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Abstract. Abelian integrals, holomorphic differentials, period matrices and the Schottky–Klein
prime function of a Riemann surface uniformized by a classical Schottky group are given by Poincaré
theta series, which are sums over the elements of a free group. The algorithms that evaluate these
series sum a truncated, possibly adaptively pruned, portion of the Cayley tree of the group, and the
number of terms needed grows exponentially with the number of correct digits. We observe that
the sum over all group elements starting with a fixed generator is a holomorphic function on the
complement of a disc, and that these functions satisfy an exact linear functional equation coming
from the self-similarity of the Cayley tree, given by a transfer operator built from the generators.
Representing them by truncated Taylor expansions turns the evaluation of the series into a finite-
dimensional linear problem, which we solve iteratively. The resulting algorithm computes the integrals
Ωn, the period matrix and the prime function to P bits of precision; for a fixed Schottky datum
the number of arithmetic operations is cubic in P and in the genus. We prove that it converges
geometrically under a standard Schottky-type hypothesis on the group, which is closely related to
the absolute convergence of the series. Along the way we give a complete proof of the cross-ratio
formula for the period matrix, including a term that is missing from one version of it in the literature.
We compare with the existing algorithms, and illustrate the method by reproducing a published value
of the prime function and computing it to 30 digits, and by computing period matrices of genus up
to six to about 25 digits.
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Claude Code command-line agent: Claude Opus 5.5, Claude Sonnet 5.5 and Claude Haiku 5.5, all
developed by Anthropic. They were used to draft and edit the text of this article, to survey the
literature and to suggest references, to propose and check proofs and calculations, to write and run the
Sage code and the numerical experiments reported here (including the benchmarks and the examples
of Section 8), and, in separate sessions acting as referees, to criticise earlier versions of the manuscript.
No AI system is listed as an author. The author conceived the project and the algorithm’s origin in
the p-adic setting, directed all the work, and takes full responsibility for the content of the article,
including the correctness of its statements and the accuracy of its references. The software is available
at https://github.com/mmasdeu/archimedean_theta.

1. Introduction

Throughout we follow the notations from [55], which we now recall. Let G be a (classical) Schottky
group, with loxodromic generators

σ1, . . . , σN ∈ PGL2(C).
Denote by An and Bn the repelling and attracting fixed points of σn, respectively, and by µn = σ′

n(Bn),
with |µn| < 1, its loxodromic factor; thus

(1.1)
σn(z)−Bn

σn(z)−An
= µn

z −Bn

z −An
.

For convenience, we will also write σ−i = σ−1
i .

2020 Mathematics Subject Classification. 14Q99, 14H42 (14K25, 11Y99, 30F10).
1

h
e
x
a
g
o
n
:
2
6
1
1
.
0
0
1
2
8
v
1

https://github.com/mmasdeu/archimedean_theta
https://hexagonmath.org/abs/2611.00128v1


2 MARC MASDEU

Since G is freely generated by the σi, each σ ∈ G has a unique representation of the form

σ = σi1 · · ·σik , ij ∈ {±1, . . . ,±N},

where we require ij ̸= −ij+1 for all j. The list of integers [i1, . . . , ik] will be called the Tietze word
associated to σ.

Denote by Hn = ⟨σn⟩ the subgroup generated by σn. Every coset in G/Hn has a unique repre-
sentative whose Tietze word does not end in ±n, that is, a representative with Tietze word of the
form

[i1, . . . , ik], ij ∈ {±1, . . . ,±N}, ik ̸= ±n.
Consider now the series

ωn(z) =
∑

σ∈G/Hn

(
1

z − σ(Bn)
− 1

z − σ(An)

)
dz,

which is a holomorphic differential provided that the sum converges absolutely. The series ωn(z) can
be integrated to give

Ωn(z) =

∫ z

∞
ωn =

∑
σ∈G/Hn

log
z − σ(Bn)

z − σ(An)
.

One may also obtain the period matrix (Bmn)1≤m,n≤N , where Bmn =
∫ σm(z)

z
ωn (this is independent

of z and of the path, up to 2πiZ) is given by

(1.2) Bmn = δmn logµn +
∑

σ∈Hm\G/Hn

σ/∈Hn if m=n

log (Bm : Am : σ(Bn) : σ(An)) ,

with δmn being Kronecker’s delta function and (a : b : c : d) the cross-ratio

(a : b : c : d) =
(a− c)(b− d)

(a− d)(b− c)

of the points a, b, c, d. The sum runs over the double cosets, represented by the reduced words which
neither begin with σ±m nor end with σ±n, together with the trivial double coset when m ̸= n, which
contributes log(Bm : Am : Bn : An). This is the formula of [10, Theorem 30] (see also [24, (5.14)]);
the term of the trivial double coset for m ̸= n is easy to overlook, and is missing in [55, (4.4)] (see
Remark 5.2). We give a complete proof in Proposition 5.1.

These series go back to Schottky, Burnside and Baker [20, 2] (see also [34, 10]), and algorithms to
evaluate them have been proposed in the literature; we review them in Section 3. For example, [55]
studies the convergence of the series ωn and gives a priori error bounds, [42] sharpens the estimates
and the summation strategy, and [60] does the same for the product defining the Schottky–Klein prime
function. All the algorithms which evaluate the series rely on the summation of a certain finite subset
of their terms, and the number of terms which are needed grows exponentially with the target precision
(see Section 3). For the prime function of a planar circular domain there are also methods which avoid
the series altogether, by collocation [22] or by solving boundary value problems [25]; they are specific
to that setting (Schottky doubles), and for the first of them no convergence proof is available [24].

The goal of this note is to describe a polynomial-time algorithm to compute the above quantities,
by means of an iterative procedure. In fact, we will give an algorithm to compute Ωn(z) as a function
of z. By computing its derivative we will recover ωn(z). We will also give an algorithm to compute
the period matrix, and the Schottky–Klein prime function.

Origin, main ideas and results. The algorithm is the archimedean analogue of the algorithm
of Masdeu and Xarles [44] for p-adic theta functions of Mumford curves, which is where this work
originated (see Section 8).

The Cayley tree of G is self-similar: the subtree of descendants of a vertex only depends on the
last letter of the corresponding word. Consequently, the sum of the terms of the series over all words
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beginning with a given generator σi is one holomorphic function F
(i)
n on the complement of a closed

disc, and these 2N functions satisfy the linear system

F (i)
n = E(i)

n +
∑
j ̸=−i

TijF
(j)
n ,

where E
(i)
n is an explicit logarithm of a ratio of linear functions, and Tij is a “transfer operator”:

the composition with the Möbius transformation σ−1
i followed by a normalization (Theorem 2.5).

Expanding each F
(i)
n in a Taylor series in a coordinate that is natural to the disc, the operators Tij

become explicit matrices, which can be computed in O(p2) operations via a three-term recurrence
(Lemma 4.1). Our main results are:

• an algorithm (Algorithm 1) which computes Ωn, for all n, to P bits of precision with O(N3P 3)
arithmetic operations (Theorem 4.4), whereas the term-by-term summation needs 2Θ(P ) terms,
together with a proof that it converges geometrically under hypothesis (S) of Section 2, which
is closely related to the absolute convergence of the series (Remark 2.3); the constants depend
on the geometry of the Schottky datum;

• a corresponding algorithm for the period matrix (Section 5), together with a careful proof of
the classical cross-ratio formula (1.2), and for the Schottky–Klein prime function (Section 6),
the latter being the basic tool for the explicit solution of boundary value problems in multiply
connected planar domains [25, 23];

• an implementation in Sage, and numerical experiments (Section 7), including a comparison
with the truncation by word length and with a pruned summation of Bogatyrev type.

The rest of the article is organized as follows. In Section 2 we recall the necessary facts on Schottky
groups, state the convergence hypothesis, and prove the recursive structure of the series. Section 3
reviews the state of the art. Our algorithm and its analysis occupy Section 4. Section 5 and Section 6
treat the period matrix and the prime function. Section 7 reports on numerical experiments, and
Section 8 discusses applications and open directions.

2. Preliminaries

2.1. Schottky data. Let Λ be the closure of the set of limit points for G, and set Ω = Ĉ ∖ Λ, on
which G acts discontinuously. The quotient Ω/G is a Riemann surface of genus N .

We work with classical Schottky groups, given by the following data.

Definition 2.1. A Schottky datum consists of open discs Di ⊂ C, for i ∈ I = {±1, . . . ,±N}, with
centers ai and radii ri, and loxodromic σ1, . . . , σN ∈ PGL2(C) such that

(1) The closed discs Di are mutually disjoint,
(2) For all i ∈ I, we have σi(Ĉ ∖D−i) = Di.

The set
F = Ĉ ∖

⋃
i∈I

Di

is a fundamental domain for G = ⟨σ1, . . . , σN ⟩.

We will assume that all the data defining this fundamental domain is available to us, and (after a
change of coordinates) that ∞ ∈ F . The attracting fixed point Bn of σn lies in Dn, and the repelling
one An lies in D−n. The group G is not determined by the discs alone: the transformation σi is only
determined up to composition with a Möbius transformation preserving Di, and which one is chosen
changes the group.

Remark 2.2. Schmies [55] works with isometric circles (the iso-classical case), for which the discs D±i

are the interiors of the isometric circles of σ∓i. Nothing in this article requires this.

For i ∈ I we use the coordinate

(2.1) ti(z) =
ri

z − ai
,
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which identifies Ĉ ∖Di with the closed unit disc {|t| ≤ 1}, with ti(∞) = 0.

2.2. Convergence. For σ ̸= 1 with Tietze word [i1, . . . , ik], let

O(σ) = σ
(
Ĉ ∖D−ik

)
= σi1 · · ·σik−1

(
Dik

)
(a closed disc: the “outer disc of level k” in the terminology of [42]). Note that O(σ) ⊂ Di1 . We will
assume the following hypothesis, which is what makes the series of interest converge absolutely.

(S) There are constants CS > 0 and 0 < θ < 1 such that for all k ≥ 1,∑
σ∈Wk

diamO(σ) ≤ CSθ
k,

where Wk = {σ ∈ G : |σ| = k}.
Sufficient conditions for (S) go back to Burnside [20] (sufficiently small discs), and were made

quantitative by Schmies [55] and, for real hyperelliptic curves, by Bogatyrev [13, 17]. For instance, in
the setting of Theorem 1 in [42] the sum of the diameters of the inner circles of the domain σF is at
most γ−1

γ+1 times the diameter of its outer circle, where γ = maxj γj ; these inner circles are the O(σσl),
so this gives (S) with θ = γ−1

γ+1 . Our results are stated and proved under (S). We now recall why (S) is
essentially the absolute convergence of the series ωn; the facts involved are standard, we only sketch
the argument, and it is not used elsewhere.

Remark 2.3 (sketch). Let δ be the Hausdorff dimension of Λ, which is also the critical exponent of
the Poincaré series

∑
σ∈G |σ′(z)|s [58]. By the Koebe distortion theorem, diamO(σ) is comparable,

with constants that only depend on the datum and on z, to |σ′(z)| for any fixed z ∈ F , so that∑
σ∈Wk

diamO(σ)s grows like ekPr(s)+o(k), where Pr is the pressure function of the associated expand-
ing map. By Bowen’s formula [18], Pr is strictly decreasing and vanishes at s = δ. Hence (S) holds if
and only if δ < 1. On the other hand, for a classical Schottky group the Poincaré series diverges at
s = δ [58], so the series ωn, whose terms are of size ≍ |σ′(z)|, converge absolutely if and only if δ < 1
(compare [10, §1.8.2]). Sufficient geometric conditions are Schottky’s “circle decomposability” (which
holds for instance for the Schottky uniformizations of real Riemann surfaces of decomposing type by
Fuchsian groups of the second kind, see [10, Theorems 31, 32]) and the criteria of [20, 55, 17] quoted
above; there are classical Schottky groups with δ > 1, for which the series diverge (see the references
in [10, §1.8.2]). For a given datum, δ can be computed (rigorously) with the methods of [45, 52].

2.3. A recursive definition of G. For each σ ∈ G, denote by |σ| its length, namely the number of
terms in its Tietze word representation. Recall thatWk denotes the set of elements of length k. Given
σ ̸= 1, define h(σ) = σj if |σ−jσ| < |σ| (the head of σ, its first letter). As an extra piece of notation,
write

W(i)
k = {σ ∈ Wk | h(σ) = σi}

for the subset of elements in G of length k that start with the generator σi.

Lemma 2.4. For all k ≥ 1,
W(i)

k+1 =
∐
j ̸=−i

σiW(j)
k .

Proof. Every σ ∈ W(i)
k+1 is of the form σiσ̃ for a unique σ̃ ∈ Wk, and since the Tietze word of σ is

reduced, h(σ̃) ̸= σ−i. Hence σ̃ ∈ W(j)
k for some j ̸= −i. Conversely, if j ̸= −i and σ̃ ∈ W(j)

k , then σiσ̃

is reduced and belongs to W(i)
k+1. □

For a fixed n ∈ {1, . . . , N}, let Rn ⊂ G be the set of elements whose Tietze word does not end in
±n (together with the identity). It is a set of representatives of G/Hn, and we write R(i)

n = Rn ∩W(i)

for those that start with σi, with W(i) =
⋃

kW
(i)
k . The analogue of Lemma 2.4 is

(2.2) R(i)
n = {σi : |i| ̸= n} ⊔

∐
j ̸=−i

σiR(j)
n .
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Indeed, σiσ̃ with σ̃ ̸= 1 ends in ±n if and only if σ̃ does, while the word σi itself ends in ±n if and
only if |i| = n.

2.4. A recursive definition of Ωn. Note that Ωn(z) can be written as

Ωn(z) = log
∏

σ∈G/Hn

z − σ(Bn)

z − σ(An)
.

For σ ∈ Rn, the points σ(An) and σ(Bn) lie in O(σ) (because An, Bn ∈ D±n and σ does not end in
±n). We deduce from (S) that∑

σ∈Rn

∣∣σ(Bn)− σ(An)
∣∣ ≤ ∑

k≥0

∑
σ∈Wk

diamO(σ) <∞

(the term k = 0 being the single point σ = 1), so the series defining Ωn and ωn converge absolutely and
uniformly on compact subsets of Ω; note that the points σ(An), σ(Bn) are fixed points of loxodromic
elements of G, hence lie in Λ.

For i ∈ I, let

(2.3) F (i)
n (z) =

∑
σ∈R(i)

n

log
z − σ(Bn)

z − σ(An)
,

where each summand is the branch of the logarithm which vanishes at z =∞ (it is a function without
zeros or poles on the simply connected set Ĉ ∖Di which contains ∞, because both σ(Bn) and σ(An)
lie in Di). Thus

(2.4) Ωn(z) = log
z −Bn

z −An
+

∑
i∈I

F (i)
n (z), z ∈ F ,

up to the choice of the branch of the first logarithm. Each F
(i)
n is holomorphic on Ĉ∖Di and vanishes

at∞. Moreover, the singularities of (2.3) lie in the compact set Zi = σi

(⋃
j ̸=−iDj

)
, which is contained

in Di, because Dj ∩ D−i = ∅ for j ̸= −i. Hence

(2.5) Ri = min
z∈Zi

|ti(z)| > 1,

and F
(i)
n , expressed in the coordinate ti, is given by a power series

∑
m≥1 cmtmi converging on the disc

|ti| < Ri, which strictly contains the closed unit disc. Let R = mini Ri > 1.
We now describe how the functions F

(i)
n are related to each other. Let Hi denote the space of

functions holomorphic on a neighborhood of Ĉ∖Di and vanishing at ∞. For j ̸= −i we have σ−1
i (Ĉ∖

Di) = D−i ⊂ Ĉ ∖Dj , so that we may define

Tij : Hj → Hi, (Tijf)(z) = f
(
σ−1
i z

)
− f

(
σ−1
i ∞

)
.

Theorem 2.5 (Functional equation). For every i ∈ I,

F (i)
n = E(i)

n +
∑
j ̸=−i

TijF
(j)
n ,

where E
(i)
n (z) = log z−σi(Bn)

z−σi(An)
if |i| ̸= n, and E

(i)
n = 0 if |i| = n.

Proof. By (2.2), F (i)
n is the sum of E(i)

n and of the sum over j ̸= −i and σ̃ ∈ R(j)
n of log z−σiσ̃(Bn)

z−σiσ̃(An)
. If

σi =
(
a b
c d

)
, then for all z, w one has σi(z) − σi(w) =

(ad−bc)(z−w)
(cz+d)(cw+d) . Applying this with z replaced by

u = σ−1
i (z) gives

z − σi(w1)

z − σi(w2)
=

u− w1

u− w2
· cw2 + d

cw1 + d
.

Taking w1 = σ̃(Bn) and w2 = σ̃(An) we find that the σ̃-summand equals the corresponding summand
of F (j)

n evaluated at σ−1
i z, plus a constant. Since both sides vanish at z = ∞, the constant is minus



6 MARC MASDEU

the value of the first term at z =∞, which is exactly the normalization in Tij . Summing over σ̃ (the
sums converge absolutely) gives the result. □

WriteH =
⊕

i∈I Hi, Fn = (F
(i)
n )i, En = (E

(i)
n )i and let T : H → H be the operator with components

Tij (j ̸= −i) and 0 otherwise. Then Fn = En + T Fn. Unwinding using Lemma 2.4, we see that

(T kEn)
(i)(z) =

∑
σ∈R(i)

n , |σ|=k+1

log
z − σ(Bn)

z − σ(An)
,

that is, T kEn is precisely the contribution of the level k + 1 of the Cayley tree, and

(2.6) Fn =
∑
k≥0

T kEn = (1− T )−1En,

where the series converges and 1 − T is invertible on a suitable space of functions (see the proof of
Theorem 4.4). The point of this formula is that each level is not computed term by term: a level is a
vector of 2N functions, and passing to the next level is one application of the fixed operator T .

3. Existing algorithms

In this section we review the existing algorithms to compute theta functions of Schottky groups.
All of them evaluate the series in the form∑

σ∈Rn

(
explicit term attached to σ

)
over a finite subtree S0 ⊂ Rn of the Cayley tree, and differ in the way S0 is chosen and in the error
estimate for the discarded part. Note that if we normalize so that the evaluation point z is in F , the
term attached to σ is of size ≍ |σ(Bn)− σ(An)| ≤ diamO(σ).

Truncation by word length. The simplest method [30] (see also [55]) keeps all words of length at most
L, a set of 1 +

∑L
k=1 2N(2N − 1)k−1 elements. By hypothesis (S) the neglected part is O(θL), and

explicit values of θ in terms of cross-ratios of the circles are given by Bogatyrev’s lemma (Lemma 6.1
in [30], based on [17, Lemma 6.1]). The cost is exponential in the precision: to achieve error 2−P one
needs L ≈ P log 2/ log(1/θ) and hence about (2N − 1)L terms.

Bogatyrev’s and Burnside’s estimates, and adaptive summation. Bogatyrev [13] observed that the rates
at which the terms decay along different branches of the tree differ widely, and proposed to decide
separately for each branch whether to stop: one descends from a vertex σ as long as an estimate
K(σ)|σ(Bn) − σ(An)| for the total contribution of the descendants of σ is larger than a tolerance
ν (depth-first traversal, a posteriori error estimate). Schmies [54, 55] uses the sharper Burnside-type
estimates [20], valid under a criterion on the Schottky data, and orders the vertices by a weight, always
expanding the vertex of largest weight (a priority queue), which yields an a priori error estimate. Both
are described in detail in [42, §2]. Lyamaev [42, 41] proves a new estimate for the sum over a subtree
in terms of the term at its root, valid in situations where Burnside’s estimate is not applicable, and
uses it to reduce the number of terms needed “by several times in the case of slow convergence and
by tens of percent in the usual situations” (for real hyperelliptic curves, in the setting of the Schottky
model used by Bogatyrev for extremal polynomials).

Yamamoto and Miyoshi [60] apply the same philosophy to the infinite product defining the Schottky–
Klein prime function: each group element is assigned a cross-ratio “potential” bounding its contribution,
uniform bounds on how the potential changes when a generator is prepended allow an efficient enumer-
ation of the elements above a threshold, and the relative error decays exponentially in the threshold
at a rate governed by the Hausdorff dimension of the limit set. Burnside’s method is also the one used
to compute period matrices in the numerical Schottky uniformizations of [35, 37].

These methods are very effective at moderate accuracy, for which they were designed. However, their
cost grows exponentially with the number of digits, with an exponent which we now determine. Let
δ ∈ (0, 1) be as in Remark 2.3 and let mΛ be the Patterson–Sullivan measure of G, a probability measure
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on Λ which is conformal of dimension δ [58], so that mΛ(O(σ)) ≍ diamO(σ)δ by bounded distortion. A
pruned summation stops at a cut S of the tree, that is, a set of vertices whose discs O(σ) cover Λ without
overlaps; the part of the series below a vertex σ is ≍ diamO(σ), so the discarded part, bounded by the
sum of the absolute values of its terms, is ≍

∑
σ∈S diamO(σ), while

∑
σ∈S diamO(σ)δ ≍ mΛ(Λ) = 1.

By Hölder’s inequality,
∑

S diamO(σ)δ ≤ |S|1−δ
(∑

S diamO(σ)
)δ, so that a cut whose discarded part

is at most ε has at least a constant times ε−δ/(1−δ) elements, and this is attained, up to constants, by
cutting at the level set diamO(σ) ≈ ε1/(1−δ). Hence any method which sums the terms individually and
bounds the discarded part by the sum of the absolute values of its terms needs about 2δP/(1−δ) terms to
reach the accuracy 2−P : pruning improves the constant in the exponent, not the exponential growth,
and the exponent δ/(1−δ) tends to infinity as δ → 1, that is, as the data approach the boundary of the
range of convergence (compare the dimension-dependent rate in [60]). In our experiments (Section 7)
the number of terms visited by a pruned depth-first summation grows like ν−0.38 and its error decays
like ν0.62 in the tolerance ν, consistent with δ ≈ 0.38 for that datum: the number of terms is multiplied
by about 10δ/(1−δ) ≈ 4 for each additional digit.

Methods which avoid the series. For the Schottky–Klein prime function of a circular domain in the
plane, Crowdy and Marshall [22] proposed an algorithm which does not use any sum or product over
the group: the prime function (more precisely its square X = ω2) and some auxiliary functions are
expanded in Fourier–Laurent series about the centres of the circles, and the coefficients are found by
imposing the defining functional relations at collocation points on the circles and solving the resulting
overdetermined linear system by least squares (building on a code of Trefethen). In their example, 15
Laurent coefficients give 15 correct digits, while the product truncated at level 9 gives about 12; no
convergence proof is given (as noted in [24]). Their cost is polynomial in the number of circles. Write
N for the number of pairs of circles and N1 for the truncation order. Step 1 of [22, §4] has 4NN1+2N
real unknowns and at least 2N(2N1 +1) real equations, the same matrix serving for the N right-hand
sides, and Step 2 has 2NN1 complex unknowns; a dense least-squares solution therefore costs O(N3N3

1 )
operations, and each evaluation of the prime function afterwards costs O(NN1). (Adding a circle adds
only O(N1) unknowns, as remarked in [22].) This is the same exponent as ours, with N1 playing the
rôle of the number p of Taylor coefficients. What is not known is how large N1 has to be for P bits:
the Laurent coefficients should decay geometrically, so that N1 = O(P ) for a fixed domain, as in the
observed N1 = 15 for 15 digits, but neither this nor the conditioning of the least-squares problems is
proved, and the constants depend on the geometry. We implemented the method of [22] to measure it
(Section 7.7): the observed cost is cubic in N1 and in N , and about 0.7 digit is gained per coefficient.
We have not analysed the cost of the boundary value formulation of [25], whose implementation can
use fast multipole acceleration. This was superseded by the boundary value formulation of Crowdy,
Kropf, Green and Nasser [25] (see also [23]), with a public Matlab implementation (SKPrime). These
methods have the important advantage of not needing the convergence of the series, but they are
specific to Schottky doubles of planar domains. Our algorithm is also based on expansions at the
circles, but the linear system relating the coefficients is not obtained by collocation: it is derived
exactly from the group action (Theorem 2.5), applies to any classical Schottky group satisfying (S),
and the truncation order and the number of iterations are the only sources of error, which we analyze
in Theorem 4.4.

Functional equations. The idea of replacing a Poincaré series by a system of functional equations
for functions analytic in discs is not new. In the method of functional equations of Mityushev and
Rogosin [48], boundary value problems in circular multiply connected domains are reduced to systems
of functional equations, in which the unknown functions are analytic in the discs and are related
through compositions with the inversions in the boundary circles; these systems are solved by successive
approximations, which amounts to summing Poincaré series level by level, and the method has been
used to study the convergence of Poincaré series [46] and to compute them efficiently, also for nearly
touching discs [47]. Our equation Fn = En + T Fn is of the same nature. What we add, as far as
we know, is its formulation for the Abelian integrals of an arbitrary classical Schottky group (not
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Method Cost for P bits Error control

Truncation by word length [30] (2N − 1)Θ(P ) terms a priori (Bogatyrev)
Pruned DFS / priority
queue [13, 55, 42, 60]

about 2δP/(1−δ) terms a priori or a posteriori

Collocation [22] (prime
function, planar domains)

O(N3N3
1 ) operations (dense least squares), N1

coefficients per circle, with N1 = O(P ) expected
but not proved (Section 7.7)

a posteriori

Boundary value problems [25]
(prime function, planar
domains)

not analysed here; fast in practice a posteriori

This article O(N3P 3) operations, constants depending on
the datum

geometric rate,
non-explicit constants
(Thm. 4.4)

Table 1. Comparison of the cost of the algorithms to compute Ωn(z) with 2−P accuracy.

necessarily generated by inversions in the circles of a planar domain), an explicit discretization of the
transfer operator by Taylor expansions computed with the recurrence of Lemma 4.1, and a complexity
analysis with a proof of geometric convergence of the discretized iteration (Theorem 4.4). We have
not compared our implementation with theirs.

Other approaches. Starting from an algebraic model of the curve one may compute periods by nu-
merical integration, which is the standard route to Riemann matrices and the setting of the efficient
evaluation of Riemann theta functions [27]; in our setting the algebraic model is exactly what is un-
known. See also [30] for the computation of an algebraic curve from a Schottky group, where the
truncation of the Poincaré theta series limits the attainable precision, and which was one of the moti-
vations of the present work.

In Table 1 we summarize the comparison.

4. The algorithm

4.1. Transfer matrices. For j ̸= −i, let φij = tj ◦ σ−1
i ◦ t

−1
i , a Möbius transformation. It maps the

closed unit disc into the open unit disc (because σ−1
i t−1

i maps it onto D−i, which is disjoint from Dj).
In the coordinates ti and tj , the operator Tij reads

Tij

(∑
k≥1

fkt
k
)
=

∑
k≥1

fk
(
φij(u)

k − φij(0)
k
)
.

Let M (ij) ∈ Cp×p be the matrix whose entry M
(ij)
km is the coefficient of um in φij(u)

k, for 0 ≤
k,m < p. Then Tij acts, on the coefficient vector f = (f1, . . . , fp−1) of a truncated series, by f 7→(∑p−1

k=1 fkM
(ij)
km

)
m=1,...,p−1

.

Lemma 4.1. Let φ(u) = au+b
cu+d with bd ̸= 0, and for k ≥ 0 write φ(u)k =

∑
m≥0 Mkmum. Then

Mk0 = (b/d)k and, for m ≥ 0,

(m+ 1) bdMk,m+1 =
(
k(ad− bc)− (ad+ bc)m

)
Mkm − ac (m− 1)Mk,m−1.

In particular, all the entries of M can be computed with O(p2) arithmetic operations.

Proof. Put f = φk. Then f ′/f = k
(

a
au+b −

c
cu+d

)
= k(ad−bc)

(au+b)(cu+d) , i.e. (acu2 + (ad + bc)u + bd)f ′ =

k(ad− bc)f . Comparing the coefficients of um gives the recurrence. □
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For φ = φij the hypothesis bd ̸= 0 holds automatically: b/d = φ(0) = tj(σ
−1
i ∞) is finite and

nonzero, because σ−1
i ∞ ∈ D−i is a finite point different from the centre aj . (We checked that the

recurrence agrees with the straightforward computation of powers of power series to the digits displayed
below.)

Finally, the seed E
(i)
n is expanded in the coordinate ti as follows: for a point w ∈ Di, we have

z − w = ri
t

(
1 + ai−w

ri
t
)

with t = ti(z), so

(4.1) log
z − w

z − w′ = log
(
1 + ai−w

ri
t
)
− log

(
1 + ai−w′

ri
t
)
=

∑
m≥1

(−1)m+1

mrmi

(
(ai − w)m − (ai − w′)m

)
tm.

Input: A Schottky datum (Definition 2.1), a truncation order p, a number of iterations K.
Output: Coefficient vectors f (i) ∈ Cp−1, i ∈ I, approximating F

(i)
n in the coordinate ti.

Precompute: for every pair (i, j) with j ̸= −i, the matrix M (ij) (Lemma 4.1) and its
truncation M̂ (ij) =

(
M

(ij)
km

)
1≤k,m<p

;
Seeds: for |i| ̸= n compute e(i) from (4.1) with w = σi(Bn), w′ = σi(An), and e(i) = 0 for
|i| = n;
f (i) ← e(i) for all i;
for s = 1, . . . ,K do

for i ∈ I do
g(i) ← e(i) +

∑
j ̸=−i f

(j) M̂ (ij);
end
f ← g;

end
return f

Algorithm 1: Computation of Ωn

4.2. The iteration. The transfer matrices do not depend on n; only the seeds do. Hence for all the
functions Ω1, . . . ,ΩN the precomputation is shared. Given the output, Ωn(z) is evaluated for z ∈ F as

(4.2) Ωn(z) ≈ log
z −Bn

z −An
+

∑
i∈I

p−1∑
m=1

f (i)
m ti(z)

m,

and ωn(z) = Ω′
n(z) by differentiating termwise ( d

dz ti = −t
2
i /ri). For z /∈ F one first moves z into F

using the group action, via Ωn(σmz) = Ωn(z) +Bmn (see Section 5); this is cheap whenever the word
length of the element needed is small.

Remark 4.2. In an implementation, we do not need to exponentiate: the operators Tij are linear,
and act directly on the coefficients of the logarithms F

(j)
n . (Our first implementation, see Section 7,

performed the iteration on the power series of expF (j)
n , which requires an exponential and a logarithm

of a power series per step.)

Remark 4.3. Since the algorithm just computes a Neumann series (2.6) for a matrix M̂ of size 2N(p−1),
one may instead solve the linear system (1 − M̂)f = e directly, for all n at once (with N right-hand
sides). This has the same asymptotic cost O(N3p3) and avoids having to choose K. Both variants are
implemented: the cost comparison below uses the direct solver, and the experiments on the genus the
iteration.

4.3. Convergence and complexity.

Theorem 4.4. Assume (S), and let λ ∈ (θ, 1). There are constants C > 0, p0 ≥ 1 and 0 < κ < 1,
where κ only depends on the Schottky datum, such that for all p ≥ p0 and all K ≥ 0 the output of
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Algorithm 1 satisfies

sup
z∈F

∣∣∣Ωn(z)− Ω(p,K)
n (z)

∣∣∣ ≤ C
(
λK + κp

)
(modulo 2πi), where Ω

(p,K)
n is the right hand side of (4.2). In particular, if p,K ≥ c P for a constant

c which only depends on the datum, the error is O(2−P ), and the number of arithmetic operations is
O(N2p2K) for each n, that is, O(N3P 3) for all n together.

Here the operations are counted in exact arithmetic, and the constants depend on the datum (see
Remark 4.5). We have not analysed the propagation of rounding errors, and we make no claim on
the bit complexity. In the experiments of Section 7 we work with 40 to 64 bits more than the target
accuracy, and the results do not change when the precision is increased. For the matrices of Lemma 4.1,
we compared the recurrence with the computation by repeated multiplication of power series: for the
data of Section 7 and of Example 8.1, with p = 120 at 200 bits, the relative difference is below 2 ·10−62,
that is, below the working precision. In all our examples ac = 0 in Lemma 4.1, so that the recurrence
has only two terms; we have not tested the general three-term case.

Proof. Function spaces. For ρ ≥ 1 and i ∈ I let Uρ
i = {z ∈ Ĉ : |ti(z)| < ρ}, the complement of the

closed disc of centre ai and radius ri/ρ; it is an open disc in Ĉ containing ∞, and U1
i = Ĉ ∖ Di. Let

Yρ be the Banach space of tuples f = (f (i))i∈I of bounded holomorphic functions f (i) on Uρ
i vanishing

at ∞, with the norm ∥f∥ρ = maxi supUρ
i
|f (i)|. We identify f (i) with its Taylor series in ti, and denote

by Πp the truncation of each component to degree < p.
Choice of radii. For j ̸= −i we have σ−1

i (Ĉ ∖ Di) = D−i ⊂ U1
j . Moreover, the compact set

Qi = σi

(
{∞}∪

⋃
j ̸=−iDj

)
contains Zi and is contained in Di, so R′ = mini minQi |ti| > 1 and R′ ≤ R.

By compactness we may choose 1 < ρ < ρ′ < R′ such that

(4.3) Wij := σ−1
i

(
Uρ′

i

)
⊂ U1

j for all i ∈ I, j ̸= −i.

We set κ = ρ/ρ′, and write r = mini ri.
Step 1: T is bounded from Yρ to Yρ′ . If z ∈ Uρ′

i , then σ−1
i (z) and σ−1

i (∞) lie in Wij ⊂ U1
j ⊂ Uρ

j , so

(Tijf)(z) is defined, holomorphic in z ∈ Uρ′

i , vanishes at∞ and is bounded by 2∥f∥ρ. Hence ∥T f∥ρ′ ≤
2(2N − 1)∥f∥ρ. By Cauchy’s estimates, the Taylor coefficients of g ∈ Yρ′ satisfy |gm| ≤ ∥g∥ρ′ρ′−m, so
that ∥(1−Πp)g∥ρ ≤ ∥g∥ρ′κp/(1− κ). Consequently

(4.4) ∥(1−Πp)T ∥ρ→ρ ≤ C1κ
p, C1 =

2(2N − 1)

1− κ
.

Step 2: ∥T k∥ρ→ρ ≤ C2θ
k. By induction on k,

(T kf)(i)(z) =
∑

f (jk)
(
σ−1z

)
− f (jk)

(
σ−1∞

)
, σ = σiσj1 · · ·σjk−1

,

where the sum runs over the sequences (j1, . . . , jk) with j1 ̸= −i and jl+1 ̸= −jl; so σ runs over the
words of length k with head σi, each one appearing 2N − 1 times. Applying (4.3) letter by letter, and
using U1

j ⊂ Uρ′

j , we see that Vσ = σ−1(Uρ
i ) is contained in Wjk−1jk (with j0 = i), where |tjk | < 1.

There
∣∣ d
dz f

(jk)
∣∣ ≤ ∥f∥ρ/((ρ − 1)r) by Cauchy’s estimate, since

∣∣ dt
dz

∣∣ = |t|2/rjk . As Vσ is a bounded
round disc containing σ−1z and σ−1∞, each summand is bounded by diam(Vσ) ∥f∥ρ/((ρ− 1)r).

It remains to compare diamVσ with diamO(σ−1), where O(σ−1) = σ−1(Ĉ ∖ Di) because the last
letter of σ−1 is σ−i. The pole of σ−1 is q = σ(∞), and q ∈ Qi (if σ = σiσ

′′, then σ′′(∞) is ∞ or lies in
O(σ′′) ⊂ Dj1), so x = |q−ai| ≤ ri/R

′. For a Möbius transformation
(
a′ b′

c′ d′

)
with pole q inside the disc

|z−ai| < s, the image of the complement of that disc is a disc of diameter 2s|a′d′−b′c′|/
(
|c′|2(s2−x2)

)
.

Applying this with s = ri/ρ and s = ri,

diamVσ

diamO(σ−1)
=

r2i − x2

ρ (r2i /ρ
2 − x2)

≤ 1

ρ (ρ−2 −R′−2)
=: C3.
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Since σ 7→ σ−1 is a bijection of Wk, hypothesis (S) gives ∥T kf∥ρ ≤ C2θ
k∥f∥ρ with C2 = (2N −

1)C3CS/((ρ− 1)r).
Step 3: an adapted norm. Fix λ0 ∈ (θ, λ). By Step 2, c∗ =

∑
k≥0 λ

−k
0 ∥T k∥ρ→ρ < ∞, and

∥f∥∗ =
∑

k≥0 λ
−k
0 ∥T kf∥ρ is a norm on Yρ with ∥f∥ρ ≤ ∥f∥∗ ≤ c∗∥f∥ρ and ∥T f∥∗ ≤ λ0∥f∥∗. Let

Ap = ΠpT = T − (1−Πp)T . By (4.4), ∥Ap∥∗ ≤ λ0 + c∗C1κ
p ≤ λ for p ≥ p0.

Step 4: the algorithm. By the discussion following Lemma 4.1, the vectors computed by Algorithm 1
are the coefficients of f0 = ΠpEn and fs+1 = ΠpEn +Apfs: indeed, for a polynomial f the truncation
M̂ (ij) computes exactly the coefficients of degrees 1, . . . , p − 1 of Tijf . Since En, Fn ∈ Yρ′ (their
singularities lie in the sets Zi, and ρ′ < R), the fixed point F

(p)
n = (1−Ap)

−1ΠpEn exists, and ∥fK −
F

(p)
n ∥∗ ≤ λK∥f0 − F

(p)
n ∥∗, where ∥f0 − F

(p)
n ∥∗ ≤ 2c∗

1−λ∥ΠpEn∥ρ ≤
2c∗∥En∥ρ′

(1−λ)(1−κ) is bounded independently
of p (by ∥(1 − Ap)

−1∥∗ ≤ (1 − λ)−1, and by Cauchy’s estimates, as in the proof of (4.4)). Finally,
Fn = En + T Fn gives (1−Ap)Fn = ΠpEn + (1−Πp)Fn, whence

∥Fn − F (p)
n ∥∗ =

∥∥(1−Ap)
−1(1−Πp)Fn

∥∥
∗ ≤

c∗
1− λ

∥Fn∥ρ′κp

1− κ
.

For z ∈ F and every i we have z ∈ U1
i ⊂ Uρ

i , so |Ωn(z)−Ω
(p,K)
n (z)| ≤ 2N∥Fn−fK∥ρ ≤ 2N∥Fn−fK∥∗,

and the bound follows.
Cost. The matrices M̂ (ij) are computed with O(p2) operations each (Lemma 4.1), and there are

2N(2N − 1) of them; each iteration performs the same number of products of a matrix of size p − 1
by a vector, i.e., O(N2p2) operations; and one needs K = O(P ) iterations for each of the N values of
n. The seeds and the final evaluation need O(Np) operations each. □

Remark 4.5. The constant λ can be taken arbitrarily close to θ, while κ is determined by how much
the discs can be enlarged in (4.3), that is, by the gaps between the discs; C and p0 also depend on
N (through the factor 2N − 1 in C1 and C2). To reach 2−P one needs p ≈ P log 2/ log(1/κ) and
K ≈ P log 2/ log(1/λ), so the cost is O

(
N3P 3/(log(1/κ)2 log(1/λ))

)
operations: polynomial for data

whose rates stay bounded away from 1, but not uniformly in families in which the discs approach
each other or δ → 1 (compare Figure 3). The operator T is a transfer operator, in the sense of
thermodynamic formalism, for the expanding map defined by the generators on the discs, acting on
spaces of holomorphic functions; such operators are compact (indeed nuclear) and have exponentially
decaying eigenvalues, see [3] for explicit bounds. Similar operators, acting on |σ′|s instead of on
our logarithms, are the basis of the algorithms for the Hausdorff dimension of limit sets [45, 52],
and Algorithm 1 is a finite section (Galerkin) approximation of the equation (1 − T )Fn = En. The
techniques of [3] could be used to make the constants of Theorem 4.4 explicit. In practice we choose
p and K by the rule “increase p until two consecutive values of p give the same result to the desired
digits”, with K = p, which is reliable in our experiments (Section 7).

5. The period matrix

The functions Ωn are not single valued on Ω, but their differentials are G-invariant. Therefore, for
σ ∈ G the difference Ωn(σz)− Ωn(z) is a constant, which, for σ = σm is the B-period

Bmn =

∫ σm(z)

z

ωn = Ωn(σmz)− Ωn(z),

defined modulo 2πi. The A-periods are normalized:
∮
∂Dm

ωn = 2πi δmn for the positively oriented
circle, since the series converges uniformly on ∂Dm and the term attached to σ contributes 2πi times
the number of the points σ(Bn), σ(An) in Dm, counted with signs +1 and −1: for σ ̸= 1 both points lie
in O(σ), so they are both inside or both outside Dm, while for σ = 1 we have Bn ∈ Dn and An ∈ D−n.

Since z and w lie on the circles where |ti| = 1 < R, the evaluation by (4.2) converges geometrically,
with the same rate as in Theorem 4.4. The total cost is O(N3p2K) +O(N3p), i.e., O(N3P 3).

Proposition 5.1. For all m,n, the period Bmn = Ωn(σmz)− Ωn(z) is given, modulo 2πi, by (1.2).
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Input: A Schottky datum, p, K.
Output: The matrix (Bmn), up to 2πiZ.
Run Algorithm 1 for n = 1, . . . , N , sharing the precomputation;
for m = 1, . . . , N do

Choose z ∈ ∂D−m, and let w = σm(z) ∈ ∂Dm (any z will do);
for n = 1, . . . , N do

Bmn ← Ωn(w)− Ωn(z), using (4.2);
end

end
Algorithm 2: Period matrix

Proof. Fix z ∈ F , and write σm =
(
a b
c d

)
; we have c ̸= 0, since ∞ ∈ F is not a fixed point of σm. The

difference Ωn(σmz) − Ωn(z) =
∑

σ∈G/Hn

(
gσ(σmz) − gσ(z)

)
, with gσ(x) = log x−σ(Bn)

x−σ(An)
, is a difference

of two absolutely convergent series, so we may group its terms along the orbits of Hm acting on G/Hn

by left multiplication.
If m = n, the coset Hn is fixed, and its contribution is log µn by (1.1). Every other orbit is of the

form {σk
mγHn}k∈Z with all its elements distinct: if σk

mγHn = γHn with k ̸= 0, then γ−1σk
mγ ∈ Hn,

which in the free group G forces m = n and γ ∈ Hn. These orbits correspond bijectively to the double
cosets HmγHn appearing in (1.2). Fix such a γ, and put bk = σk

mγ(Bn), ak = σk
mγ(An) and gk = gσk

mγ .
The identity σm(x) − σm(y) = (ad−bc)(x−y)

(cx+d)(cy+d) gives gk(σmz) = gk−1(z) + ℓk−1 with ℓk = log cak+d
cbk+d , so

that
L∑

k=−L

(
gk(σmz)− gk(z)

)
= g−L−1(z)− gL(z) +

L−1∑
k=−L−1

ℓk.

As k → +∞ (resp. −∞) both ak and bk tend to Bm (resp. Am), so g±L(z) → 0. To compute the
ℓk, note that cx + d = −(ad − bc)/(c σm(x) − a), so that eℓk = bk+1−q

ak+1−q with q = σm(∞) = a/c. Let

u(x) = x−Bm

x−Am
, so that x− y = (Bm−Am)(u(x)−u(y))

(1−u(x))(1−u(y)) and, by (1.1), u(σmx) = µu(x) with µ = µm. Then
u(bk) = µkβ, u(ak) = µkα and u(q) = µ, where β = u(γBn) and α = u(γAn) are finite and nonzero
(two elements of a Schottky group with a common fixed point generate a cyclic group, and this is
excluded by the choice of γ). Therefore

eℓk =
(µk+1β − µ)(1− µk+1α)

(µk+1α− µ)(1− µk+1β)
=

(1− µkβ)(1− µk+1α)

(1− µkα)(1− µk+1β)
,

and the product over −L− 1 ≤ k ≤ L− 1 telescopes to (1−µ−L−1β)(1−µLα)
(1−µ−L−1α)(1−µLβ)

, which tends to β/α since
|µ| < 1. Finally

β

α
=

(γBn −Bm)(γAn −Am)

(γBn −Am)(γAn −Bm)
= (Bm : Am : γ(Bn) : γ(An)).

Summing over the orbits gives (1.2) modulo 2πi. (All the identities above hold modulo 2πi; for all but
finitely many terms the arguments of the logarithms are close to 1 and the principal branches satisfy
them exactly, so that only finitely many multiples of 2πi occur.) □

Remark 5.2. Formula (1.2) is [10, Theorem 30] (with a different convention for the cross-ratio, which
gives the same value), and agrees with [24, (5.14)]. In [55, (4.4)], on the other hand, the trivial double
coset is excluded for all m,n. This is correct for m = n (where the trivial double coset contributes
log µn instead) but not for m ̸= n: there, by the proof above, the trivial double coset HmHn contributes
log(Bm : Am : Bn : An). We also checked this numerically in the genus-2 example of Section 7: the
sum over all double cosets with a representative of length at most 10, with the trivial one included
for m ̸= n, agrees with the value of Bmn computed with Algorithm 2 to 5 · 10−10, whereas omitting it
gives an error of 0.56. The same omission explains the discrepancy with the Riemann matrix reported
in [30, §5.4], see Example 8.1.
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Since (Bmn) is symmetric (Riemann’s bilinear relations) with negative definite real part, the matrix
τ = 1

2πi (Bmn) is a Riemann matrix of the Riemann surface Ω/G. The symmetry Bmn = Bnm is a
convenient check of the output, since it is not used anywhere in the algorithm and is only satisfied up
to the truncation error: in the experiments below it holds to the accuracy we claim.

6. The Schottky–Klein prime function

Let A,B ∈ F be two points, and consider

ΘA,B(z) =
∏
σ∈G

z − σ(B)

z − σ(A)
, Θ′

A,B(z) =
∏

σ∈G∖{1}

z − σ(B)

z − σ(A)
,

which converge absolutely, for z ∈ F , under (S). The argument of Section 2 applies verbatim, with Rn

replaced by G and no exclusion in the seeds: the sums over the words beginning with σi satisfy the
system of Theorem 2.5 with E(i) = log z−σiB

z−σiA
for all i ∈ I. Algorithm 1 thus computes ΘA,B with the

same cost, and with an error bound of the same form, whose constants now also depend on A and B
(through the distance from the points σi(A), σi(B) to ∂Di).

Let D be a circular domain in the plane (the unit disc with N disjoint discs removed), and G the
Schottky group of its Schottky double, generated by the compositions of the reflections in the unit
circle and in the inner circles [22, 25]. The Schottky–Klein prime function is given, when the product
converges, by the formula of Baker [2, Ch. 12] (see [22, (15), (16)])

ω(z, w) = (z − w)
∏

σ∈G′′

(z − σw)(w − σz)

(z − σz)(w − σw)
,

where G′′ is a set of representatives of (G∖ {1})/{σ ∼ σ−1}. Since the factors for σ and σ−1 coincide,

(6.1) ω(z, w)2 = (z − w)2
Θ′

w,z(w)

Θ′
w,z(z)

= (z − w)2
∏
σ ̸=1

(z − σw)(w − σz)

(z − σz)(w − σw)
.

This is the function X(z, w) = ω(z, w)2 computed in [22], which has the advantage of not depending
on the choice of a square root. It is the quantity computed by the function SKprime of our code, from
two evaluations of Θ′

w,z.

7. Numerical experiments

7.1. Implementation and code availability. The code, in Sage [53], and scripts reproducing every
number of this section and of Examples 8.1 and 8.2, are available at https://github.com/mmasdeu/
archimedean_theta. The file schottky_theta.py is a self-contained implementation of Algorithms 1
and 2, together with two baselines: summation of all words of length at most L and the pruned depth-
first summation of Bogatyrev type (stop descending below σ when the diameter of the outer disc O(σ)
is smaller than ν; unlike the estimates in [55, 42] this has no proven error bound, so the tolerance was
lowered until the true error was below the target). The prime function (Section 6) is computed with
a first implementation, theta_arch.py, which iterates on exponentials of power series and uses the
darmonpoints package; on the examples where both apply, the two implementations agree. All timings
are for a single core; those of Tables 2 and 3 and Figures 1 and 2 were measured on an otherwise idle
server, and the others on a desktop computer.

7.2. Correctness checks. We use the genus 2 datum with discs of radius 1 centred at ±2 ± 2i,
with D±1 centred at −2 ∓ 2i and D±2 at 2 ∓ 2i (the example examples/genus2_basic.sage of the
repository), and generators determined by σi =

(
1 −ai
0 ri

)−1( 0 1
1 0

)( 1 −a−i

0 r−i

)
.

• At z = 0.3+0.1i, the difference between Ω1(z) computed by Algorithm 1 and the sum over all
words of length at most 6 (729 terms) is 3.1 ·10−6, and at length 8 (6561 terms) it is 8.7 ·10−8,
which is the size of the truncation error of the naive sum.

https://github.com/mmasdeu/archimedean_theta
https://github.com/mmasdeu/archimedean_theta
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new algorithm (all n) pruned summation (one n)

d p time (s) error ν terms time (s)

5 5 0.005 3.7 · 10−6 10−5 567 0.036
10 10 0.018 2.3 · 10−11 10−13 560 769 35.6
11 11 0.025 1.4 · 10−12 10−15 3 178 725 218
12 12 0.029 1.7 · 10−14 10−16 7 712 583 440
15 15 0.050 1.1 · 10−16 10−21 582 414 297 32 914
20 19 0.098 7.7 · 10−21 not attempted
40 39 1.27 4.7 · 10−41 not attempted
80 79 12.5 7.2 · 10−81 not attempted

Table 2. Cost versus precision for Ωn in genus 2. The new algorithm computes both
Ω1 and Ω2 (and, from the same data, the period matrix), including the precomputation
(minimum of three runs); the pruned summation computes one function. Timings on
an otherwise idle 32-core machine, one core per run.

• The period matrix computed at p = 70 and 200 bits of precision is symmetric to 2.7·10−43, and
the value of B11 is independent of the chosen point z to 3 · 10−42. At 150 bits the symmetry
defect is 6.6 · 10−21 for p = 30 and 2.0 · 10−37 for p = 60. The entries are

B11 = B22 = −2.57529955131838968508990935760 . . . ,
B12 = B21 = −0.566042371936581272131437130 . . .

• The sums over double cosets (1.2) up to length L = 5, 7, 9, 10 approach the computed matrix
with errors 4 · 10−6, 1 · 10−7, 3 · 10−9, 5 · 10−10, in all four entries (this includes the trivial
double coset, see Remark 5.2).

• Theorem 4.4 bounds the error on all of F , including the boundary circles, where convergence
is slowest. On 256 points of the four circles, the maximal error of Ω1 is 1.4 · 10−13 for p = 20
and 8.3 · 10−37 for p = 60 (about 0.58 digits per coefficient), against 4.4 · 10−22 for p = 20 at
the interior point 0.3 + 0.1i used below (about one digit per coefficient).

7.3. Cost versus precision. We compare the new algorithm with the pruned depth-first summation
on the genus 2 datum above. The reference value of Ω1(0.3 + 0.1i) is computed by the new algorithm
with p = 150 at 500 bits (it agrees with the value for p = 130 to 10−129). For each number d of
digits we report the smallest p for which the new algorithm, with the direct solver of Remark 4.3 in
ball arithmetic of 3.33d + 40 bits, has error below 10−d, and, for the pruned summation, the largest
tolerance ν (in powers of 10) for which the true error is below 10−d (in 3.33d + 40-bit floating point
arithmetic).

For the new algorithm one needs about one Taylor coefficient per digit for this datum, and the
time grows polynomially. For the pruned summation the number of terms is multiplied by about
4 = 10δ/(1−δ), with δ ≈ 0.38, for each additional digit (Section 3) (567 terms for 5 digits, 5.6 · 105 for
10, 7.7 · 106 for 12 and 5.8 · 108 for 15, which took 9.1 hours), so that by extrapolation about 6 · 1011
terms, that is, about a year of single-core computation, would be needed for 20 digits, where the new
algorithm needs 0.1 seconds. Moreover, the tolerance ν had to be taken considerably smaller than the
target accuracy (by a factor of about 103 at d = 10 and 106 at d = 15; for d = 15, the tolerances 10−19,
10−20 and 10−21 gave errors 1.0 · 10−14, 2.5 · 10−15 and 5.7 · 10−16), because the pruning criterion has
no error guarantee. The estimates of [55, 42] are designed to provide one; we did not implement them,
and we expect the number of terms they need to obey the same frontier bound of Section 3.

This comparison has limitations, which we state explicitly. Both programs are written in Sage,
but the pruned summation is a recursive interpreted loop in multiprecision arithmetic (about 60
microseconds per term), whereas the new algorithm spends its time in dense linear algebra; a compiled
implementation of the baseline in double or double-double arithmetic would be faster by two or three
orders of magnitude for d ≤ 15, which moves the crossover point to larger d but does not change
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Figure 1. Time to compute Ωn in genus 2 as a function of the number of correct digits
(data of Table 2). Note the logarithmic vertical axis: the new algorithm is polynomial
in d, the pruned summation exponential. The dashed line is the extrapolation from
d = 15.

the exponential growth. For this reason we report the number of terms, which does not depend on
the implementation. Both methods were tuned with the help of a reference value, and the pruned
summation computes one function Ωn, although a single traversal could serve all n. The interior test
point is a favourable case for the new algorithm; on the boundary circles the error is larger (Section 7,
Correctness checks). Finally, for the prime function the natural competitor is the Matlab package
SKPrime [25], which we could not run (it does not work under Octave). In the regime of about 5 digits
where the term-by-term methods are normally used, both approaches are fast (0.04 seconds against
0.005); the difference becomes decisive from about 10 digits on.

7.4. Dependence on the genus. We use the discs of the family of Fairchild and Ríos Ortiz [30]:
2g discs of the same radius tan η2−η1

2 with centres at sec η2−η1

2 ei((η2+η1)/2+2πj/g) and the complex
conjugates of these (the function point_construct of theta_arch.py), with η1 = π/(6g) and η2 =
π/(2g), but paired by the generators σi(z) = ai + rir−i/(z − a−i) of Section 7, not by those of [30];
we call these the ring family. (The family of [30] itself is treated in Example 8.1.) In Table 3 we give
the time needed to compute all N = g functions Ωn (precomputation and K = p iterations) at 160
bits, for p = 20 and p = 40, and the accuracy obtained. As a measure of the accuracy we use the
symmetry defect maxm,n |Bmn−Bnm| of the period matrix, which the algorithm does not impose, and
the distance to the result for a larger p: for g = 2 and g = 3 the matrices for p = 40 and p = 64 differ
by 2.8 · 10−25 and 6.3 · 10−26, respectively, so that p = 40 gives about 25 digits, in agreement with the
symmetry defect. For g ≥ 4 the symmetry defect is our only measure of accuracy; it is a weaker test,
since it is blind to errors which preserve the symmetry of the data. The convergence is geometric, at
a rate of about 0.6 digits per Taylor coefficient; this was checked for g = 2 and g = 3 with the direct
solver against p = 90 (errors of the period matrix 3 · 10−14, 3 · 10−25 and 8 · 10−37 for p = 20, 40, 60
when g = 2, and 2 · 10−14, 6 · 10−26 and 1 · 10−37 when g = 3).

Between g = 2 and g = 6 the time grows like g3.1 for p = 40 (and g2.6 for p = 20), in line with the
O(N3) of Theorem 4.4, while the accuracy for fixed p does not degrade as g grows and the discs get
closer; a term-by-term summation of the same series to this accuracy is out of reach.

7.5. Dependence on the geometry. The rate of convergence in p depends on how close the discs are
to each other (through R in (2.5)). We keep the genus 2 datum above but change the common radius of
the four discs to r, so that the smallest distance between two discs is 4−2r. The error of Ω1(0.3+0.1i)
for the truncation order p is shown in Figure 3. The convergence remains geometric, but the number
of digits per coefficient drops from about 1 to about 0.5 and then about 0.4 as the gap shrinks, so
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min. gap p = 20 p = 40

g between discs time (s) symm. defect time (s) symm. defect

2 0.499 0.4 3.9 · 10−14 1.9 7.7 · 10−26

3 0.342 0.8 4.7 · 10−14 6.7 5.9 · 10−26

4 0.259 1.9 2.9 · 10−14 17.7 6.9 · 10−26

5 0.208 3.8 2.2 · 10−14 32.3 6.2 · 10−26

6 0.174 6.7 1.6 · 10−14 57.2 3.3 · 10−26

Table 3. Period matrices for the ring family, 160 bits. Times include the precompu-
tation of the transfer matrices and the iterations for all n, in unoptimized Sage code
with dense matrix–vector products, on an idle machine (one core).
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∝ g3

Figure 2. Time to compute the period matrix of the ring family as a function of the
genus (data of Table 3).
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Figure 3. Error of Ω1(0.3 + 0.1i) as a function of the truncation order p for the
genus 2 datum with four discs of common radius r (smallest gap 4 − 2r); the lines
show geometric convergence, with slopes of about 1, 0.5 and 0.4 digits per coefficient.
All three curves use the direct solver of Remark 4.3 at each p; the reference is p = 120
at 200 bits. For r = 1 the values agree with Table 2.

that the cost for a fixed number of digits increases accordingly (as p3 in our implementation). Thus
for data which is close to the boundary of the range in which the series converge, the break-even point
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collocation [22] this article

N N1 = 20 N1 = 40 p = 20 p = 40
time error time error time error time error

2 5.5 2 · 10−15 45 2 · 10−27 0.6 2 · 10−28 4.1 10−51

3 22 1 · 10−15 168 2 · 10−27 1.7 2 · 10−28 11 9 · 10−52

4 46 1 · 10−15 364 1 · 10−27 2.7 2 · 10−28 19 5 · 10−52

6 171 6 · 10−16 1267 2 · 10−27 6.8 3 · 10−27 47 3 · 10−46

Table 4. Collocation versus the algorithm of this article for the prime function of
the unit disc with N discs removed: time in seconds and error.

with the adaptive summation moves, though the latter also becomes more expensive there: we did not
determine where it lies.

7.6. The Schottky–Klein prime function of a triply connected domain. Crowdy and Mar-
shall [22, §5] compute X = ω2 for the triply connected domain obtained by removing from the unit disc
the discs bounded by the circles |z− 1

2 | =
1
10 , |z− i

2 | =
1
10 , at the points z = −1−i

2 , w = 1, and report the
value 2.39754812221763+1.76164377547306 i, obtained with their collocation method (with 15 or more
Laurent coefficients), the product truncated at level 9 giving 2.39754812221900 + 1.76164377547293 i.
The quantity (6.1) for the Schottky datum of the double, computed with K = p = 40 and 400 bits of
precision, is

2.39754812221762939504895532890 + 1.76164377547305989716897377676 i,

which agrees with the published value up to 6.1 ·10−16, the rounding of the published value; the values
for p = 10, 20 and 40 are within 7 · 10−12, 8 · 10−22 and 10−30 of the value for p = 60, respectively
(distances in C). The word-length truncation of the product over words of length at most 7 (4372
elements) is only accurate to 10−10.

7.7. Comparison with collocation. To compare the cost with the method of Crowdy and Mar-
shall [22] we implemented it in Sage (collocation.py), in multiprecision arithmetic: the two least-
squares problems of [22, §4] are solved through the normal equations in ball arithmetic with 200 bits
(twice the accuracy sought), with N2 = 2N1 + 1 collocation points per circle. With N1 = 10, 15,
20 and 30 it computes the value of the previous example with errors 7 · 10−8, 1.4 · 10−10, 2 · 10−14

and 5 · 10−20, so it converges to the same value (in [22] the value is stable for N1 = 15 at the digits
shown, and our rate is somewhat slower). We then computed X = ω2 at z = 1+i

10 , w = 2−i
10 for the

unit disc with N discs of radius 1
10 removed, centred at 1

2e
2πik/N , N = 2, 3, 4, 6, comparing with our

first implementation (the same p for all discs, 400 bits) with errors measured against the value for
p = 45 (itself accurate to at least 10−46). Both are single-core Sage programs run on the same server,
not optimised, so only the trends are meaningful (Table 4). The cost of collocation is cubic in N1

(45 against 5.5 seconds for N = 2 when N1 goes from 20 to 40) and in N (the time for N1 = 40 is
multiplied by 28 when N goes from 2 to 6, an exponent of 3.0), as predicted, whereas ours grows with
exponent about 2.2 in N for p = 40 in this implementation (which iterates, rather than solving the
full linear system). In the number of correct digits collocation gains about 0.68 per coefficient, against
about 1.3 for the iteration, which is a factor of about 8 in the cubic cost for a given accuracy; for
10−27 our implementation is 76, 99, 136 and 186 times faster for N = 2, 3, 4, 6. The convergence of
collocation is geometric, as expected, but its rate and the conditioning of the least-squares problems
are not controlled by any theorem; conversely it does not require the series to converge. The cubic
exponent in N is the worst case for both (a direct solution of our system also costs O(N3p3)), so for
the same linear algebra the difference is one of constants, which depend on the implementation (we
used the normal equations, which require working at twice the precision).
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8. Applications and outlook

High-precision period matrices and algebraic recognition. A motivation for this work is the passage from
a Schottky group to an algebraic model of the curve [30], where the Riemann matrix τ = 1

2πi (Bmn) is
approximated and the coefficients of the equations are then recognized as algebraic numbers; numerical
Schottky uniformization of real curves along these lines goes back to [35, 37, 38, 56], where the period
matrices are computed with Burnside’s method. Recognition requires many more digits than the
moderate accuracy for which the term-by-term methods were designed (algorithms working from an
algebraic model, such as [49], routinely provide thousands of digits), and the algorithm of this article
makes this regime accessible: for the ring family of Section 7, the entries of τ for g = 2, . . . , 6 are
obtained to about 25 digits in under a minute each, and more digits are obtained at the price of a
larger p. The algorithm gives ωn and its derivatives as explicit expansions, which is what is needed to
compute a canonical embedding. The following example addresses a question left open in [30].

Example 8.1. For g ≥ 2 and 0 < η < θ < π/g, Fairchild and Ríos Ortiz [30, Definition 1.2] consider
the Riemann surface Sη,θ uniformized by the classical Schottky group Gη,θ which pairs the circle C1

orthogonal to the unit circle through eiη and eiθ with its complex conjugate, and the rotations of these
two circles by 2πj/g, by the Möbius transformations with positive real trace. It is an M -curve with
an action of the dihedral group of order 2g [30, Theorem 1.3]. They ask [30, §6.3] whether, for η, θ
rational, the algebraic curve Sη,θ is defined over Q. We interpret this as rational multiples of π, as
in all their examples (for rational values in radians the generators are not algebraic, and the heuristic
below does not apply). We keep their notation θ, which should not be confused with the constant of
(S).

For g = 2 they give an explicit model [30, Theorem 1.4]:

Sη,θ : y2 =

6∏
j=1

(
x− φ(xj)

)
, φ = ω2/ω1, {x1, . . . , x6} = {1,−1, eiθ, eiη, ei(π−θ), ei(π−η)},

where the xj are the Weierstrass points. All the xj lie in F , so the values φ(xj) are obtained from
Algorithm 1 by evaluating the derivative of (4.2). We take their main example (η, θ) = (π/12, π/4),
with their generators. With p = 200 and p = 240 (at 463 and 543 bits, using the iteration with
K = p, in 12 and 21 minutes on one core) we find values which agree to 109 digits. They are real
up to 10−133, and come in reciprocal pairs, φ(1)φ(−1) = φ(eiθ)φ(ei(π−θ)) = φ(eiη)φ(ei(π−η)) = 1, as
predicted by [30, Theorem 1.4]:

x φ(x) x φ(x) x φ(x)

1 −0.0871498649464 . . . eiθ 0.2448219613034 . . . eiη −0.0848342452149 . . .

−1 −11.474487087440 . . . ei(π−θ) 4.0846008857870 . . . ei(π−η) −11.787692546408 . . .

The absolute Igusa–Clebsch invariants of this sextic are

i1 = I52/I10 = 1.99201885562106565926941266785215031530687294214131 . . . · 1018,
i2 = I32I4/I10 = 2.75425460826438289552834739852060109502274709119433 . . . · 1015,
i3 = I22I6/I10 = 8.83956432659306652162737151388465431238315953340935 . . . · 1014.

If Sπ/12,π/4 were defined over Q, they would be rational numbers. We searched for integer relations
with 100 digits (algdep of PARI/GP [59] on ik/10

mk , mk = ⌊log10 ik⌋): for every degree d ≤ 8 and
each k, the integer polynomial of degree d found has height about 10100/(d+1) (for instance 1048.8 for
d = 1 and 1010.9 for d = 8, for i1), which is the size expected for a random real number, and the
residual is of the size of the working precision. Hence none of the ik is a rational number of height less
than about 1048, nor an algebraic number of degree at most 8 whose minimal polynomial has height
less than about 1010. This is numerical evidence that the answer to the question of [30] is negative
for (η, θ) = (π/12, π/4); it does not exclude rational invariants of very large height, for which there is
no a priori bound. Since the parameters are rational multiples of π, we also tested whether ik/π

n is
algebraic of degree at most 4 for |n| ≤ 30, and whether ik lies in Q[π] (degree at most 8) or in Q(π)
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(numerator and denominator of degree at most 4) with small coefficients. In all cases the relations
found by PARI are of the same size as for random real numbers of the same precision (forty controls,
treated identically; of the 36 values, one is 0.1 below the smallest control height in its test, within
the spread of the controls), so no such relation exists with small height either. With term-by-term
summation, 109 digits are far out of reach (Section 7).

A negative answer is also what one expects. For these parameters, the generators of Gη,θ have
algebraic entries. In genus 1 the corresponding statement is a theorem: a Schottky group of genus 1
is generated by z 7→ qz, and if q is algebraic, with 0 < |q| < 1, then j(q) is transcendental [4] (the
Mahler–Manin conjecture, which also holds p-adically). We are not aware of a higher-genus analogue,
and [30] state the question without conjecturing an answer.

As a cross-check, for g = 3 and the same parameters [30, §5.4] report, using words of length at most
10, the matrix with entries

τnn ≈ 0.39980895499614727 i, τmn ≈ −0.004497125148 i (m ̸= n).

We obtain (with p = 50 at 250 bits, in 30 seconds, the result agreeing with p = 30 to 7 · 10−20 and
being symmetric to 6 · 10−30)

τnn = 0.3998089542813468336080453 . . . i,

τmn = −0.0527503085055988846587939 . . . i (m ̸= n).

The diagonal agrees with theirs to 7·10−10, the accuracy of their truncation, but the off-diagonal entries
do not. The difference is the contribution 1

2πi log(Bm : Am : Bn : An) = −0.04825318274977 . . . i of
the trivial double coset: omitting it we get −0.004497125755826 . . . i, which agrees with their value to
6·10−10, and the sums over double cosets with representatives of length at most 8 reproduce their value
when the trivial double coset is omitted, and ours when it is included. Thus their numerical matrix
appears to omit that term (their Theorem 5.2 includes it), as in Remark 5.2; we refer to version 1
of [30], and we are not aware of a published version. Since the difference is not an integer matrix, it
cannot be explained by a change of the b-cycles.

Schottky uniformization of modular and Shimura curves. Every compact Riemann surface has a Schot-
tky uniformization (Koebe), and every curve defined over a number field, in particular every modular
or Shimura curve, has one by a classical Schottky group: according to the preprint [36], this holds for
every Belyi curve, that is, by Belyi’s theorem, for every curve defined over a number field. In the p-
adic world such uniformizations are arithmetic: Shimura curves at primes dividing the discriminant are
Mumford curves uniformized by explicit Schottky groups coming from definite quaternion algebras [21,
29] (see [1] for their fundamental domains), and X0(p) is a Mumford curve over Qp2 , since its stable
reduction is totally degenerate after this extension [28] (see [43] for p-adic Schottky groups and their
periods); this is the setting of [44, 33]. Over C there is no such description, and the Schottky group
has to be found by solving a transcendental problem. For a real curve with real points one may look
for it among the Schottky groups with an invariant circle, for which the series converge (Remark 2.3);
Shimura curves of discriminant D > 1 have no real points [57], so this is only available for modular
curves. The fast and precise evaluation of the curve attached to a Schottky datum makes it possible
to solve this problem by Newton’s method, as the following example shows.

Example 8.2. The modular curve X0(23) has genus 2 and the model

X0(23) : y2 = (x3 − x+ 1)(x3 − 8x2 + 3x− 7),

of discriminant 212 · 236; we checked that its numbers of points over Fp, 3 ≤ p < 60, p ̸= 23, agree
with the coefficients of the newform of level 23, whose coefficient field is Q(

√
5). Its Igusa–Clebsch

invariants are (I2, I4, I6, I10) = (−1144, 669124, −17115576, 606355001344). The sextic has two real
roots, so X0(23)(R) has one real oval. We use the real Schottky model of Bogatyrev for such curves [17]
(see [42, §1]): two discs Dj of centre cj > 0 and radius rj on the positive real half-line, D−j = −Dj ,
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and the generators

σj(u) = cj +
r2j

u+ cj
(j = 1, 2),

which map Ĉ ∖D−j onto Dj . These groups preserve the real line, so the series converge by Schottky’s
criterion (see [10, Theorem 31]). Then u 7→ −u induces the hyperelliptic involution, and the Weierstrass
points are 0, ∞ and cj ± irj . As in Example 8.1, the values of φ = ω2/ω1 at these six points give
a model y2 =

∏
k(x − φk) of the curve, and hence its absolute invariants (I4/I

2
2 , I2I4/I6, I10/I

5
2 ) as

functions of the three real parameters (r1, c2, r2), where we normalize c1 = 1. We solved the three
equations expressing that these invariants equal those of X0(23). A coarse search and a Nelder–Mead
minimization at p = 14 give a starting point, which we refined by Newton’s method (with the Jacobian
computed once, by finite differences, at p = 60), successively with p = 60, 120 and 200; the whole
computation takes about 50 minutes on one core. The discs nearly touch (the gap between D1 and D2

is about 0.042), and the convergence is about 0.24 digits per Taylor coefficient. We obtain

r1 = 0.1666951580327760609280827065351772813460 . . . ,

c2 = 1.2882213331143925842580331840891030391867 . . . ,

r2 = 0.0791274636493090013132263963050174632062 . . . ,

with an error of at most about 10−40 (the final residual is 4 · 10−44 and the inverse Jacobian has
norm about 150; the solution at p = 120 agrees to 4 · 10−30). The fixed points and multipliers of the
generators are

B1 = −A1 = 1.01379843939097291614505198297 . . . , µ1 = −0.00685194661047901954277103106 . . . ,
B2 = −A2 = 1.29064920043929657297740608307 . . . , µ2 = −0.000941445990915403693931876068 . . .

(the multipliers are negative because the σj reverse the orientation of the real line).
As an independent check, we computed the Riemann matrix of this Schottky group with Algorithm 2,

which was not used in the fit:

τ11 = − 1
2 + 0.81287551976127870033 . . . i, τ12 = τ21 = 0.68070897251165259288 . . . i,

τ22 = − 1
2 + 1.2292513977736790783 . . . i

(with p = 120; the entries are defined modulo 1, and we chose them to make τ symmetric). An integer
relation search (integer_matrix_relations in Sage, at 90 bits) between τ and the Riemann matrix
of the model above, computed by numerical integration with Sage’s RiemannSurface (see [19]), finds
a Z-module of relations of rank 2, which contains a symplectic matrix of determinant 1. So the two
matrices are equivalent under Sp4(Z), and the rank 2 reflects the real multiplication of J0(23) by
Z[ 1+

√
5

2 ].
Here the equation of X0(23) was an input, and fitting the parameters of a Schottky group to a given

curve is a classical approach to numerical uniformization [35, 37, 56]; what is new is the precision.
Obtaining the Schottky group of a modular curve from the modular side alone is possible in principle:
the covering map H → Ω is a quotient of solutions of a differential equation y′′ + 1

2qy = 0, where
q is a Γ0(N)-invariant quadratic differential whose 3g − 3 coefficients are fixed by requiring trivial
monodromy along the chosen a-cycles. With such a computation, Algorithm 1 would then produce
the canonical model of the curve without using any equation. We leave this for future work.

Conformal mapping and potential theory in multiply connected domains. The Schottky–Klein prime
function is the basic ingredient of the explicit formulas for conformal maps from multiply connected
circular domains, Green’s functions and harmonic measures, and of the solutions of boundary value
problems arising in fluid mechanics and elsewhere [22, 25, 23]. As Section 6 shows, the algorithm applies
to this setting whenever the product converges (for instance for all Schottky groups of Fuchsian type,
see [24]), giving the prime function to 30 digits in about 4 seconds with the first implementation
(Section 7). It is also natural to use it to uniformize real hyperelliptic M -curves as in [24].
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Other applications. Schottky models of real hyperelliptic curves are used for Chebyshev polynomials
for several intervals and multiband filters [13, 17, 15], the capacity of condensers [8], the filtration under
a stepped dam [16] and planar magnetic nanoelements [14]; Schottky uniformization also appears in
finite-gap integration [9, 6, 40], in dimer models [12, 11], and in the construction of higher-genus
polylogarithms [5, 7], whose integration kernels are Poincaré series. These computations often involve
large genus or slow convergence, where term-by-term summation is most expensive, but where the rates
κ, λ of Theorem 4.4 also deteriorate (Figure 3); the break-even point should be determined on specific
examples. We expect the method to extend to other Poincaré series (of higher weight, or twisted by
characters), with T replaced by a weighted composition operator.

The p-adic origin of the algorithm. This work originated in the p-adic setting, where the analogue of
Ωn is the theta function of a Mumford curve, an infinite product over the Schottky group [32, 31].
Masdeu and Xarles [44] gave an iterative algorithm, polynomial in the precision, which computes these
theta functions as locally analytic functions without enumerating group elements (see also [50, 51]
for earlier algorithms, [33, 26] for applications to p-adic singular moduli, and [39] for p-adic Abelian
integrals and heights). The algorithm of this article is its archimedean counterpart: the structure
which makes both work is the same, namely that the subtree below a vertex depends only on its last
letter, and that the sum over it is an analytic function on the complement of a disc. What is specific to
the archimedean case is that convergence rests on hypothesis (S), and that the functions are logarithms
of products, which require the normalization at ∞.

Limitations and further work. We assume (S), that is, the absolute convergence of the series, as all
the algorithms which sum them; the methods of [22, 25] do not need it, but only apply to the prime
function of planar domains. It would be interesting to know whether the equation (1−T )F = E, which
makes sense without (S), can be used beyond the range of convergence. We have not compared with
the methods of Mityushev and coauthors [48, 47] or with SKPrime [25]. The constants in Theorem 4.4
are not explicit, and we have not analysed rounding errors: it would be desirable to have explicit and
rigorous a priori bounds for p and K, as are available in the algorithms of Schmies and Lyamaev, using
the methods of [3] and interval arithmetic for the matrix recurrence (we noted that a naive use of ball
arithmetic produces enclosures which are too wide for the larger examples). The algorithm treats the
discs as given: finding Schottky data for a given curve (“numerical uniformization”, see e.g. [56]) is a
separate problem, which is not addressed here.
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