Scanning: For all 1 <i < j < N:
e Compute kinematic 7iin = 7i;/||Vret|| and dynamical rgyn = 4 /ri?’j /GM;;, and initialize
Tloc = min(ﬁ(in» Tdyn)a Tloc = Tij-
e If not (C = (,j) € LeafPairs(7) and N = 2 and Egj, < 0) and tkepler < 2|Atmacrol:

— Compute effective intra-block distance reg and velocity wveg via Kepler 2-
body invariants, and update Tioe = min(Tioc, reft/Vesr, \/7og/GM;j;) and rie =
min(r;;, Tef).

o If C' = (i,j) € LeafPairs(7) with Eg, < 0 and Hill-isolated (r;; < %RHH](C,I{;) and
Rextx > 3ryy for all k ¢ {i,j}): set 7(i,j) = Tayn(C) = a}/GMc if N = 2
(or epiaal(C) < 10739), else set 7(i,5) = min(Tayn(C), max(Treg,1 (i, 7)), Treg,2(C)))
via (5.111).
o Else: set 7(4,)) = Tioc.
(4) Dyadic Exponent Determination:

Atm T
Tmin = Min T(i7j)7 k = min (kmaxv max <kdefau1t7 ’710g2 aco—‘ )) .

1<J Tlsafety Tmin
(5) Substep Propagation: Set hy, = Atmacro/Qk. Advance state z across 2F substeps via Shys
holding chart 7 and step hy, strictly frozen.
(6) Macro-Boundary Closure: At ¢,41 = t,, + Atmacro, re-evaluate Jacobi tree transitions

and apply gauge connection TAT};I Y if an atlas rotation is triggered.

5.7. Conclusion of Section 5 and Algorithmic Transition to Section 6. Section 5 has
established the complete mathematical architecture of high-order symplectic integration on
the Fulton-MacPherson compactified configuration manifold Q[NN] under zero gravitational
softening (e = 0):
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(1) Geometric Splitting and Regularized Leaf Flow (§5.1-§5.2): Starting from
the palindromic 7-operator Strang splitting Sa(h) on Pey, we reconciled the Sheng—
Suzuki negative-step barrier with unsoftened binary collisions (rc — 0) by confining
retrograde sub-steps a; < 0 to analytical Stumpff-Sundman leaf solvers on the McGe-
hee collision manifold M¢ (B = Idm,,).

(2) High-Order Blanes—Moan Propagators (§5.3—§5.4): Replacing Yoshida’s 3-
stage scheme with the 7-stage fourth-order composition BM 47 (suppressing the order-
5 Lie error norm by > 400x) and the 11-stage sixth-order composition BM(6H) estab-
lished exponential Benettin—Giorgilli shadow Hamiltonian confinement on D, and
exact discrete preservation of all 10 Lie-Bargmann invariants.

(3) Universal Obstruction and Cotangent-Lifted Boundary Processing (§5.5):
Using the bi-graded Poisson—Lie filtration L, (Proposition 5.16), we proved the
Universal Obstruction Theorem 5.17: no pure-configuration generator K4y € Py can
cancel the even-parity grade-5 error Hs (in particular DjWaSggffn), and no single-
commutator corrector can eliminate the quadratic channel L5 2 globally. Lifting the
generator to the cotangent bundle Ky = cM*h*D3 B € Py (realized via ZPM4(h))
to eliminate the linear tidal error O(eh?) € L5 1 yielded the processed scheme PBMy,
achieving pre-asymptotic effective order 6 on Dyeq (¢ < h?) above the quadratic apex

floor O(e2h*) € L5, equipped with the covariant atlas gauge transition operator

T}grfgm) (Theorem 5.20).

(4) Dyadic Multirate Synchronization and Leaf/Apex Decoupling (§5.6): Em-
bedding these propagators into a Skeel-Gear dyadic time lattice hj, = Atmacro/2"
with intra-block chart freezing and inner/outer Leaf/Apex decoupling (Theorem 5.25)
eliminated the 2¥max evaluation bottleneck for bound hierarchical binaries while pre-
serving time-reversible shadow energy stability.

With the analytical foundations, obstruction theorems, gauge transitions, and Lean 4
kernel certificates complete, the treatise shifts in Section 6 from formal geometric numer-
ical analysis to concrete computational realization. Operating on a hierarchical multirate
operator-splitting schedule, the algorithmic architecture of Section 6 coordinates local Ke-
plerian Stumpff-Sundman leaf solvers, composite center-of-mass drifts, screened apex tidal
kicks, and covariant Jacobi atlas transitions in vectorized dual precision, delivering deter-
ministic, reproducible, and verifiable high-precision gravitational simulations.
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6. COMPUTATIONAL ARCHITECTURE AND ALGORITHMIC REALIZATION OF THE NORMAL
CONE SYMPLECTIC INTEGRATOR

6.1. Global Algorithmic Architecture and Six-Phase Execution Pipeline. The math-
ematical formulation developed across Sections 1 through 5 establishes the exact geometric
desingularization of the gravitational N-body problem on the compactified configuration
manifold with corners Q[N] [24] and its shifted cotangent lift T7*Q[N] [15]. The objective
of this section is to translate these differential geometric structures into an autonomous,
certified algorithmic architecture with asynchronous shared-memory parallelism.

In this introductory section, we formalize the Unified Symplectic Integration Architecture
— here operating as the concrete algorithmic realization of the discrete symplectic splitting
on the shifted cotangent lift of the normal cone deformation of collision diagonals (T*Q[N])
— as a hierarchical six-phase execution pipeline (Phases 0 through 5). We establish the phase
space representations, the immutable state structures, the asynchronous dependency graph
governing parallel CPU execution without mutex contention, and the general operational
complexity of the solver.

6.1.1. The Unified Symplectic Integration Architecture: A Siz-Phase Stratification. Rather
than representing an eclectic assembly of preexisting numerical heuristics, the architecture
formalized here is the rigorous, constructive operationalization of the analytical theorems
established across Sections 1 through 5. Every operational phase is strictly anchored to,
and justified by, a proved mathematical necessity: desingularization on Q[N], smooth apex
screening, spectral Hill confinement, homological corrector solvability, boundary synchroniza-
tion, leaf/apex decoupling, and canonical gauge continuity. Our computational engine orga-
nizes these structures into six sequentially coupled operational phases (Phases 0 through 5,
comprising an initial setup Phase 0 followed by five runtime integration phases), summarized
in Table 3.

The operational rationale of each phase is directly anchored to our theoretical theorems:

(1) Phase 0 (Topological and Geometric Initialization): At the onset of sim-
ulation (t = 0), ambient coordinates (q,p) € (R?)" x (R*)" are projected onto
the center-of-mass frame Mo = M/Agans. An initial adapted binary tree Tj is
constructed by agglomerative hierarchical clustering on the Fulton—-MacPherson con-
figuration manifold with corners Q[N] (Theorem 4.1), exploiting the exact cotangent
commutation of disjoint sub-clusters (Proposition 4.2). Strongly coupled subsystems
are tagged as candidate synchronous supernodes via the spectral Hill Schmitt trigger
(Corollary 4.12).

(2) Phase 1 (Symplectic Pre-Processing and Regime Dichotomy): The initial-
ization of the phase state branches according to the selected symplectic architecture:

o Processed Regime (PBMy): To unlock higher effective order in the hierarchi-
cal regime without intermediate force evaluations, the physical state synys(0) is
transferred into the symplectic shadow manifold via the negative time-step Lie
corrector flow (K4 € Py):

SShadOW(O) = 4]13M4(_h0)[sphy5(0)} = (eXp(_DK4) + O(EQhé)) [SphyS(O)]'

The homological cancellation of the linear tidal error and asymptotic effective
order 6 on Dyeg (for e < h?%) alongside the irreducible quadratic floor O(2h?)
are guaranteed by Theorems 5.17, 5.18, 5.19, and 6.5.

e Direct Composition Regime (BMEP, BMéH) ): Because direct Blanes—-Moan com-
positions operate directly on the physical phase space without boundary con-
jugation, the boundary corrector is identically trivial (C = Id). Consequently,
physical phase space and shadow phase space coincide identically (Sshadow(0) =
Sphys(0)), requiring zero pre-processing overhead.
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Exact Lie-Bargmann preservation across both regimes is certified by Theorem 5.18
and Proposition 6.6.

(3) Phase 2 (Macro-Time Loop and Dyadic Scheduler): Time progresses through
discrete macro-intervals [ty,, t, + Atmacro]. In accordance with the Ge-Marsden theo-
rem [25] on variable time-stepping obstructions, unconditional exact symplecticity is
guaranteed by freezing the chart topology 7T, and dyadic refinement level k,, through-
out each macroblock, as grounded in the Skeel-Gear boundary synchronization and
dyadic time-reversibility proposition (Proposition 5.22).

At each macro-step entry, the dyadic multirate scheduler scans pairwise dynamical
timescales (Proposition 5.24) and applies our Leaf/Apex Decoupling Theorem (Theo-
rem 5.25) to isolate regularized Keplerian pairs from singular pericenter anticipation,
strictly preventing dyadic step-size saturation.

(4) Phase 3 (High-Order Symplectic Sub-Cycle): Over each sub-step hy, = Atmacro/2",

the system executes a palindromic composition (BMéH) or BMf)) whose elementary

stages interleave three geometric operators:

e Universal Kepler—Sundman Propagation: analytic leaf-pair propagation (Propo-
sition 5.5) equipped with Battin symplectic projection and the unitary McGehee
radial bounce B2 = Id (Lemma 5.6);

e Synchronous Supernode Evolution: internal recursive sub-cycling of strongly cou-
pled clusters with universal anti-Zeno regularization (Theorem 4.9);

e Screened Apex Kick: global multipolar/tidal momentum update whose non-
explosion is ensured by the universal C'' Lipschitz regularity of Wapex — on
QI[N] (Theorem 4.4).

(5) Phase 4 (Dynamical Atlas Transitions and Symplectic Gauge Connection):
At integer macro-step boundaries, the active tree chart T is tested against Delaunay—
Jacobi geometric admissibility (dmin < 7y7;j, with canonical Voronoi default v = 1.0 or
optional anti-chattering hysteresis v = 0.60). Under the canonical Voronoi partition
v = 1.0, chart assignment is a memoryless single-valued function of configuration
space that commutes natively with time reversal; when optional hysteresis v = 0.60
is enabled, our anti-chattering stability theorem (Theorem 4.10) guarantees a spatial
contraction factor v2 = 0.36 < 1.

State transfer to the new chart T” is governed by the symplectic gauge connection:

under PBMy, the dedicated covariant gauge operator Tf_]?g/[ 4 (Theorem 5.20) elimi-

nates shadow shock; under direct composition schemes (BMEJ), BMéH)), the transi-
tion collapses to the pure linear Darboux map Mcoorq € SL(2,R) C Sp(6N — 6,R)
with strictly zero energy jump AHgauge = 0 (Proposition 6.17).

(6) Phase 5 (Symplectic Post-Processing and Invariant Verification): Upon
reaching the target integration epoch t = tg,q, the shadow state is mapped back to
physical coordinates via the direct forward corrector sphys(tend) = ZBMA (L Bt ) [Sshadow (tend )]
for PBMy, or identity mapping for direct composition schemes, delivering the final
high-order state without secular drift (Proposition 6.6). This exit step is followed by
an exhaustive audit of the 10 Lie-Bargmann conservation laws (Proposition 1.1).

6.1.2. Phase Space Representations and Fundamental Data Structures. To maintain strict
isomorphism between the mathematical monograph and software realization, we identify
three coordinate representations of the instantaneous NN-body state, mapped directly to
immutable Python data structures:

(1) Cartesian Ambient State and Barycentric Projection: The physical config-
uration of the N bodies is stored in Cartesian arrays q € RV*3 and p € RV*3,
with strictly positive diagonal masses m € RQ]U. The barycentric reduction onto
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TABLE 3. The Six Operational Phases of the Unified Symplectic
Integrator and their Monograph Foundations.
Operational Mathematical Objective & Invariants Monograph Foundations
Phase & Ca-
dence

Phase 0: Geomet-
ric Initialization
Initial setup (¢ = 0)

Phase 1: Symplec-
tic Pre-Processing
Initial setup (¢t = 0)

Phase 2: Macro-
Time Scheduling

Each macro-step ()

Phase 3: Symplec-
tic Sub-Cycle
2% micro-steps (hy)

Phase 4: Dy-
namical Atlas
Transition
Macro-step boundary
(conditional)

Phase 5: Sym-
plectic Post-
Processing

Terminal epoch

(t = tend)

Barycentric reduction (Piot = 0, Remy =
0), optimal Jacobi tree construction Tj, and
spectral Hill identification of synchronous su-
pernodes Sgyne = {5 | ns < 2*1/3}.
Processed (PBM,): canonical shadow entry
Sshadow = ZfMi(—ho)[sphysL aligning the
trajectory with Hog = H + O(g*h* + ¢hf)
on Dig.

Direct (BM”, BM{™ ): € = 1d, 50 Sqnadow =
Sphys unconditionally with zero overhead.
Dynamical interaction timescale evalua-
tion, dyadic subdivision hy = Atmacro/2"
(k € [0, kmax]), bit-exact timestamping, and
leaf/apex decoupling.

Palindromic composition (BM((}H) or BMSJ))
interleaving analytic Kepler—-Sundman flow,
McGehee bounce (BZ = Id), Battin projec-
tion (fg — fg = 1), and screened apex kick.

Delaunay—Jacobi geometric admissibility
(dHill < 1, guaranteeing a posteriori anti-
chattering dwell time Afgqwell > Tmin > 0 via
spatial hysteresis 72 = 0.36 < 1) and canoni-
cal gauge connection Jp_,pv (det M = 1).

Processed (PBM, ): covariant gauge operator
(PBM4)
A—B

Direct (BMS),BM(EH)): JIr—1 = Meoord €
SL(2,R) with AHyayge = 0.

(PBMy): shadow  exit
Sphys ZEM4(+hCXit)[SShadOW] (asymp-
totic effective order 6 on Dyeg when £ < h?).
Direct (BMEJ), BMéH)): identity mapping
Sphys = Sshadow-

Followed by Lie-Bargmann
(AP,AL,AG < 107, AH = O(hPett

macro

Processed

audit

).

Theorem 4.1, Proposition 4.2,
Corollary 4.12

Theorems 5.17, 5.18, 5.19, 6.

5

Proposition 5.22, Theorem 5.25,
Proposition 5.24

Lemma 5.6, Theorems 4.4, 4.9,
Proposition 5.5

Theorems 4.10, 5.20, Proposi-
tion 6.17

Proposition 1.1, Theorem 5.18

Mo = (RPN

1'is performed by:

1 N N
Rcm = Mi Zmzqza Ptot = szv
ot j—1 i=1 (6.1)
b b my;
q; Y = ¢; — Rem, p; Y =p; — Milptot
tot

In the software engine, this corresponds to the immutable frozen dataclass Extended
PhaseState (defined in core/state.py), which enforces read-only array flags (flags.writeable
= False) to ensure mathematical immutability across parallel threads.

(2) Hierarchical Jacobi Coordinates on Q[N]:

Let T' be an adapted binary tree

in the dynamical atlas A. Each internal node v € Internal(7T) defines a clustering
partition of particle indices into left and right sub-clusters Sg(v) and Sg(v), with
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cumulative masses M, (v) = 3 ;cq, mi and Mg(v) = 3 g, m;. The relative Jacobi
separation, reduced mass, and conjugate cotangent momentum are given by:

o= Xp(0) = Xplv) = gpes 3 = s 3 myay
€Sy JESR (6.2)
{1y = ML(U)MR(U)
" Mp(v) + Mg(v)’

Terminal leaf pairs v € LeafPairs(T") correspond to isolated binary pairs S(v) = {i, j}
with r, = q; — q; and p, = mym;/(m; +m;). In the code, this topology is modeled
by the JacobiTree class (in core/jacobi.py).

Extended Poincaré—Sundman State Space: To govern multirate time re-scaling
and guarantee exact conservation of the energy hypersurface ¥, the physical state
is embedded into the extended phase space:

Wy = Ty € R3.

N
Pext = T*QIN] x Ry X R,  Qext = »_dq; Adp; + dE A dt, (6.3)
i=1
where F represents the extended conjugate energy variable satisfying the canonical
Poisson bracket {t, E} = —1. The conserved baseline Ey = H(qp, po) anchors the
zero-energy surface g = {(z,t, F) | H(z) — E = 0}.
Unified Simulation Orchestrator (NBodySystem): The high-level orchestrator
NBodySystem (in system/nbody_system.py) encapsulates the coupled interaction
between the instantaneous state, the active tree topology, the symplectic integrator
engine, the dyadic multirate scheduler, and the diagnostic history tracker.

[ Python A.2 : core/state.py, system/nbody_system.py [Float64 / Float128]

6.1.3. Asynchronous Shared-Memory Task Scheduling. A central architectural decision of
the present solver is its strict specialization for multithreaded CPU architectures, explicitly
excluding GPU / CUDA hardware accelerators. This choice is grounded on fundamental
dynamical and computational considerations:

(1)

High Algorithmic Branching Factor and Warp Divergence: In unsoftened
gravitational integration (¢ = 0), particles occupy widely separated dynamical regimes.
A tight binary pair near pericenter requires high dyadic refinement (k > 5) and mul-
tiple cubic Halley iterations for Stumpff series inversion, whereas wide outer clusters
evolve under coarse macro-steps (k = 0). In a SIMD/SIMT GPU execution envi-
ronment, threads within the same warp executing divergent branches tend to be
serialized, which can substantially reduce effective GPU arithmetic throughput.
Irregular and Dynamic Tree Topologies: Evaluating the screened apex potential
Wipex " involves traversal of hierarchical Jacobi trees with non-uniform clustering
depths. Tree transformations (Ja—p) alter memory locality at run-time, causing
irregular indirect memory accesses that defeat GPU cache hierarchies.
Microscopic Symplectic Reversibility and Float64 Guardrails: Exact preser-
vation of the time-reversibility involution (®_j 0 ®; = Id to 1071¢) requires bit-exact
scalar IEEE 754 float64 determinism, avoiding non-associative parallel floating-point
reductions that corrupt formal invariants.

To achieve high deterministic throughput on modern CPU processors, the computational
workload within each symplectic sub-step (Phase 3) is organized into decoupled, zero-allocation
kernels exploiting spatial independence:

e Operator Independence of Leaf Pairs: Each terminal leaf pair v € LeafPairs(T)

corresponds to a disjoint particle index partition S(v) = {i,j}. The associated
Kepler—-Sundman flows commute exactly in Poisson bracket and operate on mutually
disjoint slices of the configuration and momentum arrays.
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e Vectorized Spatial Reductions and @njit Compilation: The global screened
apex force field F; = —Vq, Winle" is evaluated via cache-aligned NumPy broad-
casted reductions with pre-allocated thread-local scratchpads (OptimizedScreened
ApexPotential). Concurrently, synchronous supernode sub-cycles are compiled to
native machine code via Numba @njit (fastmath=False) (jit_supernode.py), elim-
inating Python interpreter overhead and heap allocation during sub-cycles.

e Immutable State Flow: Because ExtendedPhaseState instances enforce read-
only memory views (flags.writeable = False), diagnostic and orchestration layers

access consistent phase-space snapshots without side effects.

Remark — Architectural Paradigm: Deterministic CPU Execution vs GPU SIMD Bottlenecks.
Unsoftened geometric symplectic integration constitutes an irregular, multirate, branch-heavy dy-
namical system. Unlike smoothed particle hydrodynamics (SPH) or softened cosmological particle-
mesh solvers where uniform kernel loops dominate, the exact geometric solver concentrates its
numerical effort on localized close encounters requiring deep dyadic refinement and variable Hal-
ley /Sundman sub-stepping. Modern CPUs with out-of-order execution, wide L2/L3 caches, and
strict IEEE 754 ordering provide the optimal hardware substrate for executing the hierarchical
Jacobi splitting with bit-exact symplecticity.

6.1.4. Operational Flowchart and Computational Complexity. The end-to-end execution flow
of the symplectic integrator is governed by the state transition machine illustrated in Fig-
ure 13. The theoretical complexity and memory footprint of the five execution phases are
characterized as follows:

e Kinematic and Kepler—-Sundman Drift (Phase 3.1): For an adapted tree T’
with Nieaves < |N/2] terminal leaf pairs, solving the Kepler-Sundman equations
requires Nieaves independent invocations of the Halley cubic iterator. Because Stumpff
series evaluation converges within 3 to 5 iterations for all eccentrically bounded orbits,
the computational cost is strictly O(Njeaves) = O(N).

e Screened Apex Force Field (Phase 3.3): Evaluating Wire™ requires sum-
ming non-leaf pairwise and composite node interactions across Internal(7), with
exact O(N?) direct evaluation in the reference and vectorized engines (extendable to
O(N log N) via multipolar tree-code truncation for large-N clustered configurations).

e Dyadic Scheduling and Timescale Scanning (Phase 2): Scanning pairwise
kinematic, dynamical, and pericenter timescales 7;; entails an exact O(N 2) scan
over all N(N — 1)/2 pairs once per macro-step boundary, maintaining a negligible
scheduling overhead relative to the 2¥ x s sub-cycle force evaluations (< 2% of macro-
step runtime).

e Memory Footprint and Cache Locality: The spatial state data structures
(q,p, m,r,, w,) require strictly O(N) memory storage: exactly 6N floating-point
scalars for Cartesian coordinates, plus (2N — 2) x 3 scalars for Jacobi coordinates.
For N = 103 bodies, the entire working dataset occupies less than 250 kB, fitting com-
fortably within the fast L2/L3 cache of modern CPU architectures and eliminating
main-memory latency bottlenecks.

6.2. Geometric Initialization and Symplectic Shadow Pre-Processing. Prior to tem-
poral evolution, an unsoftened N-body configuration must be rigorously embedded into the
differential geometric framework of the Fulton—-MacPherson compactification Q[NN] and pre-
pared for high-order symplectic propagation. This preparatory sequence comprises two dis-
tinct operational phases: Phase 0 (Geometric and Topological Initialization) and Phase 1
(Symplectic Shadow Pre-Processing):
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[Phase 0: Geometric Initialization (Tp, Pey = 0)]

|

[Phase 1: Shadow Entry Sgpadow = ZEM‘*(—hO)[sphys]]

!

[ Stage (1): Topological Adaptation? |Yes Phase 4: Reconstruct Tact

(A < yonitormi; = Tact, Atdwell > Tmin) & Gauge Jr—1,..

INo (Ther = 1)

Phase 2: Stage (2) Supernodes Ssync(Thact) |
& Stage (3) Dyadic Step hg(Tact) |

Phase 3: Symplectic Sub-Cycle
(2’C micro-steps of hy, on Tact)

No Simulation Complete?
(t 2 tend)

l,Yes
. : _ ZBM4
[Phase 5: Shadow Exit spnys = 25 (—|—hexit)[sshad0w]]

!

Metrological Diagnostics
AP,L,G < 107, AH = O(h%:E )

t <t + Atmacro

FI1GURE 13. Operational flowchart of the six-phase Unified Symplec-
tic Integrator pipeline. Causal macro-boundary execution sequence link-
ing topological adaptation (Phase 4), dyadic multirate scheduling (Phase 2),
and the palindromic symplectic sub-cycle (Phase 3).

e Phase 0 (Topological and Spectral Initialization): establishes the exact center-
of-mass gauge reduction, constructs an adapted binary Jacobi tree Ty via agglomera-
tive hierarchical clustering, and identifies candidate tight clusters through a proactive
spectral Hill tidal detector.

e Phase 1 (Symplectic Shadow Pre-Processing): prepares the symplectic shadow
manifold according to the architectural regime: for the processed scheme (PBMy), via
the algebraic inversion of the global boundary corrector ZPM4(—hy), eliminating the
leading linear tidal error commutator of order O(ehd) on Dyeg; for direct composition

schemes (BMY), BMéH)), via the trivial identity C = Id where physical and shadow
phase spaces coincide unconditionally (Sshadow = Sphys)-

6.2.1. Barycentric Projection and Center-of-Mass Frame Invariants (Phase 0.1). The un-
constrained Newtonian N-body problem on ambient Euclidean space R3Y x R3M possesses
a 6-dimensional Galilean symmetry group generated by spatial translations and uniform
center-of-mass boosts. To desingularize the collision arrangement A on the relative config-
uration manifold M, = M/R? = (R3)V~! and avoid spurious secular drift of the global
centroid, the initial phase coordinates (qg, po) € (R?)Y x (R3)" are projected at t = 0 onto
the center-of-mass frame:

N 1 N N
Moy = Zmia Rem = M. Zmiqo,ia Piot = Z Po,i- (64)
=1

ot j=1 i=1
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The reduced barycentric positions and conjugate momenta are assigned by the linear projec-
tion:

m; .
4" = q0i = Rem, D" =Poi— 3 Puw (Vi€ {l....N}). (6.5)
tot
Proposition 6.1 — FEzact Preservation of Center-of-Mass First Integrals
Let (q®™Y, pPaY) be defined by (6.5). Then:

N N
bary __ bary __
Z miq;" =0, Z p, 7 =0, (6.6)
=1

i=1
holding unconditionally in exact arithmetic, and bounded by [|Rem| < 1071¢ max; ||q;|
and ||Pyot|| < 1071¢ max; ||p;|| under IEEE 754 double-precision floating-point arithmetic.

Proof. Direct substitution yieldS'

N
Z mquary Z m;qo0,; — (Z mi) Rem = Mot Rem — Mot Rem = 0, (67)

TN
ar 1 my;
Z p;Y = Z Po,i 1 ZPtot = Piot — Piot = 0. (6.8)

Because all internal and screened apex gravitational forces satisfy ZZ\; F; = 0 by Newton’s third
law and translational symmetry of WZreer, Pt = 0, ensuring that the barycentric frame remains
rigorously invariant for all ¢ > 0.

d

Following barycentric reduction, the initial physical energy baseline Ejy and total angular
momentum vector Ly are computed:

E_ZH

bary H2

Z Gmimj o H(qgary bary)

b b - » O
2m; 1<i<j<N Hq - 'aryH

(6.9)
LO _ quary « pz;vary.

The baseline Ey anchors the zero-energy hypersurface Y9 = {(z,t, F) € Pext | H(z) — E =
0} in extended Poincaré—Sundman phase space, while Ly serves as the exact reference for
evaluating rotational Lie-Bargmann drift.

6.2.2. Agglomerative Partitioning and Optimal Initial Jacobi Tree Ty (Phase 0.2). The con-
figuration space Q[N] is covered by a finite maximal atlas of binary Jacobi trees A =
Trees(NN), whose cardinality | Trees(N)| = (2N — 3)!! grows super-exponentially with N (e.g.,
15 for N = 4, 945 for N = 6, 2 x 10%° for N = 20). Selecting an arbitrary or static tree topol-
ogy (such as the standard linear comb T¢omp = (((0,1),2),3) ... ) inevitably introduces severe
coordinate singularities, because well-separated distant clusters would be coupled through
fine-scale Jacobi differences, artificially magnifying the screened apex coupling W™,

As established in Theorem 4.1, each maximal binary Jacobi tree chart T' € A defines an
adapted coordinate system on the smooth boundary strata of Q[N]. Furthermore, Propo-
sition 4.2 proves that the Hamiltonian vector fields associated with disjoint sub-clusters
commute identically on the cotangent bundle T*Q[N]. To initialize the integration on an op-
timal chart Ty € A where tightly coupled gravitational pairs reside as terminal leaf pairs, we
employ an agglomerative hierarchical clustering algorithm operating on cluster barycenters.

’7 Proposition 6.2 — Agglomerative Jacobi Tree Construction with Hill Guard
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Let sg = (qgary,pgary,m) be a regular N-body state and vpuiq € (0,1] the Delaunay—

Hill tree-construction isolation factor, with canonical parameter-free Voronoi default
Youild = VYmonitor = 1.0 (GAMMA_HYSTERESIS = 1.0 in core/constants.py; Or Ypuild =
0.70 > Ymonitor = 0.60 when optional two-tier hysteresis is enabled). The optimal binary
tree Ty = BuildOptimalTree(sq) is constructed by the following deterministic sequence:

(1) Initialization: Create N singleton leaf nodes N; = {i} for i € {1,..., N}, each

with barycenter R; = qbary

; ,cluster mass M; = m;, reduced mass p; = 0, and body
indices (7). Set active set U « {N1,...,Nn}.

(2) Pairwise Agglomeration Loop with Three-Regime Delaunay—Hill Isola-
tion Guard: While [U/| > 1:

(a) For every candidate pair of active clusters (N,,N) € U X U with a < b,
evaluate the mutual barycenter separation d,;, = | R, — Rp|| and the boolean
Delaunay—Hill leaf admissibility predicate Admyeas(Ny, Np) € {True, False}. If
both N, = {b;} and N, = {b;} are elementary singleton leaves and N > 2,

set Mmin = min(my,, My, ), Mmax = max(my,,mp;), define the raw Hill ratio

Neaw (bi, bj3 k) = ((may, + my,) /(2 mk))l/3 and the three-regime Hill weight:

nraw(bia bj; k)a Mmin < 0.01 Mmax;
7’/Hill(biy bj; k;'}/build) = ]—’ Mmin > 0.01 Mmax, Ybuild = 17 (610)
max(l, nraw(biy bj; k))? Mmin = 0.01 Mmax, VYbuild < 0707

(interpolated linearly for yuyuiq € (0.70,1)), and set:
Admleaf({bi}’ {bj})

— kgfll)g(l)j}(ﬁﬂiu(bi,bj; ks Abuitd) min(llap, — axll, llap, — %H)) > Ybuild [|9b; — b, [,
(6.11)

while Admjeas(N,, Np) = True whenever at least one of N, A, is already a
composite cluster.

(b) Select the optimal pair (a*,b*) by minimizing the mutual barycenter distance
dap under strict lexicographic priority to admissible pairs (Admyeas = True
over Admye,s = False):

(a*,b*) = argNa,Nrglei& a#(ﬁAdmleaf(/\fa,/\/})), IRa — Roll, 7ap)- (6.12)
In case of equidistant ties within relative tolerance 107'* (such as symmet-
ric initial conditions lying directly on a Voronoi bisector at ¢ = 0, e.g. the
Chenciner-Montgomery Figure-8 choreography), the tie is broken dynami-
cally by selecting the approaching pair with minimal relative radial velocity
Tab = (Ab; — db;) = (Vo; — Vb;)/dap, and finally by minimal body index lexico-

graphically.
(c) Form parent internal node v = N+ U Np+ with canonical deterministic child
orientation:
Left(v) = Narg mMin e {o+ p*} min bodies(Ne)>
) ’ (6.13)
nght(v) = Narg max e {q* p*} min bodies(Ne)-
(d) Compute parent physical attributes:
MM, MR, + MR,
My = Mo+ My, pry = —20 R, = —oa D202 (6.14)
M, M,

with mass fractions cr,(v) = M, /M, and cr(v) = My/M,.
(e) Update active set: U « (U \ {Na, Np}) U {v}.
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(3) Chart Synthesis: Return the unique remaining root node w0t as the root of
JacobiTree Tj.

Remark — Optimality and Self-Consistency Properties of the Initial Jacobi Chart Ty. The ag-
glomerative clustering algorithm with the two-tier Delaunay-Hill isolation guard satisfies three
crucial mathematical properties:

(1) Maximization of Terminal Pair Isolation and Rejection of Tidally Disrupted
Pairs: Gravitationally isolated pairwise encounters are merged first into terminal leaf
pairs v € LeafPairs(T)), desingularizing two-body encounters into local uncoupled Kepler—
Sundman channels.

Crucially, the lexicographic guard Adm)e,s in Eq. (6.11) prevents naive greedy Euclidean
clustering from pairing two bodies that are merely geometrically proximate while under-
going tidal disruption inside a third body’s Hill sphere (e.g., cometary fragments Fy, Fy
straddling Jupiter’s Roche limit, or two planets at inferior conjunction). Instead, the dis-
rupted body is merged hierarchically with the dominant perturber or routed to a composite
node, guaranteeing that the newly constructed chart T is immediately admissible under
the atlas monitor of Section 6.5.

(2) Asymptotic Tree Balance: For quasi-homogeneous or fractal spatial distributions, the
agglomerative procedure produces balanced binary hierarchies of depth [logy N'|, minimiz-
ing the summation overhead of internal node forces O(N log N).

(3) Computational Efficiency: The algorithm executes N — 1 merging steps, taking less
than 0.5ms for N = 100 and under 40 ms for N = 1000 on standard CPU architectures.

6.2.3. Spectral Hill Hysteresis and Proactive Synchronous Supernode Detection (Phase 0.3).
When three or more bodies undergo simultaneous close gravitational interaction, two-body
Keplerian regularization alone becomes insufficient: tidal accelerations induced by an exter-
nal perturber P disrupt the unperturbed Keplerian ellipse, creating rapid phase oscillations
and potential singular collision encounters of higher multiplicity. To desingularize these
tightly bound complexes without introducing artificial distance thresholds (dy = 0), Sec-
tion 4 established the theory of synchronous supernodes, governed by an unfolded collective
Sundman clock dtg = pgdrs.

In Phase 0.3, the initial configuration is audited to detect whether any sub-cluster S C
{1,..., N} with |S| > 3 qualifies as a synchronous supernode.

—— Definition 6.3 — Dimensionless Hill Tidal Ratio and Synchronous Supernodes

Let S C {1,...,N} be a candidate multi-body cluster with cardinality |S| > 3, total mass
Mg =} ;cqm;, barycenter Xg = ﬁs > ies Mid;, and mass-normalized hyper-radius:

1/2
- ps 1 2
ps === |7z > mimjllai — gl € [L]. (6.15)
Ms Mg 55es
Let P € {1,...,N}\ S be the dominant external tidal perturber maximizing the tidal
shear intensity my/||qx — Xg||® at the cluster barycenter, with distance rp = ||qp — Xg||
and mass Meyxt = mp. The dimensionless Hill tidal ratio is defined by:

—~ 1/3 —~ M 1/3
pPS mg pPS ext
=max ——— | — = — . 6.16
19 Tlax — X (MS> rp ( Ms> (6.16)

The classical critical threshold at the collinear Lagrange point L; of the restricted three-
body problem is:

Nerit = 371/ 22 0.693361. (6.17)
Under the recursive normal cone splitting Hg = H fg;f—i—Hégtse—i—V;BgX (Subsection 4.3.2), the

most tightly bound sub-pair in S is unconditionally isolated as an analytical Kepler leaf,
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ensuring uniform symplectic desingularization across both hierarchical and non-hierarchical
internal geometries.

If ng < Nerit, the self-gravitation of the cluster strictly dominates the external tidal shear
across the entire perimeter of the cluster. However, applying a single static threshold 7yt
in an evolving dynamical simulation induces topological chattering: a cluster oscillating near
1N = Nt would repeatedly enter and exit the supernode state, repeatedly re-initializing
sub-cycle clocks and degrading computational efficiency.

To permanently suppress chattering while ensuring proactive regularization, the solver
implements the analytical prescription of Corollary 4.12 and Proposition 4.7 (Section 4),
deploying the Canonical Spectral Schmitt Trigger:

Theorem 6.4 — Canonical Spectral Schmitt Trigger and Anti-Chattering Stability
Let [Menters Nexit] be the spectral hysteresis window defined by:

Nenter = 27 /% 2 0.7937005,  7exit = 2~ /% ~ 0.8908987. (6.18)

A candidate cluster S is activated as a synchronous supernode as soon as it enters the
proactive tidal zone (7s < 7enter), and remains active until tidal disruption forces an exit
(Mg > Nexit)- Then:
(1) Geometric Golden Ratio: The activation and deactivation thresholds satisfy
the exact quadratic relation:

Tlenter = (nexit)g' (619)

(2) Physical Grounding: 7eyer = 2 1/3 corresponds to peak radial equigravity where

the maximum differential Newtonian tidal pull matches internal attraction (2n® =
1). 7Nexit = 276 corresponds to spherical root-mean-square (RMS) equigravity
averaged over the configuration sphere S? (v/2n% = 1).

(3) Proactive Activation: Both thresholds lie strictly above the classical Hill bound-
ary:

Nerit = 3713 2 0.6934 < Nenter = 0.7937 < Nexis ~ 0.8909, (6.20)
guaranteeing that synchronous supernode regularization is engaged proactively be-
fore tidal stresses induce non-integrable deformation.

(4) Zero Chattering Guarantee: The finite hysteresis margin Ay = 2-1/6 —2-1/3 ~
0.0972 prevents limit-cycle chattering, requiring an energy change AE ~ O(An) to
toggle the supernode state.

Proof. Ttem 1 follows from (2-1/6)2 = 2-2/6 = 2-1/3_ For Item 2, the maximum radial tidal
acceleration exerted by mass My at distance rp on a cluster of radius pg is aiiﬁgal = 2GMexips/ r%.
The internal self-gravitational acceleration at the cluster surface is ainy = GMg/ ﬁ%. Equating
ardial — g, ¢ yields 2p% My /(1% Ms) = 1, which is precisely 208 =1 = ng = 27/5.

Averaging the quadrupolar tidal tensor over the solid angle of S? yields an effective mean-square
tidal acceleration <afide>1/2 = \/QGMextﬁg/r?ﬁ. Equating to aijn; gives \/Qng =1 = png =216,
Item 3 and Item 4 follow directly by monotonicity of z — x~1/% and the strict inequality 3 > 2 > /2.

O

1. Natural Marchal-Sundman Energy Bound and Transitive Coalescence. In
addition to the instantaneous tidal ratio ng, Phase 0.3 verifies whether candidate clusters
satisfy the natural clustering length derived from the Marchal-Sundman energy inequality
(Section 4, Eq. (4.68)):

5/3 5 r5/6
5nat (S) = Derit G'Jw‘co/t MS/
= Teri )
2| Eo|

cluster

(6.21)
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which is governed entirely by physical first integrals (G, masses, and conserved energy Ey)
without empirical parameters. Whenever a candidate cluster’s internal hyper-radius con-
tracts below this canonical threshold (pg < d5t,  (S) for bound states Ey < 0), the subsys-
tem is intrinsically compact and promoted to a synchronous supernode regardless of external

perturber separations.

2. Internal Hierarchy Ratio and Keplerian Leaf Status (OK vs NOK). While
candidate sub-clusters subject to external perturbers are governed by the tidal ratio ng
and the Schmitt trigger hysteresis band, isolated multi-body systems or dense internal sub-
clusters are evaluated through their internal hierarchy ratio:

o rmax(S) _ maxicjes lai — aill
Thin(S)  minicjes [ — gyl
The operational status of candidate two-body leaf pairs inside S follows a strict binary
dichotomy:

(1) Isolated Binary Leaf (OK Status): When xs > 3.0, the cluster contains a well-
isolated binary sub-pair whose mutual separation is at least three times smaller than
any third-body perturber (rpin < %rmax). By Theorem 4.10, this pair satisfies the De-
launay isolation criterion and is desingularized analytically by the Kepler—-Sundman
leaf propagator, while the distant spectator is regularized by the Cb! screened apex
potential without requiring supernode treatment.

(2) Disrupted Leaf / Collective Encounter (NOK Status): When xs < 3.0, all
mutual distances are of comparable magnitude, precluding any two-body asymptotic
channel. Any attempt to split the subsystem triggers the unremovable O(pg“r)/ 2)

Poisson bracket divergence (Proposition 4.7). Consequently, the leaf pair status is

NOK, and the entire non-hierarchical complex S is promoted to a unified synchronous

supernode.

(6.22)

Crucially, this criterion intrinsically encompasses all symmetric collision configurations with-
out empirical cutoffs or ad-hoc constants: in an equilateral triple (N = 3, regular 2-simplex)
and in a regular tetrahedral quadruple (N = 4, regular 3-simplex), all mutual pairwise
distances are identical, yielding xs = 1.0 < 3.0, which unconditionally engages collective
supernode regularization. Furthermore, by the transitive closure theorem on collision divi-
sors (collision_diagonal_non_transversality), any external particle sharing the mutual
collision scale is transitively coalesced (S1 NSy # (0 = S U S).

3. Complementary Sub-Roche Tidal Disruption Mode (As > Ait). Finally, for
weakly self-bound multi-fragment clusters S (Mg < Mp) plunging inside the fluid Roche
zone of a massive primary P (such as Comet Shoemaker—Levy 9 in Section 7.2.1, Bench-
mark H2), the detector (potential/supernode_detector.py) evaluates the dimensionless
cubic tidal-to-internal force ratio:
_ 1 5 Mp (ps)®

As(t) = gus®® = 537 ()
Whenever a candidate sub-cluster crosses the Roche disruption threshold Ag(t) > Acit =
0.25 (with Schmitt hysteresis band [Aexit, Aenter] = [0.18,0.25]) while remaining spatially
localized relative to its dominant perturber (pg < 1—107"1: = 0.17rp), S is dynamically promoted
to a synchronous supernode in roche_disruption mode, ensuring that the collective tidal
shear and internal fragment-fragment interactions are integrated synchronously under the
unfolded Sundman clock dtg = pg drs across the sub-Roche perijove.

6.2.4. Symplectic Shadow Pre-Processing and Boundary Corrector Inversion (Phase 1). High-

order geometric composition schemes (such as BMEE) and BMéH) ) achieve their formal order
by eliminating low-order commutators through symmetric palindromic factorizations. How-
ever, advancing from order 4 to effective order 6 by direct composition increases the number
of force evaluations from 7 to 11 stages per macro-step.



NORMAL CONE IS ALL YOU NEED 113

In the asymptotic hierarchical regime £ ~ (r/R)3 < h? on Dyeg, our solver can elevate the
effective convergence order of BMY) at zero marginal interior force evaluation cost through
processed symplectic integration (boundary correctors) [9, 28, 38, 83]. A processed fourth-
order symplectic integrator (PBM,) conjugates the base composition SPM(h) with the global

boundary symplectomorphism ZPM4(h):
GEBMA(p) = ZBMA (1) 0 SBM(p) 0 ZBMA(—p). (6.23)
Composing M consecutive steps results in complete interior telescoping:
(M) = ZPM(+h) o (SPM(R)) ™ 0 ZPM(—h), (6.24)

requiring the corrector operator to be evaluated strictly once at the beginning (t = 0) and
strictly once at the end (t = tenq) of any constant-chart, constant-step macro-trajectory.
In Phase 1, the initial phase state is prepared for propagation according to the architectural
regime:
(1) Processed Symplectic Regime (PBMy): The physical state spnys(0) € T Ml
is transferred into the symplectic shadow manifold via the exact algebraic inverse
corrector:

Sshadow (0) = 27 (—ho) [phys (0)] = exp(—Di,)[sphys(0)] + O(e2hp), (6.25)

where hg = Atgupn(0) = Atmacro/2F0 is the initial dyadic sub-step size determined by
the local timescale scan.

(2) Direct Symplectic Composition Regime (BMEJ), BMéH)): By the Universal
Obstruction Theorem (Theorem 5.17), no single-commutator boundary corrector can
eliminate the quadratic apex self-interaction floor globally on 7*Q[N]. Direct compo-
sitions therefore operate with C = Id, so that the physical state coincides identically
with the shadow manifold:

sshadow(o) = Sphys (0)7 (626)

providing uniform nominal order 2p € {4, 6} across all five strata of T*Q[NN] without
pre-processing overhead.

Theorem 6.5 — Fxact Shadow Hamiltonian Alignment across Symplectic Regimes

Let S(h) be a symplectic integrator operating on the Fulton-MacPherson hierarchical
splitting H = Ak + WEcee on T*Q[N] with tidal perturbation parameter € ~ (r/R)* < 1
(Proposition 5.16). The numerical trajectory aligns with an effective shadow Hamiltonian
H.g according to the architectural regime:

(1) Processed Fourth-Order Regime (PBMy): By Theorems 5.18 and 5.19, the
cotangent-lifted homological tidal generator (cf™M* = +1.7600050100410129 x 10~4):

Ky=cEMpiD3B = > Tr(Tapexr(R) Maym(ra, wy)) € Py,
A€LeafPairs(T)

realized non-perturbatively by the 2-stage symmetric Lie conjugator ZPM4(h), can-
cels the leading linear tidal error commutator Hinea" = cBM4D4 B € L5 1 identically

on Dreg. Consequently, the shadow state Sgnadow = Z5M*(—h)[Sphys] evolves under:

Heg = H 4+ O(2h*) + O(eh®), (6.27)

which confers authentic pre-asymptotic effective order 6 (Heg = H+O(ehS), octave
ratio 64) on the regular hierarchical domain Dyeg Where € < k%, with an irreducible
quadratic apex error floor O(¢2h*) when h < /¢ (suppressing the fourth-order
error amplitude by O(e) relative to BMy) in complete agreement with the Universal
Obstruction Theorem (Theorem 5.17).



114 JEREMY NUSA

(2) Direct Sixth-Order Composition Regime (BMéH)): By Theorem 5.14, the
11-stage palindromic composition SEM(h) satisfies all 8 RKN order conditions up
to degree 6 directly via its stage weights without boundary correctors (C = 1d).
The shadow manifold coincides identically with physical phase space:

Sshadow = Sphys; ﬁeff =H + O(EhG + €2h6)7 (628>

eliminating the O(e2h*) quadratic floor globally while requiring zero Phase 1 pre-
processing or Phase 5 post-processing overhead and zero gauge transition jump
(AHgauge = 0).
Furthermore, by Theorem 5.18 and Proposition 6.6, all 10 Galilean Lie-Bargmann conser-
vation laws are preserved to machine precision across both regimes.

Remark — Engineering Realization IEEE 754 € Float128: Symmetric Lie Conjugator ZEM(h)
and Torque-Free Cotangent Lift. The numerical realization of the global fourth-order symplec-
tic boundary corrector ZPM4(h) (integrators/correctors.py, class PalindromicCorrectorZ4)
satisfies three fundamental mathematical and numerical properties:

(1) Exact Duhamel Calibration (c}™*), Antipodal Half-Shell Symmetrization, and
Algebraic Reversibility of ZPM4(h): Using the exact centered/uncentered Duhamel
quartic moment identity of BMy:

8 8
1 1\4 1 1 1
BM4 4 —4
_ ) )= = — 2| = +1. 1004101 1
o o (;_1: b (Tk 2) 80) 1 (}; 1 b Ty, 5) +1.7600050100410129 x 10~ %,

the 2-stage symmetric palindromic Lie conjugation operator ZEM4(h) = Sy (a1, B1;]h]) o

Seym (2, B2;|h]) with a1 = 1/4, ap = 1/8, p1 = 256 cFM4, By = —512cFM4 pairs each
stage into two antipodal half-shells Sgym (v, Bi; |B|) = S(+av, +3Bi; [h]) 0 S(—c, — 1 Bi; |R])
(where S(a, 5;7) = Pa(—ar) o Pp(—F7) 0 P4(2a7) 0 Pp(+L7) 0 Pa(—ar)).

This antipodal pairing cancels the O(«; 82 |h|*[Dg, [Da, Dp]]) quadratic self-commutator
identically, realizing exp(£Dk,) non-perturbatively across arbitrary N-body hierarchies
(including composite barycentric drift R # 0 and all multipoles [ > 2 of TW3creen):

apex
ZPM(—h) = (2PN (+h) T = exp(=Di,) + O,

BM4 2714 (6'29)
2y (+h) = exp(+Dg,) + O(e*h%),

guaranteeing exact algebraic involution ZPM4(—h) o ZPM4(+h) = Id down to machine
precision (< 10716 in float64 and < 1073 in 35-digit £loat128).

(2) 5-Strata Partition Compliance (Dyans and Dgyper): In accordance with Theorem 5.19,
whenever a terminal leaf pair A = (a,b) belongs to an active synchronous supernode
({a,b} C S € Ssync o0 Dgyper), its corrector contribution is bypassed. For active leaf
pairs, each external spectator contribution k ¢ {a,b} is smoothly attenuated by the order-
matched Hermite screening factor ©(ug) on Dipans.

(3) Torque-Free Dynamic Quadrupole Tensor Mg,, and SO(3) Angular Momentum
Conservation: For each active leaf pair A = (a,b) with relative vector r = q, —q, relative
momentum w, barycenter Rey = (maQa + mudp)/Map, and reduced mass g = mgmp/Mep,
the analytical cotangent lift Ky = 3, Tr(Tapex,x Msym(ra, wa)) € P1 uses the symmetric
dynamic quadrupole tensor:

3(r-w)

2

GM,
Mym(r, w) = cgM*p? Tb 2rew+w®r) — rer| € Sym(3), (6.30)

r
whose symmetry ngm = M,ym guarantees strictly zero internal binary torque (Tiny =
rx Aw+Arxw = 0), while the octupolar gradient —Vg, K4 on spectator bodies k ¢ {a, b}
and its equal and opposite barycentric reaction on {a,b} preserve total linear momentum
Piot, center of mass R, and total angular momentum Ly, to machine precision.
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ZPM(xh)

The boundary symplectic corrector ZPM#(—h) preserves all 9 kinematic first integrals of
the Galilean group identically:

AP=0, AL=0, AG=0, (6.31)
holding unconditionally in exact arithmetic, and bounded by floating-point roundoff
(< 107'% in float64 and < 1073* in float128) in numerical realizations. Enter-
ing the shadow manifold imparts a controlled Hamiltonian energy shift AFEghadow =
H (Sshadow) — H(Sphys) = —Dr, H + O(g2h}) aligning the state with ﬁeff, while physical
energy is conserved over the complete closed cycle ZEM4(4-h) o (SFM)M o ZBM4(—p).

’7 Proposition 6.6 — Fzact Lie-Bargmann Invariance and Shadow Shift under

Proof. Because every elementary flow ® 4 (Kepler-Sundman leaf flow and barycentric drift) and
®p (screened apex interaction) in ZPM4(+h) — as well as the analytical generator K, =
Y oA Tr(Tapex,x Mgym) — is invariant under the full Galilean group, Noether’s theorem on T*Q[N]
guarantees that ZEM‘L(fh) preserves total linear momentum Py, total angular momentum Ly,
and the Galilean boost Gyt identically, proving (6.31). For the energy integral, the pullback by
ZBM4(_py) shifts the raw Hamiltonian value by — D, Ajx = —cEM4hi D4 B, precisely compensat-
ing for the linear tidal commutator Hi"®4" according to Theorem 5.18. Upon trajectory exit, the
forward corrector ZPM#(4-heyit) inverts this shift identically.

d

Python A.2 : core/jacobi.py, potential/supernode_detector.py, integrators/correctors.py [F64 / F128]

6.3. Macro-Time Loop, Dynamical Timescales, and Skeel-Gear Dyadic Scheduler.
Variable time-stepping in geometric integration requires strict boundary synchronization
to avoid destroying the symplectic 2-form. This section details Phase 2: the operational
implementation of the dyadic multirate scheduler according to the principles of Skeel &
Gear (1992).

Variable time-stepping in Hamiltonian numerical integration is governed by the Ge-Marsden
theorem [25], which establishes that an unconstrained, non-autonomous step-size adapta-
tion At(t) destroys the existence of an exact modified shadow Hamiltonian H, inevitably
triggering secular energy dissipation or spurious orbital expansion. To capture the vast
dynamic range of unsoftened gravitational interactions without sacrificing geometric invari-
ants, Phase 2 operationalizes the dyadic multirate scheduler based on the macro-boundary
synchronization paradigm of Skeel & Gear (1992) [66].

By restricting temporal refinement to integer powers of two on a discrete dyadic lattice,
holding the topological Jacobi tree chart and refinement exponent strictly frozen within each
macro-block, and applying the Leaf/Apex Decoupling Theorem, the scheduler achieves opti-
mal multirate acceleration while preserving exact microscopic symplecticity and palindromic
time-reversibility.

6.3.1. Macro-Time Ezecution Loop and Skeel-Gear Boundary Synchronization (Phase 2.1).
The global integration horizon [0, tenq| is partitioned into a contiguous sequence of macro-
scopic blocks I, = [ty,tn+1], where the macro-step At,, = t,,11 — t, is bounded by a user-
specified ceiling Atmacro > 0:

At,, = min (Atmacros tend — tn) , to = 0. (6.32)

Within each macro-block I,,, variable time resolution is introduced not by continuous mod-
ulation, but by selecting an integer dyadic refinement exponent k, € {0,1,..., kmax} (il-
lustrated on an eccentric Keplerian encounter GM = 1, a = 1.65, e = 0.68, h = 0.72,
k=0-—1—2—1—0in Figure 14). The block is subsequently integrated via exactly 2~
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uniform sub-steps of size:
At,

(a) Configuration space (¢, qy) (b) Radial phase space (r,p;)
o Pro hye

tq

to t1 to t3 ta ts

FIGURE 14. Palindromic dyadic trajectory subdivision across an ec-
centric Keplerian close encounter (GM = 1, a = 1.65, e = 0.68,
h = 0.72, h; = h/2¥). (a) Physical configuration plane (g,,gq,) around
Qattr With symmetric refinement k =0 — 1 — 2 — 1 — 0 across the inner
timescale shells (dashed circles). (b) Radial phase plane (r,p,) across the
pericenter turning loop p, = 0 at 7 = rperi.

s established theoretically in Proposition 5.22, let Sp, : Pext — Pext be a symmetric
palindromic symplectic sub-step propagator of order 2p (S_j = S, 1) associated with the
chart T, € A. If both the topological chart T,, and the dyadic exponent k,, are held strictly
constant throughout the 2%» sub-steps of macroblock I,,, the composite macro-propagator:

’— Proposition 6.7 — Skeel-Gear Macroblock Symplecticity and Time-Reversibility
A

2kn

vl = (Sh,) (6.34)
satisfies:
(1) Strict Symplecticity: (\I/XZ)J* Qext = Qext, preserving the canonical symplectic
2-form on Pey identically in exact arithmetic.
(2) Exact Microscopic Time-Reversibility:
(q/glgn)‘l =", . (6.35)

(3) Elimination of Mid-Block Commutator Jumps: Any intermediate topolog-
ical transition T4 — Tg or dyadic level jump k — k' executed at a sub-step

me{l,..., 2kn _ 1} would inject an uncompensated Lie bracket defect:
AHjump ~ T, { Wagese™ T, wiagisem @) 22 0, (6.36)

permanently destroying shadow Hamiltonian alignment.

Proof. Ttem (1) is a direct consequence of the group structure of symplectomorphisms: because
each sub-step map Sp, —satisfies S*Qexy = exi, the 2kn_fold composition inherits symplecticity
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unconditionally. For Item (2), palindromic symmetry of the underlying scheme gives S_j, = S, 1

so that: .
R okn ) ! —1)* 2kn (n)
(i) = (o) = (sl) =)™ =0, e
For Item (3), suppose an atlas transition occurs at sub-step m. The operator splitting sequence
decomposes as 812;" “MoST. By the Campbell-Baker-Hausdorff theorem, the effective Hamiltonian

contains the non-vanishing cross-commutator %hi [Xv,, Xvs], which fails to cancel because the
boundary symplectic gauge connection

B)y—1 A
Jasp = (Cép )) 0 Mcoord © Cép)
can only be evaluated synchronously with the physical state at macro-boundaries. Freezing T,

and k, inside each macroblock is therefore both necessary and sufficient for long-term shadow
Hamiltonian conservation (Figure 14).

6.3.2. Vectorized Dynamical Timescale Scanning (Phase 2.2). To select an optimal, physi-
cally grounded dyadic level k,, at the macro-boundary t,,, the scheduler evaluates three scale-
invariant, Galilean-invariant dynamical timescales across all distinct particle pairs 1 < i <
j < N. Let ry; =q; —qy, Iy = HI'Z']‘H, Vriel = Vi — Vy, and radial velocity VUrad = (rij 'Vrel)/'rij-

—— Definition 6.8 — Dynamical Interaction Timescale Triad

For every pair (i, j), measuring characteristic dynamical rates along the transverse normal
directions to the collision divisors E; C Q[N] and their conjugate momentum fibers in
T*Q[N], the interaction dynamics is characterized by:

(1) Kinematic Fly-By Timescale 7yy:

. Tij
i = 6.38
Tl el 200 (0:3%)

where &, = 107! prevents division by zero for co-moving pairs.
(2) Dynamical Free-Fall Timescale 7gyn:

(6.39)

measuring the instantaneous orbital frequency and gravitational collapse time.

(3) Predictive Bilateral Pericenter Encounter Timescale 7,¢: From the oscu-
lating two-body specific energy Eop, = %||vyal||? — GM;;/ri; (GM;j = G(m; +m;))
and angular momentum L = r;; X vy

1 G(m; +m;
By = vl - ST L v, (6.40)
i

let e = Vl + 2B ||LI[2/GME and rper = |[LI2/(GMij(1 + €)). When 0 < rper; <
rij, the universal Keplerian time-to-pericenter tkepler > 0 is evaluated from the
radial virial magnitude |r;;-vye1| across the Barker near-parabolic (2| Egp|ri; /G M;; <
1071), elliptic (E2 < 0, tKepler = Manom/Tmean), and hyperbolic (Eap > 0, tkepler =
Mhyyp/mhyp) branches.

Whenever the encounter falls within the bilateral macro-step horizon txepler <
2|At,,|, define the effective approach radius and velocity:

2/3

Toff = min(rl-j, (7‘3/2 —I—% 2GM;; max(0, tkepler — |Atn|)) / ) ,

peri

(6.41)

Veff = \/max<6%, [Veel |2 + 2G M (rog — 7’;1)) (tKepler < 2|Aty]),
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giving the predictive encounter timescale:
3
.o . Teff T off
Toeri(t,j) =min | —, /| =——— | . 6.42
peri(7: 7) (Ueﬁ‘ G(mi+mj)> (6.42)

Because tkepler depends on vy solely through [|vyel|?, ||L||?, and |r;; - vyel|, condi-
tion (6.41) is strictly even under phase-space time reversal R(q, p) = (q, —p), yield-
ing identical refinement levels on approach and departure (k(q, —p) = k(q, p)).

As established in Proposition 5.24, under gravitational homotheties q — Aq, t — N\3/2¢,
v = A71/2y, all three timescales scale homogeneously as 7 + A3/27, ensuring that the
dimensionless resolution ratio At, /7 remains strictly scale-invariant and Galilean-invariant
across all astronomical regimes.

6.3.3. Operational Realization of the Leaf/Apex Decoupling Theorem (Phase 2.3). A direct,
unconstrained minimization of Tyeri(, j) and 7yin (4, j) over all pairs in N-body phase space
introduces an acute algorithmic obstruction. In the presence of a hardened, highly eccentric
binary (e.g., € > 0.999, rperi/a < 1073), the instantaneous and pericenter timescales plunge

toward zero: Tperi ~ T

3/2

peri — 0. A naive scheduler would be forced to maximize the dyadic

exponent to its hardware limit & — 17 (2!7 = 131072 sub-steps per macro-step), inducing
total computational paralysis.
This pathology is rigorously resolved by the Leaf/Apex Decoupling Theorem (Theorem 5.25):

Theorem 6.9 — Leaf/Apex Decoupling Operational Guarantee

Let T' € A be the active binary Jacobi tree, and let LeafPairs(T") C ({1"'2"N}) denote the
set of pairs occupying terminal binary leaves in T'.

(1) Analytical Desingularization and Invariant Semi-Major Axis Timescale:

For every bound leaf pair C' = (i, j) € LeafPairs(T) (Eq, < 0), the relative motion
is governed by the uncoupled two-body Keplerian Hamiltonian:
[wol? — Gmim;
H1 £y, Wy ) = —
TR P
which is integrated analytically to machine accuracy via the universal Sundman-—

Stumpff diffeomorphism with cubic Halley iteration (Section 6.4). The local flow
generates zero operator splitting error across pericenter passages, and its orbital

, (6.43)

timescale is governed by its invariant semi-major axis ac = —G(m; +m;)/(2E,):
a? P,n(C)

o (C) = ¢ _ toml®) 6.44

ayn(C) G(m; +my) 2 (6-44)

Hill Isolation Guard and Two-Regime Quadrupolar Tidal Modulator:
Let Mo = m; + m; and Rcm,C = (miQi + quj)/MC’- For N = 2, TWscreen =

apex

0 and Tpair(4,7) = Tayn(C). For N > 3, under the instantaneous Hill sphere
isolation guard r;; < %RHM(C’, k) and Rex ), > 31 for all external bodies k ¢ {i, j},

where Ryn(C, k) = Rext’k(%)l/ 3, define the Hill-clamped effective semi-

major axis, characteristic size, effective orbital timescale, local scale at effective
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separation rioc(4, ) = min(r;;, res), and quadrupolar tidal parameter:

(Ieff(C) = min<a07 kg«l{lz%} %RHHI(C7 k))a EC = max(rijv aeff(c))a

)

aeg(C)3
GM¢g '’

3
eiiaat(C) = max k[ _to
idal = max —— .
nae kg{ij} Mo \ Rextk
Then periastron step-size collapse is prevented by the two-regime tidal decoupling
filter:

Tdyn,eff(c) = Tloc (’i, ,7) = min{Tkim Tdyn> Tperi}(iv ])7

Tayn (C), if C' € LeafPairs(T'), E9, < 0,
and (N = 2 or etjga; < 10_30),

Tpair (5 ) = § min(7ayn(C), max(Treg 1, Treg,2)), if C' € LeafPairs(T), Eqp, <0,  (6.45)
N > 3, and Hill-isolated,

Tioc (%, 7)) otherwise,

where, with safety factor v = 7safety = 0.05, the two quadrupolar tidal regulariza-
tion timescales are:

. . . 2\ ~1/4
Treg,1 = Treg,l(Za]) = TloC(Z7]) (5tidal(c) (mln(rlom KC’)/KC’) ) )

Treg2 = 7_1reg,2(cf) =0.1 VS gtidal<C)_3/4 7—dyn,eff(cf)-

(3) Algorithmic Boundedness: Because the second regime 7yeq 2(C) is strictly inde-
pendent of 7;; and rperi, under filter (6.45) isolated desingularized leaf pairs main-
tain a bounded, moderate orbital resolution across periastron (k = 0 for N = 2
whenever Atyacro < ¥ Tayn(ac), and a constant e-invariant ceiling such as k& < 3 for
weakly perturbed N > 3 star-grazing binaries, strictly independent of 1 — e — 0).
Deep dyadic refinement (8 < k < kpax = 17) is deployed exclusively when non-
leaf pairs undergo close encounters within W3 or when an external perturber

apex
breaches the Hill sphere of a leaf pair.

Proof. Because Hjeyt is an exact decoupled summand in the Fulton—-MacPherson splitting on Q[N],
its analytical flow commutes with the center-of-mass drift and generates no cross-terms with other
disjoint leaf nodes. Cross-interactions with external bodies enter exclusively through the screened
apex potential Wi € C L1 whose quadrupolar tidal gradient scales as O(ggdairij/fc) whenever
the Hill isolation guard r;; < éRHiH(C, k) and Rex r > 3r;; holds.

Away from periastron, Teg1 tracks the local quadrupolar tidal scale, while as 71, — 0 near peri-
astron (Tyeg,1 — 0), MaxX(Treg,1, Treg,2) Saturates at the periastron-invariant tidal floor Tyeg,2(C) > 0.
Conversely, if an external perturber breaches the Hill sphere, or for non-leaf pairs mediated by
Wipex s strong three-body tidal coupling requires full local and predictive pericenter refinement
Tloc (%, J) in (6.45).

O

6.3.4. Bit-Fxact Integer Timestamps, Dyadic Clamping, and Palindromic Lattice Structure
(Phase 2.4). Once the global minimal timescale Tinin = min;<; Tpair (4, ) is computed accord-
ing to (6.45), the continuous dyadic refinement level is determined by:

0, if Tmin = 00 or Aty < V Tiin,

Fayn = [logQ (%ﬂ , otherwise, (6.46)
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where v = 0.05 is the empirical safety factor guaranteeing that at least 20 sub-steps resolve
the fastest non-leaf dynamical timescale. The final level is clamped between the default
baseline and the maximum allowable depth:

kn - Chp (maX (kdyn(sn)a kdyn(q)(AOzn (Sn))a ksched) 5 kdefaulty kmax) . (647)

Here, evaluating max (Kqyn(sn), kdyn(q)(AOZn (sn))) across the predictor trial step <I>(A02n(sn) en-
forces the symmetric two-endpoint dyadic selector ksym (sn, Aty ) of Propositions 5.22 and 6.7,
guaranteeing exact step-level palindromic reversibility kpywq(n) = kbwda (/N —1—n) across asym-
metric flybys (as certified on Asteroid Apophis in Section 7.2.1). The additional term ksched
accounts for any pre-scheduled temporal reservation windows (‘ColoredInterval‘) overlapping
the macro-block [t,,t, + At,] (Figure 15).

Bound Hill-Isolated Leaf C'
Analytical Sundman-Stumpff flow (AHjear = 0)

Tpair = mMin (Td},n((]), max(Treg,1, Trcg?z))
Pairwise Scan (7, < j) kPeriastron Guard: 75 = 0 == Treg,2(C) > 01 Endpoint Level k?dyn(s)
Triad (Tkin, Tdyn, Tperi) g . Tmin = Min;<; Tpgi{(i,j)
Horizon tkepier < 2|Ats| Non-Leaf or Hill-Breached Pair Fayn(s) = [logy 721 +

Coupled via Screened Apex WSgeee™ € cH1(Q[N])
Tpair = Tloc (%, J) = min{Txin, Tdyn, Tperi }
Full Dyadic Resolution (0 < k < kmax)

e = === == =

. P . ~ Z . q .
Entrance State s, trial step Coal‘je refz‘lol)CtOI‘ Sn+1 Tvs{o Endpoint Symnletrlc Selector k,
at tn: evaluate kdyn(Sn) Sn+1=Cup (sn) kin = clip (max(kayn (Sn), kayn(Sn+1); kschea), kdof, Fmax )
" - vyniSn evaluate kqyn GnJrl) Time-Reversal Palindrome: kgyq(n) = kpwa(N—1—n)
Shk“ (frozen Tp,) Shk” (frozen Tp,) . 2Fn sub-steps l Shk”, (frozen T},)
f } } } !
p < 1‘71 —
NON ¢ el (@ -1

ok
okn
Er, . (¢ 2 =

kn
Bit-Exact Scaled-Integer Grid: /") = tn +m- (Atn/2") (32" hi, = At with zero IEEE 754 mantissa drift)

tny1

FiGURE 15. Skeel-Gear synchronized macro-step architecture on
I, = [tn, tny1]. Top: Two-regime Leaf/Apex decoupling filter (Theorem 6.9)
with periastron floor Tyeg2(C) > 0. Middle: Two-endpoint symmetric se-
lector k,, (Eq. (6.47)) enforcing palindromic time-reversibility. Bottom: Bit-
exact scaled-integer sub-step lattice ™ = tn+m(At, /28) at frozen (T}, ky,)
(Remark 6.3.4).

Remark — Engineering Realization IEEE 75/: Bit-Exact Timestamp Generation vs Cumulative
Addition Noise. In conventional adaptive integrators, sub-step timestamps are advanced recursively
by floating-point addition:

tm) =D L py o (m=1,...,28). (6.48)

Under IEEE 754 double-precision arithmetic, floating-point addition is non-associative. When
integrating through deep dyadic levels (e.g., k = 7 = 128 sub-steps, or k = 10 = 1024
sub-steps), the accumulation of roundoff errors results in a terminal discrepancy:

‘t(z"") — (tn + Atp)| ~ 25 €mach Aty, (6.49)

which violates the exact boundary synchronization condition of Skeel & Gear and introduces arti-
ficial phase shifts during high-order symplectic corrector evaluation.

In our software implementation (system/dyadic_scheduler.py), this error is strictly eliminated
by computing intermediate timestamps via scaled integer index multiplication:

. At,
tsl ) = tn+m (2"%) 5 m€{0,1,...,2k"} (650)
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Because 2% is an exact power of two, the division by 2% in IEEE 754 binary arithmetic corresponds
to an exact subtraction of k, from the floating-point exponent, incurring strictly zero mantissa
roundoff error. Setting m = 2%~ evaluates to t,, + 2F2(At, /2¥) = t,, + At,, = t,,1 bit-exactly,

guaranteeing:
okn

> hy, = At (6.51)
m=1

to the last bit of double-precision representation (see Figure 15).

Python A.2 : system/dyadic_scheduler.py, interfaces/03_DyadicScheduler_Interface.py [Float64 / Float128] ]

6.4. The Symplectic Sub-Cycle: Kepler-Sundman Flow and Screened Apex Kick.
Each substep hiy = Atmacro /2k established by the dyadic scheduler is propagated via a

symmetric palindromic composition of Blanes—Moan operators (BMéll) or BMf)). This
section formalizes Phase 3: the exact algebraic execution of the kinematic drift, the universal
Kepler-Sundman analytic flow on terminal leaves, the synchronous integration of supernodes,
and the screened apex CY!' kick with exact analytical gradients and IEEE 754 hardware
safeguards.

6.4.1. The Universal Kepler—Sundman Analytic Flow (Phase 3.1). In the Fulton-MacPherson
configuration space Q[N], every terminal leaf node v € Leaves(T) corresponds to an isolated
binary pair (i,j) € LeafPairs(7") whose relative dynamics is governed by the uncoupled
two-body Keplerian Hamiltonian:

Higap(Ty, W) = - (6.52)

where p, = mym;/(m; + m;) is the reduced mass, r, = q; — q; is the relative separation
vector, and Wy = [lyViel = flo(Q; — 4;) is the conjugate Jacobi momentum.

Rather than subjecting this singular potential to numerical operator splitting (which in-
curs an unavoidable collision catastrophe in r, Crl) ag diagnosed in Section 5), the flow
exp(hXp,. ) is integrated analytically via the universal Sundman-Stumpff diffeomorphism

established in Proposition 5.5 [70-72]. Under the fictitious Sundman time transformation:

dt = ||ry(7)|| d7 = p(7)dT, (6.53)
the physical trajectory is governed by the universal Sundman time equation:
F(1) = pore1(2) + oom2ca(2) + GMyr3e3(2) — At =0, (6.54)

where M, = m; + mj, po = |r,(0)||, vo = Wy(0)/1y, o0 = ry(0) - vp, and the energy
parameter « and dimensionless Stumpff argument z are:

2G M, 2F
= Lo vol? = -=2, zi=ar? (6.55)
Moy

The transcendental functions c(z) are the universal Stumpff functions [70, 71] defined by:

ck(z) = Z m, k>0, (6.56)

m=0

Qo

which unify elliptic (o > 0,z > 0), parabolic (o = 0,z = 0), and hyperbolic (o < 0,z < 0)
orbits into a single real-analytic manifold without branching singularities.

1. Cubic Halley Root Inversion. Equation (6.54) is inverted numerically for 7 via
the third-order Halley iteration. Differentiating F'(7) with respect to 7 using the Stumpff
differential identities ¢},(2) = 5 (cx—1(2) — kcg(2)) yields the exact analytical derivatives:

F'(1) = p(1) = poco(2) + ooTer(z) + GMym2co(2), (6.57)
F"(1) = ogco(2) + (GM, — apo)Ter(z), (6.58)
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where GM, — apy = pol|vol|? — GM, = sz% + GM, = F"(0) = p"(0) is the initial Levi-
Civita-Sundman curvature invariant from the regularized harmonic oscillator p” (7)+ap(7) =
GM,. Because F'(1) = p(7) > 0 strictly for all non-collisional configurations, F'(7) is strictly
monotonic, ensuring the existence of a unique real root 7*. The Halley recurrence relation:

2F (1) F' (11)
2(F"(1p,)]? — F(7) F"(1x)’

Thal = Tk — (6.59)
converges cubically, typically attaining relative tolerance |At — F(7)|/|At| < 1071° within 2
to 4 iterations.

n the singular vicinity of an exact parabolic grazing encounter (z ~ 0) or when denomina-
tor degeneration occurs (2(F')? — FF” < 0.1(F')?), the cubic iteration (6.59) is protected
by a trust-region clamp |d7| < 0.57%. If convergence is not achieved within £y, = 25 itera-
tions, the solver falls back to a deterministic monotone bisection search over the guaranteed
bracket [a,b] = [0, max (7, |At|/po, 1.0)].

Because F'(7) > 0 unconditionally, 60 bisection steps reduce the uncertainty bracket to:
b—a -19
w0~ 8.7x 107 (b—a), (6.60)
guaranteeing convergence to the double-precision machine epsilon without infinite looping
or heuristic relaxation.

’7 Proposition 6.10 — Deterministic Monotone Bisection Fallback
I

2. Universal Lagrange Multipliers and Battin Projection. Once 7" is determined,
the advanced relative position and velocity vectors are evaluated via the universal Lagrange
invariants:

r,(At) = fry(0) 4+ gv,(0), Vo (At) = fry(0) 4+ gv,(0), (6.61)
where the universal scalar coefficients are:
GMU *\ 2 * * * *\ 2 *
f=1- p” (7%)%ea(2%), g=potc1(2") + oo(77) ea(2"), (6.62)
GMrU * * . GM’U * *
= - T Cl(z )a g = 1-— (T )202(’2 )a (663)
P0Pfinal Pfinal

with praw == F'(7*) evaluated from (6.57). Near extreme pericenter passages (praw < %po,
1 — e — 0), naive summation of (6.57) suffers subtractive cancellation of order (1 —e)~! in
radius and (1 —e)~? in total energy; we eliminate this cancellation analytically by evaluating
the conditioned terminal radius from the exact angular-momentum/energy quadratic identity
(with one fixed-point refinement step substituting pgna; back into the denominator):

Tena + 1 Lol* /423
2GM, — & praw (6.64)
Oend = F"(7%) = 0oco(2") + (GM,, — apy)7m*c1(2%),

Pfinal =

coupled with incremental Wronskian renormalization 6g = (fg—df)/f (0f = f—1, g = 14+69)
whenever |f| > |g|.

Proposition 6.11 — Battin Unimodular Projection and Symplectic Preservation [5]
The transition matrix ®kepler € Sp(6, R) satisfies the continuous Wronskian identity:

W(f,9) = fg—fg=1. (6.65)
To eliminate floating-point subtractive cancellation drift in W (f, g) during extended inte-
grations, the coefficient with the largest numerical sensitivity is re-projected via Battin’s
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algebraic constraint:

e = 2L g2 101,
if max(|fl,|g]) > max(|gl.|f]) : 1+ff'g
fproj — . 9 if ‘g‘ > |f‘a
. = . (6.66)
. fproj < s if \g\ > |f‘7
if max(|gl, |f]) > max(| ], ) : o
gproj%Tv if ’f‘>’g‘7

guaranteeing | f§— fg—1| < 10716 at every substep. The updated momentum is w,,(At) =
UV (At), preserving the exact Darboux symplectic 2-form dr, A dw,,.

3. Radial Head-On Collisions and McGehee Unitary Bounce. For degenerate
rectilinear trajectories with vanishing specific angular momentum:

JLul? = flro % o> < 1072 max (GMopo + [[vo |23, 1072) (6.67)

the orbital plane collapses onto a 1D ray. In this regime, the system undergoes an exact
collision-ejection bounce modeled by the McGehee unitary reflection operator [47]:

BC : (Tscalara wr) — (_Tscalara _wr)a B%’ = Id7 (668)

acting as a specular reflection of the radial momentum along the invariant directional ray
S0 = ro/po, as established in Section 5 (Lemma 5.6) and certified in Lean 4.

Because the Sundman radius p(7) = F'(7) > 0 attains a quadratic minimum p(7eon) = 0 at
collision and remains non-negative for 7 > 7., while the radial virial oepg(7) = F” (1) = p/(7)
smoothly reverses sign from < 0 (infall) to > 0 (rebound) across 7con, using the conditioned
terminal radius pgnpa > 0 from (6.64) directly reconstitutes the post-collision state symplec-
tically along the incident ray §g via:

~ Oend \ A
Tfinal = Pfinal S0, Vfinal = ( ) Sp, Wfinal = Mo Vfinal
Pfinal
(with asymptotic limit vyaqial = c1(2)/(c2(2)7T) as panal — 0), without any sheet-sign branch-
ing or non-symplectic velocity-norm projection.

Remark — IEEE 75/ Safequards: T-Involution, Hyperbolic Guard, and Horner Ezpansion. Three
critical machine-precision edge cases in universal Kepler-Sundman propagation are resolved as
follows:
(1) Microscopic Time-Reversibility under Retrograde Steps (At < 0): High-order
symplectic integrators (BMEP,BM&H)) require negative intermediate stage weights (a; <
0,b; < 0) to bypass the Suzuki order barrier. Directly supplying At < 0 to root-finding
routines can bias the convergence basin. Exact reversibility W_a; = \I';i is enforced via
the kinematic time-inversion involution:

T:(r,w)— (r,—w), Pai(r,w) =T o P|py(r,—w)oT, (6.69)
which maps backward motion onto forward propagation with inverted initial momentum
ot = sgn(At)ay.

(2) Hardware Hyperbolic Guard Ceiling (Zyn = —500000.0): In deep hyperbolic plung-
ing encounters (Ea, > 0, < 0), the transcendental argument z = a7? < 0 requires evalu-
ating sinh(yv/—2)/v/—z. In IEEE 754 double precision, sinh(z) overflows for x > 709.7827,
corresponding to —z > 503 791. Setting:

Zyin = —500000.0 = cosh(v/500000) ~ 1.13 x 1037 < 1.797 x 103%%, (6.70)

provides a hardware safety ceiling preventing floating-point overflow during initial iteration
overshoot, while preserving strict zero softening (¢ = 0, dy = 0).



124 JEREMY NUSA

(3) Horner Polynomial Expansion for Small Arguments (|z| < 0.1): For near-parabolic
regimes, direct evaluation of trigonometric formulas suffers catastrophic subtractive cancel-
lation. The Stumpff functions are evaluated via a 6th-order Horner expansion:

(2) = i _ z n 22 _ 23
T T k2l T (k+ 4! (k+o6)
4 . o (6.71)
+ — + 0z,

k+8)!  (k+10) " (k+12)

yielding truncation errors strictly bounded by 10718, well beneath double-precision floor.

6.4.2. Synchronous Supernodes and Conformal Sundman Time (Phase 3.2). When a com-
pact multi-body cluster (k > 3) enters the canonical Schmitt trigger hysteresis band:

~ 1/3
pPs Mext —1/3
=2 —= <2 6.72

e (GE) =2 (072)
the hierarchical pairwise tree structure experiences the Ezcluded Middle Dilemma (Section 4,
Section 4.3): asynchronous dyadic sub-stepping within the cluster induces an uncompensable

Poisson bracket divergence in O(ﬁ?/ 2).

To suppress this divergence, the active cluster S € Sgync is treated as an indivisible multi-
body supernode, whose internal degrees of freedom are integrated synchronously under the
unfolded conformal Sundman clock:

dig = X%’ drg = pgdrg, xXs = v ps > 0. (6.73)
Under this conformal time rescaling, binary collisions within .S correspond to finite traversal
times in 7g. By Saari’s Singularity Theorem (Theorem 4.9), the minimum hyper-radius
Pmin > 0 is strictly positive almost everywhere on T*Q[N], bounding the number of required

internal substeps:
N, (S)<[ Aty W < (6.74)

b S|\ 00, .
o Prin ATS

where the mass-weighted Jacobi hyper-radius pg of Section 4.3 (Eq. (4.53)), the mass-
normalized hyper-radius pg = ps/v/Mg, and the unweighted barycentric Euclidean norm

1xsll2 = (XCies llai — R5||2)1/2 satisfy the uniform norm equivalence:

Mmin (S) mmax(S)
Mg Mg

Operationalizing (6.74), _compute_local_substep_bound in solvers/supernode.py evalu-
ates the time-reversal-even internal step bound:

3
. 7 Psocond  [[Xs]l2
h =0.05 2y | —Socond 5900
bound (XS7 VS) min 7T GMS ; Vi ) Vi )

where rgecond denotes the second-smallest pairwise separation outside the analytically desin-
gularized closest pair (i*,j*) and vpax = max;eg ||[vi — Vg||.

Throughout the synchronous supernode sub-cycle, the internal Hamiltonian Hisnt =Ts+
Vg is advanced in conformal Sundman time 7g through an adaptive symplectic inheritance:
rather than prescribing a static scheme (such as the 4th-order Yoshida composition Y4, whose
leading error constant is over 400x larger than that of Blanes—Moan schemes), the internal
solver dynamically inherits the palindromic stage coefficients (as,bs) of the active parent

integrator (Bng) with 7 drifts and 8 kicks, BMéH) with 11 drifts and 12 kicks, or Strang
So). This eliminates order mismatch across the hierarchical interface, ensuring that the local
shadow Hamiltonian preserves the exact formal order (2p) and Lie bracket error structure
of the global integrator.

xslle < ps < l|xs]|2-
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Crucially, the normal cone splitting is applied recursively inside the supernode itself. In
conformal Sundman time 7g, the internal degrees of freedom are partitioned into:

H}gnt — llél;f 4 Hint 4 Vint (675)

base apex?
where:
(1) H2 desingularizes the tightest internal binary pair (i*, j*) := argmin; ;e ¢ [|q; — q;|
via the exact analytical Kepler-Sundman flow (governed by Proposition 6.11, with
Battin unimodular projection (6.66) and McGehee radial bounce (6.68) upon near-
rectilinear collapse);
(2) H advances the remaining spectator bodies k € S\ {i*, %} through uncoupled

base

linear kinetic drift;
(3) Vapex = Vs — Vkepler (1, 7*) represents the non-singular internal cross-interaction

potential, applied as momentum kicks along the internal cotangent fibers.

This internal splitting is composed through the inherited stages (as, bs), guaranteeing that
binary close encounters occurring within a chaotic multi-body encounter are analytically
resolved without step collapse or energy divergence. This architectural property embodies
the exact fractal self-similarity of the normal cone desingularization across all hierarchical
scales of Q[N].
Throughout this evolution, the internal center of mass remains decoupled from internal
gravitational stresses:
Y FM=o, Y aixF* =0, (6.76)
iclg icls
ensuring exact discrete preservation of internal linear and angular momentum, with floating-
point roundoff bounded by IEEE 754 precision limits (< 107!% and < 10~!* respectively).

6.4.3. Screened Apex Kick and Ezact Analytical Gradient (Phase 3.3). The non-integrable
cross-cluster interactions in the Fulton-MacPherson splitting are governed by the hierarchi-
cal screened apex potential WiTie® € CY1(Q[N]), whose universal Lipschitz regularity is
demonstrated in Theorem 4.4 and whose Galilean invariance is certified by Proposition 4.5.
In this subsection, we formalize the exact analytical evaluation of the symplectic kick oper-
ator, which acts as an exact translation along the vertical cotangent fibers T;Q[N | leaving
base configuration coordinates on Q[N] unperturbed:

exp (bshkstggexen) . pi > pi + bshp FP, 1 <i<N. (6.77)
1. Scale-Adapted Screening Cutoff and Closed Cauchy Mollifier. For every internal
composite node v € Internal(7") \ Leaves(T), the dimensionless scale ratio is:

I [

v — )
PL(v) T PR(v)

where r, := Xr,) — XR(y) 18 the vector separating the barycenters of the left and right child

(6.78)

clusters, and po = pc/+v/Mc are their respective mass-normalized hyper-radii.
The scale-adapted screening function ©(u,) smooths the transition between the compact
near-field core and the asymptotic multipolar regime:

0, if u <1,
Ou) =¢o(u—1), ifl<u<?2, (6.79)
1, if u> 2,

where o(s) is a smooth monotonic transition on s € [0,1]. To avoid numerical quadratures
of transcendental functions while guaranteeing sufficient smoothness for high-order splitting,
the symplectic integrator supports either the smooth partition-of-unity Cauchy mollifier:

OCauchy (8) = 91(514&9;2(3)7 g1(s) = exp (-2) , ga(s) =exp <—1is) ; (6.80)
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or the exact order-matched Hermite polynomial spline family o2 (s) (002(s) = 1083 —
155 +6s° € C*! for Strang order 2, o4 (s) of degree 9 for Y4/BM517), ocs(s) of degree 13 for

11) /PBMy, and centered ocs(s) of degree 17) whose derivatives up to order 2p vanish
identically at s =0 and s = 1.

2. Analytical Monopole Cancellation. In the mathematical definition of the blown-up
Hamiltonian on T*Q[N] (Section 4, Eq. (4.36)), the regularized apex potential subtracts the
screened monopole:

WIS = Woewon = 3 Vicpialiod) = 3 O) A = 3 Vi(S). (681)

(Z’,j)eﬁpa]rb ’UGCOmp ” v H Sessync

Because extended composite clusters lack closed-form Keplerian solutions, their screened
interactions cannot be evolved analytically in Hy; they are integrated numerically within the
kick stage alongside Wil In the operator-splitting kick step, recombining the regularizing

monopole +W,, with W reee™ produces an exact analytical cancellation (+W, — W, = 0), so
that the effective kick potential reduces identically to the exact inter-cluster Newtonian

potential Vipter:

Vklck — Jj/screen + Vmonopole = Vintor, (682)

apex screened

where Vipter is the exact inter-cluster Newtonian potential:

Vinter = — Z m (6.83)
(iaj)¢»cpairs
(4,3)¢Ssync

The terms +0O(u,) G]}TIL]'\(R and —O(u )G]}ﬁfv?f’* cancel analytically to machine zero (+W, —

W, = 0). Evaluating Viper directly eliminates virtual fictitious monopole kicks and uncom-
pensated reaction forces.

3. Coupled Hyper-Radius Deformation Gradient. When the screened composite
potential W, = @(uv)G]‘\ﬂLv]‘YR is retained in theoretical diagnostics, its exact Cartesian gra-

dient must account not only for the displacement of cluster barycenters X, Xg, but also
for internal hyper-radius deformation:

8Wv 81'1; 8Wv 8]%scaule

vquU - 81'1) ' 3% * aRscaule 8/3[/

-Va.PL, i € bodies(L(v)), (6.84)

where Rgcale = pr, + pr and:

_ mi(q — Xp)
4 MppL (6.85)
Proposition 6.12 — FEzact Galilean Invariance of the Apex Kick
Let F?pex = —Vgq, Vkick be the net Cartesian force acting on particle i. Because Vi is an

invariant scalar function under the Euclidean group SE(3) (translations and rotations of
R3), the resulting forces satisfy the exact discrete balance identities:

N N
Y FP =0, ) qxF™™=0, (6.86)
' i=1
with numerical evaluation under IEEE 754 floating-point arithmetic preserving total linear
and angular momentum to machine precision floor (< 107'% and < 104 respectively).
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6.4.4. Palindromic Multi-Stage Splitting Architectures (BMEJ) and BMéll) ). The elementary
operators @it pleal - P “and AP are assembled into a single, high-order, symmetric
substep propagator via the processed Blanes—Moan splitting families [10]:

\Ijh = exp (bSthiiggexen) eXp (as,thHO) < eXPp (athHO) exXp (bthwsgr;(en) s (687)

where Hy '= Hpase + Hioar + HZYPS

super*

(1) Scheme BMSP (7 drift stages, 8 kick stages, pre-asymptotic effective order 6 on
Dieg for e < h? under boundary conjugator ZEM4 generated by Ky € Pp): Proven
in Theorem 5.9 and Theorem 5.18 to minimize the leading Lie error commutator
norm on Q[N] while bounding secular shadow energy dissipation. Requires 8 force
evaluations per standalone substep under generic 7-stage Strang composition S5 (a;h).
By virtue of palindromic symmetry (a; = as—;,b; = bst1—; with by = by), the first
and last kick stages between consecutive substeps coalesce via the First-Same-As-Last
(FSAL) property:

exp(bsh Xy ) o exp(b1hXy) = exp((bs + b1)hXv), (6.88)

reducing the amortized evaluation cost to m = 7 force evaluations per chained S5 (a;h)
step (and s = 6 effective non-trivial evaluations under direct ABA/RKN stage merg-
ing [10, Tables 2-3], Definition 5.8).

(2) Scheme BMéll) (11 drift stages, 12 kick stages, unconditional direct order 6 with-
out boundary corrector): Proven in Theorem 5.13 and Proposition 5.15 to solve the
complete 6th-order RKN Lie algebraic system on Q[N], bypassing the Universal Ob-
struction Theorem 5.17 at the cost of 12 kick stages per standalone substep (reduced
to m = 11 evaluations under continuous FSAL chaining, or s = 10 effective evalua-
tions under direct ABA/RKN stage merging). Provides an unconditional 6th-order
integrator across all dynamical regimes without the O(g2h*) quadratic floor.

Vectorized and Zero-Allocation CPU Sub-Cycle Execution. In contrast to GPU
SIMD architectures (which suffer acute warp divergence when different leaf pairs require
unequal Halley iteration counts ¢, € {2,3,4} or branch into the McGehee bounce), the
execution of Phase 3 on CPUs exploits the geometric decoupling of the phase space:

e All terminal leaf pairs (i,j) € LeafPairs(T') are disjoint in particle indices; their
Kepler-Sundman flows commute exactly and operate on independent coordinate
slices.

e The inter-cluster apex kick matrix F;; is accumulated via vectorized NumPy reduc-
tions over pre-allocated buffers.

e The global phase state update operates with an O(NN) memory footprint (< 250 kB
for N <1000, residing entirely in L2/L3 CPU cache).

Python A.2 : solvers/{kepler_sundman, supernodel}.py, screened_apex.py, common.py [F64 / F128]

6.5. Atlas Transitions, Gauge Connection, and Symplectic Post-Processing. At
macro-interval boundaries t = nAtmacro, the topological admissibility of the active Jacobi
tree chart T' € A is audited against the evolving N-body spatial configuration. When an
intruder particle penetrates a binary or hierarchical subsystem, the active chart ceases to iso-
late the dominant singular divisor on the Fulton—-MacPherson configuration space Q[N] [24],
threatening the C1! Lipschitz regularity of the hierarchical screened apex potential Wapex

This concluding section formalizes the final two operational phases of the symplectic inte-
grator:

(1) Phase 4 (Dynamic Atlas Transitions and Gauge Connection): Evaluating
the three-regime Hill-weighted Delaunay—Jacobi admissibility criterion (operated by
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default at the canonical memoryless Voronoi threshold v = ~puuq = 1.0, with op-
tional spatial hysteresis v = 0.60, yhuilq = 0.70), and executing the exact canonical
symplectic gauge connection J4_p € Sp(6N — 6,R) between adjacent charts.

(2) Phase 5 (Symplectic Post-Processing and Metrological Diagnostics): Ex-
iting the symplectic shadow manifold at ¢t = tepg via the forward corrector Cap(h)
to reconstitute the physical phase state sppys, and executing rigorous conservation
diagnostics for the ten generators of the extended Galilean Lie-Bargmann group and
the Keplerian Wronskian.

6.5.1. Delaunay—Jacobi Chart Admissibility and Boundary Detection (Phase 4.1). Let A :=
{Ta}aeT denote the maximal atlas of rooted binary Jacobi trees on the compactified con-
figuration manifold Q[N]. Each chart T" € A diagonalizes the kinetic energy into N — 1
uncoupled fictitious center-of-mass degrees of freedom. In particular, the subset of terminal
leaf pairs LeafPairs(7) C {(i,j) | 1 < i < j < N} corresponds to physically bound or
strongly interacting binary subsystems whose relative motion is integrated analytically via
the universal Kepler—Sundman flow (§6.4).

For any leaf pair (i,j) € LeafPairs(T) of combined mass m;; = m; + m; with mmpi, =
min(m;, m;) and Mmmax = max(m;, m;), let r;; := ||q; — q;|| denote their mutual separation,
and for each external third body k ¢ {¢,j} of mass my, let d;; x = min(|lq; — qx|, [|a; — ax|l)

and Nyaw (2, J; k) == ((mi+m;)/(2mg)) 13 Depending on the leaf mass ratio and the threshold
parameter v € (0, 1], we define the three-regime Hill-weighted effective intruder distance:

Hill/: -\ . . T -
dext (Z7.77 ’Y) = kgﬁg} (nHlll(zaja ]C, 7) d'l.]7k)7
nraw(ia J; k)7 if Mmin < 0.01 Mupax, (6.89)
nu (i, 35 k;y) = < 1, if mmin > 0.01 mpax and v = 1,

max(1, Mraw (4,7 k), if Mmin > 0.01 Mpyax and v < 0.60,

with linear interpolation 1 + (lng(max(l, Taw) — 1) for comparable-mass leaves when v €
(0.60,1).

’7 Proposition 6.13 — Three-Regime Hill-Weighted Delaunay—Jacobi Admissibility
A

Jacobi tree chart T' € A is topologically and dynamically admissible with respect to the
phase configuration q € Q[N] if and only if:

(1) Every terminal leaf pair (7, j) € LeafPairs(7T") satisfies the Hill-weighted Delaunay
isolation condition:
dgnt (i, §37) > Y 7ij
where v = 1.0 is the canonical parameter-free Voronoi default (GAMMA_HYSTERESIS
= 1.0, with v = Ymonitor = 0.60 and Ypui9 = 0.70 available as an optional hysteresis
deadband).

(2) No non-leaf pair of bodies (p, b) ¢ LeafPairs(T") has entered a planetary Hill capture
zone where mingg p, yy Nraw (P, b; k) dpb k; > Youila Tpp While violating the light body b’s

1/

(6.90)

3 < Y TDp-
When inadmissibility is detected, agglomerative tree reconstruction (build_optimal_tree,
Proposition 6.2) pairs clusters by minimizing |R, — Ry|| (with radial-velocity tie-breaking
Tq,p) under strict lexicographic priority to candidate leaf merges satisfying Admyear(b;, b;)
(Eq. (6.11)).

current attachment to the dominant primary D: 7, ((mp +my)/(2my))
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Proof. On the Fulton—-MacPherson compactification Q[N], the singular collision divisor A =
Ui j A;; is resolved by iterated real blow-ups into a normal crossing divisor with smooth boundary
faces (Theorem 4.1) [24]. Physically, a third body k of mass my, disrupts the Keplerian dominance
of a pair (4,5) when the tidal acceleration ~ Gmyr;;/ d%k becomes comparable to the internal

attraction ~ G(m; +mj)/r;, i.e., across the mutual Hill sphere Ry = 7i; ((m; + mj)/(2mk))1/3.

The three-regime definition of nu (i, j; k;v) in (6.89) and the free-body capture guard in Item (2)
simultaneously resolve all physical mass hierarchies without hidden hysteresis:

(1) Hierarchical Leaf Pairs (min(m;,m;) < 0.01max(m;,m;), e.g. Sun—comet or
planet—satellite): Leaving nuim = Nraw = ((mz + mj)/(2mk))1/3 unclamped ensures
both directions of planetary Hill capture: for a Sun—comet leaf (0, c¢) approached by a gi-
ant planet J (mg + me > my), Nraw > 1 triggers the heliocentric — planetocentric flip

precisely when 75, < Y 'ro. (2m 7 /M@)l/ 5o Ruin,.s; conversely, for a planet—comet leaf
(J,¢) perturbed by the Sun (mj; 4+ m. < Mg), Nraw < 1 triggers the planetocentric —
heliocentric egress flip precisely when r . exits Ruin, ;-

(2) Comparable-Mass Pairs at Canonical Voronoi Default (min(m,;,m;) >
0.0l max(m;,m;) and v = 1.0, e.g. equal-mass or 3—4-5 democratic scattering):
Setting ngin = 1 at v = 1.0 eliminates any mass-asymmetry overlap (7.w 7 1) between ad-
jacent charts, ensuring that chart selection defines an exact, memoryless Euclidean Voronoi
partition on configuration space (while Item (2) still prevents two co-orbital light fragments
(Fy, F») from remaining paired deep inside a massive primary’s tidal zone).

(3) Comparable-Mass Pairs under Optional Hysteresis (v < 0.60): Setting ngy =
max(1, Naw) enforces pure geometric Delaunay proximity (d;jx > v7i;) as a lower bound
inside the hysteresis band.

Condition (6.90) defines the boundary of the adapted Jacobi chart domain Ur C Q[N] (see Fig-
ure 16).

(a) Heliocentric chart Tis (b) Hill boundary 9Ruin (tn) (c) Planetocentric chart 723
THill 723 = T'13
Ji3—23 = T,Effg“)
1 3 2 1 2 3

o maltleeo

ri3 -0 raz N, PO

- [N \ 1 ra3 \

I @ e | , |

mi m2 mi r’ \ mo
\ apex

\ 4 \ 4

\\~ ’/, g ’//

Rain r23 = Ruin Ruin

FIGURE 16. Sequential geometry of a Hill-weighted Voronoi—
Delaunay chart transition (Proposition 6.13). (a) Heliocentric chart
Tiz = ((1,3),2) outside Ry with leaf ri3 and apex rapex; (b) macro-

step boundary ¢, on the Hill Voronoi bisector ngjres = ri3 triggering

J13—93 = ffgm); (c) planetocentric chart Ta3 = ((2,3), 1) inside Ry with

: /
regularized leaf roz and apex rypey.

Whenever condition (6.90) is violated at a macro-step boundary t,, the active chart T
is deemed inadmissible, triggering an agglomerative tree restructuring (Proposition 6.2) to
construct an adapted tree Theyw € A satisfying (6.90). Crucially, because both the synchro-
nous supernode detector Sgyne(7") (Definition 4.8) and the dyadic step-size scheduler hy(T)
(Theorem 5.25) inspect the internal composite nodes and leaf pairs of the active tree, the
order of operations at each macro-step boundary must obey a strict causal hierarchy:
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t the entrance of each macro-step [tn,tn + Atmacro] from prior chart Ty, supernode
partition Sy, and sub-step scale hgyq, the engine (NBodySystem.step) executes the four
boundary stages in strict causal sequence:

(1) Atlas Adaptation T,y — (2) Supernode Refresh Sact(Tact)
— (3) Dyadic Scale hpew(Tact) — (4) Gauge Connection,

’7 Proposition 6.14 — Causal Macro-Boundary Ordering and Supernode Refresh
A

(6.91)

where Tyet ‘= Thew if @ chart transition occurs and T, = Tyq otherwise. This causal order-
ing guarantees that the active leaf-pair set LeafPairs(7,¢¢) and the synchronous supernode
family Sact = Ssync(Tact) define a mutually disjoint partition of all two-body Keplerian
channels at every sub-step, eliminating the one-step stale-tree double-drift anomaly.

Proof. Suppose instead that supernode detection were evaluated on the prior chart T,q before
executing the atlas transition Thlg — Thew (as occurs under a naive ordering Soig(Toid) — Thew)-
Consider a multi-fragment cometary cluster S = {Fy, Fy, F3} approaching a massive primary J
across the Roche tidal limit (such as Comet Shoemaker—Levy 9 in Section 7.2.1):

(1) In chart 7,4, the three fragments form a composite internal sub-tree vg = ((F1, F2), F3),
which is registered as an active synchronous supernode S € So1d(To1a)-

(2) Upon crossing the tidal disruption boundary at t,, the atlas transition replaces Tolq with
Thew = (((J, F1), F3), F3), dissolving the composite node vg and promoting (J, F}) to an
external terminal leaf pair of Tyey.

(3) If So1a(To1a) is retained during step n alongside Thew, the sub-cycle propagator @y, integrates
the fragment F) twice within the same step: first inside the stale supernode solver @,SLN(S)
and simultaneously along the newly formed Jovicentric Keplerian leaf channel (J, Fy) €
LeafPairs(Tpew), injecting an unphysical O(h) spatial elongation jump (AS ~ 5.5 x 1077)
and a discrete energy discontinuity (AE/Ey ~ 7.8 x 1071).

By enforcing the causal sequence (6.91), Sact = Ssync(Tact) is evaluated directly on the post-
adaptation tree T, prior to both dyadic timescale selection and shadow gauge conjugation, ensuring
exact partition consistency across all steps.

6.5.2. Canonical Voronoi Bijectivity (v = 1.0) vs. Anti-Chattering Hysteresis (v = 0.60) and
Time-Reversal Non-Injectivity (Phase 4.2). In the vicinity of near-triple close encounters
or Lagrange equilateral configurations where the mutual distances between three bodies
i, j, k become comparable (1;; ~ rj; ~ r;;), one may theoretically introduce an asymmetric
hysteresis threshold v < 1 (such as v = 0.60, ypuiia = 0.70) to prevent hypothetical back-
and-forth chart chattering across the Voronoi bisector r;; = ;. As proven below, v = 0.60
enforces a strict spatial contraction factor v2 = 0.36 < 1.

In practical N-body integrations, however, sustained boundary chattering is exceedingly
rare because generic trajectories intersect codimension-1 Voronoi bisectors transversely with
non-zero relative radial velocity (r5; # 7ji) at discrete macro-step intervals Atpacro > 0.
More fundamentally, our retrospective analysis of time-reversal symmetry revealed a deep

structural drawback of any strict hysteresis deadband ~ < 1: inside the overlapping co-
admissible deadband

Adm(Ta) NAdmy(Tg) = {v < dio (i, 5) /rij < v '} # 0,

the chart selector q — T(q) is non-injective (multi-valued), since the active chart is no
longer a pure function of the instantaneous configuration q but depends on the trajectory’s
prior history.

Under phase-space time reversal R(q,p) = (q, —p), a state-only forward rule switches
T4 — T upon exiting Adm, (T'4) at ratio v, whereas the reversed trajectory starting in T
remains admissible in Ade(T B) across the entire deadband and only switches back to T4 at
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ratio 7! # 5. This non-injectivity shifts the forward and backward chart transition times-
tamps, breaking pure state-based time-reversibility unless a stateful history stack is main-
tained. Setting v = Ypuild = 1.0 as the canonical default collapses the multi-valued deadband
to the codimension-1 Voronoi boundary, making chart selection a memoryless single-valued
bijection on generic configurations and ensuring intrinsic time-reversal symmetry across all
regimes.

Theorem 6.15 — Anti-Chattering Stability via Geometric Contraction under
Optional v = 0.60
As established in Theorem 4.10, when the optional hysteresis mode v = 0.60 is enabled,
an instantaneous cyclic bifurcation T4 — Tp — T4 between adjacent Jacobi trees is
geometrically impossible. Any chart transition incurs a strict spatial contraction factor
bounded by:
7? =036 < 1, (6.92)

rendering infinite Zeno chattering topologically impossible.

Proof. Consider three bodies 4, j, k. In chart T4, the pair (4, j) is grouped as a leaf, with separation
ri;. A transition to chart T, where (j, k) is grouped as the leaf with separation rj, is triggered
only if body k penetrates the isolation zone of (4, j):

Tk < Y Tij- (693)
Once chart Tp is established, the active leaf pair is (j,k). For an immediate reverse transition

back to T4 to occur, body ¢ must in turn penetrate the isolation zone of the new leaf (j, k), which
requires:

Ti; <Y Tjk- (694)
Multiplying inequalities (6.93) and (6.94) yields:
TiiTik < ")/2 TiiTik = 1< ")’2 =0.36, (695)

which is an absolute arithmetic contradiction. Thus, a minimum finite physical displacement is
strictly required before the reverse transition can become admissible, eliminating instantaneous
high-frequency switching.

Remark — Analytical Dwell-Time Diagnostic Tmin from Spatial Hysteresis. As proven in Theo-

rem 4.10 (Egs. (4.63)—(4.64)), any two-chart cyclic transition T4 — T — T4 must traverse the

dimensionless spatial hysteresis gap AX =~~1 —~y = 2 — 2 = 18 4nd any three-chart permutation

5 15
T4 — Tp — Tc must traverse at least Ay =1—~v =

5
3
% at quotient-rule rates bounded by:

: 2(14 X 16
@) < 20 ¢ Bt ) < gt
Tmin Tmin Tmin
yielding the exact a posteriori physical dwell-time bounds:
. 1 T 3-chart) 1 Tmin di 16 rmin
At(2 chart) > = 'min : At( chart) o 7 iag — 2 , 6.96
dwell = Vmax dwell =10 Vmax mln( ) 15 Vmax ( )

in’(s) denotes the nominal hysteresis-
gap diagnostic exposed by compute_dynamic_dwell_time in system/atlas_manager.py.
Because the spatial hysteresis band (v, Vpuila) = (0.60,0.70) already enforces the strict geomet-
ric contraction v2 = 0.36 < 1, anti-chattering stability (Atgwen > 0) holds automatically as
an a posteriori property of the trajectory without imposing a redundant a priori temporal lock
(dynamic_tau_min = False by default), thereby preserving exact geometric locality and time-
reversal symmetry across all mass regimes.

where rmyin = min;<; ||q; —q;|, Umax = maxi<;<n ||vi]|, and rdiag

Remark — Time-Reversal-Covariant Adjoint Hysteresis Law under At — —At. Crucially, the
spatial hysteresis band [rin, Tout] (Tin < Tout, 7> = 0.36 < 1) is a directional topological memory
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along the trajectory rather than an irreversible thermodynamic arrow of time. In forward time
(At > 0), a macro-step ¥ ia; = Byar o Ay evaluates the forward chart adaptation A, at the
step entrance t,—switching T,,_1 — T,, = Opt_(z,) whenever z,_; € Adm(T,_;) and z, ¢
Adm(T,,—1) (entering a planetary leaf at the inner capture threshold rj, and exiting at the outer

breakup threshold 74y )—followed by the palindromic symplectic sub-step block Bia; = @ikhian
on [tn7 tn+1]-
Under time reversal (At — —At), exact group inversion requires:
- -1
(\I]+At) = (B+At o ./4+) = A, o B,At, (697)
where B_a: = éz_kZTTn integrates backward from z,41 = z(tp41) to z, = z(t,) on chart

T,, and on the subsequent backward step [t, — t,—1] the adjoint hysteresis operator A_
(evaluate_reverse_tree_adaptation in system/atlas_manager.py) inspects the trial backward
endpoint z,,_; with inverted entry and exit thresholds (ri, ¢ Tout)-

Specifically, whenever the backward segment [z,,, z,,—1] crosses 0Adm(T},,—1) from z, ¢ Adm(T,,_1)
into z,,—1 € Adm(7;,—1) with Opt, (z,) = T, NBodySystem. step switches T,, — T}, at t,,, applies
the inverse shadow gauge connection (T(PBle)T )yl = T}Pil\?) _» and re-integrates [t, — tn_1]
on T,,—1 with the two-endpoint symmetric level ksym n—1 = max(k(zy), k(zn,—1)). Consequently,
any forward—backward integration across multiple Hill-sphere entries and exits traverses the exact
reversed chart sequence on every interval [t,,,tm,+1] at the identical transition timestamps while
preserving the full anti-chattering band ri, < rout (see Figure 17).

(a) Four-Stage Causal Macro-Boundary Ordering at Entrance of I, = [tn,tn + Atmacro] (Proposition 6.14)

(2) Supernode Refresh
Sact = Ssync(Tact)
Disjoint from LeafPairs(Thact)

(3) Dyadic Scale
hnew (Tact) = Aty /25
Leaf/Apex Decoupled ki,

(4) Gauge Connection
(PBMA)
A,S 7,k —(B,Sp.,hp
S&lddo‘\kl fe- Ahg.,lﬁneng

—>| —>|

Tact € A (v =1.0)
Delaunay—Jacobi Hill Check

(1) Atlas Adaptation}‘

1 Eliminates Stale-Tree Double-Drift Anomaly: Evaluating Soia(Zo1a) before Toia — Thew
' disrupted Roche fragments twice (both in <I>)5LN(S) and in LeafPairs(Thew

would integr: ats- h
'

(b) Canonical Voronoi Bijection (y = 1.0) vs. Time-Reversal-Covariant Adjoint Hysteresis A+ (Theorem 6.15 & Remark 6.5.2)

Co-Admissible Hysteresis Deadband Adm (T4) N Adm, (Tg) (72 = 0.36 < 1)
! \ Chart Ty (Adm~(T4))
Adjoint A_ (At <0) Naive state-only (At < [))
(At >0 swifgﬁ‘;a;? ,AS Inverts rin <> Tout Switches late at v~
’ m (Wiat) P =A_oB_as Breaks tuneitamp iymtnetry
Chart T (Adm,(TB)) ! g —_—
T T Ay (i,9)/7is
Tin []7([’; ~ = 1.0 (Voronoi) Tout = 7!
(=0.60) Memoryless Bijection (= 1.67)

FiGURE 17. Macro-boundary causal pipeline and time-reversal hys-
teresis geometry. (a) Four-stage causal ordering Thct — Sact(Tact) —

(PBMA4)
hnew (Tact) — T(A Sa,ha)—(B,Sg,

bijection (v = 1.0) versus optional anti-chattering hysteresis (y = 0.60,
2 = 0.36 < 1) with adjoint reversal (¥ r;)"! = A_ o B_a; (Theorem 6.15
and Remark 6.5.2).

h) (Proposition 6.14); (b) canonical Voronoi

6.5.3. Canonical Symplectic Gauge Connection (Phase 4.3). When a chart transition from
Ts to T'g is validated at macro-boundary t,,, the numerical state resides in the shadow phase
space P(ha)dow associated with chart T4. Directly rotating Jacobi coordinates in shadow
space without gauge conjugation would induce an O(ehé) step-size shock, corrupting the
chart-dependent shadow Hamiltonian invariant Hay.

Covariant Shadow-to-Shadow Conjugation vs. Uncorrected Rotation. Because
screen, (T')

the hierarchical splitting H = A( ) + Wapex
boundary symplectomorphlsms ZBM4 (A)(h ) and ZBM4 (B)(ho) map onto distinct shadow

manifolds (M oordK4 7é K )

depends on the active Jacobi tree T, the
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(1) Uncorrected Rotation Shock: Applying Mcooq directly to the shadow state
sS4 without exiting and re-entering the shadow manifold injects an uncompensated
discrete energy jump AHgayge ~ O(sh%) at every chart flip, degrading secular energy
conservation.

(2) Exact Covariant Symplectic Gauge Connection: Conjugating the linear chart

transition Mcoorg by the exact forward exit Zf M4’(A)(+ho) and backward re-entry

ZfM4’(B)(—ho) transfers the shadow state seamlessly from ’Ps(ﬁ?dow to Ps(}i)dow with
machine-zero physical discontinuity.

Theorem 6.16 — Covariant Symplectic Gauge Operator T((E%ZA)A‘L( Bhz)

For the processed fourth-order symplectic scheme PBM, (Theorem 5.20), let

" (hp) denote the boundary symplectomorphisms gener-

ated by KiA), iB) € P, for chart-supernode-scale states (T'4,S4,ha) and (T5,Sg, hp):
(1) Exact Coupled Spatio-Temporal Gauge Conjugation: Whenever a macro-
step boundary triggers either a Jacobi chart transition (Tp # T4, altering Sp =

Ssync(TB)) or a dyadic sub-step scale transition (hp # ha with h4 > 0), the shadow
state is transported by the coupled covariant gauge connection:

PBM4 BM4,(B,S BM4,(A,S
T((A,SAJL)A)—>(B,SB,hB) = 24 ( B)(_hB) © Meoord © Z4 ( A)(“‘hA), (698)

with Meoora = I when Tp = T4 and hp # ha. At simulation startup
(t = tp), the prior sub-step register is initialized to the neutral sentinel
hprev(to) = 0 (_last_dt_substep = 0.0), ensuring that the initial shadow en-

try Zf M4’(TO’SO)(—h0) is executed exactly once without triggering a spurious scale-
transition kick on step 0.

(2) Abelian Poisson Collapse on Pj: In the unipotent specialization to
configuration-only potentials (K W KB) ¢ Py, VoK = 0), the cross-Poisson
bracket vanishes identically on T*Q[N]:

{K(B)7 M:oordK(A)} = 07 (699>

collapsing the Baker—Campbell-Hausdorff series to the closed-form unipotent mo-

mentum kick:

A B
dnew = dold; Pnew = Pold + Apl((jci(qv hA) - Apl(d(;%{(q’ hB) (6100)

The operator 7(PBM4)

(ASaha)—(B.Sp.hs) satisfies the following six canonical axioms:

e Axiom 1 (Exact Symplecticity): T((E?S??A)_)(B Spohp) € Symp(T*Q[N]) as a

composition of exact symplectomorphisms.

e Axiom 2 (Physical State Continuity): ZfM4’(B’SB)(+hB)(T((EE}ZI?A)%(B Sp hB)[gA]) =
M.oord ZfM4’(A’SA)(+h A)[S4] identically down to machine precision.

e Axiom 3 (Lie-Bargmann Invariance): Conserves all ten extended Galilean
generators: total linear momentum (AP, = 0), center-of-mass boost (AGyot = 0),
and total SO(3) angular momentum (AL = 0).

e Axiom 4 (Zero Physical Gauge Jump): The discrete physical energy jump
across any combined chart and scale transition vanishes to machine roundoftf:

A}Igauge = |H(SB,phys) - H(SA,phys)| < O(emach)

6.101
(~2.07 x 1073° in Float128, 2.06 x 107! in Float64). ( )
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e Axiom 5 (Cech 1-Cocycle Groupoid Transitivity): On any chart-scale triple
((Av hA)7 (Ba hB)7 (Cv hC))a
(PBM4) o T(PBM4) _ p(PBM4)
(B:hp)—=(C.he) ~ = (Aha)—(B,hp) (Aha)—(Cihe)?
and on any closed cycle (A, hya) = (B,hg) — (C,hc) — (A, ha), the holonomy is
the identity (~ 5.30 x 1073 algebraically and 4.08 x 103 dynamically in Float128),
completely suppressing atlas and multirate hysteresis drift.

e Axiom 6 (Time-Reversibility): Inversion satisfies (T((}:]zid)g( B hB))_l =
PBM4 . _
T((B,hB)L(A,hA) via ZPMA(—h) = (ZPM*(4-h)) 1

[ Lean A.1 : pbm4_gauge_transition_exact J

Proof. By definition (6.98), T((IIZEI,\AK[%}BA)*)(B,SB,hB) = ZEM‘L(B’SB)(th) oMcoordtoM4’(A’$A)(+hA)

is a composition of exact Galilean-invariant symplectomorphisms, establishing Axioms 1-

4. On any chart-scale triple, the intermediate boundary correctors telescope identically via
BM4,(B,S5) BM4,(B,Sg) o . . e

Z, (+hp) o 2, (=hp) = Id (Axioms 5-6). In the unipotent specialization to

Po, {F,G} = 0 for all F,G € Py collapses the BCH series to (6.100) with symmetric Hessian

Jacobian D = (§ ¢) € Sp(6N — 6,R).

et A, B,C denote three contiguous clusters undergoing the elementary tree rotation
((A,B),C) — (A, (B,C)), with respective cluster masses ma,mp,m¢ > 0. Let map =
ma +mp, mpc ‘= mp+ mg, and magc ‘= ma +mp + me.
The linear coordinate transformation on relative spatial Jacobi vectors (rq,r2) — (r},r5)
is given by:

’— Proposition 6.17 — FEzxact Unimodularity and Area Preservation of Mcoord
L

/ —ma 1
r{\ r . ._ MAB
(I‘l2> = Mcoord <I‘2> 5 with Mcoord = (_mBmABC _ mg > € SL(QvR) (6102)
MmABMBC mpc

The conjugate canonical momenta (wi,ws) — (W}, w)) transform contragrediently via

(M b.a) 7
w) d —c\ [wy _nTBCC ﬁigﬁﬁg w1
Wiy -b a W9 1 _ma W2
AB

coord
m

Both transformations strictly preserve the canonical Darboux 2-form:

dr| A dw +drh A dw) = dry A dwy + dry A dws. (6.104)

Proof. The determinant of Mcoorqa = (Z Z) evaluates algebraically to:

det(Meoora) = ad — be = < A > ( o ) - (1) (mBmABC>
MmAB mpc MABMBC
_ mamg +mp(ma +mp +me)

mapmpc
_ mame + mamp +m% + mpme _ (ma+mp)(mp +mc) -1 (6.105)
(ma +mp)(mp +me) (ma +mp)(mp +mc) . .

Because det(Mcoord) = 1, the matrix belongs to SL(2,R). In the 12-dimensional phase subspace
spanned by the two active 3D Jacobi vectors (r1,re, wi, wo), the full transformation matrix ¥ :=
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Meoora @ Iz @ (M_1 )T ® I belongs to Sp(12,R) and satisfies W7 J1o® = Jy5, where Jio =

coord

I
( 0 6), proving exact symplecticity.

-Ig O
O
Remark — IEEE 754 Orientation Convention and Sign Invariance. Certain historical celestial
mechanics conventions [42] configure the Jacobi rotation matrix with opposite signs Mytarchal =
_Mcoord:
ma mpmapc mc
AMarchal = + 5 bMarchal = _1-0a CMarchal = +7a dMarChal =+ . (6106)
MAB MABMBC mpc

In the reference implementation (core/transitions.py, lines 104-225), the matrix Mcoord =
—Marchal defined in (6.102) is adopted, while core/coordinates.py defines relative Jacobi sep-
aration vectors systematically as left child minus right child (r, = X (v) — Xg(v)), accompanied
by the explicit orientation parity signs (o1,02) = (+1,—1) in rotate_jacobi_tree_coordinates
so that rg1 = Xp — X¢ and rpo = X4 — Xpgc coincide bit-for-bit with the direct bottom-up
recursion on chart T = (4, (B, C)).

Crucially, because the matrix dimension is 2 x 2, we have:

det(—Mparchal) = (—1)? det(Mpgarchal) = +1.0, (6.107)

so that both conventions belong strictly to SL(2,R) and preserve the canonical Darboux 2-form.
Under IEEE 754 double-precision arithmetic (and 35-digit quadruple precision), the determinant
evaluates to 1.0 with zero floating-point error (|det —1.0] < 107!¢ in float64 and < 1073 in
float128), certifying exact gauge invariance. The executable SL(2,R) transition and invariant
audit pipeline is colocalized in Technical Appendix A.2.

6.5.4. Final Shadow Exit and Metrological Lie—Bargmann Diagnostics (Phase 5). Upon reach-
ing the final simulation time ¢ = t,q (or at any intermediate visualization checkpoint where
physical observables are requested), the integrator executes Phase 5 : Symplectic Post-
Processing.

1. Definitive Physical Trajectory Reconstruction. Throughout the time evolution
under PBMy, the phase coordinates (q,p) advance along the shadow Hamiltonian H. To
eliminate the leading linear tidal truncation error of order 4 on D,¢s and recover the physical
trajectory on Q[N], the final state is mapped through the forward corrector ZPM*(+heyit):

Sphys (tend) = A]E)M4(+hexit) [Sshadow (tend)] ) (6-108)
where heyit is the elementary sub-step size of the final subjcycle.
By virtue of the homological equation DK, = ht . H é‘near established in Theorem 5.18,

exit

mapping through ZPM4(+heyt) removes the leading linear tidal perturbation on Dreg:
H (Sphys(tend)) — H(so) = O(gzhgxit) + O(ghgxit)a (6.109)

producing authentic pre-asymptotic effective order peg = 6 on Dy when ¢ < h2. (for

BMEE) + ZEM‘l, as established in Theorems 5.18 and 5.19), while direct sixth-order composi-

tion BMéll) achieves uniform order 6 globally across all strata of T*Q[N].

2. Metrological Audit of the Ten Lie-Bargmann Invariants. In the extended phase
space Peoxt, the fundamental symmetries of Newtonian gravitation correspond to the ten-
dimensional Galilean Lie-Bargmann group (Propositions 1.1 and 4.5). The integrity of the
numerical simulation is continuously monitored by auditing the exact conservation of these
generators:

nder the complete symplectic integrator pipeline (Phases 0 through 5), the ten generators

Proposition 6.18 — Conservation Spectrum of the Ten Lie—Bargmann Generators
U
of the Lie-Bargmann algebra satisfy the following rigorous conservation guarantees:
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(1) Total Linear Momentum (P, € R3, 3 invariants):

Ptot sz, HPtot(t) — Ptot(O)H < 10715, (6110)

preserved exactly due to spatlal translation invariance and Newton’s third law in
both the Kepler—-Sundman flow and the screened apex kick.
(2) Total Angular Momentum (L € R3, 3 invariants):

Lot (s qu X Pis || Ltot(t) — Lot (0)]] < 10714, (6.111)

preserved exactly due to SO(3) rotational invariance and the radial symmetry of
screening mollifiers.
(3) Galilean Center-of-Mass Boost (G, € R?, 3 invariants):

Gtot(s t) = MtotRcm(t) — tPtOt(t) HGtot(t) — Gtot(O)H < 10_14 (6 112)

preserved exactly because the center of mass advances linearly ( em = Prot/Miot)
under the analytic drift operator ®§rift,
(4) Classical Hamiltonian Energy (H € R, 1 invariant):

Z Ipill* 3 M7 IAH(t)| < C Pt (6.113)

i 1<i<j<N qu - qu macro’

governed by backward error analysis and Nekhoroshev—Gevrey exponential stabil-
ity [6, 28], which guarantees that the shadow energy remains confined within an
O(hPei_ ) band over exponentially long timescales T~ exp((hs/hmacro)/?) Where

o is the Gevrey regularity index of the desingularized vector field on Q[N], pre-
venting secular energy drift even in non-integrable chaotic regimes.

3. Keplerian Wronskian Unimodularity Diagnostic. In addition to the global Lie—
Bargmann invariants, every active terminal leaf pair (i,j) € LeafPairs(7") is monitored at
each substep by auditing the unimodularity of its universal Lagrange multipliers:

™) = |F(1)g(r) = f(r)g(r) - 1.0 (6.114)

Under the Battin unimodular projection (6.66) [5], the metric satisfies W;; < 107! uncondi-
tionally, certifying that the two-body leaf flow remains strictly symplectic and area-preserving
down to the IEEE 754 floating-point noise floor.

6.5.5. Synthesis of Section 6 and Algorithmic Closure. With the completion of Section 6.5,
the complete geometric symplectic integration pipeline is fully realized:
e Phase 0 (§6.2): Barycentric reduction, agglomerative tree clustering T with the
two-tier unilateral Delaunay—Hill leaf isolation guard Admie,r, and Hill tidal Schmitt
trigger [nenter; nexit] = [271/37 271/6]-
e Phase 1 (§6.2): Pre-processing into shadow space Sghadow = ZEM‘l(—ho)[sphys] via
the cotangent-lifted Lie generator:

Ky=cp™ngD3B e Py (f™M = +1.7600050100410129 x 10~%),

and neutral scale initialization Aprev(to) = 0.

e Phase 2 (§6.3): Dynamical timescale triad (7kin, Tdyn, Tperi), leaf/apex decoupling,
and bit-exact timestamp partitioning under Skeel-Gear topological freezing.

e Phase 3 (§6.4): Universal Kepler-Sundman flow with Halley root-finding and 60-
step bisection fallback, McGehee bounce B¢, synchronous supernode unfolding dtg =
psdrs, and screened apex kick with order-matched polynomial Hermite mollifier ©(u)
and exact monopole cancellation.
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e Phase 4 (§6.5): Three-regime Hill-weighted Delaunay—Jacobi admissibility test-
ing (dMil(i, j;4) > ~rij, operated by default at the canonical memoryless Voronoi
threshold v = ~puuqa = 1.0, with optional hysteresis v = 0.60, yhuiq = 0.70) and
anti-chattering dwell time 7y,i,; causal macro-boundary ordering

Tact —> Ssync(Tact) — hk(Tact) — T((EET,Z;L)A)%(B,SB&B)

(or exact linear coordinate rotation Mcoorq € SL(2,R) under direct compositions).

e Phase 5 (§6.5): Definitive shadow exit sppys = ZPMA (4 Reyit ) [Sshadow] (under PBMy,
or transparent identity Sphys = Sshadow under direct compositions) and metrological
verification of the ten Lie—Bargmann invariants.

This asynchronous, cache-aligned, 100% CPU task-graph architecture bridges the theo-
retical foundations of the deformation to the normal cone (and its shifted cotangent lift) to
a production-grade scientific engine, ready for the astronomical validation benchmarks of
Section 7.

Python A.2 : core/{transitions,invariants}.py, system/atlas_manager.py,

diagnostics/metrics.py [F64/F128]

6.6. High-Performance Computational Optimizations and Modular Micro-Kernels.
The algorithmic architecture formalized in §6.1-§6.5 establishes the canonical mathemati-
cal specification of the unsoftened symplectic integrator. Every operational phase — from
the initial Jacobi tree construction and shadow embedding to dyadic multirate sub-stepping,
Stumpff-Sundman regularization, and canonical gauge transitions — was constructed as a rig-
orous, bit-exact realization of the underlying geometry on the blown-up Fulton-MacPherson
configuration space Q[N] and the extended phase space Pext.

In production scientific computing, however, an unoptimized reference implementation
encounters computational bottlenecks inherent to high-level dynamic runtime environments.
Repeated heap allocations of multidimensional tensors, recursive closure instantiations, dy-
namic dictionary lookups, and redundant series evaluations introduce significant interpreter
overhead. In particular, during violent close encounters where the dyadic scheduler refines
the sub-cycle to levels k > 10, millions of microscopic sub-steps are executed within a single
macroscopic interval Atpacro-

This section presents the high-performance computational optimization architecture de-
veloped for the autonomous solver library (normal_cone_nbody_float64 and its quadruple-
precision counterpart normal_cone_nbody_float128). Grounded on a strict modular para-
digm, this engineering framework introduces four specialized acceleration tiers:

(1) Vectorized Screened Apex Kick: Tensor-free force evaluation with symmetric
mass precomputation and topological pair caching (§6.6.1).

(2) Inlined Stumpff-Sundman Inversion: Targeted order-3 series truncation, closure-
free Halley iteration, and direct Gauss—Battin matrix reuse (§6.6.2).

(3) Zero-Allocation and Native JIT Supernodes: Scalar unrolling for small clusters
(k < 4), LLVM machine-code compilation via Numba, and angular momentum pre-
filtering (§6.6.3).

(4) Non-Intrusive Context-Variable Dispatch: Seamless thread-local variant injec-
tion preserving the canonical reference codebase as immutable ground truth (§6.6.4).

Crucially, these optimizations maintain strict compliance with the core architectural ax-
ioms: zero softening (¢ = 0,dy = 0), complete exclusion of GPU/CUDA dependencies, and
bit-exact preservation of the ten Galilean Lie-Bargmann invariants and microscopic time-
reversibility down to floating-point roundoff (< 10~14).

6.6.1. Vectorized Screened Apex Kick and Topological Pair Caching. Without altering the

mathematical definition of the screened apex potential (4.36), the optimized evaluator Optimized-

ScreenedApexPotential introduces four structural enhancements:
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(1)

(2)
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Symmetric Gravitational Mass Matrix Precomputation: The constant scalar
coefficients G;; = Gm;m; are precomputed once at simulation initialization and
stored in an immutable contiguous array Guass € RY*. This eliminates N (N —1)/2
floating-point multiplications per kick evaluation.

Topological Non-Leaf and Intra-Supernode Pair Caching: In any binary Ja-
cobi tree chart T' € A with active synchronous supernode clusters Ssyne = {51, ..., Sm},
the set of pairs evaluated by the apex kick is:

ActiveApexPairs(T, Ssync) = {(3,7) | 1 <i <j < N} \ (LeafPairs(T) U U (S x S)>

Sessync

Critically, filtering by exact intra-cluster membership (i € S and j € S) rather than
a flattened union of supernode body indices preserves all long-range inter-supernode
gravitational interactions between distinct clusters S, # Sy for N > 6. Because
topological transitions and supernode promotions occur exclusively at macro-step or
sub-cycle boundaries (§6.5), the active pair indices are cached in 1D index arrays
(idx 4, idxp) keyed by (T, Sqync) and invalidated strictly upon an SL(2,R) chart flip
JA_spB or cluster transition.

Tensor-Free Scalar Micro-Kernel for N = 3: For three-body configurations, at
most two pairs are non-leaf when a binary cluster is formed, or three pairs when all
bodies reside at the root level. The evaluator bypasses 3D tensor differences entirely,
computing scalar Cartesian differences directly into register variables with an explicit
non-zero distance guard (r? > 0):

AT =Gja = Qe DY=Gy — iy, DE=Giz Gis (6.115)
r? = Az + Ay? + A% > 0. |
By virtue of the exact analytical monopole cancellation Vijex = W™ + v;;‘;;‘ﬁg’ﬁle =

Vinter (Egs. (6.82)—(6.83)), the attractive inter-cluster force vector F = G;;r~3(q;—q;)
is accumulated with opposite signs F; <~ F; + F, F; <~ F; — F, enforcing Newton’s
third law to machine precision while achieving a 7.24x latency reduction (40.44 us —
5.59 us per evaluation).

Compiled Native @njit Pair-Accumulation Micro-Kernel for N > 3: For
general multi-body systems with N > 3 (K > 3 active non-leaf pairs), standard
NumPy unbuffered in-place accumulation (np.add.at) incurs ufunc dispatch over-
head and temporary array allocations (q[idxp| — q[idx4]) that degrade throughput
for N > 32. To eliminate all intermediate heap allocations, OptimizedScreenedApex-
Potential dispatches the cached 1D pair arrays (idx 4, idxp) and precomputed mass
products G, 5, to a dedicated LLVM micro-kernel (_njit_accumulate_apex_pairs)
compiled via Numba with @njit(fastmath=False) (falling back gracefully to vec-
torized np.add.at if Numba is unavailable).

This compiled loop accumulates pairwise forces and potentials in a single linear
pass over the cached index vectors, delivering a strictly monotonically increasing
speedup from 21.00x at N =4 (39.37 us — 1.87 us), 29.49x at N = 8 (60.80 us —
2.06 pus), 42.67x at N = 16 (107.83 us — 2.53 us), and 56.16x at N = 32 (266.75 us —
4.75 ps) up to 62.54x at N = 64 (790.08 us — 12.63 us).

Proposition 6.19 — FEzact Apex Force Invariance and Lie—Bargmann Closure
Let Fpase(dq) and Fopi(q) denote the apex force fields computed by the reference and op-
timized evaluators, respectively. Under IEEE 754 Float64 arithmetic (fastmath=False),
the two evaluators are bit-for-bit identical (0.0 ULP, ||Fopt — Fpasell2 = 0.0 across both
direct pair accumulation and arbitrary screening trees):

[Fopt (@) = Fase(q)]loo = 0.0 ULP, (6.116)
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and the Galilean Lie-Bargmann spatial invariants satisfy exact discrete closure:

N N
Z Fopt,i Z q; X Fopt,i
i=1 =1

=1.11 x 10716,
2

=222 x 10716, (6.117)
2

6.6.2. Inlined Stumpff-Sundman Inversion and Fast Kepler—-Sundman Leaf Drift. The sec-
ond acceleration tier targets the universal Kepler—Sundman leaf propagator (§6.4). In
OptimizedKeplerSolver, algorithmic efficiency is maximized through series pruning and
closure elimination:

(1) Targeted Order-3 Stumpff Kernel (stumpff_c0123_scalar): The cubic Halley
iteration for solving the Sundman time equation G(7) = At requires exclusively
the first four universal functions cy(z),c1(z),ca(2),c3(z) (6.56). The higher-order
functions c4(z),c5(z) are omitted, and for |z| < 0.1 the kernel (shared identically
between OptimizedKeplerSolver and JitSupernodeSolver) evaluates only two 6-
stage (degree-5) Horner polynomials in register variables before recovering ¢ (z) and
¢o(2) via the exact Stumpff recurrence identities:

=150 50050 )
ea(2) = ;(1—122<1—?i)<1—;(1—920(1—1;))))), (6.118)

c1(z) =1—zes(z), co(z) =1—zca(z2).
This eliminates four of the six polynomial evaluations per Halley step while bounding
the truncation error by:

| 2|6 - 1076

14! — 14!

l2°
15!

with 0.0 ULP discrepancy against the baseline Float64 kernel and 2.78 x 10717
(0.125 ULP) against a 50-digit exact Taylor reference across z € [—0.1,0.1].

(2) Inlined Halley Iteration without Function Closures: In the baseline code,
the objective function G(7) and its derivatives were evaluated via an inner Python
closure (_eval_sundman), incurring dynamic scope lookup and stack-frame creation
overhead at every leaf solve. The optimized routine inlines the residual and derivative
evaluations directly into the while loop with guaranteed monotone bisection fallback
upon stagnation.

(3) Direct Gauss—Battin Parameter Reuse and Incremental Canonical Mo-
mentum Update: At convergence of the Halley iteration, the scalar quantities
co(2),c1(2),c2(z),c3(z) and the final physical separation p(7cony) = f1 are already
computed. The transfer coefficients f, g, f, ¢ (6.62) are assembled directly from these
values, eliminating the redundant second call to the Stumpff evaluator and updating
leaf canonical momenta via the exact incremental form w = wo -+ (uf ro+ (g —1) wo).

(4) Fast-Path Cartesian <+ Jacobi Transformation for N = 3: For three-body
configurations without active supernodes, the tree traversal is replaced by an explicit
linear transformation matrix, bypassing dictionary allocations (r_dict, w_dict) and
achieving a 1.62x speedup (121.11 us — 74.82 us per drift-and-Kepler evaluation).
When synchronous supernodes are active, their internal relative coordinates are pre-
served untouched for the subsequent Phase 3.2 supernode flow.

~1.15 x 10717 < epaen, (for ca), ~ 7.65 x 10712 (for ¢3),

Remark — Wronskian Unimodularity and Time-Reversibility Conservation. The inlined Ke-
pler solver preserves the unimodular Wronskian identity of Battin and leaf angular momentum to
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floating-point precision:

max(|fg — fg — 1.0], |[ALieat|2) = 1.12 x 1071¢ < 10717, (6.119)
and maintains strict time-reversibility:
®_pp0®Ppy; =1d  with residual ||Ar|| < 10717, (6.120)

6.6.3. Zero-Allocation Micro-Kernels and Native LLVM JIT Compilation for Synchronous
Supernodes. When strong gravitational clustering induces synchronous supernode activation
(§6.4.2), internal microscopic conformal symplectic sub-stepping (governed by the recursive
normal cone splitting Hg" = H\%; + H{% + Vit with palindromic stages inherited from
the active parent integrator in regularized time 7g) becomes the primary computational

consumer. The optimization of this regime was realized in two successive stages:

1. Zero-Allocation Python Micro-Kernels (OptimizedSupernodeSolver). In the refer-
ence solver, each conformal sub-step computed inter-particle distances and forces by forming
3D difference arrays Aq € R¥*#*3 diagonal masks, and matrix inverses. In the optimized
pure-Python variant:

e Specialized unrolled loops compute interactions for k£ = 3 (3 explicit scalar pairs) and
k =4 (6 explicit scalar pairs) directly into pre-allocated velocity arrays.

e Mutual distances d;; evaluated during the adaptive Sundman clock calculation dtg =
psdrg are reused directly for the initial stage kick, eliminating duplicate square roots.

e Spectator tidal interactions are applied in-place without generating Python closures.

2. Native Machine-Code LLVM JIT Compilation (JitSupernodeSolver). To achieve
maximum execution speed, the entire microscopic conformal sub-cycle was compiled into
native machine instructions via Numba under the directive @njit (fastmath=False), deliv-
ering a 59.83x speedup over the reference solver (3040.34 us — 50.82 us per 8-substep cluster
integration):

e Complete Register Unrolling: The inherited high-order symplectic composition
(BMy or BMg), internal Kepler-Sundman flow, 6-stage (degree-6) Horner Stumpff
series (6.118), Halley iteration, and center-of-mass corrections are compiled into
scalar C-equivalent machine code executing without Python interpreter intervention
or Global Interpreter Lock (GIL) contention.

e Symmetric Dyadic Bisection Stack with Half-Step Pair Bridge: When-
ever a macroscopic step At requires Ngp > 1 conformal sub-steps, an explicit
forward-Euler step-size controller hicai(Sstart) would break time-reversal symmetry
(@glit o @SAI;I # 1d) because h(Sgtart) 7# h(Send) across an asymmetric close encounter.
All three supernode solvers (SupernodeSolver, OptimizedSupernodeSolver, and
JitSupernodeSolver) therefore govern adaptive sub-stepping via a deterministic
dyadic bisection stack: a candidate dyadic sub-step h¢y, = 27" At is accepted only
if it satisfies the two-endpoint symmetry condition (otherwise hyy is bisected into
(Ptry/2, hiry/2) onto the stack), and whenever the closest pair switches across the sub-
step (Pend 7 Pstart), the propagation is symmetrized via the half-step pair bridge:

. brid . en. star
[hiry| < min(h(sstare), B(Sena), Py = @Ferd) o @)
This guarantees exact time-reversibility [|®5%, o @3} — Id||> = 1.31 x 10715 across
multi-substep (Ngu, = 8) deep encounters.
e Mass-Normalized Hyper-Radius Angular Momentum Pre-Filtering: In un-
softened dynamics, homothetic central collapse occurs only when the cluster angular
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momentum vanishes (L — 0). All optimized supernode paths (OptimizedSupernode-
Solver and JitSupernodeSolver for all £ > 3) evaluate the scalar angular momen-
tum condition using the mass-normalized hyper-radius p% = ﬁs Sies millxal|?:

L2 <107 (5% +1072). (6.121)

In generic non-collisional motion where L > 107!, this scalar guard short-circuits
the O(k?) central-configuration force evaluation without altering the trajectory.

e Native Conformal Dirac Momentum Projection: At the conclusion of the su-
pernode sub-cycle, the momentum conservation constraint ) 3, ¢ m;v; = 0 is enforced
via a vectorized linear projection in native code, guaranteeing that center-of-mass mo-
mentum drift remains at 1.63 x 10716,

Proposition 6.20 — Conformal Supernode Micro-Kernel Invariance

Let @SAl\tI’base, @SAlj’Opt, and @SAlj’JIT denote the synchronous supernode propagators executed
by the canonical reference, zero-allocation, and native LLVM JIT micro-kernels over an
active cluster S C {1,..., N}. Both accelerated micro-kernels preserve exact barycentric
momentum closure and multi-substep microscopic time-reversibility:

> mivi|| =1.63x 10710, [[(@F, 0 @R} —Id)(ss)|, = 1.31 x 10717, (6.122)
€S 2
while maintaining exact bit-for-bit agreement (0.0 ULP) with @ilj’base across all inherited

palindromic stages (BMEF) and BMgH)).

6.6.4. Non-Intrusive Context- Variable Dispatch and Bit-Ezact Invariant Verification. A crit-
ical architectural mandate of the present monograph is the preservation of the canonical ref-
erence implementation as an immutable mathematical baseline. Optimizations must never
replace, degrade, or entangle the clean mathematical definitions established in §6.1-§6.5.

To resolve this software engineering challenge, the library employs the Python contextvars
standard library module to achieve thread-local, non-intrusive variant dispatch:

e Unified Context Tokens in Common Integrator Loops: In integrators/common.py
(and re-exported directly by the standalone paper facade 06_HighPerformanceOptimizations_
Interface.py), the core propagation primitives (step_drift_and_kepler, step_apex_kick,
and step_supernode_flow) query three thread-local context variables:

kepler_solver < _CURRENT_KEPLER_SOLVER.get (None), (6.123)
apex_evaluator < _CURRENT_APEX_EVALUATOR.get (None), (6.124)
supernode_solver < _CURRENT_SUPERNODE_SOLVER.get (None). (6.125)

If a specialized micro-kernel is registered in the current execution context, propaga-
tion delegates to the accelerated fast-path; otherwise, the canonical reference solver
is executed unconditionally.
e Transparent Lifecycle Management in NBodySystem and BenchmarkRunner:
Both the top-level orchestrator NBodySystem and the benchmark driver BenchmarkRunner
(benchmarks/runner.py) expose the boolean flag use_optimized_kernels: bool
= False (alongside optional custom solver instances). Keeping use_optimized_kernels=False
as the default preserves the pure mathematical reference pipeline for invariant verifica-
tion (and explicitly isolates the reference path by binding None tokens inside a scoped
context manager across step (), observe_physical_state(), and enter_shadow_manifold()).
Conversely, setting use_optimized_kernels=True automatically instantiates and
activates all three accelerated micro-kernels (OptimizedKeplerSolver, Optimized-
ScreenedApexPotential, and JitSupernodeSolver) via ContextVar tokens inside
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astrict try ... finally block. When operating on 35-digit Float128 states (is_£128=True),
the dispatcher automatically bypasses Float64 Numba kernels and routes execution
through the quadruple-precision reference solvers.
e Graceful Hardware and Library Fallback: If Numba or LLVM is absent from the
host runtime environment, JitSupernodeSolver falls back to OptimizedSupernode-
Solver and OptimizedScreenedApexPotential falls back to vectorized np.add.at
without raising exceptions or interrupting execution.

Multi-Body Scaling (N € [3,64]) and Extreme-Regime Opt-vs-Base Equality Cer-
tification. As synthesized in Figure 18 and Table 4, the modular optimization architecture
is verified across two complementary evaluation protocols (detailed in Section 7):

(1) Asymptotic Multi-Body Apex Scaling (N € {3,4,8,16,32,64}): Across syn-
thetic hierarchical N-body configurations spanning 3 to 64 gravitationally interacting
bodies (3 to 2,016 pair interactions per stage), the compiled @njit (fastmath=False)
pair-accumulation kernel achieves a strictly monotonically increasing speedup of
7.24x at N = 3 (40.44pus — 5.59pus), 21.00x at N = 4 (39.37us — 1.87 us),
29.49x at N = 8 (60.80 us — 2.06 us), 42.67x at N = 16 (107.83 us — 2.53 us),
56.16x at N = 32 (266.75us — 4.75us), and 62.54x at N = 64 (790.08 us —
12.63 us), while preserving exact inter-supernode cross-cluster forces (certified norm
IFs, 8,2 = 0.3600 on an N = 6 two-supernode benchmark) and Newton antisym-
metry || 1, Fifl2 = 1.11 x 10716,

(2) Direct Opt-vs-Base Equality Proof Across Extreme Singular and Multi-
Scale Regimes: Because the optimized micro-kernels preserve the exact IEEE 754
evaluation order of the canonical reference algorithms (including exact division vy =
wo/ 1, direct initial Sundman guess evaluation from (r¢-ro, vo-vo) without apocenter
cancellation, incremental canonical momentum updates Wyew = Wo+ (1 fro+Ag wo),
and per-body force accumulation prior to velocity kicks), direct state-by-state com-
parison between use_optimized_kernels=True and use_optimized_kernels=False
yields bit-exact identity (0.0 ULP, ||Zopt — Zbase|l2 = 0.0).

Specifically, exact 0.0 ULP concordance holds across all six extreme stress regimes
in Figure 18(c): extreme Kepler pericenter passages down to 1 —e = 1072 (L1), exact
radial collision bounces at 1 —e = 0,dy = 0 (L2), 8-substep synchronous supernode
close encounters (both OptimizedSupernodeSolver and JitSupernodeSolver vs
SupernodeSolver at 0.0 ULP), N = 64 multi-body apex kicks (2,016 pairs), and
full end-to-end trajectories across dynamic Hill chart flips on Comet Lexell 1770 (H1,
Tmin = 3.031 R, zero dyadic saturation at kmax = 11) and sub-Roche tidal disruption
on Comet Shoemaker—Levy 9 (H2, rmin = 1.336 R < TRoche, zero dyadic saturation
at kmax = 4).

TABLE 4. Architectural, performance, and metrological synthesis across com-
putational micro-kernel tiers under the canonical Voronoi partition (y = 1.0).

Latency (ss) & Speedup

& Opt-vs-Base C:
pt = Fhasel|2/[|Foa

sell2 = 0.0 ULP (N € [3,64])
P(l-e>10"2&dy=0)

0 ULP (8 sub-steps)

—1d|}z = 1.31 x 10725 JIT vs Base 0.0 ULP

3
R

Python A.2 : {benchmarks/run, figures/plot}_generator_01_x.py [Float64 @njit] ]

Python A.2 : potential/optimized_screened_apex.py, solvers/{optimized_*, jit_supernode}.py [@njit] ]
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High-Performance Micro-Kernel Architecture, Multi-Body Scaling (N = 3..64),
Extreme-Regime Opt vs Base Equality Proof & Certified Physical/Symplectic Invariants
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(b) Multi-Body Screened Apex Scaling (N € [3,64], @njit)
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multi-body

scaling (N € [3,64]), Opt-vs-Base equality proof, and certified invari-
ants (7 = 1.0). (a) Per-call latency (us) and speedup factors across the four
computational engines (1.6x to 62.5x); (b) multi-body screened apex kick
latency and speedup for N € {3,4,8,16,32,64} (7.24x to 62.54x); (c) exact
numerical equality ||Zopt — Zpase||2 = 0.0 ULP across six singular and multi-
scale benchmark regimes (L1, L2, 8-substep supernode, N = 64 apex, H1, H2);
(d) certified physical and symplectic invariant residuals (< 1.31 x 1071?, Ta-

ble 4).
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(Table 4, All <1.31x10%)
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7. NUMERICAL BENCHMARKS

7.1. Unsoftened Collision Benchmarks (¢ = 0) Against State of the Art. We eval-
uate our unsoftened normal-cone symplectic integrator (built on the cotangent lift of the
Fulton-MacPherson deformation to the normal cone) against standard Cartesian integrators
and classical symplectic splitting methods (Cartesian Verlet, Strang, Yoshida 4, and direct
Blanes—Moan compositions) without any force cutoff (dyp = 0).

To establish the empirical validity, convergence properties, and structural boundaries of
our unsoftened normal-cone symplectic integrator, we subject the discrete evolution operators
constructed in Section 5 and implemented in Section 6 to a rigorous battery of numerical
experiments. Following the methodological principles articulated by the Paris Observatory
celestial mechanics school [8, 22, 38], all convergence benchmarks are formulated under the
invariant computational cost metric 7/s = Tio/Neval, ensuring an unbiassed, Pareto-optimal
comparison across integrators possessing differing stage complexities.

The benchmark suite is executed simultaneously across two twin arithmetic engines:

(i) Standard IEEE 754 double precision (Float64, 53-bit significand, machine precision
Emach ~ 2.22 x 10716), capturing the operational domain of real-time astrodynamical
simulations and the onset of Brouwer roundoff diffusion [13];

(ii) High-precision software emulation (Float128, 35 decimal digits / 116-bit significand
via mpmath, £pacn &~ 1.00x1073%), providing an unpolluted, machine-floor-free ground
truth to confirm formal symplectic convergence orders down to 10730-1073!, central-
collision and pericenter invariants down to 10733-1073%, and exact Lie-Bargmann
Noether conservation down to 1073410740 without numerical saturation.

7.1.1. Dual-Precision Symplectic Convergence and the Farrés—Laskar Inverted-Cost Metric.
In standard numerical studies, error is commonly displayed against the macro time-step
h. However, as demonstrated by Farrés, Laskar, Blanes, Casas, Makazaga, and Murua
[8, 22], comparing splitting schemes of differing stages s at identical h obscures their true
computational overhead. In chained first-same-as-last (FSAL) execution, the number of force
evaluations over a total physical duration Ty satisfies Neyal = $+(Ttot/h). We therefore adopt
the inverted computational cost per evaluation:
T Ttot h

R —— 7.1
S Neval 3’ ( )

where s = 1 for the 2nd-order Strang propagator Sy (Section 5.1), s = 3 for the 4th-order
Yoshida composition Yy (Section 5.2), s = 6 for the 7-stage optimal 4th-order scheme BMEP

and its processed counterpart PBM, (Section 5.3), and s = 10 for the 11l-stage optimal

6th-order scheme BMéH) (Section 5.4); here s = 6 and s = 10 count the effective non-trivial
inter-cluster force evaluations per macro-step under the direct ABA/RKN stage-merging
formulation of Blanes and Moan [10] (whereas a generic composition of m = 7 or m = 11
Strang sub-steps So(w;7) with boundary FSAL merging evaluates m inter-cluster forces per
macro-step, as detailed in Definition 5.8).

To disentangle asymptotic truncation order from floating-point roundoff and reference-
trajectory saturation, our protocol combines two complementary windows on the Figure-
8 three-body choreography of Chenciner and Montgomery [18] under the canonical zero-
hysteresis Voronoi atlas (v = 1.0,vpuila = 1.0, with radial-velocity tie-breaking 712(0) =
—1.0414 < 0 on the exact initial equidistance boundary r92(0) = r12(0)):

(i) a high-resolution dual-precision asymptotic sweep over Teony = 0.16 < Ty /6 &= 1.054
across 10 dyadic octaves h € [0.16,3.125 x 107%] (extended to 13 dyadic octaves

down to h = 3.90625 x 107° for BMéH) in Float128) against an unoptimized 35-

digit Float128 BMéH) Richardson-extrapolated O(h®) reference trajectory (hret €

{7.8125 x 107°,3.90625 x 107°}), and
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a full-period equal-cost benchmark over T" = 6.0 across all 6 democratic Voronoi chart
transitions per period at the common inverted cost hegg = h/s = 0.005 (Neya = 1,200

force evaluations, using h = 0.005 for Ss, h = 0.015 for Yy, h = 0.030 for BMEE) and
PBMy, and A = 0.050 for BMéH)), benchmarked against an unoptimized 35-digit
Float128 BMgl) reference integration at hyer = 0.01 (Neyal = 6,000).

Crucially, all Float64 evaluations execute through the accelerated micro-kernels of Sec-
tion 6.6, so that comparison against the unoptimized Float128 reference simultaneously
certifies both symplectic convergence and exact numerical consistency between the opti-

mized and reference solver paths. Furthermore, throughout both precision backends, BM,

(7)

and PBMy employ the unified 7-stage symmetric Blanes—Moan kernel of Definition 5.8 cou-
pled to the matching homological corrector ZPM4(h) € P; with residual moment cfM* =
+1.760005010041013 x 10~%. Figure 19 and Table 5 establish four quantitative results:

(1)

Exact Asymptotic Orders in Float128 down to 1073! : In 35-digit quadru-
ple precision, linear regressions on log;,(max; |AH(t)|/|Ho|) versus log,oheg (Fig-
ure 19a,b) recover the exact theoretical orders without any high-precision floor satu-
ration:

PStrang = 20005 DPYoshidad = 39997 PBM4 = 40007

2
ppeM4 = 4.000, pBM6 = 5.999. (7.2)

Both the Hamiltonian error max, |AH (t)|/|Hp| (Figure 19a) and the Euclidean tra-

jectory error ||q(T) — qfi2%(T)|2 (Figure 19b) descend monotonically across thirty

decades, reaching 3.74 x 1073! in energy and 1.89 x 10~3! in position for BMéH).
Equal-Cost Efficiency (heg = 0.005) versus Equal-Macro-Step Gain (h =
0.01) : As emphasized by Farrés et al. [8, 22|, comparing integrators at an identical

macro-step h = 0.01 yields a 180.9x energy-error reduction (2.87 x 107! versus

5.19 x 1079) for BMEP over )y, but requires twice as many force evaluations (s = 6
versus s = 3).

When normalized to the strictly identical evaluation budget heg = h/s = 0.005
(Neval = 1,200 over T = 6.0 across 6 Voronoi Jacobi chart transitions, Table 5),

BMEJ) (h = 0.030) outperforms Y, (h = 0.015) by a net factor of 11.25X in energy
(3.33 x 1079 versus 3.75 x 1078) and 14.5x in trajectory accuracy (6.77 x 10~8 versus
9.78 x 10~7), while PBMy (h = 0.030) achieves a 6.85x energy gain (5.47 x 107°) over

Y1 across the 6 non-hierarchical chart transitions (¢ ~ 1), and BMéll) (h = 0.050)
achieves a 6,354 gain in energy (5.90 x 10712) and a 1.60 x 10°x gain in position
(6.11 x 10712) over Y.

Non-Hierarchical Choreography (¢ ~ O(1)) versus 3D Hierarchical Per-
turbations (¢ < 1) : On the equal-mass Figure-8 choreography (Figure 19a,b),
the three bodies exchange roles symmetrically with no small perturbation parameter
(e ~ O(1)). Consequently, the non-perturbative Lie-bracket terms O(¢2h?*) in the
shadow Hamiltonian have unit weight, so PBM, rightly exhibits asymptotic order
Dot = 4.000 in the non-hierarchical regime.

Conversely, when the exact same five canonical integrators are evaluated on a 3D
eccentric hierarchical triple (m; = mg = 0.5,ai, = 1.0,¢;, = 0.30 perturbed by an
inclined outer companion mg = 1.0,a0yt = 12.0,7 = 28°, where ng ~ ain/aout =
1/12 <« 1), Panels 19(c,d) demonstrate that PBMy (s = 6) eliminates the leading

O(eh*) error term and detaches from BMSF) along an effective 6th-order slope (peg =~

6.25) parallel to BMéH) (s = 10), achieving up to a 2,329x energy-error reduction
(1.53 x 10~ versus 3.55 x 107! in Float128, 1,762x in Float64, Panel c) and a
1,640x trajectory-position error reduction (8.29 x 10~ versus 1.36 x 10719, Panel d)

over bare BMEP at heg = 8.18 x 1073,
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(4) Brouwer Roundoff Bounce in Float64 : In IEEE 754 double precision, the

t

1012

1016

10-20

10-24

10°28

Max Relative Energy Error max |AH(t)|/|Ho|

10-32

t

10-13

1013

10-17

Max Relative Energy Error max |AH(t)|/|Ho|

10710

deterministic O(hP) symplectic truncation error dominates for heg = 1072 and

reaches the machine floor ~ 3.45 x 10716 at heg ~ 1073; for finer steps heg < 1073
(Nsteps = T/h > 10%), truncation falls beneath IEEE 754 precision and the mea-
sured error rebounds as he_ff1 /2 X /Nsteps- In accordance with Brouwer’s law [13],
accumulated floating-point roundoff across the seyal Nteps force evaluations executes
an unbiased random walk 0 o< €machy/Seval NVsteps, confirming that 35-digit Float128
arithmetic is essential to resolve the unpolluted asymptotic regime of 6th-order sym-
plectic compositions.

Python A.2 : {benchmarks/run, figures/plot}_generator_01_x.py [Float64 / Float128]

Dual-Precision Symplectic Convergence (Float64 vs 35-Digit Float128) & Farrés-Laskar Inverted-Cost Metric:
Five Canonical Integrators (S2, Y4, BM4, PBM4, BM6) Across Non-Hierarchical (Figure-8) and 3D Hierarchical Regimes

(a) Non-Hierarchical Figure-8 (s ~ 1): max |AH|/|Ho| VS her=h/s (b) Non-Hierarchical Figure-8 (c ~1): [[q(7) — q".2*(T)|> VS hut
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-0+ BM4 [F128] ~8- BM4 [F64 vs F128 ref] -0~ BMs [F128]
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Normalized Step per Force Evaluation i = h/seva Normalized Step per Force Evaluation ey = h/seva
(c) 3D Hierarchical Triple (= < 1, ¢ =0.30, i =28°): max|AH]|/|Hy| VS has (d) 3D Hierarchical Triple ( < 1,¢;, =0.30,i = 28°): [[q(7) — q"2(1)]|> VS her
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PBM4 Order 4 -> 6 Elevation E B PBM4 Trajectory Order 4 -> 6
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FIGURE 19. Dual-precision symplectic convergence and Farrés—
Laskar inverted-cost frontiers (S, Vs, BM{", PBMy, BM{""; ¢ = 0, dy =
0,7 = 1.0). (a) Figure-8 energy error max; |AH (t)|/|Ho| vs. het = h/Seval
(Float64 solid, Float128 dashed). (b) Figure-8 trajectory error |q(T") —
al'2(T)||2 vs. heg. (c) 3D hierarchical triple (¢ < 1l,ep = 0.30,i =
28°, aout = 12.0): energy error showing PBM, order-4 — 6 elevation (2,329 x

gain over BMEZ)). (d) 3D hierarchical triple trajectory error (1,640x gain for
PBM,).

7.1.2. Ezperimental Proof of the Two-Channel Error Law, Order 6 — 4 Crossover, and the
Hall-Cohomology Quadratic Floor (Section 5.5.2 and Section 5.5). Section 7.1.1 revealed
a fundamental dichotomy in the behavior of the processed integrator PBMy: on the non-
hierarchical Figure-8 choreography (¢ ~ O(1), Figure 19a,b), PBM, scales with asymptotic
order peg = 4.000, whereas on the 3D eccentric hierarchical triple (¢ < 1, Figure 19¢,d),
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TABLE 5. Effective convergence orders, equal-cost accuracy (heg =
h/s = 0.005, Nevas = 1,200 over T' = 6.0, Voronoi v = 1.0), and dual-
precision error floors on the Figure-8 choreography (§7.1.1). Here
s (m) denotes effective FSAL force evaluations per macro-step under direct
ABA/RKN merging (generic S composition), and ||Aq(T)|2 = |la(T) —
o125 (T) o

Integrator Stages Order Deft max; |[AH|/|Hy| [[AQ(T)|l2 Min Floor Min Floor

g s(m) (Th) (Float128) at heg = 0.005 at heg = 0.005 (Float64) (Float128)
Sy (Strang) 1(1) 2 2.000 2.81 x 1076 5.26 x 1070 5.61 x 1079 5.61 x 1079
Vs (Yoshida) 3(3) 4 3.999 3.75 x 1078 9.78 x 1077 1.38 x 1071 4.95 x 1071°
BM{" 6 (7) 4 4.000 3.33 x 1079 (11.25%) 6.77 x 1078 (14.5%) 6.90 x 1016 2.74 x 10717
PBMy 6 (7) 4 (eff. 6) 4.000 (6.25 in 3D) 5.47 x 1079 (6.85x) 2.09 x 1077 (4.67x) 8.63 x 10716 3.51 x 1077
BM{ 10 (11) 6 5.999 5.90 x 10712 (6,354x)  6.11 x 10712 (1.60 x 10°x) 3.45 x 10716 3.74 x 10731
Ref. BM{"" (Float128, unopt.) 10 (11) 6 5.999 6.60 x 10717 (o = 1073) 0 (Reference) — 1.89 x 10731 (|| Aqll2)

it detaches from BMY) along an effective 6th-order trajectory (peg = 6.25). The algebraic
theory developed in Section 5.5 (Theorems 5.17, 5.18, and 5.19) explains and predicts this
transition across the entire (g, h) plane.

Because the 2-stage palindromic Lie conjugator ZPM#(h) generated by the cotangent-lifted
corrector Ky = CEM4h4DiB € P, identically annihilates the leading grade-(5, 1) linear tidal
commutator h* Hinear = BM4pdp4 B — O(eh?), both the relative Hamiltonian error and the
phase-space trajectory error obey the two-channel composite error law:

|A|I}{IE)1‘—V)‘ ~ Csehb +Cye? h4, |la(T) — et (T)||2 ~ é@EhG +Cy €2 h4, (7.3)
where € = (mpert /Mbin) (@in/ Row)® = 77?5* parametrizes the dimensionless cubic tidal perturba-
tion strength, the first term O(eh%) stems from the uncompensated grade-(7, 1) seventh-order
commutators, and the irreducible quadratic floor O(e?h*) originates jointly from the non-
vanishing grade-(5, 2) Hall cohomology class [DpD3B] € H'(Da, L52) = R (Theorem 5.17,
Tier 2) and the cross-term {Ky, Wi} € Po.

Figure 20 subjects Equation (7.3) to a four-part quantitative verification on the 3D ec-
centric hierarchical triple (mg = m; = 0.5,a;, = 1.0,e;, = 0.30 perturbed by an outer
companion my = 1.0 on an inclined orbit i = 28°), comparing exclusively PBM, against its

unprocessed base scheme BMS) at identical evaluation cost (Seyal = 6):

(a) Order 6 — 4 Energy Error Crossover and 100x /Decade Quadratic Floor
in Float128 (Figure 20a) : Sweeping macro-steps h € [0.01,0.32] (heg = h/6 €
[1.67 x 1073,5.33 x 1072]) over Teross = 1.60 in 35-digit Float128 arithmetic across
three tidal hierarchy decades ¢ € {1072,1073,107*} (Roux € {2.92,6.30,13.57}),

unprocessed BMEJ) exhibits a uniform 4th-order decay O(ch*) whose curves are sep-
arated vertically by 10x per decade in €. In contrast, above the crossover scale

heross(€) = /(Cs/Cs) e, PBMy follows the 6th-order channel O(eh®), achieving a

maximum energy accuracy gain over BMf) of 19.1x at e = 1072, 262.5x at ¢ = 1073
(5.94 x 10712 versus 1.56 x 1072 at h = 0.08), and 2,537x at e = 1074 (4.62 x 1071°
versus 1.17 x 107! at h = 0.04).

Below heross(€), the grade-(5,2) Hall-cohomology floor O(e2h?) takes over and
bends the PBMy curves back onto slope 4.00. At the finest step h = 0.01 (heg =
1.67 x 1073), the PBMy energy error descends from 1.49 x 107 (¢ = 1072) to
2.30x 1071 (¢ = 1073) and 2.52 x 10717 (¢ = 1074, a 1,815x floor reduction against
4.58 x 10~ for BMEJ)), demonstrating the exact 100x reduction per decade in €
(x €2) predicted by Theorem 5.17.

(b) Unclipped Local Empirical Order pemp(h) : 6 — 4 and Square-Root Crossover
Shift (Figure 20b) : Differentiating Equation (7.3) with respect to In A yields the
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exact analytical local-order transition law:
8ln(06 £ h6 + 04 62 h4) 2 04
pm(hie) = =4+ . heos(e) = ([ = e. (7.4)
dlnh 14 (heross(2)/R)° Cé

Evaluating the unclipped finite-difference trajectory slope directly from the raw
Float128 data:

pemp< \/ hkhk—l-l) = ln(Ei]rEZ’;z;f:—’(—}f;Jrl)) ’ Eq(h) = ||q(T7 h) - qfé?g(T)Hz

(where E,4(h) denotes the Euclidean phase-space position error of Panel (d)) closely
tracks the universal sigmoid (7.4).

As ¢ decreases by a factor of 100 from 1072 to 107%, the midpoint inflection
Pih(heross) = 5.0 shifts leftward by a factor of /100 = 10 in step size: for £ = 1072,
Pemp Telaxes rapidly from 5.17 down to 4.28 — 4.05 — 4.01 — 4.00; for e = 1073, it
transitions smoothly along 6.12 — 5.60 — 4.76 — 4.20 — 4.05; and for ¢ = 1074, it
remains anchored in the 6th-order regime (6.23 — 6.03 — 5.84 — 5.32) across nearly
the entire sweep before descending to 4.53 at the smallest step pair, while BMY)
stays flat at pemp = 3.99 £ 0.02.

Two-Regime Tidal Perturbation Scaling versus ¢ = 17?9 at Fixed h (Fig-
ure 20c) : Holding the macro-step fixed at h = 0.08 (heg = 0.0133, executed in
Float64 with the accelerated micro-kernels of Section 6.6) and sweeping the tidal
parameter across 3.5 decades € € [107°,3 x 1072] exposes the dual role of ¢ in Equa-
tion (7.3), separated by the crossover threshold ecposs(h) = (Cg/C4) h% = 6.4 x 1073,

Whereas BMY) scales linearly as O(eh?) o ! across the entire domain (2.09x 1078
at ¢ = 3 x 1072 down to 2.23 x 107! at ¢ = 107?), PBM}, exhibits two distinct
asymptotic regimes: (i) in the moderate-hierarchy regime ¢ € [1073,3 x 1072] (¢ >
Ecross), the second channel dominates and PBMy follows the quadratic floor scaling
O(e2h*) x €2 (empirical slope 1.84), expanding its accuracy advantage over BMEP
from 5.3x at ¢ =3 x 1072 to 236.1x at £ = 1073 (7.32 x 10712 versus 1.73 x 107%);
(ii) in the deep-hierarchy regime ¢ € [107°,3 x 1074 (¢ < ecross), the quadratic
floor drops below the 6th-order truncation term and PBM, transitions onto the
pre-asymptotic channel O(eh®) o ¢! (empirical slope 0.93), maintaining a constant

O(h~2) accuracy plateau of 215x-236x over BMEZ) down to e = 107° (1.04 x 10~13
versus 2.23 x 10711).

Phase-Space Trajectory Position Error Crossover |q(T) — qi!#(T)||» (Fig-
ure 20d) : Benchmarking the Euclidean phase-space configuration error at Tiyoss =
1.60 against an independent, unoptimized 35-digit Float128 BMéll) reference trajec-
tory (Richardson-extrapolated at hps € {0.01,0.005}) confirms that the boundary
readout map zP = ZPM4(p)(z2) transfers the exact same two-channel law from the
shadow Hamiltonian to physical orbital trajectories.

Above heross(€), PBMy follows the 6th-order trajectory slope and delivers up to a
1,335 % position-accuracy gain over BMEJ) ate = 10"%(2.49x10717 versus 3.33x 1014
at h = 0.01, and 134.1x at ¢ = 1073). Below hcross(€), the trajectory error bends onto
the 4th-order floor O(2h*) with the exact same 100x-per-decade vertical separation
in e: at h = 0.01, |Aq(7T)||2 drops from 2.49 x 10713 (¢ = 1072) to 2.30 x 10715
(e =1073) and 2.49 x 107!7 (¢ = 107%).

[ Python A.2 : {benchmarks/run, figures/plot}_generator_02_*.py [Float64 / Float128]

7.1.3. Dynamics Across Singularities: Unsoftened Limit Cases (¢ = 0,dyp = 0). A defining
requirement of this monograph is the deterministic traversal of physical singularities without
the introduction of ad-hoc smoothing lengths (dy = 0) or artificial force cutoffs. Rather
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(a) Float128 Energy Error Crossover (ej, =0.30,i=28") (b) Unclipped Local Empirical Order pemp(h): 6 -4

a == PBM; empirical (¢ =1072)
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FIiGURE 20. Two-channel error law, order 6 — 4 crossover, and Hall-

cohomology quadratic floor O(c?h*) for PBMy vs. BMEJ) on the 3D
eccentric hierarchical triple (e;, = 0.30,i = 28°). (a) Float128 energy
error |AH(T)|/|Ho| vs. heg = h/6 across ¢ € {1072,1073,10~*}. (b) Un-
clipped local empirical order pemp (k) vs. y/hihy41 overlaid with pe, (h; ) (7.4).
(c) Tidal scaling max; |AH(t)|/|Ho| vs. ¢ = n3 at h = 0.08 (Float64).
(d) Float128 trajectory error ||q(T) — qf12%(T) |2 vs. heg-

than grouping disparate dynamical systems onto a single composite axis, we structure our
evaluation around four dedicated benchmark plates (Figures 21-24), each isolating one of
the four singularity-resolution mechanisms established in Sections 4-6.

Limit Case L1 : Analytic Kepler-Sundman—Stumpff Pericenter Conditioning
Across 1 —e € [1072,107!] and e = 1.0 (IV = 2, Figure 21). In unregularized Cartesian
integrators (such as velocity Verlet), the pericenter acceleration diverges as 12 = [a(1—e)] 72,
causing a catastrophic energy error explosion scaling as (1— e)*5/ 2(6.61x10%at 1—e=10"3
and 6.55 x 102 at 1 — e = 10712, Figure 21b). Even within a universal Sundman-Stumpff
propagator, naive evaluation of praw = poco(2) + ooTcr(2) + GMT2ca(2) at pericenter suffers
subtractive cancellation of order (1—e) 2eyaq, in total energy (~ 1.39x 1076 at 1—e = 107°
and O(1) for 1 —e < 107% in Float64).

By enforcing the exact angular-momentum/energy quadratic identity coupled with incre-
mental Wronskian renormalization (Section 6.4.1, Proposition 6.11, and Theorem 5.25 in
Section 5.6.3):

_ oea LI/ f9—8f

Pfinal = 29GM — apraw ) I;
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and integrating over a complete orbital period 1.0 T, = /27 ~ 4.4429 using an odd step
count Ngeps = 129 (At = T, /129 ~ 0.03444 < 0.05 Tgyn(ac), ksym(t) = 0) so that central
Step 64 straddles t = 0.5 Tp,,p, inside the regularized Sundman chart down to ryin = 1072 AU
(Figure 21a), the conditioned N = 2 leaf propagator eliminates pericenter loss across all 12
decades, maintaining max,ep r,.,] [AH|/|Hol < 1.39 x 10713 (8.17 x 107" at 1 —e = 1072
and 9.95 x 10714 at the rectilinear collision limit e = 1.0) in Float64, and < 1.53 x 10733
(271 x 1073* at 1 — e = 107!2 and 5.50 x 1072 at e = 1.0) in Float128.

Limit Case L1: Analytic Kepler-Sundman-Stumpff Pericenter Conditioning (N=2, 1 —-e€[1071%,107}] & e=1.0)

(a) Pericenter-Centered Symlog Radial Plunge Down to rmin = 10712 AU (b) Cancellation-Free Pericenter Conditioning Across 12 Decades
100 ] ~ 107
\ / T | SR LDl O —————— o e - = ——-——e_
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Pericenter-Centered Orbital Time A = (t — 0.5 Tor)/Tor, [Symlog, Nateps = 129] Pericenter Proximity Parameter 1 — e = ryin/a (10~*2 on Left »10* on Right)

FiGure 21. Limit Case L1: Analytic Kepler—-Sundman—Stumpff
pericenter conditioning across 1 —e € [10712/107!] and e = 1.0
(N = 2). (a) Radial separation r(t) vs. pericenter-centered normalized time
At = (t — 0.5To)/Tor, (symlog scale) down to ryin = 107!2 AU within
Step 64 (Ngteps = 129, ksym(t) = 0). (b) Full-orbit relative energy error
max; |AH (t)|/|Ho| across 12 decades in 1 — e (Float64 and Float128).

Limit Case L2 : Asymptotic Free-Fall Regularity of the PBM,; (ZPM*) Cotan-
gent Corrector Across 12 Decades 7 € [107!2,10°] AU (Figure 22). Why does the
cotangent boundary corrector ZPM4(hgp,) remain completely nonsingular when a binary pair
plunges toward collision (r — 07) despite its momentum dependence on the diverging free-fall
impulse ||w(r)| = pu/2GM/r — a o< 7~'/2? By Theorems 5.18 and 5.19 (Equations (5.79)—
(5.80)) and Theorem 6.5 (Equations (6.25) and (6.30)), the corrector is governed by the
scalar generating potential and dynamic quadrupole tensor:

Ky(r,w) = Tr(Tapex(R) Mgym(r, w)) € Py,

GMyp 3(r-w)
3

reor
r2 ’

Msym (I‘, W) = CEM4h§ub

2c@w+wRr) —

generating the corrective position shift Argy, = +Vw Ky and momentum shift Aweg, =
—V.Ky.

Because the local dyadic sub-step size scales with the Keplerian dynamical timescale
hsub (1) = ho(r/rref)3/2 X Tayn(r) = V13 /(GMgp) x r3/2 (h;lub o r9), the prefactor hsub(r)‘l% o
73 overwhelms both the r—2 Keplerian Hessian and the w(r) oc r—1/2 free-fall velocity
divergence. Sweeping r € [10712,10°] AU across 12 orders of magnitude (N = 3, Ry =
V29 AU, hg = 0.01) confirms the exact analytical extinction laws:

|Ky4(r, w)| o r 35000 = 0(+7/2) = 0, | Areor|| = |V K4l oc 774000 = O(+4) — 0,
(7.5)
AW eorr f
HAWCOHH _ “er4‘| o 7q—i-2.5000 _ O(T5/2) -0, H Weo ” 7’+5'0000 _ 0(7,3) -0,

(7.6)
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with the generating potential |K,| decaying from 1.21 x 1074 down to 1.40 x 107°¢ and the
corrective position shift || Aree:|| decaying from 6.04 x 10714 AU down to 6.04 x 10752 AU
at 7 = 107'2 AU (Figure 22a), while the absolute momentum shift ||Awcor| decays to
4.06 x 10~** and the relative momentum shift ||Aweor||/||w]|| decays to 4.06 x 1079 (Fig-
ure 22b), proving that ZPM4(hgy,) smoothly reduces to the exact identity in both position
and momentum as r — 0%,

Python A.2 : {benchmarks/run, figures/plot}_generator_03_x.py [Float64 / Float128]]

Limit Case L2: Asymptotic Free-Fall Regularity of the PBM, (Z5"*) Cotangent Corrector (r€[107!2,10°] AU)

(a) Extinction of Generating Potential |Ks| = O(r7/2) & Position Shift | Arcor| = O(r*) () Extinction of Absolute (O(r®?) - 0) & Relative (O(r*) » 0) Momentum Shifts
10~

s & 5 o o =
O
rell & [[AwWeore /][ w]
g

=)
L

°
i

Momentum Shifts [|[Awco,
>

S
&

Generating Potential |K4| & Position Shift [|Arcor||

~#— Corrector Generating Potential |K4(r, w)| « r*35%9° (9(r7/2) » 0) 50 Pl ~o— Absolute Momentum Shift [AWcor| = [VrKa]l x r*25°%° (0(r*?2) - 0)
Shift [Arcor]| = [VwKil| « 4% (o(r%) - 0) —A- Relative Momentum Shift | AWeor/|W] « r*3%°% (0(r%) » 0)

10712 10710 107 10°° 107 1072 10* 10712 10710 10°* 10-° 107 1072 10°
Inner Binary Separation r= |qx — qol| [AU] (10~* on Left - 10° on Right) Inner Binary Separation r = ||q; — qo|| Along Free-Fall Branch w(r) « r~2 [AU]

Ficure 22. Limit Case L2: Asymptotic free-fall regularity of
the PBM, (ZPM%) cotangent corrector across r € [10712,10°] AU.
(a) Power-law extinction of generating potential |K4(r,w)| oc r+3-5000 and
position shift ||Arcon| oc 7740009 (b) Extinction of absolute momentum

shift [[Aweor| oc 7125000 and relative momentum shift ||Aweor||/||W| o
T+3'0000,

Limit Case L3 : Exact McGehee Exceptional Divisor Traversals (p = 0), Conor-
mal Bounce Involution B(QJ = Id, and Round-Trip Reversibility for Central Col-
lisions k € {2,3,4} (Figure 23). Under the normal-cone radial blow-up pc = /I and
McGehee regularized radial velocity vmeq = pcoy/pc (Section 5.2, Lemma 5.6, and Sec-
tions 4.3 and 6.4.2), simultaneous k-body central collisions (dy = 0) are resolved on the
blown-up collision manifold by the unitary conormal reflection involution Be (s, —veonso) =
(s0, +veonso) (BE = Id). Figure 23 separates the three canonical central-collision multiplic-
ities into three independent columns over a complete infall-bounce-return cycle [0, 2 tcon]
at At = 0.025, where the discrete circle (Float64) and triangle (Float128) markers in the
bottom panels (d—f) evaluate the exact round-trip time-reversibility error | A Hpp (tturm)|/|Ho|
after integrating forward [0, tyurn] and backward [tyurm, 0] back to ¢ = 0 at four turnaround
checkpoints straddling the collision time #co:

(i) Column 1 — Binary head-on collision (k = 2, ro = 2.0 AU, m; = 1.0, tEIZEQ)

7/v/2 = 2.2214, Figure 23a,d): Traverses 7 = 0 via the Sundman-Levi-Civita

chart (Bg : —2.000 — +2.000) with max |[AH|/|Ho| = 1.05 x 107! in Float64

and 6.60 x 10738 in Float128, and 100-step (tyurn = 2.50 > tEﬁEQ)) round-trip re-
versibility (q)l_ﬁgt o @X)to crossing r = 0 twice across Neval = 1,424 leaf evaluations)
of |AHpg|/|Ho| = 2.48 x 1075 < 2 Neyal €mach = 3.16 x 10713 in Float64 and
1.10 x 10733 in Float128;

(ii) Column 2 — FEquilateral Lagrange homothetic triple collision (k =3, Ry = 1.20 AU,
m; = 1.0, GMyg = 1/\/3, tgﬁ;g) = 1.9216, Figure 23b,e): Crosses the 3-body collision
divisor p = 0 (B¢ : —1.075 — +1.075) with max |AH|/|Hy| = 1.04 x 10713 in
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(iii)

G

Relative Hamiltonian Error |AH(t)|/|Ho|

McGehee Velocity vucs

10-12
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10-24

10727

<

10-3

10-36
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Float64 and 8.91 x 1073 in Float128, and 100-step (tyym = 2.50 > t£];§3)) round-
trip reversibility |A Hpg|/|Ho| = 4.55x 10714 in Float64 and 5.65x 10734 in Float128
(maximum across all four checkpoints 1.47 x 10713 and 1.43 x 10733 at N = 80);
Column 8 — Symmetric square Dy quadruple collision (k =4, Ry = 1.00 AU, m; =

10, GMey = %+ 2= = 09571, tioy® = 11353, Figure 23c.f): Integrated up to

V2 coll
Thax = 2.50 > 2t£lélT 4), genuinely crossing the simultaneous 4-body origin p = 0
(Bc : —1.384 + +1.384) and rebounding with max|AH|/|Hp| = 7.39 x 1071* in
Float64 and 1.46x 10733 in Float128, 100-step (tturm = 2.50) round-trip reversibility
across the collision of |AHpg|/|Ho| = 1.76 x 10713 (Float64) and 1.93 x 10733
(Float128, position residual ||Aqrg|l2 = 3.52 x 107! in Float64 and 3.86 x 10733
in Float128), and dihedral D4 point-group symmetry defect Ap, = 7.00 x 10716 in
Float64 and 0.00 in Float128.

Limit Case L3: Exact McGehee Exceptional Divisor Traversals (p = 0) & Conormal Bounce Involution 52=1d (k=2,3,4)

(a) k=2 Binary Sundman Phase Portrait (b) k = 3 Equilateral Lagrange Phase Portrait (c) k=4 Symmetric Square D, Phase Portrait
15
10
3 lx 1.0
& &
105 W
2 g 05
g g
5 3
Bei 2,000 2,000 z z bei-138am 71384
atr=0 (te = 2.2214) 8 00 8 o0 atR=0 (%) =11353)
s S
2 2
3 8 -0s
5 -05 3
3 <]
3 3
= = -10
-1.0
Analytical Infall / Rebound Branches Analytical McGehee Homothetic Manifold Analytical D, Homothetic Manifold
—e— Discrete Trajectory (ro= 2.0 AU) - Discrete Trajectory (Ro = 1.20 AU) -15 —— Discrete Trajectory (R = 1.00 AU)
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Binary Separation r = q; - qofl [AU] Equilateral Circumradius R(t) = i(6)] [AU] Square Circumradius R(t) = | q(0)] [AU]
(d) k=2 Energy & Round-Trip Across Binary Collision (€) k =3 Energy & Round-Trip Across Triple Collision () k=4 Energy & Round-Trip Across D Collision
H -12 E H
10 7 et e et e
e
105 {pem=®

1072 — = Float64 |AH(t)|/|Ho| (max = 1.04e - 13)

— Float6a [AHO)Hol (max = 1.05e ~ 13)

@ Floatod Round-Trip [aHs /]

— 8 AH(B)/H: 3

Round-Trip [8Hrsl/lHol (1.10e - 33)
=22214(r=0)

| (2.48¢ - 13)
60e - 38)

Relative Hamiltonian Error |AH(t)|/|Ho|
Relative Hamiltonian Error |AH(t)|/|Ho|

N A
05 1.0 15 20 25 30 35 40 0.0 0.5 1.0 15 2.0 2.5 3.0 35 0.0 0.5 1.0 1.5 2.0 2.5
Physical Time t (At = 0.025, Nsteps = 177) Physical Time t (At = 0.025, Neteps = 153) Physical Time t (At = 0.025, Nsteps = 100, Ap, = 0.00)

FicUrE 23. Limit Case L3: Exact McGehee exceptional divisor tra-
versals (p = 0) and conormal bounce involution B% = Id for central
collisions k € {2,3,4}. (a—c) McGehee blown-up phase portraits (p, p\/p)
with infall («—), vertical reflection B¢ at p = 0 (1), and rebound (—) for k = 2
Sundman, k = 3 Lagrange, and k = 4 square D4. (d—f) Dual-precision con-
tinuous Hamiltonian error |AH (t)|/|Hy| and round-trip reversibility markers
|AHpp (teurn)|/|Ho| across t = teol.

Limit Case L4 : Adaptive Multiscale Resolution Without Exact Collision —
Chaotic Burrau 3-4-5 Scattering (L4a) and 3D Kozai—Lidov Secular Resonance
(L4b) (Figure 24). In general non-homothetic N-body dynamics without a massive central
host, extreme close encounters and secular resonances occur with small but nonzero impact
parameters (rmin > 0) and are resolved on the outer Fulton-MacPherson / Jacobi chart
atlas by time-symmetric dyadic sub-stepping and shadow gauge connections (Sections 5.6,
6.3, and 4.3.2):

(i) Lia — Pythagorean 3-4-5 chaotic three-body scattering of Burrau [1]] (m = {3,4,5},

t € 10,12.0], At = 0.04, Figure 24a-b): Across successive chaotic triple flybys reach-
ing rmin = 1.15 x 1072 AU, the dyadic scheduler dynamically ascends and descends
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ksym(t) € {0,...,7} (zero saturation under Akm.x = 8) in exact synchrony with
mini<j Tij (t)

At fixed macro-step At = 0.04, both Float64 and Float128 measure the ex-
act same symplectic shadow truncation amplitude max |AH|/|Hp| = 1.25 x 1078,
while the continuous time series of the 9 Galilean Lie-Bargmann generators remain
bounded across the entire horizon (terminal residual ||AL(T)|2 = 9.06 x 10714 in

Float64 and 3.04 x 10733 in Float128, Figure 24b), high-precision BMéH) refine-
ment (At = 0.002) converges down to 5.54 x 10710 in Float64 and 2.45 x 10~2% in
Float128, and palindromic round-trip reversibility reaches |AHpg|/|Ho| = 1.39 X
10716 (Float64) and 1.15 x 10734 (Float128).
L4b — 3D high-inclination Kozai-Lidov secular cycles (ay = 1.0, aout = 4.0, mg =
0.4, ip = 84.0°, t € [0,300.0], At = 0.25, Figure 24c—d): Secular angular-momentum
exchange pumps the inner binary eccentricity from eg = 0.10 to emax = 0.998865
(1 —emin = 1.135 x 1073, i1, (¢) € [37.4°,86.1°]) while activating dyadic refinement up
t0 ksym (t) = kmax = 11 (zero saturation) during high-eccentricity pericenter passages.
As demonstrated in Figure 24d, our formulation cleanly separates across 30 orders
of magnitude the exact Noether conservation of total vertical angular mo-
mentum | L, 1ot (t) — L 10t (0)| < 1.57x 107! (Float64) and 1.77 x 10732 (Float128)
from the physical semisecular quadrupole/octupole oscillation of the inner Delaunay
action |A(y/1 — €2 cosii) ()| = 6.01 x 1072 at aout/am = 4.0, while the fixed-macro-
step (At = 0.25) shadow Hamiltonian oscillation |AH (¢)|/|Ho| = O(hS ) descends

sub

to 2.27 x 1071% in Float128 during the low-eccentricity phase before both precisions
coincide on the physical truncation envelope (5.42 x 107! in Float64, 5.10 x 10712
in Float128) at peak eccentricity, and converges to 1.39 x 10716 (Float64) and
1.76 x 10728 (Float128) under high-precision BMéH) refinement (At = 0.005, with
palindromic round-trip reversibility 0.00 in Float64 and 9.22 x 10734 in Float128).

[ Python A.2 : {benchmarks/run, figures/plot}_generator_03_x.py [Float64 / Float128§] ]

TABLE 6. Quantitative dual-precision certification across unsoftened
singular limit cases L1-L4 (§7.1.3; ¢ = 0,dy = 0). For L4a and L4b, both
equal-macro-step (At = 0.04 / 0.25) shadow oscillations and high-precision
BMéH) convergence (At = 0.002 / 0.005) are reported alongside Noether and
round-trip (FB) residuals.

Limit Case

Singularity / Multiscale Unregularized Float64 Float128 Geometric / Noether / Reversibility

& Protocol ID Regime (dy = 0) Cartesian Error |AH|/|Ho |AH|/|Hy| Invariant Certified (Float64 / Float128)

Lla: Binary 1—e € [107'2,107!]  Pericenter ryip, = 10712 AU (1.0 Ty, 6.55 x 107 (diverged) 817 x 1071 2.71 x 1073 Fym(t) = 0, Tin achieved = 10712 AU

L1b: Rectilinear Limit e = 1.0 Radial pericenter ryiy = 0 (1.0 o) NaN (Crash) 9.95 % 1071 5.50 x 1073 Conditioned Stumpff-Wronskian identity

L2: Free-Fall PBM, (ZP) Cotangent corrector on € [107'2,1] AU Uncorrected O(ch?) ag, = +3.5000 aa, = +4.0000 A = +2.5000, aperuy = +3.0000

L3a: Binary Bounce (k = 2) Sundman collision r = 0 (feon = 2.2214) NaN (Crash) 1.05 % 10713 6.60 x 1073 Round-trip FB (N = 100): 2.48 x 10713 / 1.10 x 10~%

L3b: Lagrange Triple (k = 3) McGehee 3-body p =0 (teon = 1.9216) NaN (Crash) 104 x 1071 8.91x 107 Round-trip FB (N = 100): 4.55 x 10" / 5.65 x 10~

L3c: Square Dy (k= 4) McGehee 4-body p =0 (feon = 1.1353) NaN (Crash) 7.39 x 10714 1.46 x 103 Round-trip FB (N = 100): 1.76 x 1073 / 1.93 x 10~ (Ap, = 0.00)
] . . . - . 1.25 % 1075 (At =0.04)  1.25 % 10°* (At = 0.04) [|AL ot (T)][2: 9.06 x 10 / 3.04 x 10~

. 45 oring ha . — 115 2 - rges at flyby g z /
Lda: Burrau 3-4-5 Scattering Chaotic flybys rin = 1.15 x 1072 AU (kmax 7)  Diverges at flyby 554 x 10716 (BMg) 245 x 1072 (BMg) FB: 1.39 x 10710 / 1.15 x 10~

Lab: 3D Kozai Lidov (i = 84°)  Secular epue = 0.998865 (1 — ey = 1.14 x 107%)  Artificial orbital flip

5.2 % 10712 (Ar = 0.25) 5.10 x 10-12 (Al = 0.25) Noether [AL; o]: 1.57 x 1074 / 1.77 x 10732
1.39 % 10719 (BMg) 1.76 x 1072 (BMj) Semisecular A(y/1 = 2, cosiiy) = 6.01 x 1072
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Limit Case L4: Adaptive Multiscale Resolution Without Exact Collision — Burrau 3-4-5 Scattering (L4a) & 3D Kozai-Lidov Cycles (L4b)
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(a) L4a: Burrau 3-4-5 Chaotic Scattering & Dyadic Adaptivity (Kmax = 7)
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FIGURE 24. Limit Case L4: Adaptive multiscale resolution without
exact collision — Burrau 3-4-5 scattering (L4a) and 3D Kozai—Lidov
cycles (L4b). (a) Burrau min;<; r;;(t), hyper-radius pg(t), and dyadic level
ksym(t) € {0,...,7}. (b) Burrau shadow energy oscillation |AH(t)|/|Hol
and Lie-Bargmann invariants || ALt (t)]]2, [|APtot (¢)]|2. (c) 3D Kozai-Lidov
eccentricity-inclination cycles (emax = 0.998865) and dyadic level kgym < 11.
(d) Noether |L;10t(t) — L tot(0)| and shadow |AH(t)|/|Hop| vs. semisecular

Delaunay action |A(y/1 — €2 cosii)(t)|.
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7.2. Long-Term Secular Stability, Planetary KAM Torus Preservation, and His-
torical Celestial Encounters. The ultimate benchmark of any geometric symplectic in-
tegrator in celestial mechanics lies in its capacity to reconcile two antithetical requirements:
preserving the global, secular phase-space topology of planetary systems over astronomical
timescales (decades to millions of orbits) while simultaneously handling violent, localized
close encounters without energy blowup or artificial dissipation. In this section, we present
the empirical validation of our normal-cone symplectic architecture across two complemen-
tary benchmark series:

(i) Historical Encounter Benchmarks (§7.2.1): Canonical Few-Body Models
of Documented Historical Encounters, evaluating the solver’s adaptive behav-
ior during deep gravitational flybys, sub-Roche tidal disruptions, and atlas chart
transitions;

(ii) Secular Stability Benchmarks (§7.2.2): Long-Term Secular Invariant Preser-
vation and Frequency Analysis, proving the absence of linear energy drift, the
boundedness of the resonant Jovian Laplace angle, and the preservation of KAM
invariant tori via Laskar’s Numerical Analysis of Fundamental Frequencies (NAFF')
[37].

7.2.1. Canonical Few-Body Models of Documented Historical Encounters and Covariant Atlas
Gauge Continuity. To test our architecture under realistic astronomical mass and distance
ratios without conflating symplectic integration errors with empirical force-model uncertain-
ties, we formulate in dual precision (Float64 and 35-digit Float128 under strictly iden-
tical integration parameters) three canonical, unsoftened Newtonian point-mass few-body
benchmarks (N € {4,5}, ¢ = 0,dp = 0) calibrated to the characteristic encounter scales
(min, Voo, @, €) Of celebrated events from historical ephemerides (intentionally omitting plan-
etary zonal harmonics Jo, non-gravitational cometary outgassing, and hydrodynamical con-
tinuum dissipation so that exact conservative Hamiltonian and Lie-Bargmann invariants
remain well-defined).

Benchmark H1 : Comet D/1770 L1 (Lexell) Deep Jovian Passage and Covariant

Atlas Gauge Continuity (ngg 4), Figure 25). Comet Lexell underwent a historic

close encounter with Jupiter in 1779, plunging deep inside the Jovian sphere of influence
to a perijove of Tmin = 1.4483 x 1073 AU = 3.031 Ry (well inside Io’s orbital radius aj, =
5.90 Ry). We integrate the 4-body point-mass model (Sun, Jupiter, Earth, Comet Lexell)
across t € [0,12.0] (= 1.91 yr) under a strictly constant macro-step At = 0.08 (Ngteps = 150
uniform macro-steps, maximum dyadic level kp.x = 11, zero dyadic saturation, with native
solver substep observation enabled for kg, > 4) starting outside Jupiter’s Hill sphere at
ro,; = 0.7000 AU = 1,465 R; > Rumn,s = 0.3551 AU = 743 R; in the heliocentric Jacobi
chart Thelio = [((0,2),1),3]. As tracked in Figure 25a, the Voronoi Hill admissibility criterion
(v = 1.0, Sections 6.2.2 and 6.5.1) triggers two dynamic topological chart flips:

Thetio = [((0,2).1).3] "2 Tiowi = [(0,2). (1,3)) (77)

entering the Jovicentric chart at tgip 1 = 2.56 (nmi = 0.5809 < 1.0), autonomously refining
the symmetric dyadic rung along a strictly unimodal staircase kgym(t) : 0 -1 =2 — 3 —
5 —=+6 -8 =11 -8 =+ 5 — 3 — 2 — 1 across the deep perijove at tperi = 5.4584
(Tmin = 3.031 Ry, resolved with 2!' = 2,048 dyadic substeps of size hgy, = 3.91 x 107°), and
flipping back to the heliocentric chart on egress at tgip 2 = 8.48 (i = 0.9969, Jovicentric
dwell interval Atjoyi = 5.92).

At each chart transition and dyadic step change, the canonical non-commutative cotangent-
lifted gauge connection established in Section 5.5.4 and Section 6.5.3 (Theorems 5.20 and 6.16):

PBM4 BM4,(B 1 BMd (4
((Ath)l(B»hB) = (2P (hp)) " o Masp o 27 W (hy),

BM4,(a) (7.8)
2,0 = 2P (ha; Ta),
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maps the shadow state seamlessly across the chart boundary, where M4_,p € SLa(R) C
Sp(6N,R) denotes the symplectic Jacobi coordinate transition morphism:

Zp = T((j,iidfl(g,hB)(iA), 79)
Zpngs = 2P (hp) (25) = Mas, g (2PN (ha) (2)).

As shown in Figure 25b, the interfacial jump in the comet’s specific orbital energy at
thip,1 = 2.56 is bounded to |A&;|/|E50] = 0.00 in Float64 and 4.48 x 1073° in Float128 (with
total 4-body Hamiltonian jump |AHgip|/|Ho| = 2.36 x 1073° in Float128). Over the entire
encounter t € [0,12.0], relative Hamiltonian error remains bounded to max; |AH (t)|/|Ho| =
5.48 x 10713 in Float64 and 7.13 x 107! in Float128: in accordance with backward error
analysis (Theorem 6.5 and Proposition 5.26), Float128 eliminates floating-point roundoff
across the kmax = 11 perijove substeps and isolates the bounded O(hS  + e hf ) shadow-
Hamiltonian truncation oscillation at At = 0.08, whereas the exact quadratic Lie-Bargmann
Noether invariants (Propositions 5.3 and 6.18) exhibit zero truncation error and reach the
raw arithmetic floor ||APqe|l2 < 1.20 x 10710 / 5.57 x 10738 and || ALtot||2 < 6.05 x 10716 /
7.74 x 1073° in Float64 / Float128.

Benchmark H1 — Comet D/1770 L1 (Lexell, 1770-1779): Deep Jovian Encounter (3.031R;), Dynamic Hill Chart Flips (7heiio © 7jovi) & Invariant Continuity (N = 4)

(b) Continuous Energy & Lie-Bargmann Conservation Under Canonical Gauge TLPE',;“

(a) Jovicentric Approach, Hill Chart Flips (7

56,8.48], At = 5.92)

rif
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Ficure 25. Benchmark H1 — Comet D/1770 L1 (Lexell, 1770-
1779): deep Jovian encounter (3.031 R;), dynamic Hill chart flips,
and covariant gauge continuity (N = 4). (a) Jovicentric distance
r7(t)/ Ry across Thelio <> Tjovi chart flips (¢ = 2.56, 8.48) and unimodal dyadic

rung ksym(t) € {0,...,11}. (b) Continuous Hamiltonian error |[AH (t)|/|Ho|

under Tf(llfg[ 4 and Lie-Bargmann invariants ||ALt||2, [|[AP¢otl|l2 (Float64

and Float128).

Benchmark H2 : Comet D/1993 F2 (Shoemaker—Levy 9) Sub-Roche Tidal Dis-
ruption and Synchronous Supernode Promotion (Figure 26). During its July 7,
1992 perijove pass, Comet Shoemaker—Levy 9 penetrated deep inside Jupiter’s fluid Roche
limit (rRoche = 2.45 Ry = 1.1708 x 1073 AU). We model this regime via a 5-body point-
mass system (Sun, Jupiter, and K = 3 self-gravitating progenitor fragments {2, 3,4} of mass
my = 10~ Mg, separated by drg = 2.0 x 107° AU) starting at ro,; = 0.0120 AU = 25.11 R;
across Nsteps = 160 macro-steps (At = 1.8 x 10_4, tmax = 0.0288 > tperi = 0.02178, max-
imum dyadic level kpax = 4, zero saturation) in both Float64 and Float128. Figure 26a
tracks both the Jovicentric distance r;(t)/R; and the dimensionless cubic tidal force ratio:

[VWape 'l My /ps(t)\3 1
o [ My (2P Ly, (7.10)

|V Hyeat | 3Mg \ry(t) 3
where ng = ps/Ruin(S) denotes the linear Hill ratio of Section 4.3.2.

As(t) =
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Initially outside the Roche zone (Ag(0) = 0.0267 < Agit = 0.25), the progenitor cluster
evolves as standard binary leaves until Ag(t) crosses the Roche disruption threshold Agiy =
0.25, dynamically promoting {2,3,4} into a synchronous supernode across 84/160 steps
(canonical sub-Roche tidal Channel A, Section 4.3.2). At the sub-Roche perijove tpei =
0.02178, the cluster reaches rp;, = 6.3839 % 1074 AU = 1.336 Ry < 2.45 R with A =
16,690 (g™ = 36.86, unimodal symmetric dyadic rung pyramid kgym : 0 =+ 1 — 2 = 3 —
4—3—2—1—0). As shown in Figure 26b—c, differential Jovian tidal shear stretches the
fragment chain into the “string-of-pearls” configuration with span ratio S(t)/So = ||qa(t) —
qa(t)|l2/So peaking at 4.61x just after perijove and reaching 3.82x at tyax = 0.0288.

In Figure 26¢, the Float128 energy curve starts at ~ 10~2! during the outer approach
(where Float64 sits at the ~ 10715 IEEE 754 roundoff floor) and rises smoothly to coincide
with Float64 at perijove (max; |[AH (t)|/|Ho| = 3.99 x 1071 in Float64 and 4.40 x 10~1°
in Float128), reflecting the reversible O(hS,) shadow-Hamiltonian truncation oscillation
under extreme sub-Roche tidal shear (A = 16,690 at hgy, = At/2* = 1.125 x 1079),
whereas the exact Lie-Bargmann Noether invariants remain unaffected by tidal truncation
at ||ALgot|l2 < 5.64 x 10718 / 1.10 x 1073% and [|APe]l2 < 2.89 x 10718 / 1.19 x 10737 in
Float64 / Float128.

Benchmark H2 — Comet D/1993 F2 (Shoemaker-Levy 9, July 1992): Sub-Roche Perijove (1.336R; < 2.45R)), Dynamic Tidal Promotion (As > 0.25) & String-of-Pearls Elongation (N = 5)

(a) Sub-

1.336R)) & Cubic Tidal Trigger As(t) (b) “Strin

ocation 5(t)/So & Dyadic Rungs  (c) Energy & Noether Conservation Across Sub-Roche Breakup

1071
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i
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FIGURE 26. Benchmark H2 — Comet D/1993 F2 (Shoemaker—Levy
9, July 1992): sub-Roche perijove (1.336 Ry < 2.45R;), dynamic
tidal promotion (Ag > 0.25), and string-of-pearls elongation (N = 5).
(a) Jovicentric distance r;(t)/R; and cubic tidal force ratio Ag(t) = ing(t)?
(A9 = 16,690). (b) Fragment chain span ratio S(t)/Sp (4.61x peak)
and dyadic rungs ksym(t) € {0,...,4}. (c) Shadow-Hamiltonian oscillation
|AH(t)|/|Ho| and Lie-Bargmann invariants (Float64 and Float128).

Benchmark H3 : Asteroid (99942) Apophis 2029 Close Earth Flyby, Aten —
Apollo Deflection, and Full-Flyby Palindromic Reversibility (Figure 27). On
April 13, 2029, asteroid (99942) Apophis will pass inside Earth’s geostationary satellite belt
(rggo = 6.61 Rg). We integrate the 4-body Sun—Earth-Moon—Apophis point-mass model
across Ngeps = 80 macro-steps (At = 2.5 x 10_4, tmax = 0.0200 > t,ei = 0.00950) in
both Float64 and Float128 (Figure 27). Approaching on its pre-flyby Aten-class orbit
(apre = 0.9224 AU < 1.0 AU, epe = 0.219), Apophis grazes perigee at rmi, = 2.5480 X
107* AU = 5.976 R, ~ 38,115 km at tperi = 0.00950 (Figure 27a) and is deflected outward by
Earth’s trailing-side gravity assist into a post-flyby Apollo-class orbit (apest = 1.1163 AU >
1.0 AU, epost = 0.217), producing a physical semi-major axis jump of Aa = apost — Gpre =
40.1939 AU > 0 (Figure 27b).

Across the bilateral pericenter guard |tperi(t)] < 2 Atpmacro (Definitions 5.23 and 6.8), the
symmetric dyadic selector (Propositions 5.22 and 6.7):

Fym(2n, A) = max (k(2a), k(OR)(2,))), Km0 51225322510,
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climbs along the unimodal pyramid peaking at kpnax = 3 at perigee (step m = 38, Figure 27¢),
bounding the forward-flyby Hamiltonian excursion to max; |AH (t)|/|Ho| = 3.33 x 1071* in
Float64 and 2.95 x 10722 (O(h¢,,) shadow oscillation) in Float128 (with Noether conser-
vation ||[ALggll2 < 5.12 x 10720 / 6.42 x 10739).

Executing a full-flyby forward-backward reversibility test <I>]jhAt o @fhm across perigee
(N, € {20,40, 60,80} steps, Figure 27c—d) confirms exact point-by-point palindromic dyadic
sequence matching keyq(m) = kbwa(N—1—m) in both Float64 and Float128 and annihilates
the conservative shadow-Hamiltonian oscillation upon returning to ¢ = 0, yielding 80-step
return position error ||Aqpgll2 = 1.72 x 10719 AU in Float64 and 3.28 x 10733 AU in
Float128, and return energy error |AHpg|/|Ho| = 0.0 across all four horizons in Float64

and 8.46 x 10733 in Float128.
Python A.2 : {benchmarks/run, figures/plotl}_generator_04_x.py [Float64 / Float128]

Benchmark H3 — Asteroid (99942) Apophis (April 13, 2029): Sub-Geostationary Perigee (5.976R ), Aten - Apollo Deflection (Aa = +0.1939 AU) & Full-Flyby Dyadic Palindrome (N = 4)

(a) Grazing Geocentric Hyperbolic Flyby Inside the GEO Ring (b) Resonant Heliocentric Transition: Aten (a <1 AU) - Apollo (a>1 AU)
115
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(c) Bilateral Pericenter Guard & Exact Dyadic Palindrome Ke,g(m) = kpwa(N — 1 —m) (@) Exact Time-Reversal Symmetry (0", - ®;) Across Perigee
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FIGURE 27. Benchmark H3 — Asteroid (99942) Apophis (April
13, 2029): sub-geostationary perigee (5.976 Rg), Aten — Apollo
deflection, and full-flyby dyadic palindrome (N = 4). (a) Geocen-
tric hyperbolic trajectory inside the geostationary belt (rggo = 6.61 Rg).
(b) Heliocentric osculating a(t) and e(t) (Aa = +0.1939 AU). (c) Bi-
lateral perigee horizon |tperi|/Atmacro < 2 and palindromic dyadic rungs
ktwa(m) = kpwa(N — 1 — m) (kmax = 3). (d) Multi-horizon round-trip re-
versibility error ™4, 0 &, (I}, € {20, 40,60,80}).

7.2.2. Long-Term Secular Stability, 9-Generator Lie—Bargmann Metrology, Laplace 4:2:1
Resonance, and Laskar NAFF Frequency Confinement. Complementing the localized, high-
eccentricity close encounters of Section 7.2.1, the second benchmark series evaluates long-
term secular stability under canonical Voronoi chart admissibility (y = 1.0, ngips = 0) and
active adaptive dyadic substepping (0 saturation events) across all five symplectic splitting

and processed integrators (Sp with Seval = 1, V4 With seva) = 3, bare BMSP with Seval = 6,

homologically processed PBMy(ZEM*) with seva = 6, and bare BMéH)
evaluations per substep).

Whereas the four bare splitting schemes (Sg,)&;,BMf),BMéH)) evolve on their native

bare symplectic manifolds, the processed integrator PBM4(Z}EM4) evolves natively in the

with Seval = 10 force
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TABLE 7. Certified dual-precision (Float64 and 35-digit Float128)
quantitative invariants and observables across documented histori-
cal astronomical encounters (§7.2.1; v = 1.0, = 0,dy = 0).

Historical Closest Approach Max Rung Topological / Tidal Max |AH|/|Ho| Noether |[[AL |2 Certified Physical &
‘min

Benchmark T kmax Regime (Float64 / Float128) (Float64 / Float128) Algebraic Observables
2 Hi t fli N (PBM4),
H1: Comet Lexell 3.031 R, u 2?'“ "if'fr”‘p ® 548 x 10713 / 6.05 x 10716 / ‘FX? e “‘“dzruﬂf*(;g N
1770-1779, N = 4 1.4483 x 107% AU helio £7 1 Jovi 713 x 10717 774 % 1079 -31/1€3,0] = 0. 64),
( ) 8 ) (t = 2.56, 8.48) * [ |AHyip) /| Ho| = 2.36 x 10~ (F128)
. S ) | — 0.0267 — A% — 16.690.
H2: Shoemaker Levy 9 1.336 Ry < 2.45 Ry . Sub i‘fg‘)ﬂ"[;";‘,)“‘ fon 3.99 x 1071 / 5.64x 10718 / stritns “;)f egr(l’:‘;’ I 3\/55 3 é‘i‘i’g‘)’wk
(July 1992, N = 5) (6.3839 x 10~ AU) (35/16(7;@1) 4.40 x 10715 1.10 x 10% g-ol-p ¢ 825“ pgw‘;) OLXT
ilatera . uar —14 . . 19224 7 / 1165 J
H3: (99942) Apophis 5.976 Re, < 6.61 R ) Bilateral p?ngcc guard 3.33 x 10 - ‘/ 5.12 % 1020 / Aten (0.9224 AU) — Apollo gl 116} AU),
(April 2029, N = 4) (2.5480 %104 AUIS 3 [tperi] < 2 Atmacro 2.95 x 10722 6.42 x 1039 Aa = +0.1939 AU, exact dyadic palindrome,
p N = 5 J (80 macro-steps)  (FB: 0.0 / 8.46 x 10-%9) : | Aqrglz = 1.72 x 10719 / 3.28 x 107% AU

shadow manifold with non-destructive physical coordinate readout at observation epochs
and automatic covariant gauge transport across dyadic step-size junctions hqg — hp:

BM4 ~ PBM4 BM4,(B -1 BM4,(A
Zphys(te) = ZPM4(hy) (2), T(<A,hA)L(thB) = (2B (hp)) T oML g o ZPME W ().

Applying T((:Ei/[fl (Bhs) exclusively to PBMy(ZPM*) is essential: injecting ZPM* gauge kicks

into a bare integrator such as BMéH) across dyadic junctions would perturb its bare manifold

by uncompensated O(eh?) impulses. Both conservative point-mass benchmarks (N € {4,5},
e = 0,dp = 0) are executed over their full secular horizon in IEEE-754 Float64 and paired
with equal-parameter 35-digit Float128 integrations to separate bounded O(hP) shadow-
Hamiltonian truncation oscillations from O(€mach+/Seval Nsteps) floating-point roundoff diffu-
sion on the 9 Galilean Lie-Bargmann Noether invariants (Figures 28-29 and Table 8).

Protocol S1 : Resonant Jovian 4:2:1 Laplace Satellite System, Methodolog-
ical Libration Ablation, and Dual-Precision Lie-Bargmann Metrology (N = 4,
Figure 28). We model the four-body Jovian Galilean system as a conservative Newto-
nian point-mass hierarchy comprising Jupiter (mo = 1.0) and the three inner moons Io
(mp = 4.70 x 1075, a7 = 1.0), Europa (mg = 2.53 x 107°,as = 1.5874), and Ganymede
(m3 = 7.80 x 107, a3 = 2.5198). To avoid exciting artificial free-eccentricity transients,
the system is initialized at the forced resonant Laplace apsidal equilibrium (ej forced =
0.0041, @ = 0; €2 forced = 0.0094, wy = 7; €3 forced = 0.0006, w3 = 0) in a single Jovicentric
Jacobi chart (ngips = 0) and integrated over 200 Io orbits (Tmax = 1,256.75 rad, macro-step
At = 0.25 = T1,/25.13, Ngeps = 5,027, observation stride 5, where the symmetric dyadic
scheduler selects ksym = 3, i.e., hqup, = At/23 = 0.03125 with 0 saturation events), tracking
three-body resonant locking via the osculating mean-longitude critical angle:

GLap(t) = (Al(t) - 3)\2(15) + 2)\3(75)) mod 360° =~ 1800, )\z(t) = wz(t) + MZ' (t) (7.11)
The four panels of Figure 28 establish three distinct physical and numerical properties:

o Shadow-Manifold Telescoping, Float64 vs. Float128 Time Series, and Resonant
Phase Hierarchy (Panels 28a-b): Under adaptive dyadic substepping (ksym = 3,
hsap, = 0.03125, 40,216 substeps over 200 Io orbits), the 23 = 8x step reduction
prevents the second-order Strang splitting So (max [AH|/|Ho| = 3.98 x 10~7, RMS =
2.47 x 1077) from breaking the resonance into full 360° circulation; however, because
its O(h2,,,) shadow Hamiltonian perturbation (h2, ~ 9.77 x 10~%) shifts the modified
Keplerian mean motions n; = 0H /OA; slightly off exact 4:2:1 commensurability,
Sy still exhibits a 47° secular phase drift from 180° to 187° (frap = 183.41° £ 3.53°,
Figure 28b, top).

By contrast, for the fourth-order Yoshida scheme Y; (max |AH|/|Hy| = 1.98 X
10710), the 8x dyadic reduction compresses its O(h? ;) shadow frequency error by
8% = 4,096 x, completely eliminating the secular phase drift observed at unsubstepped
k = 0 and locking ) onto the exact resonant libration curve 6p,,p(t) = 179.85°+0.80°

alongside BMf) (6.96 x 10713), PBM(ZPM*), and BMéH). Plotting the logarithmic



160 JEREMY NUSA
phase residual |0pap(t) — HE%G(M in the bottom sub-panel of Figure 28b resolves
the underlying six-order-of-magnitude accuracy hierarchy across the integrators: the
maximum resonant angle error drops by 1,445x from Ss (6.13°) to YV (4.24 x 1073°)

and by 730,000x down to 8.78 x 1076° (BM{")) and 8.40 x 1076° (PBMy), directly

demonstrating KAM symplectic phase conjugacy (PBMy = BMf)) on the resonant
torus.

In energy (Figure 28a, plotting both Float64 solid and 35-digit Float128 dashed
time series over the full 200-orbit horizon), the Float64 and Float128 trajectories

of Sy, Vi, and BM{” superimpose (3.98 x 10~7, 1.98 x 107°, and 6.96 x 10713

vs. 6.67 x 10713), whereas in Float64 PBM, and BMéll) encounter the IEEE-754
Brouwer roundoff floor (max = 1.20 x 10713, RMS = 5.77 x 10714, 5.80x max /
7.47x RMS gain for PBMy, and max = 8.14 x 1074, RMS = 2.88 x 104 for
BMgH)); in 35-digit Float128, roundoff is eliminated and the dashed curves stay
on their true periodic shadow-Hamiltonian bands across all 200 Io orbits (PBMa:
max = 3.80 x 10714, RMS = 1.25 x 107, ie., a 17.56x max / 32.62x RMS

shadow gain over BMY; BM{"": max = 1.90 x 1018, RMS = 1.02 x 10~18).

e Methodological Ablation of Readout Coordinates and Initial Conditions (Panel 28c¢):
The two-tier layout of Figure 28c under PBM4(ZPM*) separates two classical metro-
logical artifacts when measuring Equation (7.11): (i) in the top zoomed sub-panel
([174.8°,185.2°]), substituting true polar angles ©J; = atan2(y;, ;) for osculating mean
longitudes \; = w; + M; superimposes the short-period equation-of-the-center mod-
ulation ¥; — \; = 2e;sin M; + O(e?), inflating the apparent half-amplitude 5.1x
from £0.80° to £4.05°; and (ii) in the bottom sub-panel, initializing the moons
on unforced circular orbits (e;(0) = 0) instead of the forced Laplace equilibrium
(103¢;(t) ~ (4.1,9.4,0.6) plotted on the right axis) displaces the trajectory away
from the resonant fixed point and excites a 39.7x larger free-eccentricity libration of
+31.78°.

o Paired Dual-Precision (Float64 vs. Float128) Energy Truncation and 9-Generator
Lie—Bargmann Metrology (Panel 28d): Comparing all five integrators over the full
200-orbit equal-parameter dual-precision benchmark (Ngeps = 5,027 at At = 0.25, kgym =
3) in Float64 (solid columns) and 35-digit Float128 (hatched columns) directly illus-
trates the structural distinction between shadow-Hamiltonian truncation and exact
Noether conservation. For Sa, V4, and BMEP, the purple energy columns |AH|/|Hy|
have identical height in Float64 and Float128 (Sa: 3.98 x 10™7; V;: 1.98 x 10710,

BM{": 6.96 x 10713 vs. 6.67 x 10713), while PBM, drops from 1.20 x 10713 to

3.80 x 10~ and BMéH) drops from its Float64 roundoff ceiling (8.14 x 10~14) down
to its true O(hS ;) shadow level (1.90 x 107!8) in Float128.

sub
Conversely, because all leaf and apex sub-flows depend exclusively on Euclidean
pairwise distances r;; = ||q; — q,||2 (Propositions 5.3 and 6.18), the 9 Galilean Lie-

Bargmann Noether generators (Pot, Liot, Gaal) have identically zero truncation error
at any step size h > 0: their residual drift drops by ~ 18-20 orders of magnitude
from Float64 (solid columns: |AP|s/Mer < 7.16 x 10718 ||AL||2/||Loll2 < 5.28 x
1071 |AG||2/Mior < 5.09 x 1071%) down to the 35-digit Float128 arithmetic floor
(hatched columns: ||AP||2/Mo; € [1.55x10738,7.83x10738], || AL||2/||Lo|2 € [3.74 x
10732,4.15 x 10731], and ||AG||2/Mior < 3.55 x 1073%).

[ Python A.2 : {benchmarks/run, figures/plot}_generator_05_x.py [Float64 / Float128] ]

Protocol S2 : Inner Solar System Secular Stability, Covariant Shadow Telescop-
ing Across 264 Dyadic Junctions (x t°) vs. Brouwer Noether Diffusion (o< t1/2),
and Authentic Laskar NAFF Frequency Metrology (N = 5, Figure 29). We
integrate a five-body Newtonian point-mass model of the inner Solar System comprising
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Protocol S1 — Resonant Jovian 4:2:1 Laplace Satellite System (N = 4, ksym = [3]): Shadow Telescoping, Float64 Roundoff Ceiling vs Float128, Libration Hierarchy & Methodological Ablation

(a) Secular Shadow Energy (ksym = [3]): F64 (5.8x) vs F128 (17.6x) (b) Laplace 4:2:1 Libration 84;(t) & Phase Error |85 — 65,7|
as0)
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FicUure 28. Protocol S1: Resonant Jovian Galilean 4:2:1 Laplace
satellite system, dual-precision time series, resonant phase hier-
archy, and methodological ablation (N = 4, 200 Io orbits, At =
0.25, ksym = 3). (a) Relative Hamiltonian error |AH(t)|/|Ho| in Float64
(solid) and Float128 (dashed). (b) Mean-longitude Laplace angle 61, (t) =
A1—3X2+2A3 (top) and phase residual |9Lap(t)—0}?;\g6(t)| (bottom). (c) Read-
out coordinate ablation (top) and circular-vs.-forced initialization ablation
(bottom). (d) Float64 vs. Float128 energy and 9-generator Lie-Bargmann

residuals.

the Sun (mg = 1.0) and the four terrestrial planets Mercury (m; = 1.6601 x 1077, a; =
0.3871 AU, e; = 0.2056), Venus (mg = 2.4478 x 1075 ag = 0.7233 AU, ey = 0.0068), Earth—
Moon (m3z = 3.0404 x 1075 a3 = 1.0000 AU,e3 = 0.0167), and Mars (my = 3.2272 x
1077, a4 = 1.5237 AU,eq4 = 0.0934) in mutually inclined 3D orbits over Ngeps = 4,000
macro-steps of size At = 0.05 rad ~ 2.90 days (Tjmax = 200.0 rad = 31.83 yr ~ 132.2
Mercury orbits), recording the physical state at every macro-step (Ngamples = 4,001, i.e.,
30.27 samples/Mercury orbit, Figure 29):

e Heliocentric Atlas Invariance, Covariant Gauge Telescoping Across 264 Dyadic Junc-
tions, and Bounded Shadow-Hamiltonian Plateau (o< t°, Panels 29a, d): Throughout
the 31.83-yr integration, the Hill-weighted Delaunay—Jacobi admissibility guard ~y
at canonical Voronoi threshold v = 1.0 prevents spurious heliocentric-to-synodic leaf
flips during planetary inferior conjunctions, maintaining ngi,s = 0 and regular sec-
ular eccentricity hodographs (Ah;, Ak;) = (A(e; cosw;), Ale; sinw;)) (Figure 29d).
Simultaneously, because Mercury’s eccentric orbit (e; = 0.2056) modulates its lo-
cal dynamical timescale between perihelion and aphelion across each of its ~ 132.2
revolutions, the symmetric dyadic scheduler dynamically switches between kgyn, = 2
(hsub = 0.0125) and kgym = 3 (hsub = 0.00625), executing 264 dyadic step-size
junctions (0 saturation events).
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At every junction hy — hp, the macro-step propagator applies the covariant
gauge connection T’ ((iﬁiﬂ)g( Ahp) = (Z4BM4’(A)(hB))_1 o Z4B M4’(A)(h A), preserving ex-
act shadow-manifold telescoping across step-size transitions: the running RMS rela-
tive energy error RMS ) (AH/Hp) in Figure 29a (shown in both Float64 solid and
Float128 dashed curves) saturates onto a horizontal periodic plateau (o< t°), where

PBMy(ZPM*) reduces the cumulative RMS energy error by 22.42x in Float64 and

27.33x in Float128 over bare BM{" (8.28 x 10~14 vs. 1.86 x 1072 in Float64, and
6.74x 107 vs. 1.84x 10712 in Float128; 19.18x Float64 / 22.70x Float128 in max-
imum error, 1.55x 107! vs. 2.97 x 1072 in Float64 and 1.31 x 10713 vs. 2.96 x 10712
in Float128), while BMéH) reaches RMS = 1.19 x 107" (max = 3.27 x 10~) in
Float64 and RMS = 7.15 x 107® (max = 1.18 x 107!7) in Float128. Expressed in
physical time units via 8g -1 = 27 3 Erad-1, the linear least-squares secular energy
slope is bounded to:
d (éf) = 41.05x 107 yrt,  Bp(BMUY) = —1.67 x 10716 yr !,
(7.12)
confirming that covariant gauge telescoping across dyadic step-size transitions elimi-
nates secular energy drift.
Unbiased Brouwer Stochastic Diffusion (x t'/2) and Sub-Stage Arithmetic Scaling
on Ezact Lie-Bargmann Invariants (Panel 29b): In contrast to the Hamiltonian,
the 9 Galilean Lie-Bargmann Noether invariants have zero truncation error and
isolate pure IEEE-754 floating-point roundoff accumulation. Figure 29b compares
the unclamped running-RMS drift of all three invariant families (||ALl|2/||Loll2 in
red, ||AG|l2/Miot in green, and ||AP|2/Miot in blue) between PBMy (solid curves,
Seval = 6) and BMéH) (dashed curves, seva) = 10), revealing two structural prop-
erties: (i) both schemes occupy the exact same three invariant bands (~ 1074
for AL, ~ 10717 for AG, and ~ 107! for AP, dropping in 35-digit Float128 to
|ALl2/||Loll2 < 3.84 x 10732 and ||AP||a/Mior < 6.36 x 10739 over the full 4,000-step
integration), where the four- to five-order-of-magnitude suppression of ||AP||o/Miot
and ||AG/||2/Miot below €mach = 2.22 x 10716 stems from the decoupling of the root
barycenter node in the Jacobi tree and the weighting of planetary velocity roundoff
by the planet-to-Sun mass ratios m; /Mo ~ 1075 and
(ii) all curves follow Brouwer’s unbiased random-walk scaling [28]:

1/2
ONoether (t) X €mach+/Seval Tlsteps X t / s

with BM{"" reaching max | AL|2/||Loll2 = 1.45 x 1014, max | AG||a/Miot = 1.55 x
10717, and max [|AP||2/Miot = 1.71 x 1071 (PBMy: 1.33 x 10714, 2.27 x 10717,
1.68 x 10719, BM{: 2.19 x 1074, 1.94 x 10717, 1.53 x 1071%; Sy: 9.05 x 10713,
1.20 x 10717, 8.26 x 10720).

Authentic Laskar NAFF Frequency Metrology and KAM Symplectic Conjugacy In-
variance (Panel 29c¢): To quantify phase-space frequency preservation without syn-
thetic proxies, we apply Laskar’s Numerical Analysis of Fundamental Frequencies
(NAFF) with order-p = 3 Hanning filtering (Section 7.1.1) directly to Mercury’s com-
plex heliocentric orbital signal (Nsamples = 4,001, 30.27 samples/orbit, well above the
Nyquist threshold):

Zorb(th) = (@1(tg) — wo(tr)) + i (y1(tr) — yo(tr)),

against a 2 x-finer dyadic BMéH) reference trajectory (At = 0.025 rad, 8,000 macro-
steps, Vet = 4.15210957695 rad/time unit). Figure 29¢ reports three complementary
observables: the full-horizon fundamental frequency error |[UNAFF — Vref|/Vref, the

complex waveform L? error ||zom — 25 |12/]|25 ||2, and the two-window numerical

dt
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frequency drift between Wy = [0, Tinax /2] and Wa = [Tiax/2, Tmax) after subtracting
the true physical secular planetary precession shift AvP™s /v = 1.78 x 1078:

oy _ |(VW2_VW1)_(V{/[9}£ _1/11;‘(9/9! (7.13)
Uref Vref . '
Across the splitting hierarchy under adaptive dyadic substepping (ksym € {2,3}), the

num

fundamental frequency error drops by 2,120x from Sy (7.85 x 10710, 68 /v, p =
1.17 x 1078, L? = 2.35 x 107%) and from Y, (2.00 x 10~'2, improved by 166x over
unsubstepped k = 0, 6v8%8 /vper = 4.17 x 10712 L? = 2.36 x 10~?) right down to
the ~ 3.7-4.4 x 10~!3 spectral resolution floor of the 4,001-sample order-3 Hanning
window on BMY" (4.40 x 10713, §u™um /p 0 = 1.96 x 10713, L2 = 7.21 x 10~11),
PBMy(ZPM4) (3.70 x 10713, v /s = 9.90 x 10714 L2 = 3.78 x 107!1), and
BM{Y (4.23 x 10718, 608 /10 = 6.67 x 10714, L2 = 6.83 x 10711, with:

lunarr(PBMy) — ’/NAFF(BM4(17))|

Vref
This near-identity directly reflects the KAM symplectic conjugacy property
[28, 37]: because the processed propagator

&y, = ZPM(h) 0 S 0 (ZPM4(R))

is canonically conjugate to the bare kernel S via the near-identity symplectomor-

ZPM4(ph) and gauge connection T((jiid;i( Ahg)? both maps share identical as-

ymptotic rotation numbers on invariant KAM tori while ZPM4(h) deforms the shadow

torus into 22.42x (Float64) and 27.33x (Float128) closer RMS alignment with the
constant-energy hypersurface.

=7.02x 1071 (7.14)

phism

[ Python A.2 : {benchmarks/run, figures/plotl}_generator_05_x.py [Float64 / Float128]

TABLE 8. Certified quantitative long-term secular stability, 9-
generator Lie-Bargmann metrology, and Laskar NAFF frequency
metrics under canonical Voronoi admissibility (7 = 1.0) and active
dyadic substepping (§7.2.2). Protocol S1 integrates the 4-body Jovian
4:2:1 Laplace resonance (200 Io orbits, ksym = 3), and Protocol S2 integrates
the 5-body Inner Solar System (31.83 yr, 264 dyadic junctions, 0 synodic
flips).

S1 Laplace Error S1 Laplace Angle S2 Solar System S2 Secular Slope $2 Laskar NAFF Error  Lie-Bargmann (Float64)
Integrator max |AH|/|Ho| F64 / F128 0., = A1 —3\2 +2)\s  RMS(AH/H,) F64 / F128 B [yr Y [UNAFF — Vret|/Vret max | AL|[2/|[Lo[l2 (S1 / S2)
(RMS F64 / F128, k=3)  (Mean Longitudes)  (max|AH|/|H| F64 / F128) (27 Bp paa1) (618 /vres) (max [|AP|jo/Moq S1 / S2)
. L 3.98x 1077 /3.98 x 1077 183.41° + 3.53° 1.05 x 107% / 1.05 x 1076 10 7.85 x 10710 2.51 x 1071 / 9.05 x 1071°
2 (Strang, s = 1) (247 x 1077 / 247 x 1077) (Librated at k = 3) (1.79 x 1075 / 1.79 x 1079) +1.61x10 (1.17 x 1078) (2.32 x 10718 / 8.26 x 10~20)
. . 1.98 x 10710 / 1.98 x 10710 179.85° + 0.80° 5.67 x 10710 / 5.67 x 10710 - - 2.00 x 10712 1.89 x 1071 / 1.30 x 10714
Vi (Yoshida, 5 = 3) (1.20 x 10 1“; 1.20 x 10710) (Locked) (9.39 x 10710 §9.39 x 10710) ~6.43x 1071 (4.17 x 10712) (4.79 x 10 1*; 1.05 x 10719)
)  ._g 6.96 x 10713 / 6.67 x 10713 179.85° =+ 0.80° 1.86 x 10712 / 1.84 x 10712 ey 15 440 x 10713 1.49 x 1071 / 2.19 x 1071
BMy” (Bare, 5 =6) (4.31 x 10713 / 4,09 x 10713) (Locked) (2,97 x 10712 / 2.96 x 10712) 13110 (1.96 x 10-13) (7.05 x 10718 / 1.53 x 10719)
1.20 x 10713 / 3.80 x 1014 179.85° + 0.80° 8.28 x 10714 / 6.74 x 1014 _ 3.70 x 10713 528 x 10714 / 1.33 x 1014
PBM4(2P*) (s =6) (5.77 x 10711 / 1.25 x 107 14) (Locked) (1.55 x 10713 / 1.31 x 10713) +1.05 x 1071 (9.90 x 1071, KAM conj.) (2.49 x 10718 / 1.68 x 10719)
BMUY (Bare, s — 10) 8.14 x 1071 / 1.90 x 10718 179.85° & 0.80° 119 x 1071 / 7.15 x 1071% 167 % 10-16 423 x 10713 223 x 1071 / 1.45 x 1071
6 0T (2.88 x 1071 / 1.02 x 10719) (Locked) (327 x 1071 / 1.18 x 10717) . (6.67 x 10714) (7.16 x 10718 / 1.71 x 10719
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Protocol S2 — Inner Solar System (N = 5: Sun, Mercury, Venus, Earth, Mars): Bounded Shadow Plateau ( « t°), Unbiased Brouwer Noether Diffusion (x t?) & Authentic Laskar NAFF

(a) Running RMS Shadow Energy (ksym € [2, 3], 264 Junc.): F64=22.4x, F128=27.3x (b) Exact Lie-Bargmann Invariants & Brouwer « t'2 Diffusion

1070 — PBML RMS(DLI L) ) RSB LoLs)
10712 — Pt AMSUAG/Me)
— B RS(0PL /M)

<o Browwer Law « 118 (0 €puen /i

107 101

10710

10-14 —

Running RMS Relative Noether Drift

10718

Running RMS Energy Error RMSio, (|AH/Ho|)

10721

Integration Time t [yr]
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FicURE 29. Protocol S2: Inner Solar System secular stability, co-
variant shadow telescoping across 264 dyadic junctions (x t°) vs.
Brouwer Noether diffusion (x ¢'/2), and authentic Laskar NAFF fre-
quency confinement (N =5, 4,000 macro-steps, 31.83 yr ~ 132.2 Mer-
cury orbits). (a) Running RMS energy error RMSg j(AH/Hp) in Float64
(solid) and Float128 (dashed). (b) Unclamped running-RMS drift of Lie—
Bargmann invariants (||AL||2/||Lol2, ||AG|l2/Miot, ||AP||2/Miet). (c) Order-
3 Hanning Laskar NAFF frequency error, two-window drift, and waveform

L? error on Mercury’s 2o (t). (d) Secular planetary eccentricity hodographs
(Ah;, Ak;) (0 synodic flips).
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7.3. Comparative Benchmarks Against State-of-the-Art Celestial Mechanics Inte-
grators (REBOUND 5.2.2). The internal validation suites of Sections 7.1 and 7.2 established
the asymptotic convergence orders, shadow-Hamiltonian continuity, and secular stability of
our normal-cone splitting schemes (PBMy4 and BMéH)) against unregularized Cartesian and
lower-order splitting baselines within the unified normal-cone architecture. A natural ques-
tion is how these fourth- and sixth-order geometric integrators behave when confronted
directly with the state-of-the-art production solvers used in contemporary dynamical astron-
omy. To address this question on an objective, code-to-code footing, we evaluate our solvers
head-to-head against the reference C99 library REBOUND 5.2.2 [57] across three challenging
collisional and multi-scale regimes drawn from the recent celestial mechanics literature:

(i) Protocol B1 (§7.3.1): Star-grazing planetary pericenters (1 —e; € [1071,107Y)),
exact rectilinear collision traversal (e; = 1.0,7min = 0), and topological invariance
under particle-index permutation, following Rauch and Holman [55], Hernandez and
Dehnen [30], and Lu, Hernandez, and Rein [41, Section 4.2];

(ii) Protocol B2 (§7.3.2): Deep planetocentric Hill-sphere crossings (7 target € [1071, 1074 AU «—=
Tmin/Ruin,s € [0.286,3.98 x 10~%]) and repeated giant-planet Hill encounters (N, €
[1,20], reaching 0.11 Ryn), following Wisdom [81], Rein et al. [56], and Hernandez
and Dehnen [31];

(iii) Protocol B4 (§7.3.3): Democratic chaotic three-body scattering in Burrau’s Pythagorean
3-4-5 problem [14, 76] and round-trip time-reversibility across the IEEE 754 Float64
Lyapunov horizon, following Boekholt and Portegies Zwart [11].

To ensure a fair and reproducible comparison, all protocols enforce four methodological
safeguards:

(1) Shared Initial Conditions and Independent Metrology: Both REBOUND 5.2.2
and our normal-cone solvers are initialized from identical IEEE 754 double-precision
(Float64) barycentric state vectors (qo™, pg™) (sim.move_to_com()). All conser-
vation diagnostics—relative Hamiltonian error |AH (t)/Hy|, round-trip position re-
versibility || Aqrg|l2 = ||ars(27')—q(0)||2 under canonical velocity reversal (q(7°), —v(1"))
with positive time step +At > 0, and the nine Galilean Lie-Bargmann Noether in-
variants (AP, AL, AG)—are evaluated by a single external function from the syn-
chronized physical Cartesian states (via the non-destructive physical shadow readout
ZBM4(1-h) on the normal-cone side and sim.synchronize () on the REBOUND side).

(2) Optimal Configuration of Each REBOUND 5.2.2 Integrator: Direct inspection
of the C99 descriptor tables of REBOUND 5.2.2 is used to configure each reference
solver in its intended regime:

e WHFast [59, 60] (2nd-order Wisdom-Holman mapping in static Jacobi coordi-
nates) is evaluated both without symplectic correctors (corrector = 0) and
with its highest 17th-order symplectic corrector (corrector = 17, safe_mode =
0, keep_unsynchronized = 1 during constant-step propagation via sim.steps(n),
and keep_unsynchronized = 0 at turnaround);

e MERCURIUS [56] (hybrid Democratic Heliocentric [DHC] + IAS15 close-encounter
switcher with Chambers smooth switching function at repie min = 3.0 Ruin);

e TRACE [41] (time-reversible hybrid DHC switcher combining planet—planet switch-
ing at rergmin = 3.0 Ruin and star-grazing pericenter switching at nperi = 1.0,
tested in both its default Bulirsch—Stoer mode peri_mode = FULL_BS and high-
order peri_mode = FULL_IAS15);

e TAS15 [53, 58] (15th-order implicit Gauss-Radau predictor-corrector with adap-
tive step-size control adaptive_mode = PRS23 and tolerance ¢ = 1079).
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Separation of Solver Categories and Canonical Zero-Hysteresis Voronoi
Atlas (7 = 1.0): Across all figures, integrators are grouped into two structural cat-
egories: Category 1 (Adaptive / Multi-Scale Solvers, filled markers), com-
paring our dyadic multirate normal-cone integrators BMéll) and PBM, (certified
with zero dyadic saturation across all runs) against adaptive REBOUND solvers (IAS15,
TRACE, MERCURIUS); and Category 2 (Fixed-Step Solvers, open markers), com-
paring our constant-macro-step normal-cone baselines (ksym = 0) against fixed-step
WHFast (¢ = 0 and ¢ = 17) at the exact same macro-step At. All normal-cone
runs operate on the canonical parameter-free Voronoi atlas (v = 1.0, vpuug = 1.0,
Section 6.2 and Section 6.5), with persistent shadow-manifold propagation active
exclusively on the processed scheme PBMy (Theorem 6.5).

Scope and Implementation Context (Python/Numba Order 4/6 vs. Com-
piled C99): In interpreting the comparisons below, it is important to keep two
structural distinctions in view. First, from an approximation-theoretic standpoint,
IAS15 is a 15th-order non-symplectic polynomial integrator with continuous step
control, whereas PBM, (7 stages, order 4 / effective order 6) and BMéH) (11 stages,
order 6) are moderate-order symplectic splitting schemes on a discrete dyadic lattice
hi = At/2*. On smooth, well-separated orbits at moderate eccentricity prior to
the Lyapunov horizon, a 15th-order Gauss—Radau polynomial naturally reaches the
Float64 machine floor with fewer macro-steps than a 4th- or 6th-order splitting at
fixed At.

Second, from a software-engineering standpoint, REBOUND 5.2.2 is a mature pro-
duction package written in monolithic compiled C99, whereas our companion library
is a modular research demonstration written in Python 3.11 with Numba LLVM
@njit micro-kernels (Section 6.6). On small particle numbers (N € {3,4}), Python-
level tree-chart inspection, object dispatch, and array-boundary marshalling intro-
duce a constant per-step orchestration overhead (~ 0.7-1.3 ms per 200-step orbit at
k = 0) relative to a tight C99 loop (~ 0.07ms per orbit for WHFast). The purpose
of these benchmarks is therefore not to claim raw wall-clock superiority of an inter-
preted Python harness over compiled C99 on smooth planetary orbits, but rather
to evaluate how normal-cone geometric desingularization, dynamic Voronoi chart
transitions, and covariant shadow gauge connections extend the domain of validity
of fourth- and sixth-order symplectic integration across singular pericenters, deep
Hill-sphere transitions, and democratic chaotic scattering.

7.3.1. Star-Grazing Pericenters (1 —e € [1071,107°]), Rectilinear Collision (e = 1.0), and
Topological Index-Permutation Invariance (Protocol B1). Our first head-to-head benchmark
addresses a classical structural failure of standard planetary symplectic integrators: the
integration of a highly eccentric, star-grazing planet or comet (e; — 1) perturbed by an
outer giant planet. As analyzed by Rauch and Holman [55], Hernandez and Dehnen [30],
and Lu, Hernandez, and Rein [41, Section 4.2], existing splitting methods encounter two
distinct mathematical obstructions in this regime:

(a) Pericenter Singularity of the Barycentric Jump Momentum in Democratic

Heliocentric (DHC) Coordinates: Hybrid integrators such as MERCURIUS [56] and
TRACE [41] decompose the Hamiltonian in Democratic Heliocentric coordinates (Q;, P;)
into H = Hyepler+Hint +H jump, where the kinetic jump term Hjyymp = ﬁ sz‘zl PiH2
accounts for the reflex motion of the central star. Because P scales at periastron
as Uperi X (1 — 61)_1/ 2| the non-commuting Lie bracket {Hkepler, Hjump} diverges
as r;fri o (1 — e1)™2 In MERCURIUS, the Chambers switching criterion monitors
only planet-planet Hill spheres (r;; < 3 Ruin) and never triggers during star—planet
pericenter passages, causing immediate O(1) energy loss as e; — 1. In TRACE, Lu

et al. [41] introduced a dedicated pericenter switching condition SPe (Si‘O ol > T);elri,
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governed by the Pham-Rein—Spiegel criterion [53]) that transfers the integration to
high-order Bulirsch—Stoer (FULL_BS) or IAS15 (FULL_IAS15) across periastron. How-
ever, this discrete Hamiltonian switching introduces a non-symplectic boundary dis-
continuity @(10~%) and still relies on non-regularized Cartesian polynomial/rational
extrapolation when rpe; — 0.

(b) Topological Fragility of Static Index-Ordered Jacobi Coordinates in WHFast:
In canonical Jacobi coordinates [59], the barycentric reflex of the star—grazer pair is
absorbed exactly into the two-body reduced mass 191 = momi/(mo + my), eliminat-
ing Hjyump when the star-grazing planet occupies particle index 1 directly after the
star (index 0). However, WHFast constructs its Jacobi hierarchy statically from the
user-supplied array indices 0,1, ..., N —1. If the star-grazing body resides at index 2
while a more distant planet occupies index 1 (or whenever two orbits cross in semi-
major axis), WHFast integrates particle 2 along a fictitious Keplerian ellipse focused
at the barycenter of (0,1) rather than at the star 0. The uncancelled dipolar force
anomaly between the star and the (0, 1) barycenter then diverges as 7oy oc (1 —ez) ™2
inside Hiy.

By contrast, under the Fulton-MacPherson normal-cone splitting on Q[N] (Sections 4-6),
both obstructions are resolved geometrically:

(i) Indez-Permutation Invariance via the Zero-Hysteresis Voronoi Atlas (v = 1.0): Re-
gardless of how the input arrays are indexed, the agglomerative tree builder Build
OptimalTree (Proposition 6.2) and the runtime Voronoi monitor (AtlasManager,
Y = Ybuild = 1.0) pair the closest gravitationally admissible bodies into a terminal
binary leaf C' € LeafPairs(7) ([(0, 1)] when the grazer is at index 1, or [(0, 2)]
when the grazer is at index 2).

(ii) Analytical Leaf/Apex Decoupling and Unitary McGehee Bounce Across the Sheng—
Suzuki Barrier: Once isolated as a terminal leaf C', the star—grazer binary is inte-
grated in closed form via the universal Sundman—Stumpff flow (dtc = pc dr¢, Propo-
sition 5.5) equipped with the involutive McGehee specular reflection B% = Idm,
on the collision manifold po = 0 (Lemma 5.6). Consequently, the negative stage
weights w; < 0 required by the Sheng—Suzuki barrier (Theorem 5.4) in fourth- and

sixth-order compositions (PBM, and BMéH)) traverse arbitrarily small pericenters
and exact rectilinear collisions (e; = 1.0) analytically.

Furthermore, by the Leaf/Apex Decoupling Theorem (Theorem 5.25, Eq. (5.110),
and Theorem 6.9, Eq. (6.45)), the dynamical timescale of the Hill-isolated leaf is
governed by the two-regime quadrupolar law:

. / a? P (C
Tpair(C) = min (Tdyn(c)a maX(Treg,la Treg,?)), 7—dyn(c’) = G]\?C = 27_‘(_ )7

rather than the instantaneous pericenter distance rperi = ac(1 — e1), preventing arti-
ficial dyadic step-size collapse (k = 0 across periastron and kpyax < 3 near apastron,
totaling at most 1,140 sub-steps over 1,000 macro-steps across all eccentricities down
to e; = 1.0, with zero saturation events).

Experimental Setup of Protocol B1 (Bi-a, Bi-b, and 10-Orbit Time Series). We
consider a three-body planetary system (G = 1) consisting of a solar-mass central star
(mo = 1.0), an inner star-grazing giant planet (mgrazer = 10*3,agmze]r = 1.0 AU, orbital

period T; = 27/ \/ G(mo + Mgrazer) ~ 6.280046), and an outer inclined perturbing giant
planet (Mmpert = 10*3,apert = 5.2AU, epery = 0.05,4pery = 0.02rad, fperte = 0.7rad). The
star-grazing planet is initialized at apastron (rqgrazer(0) = agrazer(1 +€1) = 2.0 AU) so that
all integrators start in a smooth, low-curvature region before plunging toward periastron at
t=(k+ %)Tl. All fixed-step and multi-scale splitting solvers share the identical macroscopic
time step At = 77/200 ~ 0.031400. We sweep the pericenter factor across seven values
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spanning the transition from moderate eccentricity to exact rectilinear collision:

1—ey =2 ¢ {107, 1072, 1073, 1074, 107°, 1072, 0.0 (e; = 1.0)}, (7.15)
Ggrazer
where 1 —e; = 0.0 (e; = 1.0) corresponds to exact radial collision, over 5 complete orbits
(1,000 macro-steps, followed by 1,000 reverse macro-steps to measure the 10-orbit round-trip
reversibility ||[Aqpp||2) in two particle-index configurations:

e Sub-protocol Bi-a (Canonical Index Ordering [Star, Grazer(1 AU), Giant(5.2 AU)]):
The star-grazing planet is placed at particle index 1, matching the static Jacobi as-
sumption of WHFast;

e Sub-protocol Bi-b (Permuted Index Ordering [Star, Giant(5.2 AU), Grazer(1l AU)]):
Identical physical initial conditions in R3Y x R3V, with particles 1 and 2 swapped in
the input arrays to test topological invariance under index permutation;

e 10-Orbit Evolution and Round-Trip Reversibility at 1 —e; = 1075: A detailed
10-orbit forward integration (2,000 macro-steps, 10 star-grazing pericenter passages
at rperi = 1079 AU =~ 2.15 x 107* Ry) followed by 10 reverse orbits (4,000 total
macro-steps).

Quantitative Analysis of Sub-Protocol Bi-a (Canonical Index Ordering, Fig-
ure 30a). Figure 30(a) reveals three distinct dynamical regimes as the pericenter factor
1 — e1 decreases from 107! to 0.0 (e; = 1.0):

(1) Moderate-to-High Eccentricity Regime (1—e¢; € [107!,107%]) and Objective
Comparison with 15th-Order IAS15: In the non-collisional regime 1 — ey €
{1071,1072,1073,10~%}, the 15th-order adaptive Gauss-Radau integrator REBOUND
IAS15 (PRS23) achieves the lowest peak energy error, scaling from 6.91 x 10715 at
1—e; =107 to 5.56 x 10~ (1072), 6.80 x 10713 (1073), and 5.51 x 10~ (107%).

Over this range, Normal-Cone BM6 (dyadic) maintains max; |AH/Hy| € [2.31 X
10712,1.50 x 107?] and Normal-Cone PBM4 (dyadic) maintains [8.22 x 10710, 2.38 x
107?], outperforming REBOUND WHFast (c = 17, [4.23 x 1072,4.48 x 107%]; ¢ = 0,
[2.36 x 1078,4.53 x 107%]) by one to four orders of magnitude and REBOUND TRACE
(FULL_BS and FULL_IAS15, plateaued at [2.10 x 107%4,2.58 x 107%] due to the non-
symplectic DHC <+ BS/IAS15 pericenter handoff) by five to eight orders of magnitude.
As expected from the unregularized barycentric jump term Hjyyp in DHC, REBOUND
MERCURIUS fails across the entire sweep (max; |AH/Hy| € [0.474,5.33 x 10?]).

(2) Extreme Star-Grazing Crossover (1 —e; = 107%) and Breakdown of Carte-
sian Adaptive Solvers at 1 —e; = 1072 and e; = 1.0: As the pericenter distance
shrinks below 10~* AU, the Cartesian acceleration GM¢/ r%eri o (1 —e1)"2 grows
across eighteen orders of magnitude, causing severe floating-point cancellation in the
15th-order divided differences of IAS15 (x (1 —e1)™23). At 1 —e; = 1079, the
domain crossover occurs: Normal-Cone BM6 (dyadic) (6.63 x 1079 158x more
accurate than IAS15) and Normal-Cone PBM4 (dyadic) (1.16 x 1079, 90.5x more
accurate than IAS15) overtake REBOUND IAS15 (1.05 x 1077).

At 1 —e; = 1079 (rperi = 1079AU ~ 150 m) and at exact rectilinear collision
1—e = 0.0 (e; = 1.0,7m, = 0), REBOUND IAS15 (max;|AH/Hy| = 6.53 at 107°
and 613.8 at e; = 1.0), REBOUND TRACE (FULL_BS) (10.2 and 6.32), and REBOUND
TRACE (FULL_IAS15) (588.5 and 0.157) all lose order-unity energy as their adaptive
Cartesian sub-steps stall against the » — 0 singularity.

(3) Uniform Normal-Cone Regularization Across Exact Collision (e; = 1.0):
Because the universal Stumpff-Sundman leaf propagator and the unitary McGehee
bounce BZ = Idm,. integrate the two-body collision fiber analytically, our normal-
cone integrators exhibit a completely flat error profile across 1 —e; € [1()*4, 107U
{0.0}. At e; = 1.0 (five consecutive head-on rectilinear collisions with the central
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Head-to-Head

#1 (B1 —

(1-e1€[107%,107°] & e; = 1.0, Lu et al. 2024 TRACE §4.2)

Category 1 (Adaptive / Multi-Scale: Normal-Cone BM6 & PBM4 [Chart Flip + Dyadlc] vs IAS15, TRACE, MERCURIUS) | Category 2 (Fixed-Step: k= 0 vs WHFast)

[Cat. 1] Adaptive / Multi-Scale Solvers (flled markers):

4~ REBOUND TRACE (2nd DHC + 16th BS, Adaptive) (0.28 ms/orb |

- 1: 6.30+00] ~CF Normal Cone BMS (6th-ord., Chart Fl

od Step k = 0) [198.50 ms/orb | e; = 1: 3.60.00]

169

@ Normal.Cone BM6 (sthord. Chart Flp + Dyadic) (267.32 msforb | &, = 1: 6.7a-10) -4 REBOUND TRACE (2nd DHC + 15th 1AS15, Adaptive) ) enm 1 1.6001] Normal-Gone PEM (4608 rt Flip, Fixed Step k 98 maforh | e = 1: 300.08]
@~ Normal-Cone Gauge, Chart Flip + e1=1:120:00] +de DHC + 15th IAS15, Ad: ms/orb | &) = 1: 4.7e.01) ~- REBOUND WHFast (2nd+17 Fixed Stey p)[ﬂﬂsmi 1: 2.4¢.08)
5~ REBOUND IAS15 (15th-ord. Gauss Racu, Adaptive) (1,50 m/orb | ¢, - 1: 6.10+02] (Cat. 2 Fised-Step Salvers k- 0 / Fixed ¢ (opon markers): <& REBOUND WHFast (zndord., ¢ -0, Fxed Step) [0.05 majorb | e, - 1:2.3008)
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FIGURE 30. Head-to-Head Benchmark B1 (Float64, v = 1.0, 0 sat-
uration): Perturbed star-grazing pericenter (1 —e; € [107!,107]
and exact rectilinear collision e¢; = 1.0, following Lu et al. [41,
Section 4.2] and Rauch & Holman [55]). (a) Sub-protocol Bil-a
(canonical ordering [Star, Grazer, Giantl, 5 orbits): max; |AH(t)/Ho| vs.
1—ej. (b) Sub-protocol B1-b (permuted ordering [Star, Giant, Grazer]):
max; |AH(t)/Hp| vs. 1 — ez under automatic Voronoi leaf routing to [(0,
2)]. (c) 10-orbit energy evolution |AH(t)/Hp| and round-trip reversibility
|Agrpll2 at 1 —e; = 1076, (d) Pure integration wall-clock time per orbit
(ms/orbit, Ngteps = 200/orbit).

star perturbed in 3D by the outer giant planet), Normal-Cone BM6 (dyadic) pre-
serves energy to max, |AH/Hy| = 6.72 x 10710 (9.13 x 10''x more accurate than
IAS15 and 9.40 x 10°x more accurate than TRACE [FULL_BS]) and Normal-Cone
PBM4 (dyadic) to 1.15 x 107Y (5.34 x 10 x over IAS15).

Across the entire sweep, the dyadic scheduler uses a maximum refinement level of
only kmax = 3 (8 sub-steps triggered solely near apastron r9; =~ 2 AU by the outer
giant’s quadrupolar tide 7yeg 2, while maintaining £ = 0 right through the ro; —
0 periastron collision; 1,140 total sub-steps across 1,000 macro-steps, 0 saturation
events). Even at strictly fixed macro-step ksym = 0 (1,000 uniform steps, Category 2,
open markers), Normal-Cone BM6 (k = 0) holds 3.61 x 10~ (6.59x more accurate
than WHFast c=17 at 2.38 x 1078) and Normal-Cone PBM4 (k = 0) holds 3.03 x 1078
right through e; = 1.0.

Topological Index-Permutation Invariance (Bi-b, Figure 30b). In Sub-protocol Bi-a,
fixed-step REBOUND WHFast (¢ = 17 and ¢ = 0) remained stable down to e; = 1.0 (2.38x107°
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and 2.34 x 1078) because the star-grazing planet was manually placed at particle index 1,
allowing WHFast’s universal Kepler solver to absorb the (0, 1) pericenter. Sub-protocol B1-b
(Figure 30b) tests whether this stability is a physical property of the integrator or an artifact
of array indexing by swapping particles 1 and 2 in the input arrays ([Star, Giant(5.2 AU),
Grazer (1 AU)]):

Catastrophic Breakdown of Static-Jacobi WHFast: Because WHFast constructs
its Jacobi coordinates in fixed index order, particle 1 (the outer giant at 5.2 AU)
is paired with the star 0, while particle 2 (the inner star-grazer at 1.0 AU) is refer-
enced to the (0,1) barycenter. As particle 2 approaches the star at rg2 = as(1 —
ez) — 0, its separation from the (0, 1) barycenter saturates at rpary ~ mo”_??m ro1 A
5.2 x 1073 AU, leaving an uncancelled 1/r3, gravitational singularity inside the in-
teraction kick Hrpy. Consequently, WHFast (c=0) degrades to max;|AH/Hy| €
[0.278,91.8], and WHFast (c=17)—whose 17th-order corrector amplifies the singular
Hine commutators—explodes by 13 orders of magnitude to 4.02x10% at 1—ey = 1074
(1.70 x 10° at 107 and 100.4 at e = 1.0).

Automatic Voronoi Leaf Routing in Normal-Cone Solvers (7 = 1.0): On
the exact same permuted arrays, our agglomerative tree builder and zero-hysteresis
Voronoi AtlasManager (y = 1.0) inspect the mutual Euclidean distances at t =
0 (ro2(0) < 2.0AU < 791(0) = 5.2AU) and automatically construct the adapted
Jacobi chart with active leaf [(0, 2)]. As a result, all four normal-cone curves
in Figure 30(b) remain invariant under index permutation: across the entire sweep
down to ez = 1.0, Normal-Cone BM6 (dyadic) maintains max; |AH/Hp| € [6.04 x
10713,1.74 x 1079 (6.75 x 10719 at ey = 1.0, outperforming WHFast c=17 by up to
7.26x 10 x at 107* and 1.48 x 10! x at e3 = 1.0) and Normal-Cone PBM4 (dyadic)
maintains [2.61 x 10719,2.98 x 1079 (1.19 x 107 at ey = 1.0), with kpax < 3 and
zero saturation events.

10-Orbit Evolution, Round-Trip Time-Reversibility, and Lie-Bargmann Con-
servation (Figure 30c). Figure 30(c) tracks the instantaneous relative energy error
|AH (t)/Hp| over 10 complete orbits (10 star-grazing pericenter passages at 1 —e; = 1079)
and reports the 10-orbit forward /backward position reversibility residual | Aqrg|l2 after 20
total orbits (4,000 macro-steps):

(1)

Absence of Secular Pericenter Staircase Drift: At each half-integer orbit ¢t /77 €
{0.5,1.5,...,9.5}, REBOUND IAS15 experiences a discrete irreversible energy jump,
accumulating to max; |[AH/Hp| = 2.39 x 107 over 10 orbits (1.05 x 107 after 5
orbits) and degrading its 10-orbit round-trip position error to ||Aqrpl|l2 = 5.02 X
10~7 AU (while TRACE [FULL_BS] reaches 3.16 x 10~* AU and MERCURIUS reaches
1.45 x 1073 AU).

Conversely, Normal-Cone PBM4 (dyadic) (with max;|AH/Hy| = 1.66x 1079 and
|Agrgll2 = 1.71 x 107 AU) and Normal-Cone BM6 (dyadic) (max;|AH/Hy| =
1.04 x 1079, ||Aqgpg||2 = 1.77 x 10~ AU) remain bounded without secular staircase
drift, achieving a 29,423 x improvement in 10-orbit round-trip time-reversibil-
ity over REBOUND IAS15 (and 1.85 x 107x over TRACE [FULL_BS]). Across the 5-
orbit sweep down to exact collision e; = 1.0, Normal-Cone BM6 (dyadic) and PBM4
(dyadic) preserve round-trip reversibility at 6.62 x 1072 AU and 1.28 x 10~ AU
respectively, whereas IAS15 (5.52 x 1072 AU in Bl-a / 3.44 x 10~! AU in B1-b, and
137.9AU at 107?) and TRACE (4.34 AU) lose phase-space invertibility.

Exact Noether Lie-Bargmann Preservation Through Rectilinear Colli-
sion: At e; = 1.0 (Bl-a), Normal-Cone BM6 (dyadic) and PBM4 (dyadic) con-
serve total linear momentum, angular momentum, and Galilean center-of-mass boost
to IEEE 754 machine precision (||AP|2 < 6.01 x 10718, |AL|]2 < 2.91 x 1077,
|AG]]2 < 2.92 x 10716 at e; = 1.0, and < 4.94 x 10716, 1.38 x 1071%, 1.07 x 10~
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across the full sweep; while REBOUND IAS15 and TRACE [FULL_BS] also preserve an-
gular momentum to 2.37 x 10716 and 2.82 x 10716 despite their energy breakdown),

whereas REBOUND MERCURIUS suffers a rotational angular-momentum violation of
|ALj2 = 1.60 x 1073 ([1.27 x 1073,1.62 x 1073] across the sweep).

Objective Assessment of Computational Wall-Clock Times (Figure 30d). Fig-
ure 30(d) plots the pure integration wall-clock time per orbit (ms/orbit at Ngieps = 200
macro-steps/orbit) across 1 —e; € [107,107%] U {0.0}:

e C99 vs. Python/Numba Baseline Overhead: In the regular regime, the com-
piled C99 loops of REBOUND WHFast (~ 0.04-0.08 ms/orbit), TRACE (FULL_BS, 0.14-0.51
ms/orbit), and IAS15 (0.24-3.22ms/orbit) execute significantly faster in raw wall-
clock time than our Python+Numba reference implementation, which averages 198.5
ms/orbit for Normal-Cone BM6 (k = 0), 291.0 ms/orbit for PBM4 (k = 0), 267.3
ms/orbit for BM6 (dyadic), and 354.7 ms/orbit for PBM4 (dyadic). As noted in
the methodological introduction, this fixed baseline factor reflects the Python object-
orchestration and tree-inspection wrapper around our Numba micro-kernels on a
3-body system, as well as the higher stage count (7 stages + shadow corrector for

PBMy, 11 stages for BMéH) vs. 1 stage for WHFast).

e Invariance of Normal-Cone Cost as 1—e; — 0 vs. Adaptive Switching Paral-
ysis: Crucially, however, the wall-clock cost of our normal-cone solvers is completely
flat and independent of eccentricity across all nine decades down to exact
collision e; = 1.0 (~ 198-355 ms/orbit, because Theorem 6.9 bounds the dyadic level
at kmax < 3). By contrast, C99 adaptive integrators exhibit severe step-refinement
growth as 1 — e; — 0: REBOUND IAS15 slows down by 14.9x (0.24 — 3.57 ms/orbit
while diverging to |AH/Hy| = 613.8), and REBOUND MERCURIUS slows down by 1,516 x
from 0.31 ms/orbit at 1 —e; = 10~ to 470.7ms/orbit at 1 —e; = 1079 in B1-a (and
explodes to 4,656.9ms/orbit at ea = 1.0 in B1-b, i.e., 17.5x slower in compiled C99
than Normal-Cone BM6 [dyadic] at 266.5 ms/orbit in Python/Numba), despite fail-
ing with an O(1) energy error.

Python A.2 : {benchmarks/run, figures/plot}_rebound_bl_star_grazing_pericenter.py [Float64 vs REBOUND
5.2.2]

7.3.2. Deep Planetocentric Hill Crossings, Covariant Shadow Gauge Connection T((§E¥)4L(B7h3),

and Repeated Giant-Planet Encounters (Protocol B2). Our second head-to-head benchmark
investigates planet—planet close encounters and Hill-sphere boundary transitions, focusing
specifically on whether fourth- and sixth-order symplectic splittings (PBM, and BMéH))
can overcome the second-order switching ceiling of contemporary symplectic and hybrid
integrators (REBOUND WHFast, MERCURIUS, and TRACE) while using the non-symplectic 15th-
order adaptive Gauss—Radau solver REBOUND IAS15 as the short-term (1-20 orbits) reference

baseline. In standard planetary dynamics, when a test body or planet b penetrates the Hill

sphere Ryinp = ap(my/ (3m0))1/ % of a massive planet p, the mutual interaction —Gmy,my,/rpp
overtakes the heliocentric attraction of the central star 0. As established in the celestial me-
chanics literature, existing fixed-step and hybrid integrators face three structural limitations
across Hill-sphere boundaries:

(a) Breakdown of Static Heliocentric/Jacobi Splitting (WHFast): Because WHFast
retains a static heliocentric/Jacobi hierarchy throughout the simulation, the singular
1/rpy planet-intruder potential remains inside the unregularized perturbation kick
Hing. As rpp/Ruinp — 0, both the second-order Wisdom-Holman splitting (¢ = 0)
and its 17th-order symplectic corrector (¢ = 17) suffer severe commutator divergence.

(b) The Wisdom (2017) Symplectic Corrector Switching Obstruction in Hy-
brid Integrators (MERCURIUS and TRACE): Hybrid integrators such as MERCURIUS [56]
and TRACE [41] transfer the pair (p,b) from the outer Democratic Heliocentric (DHC)
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kick into a local high-order sub-integrator (IAS15 or Bulirsch-Stoer) whenever rp, <
Terit, Hill RHil (Terit,min = 3.0). However, as proved by Wisdom [81] and discussed
by Rein et al. [56, Section 2.5], standard symplectic correctors cannot be applied
across a hybrid switching boundary without introducing an uncompensated O(ch?)
shadow-Hamiltonian jump, because the generating function of the corrector depends
on the split operators Hiepler and Hiyg, which change definition across ry, = 3 Run.
Consequently, both MERCURIUS and TRACE are restricted to an uncorrected second-
order O(At?) outer DHC scheme, capping their global energy accuracy at |AH/Hg| ~
1079-1075.

Irreversibility of Smooth Hybrid Switching Functions (MERCURIUS): As ana-
lyzed by Hernandez and Dehnen [31], MERCURIUS evaluates its polynomial switching
weight L(rpy/deit) asymmetrically at the beginning of the step and adapts the inter-
nal TAS15 step size non-autonomously inside the Hill sphere, breaking microscopic
time-reversibility at the very first Hill crossing.

Fulton—-MacPherson normal-cone architecture (Sections 4-6) addresses these three

mechanisms simultaneously:

(i)

(iii)

Topological Promotion of the Planetocentric Leaf Pair: When the intruder b enters
the Delaunay—Hill isolation zone of planet p (7 = Ypuaa = 1.0, Proposition 6.13),
the Voronoi AtlasManager executes an exact unimodular SL(2,R) C Sp(6N — 6,R)
coordinate rotation Mcoorq (Proposition 6.17) that promotes (p,b) to an analytical
Kepler-Sundman binary leaf C' = (p,b) € LeafPairs(7p). Inside the Hill sphere,
the dominant —Gmpmy/rp, attraction is therefore integrated in closed form with
zero splitting error, leaving only the smooth C'! quadrupolar solar tidal remainder
wireen in the kick.

Rezp;;ution of the Wisdom (2017) Obstruction via the Covariant Shadow Gauge Con-
nection Tgiiﬂ)ﬂ( Bhp)’ Rather than abandoning high-order symplectic processing
across Hill boundaries, Theorem 5.20 (Eq. (5.88)) and Theorem 6.16 (Eq. (6.98))
transport the processed state z4 € pA of PBM,y to the post-flip shadow mani-

shadow
fold P2).  via the non-commutative gauge connection:

shadow
PBM4 BM4,(B BM4,(A
T((A,hA)l(B,hB) = £y ( )(_hB) © Mcoord o Z4 ( )(+hA),

while BM%H) achieves true sixth-order accuracy directly on physical phase space
(C =1d).

Symmetric Two-Endpoint Chart and Dyadic Selection: Enforcing the causal macro-
boundary pipeline (Proposition 6.14) and the time-reversal-covariant adjoint hystere-
sis law (Bya; 0 Ay)™t = A_ o B_a; (Remark 6.5.2) guarantees that forward and
time-reversed trajectories flip charts and dyadic levels at identical physical times-
tamps.

Experimental Setup of Protocol B2 (B2-a and B2-b). Protocol B2 comprises two
complementary experiments (G = 1):

e Sub-protocol B2-a (Deep Jovicentric Hill-Sphere Crossing, Chart Flip, and

Shadow Gauge Ablation, N = 4): A four-body system consisting of the Sun
(mg = 1.0), Jupiter (m; = 9.5458 x 1074, a; = 5.20336 AU, Hill radius Ruin,g =
a1 (mi/3mg)Y/? = 0.35512 AU), Earth (ms = 3.0035 x 107%,a3 = 1.0AU), and a
planetary intruder (ms = 107%). The intruder starts at ¢ = 0 outside Jupiter’s
switching sphere at Jovicentric distance ri3(0) = 0.70 AU ~ 1.97 Ry, s in the he-
liocentric chart 74 = [(0, 2)1, plunges across Jupiter’s Hill sphere (triggering an
entry chart flip 74 — 7 = [(0, 2), (1, 3)] at t = 2.56), passes through deep
perijove, and exits back into the heliocentric domain (Tp — T at t = 8.40) over
Nsteps = 150 macro-steps of size At = 0.08 (Teng = 12.0). We sweep seven target
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perijove depths spanning three orders of magnitude inside Ry, z:
Tptarget € {0.10, 0.03, 0.01, 0.003, 0.001, 0.0003, 0.0001} AU

= TIBmin o g6 % 1071, 3.98 x 1074].
Hill,J

(7.16)

e Sub-protocol B2-b (Repeated Giant-Planet Hill Crossings and Hybrid Re-
versibility Breakdown, N = 3): Following Rein et al. [56, Section 4] and Her-
nandez and Dehnen [31], two giant planets (m; = mg = 1073,a; = 1.00AU, ay =
1.22 AU, e; = ep = 0.05,41 = iz = 0.01 rad, mutual Hill radius Rin mut = 0.09697 AU)
orbit a central star (mo = 1.0) with macro-step At = T7/100 = 27/100 ~ 0.062832.
We evaluate both forward energy conservation max; |AH (t)/Hop| and round-trip posi-
tion reversibility || Aqrp(27)||2 across eight integration horizons Ny, € {1,2,3,5,10,13,15,20}
inner-planet orbits, spanning three successive Hill-sphere crossings: Encounter #1
on Orbits 2-3 (r12,min = 1.40 Ruin), a deep Encounter #2 on Orbit 14 (rigmin =
0.11 Rpin ~ 0.01065 AU), and Encounter #3 on Orbit 20 (r12 min = 0.95 Rpin)-

Quantitative Analysis of Sub-Protocol B2-a: Deep Jovicentric Hill Crossing
and Shadow Gauge Ablation (Figure 31a,d). Figure 31(a) and (d) establish four
quantitative findings across the seven Jovicentric perijove depths 7p target € [0.10, 1074 AU
(T137min/RHilLJ € [0.286, 3.98 x 10_4]):

(1) Second-Order Ceiling of MERCURIUS and TRACE vs. Breakdown of Static-
Jacobi WHFast: Because REBOUND WHFast (¢ = 17 and ¢ = 0) retains its heliocentric
Jacobi chart throughout the Jovicentric flyby, its energy error grows as rifmin from

2.49 x 107% at 0.286 Ry, to 4.93 x 1072 at 7.81 x 1072 R,y (¢ = 17) and 2.15 x
1072 at 9.62 x 10~* Ruin,s (¢ = 0). Conversely, the hybrid integrators REBOUND
MERCURIUS (max; |AH/Hy| € [6.16x107°,6.27x107"]) and REBOUND TRACE (FULL_BS
and FULL_IAS15, identical at 6.00 x 10~ because planet-planet switching always
delegates to Bulirsch-Stoer) prevent catastrophic blowup by handing the (1,3) pair
to IAS15 or BS inside 3 Rpiy,j, but remain locked on a flat second-order O(Atz)
plateau around 6 x 10~ due to the Wisdom [81] corrector obstruction.

(2) Direct Experimental Proof of the Covariant Shadow Gauge Connection

T ((11:]}31{\4/[)2(3 hi) (Panel 31d): When the intruder crosses the Voronoi Delaunay—

Hill boundary at tgip1 = 2.56 (r13 ~ 0.244 AU =~ 0.69 Rpiy1,z), the active Jacobi
tree rotates from 74 = [(0, 2)] to T = [(0, 2), (1, 3)]. As reported in the
ablation inset of Figure 31(d), if the shadow state z4 of PBMy is transferred naively
across T4 — Tp without gauge conjugation, the sudden change in the screened apex
tidal tensor Tapex injects an immediate relative discontinuity in the intruder’s orbital
energy of |AE3/E3|naive € [8.93 x 10713,6.65 x 107!2] ([6.06 x 107'2,6.65 x 107'2]
across the four deep flybys r}, target < 0.003 AU).
Applying the non-commutative cotangent gauge connection
T((zz,]?zi/[)li(B,hB) = ZZ]EMA"(B) (=hB) 0o Mcoord © ZEMZL’(A) (+ha)
(Theorem 6.16) compresses this interfacial jump to |AEs/E3|gauge € [0.0, 3.89 X
10719 (dropping to exact machine zero 0.0 on three of the seven flybys, T'p target €
{0.10,0.003,0.001} AU, and to [1.95x 10716, 3.89 x 10716] on the remaining four), rep-
resenting a factor of 8,858x to 33,618x (8,858 at 0.03 AU, 13,137x at 0.01 AU,
33,618x at 3 x 107* AU, and 17,082x at 10~% AU, alongside exact machine
zero on {0.10,0.003,0.001} AU) suppression down to the IEEE 754 machine
floor.
(3) Fixed-Step (k = 0) vs. Dyadic Multi-Scale Accuracy and Objective Com-
putational Trade-Offs: Once (1,3) is promoted to a Jovicentric Keplerian leaf
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Head-to-Head Benchmark #2 (B2 — Float64): Hill-Sphere Crossings, Shadow Gauge C ion & Hybrid Ti
Category 1 (Adaptive / Multi-Scale: Normal-Cone BM6 & PBM4 [Chart Flip + Dyadic] vs IAS15, TRACE, MERCURIUS) | Category 2 (Fixed-Step: Normal Cone k=0 vs WHFast)
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FIGURE 31. Head-to-Head Benchmark B2 (Float64, v = 1.0, 0 sat-

uration): Deep planetocentric Hill-sphere crossings (B2-a), co-

variant shadow gauge connection TIgPBg[ 4), and repeated giant-

planet Hill crossings (B2-b), following Wisdom [81], Rein et

[56], and Hernandez & Dehnen [31]. (a) Sub-protocol B2-a
(N = 4, r13min/Ruins € [0.286,3.98 x 1074)): max; |AH(t)/Ho| vs. nor-
malized perijove depth across reversible chart transitions [(0, 2)] <«
(o, 2, 1, 3)1. (b) Sub-protocol B2-b (N = 3 giant planets,
Nob € [1,20]): round-trip position reversibility ||Aqrp(27)|]2 across
three Hill encounters (1.40 Rg,0.11 Rpy,0.95 Ryy). (c¢) Sub-protocol B2-b:

max; |AH(t)/Ho| vs. Nowp. (d) Pure wall-clock runtime per orbit in B2-a

and interfacial shadow gauge ablation |[AE3/E3|gip (Tf_]?g[ Y vs. naive trans-

fer).

in Tp, the two-body hyperbolic perijove is integrated analytically by the univer-
sal Stumpff-Sundman solver. Consequently, even at strictly fixed macro-step
ksym = 0 (At = 0.08, Category 2, open markers in Figure 31a,d), Normal-Cone
BM6 (k = 0) and PBM4 (k = 0) traverse the entire perijove sweep down to 3.98 x
1074 Ruing (rptarget = 107*AU =~ 0.21 R;) at a completely constant wall-clock
cost (117.0ms/orbit for BMéll) and 194.9ms/orbit for PBM,) while maintaining
max; |AH/Hy| < 1.66 x 100 (BM{*Y) and < 3.40 x 1079 (PBM,)—outperforming
fixed-step REBOUND WHFast c=17 by up to 2.97 x 10" x and matching or improving
upon adaptive MERCURIUS and TRACE (6.0 x 107?) without a single sub-step!

Dyadic Resolution of the Solar Tidal Shear and Objective Sub-Step Cost
at kpax = 16: Why does the fixed-step k& = 0 energy error rise from 3.34 x 10~1°
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at 7ptarget = 0.10AU to ~ 1079 at Tptarget < 0.003AU? Because inside Tp =
[0, 2), (1, 3)1, the massive Sun (mg = 1.0 > my +m3 ~ 9.55 x 107%) acts as
an external tidal perturber violating the static Hill isolation guard of leaf (1,3); as
the intruder accelerates through deep perijove (vperi rfg%ﬁn), the time derivative of
the quadrupolar solar tidal tensor Tapex,o changes on the short kinematic timescale
Tperi(1,3) = 713 min/Uperi X r%?min. When palindromic dyadic scheduling is en-
abled (Category 1, filled markers), Theorem 6.9 (Eq. (6.45)) automatically activates
Tperi(1,3) across the perijove macro-block (ksym € {2,4,7,9,12,14,16} as 7 target
decreases from 0.10 to 10~% AU, with zero saturation events), keeping Normal-Cone
PBM4 (dyadic) in [6.10x 10715, 4.52 x 10712] (1,327x to 9.8 x 105 x below TRACE and
MERCURIUS) and Normal-Cone BM6 (dyadic) in [5.96x 1071% 6.87 x 10~!2] alongside
15th-order REBOUND IAS15 ([1.02 x 10715,4.88 x 10~14)).

At the same time, Figure 31(d) highlights an important practical trade-off of uni-
form macro-block dyadic subdivision: because all 2¥ sub-steps of the macro-block
[tn,tn + At] are evaluated synchronously when mpei drops to 7 target = 1074 AU
(kmax = 16 = 65,536 symmetric sub-steps during the single perijove macro-step),
the wall-clock runtime of the dyadic mode rises geometrically for 7 target < 1073 AU

(averaging 15,003.4 ms/orbit for PBMy and 25,769.7 ms/orbit for BMéH) across the
sweep, vs. 0.63 ms/orbit for C99 IAS15 which adapts its polynomial step locally only
over the ~ 10~* duration of perijove; in B2-b with kyayx = 5, our dyadic runs aver-
age 221.0-233.9 ms/orbit vs. 0.27 ms/orbit for IAS15). Thus, in planetocentric flybys
under strong solar tides, k = 0 provides a fast ~ 10~ symplectic mode via pure leaf
desingularization, whereas ksym < 16 provides near-machine-floor ~ 10-15-10"12
conservation at the cost of 2Fmax synchronous sub-steps.

Quantitative Analysis of Sub-Protocol B2-b: Repeated Giant-Planet Hill Cross-
ings, Hybrid Reversibility Breakdown, and the O(¢2h*) Hall Floor (Figure 31b,c).
Figure 31(b) and (c) examine the multi-orbit endurance regime (N € [1,20], At =
T1/100) as two 1072 My, giant planets undergo three successive mutual Hill-sphere encounters
(1.40 Ry on Orbits 2-3, 0.11 Ry on Orbit 14, and 0.95 Ry on Orbit 20):

(1) Immediate Time-Reversibility Breakdown of REBOUND MERCURIUS vs. Palin-
dromic Normal-Cone Flips (Panel 31b): Prior to the first encounter (Ny, = 1,
T12,min = 18.42 Ry ), all integrators are reversible to < 3.55 x 104 AU. However, as
soon as the planets enter the 3 Ry switching zone on Orbit 2 (712 min = 2.29 Ruin),
REBOUND MERCURIUS suffers an immediate nine-order-of-magnitude irreversibil-
ity jump from 7.27 x 1071% AU to 5.35 x 1075 AU (8.35 x 107° AU at Ny, = 3 and
8.81 x 1072 AU after the 0.11 Ry encounter at Ny, = 15), confirming the hybrid
irreversibility mechanism of Hernandez and Dehnen [31]. REBOUND TRACE (FULL_BS
and FULL_IAS15) preserves reversibility much better during the mild first encounter
(5.80x 107 AU at Ny, = 3), but degrades to 4.15x 1075 AU after the deep 0.11 Ry
encounter at Ny, = 15 due to the finite Bulirsch—Stoer extrapolation tolerance.

By contrast, under the adjoint hysteresis law (Bia; 0 A+)"! = A_ o B_a; (Re-
mark 6.5.2), our Voronoi AtlasManager (7 = 1.0) executes up to 6 palindromic
chart flips [(0, 1)1 + [(1, 2)] (kmax = D, O saturation events) at bit-identical
forward and reverse timestamps: at Ngp = 15 (immediately after the 0.11 Ry
deep encounter), Normal-Cone BM6 (dyadic) achieves |Aqrgll2 = 6.72 x 10710 AU
(61,734x more reversible than TRACE and 1.31 x 10®x more reversible than
MERCURIUS, and within two orders of magnitude of 15th-order REBOUND IAS15 at
7.03 x 10712 AU), while Normal-Cone BM6 (k = 0) achieves 5.19 x 10710 AU (6.92 x
1072 AU at Ny = 20) and Normal-Cone PBM4 (dyadic) achieves 1.04 x 1079 AU
(39.9x more reversible than TRACE, and 1.02 x 1079 AU at N, = 20; note that
at Norp = 20 the un-substepped baseline PBM4 (k = 0) rises to 1.92 AU because
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without dyadic refinement across the deep 0.11 Ry flyby on Orbit 14, the coarse
step At = T1/100 accumulates a slight phase offset that misses the grazing 0.95 Ry
chart-flip threshold on the return pass [4 reverse flips vs. 6 forward flips|, whereas en-
abling dyadic refinement in PBM4 [dyadic] or sixth-order accuracy in BM6 preserves
all 6/6 palindromic flips).

(2) Energy Conservation Across Repeated Hill Crossings and Didactic Sep-
aration of BMén) vs. PBMy (Panel 31c): Across the full 20-orbit integration,
fixed-step REBOUND WHFast (¢ = 17 and ¢ = 0) blows up to max; |AH/Hy| = 0.561
and 0.611 during the 0.11 Ry encounter on Orbit 14, whereas at the exact same
fixed step k£ = 0, Normal-Cone BM6 (k = 0) and PBM4 (k = 0) flip dynamically
to leaf [(1, 2)1 and cap the energy error at 5.19 x 1076 (117,851 x more accurate
than WHFast) and 2.64 x 1075, respectively. In Category 1 (adaptive / multi-scale
solvers, where our dyadic runs average only 221.0-233.9 ms/orbit with kpa.x = 5),
REBOUND MERCURIUS (4.79 x 107%) and REBOUND TRACE (1.63 x 107%) remain limited
by their second-order DHC splitting. Normal-Cone BM6 (dyadic) maintains a flat
max; |[AH/Hy| < 4.41 x 107 across all 20 orbits (3.69 x 10”x more accurate
than TRACE and 1.09 x 103x more accurate than MERCURIUS, approaching 15th-
order REBOUND IAS15at 1.19x1071%), while Normal-Cone PBM4 (dyadic) maintains
max; |AH/Hg| < 3.93 x 1072 (1.82 x 1079 at Ny, = 15, still 414x to 873x more
accurate than TRACE).

Crucially, the gap between BMéH) (4.41 x 1071%) and PBM, (1.82 x 107?) in
B2-b provides a textbook illustration of the Universal Obstruction Theorem (The-
orem 5.18, Eq. (5.85), and Section 7.1.2): when the two giant planets enter the
leaf chart [(1, 2)] inside the star’s tidal field during the 0.11 Ry encounter, the
effective dimensionless tidal parameter ¢ is large, so the uncancelled grade-(5,2) qua-
dratic Hall-cohomology floor O(g2h*) of the 7-stage processed fourth-order scheme
PBMy becomes visible at ~ 1079, whereas the 11-stage true sixth-order composition
BMéH) eliminates both L5 and L52 directly via its stage weights and remains at
4.41 x 10~14,

Python A.2 : {benchmarks/run, figures/plot}_rebound_b2_hill_crossings.py [Float64 vs REBOUND 5.2.2] ]

7.3.3. Democratic Chaotic Three-Body Scattering (Pythagorean 3—4-5 Problem), 27 Voronoi
Chart Transitions, and Reversibility Across the Float64 Lyapunov Horizon (Protocol B4).
Our third head-to-head benchmark moves beyond hierarchical planetary systems (m; <
mo) to test democratic chaotic three-body scattering with comparable masses mj ~ mg ~
ma. Specifically, we examine the classical Pythagorean three-body problem formulated by
Burrau [14] and solved numerically by Szebehely and Peters [76], together with its time-
reversibility across the floating-point Lyapunov horizon as studied by Boekholt and Portegies
Zwart [11].

Physical Dynamics of the Pythagorean 3-4-5 Problem and Democratic Chart
Switching. Three unsoftened point masses (G = 1, = 0) of masses mg = 3,m; = 4,mg =5
(Mot = 12) are released from rest (v;(0) = 0) at the vertices of a 3-4-5 right triangle:

qéaw(o) = (17 3, 0)7 qiaw(o) = (_27 -1, O)a qgaW(O) = (17 -1, 0)7 (717)

shifted to the exact barycentric frame q;(0) = q;*V(0) —Rem (0) with Rem (0) = (—1/12, 0, 0).
The initial total energy is exactly

3-4 3-5 4-5 769

( 5 + 1 3 ) =—%0 ™ 12.816666666666666,

and the total angular momentum vanishes identically (Lo = 0), confining the motion to the
invariant plane z = 0 where zero angular momentum forces repeated near-collisions [76].

Over ¢t € [0, 60], the three bodies undergo more than 30 close binary and triple encounters

with continual exchanges of binary partners across all three pairs (0,1), (0,2), and (1,2)

Hy =
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(including a first close binary pass at t ~ 1.88 with ry;, ~ 2.06 x 1072, an ultra-deep
pericenter passage at t ~ 15.83 with 712 ~ 4.1 x 107%, and a resonant triple interaction
at t ~ 59.42), until the lightest body (mo = 3) is permanently ejected onto an escaping
hyperbolic trajectory while the two heavier bodies (m; = 4,mg = 5) form a permanent
high-eccentricity binary (ac =~ 0.533, e =~ 0.989).

This democratic regime exposes a fundamental architectural distinction between heliocentric/static-
tree symplectic integrators and our Fulton-MacPherson normal-cone atlas:

(a) Inapplicability of Heliocentric Symplectic and Hybrid Splittings (WHFast,
MERCURIUS, and TRACE): All three symplectic/hybrid integrators in REBOUND 5.2.2
are formulated around a distinguished central body particles[0]. When myg :
m1 : mg = 3 : 4 :5 and the bodies continually exchange binary partners, static-
Jacobi WHFast cannot adapt its Keplerian hierarchy to (1,2) or (0,2) encounters;
similarly, in Democratic Heliocentric (DHC) coordinates, the heliocentric Hill radii
Ruin,; = ai(m;/ 3m0)1/ 3 become ill-defined whenever the temporary binary does not
contain particles[0] or when heliocentric orbits turn hyperbolic (a; < 0), causing
MERCURIUS and TRACE to suffer O(1) energy jumps during partner exchanges.

(b) Democratic Voronoi Partition on Q[3] and Time-Reversal-Symmetric Macro-
Block Execution: On the compactified configuration space Q[3] (Theorem 4.1
and Section 4.1.3), the three maximal binary Jacobi trees To; = [(0, 1)], To2 =
[(0, 2)], and 712 = [(1, 2)] stand on a completely symmetric footing. At
the canonical Voronoi threshold v = 7puiuq = 1.0, our AtlasManager selects the
single-valued optimal leaf pair realizing the minimal pairwise Euclidean separation
T'min (t) = IIliIlZ'<j Tij (t)

Under the causal macro-boundary pipeline (Proposition 6.14 and Remark 6.5.2),
every macro-step [tn, tn11] (tnt1 = tn + At) is integrated across a single active chart
Ty, using the two-endpoint symmetric dyadic level kgym n = max(k(zy,), k(2zn+1)) and

sub-step h,, = At/2Fsymn: in forward time (At > 0), pre-step chart adaptation at t,
(PBM4)

switches T,_1 — 7, via the covariant shadow gauge connection T(T )= (Toshn)
3 3 : 3 nyivsym,n ka m,mn
prior to executing the 2Fm» palindromic sub-steps BS_TA’tk ymn) (Pih, 7) g ,

whereas in backward time (At < 0), when stepping across [, — t,—1], the reverse

chart-adaptation operator A_ detects the reverse boundary crossing into Adm(7,-1),

applies the inverse gauge connection T((%B,lzi Z§)—>(Tn i) at t,, and re-integrates

[tn, — tn—1] on T,—1 with the identical two-endpoint level ksym n—1:

[tnvtnﬁ»l] _ (Tny ksym,n) (PBM4)
Vi = Biay O LT, s 1) (Toshin)’

[tntnr1]y—1 _ -(PBM4) (T, ksym,n)
(R ™) =T by (Tt © BoA ™,

(7.18)

which guarantees exact algebraic time-reversal involution interval by interval across
all 27 Voronoi chart transitions.

(c) Separating Symplectic Truncation from Lyapunov-Amplified Floating-Point
Roundoff (Float64 vs. Float128): As demonstrated by Boekholt and Portegies
Zwart [11] with the arbitrary-precision Bulirsch—Stoer code Brutus, a chaotic three-
body trajectory with positive Lyapunov exponent Ary., > 0 amplifies any per-step
numerical error 8y as §(27T) ~ & e var(2T) during a round-trip test 0 — 7" — 0. For
a non-reversible or non-symplectic adaptive integrator in IEEE 754 Float64 (such
as REBOUND IAS15), both adaptive step-size asymmetry and floating-point round-
off 61(1?:2,11 ~ 1.11 x 10716 feed into &y, causing macroscopic loss of time-reversibility
(l1Agrs(2T)|]2 ~ O(1)) around T' ~ 80-120.

By contrast, because our normal-cone splitting and adjoint chart-adaptation law (7.18)
are algebraically time-reversible in exact arithmetic, their truncation error cancels
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identically upon time reversal; the only source of round-trip divergence is floating-
point roundoff €y,,cn e yap(2T), Running the exact same normal-cone architecture in

35-digit quadruple precision (Float128, egzi)l ~ 1.93 x 10734) lowers the initial seed

0o by 18 orders of magnitude and pushes the Lyapunov horizon well beyond T' = 120.

Experimental Setup of Protocol B4 (B4-a and B4-b). We evaluate twelve solver
configurations across two sub-protocols with base macro-step At = 0.04 and dyadic ceiling

kmax,cap = 16:

Sub-protocol B4-a (Forward Chaotic Scattering, Democratic Chart Tran-
sitions, and Invariant Conservation, ¢t € [0,70]): Forward integration over
Nsteps = 1,750 macro-steps from ¢t = 0 through the 30+ close encounters and the final
triple ejection at t & 59.42 up to t = 70.0, recording the instantaneous relative energy
error |AH (t)/Hp|, minimum pairwise distance mmin(t), active Jacobi chart sequence,
dyadic level kgym (t), and Lie-Bargmann Noether invariants (||AP||2, ||AL|l2, [|AG]|2).
Sub-protocol B4-b (Round-Trip Time-Reversibility Sweep Across the Lya-
punov Horizon, T' € [1,120]): Forward integration from ¢t = 0 to ¢ = T followed
by time-reversed integration from ¢t = T" back to ¢ = 0 across fourteen turnaround
horizons T' € {1,2,3,4,5,6,8, 10, 20, 40, 60, 80,100,120} (up to 27" = 240 total N-
body time units), measuring the Euclidean position return defect |Aqpp(27)|2 =
| aret (0)—q(0) |2 and the reversibility gain factor Gsotver(T) = [|AQS® (2T)]]2/ | Aqisyver

Quantitative Analysis of Sub-Protocol B4-a: 27 Democratic Voronoi Chart Tran-
sitions, Energy Confinement, and Lie-Bargmann Conservation (Figure 32a,c).
Figure 32(a) and (c) present the forward chaotic evolution over ¢ € [0, 70] (At = 0.04, 1,750
macro-steps):

(1)

Failure of Heliocentric REBOUND Integrators Under Democratic Partner Ex-
changes: As soon as the first close encounter occurs at ¢ ~ 1.88 (rpin = 2.06 X 1()_2),
static-Jacobi REBOUND WHFast diverges to max; |[AH/Hg| = 1.23 x 103 (¢ = 17) and
2.19x10? (¢ = 0). Similarly, the hybrid Democratic Heliocentric integrators REBOUND
MERCURIUS (maXt |AH/H0| = 23.43) and REBOUND TRACE (FULL_BS and FULL_IAS15,
max; |[AH/Hp| = 0.3014, final error 0.2557) suffer O(1) energy jumps across partner
exchanges (t ~ 6.5 and ¢ ~ 15.8), confirming that heliocentric splitting architectures
cannot operate in non-hierarchical comparable-mass scattering.

Multi-Chart Symplectic Stability Across 27 Democratic Voronoi Transi-
tions (Panel 32c): By contrast, our Voronoi AtlasManager (v = 1.0) dynamically
tracks the closest pair across all three Jacobi charts 712 = [(1, 2)] (bodies m = 4,5,
starting chart at t = 0 since r12(0) = 3 < r91(0) = 5 and r92(0) = 4), To2 = [(0, 2)]
(m =3,5), and To; = [(0, 1)] (m = 3,4), executing exactly 27 democratic chart
transitions at t € {1.28,3.60,4.92,...,59.36,59.40} before settling permanently in
Tio = [(1, 2)] after the ejection of mg = 3 at t ~ 59.42.

Across all 1,750 macro-steps and 30+ close encounters (reaching a continuous-
time sub-step pericenter rmi, ~ 4.10 x 107% at ¢ ~ 15.83 and a At = 0.04 macro-grid
minimum 7'yin,grid = 1.19 X 1072, resolved with peak dyadic level kpyax = 12 < 16 and
zero saturation events), the minimum separation curve 7y, (t) of Normal-Cone BM6
(dyadic) superimposes onto 15th-order REBOUND IAS15 across the entire chaotic
lifespan [0, 70].

Energy Conservation in Category 1 (Dyadic) and Category 2 (Fixed-Step
k = 0) and Exact Noether Invariants: In Category 1, 15th-order adaptive
REBOUND IAS15 achieves maxyejo 7o) |[AH/Ho| = 4.66 x 107 (final 3.93 x 10711),
closely followed by our sixth-order symplectic solvers Normal-Cone BM6 Float128
(dyadic) (max;|AH/Hp| = 2.23 x 10719, final 1.79 x 1071°) and Normal-Cone BM6
Float64 (dyadic) (max;|AH/Hy| = 4.87 x 10710 final 9.60 x 10~ *—more than
6.19x10% x more accurate than REBOUND TRACE and 4.81x10'°x more accurate



Relative Energy Error [AH(t)]/|Ho|

Minimum Pairwise Separation run(t)

NORMAL CONE IS ALL YOU NEED 179

Head-to-Head Benchmark #3 (B4 — Float64 & Float128): Pythagorean 3-4-5 Chaotic Scattering & Time-Reversibility

Category 1 (Adaptive / Multi-Scale: Normal-Cone BM6 & PBM4 [Chart Flip + Dyadic, Float64 & Float128] vs IAS15, TRACE, ) | Category 2 (Fixed-Step: k=0 vs WHFast)
[Cat. 1] Adaptive / Multi-Scale (flled markers): @+ REBOUND IAS15 Float64 (15th Gauss-Radau, Adaptive) [3.8 ms/t] ~O- Normal-Cone BM6 Floats4 (6th, Chart Flip, Fixed k=0) [60.4 ms/t]
== Normal-Cone BMS Float128 (6th, Chart Flip + Dyadic) [19985.4 ms/t] ~0- REBOUND TRACE Float64 (2nd DHC + 16th BS, Adaptive) (0.1 ms/t] /- Normal-Cone PBMA Floatsd (4th/6th Gauge, Chart Fiip, Fixed k=0) [109.4 ms/t]
=&~ Normal-Cone PBMA Float128 (4th/6th Gauge, Chart Flip + Dyadic) [17844.1 ms/t] REBOUND TRACE Float6d (2nd DHC + 15th IAS1S, Adaptive) (0.1 ms/t] 7~ REBOUND WHFast Float64 (2nd+17th corr, c=17, Fixed) [0.0 ms/t]

== Normal-Cone BMS Float64 (6th, Chart Fiip + Dyadic) (800.1 ms/t] ~#- REBOUND MERCURIUS Float64 (2nd DHC + 15th IAS1S, Adaptive) [0.7 ms/t] =% REBOUND WHFast Float64 (2nd-ord., c=0, Fixed) (0.0 ms/t]
~#- Normal-Cone PBM4 Float6d (4th/6th Gauge, Chart Fiip + Dyadic) (740.5 ms/t] [Cat. 2] Fixed-Step k=0 dt=0.04 (open markers):

(a) Protocol B4-a: Energy Ci ion Under ic 3-4-5 Chaotic ing (b) Protocol B4-b: Round-Trip Time-Reversibility Error (Float64 & Float128)

id (1AS15 = 2.97 at T=120)

B

LD e

Final Triple Encounter
& Ejection (t=59.4)

Round-Trip Position Error |qe:(0) - q(0)2

BN & PBMA Floati28 (Dyadic, 0 sat):
i inov horizon|

- Exa ibility beyond Floatsd Lyapur
10 (165 ~20 & 2.77¢ ~ 19 at T=1201)
10 40 60 70 0 20 40 60 80 100 120
Time ¢ (N-body units, G=1,m = (3,4,5)) Turnaround Horizon T in Round-Trip Test (0 - T 0)
(c) Democratic Jacobi Chart Flips (27 Transitions), Close Encounters rmn(t) & Dyadic k(t) (d) Protocol B4-b: Reversibility Gain Factor Relative to REBOUND IAS15 (Float64 & Float128)
14
105

(Gresn Zone (= 10°) Soiver MORE Reversible than REBOUND 1AS13)

(616 F128 1.80 7 20x
(T=120)

100

“I2

1
10 POV Fiz6 1767 16 %
(=100

108

e o

Reversibility Gain vs IAS15 |AQYS™./|AqZ™

— Normal-Cone BME: roun(t) =3 Jacot
---- REBOUND IAS1S: Fn (8 3 Jacot
— Active Dyadic Level Keyn(®) (right axis) £ Jacobi Char ~o—-
2 107 e
10 20 30 40 50 60 70 0 20 40 60 80 100 120
Time ¢ (N-body units) Turnaround Horizon T in Round-Trip Test (0 - T 0)

FIGURE 32. Head-to-Head Benchmark B4 (Float64 and 35-digit
Float128, v = 1.0, 0 saturation): Chaotic Pythagorean 3-4-5
three-body scattering (B4-a), 27 democratic Voronoi chart tran-
sitions, and round-trip time-reversibility across the Float64 Lya-
punov horizon (B4-b), following Burrau [14], Szebehely & Pe-
ters [76], and Boekholt & Portegies Zwart [11]. (a) Sub-protocol B4-a
(t € [0,70]): |AH(t)/Hp| through 30+ encounters and final ejection at
t ~ 59.42. (b) Sub-protocol B4-b (T" € [1,120]): round-trip position error
IlIAqrp(27)||2 across the Float64 Lyapunov horizon vs. Float128. (c) Mini-
mum separation rmyin(t), dyadic level kg (t) € [0,12], and top color strip of
the 27 Voronoi transitions across Ti2, To2, To1. (d) Reversibility gain factor
|G/ Aqiher]s vs. T.

than MERCURIUS), while fourth/sixth-order Normal-Cone PBM4 (dyadic) maintains
7.10 x 107% in Float64 and 4.75 x 10~ in Float128.

Even in Category 2 (strictly fixed macro-step kgm = 0, At = 0.04, open
markers), dynamic Jacobi chart flipping alone enables Normal-Cone BM6 (k = 0)
(28 chart flips, 60.4ms/t) and PBM4 (k = 0) (30 chart flips, 109.4ms/t) to bound
the energy error at 2.19 x 10~* (final 1.56 x 10™*) and 1.27 x 1073 (final 6.60 x
10~%) without a single sub-step—outperforming fixed-step REBOUND WHFast c=17 by
5.60 x 10%x and outperforming adaptive TRACE by 1,376x. Simultaneously, the nine
Galilean Lie-Bargmann Noether invariants (Proposition 6.18) are conserved at ¢t = 70
to |AL(70)l2 < 1.38 x 10712 (7.55 x 10~ at k = 0) and ||AP(70)||2 < 5.71 x 10713
in Float64, and down to ||AL(70)|lz = 1.28 x 1073! (1.67 x 103! for PBMy),

IAP(70)|l2 < 1.79 x 10731, and |AG(70)||s = 1.10 x 10=2° (BM{"") / 1.77 x 10-29
(PBM,) in 35-digit Float128.
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Quantitative Analysis of Sub-Protocol B4-b: Round-Trip Time-Reversibility Across
the Float64 Lyapunov Horizon (Figure 32b,d). Figure 32(b) and (d) report the round-
trip position return error [|Aqrp(27)||2 = [|qret(0) — q(0)||2 and the reversibility gain factor
over REBOUND IAS15 across T € [1,120] (2T € [2,240]), revealing three distinct dynamical
regimes:

(1) Pre-Lyapunov Regime (7 € [1,40], Before Final Ejection): Over the first
40 time units, exponential Lyapunov amplification has not yet saturated the 53-bit
Float64 mantissa. In this regime, 15th-order REBOUND IAS15 (||Aqpg|2 growing
from 4.44 x 10710 at T =1 t0 6.23 x 10712 at T = 10 and 1.81 x 10~ at T' = 40) and
our Float64 normal-cone solvers (5.09 x 10716 at 7= 1 to 6.00 x 107 at T = 40
in dyadic mode, and 4.87 x 107! for BM6 k = 0 at T = 40—already 37.2x more
reversible than IAS15 because k& = 0 avoids accumulating sub-step roundoff) all
maintain high time-reversibility, whereas REBOUND MERCURIUS (58.6 at 7" = 2) and
TRACE (1.69 x 10=2 at T = 40) lose reversibility early.

Crucially, up to the Float64 Lyapunov horizon (7' < 60 for BM6 F64 [dyadic],
T < 40 for PBM4 F64 [dyadic] in sub-step level matching and 7' < 60 in 27/27
chart-flip matching, and 7' < 80 for fixed-step BM6/PBM4 F64 [k = 0] with 31/31
chart flips) and across all fourteen horizons 7" € [1,120] in Float128 (27/27 flips and
exact dyadic level palindrome matching), our AtlasManager and dyadic scheduler
satisfy palindromic chart-flip matching with ngips twd = Nlips,bwd, proving that the
adjoint chart-adaptation law (7.18) is algebraically involutive.

(2) Transition Window (7" € [40, 80]) vs. Post-Lyapunov Saturation (7" € [100, 120])
in Float64: Beyond the chaotic triple ejection at ¢t ~ 59.42, cumulative Lyapunov
amplification e*var(2T) drives the round-trip error of REBOUND IAS15 from 1.48 1076
at T'= 60 to 0.150 at 7' = 80 and ||Aqpp(240)||2 = 2.971 > 1 at T = 120, crossing
the O(1) macroscopic irreversibility threshold (red dashed line in Figure 32b).

Comparing the two Float64 normal-cone categories across the transition window
T € [40,80] exposes the direct interplay between Brouwer sub-step roundoff and
Lyapunov amplification: in Category 1 (dyadic, kmax = 12), executing 22 = 4,096
synchronous sub-steps across the deep t ~ 15.83 pericenter (rmin ~ 4.1 x 1074) ac-

cumulates oc v/212 efﬁzh floating-point roundoff, causing BM6/PBM4 F64 (dyadic) to
reach 4.33 x 1073 and 1.44 x 1073 at T' = 60 (below IAS15 in Panel 32d). Conversely,
in Category 2 (fixed-step k = 0, where leaf regularization resolves every encounter
without sub-steps), eliminating both non-reversible step-size drift and sub-step round-
off accumulation delays the Float64 Lyapunov horizon across the entire transition
window T € [20,80]: at T = 40, Normal-Cone BM6 (k = 0) (4.87 x 10~!) outper-
forms TAS15 (1.81 x 107%) by 37.2x; at T = 60, BM6 (k = 0) (2.17 x 10~7) and PBM4
(k = 0) (1.13 x 107%) outperform IAS15 by 6.8x and 1.3x; and at T = 80, BM6
(k=0) (1.12 x 1073) and PBM4 (k = 0) (2.58 x 1073) achieve 133.9x and 58.1x
higher round-trip reversibility than REBOUND IAS15 in Float64 (Figure 32d).

Beyond T > 100 (2T > 200), €'°4) eMyer(T) ~ O(1) saturates the 53-bit IEEE 754
mantissa for all Float64 integrators, so that return trajectories at 7' € {100,120} re-
flect chaotic phase fluctuations along the bounded post-scattering binary orbit rather
than deterministic phase-space inversion.

(3) Deterministic Reversibility Beyond the Lyapunov Horizon in 35-Digit
Float128 vs. Brutus [11]: Because the truncation error of our palindromic normal-
cone composition and adjoint chart-adaptation law (7.18) cancels identically upon
time reversal, passing from 53-bit Float64 to 35-digit Float128 suppresses the ini-
tial roundoff seed by 107!® while preserving the exact same macro-step At = 0.04
and dyadic schedule (kpax = 12, 0 saturation). As shown by the lower dark-blue
and dark-green curves in Figure 32(b,d), Normal-Cone BM6 Float128 (dyadic) and
Normal-Cone PBM4 Float128 (dyadic) maintain ||Aqrgll2 € [4.51 x 10734,1.06 x
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10728 across T € [1,40], 1.13 x 10723 and 2.59 x 1072 at T = 60, 1.53 x 1072
and 2.12 x 10721 at T = 80, and ||Aqrp(240)|2 = 1.65 x 1072 (|AHpp/Hy| =
1.30 x 1072%) for BM6 Float128 and 2.77 x 107! (JAHgp/Ho| = 1.11 x 10723) for
PBM4 Float128 at T = 120.

This represents a 1.80 x 10?°x and 1.07 x 10'”x reversibility improvement
over REBOUND IAS15, while conserving the Lie-Bargmann Noether invariants after
the 240-time-unit round trip to ||ALpg|l2 < 2.26x 10730 and | APpgll2 < 1.19x 1070,
Unlike the non-symplectic Bulirsch-Stoer code Brutus [11], which must reduce its
extrapolation tolerance to egg < 10729-10726 to suppress truncation error to the
level of arbitrary-precision roundoff, our symplectic normal-cone integrator achieves
10720 round-trip reversibility at 7' = 120 using a macroscopic step At = 0.04 because
its truncation error is already strictly time-reversible.

(4) Objective Runtime Trade-Offs: In Float64 on B4-a, compiled C99 REBOUND
IAS15 executes in 3.8 ms/t, compared to 60.4ms/t (BM6 k = 0), 109.4ms/t (PBM4
k =0), 740.5ms/t (PBM4 dyadic), and 800.1 ms/¢ (BM6 dyadic) in Python+Numba,
while the software-emulated 35-digit mpmath Float128 backend requires 17,844 ms/t
(PBM4 F128) and 19,985ms/t (BM6 F128) due to arbitrary-precision Python arith-
metic.

7.3.4. Cross-Benchmark Synthesis: Domain of Validity, Geometric Strengths, and Practical
Limitations. Table 9 consolidates the quantitative metrics across Protocols B1, B2, and B4
at the canonical Voronoi setting (v = Ypuia = 1.0, zero dyadic saturation). Viewed as a
whole, these three head-to-head benchmark protocols delineate the respective domains of
validity, structural strengths, and practical trade-offs of our fourth- and sixth-order normal-
cone symplectic integrators (PBMy and BMéH)) relative to the state-of-the-art C99 suite
REBOUND 5.2.2:

TABLE 9. Cross-benchmark quantitative synthesis (§7.3, Proto-
cols B1, B2, and B4 at v = 1.0, 0 saturation): unsoftened Normal-Cone
symplectic integrators (BMéH) and PBM(ZPM*), in Float64 and 35-digit
Float128) vs. REBOUND 5.2.2 (IAS15, TRACE, MERCURIUS, and WHFast).

Catego Bl-a Collision ¢; = 1.0 Bl-b Permuted [0,2]  B2-a Perijove 10* AU B2-b Giant Planets Bd-a Pythagorean 3-4-5 Bd-b Reversibility
Integrator © Precioion max [AH/Hy| max [AH/Hy (3.98 x 10~ Ry s) (Nor, = 15, 0.11 Rygin) (t € [0, 70, 27 Flips) (T =80 F64 / T = 120 F128)
(10-Orb. Rev. at 107%) (1—e2=10"* / e = 1.0) max |AH/Ho| (|AEs/Eslgip) max |AH/Hol (||Aqrpl2) max|AH/Ho| (||AL(70)]2) |Aqpp (27> (Gain vs IAS15)
Cat. 1 (Multi-Scale; 223 x 1010 1.65 x 10720 at T =120
Normal-Cone BN6 (dyadic) Floa(tlZB (3 ) (1.28 x 10731) (1.80 x 1020x)
Cat. 1 (Multi-S 475 x10°% 277 x 10712 at T =120
Normal-Cone PBM4 (dyadic) Float128 (3! (1.67 x 10731) (1.07 x 1019x)
Normal-Cone BM6 (dyad Cat. 1 (Multi-S 6.72 x 10710 5.54x 1071 / 6.87 x 10712 441 %1071 4.87 x 10710 3.92x 107 at T = 40
ormai-Cone yadic) Float64 (Kmax (177 x 1011 AU) 6.75 x 1010 (Direct Order 6) (6.72 x 10710 AU) (1.09 x 10712) (433 x 1073 at T = 60, 27/27 flips)
Normal-Cone PBNA (dyad Cat. 1 (Mu 1.15 x 109 298 x107° / 452x10712 1.82 x 107 7.10 x 107% 6.00 x 109 at T = 40
ormal=Cone (dyadic) Floaté4 (k, (1.71 x 1011 AU) 1.19x 1079 (3.89 % 10716 w/ Ty_,p) (1.04 x 106 AU) (1.38 x 10-12) (1.44 x 1073 at T = 60, 27/27 flips)
Cat. 1 (Adap 6.14 x 10 (Halt) 1.85 % 10711 / 488 x 1071 1.19 x 10-15 4.66 x 10711 1.50 x 107" at T = 80
REBOUND IAS15 (PRS23) Float64 (C99) (5.02 % 107 AU) 5.21 % 1072 (0.344 AU) (Non-symplectic) (7.03 x 1012 AU) (426 % 10714) (2,97 x 10° at T = 120, Irreversible)
. Cat. 1 (Hybrid 2nd+BS) 6.32 x 10° (Fails) 249 x 1074 / 6.00 x 107 1.63 x 10¢ 3.01 x 107! (Fails) 9.15x 107" at T = 80
REBOUND TRACE (FULL_BS) Float64 (C99) (316 x 10 AU) 446 x 10° (Fails) (2nd-ord. DHC ceiling) (415 x 1075 AU) (2,02 x 107%) (Fails AH/Ho = 0.30)
Cat. 1 (Hybrid 2nd+IAS15) 4.74 x 107! (5.33 x 10? max) 4.60 x 1071 / 6.17 x 1077 479 x 107 2.34 x 10" (Fails) 1.15 x 10!
REBOUND MERCURIUS Float64 (C99) (145 x 1073 AU) 483 x 10~! (Fails) (2nd-ord. DHC ceiling) (8.81 x 10~2 AU) (131 x 10-11) (Irreversible at T = 2)
Normal-Cone B (k — 0) Cat. 2 (Fixa 3.61x10°° 8.15x 107 / 1.07 x 107? 519 x 10°¢ 219 x 1074 112 x 1073 at T = 80
rmal-ton (k= Float64 (k (2.19 x 10711 AU) 3.63 x 1079 (166 x 10~ sweep max) (5.19 x 10710 AU) (7.55 x 10714) (133.9% vs TAS15, 37.2x at T = 40)
N 1-c PEMA (k = 0) Cat. 2 (Fixa 3.03x 108 3.07x107% / 1.65 x 10°? 2.64x10°° 127 x 1073 2.58 x 10 =80
ormal-Cone (k= Float64 (k (7.22 x 10711 AU) 3.04x 1078 (340 x 10~ sweep max) (242 x 1075 AU) (7.88 x 10714) (58.1% vs /3
P Cat. 2 (Fixed-Stej 238 x 1075 1.02 % 10° / 3.58 x 107% (Fails) 5.61 x 107! (Fails) 1.23 x 10% (Fails) 2.20 x 10
REBOUND WHFast (c =17) Float6d (Hardwired pair (0,1)) 1.00 x 102 (Fails) (4.93 x 10~ sweep max) (681 x 10° AU) (7.19 % 10-19) (Diverges at £ ~ 1.9)

(1) Where the Normal-Cone Architecture Extends the State of the Art:
e Extreme Pericenters and FEzxact Central Collision Traversal (B1): By absorb-
ing the dominant two-body attraction into universal Stumpff-Sundman leaf
flows endowed with McGehee’s elastic bounce involution B% = Id and decou-

pling internal leaf pericenters from apex kicks via 74yn(C') = \/a?,/GMc (The-

orem 6.9), PBMy and BMéH) traverse 1 — e; € [107%,1079) and exact recti-
linear collision e; = 1.0 (rpin = 0) with kpnax < 3, achieving 29,423 x better
10-orbit round-trip reversibility than REBOUND IAS15 at 10~ % and maintaining
|AH/Hp| < 1.15x 107Y at e; = 1.0 where all adaptive REBOUND integrators halt
or lose O(1) energy.
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e Topological Index-Permutation Invariance (B1-b): Whereas static-Jacobi WHFast
(c = 0,17) degrades by 13 orders of magnitude (2.38 x 10~® — 4.02 x 10°) when
the particle array is permuted from [Star, Grazer, Giant] to [Star, Giant,
Grazer], our agglomerative Voronoi AtlasManager (v = 1.0) discovers the ac-
tive physical binary directly from Fuclidean distances and preserves identical
accuracy regardless of array indexing.

e Ouvercoming the Wisdom (2017) Hybrid Switching Ceiling Across Hill Boundaries
(B2): Because MERCURIUS and TRACE cannot apply symplectic correctors across
rpp = 3 R [56, 81], they remain capped at second-order O(At?) accuracy
(~ 6x107? in B2-a, 1.6-4.8 x 10~% in B2-b). Promoting the planet-intruder pair

to an analytical Keplerian leaf and transporting the shadow state via the non-

commutative gauge connection T((ilzi/[;g( Bohs) (which suppresses interfacial en-

ergy jumps by 8,858 x -33,618x down to < 3.89 x 10716, and exact machine zero
0.0 on three of the seven flybys) enables Normal-Cone BM6 (dyadic) to reach
4.41x 107 in B2-b (3.69 x 107 x below TRACE) and 6.72x10~'9 AU in round-trip
reversibility (61,734x below TRACE and 1.31 x 108x below MERCURIUS).

e Democratic Multi-Chart Symplecticity and Reversibility Across the Lyapunov
Horizon (B4): In non-hierarchical comparable-mass scattering (m = (3,4,5))
where WHFast, MERCURIUS, and TRACE fail with O(1) errors, our Voronoi atlas
executes 27 reversible chart transitions across 712, To2, To1, outperforming IAS15
in Float64 round-trip reversibility across the pre-saturation transition window
T € [40,80] by 37.2x (T = 40) to 133.9x (T = 80, BM6 k = 0), and achieving
deterministic post-horizon reversibility of 1.65 x 10720 (BM6 F128, 1.80 x 1020x
gain) and 2.77 x 10719 (PBM4 F128, 1.07 x 10 x gain) at T = 120 in 35-digit
Float128.

(2) Objective Boundaries, Algorithmic Trade-Offs, and Implementation Con-
text:

e 15th-Order IAS15 in Smooth Regimes Before the Lyapunov Horizon: In smooth,
moderate-eccentricity trajectories away from collisions (B1-a for 1—e; € [1071,1074],
B2-b forward energy error 1.19 x 10~'°, and B4-a forward energy error 4.66 x
10~11), the 15th-order adaptive Gauss-Radau integrator REBOUND IAS15 reaches
the Float64 roundoff floor at a lower computational cost than 4th- and 6th-order
explicit symplectic compositions operated at a moderate macroscopic step At.

e The O(£2h*) Hall Cohomology Floor of 7-Stage PBMy ws. 11-Stage BMéH): As
proved in Theorem 5.18 and observed in B2-b (0.11 Ry giant-planet encounter)
and B4-a, whenever the dimensionless tidal parameter ¢ inside an active leaf
chart becomes large (e ~ 0.1), the uncancelled grade-(5,2) quadratic tidal term

O(£2h*) bounds PBMy around 10~-1078, whereas true sixth-order BMén) elim-
inates L5 directly and reaches 4.41 x 10~ in B2-b and 2.23 x 10710 in B4-a
at the cost of 11 vs. 7 stages per sub-step.

e Synchronous Dyadic Sub-Stepping Cost Under Strong External Tides (2Fmax):
While isolated binary pericenters require almost no dyadic refinement (kpax < 3
down to e; = 1.0 in B1), deep planetocentric flybys subject to a strong external
solar tide (B2-a at 7p target = 10~* AU) trigger kmax = 16 (65,536 synchronous
sub-steps across the perijove macro-block) to resolve the rapid rotation of the
solar tidal tensor to 10712, whereas fixed-step k = 0 already provides 1.65 x 10~
energy accuracy at constant cost via leaf desingularization alone.

e Reference Python+Numba Demonstration vs. Compiled C99 Production Loops:
Finally, in raw wall-clock time per step on small N € {3,4}, our reference
Python+Numba implementation carries a constant interpreter and object-dispatch
overhead (~ 102-103x in regular regimes) relative to the monolithic C99 loops
of REBOUND 5.2.2. Translating the full macro-step pipeline (AtlasManager,
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DyadicScheduler, and multi-stage composition loop) into a single ahead-of-
time compiled C/C++ or Rust kernel will eliminate this language overhead
while preserving every geometric and invariant property demonstrated in this
section (see Figure 33).

Python A.2 : {benchmarks/run, figures/plot}_rebound_b4_pythagorean_chaos.py [Float64 / Float128 vs REBOUND]

Acrit

10-2

Ecross

106

Cubic Tidal Ratio ¢ = n} = 3As (Hierarchical — Democratic)

Binary Collision
4 Stumpff Leaf & B¢

Sub-Roche & Democratic Regime (Ag > 0.25)
Anti-Zeno Supernodes (dtg = X%de) & Voronoi Atlas (v = 1)

QO H2 (SL9 Sub-Roche) Q B4, L4a, Fig-8

----------- i- - ==Hill / Sub-Roche Threshold (Acrit = 0.25) - 1

Moderate-to-Strong Tidal Regime & Hill Crossings

Gauge Connection Tffgm) & Hall Floor HY(D 4, Ls5.2)

QO L3 (k-Body Bounce)

QO B2, H1 (Hill Crossings)

3D Triple, H3
QO L4b (Kozai) o P

-------------------- Order 6 — 4 Crossover ecross(h) oc h?- 1

Hierarchical Secular KAM Regime (£ < £¢oss)
Cotangent Lift K4 € Py (Z)E‘I\M, Order-6 Scaling)

O

B1 Sweep (e1 — 1)

OL1, L2 (1—e=10"12) QO s1 (Laplace) & S2 (Solar System)

-+ - - - Classical Pericenter Barrier (1 —e~1076) -----

0(e=1) 10-6 103 10~1 1
Normalized Pericenter Distance 1 — e = ryin/ac (Collision — Circular)

Fi1GURE 33. Phase-space regime map of the Section 7 benchmark suite across
normalized pericenter separation 1 — e = ryy/ac and cubic tidal ratio e =
77% = 3Ag, showing the four geometric operating regimes and the locations of
protocols Figure-8, 3D Triple, L1-L4, H1-H3, S1-S2, and B1, B2, B4.
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8. CONCLUSION AND OUTLOOK

8.1. Objective Synthesis: Achievements, Structural Strengths, and Intrinsic Bound-
aries. This monograph has demonstrated that the classical conflict between symplectic geo-
metric preservation and collision regularization in the Newtonian N-body problem is an
artifact of working on the unblown Cartesian configuration space rather than a fundamental
obstruction of Hamiltonian mechanics.

Core Mathematical and Algorithmic Realizations. By lifting the real Fulton-MacPherson
compactification Q[N] = Bl (M /R3) and the Calaque-Safronov deformation to the nor-
mal cone DzQ[N] — A! to the extended Poincaré-Sundman cotangent phase space Pext
(Sections 2-4), we established an exact, unsoftened (¢ = 0,dy = 0) Leaf/Apex Hamiltonian
splitting

H = Hyase + Hieat + H, ssg;gr + W.:Sre?f“,
whose exceptional divisor fibers, scale-invariant C1'* quadrupolar screening (Tapex € Symyg(3)),
and anti-Zeno synchronous supernodes regularize both binary collisions and hierarchical
multi-body close encounters in a finite number of physical steps.

On the algebraic and numerical side (Sections 5-6), we resolved the twin order-6 obstructions—
the Sheng—Suzuki negative-timestep barrier across the McGehee collision boundary (B% = Id)
and the universal double obstruction in the bi-graded Poisson-Lie algebra L, ,, (where
momentum-parity alternation DaoPy C P; forbids any pure configuration-space corrector
from cancelling Hi"®" € P, @ Py, while the non-vanishing grade-(5, 2) Hall cohomology class
[DpD3B] € HY (D4, L52) = R induces the incompressible quadratic tidal floor O(e2h?*))—
by constructing the torque-free cotangent-lifted generator Ky = cFM*hiD3 B € L41 N Py,
its 2-stage palindromic Lie conjugator ZPM4(h), and the non-commutative covariant gauge

connection

PBM BM4,(B -1 BM4,(A
T((A,hA;Ll)(B,hB) = (2, 4 )(hB)) oMypoZ, 4 )(hA)a

satisfying exact Cech 1-cocycle closure across SLa(R) Jacobi tree transitions and dyadic
step-size junctions.

The entire framework is paired with conditioned Sundman—Stumpff-Battin leaf solvers,
symmetric two-endpoint dyadic multirate scheduling (Ksym,,) with reversible adjoint hystere-
sis A_, bit-exact (0.0 ULP) vectorized and LLVM @njit micro-kernels (up to 62.5x speedup
for N € [3,64]), 35 standalone Lean 4 proof modules (125 formal declarations without
a single sorryAx axiom), and the complete dual-precision companion software architecture
(normal_cone_nbody_float64 and normal_cone_nbody_float128) indexed in Appendix A
(§A.1-§A.2).

Demonstrated Strengths Across Operating Regimes. Across the dual-precision (Float64
and 35-digit Float128) benchmarks of Section 7, the architecture simultaneously delivers:

(1) Asymptotic Order Certification and Two-Channel Crossover: Exact asymptotic conver-
gence orders (p = 2.000,3.999, 4.000, 4.000, 5.999) down to 3.74 x 1073! in energy and
1.89 x 1073! in position on the Figure-8 choreography, alongside the two-channel order
6 — 4 crossover (peg = 6.25, up to 2,537x energy and 1,335x position gain over BMy)
on 3D eccentric hierarchical triples (§7.1.1-§7.1.2);

(2) Pericenter Conditioning, Free-Fall Extinction, and Central-Collision Traversals: Flat
pericenter conditioning across 1 — e € [107'2,107!] and e = 1.0 (2.71 x 1073* and
5.50 x 1073 in Float128 with keym = 0), exact power-law free-fall extinction of ZPM4
(]| Areorr || o 7740900) "and time-reversible McGehee central-collision traversals down to
6.60 x 10738 (k = 2) and 8.91 x 1073* (k = 3) in Float128 (§7.1.3);

(3) Historical Close Encounters and Interfacial Gauge Continuity: Interfacial gauge conti-
nuity (|AHgip|/|Ho| = 2.36 x 1073 in Float128) and full-flyby palindromic reversibility
across historical encounters of Comets Lexell, Shoemaker—Levy 9, and Asteroid Apophis

(§7.2.1);



NORMAL CONE IS ALL YOU NEED 185

(4) Multi-Body Secular Stability, KAM Torus Preservation, and Noether Invariants: Bounded
o tY shadow-Hamiltonian plateaus under active dyadic substepping (1.25 x 1074 on S1
and 6.74 x 10~ across 264 dyadic junctions on S2), 179.85° + 0.80° Laplace locking,
2,120x Laskar NAFF frequency convergence, and machine-precision preservation of all 9
Galilean Lie-Bargmann invariants (10714-1072° in Float64, 1073!-1073% in Float128,
§7.2.2);

(5) Head-to-Head Superiority in Singular, Hill-Crossing, and Chaotic Regimes (REBOUND
5.2.2): In head-to-head comparisons against REBOUND 5.2.2 (§7.3), deterministic star-
grazing traversal down to e; = 1.0 (29,423 reversibility gain over IAS15 at 1 —e; =
1079 in B1), sixth-order energy and reversibility preservation across repeated Hill-sphere
crossings (3.69 x 107 x energy and 61,734 x reversibility improvement over TRACE in B2),
and up to 133.9x (Float64 at T = 80, k = 0) and 1.80 x 10**x (Float128 at T' = 120)
higher round-trip reversibility than TAS15 across 27 democratic Voronoi transitions in
the chaotic Pythagorean 3-4-5 problem (B4).

Intrinsic Mathematical and Algorithmic Boundaries. At the same time, our study
delineates four clear structural boundaries of the present implementation:

(a) Smooth pre-Lyapunov accuracy ceiling versus 15th-order Gauss—Radau: Because our

current kernels are limited to fourth and sixth order (PBM,4 and BMgH)), adaptive 15th-
order TAS15 achieves lower raw forward energy error at coarse macro-steps in smooth,
weakly eccentric regimes prior to the Lyapunov horizon (Table 9), whereas PBM, and
BMjg dominate in phase-space reversibility, Lie-Bargmann conservation, secular non-
drift, and singular pericenter traversal;

(b) Piecewise CY1 transition regularity: The septic quadrupolar screening ©(u,) on u, €
[1,2] is globally C!'! with bounded piecewise-continuous Hessian jumps at u, € {1,2},
which suffices for fourth- and sixth-order splitting away from annulus boundaries but
may limit higher-order asymptotic smoothness when trajectories repeatedly cross the
screening transition;

(¢) Lyapunov amplification on chaotic manifolds: While symplectic chart-switching and
Float128 arithmetic push round-trip reversibility to 1.65 x 10720 at 7" = 120 on the
Pythagorean 3-body problem, positive Lyapunov exponents (Ar, > 0) inevitably amplify
floating-point Brouwer rounding as emacne*! at arbitrary horizons;

(d) Runtime orchestration overhead: While our @njit micro-kernels achieve C-level through-
put on dense arrays, the outer Python chart-management layer incurs higher per-step
call overhead than monolithic compiled C99 engines at small N.

8.2. Perspectives and Open Questions. Rather than closing the subject, these bound-
aries suggest several open questions and hypothetical extensions for future investigation:

(i) Could Higher-Order Processed Schemes on T*Q[N] Surpass IAS15 Across All
Regimes? A natural and ambitious question is whether the homological cotangent-
processing paradigm introduced here with PBM, can be extended to higher-order ker-
nels in order to compete with, or outright surpass, 15th-order IAS15 even in smooth
pre-Lyapunov forward accuracy, while retaining exact symplecticity, Lie-Bargmann con-
servation, and collision traversal.

Because the normal-cone splitting enjoys exact Abelian leaf annihilation ({Ajx, Ajk }o, =
0) and third-order RKN nilpotence (ad%vsgrcien(AJK) = 0), the bi-graded Hall algebra
Ly, m is substantially sparser at high degree than in standard Cartesian splittings. It
therefore remains an intriguing open problem to determine whether higher-order cotan-
gent Lie conjugators (generalizing ZPM* and its covariant gauge connection T4_,g),
possibly combined with modified-potential or commutator-based correctors to mitigate
the quadratic tidal obstructions beyond L5 and smoother C*! screening transitions,
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(iii)

(iv)
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could yield practical ultra-high-order symplectic integrators without prohibitive stage
counts or conditioning penalties.

How Far Can Non-Homographic Simultaneous Multi-Body Collisions (k > 3)
Be Regularized Symplectically? While synchronous supernodes and McGehee blow-
up regularize binary collisions and symmetric k-body central collapses (k € {2,3,4}),
general non-homographic simultaneous triple and k-body collisions induce an anisotropic
flow on the McGehee collision manifold with intricate heteroclinic dynamics. Whether
our exact elastic bounce involution By can be generalized into a certified connection
rule across arbitrary anisotropic multi-collision strata on dQ[N] remains an open math-
ematical question.

Can Deterministic Dyadic Regularization Scale to Large-/N Clusters via Fast
Multipole Coupling? Translating our reference Python+Numba orchestration pipeline
into a fully ahead-of-time compiled C/C++ or Rust engine would eliminate interpreter
dispatch overhead. Beyond raw compilation, an open architectural question is whether
our deterministic dyadic scheduler (ksym > 0) and covariant gauge transitions for local-
ized close encounters can be seamlessly coupled with O(N log N) tree or fast-multipole
approximations in the far-field regime (u, > 2) without breaking symplectic shadow-
energy boundedness in dense star clusters (N > 10%).

Does the Shifted Cotangent Splitting Extend to Momentum-Dependent Post-
Newtonian and Stratified Potentials? Finally, one may ask whether the Calaque—
Safronov normal-cone framework can be adapted when the perturbation depends explic-
itly on momenta—such as conservative post-Newtonian (1PN/2.5PN) corrections for
relativistic compact binaries, where standard RKN nilpotence no longer holds—or to
broader stratified symplectic varieties with singular Coulomb and inverse-power interac-
tions.
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APPENDIX A. CERTIFIED LEAN 4 FORMAL ARTIFACTS AND NUMERICAL SCHEMES

A.1l. Companion Lean 4 Formal Proof Suite: Architecture, Axiom Audit, and
Module Locator (lean4/NormalConeNBody/). In accordance with repository archival
standards, the complete mechanized Lean 4 (v4.35.0-rc2) + Mathlib 4 formaliza-
tion referenced throughout Sections 1-5 is hosted in the permanent companion archive
(jeremynusa-hub/normal_cone_nbody3d, DOI: 10.5281/zenodo.23982968) under the
directory lean4/. FKEvery Lean verification badge in the main text links directly to this
subsection: Tables 10 and 11 index all 35 modular proof files (416 formal declarations
including 214 theorems and lemmas) and the 5 self-contained chapter compilation
suites (CertifiedSuites/Sec01..05.1lean, executing 99 explicit #print axioms audits

with 0 sorry, 0 sorryAx, and 0 custom axioms).

TABLE 10. Module-by-module locator for the companion Lean 4 formaliza-
tion (lean4/NormalConeNBody/, Part I: Sections 1-4, Modules 01-18). All
modules compile with 0 sorryAx.

Sub-Package Module Path Formal Structures, Definitions & Certified Scope
(NormalConeNBody/ . . .) Theorems (Decls / Thms)
ChO1_Intro 01_ConfigurationSpace_ Vec3, AmbientConfiguration, PhaseState3D, Relative §1.8
Defs.lean Configuration: 3D Euclidean algebra & barycentric slice
M, = M/R3 (11 / 0)
02_CollisionDivisor_Defs.lean, BinaryCollision, InCollisionLocus, NonCoincident, §1.8
03_CollisionDivisor_ non_coincident_pair_symm, regular_iff not_collision:
Theorems.lean Pairwise diagonals A;; & complement duality X = M\ A
(572
04_SymplecticForm_Defs.lean, TangentVector3D, omegaOAt, omegal, omegal_skew, §1.8
05_SymplecticForm_ omegal_self, omegaO_tangent_nondeg, omegal_global_
Theorems.lean nondeg: Darboux 2-form wg skew-symmetry & global
non-degeneracy (13 / 9)
06_BargmannAlgebra_Defs.lean, FormallySmoothObservable, poissonBracketVal, §1.8
07 _BargmannAlgebra_ poisson_P_G_same, poisson_L_X_L_Y, poisson_L_X_P_Y, (Prop.lAﬂ
Theorems.lean poisson_L_X_G_Y: Central charge —Mior & bargmann(3)
closure (24 / 14)
Ch02_Normal 01_ReesDeformation_Defs.lean, NormalConePoint, omegaNormal, deformation_limit_ §2J
02_ReesDeformation_ zero, omegaNormal_skew, omegaNormal_nondegenerate, (Thm. 2.1,
Theorems.lean transverse_conormal_flow_symplectic: Rees Prop. 2.2)
degeneration ¢ — 0 & flat fiber symplecticity (10 / 5)
03_CanonicalSplitting_ SplittingState, ConormalIntegrator, strang §2.2
Defs.lean, 04_Canonical Composition, stepNL_preserves_base_casimir, strang_ (Thm. 2.3,
Splitting_Theorems.lean exact_casimir_preservation, strang_time_ Prop.2.4)
reversibility: 4-step Strang Casimir invariance &
reversibility (10 / 5)
05_HeavyTop_Defs.lean, 06_ HeavyTopState, conormalTorqueKick, rodrigues §2.3
HeavyTop_Theorems.lean Isometry, heavy_top_strang_casimirs_exact, heavy_ (Prop. 2.5)
top_strang_rodrigues_casimirs_exact: Exact se(3)*
Casimirs Cy = ||T||2, Co =II-T (17 / 7)
Ch03_3Body 01_PCR3BPHamiltonian_ jacobi_conservation_identity, coriolis_step_ §3.1
Theorems.lean symplectic: Autonomous synodic Jacobi integral C;=0 (Prop. 3.1)
& exact Sp(4) Coriolis propagator (5 / 2)
02_PCR3BPRegularization_ levi_civita_normal_cone_covering, levi_civita_ §3.2
Theorems.lean antipodal_covering, levi_civita_conformal_scaling: (ThHL 32)
Double covering z = u?, Z/27 fiber & conformal factor
ful® (5 / 4)
Ch04_FM O01_PartitionLattice_Defs.lean, collisionCodimension, collision_diagonal_non_ §4.1
02_ClusterHyperRadius_ transversality, hyperRadiusSq, newtonian_potential_  (Thm. 4.1)
Theorems.lean is_homogeneous, mcgehee_potential_factorization
II(N) codimension 3(k — 1) & hyper-radius pg (13 / 8)
03_MaximalFlagJacobiTree_ BinaryClusterTree, jacobi_node_exact_union, jacobi_ §4.1
Theorems.lean, 04_Disjoint node_defines_hierarchy, disjoint_cotangent_ (Prop. 4.2)

CotangentCommutation_
Theorems.lean

commutation_local: Nested flags on Q[N] &
(HED 7S =0 (12 / 8)

leaf ’ ““leaf
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TABLE 11. Module-by-module locator for the companion Lean 4 formaliza-
tion (lean4/NormalConeNBody/, Part II: Sections 4-5, Modules 19-35, and

the 5 self-contained kernel compilation suites
CertifiedSuites/SecO1..05.1lean).
Sub-Package Module Path Formal Structures, Definitions & Certified Scope

(NormalConeNBody/ . . .)

Theorems (Decls / Thms)

Ch04_FM (cont.) 01_ApexUniversal ConormalRegime, AdaptedChartApexData, apexGradBound, §4.2
LipschitzBound_Theorems.lean apexHessBound, apex_universal_lipschitz_bound: (Thm. 4A4)
Global €11 Lipschitz & Hessian bounds of W;gg??“ 97/
3)
02_LieBargmann LieBargmannGenerators, lie_bargmann_exact_ §4.2
ExactInvariance_Theorems.lean, invariance, ExtendedPhasePoint, extended_ (Props. 4.5,
03_ExtendedPalindromic palindromic_symplecticity: Exact 10-generator 4.6)
Symplecticity_Theorems.lean Galilean invariance & Poincaré-Sundman symplecticity
(15 / 7)
01_UnifiedSuperNodeDef _ isCompactCluster, super_node_time_step_sq_pos, §4.3
Theorems.lean, 02_SuperNode UnfoldedSundmanState, keplerian_conormal_time_ (Thm. 4.9)
AntiZenoRegularization_ scaling, super_node_anti_zeno_regularization:
Theorems.lean Unfolded Sundman clock & Anti-Zeno bound (9 / 5)
03_AtlasTransitionSymplectic JacobiTransitionMatrix2x2, jacobi_transition_ §4.3
AntiChattering_Theorems.lean matrix_in_sl2, cotangent_lift_preserves_darboux, (Thm. 4.10)
atlas_transition_symplectic_anti_chattering:
SL(2,R) chart transitions & dwell-time bound (9 / 5)
ChO5_Schemes 01_StrangOrderTwoSymplectic_ StrangOrderTwoSymplecticCertificate, strang_order_ §5.1
Theorems.lean two_symplectic_theorem: 7-stage palindromic Strang (Thm. 5.2)
Sa(h) extended symplecticity & odd BCH parity (17 / 7)
02_LieBargmannConservation_ LieBargmannConservationCertificate, lie_bargmann_ §5.1
Theorems.lean conservation_theorem: Exact discrete Noether (Prop. 5.3)
conservation of all 10 Lie-Bargmann generators under Sz
(22 / 12)
01_YoshidaOrderFourSuzuki_ YoshidaSuzukiCertificate, yoshida_order_four_ §5.2
Theorems.lean suzuki_theorem: Sheng-Suzuki negative-step necessity (Thm. 5.4,
(wo < 0), unitary McGehee involution B2 = Id, and Lem. 5.6)
4th-order Yoshida Sy (7 / 4)
01_BlanesMoanShadow BlanesMoanShadowConfinementCertificate, blanes_ §5.3
Confinement_Theorems.lean moan_shadow_confinement_certified: 7-stage BMEP (Thms. 5.9,
cubic order cancellation (|C5| < 0.01236) & shadow 5.10)
Hamiltonian confinement (10 / 8)
01_BlanesMoanOrderSix_ BlanesMoanOrderSixCertificate, blanes_moan_order6_ §5.4
Theorems.lean certified: 11-stage Blﬂéln order-6 RKN consistency, (Thms. 5.13,
ad?, (Ajk) = 0 nilpotence, and O(ht) phase bound (63 5.14)
/ 23)
01_CorrectorBM4_Theorems.lean ConeNormalCorrectorCertificate, cone_normal_ §5.5
corrector_bm4_certified: 2-stage palindromic Lie (Thm. 5.18)
conjugator Zfl\/[‘l(h), antipodal node/kick weights, and
exact invertibility (59 / 26)
03_ConormalCorrectorPBM4_ pbm4_order6_single_chart_cancellation, cotangent_ §5.5
Order6.lean generator_K4_solves_homological: Homological (Thms. 5.18,
equation DKy = h*HIP via Ky = BMARAD3 B e Py 5.19)
& torque-free cancellation (22 / 13)
06_ConormalGaugeTransition pbmé4_gauge_transition_cocycle, abelian_PO_gauge_ §5.5
PBM4_Order6.lean specialization: Non-commutative gauge connection (Thm. 5.20)
Tg?gm) = (ZA(LB))_1 oMy_po ZiA) & Cech 1-cocycle
closure (14 / 11)
07_GlobalConormalCorrector global_pbm4_atlas_gauge_invariance: Global atlas §5.5
PBM4_Order6.lean gauge-invariance of processed PBMy trajectories across (Thm. 5.20)
multi-chart Jacobi tree transitions (17 / 13)
08_UniversalOrderSix parity_obstruction_PO_impossible, hall_L52_ §5.5
Obstruction.lean cohomological_obstruction, universal_double_ (Thm. 5.17)
obstruction_order6: Momentum-parity obstruction
(Im(Dal|p,) € P1) & Hall class
[DpD3 Bl € H(Da,Ls52) =R (18 / 13)
Certified SecO1_Introduction.lean, Self-contained Lake compilation units for Sections 1-3 §1-§3
Suites Sec02_NormalCone.lean, Sec03_ with automated #print axioms verification confirming
ThreeBody.lean exclusive reliance on [propext, Classical.choice,
Quot.sound] (0 sorryAx)
Sec04_FultonMacPherson.lean, Self-contained Lake compilation units for Sections 4-5 &  §4-§5

Sec05_SymplecticSchemes.lean

leand/scripts/verify_lean4_suite.py (35/35 modules
certified, 99 axiom audits, 0 sorryAx)
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A.2. Companion Dual-Precision Python Engine and Benchmark Suite (normal_
cone_nbody_float64 & normal_cone_nbody_float128). Complementing the formal proof
index of §A.1, this subsection presents the directory hierarchy and module-by-module in-
dex of the dual-precision computational and benchmark suites in the companion reposi-
tory (jeremynusa-hub/normal_cone_nbody3d, DOI: 10.5281/zenodo.23982968). Every
Python badge throughout Sections 1-7 links directly to this architectural guide so that any
reader can immediately locate the exact production module, Numba @njit micro-kernel,
campaign runner, figure plotter, or certified dataset of interest.

1. Global Repository Directory Tree. The repository unites the self-contained Lean 4 +
Mathlib 4 formal proof package (1ean4/, 35 modules indexed in Tables 1011 and 5 chap-
ter suites with 0 sorryAx) and two strictly mirrored dual-precision Python engines (normal_
cone_nbody_float64/, IEEE 754 double precision with Numba @njit(fastmath=False)
micro-kernels, and normal_cone_nbody_float128/, 116-bit / 35-digit quadruple precision
via mpmath/gmpy?2), paired with 3-tier reproducibility scripts (scripts/), section interfaces
(interfaces/), campaign runners (benchmarks/), figure plotters (figures/), certified
datasets (results/campaigns/), unit test suites (tests/, 330 tests), and archival metadata
(CITATION.cff, .zenodo.json, LICENSE CC BY-NC-SA 4.0, .github/workflows/ci.yml):

Companion Archive (normal_cone_nbody3d | v1.0.1 | DOI: 10.5281/zenodo.23982968)

normal_cone_nbody3d_github/ (Root directory of the companion formal & dual-precision archive)

|- README.md, pyproject.toml, LICENSE (Traceability matrix, PEP 621 / Conda specs & CC BY-NC-SA 4.0
license)

|- CITATION.cff, .zenodo.json, .github/ (Zenodo/GitHub citation metadata & Cl: Lean 4 O-sorryAx +
pytest)

|- scripts/ reproduce_figures.py (Tier 1), run_smoke_tests.py (Tier 2),
run_full_campaigns.py

|- lean4/ [Lean 4 (v4.35.0-rc2) + Mathlib 4 Formal Proof Suite — §A.1,
Tables 10-11]

| ¢- NormalConeNBody/, lakefile.lean ChO1..05/ (35 modules, 416 decls, 214 thms),
CertifiedSuites/Sec01..05.1lean (0 sorryAx)

|- normal_cone_nbody_float64/ [IEEE-754 Float64 + Numba @njit Production Engine — 46
modules]

| |- core/ state.py, jacobi.py, coordinates.py, invariants.py,
transitions.py, constants.py, profiler.py

| |- potential/ screened_apex.py, optimized_screened_apex.py (@njit),

screening.py, supernode_detector.py, direct.py

| |- solvers/ stumpff.py, kepler_sundman.py,
optimized_kepler_sundman.py, supernode.py,
optimized_supernode.py, jit_supernode.py (@njit)

| |- integrators/ common.py (ContextVar dispatch), strang.py, yoshida.py,
yoshida4.py, blanes_moan_4.py, blanes_moan_6.py,
correctors.py, processed.py, protocol.py

| |- system/ nbody_system.py, atlas_manager.py, dyadic_scheduler.py,
history.py

| |- diagnostics/ metrics.py, collision_radar.py, radar.py, profiler.py,
visualizer.py

| ‘- benchmarks/ registry.py, runner.py (BenchmarkRunner with
use_optimized_kernels toggle)

|- normal_cone_nbody_float128/ [116-Bit / 35-Digit Float128 Mirror Engine — 46 modules]

| ‘- core/ .. benchmarks/ (Exact 1-to-1 structural mirror of all 7 sub-packages of
normal_cone_nbody_float64/ in 35-digit mpmath/gmpy2
arithmetic)

|- interfaces/ pcr3bp_canonical_solver.py, 01..06_%_Interface.py
(Standalone facades for §3 & §6)

|- benchmarks/ run_generator_01..05_x*.py, run_rebound_b1l..b4_x*.py,
contracts/00..05_%.md

|- figures/ plot_generator_01..05_*.py, plot_rebound_bl..b4d_*.py
(Publication figure generators)

|- results/campaigns/ generator_01..05_x%.json, campaign_ II_H1..H3_x.json,
rebound_b1l..b4_*.json (14 JSONs)

‘- tests/ unit/ (265 Float64 & interface tests), unit_float128/ (65

Float128 tests — 330/330 PASS)
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2. Architectural Index of the Core Packages and Optimized Micro-Kernels (normal_cone_
nbody_float64 & normal_cone_nbody_float128). Table 12 details every sub-package, ref-
erence module, and accelerated @njit micro-kernel inside normal_cone_nbody_float64/
and normal_cone_nbody_float128/, mapping its primary classes and functions to the the-
oretical definitions, theorems, and optimization tiers of Sections 1-6.

TABLE
dual-precision

12. Module-by-module
core

architectural locator for

packages normal_cone_nbody_float64/

the
and

normal_cone_nbody_float128/, the four high-performance micro-kernel
modules (§6.6), and the standalone interfaces/ directory.

Sub- Module Path (64 & 128) Key Classes, Functions & Mathematical / Algorithmic Role Manuscript
Package Scope
core/ core/state.py, ExtendedPhaseState: Immutable phase state (q,p,t, E) € Pext, §6.1, §6.2
constants.py barycentric reduction Rem = 0, Ptot =0
core/jacobi.py, JacobiNode, JacobiTree, build_optimal_tree: Maximal flag binary tree §4.1.3, §6.2
coordinates.py T € Trees(N), recursive Jacobi coordinates (ry, ws ), hyper-radius pc,
and Delaunay-Hill agglomeration (y = 1.0)
core/invariants.py compute_lie_bargmann_invariants: 10 Galilean Noether generators §4.2.4 (Prop. 1.1),
(Ptot, Ltot, Gaal, H) and Battin Wronskian audit |fg — fg — 1] §6.5
core/transitions.py apply_jacobi_transition, compute_sl2_matrix: Exact unimodular §4.3.3
SL(2,R) < Sp(6N — 6,R) chart transition M4_, g (Thm. 4.10), §6.5
potential/ potential/screened_ ScreenedApexPotential, septic_screening_theta: Reference C1! §4.2 (Thm. 4.4),
apex.py, screening.py, screened apex potential WIS, exact monopole cancellation §6.4
direct.py +W, — W, =0, and Cauchy / Hermite C?P splines ©(uy) on uy € [1,2]
potential/optimized_ [Optimized Tier 1] OptimizedScreenedApexPotential, §6.6.1 (Prop. 6.19,
screened_apex.py _njit_accumulate_apex_pairs: Precomputed Gmass, topological Table 4)
non-leaf/non-intra-supernode pair cache (idx4,idxp), scalar N = 3
fast-path (7.24x) and Numba @njit (fastmath=False) loop (62.54x at
N =64, 0.0 ULP)
potential/supernode_ SupernodeDetector: Hill tidal ratio ng with Schmitt trigger §4.3, §6.2
detector.py [271/3,2-1/6] internal hierarchy ratio yg < 3.0, and sub-Roche (Thm. 6.4)
disruption mode Ag > 0.25
solvers/ solvers/stumpff.py, KeplerSundmanSolver, stumpff_c012345: Reference universal §5.2.2, §5.2.3
kepler_sundman.py Sundman—Stumpff leaf flow @f?f, cubic Halley + 60-step bisection (Lem. 5.6), §6.4
fallback, Battin Wronskian projection, and McGehee bounce Bé =1Id
solvers/optimized_ [Optimized Tier 2] OptimizedKeplerSolver, stumpff_c0123_scalar, §6.6.2 (Rem. 6.6.2,
kepler_sundman.py step_kepler_sundman_fast: Targeted 2 X 6 Horner polynomials on cz,c3  Table 4)
with exact Stumpff recurrence, closure-free inlined Halley loop, and
direct Gauss—Battin reuse (1.62x speedup, 0.0 ULP)
solvers/supernode.py SupernodeSolver: Reference synchronous supernode flow under unfolded §4.3 (Thm. 4.9),
Sundman clock dtg = psdrs and recursive normal-cone splitting §6.4
HiY = Hi Vi
solvers/optimized_ [Optimized Tiers 3 & 4] OptimizedSupernodeSolver (zero-alloc §6.6.3 (Prop. 6.20,
supernode.py, unrolled k < 4 loops) and JitSupernodeSolver / _njit_integrate_ Table 4)
jit_supernode.py supernode (native LLVM @njit compilation, symmetric dyadic bisection
stack with half-step pair bridge, L?(pg) filter, 59.83x speedup, 0.0 ULP)
integrators/ integrators/common.py, [Optimized Tier 5] Thread-local ContextVar dispatchers §6.6.4 (Table 4)
protocol.py (_CURRENT_APEX_EVALUATOR, _CURRENT_KEPLER_SOLVER,
_CURRENT_SUPERNODE_SOLVER) inside step_drift_and_kepler,
step_apex_kick, and step_supernode_flow
integrators/strang.py, StrangIntegrator (Sz), Yoshida4Integrator (Sy), §5.1-§5.4
yoshida.py, BlanesMoan4Integrator (BMEP, 7 stages, s = 6), and (Thms. 5.2, 5.9,
blanes_moan_4.py, BlanesMoan6Integrator (BMgM), 11 stages, s = 10, 25-digit weights) 5.13)
blanes_moan_6.py
integrators/correctors.py, PalindromicCorrectorZ4, ProcessedBM4Integrator (PBMy): Cotangent §5.5 (Thms. 5.17,
processed.py generator Ky = C4BM4h4D%B € P1, 2-stage antipodal Lie conjugator 5.18, 5.20)
ZPM4(h), and covariant gauge connection T((iilf?)ﬁ(&hﬁ)
system/ system/nbody_system.py, NBodySystem(use_optimized_kernels=...), AtlasManager (Voronoi 5.6, §6.1, §6.3,
atlas_manager.py, ~v = 1.0 / hysteresis v = 0.60), and DyadicScheduler (two-endpoint §6.5
dyadic_scheduler.py, symmetric selector ksym,n, timescale triad & Leaf/Apex decoupling)
history.py
diagnostics/ diagnostics/metrics.py, SystemDiagnostics, CollisionRadar, PCR3BPNormalConeIntegrator (§3), §3.1, §3.3,
& interfaces/pcr3bp_*.py, and standalone pedagogical facades (01..06_x_Interface.py) for §6.1-§6.6
interfaces/ 01..06_*_Interface.py §6.1-§6.6
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3. Reproducibility Index of Benchmark Campaigns, Figure Plotters, and Certified Datasets.
Table 13 maps every numerical experiment, convergence table, and figure plate in Sections 1,
3, 6, and 7 to its corresponding execution script in benchmarks/, plotting script in figures/,
and certified reference output in results/campaigns/.

TABLE 13. Benchmark campaign runners, publication figure generators, and
certified JSON datasets in the companion GitHub repository.

Manuscript Section,
Figures & Tables

Campaign Runner
(benchmarks/)

Figure Plotter (figures/)

Certified JSON
Output
(results/campaigns/)

§3.3 Arenstorf Synodic
Periodic Orbit
Validation

§6.6 Table 4

(N € [3,64]
Micro-Kernel Speedups)
& Fig. 18

§7.1.1 Fig. 19 &
Table 5 (Figure-8 & 3D
Triple Dual
Convergence)

§7.1.2 Fig. 20 (Order
6 — 4 Crossover &
O(e%h*) Floor)

§7.1.3 Figs. 21-24 &
Table 6 (L1-L4: e — 1,
ZBM4 Free-Fall,
McGehee k € {2, 3,4},
Burrau/Kozai)

§7.2.1 Figs. 25-27 &
Table 7 (H1 Lexell, H2
SL9, H3 Apophis)

§7.2.2 Figs. 2829 &
Table 8 (S1 Jovian
Laplace 4:2:1, 82
Solar System & NAFF)
§7.3 Figs. 30-32 &
Table 9 (REBOUND 5.2.2
Head-to-Head B1, B2,
B4)

interfaces/pcr3bp_canonical_
solver.py

benchmarks/run_generator_01_
dual_convergence_
and_microkernels.py

benchmarks/run_generator_01_
dual_convergence_
and_microkernels.py

benchmarks/run_generator_02_
universal_obstruction_
and_shadow_gauge.py
benchmarks/run_generator_03_
unsoftened_singularity_
limit_cases.py

benchmarks/run_generator_04_
historical_encounters_
and_atlas_gauge.py

benchmarks/run_generator_05_
secular_stability_
laplace_and_laskar_naff.py

benchmarks/run_rebound_bil_
star_grazing_pericenter.py,
run_rebound_b2_
hill_crossings.py,
run_rebound_b4_
pythagorean_chaos.py

interfaces/
pcr3bp_canonical_solver.py

figures/plot_generator_01_
dual_convergence_
and_microkernels.py

figures/plot_generator_01_
dual_convergence_
and_microkernels.py

figures/plot_generator_02_
universal_obstruction_
and_shadow_gauge.py
figures/plot_generator_03_
unsoftened_singularity_
limit_cases.py

figures/plot_generator_04_
historical_encounters_
and_atlas_gauge.py

figures/plot_generator_05_
secular_stability_
laplace_and_laskar_naff.py

figures/plot_rebound_bil_
star_grazing_pericenter.py,
plot_rebound_b2_
hill_crossings.py,
plot_rebound_b4_
pythagorean_chaos.py

(Inline Arenstorf
validation)

generator_01_
dual_convergence_
and_microkernels. json

generator_01_
dual_convergence_
and_microkernels. json

generator_02_
universal_obstruction_
and_shadow_gauge. json
generator_03_
unsoftened_singularity_
limit_cases.json

generator_04_
historical_encounters_
and_atlas_gauge. json,
campaign_II_
H1..H3_*.json
generator_05_
secular_stability_
laplace_and_laskar_
naff.json

rebound_b1l_
star_grazing_
pericenter. json,
rebound_b2_
hill_crossings. json
rebound_b4_
pythagorean_chaos. json
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