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Abstract

We give real algebraic counterexamples to the existence of a minimum adapted cylin-
drical algebraic decomposition in every dimension n > 4, for a fixed coordinate order.
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1 Introduction

Cylindrical algebraic decomposition represents semialgebraic sets by finite partitions com-
patible with successive coordinate projections. A decomposition adapted to a given family
may contain cuts that are unnecessary for representing that family. Michel, Mathonet, and
Zénaidi [1] formulated the problem of removing these cuts in terms of the refinement order
on adapted decompositions. They proved that every adapted decomposition has a minimal
adapted coarsening, and that a least adapted decomposition exists in dimensions one and two.
Their examples show that such a least element can fail to exist for semialgebraic sets in every
dimension at least three. Their subsequent work [2] treats the corresponding questions for
differentiability classes and gives further counterexamples.

Michel [3] proved that every finite family of real algebraic subsets of R? admits a minimum
CAD. At the end of that paper he asked whether this remains true in arbitrary dimension. We
answer this question negatively in every dimension at least four, already for a family consisting
of one algebraic hypersurface.

The construction starts with an open semialgebraic subset of R? and two adapted Nash
decompositions that admit no common adapted coarsening. A polynomial in one additional
variable realizes that open set as its projection and has exactly four globally ordered simple
real roots over every point of the projection. These roots lift both decompositions without
subdividing their base cells. We also prove this transfer for every open semialgebraic set, using
Pecker’s elimination of inequalities [4], and construct a contractible four-dimensional example.

2020 Mathematics Subject Classification. Primary 14P10; Secondary 14P05, 68W30.
Keywords. Cylindrical algebraic decomposition, minimum decomposition, real algebraic set, semialgebraic set.


https://hexagonmath.org/abs/2611.00131v1

2 CADs and the main result

A semialgebraic set is a finite Boolean combination of real polynomial equality and inequality
sets. All coefficients may be real. For a real polynomial P in n > 1 variables, write

Zr(P) = {v € R" : P(v) = 0}.

At a real zero v, nonsingularity means that at least one first partial derivative of P is nonzero.
Absolute irreducibility means irreducibility over C.

For a polynomial P(w) = Z?:Dpjwj, with integer d > 0, and an integer j > 0, the
coefficient [w’]P is p;, or zero when the power is absent. The degree in w is the largest
exponent with nonzero coefficient; the total degree is the largest sum of exponents in a nonzero
monomial. A root of a univariate polynomial is simple when the derivative at that root is
nonzero. For V C R™*! its last-coordinate fiber over v € R™ is {w € R : (v,w) € V'}.

Fix an integer n > 1 and the coordinate order z; < --- < x,, with projection onto
initial coordinates. A complete cylindrical algebraic decomposition (CAD) is a sequence
€ = (¢1,...,%,) of finite semialgebraic partitions of R, ..., R™. The first partition consists of
finitely many points and their intervening open intervals, including the unbounded intervals.
For 2 < k < n, over each cell B € 6;_1 choose an integer ¢ > 0 and continuous semialgebraic
functions f1 < --- < f; : B — R. Their graphs are the sections; the regions between them and
below and above them are the sectors. These 2q + 1 cells form the stack over B. For ¢ = 0 the
stack is the single cell B x R. The union of all stacks is %%.

A CAD is adapted to S C R™ if S is a union of its final cells, and adapted to a finite family
if it is adapted to each member. Write ¥ < 2 when every final cell of Z is contained in a final
cell of €. This is the refinement order with coarser decompositions smaller. Write ¢ < &
when ¢ < 2 and € # 2. A minimum is a least adapted CAD; a minimal adapted CAD has
no strictly coarser adapted CAD. Counts refer to the number of cells of %, of all dimensions.

Projection preserves refinement. Indeed, for 1 < k < n, a cell B € &, is the projection of
some cell B € 9,,. If B lies in E' € %), then B lies in the projection of E’, which is a cell of
%1- Projection also preserves adaptation to images of sets: the image of a union of CAD cells
is a union of cells of the projected CAD.

A Nash manifold is a semialgebraic real analytic submanifold, and a Nash function on it is
a real analytic function with semialgebraic graph. A Nash CAD uses Nash sections; its cells
are Nash manifolds by induction. For an integer » > 0, a C" CAD uses C" sections on its base
cells; the same convention applies to C°° and real analytic sections. Regularity is required on
the individual cells. We use the CAD definition of [3], with no additional requirement that
cell boundaries be unions of cells.

Theorem 1. There is a polynomial H € Zlx,y, z,w], irreducible in Clz,y, z,w], of degree
etght in w and total degree 54, with the following properties in the order x < y < z < w.

(i) Zr(H) has two minimal adapted Nash CADs with 33 and 77 cells and no common
adapted continuous semialgebraic coarsening.

(ii) Every nonempty w-fiber has four simple real roots, globally ordered by Nash functions on
the projection. At every real zero, OH /0w # 0.

(7ii) The real zero set has four connected components, each contractible.

Consequently Zg(H) has no minimum adapted CAD in the continuous, C" (r > 1), C*°, real
analytic, or Nash class. In every dimension n > 4, a singleton family of real algebraic sets can
fail to have a minimum CAD.

An explicit H is defined in (7). Its irreducibility is proved in Theorem 6, and the other
assertions are proved in Section 5.



3 An open set with two minimal Nash CADs

For (x,y) € R?, define

_\/x2—|—y4+x y 0
h(z,y) = y? ’ T S={(z,y,2) eR®:z > h(z,y)}. (1)
0, y =0,
All square roots denote the nonnegative real square root. The function h is negative off y = 0.
It is Nash there, since 22 + y* > 0. On z < 0, rationalization gives
2
Yy
hz,y) = —————. 2
The radicand and denominator are strictly positive on this half-plane, so this formula proves

that h is Nash also across y = 0 when = < 0. Furthermore,

h(0,y) = =1 (y #0),  h(0,0) =0, ngfgl#() hz,y) = —oo (x> 0). (3)

For the last limit, the numerator in (1) tends to 2z > 0 and the denominator tends to zero
through positive values.
Define the polynomial

T(z,y,2) = y2 [y2(1 — z2) — 2xz]. (4)

Then
S={(z,y,2) : 2> 0} U{(z,y,2) : T(x,y,z) > 0}. (5)

Indeed, when y # 0, the two roots in z of y?(1 — 2?) — 2z are

—xr 4+ /2 _|_y4
5 .
Yy

h(z,y) <0<

The quadratic has negative leading coeflicient, so it is positive exactly between these roots.
Its positive interval, together with z > 0, is exactly z > h(z,y). Multiplication by 3? > 0
preserves the inequality. When y = 0, both descriptions reduce to z > 0. In particular S is
open and semialgebraic.
Construct two CADs in the order z < y < z. The CAD % has one first-level cell R and
the three planar cells
R X (—00,0), R x {0}, R x(0,00).

Over each planar cell use z = h(x,y) and its two sectors. Thus % has nine cells, three in S.

The CAD 2 cuts the z-axis at zero. Over x < 0 it uses the whole y-line; over z = 0
and x > 0 it cuts at y = 0. These give seven planar cells. Over each use z = h and its two
sectors, giving twenty-one cells, seven in S. Formula (2) proves the Nash property on the
negative-x planar cell. On the remaining planar cells the sections are either restrictions of (1)
or constants. Both CADs are therefore Nash and adapted to S.

Lemma 2. The CADs € and & have no common S-adapted continuous semialgebraic coars-
ening. Fach is minimal among continuous semialgebraic CADs adapted to S.

Proof. In a stack adapted to S, every section and sector has a fixed membership label: it is
either contained in S or disjoint from S. Since each fiber of S is the nonempty proper upper
ray (h(z,y),00), its boundary value must be one of the section values. Otherwise the sector
containing the boundary value would contain points both inside and outside S. The first stack



cell labeled inside S is always the sector immediately above that boundary section. The labels
are fixed over the base, so the boundary section has one fixed index. In particular A must be
continuous on each base cell of any adapted stack.

Suppose & =< €, % is adapted to S. Since €1 = {R}, projection gives & = {R}. The
cell (—o0,0) x R of Z5 must be contained in one cell of &;. A section over the whole z-axis
intersects this cell on every line x = x¢ < 0, splitting it between a section and sectors. Thus
the stack of & has no section, and & = {R?}.

The finitely many final section functions of & would be continuous on R? and hence
simultaneously bounded on a neighborhood of (1,0). One of their values at each (1,y) must
be h(1,y), contradicting (3). This proves the first assertion.

For minimality, a coarser section over a fixed base cannot intersect the interior of a finer
sector, since that sector would then meet two coarser cells. If the finer stack has the sole
section zero, every coarser section must therefore equal zero. The only possibilities are to keep
that section or delete it.

Every coarsening of % has the same first-level cell. At level two it either keeps y = 0 or
deletes it. Deletion leaves the impossible whole-plane base just considered. Once the planar
cells are retained, the section h over each is mandatory by the upper-ray boundary argument,
so the last-level stacks are also retained.

For 2, deletion of x = 0 would leave the whole z-axis; its negative-x whole-y cell would
then force the whole-plane base, again impossible. Retain x = 0. Over x < 0 there is no planar
cut to remove. Over x = 0, removing y = 0 would require a continuous boundary function on
the whole y-line, contrary to h(0,y) = —1 for y # 0 and h(0,0) = 0. Over = > 0, removing
y = 0 contradicts the divergence in (3), with any fixed positive x. All planar cells and their
mandatory final boundary sections therefore remain. Hence both CADs are minimal. O

4 A polynomial for a binary disjunction

In Zla, b, w], with independent variables a,b,w, put A = a? — ab + b2, the discriminant
factor of the quadratic used below. Define

A =2A(w? —2(a+ b)) — 1,
B =2[(a+b)(w? —a—1b)—Al,
Hop(w) = [A% + AB? — 4(a + b)A]” (6)
— A[2AB — 2((a+b)> + A)]*.

The four-variable polynomial of Theorem 1 is

H(;Ea Y, z, w) = Hz,T(a:,y,z) (w)v (7)
with 7" from (4).

Lemma 3. For all real a,b, the polynomial H, has four distinct simple real roots when a > 0
or b >0, and has no real roots otherwise. On the open set {(a,b) : a >0 or b > 0} its four
ordered roots are Nash functions.

Proof. For real u,d, define
G(u,d,w) = [ud(w? —u) — 1}2 — u?d. (8)

If w =0 or d = 0, this polynomial equals 1. For d < 0 and u # 0, it is a square plus the
positive number —u?d, so has no real zero. For d > 0 and u # 0, solving the squared equation



gives the two possible values

2 1 L_(U\/gi%P*‘%
w” =u+ + = .
ud ~— /d ud
The numerator is positive, so both values have the sign of u. If u < 0 there are no real roots.
If u > 0 the values are positive and distinct, and each gives two real roots. At such a root
w # 0, ud # 0, and

[ud(w? — u) — 1}2 = u?d > 0.
Consequently
oG

B = dudw [ud(w2 —u) —1] #0,

so the four roots are simple.
The monic quadratic
Q(u) = u* — 2(a + b)u + 3ab

has roots u+ = a + b+ V/A. The identity

A=(a— %b)2 + %bQ

shows that A > 0 unless a =b = 0. If a,b <0, then a +b < 0 and A < (a + b)?, so uy <0.
If ab < 0, then A > (a + b)?, so uy > 0. If a,b > 0 and one is positive, then a + b > 0 and
uy4 > 0. These cases prove

ur >0 <= a>0o0rb>0.

When (a,b) # (0,0), also Q' (u+) = +2VA.
For a monic polynomial P(u) of degree d and a polynomial R(u,w), the resultant in u
satisfies

d
Res,(P,R) = H R(aj,w),
j=1

where «; are the roots of P in a splitting field, counted with multiplicity. This identity follows
from the determinant definition of the resultant and holds after every parameter specialization
for which P remains monic of degree d.

We have the polynomial identity

H,p(w) = Resy (Q(u), G(u, 2(u — a — b),w)). 9)

To verify it, work first with independent a,b and adjoin r with r?> = A. Direct multiplication
gives

2r(a+b+r)(w?—a—-b—r)—1=A+rB,
2r(a+b+7)% =4(a+b)A + 2r((a + b)* + A).

Substitution in (8) therefore gives

G(a+b+r2rw) = A + AB% — 4(a +b)A
+7[24AB — 2((a +b)? + A)].

Multiplying by its conjugate under r — —r yields (6). The monic resultant product gives (9).
Both sides are polynomials in a, b, w, so the identity holds also at all specialized real parameters.



If (a,b) # (0,0), the product specializes to
Hgp(w) = Gluy, 2VA, w)G(u_, =2V A, w).

The second factor has no real root. The first has four simple real roots exactly when u, > 0.
At any of these roots the derivative of the first factor and the value of the second are nonzero,
so their product has nonzero derivative. At a = b = 0, formula (6) gives Hopo = 1.

On the disjunction domain set u = a 4+ b+ VA > 0 and d = 2¢/A > 0. The two positive

functions )
tr =u+ — £

1
ud ﬁ’

0 <t <ty,

give the ordered real roots

—V/tr < =t < Vto <ty (10)

Their denominators and radicands are strictly positive. Each formula is real analytic and
semialgebraic on the stated domain, proving the Nash assertion. O

Lemma 4. The polynomial H in (7) has degree eight in w and total degree 54.
Proof. Write Hgp(w) = Z?:O co;(a, b)w? . Inserting

A=2Auw?—4(a+b)A -1, B=2a+buw?—-2((a+b)?+A)
in (6), multiplying the two squares, and collecting powers of w gives

co = 16A?[81a*b* — 18a?b*(a + b) + 4(a + b)?]
+4A[9a%b* 4+ 2(a + b)] + 1,
ca = —8A{8(a+b)A[27ab® — 6ab(a +b) + 1] + 1},
cs = 8A{A[36a%b*(2(a + b)* + 3ab)
— 48ab(a + b) + 2] — 3ab}, (11)
ce = — 96abA*[6ab(a + b) — 1],
cs = 144a’b* A%
For a = z and b = T, the coefficient cg is not identically zero: z is nonzero, T'(z,y,0) = y*,
and A(0,T(x,y,0)) = 3% Thus the degree in w is eight.
Assign weights 1,6,1 to a, b, w, respectively; the weight of a’b’w” is i + 65 + k. Since T has

total degree six, the total degree after substitution is bounded by this weight. The displayed

coefficients give

term ‘co 02w2 C4w4 06w6 68w8

maximum weight ‘ 52 53 54 50 46.

For example, A has maximum weight twelve with highest-weight term b?. In cqw?, the only
term of weight 54 comes from
8A? 36a%b? 2(a + b)*w?,
and is 576a%b%w?. The highest-degree term of T is —y*22. Hence the homogeneous part of
total degree 54 in H is
57622 (—yt2?)Bwt = 576432 28w* # 0.

All other terms have smaller total degree, proving the claim. O



5 Projection and lifting

Lemma 5. Let m, N > 1 be integers, let S C R™ be semialgebraic, and let r1 < --- < ry :
S — R be continuous semialgebraic functions. Let V. C R™T be the union of their graphs.
For a V-adapted CAD 2, let P(2) be its first m levels. For an S-adapted CAD €, let L(%)
append the stack of the N root sections and their sectors over each cell in S, and the whole
last-coordinate line over each complementary cell. Let id denote the identity on the set of
S-adapted CADs. Then P and L preserve refinement and

PL =id, LP(2)=<9. (12)
For every S-adapted € and V -adapted 2,
L¥¢)22 << %€ =P2). (13)

A minimum exists in one of these two sets of adapted CADs exactly when it exists in the
other. Projection and lifting restrict to mutually inverse bijections on minimal elements. These
conclusions also hold in any of the cellwise reqularity classes of Theorem 1 when the r; have
that reqularity on the base cells.

Proof. The image of V is S, so adaptation is preserved by projection, and P is well defined.
The ordered continuous functions r; restrict to every cell of € contained in .S, making L well
defined. Projection preserves refinement as proved in Section 2.

Suppose € < €’. A cell B’ of €’ lies in a cell B of ¢, and both have the same membership
in S. Outside S, the cylinder over B’ lies in the cylinder over B. Inside S, a root graph over
B’ is the restriction of the same root graph over B, and the sector with a given root interval
is its restriction as well. Every lifted cell is therefore contained in the corresponding coarser
lifted cell. This proves that L preserves refinement, and its definition gives PL = id.

Consider a stack of a V-adapted Z over a cell B of P(Z). A sector contains an interval
in each fiber and hence cannot be contained in V', whose fibers are finite. Thus it is disjoint
from V. Over B C S, all N roots must occur among the section values. The indices of the
sections contained in V are fixed over B by adaptation. Listed in increasing order, these are
exactly r1,...,rn. Every other section and every sector lies between consecutive root sections
or outside the extreme roots, so each is contained in a cell of the canonical stack of LP(2).
Over a cell outside S, the canonical whole-line stack contains all the original stack cells. This
proves LP(Z) = 2.

Applying P to the left side of (13) proves its right side. Conversely, applying L to its right
side and using (12) gives its left side.

If 6, is least among S-adapted CADs, then 4y < P(Z) for every V-adapted 2, and (13)
makes L(%) least. If 2 is least among V-adapted CADs, then 2y =< L(%) for every S-adapted
€. Projecting gives P(%y) = €, so its projection is least.

If 2 is minimal, (12) implies ¥ = LP(Z). A strict adapted coarsening ¢ < P(Z) would
give L(%) < Z by (13); equality would contradict projection, so this would be strict. Hence
P(2) is minimal. Conversely, let ¢ be minimal and & < L(%) be V-adapted. Then P(&) < €,
so P(&) =%. Applying (12) gives L(%) < &, and equality follows. The same arguments use
functions of the specified regularity throughout. O

Proof of Theorem 1. Let V = Zr(H). Equations (5) and (7) and Lemma 3 show that the
projection of V' is exactly S and its fibers there are the four Nash roots in (10), with a = z
and b = T(z,y, z). The derivative assertion in that lemma gives 0H /0w # 0 at every real zero.
In particular all real points are nonsingular.

Lift the CADs % and Z from Section 3 by these four roots. Lemmas 2 and 5 show that
both lifts are minimal, and that a common adapted coarsening would project to a common



S-adapted coarsening, which is impossible. Each cell in S receives four sections and five sectors;
every other cell receives a whole line. The final counts are therefore

3(445)+6=33,  T(4+5)+14=7T.

The lifts are Nash and hence belong to every regularity class in the theorem. A common
coarsening in any of these classes would be a common continuous semialgebraic coarsening. A
least adapted CAD would be such a common coarsening, so none exists.

Since h < 0, every vertical ray of S contains z = 1. For 0 <t < 1, the map

(x,y,2) — (x,y, (1 —t)z + t)

stays in the same ray, is the identity at ¢ = 0, and fixes the plane z = 1. It is a strong
deformation retraction of S onto that plane, which is contractible by linear contraction in z,y.

Each ordered root graph is homeomorphic to S by projection and its continuous graph
inverse. It is closed relative to V', because for a convergent sequence in the graph whose limit
belongs to V, the limit base lies in S and continuity identifies the limiting root. It is also
open relative to V: at any base point the four roots have positive pairwise separation, which
persists in a neighborhood by continuity. Hence the four connected root graphs are exactly
the connected components of V', and each is contractible.

Lemma 4 proves the degree assertions, and Theorem 6 below proves absolute irreducibility.
For n > 4, use V x R"~4, placing the free coordinates last, and append whole-line stacks to the
two witness CADs. Projection of any common adapted coarsening to the first four coordinates
would give a common adapted coarsening of their original lifts. Thus the same obstruction
holds in every dimension n > 4. O

6 Absolute irreducibility

Theorem 6. The polynomial H in (7) is irreducible in Clx,y, z, w].

Proof. First take algebraically independent a, b and work over K = C(a,b). The polynomial
A = a® — ab + b? factors as

These distinct linear factors each occur to exponent one, so A is not a square in K: the
exponent of any irreducible polynomial in a rational-function square is even. Adjoin r with
r? = A and write L = K (r), a quadratic extension. Set v = a+b-+7 and d = 2r, both nonzero
in L. In fact r # 0, and v = 0 would imply (a + b)?> = A, contradicting 3ab # 0.

The monic normalization of (8) is the quartic

u w 2
f(w)ZC%:(wQ—U—l) —leL[w].

We prove it irreducible by two quadratic extensions. Define
T=b/a, e=r/a, F =C(re), e2=1-71+7%

Here 7 is transcendental over C, e is algebraic over C(7), and L = F(a). Thus F has
transcendence degree one and L has transcendence degree two, forcing a to be transcendental
over F'. In these coordinates d = 2ea and u = a(l + 7 + ¢). The constants e and 1+ 7 + ¢ are
nonzero in F; the latter could vanish only if (1 + 7)? = 1 — 7 + 72, which would give 37 = 0.



In F(a), the order of vanishing at a = 0 assigns to a nonzero rational function the exponent
of a in its numerator minus that in its denominator after cancellation. A square has even
order, whereas d = 2ea has order one. Hence d is not a square in L. Choose ¢ in an algebraic
closure with 62 = d, so [L(d) : L] = 2. Since a = §2/(2e),

M := L(§) = F(5).

The element § is transcendental over F', as otherwise a would be algebraic over F'. The local
coordinate change has isolated this transcendental parameter for a second order-of-vanishing
calculation.
Let k= (1+7+e)/(2e) € F\ {0}, so u = ké%. Consider
11 K205+ k6341 .

B=u+—+ <

ud 0 ko4 M.

Its numerator is a degree-six polynomial in the transcendental variable § over F'. Its derivative
is 3k02%(2kd3 4+ 1). A common root of the numerator and derivative would have either § = 0,
where the numerator is 1, or k5% = —1/2, where it is 3/4. Thus the numerator is squarefree.
Its constant term is one, so none of its irreducible factors divides 6. Any such factor occurs in
B with exponent one and does not divide the denominator. Therefore 3 is not a square in the
rational function field F(9).

Choose an algebraic element w with w? = 3. Then [M(w) : M] = 2 and

The denominator equals 1/6 and is nonzero. Thus M C L(w), M(w) = L(w), and
[L(w): L] = [M(w): M|[M : L] =4.

Since f(w) = 672 —d~! = 0, the element w is a root of the monic quartic f. Thus f is its
minimal polynomial over L and is irreducible.

Let o be the nontrivial automorphism of L/K, defined by o(r) = —r. It sends f to another
monic irreducible quartic. Their coefficients of w? are distinct, since the difference between
the corresponding centers is

(atbtrt i) = (abmr - )
a T —la+b—7r—
2r(a+b+r) 2r(a+b—r)
a+b a+b 6abA+a+b
=2 =2 = 0.
T r((a+b)? —r?) T 3abr 3abr 7

The last numerator is a nonzero polynomial: its degree-four part and its degree-one part
cannot cancel.

By (9), Hap is a nonzero element of K times fo(f). A monic factor of this product over
K factors over L as a product of a subset of these two distinct monic irreducible quartics. Its
coefficients are fixed by o, so its subset must be invariant under their exchange. Only the
empty and full subsets are invariant. Thus H, is irreducible in Kw].

For the specific substitution, a = z and b = T' = y*(1 — 2%) — 229z satisfy the rational

inverse
y'(1—a®) =0

zZ=a, T = 5

2ay

This is an equality in the function field; its denominator is a nonzero polynomial. Consequently

C(z,T,y) = C(z,y, 2).



The right side has transcendence degree three, so the three generators z, T,y on the left are
algebraically independent. Hence this is a purely transcendental extension of C(z,T") by y.
Irreducibility over a field is preserved on adjoining a transcendental element: if £ = K[w]/(g)
is a field for an irreducible g, then E[y] is an integral domain, and localization by K[y| \ {0}
shows that K (y)[w]/(g) is an integral domain. Applying this to H, proves irreducibility of
H in C(z,y, z)[w].

It remains to check that the coefficients of H as a polynomial in w have no common
nonconstant factor in C|x,y, z]. Such a factor, called a content factor, must divide the leading
coefficient

1442°T?A(z,T)*.

The defining formula and the coordinate-axis specializations give

Hop=1 (mod A),
Hyo(w) = [4a*(w? — 2a) — 1]2 — 8a?, (14)
Hyp(w) = [46*(w? — 2b) — 1]° — 81°.

For the congruence, A = —1 (mod A) in (6), and all remaining terms outside A* contain A.
The second identity also follows from (11) at b = 0, giving coefficients 16a*, —64a® — 8a?, and
64a5 + 8a> + 1 at powers w?, w?,1. The third follows by the symmetry in a, b.

Let p be an irreducible content factor. The unique factorization property implies that p
divides A(z,T), T, or z. In the first case H =1 (mod p), a contradiction. In the second case
reduction modulo p gives H = H o, whose w? coefficient is 162, Thus p also divides z. But z
is prime and 7 mod z = y* # 0, so z and T have no common factor. In the third case p is
associated to z, while the w* coefficient of H mod z = Hy 4 is 16y'® # 0 (mod z). This is
again a contradiction.

Thus the content is constant. Gauss’s lemma now transfers irreducibility from C(z,y, z)[w]
to Clx,y, z, w], completing Theorem 1. O

7 Polynomial families of counterexamples
Proposition 7. Let A € R[z] and B € R[y| satisfy
sign(A(z)) = sign(z) (z € R), B(y) =0 < y=0.
Here sign takes values —1,0,1 on negative, zero, and positive numbers. Define
Tap(z,y,2) = By)*[B(y)*(1 - 2%) — 24(x)2].

Then H, 1, 5(w) has degree eight in w, its real zeros satisfy O H, 1, 5 # 0, and its real zero set
has two minimal adapted Nash CADs with 33 and 77 cells and no common adapted continuous
semialgebraic coarsening.

Proof. For y # 0, put
_VA[@)’ + B(y)* + A(z)
B(y)? ’
and set h4 p(x,0) = 0. This function is negative off y = 0. On x < 0 it equals

B(y)?
VA(@)? + B(y)t - A(z)’

whose radicand and denominator are positive even at y = 0. Thus it is Nash on that half-plane
and on y # 0. Since A(0) = 0, it has value —1 at x = 0,y # 0 and value zero at (0,0). For any

hag(z,y) =
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fixed z > 0, its numerator tends to 2A(z) > 0 as y — 0, whereas B(y)? — 0; hence it tends to
—00.

The two roots in z of B(y)?(1 — 22) — 2A(x)z have opposite signs when y # 0, with lower
root hy p. The quadratic sign argument of (5), and the separate case y = 0, give

{z>hap(z,y)} ={2>0}U{T4p >0}

The nine- and twenty-one-cell patterns of Section 3 are Nash for this threshold by the formulas
just established. The proof of Lemma 2 uses exactly the negative-z full-y cell, the jump at
(0,0), and the divergence for each fixed z > 0; all hold here. Thus both patterns are minimal
and have no common adapted coarsening.

Apply Lemma 3 with a = 2z, b = T4 p and then Lemma 5. Every cell in the epigraph
has four root sections, giving the same counts 3-9+6 =33 and 7-9 + 14 = 77. The roots
are simple, so the last derivative is nonzero. The leading coefficient is 14422T317 sA(2,Ta B)?.
The polynomial B is nonzero and nonconstant, and T p(7,y,0) = B(y)* # 0. Thus Ty p is
nonzero. Also A(z,T4 p) is nonzero, since at z = 0 it equals B(y)®. The leading coefficient is
therefore nonzero, proving degree eight in w. O

In particular A(z) = 2?P*! and B(y) = 39, for integers p > 0 and ¢ > 1, give such a family
with integer coefficients.

8 Algebraization of open semialgebraic sets

All polynomial derivatives in this section are taken with respect to the last displayed
polynomial variable.

Lemma 8. For an integer r > 1 and a = (a1,...,a,) € R", define the monic degree-r
polynomzial
T T
Qu(t) = [J(t—ay) =D a; JT (t—an).
j=1 j=1 1<k<r
k#j

All its roots are real. It has a positive root exactly when some a; > 0. On this parameter
domain its largest root is simple and is a Nash function of a. Among the roots u of Q,, the
conditions

u>0, QW) >0 (1<j<r) (15)

select exactly that root. For r =1 the list of derivative conditions is empty.

Proof. Let D = diag(ay,...,a,), let I be the r x r identity matrix, and let 1 be the column
vector of r ones. Put B = I + 117 with T denoting transpose. For any nonzero real column
vector v,

2
vTBv:Zv?—F Z'Uj > 0.
j=1 j=1

Thus B has a positive definite symmetric square root BY/2. For t # a4, . .., a,, the determinant
formula for a rank-one perturbation gives

det(t] — DB) = ﬁ(t— a;) (1 - Z % ) = Qu(t).

j=1

tI — DB = (tI — D) — D117 factoring out the diagonal matrix tI — D reduces the determinant
to det(I —v1T) =1 — 1Tv, with v; = a;/(t — a;). The latter identity follows by decomposing
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the vector space into the kernel of 17 and one complementary direction, on which the remaining
diagonal entry is 1 — 17v. Polynomial identity then extends the determinant formula to all t.
The matrix DB is similar to the symmetric matrix BY2DB/2 since

Bl/Q(DB)Bfl/Q — B1/2DBl/2.

Hence all roots are real. For a symmetric matrix, a positive eigenvalue exists exactly when its
quadratic form is positive on some vector. Since BY/2 is invertible, the values

vI'BY2DBY?y = (BY?0)T D(BY?0)

range through those of the diagonal quadratic form of D. Such a positive value exists exactly
when some a; > 0.
Assume some a; > 0. For ¢ > max; a;, define

o)=Y 1

j=1 t— aj

As t decreases to max; a; > 0, the terms at the maximum tend to +oo and the others remain
bounded. As t — oo, g(t) — —1. Thus g has a zero. At every zero,

' a; a? a?
tgl(t)__Z(ti;j)?__z<t—aj+ (t_jaj)2> :—1—ZW<O.

j -

J

It therefore crosses from positive to negative at each zero. It is a nonzero rational function
and has finitely many zeros on this interval. Two consecutive zeros are impossible: its sign
immediately to the right of the first would be negative and immediately to the left of the
second positive, forcing another zero between them. Hence there is exactly one zero, and it is
simple. The nonzero factor [[;(¢t — a;) in the determinant identity shows that this is also a
simple root of ()4, and the only root above max;a;. It is therefore the largest root.

The largest eigenvalue of a continuous real symmetric matrix is continuous, by the Rayleigh

formula A\pax(M) = maxs~,2_; v Mv: convergence of the matrix entries gives uniform
J

convergence of the quadratic forms on this compact sphere. The positive largest root is simple,
so the implicit function theorem makes it real analytic locally in a. These local functions
coincide with the continuous largest root.

Let A be this root and list the other roots p with multiplicity. Then

Qa(A+v) :UH(U“‘)‘_M)-

I

Every difference A — p is positive. The coeflicients of all powers v/, 1 < j <r, are therefore
positive, and equal to Q((l] )(/\) /jl. Conversely, at any root u satisfying (15), Taylor’s exact
polynomial formula gives

v +o" >0 (v>0).

Qa(u+v) = 7

<

There is no root larger than u. For r > 2 its first derivative is positive, so it is simple; for r = 1
the derivative is the constant one. The equation Q,(u) = 0 and the strict polynomial inequalities
in (15) therefore describe the graph of the selected function. Its graph is semialgebraic; together
with its real analyticity this proves the Nash assertion. O
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Lemma 9. Forn > 1, real inputs x1,. .., 2y, and a polynomial variable U, define p1(x1,U) =
U—xy. Forn > 2, put

s:ij, o= @1+ Fx)rir1 (1<i<n)
j=1
and define
Po(@1s . T U) = pu_i(an, ..., an_1, (U — 5)?). (16)

These polynomials have integer coefficients and satisfy:

(i) pn is homogeneous of total degree 2"~ and monic of that degree in U. For n > 2 it is
also monic of degree 2" in x,,.

(ii) For nonnegative inputs, all its U-roots are real and belong to (0,237, x4].
(iii) A real oot of pp(x1,...,x,, w?) evists exactly when every input is nonnegative.

(iv) For positive inputs, its 2"~ roots in U are positive and simple, and their increasing
ordering consists of Nash functions on the positive orthant.

Proof. We use simultaneous induction, following the recursion of Pecker [4]. At n = 1 the sole
U-root is 21 and w? = x; has a real solution exactly when x; > 0. All assertions follow, with
derivative in U equal to one.

Assume the assertions for n — 1. Every argument substituted on the right of (16) is
homogeneous of degree two in 1, ...,,, U. Homogeneity therefore doubles to 2"~!. Only
the leading power of the last argument contributes the top U-power, with coefficient one. For
the degree in z,,, each a; has degree at most one and (U — s)? has degree two with leading
coefficient one. A degree-2"~2 monomial of p,,_; whose last-variable exponent is j has total
exponent 2”2 — j in the other variables. Its substituted z,-degree is at most 2j + (272 — j),
which is less than 2"~! unless j = 2”72, The leading last-argument power gives coefficient one.
This proves (i).

The identity

n

n—1
22%22 Z ajjxk:s2—2m? (17)
i=1 j=1

1<j<k<n

controls the roots. If all z; > 0, then all a; > 0. By induction, each lower root p satisfies
O§p§22ai232—2x?§32.
i J

The new roots are U = s+ ,/p, which lie in [0, 2s]. They account for all roots with multiplicity
because the degree doubles. If s = 0, all inputs are zero and the recursion gives p, = U 2"
This proves (ii) on the whole nonnegative orthant, and also the existence direction in (iii).

Conversely, suppose w € R and p, (21, ..., 2z, w?) = 0. The square (w? — 5)? is a root of
Pn_1 at the inputs ;. Applying (iii) inductively with the real variable w? — s forces all a; > 0.
If the input list is not identically zero, start with its first nonzero entry. Each later nonzero
entry has the same sign as the preceding nonzero prefix sum, since their product is one of the
nonnegative «;. By induction along the list, all nonzero entries have one common sign and
their prefix sums never vanish. If that sign were negative, then s < 0 and

(w? —5)? > s* > s% — Zx? = 22%‘,
j i
contradicting the lower-root bound in (ii). Hence all inputs are nonnegative, completing (iii).

13



If every x; > 0, all o; > 0. List the lower roots as
0<pr < < pgn—2 < §%

The strict upper bound follows from (17). The increasing new list is

§—fPon—2 < - < S—/p1 < S+ /p1 < < S+ 4/pon-2.

Every value is positive and the lists on the two sides of s are disjoint. At a new root the
derivative of (16) is the nonzero lower derivative multiplied by 2(U — s) # 0. The roots are
simple. Their displayed recursive formulas are compositions of Nash functions and square
roots of positive Nash functions. They are therefore Nash on the positive orthant, proving
(iv). O

Lemma 10. For an integer k > 1 and f = (f1,...,fr) € R¥, put ¢ = H?:l fj- Clearing
denominators in

Fk(faw) :qzk_lpk(flw")fk—la]-/Q7w2) (18)

defines an integer-coefficient polynomial in fi,..., fr,w. It has 2F simple real roots if every
f; >0, and no real roots otherwise. These roots have a global Nash ordering on the positive
orthant. At ¢ = 0 the polynomial equals 1 for k > 2 and —1 for k = 1.

Proof. For k > 2, expand in the last input:

ok—1

pk(Xla cee 7X/€7 U) = Z pk,j(X17 cee 7Xk—17 U)X]g7
=0

where the coefficient polynomials py ; are defined by this equality. Lemma 9(i) gives py, oe—1 = 1.
Thus the cleared expression is

21@1

—1__
Zq pk,j f17"'7fk717w2)'

It is polynomial, and at ¢ = 0 only its constant last term survives, giving 1. For k = 1, the
formula is directly F} = fiw? — 1.

If ¢ # 0, all the substituted inputs fi,..., fk—1,1/q are nonzero. By Lemma 9(iii), a real
root exists exactly when these inputs are positive. This is equivalent to positivity of all f;:
positivity of the first k — 1 and of their product with f; forces fr > 0, and the converse is
immediate. For k = 1 this says 1/f; > 0 exactly when f; > 0.

When all f; > 0, Lemma 9(iv) gives 2¢~! positive simple U-roots. Each gives the two
nonzero square roots w = +VU. At any such root,

OF; 0
LR p’“(fl, oy fre, 1/gw?) # 0,

ow
The ordered formulas in Lemma 9, composed with 1/q and these square roots, give a global
Nash ordering of the 2% roots. O

Theorem 11. Let m > 1 and let S C R™ be open and semialgebraic. There exist J €
R[x1,...,Zm,w] and an integer N > 1 such that Zg(J) has exactly N simple real points in
every last-coordinate fiber over S and no points over its complement. The ordered roots are
Nash functions on S, and 0J/0w # 0 at every real zero. Projection and canonical lifting
preserve the existence of a minimum adapted CAD and give mutually inverse bijections on
minimal adapted CADs, in each reqularity class of Theorem 1.

Given a finite strict-inequality description as in (19), the polynomial J is obtained by
polynomial arithmetic and resultants over its coefficient field.
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Proof. For S = @ take J = 1, and for § = R™ take J = w. The assertion about a fixed
number of roots is vacuous on an empty S; the empty-domain root functions allow N = 1.
Lemma 5 applies in both cases.

For a nonempty proper S, use the finite strict-inequality representation of open semialgebraic
sets, as in the proof of Pecker’s principal theorem [4, p. 312]. In conjunction-of-disjunctions

form it is
L r;
S = ﬂ U{x € R™ :a;5(x) > 0}, (19)
i=1j=1
where z = (21,...,2m), {,r; > 1 are integers, and a;; are real polynomials. This representation

also follows by distributing intersections over a finite union of basic open sets, each defined by
a conjunction of strict polynomial inequalities.
For each clause ¢, form the monic polynomial

Qi(7,ui) = Qa1 (2),... ir, (2)) (i)
from Lemma 8. Introduce u = (u1,...,uy) and concatenate the polynomial lists

into a vector f(x,u) of length K = Y%_, r;. When r; = 1, its list consists only of u;. Define
polynomials successively by

RO($7u7w) = FK(f(ZU,’LL),’UJ),
R; = Resy, (Qi, Ri—1) (1 <1 <), J = Ry.

After step ¢, R; is independent of uy, ..., u;. Each @; is monic in u;, independent of the other
auxiliary variables, and has fixed degree r;. Hence the resultant product formula specializes
without any leading-coefficient qualification.

Fix a real z, and list the roots of Q;(z,-) with multiplicity as A;1,...,Air,. Lemma 8
makes all these numbers real. Iterating the monic product identity gives exactly

71

i
J(il?,w) = H FK(f(l'a/\l,jn"'7>\€,jg);w)' (20)
n=l je=1

If © € S, each clause has a unique selected root satisfying (15), and this root is simple. Thus
exactly one root tuple makes every entry of f positive, and this tuple occurs once in the
product. Its factor has exactly N = 2% simple real roots by Lemma 10. Every other tuple
has at least one nonpositive input and contributes a factor with no real roots. If = ¢ S, one
clause has no selected root, so every factor has no real roots. No factor in either case is the
zero polynomial, since a zero polynomial would have real roots.

At a real zero wg of J(x,-), only the selected factor vanishes. The derivative of (20) is
its nonzero w-derivative multiplied by the nonzero values of all other factors. It is therefore
nonzero. The selected tuple is a Nash function of z on S by Lemma 8. Composing it with f
gives positive Nash inputs for Fg, whose global ordered root functions are Nash by Lemma 10.
These compositions supply the asserted N root functions for J. Lemma 5 now proves the
claims about adapted CADs. O
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9 Contractible algebraic zero sets

Proposition 12. For 0 < j <8, let h;(z,y,z) = [w/]H(x,y, z,w) and define
8 . .
F(x,y,z,w) Z (z,y,2)(z — 1), (21)

The real zero set of F' is contractible. In the order x <y < z < w it has two adapted Nash
CADs with 63 and 147 cells and no common adapted continuous semialgebraic coarsening. The
polynomial is reducible and has singular real zeros at every (x,y, 1,0).

Proof. For z # 1, formula (21) equals (z — 1)°H (z,y, z,w/(z — 1)). At z = 1 it vanishes for
all w. Let 1 < --- <rq: 5 — R be the global roots of H from Lemma 3. Then

Zr(F) ={(z,y,1,w) : x,y,w € R}
4

U U{(:c,y,z, (z = Dri(z,y,2)) : (z,y,2) € S}

i=1

Because h < 0, the whole plane z = 1 belongs to S, so the projection of Zg(F') onto (z,y, z) is
exactly S.
For a point with z # 1, its sheet index ¢ is unique. For 0 <¢ < 1,put zz =1+ (1 —t)(z—1)
and define its image to be
(z,y, 21, (2t — Dri(z,y, 21))- (22)

The base remains in S, since the segment from z to 1 lies in the upper ray (h(z,y),cc). For a
point (z,y,1,w) on the central hyperplane, define its image to be (z,y,1, (1 —t)w). At t =0
the map is the identity; at ¢ = 1 its image is the plane {z = 1,w = 0}. It fixes that plane for
every t.

We verify joint continuity. Off z = 1, the sheet index is locally constant by root separation,
so (22) is continuous for every ¢, including ¢ = 1, by continuity of r; near its image base in S.
Near a fixed central base point (zg, 3o, 1), openness of S and continuity of the finitely many r;
give a closed box centered at that point, contained in S, and a common bound |r;| < M there.
If the input base is sufficiently close to this point, the entire segment from z to 1 remains in
this neighborhood. For off-center inputs the last coordinate of the image satisfies

‘(zt - 1)7’i(.’E,y,Zt)’ < M(l —t)|Z - 1‘ < M‘Z - 1‘

It tends uniformly to zero as the input approaches (zg,yo, 1,0), for all ¢ € [0, 1]. For central
inputs approaching this point, |(1 — t)w| < |w| — 0. The first three coordinates are continuous
as well. At a central point with wy # 0, a sufficiently small neighborhood contains no off-center
points of Zg(F'): such points would have |w| < M|z — 1|, incompatible with w near wy.
There the formula is the continuous central scaling. These cases prove joint continuity on
Zr(F) x [0,1]. Thus it is a strong deformation retraction onto {z = 1,w = 0} & R? and a
linear contraction of that plane proves contractibility.

Over each planar cell of the two seed CADs, insert the extra section z = 1, which lies above
h. The five z-cells are

z<h, z=h, h<z<l, =z=1, z>1.

Over the first two, use the whole w-line, since their bases are outside S. Over z = 1 also use
the whole w-line, now contained in the zero set. Over h < z < 1 and z > 1, use the four scaled
root sections (z — 1)r; and their five sectors. For z < 1 their order is reversed, and for z > 1
it is preserved. On each base these functions are Nash and strictly ordered. Thus this gives
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adapted Nash CADs. Per planar cell, their final counts are 1 + 14+ 9+ 1 + 9 = 21, yielding
3-21 =63 and 7-21 = 147.

A common adapted coarsening projects to an S-adapted CAD in R3. The first two levels
of each witness are still those of ¥ and Z. The first two levels of the common coarsening
are therefore forced to be {R} and {R?} by the negative-x cylinder argument in Lemma 2.
Its final stack cannot be adapted to S because h(1,y) — —oo while finitely many continuous
global sections are locally bounded. This proves the coarsening assertion.

The polynomial F' has the factor z — 1, and the quotient is nonconstant because its w
coefficient is the nonzero polynomial hg. Thus it is reducible. Every term has a factor
(z — 1) Jw’ of degree nine in z — 1, w. Differentiation with respect to any one variable leaves
a factor of positive degree in these two variables. Hence all first partial derivatives vanish at
z =1,w = 0, proving the singularity assertion. O

8

Proposition 13. Let m > 1 and let S C R™ be open and semialgebraic. There exists a
contractible real algebraic zero set in R™12 such that projection onto the first m coordinates
and an explicit lifting preserve minimum existence and restrict to mutually inverse bijections
on minimal adapted CADs. The statement holds in each cellwise reqularity class of Theorem 1.

Proof. Let x = (z1,...,%m) and let J(x,w) be the polynomial from Theorem 11. Write

d
J(x,w) = ij(x)wj,
=0

where d is its degree in w and j; are its coefficient polynomials. Use the order z1 < -+ <
Ty <t < w and define
d
K(z,t,w) = ij(x)th_JwJ. (23)
j=0

At t = 0 this is zero for every w; for t # 0 it equals t%T1.J (2, w/t). Thus its real zero set consists
of the entire hyperplane ¢t = 0 and, off that hyperplane, the scaled root graphs w = tr;(z) for
x € S, where r; < --- < ry are the roots of J on S. When S is empty these graphs have
empty domains. The polynomial identity

K(z, M, w) = MUK (2, ¢, w)

shows that
(x,t,w) — (x, (1 — 8)t, (1 — s)w), 0<s<1,

is a strong deformation retraction of the zero set onto {t = w = 0} = R™. This proves
contractibility.
Let 2 be any K-adapted CAD and let P(2) retain its first m levels. Its projection to
(z,t) is adapted to
W =(SxR)U(R™ x {0}).

Over a fixed z-cell, all membership labels of the t-stack cells are fixed. Its fiber is the whole
t-line precisely when every stack cell is labeled inside W; if any cell is labeled outside, its
fiber is nonempty at every base point, so the fiber of W is never the whole line there. The
whole-line fiber locus of W is exactly S. Hence each z-cell lies wholly in .S or wholly outside
S, proving that P(2) is S-adapted.

The whole-w-fiber locus of Zg(K) in the (x,t) base is exactly ¢t = 0. For t # 0, J(z,-) has
finitely many roots and cannot vanish identically: such vanishing would contradict either its
simple finite root set on S or the absence of roots off S. In a K-adapted w-stack, the whole
fiber occurs exactly when all section and sector labels are inside the zero set. Therefore t = 0
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is a union of cells of the projected (z,t) CAD. Over each z-cell it must be a section: no sector
lies in ¢ = 0, and a section contained in it has function identically zero. Thus every t-stack has
the mandatory section ¢ = 0.

For an S-adapted CAD ¥, define L(%’) by the section t = 0 and its two sectors over every
x-cell. At t = 0 append the whole w-line. For ¢ # 0, append the N sections tr;(x) if the a-cell
lies in S, and the whole line otherwise. Reverse the root order on ¢ < 0. This is an adapted
CAD of the same regularity as ¢, and PL = id.

Both maps preserve refinement: projection does so, and restriction of a coarse z-cell to a
fine one restricts its zero section, sign sectors, root graphs, and root intervals. Furthermore
LP(2) = 2. At the t-level this follows from the mandatory section zero. On a refined cell
with ¢ # 0 and x € S, all scaled roots must occur as w-sections, since sectors cannot lie in
a finite fiber. Their indices are fixed by adaptation, and every other cell lies in one of the
canonical root intervals. At ¢t = 0 and outside S, the canonical whole-line w-stacks coarsen
every possible stack. These containments prove the claimed refinement relation at both added
levels.

Consequently L(%) < 2 if and only if € < P(Z), by projecting one implication and
applying L and LP(Z) =< 2 for the other. The least-element and minimal-element arguments
at the end of Lemma 5 use exactly these relations and PL = id, and apply to these two maps.
This proves the proposition. O
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