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Abstract

We construct an explicit sixth-order Hurwitz-stable interval polynomial family with in-
dependent closed coefficient intervals that admits a common strictly positive real (SPR)
numerator of degree six, yet admits no common weak strictly positive real (WSPR) numer-
ator of degree five. More strongly, no nonzero real polynomial of degree at most five makes
the real part of the associated transfer functions nonnegative across the family at all real
frequencies. This counterexample shows that, for sixth-order interval polynomial families,
robust Hurwitz stability does not guarantee the existence of a strictly proper common SPR,
or WSPR numerator of degree five, and equal numerator degree six is necessary in general.
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family; Hurwitz stability; numerator degree necessity

1 Introduction

Strictly positive real (SPR) and weak strictly positive real (WSPR) transfer functions play
a fundamental role in passivity, absolute stability, adaptive control, and output-error system
identification [3, 10]. When the coefficients of the plant denominator vary within uncertainty
intervals, the robust SPR synthesis problem seeks a single fixed real numerator polynomial
that renders the transfer function strictly positive real for every admissible denominator in the
family and at all real frequencies.

For a prescribed numerator and an interval family of denominators, frequency-domain pos-
itive realness reduces to checking four extreme vertex combinations [1, 6], just as Kharitonov’s
theorem [5] reduces robust Hurwitz stability to four vertex polynomials. Synthesis, however,
requires finding a common numerator satisfying infinitely many frequency inequalities simul-
taneously. For Hurwitz-stable interval families of order n < 4, Anderson et al. [1], Betser
and Zeheb [2], and Yu and Wang [7, 6] proved that a common SPR numerator always exists,
including strictly proper solutions with numerator degree n — 1. Related synthesis results for
convex combinations (segments) of fifth-order, sixth-order, and arbitrary-order polynomials
were established in [8, 9, 11].

A basic question in robust SPR synthesis is whether every robustly Hurwitz-stable nth-
order interval polynomial family admits a common SPR or WSPR numerator of degree n — 1,
or whether an equal-degree numerator of degree n is strictly required. In the classical two-stage
synthesis framework [10], the existence of a degree-n SPR numerator is often approached by
showing that the monic degree-(n — 1) WSPR numerator sets of the family members have a
nonempty intersection. In this paper, we show that this property fails for sixth-order interval
polynomial families (n = 6). Specifically, we construct an explicit Hurwitz-stable sixth-order
interval family that possesses a common SPR numerator of degree six, but admits no common
WSPR numerator—and indeed no nonzero common weak positive-real numerator—of degree
at most five.
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2 Problem Formulation and the Main Counterexample

Consider an nth-order monic interval polynomial family

n—1
IC:{a(s):sn+2aksk:€k§ak§uk,nggn—l}, (2.1)

k=0
where the coefficients ag, ..., a,—1 vary independently in the closed intervals [(x, ug]. A poly-

nomial a(s) € R[s] is Hurwitz stable if all of its complex roots lie in the open left half-plane
{s € C: Res < 0}, and the family K is robustly Hurwitz stable if every a € K is Hurwitz
stable.

Following [10], for a Hurwitz-stable denominator a(s) of degree n and a numerator b(s) €
R[s], the transfer function b(s)/a(s) is called:

(i) equal-degree strictly positive real (SPR) if degb = n and

b(iw)

Re a(iw)

>0 (YweR); (2.2)

(ii) weak strictly positive real (WSPR) of degree n—1 if degb = n—1 and (2.2) holds for all w €
R (so that Re[b(iw)/a(iw)] > 0 at all finite frequencies while lim,_, Re[b(iw)/a(iw)] =
0);

(iii) weakly positive real on the imaginary axis if

i 20 (weER). (2.3)

Every common WSPR numerator of degree n — 1 (or at most n — 1) for K is, in particular, a
nonzero polynomial of degree at most n — 1 satisfying (2.3) for all a € K.

For n = 6 and t = w? > 0, decompose any denominator a(s) = s% + 22:0 aps® € K and
any candidate numerator p(s) = 22:0 Brs® into their even and odd parts along the imaginary
axis:

a(iw) = Ea(t) + w0a(),  pliw) = Py(t) + iwQy(t), (2.4)
where
E,(t) = —t3 + aqt® — ast + ao, O,(t) = ast? — ast + ay, (2.5)
By(t) = —PBet® + Bat® — Bot + Bo, Qp(t) = Bst® — Pst + Bu. ‘
Define the frequency pairing polynomial
P(a,p;t) = Py(t)Eq(t) +t Qp(t)Ou(t). (2.6)
Whenever a(iw) # 0, we have
JPiw) @ (a, p;w?) _ ®(a,pyw?) (27)
aliw)  Eu(w?)? + w20, (w?)? la(iw)|? ’
The extreme even and odd denominator polynomials on ¢ > 0 are
Eo(t) = —t3 + 04t —ugt + Lo, E1(t) = =3 + ugt?® — Lot + uo, 28)

Oo(t) = f5t2 — ugt + 41, 61([‘5) = U5t2 — U3t + uq,

and the four Kharitonov vertex polynomials a) ¢ K (i,j € {0,1}) are determined by
a9 (iw) = Fi(w?) + iw0;(w?).



Lemma 2.1. For every a € K and t > 0, Eo(t) < Eo(t) < E1(t) and Op(t) < Oq(t) < O1(2).
Consequently, for any fixed p(s) € R[s] and t > 0, ®(a,p;t) > 0 (respectively, > 0) holds for all
a € K if and only if ®;;(p;t) :== ®(a™), p;t) > 0 (respectively, > 0) holds for all 4, € {0,1}.

Proof. For fixed t > 0, E,(t) and O,4(t) depend affinely on disjoint subsets of the independent
interval coefficients aj € [f,ux], s0 (Eq(t), O4(t)) ranges over the rectangle [Ey(t), Ey(t)] X
[Oo(t), O1(t)]. Since ®(a,p;t) is affine in (E4(t), Oa(t)), its extrema over K are attained at the
four corners (E;(t), O;(t)). O

We now specify the counterexample family K. Let the auxiliary interval endpoints [Ly, Ug]
(k=0,...,5) be given by Table 1, fix p = 1 — 1077, and define the actual interval bounds by

1-— 1—
Ek:Lk-f—Tp(Uk—Lk), Uk:Uk_Tp(Uk_Lk) (OS/CSE)), (29)

where (1 — p)/2 = 5155. Each interval [{j, uz] has positive width p(Uj, — Li) > 0.

Table 1: Auxiliary endpoints Ly, Uy and actual interval endpoints £, uy (p =1 — 1079).

k \ 0 1 2 3 4 5
L 2000 1000 4083 920 10201/10 1
Us 3060 2400 20102 1001 1024 40
;. | 200000000053 10000000007 8166000016019 1840000000081 ~ 20402000000039 2000000039

* | 7100000000 10000000 2000000000 2000000000 20000000000 2000000000
. | 305999999947 23999999993  40203999983981 2001999999919 2047999999961 79999999961

* | T100000000 10000000 2000000000 2000000000 20000000000 2000000000

Theorem 2.2. Let K be the sixth-order interval polynomial family defined by (2.9) and Ta-
ble 1. Then:

(i) Every polynomial a € K is Hurwitz stable.
(ii) The sixth-degree polynomial

1 ¢ 5 41536780744817023 , 3548520832221173603 4
b(s) = —s +s”+

25 1020896695363 150 © | 5104483476815750 (2.10)
382280686 567850370 ,  6832048626088833273 '

1020896 695 363 150 5104483476 815750

is a common equal-degree SPR numerator for I, satisfying Re[b(iw)/a(iw)] > 0 for all
a€ K and weR.

(iii) There exists no nonzero polynomial v € R[s| with degv < 5 such that

0 (Vae K, Yw e R). (2.11)

In particular, K admits no common WSPR, numerator of degree five (or at most five).



3 Hurwitz Stability and the Six-Degree Common SPR Numer-
ator

3.1 Robust Hurwitz Stability of

The even and odd endpoint polynomials associated with the auxiliary bounds [Ly, Uy| factor
over Q as

1

Fot) = —#3 + Lyt — Upt + Lo = — (t _ 10> (£ — 20)(t — 1000),

Ey(t) = —t3 + Uyt? — Lot + Uy = —(t — 1)(t — 3)(t — 1020), (3.1)
Oo(t) = Lst* — Ust + Ly = (t — 1)(t — 1000),

O1(t) = Ust® — Lt + Uy = 40(t — 3)(t — 20),

with Ey(t) — Eo(t) = 1060 + 16019t + 33¢2 > 0 and O1(t) — Og(t) = 1400 + 81¢ + 39t* > 0 on
t > 0. Writing E. = (Ep+ E1)/2 and O, = (Og + 01)/2, the actual endpoints in (2.8) take the
form

~

Eilt) = pEi(t) + (1 - p)BEe(t),  Oj(t) = pO;(1) + (1 - p)Oclt) (i € {0.1}).  (32)

Evaluating (3.2) at the six nodes ¢t € {1/10, 1, 3,20, 1000, 1020} and using Lemma 2.1 gives the
strict sign pattern of E,(t) and O,(t) for every a € K:

t [ 1/10 1 3 20 1000 1020
sgnbB,(t) | + - — + + -
sgn O,(t) + + - = + +

By the intermediate value theorem, for each a € K, the cubic E,(t) has three simple roots
e1 € (1/10,1), ea € (3,20), ez € (1000,1020) and the quadratic O,(t) (with as > ¢5 > 0) has
two simple roots 01 € (1,3), 02 € (20,1000), satisfying

O<er <o <er <oy <es. (3.3)

By the Hermite—Biehler interlacing criterion [4], every a € K is Hurwitz stable. Equivalently,
expanding a(s)/E,(—s?) in partial fractions gives

a’<8> — 1 + 23: Pyk's ’)/k — Oa(ek) > 0
Eq(—s?) st ter [Tisk(er —ej) 7

whose real part exceeds 1 throughout Re s > 0, while (3.3) and ag > 0 exclude imaginary-axis
zeros. This proves Theorem 2.2(i).

3.2 Verification of the Degree-Six Common SPR Numerator

Write the even-odd decomposition of b(s) in (2.10) as b(iv/t) = P(t)+ivt Q(t), and let ®;;(t) =
P(t)E;(t) +tQ(t)0O;(t) (i,j € {0,1}) denote its pairings with the auxiliary endpoints (3.1).
Direct expansion yields the four double-contact factorizations

Do (t) = (¢ —1000)*Fo(t), Poi(t) = (t —20)*Fi(t),

D1o(t) = (t — 1)2Fy(t), ®11(t) = (t — 3)2F3(t), (34)

where Fi,(t) = St cmit® (m = 0,1,2,3) are quartic polynomials with leading coefficient
¢ma = 1/25; their exact rational coefficients are listed in Table 3 of the Appendix.
For m € {0, 1, 3}, the coefficients satisfy ;0 > 0, ¢n1 > 0, ez > 0, and 4epacma — c2,5 > 0:



m ‘ CmOo Cml > Cm2 > 4CmaCms — c$n3 >
0 | 9/250 1/5 5 3/5
1 90 5200 12000 380
3 6120 225000 13000 400

Hence cpat? + cmst +cma > 0 for all t € R, and F,(t) = t2(cimat? + cmat + cm2) + cmit +cmo > 0
for all ¢ > 0. For Fy(t), setting R = 1010, T" = 2440/3, L = ca3 + 2Rcoq > 23/100, Zy =
c29 — R?coy +2RL > 11, and Z; = o1 — R?L, we have the identity

Fy(t) = (t — R)*(coat® + Lt) + Zot* + Z1t + 55080,

together with TZy + Z; > 97 > 0 and L(R—T)*+ Z; > 174 > 0. Thus Zot + Z; > 0 for t > T
and L(t — R)? + Z; > 0 for 0 <t < T, implying F»(¢) > 0 for all ¢ > 0.

Consequently, ®;;(t) > 0 on t > 0, and because the four contact points 1000, 20, 1,3 are
distinct, their sum 3(t) = lec,l:O (1) is strictly positive for all ¢ > 0. By (3.2), the four
vertex pairings of the actual family I satisfy

~ 1-— 1-—
Byj(byt) = p Dy (L) + T”z(t) > T” S() >0 (VE>0, 4,5 € {0,1}).

Lemma 2.1 and (2.7) then yield Re[b(iw)/a(iw)] > 0 for all a € K and w € R, proving
Theorem 2.2(ii).

4 Nonexistence of Degree-Five WSPR Numerators

We now establish the main negative result, Theorem 2.2(iii): no nonzero polynomial v(s) =
S0 Brs® of degree at most five can satisfy Re[v(iw)/a(iw)] > 0 for all ¢ € K and w € R.

4.1 The Four-Contact Tangency Mechanism on the Auxiliary Boundary

To see why degree-five numerators fail while the degree-six numerator (2.10) succeeds, consider
first any polynomial v(s) = Y5_q Brs® (Bs = 0) with P,(t) = Bat? — Bat + By and Q,(t) =
Bst? — Bst + 31 on the uncontracted auxiliary endpoints (3.1).

1. High-frequency t° ceiling: At the corner (Eg, Og) where Ls = 1, the pairing polynomial
has degree at most five with leading term

oo (v;t) = Py()Eo(t) +t Qu(t)Op(t) = (85 — Ba)t® + O(tY) (t — 00).

Nonnegativity for large ¢ requires 85 — 54 > 0, i.e., f4 < f5. (By contrast, when fg > 0,
P(t)Eo(t) = Bt% + O(t%) dominates at high frequencies and removes this upper bound on
Ba.)

2. Four shared-root tangency equations: Notice from (3.1) that each auxiliary corner (E;, O;)

has a positive common root t;; where E;(t};) = O;(t;) = 0:

Hence ®;;(v;t;;) = 0 identically for every v. For ®;;(v;t) to be nonnegative on [0, o0), its
derivative must vanish at each interior root tfj:

D} (vst5;) = Po(ti;) Ei(t5) + t5;Qu(t5;) 05 (t5;) = 0 (4,7 € {0,1}). (4.1)



Solving the nonsingular 4 x 4 linear system (4.1) for (1, 52, 83, 84) in terms of (5o, B5) gives

1600 159 51219
P1= oo + (1 + ) Ps»

= 1681866100 1681 866 100
so that 1600 159 51219
B5 = P1 =~ 1681866100 ° ~ 1631866100
Since fy > 0 and S5 > 0, this contradicts f5 — B4 > 0 unless Sy = 5 = 0 (and hence v = 0).

Because the strict gap % ~ 3.045 x 10~° is positive, this infeasibility persists on the

contracted box K (p = 1 — 107Y) when the four derivative equations are replaced by point
evaluations near 1000, 20, 1, 3. We now give the complete proof on K.

4.2 Necessary Coefficient Inequalities on K

Let v(s) = 3.7 _o Brs® € R[s] be any polynomial of degree at most five satisfying (2.11).

Lemma 4.1. Suppose v(s) = 37_, Brs® satisfies Re[v(iw)/a(iw)] > 0 for all a € K and w € R,

and set 39 2000000 039
oy _ ' 4.9
=0 =1% 57009 = 2000000000 (42)

Then:
(i) ®(a,v;t) = Py(t)Ea(t) + t Qu(t)Ou(t) > 0 for all a € K and t > 0;
(i) Bo > 0;

(iti) A(v) = afs — By > 0.

Proof. Assertion (i) follows from (2.7) and |a(iv/t)[? > 0. Evaluating @(Aa(of),v; 0) = lofy > 0
with £y > 0 gives (ii). For (iii), expanding ®(a(®?) v;t) at the corner (FEy, Og) where [t?|0y =
U5 = « gives

(a0 v t) = (B4t — ot 4 o) (=13 4 £48? — ugt + Lo) + t(Bst> — Bst + B1)(et? — ust + £1)
= (Oéﬁ5 — 54)755 + O(t4).

Since @(a(o’o), v;t) > 0 for all t > 0, dividing by t° and letting ¢t — +oo yields h(v) = aff5— B4 >
0. O

Lemma 4.2. If v(s) = Yh_o Brs® # 0 satisfies Re[v(iw)/a(iw)] > 0 for some Hurwitz-stable
sixth-degree monic polynomial a € K and all w € R, then 5 > 0.

Proof. Since a(s) is Hurwitz stable of degree six and degwv < 5, the rational function f(z) =
v(z)/a(z) is analytic on the open right half-plane C; = {z € C : Rez > 0}, continuous on

C, and satisfies lim f(2) = 0. Its real part u(z) = Re f(z) is harmonic on C; with

z|—00, z€C

boundary values u(za'z)l >0 an(;lL limit zero at infinity, so the harmonic minimum principle gives
u(z) > 0 on Cy. If u(zp) = 0 at an interior point zp € Cy, the strong minimum principle
implies u = 0, so f(z) is a purely imaginary constant, which must be zero by the limit at
infinity, contradicting v # 0. Thus u(z) > 0 on C,. Restricting to the positive real axis
z =x > 0, where a(z) > 0, gives v(z) = a(z)u(x) > 0 for all x > 0. Letting x — 400 implies
Bs > 0. O



4.3 Linear Evaluation System and Dual Separation Identity

Choose four rational squared frequencies tg, t1, t2, t3 > 0 near 1000, 20, 1,3 and pair them with
the four Kharitonov vertices a'%ki) € KC:

(0, ko to) = (0,0,999),  (ir, k. t1) = <0 1, 1281)
(i ko, t2) = (1,0, 1883) (i, ks t3) = (11?2%) o
For j € {0, 1,2, 3}, define the linear functional
filv) = (iijkj (v;t5) = Pv(tj)Ei (t7) + 15 Qu(t;) Ok: (t) = Z 7 jmBm, (4.4)
where the row vector r; = (rjo,7j1,7j2,7j3, 74, 7j5) € Q° is given by
ry = (By(t), 4,0k, (1), —t;Ei,(t), =504, (), 2By, (t;), 30k, (t;))- (4.5)

The exact values of Eij (tj) and 5kj (tj) at these four nodes are listed in Table 2.

Table 2: Exact values of the contracted even and odd endpoints E; .(tj) and Ok (tj) at the four
evaluation nodes (4.3).

Joo (k) t E;, (t;) Oy, (t;)

0 (0 O) 999 1959819999804213839 B 1995999960999239
’ 20000000000 2000000000

1 (0 1) 1001 _ 15283427271601383101 6814807999993185231079
’ 50 50000000000000 5000000000000

9 (1 0) 1001 407195971760000003999 _ 1997997999238920999961
’ 1000 200000000000000000 2000000000000000

3 (1 1) 2997 1220352620415599996001 4150275599995849704951
’ 1000 200000000000000000 2000000000000000

Let H = (7jm)o<j<3,1<m<4 € Q**4 be the 4 x4 submatrix corresponding to the intermediate
coefficients (81, B2, 33, B4), and set ¢ = (0,0,0,1)T. Direct rational evaluation shows that
det H # 0. Define the unique solution w = (wo, w1, w2, ws3)" € Q* of H'w = ¢ by Cramer’s
rule, together with the two endpoint constants A, B € Q:

det H; . & ;
wi=—ao7r (0<j<83), A==} wprp, B=-a=) wrp,  (46)

where Hj is obtained by replacing the jth column of H T with ¢. Their exact reduced fractions
are given in (A.1)—(A.6) of the Appendix.

Proposition 4.3. The rational constants wy, w1, w2, w3, A, B in (4.6) are strictly positive and
satisfy

10712 < wp < 1.1 x 10712, 7x 1078 < w; < 8 x 1078,
3x107 <wp<4x107%,  5x107° <ws<6x 1077, (4.7)
1
<A< , < B< )
10000 1000 100000 100000

Moreover, for every polynomial v(s) = Y5_o Bes® € R[s] of degree at most five,

3
+> w;fi(v) = —ABy — BBs. (4.8)
—



Proof. The two-sided bounds (4.7) follow directly from the exact rational expressions in (A.1)-
(A.6). Expanding the left-hand side of (4.8) using h(v) = afs — B4 and f;(v) = S0 TjmbBm

gives

3 3 3 3
h(v) + Y wifi(v) = (Z wJ'TjO) Bo+ D (Z wﬂjm) Bm
7=0 =0 m=1 \j=0
3 3
+ (Z WjTj4 — 1) B4 + (Oé + ij’r‘jg,) Bs.

j=0 7=0

Since HTw = (0,0,0,1)T, the coefficients of By, 32, 43, 84 vanish identically, while the coeffi-

cients of fy and S5 equal —A and —B by (4.6). O
Proof of Theorem 2.2(iii). Suppose for contradiction that a nonzero polynomial v(s) =
S o_o Brs® satisfies (2.11). By Lemmas 4.1 and 4.2, we have By > 0, #5 > 0, h(v) > 0,
and f;j(v) = @(a(ij’kj),v;tj) > 0 for j = 0,1,2,3. Since w; > 0, A > 0, and B > 0 by

Proposition 4.3, the identity (4.8) yields
3
0<h(v)+> wifj(v)=—ABy— BBs < 0.
=0

Hence By = fB5 = 0 and fo(v) = fi(v) = fa(v) = fs(v) = 0. Substituting 5y = 5 = 0
into (4.4) gives H(B1, B2, 83,B4)" = 0. Because det H # 0, we obtain 1 = B3 = 3 = 4 = 0,
contradicting v # 0. O

5 Conclusion

We have presented an explicit sixth-order Hurwitz-stable interval polynomial family with in-
dependent positive-width coefficient intervals that admits a common SPR numerator of degree
six, yet admits no common WSPR numerator and no nonzero common weak positive-real nu-
merator of degree at most five. Unlike low-order interval families (n < 4) and two-polynomial
segments, a six-parameter interval box can enforce four simultaneous corner contacts whose
tangency constraints conflict with the high-frequency sign condition of fifth-degree numera-
tors. Consequently, robust SPR synthesis for sixth-order interval polynomial families requires
equal-degree synthesis in the full degree-six numerator space.
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A Exact Rational Certificates

Table 3 records the exact rational coefficients of the four quartic polynomials F,,(t) =
S0 emit® (m =0,1,2,3) in (3.4). Equations (A.1)-(A.6) list the exact reduced fractions for
wo, w1, W, w3, A, B in Proposition 4.3.
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Table 3: Exact rational coefficients ¢, of the quartic factors F,(t) = Z%:O - (m =

0,1,2,3).
k Cok in Fo(t) Cik in Fl(t) C2k in Fg(t) C3k in Fg(t)
9
— 12
0 250 90 55080 6120
2325246801607113 53727500481470645241 23406302273232975276  4604582188848296296
10208966953631500 10208966953631500 102089669536315 20417933907263
57094101348581227  126021414955216817453 102966285353162075756  2700257383808100617
10208966953631500 10208966953631500 2552241738407875 204179339072630
_1252042944999614  101810367438269389 _16450028191179889 _ 42271826365478491
2552241738407875 2552241738407875 204179339072630 1020896695363150
4 L L L L
25 25 25 25
wo — 8256045670735893686284547369288025947743339610759980000000000000 (A1)
0 7 8126841400921594268030245759113023979161854092290728754012518759740951801021 '
Wi — 207370529783676202655902573561734143170386069680000000000000000000 (A.2)
LT 2717087538764161512963840051219767315911512428806190068201845916153288007 '
wo — 2673385325732820685221322348208524307045425221010000000000000000000000 (A.3)
7 8151262616292484538891520153659301947734537286418570204605537748459864021 '
e — 1228721022841881408898278851283260151083273871319430000000000000000000000 (A.4)
7 24380524202764782804090737277339071037485562276872186262037556279222855403063 ° '
_23046797004185631819643050257180682267915284584118958515075399780915999747000 (A.5)
T 24404904726967547586894828014616411009423047839149058448299593835502078258466063 '
_ 495887497130760051770684011992448726017627549119721795277556599868183122181 (A.6)
~ 16286238993591377700082957349968635260208865707130010398812263233686042000000000 '
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