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Abstract. For each prescribed numerical cosmological constant, including
zero, we establish a convergent projective twistor correspondence recovering
every marked four-dimensional local analytic Einstein germ of any algebraic
Weyl type. The inputs are two independent analytic Čech classes of weights
2 and −6 on a fixed flat twistor germ T0 along its whole marked zero line,
encoding both complete chiral curvature records. The fixed source correction
and calibration select a unit optical section, an intrinsic projective exten-
sion condition recognizes Einstein geometry, and the prescribed normalized
contact, optical and affine maps and their inverses converge on common
neighborhoods of the whole physical sky for bounded holomorphic input
families. On independently admitted ordinary and operator domains we
prove both inverse comparisons, with the two source operations acting in one
projective analytic Heisenberg model. The same comparisons preserve the
nonlinear source, compact point objects, optical evaluation and calibrated
infinity forms, together with physical point and full spin-frame changes and
coupled Lorentz reality. For fixed positive Schwarzschild mass, we obtain
finite horizon-crossing presentations, a calibrated local primitive comparison
and optical approximation bounds for the entire specified compact nonradial
crossing family using finite local readouts and the exact benchmark cuts,
coordinate comparisons and Sachs reference frames.
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1. Introduction. Penrose described the googly obstruction as the problem
of incorporating the interacting helicity opposite to the one described by
the ordinary nonlinear-graviton construction, while retaining the same basic
twistor conventions (Penrose 2015, abstract). The classical correspondence
produces half-flat conformal geometry from holomorphic threefolds with
suitable rational curves (Penrose 1976). The problem concerns the full
nonlinear interaction of the two gravitational chiralities in local analytic
geometry.

Our inputs are two independent analytic Čech classes of weights 2 and −6
on the fixed germ T0 of Tot(O(1)⊕O(1)) along its whole marked zero line,
a numerical cosmological constant and the point and full spin marking. The
contact carrier, optical bundle and selected Einstein scale are derived from
these data; no independent dual-twistor class, connection, scale or Einstein
metric is supplied.

The three spaces have distinct roles: T0 is the fixed input germ, Z the
generated contact fivefold, and Z+ the selected half-flat background of the
independent ordinary presentation. The initial model Z0 ⊂ P(T ∗T0) supplies
the starting contact charts; a general mixed output need not retain its
fixed cotangent projection. Physical points are represented by a complete
four-dimensional family of compact Legendrian sky quadrics Qx ≃ P1 × P1

in Z. The rational lines in Z+ describe the auxiliary half-flat metric, on
which the unrestricted opposite-chirality class is registered and read linearly.
Reconstruction of the full coupled Einstein geometry from the two records
is nonlinear. Section 7 constructs both ordinary counits, and §8.3 gives
covariant point and full spin-frame changes, which generally change both the
background and the registered class.

Theorem 2.4 recovers every marked local analytic Einstein germ, with both
complete chiral curvature records, every algebraic Weyl type and numerical
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cosmological constant including zero, and proves both inverse comparisons
on the independently defined ordinary domain. To prove convergence, the
same prescribed normalizer is applied to finite source execution and to an
analytic Cartan witness: Theorem 6.3 identifies each finite stored tuple
with the amplitude Taylor restriction of one jointly holomorphic tuple. Its
prescribed contact, optical and affine representatives, including their inverses,
consequently converge on common neighborhoods of the whole physical sky
for bounded holomorphic families and fixed finite conditioned diagrams.

The two bare contact-lift spaces fail to close under the mixed bracket, and
contact-cocycle compatibility alone does not ensure extension of the selected
scale (Propositions 9.1–9.2). The source law in §5 uses fixed holomorphic
cochain operations and the compatible inverse Lm to remove the optical
obstruction while retaining the prescribed entire free record. Fresh incidence
and optical computation follow each correction; value, gradient and numerical
scalar fix the six flat homogeneous scale modes. The resulting unit whole-
neighborhood optical section determines the calibrated affine reduction of
Proposition 5.7, whose intrinsic projective extension condition recognizes
Einstein geometry by Proposition 5.4. Proposition 5.9 and §6.1 specify the
respective roles of finite source execution and the geometric comparison used
to prove convergence.

The free symmetric curvature coordinates are the classical exact-set grav-
itational null data (Penrose 1980, secs. 2–3), whose description already
includes a cosmological term (p.233). The flat free-field integral formulas
of that paper’s §4 are distinct from the nonlinear existence and analytic
estimates proved here in §§3–6 and Appendices A–B.

The null-geodesic/contact correspondence, reconstruction from complete
normal sky quadrics and deformation framework are classical (LeBrun 1983,
III.1–3 and III.6). The same paper’s Appendix gives the metric-cohomology
correspondence underlying the affine torsor of §D.7 (LeBrun 1983, 230).
Baston and Mason studied formal-neighborhood criteria for conformal gravity
and Einstein geometry in second-order perturbation theory (Baston and
Mason 1987, 815). LeBrun proved the fully curved extension theorem: the
canonical first-order Poisson thickening extends uniquely through order four,
its fifth-order obstruction is the Bach tensor, and the additional sixth-order
obstruction is the Eastwood–Dighton tensor (LeBrun 1991, Main Theorem
and Theorems 9.1–9.3, p.8 and §9). The conformally Einstein interpretation
of their joint vanishing has the stated algebraic-generality hypothesis on the
Weyl curvature.

LeBrun’s Einstein-bundle criterion recognizes conformally Einstein metrics
by nonvanishing holomorphic sections on the space of null geodesics (LeBrun
1985). The ray bundle has rank two on the fivefold Z; the ordinary Einstein-
bundle form takes values in the rank-three bundle Ω1

Z+
⊗ L2 on Z+. Wolf

explicitly attributes the recognition to LeBrun and describes this intrinsic
ordinary sheaf (Wolf 2007, sec. 3.8). Here Proposition 5.3 constructs the
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ray bundle from the tangent-sky curve, Proposition 5.4 identifies its whole-
neighborhood unit sections with scales, and Proposition J.4 compares its
Cauchy and tractor realizations.

The unit-scale/parallel-tractor equivalence is standard (Gover 2004, sec. 2,
Theorem 2.1); Proposition 5.4 proves the form used here and identifies it with
the intrinsic optical data. Friedrich’s conformal characteristic construction
gives formal null-data determination at past time-like infinity (Friedrich 2013,
arXiv v1, §1 and Lemma 6.1). It concerns a conformal vacuum boundary
problem and is not used as an analytic convergence theorem for the present
germs.

Penrose’s bi-twistor framework combines twistor and dual-twistor variables
with canonical commutation relations, using their classical limit to describe
null-geodesic propagation in conformally curved spacetimes (Penrose 2026,
sec. 6, pp.8–9). Its concluding paragraph anticipates a cohomological
construction of general real spacetimes as a future direction.

Theorems 9.10–9.12 construct the independent operator presentation in
one projective analytic Heisenberg model, with the negative source acting
through derivative variables. Both inverse comparisons hold on the entire
independently admitted operator domain. Theorem 9.12 identifies the non-
linear source, calibrated infinity forms, optical evaluation and compact point
objects through the same natural comparisons, using raywise descent of the
normal local-twistor bundle and explicit point-plane and affine-slice com-
parisons. The point modules represent the same physical skies Qx. These
comparisons retain physical point and full spin-frame changes and coupled
Lorentz reality.

Adamo et al. propose data on one twistor space, holomorphic constraints
and Einsteinity without explicitly solving field equations on twistor space as
three criteria for their Schwarzschild construction (Adamo et al. 2026b, sec. 1,
including footnote 2). Section 10 and Appendix K apply the correspondence
across the future Schwarzschild horizon, with a calibrated local source-
primitive comparison and enriched finite overlaps. Proposition 10.5 gives
optical approximation bounds on the entire specified compact nonradial
crossing family using finite local readouts and the exact benchmark cuts,
coordinate comparisons and Sachs reference frames. Proposition 10.3 remains
a conditional single-readout estimate, and §§K.6–K.7 give a sufficiently short
common-source interval.

The proof separates finite holomorphic source execution from an an-
alytically bounded Cartan realization before comparing their prescribed
representatives. Ordinary and operator counits are proved on their indepen-
dent domains before the source, infinity and point diagrams are collected in
Theorem 9.12.
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The main proof dependencies are:

Assertion Construction and proof
Original input and curvature records Theorem 3.1 and Appendix A
Finite source law and fixed
compatible inverse

Theorem 5.5 and Appendices C–D

Common convergence of its
prescribed representatives

Theorems 3.3 and 6.3, Appendix B

Geometric, ordinary and physical
inverse comparisons

Theorem 2.4, §§7–8, Appendix E

Independent analytic operator and
module inverse comparisons

Theorem 9.10, Appendices F–H

The same source, infinity structure
and point diagram

Theorem 9.12, Propositions I.3, J.1
and J.3–J.5, Theorems J.2 and J.6,
and Proposition J.7

Finite Schwarzschild application Section 10 and Appendix K,
including the full-family
finite-readout approximation of
Proposition 10.5, using the preceding
correspondence

The proofs of Theorem 2.4 and Theorems 9.10–9.11 use neither Theorem
9.12 nor Appendix J. The simultaneous source, infinity and point comparison
uses these preceding correspondences and explicit geometric comparisons.
The application row depends on these results and supplies no premise for
them.

All uniform assertions use the bounded original families and fixed finite
conditioned diagrams of Definition 2.1. The subject is local analytic ge-
ometry: arbitrary global spacetime topology, smooth nonanalytic data and
uniform estimates for infinite unbounded point/frame histories are outside
the assertions. The notation index in Appendix L records the source spaces,
bundle conventions and comparison maps.

2. Objects and the main correspondence. Let S, S′ be complex sym-
plectic two-spaces and V = S⊗S′, with its induced nondegenerate symmetric
form η. Fix the bases, affine origin and full spin marking. In both ordered
spin bases our alternating matrices and index operations are

ϵAB = ϵA′B′ =
(

0 1
−1 0

)
,

ϵAB = ϵA
′B′ =

(
0 −1
1 0

)
,

vA = ϵABvB, vA = ϵABv
B.

(1)
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The primed operations have the same order. Thus ηAA′BB′ = ϵABϵA′B′ ,
πA

′ = (−π1′ , π0′), and, for the north lift πA′ = (1, ζ), πA′ dπA′ = −dζ.
Our curvature convention is R(a, b) = [∇a,∇b]−∇[a,b], with Ric(b, c) =

tr(a 7→ R(a, b)c). The Lorentz restriction uses signature (+,−,−,−). In
a compatible soldering frame the real vectors are Hermitian matrices and
η(v, v) = 2 det(vAA′). Throughout, Λ means the prescribed coefficient in
Ric(g) = Λg. For example, the de Sitter metric of radius a in this signature
has Ric = −3a−2g with this curvature convention. Appendix A.1 temporarily
uses Gaussian witnesses of signature (−,+,+,+); its explicit metric negation
and reversed auxiliary scalar give the opposite-signature witnesses before
the fixed spin readout. Negating a metric fixes its connection and covariant
Ricci tensor and changes its Einstein coefficient’s sign; no such change is
made silently in the source label.

In four dimensions our Schouten tensor is P = 1
2(Ric−1

6 Scal g). For
the component comparison with Penrose’s printed formulas (Penrose 2015,
secs. 4 and 6, especially p.12), denote their scalar by ΛP. We declare the
curvature-component dictionary RP

abc
d = [R(ea, eb)ec]d with the R just fixed.

The primary text contracts RicP
ac = RP

abc
b, whereas our Ricci contraction is

RP
bac

b. Consequently

RicP = −Ric, ΛP = −Λ, PP = 1
12 ScalP g − 1

2 RicP = P. (2)

The primary article states that contraction but does not specify its curvature
commutator sign. The displayed component identification explicitly fixes
our dictionary; it is not a claim that an unstated historical convention
was independently verified. The numerical Λ prescribed throughout this
manuscript is unchanged.

We lower the output of the curvature operator in the last slot:

Rabcd = g(R(ea, eb)ec, ed),
Cabcd = Rabcd − gadPbc + gbdPac + gacPbd − gbcPad,

CAA′BB′CC′DD′ = −Ψ+
ABCDϵA′B′ϵC′D′ −Ψ−

A′B′C′D′ϵABϵCD.

(3)

In particular the component readout, inverse to the last line, is

p+(C)ABCD = Ψ+
ABCD = −1

4ϵ
A′B′

ϵC
′D′
CAA′BB′CC′DD′ ,

p−(C)A′B′C′D′ = Ψ−
A′B′C′D′ = −1

4ϵ
ABϵCDCAA′BB′CC′DD′ .

(4)

Indeed ϵABϵAB = −2, and contraction of a symmetric spinor with ϵ is zero.
Thus, with u = x00′ , v = x01′ and q = x10′ , the highest components are
Ψ+

0000 = −Cuvuv and Ψ−
0′0′0′0′ = −Cuquq. The chiral labels + and − mean

these unprimed and primed spinors, respectively; physical names for their
helicities depend on the twistor orientation. On the marked Lorentz slice
this real component convention gives Ψ− = Ψ+.
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Put T0 = Tot(O(1)⊕2)→ P(S′), as a germ along its entire zero line. Its
north and south coordinates and incidence are

ζ = π1′/π0′ , wA = ωA/π0′ ,

ξ = ζ−1, vA = wA/ζ,

ωA = xAA
′
πA′ .

(5)

Definition 2.1.
For an integer m, let Hm(T0) be the two-chart analytic Čech group in the

direct limit over neighborhoods of the whole zero line, with coboundaries
a0(w, ζ)− ζma1(w/ζ, 1/ζ). In the north frame, fix the ordered overlap and
Čech differential by

FNS = F, (δa)NS(w, ζ) = ζmaS(w/ζ, 1/ζ)− aN (w, ζ). (6)
This differential has the displayed coboundary image, since reversing its sign
does not change that subspace. When both cochains are already expressed in
one common frame, we write the same differential as aS − aN . The original
free input at a numerical Λ ∈ C is

AΛ = H2(T0)⊕H−6(T0). (7)
A bounded holomorphic family has representatives bounded on one common
annular fiber neighborhood, bounded |Λ|, and fixed positive parent-chart
and bounded spin/inverse-spin margins. The parameter base is a finite-
dimensional complex manifold germ; the representatives, numerical function
Λ and markings depend holomorphically on it. The finite-jet assertions are
restrictions of these holomorphic families to finite Taylor neighborhoods.
The nilpotent amplitude stages used in §5 are the separate flat-residue
source filtration specified there. Uniform output assertions always mean a
common shrink for each such bounded family and each fixed finite diagram of
permitted point/frame operations. A conditioned finite diagram has positive
coordinate and conic Cauchy buffers; bounded maps and inverses; a positive
lower bound for each determinant, contact multiplier, root coefficient and
frame coefficient that must be a unit; and images of all its specified finite
composites contained in their assigned parents with positive buffer. These
conditions are imposed on the supplied representatives. A common restriction
reserves the minima of these finitely many buffers and unit margins, while
retaining the entire compact parameter set under consideration, including
the amplitude path through one when it is used.

Write EΛ for holomorphic Einstein four-germs with Ric = Λg, the fixed
tangent form at the marked point, and the full spin marking. Objects are
considered up to fixed-mark isometry. Moving-point and frame instructions
are retained as physical arrows, with their specified spin lifts; they are not
erased when their tensor endpoints agree. Their short representatives and
finite compositions are specified in §8.

The geometric output has an intrinsic description. A sky incidence consists
of a contact fivefold Z with a complete regular four-dimensional family of
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embedded compact Legendrian quadrics Qx ≃ P1 × P1, their ordered rulings,
and correspondence p : F → M , q : F → Z. The contact line restricts to
O(1, 1) on each sky, and the one-dimensional q-fibers project nontrivially to
M .

Definition 2.2.
A regular-normal affine ray object consists of this incidence, a rank-six

holomorphic nondegenerate quadratic bundle (V, H) on Z, a section I with
H(I, I) = −Λ/3, and an affine line subbundle A ⊂ V. The bundle is trivial
on the central sky, and the translation line of A restricts to O(−1,−1).
Every Y ∈ A satisfies H(Y, Y ) = 0 and H(I, Y ) = 1. The initial full spin
lift is retained.

Complete-sky evaluation and inverse null transport reconstruct the rank-
six bundle T = p∗q

∗V , its connection D, and the unique affine-torsor section
X, as proved in §4. Put Wscr = (CI + CX)⊥, the rank-four middle bundle
of tangent Spin type S ⊗ S′, and θ(v) = DvX. Regular-normal means that
θ : TM → Wscr is invertible, FDX = 0, and the Ricci contraction of the
projected ambient curvature is zero. Explicitly, with prWscr the H-orthogonal
projection, put

Rmid(v, w)u = θ−1 prWscr F
D(v, w)θ(u),

Ricmid(w, u) = tr
(
v 7→ Rmid(v, w)u

)
= 0.

(8)

This is the middle block of the ambient curvature, rather than the curvature
of the connection obtained by projecting D to Wscr. Denote these objects
and their enriched, spin-lifted geometric comparisons by SΛ.

The connection in this definition is reconstructed, not an additional ar-
bitrary input. These recognition conditions are proved for every generated
output. There is also a presentation without a supplied rank-six bundle or nor-
mality condition: take a regular contact seed and a unit whole-neighborhood
section of its intrinsic projective optical bundle, with the same central calibra-
tion and derived numerical scalar. Proposition 5.3 and Appendix D construct
that bundle independently; Proposition 5.4 and the canonical reconstruction
of §4 give this ray presentation and its inverse.

Definition 2.3.
An ordinary object consists of a holomorphic threefold germ Z+ along

a complete regular rational line ℓ, its complete nearby line family with
Nℓ/Z+ = O(1)⊕2, a degree-one line bundle L with an actual root identification
α : L−4 ∼−→ KZ+ , an actual form τ ∈ H0(Z+,Ω1 ⊗ L2), and an arbitrary
analytic class β ∈ H1(Z+, L

−6), with the retained point, tangent and full
spin marking.

The marking identifies ℓ with P(S′
o) and induces the adjunction iden-

tification do : O(−4) ∼−→ KZ+ |ℓ. The degree-one calibration is an actual
isomorphism

κ : L|ℓ
∼−→ OP(S′

o)(1), α|ℓ = do ◦ κ−4. (9)
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The central restriction of τ , read using κ2, is exactly

τ |Tℓ = πA′ dπA′
. (10)

The classical complete-line construction reads a density σ from this same
form, with σ(o) = 1. Its canonical prolongation Iτ is given in §7. The
numerical label is Λ = −3H(Iτ , Iτ ), without rescaling the form or class.
Objects are taken modulo fixed-mark ordinary comparisons preserving all
these data, including α and κ. Thus a line comparison fL at a fixed mark
satisfies κt ◦ fL|ℓ = κs. Denote them by WΛ. Their physical arrow admission
is defined independently in §8. For a moving comparison with specified
primed spin map B : S′

s → S′
t, let jB : Os(1) → Ot(1) be the induced

degree-one map over P(B). The calibration condition is κt ◦ fL|ℓs = jB ◦ κs.
In particular B = −1 acts by −1 on O(1), and its specified full-spin arrow is
retained.

The fixed central value removes a real sign ambiguity: opposite unit
sections can determine the same selected metric. The definition does not
identify them by a scalar gauge. It is a condition in ordinary holomorphic
geometry, not membership in a known generated image.

The ordinary self-dual Einstein correspondence is classical (Ward 1980).
Its Einstein-bundle formulation is used here in the bosonic local form of
(Wolf 2007, Propositions 3.4–3.7). The author’s degree-minus-one universal
bundle is the inverse of our L. The actual form has the same bundle type at
zero cosmological constant. The selected density and the numerical constant
are read with our calibration, as in §7.

Theorem 2.4.
For each fixed numerical Λ ∈ C and every original analytic pair in AΛ,

the holomorphic generating law of §5, with the specified normalizer of §6,
produces convergent contact and optical transition maps and inverse maps
on a neighborhood of the whole compact physical sky. Their exact cocycles,
complete four-dimensional incidence, nondegenerate solder and canonical
normal connection are generated by this law. Its distinguished whole-sky
optical section is the same canonical Einstein scale, and its two complete
free curvature records are precisely the original ones.

The resulting object maps G : AΛ → SΛ and E : SΛ → AΛ recover every
marked holomorphic Einstein germ and satisfy

E ◦ G = 1AΛ , G ◦ E ≃ 1SΛ . (11)

There are independently defined ordinary objects and actual representative
maps Γ : AΛ →WΛ and drec : WΛ → AΛ with

drec ◦ Γ = 1AΛ , Γ ◦ drec ≃ 1WΛ . (12)

Consequently G ◦ drec : WΛ → SΛ and Γ ◦ E : SΛ →WΛ have both inverse
object comparisons. At the physical-arrow level, Theorem 8.3 equips the
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original records with the short point/full-spin-frame instructions, their source-
dependent composition and their inverses. With precisely those arrows, the
correspondences are bijective on physical spin-isometry Hom sets.

All assertions hold for both independent chiralities, all algebraic Weyl types
and numerical Λ = 0, with common domains for the bounded holomorphic
families and fixed finite diagrams of Definition 2.1. The original Lorentz-real
coefficient condition and real Λ produce exactly the Lorentz-real Einstein
germs, with coupled reality and point/frame operations on the ordinary
objects. No Weyl determinant or cosmological constant is inverted.

The proof is completed in §8. Sections 3–6 establish the actual gen-
erator and its analytic estimates; §7 proves the ordinary counit on every
independently admitted object.

3. Original classes and convergent record transport. For r ≥ 0 put
W+
r = Symr+4 S∗ ⊗ Symr S′∗ and W−

r = Symr S∗ ⊗ Symr+4 S′∗. The free
records of an Einstein metric are formed from the spinors in eq. 4:

U+
r = SymA1···Ar+4 SymA′

1···A′
r
∇A1A′

1
· · · ∇ArA′

r
Ψ+
Ar+1···Ar+4

∣∣
o
. (13)

The negative formula exchanges the spin factors and uses Ψ−. Each sym-
metrization is an average. A subscript a, j counts slots equal to one in the
fixed component bases; it is not a coefficient of a generating polynomial.

Theorem 3.1.
The original analytic classes are equivalent to independent complete lists

U±
r ∈W±

r satisfying, for some C,R0 > 0,

∥U±
r ∥ev ≤ Cr!R−r

0 , ∥U+
r ∥ev = sup

|ξ|,|π|≤1
|U+
r (ξr+4, πr)|. (14)

The analogous definition exchanges the spin factors for U−. The exact
encoders are

F2[U+] =
∑
r,a,j

U+
r;a,j

(r + 4− a)!a! (w
0)r+4−a(w1)aζ−j−1,

F−6[U−] =
∑
r,a,j

U−
r;a,j

(r − a)!a! (w
0)r−a(w1)aζ−j−1.

(15)

In the first sum 0 ≤ a ≤ r + 4, 0 ≤ j ≤ r; in the second 0 ≤ a ≤ r,
0 ≤ j ≤ r + 4. The correspondence is on actual analytic quotients and has
common smaller representatives and coboundaries for bounded holomorphic
families.

Proof. At fiber degree n, a weight-m overlap has a Laurent expansion.
The north coboundary removes powers h ≥ 0 and the south coboundary
removes h ≤ m− n. Exactly

m− n+ 1 ≤ h ≤ −1 (16)
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remain. Thus the normal representative is

∑
n≥max(0,m+2)

n∑
a=0

n−m−2∑
j=0

c
(m)
n,a,j(w

0)n−a(w1)aζ−j−1.

The two tails have no common surviving monomial, proving uniqueness.
Choose fixed nested circles on either side of |ζ| = 1 and a smaller fiber

polydisk contained in both chart domains. Fiber Taylor estimates and the
Laurent Cauchy formula bound all surviving coefficients by ABn for finite
A,B. Conversely such a bound makes the normal series converge on a smaller
annular fiber neighborhood, since a, j have only polynomially many choices
and |ζ|−j−1 grows at most exponentially in n. The removed tails are Cauchy
integrals on the two fixed circles. Their geometric denominators are bounded
by the buffers; after the south substitution w = ζv, its additional degree
factors are at most exponential. A single fiber restriction therefore makes
both tails actual holomorphic cochains. This proves the analytic quotient
assertion.

The flat contour fields use the counterclockwise Laurent contour in the
north frame, with the ordered overlap FNS = F and Čech differential fixed
by eq. 6. In this trivialization its differential is dζ = −πA′ dπA′ . They are

C+
ABCD(x) = 1

2πi

∮
∂wA∂wB∂wC∂wDF2(xπ, ζ) dζ,

C−
A′B′C′D′(x) = 1

2πi

∮
πA′πB′πC′πD′F−6(xπ, ζ) dζ.

(17)

Symmetry and an alternating spin contraction give their flat massless equa-
tions. Differentiating at x = 0 shows that the component multipliers are
exactly (r+ 4− a)!a! and (r− a)!a!, respectively: the primed slots contribute
ζj and the residue picks ζ−j−1. This proves the formulas and their inverses.

For completeness, put the auxiliary Hermitian norms inherited from the
full spin tensor powers on symmetric tensors. Coherent evaluation gives

∥T∥ev ≤ ∥T∥ ≤
√

(p+ 1)(q + 1) ∥T∥ev, T ∈ Symp S∗ ⊗ Symq S′∗. (18)

Indeed the squared coherent integral on the two unit spheres is ∥T∥2/((p+
1)(q + 1)), by phase orthogonality and

∫ 1
0 t

j(1− t)p−jdt = j!(p− j)!/(p+ 1)!.
The reverse inequality follows by the supremum and the forward one by
Cauchy–Schwarz. The factor for W±

r is at most r + 3.
Consequently the factorial bound implies exponential bounds for both

normal coefficient arrays: use r!/((r − a)!a!) =
(r
a

)
and r!/((r + 4− a)!a!) =(r+4

a

)
/((r + 1) · · · (r + 4)). Polynomial factors are absorbed by one further

exponential. Conversely an exponential coefficient bound and the exact
extraction multipliers bound every component by a constant times (r+4)!Br.
The full tensor norm is at most 2r+2 times the largest component. Since
(r + 4)!/r! is polynomial, another fixed radius loss gives the stated r! bound.
All bounds are uniform on the fixed input buffers. Every splitting is a
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bounded complex-linear operation there, so finite-dimensional holomorphic
dependence is preserved. □

The contour fields encode the entire free list at the mark. They are not
identified away from that mark with the nonlinear Weyl fields of the final
metric.

Lemma 3.2.
There is a unique polynomial ordered completion Cr(U,Λ) of the two free

lists into Einstein curvature jets. The original infinitesimal displacement and
spin-frame operations are polynomial derivations Ha,VB, with

[Ha,Hb] = −VRU (a,b),

[VB,Ha] = HBa,

[VB,VC ] = V[B,C],

HaUr = iaUr+1 +Qr,a(U,Λ),
HaΛ = VBΛ = 0,
HaCr = Cr+1(a; ·).

(19)

Here Q0 = 0, Qr uses only U0, . . . , Ur−1,Λ, and

RU (a, b)c = WU (a, b)c+ Λ
3 {a η(b, c)− b η(a, c)}. (20)

Here η(WU (a, b)c, d) is the tensor in eq. 3 with Ψ± = U±
0 . This specifies the

inverse component conversion in every curvature action. The Bianchi identi-
ties and frame-equivariance identities hold polynomially on the independent
complex lists, with the curvature action on every derivative slot retained.
Complete free records and Λ determine the formal normal metric uniquely.

Proof. The complete proof is given in Appendix A. The highest difference
of two ordered completions has commuting derivative slots and zero Bianchi
contractions. The two-spinor identity makes it separately symmetric, hence
precisely the two free tensors of that order. Adding their projection to
the linear compatibility system makes its constant matrix injective. Finite
analytic Einstein witnesses for every real finite prefix prove consistency. A
fixed constant left inverse therefore gives polynomial coefficients; maximal-
real-form polynomial continuation supplies independent complex inputs.

Every asserted derivation identity uses finitely many components and
holds on those witnessed prefixes as actual covariant differentiation and
frame change. It is consequently a polynomial identity. The necessary finite
prefix includes every derivative appearing in that identity; no infinite analytic
witness is used in this argument. The radial Jacobi recurrence fixes the
formal normal metric from the completed ordered curvature. Appendix A
supplies the witness construction, all normal-form hypotheses and the formal
uniqueness argument. □

The infinitesimal frame convention is the readout at the changed frame:
VB inserts B in each tensor argument. Its finite version is the pullback of
the tensor by the specified spin element. The first Bianchi identity and
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its differential form imply the Lie–Rinehart Jacobi identity, including the
curvature-dependent coefficients in the first bracket.

Let X0 = (U+
0 , U

−
0 ,Λ) and Xr = (U+

r , U
−
r ) for r > 0, and define

∥X∥R =
∑
r≥0

Rr

r! ∥Xr∥. (21)

The original bounds give ∥X∥R0/2 ≤ 16C + |Λ| by the preceding coherent
estimate. This is an initial radius conversion, not a norm change repeated at
each nonlinear derivative.

Theorem 3.3.
On every bounded set of this analytic-record space, the actual Ha have

normally convergent flows into spaces of smaller positive radius, for bounded
a and small common complex time. Inverses, derivatives and every specified
finite word have common positive domains. Finite-dimensional holomorphic
parameter dependence and bounded full-spin actions are preserved. For the
coefficient involution c of §8.4, the flows satisfy cΦt

a(X) = Φt̄
ca(cX). Its fixed

set is preserved for ca = a and real t, and by full Lorentz-real Spin actions.
Proof. We give the coefficient estimate and scalar analytic argument;

Appendix B proves the estimate for the original derivation, including its linear-
transfer and insertion constants. With X0 = (U+

0 , U
−
0 ,Λ) and Xj = (U+

j , U
−
j )

for j > 0, write the recursively ordered expansion

Qr,a(X) =
∑
d≥2

∑
j=(j1,...,jd)∈Nd

0
|j|=r+3−2d

B
[d]
r,j(a;Xj1 , . . . , Xjd). (22)

The input positions retain their derivative orders and chiralities; a scalar
Λ position is a component of X0. There is no 1/d! symmetrization. The
coefficients are the ordered multilinear maps of Appendix B.2, grouped
using the fixed auxiliary direct-sum Hermitian norms. There are at most
3d input-type choices and two output chiralities. Hence the passage from a
typed coefficient bound to a grouped bound costs at most 2 · 3d; replacing its
constants a, b by 18a, 3b absorbs this once, since 2 ·3dabd−2 = 18a(3b)d−2. For
∥a∥ ≤ 1 the grouped coefficients therefore satisfy, for structural a0, b0 > 0,

∥B[d]
r,j∥ ≤ a0b

d−2
0 r

r!∏
i ji!

, |j| = r + 3− 2d, d ≥ 2. (23)

Appendix B computes the normalized one-derivative recursion for Ha, uses
one contraction mass for all operations, and retains the inverse-order gain of
each nonlinear insertion. Its transfer costs within the recurrence for Q are

cr = r(r + 4)
r(r + 4)− 1 ,

∏
r≥1

cr ≤ e11/18. (24)

This accumulated cost is already included in the displayed coefficient budget;
the separate leading term is a tensor contraction, so ∥iaUr+1∥ ≤ ∥a∥ ∥Ur+1∥.
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For ∥a∥ ≤ A and initial bound M , divide the record components by r!.
Their formal flow series are dominated by the nonnegative scalar recursion

∂τF = A

(
Fz + z

d
dzV (z, F )

)
,

V (z, w) = a0zw
2

1− b0z2w
,

F (0, z) = M

1− z/R.

(25)

The derivative of V (z, F ) is total. To verify the majorization, write Xr(τ) =∑
k≥0Xr,kτ

k and F (τ, z) =
∑
k,r≥0 fk,rτ

kzr. The initial norm bound gives
∥Xr,0∥/r! ≤ f0,r = MR−r. Apply norms to each time coefficient. If the
coefficients through order k are dominated, the linear shift is bounded by the
corresponding coefficient of AFz, and the ordered degree-d part is bounded
by

Aa0b
d−2
0 r[τk]

∑
j1+···+jd=r+3−2d

d∏
i=1

[zji ]F (τ, z) = [τkzr]Az d
dz
(
a0b

d−2
0 z2d−3F d

)
.

(26)
For fixed r, this is a finite sum over d and the ordered input list. The
coefficient equation (k+1)Xr,k+1 = [τk](HaX)r and the same scalar equation
for fk+1,r therefore prove ∥Xr,k+1∥/r! ≤ fk+1,r. All coefficients of the scalar
recursion are nonnegative, so induction in k, simultaneously for every r, proves
formal coefficientwise domination. This argument precedes any assertion of
convergence.

Let W∗ = 4M + 1 and choose 0 < ρ ≤ R/8 with 16b0ρ
2W∗ ≤ 1. The finite

characteristic equations are

ż = −A(1 + zVw), ẇ = AzVz, z(0) = ζ, w(0) = M/(1− ζ/R).
(27)

On |z| ≤ 2ρ, |w| ≤ W∗, the denominator is bounded away from zero and
|zVw| ≤ 16a0ρ

2W∗, |zVz| ≤ 5a0ρW
2
∗ . In the scaled coordinates (z/ρ, w/W∗),

the vector field and its first derivatives are bounded. The ordinary integral
equation is a contraction on a small common time disk, with displacement
less than 1/8. For |ζ| ≤ ρ its initial scaled second coordinate is less than 2/7,
so trajectories remain in the displayed domain.

On |ζ| = 3ρ/4, the displacement bound |z(τ, ζ)− ζ| ≤ ρ/8 and Rouché’s
theorem give a unique simple inverse for |z∗| < ρ/2. Thus F (τ, z∗) =
w(τ, ζ(τ, z∗)) is jointly holomorphic and bounded by W∗. Its Taylor series
is the nonnegative formal recursion just used. The proved coefficientwise
domination now makes the double record series converge normally on strict
interior time disks and record radii, with termwise derivatives.

Each coefficient is a polynomial in finitely many initial records. The same
domination gives holomorphic maps into the smaller-radius sequence space;
alternatively any supplied finite-dimensional holomorphic family is jointly



A PROJECTIVE TWISTOR CORRESPONDENCE FOR LOCAL ANALYTIC. . . 15

holomorphic by uniform convergence. Formal reversal and composition
identities become analytic identities. A bounded spin flow acts on 2r+4 slots
with bound exp(c(r + 2)|tB|), absorbed by one strict radius decrease. For a
fixed finite word choose its successive output bounds and radii as the next
inputs. A finite number of positive restrictions, also for the inverse word, has a
positive minimum. The polynomial tensor identities give c(HaX) = Hca(cX).
Conjugating the convergent time series and using uniqueness of the initialized
flow proves the stated equivariance. Real directions, real times and Lorentz-
real Spin elements therefore preserve the fixed set. □

4. Cartan geometry and its intrinsic ray description. The record-
flow theorem gives a finite construction of the geometry needed to prove
convergence of the generating law. It also supplies physical point and spin
operations before any ordinary counit is used.

Proposition 4.1.
The original analytic record and Λ determine a holomorphic Einstein

four-germ by record flows and finite matrix ODEs. Its entire free record
is the original one. For bounded holomorphic input families, its normal
coordinates and radial spin frames have common positive domains. The
construction is unique up to the prescribed marked isometry.

Proof. Choose a constant basis e1, . . . , e10 of V ⊕so(V, η), write Di = ρ(ei)
for the derivations of Lemma 3.2 and [ei, ej ] = c kij(U)ek for their Lie–Rinehart
coefficients. These coefficients depend only on U0,Λ and fixed representation
matrices.

Successively set Un(x1, . . . , xn) = Φxn
n (Un−1). Theorem 3.3 gives these

maps on common smaller neighborhoods, including derivatives and parame-
ters. Construct columns αi by the finite ODEs

∂nαi = −Cn(Un)αi (i < n),
αi|xn=0 = (αn−1)i,

αn = en,

(Cn)kl = c knl.

(28)

We verify the anchor equation ∂if(Un) = αki (Dkf)(Un) on every cylinder
polynomial and the zero-defect equations

Fij := ∂iαj − ∂jαi + c(Un)(αi, αj) = 0. (29)
For the anchor residual Zi(f), the defining flow and matrix equation give
∂nZi(f) = Zi(Dnf), with zero initial value. Induction makes every xn Taylor
coefficient zero. Holomorphy gives Zi(f) = 0. The mixed defects Fni vanish
directly. For i, j < n, differentiate the defect and use the anchor equation.
The terms outside −CnFij are the coefficient Jacobi expression

Dnc
k
lm +Dlc

k
mn +Dmc

k
nl + c qlmc

k
nq + c qmnc

k
lq + c qnlc

k
mq = 0. (30)

Thus ∂nFij = −CnFij with zero initial data. Ordinary finite linear uniqueness
completes the induction.
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At n = 10 the coframe matrix α = (αi) is the identity at the origin,
regardless of the rank of the record orbit. It remains invertible after a
common shrink. Split it as (θ, ω). The zero-defect equations say

dθ + ω ∧ θ = 0, dω + ω ∧ ω = 1
2RU (θ, θ), df(U) = ρ(θ, ω)f(U).

(31)
The involutive rank-six vertical distribution ker θ has a local four-dimensional
holomorphic quotient. Equivalently, take a transverse four-slice and extend
it by the six finite vertical flows; their derivative is a unit at the mark. The
identity LZB

θ = −Bθ makes η(θ, θ) basic, hence a nondegenerate quotient
metric g. The first equation identifies ω with its Levi–Civita connection.
The second identifies its curvature with RU , whose Ricci trace is Λη. The
anchor equation gives every ordered covariant curvature derivative, including
its derivative-slot action, and hence the entire original free record.

All inverse matrices are units at the fixed mark. On common smaller
polydisks they have norm at most twice their marked inverse bound. The
record-flow bounds, finite linear ODE estimates and finite inverse theorem
therefore give uniform coordinate and metric/inverse-metric bounds. Apply
the finite geodesic endpoint ODE, its inverse, and radial spin parallel trans-
port to obtain common normal coordinates and spin frames, with g(0) = η
and ∂g(0) = 0.

For uniqueness, equal free lists give equal completed ordered curvature
jets. In marked exponential coordinates and parallel frames, the curvature
along each radial geodesic has identical Taylor series. The radial Jacobi
equation J ′′

v + R(Jv, x)x = 0, Jv(0) = 0, J ′
v(0) = v then gives identical

endpoint Jacobi fields, and gx(v, w) = η(Jv(1), Jw(1)). An isometry with the
prescribed point and tangent map must intertwine these exponential maps,
proving uniqueness. This argument works formally over parameter coefficient
rings as well. □

For any given analytic Einstein metric its free records satisfy the original
factorial bound. Evaluate its Weyl spinors along the geodesics with initial
velocities ξ⊗π, transporting the frame. The unit spinor pairs are compact, so
finite holomorphic ODE estimates give one affine disk and curvature bound.
Cauchy’s formula gives exactly the bound of Theorem 3.1. Thus Proposition
4.1 covers all marked analytic Einstein germs.

In the selected Einstein scale the canonical rank-six metric and connection
are

H((σ, µ, ρ), (σ′, µ′, ρ′)) = σρ′ + ρσ′ + g(µ, µ′),
Dv(σ, µ, ρ) =

(
vσ − g(v, µ),
∇vµ+ ((Λ/6)σ + ρ)v,
vρ− (Λ/6)g(v, µ)

)
,

X = (0, 0, 1), I = (1, 0,−Λ/6).

(32)

In particular DI = 0, H(I, I) = −Λ/3, H(X,X) = 0, H(I,X) = 1, and
the Gram determinant of (I,X) is −1. These formulas identify the normal
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standard-tractor connection: for a general auxiliary scale its middle coefficient
is the Schouten tensor, which here is (Λ/6)g, and its curvature has Weyl
middle block and zero Cotton block. It is not an arbitrary connection
preserving a vector.

The null-geodesic contact space and its complete family of normal sky
quadrics are the classical correspondence of (LeBrun 1983, III.1–3). Propo-
sitions 4.2–4.3 give its local representatives together with the calibrated
rank-six bundle data used here.

Proposition 4.2.
The metric of Proposition 4.1 has a holomorphic contact ray neighborhood

of its whole compact sky, its canonical descended rank-six bundle and the
affine line of X along every ray. They form an object of SΛ. No chirality or
algebraic-type restriction is required.

Proof. On its frame bundle fix a nonzero null k. For αk = η(k, θ), the
torsion equation gives

αk(Xv + ZB) = η(k, v),
dαk(Xv + ZB, Xw + ZC) = η(Bk,w)− η(Ck, v).

(33)

The so(V ) orbit tangent of k is k⊥: for w ⊥ k choose ℓ with η(ℓ, k) = 1 and
use Bv = wη(ℓ, v)− ℓη(w, v). Thus the characteristic kernel of this pairing
on kerαk is

Kk = CXk ⊕ {ZB : Bk ∈ Ck}. (34)
It has dimension five. The vertical stabilizer is a Lie algebra, and its bracket
with Xk is a multiple of Xk; hence it is involutive. The quotient hyperplane
has nondegenerate Levi form, proving contactness. Curvature has not been
restricted in this calculation.

For a whole-sky neighborhood use the projective null-direction bundle
over a small four-neighborhood. Choose finitely many compact direction
cores with larger angular parents. On each parent choose a fixed coordinate
covector b nonzero on its directions and normalize the initial affine tangent
by b(k) = 1. Holomorphic geodesic flows and their direction lifts exist on
one buffered time disc |t| < T . After shrinking these parents, their spacetime
curves satisfy |(b ◦ γ)′(t)− 1| ≤ 1/2 there. The hit on b(x) = 0 is therefore
unique and holomorphic, with holomorphic inverse flow coordinates. Denote
the transverse hit map, including the direction at that hit, by χ.

We also reserve a connected-fiber margin before forming the quotient.
Fix the derivative bounds on larger spatial and angular parents first. With
u = b(x), write the spacetime projection of each relevant leaf as Gz(u),
where z is its transverse hit. On a whole convex parent u-disc the finite
ODE bounds give |G′

z| ≥ a > 0, |G′′
z | ≤ C and |Gz| ≤ Rp. Choose that

parent small enough that RpC < a2/2. The real Hessian of |Gz|2 is then
bounded below by 2(a2 −RpC) times the Euclidean form. Choose an inner
spatial ball Br with ∥b∥r below half the free-coordinate parent radius and
4∥b∥r < T/2. Every point over Br in a direction core has a hit in the retained
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transverse parent, by the same inverse-flow bound. Thus each graph sublevel
|Gz(u)| < r is convex and connected on its whole parent. In a normal
spin frame the connection is O(|x|), so the direction change along its O(r)
coordinate segments is O(r2); choose r so this is smaller than every angular
buffer. A leaf starting in a core cannot leave this graph while remaining
over Br: its hit is constant, its free coordinate stays strictly inside its parent,
and its direction stays inside the larger angular parent. Uniqueness of the
flow then keeps every continuation on that graph. Conversely the convex
free-coordinate segment joins any two graph points over Br.

Let Fin be the projective null-direction bundle over Br, and let Rshort
mean membership in the same connected characteristic leaf in Fin. The
preceding argument identifies each such leaf with one whole graph sublevel.
For two related points whose initial direction is in a fixed core, let t be their
connecting affine time in its parent. Integration along the complex time
segment gives

|t| ≤ 2|b(γ(t)− γ(0))| ≤ 4∥b∥r < T/2. (35)

Consequently Rshort is relatively closed in Fin×Fin. Indeed, for a convergent
sequence of related pairs choose a subsequence whose first directions lie
in one fixed core. Their connecting times have a convergent subsequence
in the compact disc |t| ≤ T/2, and the ODE depends continuously on the
initial point and time there. The buffered hit maps extend at both limits;
from χ(pn) = χ(qn) we obtain χ(p) = χ(q). Their common graph sublevel
is connected, so the limiting pair is again related. This asserts relative
closedness of the relation, not closedness of an open inner plaque in a larger
parent.

The quotient projection is open, since saturation of an open set is the
union of its images under local holomorphic leaf flows. For an unrelated pair,
relative closedness supplies a product neighborhood disjoint from Rshort; its
two open quotient images are disjoint. The quotient is Hausdorff. The hit
maps are its holomorphic submersion charts near the central sky, and their
transition maps are the actual hits on the next transversal along the same
short leaf. Uniqueness gives inverse maps and exact cocycles, without a
further long-ray identification. All choices use finitely many ODE bounds,
unit hit derivatives and angular buffers; they are uniform on the conditioned
families used in §6.1. This is the one-dimensional characteristic-flow version
of the graph and no-exit construction in §E.6.

Directions at one point form Q = P(S)×P(S′) and embed in the quotient.
Its tangent is killed by αk, so it is Legendrian; the contact line is the
dual tautological null line O(1, 1). The contact normal sequence has kernel
Ω1
Q⊗O(1, 1) = O(−1, 1)⊕O(1,−1) and quotient O(1, 1). The kernel has zero

cohomology in every degree. Hence H0(NQ/Z) = H0(O(1, 1)) has dimension
four and H1(NQ/Z) = 0. The compact-support completeness of Lemma D.1
gives a universal smooth four-dimensional embedded family. The rulings
persist: each ruling line has trivial normal line in Q and vanishing first
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obstruction, and the two resulting fibrations identify nearby surfaces with
P1 × P1. Their contact line retains bidegree (1, 1). On each surface the
contact restriction is a section of Ω1

Q⊗O(1, 1), whose H0 is zero, so all these
surfaces are Legendrian. The point-family derivative is v 7→ [k 7→ g(k, v)],
an isomorphism onto that four-dimensional section space. The finite inverse
theorem therefore identifies it with the complete family.

Parallel transport of the canonical bundle along the same short ray seg-
ments gives holomorphic rank-six transitions and exact cocycles. Evaluation
at the point trivializes it on each sky. In its ray-parallel trivialization,
D2
kX = 0 for an affinely parametrized null geodesic, directly from the dis-

played canonical connection. Thus X traces an affine line whose translation is
the tautological null line, restricting to O(−1,−1). The selected I is its same
descended parallel section. The canonical curvature gives both normality
conditions. □

Proposition 4.3.
Every independently supplied object of SΛ is the canonical ray geometry

of its recovered analytic Einstein metric. The identification retains the actual
selected section and the full spin mark, and is fully faithful.

Proof. First reconstruct the bundle and connection. Proper base change
in the form for a holomorphic bundle on a proper compact-fiber family
gives locally free p∗q

∗V and the evaluation isomorphism near the central sky
(Grauert 1960, sec. 7, Sätze 3, 5–6; Grauert 1963). The base is a smooth germ,
the incidence is proper and smooth, and the pulled-back bundle is coherent
and flat over that base. Here the central bundle is O 6

Q and Hj(Q,OQ) = 0
for j > 0. Upper semicontinuity makes these higher groups vanish nearby;
the Euler characteristic is six, so h0 = 6. Evaluation is an isomorphism on
the compact central fiber and therefore on a common nearby family. This
verifies all required hypotheses. For a finite local Artin extension, factor it
into finitely many small extensions 0 → J → A′ → A → 0 with mA′J = 0.
At each step the kernel is J ⊗C O 6

Q; its H1 vanishes, so the six sections lift
and their basis evaluation remains a unit. Finite induction gives the assertion
for the original extension.

The affine torsor on a sky has translation O(−1,−1), whose H0 and H1

both vanish. It has exactly one section. Its image in the sky-trivial bundle is
constant on the compact sky, defining X ∈ T . Analytic dependence can also
be seen without a torsor base-change assertion: in an evaluation frame the
affine-membership equations are linear, their homogeneous kernels have zero
intersection, and finitely many rows have rank six at the central sky. Solve
these unit rows; fiberwise uniqueness verifies all the remaining equations.
This works over finite parameter algebras.

For the inverse transport, the point-family tangent is H0(Q,O(1, 1)). At
a sky point, the projected ray line is the kernel of its first-jet evaluation; a
section with zero value and first derivative is the product of the two linear
factors vanishing at that point. These kernels form O(−1,−1) and give the
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complete Segre null quadric. In an evaluation frame the given q-constant
partial connection, divided by this tautological ray direction, has coefficients
in H0(Q,End T ⊗ O(1, 1)). Each is a unique linear function of the tangent
direction. It consequently defines one connection D on T , with the usual
Leibniz rule. Its q-parallel transport is the supplied one. The descended H, I
satisfy DH = DI = 0 since their derivatives vanish in every null direction.

Put g(v, w) = H(θ(v), θ(w)) and project D to Wscr = (I,X)⊥. The
nondegenerate Gram matrix of I,X makes this projection a holomorphic
algebraic operation, even at Λ = 0. Pairing derivatives with I,X shows

Dvθ(w) = θ(∇vw)− g(v, w)I − (Λ/3)g(v, w)X. (36)

The projected connection, defined by θ(∇vw) = prWscr Dvθ(w), is metric.
Since H and the scale plane are nondegenerate, so are H|Wscr and g. Anti-
symmetrizing eq. 36 gives the correctly typed torsion identity

θ
(
T∇(v, w)

)
= Dvθ(w)−Dwθ(v)− θ([v, w]) = FD(v, w)X. (37)

It vanishes by regular-normality, so ∇ is Levi–Civita. Alternating two
derivatives of eq. 36 and projecting to Wscr gives the ambient middle curvature
of Definition 2.2:

Rg(v, w)u− Λ
3 {g(w, u)v − g(v, u)w}. (38)

Taking the trace of v 7→ Rmid(v, w)u in dimension four gives Ricmid =
Ric(g)−Λg. Its vanishing is exactly Ric(g) = Λg. In the basis X, I+(Λ/6)X
and Wscr the connection is the canonical one above.

Under the given q-parallel identification, X stays in its prescribed affine
line. Its tangent is the corresponding null direction. Differentiating once
more in an affine parameter and using the connection formula proves that the
projected ray is the null geodesic of g. The contact structure is the canonical
Hilbert contact structure as well. Both contain the tangent planes of all skies
through a ray. The planes from two distinct sufficiently close points span
the four-dimensional contact plane: their Jacobi-field pairing has leading
term (t2 − t1)ηscreen, which is invertible for small nonzero separation. Hence
the two contact hyperplanes agree. The supplied ray bundle and affine line
are identified by their same null transport, not by replacement with another
connection.

An enriched comparison induces the recovered isometry. Conversely an
isometry transports its null rays, canonical bundle, I and affine line. There is
no further bundle ambiguity: I,X and the four solder vectors span rank six
with nonzero Gram determinant. The initial spin lift is retained separately,
including its central kernel. This proves full faithfulness. □

Section 5 defines the source gluing law; §6 uses the Cartan construction
above to prove its common convergence.

5. Holomorphic generation and the compatible optical correction.
We now define the source law. All its finite stages use the original classes
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and fixed holomorphic operations. Geometry recovered from those stages is
derived data.

We distinguish coordinate-algebra comparisons from point maps. The
overlap operator is Eij : Oj → Oi, whereas the stored point map is Φij :
Zj → Zi, with

Eij = (Φ−1
ij )∗, Eij = exp(εXhij

) ⇐⇒ Φij = Fl−εXhij
. (39)

All logarithms, Baker–Campbell–Hausdorff products and Hamiltonian cor-
rection cochains below refer to E. All graph actions, contact multipliers and
optical transitions refer to the actual point maps Φ. Proposition 5.8 verifies
the sign against the incidence metric.

Start with homogeneous Z = (ωA, πA′) on T0 and its marked linear dual
W = (κA, ηA

′). The open incidence W · Z = 0, π ≠ 0, κ ≠ 0 is an open part
of PT ∗T0, with contact form W dZ. Its zero sky is Q = P(S∗)× P(S′). The
dual structure is fixed by the original linear marking.

The original negative class determines, rather than accompanies, a dual
positive class. If its coefficients in Theorem 3.1 are c−

r,a,j , set

G(η, ϱ) =
∑
r≥0

r∑
a=0

r+4∑
j=0

(−1)r (r − a)!a!
(r + 4− j)!j! c

−
r,a,j(η

0)r+4−j(η1)jϱ−a−1. (40)

The sign is fixed by the dual incidence η = −κx. Both extraction multipliers
are those in Theorem 3.1, so this preserves every U−

r . This is a bijection of
analytic germs: for |c−

r,a,j | ≤Mδ−r and 1/2 ≤ |ϱ| ≤ 2, with b = |η0|+ |η1|,

|G| ≤ Mb4

12(1− 2b/δ)2 , 2b < δ. (41)

Indeed
∑
a(r − a)!a!|ϱ|−a−1 ≤ (r + 1)r!2r+1, the remaining monomial sum

is br+4/(r + 4)!, and r!/(r + 4)! ≤ 1/24. Conversely the inverse coefficient
multiplier is bounded by (r + 1)(r + 2)(r + 3)(r + 4)2r. Fixed-radius Cauchy
splitting gives actual cochains in both directions. The same inequalities
prove the family statement.

In the chart π0′ = κ0 = 1, put ζ = π1′ , ϱ = κ1, s = η1′ . Then η0′ =
−w0 − ϱw1 − ζs and

α = dw0 + ϱ dw1 + s dζ. (42)
For a Hamiltonian h, the exact contact field is

Xh = (h− ϱhϱ − shs)∂w0 + hϱ∂w1 + hs∂ζ

+ (ϱhw0 − hw1)∂ϱ + (shw0 − hζ)∂s,
{h, k} = Xhk − hw0k, [Xh, Xk] = X{h,k}.

(43)

The two first-order lifts are
h+ = ∂w1F2 − ϱ∂w0F2, h− = −∂η1′G+ ζ∂η0′G. (44)

They start in normal degree three and are contact-line cochains on the product
cover. The positive lift is the cotangent lift of the Hamiltonian deformation on
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T0; the negative lift is its determined dual lift. Their cohomology classes have
exactly the two original free lists, with the normalization verified in Appendix
C. They have a mixed interaction: for F = (w0)4/ζ and G = (η0′)4/ϱ the
bracket is 48(w0)2(ϱw1 + ζs)(w0 + ϱw1 + ζs)2, which is not zero.

Use an amplitude ε, with prescribed complete record εU and numerical
coefficient λ(ε) = εΛ. At finite order work over AN = C[ε]/(εN+1); finite
parameter algebras with the same flat residue can be used for the same
induction. Products, logarithms and exponentials relative to the reference
atlas are finite nilpotent operations. No logarithm of an arbitrary analytic
contact map is asserted to converge.

Lemma 5.1.
Every finite source contact stage in the cubic Hamiltonian gauge Hij ∈ I3

QL
admits a contact-cocycle lift in that same gauge to the next parameter order,
with holomorphic spatial coefficients. Here IQ is the ideal of the reference zero
sky, and Hij is the nilpotent logarithm relative to the reference atlas. Closed
contact corrections in each normal degree have the cohomology described in
Appendix C. The prescribed source execution remains in this gauge at every
stage.

Proof. The flat normal bundle has 0 → K → V ⊗ OQ → N → 0,
where K = O(−1,−1) and the contact line is L = K∗. Degree-n contact
Hamiltonians form Fn = L⊗ SymnN∗. For n ≥ 1 the normalized derivative
(1/n)∂k gives

0 −→ Fn −→ L⊗ Symn V ∗ −→ L2 ⊗ Symn−1 V ∗ −→ 0. (45)
Both right-hand bundles have no higher cohomology, hence H2(Fn) = 0.
Appendix C gives a fixed explicit two-cocycle repair with norm at most
C0(n+1)Cn1 on buffered charts. It therefore repairs an entire analytic normal
series after one restriction.

Lift the nilpotent contact logarithms by coefficient lifts within I3
QL. This

is an invariant source gauge. In adapted coordinates α = dz + p dq, with
IQ = (z, p), the Jacobi formula gives

{IaQL, IbQL} ⊂ Ia+b−1
Q L, a, b ≥ 1. (46)

Tangential derivatives preserve normal order, normal derivatives lower it by
at most one, and a term with two normal derivatives has a normal-coordinate
factor. Thus cubic Hamiltonians are closed under the contact brackets and
finite Baker–Campbell–Hausdorff operations. Reference substitutions pre-
serve the ideal. The triple defect is consequently a cubic contact Hamiltonian
two-cocycle with coefficients in the highest kernel J ; associativity makes
it closed because mJ = 0. Its degree-preserving repair uses only n ≥ 3.
Subtracting that repair gives the required exact cocycle, with literal inverse
orientations and holomorphic coefficients.

The initial source lifts displayed above are cubic. The zero-new-coefficient
trial rule preserves this property. The optical correction has degree n = m+
1 ≥ 3, and its fixed representatives preserve that degree. Induction therefore
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proves the gauge assertion for the actual source execution. This statement
concerns the source-correction representatives; the later stored normalizer
is compared by its own deterministic metric-normalization argument. Only
finitely many derivatives and the convergent fixed spatial splittings occur at
each parameter order. □

The cubic condition is stronger than fixing the sky and the point-map
first jet. For example, h = z2 has flow (z, p, q) 7→ (z/(1− tz), p/(1− tz)2, q)
for α = dz + p dq. It has identity first point jets along the sky while its
Hamiltonian is quadratic. The source gauge in the lemma is established by
the preceding induction, rather than deduced from those point jets.

The compatible optical correction is a further condition; it does not follow
from this contact lemma alone. To state it we first construct its incidence
and bundle from the maps.

For contact graph coordinates put q = (ϱ, ζ), u = w0 + ϱw1, p = (w1,−s),
so α = du− pdq. A scalar f(q) represents its Legendrian graph j1f . For a
contact map Φ, let ψΦ,f (q) = prq Φ(j1f(q)) and define its scalar graph action
by AΦ(f)(ψΦ,f (q)) = pru Φ(j1f(q)). The direction projection is a unit at
the reference and therefore invertible at each finite stage. These are exact
actions under composition.

Fix four direction points (0, 0), (1, 0), (0, 1), (1, 1) and their line frames.
Let e be their four evaluations followed by the inverse evaluation matrix of
1, ϱ, ζ, ϱζ. The flat scalar sky is sx = x00′ + ϱx10′ + ζx01′ + ϱζx11′ .

Proposition 5.2.
Every finite contact-cocycle stage has a unique scalar family satisfying

AΦijfj = fi and e(f) = x. It is a complete family of embedded polarized
Legendrian quadrics over its finite algebra. Its conformal metric and actual
ray derivatives are determined by this same family.

Proof. Write fs = f + sv and (Qs, Us, Ps) = Φ(q, fs(q),dfs(q)), with
Fs = AΦ(fs). At fixed old direction q, the contact identity Φ∗α = cΦα gives
δU−P δQ = (cΦ◦j1f)v, where δ = ∂s|s=0. The image is Legendrian, so Us =
Fs(Qs) and Ps = dFs(Qs). Differentiating the first identity and subtracting
P δQ therefore gives (dAΦ|f (v)) ◦ ψΦ,f = (cΦ ◦ j1f)v. Consequently, at fixed
new direction,

dAΦ|f (v) =
(
(cΦ ◦ j1f)v

)
◦ ψ−1

Φ,f . (47)
The terms involving dv in δQ and δU cancel in this contact variation.

Thus at the highest parameter degree the new graph residual is an O(1, 1)
one-cocycle, without a direction derivative of the highest unknown. The
tensor product of the fixed two-circle Laurent contractions solves this cocycle.
Subtract its global section with the same four evaluations. This produces the
unique primitive of zero four-evaluation; H1(O(1, 1)) = 0 gives existence and
the four-dimensional H0 gives uniqueness. Iterate over the finite parameter
algebra. The source terms and graph inverses are finite analytic operations,
so the coefficients are holomorphic on a possibly order-dependent spatial
neighborhood.
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At each finite extension the abstract direction-chart change is a cocycle in
TQ = O(2, 0) ⊕O(0, 2), whose H1 vanishes. The contact-line deformation
is trivial because H1(OQ) = 0. Hence the abstract polarized type remains
(Q,O(1, 1)); this does not trivialize its embedded contact deformation. The
four variations ∂xafi are its complete contact-line section system.

Its inverse conformal metric can be read by one finite matrix inverse.
Evaluate ℓν = (∂xafi) at the nine directions (ϱ, ζ) ∈ {−1, 0, 1}2, in fixed
frames, and solve

Gab(ℓν)a(ℓν)b = 0 (ν = 1, . . . , 9), ηabG
ab = 4. (48)

At the residue the restrictions of quadratics to (1, ϱ, ζ, ϱζ) form all nine
bidegree-(2, 2) polynomials. The tensor product of the two three-point
Vandermonde matrices is invertible, and its quadratic kernel is the single
null-form line. The last normalization is nonzero on that line. The ten-by-ten
matrix is consequently a unit. The actual moving quadric has this same
one-dimensional quadratic ideal, so G is its inverse conformal form, not a fit
to only nine directions. Put gaux = G−1.

We also identify the actual ray curves before imposing an Einstein condition.
Write g = gaux in this calculation. Let F be this complete incidence, with
projections p : F → M and q : F → Z. A local contact frame α pulls
back to a one-form vanishing on ker dp, because the skies are Legendrian.
It therefore defines a nonzero covector ℓf at p(f) by q∗α(Y ) = ℓf (dp Y ).
On every whole sky its projective class is the evaluation embedding of the
complete H0(O(1, 1)) system. Thus

ι : F ∼−−→ Cg = {(x, [p]) ∈ P(T ∗M) : gabpapb = 0}, ι(f) = (p(f), [ℓf ]).
(49)

This is a fiberwise Segre isomorphism over M , with unit coordinate minors
over the finite algebra. It carries the pulled-back contact value to the
tautological covector value. On ker q∗α, the characteristic line of d(q∗α) =
q∗dα is precisely ker dq, since q is a submersion and the contact Levi form
on Z is nondegenerate.

For the affine normalization, lift ι by the covector ℓf to the nonprojective
null cone in T ∗M . Write ϑ = pa dx

a and Hg = gabpapb/2 there. The
Hamilton field with ιXHg

dϑ = −dHg is

XHg = gabpb ∂xa − 1
2(∂agbc)pbpc ∂pa . (50)

On the null cone ϑ(XHg ) = 2Hg = 0, and −dHg vanishes on its tangent space.
Its nonzero projective image therefore spans the characteristic line already
identified above; its spacetime projection is g−1p. Let D be the generator of
ker dq with dp(D) = g−1ℓf ; its scaling exists and is unique by the preceding
characteristic identification. In the covector lift, ιDdϑ = q∗(ιdqDdα) = 0
on every incidence tangent, while ιXHg

dϑ = −dHg also pulls back to zero.
Their difference has zero spacetime projection, so its contraction with dϑ is
a vertical covector variation δpa dx

a. Since p : F →M is a submersion, this
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can vanish on all incidence tangents only if δp = 0. The lift of D is therefore
exactly XHg , rather than that field plus an Euler rescaling. Its spacetime
equation is the affinely parametrized null-geodesic equation of gaux.

This argument uses regular contact incidence and the unit conformal
metric only. All its equalities, kernels and inverse minors commute with finite
parameter reduction, so it applies to the trial stage as well as a corrected
Einstein stage. □

Proposition 5.3.
The regular complete contact incidence determines a rank-two holomorphic

bundle EJ independently of a chosen scalar metric. Its solutions are defined
by a projective ray operator on the intrinsic density line. With the same
density calibration, its Cauchy transitions and inverse transitions are exactly
the matrices Bij below. Their Wronskian supplies a specified isomorphism∧2 EJ

∼−→ L, which is the identification used in subsequent formulas. The
construction is natural under marked contact/incidence comparisons and
finite parameter restriction.

Proof. Put K = ker dq. First-jet evaluation gives K|Qx = O(−1,−1), so
K ⊗ q∗L descends by compact-fiber evaluation to a line B on M . Take its
root pair E [1]2 = B on the small marked smooth moduli germ, with the
specified central sign. This uses no square root of O(1, 1).

For any ray coordinate u and contact-line frame l, let m2
u = ∂u ⊗ l. The

tangent-sky graph defines the potential by the matrix Schwarzian in the next
displayed formula. Appendix D proves that, under v = f(u) and lv = h l,

κv = f ′−2(κu − 1
2{f, u}

)
,

yv =
√
f ′/h yu,

(∂2
v + κv)yv = h−1/2f ′−3/2(∂2

u + κu)yu.

(51)

Hence these are one intrinsic line-valued ray operator. Its two-dimensional
solution spaces descend by short-ray ODE uniqueness. The Wronskian takes
values in L. Appendix D proves graph-frame invariance directly and compares
the identical calibrated Cauchy frames, including inverse matrices and scale
changes. No Schouten tensor or Einstein germ is an input of this definition.□

Choose local contact forms αi. For comparison with the intrinsic con-
struction, take the density frame e specified by g = gauxe

2; this agrees with
the central mark. On the incidence there is a unique generator Di of ker dq
whose projection ki satisfies gaux(ki, dp Y ) = q∗αi(Y ). The characteristic and
covector-lift computation of Proposition 5.2 identifies this generator with the
Hamilton field of the null covector, so it is affine for the trial gaux without an
Einstein assumption. If Φ∗

ijαi = cijαj , then Di = cijDj , with cij constant
along a ray.
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The tangent-sky curve in the fixed contact plane is a regular symmetric
graph Si(t). Its optical potential is defined from that curve:

κi = 1
2 tr

{1
2(S′

i)−1S′′′
i −

3
4
(
(S′
i)−1S′′

i

)2}
, D2

i y + κiy = 0. (52)

To identify this potential geometrically, write g = gaux, fix one short affine
null geodesic γ with tangent k, and write u for its affine parameter and
Dz = kerαz for the contact plane. Proposition 5.2, or the independent
reconstruction in §D.7, identifies z ∈ Z with this unparametrized geodesic. A
variation through null geodesics is a Jacobi field. Conversely the initial-value
theorem integrates every Jacobi initial datum satisfying the linearized null
constraint to such a variation. The contact condition is g(k, J) = 0. Changes
of affine origin and speed are the fields (a+ bu)k, so the contact plane is the
four-dimensional solution space

Dz ≃
{J : ∇2

kJ +R(J, k)k = 0, g(k, J) = g(k,∇kJ) = 0}
{(a+ bu)k : a, b ∈ C}

. (53)

Here the orthogonality conditions can equivalently be imposed at one initial
point. They persist by the Jacobi equation. This is a space of solutions
along γ, rather than the two-dimensional screen k⊥/⟨k⟩ at one point. In the
covector normalization of Proposition 5.2 its conserved symplectic pairing is
W (J1, J2) = g(J1,∇kJ2)−g(∇kJ1, J2) = −dα(J1, J2). Indeed differentiating
the null Hamilton flow gives the displayed Jacobi equation, and differentiating
α(J) = g(k, J) gives the last equality. Both pairings pass to the quotient by
(a+ bu)k. Varying a ray while keeping x = γ(u) fixed is precisely a variation
vanishing there; modulo the tangential fields this says TzQx = ker(evu :
Dz → k⊥/⟨k⟩). These kernels are Lagrangian. This is the contact realization
of the sky incidence (LeBrun 1983, III.2–3).

Choose a parallel orthonormal screen frame. Its Jacobi equation is j′′ +
Rj = 0, where R[j] = [R(J, k)k] is symmetric. Complete k to a null
frame to take the Ricci trace: the two null-direction contributions vanish by
R(k, k) = 0 and g(R(n, k)k, k) = 0. Thus trR = Ric(k, k) with exactly the
curvature and Ricci conventions of §2. Choose a symplectically normalized
fundamental pair of screen solution matrices Y, Z, so

Y TZ ′ − (Y ′)TZ = 12, Y TY ′ = (Y ′)TY, ZTZ ′ = (Z ′)TZ. (54)
A solution is j = Y a + Zb. On a chart where Y is a unit, its vanishing
at u is a = −Y −1Zb. The row identity Y ZT = ZY T, a consequence of
the displayed symplectic normalization, makes S = Y −1Z symmetric. In
the constant symplectic coordinates (b,−a) the actual tangent-sky curve is
precisely this graph, with the stated sign convention. In these coordinates
dα = d(−a) ∧ db = −W , consistently with the contact normalization above.
The Wronskian identities give S′ = Y −1Y −T and (S′)−1S′′ = −2(Y −1Y ′)T.
Writing A = (S′)−1S′′ now gives 1

2A
′ − 1

4A
2 = (Y −1RY )T. The trace in the

optical definition is consequently κ = 1
2 Ric(k, k) = P (k, k), since g(k, k) = 0

in dimension four. Any other constant symplectic graph frame gives the
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same trace by §D.2. The proof uses only null-geodesic incidence, metric
compatibility and finite-dimensional ODE uniqueness, so it applies to the
trial metric before Einstein admission and commutes with finite parameter
reduction.

For actual transverse slices let τij be the time in Dj needed to move from
slice j to slice i over Φijz. The optical transitions are

∂tFj(t, z) =
(

0 1
−κj(t, z) 0

)
Fj(t, z), Fj(0, z) = 1,

Bij(z) =
(

1 0
0 cij(z)

)
Fj(τij(z), z).

(55)

They satisfy Bik = (Bij ◦ Φjk)Bjk, because both routes continue the same
solution to the same final Cauchy state. Their determinant is cij , not a
globally imposed unit. Thus the Wronskian identifies

∧2 EJ ≃ L by the
specified Wronskian isomorphism.

Under ĝ = Ω2g the density convention is ŷ = Ωy, D̂ = Ω−2D. Direct
differentiation gives

κ̂ = Ω−4{κ−D2 log Ω + (D log Ω)2},

CΩ,i =
(

Ω 0
Ω−1Di log Ω Ω−1

)
, B̂ij = (CΩ,i ◦ Φij)BijC−1

Ω,j .
(56)

These coherent formulas retain the selected section under a scale comparison.

Proposition 5.4.
A holomorphic section of this optical bundle on a neighborhood containing

a whole compact sky is exactly an analytic density satisfying (∇2σ+Pσ)0 = 0.
If its value at the mark is a unit, its selected metric σ−2gaux is Einstein and
its prolongation is the same canonical parallel section I.

Proof. Evaluate the section on the incidence. On each compact connected
sky it is a holomorphic function with values in the fixed one-dimensional
density fiber, hence constant. These constants descend holomorphically
to σ(x). The ray equation implies kakb(∇a∇bσ + Pabσ) = 0 in every null
direction. A symmetric quadratic form zero on the complete nondegenerate
null quadric is a multiple of g. Conversely that trace-free equation supplies
raywise solutions whose Cauchy states agree under the Bij , proving both
inverses.

Set Jg = Scal(g)/6 and

µ = ∇σ, ρ = −1
4(∆σ + Jgσ), λσ = −3(2σρ+ |µ|2). (57)

The trace-free equation gives ∇aµb + Pabσ + gabρ = 0. Its divergence, using
∇aPab = ∂bJg and Ric = 2P + Jgg, gives ∇bρ = Pb

aµa. These are exactly
the normal tractor parallel equations. Their norm is constant. The Schouten
transformation is

P σ
−2g = P g + σ−1∇2σ − 1

2σ
−2|dσ|2g =

(
−σρ− 1

2 |µ|
2
)
σ−2g. (58)
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It proves Ric(σ−2g) = λσσ
−2g and identifies the same I = (σ, µ, ρ), without

dividing by λσ. Normalizing the evaluation vector by σ makes its position
affine: if X ′′ + κX = 0 and σ′′ + κσ = 0, then Y = X/σ, dt̂/dt = σ−2 satisfy
dY/dt̂ = σX ′ − σ′X, whose derivative is zero. The translation line is L−1.
The dual optical plane embeds in the normal bundle as ⟨X,DkX⟩, by its
Cauchy evaluation, so this is precisely the affine line of Definition 2.2. □

The requirement is on a whole neighborhood, not only the central sky.
Indeed EJ |Q ≃ O ⊕ O(1, 1) has five central sections. The sixth flat scale
freedom is invisible in these central Cauchy values and is detected transversely.

We can now correct the actual bundle defect and the entire record simul-
taneously. At a small extension with highest ideal J , first express the lower
selected density as the Einstein scale and lift that scale to the trial stage.
For arbitrary lifted local states define the target-minus-source defect

rij = s̃i ◦ Φij −Bij s̃j . (59)

Its highest weighted piece of weight m belongs to the flat sheaf Sm = ker(D2 :
Pm⊗OQ → Pm−2⊗L2). A value has degree m and a slope degree m−1. This
grading is required for the actual transport, and is not ordinary normal degree
on the ray space. Fixed scalar Čech splitting δu = r gives D2u = Aab(x)kakb
and the class

am = [A] ∈ Qm = Pm−2 ⊗ Sym2
0 V

∗

Hess0 Pm
. (60)

Contact degree m+1 has class space Cm+1 = H1(Q,Fm+1) and free projection
Πm+1 : Cm+1 →W+

m−2 ⊕W
−
m−2. The fixed linear vacuum inclusion is ιm+1.

Appendix D proves the exact sequence of the specified maps

0 −→W+
m−2 ⊕W

−
m−2

ι−→ Cm+1
om−−→ Qm

dm−−→ Z2
m−4 −→ 0,

omJ [h] = [P (h)◦],
dm[A] = d divA.

(61)

Negative polynomial degrees mean zero. The inverse Lm : ker dm → ker Πm+1
of om is a fixed finite constant-matrix operation.

Theorem 5.5.
For every trial contact lift of an already corrected lower stage the actual

optical class satisfies dmam = 0. If Zm−2 is the difference between the
prescribed and current entire free record at that weight, the closed contact
correction class is

∆cm+1 = −Lmam + ιm+1Zm−2. (62)

A fixed analytic cochain representative, fresh incidence and optical recompu-
tation, and the uniquely normalized remaining scalar correction give the next
stage. It has a whole optical section, its same canonical Einstein scale, nu-
merical coefficient εΛ and every prescribed free coefficient. It is independent,
up to the marked selected-section comparison, of the trial lift.
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Proof. Appendix D derives the optical-class map using the actual bundle
above. In the lifted lower Einstein scale the comparison scalar 1 has ray resid-
ual P trial(k, k) in J . Local double primitives make its highest class exactly
[P trial ◦]. The contracted Bianchi identity ∇aP ◦

ab = 3
4∂bJg has, at this highest

coefficient, flat derivative: all lower P ◦ terms vanish and the lower scalar is
constant. Hence d div am = 0. This uses the moving incidence and Cauchy
frames; an arbitrary rank-two defect would not have this compatibility.

A closed contact class changes the obstruction and free record by
(am,Rec) 7→ (am + om∆c,Rec +Πm+1∆c). Every product of a J-valued
variation with a coefficient of positive parameter degree vanishes, since
mJ = 0 for the maximal ideal of this small extension. The exact sequence
and Πι = 1 prove the two simultaneous corrections, including every derivative
order. Use the fixed representative ℓm+1∆c constructed in Appendix C and
apply the positive highest exponential to the coordinate-algebra overlaps E.
The corresponding stored point correction is the inverse flow Fl−Xℓm+1∆c

.
Recompute the graphs from those point maps, as fixed by Proposition 5.8.

Recompute the graph incidence, tangent-sky potential and optical matrices
after this change. Its remaining defect is exact in Sm. If δu = r′ and
D2u = A′, the vanishing class gives A′ = Hess0 fm. Then vi = ui − fm has
D2vi = 0 and δv = r′. Adding these local homogeneous ray solutions cancels
the actual target-minus-source defect. Appendix D supplies the homogeneous
Hessian primitive explicitly.

The remaining flat global kernel is a + b · x + γη(x, x). Fix the value
and gradient in the lifted lower selected scale, then compute the numerical
coefficient λ∗ of this same section from its prolongation. Since ∆η(x, x) = 8,
changing by γη(x, x) changes the highest numerical coefficient by 12γ. Set

γ = λtarget − λ∗
12 . (63)

Thus the original numerical label, including zero, is retained. No desired
scalar curvature has been assigned to the off-shell optical potential. These
conformal highest corrections do not change the highest Weyl record.

A closed difference v of trial lifts changes (a, Z) into (a+ omv, Z −Πv).
Since Lmom = 1 − ιΠ, the new correction is the old one minus v. The
resulting marked geometric comparison preserves the selected density: its
remaining difference is a scalar coboundary plus the six global modes just
uniquely fixed. This proves trial independence at the needed geometric level,
without asserting equality of arbitrary raw corner gauges.

All spatial coefficients at this finite stage are analytic. The nontrivial
inverse estimate is proved in Appendix C: a compatible analytic A gives a
conserved Ricci source, an explicit bounded potential with that Schouten
tensor, and removal of its whole flat vacuum record. Applying the same
fixed cochain lift ℓ represents precisely Lmam with a bound after one fixed
spatial restriction. The scalar splittings, double primitives and Hessian
primitives have polynomial-times-exponential degree bounds. They can
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therefore be summed in normal degree. Finitely many operations complete
each finite parameter stage, possibly on a smaller stage-dependent domain.
No infinite-stage convergence is inferred here. □

For the source execution sequence fix the trial rule as well. In each inde-
pendent overlap orientation, expand the Hamiltonian logarithm relative to
the fixed reference substitutions as H≤N

ij =
∑N
k=1 ε

khij,k. Its lift to AN+1 is
this same coefficient polynomial, with zero new coefficient. Exponentiate
it and use the fixed two-cocycle repair of Lemma 5.1; store opposite ori-
entations by exact inversion. Lift the already selected local scalar/Cauchy
representatives by the same coefficient rule, and recompute all unit inverses,
scale changes, incidence and optical data from those representatives before
applying Theorem 5.5. This fixes a raw sequence without additional free
coefficients. Other trial lifts remain allowed for the geometric independence
assertion of that theorem; the prescribed normalized output is the same. For
a finite algebra without a chosen coefficient grading, any fixed linear lift can
be used, with normalized comparison and restriction supplied by §6.

Starting with the original first-order lifts and the flat scale, this trial rule,
Lemma 5.1 and Theorem 5.5 define all stages CN compatibly. The next
section specifies their stored normalization and proves its convergence on
one common domain.

Definition 5.6.
A calibrated affine object consists of a regular contact seed (Z,Q,L) with

L|Q = O(1, 1), its ordered rulings and original marking, and an affine-line
torsor A → Z with a specified translation identification T (A) = L−1. Its
unique lifted compact sky must have normal bundle O4

Q. Let jA : F → A

be the unique family of lifted skies. Require that jAι−1 extend from the
physical short incidence to a holomorphic fiberwise projective isomorphism

J : P(E∗
J) −→ A, (64)

where A is the fiberwise projective completion of the affine torsor and ι is
projective evaluation for Proposition 5.3. Both completions are defined from
the supplied holomorphic objects.

Retain the root pair β : E [1]2 → B of that proposition and its nonzero
central density value eo fixed by the marking. With b = (dqjA)−1 descended
to B, its marked value must satisfy b(o) = β(e2

o); the selected root has
σ(o) = eo. The finite-jet invariant of Proposition 5.4 at the mark is the
requested numerical Λ. The complete family, its lift jA, and σ are derived;
no metric or scale is an independent input.

Proposition 5.7.
These independently admitted affine objects are equivalent to the cali-

brated contact/optical objects with a whole unit section. Their overlap maps
have the local holomorphic law

(z, τj) 7−→
(
Φij(z), c−1

ij (z)τj + aij(z)
)
, Φ∗

ijαi = cijαj . (65)
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For the generated objects the translations are determined by the original
Cauchy matrices, without new free input. The same finite correction of
Theorem 5.5 corrects precisely the obstruction to this calibrated affine re-
duction. Both representative maps and their inverses converge on the same
conditioned parent domains as the stored optical data.

Proof. Appendix D.7 proves uniqueness and holomorphic dependence of
the lifted compact skies, and identifies their normal-bundle condition with
invertibility of dqjA. Appendix D.8 identifies the projective extension with
the intrinsic Schwarzian equality, obtains the compatible marked root and the
same whole optical section, and proves both inverse comparisons. Appendix
D.9 gives the explicit matrix calculation and its cochain obstruction. The
convergence statement follows from the finite formulas there and the common
analytic witness in §6. Thus the Einstein recognition in Proposition 5.4 is a
consequence of this holomorphic admission. □

Proposition 5.8.
With equation (39), the contact class in Appendix C has the same sign as

the actual conformal metric variation. A highest closed operator correction
d therefore changes the optical class by +od and the free record by +Πd, as
used in Theorem 5.5.

Proof. At first order write the scalar sky graphs as fi = f0 + εvi. The
point generator of Φij is −Xhij

, so AΦijfj = fi gives vi − vj = −hij |f0 . If
hij = aj − ai and Dai = hmet(k, k)/2 as in Appendix C, one can take vi = ai
up to a global contact-line section, which is the infinitesimal coordinate
freedom. The null covector changes by dxvi. For a covariant metric variation
hmet, the first variation of its null equation is

2Dvi − hmet(k, k) = 0. (66)

This is exactly the stated primitive equation. The auxiliary scalar normal-
ization changes only the trace; neither that trace nor the coordinate freedom
changes the conformal class, optical Hessian quotient or linear free Weyl
record. At a highest ideal all positive-parameter products vanish, so the
same calculation gives the signs of o and Π at every finite stage.

The convention also respects the exact cocycle order: EijEjk = (Φ−1
jk ◦

Φ−1
ij )∗ = (Φij ◦Φjk)−1∗. Assigning the positive point flow to the same positive

operator generator would instead produce −hmet; it is not an equivalent no-
tation. For F = (w0)4/ζ, Appendix C gives hvv = −24u2. The linearization
of our last-slot curvature is

R
(1)
abcd(h) = 1

2(∂a∂chbd + ∂b∂dhac − ∂a∂dhbc − ∂b∂chad). (67)

Hence C(1)
uvuv = R

(1)
uvuv = −24, and eq. 4 gives Ψ+

0000 = +24, exactly the
positive contour of Theorem 3.1. For the negative source F−6 = 1/ζ, Appen-
dix C gives hqq = −u2, hence C(1)

uquq = −1 and Ψ−
0′0′0′0′ = +1, the negative

contour. Reversing the stored point velocity changes both metric variations
and therefore both of these records by a minus sign. □
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Proposition 5.9.
For the fixed trial rule above, each finite parameter order N and finite

transverse jet order d of the corrected stage and its prescribed stored normal-
ization is determined by finitely many coefficients of the two original residue
representatives, Λ and the fixed marking/presentation choices. Transverse
jets mean the normal ideal of the reference compact sky on the contact carrier,
and the corresponding marked central incidence on the derived components.
They are computed by the finite cochain, matrix, derivative, unit-inverse and
initialized ODE operations specified here. An independently solved nonlinear
Einstein metric is not an input of this rule.

Proof. Let I be the normal ideal of the reference compact sky. In
its adapted contact coordinates, a degree-n Hamiltonian has normal vector
components of degree n and angular components of degree n−1. In particular

{Ia, Ib} ⊂ Ia+b−1, a, b ≥ 1. (68)

The source Hamiltonians start in degree three. A fixed normal jet of a
finite nilpotent product or logarithm consequently sees only finitely many
homogeneous input degrees. The fixed repairs Sn and representatives ℓn
preserve their displayed homogeneous degrees. Each matrix Lm and ιm+1
acts within one displayed degree, with constants fixed before any input is
supplied.

The scalar graph inverse and four-evaluation normalization are unit implicit
operations. A specified finite jet of their output uses a finite jet of their
source maps. The nine-direction metric inverse is another unit matrix inverse;
covariant curvature readout and the tangent-sky projective operator use only
finitely many further derivatives. The weighted optical splitting, double
primitive and Hessian primitive preserve the indicated value/slope grading.
Thus, at each of the finitely many parameter steps, a fixed output normal jet
needs only finitely many trial graph jets and free record components. Terms
above that finite homogeneous cutoff cannot enter through an unperformed
infinite sum. Induction gives a finite original prefix for every (N, d).

The normalization of §6 has the same property. Its physical metric is the
metric already read from the corrected incidence and its own selected density.
Formal geodesic development, radial spin transport, the identity-initialized
Moser flow and their unit inverses have unique finite Taylor recursions. Their
fixed finite jets therefore require only finite jets of that derived metric. The
fresh optical and affine components are finite derivatives and initialized linear
ODEs of the same incidence. No new geometry is chosen to execute this
normalization.

The matrix Lm is the substantive inverse of the optical obstruction on
the zero-record complement. Appendix C uses a conserved linear potential
to prove that this same fixed matrix has its analytic cochain bound; the
execution rule evaluates its matrix on the derived defect. The nonlinear
CK witnesses of Appendix A and the direct Cartan witness of §6 establish
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consistency and convergence, respectively, and are not arguments supplied to
these finite cochain operations. This proves the asserted source dependence.□

6. The selected normalization and common convergence.

6.1. A direct bounded geometric witness. The finite source procedure is the
cochain construction of §5 and Proposition 5.9. For its convergence proof,
Theorem 3.3 and Proposition 4.1 construct a bounded geometric comparison
from the same original records. Section 6.2 defines one prescribed normalizer
for both constructions, and Theorem 6.3 identifies every finite stored tuple
with the corresponding Taylor coefficients of the comparison. The Cartan
geometry is a proof witness, not an additional input to the finite source
procedure.

Fix 1 < T∗ < Tc < Tb < Tin and consider (εU+, εU−; εΛ) for |ε| < Tin.
Scaling the numerical constant as well as the records makes the zero-amplitude
residue flat, as required by the highest-ideal calculation in §5. The final
value is ε = 1.

Proposition 6.1.
For every bounded original family this amplitude family has a direct Cartan

realization, its marked normal coordinates and canonical ray geometry on
common spatial domains over |ε| ≤ Tb. Their fixed finite derivatives and
inverse maps are bounded. The construction uses Theorem 3.3 and the finite
equations of §4.

Proof. The initial record bound is at most Tin(16C + |Λ|) on the fixed
smaller record radius. Apply Theorem 3.3 successively to the four horizontal
and six vertical basis directions used in Proposition 4.1. Use each intermediate
output bound and positive radius as the next input, also for the reversed
finite word. Their finite minimum gives a common ten-variable neighborhood.
The coframe is constructed by the finite matrix equations ∂nαi = −Cn(Un)αi,
αn = en, with α(0, ε) = 1. The matrices depend on finitely many bounded
record components. The ODE bound and interior Cauchy estimates therefore
control α and its derivatives uniformly on the amplitude disk. Shrinking
space gives ∥α− 1∥ ≤ 1/2, ∥α−1∥ ≤ 2.

The anchor and structure equations proved in §4 apply to these flows.
With horizontal directions first, the remaining six directions span ker θ, and
its quotient has the derived metric. Its connection is torsion free and its
curvature is RU , so its Ricci trace is exactly εΛgε.

The finite geodesic and parallel-spin ODEs now give its marked exponential
coordinates and radial spin frame. Their initial derivative is the identity
for every amplitude. A finite implicit inverse and a spatial restriction
give common normal-coordinate and inverse domains, with gε(0) = η and
∂xgε(0) = 0. The metric, inverse and any specified finite derivatives have
common bounds.
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In the physical scale the canonical sections are
Iε = (1, 0,−εΛ/6),
X = (0, 0, 1),

H(Iε, Iε) = −εΛ/3, H(Iε, X) = 1.
(69)

The scale plane has determinant −1 for every amplitude and constant. For
a null affine tangent k, D2

kX = 0, so its actual transported positions form
an affine line. The direct ray construction of §4 has a finite direction cover,
common transverse-hit margins, short ODE and inverse-transport bounds.
To specify the connected-fiber margin, fix the derivative bound C on larger
flow parents first. Where kν is a unit, use u = xν and write each geodesic
as a graph Gz(u) on a convex parent disc, with |G′

z| ≥ a > 0 and |G′′
z | ≤ C.

Restrict the entire graph family so that |Gz| ≤ Rp on that parent and
RpC < a2/2. The real Hessian of |Gz|2 there is at least (2a2 − 2RpC)
times the Euclidean form. Its inner-ball sublevel is therefore convex and
connected. Choose the inner spatial radius below the parent u-radius; the
free coordinate cannot exit that parent while the graph remains in the inner
ball. In a normal spin frame the connection is O(|x|), so the O(r) short hit
changes the projective direction by O(r2); a fixed angular buffer keeps the
entire retained plaque in one such parent. This establishes the assertion on
the whole convex parent, rather than inferring connectedness from a Hessian
bound only inside the sublevel. The hit comparisons and quotient are those of
this short relation; their equality sets are closed by the same finite transverse
coordinates, giving the Hausdorff germ. The ordered complete skies and
actual initial spin lift are retained. The vector Iε varies with amplitude; it is
not orthogonally transported to a fixed vector of another norm. □

6.2. The prescribed stored representative. Fix once the finite direction cover
and transverse slices, their flat identification with the contact charts of §5,
the contact-line frames, the four evaluation directions of Proposition 5.2 and
the normal central spin gauge. These are presentation choices, denoted by
P . The same choices are used over finite algebras and analytic parameter
families.

The normalizer NP is defined as follows. Reconstruct the selected normal
geometry and its actual I,X from the corrected contact incidence and whole
section, using §§4–5. Develop its marked physical metric into geodesic normal
coordinates and the radial spin frame. Form the prescribed short-ray charts
and Hilbert contact forms there. Identify them with the fixed flat charts by
the contact Moser path αt = α0 + t(αg − α0). Write γ = αg − α0 and solve

αt(Yt) = 0, (ιYtdαt)|kerαt = −γ|kerαt . (70)

Let Mi be this identity-initialized point flow from the fixed model chart
into the physical chart, so M∗

i αg is a unit multiple of α0. Use its inverse
and its actual contact multiplier as well. The normalized point overlaps
are M−1

i Φgeom
ij Mj , and their algebra operators are their inverse pullbacks.
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The normal-coordinate expansion gives γ of second normal order along the
compact sky, hence Yt of second normal order. The construction fixes that
sky and its first jets.

Next send the actual complete skies through these same inverse maps
M−1
i and take their scalar graphs. Use their same four evaluations to choose

point coordinates, by the inverse of the map E4(x, ε) = e(f(x, ε)). Finally
recompute the nine-direction conformal form, the density representing the
same selected I, the actual ray generators, tangent-sky potentials, hit times
and the Cauchy matrices of Proposition 5.3. The affine data of Proposition
5.7 are then obtained by its fixed finite formulas. No old optical matrix is
copied in place of this fresh computation.

The augmented stored tuple consists of these contact maps and inverses,
contact multipliers and inverses, scalar graph and evaluation inverses, actual
density and Cauchy states, moving hit maps, optical matrices and inverses,
and the derived affine transitions and inverse transitions. This definition
fixes the representative, not just its geometric isomorphism class. It also
defines its finite-algebra version by the same ODEs and unit inverses.

Proposition 6.2.
For the witness of Proposition 6.1, the prescribed normalizer produces one

jointly holomorphic augmented tuple YC(ε) with a common finite bound on
retained parent domains over |ε| ≤ Tb. It retains the same actual canonical
section.

Proof. Screen projection is bounded without a cosmological denominator.
With Wscr = (CI + CX)⊥, it is

Πscrz = z −H(I, z)X −H(X, z)I +H(I, I)H(X, z)X. (71)
For middle vectors with H(ea, X) = 0, the projected vectors ea −H(I, ea)X
have exactly their original Gram matrix. The finite normal-development,
spin-transport and transverse-hit operations therefore have the fixed unit
matrices and bounds supplied by Proposition 6.1.

The Hilbert forms and their derivatives are uniformly controlled on the
finite parents. Since γ has second normal order, a spatial restriction keeps
the entire fixed Moser path contact and its time-one flow and inverse inside
their buffers. The contact multiplier is an exponential of a bounded scalar
integral, so it and its inverse are bounded. This restriction changes space,
not the amplitude disk.

Direction projection for the pulled-back skies and the four-point map E4
have their fixed invertible derivatives at the central sky for all amplitudes.
The finite implicit theorem supplies common inverses. Consequently the
scalar family is literally f(E−1

4 (x, ε), ε) with the chosen four-evaluation
normalization. The ten-by-ten system of Proposition 5.2 has its same uniform
inverse, so it reads a bounded gaux and inverse. Write gaux = Ω2gphys in
these point coordinates. The fixed mark gives Ω(0, ε) = 1. A common
spatial restriction gives |Ω− 1| ≤ 1/2, making the branch holomorphic over
the retained amplitude disk. The selected auxiliary density is this same Ω,
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its inverse is bounded by two, and its fixed finite derivatives have interior
Cauchy bounds.

The tangent-sky graph and its required three derivatives are bounded on
a fixed invertible graph minor. Thus κ is bounded by some K on parent
ray discs of length ℓ. The fundamental matrices and inverses have bound
exp(ℓ(1 +K)) in a fixed induced matrix norm. The contact-unit factors give
∥B±1

ij ∥ ≤ Cc exp(ℓ(1 + K)), including their moving arguments. The short
projective evaluation margin and the matrices Gi of §D.9 give the affine
maps and their inverse domains with the bounds proved there.

Every operation used a finite ODE, a specified finite inverse, or a holo-
morphic ratio with a common unit margin. It preserves the actual canonical
I and position X under the derived geometry comparison. In a changed
auxiliary scale the Cauchy states transform by CΩ, so the value and gradient
are recomputed in that scale rather than treated as unchanged components.
The same deterministic formulas make all operations commute with finite
truncation. □

6.3. Coefficient comparison with the finite generator. At order N let CN be
the corrected stage of §5 over AN = C[ε]/(εN+1), and store XN = NP (CN ).
The normalization always retains the selected whole section, including its
value, gradient and numerical scalar.

Theorem 6.3.
The defined stored tuples satisfy the equality XN = jNε YC(ε). In particular

their coefficient series and every included inverse converge at ε = 1 on common
bounded-family domains. If ∥YC∥ ≤ MC on |ε| = Tc > 1, then for every
fixed 1 < T∗ < Tc their tails obey

∥X(1)−XN (1)∥ ≤ MCT
−N−1
∗

1− T−1
∗

. (72)

Here X = YC denotes the joint stored tuple in this estimate, so X(1) = YC(1).
The expressionXN (1) means evaluation of its degree-N coefficient polynomial,
not a homomorphism from the nilpotent algebra.

Proof. The finite corrected geometry has exactly the whole lists εU±
r and

constant εΛ in AN , that is, modulo εN+1, including the highest retained
coefficient. Its selected normal geometry and the truncated Cartan wit-
ness consequently have identical completed ordered jets by Proposition A.3.
Proposition A.4, whose Jacobi recursion works coefficientwise over AN , makes
their metrics identical in marked normal coordinates. Spatial analyticity of
each finite coefficient promotes that formal spatial identity to equality of
actual coefficient germs.

Their canonical bundles, I and X then agree, not just their scalar norm.
Apply the same P on both sides. Normal development, prescribed Moser
path, initialized flow, graph projection and the same four-evaluation inverse
have unique identical solutions. Their fresh tangent-sky graphs, potentials,
hit maps, selected Cauchy states and optical fundamental matrices agree
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by the same finite ODE uniqueness. The affine matrices are the same finite
functions of these states. This proves equality of every augmented component
and inverse. It also proves compatibility under truncation.

Put an = [εn]YC , so YC(ε) =
∑
n≥0 anε

n andXN =
∑N
n=0 anε

n. Coefficient
Cauchy estimates on |ε| = Tc give ∥an∥ ≤ MCT

−n
c ≤ MCT

−n
∗ . Hence

∥YC(1)−XN (1)∥ ≤
∑
n>N ∥an∥, and summing the geometric series proves

the displayed tail. A finite-stage coefficient initially defined on a smaller
spatial neighborhood has a common representative because, as a germ, it
equals the corresponding coefficient of the single holomorphic tuple YC . The
exact cocycles and inverse identities hold for all truncations and hence for
the common analytic sum.

All finite parameter restrictions and derivatives are taken on this one joint
analytic tuple. Interior Cauchy estimates give any specified finite transverse
jet after its usual radius gap. Fixed finite conditioned point/spin diagrams
add only finitely many ODE and hit-map restrictions. No bound for arbitrary
unnormalized formal gauges, unbounded histories or norms of growing finite
algebras is needed. □

The finite-stage source dependence is Proposition 5.9, and the analytic
bound for its fixed linear correction is proved in Appendix C. Theorem 6.3
supplies the common limit of the normalized stored tuples.

7. The independent ordinary presentation. The decoder uses the
independently supplied data of Definition 2.3: the threefold, its complete line
family, calibrated Einstein-bundle form and unrestricted analytic opposite-
chirality class. We first recover the selected background and then register
the negative class; Theorem 7.4 proves both counits on the entire ordinary
domain.

7.1. Reading the background and the selected scale. Proposition 7.1.
An ordinary object determines an actual marked analytic Einstein germ

g+ with vanishing negative Weyl spinor, together with its numerical constant
−3H(Iτ , Iτ ). Its complete-line correspondence, calibrated line and actual
form are the ones recovered from g+. The construction is holomorphic
on common smaller representatives of conditioned bounded families and
commutes with their finite Taylor reductions.

Proof. The completeness theorem (Kodaira 1962), with H1(ℓ,O(1)⊕2) = 0,
gives a smooth four-dimensional curve-moduli germ. Its Kodaira map is
TxM = H0(ℓx, Nℓx/Z+). A section of O(1)⊕2 vanishes somewhere precisely
when its 2 by 2 coefficient matrix has zero determinant. These null vectors
define a nondegenerate conformal quadric, with the original tangent/spin
mark. Vectors vanishing at a fixed point of ℓx form one of its null two-planes.
The incidence fibers over Z+ integrate these planes.

For completeness, these null surfaces are totally geodesic. With X,Y, Z
tangent to such a surface, g(∇XY, Z) is symmetric in X,Y by integrability
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and torsion-freeness, and alternating in Y, Z by nullity and metric compat-
ibility. The two symmetries force it to vanish. Thus its projective spinor
is parallel along the surface. The resulting alpha distribution is exactly
the projective spin-connection distribution; its Frobenius curvature is the
negative Weyl spinor. That spinor is zero. This is the local complete-line
correspondence of (Penrose 1976), with the chosen chirality.

The incidence is the same actual germ: the map sending an incident pair
to its curve point identifies its alpha leaves with the supplied quotient fibers,
and the initialized transversal hits give the inverse. The whole-parent and
angular argument in §E.2 uses only integrability and unit frame blocks, so
applies already to this conformal geometry, before an Einstein scale has been
selected. It supplies short connected simply connected quotient fibers and
the required common representatives.

The calibrated root is retained in this identification. Let L−1
sp be the

line obtained by parallel descent of the tautological spinor line. The in-
cidence determinant sequences give q∗

+KZ+ ≃ O(−4) from TF+/M = O(2)
and TF+/Z+ = p∗

+S ⊗ O(−1). One must also check that this determinant
identification is parallel in the leaf directions. In a chosen homogeneous
spin frame put ΩF = volaux ∧(πA′DπA

′), read as a local ordinary top form
in that frame. Its direction factor is −dζ in the north frame and dξ in
the south frame; its horizontal terms vanish against the spacetime volume.
These are the coherent spin factors, rather than separately chosen coordinate
differentials. Put s = ιL1ιL0ΩF . Its spin transition weight is four times
that of the tautological spinor line, and it is a local frame of the pullback
canonical bundle. At any chosen incidence point take a Levi-Civita-normal
spin frame. There Dαπ = 0, the coefficient divergence of each LA against
ΩF is zero, and the horizontal projection of [L0, L1] is zero. Involutivity and
injectivity of the horizontal projection on the alpha distribution make the
whole bracket zero there. Consequently

LLC
s = ι[LC ,L1]ιL0ΩF + ιL1ι[LC ,L0]ΩF + ιL1ιL0LLC

ΩF = 0 (73)
at that point, in the same tautological parallel frame. The difference of these
two partial line connections is tensorial. Choosing a normal frame at each
point proves it is zero everywhere. Thus the determinant identification is
Bott-parallel and descends along the connected short alpha leaves, giving
the actual isomorphism KZ+ ≃ L−4

sp .
Retain the descended determinant isomorphism αsp : L−4

sp
∼−→ KZ+ and

its degree-one calibration κsp induced by the same spin mark. The quotient
neighborhood retracts onto ℓ. The supplied pair (L,α) and (Lsp, αsp) differ
by a µ4 torsor; H1(P1, µ4) = 0. Hence there is an actual root-preserving
comparison f : L → Lsp. On ℓ, the two calibrations have the same fourth
power by Definition 2.3. There is a unique adjustment of f by a constant
in µ4 such that κsp ◦ f |ℓ = κ. Two such comparisons have ratio c with
c4 = 1 and c|ℓ = 1, hence c = 1 on a smaller connected neighborhood. In
particular the residual c = −1, invisible to τ and β alone, is excluded at a
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fixed mark. Over a finite local coefficient algebra the same uniqueness follows
from (c− 1)(c3 + c2 + c+ 1) = 0, since the second factor has unit residue four.
The construction is holomorphic in the retained parameters. For moving
full-spin marks the calibration is transported by jB as in Definition 2.3, so
this uniqueness does not identify opposite specified spin lifts. No rescaling of
τ or β is used.

Apply the bosonic Einstein-bundle correspondence (Wolf 2007, Propo-
sitions 3.4–3.7). In that source the degree-minus-one universal line is our
L−1, so its bundle is precisely Ω1

Z+
⊗ L2. It identifies the supplied section

with an almost-Einstein density in the conformal germ. Only the branch
in which that density is a unit is used here: its central value is one by the
exact restriction in Definition 2.3. The argument uses the bundle section at
zero cosmological constant as well; integrability of ker τ is not used to infer
a scalar value for a nilpotent family.

The pullback identification can also be checked directly. On the homoge-
neous spinor incidence a weight-two one-form annihilating the Euler field
and the alpha distribution has the form σϑ− θAπA′

µAA′ . Holomorphy on
each complete projective line makes its vertical coefficient σ independent of
the direction and its remaining coefficients degree-one polynomials in π. In a
Levi-Civita-normal spin frame, the coefficient of ϑ in its basicness equation
is πA′(∇AA′σ − µAA′). It vanishes in every direction exactly when µ = ∇σ.
Thus the identification reads

q∗
+τ = σ ϑ− θAπA′∇AA′σ, ϑ = πA′DπA

′
, θA = eAA

′
πA′ . (74)

With the component conventions of §2, the flat north expressions are θA =
duA + ζ dvA and ϑ = −dζ. For a change ĝ = Ω2g, use the compatible spin
frames êAA′ = ΩeAA′ , π̂A′ = Ω−1/2πA′ and σ̂ = Ωσ; the local square root
has the existing central spin calibration. With Υ = d log Ω, the torsion-free
spin-connection change gives

θ̂A = Ω1/2θA,

ϑ̂ = Ω−1(ϑ+ θAπA
′ΥAA′),

∇̂AA′ σ̂ = ∇AA′σ + σΥAA′ .

(75)

Substitution cancels the two Υ terms, proving invariance of the pullback form.
Under π 7→ aπ it is homogeneous of degree two and annihilates the Euler field,
as required for an L2-valued one-form. On the alpha-integrable locus, the
remaining component of the basicness equation, obtained by differentiating
in a normal spin frame, is

ιLA
d(q∗

+τ) = −θBπA′
πB

′(∇AA′∇BB′σ + PAA′BB′σ). (76)

The terms containing Dπ cancel after µ = ∇σ. To fix the curvature coefficient
and its sign, choose at the point an auxiliary scale with Ω = 1, Υ = 0 and
∇Υ = P . Then P̂ = 0 and the primed spin curvature vanishes there, since
the negative Weyl spinor is zero. Differentiating the scale-change formula
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at that point gives ιLA
dϑ = −θBπA′

πB
′
PAA′BB′ , which gives the displayed

identity after differentiating the density term. A metric trace is killed by
ϵA′B′πA

′
πB

′ = 0. The remaining polynomial vanishes in every direction
exactly when (∇2σ + Pσ)0 = 0. The vertical restriction reads σ itself,
retaining the supplied scalar normalization.

Proposition 5.4 now gives Iτ = (σ,∇σ, ρ) and g+ = σ−2gaux, with
Ric(g+) = −3H(Iτ , Iτ )g+. This fixes our numerical normalization rather
than importing a cosmological-constant convention from the cited source.
In the physical scale σ = 1, the same actual form is πA′DπA

′ . All moduli
inverses, normal coordinates, unit roots, transversal hits and prolongations
used here are finite holomorphic operations with retained unit margins. Their
restrictions to parameter jets are therefore the same operations. □

Lemma 7.2.
If every negative free record is zero, the generated metric has identically

zero negative Weyl spinor. Its alpha quotient is a smooth threefold germ
along a complete line with normal bundle O(1)⊕2, and the physical form
πA′DπA

′ descends with exactly the central normalization of Definition 2.3.
The statement with the spin factors interchanged also holds.

Proof. Differentiate the Einstein Bianchi identity for the negative Weyl
spinor. Every commutator term contains a lower negative Weyl derivative,
multiplied by known curvature derivatives. If all lower negative derivatives
are zero, these terms vanish. The homogeneous highest-derivative kernel is
the negative free module of Appendix A.2. Its zero free component therefore
forces the next whole derivative to vanish. Starting with order zero proves
that all negative Weyl derivatives at the mark vanish. Analyticity makes the
field zero in the germ. Positive curvature and the scalar do not supply an
independent term in this homogeneous identity.

On F+ = P(S′) the horizontal fields are LA = πA
′∇AA′ . Their bracket mod-

ulo their span is the primed spin curvature contracted with the two tangent
factors πA′

πB
′ and the tautological spinor. The negative Weyl contribution

is zero. The trace-free Ricci contribution has the factor ϵA′B′πA
′
πB

′ = 0,
independently of Einsteinity; scalar contributions likewise have an alternating
contraction of two copies of π. Hence the alpha distribution is integrable at
every numerical Λ, using only the vanished negative Weyl spinor. Section
E.6 first constructs the separated short-leaf quotient from these fields, with-
out assuming an existing q+. Its initialized finite transversal flows, closed
short-leaf relation and open quotient give the Hausdorff germ and embedded
whole line. The subsequent whole-fiber constructions of §E.2 apply to that
quotient.

At the central line the normal infinitesimal quotient is (ToM ⊗O)/(S ⊗
O(−1) ) = S⊗O(1). Its four global sections are the four spacetime variations,
so this is the complete local line family. On the homogeneous spinor lift
Dπ = 0 along LA, and the form ϑ = πA′DπA

′ annihilates that field. Its
exterior derivative now has only one alpha tangent inserted, so its trace-free
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Ricci contribution need not vanish by the preceding alternating identity.
Equivalently, setting σ = 1 in the basicness formula above gives ιLA

dϑ =
−θBπA′

πB
′
PAA′BB′ . Here Einsteinity is used: P = (Λ/6)g, so this expression

is zero. The physical form is therefore basic, including when Λ = 0. Its
value on the central line is literally πA′dπA

′ in the marked frame. The
spin-incidence determinant identity gives the same calibrated root. □

7.2. Registering the negative class. Let drec decode an independently supplied
ordinary object as follows. Proposition 7.1 first reads g+ and its complete
positive free record U+. The contour PZβ is then an analytic negative
massless spinor ψ on that same curved background. Read all its symmetrized
covariant free derivatives in the original spin frame, calling them U−. Apply
the original inverse residue formulas of Theorem 3.1 to these two whole
sequences, and keep the numerical value −3H(Iτ , Iτ ). These operations
define drec(Z+, L, τ, β) without a supplied ray construction or nonlinear
Einstein metric with both chiralities.

Conversely define Γ on an original pair. Generate the pure-positive back-
ground from (U+, 0; Λ) by §§5–6 and take the quotient and exact form of
Lemma 7.2. To define the negative ordinary class at finite order, differentiate
the linear massless Bianchi equation and commute its derivatives on this
known background. At order n its inhomogeneous terms use only background
jets and lower field jets. The homogeneous highest kernel is W−

n by the same
permutation argument as Appendix A.2. Choose the fixed representation-
theoretic splitting on the image, and prescribe its free component to be U−

n .
Apply the finite-jet formula of the one operator KZ from Appendix E to
these field jets. This is the registration rule for β. It uses neither a nonlinear
Einstein inverse nor a newly chosen primitive at each order.

Proposition 7.3.
This registration rule is consistent at every finite order and is the Taylor rule

of an actual ordinary analytic class. Its representative has a common domain
for bounded original input families, is holomorphic in their parameters, and
has exactly the original negative free records and factorials.

Proof. Use the joint analytic family already proved in Theorem 6.3,

g(ε, t) = g(εU+, εtU−; εΛ), ψε = ∂tW
−(g(ε, t))

∣∣
t=0 . (77)

To apply Theorem 6.3, regard (U+, tU−; Λ) on a fixed disk |t| ≤ t0 as one
bounded holomorphic input family of Definition 2.1. Its common output has
an amplitude disk of radius greater than one and that same fixed positive
t radius. Here spinors are identified by the initialized physical normal spin
frames of this family. By Lemma 7.2, W−(g(ε, 0)) = 0 identically. Differenti-
ating the Einstein Bianchi identity consequently gives ∇AA′

ψε,A′B′C′D′ = 0
on g(ε, 0): every connection or frame variation term multiplies a zero back-
ground negative Weyl derivative. The same observation shows that its full
free record is εU−.
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The ordered jets of this witness obey exactly the finite linear recurrence
just specified. At each order, equality of the inhomogeneous equations and
free component, with the highest-kernel description, gives equality of the
whole jet. This proves consistency of the finite rule without putting the
witness into that rule as an input. Lemma E.2 and Theorem E.1 then make
its registered coefficients literally the coefficients of the one representative
KZψε. Its norm is bounded on common domains by Theorem E.1 and the
interior parameter Cauchy estimate for ∂tg. Evaluation at ε = 1 gives the
asserted ordinary class and convergence.

The normalization can also be checked on the line-normal graded pieces:

grn
(
L−6

)
= Symn S∗ ⊗O(−6− n),

dimH1 = (n+ 1)(n+ 5),
H0 = H2 = 0.

(78)

In the original normal monomial and Laurent bases, changing only degree
n gives ∆U−

n,ab = (n− a)! a! ∆βn,ab. This is the same contour coefficient as
Theorem 3.1. Curved lower-order terms have already been fixed and do not
alter this associated graded map. The actual representative and its bound
come from KZ , not from an assumption that formal cohomology classes
converge. □

The negative class is a massless field on a curved selected half-flat back-
ground. It is not identified with the negative Weyl tensor of the fully coupled
metric away from the mark. The latter is reconstructed by the full genera-
tor; registration reads its complete free input through the derivative in the
displayed witness.

7.3. Both inverse comparisons on the independent domain. Theorem 7.4.
The independently defined decoder and registration satisfy

drecΓ = 1, Γdrec ≃ 1 on all of WΛ. (79)
The second comparison preserves the actual selected form, the calibrated
root and the ordinary class by an actual holomorphic coboundary.

Proof. For an original pair, Lemma 7.2 and Proposition 7.3 recover its
entire positive and negative records, with the original factors in Theorem
3.1. The scalar is unchanged. This proves the first inverse.

Now start with any independently admitted ordinary object W . Proposi-
tion 7.1 constructs its selected background directly from its curves and τ .
That background and the pure-positive background generated from drecW
have the same whole positive free record, zero whole negative record, the
same scalar and the same point/spin mark. Appendix A.2 and the normal-
metric uniqueness of Proposition A.4 give the actual marked normal isometry.
The complete-line correspondence carries it to an actual ordinary threefold
comparison, with the calibrated root identification described in Proposition
7.1.
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Under this comparison the two selected metrics coincide. For an auxiliary
coframe their two unit densities therefore have ratio r with r2 = 1 and
r(o) = 1. On a smaller connected germ r + 1 is a unit, so r = 1. The
Einstein-bundle section map is injective, hence the forms coincide, including
their derivatives. This argument also works over a finite local coefficient
algebra because r + 1 has unit residue. It does not replace preservation of
the form by preservation of its kernel or its squared norm.

The two negative massless fields are now on this same selected background.
They have the same whole free covariant jet. The linear recurrence used in
§7.2 shows inductively that their ordered jets agree: its lower commutator
terms are known, and the highest-kernel difference is zero. Analyticity makes
the fields equal. Let β′ be the generated representative transported by this
actual ordinary comparison. Naturality of the contour under the spin/line
identification gives PZ(β′ − β) = 0. Apply the zero-contour construction
of §E.4 directly to that difference. It gives β′ − β = δv with an actual
bounded ordinary zero-cochain on common smaller representatives. This
proves the second inverse for the transported representatives themselves, with
the original class rather than only its associated graded or formal completion.

Every comparison in this proof is an initialized normal map, complete-line
hit map, unit root or the fixed operation KZ . The proofs of §§6 and E
give their common domains, holomorphic parameter dependence and literal
finite-jet restrictions. □

The independent ray correspondence is equally onto. Its decoder reads
the metric and full free records by §4. Normal-metric uniqueness gives
GE ≃ 1 on the independently admitted objects of Definition 2.2, while
exact record generation gives EG = 1. Thus ΓE and Gdrec are inverse
object comparisons between the ray/affine presentations and the independent
ordinary presentation. Source changes, physical arrows and reality are
established next.

8. Source comparisons, classical limits and physical arrows.

8.1. Actual representative comparisons. An original source is a cohomology
class on the fixed marked seed. The generating rule first applies the fixed
residue and middle-Laurent projection of Theorem 3.1. Adding an ordinary
source coboundary therefore gives exactly the same canonical pair and the
same prescribed normal output. This comparison is the identity. A raw
analytic presentation can also be retained when it satisfies the regular contact-
seed conditions and the whole unit-section condition of Proposition 5.4,
equivalently the calibrated affine admission of Definition 5.6 and Proposition
5.7. The comparison below applies to such retained presentations and to the
independently admitted ray objects.
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Proposition 8.1.
Two admitted analytic presentations with the same whole original records,

numerical scalar and mark have actual holomorphic contact-affine compar-
isons. They intertwine the full transition maps, compact sky lifts, projective
extensions and selected root. They are coherent under composition and
holomorphic on conditioned common parents.

Proof. Let their selected metrics be g1, g2. The normal-metric uniqueness
of Proposition A.4 gives the marked isometry f = Exp2 Exp−1

1 . The tangent
identification in this formula is the retained marked one. Its inverse and spin
lift are fixed by the same initialized normal maps. Let Cf be its induced
null-ray map. In ray charts ψai set Ki = ψ2

iCf (ψ1
i )−1 and define the unit di

by K∗
i α

2
i = diα

1
i .

Let τai denote the affine coordinate along the canonical lifted incidence of
§D.7. The comparison must have the form

K̂i(z, τ) =
(
Ki(z), di(z)−1τ + ui(z)

)
. (80)

Choose any one of the fixed local transversal hits on the short ray. Define ui
there as τ2

i ◦ fF − d
−1
i τ1

i . This value is independent of the hit. Indeed the
contact unit and the kinematic normalization of the ray fields give

fF∗ (σ2
1D1) = d−1

i σ2
2D2, Daτ

a
i = σ−2

a , D1(τ2
i ◦ fF − d−1

i τ1
i ) = 0.

(81)
The second density and field in the first formula are evaluated at the image
point. The unit di is a ray function and hence constant under D1. The last
equality follows directly from the first two. Whole short-ray connectedness
therefore makes ui a holomorphic ray function with the stated transversal
value.

These definitions give K̂ij1 = j2f
F on the incidence, and hence intertwine

all compact lifted skies. In point-map notation,

Φ2
ij = KiΦ1

ijK
−1
j , Φ̂2

ij = K̂iΦ̂1
ijK̂

−1
j . (82)

All functions in these compositions are evaluated at their moving arguments.
The projective extensions and their central compatible roots are unique by
§D.8, so these are comparisons of the same whole section, not just its squared
norm. In particular the numerical scalar is retained.

The comparisons compose as follows. For successive comparisons write
(K12, d12, u12) and (K23, d23, u23). Their composite has

K13 = K23K12, d13 = (d23 ◦K12)d12, u13 = (d−1
23 ◦K12)u12 + u23 ◦K12.

(83)
These are the direct composition formulas for the displayed affine maps.
The normal isometries compose, and the two composite affine lifts agree on
the canonical incidence and therefore agree everywhere in their chart germs.
Identity and inverse comparisons follow in the same way. Every map here is a
finite exponential, parallel transport, transversal hit, unit ratio or initialized
linear ODE. The bounds of §§6 and D give the asserted common domains.□
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The source logarithm convention remains that of Proposition 5.8: E =
(Φ−1)∗ has generator +Xh, whereas the stored point map has infinitesimal
velocity −Xh. In an identity local model the affine operator generator and
its bracket are

X̂h,χ = Xh + (χ− rhτ)∂τ , [X̂h,χ, X̂k,ψ] = X̂{h,k},Xhψ−Xkχ+rhψ−rkχ.
(84)

Here LXh
α = rhα. If as is the actual point-translation with a0 = 0, then

χ = −∂sas|0. In the section-adapted matrix of §D.9, a = −b/c, so this is
χ = ∂sbs|0 when c0 = 1. Thus the affine coefficient is computed from the
same Cauchy matrices and section; it is not new free source data. The stored
affine point velocity is the negative of this operator vector field. Direct
differentiation gives the displayed bracket. Its mixed contact term remains
the one in Proposition 9.1, including the negative-source self-interaction.

8.2. The two classical chiral limits. Theorem 8.2.
On either pure chiral axis the generated ray contact germ is actually

isomorphic, along the whole physical sky, to the projectivized cotangent
contact germ of the corresponding classical ordinary twistor threefold. The
compact sky goes to the projectivized conormal of its ordinary line. The
contact, line, selected-section and affine comparisons commute.

Proof. Suppose U− = 0. Lemma 7.2 constructs the ordinary quotient Z+
from P (S′) and identifies its whole complete line family and exact selected
form. Each null geodesic lies in a unique alpha surface: choose its primed
projective spinor at one point and use the unique integral surface there. Total
geodesy keeps the whole short geodesic in that surface. This gives an actual
holomorphic submersion ρ : Zray → Z+. In the null incidence its kernel has
the two alpha directions and the additional unprimed projective direction.
Quotienting by the null-geodesic direction leaves ker dρ of rank two.

Write D for the ray contact distribution and V = ker dρ. A ray variation
within one alpha surface has spacetime variation tangent to that null surface.
Its contact value is g(k, δx) = 0. Hence V ⊂ D. The fibers are integral, so V
is Legendrian. The quotient dρ(D) is therefore a two-dimensional hyperplane
in TZ+. Its annihilator defines

C : Zray −→ P(T ∗Z+), C(z) = Ann
(
dρ(Dz)

)
. (85)

By definition its tautological contact value pulls back to the ray contact
value, with the induced value-line isomorphism. The contact Levi pairing
V × D/V is perfect. It is exactly the derivative of this annihilator line along
a ρ-fiber, so dC is injective on V. Since ρ is a submersion, C is a local
biholomorphism.

For a fixed spacetime point x, ρ sends its whole sky Qx to ℓx. The contact
form is zero on TQx, so C(Qx) lies in P(N∗

ℓx/Z+
). On each unprimed ruling

its source contact line has degree one, and is the pullback of the tautological
contact line. Thus its map P1 → P(N∗

ℓx/Z+
|z) ≃ P1 has degree one and is an
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isomorphism. The base map is the line identification, so C restricts to an
isomorphism of whole compact skies with the conormal surface.

A local biholomorphism injective on this compact surface is injective on
some neighborhood of it. Otherwise two sequences of different points with
the same image could approach the surface. Compactness would give limiting
points with the same surface image, hence the same point; its local inverse
excludes those sequences. The open image contains the whole target surface.
This proves the asserted germ isomorphism.

The form on Z+ is the descended ϑ of Lemma 7.2. In the physical scale of
the source metric, the pullback formula of Proposition 7.1 therefore reads the
density σ = 1; Proposition 5.4 evaluates the selected ray section as this same
density. The contact comparison C preserves the tautological contact value
and the sky incidence, so the construction of §D.1 identifies their density lines
with the same central root. For each fixed ray, its Hamilton affine parameter
and these density frames then identify the two optical equations and their
Cauchy data. ODE uniqueness identifies their full solutions, transition
matrices and Wronskian isomorphism, including inverse transitions. Finally
the affine coordinate is the ratio of the same companion solution to σ, with
derivative σ−2. The unique lift of each compact sky in §D.7 fixes its additive
constant, and §D.8 gives the unique projective extension. This proves the
contact, selected-section and affine commutative comparison with the same
numerical scalar.

If U+ = 0, interchange the spin factors and the two rulings. The same
curvature contraction, compact-line and annihilator arguments give the
opposite ordinary quotient and its cotangent comparison. In the original
convention its apparent positive dual Hamiltonian is obtained from F−6 by
the fixed residue dictionary, not by adding another input. The finite flow and
inverse estimates used above are the ones of §§6 and E.2, so the diagrams
have common representatives in bounded families at every numerical scalar.□

In the mixed case the construction retains its derived contact-affine carrier.
The theorem asserts a three-dimensional ordinary quotient on each classical
chiral axis; the independent ordinary presentation of §7 encodes the mixed
input on a selected curved background with its registered class.

8.3. Point changes and full spin arrows. Let Ha = abHb be the horizontal
constant-direction Cartan record flow of §3. For a small marked displacement
a and a full complex spin element A, define, directly on whole records,

Ra,AU = A∗
(
Fl 1
Ha
U
)
. (86)

Its admissibility means that the indicated short flow and marked maps lie in
the retained parents. This definition precedes the ray or ordinary decoder.
It retains the full spin element even when its tensor action has a kernel.

Theorem 8.3.
The generated metric, ray and contact-affine presentations have the same

local physical arrow groupoid as the independently defined source action.
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Each actual orientation-preserving metric isometry with a specified full spin
lift is represented by exactly one admissible (a,A) in these marked repre-
sentatives. The independent ordinary presentation has this same physical
action through drec, with actual representative comparisons and coherent
finite diagrams.

Proof. Set xa = Expo(a) and let νa be the initialized spin parallel transport
along its radial geodesic. If V = Ra,AU , the record-flow equations say that
V is precisely the full free record at xa in the frame νaA. Normal-metric
uniqueness therefore gives the actual isometry

Ξa,A : g[V ] −→ g[U ], v 7−→ Exp g[U ]
xa

(νaAv). (87)

Its spin differential is the specified initialized lift. The covariant source
instruction U → V uses Ξ−1

a,A; the displayed metric map has the opposite
direction. Their ray and affine maps are the maps of Proposition 8.1 with
that direction.

For the group law put hU (a, c) = Exp−1
o Expxa

(νac). Let KU (a, c) be
the spin rotation comparing direct radial transport to transport first to xa
and then to this endpoint along the short second geodesic. Explicitly it is
direct-radial transport inverted, composed with broken-path transport; it is
initialized to the identity. Actual exponential composition gives

(b, B) ◦ (a,A) =
(
hU (a,Ab),KU (a,Ab)AB

)
,

(a,A)−1 =
(
−A−1a,A−1) at V.

(88)

Associativity follows from map composition, including its initialized spin
transports. On the reversed radial segment the direct and broken transports
cancel, which proves the inverse formula. For any metric isometry with
spin lift, its image of the marked point determines a and its differential
relative to νa determines the full A. An isometry is fixed by these data
since it intertwines the initialized exponential maps. This proves existence,
uniqueness and the bijection of physical Hom sets. An element in the kernel
of the tensor representation still has its distinct spin lift and is not removed.

For independently supplied ordinary objects W,W ′, define physical admis-
sion by the independently computed condition

drecW
′ = Ra,A drecW. (89)

This uses complete-line reconstruction, the ordinary section and the contour
on the supplied objects. It does not invoke an image test. The actual action
on representatives is computed by ΓRa,Adrec together with the two counits of
Theorem 7.4. Its composition and inverse diagrams are the ones just proved,
followed by their ordinary comparisons. In a mixed field this operation
rebuilds both the selected background and its registered class; there need
not be a point map of one fixed old background threefold.

The enriched ray maps preserve I,X and DX. These generate the canon-
ical six-dimensional fiber because the scale-plane Gram determinant is −1
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and the solder is nondegenerate. Thus no independent vertical comparison re-
mains once the physical map is fixed. The full spin lift is retained separately;
it cannot be inferred from its action on tensor cochains. All constructions in
this proof are finite exponential, transport, hit and unit operations. On any
fixed finite conditioned point/spin diagram the estimates of §6 give common
representatives and finite-jet compatibility. □

8.4. Lorentzian reality. The fixed Lorentz spin identification, with the
signature and scalar conventions of §2, defines an antilinear involution c on
the original whole records: conjugate coefficients, exchange the two spin
factors and the two chiral records, and conjugate Λ. Transfer it to the original
source classes by the exact two residue dictionaries of Theorem 3.1. Their
different line-bundle weights 2 and −6 are retained; both source classes have
cohomological degree one.

Proposition 8.4.
For real numerical Λ, the c-fixed original data generate all marked real

analytic Lorentzian Einstein germs, with their full real spin arrows. The
ray and affine constructions carry their actual induced reality. On the
independent ordinary presentation the same reality is the coupled operation
Γc drec.

Proof. The Cartan record equations and the canonical normal connection
are real under the declared spin identification and real tangent form. Their
initialized analytic ODEs therefore give conjugate coframes from conjugate
data. Uniqueness makes the coframe and metric real on the Lorentz tangent
slice for fixed data. Their nondegenerate central Lorentz form fixes the
signature after shrinking. Conversely the curvature records of every real
analytic Lorentz Einstein germ have exactly this reality, and the normal-
metric inverse reproduces that germ.

Actual null transport, contact forms, optical solutions and compact affine
lifts are natural under this conjugation. Unit roots have the fixed central
branch. The contact-affine comparisons of Proposition 8.1 provide the same
induced reality on all admitted representative charts. Real point changes
and full real spin lifts are the restrictions of Theorem 8.3.

The ordinary decoder is independent, so its reality condition is that its
whole decoded records are fixed by c. Applying Γ gives its actual real rep-
resentative; Theorem 7.4 supplies the comparison to the original object.
The resulting operation is involutive through that actual counit and obeys
the same coherent diagrams. It generally changes the selected chiral back-
ground and registered class together. It is not a requirement for a pointwise
antiholomorphic involution on a single old background. □

8.5. Proof of the main correspondence. Proof of Theorem 2.4. The two
original analytic residue dictionaries are Theorem 3.1, with both factorial
normalizations fixed. Lemma 3.2 and Appendix A supply the polynomial
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curvature completion. Theorem 3.3 proves convergence of its whole-record
Cartan flows with all derivative slots and the ordered reserve of Appendix B.

The source Hamiltonians and their interaction are the original ones of §5
and Proposition 9.1. The explicitly fixed cochain splittings and zero-record
symbol inverse are proved in Appendix C; they correct the optical defect while
retaining the complete free record. Proposition 5.8 fixes the operator/point
orientation. Theorem 5.5 is the finite generating law. Proposition 5.9 fixes
its trial execution and proves finite-prefix source dependence, including the
normalization of its own derived geometry. The prescribed normalization
and coefficient comparison of Theorem 6.3 prove common convergence of its
maps, inverse maps, section, incidence and canonical connection.

Propositions 4.1–4.3 and 5.4 recognize the canonical normal Einstein
geometry and selected scalar. Proposition A.4 proves uniqueness from the
whole free record and scalar. Every marked analytic Einstein germ supplies
analytic original classes by Theorem 3.1; applying the generator and this
uniqueness gives its marked inverse. The independent ray recognition and
the same argument give both ray inverses. Definition 5.6 and Proposition
5.7 and Appendix D give the intrinsic optical and affine presentations and
their two inverse comparisons.

Proposition 7.1 decodes all independently admitted ordinary objects.
Proposition 7.3 and Appendix E give the registered class and its common
representative inverse. Theorem 7.4 proves both ordinary counits on their
entire independent domain. Proposition 8.1 proves source independence
and coherent chart comparisons. Theorem 8.2 proves both classical chiral
cotangent limits by atlas maps along the whole compact sky. Theorem 8.3
gives the independent point action, its full spin Hom sets and the ordinary
physical action. Proposition 8.4 gives the Lorentz real restriction.

Every scalar occurrence in these constructions is polynomial, an initialized
finite ODE coefficient or a unit expression with a scalar-independent central
residue. The scale-plane Gram determinant is−1; no division by Λ occurs. All
assertions therefore include numerical zero and the finite Taylor restrictions of
holomorphic scalar families. The common-domain bounds concern bounded
original inputs and conditioned finite diagrams, as stated; they make no
assertion about arbitrary unnormalized gauges or unbounded histories. These
observations establish all the claimed comparisons. □

9. Active twistor realization. Penrose’s active-patching proposal uses
local Heisenberg algebras, structure-preserving comparisons, nonlocal point
recognition and an infinity structure (Penrose 2015, secs. 3–6). We first
analyze the source interactions and calibrated affine preservation, then pass
to the analytic operator presentation in Propositions 9.6–9.9. Theorems
9.10–9.11 give its independent-domain correspondence and the simultaneous
structural conclusions.

The following calculations explain the nonlinear correction and its intrin-
sic realization. The calibrated affine structure of Proposition 5.7 supplies
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explicit local models, overlap and inverse laws, and an independently defined
holomorphic admission. Its source comparisons and classical limits concern
these actual representatives.

Proposition 9.1.
The sum of the two bare contact-lift subspaces in equation (44) is not

closed under the actual mixed contact bracket. Negative self-brackets do
close in their dual Hamiltonian subalgebra.

Proof. Rename the contact coordinates (a, b, r, s, ζ), with α = da+ r db+
s dζ, e = −a−rb−ζs and c = rb+ζs. Positive lifts Fb−rFa are independent
of s. Negative lifts −Gs + ζGe, with G = G(e, s, r), are annihilated by
T = ∂b − r∂a. Since [T, ∂s] = 0, every sum satisfies T∂sh = 0.

For F = a4/ζ, G = e4/r, the exact Hamiltonians are h = −4ra3/ζ
and k = −4ζ(a + c)3/r. Substitution in the contact field gives Xhk =
48a2(a+ c)2(a+ 2c) and −hak = −48a2(a+ c)3. Hence

M = {h, k} = 48a2c(a+ c)2, T∂sM = −288rζ ac(a+ c) ̸≡ 0. (90)
The second formula uses T = r(∂c−∂a) and ∂s = ζ∂c on these polynomials. It
rules out membership in the two bare lift spaces even locally on the indicated
overlap.

For negative self-interaction the dual contact form is de+ ζ ds+ b dr = −α.
The base field vG = Gs∂e − Ge∂s has the stated negative cotangent lift.
Functoriality of cotangent lift gives
{h−(G), h−(K)} = h−(B(G,K)), B(G,K) = GsKe −GeKs. (91)

For G = e4/r, K = s4/r, this is B = −16e3s3/r2 ̸= 0. □
This is a statement about the specified local lift spaces. It does not

exclude additional operators, nonlinear corner comparisons, a larger ordinary
structure or a noncommutative realization. The mixed operation presently
lives in the derived contact algebra; the linear ordinary registration alone is
not its geometric realization.

Proposition 9.2.
There are two exact opposite-chirality vacuum waves whose contact-

compatible mixed trial has a nonzero obstruction to extending their selected
Einstein scale. The obstruction is removable at the mixed order.

Proof. In complex coordinates take
η = 2 du dv − 2 dx dy, g = η + tf(u) dx2 + sq(x) dv2. (92)

The inverse has guv = 1, gxy = −1, guu = −sq, gyy = −tf , with their
symmetric entries and no others. Its determinant is one. The entire nonzero
Christoffel list, apart from lower-index symmetry, is

Γvxx = −tf ′/2, Γuxx = tsqf ′/2, Γyux = −tf ′/2,
Γyvv = sq′/2, Γuvx = sq′/2.

(93)

In the order (x, v, u, y) all connection matrices are strictly triangular. Thus
their traces and product traces vanish. The Ricci formula reduces to the
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divergence of this list, giving exactly

Ric(g) = 1
2 tsqf

′′ dx2, Scal(g) = 0. (94)

Each single wave is an exact vacuum metric. Their curvature two-forms are
proportional to du ∧ dx and dx ∧ dv respectively. Exact null coframes for
the two metrics are

(
du dx

dy−(tf/2)dx dv

)
and

(
du+(sq/2)dv dx

dy dv

)
, with metric twice

their determinant. The two curvature forms occupy a common row and a
common column, respectively, and therefore have opposite chiralities.

Put f = u3, q = x2 and work over A = C[t, s]/(t2, s2) with highest ideal
(ts). Then

[ts]P ◦ = 3
2ux

2 dx2 =: A5, [ts](∇uPxx −∇xPux) = 3
2x

2. (95)

The lower Schouten tensors vanish, so the highest derivative is flat. The
tensor A5 has zero flat divergence, but its class in Q5 is nonzero. Indeed
if A5 = Hess0 ϕ, then ηxx = ηux = 0 gives ϕxx = 3ux2/2 and ϕux = 0.
Commuting their next derivatives contradicts ϕuxx = 3x2/2 ̸= 0.

This is an admitted contact trial, rather than an assumed Einstein out-
put. The short null-geodesic and transverse-hit construction applied to the
displayed nondegenerate analytic metric gives actual contact cocycles and
compact skies, without an Einstein hypothesis. Its first variations have
classes J [hwave], J [kwave], where hwave = f(u)dx2 and kwave = q(x)dv2. The
linear vacuum-record isomorphism and analytic corner splittings of Appen-
dix C identify these with the original two encoded lift classes and make
their representatives agree. Pulling the lower selected states through the
same comparison retains the highest nonzero optical class. This establishes
an allowed contact-cocycle trial; it does not assert that a particular fixed
two-cocycle repair selects this exact intermediate coefficient.

For an explicit mixed correction put H = 3u2vx2/2. The tensor H dx2

has zero flat trace and divergence, and

□ηH = 6ux2, Ric(1)(H dx2) = −3ux2 dx2. (96)

Thus g+ tsH dx2 is exactly Ricci-flat over A. Any highest free-record change
can subsequently be removed by the flat vacuum inclusion of Appendix C.
This last operation uses that proved inclusion; it is not part of the displayed
finite Ricci calculation. □

The inverse in Theorem 5.5 has a precise content:

Lm =
(
om|ker Πm+1

)−1 : ker dm −→ ker Πm+1, omJ [h] = [P (h)◦]. (97)

It removes the linearized Einstein-scale obstruction modulo homogeneous
Hessians, with the entire free record fixed. It is not an inverse on arbitrary
sources or on all metric gauges. Once the actual whole optical section glues,
Einsteinity follows by Proposition 5.4; establishing that gluing and deriving
its Einstein consequence are distinct steps.
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A tempting simplification would attach the optical bundle to the local
contact structure without the complete family. The next obstruction rules
out a specific such attempt.

Proposition 9.3.
No rank-two bundle associated to a holomorphic representation of a finite-

order full contact-jet frame group of bare complex contact five-manifolds
can be the optical bundle on the flat ray germ, with the identification
intertwining every local conformal comparison between neighboring flat
sky germs, including small translations and conformal dilations with their
density-line action.

Proof. In symmetric Darboux coordinates (z, v), v ∈ H = C4 symplectic,
write α = dz + ω(v,dv)/2. The isotropy contains Sp4(C). Its action on
a two-dimensional fiber is trivial: a nonzero Lie algebra map from the
simple ten-dimensional sp4 to gl2 would be injective, which is impossible.
Connectedness gives the same assertion for the group.

Every allowed horizontal Hamiltonian module za SymdH∗ with d > 0 con-
sequently acts by zero. Its map to the trivially acted-on fiber endomorphisms
would be an invariant functional; none exists, since the symplectic group is
transitive on H \ 0. For horizontal linear forms ℓ,m with nonzero symplectic
pairing, the contact bracket is

{zaℓ, zbm} = c za+b + b−a
2 za+b−1ℓm, c ̸= 0. (98)

Taking a = 1, b = k − 1 kills the pure powers zk for every k ≥ 2, because
the inputs and the second output already act by zero. The identity holds in
every finite jet quotient where that output survives. The remaining action
factors through contact dilation. The symplectic and unipotent isotropy
parts are connected, and the quotient is C∗, so the representation is a sum
of integer contact-line characters: E = La ⊕ Lb.

On a flat sky L|Q = O(1, 1) and the optical restriction is O ⊕ O(1, 1).
With generators h1, h2 its Chern classes imply a+ b = 1 and 2ab h1h2 = 0.
Hence {a, b} = {0, 1}. The trivial character gives a nonzero natural global
section invariant under the contact symmetries.

The actual whole-neighborhood optical sections are σ(x) = A+ Bax
a +

Cη(x, x). This follows by integrating Hess0 σ = 0. Write ∂a∂bσ = τηab
and commute ∂c with ∂a to get (∂cτ)ηab = (∂aτ)ηcb. Contracting a, b gives
4∂cτ = ∂cτ , so τ is constant. Translation invariance forces such a section
to be constant. Under the conformal dilation x 7→ rx, expressed back in
the fixed flat representative, its weight-one action is σ(x) 7→ r−1σ(rx). No
nonzero constant is invariant. The natural identification would carry the
preceding nonzero invariant section to an impossible one. Small translations
compare neighboring sky germs; no large global quotient is needed. □

The hypotheses specify the finite-contact-jet setting and the conformal
comparisons covered by Proposition 9.3. The present optical construction
uses the complete compact family and falls outside them. This proposition
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says nothing against constructions using that family, a Legendrian seed,
infinite-order operations or noncommutative algebras.

The intrinsic bundle of Proposition 5.3 and the extension condition of
Definition 5.6 use this complete compact family. The following corollary
expresses their calibrated affine preservation law.

Corollary 9.4.
The coupled source generator has the explicit calibrated affine realization

of Proposition 5.7 on its derived contact carrier. Its preservation problem
is the independently defined holomorphic admission of Definition 5.6. Its
highest obstruction is the actual cochain in equation (196), and the stated
contact/optical correction solves that same problem. These representatives
and their inverses have the common analytic bounds of §6.

Proof. The section equation makes Tij triangular with fixed first column
and determinant cij . Equation (194) gives its affine coordinate and the exact
overlap law, including all moving arguments. Conversely that affine law
recovers the original Cauchy matrix. Sections D.7–D.8 derive the compact lift,
root and whole section from the independent admission, so the preservation
condition is defined before Einstein recognition. Section D.9 identifies its
failure with the original target-minus-source defect; Theorem 5.5 therefore
supplies the same correction at every finite order. Theorem 6.3 gives its
analytic sum.

Projection to the contact component preserves composition and brackets.
Thus the negative self-operation and mixed operation already present in
the source law are retained. They are not two separately reconstructed
metrics: Proposition 9.2 exhibits their nonzero common obstruction before
correction. The normal-bundle and projective-extension requirements are
essential geometric restrictions on the coupled gluing. □

The ordinary counits and physical comparisons of §§7–8 apply to this
same contact-affine construction and its complete families.

Proposition 9.5.
The displayed original contact lifts need not descend through the fixed

cotangent projection to point transformations of T0.
Proof. In the marked chart let pr(w0, w1, ζ, ϱ, s) = (w0, w1, ζ). The

positive lift has base components (∂w1F2,−∂w0F2, 0), independent of the
cotangent directions, and is projectible. For the allowed original negative
class F−6 = 24/ζ, equation (40) gives G = (η0′)4/ϱ. Put A = w0 + ϱw1 + ζs.
Then

h− = −4ζA3/ϱ, Xh−ζ = −12ζ2A2/ϱ, ∂s(Xh−ζ) = −24ζ3A/ϱ ̸= 0.
(99)

Thus the base component varies along a cotangent fiber on the overlap where
the displayed denominators are units. No vector field on T0 can be pr-related
to this contact field. Negating it for the stored point velocity does not remove
that obstruction. □
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The obstruction concerns the fixed cotangent projection. On the opposite
pure axis, Theorem 8.2 uses the dual polarization for the classical comparison.
In the mixed case the analytic bijection F−6 ↔ G determines G from the
original negative class, independently of F2. Section F.1 represents the
resulting nonprojectible operation by derivative variables in the same original
twistor operator model; the independent admission and point comparisons
are proved in Appendix H.

Proposition 9.6.
Both original contact source operations have order-one microdifferential

representatives in the same original twistor coordinates. At every finite
amplitude order, the corrected active overlaps have compatible filtered,
adjoint-preserving operator comparisons and exact coherent inner triple
comparisons. Their first negative-order unit sheaf transports precisely the
calibrated affine torsor. Each fixed admitted analytic contact-affine object
also has its canonical structured quantization and framed simple point objects
on its complete skies.

Proof. Appendix F.1 constructs the source operators and proves their
analytic symbol bounds. Theorem F.1 proves the finite comparisons and all
triple and quadruple identities. Proposition F.2 identifies the derived-sheaf
torsor transport with the original affine law, retaining the moving arguments.
Section F.4 applies the fixed-manifold quantization and structured uniqueness
theorems with the filtration, full symbols and adjoint coherences retained.
Proposition F.3 proves the framed point assertion using the symplectization
of each sky. □

This proposition gives finite-amplitude operator descent and a fixed-object
enrichment. Its torsor transport is the derived-sheaf statement of Proposition
F.2; the quantum commutator correction and the distinct unit-neutralization
problem are described in §F.3. Analytic relative overlaps and moving point
modules are supplied by Propositions 9.7–9.8.

Proposition 9.7.
The actual corrected contact overlaps have analytic relative filtered opera-

tor comparisons and exact normalized inner coherence on common bounded-
family parents, including amplitude one. Their classical symbols and cali-
brated affine cochains are the existing actual source tuples. Their amplitude
jets agree with the auxiliary finite operator construction up to compatible
normalized filtered inner equivalence.

Proof. Theorem F.4 proves analytic transport on the classical tubes
already furnished by Theorem 6.3, with coefficientwise locality and factorial
symbol bounds. Lemma F.5 constructs the analytic negative-order units
needed for coherence. Theorem F.6 applies these results to the actual overlap
family, retaining exact inverse orientation and the same classical symbols.
Proposition F.7 gives the finite comparison and the literal preservation of
the affine cochains. □
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The moving supported modules for these analytic overlaps are constructed
next.

Proposition 9.8.
The analytic operator realization has actual holomorphic families of sup-

ported simple point modules on its complete skies, with the calibrated
relative half-form and exact associator-compatible descent. They have com-
mon bounded-family estimates and natural finite parameter jets. With the
actual whole-parameter framing, the constructed locally standard modules
are unique up to unique framed comparison.

Proof. The sky embeddings are the actual complete families of Theorem
6.3. Their fixed ruled parameterization and marking supply the relative
root O(−1,−1) and its calibrated frames, including any retained base factor.
Lemma G.1 constructs the analytic local module and proves division by its
finite defining ideal. Lemma G.2 constructs tangent transport with uniform
factorial bounds. Theorem G.3 constructs joint Hom generators and proves
the exact equation τijτjk = Cijkτik, keeping the full operator associator.
Proposition G.4 proves the framed relative uniqueness. □

The framing is an actual nonzero holomorphic section along the calibrated
cone lift for all parameters. A single value at a central parameter would be
insufficient. These modules are constructed from the same complete source
sky family; they do not assert neutralization of the algebroid by a global free
object.

Proposition 9.9.
The operator realization and its moving supported modules carry the actual

physical point/full-spin comparisons of §8, their coherent finite diagrams and
the coupled Lorentz operation. Their symbols, affine data, selected section
and full spin labels are the original ones.

Proof. Lemma F.8 gives actual relative normalized inner comparisons
for maps with the same full symbols. Theorem G.5 applies it to the actual
source physical maps, with the nonlinear physical amplitude and independent
internal construction amplitude distinguished. It retains both associators
in descent, constructs the module comparisons using the actual flattened
generators, and gives the antilinear square and its framed-module coherence
with the compatible Lorentz root calibration. The physical Hom assertion
is over exactly the enriched admission of Theorem 8.3; full spin labels are
retained separately from their possible scalar kernels. □

Appendix H defines an independent operator domain and proves the two
actual counits needed for the following correspondence. Its data retain
the analytic source operations and complete calibrated point families of
Propositions 9.6–9.9.

Theorem 9.10.
The actual source operator construction gives a correspondence between

the whole original analytic domain AΛ and the independently admitted
operator data OΛ of Definition H.1. Its source decoder and constructor have
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both actual inverse comparisons on their entire stated domains, and are
bijective on physical point/full-spin Hom classes. The inverse preserves the
same coupled higher preservation law, selected optical section and derived
numerical scalar. It includes both complete independent curvature records,
all algebraic Weyl types, every complex numerical Λ including zero, bounded
holomorphic families, their finite jets, conditioned finite comparison diagrams
and the coupled Lorentz restriction.

Proof. Theorem H.4 gives the two actual inverses between the indepen-
dently specified operator domain and Definition 5.6’s calibrated affine domain.
Definition 5.6 and Proposition 5.7, D.7–D.8 and Theorem 2.4 give the lat-
ter’s inverse comparisons with all marked Einstein germs and their original
analytic records. Composing these actual comparisons supplies the decoder
on every independently admitted operator object.

For the other direction use the actual source operators of F.1, their
corrected analytic overlaps of Theorem F.6 and the calibrated module family
of Appendix G. Their full symbols and first-unit torsor are literally the
original actual contact-affine tuple. The counit of H.4 compares this supplied
source operator object with the constructed quantization of that tuple.
Thus composing the classical counit and H.4’s counit compares the decoded-
and-regenerated source object to the supplied independent object, with
both associators and all module maps. The opposite source composite is
the initialized comparison with the same whole records. Theorem H.4’s
uniqueness proves the unit/counit and finite naturality diagrams.

Proposition H.5 identifies the actual source operation and the full holomor-
phic preservation obstruction, with the same om, Lm and fresh correction.
Einsteinity follows from the independent admission by Proposition 5.4. The
physical/full-spin and coupled Lorentz assertions are those of H.4 and §8,
with the labels retained. The source estimates of §§3–6 and the conditioned
operator/module estimates of F–H give the common families and their actual
finite jets. No Weyl-type determinant or Λ is inverted. □

The next theorem collects the operator, infinity-structure and point-
recognition properties of this correspondence. Its proof uses the explicit
comparisons in Appendix I.

Theorem 9.11.
For every Λ ∈ C, let Sop and Dop be the actual source constructor and

decoder of Theorem 9.10. They have the following simultaneous properties.

(1) The two unrestricted original classes in AΛ act by skew order-one
analytic operators in the same half-density model of F.1. Their
coupled gluing retains the nonzero mixed principal brackets and
lower-order microdifferential commutator terms; no independent
dual-twistor input is added.

(2) Einstein admission is the independently holomorphic projective-
extension predicate of Definitions 5.6, H.1 and I.2. Under Proposition
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I.3 it is equivalent to the calibrated parallel normal tractor and local-
twistor infinity forms. Its pre-admission defect and correction are
the same actual om, Lm and six normalizations of Theorem 5.5 and
Proposition H.5.

(3) A physical point is recognized from a compact supported simple
object. Proposition H.3 constructs its complete four-dimensional
family and full null Segre quadric, with actual associator-compatible
module comparisons.

(4) On the entire original and independently admitted domains,

DopSop = 1AΛ , SopDop ≃ 1OΛ . (100)
The first equality is on the original marked input classes and their numerical
scalar; the comparison on operator objects and all arrows is the actual one
of Theorem 9.10.

The comparisons are bijective on physical point/full-spin Hom classes and
retain both complete curvature records, every Weyl type, numerical Λ = 0,
the bounded families and their actual finite jets, conditioned finite diagrams
and the coupled Lorentz restriction of Theorem 9.10. The convergent stored
representatives are those selected in Theorem 6.3.

Proof. Theorem I.4 proves the operator, infinity-structure and point-
recognition assertions, using the actual source formulas and comparisons
of F–H and Proposition I.3. Lemma I.1 and Proposition H.5 identify the
pre-admission reduction defect with the same optical cochain and fixed
inverse, followed by fresh recomputation. Theorem 9.10 supplies both inverse
comparisons on the whole independent domains, with the stated physical Hom
sets. Theorem 6.3 and the relative estimates of F–H supply the analytic family
and jet assertions. All hypotheses are the original input and independent
admission conditions already stated. □

Theorem 9.12.
For the original input of Definition 2.1 and the independent operator

domain of Definition H.1, the correspondence of Theorems 2.4 and 9.10–9.11
preserves, through one natural family of comparisons, all of the following:

(1) The same two original classes, their nonlinear source operations and
six scale normalizations, with the convergent prescribed representa-
tives of Theorem 6.3.

(2) The complete compact point-module family, the rank-four raywise
local-twistor bundle TLT,ray with its volume and flag, and the optical
point planes Kx,γ = kerFspin(X(x)).

(3) The same torsor/root-selected infinity pair, optical evaluation and
Wronskian, with its affine slice H(I, v) = 1 and compact evaluation
X/σ.

(4) Both actual inverse comparisons on the whole independently de-
fined domains, including the associator-compatible module maps and
physical point/full-spin Hom classes.
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Einstein admission is the holomorphic projective-extension predicate; under
the comparison it is equivalent to descent of that same selected infinity form.
Every marked local analytic Einstein germ, with arbitrary Weyl type and
numerical Λ ∈ C including zero, is recovered. On the Lorentz restriction the
rank-four comparison is the antilinear duality (TLT,ray)y → (T ∗

LT,ray)ι(y) of
Proposition J.7, with the coupled square of G.5. These assertions hold for
the bounded holomorphic families, actual finite jets and conditioned finite
diagrams of Definition 2.1.

Proof. Theorems 2.4 and 9.10 provide the source, geometric and indepen-
dent operator correspondences. Proposition J.1, Theorem J.2 and Proposition
J.3 construct the pre-admission normal spin transport and raywise local-
twistor descent, with the same selected density and actual comparison data.
Proposition J.4 identifies its optical evaluation with the point-plane pencil
and supplied affine slice. Proposition J.5 identifies the pre-admission source
defect and its correction. The natural comparisons of Theorem J.6 combine
these identifications with the actual counits of H.4 and 9.10 on every inde-
pendent object. Proposition J.7 proves the typed Lorentz compatibility. The
common domains and restrictions are those of Theorem 6.3 and Appendices
F–H after the finite buffered restrictions in J.5. □

Theorem 9.12 gives a local analytic gravitational realization of Penrose’s
active-patching proposal in the projective operator model of Definition
I.2 (Penrose 2015, secs. 5–6). Its two independent classes lie on one T0;
their coupled source generates the contact fivefold and acts in one operator
primitive, with the negative class represented by derivative variables. The
holomorphic admission retains the affine torsor, root and calibration, and its
selected optical section yields the Einstein scale and preserved infinity form
by Propositions 5.4 and I.3. The fixed optical correction of Theorem 5.5 and
Proposition H.5 constructs that admission from the source; compact point
modules and raywise local-twistor descent supply the compared nonlocal
incidence. A literal identification with every unreduced Palatial presentation
remains a separate presentation question. The assertion is the stated local
correspondence and preservation diagram, with no historical-priority claim.

10. Schwarzschild near the future horizon. We apply the correspon-
dence to a fixed positive mass m > 0 and a finite neighborhood crossing the
future Schwarzschild horizon. In ingoing Eddington–Finkelstein coordinates,
with the curvature and signature conventions of §2, put

gm = f(r) dv2 − 2 dv dr − r2gS2 , f(r) = 1− 2m
r
, gc = r−2gm.

(101)
Fix a compact core K = [v−, v+]× [2m− d, 2m+ d]×S2, where v± are finite
and 0 < d < 2m. All representatives below have real-analytic parents with
r > 0 and smaller complex parents when the holomorphic correspondence is
used. Take this finite core large enough to contain the ray family below. A
point and a full spin frame, including its lift, are retained at each mark.
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Proposition 10.1.
The complete curvature records of gm determine analytic inputs in A0.

Their generated objects have actual marked comparisons with the canonical
contact, calibrated affine and projective operator objects of gm. The compar-
isons preserve the compact point modules, optical evaluation and Wronskian,
density root and selected scale, normal local-twistor transport, infinity pair
and point planes.

The core K admits a finite system of these short representatives covering
its exterior, horizon and interior portions. The system has the common
parents, positive buffers and unit margins of Definition 2.1, with actual
inverse comparisons and coherent finite compositions, including their full-
spin and coupled Lorentz data.

In the representative gc, the Einstein density and its normal tractor are

σ = 1
r
, I = Lσ =

(1
r
,−dr

r2 ,
f

2r

)
, DI = 0, H(I, I) = 0. (102)

The middle slot in this display is written as a covector; raising it with gc
gives the vector ∂v + f∂r used by the canonical tractor convention of §4.

For r0 = r(o), the normalization σo(o) = 1 preserving the selected physical
metric is

gaux = r2
0gc, σo = r0

r
, σ−2

o gaux = gm. (103)

Proof. The (v, r) metric block has determinant −1 at every r > 0. Direct
computation gives Ric(gm) = 0. Regular orthonormal coframes and local
sections of one fixed spin bundle extend across r = 2m. Extract every free
record by the averaged spin projection of ∇jΨ± in §3. On the finite buffered
point/frame parents, parallel transport along complex null directions and
Cauchy’s formula give a common bound Cr!R−r for the order-r records.
Theorem 3.1 supplies the exact two analytic classes. Theorem 2.4 and
the normal-metric uniqueness of Appendix A identify the generated metric
with gm through the initialized exponential maps. Their cotangent and
calibrated ray maps, together with Theorems 9.10–9.12, give the stated
enriched comparisons.

The finite cover is constructed on compact point cores together with their
whole skies. Finite null flow boxes, nonzero transversal derivatives, and
bounded normal inverses supply the ray parents and buffers. Changes of
sections of the fixed spin bundle supply compatible lifts; the operator and
module comparisons retain the actual associators. The overlap identities
follow from the physical metric maps and the normalized comparison unique-
ness of Appendix H. These are finite physical comparisons and do not require
a single global ray quotient or operator ring.

For the scale calculation, |dr|2gm
= −f . The conformal Schouten formula

gives

∇2
gc
σ + P gcσ = − f

2rgc, d

(
f

2r

)
= P gc

(
(dσ)♯gc , ·

)
. (104)
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These are all components of DI = 0, and 2σρ+ |dσ|2gc
= 0. In the normalized

auxiliary splitting the same tractor is (r0/r,−r0dr/r
2, f/(2r0r)); its selected

Einstein splitting is (1, 0, 0). The conformal frame change has dilation one
at o, so the specified full spin mark is preserved there. The marked positive
root fixes the sign of σo. Propositions K.1–K.4 give the scale and frame
calculations; Theorems K.7–K.8 give the actual enriched maps and finite
cover construction. □

The normalization in eq. 103 changes the auxiliary representative together
with the density component. Changing only σ to r0σ would select r−2

0 gm.
The scalar curvature of the defined representative gc is −12m/r in our
convention; hence σ = −Scal(gc)/(12m).

Proposition 10.2.
There is a compact nonradial family of affinely parametrized null segments

crossing the future horizon from r = 5m/2 to r = 3m/2, with

r(0) = 5
2m, v(0) = ϕ(0) = 0, θ = π

2 , E ∈ [1, 2], L/m ∈ [1/4, 1/2].
(105)

Choose the ingoing branch and physical affine parameter u. A parallel
orthonormal screen basis for the positive screen metric −gm has tidal matrix

Ru = 3mL2

r5

(
1 0
0 −1

)
. (106)

Thus the transverse Jacobi phase space has dimension four and nonzero
Weyl focusing. In the dimensionless time t = u/m, with phase (x, p) =
(x,mdx/du), its transfer matrix Φ(t, s) is symplectic and composes exactly
on every finite subdivision.

Writing Φ(τ, 0) =
(
A B
C D

)
at the final time, one has

10
21 < τ <

100
99 , ∥Φ(τ, 0)∥ < 3, σmin(B) > 3

7 , ∥B−1∥ < 7
3 .
(107)

Finite stationary quadratic generating families retain the complete phase
relation when an endpoint-position projection is singular. In particular, on
these same segments, put tc = τ/2 and let Ac, Bc be the position blocks
of Φ(tc, 0). The initial Lagrangian p = P0x, where P0 = −B−1

c Ac = P T0 ,
propagates to the vertical Lagrangian at tc.

Proof. Put q = (E2 − fL2/r2)1/2. The regular first integrals are

dr

du
= −q, dv

du
= L2

r2(E + q) ,
dϕ

du
= L

r2 . (108)

On the stated radial interval, 124/125 ≤ q2 ≤ 109/27, so 99/100 < q < 21/10.
This gives the time bounds, unique transverse crossing and a common regular
finite coordinate tube. The direct parallel-screen calculation in Appendix K
gives eq. 106; the rotational Jacobi fields r sinϕ and r cosϕ independently
check its focusing sign.
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With ρ = r/m, ℓ = L/m and ω = 3ℓ2/ρ5, the phase generator is(
0 I

diag(−ω,ω) 0

)
, where 6/3125 ≤ ω ≤ 8/81. Its norm is one and it is Hamilton-

ian. The iterated-integral estimate gives ∥Φ(t, s)∥ ≤ et−s. The Volterra equa-
tion gives ∥B(h)−hI∥ < h/10 on every subsegment of length 0 < h ≤ 100/99,
proving the endpoint margin. ODE uniqueness proves finite composition.
Short segments have invertible position blocks and quadratic endpoint ac-
tions. Keeping intermediate positions makes stationarity exactly momentum
matching, even when the total projection is singular. Finally Ac +BcP0 = 0
and Cc + DcP0 = −B−T

c prove the asserted vertical image. Appendix K
supplies the generating functions and their finite composition proof. □

The scalar optical bundle of §5 has rank two and affine equation y′′ = 0 here.
It differs from the four-dimensional transverse phase space in Proposition 10.2.
The chosen point-source block B is nonsingular on this short family. The
displayed caustic concerns the specified initial linear Lagrangian condition;
it asserts neither a further point-source conjugate point nor a nonlinear
congruence. The full phase relation survives that projection failure, whereas
an inverse endpoint block does not.

Proposition 10.3.
Fix the finite coordinate and frame parents of Propositions 10.1–10.2.

Suppose a single prescribed representative of Theorem 6.3 admits the finite
metric readout of Proposition 6.2 on one fixed complex coordinate parent Ω+,
jointly holomorphically in amplitude for |a| < Tb, where Tb > 1, with the re-
tained inverse-unit margins. Choose an inner polydisc Ω with coordinatewise
Cauchy gap ρ > 0 from Ω+. Assume the closure of an inflated position tube
around the chosen ray family lies inside Ω with a further positive position
buffer. Separately retain a bounded state tube for Z = (x, k, n, e1, e2), with
compact closure and positive first-exit buffer around the exact geodesic and
parallel-frame states; its position projection lies in that position tube. Let
gN be the degree-N amplitude Taylor polynomial of the physical metric in
these fixed coordinates, evaluated at a = 1, using the coupled Lorentz-real
amplitude family. For 1 < T < Tb, there is a finite Hg such that

∥Dj(gN − gm)∥ ≤ ej,N := 4jj!ρ−jHgT
−N−1

1− T−1 , 0 ≤ j ≤ 3. (109)

All norms are fixed Euclidean coordinate or multilinear operator norms. If
G ≥ ∥g−1

m ∥ and e0,N ≤ (2G)−1, then gN is Lorentzian with ∥g−1
N ∥ ≤ 2G. For

sufficiently large N , the retained initial null-frame and domain margins also
persist. The normalized approximate rays and parallel screens then exist on
the same individual finite affine intervals. There is a finite constant Copt,
depending only on the fixed mass, parents, metric derivative and inverse
bounds, frame bounds and buffers, such that their dimensionless phase
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coefficients differ by at most

ϵN = Copt

3∑
j=0

ej,N . (110)

For ϵN ≤ 1/10, the exact transfers for those metric systems obey

∥ΦN − Φ∥ ≤ δN := 4ϵN , |m2 detBN −m2 detB| ≤ 9m2δN . (111)

If also δN ≤ 3/14, then

∥B−1
N ∥ ≤

14
3 , ∥B−1

N −B
−1∥ ≤ 98

9 δN . (112)

Proof. Apply the finite readout and initialized normal development of Lemma
K.9 on the prescribed coordinate parent Ω+ with its retained inverse-unit
margins. The parent and inner domain Ω in the hypothesis are retained when
applying the amplitude and spatial Cauchy estimates, which give eq. 109.
Lorentz reality makes gN real symmetric on the real tube. The inverse series
and constant inertia along gm + s(gN − gm) give the signature and inverse
bound.

The Christoffel formula and one further derivative bound the connection
and curvature errors by finite linear combinations of e0,N , e1,N , e2,N . Analytic
normalization supplies nearby initial null frames. Gronwall’s inequality for
the joint geodesic/parallel-frame equation keeps the solutions inside the
retained state buffer. Curvature evaluation in those frames then gives eq. 110,
including the physical-to-dimensionless factor m2. Lemmas K.9–K.11 and
Theorem K.12 specify these constants and the precise smallness inequalities
excluding a first exit.

Duhamel’s formula on τ < 100/99 gives the transfer bound ϵNτe(1+ϵN )τ <
4ϵN . The two-dimensional determinant estimate | det(B + E) − detB| ≤
2∥B∥∥E∥+ ∥E∥2 gives the forward area bound. The singular-value margin
in eq. 107 and the inverse difference identity give eq. 112. □

Here Hg and Copt are finite constants specified by analytic parents and
compact-frame margins; the rational constants in eq. 107–eq. 112 are explicitly
evaluated bounds. The single-readout position-tube inclusion assumed in
Proposition 10.3 has not been established for the whole r : 5m/2→ 3m/2
family of Proposition 10.2; this outstanding spatial-domain condition is
separate from the numerical evaluation of Hg, Copt and a sufficient N .
Proposition 10.5 supplies a finite-readout alternative on that entire family.
Sections K.6–K.7 instead choose the common parents, inner C3 core and
passive-displacement margin first and then obtain a positive short interval
inside them. Comparisons in Proposition 10.3 use fixed affine endpoints.
Reading data instead on r = 3m/2 requires the transverse hitting-time margin
and finite extension stated in Appendix K. The metric Taylor polynomials
are taken after the exact chart comparisons are fixed. They supply local
approximations and do not replace the exact gluing data. The forward phase
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and determinant estimates require no inverse projection; inverse estimates
require their stated positive margin.

Proposition 10.4.
Fix the primitive restricted Dolbeault projector and positively oriented

contour in §K.5, with its printed prefactor 1/(2π), the source parameter
µsrc = m/2, and the continued signed radial sheet ϱ = −r. On a sufficiently
small simply connected neighborhood of (v, r, θ, ϕ) = (0, 2m,π/2, 0), retain
the local angular inverse branches and x+ iy ̸= 0. The actual map

Φpr(v, r, θ, ϕ) =
(
i(r − v), r sin θ cosϕ, r sin θ sinϕ, r cos θ

)
(113)

into the complexification of the primitive metric domain has an actual local
inverse and satisfies

Φ∗
prGint = h∗ := 2r−2gm, σ∗ =

√
2/r, σ−2

∗ h∗ = gm. (114)
The selected density, its square identification and central root value, and the
normal tractor agree with those of Proposition 10.1 after the stated constant
auxiliary-frame change. Transporting the specified EF full-spin frame gives
actual marked comparisons. The selected primitive metric and the record-
generated objects therefore have the actual enriched comparisons of Theorem
K.7, with two-sided inverses, on their common local representatives.

Proof. Proposition K.14 evaluates the projector and contour throughout
the stated chart, including the factor ωint = 2ω0. Theorem K.15 gives the
metric pullback, density, tractor, root and full-spin comparison, using the
source parameter and signed sheet exactly as stated. The selected physical
source tensor is gsrc = (−

√
2/ϱ)−2Gint. If F : g[Ag]→ gm is the initialized

isometry in Theorem K.7, then Fsrc = Φpr ◦ F and F−1
src = F−1 ◦ Φ−1

pr .
The isometry identifies Levi–Civita connections, their iterated curvature
derivatives and hence every averaged free spin record, in the transported
full-spin frame. The canonical ray, affine, root, local-twistor, infinity and
structured operator/module comparisons of that theorem apply to this same
geometry, with the stipulated associators. Section K.6 gives compatible
physical amplitude families for finite comparisons. □

This primitive comparison is local in the spacetime angular and root
variables. The full complex sky at each such base point is retained, but it is
distinct from the spacetime angular S2 in K. Proposition 10.1 continues to
cover that standard-metric core with finitely many charts; Proposition 10.4
asserts no native gluing over all of it. With the conventions fixed in §K.5,
the contour integral in (Adamo et al. 2026a, equation (2.32)) equals twice its
displayed evaluated two-form; Proposition K.14 gives the residue calculation
and the resulting metric normalization. The result uses neither an identity
with its fixed SDTN ordinary background nor a direct class construction
from its quadric.

The nonlinear compatible family is Vi(ε) = Rai,Ai(εU ; 0), with a separate
internal construction amplitude at each vertex, as in §K.6. A single such
family admits the additionally initialized short optical example of §K.7 after



64 LIOR ISTHMUS

a positive source-domain restriction. Its rational full-interval enclosure is a
separate calculation from the earlier family of Proposition 10.2. The finite-
readout proof in §K.4 performs inverses and initialized ODEs in the truncated
amplitude algebra before evaluating the retained coefficient polynomial at one.
The metric and optical error constants remain theoretical finite constants;
no numerical sufficient amplitude order is asserted.

Proposition 10.5 (Finite-readout optical approximation).
Fix m > 0 and the full nonradial family of Proposition 10.2, with its

specified entrance, E ∈ [1, 2], L/m ∈ [1/4, 1/2], physical affine clock u.
The construction uses the exact benchmark cuts, initialized coordinate
comparisons and polar-first parallel Sachs reference frame specified in §K.8.
There are a finite parameter cover, a finite local-readout schedule and positive
spatial, inverse-unit and frame margins, all chosen independently of N , with
the following property. There are T∗ > 1, finite constants CZ ,Ktid, Hrot and
an integer N0 such that for every N ≥ N0 the scheduled degree-N metric
readouts and their prescribed state and covariant Cauchy resets exist along
every original individual interval 0 ≤ t = u/m ≤ τλ. Put

βN = T−N−1
∗

1− T−1
∗
, εN =

(
Ktid + Hrot

τ−

)
βN , τ− = 10/21. (115)

Use the maximum block norm of Z = (X,K,N , E1, E2) in dimensionless EF
coordinates, with g0 = m−2gm, t = u/m and physical frame (K,N , EA)/m.
The complete piecewise state has error at most CZβN , on both sides of every
switch and inside every slab. Its full Cauchy transport UN is symplectic.
For N sufficiently large that εN ≤ 1/10, at the original exact terminal affine
time it obeys

∥UN − Φλ(τλ, 0)∥ ≤ 4εN =: δN ,
∥UN∥ < 4,

|m2 detBN −m2 detB| ≤ 9m2δN .

(116)

Here BN and B are the endpoint position-response blocks in the same
dimensionless-clock phases. The physical-slope response blocks are mBN
and mB. If also δN ≤ 3/14, then

σmin(BN ) ≥ 3/14, ∥B−1
N ∥ ≤ 14/3, ∥B−1

N −B
−1∥ ≤ (98/9)δN .

(117)
All conclusions are uniform over the original entire parameter rectangle. The
forward phase and conditional expansion-trace estimates of Proposition K.25,
and the Lagrangian-projection estimates eq. 499, hold as well. The retained
exact twistor, full-spin, operator and compact point-module comparisons are
those of the original physical atlas.

Proof. Theorem K.18 constructs the finite cover, enlarged slabs and
buffered node overlaps for the whole parameter rectangle, using the original
exact family. Proposition K.19 produces the actual finite-algebra metric
readouts and a common tail rate T∗ > 1; take Tmin = T∗ in §K.8 and enlarge
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the finite constants Di,s if needed. Proposition K.20 gives their common-
coordinate overlap defects and retains the original exact enriched atlas.
Lemma K.21 supplies the actual null/frame and covariant Cauchy resets in
the same affine clock, including their computed screen rotations. Proposition
K.22 proves all-slab and all-switch existence by first-exit induction and gives
the state bound. The tidal estimate in §K.8 and Proposition K.23 sum every
slab and jump error. Corollary K.24 then gives the transfer estimate with
the displayed εN . Proposition K.25 gives the physical area and conditional
inverse bounds from the original exact endpoint margin. The finite minima
and maxima include all parameter cells. Since βN → 0, one sufficiently large
N meets all these finitely many strict domain and non-strict observation
margins. □

This proposition provides a finite-readout alternative on the whole original
crossing family. Proposition 10.3 remains a conditional single-readout result;
the present construction does not establish its single-parent spatial inclusion.
The short common-source construction of §§K.6–K.7 remains a separate
one-source result. The constants, radii and a sufficient truncation degree of
this finite-readout construction are theoretical finite data that have not been
numerically evaluated. The constructed object is the piecewise metric and
Cauchy model of Lemma K.21, rather than a single approximate metric or
the differential of the nonlinear state-reset algorithm.

Appendix A. Finite witnesses and polynomial curvature comple-
tion.

A.1. Every finite free list has an analytic witness. Only this appendix uses
the analytic constraint and evolution equations to establish finite algebraic
consistency. The generator of §5 does not take their solutions as input. No
common domain as the prefix length increases is asserted here.

We use the analytic Cauchy theorem in normal form: a finite system
solved for its highest derivatives transverse to an analytic hypersurface, with
analytic right-hand side and analytic noncharacteristic Cauchy data, has a
unique local analytic solution (Kowalevsky 1875). The complex version with
additional undifferentiated parameters gives joint holomorphic dependence
after a common restriction. The normal principal matrices are verified below.

Lemma A.1.
Every finite Lorentz-real list U±

r , 0 ≤ r ≤ N , and real numerical Λ has a
real analytic Einstein witness with its prescribed tangent metric and spin
marking. Its neighborhood may depend on N and the list.

Proof. First construct a finite family near the flat metric in signature
(−,+,+,+). A temporal transverse trace-free linear wave has spatial initial
data A,B with trA = trB = 0 and ∂jAij = ∂jBij = 0. Here B = ∂0h

(1)|0/2.
For a finite set of real amplitude parameters c, put γ̄ = δ +

∑
cνAν and let

Σ be the γ̄-trace-free part of
∑
cνBν . Use bilinear tensor contractions in the
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complexified equations. With (L̄Z)ij = ∇̄iZj + ∇̄jZi − 2
3 γ̄ij∇̄kZ

k, solve

div L̄Z = −divΣ, ∆̄ϕ− 1
8R(γ̄)ϕ+ 1

8 |Σ + L̄Z|2γ̄ϕ−7 + Λ
4 ϕ

5 = 0 (118)

with Z = ∂1Z = 0, ϕ = 1, ∂1ϕ = 0 on y1 = 0. The first equation is
independent of ϕ. Its normal principal matrix at the flat seed is I+ 1

3(dy1)♯⊗
dy1, with eigenvalues 1, 1, 4/3. The second has normal coefficient γ̄11 and is
analytic near the unit ϕ = 1. Both systems therefore have the stated local
holomorphic solutions.

Set γ = ϕ4γ̄, K = ϕ−2(Σ + L̄Z). The conformal connection difference
2ϕ−1(δki ∂jϕ+ δkj ∂iϕ− γ̄ij γ̄kℓ∂ℓϕ) gives

R(γ) = ϕ−5(−8∆̄ϕ+R(γ̄)ϕ),
divγ K = ϕ−6div(Σ + L̄Z),
|K|2γ = ϕ−12|Σ + L̄Z|2γ̄ , trγ K = 0.

(119)

Consequently R(γ) + (trK)2 − |K|2 = 2Λ and divK − d trK = 0. At Λ = 0,
the first amplitude variations of Z and ϕ − 1 vanish: their linear sources
are respectively ∂jBij = 0 and ∂i∂jAij −∆ trA = 0, with zero Cauchy data.
Thus the initial metric and second fundamental form have the prescribed
first variations.

Evolve, with τ = trγ K, by

∂0γij = 2Kij , ∂0Kij = −Ric(γ)ij − τKij + 2Ki
kKkj + Λγij . (120)

Eliminating K solves for ∂2
0γ with analytic right-hand side in the invertible

metric and tangential derivatives of order at most two. The analytic Cauchy
theorem applies again. For g = −(dx0)2 + γijdyidyj , the time-containing
Christoffel symbols are Γ0

ij = Kij and Γi0j = Ki
j . They give

Ric(g)ij = Ric(γ)ij + ∂0Kij + τKij − 2Ki
kKkj ,

Ric(g)00 = −∂0τ − |K|2, Ric(g)0i = ∇jKij − ∂iτ.
(121)

The spatial equations hold. For their remaining residuals H = Ric00 +Λ and
Mi = Ric0i, contracted Bianchi gives

∂0H = 2∇iMi − 2τH, ∂0Mi = 1
2∂iH− τMi. (122)

Their initial data vanish by the constraints, so analytic uniqueness gives the
full Einstein equation. Linearization at the flat seed is the specified wave,
by uniqueness of its linear analytic Cauchy problem. Reality follows from
conjugation and uniqueness. The spatial metric is positive on a smaller real
neighborhood.

We next choose a finite wave family whose curvature-jet map is invertible.
Put κ(z) = (1, z) and take the real null covector k(z)AA′ = κA(z)κ̄A′(z). For
each r the tensors κ(z)r+4κ̄(z)r span W+

r over C. Indeed an annihilating
functional is a polynomial in z, z̄; substitution z = x+iy makes it a polynomial
vanishing for all real x, y, so it is zero. A finite spanning set valid for all
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r ≤ N is the square grid x, y ∈ {0, . . . , 2N + 4}, by interpolation in each real
variable. Choose a basis separately for each r.

The moment matrix ((iτℓ)j)0≤j,ℓ≤N for distinct nonzero real τℓ is invertible.
Its inverse columns give finite profiles fr(t) =

∑
ℓ b

(r)
ℓ eiτℓt with f

(j)
r (0) = δjr

for j ≤ N . For each chosen direction put kAA′ = κAλA′ , λ = κ̄, and choose a
complex null transverse polarization pAA′ = κAµA′ with d = λ0′µ1′−λ1′µ0′ ≠
0. In the manuscript tangent convention, the linear wave hab = apapbe

iτℓk·x

has, by eq. 67,

R
(1)
abcd = −1

2aτ
2
ℓ (kapb − kbpa)(kcpd − kdpc)eiτℓk·x, Ψ+ = 1

2aτ
2
ℓ d

2κ4eiτℓk·x.
(123)

The second equality uses eq. 4. For the auxiliary opposite signature, the
metric negation below sends h to −h in this component formula and changes
the signed factor by −1. In either signature divide the amplitude by its actual
nonzero factor. Replacing p by p − (p0/k0)k removes its time component
without changing curvature, nullness or transversality; k0 ̸= 0 for a nonzero
real null covector. Pair the wave with its Lorentz conjugate. Thus its positive
curvature spinor can be normalized to cκ4fr(k·x), with the conjugate negative
spinor, and its order-j free list is δjrcκr+4κ̄r. Complex c supplies two real
parameters.

The resulting finite family has 2
∑N
r=0(r + 5)(r + 1) real wave parameters.

Read its free lists in an analytic orthonormal spin frame at the origin. At flat
space all background Weyl derivatives vanish, so variations of that frame or
connection do not alter the displayed linear curvature map. The analytic map
from wave parameters and Λ to their free lists and the unchanged Λ therefore
has invertible real derivative. The finite analytic inverse theorem realizes all
sufficiently small lists. The construction also gives their complexified families.
For an opposite Lorentz signature, run the construction with constant −Λ,
negate the metric and use that signature’s fixed spin readout before taking
this inverse. The linear wave-jet map is still invertible and the resulting
Einstein constant is exactly the requested Λ.

For an arbitrary finite target choose s > 0 large enough that (s−r−2Ur,
s−2Λ) lies in the small neighborhood. If h is that witness, set g = s−2δ∗

sh,
δs(x) = sx. Then g(x) = h(sx), its tangent metric is unchanged, its orthonor-
mal curvature derivatives scale by sr+2, and its Einstein constant scales by
s2. Hence it has the exact target list and constant. This final scaling only
proves finite existence; it supplies no infinite-prefix bound. □

A.2. The highest linear compatibility system. Lemma A.2.
For fixed lower curvature derivatives, the homogeneous difference of two

order-r Einstein curvature completions, subject to their differentiated alge-
braic and differential Bianchi identities and commutator identities, is exactly
W+
r ⊕W−

r . Its two separately symmetric projections are the identity on that
space.
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Proof. For r = 0, use eq. 3 and its inverse eq. 4, with the Ricci part
fixed. At every higher order the free projection is eq. 13. For r > 0, the
highest difference has commuting derivative slots, since their commutator is
curvature acting on a lower derivative. Its Ricci derivatives vanish. For the
positive Weyl spinor the differentiated Einstein Bianchi equation contracts
any derivative unprimed index against a Weyl unprimed index to zero. In a
two-space, a two-index antisymmetrization is its alternating trace. These
zero traces therefore imply invariance under every interchange of a derivative
unprimed index with a Weyl index, with the remaining slots fixed. Together
with Weyl symmetry, those interchanges generate all unprimed permutations.
Symmetry under exchange of derivative pairs consequently makes their
primed indices symmetric too. This is precisely Symr+4 S∗ ⊗ Symr S′∗. The
negative spinor exchanges the factors. Conversely these completely symmetric
spinors obey all homogeneous contractions and commuting-slot identities.
Their projection is unchanged. □

Proposition A.3.
The polynomial completion and the original Cartan derivations of Lemma

3.2 exist uniquely and obey all the identities stated there, on independent
complex lists.

Proof. At order r, collect the tensor symmetries, differentiated Bianchi
equations, Ricci equations, commutator identities and prescribed free projec-
tion into a constant finite linear system for the ordered curvature derivative.
Its right-hand side is polynomial in lower completed derivatives, U±

r and Λ.
Lemma A.2 makes its coefficient matrix injective. Choose a constant left
inverse. Induction therefore produces a unique candidate polynomial Cr.

For every finite Lorentz-real list, Lemma A.1 supplies an actual witness,
so this candidate satisfies the whole compatibility system, not just its left-
inverse projection. The residual is polynomial and vanishes on the maximal
real form U− = U+, Λ ∈ R. Writing U+ = x+ iy, U− = x− iy proves that
it vanishes identically on the independent complex lists. This also proves
independence of the left inverse and frame equivariance.

Define HaUr by projecting the next completed covariant derivative, and
define VB by inserting the specified infinitesimal spin-frame action in every
slot. On finite witnesses these are exactly horizontal displacement readout
and vertical spin readout. Their commutators and their action on each Cr
consequently hold as polynomial identities: each uses only a finite prefix,
and the same maximal-real-form argument applies. This proves all Cartan
identities, including the action on derivative slots.

Dilation gives wtUj = j + 2, wt Λ = 2, and wt(HaUr) = r + 3. Its highest
linear term is iaUr+1 with coefficient one, by averaged separate symmetry.
Every nonlinear term therefore uses only U0, . . . , Ur−1,Λ and has index sum
r + 3− 2d at curvature degree d. In particular Q0 = 0. The original Lorentz
involution and all fixed spin actions commute with the construction by the
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same uniqueness. No quotient of the specified spin lift by its orthogonal
image is made. □

A.3. Formal marked normal uniqueness. Proposition A.4.
The completed curvature list determines a unique formal metric in marked

geodesic normal coordinates. This formal metric has its prescribed Einstein
constant and ordered curvature derivatives. Two analytic marked normal
metrics with the same complete free lists and numerical constant are equal
as germs.

Proof. Along the formal radial geodesic of initial vector x, express curvature
in the parallel initial frame as Rx(t) =

∑
r≥0 t

rCr(x, . . . , x; ·)/r!. For each v
solve the formal finite Jacobi equation
J ′′
x (t; v) +Rx(t)(Jx(t; v), x)x = 0, Jx(0; v) = 0, J ′

x(0; v) = v. (124)
Its coefficient recursion is unique. Define gx(v, w) = η(Jx(1; v), Jx(1;w)). Ev-
ery fixed coefficient uses only finitely many completed derivatives. At a fixed
spatial degree the Jacobi recursion has only finitely many terms and divides
only by fixed positive integers, so its metric coefficients are polynomials in
a finite free prefix and Λ. Formal inversion at the fixed tangent metric has
the same property. Hence every coefficient of its curvature, Einstein and
normal-coordinate residuals is also such a polynomial. On a finite Lorentz-
real witness with the required longer prefix, the normal-coordinate Jacobi
formula gives this coefficient and every residual vanishes. The maximal-real-
form argument of Proposition A.3 makes these polynomial identities valid
on independent complex lists and therefore over every commutative complex
coefficient algebra. This explicitly supplies the formal parameter-ring use
made in §6.

It follows, coefficient by coefficient, that the constructed formal metric has
the prescribed curvature, Einstein equation, normal-coordinate conditions,
tangent metric and mark. Conversely every such metric satisfies the same
Jacobi recursion. Analytic metrics with these jets have the same convergent
Taylor series and hence the same germ. This argument neither takes a limit
of the finite witnesses nor assumes their neighborhoods are uniform. □

Appendix B. The coefficient estimate for the original record deriva-
tions.

B.1. The normalized one-derivative equation. Use the full-tensor Hermitian
norms of §3, with the fixed alternating spin bases orthonormal. Symmetriza-
tions are averaging projections. All adjoints below are adjoints of constant
finite matrices; they do not introduce conjugated record variables.

For either chirality and r ≥ 0 put Dr = V ∗ ⊗Wr. For r ≥ 1, regrouping
one spinor of each kind gives an isometric inclusion jr : Wr → V ∗ ⊗Wr−1.
Let Jr = 1⊗ jr and let τ exchange the two outer derivative pairs after that
inclusion. Set δr = (1 − τ)Jr, without dividing by two. For the positive
chirality write n = r + 4,m = r; exchange them for the negative one.
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The upper and lower projections in the two spin factors are denoted by
P++, P−+, P+−, P−−.

Lemma B.1.
For the original derivation HaUr = iaUr+1 +Qr,a, r ≥ 0, the initial case

is Q0 = 0. For r ≥ 1 one has the following identities, with the last sum
interpreted as zero when r = 1:

ker δr = imP++,

Mr = n

n+ 1P−+ + m

m+ 1P+− + nm

nm− 1P−−,

Qr = MrJ
∗
r (τ HQr−1 −Kr),

Kr(a, b) = VRU (a,b)Ur−1,

(HQr−1)(a, b) =
r−2∑
j=0

DUjQr−1,b[iaUj+1 +Qj,a].

(125)

Proof. On A⊗ SymnA, compression of an exchange of the outer slot with
an inner slot is Cn = ((n + 1)Pn − 1)/n. Indeed full symmetrization is
(1 +

∑n
i=1 τ0i)/(n+ 1), and the compressed inner exchanges agree. Its two

eigenvalues are 1,−1/n. Thus
δ∗
rδr = 2(1− Cn ⊗ Cm) (126)

has nonzero eigenvalues 2(1 + 1/n), 2(1 + 1/m) and 2(1− 1/(nm)). Their
minimum is at least 8/5. On antisymmetric sources the complementary
inverse of δr is MrJ

∗
r .

Apply the commutator in Lemma 3.2 to Ur−1. The completely upper
Ur+1 term cancels and gives δrQr = −Kr − (1− τ)HQr−1. Differentiating
the constant zero-upper-projection identity for Qr−1 gives J∗

rHQr−1 = 0.
The inverse proves the formula. The last line is the ordinary polynomial
product rule; HaΛ = 0. The curvature in Kr acts on all 2r + 2 spinor slots,
including the derivative slots. Consistency is supplied by the already proved
polynomial Cartan identity, not surjectivity onto arbitrary antisymmetric
tensors. □

For a degree-q free-index polynomial Ta(u) in one spin factor, with q ≥ 0,
define the upper inclusion below. For q ≥ 1 also define the lower inclusion
and f :

(Uq+1g)a = ∂ag

q + 1 ,

(ιqf)0 = −u1f, (ιqf)1 = u0f,

g = uaTa, f = ∂0T1 − ∂1T0
q + 1 .

(127)

For q ≥ 1, T = Uq+1g + ιqf ; for q = 0, T = U1g. The upper inclusion is
isometric for every q ≥ 0. For q ≥ 1, the lower inclusion on degree q − 1 has
squared norm (q + 1)/q ≤ 2: on (u0)q−1 its two components have squared
norms 1/q and 1, and equivariance proves the general formula.
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A normalized contraction diagram has ordered symmetric input tensors,
specified alternating contractions between input slots, and averaged sym-
metrization of all free outputs of each spin type. Selecting h polynomial deriva-
tives on a degree-p input means dividing them by (p)h = p(p−1) · · · (p−h+1).
Thus each selected derivative is a tensor-slot operation. A diagram with c
alternating contractions has norm at most 2c/2. A contraction joining two
slots of the same symmetric input is zero.

Lemma B.2.
Replace a degree-p input, incident to h contractions, by a lower inclusion

(ιpf)c. Let Dc(u) be the resulting degree-N free-index output. Opening its
jth incident edge gives a normalized diagram Ej with orientation sign ϵj .
Then

ucDc = 1
p

h∑
j=1

ϵjEj ,

1
N
uc∂aDc = N + 1

N
(UN+1)a

1
p

∑
j

ϵjEj

− 1
N
Da (N ≥ 1).

(128)

For a linear-shift insertion Up+1g, contraction of its new outer index with u
gives exactly the old diagram with that input degree raised by one. An old
lower output has transfer mass at most one. For an old upper output, its
lower leakage is a sum of diagrams adding one edge to another input j, with
coefficient of absolute value (pj − hj)/(N(N + 1)). The total leakage mass is
at most 1/(N + 1).

Proof. The normalized product rule is

∂a1 · · · ∂ah
(ϵbcubf)

(p)h
= p− h

p
ϵbcu

b∂a1 · · · ∂ah
f

(p− 1)h
+ 1
p

h∑
j=1

ϵajc

∏
ℓ̸=j ∂aℓ

f

(p− 1)h−1
. (129)

When h = p, omit the first term rather than using its zero denominator;
when h = 0, the sum is empty. Multiplication by uc kills the first term.
On an opened edge the paired alternating tensors give a signed identity.
Multiplying its released partner derivative by u cancels the falling-factorial
ratio, leaving exactly Ej/p, with no partner-degree multiplier. Differentiating
that identity proves the second formula.

For a linear shift the selected derivatives are ∂a1 · · · ∂ah
∂ag/(p + 1)h+1.

Contracting a with u gives unit total coefficient, since (p+1−h)(p+1)h/((p+
1)(p)h) = 1. For an old upper output the lower stripping cancels the second
derivatives and leaves (∂1D0 − ∂0D1)/(N(N + 1)). The derivative on the
distinguished input vanishes by antisymmetry. On another input j it selects
one of its pj −hj remaining slots and adds the stated normalized edge. Their
sum is at most N . These arguments keep the raw lower inclusions and their
orientation signs. □
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B.2. A single mass for all transfers. The recursion generates finite normal-
ized diagram representations by induction: its curvature formulas, Spencer
projections, shifts, insertions and strippings use only alternating contractions
and averaged permutations. Proposition A.3 gives weight j + 2 to every
order-j record and weight two to Λ. After stripping the raw lower output
factors, the positive output blocks A = −+, B = +−, C = −− have respec-
tive valences (r+ 3, r+ 1), (r+ 5, r− 1), (r+ 3, r− 1). A curvature-degree-d
coefficient containing ℓ scalar factors has total input valence 2r + 6 − 4ℓ.
Consequently its bare edge counts are 1−2ℓ in A,B and 2−2ℓ in C; negative
counts give zero. There are at most two bare edges independently of arity.

Fix an ordered input list, including each record’s order and chirality and
each scalar Λ factor. For a block ν ∈ {A,B,C} let B̃ν denote the coefficient
after its raw lower output inclusions have been stripped. A bare normalized
diagram specifies which slots of distinct symmetric inputs are paired by
alternating tensors; all remaining slots of each spin type are averaged onto
the indicated symmetric output. On a degree-p input, selecting h slots means
∂h/(p)h, as in Lemma B.2. Slot order and contraction orientations are part
of the diagram. Raw lower inclusions are then restored in their original spin
factors. Only diagrams with the specified input/output valences are used.

For each block define its atomic mass by

mr,ν(B) = inf


∑
D∈F
|aD| : B̃ν =

∑
D∈F

aDD,

F a finite set of such diagrams

 . (130)

The infimum is taken on the finite-dimensional span generated by the actual
recursion, not on a different tensor norm. The recursion supplies a finite
representation at every coefficient; the wire reductions below stay in this span.
Scalar inputs have no spin slots. For negative chirality the two spin degrees
and lower-inclusion roles are exchanged. In the tables below A = −+ and
B = +− always denote the physical unprimed/primed signs; after chirality
exchange relabel the inherited A,B names accordingly. Their equal weights
make this relabelling immaterial to the mass. Put

mr = 2mr,A + 2mr,B +mr,C . (131)

Missing blocks have zero mass. Concatenation gives the triangle inequality.
The preceding diagram and raw-inclusion estimates imply ∥B∥op ≤ 4mr(B).
In particular a nonzero coefficient has nonzero mass. The recursive ordered
expansion is used throughout: inserting a polynomial replaces one specified
position by its ordered inner input list.
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Lemma B.3.
For an insertion of a coefficient of Qt, t ≥ 1, into one specified position of

a coefficient of Qr−1, the actual recursion satisfies

mr(MrJ
∗
r τIi(B,C)) ≤ K0

t+ 1mr−1(B)mt(C), K0 = 224,

mr(MrJ
∗
r τLiB) ≤ crmr−1(B), cr = r(r + 4)

r(r + 4)− 1 .
(132)

The transferred curvature source has mass at most C∗(r+ 1) for a structural
C∗. Moreover 1 ≤ Pr =

∏r
s=1 cs ≤ P∞ ≤ e11/18.

Proof. Work first with one finite diagram representation in each block.
All estimates are homogeneous in its absolute coefficients, so passing to
infima at the end is legitimate. A degree-d coefficient with ℓ scalar inputs
has record orders summing to r + 3− 2d. Its total spin valence is therefore
2(r+3−2d)+4(d−ℓ) = 2r+6−4ℓ. Subtracting the stripped output valences
in B.2 and dividing by two gives 1− 2ℓ bare edges in either single-lower block
and 2− 2ℓ in the double-lower block. Thus each inner or outer coefficient has
at most two bare edges in both spin factors together. Negative counts mean
the coefficient is zero; no edge can join two slots of one symmetric input.

For h selected slots distributed among symmetric factors of degrees pi, the
normalized assignment weights are(

h

α1, . . . , αd

)∏
i(pi)αi

(
∑
i pi)h

. (133)

Their sum is one by the falling-factorial Vandermonde identity: both sides
count ordered selections of h distinct slots. A zero denominator corresponds
to an unavailable selection, which is omitted. Thus splitting derivatives or
averaging permutations incurs no factor depending on the number of inputs.

The following list accounts for all alternating tensors in a composition
before its final wire reduction.

Operation
Outer

coefficient
Inner

coefficient
Final

projection
Total

bound
Bare alternating
contractions

2 2 0 4

Raw lower output
inclusions

2 2 0 4

Normalized lower
stripping contractions

0 0 one per spin
factor

2

Indeed the inserted coefficient replaces one specified input box of the outer
coefficient. Each box has the bare-edge bound just proved and at most one
raw lower inclusion in each spin factor. The maps τ and J∗

r only permute
or average slots. Upper projection is averaging, while lower projection has
stripping factor q/(q + 1) ≤ 1 times one normalized slot contraction before
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restoring the declared raw lower output. Those restored output factors
are not extra internal wires. No other operation in MrJ

∗
r τIi introduces an

alternating tensor.
Reduce a fixed assignment by following each wire. Paired alternating

tensors give signed identities; a closed wire gives a scalar of absolute value
two; a path ending twice in one symmetric input or in the symmetric output
vanishes. The remaining paths give bare diagrams of the final valence. There
are at most ten alternating tensors, hence the coefficient bound 210 is valid.
The assignment weights still sum to one. Including the three target block
weights, whose sum is five, and the Spencer factor, at most 5/4, gives at most
5(5/4)210 < 213. We retain the coarser bound 220 for these compositions
and the opened-wire representations below. This counts both spin factors
together; it is not a separate norm-equivalence loss at each arity or derivative
order.

To obtain the inverse-order gain, choose a lower spin factor of the inner
coefficient before taking absolute values. All choices are exhausted by the
following table, with the block signs referring to the unprimed and primed
factors in that order.

Inner
chirality

Degrees in
Wt Inner block

A lower
factor
available for
opening Its degree p

+ (t+ 4, t) A = −+ unprimed t+ 4
+ (t+ 4, t) B = +− primed t
+ (t+ 4, t) C = −− unprimed or

primed
t+ 4 or t

− (t, t+ 4) A = −+ unprimed t
− (t, t+ 4) B = +− primed t+ 4
− (t, t+ 4) C = −− unprimed or

primed
t or t+ 4

For the double-lower block choose the unprimed factor, for definiteness;
do not sum over the two choices. There is no inner ++ block, and Q0 = 0,
so t ≥ 1 and p ≥ t ≥ 1. In the chosen factor write the raw inclusion as
(ιpf)c = ϵbcu

bf . The normalized product formula of Lemma B.2 has unhit
coefficient (p − h)/p and hit coefficients exactly 1/p. After multiplication
by uc, the unhit term vanishes by ϵbcu

buc = 0. Each hit opens one of the
at most two outer bare edges incident to this input. Multiplication of its
released partner derivative by u cancels the partner’s falling-factorial ratio.
Thus no partner-degree factor survives.

The outer block may have either sign in the chosen factor. The complete
outer-block correspondence is
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Chosen factor Outer A = −+ Outer B = +− Outer C = −−
unprimed lower upper lower
primed upper lower lower

These rows hold for either outer chirality. To evaluate the exact slot map,
write an upper outer block as Ba = ∂ag/(q + 1), where its old Wr−1 degree
is q. Substitute the chosen coefficient into g and leave its new derivative
index c free, calling the resulting polynomial Dc. Substitution retains its
prescribed output degree. After J∗

r τ , the output in this factor is

T ′
a = uc∂aDc

N
, degDc = N = q + 1 ∈ {r, r + 4}, 1 ≤ t ≤ r − 2.

(134)
The last range follows because Qr−1 uses only U0, . . . , Ur−2 and Q0 = 0. The
averaging in J∗

r is multiplication by uc upon evaluation on equal symmetric
arguments; it introduces no degree factor. Thus 1/N ≤ 1/(t+ 1).

Put E = ucDc. Euler’s identity gives the exact upper projection

uaT ′
a = ucua∂aDc

N
= E, P+T

′ = UN+1E. (135)

Its coefficient mass is at most 2/p by the opened-edge computation above.
In particular, the two upper contributions obtained by applying Lemma B.2
separately cancel to this expression. For the lower final projection, the mixed
second derivatives cancel:

∂0(uc∂1Dc)− ∂1(uc∂0Dc) = ∂1D0 − ∂0D1,

stripN T ′ = ∂1D0 − ∂0D1
N(N + 1) = − 1

N
stripN D.

(136)

The remaining stripping is a normalized one-slot operation with scalar factor
N/(N + 1) ≤ 1. Its graph cost is included in the common 220 bound, and it
leaves the explicit gain 1/N ≤ 1/(t+ 1). For a lower outer block, its factor
ϵbau

b is independent of the record input. The output is ϵbaubE, so its final
upper projection is zero and its lower coefficient has the same opened mass
2/p ≤ 4/(t+ 1). These identities cover both final projections. The other spin
factor uses its ordinary normalized projections and the same common graph
bound. Together the two tables cover every inner and outer chirality and
block, with no multiplicity for the specified position.

The nonlinear transfer mass is consequently at most

222mr−1(B)mt(C)/(t+ 1) ≤ K0mr−1(B)mt(C)/(t+ 1).

All coefficients are measured in the stipulated atomic mass: the assignment
weights, ten-tensor reduction, target block weights and Spencer factors were
counted above. Passing from finite representations to their defining infima
proves the estimate with no dependence on arity or derivative order. The
number of eligible positions is counted separately in Theorem B.4.
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For the linear transfer use the exact leakage coefficients, not the coarse
graph bound. On raw block masses the componentwise transfer matrix is n/(n+ 1) 0 0

0 m/(m+ 1) 0
cr/(m+ 1) cr/(n+ 1) cr

 , n = r + 4, m = r. (137)

The first old block stays lower in its first factor and leaks only from its upper
second factor; the second exchanges these roles; the third stays lower in both.
This gives all entries from Lemma B.2. Its column sums with weights (2, 2, 1)
are at most cr times the input weights. For example the only potentially
stronger comparison reduces to m(n + 1) ≤ 2(m + 1)2, whose difference
is r2 − r + 2 > 0. The other comparison is n(m + 1) ≤ 2(n + 1)2, with
difference r2 + 15r + 46 > 0. Exchanging the two spin factors exchanges
these comparisons and the first two block weights, so the same bound holds
for negative chirality. This proves the linear bound without repeated fixed
graph losses. Finally

log cr ≤
1

r(r + 4)− 1 ≤
1

r(r + 3) ,
∑
r≥1

1
r(r + 3) = 11

18 . (138)

The curvature source has one order-zero curvature factor and acts on the
2r + 2 slots of Ur−1. Each slot action uses a fixed finite alternating-tensor
formula. Normalized stripping has the same assignment bound, and final
valence still permits at most two bare edges. The fixed curvature expressions
and bounded Spencer factors therefore give C∗(r + 1). This includes the
scalar-curvature factor and the action on derivative slots. □

Rescale the same mass by γr = 4(P∞/Pr)mr. It dominates the operator
norm, makes each specified linear transfer nonexpanding, and changes a
nonlinear insertion by factor Pr−1Pt/(4P∞Pr) ≤ 1/4. Lemma B.3 bounds
each insertion with fixed input and output chiralities uniformly, so its rescaled
constant is at most K0/4. The product rule in Lemma B.1 sums over the two
possible chiralities of the intermediate record; a scalar Λ position contributes
zero. Let K include this finite sum. Since 2(K0/4) = K0/2 ≤ K0, the
gain K/(t+ 1) holds with a structural K ≤ K0. Eligible ordered insertion
positions are still summed, not averaged away.

B.3. Ordered coefficient bounds. Theorem B.4.
There are structural a, b > 0 such that the original ordered degree-d

coefficients satisfy

γr(B[d]
r,j), ∥B

[d]
r,j∥op ≤ abd−2r

r!∏
i ji!

, |j| = r + 3− 2d, d ≥ 2. (139)

Proof. At degree two, a source introduced at order t has indices (0, t − 1)
and mass at most C(t + 1). The unit linear transfers give at final indices
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j + k = r − 1

C
r−j∑
t=1

(t+ 1)
(
r − t
j

)
= C

{(
r + 1
j + 2

)
+
(

r

j + 1

)}
. (140)

Multiplying by j!k!/r! bounds this by C{(r+1)/((j+1)(j+2))+1/(j+1)} ≤
2Cr. Choose a to include the fixed curvature orderings and labels.

Normalize a degree-d coefficient by
∏
ji!/r! and bound it by Adr. Put

k = |j| = r + 3− 2d. The preceding-order linear terms contribute at most
Ad((r−1)/r)

∑
i ji ≤ Adk. For an inner degree e inserted into outer degree f ,

e+f = d+ 1, the old position index is t =
∑

inner ji+ 2e−3 ≥ 1. Its factorial
denominator cancels the inner numerator. After summing the intermediate
chirality, the remaining normalized term is at mostKAfAe(r−1)t/(r(t+1)) ≤
KAfAe. There are f positions for the fixed ordered lists. The reserve is
r − k = 2d− 3, so the induction closes with

A2 = a, Ad = K

2d− 3
∑

e+f=d+1
e,f≥2

fAeAf ≤
2K
3

∑
e+f=d+1
e,f≥2

AeAf . (141)

The last inequality symmetrizes e, f and uses (d+ 1)/(2(2d− 3)) ≤ 2/3 for
d ≥ 3. The binary-tree recurrence gives Ad ≤ a(2Ka/3)d−2 Catd−2 ≤ abd−2

with b = 8Ka/3. All steps refer to the recursively ordered expansion, so no
unique ordered expression of a commutative polynomial is assumed. □

For completeness these estimates define the actual nonlinear field on
smaller analytic-record radii. For the grouped records Xj of Theorem 3.3 set
a0 = 18a and b0 = 3b: the at most 3d input types and two output chiralities
give 2 · 3dabd−2 = a0b

d−2
0 . This is the same single conversion used there. If

M = ∥X∥R, 0 < s < R and ϑ = b0s
2M < 1, then

∥Q(X)∥s ≤ a0sM
2
(

2 + s

R− s

) 2− ϑ
(1− ϑ)2 . (142)

Indeed put cj = Rj∥Xj∥/j! and q = s/R. Unrestricted product sums are at
most Md, and their k =

∑
ji weighted sum is at most dMdq/(1− q). Since

r = k + 2d− 3, summing the bound gives the display using
∑
d≥2 dϑ

d−2 =
(2 − ϑ)/(1 − ϑ)2. Strict interior inequalities give normal convergence and
parameter holomorphy. Lemma B.1 identifies these coefficients with the orig-
inal polynomial derivation. The scalar characteristic argument in Theorem
3.3 therefore proves convergence of that derivation’s flows and their finite
words, rather than flows of a replacement field.

Appendix C. Contact cochains and the analytic linear correction.

C.1. The fixed cochain operations. The contact normal-jet resolution and its
conformal-metric deformation interpretation are classical (LeBrun 1991, secs.
8, pp.29–31 and Proposition 8.1). We fix the following cochain representatives
and normalizations.
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At the flat reference let K = OQ(−1,−1) and 0→ K → V ⊗OQ → N → 0.
Put L = K∗ = O(1, 1) and Fn = L⊗ SymnN∗. The symmetric derivative
gives

0 −→ Fn −→ An = L⊗ Pn
dn−→ Bn = L2 ⊗ Pn−1 −→ 0, dn = 1

n
ka∂xa .

(143)
For n = 0 omit the last term. The kernel consists of polynomials on V/K;
local integration in k proves surjectivity. We use the usual alternating Čech
differential, so (δa)ij = aj − ai, with reference transitions understood.

Both fixed positive line bundles L,L2 have vanishing H1, H2. Their
product two-circle Laurent contractions are bounded on fixed nested an-
nuli independently of the constant polynomial coefficient space. A local
holomorphic right inverse is

(Rhol
n b)(x) = nλ(x)

∫ 1

0
b(x− (1− t)λ(x)k) dt, λ(k) = 1. (144)

Its bound is nCn in symmetric coefficient norms on the fixed finite direction
charts. Given a two-cocycle c in Fn, split it in An as δa = c; split dna in Bn
as δb = dna; then

Snc = a− δ(Rhol
n b),

δSnc = c, dnSnc = 0, ∥Snc∥inner ≤ C0(n+ 1)Cn1 ∥c∥outer.
(145)

This proves the repair used in Lemma 5.1, including its analytic estimate.
Polynomial factors and fixed exponentials are summable after one strict
normal-radius restriction.

We also specify the closed-cochain lift ℓn rather than choose uncontrolled
degreewise representatives. Give the constant tensor spaces their full Hilbert
norms and the two fixed line bundles their product Fubini–Study metrics.
Identify Cn = H1(Fn) with the quotient H0(Bn)/dnH0(An) and give it the
quotient norm. For a class u choose its unique minimal global representative
bu. The pointwise smooth right inverse Rn = d†

n(dnd†
n)−1 has ∥Rn∥ ≤

√
n:

in a unitary frame with k = e0, normalized contraction on a monomial with
j copies of that slot has singular value

√
j/n. In particular dnd†

n ≥ n−1.
Fixed angular derivatives of dn are bounded independently of n; repeated
differentiation of this inverse gives polynomial bounds in n for every fixed
derivative of Rn.

The closed form µu = ∂̄Rnbu takes values in Fn. On each fixed buffered
chart solve ∂̄wi = µu in An by the componentwise two-variable Cauchy–
Green contraction. Its operator bounds concern only the fixed line bundle
and chart. Since dnwi is holomorphic, put ϕi = wi−Rhol

n dnwi. Then ϕi takes
values in Fn and ∂̄ϕi = µu. The sections ai = Rnbu − ϕi are holomorphic in
An, with dnai = bu. Define ℓnu = (aj − ai)ij . This fixes the sign and the
actual holomorphic representative. The same formulas prove

δℓnu = 0, [ℓnu] = u, ∥ℓnu∥inner ≤ C(n+ 1)bCn2 ∥u∥Cn (146)
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for a fixed sufficiently high angular Sobolev norm in the intermediate esti-
mate, followed by Sobolev embedding on the compact real four-dimensional
Q. All degree dependence has been exhibited in Rn and the local symmetric
powers; no uniform Green estimate for all the Fn is assumed. Minimal repre-
sentatives are complex-linear in their quotient classes, since their orthogonal
complements are complex subspaces. The fixed choices therefore preserve
holomorphic input parameters and commute with finite truncation. These
definitions fix the cochains used in §5.

C.2. The contact class and its two original records. Global sections of L
are linear functions of the null vector k, and those of L2 are its quadratic
functions modulo η(k, k). Consequently, for n ≥ 3,

Cn ∼=
Pn−1 ⊗ Sym2

0 V
∗

K(Pn ⊗ V ) , (Kξ)ab = ∂aξb + ∂bξa −
1
2∂

cξc ηab. (147)

The same sequence identifies H0(Fn) with homogeneous conformal Killing
fields of degree n. Their higher vanishing, used in §D.6, is explicit. If
∂aξb + ∂bξa = 2ϑηab and ϑ = div ξ/4, differentiation and permutation give

∂a∂bξc = ηac∂bϑ+ ηbc∂aϑ− ηab∂cϑ. (148)

Diverging in c gives 2∂a∂bϑ = −ηab□ϑ. Taking the trace gives □ϑ = 0 and
then its Hessian vanishes. Thus every third derivative of ξ is zero. The
degree-zero fields are translations; degree one consists of skew linear fields
and a dilation; degree two is 2(b · x)x− η(x, x)b. In particular H0(Fn) = 0
for n ≥ 3.

The normalization is the connecting map Jn from bh = habk
akb/(2n). A

global middle section kaξa maps to kakb(Kξ)ab/(2n). This proves the quotient
and its kernel. Local holomorphic lifts are

ai(x, k) = 1
2

∫ λi(x)

0
hab(x− λi(x)k + sk)kakb ds, Jn[h] = [δa]. (149)

They give exactly the first variation of the null hitting maps: changing
1
2η

abpapb to that Hamiltonian minus habpapb/2 is removed locally by these
Hamiltonian primitives. Their overlap difference is therefore the contact
deformation class. A trace has zero null contraction. The finite direction
cover bounds the integrals on a smaller tube. Conversely embed a contact
cocycle into An and split it by the fixed L Laurent contraction; its dn image
is global in Bn and reads h/(2n). Normalized differentiation is bounded on
coefficient tensors and fixed coordinate substitutions cost at most Cn. Both
directions therefore act on actual analytic germs after one fixed restriction.

The first-order lifts of §5 have the original, rather than freely rescaled,
curvature records. In η = 2 dx00′dx11′ − 2 dx01′dx10′ , take F = (w0)r+4/ζ.
Splitting its lifted Hamiltonian −(r + 4)ϱ(w0)r+3/ζ gives the metric repre-
sentative

h = −2(r + 4)(r + 3)(x00′)r+2(dx01′)2. (150)
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For an explicit check of its contact class, put p = r + 4, A = x00′ , B = x01′

and k = (ζϱ,−ϱ,−ζ, 1). In a common north frame the two middle-bundle
primitives are

uN = pϱ

ζ

(
(A+ ζB)p−1 −Ap−1), uS = −pϱ

ζ
Ap−1. (151)

Both have derivative −p(p − 1)ϱ2Ap−2 = h(k, k)/2 along k. The first is
holomorphic at ζ = 0 by divisibility; the second, after the L south-frame
factor ζ−1, is holomorphic at infinity. The ordered difference uS−uN is exactly
−pϱ(A+ ζB)p−1/ζ, the prescribed lifted Hamiltonian. The dependence on ϱ
is a global section of its degree-one line. This verifies the class.

Its trace, divergence and wave operator vanish, hence its linearized
Ricci tensor vanishes. By eq. 67 its last-slot component is C(1)

00′ 01′ 00′ 01′ =
∂2

00′h01′01′/2 = −(r+4)!(x00′)r/r!. The minus sign in the component readout
in eq. 4 therefore gives Ψ+

0000 = −∂2
00′h01′01′/2 = (r + 4)!(x00′)r/r!. The

order-r free component is exactly (r + 4)!, the extraction multiplier in Theo-
rem 3.1. The maps are equivariant under the two spin factors, and the orbit
of this highest pure tensor spans each separately symmetric space, so the
identity holds for every component.

For the negative highest source F−6 = (w0)r/ζ, the flat contour is
Ψ−

0′0′0′0′ = (x00′)r and its record is r!. Its derived class (40) is G =
cr(η0′)r+4/ϱ, where cr = (−1)rr!/(r + 4)!. Put u = x00′ , q = x10′ and
ar = r!/(r + 3)!. The factor exchange Ã = −u, B̃ = −q, ζ̃ = ϱ, ϱ̃ = −ζ gives
the primitives

ũN = arζ

ϱ

(
(u+ ϱq)r+3 − ur+3), ũS = −arζ

ϱ
ur+3. (152)

The ordered difference ũS − ũN is the prescribed h− = −arζ(u+ ϱq)r+3/ϱ.
For the same k = (ζϱ,−ϱ,−ζ, 1) their derivatives are both −r!ζ2ur+2/(r+2)!.
Consequently the metric representative and its component readout are

h− = − 2r!
(r + 2)!u

r+2(dq)2, C(1)
uquq = −ur, Ψ−

0′0′0′0′ = −C(1)
uquq = ur.

(153)
The negative representative also has zero trace, divergence and wave operator.
Thus the rth derivative is exactly r!, including the (−1)r from η = −κx and
the stated dual coefficient. The same orbit argument gives all negative com-
ponents. Thus the two actual cohomology classes are the two linear vacuum
inclusions with exactly the original component and factorial conventions.

C.3. The vacuum inclusion and its kernel. Write R(h) for the linearized
Ricci tensor and P(h) = 1

2(R(h)− tr R(h)η/6). The linear Cotton tensor is
dP(h). For r = n− 3, the free Weyl projection is the same geometric readout
as in §3:

Πn[Jnh] = Sym ∂r
(
p+(C(1)(h)), p−(C(1)(h))

)∣∣∣
x=0

. (154)
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Here the symmetrizations and both component contractions are exactly eq. 13
and eq. 4. It and the linear Cotton tensor descend to Cn: symmetric gradients
have zero curvature, a trace has zero Weyl tensor, and P(2fη) = −∂2f .

If m = n − 1 and dP(h) = 0, two Euler homotopies give f =
xaxbP(h)ab/(m(m − 1)) with ∂2f = P(h). Hence h + 2fη is Ricci-flat
and represents the same contact class.

Conversely, for r = n− 3 insert r copies of x into U±
r /r! to form the flat

Weyl spinor polynomials. Apply the inverse component formula eq. 3 to form
C, and put Wa

b = 1
2η

afCcdbf dxc ∧ dxd. Their separate symmetry gives zero
flat divergence. This curvature two-form obeys dW = 0 and Wa

b ∧ dxb = 0.
For E = xa∂a, define

ωab = ιEWa
b

r + 2 , ea = xbωab
r + 3 , v(U)ab = ηace

c
b + ηbce

c
a. (155)

The Euler identity gives dω = W and ιEω = 0. Applying it to the closed
form ωab ∧ dxb gives dea +ωab ∧ dxb = 0. Since ω is skew, it is the linearized
Levi–Civita connection of v(U). Thus v(U) is Ricci-flat, has precisely U , and
is in marked radial normal gauge. Set ιnU = Jn[v(U)0]; taking the trace-free
representative only passes to the conformal quotient.

For a homogeneous Ricci-flat variation, flat Bianchi and commuting deriva-
tives make its Weyl derivatives separately symmetric by Lemma A.2. Its
one homogeneous free list therefore determines its full curvature. If that
list is zero, the Christoffel one-forms are closed. Two polynomial Poincaré
integrations, using torsion symmetry, give Γabc = ∂b∂cξ

a. The remaining
h− Lξη is constant and vanishes by positive degree. This proves

ker(dP : Cn → im dP) = im ιn, Πnιn = 1. (156)
The radial construction is also analytic for a whole factorially bounded
free list. Tensor-norm conversion costs a polynomial in r, the fixed spin-
to-coordinate change costs at most Cr, and division by r! and the two
positive Euler degrees gives a normally convergent metric series after a fixed
restriction. The same reasoning and Cauchy estimates apply to the entire
free projection of any analytic metric variation, including a nonvacuum one.

C.4. A bounded potential for the conserved linear source. Lemma C.1.
For η = diag(ϵ, 1, 1, 1), ϵ = ±1, a symmetric holomorphic tensor S with

∂aSab = 1
2∂b trS has a fixed complex-linear potential GS satisfying R(GS) =

S. There are structural c, C > 0 with
∥GS∥D4

cR
≤ CR2∥S∥D4

R
. (157)

Homogeneous degree d maps to degree d + 2. The operation preserves
bounded holomorphic parameter families and real coefficients in Lorentz
coordinates.

Proof. Put T = S − 1
2(trS)η and h̄ = h− 1

2(trh)η. Then divT = 0. Solve
□h̄ = −2T with βb = ∂ah̄ab = 0. We specify compatible initial data at
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t = 0. Let ∆yf = −2ϵT00(0, y), with f = ∂1f = 0 on y1 = 0. Set Aij = δijf ,
A00 = A0i = 0 and

B12 = 2
∫ y1

0
T02(0, s, y2, y3) ds,

B13 = 2
∫ y1

0
T03(0, s, y2, y3) ds,

B11 =
∫ y1

0
(2T01 − ∂2B12 − ∂3B13)(0, s, y2, y3) ds,

B22 = B23 = B33 = 0,
B0i = −ϵ∂if,
B00 = 0.

(158)

Then ∂jBji = 2T0i(0, y). For ϵ∂2
t h̄+ ∆yh̄ = −2T with initial data A,B,

βb|0 = ϵB0b + ∂iAib = 0, ∂tβb|0 = −∆yA0b − 2T0b + ∂iBib = 0. (159)

The scalar equation for f proves the second equality for b = 0; the spatial
divergence of B proves it for b = i. Also □β = −2 divT = 0, so analytic
uniqueness gives β = 0. The linearized Einstein tensor is now −□h̄/2 = T ,
hence trace reversal yields R(h) = S.

The estimates can be proved directly. If I1 denotes integration in y1 with
zero initial value, then

f = −2ϵ
∑
j≥0

(−1)jI2j+2
1 (∂2

2 + ∂2
3)jT00(0, y). (160)

On a fixed tangential buffer δR the differentiated numerator is bounded by
2j(2j)!(δR)−2j∥T∥; the integrations give |y1|2j+2/(2j+2)!. A fixed restriction
makes the sum geometric and bounds f by CR2∥T∥. Interior derivatives
and the finite integrals give ∥A∥ ≤ CR2∥T∥, ∥B∥ ≤ CR∥T∥ on a common
three-polydisk.

The wave solution has homogeneous-data sums t2j(−ϵ∆y)jA/(2j)! and
t2j+1(−ϵ∆y)jB/(2j + 1)!, and source sum

−2ϵ
∑
l,j≥0

tl+2j+2

(l + 2j + 2)!(−ϵ∆y)j∂ltT (0, y). (161)

Cauchy bounds give numerator factors at most C3j(2j)!l! times the fixed-
buffer inverse powers of R. Since (2j)!l! ≤ (l+2j+2)!, sufficiently small fixed
|t|/R makes all sums geometric. This gives the asserted bound and justifies
termwise differentiation and uniqueness. For a homogeneous polynomial
source all terms have degree d + 2 and only finitely many survive. The
formulas use real coefficients for ϵ = −1 and normally convergent complex-
linear operations, proving the remaining claims. □
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C.5. The same finite inverse and its analytic budget. For a compatible
trace-free polynomial A of degree m− 2 with d divA = 0, put

j = 4
3

∫ 1

0
xb(divA)b(tx) dt, PA = A+ 1

4jη, SA = 2PA + jη. (162)

Closedness and the Euler homotopy give divA = 3 dj/4, so divPA = dj,
trPA = j. The source SA satisfies the conservation equation of Lemma
C.1. Its potential h = GSA has P(h) = PA, and therefore [P(h)◦] = [A] in
the Hessian quotient. Remove its entire free record with the radial vacuum
inclusion: c = (1− ιΠ)J [h]. It has zero free record and optical image [A].

If its optical image is zero, then P(h)◦ = Hess0 f . Contracted linear
Bianchi makes the remaining pure trace in P(h)− ∂2f constant. In degree
m− 2 > 0 it vanishes; in degree zero a multiple of η is itself a Hessian of a
multiple of q. A conformal change therefore makes the same class Ricci-flat.
Equation (156) then says that the zero-record class is zero. Thus the class
just constructed depends only on [A] and is the unique inverse Lm of om
on ker Π. This proves the kernel and image assertions used in Appendix
D. Surjectivity of dm[A] = d divA onto closed polynomial two-forms of
coefficient degree m− 4 is proved separately in §D.5; for m < 4 this target is
zero. No analytic bound for an inverse of dm is used in the estimate below.

This construction also bounds that same inverse, not an unrelated right
inverse. For an analytic compatible representative A(x), its scalar Euler
primitive has a common bound after a fixed derivative buffer; Lemma C.1
gives an analytic h with the stated radius loss. Its whole free record has
the factorial Cauchy bound, and §C.3 supplies one analytic vacuum re-
moval. The ray primitive gives a bounded analytic representative of the
resulting contact class. More explicitly take ĥ = h − v(ΠJ [h]); in degree
m = n − 1, b

ĥ
= ĥabk

akb/(2n) is a global quotient representative with
this analytic coefficient bound. Its minimal quotient representative has no
larger norm. The polynomial-times-exponential bound of the fixed ℓn in
§C.1 then sums on another fixed smaller tube. Hence the actual selected
cochain

∑
m≥2 ℓm+1Lm[Am] is analytic for this one correction. Likewise∑

ℓm+1ιm+1Zm−2 is analytic for every factorially bounded record Z.
The selection rule evaluates the finite matrices Lm on the optical defect and

uses these fixed cochains; it does not evaluate a nonlinear Einstein solution
or replace the selected maps by the auxiliary potential. The potential proves
consistency and a common spatial estimate for the same unique class inverse.
Repetition over a finite parameter algebra makes each finite stage analytic.
Common convergence of all normalized stages is the separate coefficient
comparison of §6.
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Appendix D. The intrinsic projective optical bundle and its ob-
struction.

D.1. The density line of compact contact skies. Write K = ker dq on the
complete incidence, to distinguish this line from the fixed spinor bundles.
Its projection to TxM is the kernel of first-jet evaluation of H0(Qx,L). In
bilinear coordinates on P1×P1, a section whose value and two first derivatives
vanish at a point spans a line of type O(−1,−1). Thus K|Qx = O(−1,−1)
as an isomorphism type. This does not choose its varying constant factor.

The line N = K⊗ q∗L is trivial on every compact sky. Since H0(OQ) = C
and H>0(OQ) = 0, proper base change and evaluation give

B = p∗N , p∗B ∼−→ K⊗ q∗L. (163)

The evaluation is an isomorphism on the compact central fiber and hence on
a common nearby incidence. Over a finite local algebra we use the proper flat
compact family, a relatively smooth moduli germ, and invertible K,L; these
follow from the residue regularity and the finite construction. Vanishing
of H1(OQ) lifts the fiber section through each highest ideal. Its evaluation
remains a unit, proving the same assertion by induction.

On a small smooth contractible moduli representative take a root pair
(E [1], β) with β : E [1]2 → B. The marked central fiber fixes its sign. Such
pairs have a unique comparison preserving β and that fiber lift: in local
frames the comparison is the square root of a nonzero holomorphic unit with
its prescribed central sign. It exists by a local logarithm; a nilpotent unit
has its finite binomial root. All comparisons commute with finite parameter
restriction. In particular

(p∗E [1])2 = K ⊗ q∗L. (164)

There is no use of a square root of O(1, 1). The two sky degrees cancel before
this root is taken.

The contact variation defines evz : TxM → Lz. Its polar hyperplane is
that of the ray line Kz for the complete Segre null quadric. For k ∈ Kz
and v ∈ TxM , evaluation in the preceding line identifies k ⊗ evz(v) with an
element of Bx. Choose temporarily a scalar conformal representative g0 with
this same Segre null cone and a nonzero b ∈ Bx. The complete-family and
tangent-space identifications used here are proved in §D.7. The two polar
maps have the same lines and hyperplanes, so

ev−1
B (k ⊗ evz(v)) = a(z)g0(k, v)b. (165)

The nonzero ratio a(z) is holomorphic on the compact connected sky and is
therefore constant. It defines a symmetric nondegenerate B-valued metric
g on M , independent of both temporary choices. Holomorphic dependence
follows from the same finite quadric coefficient equations. In a frame e of
E [1], write g = gee

2. Replacing e by Ω−1e gives ĝe = Ω2ge and σ̂ = Ωσ.
Thus this root is exactly the density line required in §5.
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D.2. A projective connection on each ray. At fixed z ∈ Z, the tangent spaces
to the incident skies form a Lagrangian curve Λu = TzQp(f(u)) ⊂ Dz. Here u
is any ray coordinate. A constant symplectic frame writes it as a symmetric
graph S(u), with S′ invertible by regularity. Put

Su(S) = 1
2(S′)−1S′′′ − 3

4
(
(S′)−1S′′)2, κu = 1

2 trSu(S). (166)
We prove invariance without first introducing a spacetime metric. Locally
solve

Y ′ = −1
2Y S

′′(S′)−1, Y (u0)TY (u0) = S′(u0)−1, Z = Y S. (167)
The initial factor exists locally over C and is only a proof witness. Differenti-
ation and ODE uniqueness give Y TY = (S′)−1, with Y TY ′ symmetric. Set
R = −Y ′′Y −1. Differentiating the symmetry proves RT = R. The equation
for Y and S′ = Y −1Y −T give

Y ′′ +RY = 0,
Z ′′ +RZ = 0,

Y TZ ′ − (Y ′)TZ = 1,
Y TY ′ − (Y ′)TY = 0.

(168)

The remaining symplectic identity follows from S = ST. If A = (S′)−1S′′,
then A = −2(Y −1Y ′)T and direct differentiation gives

Su(S) = (Y −1RY )T. (169)
A constant symplectic graph change takes constant linear combinations of the
same normalized fundamental pair Y,Z; it retains R and its trace. Scaling
the symplectic form by a nonzero raywise constant also changes no trace.
This covers contact frames, whose Levi form is line-valued.

For v = f(u), direct chain differentiation, with all derivatives at the same
fixed ray, gives

Sv(S) = f ′−2
(
Su(S)− 1

2{f, u}12
)
,

κv = f ′−2
(
κu − 1

2{f, u}
)
, {f, u} = f ′′′

f ′ −
3
2

(
f ′′

f ′

)2
.

(170)

For verification, (S′
v)−1S′′

v = f ′−1A− f ′′f ′−212. The third derivative cancels
its mixed A term in 1

2(S′
v)−1S′′′

v − 3
4A

2
v; the remaining scalar is the displayed

Schwarzian. No simultaneous diagonalization or commutation of matrix
derivatives is used.

D.3. The global operator and its transition frames. Let l be a local frame of
L pulled back from Z. Choose a local frame mu of p∗E [1] with m2

u = ∂u ⊗ l
under the root-line isomorphism. For v = f(u) and lv = h l, with h constant
along rays, the same root pair gives

mv =
√
h/f ′mu, yv =

√
f ′/h yu. (171)



86 LIOR ISTHMUS

These are comparisons in an existing root line, not new independent roots of
L. The preceding projective covariance gives

(∂2
v + κv)yv = h−1/2f ′−3/2(∂2

u + κu)yu. (172)
Hence the ray equations define one intrinsic operator

PJ : p∗E [1] −→ p∗E [1]⊗ (K∗)2. (173)
Its solutions descend to a rank-two holomorphic bundle EJ on the short-
ray space. Local transverse slices provide the two Cauchy values; finite
holomorphic ODE uniqueness supplies the inverse transitions and exact
cocycle. Connected simply connected short fibers ensure that continuation
defines one solution. The construction is natural under contact/incidence
comparisons and the retained root mark.

For solutions sa = yamu, the Wronskian is Wu(s1, s2) = y1∂uy2− (∂uy1)y2.
It changes by Wv = h−1Wu. Thus s1 ∧ s2 7→ Wu(s1, s2)l is the specified,
nondegenerate isomorphism

2∧
EJ

∼−−→ L. (174)
To obtain equality with the specified matrices in §5, use its already fixed gaux
only at this comparison step. Write g = gauxbaux, and choose e2 = baux with
the central sign. The incidence definition of g says exactly Di ⊗ li = p∗e2.
Thus mi = p∗e in the original calibrated affine parameters. The Jacobi trace
comparison gives κi = P gaux(ki, ki).

If αi = cijαj , then li = c−1
ij lj , Di = cijDj , and dui/duj = c−1

ij . The
half-density change therefore gives yi = yj and multiplication of its slope by
cij . For the identical slices, moving base point and hitting time,

BJ
ij =

(
1 0
0 cij

)
Fj(τij) = Bij . (175)

Their inverses also coincide. With an arbitrary other density frame only the
stated CΩ comparison follows; literal equality is asserted in the preceding
specified frame. For ĝ = Ω2g, dû = Ω2du and the half-density formula gives
ŷ = Ωy. Its differentiated first jet is exactly the matrix CΩ,i in §5.

For a controlled analytic incidence family, three-jet interior Cauchy es-
timates and a common lower bound on the regular graph minor bound κ.
The finite two-dimensional ODE and its inverse have common positive slice
domains and bounds. This observation does not provide a new bound for an
arbitrary unnormalized formal contact atlas. Section 6 supplies the required
common witness for the specified stored representatives.

D.4. The weighted resolution and its intrinsic obstruction map. Let Pm =
Pm = Symm V ∗, with both notations zero for negative degrees, and let
D = ka∂a in the original flat model. The weight-m Cauchy state has value
degree m and slope degree m− 1. For m ≥ 2 its coefficient bundle is

0 −→ Sm −→ Pm ⊗OQ
D2
−−→ Pm−2 ⊗ L2 −→ 0. (176)
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On a direction patch choose ℓ(k) = 1. For a degree-(m− 2) polynomial q(x),

(Ikq)(x) =
∫ ℓ(x)

0
(ℓ(x)− t)q(x− ℓ(x)k + tk) dt (177)

is homogeneous of degree m and satisfies D2Ikq = q. Its kernel consists
precisely of am(b) + t bm−1(b) with x = b+ tk. Slice and generator changes
are the flat intrinsic Cauchy transitions, proving the coefficient identification,
including its different value/slope degrees.

The kernel has rank dimPm − dimPm−2 = (m+ 1)2. The two right-hand
bundles are sums of OQ and O(2, 2) and have zero higher cohomology. The
long exact sequence gives

H1(Sm) = Qm, H2(Sm) = 0, Qm = Pm−2 ⊗ Sym2
0 V

∗

Hess0 Pm
. (178)

The null evaluation identifies H0(L2) with the trace-free symmetric quadratic
forms. With δuij = uj − ui, a scalar lift δu = r of an optical cocycle has
agreeing D2ui = A(k, k) and connecting class [A]. A different lift adds
Hess0 f ; conversely the local double primitives of any A(k, k) realize its class.
Thus the two Čech constructions are inverse with the asserted sign.

If ∂2f = τη, symmetry of third derivatives forces dτ = 0. Hence the
global section kernels in weights 0, 1, 2 are C, V ∗,Cq, and vanish in weights
at least three. Here q = η(x, x). Consequently Q2 = 0; only for m ≥ 3 is its
dimension 9

(m+1
3
)
−
(m+3

3
)
.

The intrinsic construction defines om by varying the actual EJ transitions
and the residue section. Its identification with the fixed symbol in §5 is

omJ [h] = [P (h)◦]. (179)

To prove it, choose the derived scalar representative for comparison. Its
highest ray residual on the lower density 1 is P (h)(k, k). The local solution
is exactly 1 − Ik(P (h)(k, k)) over the highest square-zero ideal. Its target-
minus-source defect is the positive Čech difference of those double primitives,
giving the displayed class. Changing a local section lift adds a coboundary.
Changing a contact representative also gives a coboundary by naturality of
EJ . Thus om is the actual derivative of the independently defined preservation
problem; the Schouten identity verifies that derivative rather than defining
it by an assigned curvature tensor.

At a lower finite stage, first lift its selected Einstein scale. Every product
of a highest coefficient with a positive parameter coefficient then vanishes, so
the same flat symbol applies. All lower moving bases and endpoint variations
are kept before taking this highest coefficient. The Bianchi identity and the
spatially constant lower trace give d div am = 0 for the extracted trial class.

D.5. Exactness, correction and the numerical scalar. The contact comparison
and linear vacuum construction of Appendix C identify Cm+1 with degree-m
trace-free metric polynomials modulo conformal Killing gradients, with both



88 LIOR ISTHMUS

full curvature projections. We verify the remaining exact-symbol assertions
here.

The identity div Hess0 f = 3
4d∆f makes dm[A] = d divA well defined. If

d divA = 0, choose homogeneous j with divA = 3
4dj. For m ≥ 3 take

j = 4
3(m− 2)x

b∂aAab; (180)

for m = 2 choose j = 0. Then S = 2A + 3
2jη has divS = 1

2d trS. The
explicit conserved-source linear potential in Appendix C gives homogeneous
h with Riclin h = S. It has P (h)◦ = A. This proves im om = ker dm for these
actual symbols.

If [P (h)◦] = 0, choose f with P (h)◦ = Hess0 f . Then P (h) − ∂2f = τη,
and Bianchi gives dτ = 0. Homogeneity makes τ = 0 unless m = 2, where
replacing f by f+ 1

2τq removes it. The metric polynomial h+2fη is Ricci-flat
and has the same conformal contact class. Its two complete vacuum records
give exactly the image of ι; the zero-record ambiguity is a symmetric gradient
by Appendix C’s two-Poincaré construction.

For surjectivity of dm, divergence from trace-free symmetric polynomial
tensors onto polynomial one-forms is onto. In a complex orthogonal basis
its Fischer adjoint is trace-free multiplication by x. If sym0(x ⊗ v) = 0,
contraction once and twice gives

qv + 1
2(x · v)x = 0, 3

2q(x · v) = 0. (181)

The polynomial ring has no zero divisors, so v = 0; finite-dimensional duality
proves surjectivity. Exterior differentiation is onto closed polynomial two-
forms by the Euler homotopy ω = d(ιEω/(j + 2)) for coefficient degree j.
This establishes the full exact sequence in §5.

The fixed Lm is therefore the inverse of the derivative of the intrinsic section
obstruction on the zero-record complement. The correction −Lmam + ιZm−2
cancels that actual obstruction and the entire record defect. Recompute the
incidence, projective potential and optical matrices afterwards. For its exact
residual solve δu = r′ and write D2u = A(k, k) with A = Hess0 f . Then
ui − f are local flat-ray solutions with the same difference. Their Cauchy
states cancel the defect. For m ≥ 3 an explicit primitive is

j = 4
3(m− 2)x

b∂aAab, P ′ = A+ 1
4jη, f = xaxbP ′

ab

m(m− 1) . (182)

For m = 2 take 1
2Aabx

axb and retain its free multiple of q; weights zero
and one retain a constant and a linear function. These are exactly the
six flat whole-neighborhood section freedoms. Central value and gradient
remove five. With them fixed, adding γq changes the numerical scalar by
12γ, since ∆q = 8 and the central prolongation is the one in §5. Thus
γ = (λtarget − λactual)/12 reaches the target with no division by Λ. The
actual scalar comes from this same section’s jet.
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The invariance of the highest full Weyl record under this final scale
correction follows because its linear conformal variation is zero; all action on
lower nonzero records is a product in mBJ . This argument applies also to
their differentiated slots.

A closed change v of contact trial changes (a, Z) to (a+ ov, Z −Πv). The
identities Lo = 1− ιΠ and Πι = 1 make the selected correction change by
−v. This proves the trial independence claimed in §5 as a correction of the
intrinsic contact-plus-section problem.

D.6. Normalized formal comparisons. There is a direct Čech proof of unique-
ness at the relevant highest degrees. For n ≥ 3,

H0(Q,Fn) = 0. (183)

A global element of the middle contact bundle is k ·ξ(x), with ξ homogeneous
of degree n. Its null derivative vanishes exactly when

∂aξb + ∂bξa = 2ϕηab, ϕ = 1
4 div ξ. (184)

The finite-type calculation in §C.2, starting from (148), gives ∂3ξ = 0. Hence
a homogeneous solution of degree n ≥ 3 vanishes.

Compare two corrected lifts with the same lower object, original record
and numerical scalar, after fixing the same normal central gauge and actual
spin lift. Translation, linear frame/dilation and quadratic special-conformal
freedom have already been fixed. The remaining highest Hamiltonian corners
have n ≥ 3. Their contact difference v is closed, with o[v] = 0 because both
sections glue and Π[v] = 0 because their full records agree. Exactness gives
[v] = 0, so δb = v; the preceding vanishing makes this highest corner unique.
Transport the section by the natural optical comparison. The remaining
difference lies in H0(Sm) and vanishes by its kernel calculation and the same
value, gradient and scalar normalizations.

Induction gives compatible formal comparisons. The actual spin lift is fixed
in this statement; the distinct retained central spin arrows are not collapsed
by their identical tensor action. This formal proof neither proves convergence
of arbitrary raw gauges nor replaces the literal normalized common-domain
witness in §6.

D.7. Canonical lifts of the compact skies. The contact-quadric reconstruction
and its deformation framework are classical (LeBrun 1983, III.2–3 and III.6).
We first prove the embedded deformation statement used for the compact
family.

Lemma D.1.
Let Q be a compact smooth complex submanifold of a separated finite-

dimensional complex manifold Y . If H1(Q,NQ/Y ) = 0, then its germ of
embedded compact deformations is smooth of dimension h0(Q,NQ/Y ), with
tangent space H0(Q,NQ/Y ). It has an actual universal proper smooth
embedded family after restriction.
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Proof. Douady’s theorem represents proper flat closed analytic subspaces
of S × Y on finite-dimensional analytic bases, including nonreduced bases,
by a locally finite-dimensional analytic space H(Y ). Its tangent at [Q] is
HomY (IQ,OQ) = H0(Q,NQ/Y ) [Douady (1966), §9.1, Remarks 2–3; §9.7,
Theorem 1; §9.8, Theorem 2]. For finite-dimensional bases the anaplat
condition in the construction is exactly coherence and ordinary base flatness
(Douady 1966, sec. 8.3, Proposition 1). We apply this commutative-support
theorem only to the fixed ordinary ambient Y . For a smooth embedded
compact submanifold with H1(N) = 0, its unobstructed complete-family
consequence is also the classical completeness theorem (Kodaira 1962); the
small-extension argument below gives the form needed here.

We first prove the needed infinitesimal lifting directly. Let A′ → A be a
surjection of finite local Artin complex algebras with kernel J and mA′J = 0.
A proper flat embedded deformation QA of Q is locally a graph z = fi(q) in
coordinates with Q = {z = 0}. Indeed flatness makes reduction of its ideal
exactly IQ: the Tor sequence injects that reduction into OY . Lift the central
normal coordinate generators, use Nakayama to generate the ideal, and solve
the equations by finite nilpotent recursion with invertible normal Jacobian.
This gives the graph and an A-flat quotient A⊗C Oq.

Lift the finitely many coefficient functions of each fi linearly to A′. On
an overlap let Tij be graph substitution and nij the central normal-bundle
transition. The failure cij = fi − Tij(fj) lies in NQ/Y ⊗ J and satisfies

cik = cij + nijcjk. (185)
Terms involving positive base coefficients or graph derivatives times J vanish
since mA′J = 0. Hence the normal linearization and this cocycle equation
are exact. Since H1(NQ/Y ⊗ J) = 0, after refinement write cij = bi − nijbj
and replace fi by fi − bi. The graphs now glue exactly; J2 = 0 leaves no
quadratic error. Their quotients are coherent and A′-flat. Their underlying
support is the compact Q, so the resulting embedded deformation is proper.
This gives every small-extension lift.

Put n = h0(NQ/Y ). A minimal analytic presentation of the represented
germ has local ring R = C{x1, . . . , xn}/I, I ⊂ m2; linear relations have been
eliminated by the ordinary analytic inverse theorem. If I ≠ 0, choose a
nonzero relation f of least order d ≥ 2 among all relations. Since I ⊂ md,
the map R→ A = C[x]/md exists. Representability and the graph lift just
proved give a lift to A′ = C[x]/md+1. Its images of xi are xi + ui with
ui ∈ md/md+1. But

f(x+ u) ≡ fd(x) ̸= 0 (mod md+1), (186)
because 2d− 1 ≥ d+ 1. This contradicts f = 0 in R. Thus I = 0 and the
actual analytic germ is smooth.

Finally restrict the universal proper flat family to this smooth germ. At
each central point the same flat ideal reduction and Nakayama give normal
generators; their central normal Jacobian is invertible. The holomorphic
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implicit theorem makes the family a smooth graph there. Let V be a finite
union of these good neighborhoods covering the central fiber. Properness
makes the image of the closed complement of V closed and disjoint from
the central base point. Removing that image gives a base neighborhood on
which the entire family is smooth. Universal embeddedness, properness and
the tangent identification persist under this restriction. □

The compact family in Definition 5.6 is derived from its Legendrian seed
Q. Its contact normal sequence is

0 −→ T ∗Q⊗ L −→ NQ/Z −→ L −→ 0. (187)

Here the left term is O(−1, 1)⊕O(1,−1). Its H0, H1 vanish, while H0(L) has
dimension four and H1(L) = 0. Thus h0(N) = 4, H1(N) = 0. Lemma D.1
gives the universal smooth complete four-dimensional embedded family. The
quadric and polarization stay of type (P1 × P1,O(1, 1)). Indeed proper base
change for L and L2 gives ranks four and nine. Their complete linear system
remains an embedding near the compact central member: its derivative stays
injective, distinct limiting points remain separated, and a common local
immersion neighborhood excludes collisions of points with the same limit.
The multiplication map from the symmetric square of the four sections onto
the nine sections is surjective at the center and nearby. Its one-dimensional
kernel gives a nondegenerate quadric equation. The embedded compact
surface is that smooth quadric, proving the asserted polarized type. Every
nearby compact member is Legendrian because H0(Ω1

Q ⊗ L) = 0.
An infinitesimal Legendrian normal field is its contact scalar and its first

derivative. Consequently the complete normal evaluation is the first-jet
evaluation of H0(O(1, 1)), which is onto at every point, as the local sections
1, ϱ, ζ, ϱζ show. The universal evaluation q : F → Z is therefore a submersion
near the complete central sky, with one-dimensional kernel K = O(−1,−1).
Its projectivized contact-scalar evaluation identifies F with the null-covector
incidence of the conformal form read from these four sections. The pullback
of the contact form is the tautological null-covector form; its characteristic
line is precisely ker dq. This identifies the rays with the null geodesics of any
representative, without an Einstein equation. We take short representatives
with the buffered regularity used in §§4–5.

The affine-torsor construction below is the metric-cohomology correspon-
dence of (LeBrun 1983, Appendix, p.230). It selects a metric in the recon-
structed conformal class; the additional projective-extension condition is
treated in §D.8.

On any sky the affine torsor has translation O(−1,−1), whose H0, H1, H2

all vanish. Its Čech cocycle has exactly one primitive. These unique sections
vary holomorphically: the fixed two-circle splittings give bounded relative
primitives, or proper base change gives p∗q

∗L−1 = R1p∗q
∗L−1 = 0. The zero

kernel makes local primitives agree. Over a highest finite extension the same
H1 gives existence and H0 uniqueness. We obtain the canonical jA : F → A.
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For a lifted sky,
0 −→ O(−1,−1) −→ N

Q̂/A
−→ NQ/Z −→ 0. (188)

The complete lifted family has the same four-dimensional tangent space,
because projection is an isomorphism on H0 and the middle H1 vanishes.
The finite inverse theorem identifies it with the same M . At a point of Q,
the kernel of complete normal evaluation to NQ/Z is K. Its lifted evaluation
into the vertical line is exactly

Θ = dqjA : K −→ q∗L−1. (189)
Thus Θ is a unit if and only if complete evaluation TxM ⊗ OQ → N

Q̂/A

is an isomorphism, if and only if N
Q̂/A

= O4
Q. Central triviality gives

this on a common neighborhood by compactness. It also makes jA a local
biholomorphism. Completeness alone does not do so: for the trivial torsor
the unique lifts all lie in its zero section and Θ = 0.

D.8. The holomorphic extension condition. Evaluation of ray solutions
defines ι : F → P(E∗

J). Locally its fiber coordinate is w = y2/y1 and
w′ = W (y1, y2)/y2

1, a unit wherever y1 ̸= 0. It is a local biholomorphism over
Z. Uniform short injectivity is explicit: normalized solutions with initial data
(1, 0) and (0, 1) obey ∥y1 − 1∥ ≤ (Kℓ2/2)/(1−Kℓ2/2) ≤ 1/19 when Kℓ2 ≤
1/10. Hence |w′ − 1| < 1/2 on that convex disc. Segment integration proves
injectivity. The finite parent cover gives the short evaluation embedding
used in Definition 5.6; no long-geodesic compactification is asserted.

Let τ be the scalar coordinate of jA in an affine frame. Since affine changes
along each ray have constant coefficients, the equality

{τ, u} = 2κu (190)
is frame independent. By the Schwarzian chain rule it is equivalent to
{τ, w} = 0. For clarity its fractional-linear conclusion has a root-free proof.
Put v = τw, h = v′/v, v0 = τw(0) and d0 = τww(0)/(2τw(0)). The zero
Schwarzian equation is h′ = h2/2. Its unique local holomorphic solution with
h(0) = 2d0 is h = 2d0/(1− d0w). Then v = v0/(1− d0w)2, and integration
with the value τ(0) gives

τ(w) = τ(0) + v0w

1− d0w
,

(
v0 − τ(0)d0 τ(0)
−d0 1

)
has determinant v0.

(191)
This single formula also works when d0 is zero or nilpotent. The ODE
uniqueness is coefficientwise over a finite parameter algebra. The formula
uses only the unit v0, has holomorphic base-dependent coefficients, and
defines a projective isomorphism of the full fiber. Its inverse is w = (τ −
τ(0))/(v0 +d0(τ − τ(0))), with unit denominator at the slice. On overlapping
base charts the projective maps agree on the open physical ray and therefore
everywhere. They glue to the unique J . Conversely a fiberwise projective
extension has zero Schwarzian in w and proves the displayed condition.
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Nonzero derivative on a short open set alone would not imply degree one;
the isomorphism requirement in the definition is essential.

By §D.1, Θ−1 is a section of K⊗q∗L = p∗B. Its coefficients are constant on
compact connected skies and descend to a unit b on M . Take the unique root
σ with β(σ2) = b and its specified compatible central value. In a ray frame
its coefficient is (∂uτ)−1/2. Direct differentiation gives σ′′

u/σu = −{τ, u}/2,
so the extension is exactly PJσ = 0. Its Cauchy values define the actual
whole section s of EJ . Proposition 5.4 now gives the Einstein scale and the
same numerical invariant. No metric was supplied to define the extension.

Conversely let s be a whole section with unit evaluated density. Define
As = {λ ∈ E∗

J : λ(s) = 1},
js(f) = ϵf/σ(p(f)),

αν(v) = ν(s ∧ v), ν ∈ L−1.

(192)

The last formula fixes the translation identification Ann(s) = L−1 by the
Wronskian. With W (s, t) = l, its coordinate is τ = t/σ and ∂uτ = σ−2

u .
Thus its lifted normal bundle is trivial, and its completion is the same P(E∗

J)
with infinity λ(s) = 0.

For the inverse comparison, choose any transverse slice. Send its value jA
to ϵ/σ with identity translation map under the specified L−1 identifications.
The two maps have the same derivative Θ along a ray and agree on the
slice, hence agree on each connected short fiber. The comparison is slice
independent and glues exactly. Unique compact lifts, the compatible marked
root and unique projective extension make these comparisons natural on the
full admitted domains. The actual spin lifts remain separate arrow data.

D.9. Actual affine transitions and their obstruction. For the local section
states let

Gi =
(
σi 0
σ̇i σ−1

i

)
, Tij = (Gi ◦ Φij)−1BijGj . (193)

The first column is the selected solution; the second is the companion with
Wronskian li. Its section equation and detBij = cij give

Tij =
(

1 bij
0 cij

)
, aij = −bij/cij . (194)

Indeed the transported companion is tj = bijsi + cijti, so τj = bij + cijτi.
The exact matrix product has bik = bjk + (bij ◦ Φjk)cjk and therefore

aik = aij ◦ Φjk + (c−1
ij ◦ Φjk)ajk. (195)

The inverse contact unit is c−1◦Φ−1 and the inverse translation is −(ca)◦Φ−1.
Conversely these affine maps recover T , then the same B by the same G,
including inverses and all moving arguments.

The specified calibration is stronger than an infinity line. For a general T of
determinant c the projective coordinate law is τi = (T11τj−T12)/(T22−T21τj).
Infinity preservation gives T21 = 0, but its affine slope is T 2

11/c. The calibrated
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slope c−1 forces T 2
11 = 1, and the fixed branch forces T11 = 1; over finite

algebras T11 + 1 is a unit. This preserves the section.
For a trial highest target-minus-source defect rij the same matrices give

(Gi ◦ Φij)−1rij = e1 − Tije1. (196)

Its entries are exactly 1− T11 and −T21. Consequently the connecting class
and symbol of §D.4 are the obstruction and derivative of this calibrated affine
reduction itself. The correction of Theorem 5.5, followed by fresh incidence,
fresh B and the exact scalar correction, makes this cochain zero. There is
no independent affine correction or additional free translation.

Finally let |σi| ≥ u0, |σi| ≤ M0, |σ̇i| ≤ M1 on retained parents, and put
H = C(M0 + M1 + u−1

0 ) in a fixed submultiplicative matrix norm. Then
∥G±1

i ∥ ≤ H, ∥T±1
ij ∥ ≤ H2∥B±1

ij ∥ and |aij | ≤ ∥c−1
ij ∥H2∥Bij∥. Nested source

and target fiber discs supply the actual inverse domains. The jet formula in
§D.8 requires a common lower bound on v0 and common parent jet bounds for
uniform independent-family estimates; pointwise invertibility is insufficient.
The generated families obtain these margins from §6. All these finite formulas
commute with truncation, root restriction on the marked branch, and Lorentz
conjugation. They divide by neither a Weyl invariant nor Λ.

Appendix E. A fixed representative inverse for the curved Penrose
transform. Let g+ be a selected analytic Einstein background with vanishing
negative Weyl spinor. Write p+ : F+ = P(S′)→M and q+ : F+ → Z+ for its
complete-line correspondence. The q+-fibers are the short integral surfaces of
πA

′∇AA′ . The degree-one line is the same calibrated L as in §7. All frames
below are induced by this selected physical scale and the original spin mark.

Denote the curved negative contour by PZ . In these frames its components
are the fiber residues of πA′πB′πC′πD′q∗

+b. The relative flat line connection
defines a complex Rj = q∗

+L
−6 ⊗ Ωj

F+/Z+
. On a complete p+-fiber its

three terms have types O(−6), S∗ ⊗ O(−5) and O(−4). Its degree-one
fiber-cohomology equation is precisely ∇AA′

ψA′B′C′D′ = 0. This follows by
applying the relative derivative πA′∇AA′ to the contour and contracting the
alternating primed indices; equivalently the four surviving O(−5) Laurent
terms in each unprimed component are that divergence.

Theorem E.1.
On the germ of the whole marked line there is a fixed linear representative

mapKZ from analytic negative massless fields to actual ordinary L−6 cocycles,
with

PZKZψ = ψ, KZPZb− b = δv (197)
on common smaller representatives. The second equality has an actual
bounded holomorphic ordinary zero-cochain v. For conditioned bounded
background families and their retained parent charts,

∥KZψ∥ ≤ C(∥ψ∥+ ∥∇ψ∥). (198)
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A single choice of spatial and angular domains works at all jet orders. The
map preserves spatial/line-normal ideal filtrations, holomorphic parameters
and finite Taylor reductions. No inverse power of the cosmological constant
is used.

Proof. We construct the domains and the operator together. Supplied
ordinary cocycles are first restricted to common parent charts containing all
complete lines over a sufficiently small source ball. The choices below are
made inside those parents. Uniform assertions require the stated background,
inverse-frame and parent margins; they do not concern arbitrary unbounded
coordinate changes.

E.1. Complete fiber splitting. Choose geodesic normal coordinates x =
(uA, vA) and radial spin frames. The coframe is the identity and the connec-
tion is zero at the mark. On a common source ball BR take complete fiber
charts |ζ| < 4, |ξ| < 4, ξ = ζ−1, with the original lower spinor π = (1, ζ) in
the north frame. With uA = xA0′ and vA = xA1′ , the flat relative fields are
πA

′
∂AA′ = −ζ∂uA + ∂vA . Their dv-normalized graphs are exactly the north

graphs in eq. 201. In the south lift π = (ξ, 1), multiplication by −1 gives the
du-normalized fields ∂uA − ξ∂vA and the displayed south graphs. Thus the
leaf formula and the contour differential use the same index convention eq. 1.
A massless field has the fiber representative

h(x, ζ) =
4∑
j=0

ψj(x)ζ−j−1. (199)

The components are tensor components, not coefficients of a binomially
expanded spin polynomial. The relative derivative dαh has zero fiber class
by the massless equation. Split it with the fixed Laurent circles |ζ| = 7/2
and |ζ| = 2/7, using the ordinary north/south tail allocation, to obtain a
zero-cochain k in R1 satisfying δk = dαh. The output angular radii can
be taken to be three. A spatial Cauchy restriction pays the one derivative,
giving ∥k∥ ≤ C(∥ψ∥+ ∥∇ψ∥).

Now δ(dαk) = d2
αh = 0. On every complete p+-fiber, dαk is therefore a

global section of O(−4) and is zero. This proves

δk = dαh, dαk = 0. (200)

The vanishing is applied before any leaf refinement. It would not follow from
negative-degree cohomology on a disconnected or incomplete part of a fiber.

E.2. Whole short fibers and quotient overlaps. In the north chart use the
transversal v = 0 and leaf coordinate λ = v. Normalize the two alpha fields
by the inverse of their dv matrix. It has its fixed unit value at the marked
model. The normalized fields EA satisfy dvB(EA) = δBA . Their bracket is
in the alpha distribution and has zero dv projection, so [E0, E1] = 0. Their
initialized holomorphic flows give coordinates (λ;w, ζ0), where (w, ζ0) is the
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actual hit on the transversal. In the south chart use u = 0, λ = u, with the
analogous normalization. At the flat model the spacetime graphs are

XN (λ;w, ζ0) = (w − ζ0λ, λ), XS(λ;w, ξ0) = (λ,w − ξ0λ). (201)

The actual graphs have the same free coordinate block. Finite ODE and
implicit-inverse estimates give common bounds on their first and second leaf
derivatives. Fix these bounds on larger parents before choosing smaller radii.

Here are the domain choices and the whole-fiber verification. Fix a positive
angular-footprint separation η between the closed quotient direction-two
patch and the complement of the corresponding direction-three p+ patch on
the compact central line. First choose r ≪ R so the flow parents stay in the
source, the connection and inverse-frame margins hold, and C0C1r < 1/2,
Cqr < η/4, Cπr2 < 1/10. Next choose δ ≪ r, with C⊥δ < η/4. The quotient
patches Vi have normal radius δ and direction radius two. Their fixed local
sections si(z) = Xi(0; z) lie in Br/10. The leaf graphs extend to |λ| < 2r with
a direction buffer up to three, and remain in the original spatial/angular
source.

For the auxiliary Hermitian coordinate norm, the free block gives
|DλXia| ≥ |a|. On the whole convex parent |λ| < 2r, |w| < δ, the chosen
bounds give |Xi| ≤ C0r and |D2

λXi| ≤ C1. Thus
1
2 HessR |Xi|2(a, a) = |DλXia|2 + Re⟨Xi, D

2
λXi[a, a]⟩

≥ (1− C0C1r)|a|2

≥ 1
2 |a|

2.

(202)

The sublevel |Xi| < r is convex, connected and contains λ = 0. It lies in
|λ| < r because λ is an actual coordinate block. It cannot meet the parent
leaf-chart boundary.

This graph is the whole small-ball fiber, not merely one component. On
the complete central line, q+(0, π) is its fixed line identification. Uniform
finite flow bounds give |q+(x, π) − q+(0, π)| ≤ Cq|x| in the finite auxiliary
charts. The angular separation and the chosen δ, r therefore imply

q−1
+ (Vi) ∩ p−1

+ Br ⊂ {the corresponding p+ angle has modulus < 3}. (203)

Every point of this preimage can be transported to the chosen transversal.
The connection is O(|x|) in the radial frame, so a path of length O(r) changes
its bounded spin ratio by O(r2) and stays inside the angular parent. Its hit
has the same quotient image z. The quotient restricted to that transversal
has a common unit Jacobian and an injective neighborhood, so the hit is
uniquely si(z). Flow uniqueness identifies the point with Xi(λ; z) for its
actual free block. The displayed convex sublevel therefore describes the full
fiber.

Put Ωi = q−1
+ (Vi) ∩ p−1

+ Br. For z ∈ VN ∩ VS , both local sections lie in
Br/10 and in the same full fiber, which the containment argument puts in
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both middle angular charts. Hence

q+(ΩN ∩ ΩS) = VN ∩ VS . (204)

The fibers there are connected and are the same whole short fibers in both
descriptions. The quotient transition is the transverse hit map, with its line
factor. No global section of q+ is chosen.

Finally choose the output ball Bε only after δ, with ε ≪ δ ≪ r ≪ R.
Every complete projective fiber has |ζ| ≤ 1 or |ξ| ≤ 1. Its corresponding
hit has normal displacement at most Ccovε < δ/10 and angular drift O(ε2).
The complete final p+ cover of radii 5/4 thus lands inside quotient directions
3/2, with a buffer to two. All complete output fibers are retained. The
patches Vi are coordinate products of a normal ball and a direction disc,
so ordinary two-chart cocycles modulo actual coboundaries compute the
required line-bundle H1 there.

E.3. The line-valued primitive and descent. In the following, the superscript
p on upi and kpi denotes components in the original p+ line frame. On Ωi let
ti(λ, z) be the change from that frame to its parallel frame along the alpha
leaf, initialized by ti(0, z) = 1. Solve its radial linear ODE. Flatness of the
relative line connection and [E0, E1] = 0 make this frame parallel in both
leaf directions. The same finite ODE bounds control ti and its inverse on
the parents.

In the original frame define

upi (λ, z) = ti(λ, z)
∫ 1

0
ti(aλ, z)−1λAkpi (EA)(aλ, z) da. (205)

The integrand contracts the relative one-form with the coordinate-normalized
vector fields EA. It is not an unconverted spin-frame component. The path
stays in the convex whole fiber. In the parallel frame, dαki = 0 is the ordinary
closed-one-form identity, so the radial homotopy gives dαui = ki, with zero
value at the chosen transversal. The bound is ∥ui∥ ≤ Cr∥ki∥.

The overlap section hbas = h − δu is now horizontal: dαhbas = 0. The
actual overlap surjectivity and connected fibers proved above make it descend
uniquely to an ordinary cocycle on VN ∩ VS . Its quotient line frames are the
frames induced at the two actual local sections; their transition is computed
by these same parallel factors and the original p+ transition. Evaluation on
either section proves holomorphy and the stated bound. Define that actual
representative to be KZψ. On each complete final p+-fiber it differs from h
by an actual coboundary, proving PZKZψ = ψ.

E.4. The inverse on arbitrary ordinary classes. Suppose an analytic ordinary
cocycle b has zero contour field. Pull it back on a smaller complete p+ cover
of radii 3/2, inside the quotient direction-two parents. Its zero fiber class has
a unique splitting q∗

+b = δv in R0, since H0(O(−6)) = 0. Use fixed circles
7/5 and 5/7 to obtain bounded vi on the complete radius-5/4 cover.
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Horizontality of q∗
+b makes dαv glue on every complete fiber. Its type is

S∗ ⊗O(−5), with no global sections, so dαv = 0 there. Restrict to quotient
directions 11/10 and a normal radius sufficiently small relative to the available
moduli ball. The same angular separation, transversal-hit and whole-fiber
argument places the full preimage inside the 5/4 p+ patch and makes vi
descend to bounded ordinary zero-cochains. Their coboundary is b. Apply
this result to KZPZb− b, whose contour is zero by the first inverse, to obtain
the second equality in Theorem E.1. There are only finitely many fixed
restrictions; none is indexed by a Taylor order.

E.5. Filtration and analytic families. In each leaf chart the spatial ideal of
p−1

+ (o) is m = (λ,w), and q∗
+Iℓ = (w). The transversals meet the central

line at λ = w = 0. Fixed complete-fiber Laurent projections and analytic
unit frames preserve spatial order. For n ≥ 1, dα(mn) ⊂ mn−1R1. The
primitive in §E.3 takes mnR1 to mn+1: its path preserves total order and
its prefactor λ adds one. Consequently h 7→ h− δu preserves spatial order.
For a horizontal output, its order is exactly line-normal order, by evaluation
at λ = 0. Thus its line-normal degree n uses only finitely many field and
background jets, with no field Taylor order above n.

All choices are fixed: parent covers, normalized commuting fields, transver-
sals, radial initial values, line frames, Laurent circles and tail allocations.
The auxiliary Hermitian inequalities only prove that their paths and domains
are valid. They introduce no conjugation of holomorphic parameters into the
operator. Finite ODE and implicit inverses, contours and radial integrals
therefore depend holomorphically on the background and field parameters.
Uniform parent bounds give a single set of output domains.

For a finite coefficient algebra use the coefficients of these same holomorphic
formulas, with the same unit residues and initialized ODEs. Uniqueness
gives compatibility with an analytic family’s Taylor reduction. This does not
postulate an analytic extension of arbitrary finite algebra data or a norm
uniform in the algebra’s dimension. Parameter derivatives of a supplied
analytic family are taken before Taylor reduction. These facts prove all
remaining assertions of Theorem E.1. □

E.6. Constructing the initial separated quotient. The use of q+ in §§E.1–E.5
is legitimate for an independently supplied ordinary background. For a source-
generated pure chiral metric, its initial quotient must first be constructed
from the distribution itself. We give that step separately.

Lemma E.2.
Let an analytic metric germ have an integrable projective alpha distribu-

tion, with the standard marked tangent spin plane at the central fiber. On
sufficiently small common representatives it has a Hausdorff three-dimensional
short-leaf quotient along the whole embedded central P1. It contains all
complete fibers over a smaller source ball. Its charts and transitions are
actual initialized finite flows and hit maps, uniformly in conditioned bounded
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metric families. This assertion does not assume an already existing quotient
map.

Proof. Take finitely many projective-spin cores covering the compact
central fiber, with successively larger angular buffers. In a geodesic-normal
spin frame the connection is O(|x|). The alpha distribution has its fixed
injective spacetime projection. On each angular parent choose two free
spacetime coordinates y; their minor is the model unit and remains invertible
after shrinking. Normalize the fields to

EA = ∂yA + V µ
A (y, t)∂tµ , [E0, E1] = 0, (206)

where t consists of the remaining two spacetime coordinates and the spin
direction. The bracket vanishes because involutivity puts it in the distribution
and its free-coordinate projection is zero.

The initialized flows give actual graph coordinates X(y; t0) and their
inverse hit on y = 0. First fix all derivative bounds on larger spatial and
angular parents. Then choose r small. Any point with |x| < r and direction
in a core hits y = 0 in a still larger spatial parent with normal transverse
value at most Cwr. This follows by reverse finite flows of free-coordinate
length at most Cr. For these hits the graphs extend throughout the convex
parent |y| < 2r, have |X| ≤ C0r, and satisfy |DyXa| ≥ |a|, |D2

yX| ≤ C1.
Here the free coordinate is a block of X. Taking C0C1r < 1/2 gives the
strict convexity estimate (202). Hence a graph’s intersection with |X| < r
is convex and connected. Its free coordinates lie in |y| < r, away from the
parent boundary.

The spin component of EA is O(r) on these spatial parents. Over any one
retained graph its direction moves by at most Cπr2, by the initialized path
of length O(r). Choose r so this is smaller than every angular buffer. A
connected leaf inside the working domain U = p−1

+ Br cannot escape the graph
of its first core while remaining in U . Along that graph its free coordinates
stay within |y| < r, its transverse hit is constant, and its spin direction stays
inside the larger angular parent. Unique continuation of the same commuting
flows then keeps any path in the leaf on this graph. This does not estimate
the length of an arbitrary winding path: it uses one graph already defined on
the whole convex free-coordinate parent. Conversely any two graph points
in Br are joined by its convex free-coordinate segment. Thus the connected
leaf in U is exactly that whole graph sublevel.

Define R to mean membership in the same such connected leaf in U . It is
closed in U × U . Indeed for a convergent sequence of related pairs, select a
subsequence with the first directions in one fixed core. The whole related
leaves stay in its larger parent by the preceding no-exit argument. Their two
transverse hits are equal. The buffered hit maps extend at both limiting
points, so their hits remain equal. The whole graph sublevel is connected,
and the limiting pair is again related.

The quotient projection is open: the saturation of an open set is a union
of its images under the local holomorphic leaf flows and is open. For an
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unrelated pair, closedness of R supplies a product neighborhood disjoint
from R; its two open quotient images are disjoint. The quotient is therefore
Hausdorff.

To exhibit its complex charts near the central line, choose a smaller normal
transverse radius δ ≪ r and buffered angular slices. Their zero sections lie in
Br/10. Every corresponding graph sublevel is nonempty and connected and
remains in its parent, so the transverse hit gives a bijective local quotient
chart. Its projection is a holomorphic submersion and is open. Overlapping
quotient charts are related by the actual finite hit on the other transversal.
Three routes hit the same point on the same connected short leaf, proving
exact transition and inverse laws with moving arguments. No prior quotient
or its angular coordinates were used.

The central projective fiber is transverse to the alpha distribution. Two
different points of that fiber cannot be related: in a parent graph both have
free spacetime coordinate zero, whose hit is unique. The compact fiber is
consequently an embedded P1 in this separated threefold. Finally choose
ε ≪ δ. The finite inverse-hit bound puts every point of every complete
p+-fiber over Bε inside these transverse chart images, using the finite core
cover of the projective line. Thus the initial quotient contains the complete
incidence needed in the preceding sections.

All constants came from bounded finite flows, unit free minors and fixed
angular margins. They can be chosen on the retained parameter parents
and do not involve an inverse scalar curvature. This proves the uniform and
holomorphic family assertions. □

Appendix F. Source operators and their first negative-order units.

F.1. The fixed local operator model. Let E = E1/2
T0

be the analytic microdiffer-
ential algebra on the retained open part of P(T ∗T0), acting on half-densities
of the original threefold. Its order filtration has grm E = Lm. In local coordi-
nates y = (w0, w1, ζ) and momenta p, its product and principal commutator
are

P ◦Q =
∑
α

1
α! (∂

α
p P )(∂αyQ), σm+n−1[P,Q] = {σmP, σnQ}can. (207)

The product formula is for the total symbol σtot(P ) =
∑
r≥0 Pm−r of an order-

m operator. On every strict conic compact its homogeneous terms satisfy
∥Pm−r∥ ≤MArr! for suitable M,A > 0. These are the analytic, rather than
unrestricted formal, microdifferential operators. The complex-linear formal
adjoint reverses products and satisfies σm(P ∗) = (−1)mσm(P ). It is distinct
from Lorentz conjugation. These are the local models of (Kashiwara 1996,
Lemma 1 and Theorem 2; Polesello 2007, sec. 1).

This model uses the projective reduction of the original twistor Heisen-
berg operators. Set r = π0′ , y = (Zi/r)3

i=1 and Υ = r∂r in homogeneous
coordinates. The operators yi and r∂Zi = ∂yi commute with Υ and obey
[∂yi , yj ] = δji . Euler reduction at Υ = ν gives the local twisted differential
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operators on O(ν). Since KT0 = O(−4), the half-density choice is ν = −2.
Microlocalization gives E . This fixed Euler sector does not retain every
generator of the unreduced four-variable algebra.

For α = dw0 + ϱdw1 + sdζ, write (p0, p1, p2) = t(1, ϱ, s). A contact
Hamiltonian h becomes the degree-one symbol H = th. Choose the local
normal symbol lift Q0(H) with only the term H and put B(H) = (Q0(H)−
Q0(H)∗)/2. Then B(H)∗ = −B(H) and σ1B(H) = H. Its negative total-
symbol terms satisfy the required analytic bounds: in

σtot(Q0(H)∗) =
∑
α

1
α!∂

α
p ∂

α
y [H(y,−p)], (208)

the derivatives act on the displayed composite function. On fixed strict
coordinate and conic parents, the term of degree 1−k is bounded by MCkk!.
Indeed two Cauchy derivative estimates give (α!)2, division by α! leaves one
factorial, and the number of multiindices of length k is polynomial in k. The
constants are uniform for bounded holomorphic families of H. This estimates
an individual skew lift, not an integrated operator flow.

Both original source operations have such lifts in the same model. The
positive one is the divergence-free half-density operator Fw1∂w0−Fw0∂w1 , with
symbol p0Fw1 − p1Fw0 . For the negative source, set K = w0p0 +w1p1 + ζp2.
With U−

r;a,j as in Theorem 3.1, a direct formula is

H− =
∑
r≥0

r∑
a=0

r+4∑
j=0

(−1)rU−
r;a,j

(r + 4− j)! j! pr+1−a
0 pa+1

1

×
[
−j(−K)r+4−jpj−1

2 + ζ(r + 4− j)(−K)r+3−jpj2

]
.

(209)

A summand with zero prefactor is omitted before evaluating its power.
Differentiate the two monomials of the derived dual class before making the
incidence substitution η0 = −K/p0, η1 = p2/p0, ϱ = p1/p0, and multiply by
t = p0; this gives the displayed formula. Every summand has degree one. Its
analytic sum is the already convergent Hamiltonian symbol of §5 on the same
smaller sectors. Quantize that analytic symbol as one order-one operator; no
convergence of an increasing-order sum of operator representatives is needed.

For example, F−6 = 24/ζ gives

H− = −4ζK3/(p0p1), Q− = −4ζ(w0∂w0 + w1∂w1 + ζ∂ζ)3∂−1
w0 ∂

−1
w1 .
(210)

The inverse derivatives exist microlocally on p0p1 ≠ 0. The skew part of
Q− has the displayed symbol. Thus Proposition 9.5’s nonprojectible field is
represented by an operator in the original twistor coordinates, although it is
not a finite differential operator or an ordinary point transformation. For
any two source symbols, σ1[B(h), B(k)] = t{h, k}. This includes their mixed
operation; lower-order quantum terms remain.
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F.2. Coherent finite amplitude overlaps. Theorem F.1.
At every amplitude order N , the corrected contact overlaps admit filtered,

adjoint-preserving operator comparisons with their actual classical symbols
and coherent normalized inner triple comparisons. These constructions
commute with amplitude truncation.

Proof. Work over AN = C[ε]/(εN+1). Let φ0
ij be the exact reference half-

density substitutions. In one orientation, take the Hamiltonian logarithm
of the actual operator Eij = (Φ−1

ij )∗ relative to this reference, and lift it by
the fixed linear skew section of F.1 to Bij ∈ εF1E ⊗AN . Use exact inverse
comparisons in the other orientation. Set

Uij = expBij , φij = Ad(Uij)φ0
ij , Cijk = Uijφ

0
ij(Ujk)U−1

ik . (211)

The exponentials are finite in ε. Their coefficients can have positive order, but
adBij preserves every filtration piece, since [F1, Fm] ⊂ Fm. The associated
graded action is the actual homogeneous contact action of Eij . Skewness
gives U∗

ij = U−1
ij and makes φij commute with ∗.

The finite Baker–Campbell–Hausdorff series R = logCijk has order at
most one. Its order-one symbol is the Hamiltonian logarithm of the classical
triple defect and is zero. Thus R has order at most zero. Since Cijk is unitary,
R∗ = −R; the adjoint fixes degree-zero symbols, so that symbol is also zero.
Therefore

Cijk ∈ 1 + F−1E ⊗AN , C∗
ijkCijk = 1,

φijφjk = Ad(Cijk)φik, CijkCikl = φij(Cjkl)Cijl.
(212)

The last identity follows by expanding the products and using the exact
reference cocycle. These identities are the descent data for the local module
categories. All operations use fixed sections and finite polynomials in the
amplitude ideal, so reduction from N + 1 to N gives precisely the order-N
construction. □

The filtration and its symbol identification are part of this assertion.
Over a nonreduced amplitude algebra, conjugation by the positive-order
nilpotent exponentials is legitimate, but forgetting the filtration would erase
the classical deformation. Faithfulness of an unfiltered module category is
not asserted.

F.3. The calibrated torsor and the additional operator cocycle. Inside the
units of the truncated order-zero algebra define

U1 = {1 + Ā : Ā ∈ F−1E/F−2E} ⊂ (F0E/F−2E)×. (213)

Here F−2 is an ideal of F0, not of the whole operator algebra. Products
of two negative-one classes vanish, so U1 is the additive sheaf L−1. Any
normalized order-zero inner change acts trivially on it, by the commutator
estimate. Thus the quantized comparisons induce its strict classical contact
transport despite their inner triple defects.
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Proposition F.2.
The calibrated affine torsor of Proposition 5.7 is canonically a torsor of

the derived sheaf U1. Its transported contact action, transition coefficients,
inverses and compact lifts agree with the existing affine data. This is not
a strict embedding of the affine Lie algebra into the raw microdifferential
commutator algebra.

Proof. The symbol isomorphism identifies the underlying translation
sheaves. If Φ∗

ijαi = cijαj , the homogeneous scale satisfies ti ◦ Φij = c−1
ij tj .

Transport by Eij on degree-minus-one symbols therefore has the coefficient
multiplier c−1

ij in the affine point transition. The same torsor is consequently
written

τi = c−1
ij τj + aij , aik = aij ◦ Φjk + (c−1

ij ◦ Φjk)ajk. (214)

The first equality uses the same local point arguments as in §5. Since the
identification is an isomorphism of sheaves with their transport, it preserves
the actual cochains and their inverses, rather than only their cohomology
classes.

Infinitesimally, the homogeneous lift is X̃H = Xh − rht∂t, whence

{th, t−1a} = t−1(Xha+ rha). (215)

For affine generators (h, χ) and (k, ψ) as in §8.1, this gives the external
semidirect bracket ({h, k}, Xhψ−Xkχ+rhψ−rkχ) in eq. 84, with the existing
negative stored point velocity. It is independent of the skew principal section,
because the difference of two such sections has order at most minus one and
acts trivially on U1. This proves the asserted transport, not a section of the
full operator extension. □

The distinction can be tested on the mixed example of Proposition 9.1. Use
Weyl symbols, for which the homogeneous order-one symbols themselves give
skew lifts. If Π is the canonical Poisson bidifferential, the degree-minus-one
term of their commutator beyond the principal bracket is Π3(H,K)/24. Put

H = −4a3p1/ζ, K = −4ζ(ap0 + bp1 + ζp2)3/(p0p1). (216)

Differentiate before restricting to b = p2 = 0. The contributing paired
derivatives on that slice are

Hζζζ = 24a3p1/ζ
4, Kp2p2p2 = −24ζ4/(p0p1),

Hp1ζζ = −8a3/ζ3, Kbp2p2 = −24ζ3/p0.
(217)

All other paired third derivatives vanish on this slice: those of H containing
b or two momentum derivatives vanish identically, and the remaining paired
derivatives of K containing p0 have a positive power of bp1 + ζp2. Hence

Π3(H,K)
24

∣∣∣∣∣
b=p2=0

= −HζζζKp2p2p2 + 3Hp1ζζKbp2p2

24 = 48a3/p0 ̸= 0. (218)
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Thus even an allowed skew section need not identify the raw operator bracket
with the external affine bracket. This example does not prove that every
other section has a nontrivial cohomology class.

Likewise an external U1-torsor must not be confused with neutralizing the
whole algebroid by units. For normalized units gij that stronger problem is

gijφij(gjk)Cijk = gik. (219)

Modulo F−2, with gij = 1 + Aij and c
(−1)
ijk = σ−1(Cijk − 1), it becomes

δa = −c(−1). Equation (214) gives the homogeneous equation δa = 0 and
does not supply such a primitive. The quadruple identity makes c(−1) closed;
its vanishing class has not been established here. This additional problem
concerns an invertible local object used to neutralize the algebroid. It is not
required for the existence of the supported simple modules below.

F.4. Canonical enrichment of a fixed contact-affine object. Kashiwara’s Theo-
rem 2 gives the canonical module stack of a complex contact manifold Y . The
relevant uniqueness statement is stronger than unfiltered Morita equivalence:
(Polesello 2007, Theorem 3.3) gives uniqueness up to an equivalence unique
up to a unique isomorphism, when the filtration, full graded-symbol iden-
tification and compatible anti-involution are retained. The anti-involution
includes its square and degree-zero duality coherences. A global operator
ring is not supplied by this statement.

For fixed Y , its commutator recovers the contact Jacobi bracket on gr1,
and its first-unit sheaf recovers L−1. Proposition F.2 therefore transports
the calibrated torsor and the independent admission of Definition 5.6 to
the structured quantization. Conversely the full symbols and torsor recover
the same contact-affine object. Structured uniqueness removes the extra
quantization choice; Einstein recognition still uses that holomorphic admission
and Proposition 5.4.

The relative analytic construction is proved in §§F.6–F.9 and Appendix
G. Proposition F.7 compares its finite jets with the auxiliary construction of
§F.2.

F.5. Supported point objects. Proposition F.3.
On each actual complete sky Q ≃ P1×P1, the marked half-form choice gives

a unique isomorphism class of rank-one simple supported module. Framing
its rank-one local-system fiber at a calibrated cone lift of the marked direction
removes its scalar automorphisms.

Proof. The contact restriction is L|Q = O(1, 1) and the chosen root is
K

1/2
Q = O(−1,−1) = L−1|Q. The precise regular-module classification is

(D’Agnolo and Schapira 2007, Theorem 6.1 and Corollary 6.4), which corrects
the earlier formulation in (Kashiwara 1996, Proposition 4). After its half-
form twist, local systems live on the symplectization cone Q̂ = O(−1,−1)×,
not merely on Q. The displayed root neutralizes that twist.
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The homotopy sequence of this punctured line bundle contains

π2(Q) = Z2 −→ π1(C×) = Z −→ π1(Q̂) −→ π1(Q) = 0. (220)

The first map is (a, b) 7→ −a − b, by the Chern class of O(−1,−1), and is
onto. Thus Q̂ is connected and simply connected. There is exactly one rank-
one local-system isomorphism class, with automorphisms C×. A nonzero
framed value at the calibrated cone point leaves only the identity. The cited
equivalence gives the asserted supported object and its automorphisms. □

Simple connectedness of a Legendrian base alone would not suffice:
(D’Agnolo and Schapira 2007, Example 6.5) has a point support with cone
C× and nontrivial monodromy choices. The complete compact sky and its
actual cone are essential here. The physical full spin lift is retained as in §8,
rather than inferred from a projective support.

Sections F.6–F.9 construct the relative operator overlaps and comparisons.
Appendix G constructs the moving modules, relative half-form calibration
and whole-parameter framing directly, rather than obtaining them pointwise
from the static classification.

F.6. Analytic transport on the actual classical tube. Quantized Hamiltonian
transport is classical; compare (Kashiwara 1986, Example 7.3.2). We give the
coefficient estimate and locality argument needed for the relative construction.
All symbol algebras in this argument are scalar.

Theorem F.4.
Let B(t, µ) be a holomorphic order-one microdifferential family with

uniform factorial symbol bounds on fixed larger cotangent-sector parents.
Suppose the homogeneous Hamiltonian H = σ1B has an actual holomorphic
classical transport Tt, with T0 = id and Ṫt = XHTt, on a common tube with
bounded inverse maps and fixed Cauchy buffers. Then Q̇t = ad(B(t))Qt,
Q0 = id, has a filtered quantized-contact sheaf solution on smaller tube
parents. It is jointly holomorphic in all passive parameters µ, with uniform
factorial negative-symbol bounds. If B∗ = −B, it preserves the formal
adjoint. Its principal-symbol action is exactly Tt.

Proof. Normal and Weyl total symbols determine the same analytic
microdifferential class. Their conversion is the formal differential transform
exp(±1

2
∑
i ∂yi∂pi). On strict parents, a degree-drop-k term has two Cauchy

factorials divided by α!, leaving α! ≤ k!. Combining an input drop r0 with
k uses r0!k! ≤ (r0 + k)!. Thus this conversion preserves factorial symbol
bounds on smaller parents, uniformly in the parameters.

Use Weyl symbols. For an input of order m and the generator write

∥Pm−r∥ ≤MPA
r
P r!, ∥B1−l∥ ≤MBA

l
Bl!, r, l ≥ 0. (221)

The Weyl commutator contribution involving B1−l and an odd total derivative
order k ≥ 1 is a differential operator Dl,k of order k on the other symbol. It
increases its homogeneous drop by ∆ = l + k − 1. Cauchy estimates on the
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generator factor cancel the factorial divisors α!β! of the Weyl product. After
one fixed buffer its coefficients therefore satisfy

∥coeff(Dl,k)∥ ≤MBA
l
Bl!CkB. (222)

The multiindex count is absorbed into CkB. The only zero-drop term is
D0,1 = XH .

For a fixed input P , put A(t) = Qt(P ). Set A(t) = TtV (t) and conjugate
the remaining operators by Tt. An analytic change of variables turns an order-
k derivative into derivatives of orders j ≤ k with coefficient bounds Ckflowk!/j!.
To verify this bound, expand f(χ(z + h)) in powers of χ(z + h)− χ(z). The
j-th derivative has its Taylor divisor j!, while the analytic composition
coefficients have an exponential bound times k!; several-variable counts are
absorbed into the exponential. Since k!/j! ≤ 2k(k − j)!, and l + k = ∆ + 1,
the conjugated operators obey

V̇ =
∑
∆≥1

D̃∆(t)V, orddiff D̃∆ ≤ ∆ + 1,

∥d̃∆,j∥ ≤M1C
∆+1
1 (∆ + 1− j)!, 0 ≤ j ≤ ∆ + 1.

(223)

These constants depend only on the supplied tube and its buffers, the classical
maps and their inverses, and the generator bounds. They are independent of
the input drop and the parameters.

In the time-ordered series, n steps from input drop r0 to output drop r have
positive drops ∆i with sum ∆ = r − r0. Thus n ≤ ∆. For a derivative order
ji put si = ∆i + 1− ji and J =

∑
i ji. On nested initial polydisks allocate a

total shrink δ proportionally to the positive ji, omitting zero-derivative steps.
Cauchy’s formula bounds the derivative composition by (e/δ)JJ !, with value
one when J = 0. This follows from ji! ≤ jjii and JJ ≤ eJJ !. Derivatives
hitting earlier coefficients are included in this operator-composition bound.
The remaining factorials satisfy

r0!
(∏

i

si!
)
J ! ≤ (r + n)!, r0 +

∑
i

si + J = r + n. (224)

After increasing C1 to at least one, put D = C1 max(1, e/δ). A chosen
sequence is bounded before integration by MPA

r0
PM

n
1 D

∆+n(r + n)!. There
are at most 2∆+3n allowed pairs (∆i, ji): the nonnegative 2n-tuple (si, ji)
has sum ∆ + n, and discarding its additional restrictions gives this bound.
The time simplex contributes |t|n/n!, while

(r + n)!
n! = r!

(
r + n

r

)
≤ r!2r+n. (225)

For |t| ≤ T set q = 16M1DT . Since n ≤ ∆, the finite sum is bounded by∑∆
n=0 q

n ≤ (1 + q)∆. Summing also in r0 gives, for example,

∥Vm−r(t)∥ ≤MP r! [2{AP + 2D(1 + q)}]r . (226)
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The initial term n = 0, ∆ = 0 is included. There is no condition q <
1. Pullback by the classical maps gives the same type of bound on the
corresponding smaller final tube.

At each fixed drop the series has finitely many positive-drop steps and uses
finitely many input derivatives at the classical endpoint. Hence it applies
to arbitrary input germs near that endpoint; the input need not extend
along the whole trajectory. The tube carries the coefficient operators. This
proves locality as a sheaf map, as well as coefficientwise holomorphy and the
analytic-microdifferential growth estimate.

Uniqueness is recursive in the drop. The highest symbol has the prescribed
classical transport; every lower symbol has that transport with source deter-
mined by earlier drops. The commutator derivation rule makes products solve
the same equation, so uniqueness gives multiplicativity. Reverse evolution
gives the inverse after finite parent restrictions. Applying the formal adjoint
to the equation gives adjoint preservation when B is skew. All estimates are
uniform on the stated parameter parents. □

The theorem constructs a transport automorphism. It does not place a
positive-order exponential inside the operator ring, and it does not assert
scalar convergence of the negative homogeneous symbol series.

F.7. Analytic inner coherence. Lemma F.5.
Let R(t, µ) have order at most minus one and uniform analytic symbol

bounds on a fixed larger parent and bounded time disk. Then C ′ = RC,
C(0) = 1, has a jointly holomorphic normalized order-zero unit solution on a
smaller parent. If R∗ = −R, then C∗C = 1.

Proof. In normal symbols assume ∥R−l∥ ≤ MRA
l
Rl!, l ≥ 1. A product

term with component drop l and derivative order k increases the drop by
l + k. Cauchy on the R factor cancels the derivative factorial divisor. At
output drop r, an n-fold product has n ≤ r and L + K = r. The nested
Cauchy estimate gives factorial factor (

∏
i li!)K! ≤ r!. Counting the choices

by 2r+n and integrating over the simplex yields
∥C−r∥ ≤ e2MRT (2DR)rr!, DR ≥ max(1, AR, eCR/δ). (227)

At each drop the series is finite. Right multiplication similarly constructs
the inverse, and the principal symbol is one. If R is skew, differentiation
gives (C∗C)′ = 0. The same estimates and finite coefficient formulas prove
holomorphy in every passive parameter. □

Theorem F.6.
The actual corrected contact source overlaps admit analytic relative fil-

tered operator comparisons and normalized unitary triple units on common
bounded-family parents, including amplitude one. Their symbols are the orig-
inal actual contact maps, and their induced transport on U1 is the original
calibrated affine transport.

Proof. Theorem 6.3 provides the contact maps, multipliers and inverses
on a common complex amplitude disk containing one. Relative to the exact
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reference atlas, their homogeneous symplectizations supply the classical tubes
of Theorem F.4. Fixed finite cover refinements and parent restrictions give
uniform coordinate and inverse bounds. Cauchy in a larger amplitude disk
reads the holomorphic Hamiltonian of the actual logarithmic time derivative.
No logarithm of an infinite diffeomorphism series is used. Section F.1 lifts
this Hamiltonian to a skew order-one family Bij(t) with the required uniform
symbol bounds.

Integrate only one independent orientation of each overlap, starting at φ0
ij .

Define the reverse literally by
φji = φ−1

ij , Bji = −φji(Bij). (228)
The reverse generator is the displayed actual generator, rather than a sep-
arately reselected principal lift. Theorem F.4 gives the analytic filtered
comparisons with their actual classical symbols. Proposition F.2 then gives
the old affine cochains and moving arguments.

On a triple put Dijk = φijφjkφ
−1
ik . Direct differentiation gives

ḊijkD
−1
ijk = adRijk, Rijk = Bij + φij(Bjk)−Dijk(Bik). (229)

The classical symbol of Dijk is the identity for every amplitude. Thus the
degree-one symbol of Rijk is Poisson central and is zero, since a homogeneous
degree-one central function vanishes. Skewness then kills its degree-zero
symbol, so Rijk has order at most minus one. Theorem F.4 applied with
input families Bjk and Bik gives uniform factorial bounds for this generator
after finitely many extra parent restrictions.

Lemma F.5 constructs the actual holomorphic unit Cijk with C ′
ijk =

RijkCijk and Cijk(0) = 1. Its adjoint action equals Dijk by uniqueness. The
two sides of the quadruple relation have the same inner action, are unitary,
and have degree-zero symbol one. A normalized order-zero unit with trivial
inner action is one, so the quadruple relation is exact. This also follows
from the normalized-inner injectivity of the local model in (Kashiwara 1996,
Lemma 1). This constructs relative analytic coherence. □

The construction uses the source family’s classical parents and finitely
many extra buffer restrictions.

F.8. Comparison with the auxiliary finite operators. Proposition F.7.
The amplitude jets of Theorem F.6 are compatible with Theorem F.1 up

to normalized filtered inner equivalence. The contact and calibrated affine
tuples are unchanged.

Proof. For an oriented overlap write B(a) for the generator of Theorem
F.6 in its amplitude variable a. Over AN = C[ε]/(εN+1), use a separate path
parameter t and set

BN (t, ε) = εB(tε) (mod εN+1),
∂tUN (t, ε) = BN (t, ε)UN (t, ε),

UN (0, ε) = 1.
(230)
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Since BN ∈ εF1E ⊗ AN , its time-ordered series has at most N factors and
defines a finite polynomial with operator coefficients. Put UN = UN (1, ε).
Its adjoint action solves the amplitude-jet equation of Theorem F.6. This
construction takes the finite Taylor coefficients of B and does not exponentiate
a positive-order operator over the ordinary analytic coefficient field. Its
logarithm belongs to εF1 by the finite Magnus recursion, since F1 is closed
under commutators. Let Uold

N be the auxiliary exponential of Theorem F.1.
The logarithm of WN = UN (Uold

N )−1 has order at most one and zero degree-
one symbol: both have the same classical contact action. Unitarity makes its
logarithm skew and kills the degree-zero symbol. Hence WN ∈ 1+F−1E⊗AN .

These compatible units relate the finite comparisons by conjugation. Their
triple units satisfy the exact change law

Can
ijk = Wijφ

old
ij (Wjk)Cold

ijkW
−1
ik (mod εN+1). (231)

Both sides are the normalized unit with the indicated inner action, so equality
follows also by injectivity. Conjugation by WN is trivial on U1. Thus the
affine cochains, their inverses and compact lifts remain the same. □

This comparison does not assert literal equality or convergence of the
previously chosen auxiliary infinite operator section. The physical source
tuples retain their classical gauge.

F.9. Relative normalized inner comparisons. Lemma F.8.
Let ψµ be a holomorphic family of filtered, adjoint-preserving automor-

phisms of the local half-density algebra, inducing the identity on its full
graded-symbol algebra. On a common parent assume the coordinate differ-
ences ∆i = ψµ(yi)− yi have uniform analytic factorial symbol bounds. There
is a unique holomorphic normalized unit Pµ with

ψµ = AdPµ, ordPµ = 0, σ0(Pµ) = 1, P ∗
µPµ = 1. (232)

It and its inverse have common factorial estimates after fixed parent restric-
tions. The construction commutes with restrictions and finite jets of the
holomorphic parameter family.

Proof. The fixed-manifold normalized-inner theorem (Kashiwara 1996,
Lemma 1) supplies existence and uniqueness at each fixed parameter and
spatial germ. We prove the relative assertion directly. Since y∗

i = yi, the
difference ∆i is self-adjoint. Identity on the graded algebra gives order at most
minus one, and self-adjointness kills that odd degree. Thus ord ∆i ≤ −2.

Use normal total symbols, with momenta pi. The orientation ψ(A) =
PAP−1 gives

[P, yi] = ∂piP = ∆i ◦ P, P−r = −1
r

[∑
i

pi(∆i ◦ P<r)
]

−r

, P0 = 1.

(233)
Here pi outside the parentheses is ordinary multiplication of total-symbol
functions, not another operator product. A term from ∆i,−l, P−s and k
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paired derivatives has output drop r = s + l + k − 1. Because l ≥ 2, it
uses only s < r. Each recursive coefficient is therefore a finite holomorphic
differential polynomial. At every fixed parameter the actual normalized unit
obeys this recursion; triangular uniqueness identifies it with the recursive
coefficients. This establishes all intertwining and adjoint equations, rather
than inferring them from the Euler-contracted equation alone.

For completeness, suppose ∥∆i,−l∥ ≤MAll!. Reserve one fixed momentum
buffer first. Normal composition and Cauchy estimates give∥∥∥∥ piα!∂

α
p ∆i,−l

∥∥∥∥ ≤M1A
ll!Ck, k = |α|. (234)

The finite coordinate sum, momentum factor and multiindex count are
included in M1, C. These coefficient functions remain holomorphic on a fixed
larger y-parent. In an iterated recursive term with n steps write L =

∑
li,

K =
∑
ki. Its positive drops di = li + ki − 1 give r = L+K − n and n ≤ r.

The successive Euler divisors are the strictly increasing cumulative drops, so
their product is at least n!.

Allocate a total y-buffer δ in proportions δki/K to steps with ki > 0.
Nested Cauchy estimates, applied to each entire preceding expression, include
derivatives of its intermediate coefficients and give (e/δ)KK!. For K = 0 the
factor is one. Moreover, (∏

i

li!
)
K! ≤ (r + n)!,

(r + n)!
n! ≤ r!2r+n,

#{(li, ki)} ≤
(
r + n− 1

2n− 1

)
≤ 2r+n.

(235)

The count uses li−2, ki ≥ 0 with total r−n; counting terms that differentiate
the constant P0 only enlarges the bound. With D = max(1, A, eC/δ),

∥P−r∥ ≤ r!(4D)r
r∑

n=1
(4M1D)n ≤ r! [4D(1 + 4M1D)]r. (236)

No smallness condition is needed. These are analytic microdifferential symbol
bounds, not scalar convergence of the negative-homogeneous series. The
inverse is P ∗; its normal adjoint expansion has drop r = s+ k, and the two
Cauchy factorials divided by α! leave at most s!k! ≤ r!, with exponentially
many indices. It therefore has the same type of bound. Finite coefficient
formulas establish joint holomorphy, restrictions and parameter-jet compati-
bility. This does not assert a theorem about arbitrary nonlifted nonreduced
bases.

Finally, two such units differ by a central passive-parameter function. Its
degree-zero symbol is itself, so symbol-one normalization makes it one. The
locally constructed units thus glue uniquely. □
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For two actual structured quantizations covering the same full classical
symbol map and satisfying the common-parent bounds, their quotient satisfies
this lemma. Its unique normalized unit gives the actual relative comparison
and the coherent finite comparison diagrams.

Appendix G. Relative simple modules on complete skies.

G.1. An analytic order-zero local model. Use contact coordinates
(z, q1, q2; p1, p2) with α = dz + pi dq

i, and homogeneous cotangent co-
ordinates (t, ξ1, ξ2) with t ̸= 0, pi = ξi/t. The reference Legendrian has
z = ξ = 0. All algebras below are the scalar analytic half-density algebras of
Appendix F.

Lemma G.1.
The finite presentation

P0 = zDz + 1
2 , M0 = E/(EP0 + EDq1 + EDq2) (237)

defines a simple analytic module of order zero on this Legendrian. It has
coefficient normal form f(q, t)u0, with the usual factorial bounds, and actions

Dz = t, Dqi = ∂qi , z = Z = −∂t + 1
2t . (238)

Its endomorphisms are C; in a passive holomorphic family they are OS . All
normal-form and action formulas are analytic and relative.

Proof. These operators satisfy the Weyl relations. In particular (Zt+ 1
2)f =

−t∂tf , so P0u0 = 0 and zDzu0 = −u0/2.
We give analytic division. Expand a normal symbol of order m in z and

θ = ξ/t:

P =
∑
l,h,β

al,h,β(q) zhDβ
qD

m−l−|β|
z , |al,h,β| ≤MAll!Ch+|β|. (239)

For β ≠ 0, the division uses finitely many actual analytic generators. If
Fl(z, q, θ) is the analytic Taylor coefficient at order m− l, write

Fl(z, q, θ)− Fl(z, q, 0) =
∑
i

θi

∫ 1

0
∂θi
Fl(z, q, aθ) da. (240)

On a fixed strict θ-parent, Cauchy gives the integrals a bound M ′All!. Since
θi = ξi/t, their order-(m− 1) symbols define the two analytic rightmost-Dqi

quotients. No q-dependent coefficient is moved through a Dq. Thus the
entire infinite β tail is in the displayed finite left ideal with analytic quotient
bounds. For β = 0, put s = m− l and use

zDs
z = Ds−1

z P0 + (1
2 − s)D

s−1
z , ch,s = (−1)h(s− 1

2)h. (241)

The remainder of zhDs
z is ch,sD

s−h
z ; its quotient by the rightmost P0

is
∑h−1
v=0 z

h−1−vcv,sD
s−1−v
z . At quotient drop r = l + v, only finitely

many (l, v) occur. The remaining tail is the convergent analytic sum
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h≥v+1 al,h,0(q)zh−1−v. On C|z| ≤ 1/2 its norm is at most 2MAll!Cv+1.

The elementary falling-factorial bound

l! |cv,m−l| ≤ C l+vm (l + v)! (242)

therefore gives factorial bounds for the actual quotient. The remainder
has r = l + h and satisfies the same estimate. Consequently there are
actual analytic operators Q0, Q1, Q2 and an analytic normal form such that
P = Q0P0 + QiDqi + f(q,Dz). Its action on u0 retains exactly f , proving
that the kernel is the displayed finite left ideal, not only its formal closure.

For the full action one has

Zh(tsf) = (−1)h
h∑
a=0

(
h

a

)
(s− 1

2)h−a t
s−h+a∂at f. (243)

Here s = m − l − |β|. Put ∆ = l + h + |β| and j = |β| + a. The falling
factorial, together with l!, is bounded by C l+|β|+h−a

m (l+h−a)!. For example,
bound it by the ratio of factorials with arguments l+ |β|+ c+ h− a− 1 and
l+ |β|+ c− 1, where c depends only on m, and absorb its binomial ratio into
an exponential constant. Since l + h − a = ∆ − j, the order-j differential
coefficient is bounded by

MC∆
m(∆− j)!, j ≤ ∆. (244)

The fixed radial annulus and Taylor counts only alter the exponential con-
stants. An input coefficient of drop r0, followed by j Cauchy derivatives on
one buffer, obeys r0!(∆− j)!j! ≤ (r0 + ∆)!. Thus the full action preserves
the analytic normal-form class. At each drop only finitely many jets enter.
The Weyl relations give coefficientwise associativity, and the bounds restrict
that same representation to the analytic class.

The graded annihilator is the reduced ideal (z, ξ) and the simple symbol
line has rank one. Its order-zero local half-form is

ρ0 =
√
dq1 dq2 dt/t. (245)

Indeed P0 has zero subprincipal symbol and principal Hamilton field −t∂t
on the cone; its Lie action on this half-form is zero. This agrees with the
simple-symbol calculus of (D’Agnolo and Schapira 2007, sec. 4). It differs
from the order-one-half delta generator. An endomorphism sends u0 to
f(q, t)u0 killed by Dq and P0, whence ∂qf = t∂tf = 0. This proves the
endomorphism assertion. Uniform Taylor convergence and the finite drop
formulas prove all relative assertions. □

G.2. Actual analytic tangent transport. Lemma G.2.
Let B(a, µ) be a skew-adjoint order-one family with uniform analytic

symbol bounds whose principal Hamiltonian vanishes on the reference Leg-
endrian. Suppose its actual tangent cone flow and inverse have common
holomorphic tubes. The equation S′ = BS, S0 = 1, has an analytic filtered
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module evolution with inverse and uniform factorial bounds. If φ′ = ad(B)φ
and φ0 = id, then

Sa(Pm) = φa(P )Sa(m). (246)
Its leading symbol is the actual half-form transport. The construction is
local and holomorphic in passive parameters.

Proof. The first transverse Taylor terms of the principal symbol are
H = tzb(q) + ξiv

i(q) + higher transverse terms. There is no degree-raising
action onM0. In normal symbols skew-adjointness givesB0|Λ = (b+divq v)/2.
The action of bzDz is −bt∂t − b/2, so the zero-drop part is exactly

L0 = vi∂qi − bt∂t + 1
2 divq v. (247)

For the volume dq1dq2dt/t, the divergence of v∂q − bt∂t is divq v. Thus L0 is
its half-form Lie derivative, including the scalar term. Its actual evolution
is the tangent pullback with the initialized nonzero half-density Jacobian
amplitude.

For all higher terms put ∆ = l+h+|β|−1 ≥ 1. Equation (244), with m = 1,
gives differential order j ≤ ∆ + 1 and coefficient bound MC∆+1(∆ + 1− j)!.
Conjugate by the actual L0 evolution, including its amplitude and inverse.
Analytic coordinate changes and multiplication by these amplitudes change
an order-j derivative to order i ≤ j at cost at most Cj1j!/i!. The inequality

(∆ + 1− j)!j!
i! ≤ 2j(∆ + 1− i)! (248)

retains exactly the same factorial type.
The interaction-picture iteration now has positive drops, as in Theorem

F.4. At output drop r, an input of drop r0 permits only n ≤ r − r0 steps. If
si = ∆i + 1− ji and J =

∑
ji, the single-total-buffer estimate is

r0!
(∏

i

si!
)
J ! ≤ (r + n)!. (249)

The ordered time simplex supplies 1/n!. The finite composition counts and
(r + n)!/n! ≤ 2r+nr! give a uniform exponential times r!, by the finite n sum
of Theorem F.4. There is no loss of a new domain at each normal order.
This constructs the analytic evolution. Reverse evolution gives the inverse.
Its leading term is the L0 half-form transport.

Both sides of (246) have derivative B times themselves: on the right the
commutator term and the module derivative combine to Bφ(P )S(m). They
have the same initial value, so coefficientwise uniqueness proves equality.
Each output coefficient uses finitely many endpoint jets; this proves locality,
passive holomorphy and compatibility with restrictions and finite parameter
jets. □

G.3. Moving modules and exact algebroid descent. Write B for the passive
parameter base and S → B for the total physical point family; at a fixed
passive parameter its fiber is the four-germ M . The sky projection is
p : F → S. For the source family F = Q× S, Q = P1 × P1, with its actual
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parameterized embeddings. Retain an actual relative half-canonical root
R2 = KF/S and its marked calibration. The relative cotangent sequence
gives the specified canonical-line comparison

KF/B ≃ KF/S ⊗ p∗KS/B. (250)
Thus the canonical line relative only to the passive base has an additional
point-base factor. At a fixed passive parameter S = M , so the sky-relative
notation becomes KF/M . In the ruled parameterization one may take R =
O(−1,−1) with its actual root frames. Any base line factor in comparing
R to the inverse contact line is retained with its calibrated frame; fiberwise
bidegree alone does not identify relative lines.

Theorem G.3.
The analytic operator descent of Theorem F.6 has an actual holomorphic

family of locally standard order-zero regular simple modules supported on
its complete skies. Their local semilinear maps obey

τijτjk = Cijkτik. (251)
They have common bounded-family representatives, inverses and finite
parameter-jet compatibility. Their chosen order-zero lattices have degree-zero
symbol line R.

Proof. Locally choose a fixed contact polarization adapted to the central
sky. A fixed partial Legendre quantized chart change is permitted. Nearby
skies are graphs z = fs(q), p = −dfs. The base substitution (z, q) 7→
(z−fs(q), q) and its cotangent half-density pullback flatten them analytically.
Pull back M0 to obtain the local modules and their finite presentations.

Write Li for the flattening algebra maps and ψij = LiφijL
−1
j . If L̇i =

ad(Ai)Li and φ̇ij = ad(Bij)φij , the flattened generator is

Bflat
ij = Ai + Li(Bij)− ψij(Aj). (252)

Every ψij preserves the reference Legendrian, so this generator is tangent. It
is the generator of the given comparison, not a separately reselected principal
lift.

We construct joint Hom generators in two stages. At source amplitude
zero, move the physical point along x = ax, starting at x = 0. The reference
φij is fixed, so the displayed formula has Bij = 0. Start from a single
fixed same-order simple intertwiner τ0, supplied by the local simple-symbol
calculus (D’Agnolo and Schapira 2007, sec. 4). Apply Lemma G.2 to ψaψ−1

0
and take Saτ0; this gives an actual holomorphic family in x. Next follow
the source amplitude path, with x and the remaining source parameters
passive, using the same initialized relative evolution with the full generator.
It gives holomorphic semilinear intertwiners on the whole retained family.
Thus local Hom is actually free of rank one over OS , rather than merely
one-dimensional at each parameter.

Choose local simple generators ui with prescribed projective half-form
symbols ρi of R, by an elliptic order-zero symbol lift. The cone half-form in
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(245) descends to this relative half-root: changing the radial frame adds a
base d log term, which wedges to zero with the top q-form. Let ρj = sijρi
at the actual moving arguments. For an intertwiner uj 7→ bijui let eij be
its leading coefficient. The fixed initial simple-symbol calculus and Lemma
G.2’s half-form transport imply

eij/sij ∈ O×
S . (253)

This is an actual holomorphic unit, evaluated on a local calibrated cone
section; its holomorphy follows from the Hom construction just given. Divide
by it. The resulting τij has symbol ratio exactly sij and is unique with that
normalization.

Both τijτjk and Cijkτik are semilinear for φijφjk = Ad(Cijk)φik. Their
symbols agree because σ0(Cijk) = 1 and sijsjk = sik is the actual root
cocycle. Their ratio is an OS scalar by Lemma G.1 and is one by its actual
symbol. This proves the full module equation. On generators it reads

φij(bjk)bijui = Cijkbikui. (254)

The unit acts from the left; this is a module identity, not a ring identity
for representatives bij . The actual associator has therefore been retained.
Inverses are literal inverses and have the inverse root symbol.

A finite cover of compact Q, its actual graph tubes and fixed parent
restrictions give the common estimates. The filtered comparisons and elliptic
order-zero intertwiners preserve the chosen Ei(0)ui lattices with their module
descent. The associator has degree-zero action one, so their degree-zero lines
glue honestly with transitions sij to R. All coefficient constructions commute
with restrictions and finite jets of holomorphic parameter families. □

G.4. Calibration on the whole parameter family. Proposition G.4.
In the locally standard family category of Theorem G.3, retain an actual

nonzero holomorphic vector section of the degree-zero line along the calibrated
cone section σ : S → F̂ . The supported module is then unique up to
unique framed isomorphism, locally on the parameter base. The source
construction has this calibration, and auxiliary local choices have canonical
relative comparisons.

Proof. Local Hom is the rank-one OS local system constructed above.
Both Q and its actual symplectization O(−1,−1)× are simply connected, by
Proposition F.3. Thus its global Hom along each complete sky/cone is a rank-
one OS line locally on S. Evaluation at the calibrated cone section identifies
its scalar with the action on the actual degree-zero line. The prescribed
nonzero vector section fixes that scalar holomorphically. An automorphism
acts by f(s) ∈ O×

S ; preserving the entire section gives f = 1. The marked
ruled-root calibration supplies this vector section for the source family. This
proves existence and uniqueness of comparisons of its auxiliary realizations.□

Fixing a vector only at one parameter s0 would leave nonconstant units
with f(s0) = 1 and would not prove this assertion. The proposition concerns



116 LIOR ISTHMUS

the stated locally standard analytic family category; it does not classify
arbitrary nonflat relative regular modules or arbitrary good lattices.

G.5. Actual physical comparisons and coupled reality. Physical admission
is the enriched admission of §8: preserve the complete incidence, calibrated
affine/projective data, canonical section and actual full spin lift. It is stronger
than preserving a bare contact distribution. Comparisons below are between
the same actual source presentations and use their conditioned common
parents.

Theorem G.5.
Every actual physical source comparison of Theorem 8.3 has an analytic

structured operator lift and a comparison of its calibrated supported modules.
The lifts have coherent composition, identity and inverse comparisons. Their
first negative-order unit action is the original affine action, and their physical
Hom sets after normalized comparison are precisely the full-spin Hom sets of
§8, with the same map directions. The coupled Lorentz operation of Propo-
sition 8.4 has an antilinear structured lift with its actual square coherence
and Real-compatible framed supported modules.

Proof. Put V = Ra,AU . The displayed metric map is Ξa,A : g[V ]→ g[U ].
Use its ray point map K in that direction and quantize (K−1)∗. Thus local
algebra maps have direction ki : EVi → EUi . The inverse realizes the covariant
source instruction U → V ; the directions are not interchanged.

Use the actual nonlinear physical amplitude family
Uε = (εU ; εΛ), Vε = Ra,A(Uε). (255)

In general Vε ̸= εRa,AU . The record-flow bounds and the actual exponential,
transport and hit formulas of §8 give the analytic Kε and its inverse on fixed
finite conditioned diagrams. Evaluate Theorem F.6 at the passive source
family Vε; its own internal amplitude is an independent variable, set to one
after construction. Joint bounds justify this evaluation.

At ε = 0 the transformation is the flat translation and the two determinant-
one spin actions. Its homogeneous twistor substitution has determinant one
and the fixed half-density action on O(−2). It supplies the reference quantum
map, including its actual parameter dependence. Read the logarithmic
derivative of (K−1

ε )∗ with the point/operator sign convention of §8.1. After
reference identification, Theorem F.4 constructs the initialized local ki. Extra
parent restrictions are finite and retain the whole compact sky.

On overlaps the two maps kiφVij and φUijkj have the same full classical
symbol by Proposition 8.1. Their quotient satisfies Lemma F.8, with bounds
from the actual constructed maps and inverses. It gives a unique holomorphic
normalized unit Tij such that

kiφ
V
ij = Ad(Tij)φUijkj , Tijφ

U
ij(Tjk)CUijk = ki(CVijk)Tik. (256)

For the second equation, compute the inner action of kiφVijφVjk in the two
ways. All implementers are unitary with symbol one, so Lemma F.8 makes
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them equal. Both original associators occur in the equation. A composite
physical lift and a selected lift of the composite have the same actual symbol
and full spin label; the same lemma compares them. Its uniqueness proves
all finite coherence equations, including identities and inverses.

Normalized inner conjugation is trivial on U1. Hence the affine map
remains exactly (K, d−1τ + u) of Proposition 8.1, with its moving arguments
and product law. Keep the actual full A, including central elements whose
scalar or tensor action has a kernel. Over each fixed admitted physical map
and full label, the structured quantum choices form a contractible comparison
groupoid. Conversely, physical symbol admission is exactly that of §8, so
Theorem 8.3 gives its unique (a,A). Thus the resulting physical Hom classes
are the same, without forgetting the label or passing to unfiltered Morita
equivalence.

For modules, pull the source and target sky families to a common parameter
base by the actual physical map. With their actual flatteners, ψ = LUkL

−1
V

has generator AU +LU (Bk)−ψ(AV ). Its principal vanishes on the reference
Legendrian. Apply Lemma G.2 to ψεψ−1

0 , preceded by the fixed reference
module map. Theorem G.3’s root-symbol normalization and Proposition
G.4’s entire framing section give actual module comparisons Fi satisfying

Fiτ
V
ij = Tijτ

U
ijFj . (257)

Both sides are semilinear for kiφVij , have the same root symbol and whole
frame, and their ratio is a scalar; hence they agree. The full triple equations
above and in Theorem G.3 give descent and coherence. The framing is
transported with the actual sky, cone lift, full spin mark and any calibrated
base factor, rather than fixed in an old coordinate direction.

For reality, conjugate coefficients and use the actual coupled operation of
Proposition 8.4, including both chiral records, their different residue weights
and conjugation of Λ. On conjugate complex manifolds the remaining
contact map is holomorphic. The preceding construction quantizes it; a fixed
quantized contact chart change handles its reference polarization. Write the
resulting maps as JU : EU → EcU . Their square has identity full classical
symbol. Lemma F.8 gives its normalized unit ZU and exact coherence

JcUJU = Ad(ZU ), JU (ZU ) = ZcU . (258)

For the second equation, transport the first square through JU ; both normal-
ized implementers have the same inner action. The same uniqueness proves
the descent and finite Real comparison diagrams. This is a Real structure
in the structured algebroid category with its specified square isomorphism,
rather than an assertion that every selected local map squares strictly to the
identity.

The Lorentz sky operation exchanges the two conjugate spin factors.
Their product O(−1,−1) has an antilinear lift of square one, compatible
with the half-canonical root after fixing its calibrated phase. In ordered
local coordinates the factor exchange reverses the top-form wedge; the
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corresponding fixed half-form phase compensates its minus sign. Multiplying
an antilinear lift by a unit phase does not change its antilinear square. Fix
this compatible phase once with the Lorentz marking. Choose the calibrated
cone section on its real null-direction locus and a nonzero compatible real
vector along it, and extend holomorphically on the source germ. These
compatible choices exist locally and are transported over the source family
by the fixed real spin identification and initialized transports.

With these actual compatible root and whole-parameter frames, Theorems
G.3–G.4 give the unique framed module comparison jU :MU →McU . Its
square is

jcUjU = ZU · (−). (259)
Both sides have the same semilinearity, actual root symbol and frame, so
scalar injectivity proves equality. Higher Real/module diagrams follow in
the same way. The antilinear operation is distinct from the complex-linear
formal adjoint, and from a one-factor antipodal involution. On real numerical
Λ and fixed original data its classical metric and physical arrows are exactly
the Lorentz ones of Proposition 8.4.

All constructions use the existing finite conditioned physical diagrams
and finite buffer restrictions; they do not claim uniformity over unbounded
point/spin histories. The actual chiral cotangent and source/ordinary counit
contact comparisons can be lifted by the same argument, with their original
directions and classical symbols. No point action or point reality on one
fixed mixed ordinary background is asserted. □

The lifted maps are the physically admitted classical comparisons of §8.

Appendix H. Independently admitted operator data.

H.1. The independent domain. Definition H.1.
A calibrated operator presentation consists of local copies of the analytic

half-density algebra of F.1, their order filtration, full graded-symbol identifi-
cations and complex-linear formal adjoints, with the square and degree-zero
duality coherences. Its overlaps are actual filtered adjoint-preserving algebra
maps φij and normalized units Cijk satisfying

φijφjk = Ad(Cijk)φik,
CijkCikl = φij(Cjkl)Cijl,

C∗
ijkCijk = 1, σ0(Cijk) = 1.

(260)

Presentations and their comparison maps may be restricted to a common
finite refinement covering the whole compact characteristic family. In a
holomorphic family this may also refine parameter charts over a retained
compact parameter set. All algebra maps, associators, torsors, module maps,
root square identifications and calibrated frames are restricted together.
Restriction is an equivalence of the represented descent data: sections and
morphisms glue by their sheaf or module descent equations. Thus two such
refinements represent the same object and the same physical arrows; a full
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spin label is retained under restriction. No global algebra map on an old
overlap is required merely because its germs have local quantizations.

The graded-symbol identifications must glue their contact sectors to a
separated germ Y along a compact characteristic. Thus Y and its contact line
L = gr1 E are read from the presentation; the local operator total symbols
satisfy the factorial bounds of F.1. Retain a torsor of the intrinsic sheaf U1 of
F.3, with its translation identification. The symbol identification U1 ≃ L−1

gives its actual affine bundle A.
Retain one compact, locally standard order-zero simple module with

reduced multiplicity-one Legendrian characteristic Q ≃ P1 × P1, with L|Q =
O(1, 1) and ordered rulings. Its complete point family is derived as in H.3.
The resulting contact-affine data must satisfy Definition 5.6, including the
lifted normal-bundle and projective-extension conditions, the optical root
pair β : E [1]2 → B, the marked value eo and the derived numerical label Λ.

For a passive parameter base B, let S → B be the total derived point
family and p : F → S its sky projection, as in G.3; for a fixed parameter
S = M . The module half-canonical root is R2 = KF/S , with the canonical-
line comparison eq. 250. It is distinct from the optical density root. Retain
its actual square identification and projective simple-symbol calibration,
with any parameter-base factor and its frame. Module framing means a
nonzero vector of the rank-one local-system factor on the actual cone for
the whole parameter family. Module morphisms are all semilinear module
isomorphisms carrying that vector. They are not additionally required to
preserve a fixed linear identification gr0M = R with principal scalar one.
Normalized algebra comparison units, separately, have symbol one.

A bounded family has the conditioned finite-diagram margins of Definition
2.1 on common analytic coordinate and operator parents, uniform factorial
bounds on the actual operator coordinate images and inverse comparisons,
actual locally standard presentations, and upper and lower root/frame mar-
gins. Parameter bases are the finite-dimensional germs of Definition 2.1. On
a relatively compact smaller representative, a required compact parameter set
is kept in full and covered by finitely many parameter charts. In the source
construction that set includes the retained amplitude disk containing one.
Finite refinement changes the presentation over this same set, rather than se-
lecting a subset of its inputs. The intrinsic incidence and projective-extension
inverses have the conditioned margins of D.7–D.9. These are geometric and
analytic conditions on supplied data, not membership in a source image.

Physical comparisons preserve the full symbolic incidence, torsor, projective
extension and optical calibration, and retain an actual full spin lift of the
induced calibrated tangent map. They can carry a central sky to a nearby sky;
point displacement is allowed. Their operator and module comparisons obey
the actual descent equations below. Normalized comparison isomorphisms
lie over the same actual physical map and the same full spin label. Auxiliary
cone framings are transported with their local-system identification rather
than fixed in an old coordinate direction. Write OΛ for this structured
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comparison category, with physical Hom sets taken modulo normalized
comparison isomorphisms.

No metric, independent dual-twistor class or four-dimensional spacetime
solution is input in this definition. The torsor and projective condition are
substantive structure; they are not claimed to follow from the bare algebra
or a characteristic support.

H.2. Actual local contact comparisons. Lemma H.2.
A holomorphic family of actual contact chart maps with actual inverses

and conditioned common parents has local analytic filtered adjoint-preserving
quantizations of its inverse pullback, with uniform factorial estimates after
fixed finite restrictions. Their normalized comparison groupoid is contractible.
Supplied structured comparisons with bounded coordinate images have actual
skew logarithmic generators of order at most one along holomorphic parameter
paths. All finite composition, identity and inverse comparison diagrams are
coherent.

Proof. Work with α = dz + pi dq
i and center a source contact point at

zero. If its image is a = (z0, q0, p0), remove it by
Ta(z, q, p) = (z + z0 − p0 · q, q + q0, p+ p0). (261)

This preserves α and is the contact cotangent lift of an ordinary base substi-
tution, with its exact half-density action.

For a contact germ fixing zero, use the dilations δs(z, q, p) = (s2z, sq, sp).
Its weighted leading map has the form

S(z, q, p) = (λz +Q(q, p), L(q, p)),
L∗d(p dq) = λ d(p dq),
dQ = λp dq − L∗(p dq).

(262)

The last one-form is closed and linear in the coordinates, so its quadratic
primitive with zero constant is unique. In particular L is conformal symplectic.
Removing S gives a remainder R with weighted leading identity.

The conformal symplectic group is connected. At one fixed reference
matrix choose a finite product of Lie-algebra exponentials. Near it, the
remaining near-identity matrix has a holomorphic logarithm. Their contact
paths are generated by Hamiltonians quadratic in (q, p) and linear in z. A
finite path and its inverse have common small spatial tubes. Symplectization
gives degree-one Hamiltonians; F.1 and Theorem F.4 quantize these paths
with the required bounds.

For the nonlinear remainder take the actual path
Rs = δ−1

s Rδs, R0 = id. (263)
The remainders in (q, p) have weight at least two and that in z has weight
at least three. Their scaled Taylor terms therefore have strictly positive
powers of s. After one weighted spatial restriction, both this series and its
actual inverse converge normally on an s-disk containing [0, 1]. The contact
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multiplier is one at s = 0 and has a common unit margin after restriction.
The given map and inverse Cauchy bounds thus supply an actual classical
tube. Read the Hamiltonian of the inverse-pullback logarithmic derivative,
with the sign convention of §5, and apply F.1 and Theorem F.4. Composing
the three factors quantizes exactly the supplied contact map.

Bounded weighted first jets and inverse jets have compact closure in
the finite-dimensional conformal symplectic group. Finitely many reference
neighborhoods suffice, with maximum constants and a common finite spatial
shrink. The other constants depend on the stipulated map, inverse and parent
margins. This proves uniformity on the conditioned diagrams, without a
global matrix logarithm or a strict global quantizer.

For a supplied comparison φ and a constructed controlled comparison k
with the same full symbols, first use the left quotient

ψ = k−1φ, ψ(yi)− yi = k−1(φ(yi)
)
− yi. (264)

The known bounds for k−1 act on the stipulated bounded coordinate-image
families of φ. Lemma F.8 gives a normalized source unit Q with ψ = Ad(Q).
Hence φ = Ad(P )k with P = k(Q), including uniform bounds for P and its
inverse. No uniform action of the unknown φ on an arbitrary symbol family
was presumed. Two supplied quantizers are each compared with the same
constructed k; their target units P, P ′ give the comparison P ′P−1. Lemma
F.8’s uniqueness proves all finite coherence equations and glues the local
parameter choices up to that unique comparison.

For the generator assertion, let k̇t = ad(Bt)kt, initialized by k0 = id
independently of a passive parameter µ. Differentiating k−1

t ∂µkt gives

∂µkt k
−1
t = ad(Aµ(t)), Aµ(t) = kt

∫ t

0
k−1
u (∂µBu) du. (265)

Theorem F.4 and one parameter Cauchy gap give its order-one skew symbol
bounds. Ordinary parameter-dependent substitutions have their explicit
first-order half-density generators; fixed reference factors are independent of
these parameters. Finite products use the transported sum. Finally, from
φs = Ad(Ps)ks its actual generator is

Aφs = P ′
sP

−1
s + Ad(Ps)Aks . (266)

The first term is skew of order at most minus one, and the second is skew of
order at most one. This is the generator of the supplied comparison, rather
than a new principal lift. □

H.3. Complete point objects from a compact characteristic. Proposition
H.3.

The compact characteristic in Definition H.1 determines a complete smooth
four-dimensional support germ and its actual calibrated supported-module
family. With proper smooth supports and actual locally standard holo-
morphic presentations, its framed module comparisons are unique. The
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construction has the same conditioned analytic bounds and finite jets of holo-
morphic families as Appendix G. It does not classify arbitrary flat relative
regular modules.

Proof. The contact normal sequence is

0 −→ Ω1
Q ⊗ L −→ NQ/Y −→ L −→ 0, Ω1

Q ⊗ L = O(−1, 1)⊕O(1,−1).
(267)

Its left term has zero cohomology in every degree. Thus H0N = H0O(1, 1)
has dimension four and H1N = 0. Lemma D.1 gives the complete support
germ; D.7 also proves polarized-quadric preservation and Legendrianness.
This derives the family from the single compact characteristic.

For a smooth parameter germ B of dimension d, the relative contact
atlas has an ordinary smooth total ambient Ytot. The central total normal
sequence has quotient OdQ and kernel NQ/Y0 . Its H1 vanishes and its H0

has dimension 4 + d, so Lemma D.1 gives the total complete family. The
same polarization argument of D.7 makes nearby members compact quadrics.
Their holomorphic functions are constant; proper base change for O therefore
makes the ambient projection descend to a holomorphic map of the complete
base to B. Its tangent is the surjection H0(NQ/Ytot) → Cd. The finite
implicit theorem gives the actual relative four-dimensional family. Denote
its total point base by S; thus S → B has relative dimension four and the
sky projection is p : F → S, consistently with G.3 and H.1. This uses the
fixed ordinary total ambient, not a general relative theorem over nilpotent
ambients.

The full normal evaluation is the first-jet evaluation. In affine coordinates
(ϱ, ζ) its matrix and kernel are1 ϱ ζ ϱζ

0 1 0 ζ
0 0 1 ϱ

 , ker = C(ϱζ,−ζ,−ϱ, 1). (268)

It has rank three and its kernel lines form the entire nondegenerate Segre
quadric. The universal incidence evaluation q : F → Ytot has relative rank
five over B and total rank 5 + d; both differentials have a line kernel. D.7
identifies it with the same conformal null incidence and short rays, before
Einstein recognition.

For a fixed actual algebroid, flatten the moving skies by Li(x). Along
x = ax, the comparison ψij = LiφijL

−1
j has actual generator Ai − ψij(Aj)

because φij is point independent. It preserves the reference Legendrian, so
its principal generator vanishes there. Apply Lemma G.2 to ψaψ−1

0 and the
given initial intertwiner. This is the construction of G.3 with Bij = 0, with
no flat-source assumption.

For parameterized algebroids, Lemma H.2 supplies their actual Bij , so
the flattened generator is Ai + Li(Bij)− ψij(Aj). Contraction of the small
parameter coordinate germ, with the remaining variables passive, gives joint
Hom generators from one fixed reference. Root-symbol normalization gives
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exactly τijτjk = Cijkτik. The finite compact cover, tangent transport and
inverse estimates are those of G.1–G.3.

For a holomorphic family of supports, its classifying map is unique locally.
In the complete family choose four nearby grid points of one affine sky
chart. Evaluation of H0O(1, 1) there is an isomorphism, so their four contact
graph values give coordinates by the finite inverse theorem. Equal embedded
supports have the same four values and hence the same point parameter.
This uses actual graph evaluations in addition to the tangent dimension.

Over a fixed support family the Hom line is the actual rank-one OS
line of G.4. Root frames first construct and glue it and a local-symbol-
normalized comparison. Locally on the parameter base, a single global unit
along the complete sky/cone then adjusts its section to carry the entire
local-system vector. This scalar is not constrained again by a fixed linear
root identification: frames e and 2e on the same module are compared by
2 id.

The auxiliary cone section is fixed on the derived family and pulled back,
or its vector is read by the canonical transport in the simply connected
cone local system. It is not an independent sky-direction modulus. Relative
root choices retain their actual square identifications and base factors; on
the parameter germ their ratio is a base two-torsion line, whose calibrated
root comparison is unique. These facts give the stated framed comparisons
and parameter restrictions. No general microdifferential-module flatness or
nonlifted Artin-family classification has entered the proof. □

H.4. Both inverse comparisons on the independent domain. Theorem H.4.
Taking full symbols, compact characteristics and the intrinsic first-unit

torsor gives an equivalence between the independently admitted operator
data of Definition H.1 and the calibrated affine data of Definition 5.6. It has
actual inverse comparisons on the whole independent domains, coherent on
conditioned bounded holomorphic families and finite physical diagrams. It
preserves the selected optical section, numerical scalar, all physical point/full-
spin Hom classes and the coupled Lorentz operation.

Proof. Write CΛ for the calibrated affine category. Taking the classical
data while forgetting the remaining operator choices defines F : OΛ → CΛ.
Proposition H.3 supplies its complete incidence. Definition H.1 supplies the
affine/projective admission of Definition 5.6.

Conversely take any CΛ object. We first choose a finite refinement on
which every overlap has a single quantization. In a bounded family retain
the required compact passive-parameter set B0. At every vertex v of the
fixed finite physical diagram choose a compact point core S0

v ⋐ Sv containing
all the required endpoints and composite images over B0. Let

K =
⋃
v

qv
(
p−1
v (S0

v)
)
. (269)
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Each sky projection pv is proper, so K is compact; take the finite disjoint
union of the vertex ambients when necessary. The point cores keep the
entire stipulated diagram and passive-parameter set. All later restrictions
concern neighborhoods of this same K, including its moving skies, rather
than selecting a subset of the original inputs. Enlarge it to a compact
neighborhood K+ inside the supplied parents, with K in its interior. Choose
finitely many original chart parents Ui and closed subsets Ki ⋐ Ui covering
K+. At y ∈ K+ put Iy = {i : y ∈ Ki}. Lemma H.2 gives, near y, quantizers
and inverses for all pairs of original charts with indices in this finite set.
Choose nested neighborhoods Vy ⋐ V +

y inside all these quantization parents,
and disjoint from every Kj with j /∈ Iy. Finite intersections reserve the
parents for each map and its inverse. All choices are in the total space, so
they include the required local parameter neighborhoods.

A finite closed-star refinement {Wa} of {Vy} covers K and has each
closed star contained in one Vy. To obtain it, take a finite subcover on
the compact metrizable set K+ and a Lebesgue number λ > 0. Put d =
dist(K,Ytot \K+) > 0 and use ambient metric balls centered on K of radius
ρ < min(λ/8, d/4). Each closed star has diameter at most 6ρ < λ and lies
in K+. A finite subcover of K therefore has the required property. Choose
xa ∈Wa ∩K and an original index i(a) with xa ∈ Ki(a). If Wa ∩Wb ̸= ∅, a
single Vy contains both sets and their closures. Since it contains xa, xb and
avoids Kj for j /∈ Iy, both i(a), i(b) belong to Iy. Its chosen quantizer for
that pair is therefore defined on a parent of the entire new overlap. On that
overlap restrict this quantizer to obtain φab, and define the reverse as its
literal inverse. The closed-star buffer, taken before restriction, is a positive
Cauchy buffer for these maps. For the specified finite composite diagram,
intersect each source neighborhood with the preimages of the assigned target
parents along its composites, and take a finite closed shrinking once more.
The compact cores are retained because each stipulated composite already
has its image in its target parent with positive buffer. This constructs maps
on the new overlaps; coherence is the following separate step.

On a triple the classical cocycle makes Dabc = φabφbcφ
−1
ac have identity

full symbols. Lemma F.8 supplies local normalized units for it. Their
uniqueness makes them agree on intersections, so they give one Cabc on the
entire triple, with uniform bounds from the finite compact cover. The two
units CabcCacd and φab(Cbcd)Cabd implement the same inner automorphism
on a quadruple and have symbol one and unitary adjoint; injectivity in
Lemma F.8 makes them equal. Thus the full algebroid equation, not only
the pairwise maps, holds on this refinement. The constants are maxima over
finitely many parents and the buffers and unit margins are their positive
minima. They do not depend on homogeneous order. This uses local
quantization and normalized-inner uniqueness, not a claim that the twisted-
algebra classification of (Polesello 2007, Corollary 1.6) trivializes every old
overlap.
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Keep the same torsor under U1 ≃ L−1, with its restricted cochains. Pull
this finite operator cover to the complete incidence and choose H.3’s finite
graph/module charts over it. Carry any extra chart indices in all pulled-back
algebra data as well. Restrict the relative root, its square identification and
all base factors to those same charts. Proposition F.3 supplies the static
central module and H.3 constructs its family there. The root transitions obey
their exact cocycle; G.3’s symbol normalization then gives τabτbc = Cabcτac
with these same Cabc. Its tangent transports and their inverses have the
retained buffers, so taking the finite maxima gives the common module
bounds. The whole-parameter calibrated vector is restricted, not reselected
at each parameter. This defines Q : CΛ → OΛ without first decoding an
Einstein metric. The composition FQ is the original contact-affine object
under the restriction equivalence of H.1, with its tautological complete-family
identifications.

For an independently supplied operator object compare it to QF on a com-
mon chart refinement obtained by applying the same closed-star construction
to the union of their finite chart families and identity comparisons. This
retains the same compact parameter set and admits all maps in the finite
comparison diagram on buffered parents. Lemma H.2 quantizes the actual
identity contact comparison in these possibly different chart coordinates. Its
normalized overlap units satisfy

kiφ
s
ij = Ad(Tij)φtijkj ,

Tijφ
t
ij(Tjk)Ctijk = ki(Csijk)Tik.

(270)

Indeed the two expansions of kiφsijφsjk have the same inner action. Both
implementers are normalized, so Lemma F.8 makes them equal. Both
associators are retained.

The module comparisons Fi obey

Fiτ
s
ij = Tijτ

t
ijFj . (271)

Construct their Hom line by the actual flattened tangent transport of H.3,
normalize its projective root symbols and then its whole local-system vector.
The two sides have the same semilinearity and global normalization, so scalar
injectivity proves equality. The U1-torsor action is literally the original affine
comparison, since normalized inner changes act trivially on this sheaf.

If k′
i = Ad(Pi)ki, the two normalized overlap implementers give

T ′
ijφ

t
ij(Pj) = PiTij . (272)

Their module maps are compared by PiFi and framed Hom uniqueness.
Hence QF is canonically equivalent to the supplied object. On a further
common refinement all comparison equations restrict literally, and any two
choices are compared by the unique normalized units and framed Hom maps
just constructed. Consequently these equations descend independently of the
auxiliary cover. The unit/counit triangle, composition and finite naturality
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diagrams follow from these exact uniqueness statements. This compares
actual representatives, rather than just their original records.

The symbols of an admitted physical comparison preserve the entire
affine/projective calibration. D.8 and Proposition 5.4 recover the selected
metric naturally, so that map is an isometry. Its full spin lift gives the
distinct label of Theorem 8.3. Conversely Lemma H.2 and H.3 lift each
such physical comparison. Thus the physical Hom classes agree, including
spin-center distinctions not detectable by the scalar action.

The coupled antilinear construction and normalized square of Theorem
G.5 use the same comparisons and compatible root/local-system frames. The
preceding uniqueness transports its square and finite Real diagrams. On the
declared Lorentz slice it gives Proposition 8.4’s physical real structure. Every
parameter comparison used the given common parents, finite refinements
and unit margins; finite jets are taken from those holomorphic families. □

H.5. The same source operation and preservation obstruction. Proposition
H.5.

The equivalence of Theorem H.4 identifies the actual operator source
construction with the same coupled contact-affine law, including its higher
preservation correction. Its independently read holomorphic obstruction is
the cochain of D.9, with the same derivative om and the same inverse Lm on
the zero-record complement. Its Einstein consequence is Proposition 5.4.

Proof. Use F.1’s positive differential operator and its complete negative
symbol formula, with the fixed skew lift. The latter is a direct formula in the
original U−

r;a,j and the original twistor coordinates and derivative momenta.
The dual class G used to derive it is not a separate execution primitive.

At a trial operator stage, the regular compact seed gives the characteristic-
family construction of H.3 and F.3 gives the intrinsic first-unit translation
sheaf. Retain the calibrated affine reduction of the preceding corrected stage
and choose provisional section-state lifts at the next order. Lemma I.1 reads
their actual defect on the freshly recomputed incidence; its vanishing supplies
the next affine reduction. A particular torsor is not manufactured by the bare
algebra. Projective-extension admission is not assumed before this defect
vanishes. Its states and matrices are exactly those of D.9. In particular,

Tij = (Gi ◦ Φij)−1BijGj , (Gi ◦ Φij)−1rij = e1 − Tije1. (273)
Thus its entries are 1− T11 and −T21, the same actual connecting cochain.
Its derivative on the fixed zero-record complement is om. The same Lm
and original record correction remove it, followed by fresh incidence, root,
matrices and scalar recomputation. Lemma 5.1’s cubic-gauge induction
applies to this actual source execution; it is not inferred from a first point
jet.

At finite source stages the incidence graphs are the explicit finite-coefficient
construction of Proposition 5.2. Lift each corrected Hamiltonian by F.1.
Theorems F.1 and F.6 give finite and analytic structured comparisons, Lemma
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F.8 supplies their actual normalized comparisons, and Appendix G supplies
the full module families. Their full symbols and first-unit torsor are the
same corrected tuple. Proposition F.7 compares the finite active recursion
with their amplitude jets by compatible normalized filtered inner equivalence.
This requires neither equality nor convergence of another auxiliary infinite
quantum section.

The mixed principal commutator is t{h, k}, while the raw order-minus-one
Weyl correction of F.3 remains. No strict affine Lie embedding has replaced
that correction. These are actual operations in the same fixed projective
Heisenberg half-density model, with its intrinsic derived sheaves and point
objects.

The projective extension and calibrated root of Definition H.1 supply
the whole optical section. Proposition 5.4 gives Einsteinity with the same
numerical scalar, and Lm is the same inverse of the optical obstruction on
the zero-record complement. Proposition 9.2 exhibits a nonzero obstruction
before correction; the flat-scale calculation of Proposition I.3 identifies the
role of the calibrated scale data. □

Theorem H.4 and Proposition H.5 give both inverse comparisons and
identify the active preservation law on the independent operator domain.
Appendix I identifies its infinity structure with the normal tractor and rank-
four local-twistor forms, and assembles the primitive, admission and point
comparisons used in Theorem 9.11.

Appendix I. Infinity structure and the original twistor model.

I.1. The calibrated reduction before admission. Lemma I.1.
The intrinsic first-unit translation sheaf does not select a particular affine

torsor on an uncorrected trial. At that stage the obstruction to extending the
previously calibrated optical reduction is the cochain of D.9. Its vanishing
supplies the actual next calibrated affine torsor.

Proof. Recompute the trial compact incidence and its optical transitions
Bij . Choose provisional local section states si = (σi, σ̇i)T , lifting the preced-
ing corrected reduction, in the retained Cauchy charts where σi is a unit.
Use exactly Gi =

(
σi 0
σ̇i σ

−1
i

)
, so detGi = 1. The fixed unit margins persist

under these highest-order lifts. Set
rij = si ◦ Φij −Bijsj , Tij = (Gi ◦ Φij)−1BijGj . (274)

Then direct multiplication gives

(Gi ◦ Φij)−1rij = e1 − Tije1 =
(

1− T11
−T21

)
. (275)

When this cochain is zero, Tij fixes e1. Its determinant is the contact-
line factor cij , so it has the form

(
1 bij

0 cij

)
. With the companion and ratio

convention of D.9, aij = −bij/cij and τi = c−1
ij τj + aij . The matrix cocycle

is exactly the affine cocycle with all moving arguments. Before vanishing, a
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general Tij is not such an affine transition. F.3 provides its translation sheaf
U1 ≃ L−1; it does not remove this reduction obstruction or manufacture a
distinguished torsor from the bare ring. The same calculation applies at a
highest finite stage. □

I.2. The intrinsic infinity-structure predicate. Definition I.2.
The projective infinity structure on an operator presentation is its ac-

tual first-unit affine torsor, the induced projective optical extension, optical
density root and central calibration. Its admission predicate is the whole-
neighborhood holomorphic extension condition of Definition H.1, with its
derived numerical scalar. The predicate is defined on these primitive holo-
morphic data before Einstein recognition. A compact point object means
the calibrated locally standard supported simple module of H.1–H.3.

This definition specifies the projective alternative used here. It does
not assert a literal equivalence with every presentation of the speculative
unreduced Palatial algebra.

Proposition I.3.
The admitted projective infinity structure is equivalent to the calibrated

nonvanishing parallel normal tractor of norm −Λ/3. Its local-twistor spin
realization has the infinity tensors and numerical normalization of the original
gravitational construction, including their degeneration at Λ = 0. The
correspondence is natural for the actual physical operator comparisons and
their full spin lifts. On the Lorentz slice it has the original local phase-scaled
ray and point fibers.

Proof. D.8 and Proposition 5.4 identify the holomorphic projective exten-
sion and root with a nonvanishing density σ satisfying

(∇a∇bσ + Pabσ)0 = 0. (276)

Its normal prolongation is parallel, has norm −Λ/3, and selects g = σ−2gaux.
Conversely the parallel section with the retained unit scale component gives
this equation and D.8’s projective extension. The two constructions are
inverse comparisons preserving the actual root and central value.

Here is an explicit spin and sign comparison. Put c = Λ/6 and use the
selected Einstein scale, where the standard Schouten tensor is P = cg. Let
J =

( 0 1
−1 0

)
in the marked spin bases. Write θv for the tangent soldering

matrix, with g(v, w) = tr(θvθ♯w) and θ♯ = adj(θ). Represent the raised middle
tractor component by the matrix µ. Define

Ωv =
( 0 iθv
icθ♯v 0

)
, F(σ, µ, ρ) =

(
ρJ −iJµ
−iµTJ σJ

)
. (277)

The matrix F is a covariant alternating form on the rank-four local-twistor
bundle TLT, with marked conformal splitting S ⊕ S′. Its Spin representation
differs from that of the middle bundle Wscr ≃ TM , which has type S ⊗ S′.
For its induced covariant connection D∧K = ∇K − ΩTK −KΩ, ordinary



A PROJECTIVE TWISTOR CORRESPONDENCE FOR LOCAL ANALYTIC. . . 129

two-by-two multiplication gives

D∧
vF(σ, µ, ρ) = F

(
dvσ − g(v, µ),
∇vµ+ (cσ + ρ)θv,
dvρ− cg(v, µ)

)
,

2 Pf F(σ, µ, ρ) = 2σρ+ g(µ, µ).

(278)

For example (θ♯)TJ = Jθ and JX + XTJ = tr(X)J prove the connection
identity; the Pfaffian is σρ+ detµ. Thus this is exactly the normal tractor
connection and its quadratic form in §4, including its soldering, scale and
norm signs.

The selected tractor is (1, 0,−c) in this scale. Its covariant spin form and
volume dual are therefore

Iαβ = diag(−cJ, J), Iαβ = diag(J,−cJ), IαβI
βγ = c δα

γ . (279)

Both forms are parallel, and 2 Pf(I) = −2c = −Λ/3. The initial full spin
marking fixes the volume used in the dual and the entire identification. Their
ranks are four for c ̸= 0 and two at zero.

The curvature-component dictionary is (2); in particular, ΛP = −Λ and
PP = P , while the prescribed Einstein coefficient Λ is unchanged. The spinor
component dictionary requires a separate declaration. For this comparison
only, use the numerical arrays

[εP
AB] = [εABP ] = [εP

A′B′ ] = [εA′B′
P ] = J,

uA = εABP uB, uA = uBεP
BA,

(280)

with the same order in the primed operations. Raising acts on the left and
lowering on the right. On coefficient columns these are respectively J and
−J , so they are inverse operations. In particular, εP

ABε
CB
P = δA

C , whereas
contraction in the order AB,BC gives −δAC . These comparison arrays are
distinct from the arrays in (1): the lower arrays agree numerically, the upper
arrays have opposite signs, and the lowering operation uses the opposite side.
Thus an upper εP in a primary block formula cannot be replaced by the
upper ϵ of §2.

This reading agrees with the primary coordinate normalization. Its un-
numbered formulas for δπ and 1

2dδπ give δπ = εF
′G′

P πF ′dπG′ and 1
2dδπ =

dπ0′ ∧ dπ1′ , which fix ε0′1′
P = 1 in those coordinates (Penrose 2015, 5). The

primary article does not explicitly prescribe the side of the two-spinor raising
and lowering operations. The operations just declared specify our component
comparison rather than attribute an unstated historical convention to it.

Here is the calibrated basis map. If (b0, b1, b0′ , b1′) is the ordered
rank-four frame used above, identify the primary ordered twistor column
(ω0, ω1, π0′ , π1′)T with

C(ω, π) = ω0b0 + ω1b1 + π0′b0′ + π1′b1′ . (281)
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Thus [C] = Id4 in the indicated frames. The second slot is identified using the
covariant primed coefficient column itself, not a column obtained by applying
the raising rule of §2. The map on covectors is the inverse transpose, and
the map on bivectors is the exterior square of C; these are not independent
choices. Calibrate the two twistor volumes by εP

0123 = 1 = ε0123
P , as in the

primary unnumbered duality formulas (Penrose 2015, 7). Since detC = 1,
this is the volume fixed by the existing full spin marking.

Write λP = ΛP/6 = −c. In these ordered coordinates the primary displays
become

IP
αβ = diag(λPε

P
AB, ε

A′B′
P ) = diag(−cJ, J),

IαβP = diag(εABP , λPε
P
A′B′) = diag(J,−cJ),

IαβP = 1
2ε
αβρσ
P IP

ρσ, IP
αβI

βγ
P = −λPδα

γ .

(282)

Indeed the volume dual has 01 entry IP
23 = 1 and 23 entry IP

01 = λP; all
mixed entries vanish. Its product with the covariant matrix is −λP Id4, since
J2 = − Id2. Conversely the same lower volume recovers the covariant form.
Starting with the primary normalization ε0′1′

P = 1, these duality and product
displays force the other three alternating arrays to be J when λP ̸= 0; the
same fixed arrays give their rank-two degeneration at zero (Penrose 2015,
7–8). Consequently C carries both tensors together, their volume duality,
their product and their ranks to (279).

The transport comparison uses the same basis map. Read the primary
tangent matrix [tAA′ ] as θv. Since PP = cg, its lower spinor components are
PP
AA′BB′ = cεP

ABε
P
A′B′ . For an arbitrary θv =

(
a b
d e

)
, contraction gives∑

A,A′

tAA
′
PP
AA′BB′


B′B

= c

(
e −b
−d a

)
= cθ♯v. (283)

Thus the primary equations

∇vωB = −itBB′
πB′

and ∇vπB′ = −itAA′
PP
AA′BB′ωB are ∇v(ω, π)T = −Ωv(ω, π)T in this calibra-

tion (Penrose 2015, 12). The initialized map C therefore intertwines the
connections as well as both infinity tensors. This comparison uses no metric
rescaling, no inverse infinity form and no division by Λ.

Along every short null ray the initialized local-twistor ODE has a four-
dimensional solution space and carries these same forms. Conversely con-
stancy of a calibrated tractor along all null directions implies its full par-
allelism, since the null vectors span each tangent space. This explains the
original raywise infinity structure without imposing any Weyl-type restriction.

For a normalization test put q = ηabx
axb and σC = 1 + Cq on a flat

conformal carrier. Its Hessian is pure trace, its prolongation has ρ = −2C,
and

|dσC |2η + 2σCρ = −4C, ΛC = 12C. (284)
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Every member has central value one and central gradient zero. Thus bare
contact geometry and a bare standard local operator algebra do not determine
this infinity structure or selected scale. The retained torsor, whole projective
extension and calibration are substantive.

An actual structured comparison carries the full symbols, torsor, projective
extension and root, and hence their actual optical section. The derived
metric comparison is an isometry; its retained full spin lift carries the normal
and rank-four spin connections and the displayed forms. Normalized inner
comparison units act trivially on U1 and its classical data, while their actual
point-module and associator actions remain in H.4’s descent. This gives
coherent naturality on the full structured category.

Finally on the Lorentz slice a nonzero primed spinor gives pAA′ = πAπA′ .
Its parallel transport along short null geodesics defines the local phase-scaled
ray space: four real spacetime variables and four real nonzero-spinor variables,
modulo one geodesic parameter, give dimension seven. The phase quotient is
dimension six and its positive momentum-scaling quotient is dimension five.
At a fixed point the fibers are respectively C2\0 and S2, with the intermediate
positive null-momentum cone. The real locus of the coupled sky operation
is this same S2 inside the complex quadric. The actual full spin marking
retains its phase and central distinctions. Only local short representatives
are used; no global hyperbolicity or global topology is assumed. □

I.3. Operator, infinity-structure and point comparisons. Theorem I.4.
In the standard projective Heisenberg/Euler-minus-two analytic model,

the source construction and the independent domain of Definition H.1 have
these properties:

(1) Both complete original helicity classes act in the same analytic half-
density operator primitive. Their actual nonlinear gluing has filtered
adjoint-preserving overlaps, normalized inner associators and the
original coupled source corrections.

(2) The primitive holomorphic infinity predicate of Definition I.2 is equiv-
alent, with its actual root and central calibration, to the parallel
normal tractor and rank-four local-twistor infinity forms of Propo-
sition I.3. Its failure before affine admission is the reduction defect
of Lemma I.1, and Proposition H.5 removes it with the same source
rule.

(3) Compact supported simple modules determine the complete physical
point family and null directions by Proposition H.3. The constructor
and decoder have both inverse comparisons on the whole independent
domains, with the physical point/full-spin Hom, numerical scalar,
bounded-family and coupled-real assertions of Theorem 9.10.

Proof. For the first assertion, §F.1 gives the positive differential operator
and the direct analytic negative symbol in the original twistor variables
and their derivative momenta. The negative operation introduces no new



132 LIOR ISTHMUS

dual input and need not project to a vector field on T0. Theorems F.1 and
F.6 give actual finite and analytic algebra gluing with normalized triple
units. Proposition 9.1 and §F.3 retain the mixed principal bracket and lower
quantum terms. Theorem 3.1 identifies both complete source-to-curvature
lists with their original factorials. The primitive’s Euler-minus-two ket sector
does not replace either gravitational deformation class by a scalar-field state.

For the second assertion, the torsor, projective extension and density
root are holomorphic data specified before Einstein recognition. Section
D.8 and Proposition 5.4 recover the unit almost-Einstein density and its
canonical parallel tractor. Proposition I.3’s explicit exterior-square map
intertwines the normal and rank-four spin connections, with the norm and
numerical dictionary fixed in §2. The reverse construction recovers the same
projective extension and root. The operator, torsor and module comparisons
of Theorem H.4 make this correspondence natural; a principal symbol alone
is insufficient. The flat scale test in Proposition I.3 shows why the retained
infinity data are substantive.

Lemma I.1 reads the pre-admission failure on the actual provisional Cauchy
states. Proposition H.5 identifies its cochain, derivative om, zero-record in-
verse Lm and six normalizations with Theorem 5.5. Each contact correction
is followed by fresh incidence, root, optical-state, matrix and scalar compu-
tation. Finite-prefix execution is Proposition 5.9. The bounded comparison
of §6.1 and Theorem 6.3 gives its common-domain analytic limit, together
with the operator and module estimates of Appendices F–G.

For the third assertion, Proposition H.3 derives the complete four-
dimensional family from one compact characteristic; the first-jet kernel is
its full null Segre quadric. Sections G.1–G.4 construct the actual simple
modules, Hom generators, root-symbol comparisons, whole-family framing
and exact associator descent. Thus points are nonlocal supported objects
rather than an input four-manifold. Proposition I.3 supplies their Lorentz
sky and geometric phase-scaled fibers. Finally Theorem H.4 compares
every independently admitted operator object with its constructed classical
quantization, retaining both associators and all module maps. Theorem 9.10
composes those counits with the source/affine correspondence and supplies
all stated physical and analytic quantifiers, including every Weyl type and
numerical Λ = 0. □

These are the operator, infinity-structure and point comparisons collected
in Theorem 9.11. Appendix J identifies their same-data raywise local-twistor,
optical and affine diagrams; Theorem 9.12 states the resulting unified corre-
spondence.

Appendix J. The same source, infinity structure and point objects.

J.1. Normal spin transport before Einstein admission. We use the indepen-
dent operator domain OΛ of Definition H.1 and the symbol and quantization
functors F and Q of Theorem H.4. For the constructions before Einstein
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admission, retain its filtered embedded compact characteristic, complete sup-
port family, global first-unit torsor A, compact lifts, unit optical derivative,
root and central calibration, and temporarily omit its projective-extension
predicate and numerical readback. Call this the regular affine domain. A
highest source trial with a nonzero affine obstruction is treated separately in
J.4.

Let M p←− F q−→ Y be the incidence derived from the compact characteristic.
Write L for the contact line on Y , E [1]2 β−→ B for the optical root, and σ
for the density selected by the same torsor. Appendix D gives these objects
from the complete embedded support family and its actual affine data. They
are retained in all comparisons below.

For clarity, the contact normal sequence of a sky is
0 −→ Ω1

Qx
⊗ L −→ NQx/Y −→ L −→ 0, L|Qx = O(1, 1). (285)

The left term is O(−1, 1)⊕O(1,−1) and is acyclic. Completeness and proper
base change identify TM = p∗q

∗L, of rank four. First-jet evaluation gives
the Segre null quadric and the conformal structure. The line K = ker dq
obeys K ⊗ q∗L = p∗B. The derivative Θ = dqjA of the unique compact lifts
is constant on each compact sky and gives the same unit metric section as in
D.8. The density is characterized by

β(σ2) = Θ−1, σ(o) = eo. (286)
The rank-six standard tractor is the jet quotient

T = J2E [1]
/(

Sym2
0 T

∗M ⊗ E [1]
)
. (287)

In a conformal representative g, set J = Scal(g)/6 and write
Lσ = (σ, µ, ρ),
µ = ∇σ,
ρ = −1

4(∆σ + Jσ),
H(σ, µ, ρ) = 2σρ+ g−1(µ, µ),

Da(σ, µb, ρ) =
(
∇aσ − µa,∇aµb + Pabσ + gabρ,∇aρ− Pabµb

)
.

(288)

These formulas apply before Einstein admission. Under ĝ = e2ωg, Υ = dω,
their splitting change is

σ̂ = eωσ, µ̂ = eω(µ+ σΥ), ρ̂ = e−ω(ρ−Υ · µ− 1
2 |Υ|

2σ
)
. (289)

Substitution, together with P̂ = P −∇Υ + Υ⊗Υ− |Υ|2g/2, preserves H
and intertwines D. The full marked spin lift gives the rank-four local-twistor
bundle TLT with volume and the exterior-square identification Fspin : T ≃
Λ2T ∗

LT of Proposition I.3. Before admission its connection has upper-right
block iθv and lower-left block iθ♯

P ♯(v). The same two-by-two identities in I.3
give the middle tractor term ∇vµ+ σP ♯(v) + ρv and last term dvρ−P (v, µ).
Thus the normal spin connection is defined for the derived conformal geometry,
with no Einstein assumption.
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The bundle TLT is a geometric functor of the structured operator object.
It is distinct from TM = p∗q

∗L and carries no asserted fiberwise finite-
dimensional representation of the Heisenberg algebra: taking a trace of
[da, ya] = 1 would exclude such a representation.

Proposition J.1.
For I = Lσ selected by the same torsor and root, put Eab = (∇a∇bσ +

Pabσ)0. On the regular affine domain,

DaI =
(
0, Eab,−1

3∇
bEab

)
.

DI = (0, P ◦,−1
4dJ) in the selected scale σ = 1.

(290)

In particular DI = 0 if and only if E = 0.
Proof. The first component is zero and the middle component has zero

trace by the definition of ρ. Put ζa = ∇aρ−Pabµb. The gradient commutator,
contracted Bianchi identity and Ric = 2P + Jg give

∇bEab = ∇a∆σ + Rica bµb + (∇aJ)σ + Pa
bµb +∇aρ

= 3Pabµb − 3∇aρ = −3ζa.
(291)

In the selected scale µ = 0 and ρ = −J/4, giving the remaining formula. □

J.2. Raywise descent and the infinity predicate. Here raywise descent is
descent of the normal rank-four local-twistor bundle by its initialized flat
partial connection along the connected short null rays. The bundle, its flag
and its tensor comparisons are constructed by that transport.

Theorem J.2.
On the regular affine domain, the normal rank-four spin bundle descends

along the short null-ray incidence to a holomorphic bundle TLT,ray on Y , with
volume and a flag ℓ ⊂ h of ranks one and three. The alternating form of the
selected I = Lσ descends if and only if the projective-extension predicate
of Definition H.1 holds. On that admitted subdomain its covariant and
contravariant forms have the numerical label, ranks and zero-constant limit
of Proposition I.3.

Proof. Restrict the connection on p∗TLT to K = ker dq. Its one-dimensional
fibers have a flat partial connection. On the retained short flow-box cover,
transverse sections and the initialized finite matrix ODE give

TLT,ray(U) = {s ∈ Γ(q−1U, p∗TLT) : Dqs = 0}, q∗TLT,ray ≃ p∗TLT. (292)

The fibers are connected and contractible. Uniqueness gives exact inverse
and triple laws, and holomorphic dependence gives local freeness. Trace zero
of the connection descends the volume.

Write a null tangent as kAA′ = κAπA
′ and choose parallel spin factors along

its affine geodesic. In the splitting TLT = S ⊕ S′, the vector (0, π) is parallel:
its upper derivative is proportional to κ(π · π) = 0 and its lower Schouten
term multiplies zero. The dual covector (κA, 0) ∈ T ∗

LT, with κA = ϵABκ
B, is
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parallel by κAκA = 0. Their line and kernel descend to ℓ and h, with ℓ ⊂ h.
Evaluation at x identifies

TLT,ray|Qx ≃ (TLT)x ⊗OQx ,

ℓ|Qx = O(0,−1),
Ann(h)|Qx = O(−1, 0),
ℓ⊗Ann(h) ≃ L−1.

(293)

The last identification is obtained by pulling back to the incidence: κAπA′

and q∗L−1 are the same tautological null-covector line, with the same parallel
transport and root calibration. It descends along q. Triviality of the rank-four
bundle on a sky leaves these tautological sublines intact.

Under Fspin, the same I is an alternating form on p∗TLT. Descent requires
DqI = 0 on the whole incidence. Every null direction occurs on its complete
compact sky; null vectors span TxM . Consequently this condition is equiv-
alent to DI = 0. Proposition J.1, D.8 and Proposition 5.4 identify it with
the original projective-extension predicate for the same unit density. The
tensor being tested is specified by the torsor on the whole incidence; parallel
extension of arbitrary initial tensor values is a different operation.

For an admitted object Λ = −3H(I, I) is constant. In the selected Einstein
splitting, with c = Λ/6 and the alternating matrix J2, Proposition I.3 gives

Icov = diag(−cJ2, J2),
Icontra = diag(J2,−cJ2),

IcovIcontra = c 1,
2 Pf(Icov) = −Λ/3.

(294)

The contravariant form is the volume dual. Their ranks are four for Λ ̸= 0
and two for Λ = 0; the construction uses their values and not their inverses.
The marked root fixes the sign of I. □

Proposition J.3.
The raywise local-twistor descent is natural for the physical comparisons

of H.1/H.4. A normalized comparison 2-isomorphism over the same classical
data and Spin label has identity finite-rank geometric comparison. The
actual associator actions on point modules remain those of H.4. The physical
central Spin arrow acts by −1 on TLT,ray.

Proof. Write the descent as
φijφjk = Ad(Cijk)φik, CijkCikl = φij(Cjkl)Cijl, τijτjk = Cijkτik.

(295)
Since σ0(C) = 1, the associated graded glues strictly. Normalized inner
action on U1 = (1 + F−1)/(1 + F−2) ≃ L−1 is identity. The torsor maps
are supplied in H.1 and the normalized comparisons lie over that same
classical torsor and root. Thus the normalized associator comparison fixes
the embedded support, torsor, root, their compact lifts and derived jets. Its
specified same Spin label fixes the normal spin comparison. Uniqueness of



136 LIOR ISTHMUS

the initialized ray ODE makes its raywise local-twistor comparison identity.
This uses both the strict translation sheaf and the supplied torsor maps;
identity on a translation sheaf alone would not determine an affine map.

The last equation in the display continues to describe the actual module
action. The finite-rank construction reads classical characteristic and affine
data and imposes no neutralization equation for C. A physical comparison
carries those data, hence Θ, σ,H,D and the retained spin lift. Proper base
change and ray transport commute with it. This proves naturality and its
finite composition diagrams. Finally the central spin element acts by −1
on S ⊕ S′, so by −1 on TLT,ray. It acts trivially on exterior squares and
projective flags, and on the even Euler-minus-two sector; the full physical
spin label nevertheless remains distinct. □

J.3. The optical evaluation, point plane and affine slice. The classical
Einstein-bundle recognition is described in §1 (LeBrun 1985; Wolf 2007, sec.
3.8). For the intrinsic ray operator used here, the following Cauchy/tractor
identification is explicit.

Proposition J.4.
Let γ be a retained short null ray. Its optical solution space EJ,γ is

canonically V ∗
γ , where Vγ is the parallel totally null two-plane spanned by

its position tractor and derivative. For x ∈ γ, its evaluation gives the point
plane

Kx,γ = kerFspin(X(x)) ⊂ (TLT,ray)γ . (296)
The completed optical pencil is the projective line of planes K with ℓγ ⊂ K ⊂
hγ . On an admitted object, the same torsor is the affine slice H(I, v) = 1 in
Vγ , with compact evaluation X/σ and the original moving affine transitions.

Proof. In an auxiliary conformal scale, along an affinely parametrized null
geodesic,

DkX = (0, k♭, 0), D2
kX = −P (k, k)X, Vγ = span(X,DkX). (297)

The two vectors are independent, and their three pairings under H vanish.
A parallel λ ∈ V ∗

γ gives the optical solution λ(X(u)). Value and slope on a
transverse slice give its inverse, so this is the Cauchy identification

V ∗
γ ≃ EJ,γ , X(u)←→ ϵu ∈ E∗

J,γ . (298)
At a point x, in the marked spin splitting and with rankµ = 1, the exterior-
square map gives

Fspin(X) =
(
J2 0
0 0

)
, Fspin(DkX) =

( 0 −iJ2µ
−iµTJ2 0

)
. (299)

The first kernel is the point plane S′
x. For a finite pencil coordinate z,

the kernel is {(izµv, v) : v ∈ S′
x}, since µTJ2µ = 0. Its common line is

0 ⊕ kerµ = ℓγ , and the span of all kernels is imµ ⊕ S′
x = hγ . The other

projective chart completes the pencil between this line and hyperplane. The
short physical evaluations select the open subset of D.8, rather than all points
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in the completed projective line. For a compact point module, H.3 supplies
its support Qx; evaluation of TLT,ray on that support supplies these same
point planes.

This argument commutes with actual finite Taylor restriction. Over a
finite Artin base one uses primitive homogeneous pairs in P(Vγ). On its two
standard charts a rank-two minor is a unit by the reduced computation,
while the Pfaffian vanishes by total nullity. The kernel is therefore a rank-
two direct summand. The unit spinor charts likewise give its common line
and hyperplane. This verifies the assertion on finite jets of the admitted
holomorphic families.

For an admitted object H(I,X) = σ and I is parallel. Its restriction to
Vγ is exactly the optical section s, with the same Cauchy values. Its affine
slice and evaluation are

As = {v ∈ Vγ : H(I, v) = 1}, js = X/σ ←→ ϵ/σ. (300)

With the Wronskian Λ2EJ ≃ L, a translation ν ∈ L−1 is the functional
v 7→ ν(s ∧ v) in Ann(s) ⊂ E∗

J . In the calibrated Cauchy trivialization,
choose the companion with W (s, t) = l. Its affine coordinate is t/σ, with
∂u(t/σ) = σ−2. It is the same Θ = dqjA used in D.8. On a transverse
slice identify the supplied jA with ϵ/σ, with identity translation map. The
evaluations have the same derivative on each connected short fiber, so they
agree throughout that fiber. Uniqueness of the compact lifts glues these
identifications over the complete sky. The comparison preserves the origins,
moving arguments and affine transitions, and is independent of the chosen
slice. □

J.4. The source obstruction and six scale modes. Proposition J.5.
In the flat-residue source filtration of Theorem 5.5, the actual highest

optical mismatch is the Hessian quotient of the middle normal-tractor defect
of Proposition J.1. Its derivative and compatible zero-record inverse are
the same om and Lm. The six normalizations are the corresponding six flat
tractor initial values.

Proof. Scale the original records and Λ by ε, as in §6. The residue at
ε = 0 is flat. At a highest square-zero ideal j, with mj = 0, lift the lower
selected scale provisionally and keep its moving incidence and Cauchy frames.
The trial already has conformal incidence, but need not have a global affine
reduction. In that scale the provisional density 1 has ray residual P trial(k, k).
Use the fixed double primitives of D.4 to set

σ̃i = 1− Ii(P trial(k, k)),
rij = s̃i ◦ Φij −Bij s̃j ,

(Gi ◦ Φij)−1rij = e1 − Tije1.

(301)
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Thus the entries are 1−T11 and −T21. With δuij = uj−ui, the fixed splitting
has D2ui = A(k, k) and

am = [A] = [P trial ◦] ∈ Pm−2 ⊗ Sym2
0 V

∗

Hess0 Pm
, omJ [h] = [P (h)◦]. (302)

Proposition J.1 gives DI = (0, P trial ◦,−dJtrial/4) for the provisional density.
This identifies the class and its sign. The contracted Bianchi identity gives
d div am = 0, so D.5 applies its fixed inverse and the correction is ∆c =
−Lmam + ιZ. Recompute the incidence, optical states, adapted matrices,
root and scalar. Once the class vanishes, the same double-primitive argument
gives vi = ui − f with δv = r and D2v = 0; adding it cancels the target-
minus-source mismatch. This is the stage at which the next global affine
reduction is obtained.

The remaining modes a+b·x+γq have flat tractor initial values (a, b,−2γ).
Marked value, four gradients and the numerical invariant fix them. Since
∆q = 8, the scalar changes by 12γ and γ = (λtarget − λ∗)/12. These highest-
coefficient formulas are used in this flat-residue filtration. The analytic
output at ε = 1 is the unrestricted prescribed representative of Theorem
6.3. □

J.5. Simultaneous comparison on the independent domain. For O ∈ OΛ, let
R(O) be the marked Einstein germ read from F (O) by D.8, Proposition
5.4 and Proposition 4.3. Let P(O) be the diagram consisting of its sup-
plied operator algebroid and complete compact point modules, their actual
associators, the derived incidence and affine torsor, optical evaluation and
Wronskian, local-twistor volume and flags, infinity pair and point-plane map.
It is an output diagram, not additional admission data. For an Einstein
germ g, define Can(g) from its canonical ray geometry, tractor and spin
transport, point planes and calibrated affine slice, enriched by the specified
Q of Theorem H.4 and the framed modules of Appendix G. These definitions
use the canonical geometry of g independently of O.

Theorem J.6.
On the whole independent domain there are natural actual diagram com-

parisons

βO : P(O) ∼−→ Can(R(O)), αA : P(SopA) ∼−→ Can(gA), (303)
where gA is the canonical Einstein germ of Proposition 4.1 for the original
records. These preserve the same source operations, torsor, optical evalua-
tion, infinity pair and compact point objects. Both inverse comparisons of
Theorem 9.10 act on these diagrams, with their physical point/full-spin Hom
classes, bounded holomorphic families, actual finite jets and conditioned finite
diagrams. Their coupled Lorentz comparison has the type of Proposition
J.7.

Proof. H.4 supplies an actual counit ρO : O ≃ QF (O). D.8 and Proposition
4.3 supply the calibrated classical comparison θO from F (O) to the canonical
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ray geometry of R(O). The operator and module component of βO is
Q(θO)ρO. Propositions J.1, J.3 and J.4, together with Theorem J.2, identify
all its finite-rank components with the independently defined Can(R(O)):
the same Θ selects σ and I, the same spin connection gives raywise local-
twistor transport, and the same optical evaluation gives the point pencil and
affine slice.

For actual comparison units Uij the algebra and module equations are

kiφ
s
ij = Ad(Uij)φtijkj ,

Uijφ
t
ij(Ujk)Ctijk = ki(Csijk)Uik,

Fiτ
s
ij = Uijτ

t
ijFj .

(304)

Both associators and their module actions occur here. Proposition J.3
gives the identity finite-rank shadow for normalized 2-isomorphisms over
the same physical map and Spin label. For a physical arrow f : O → O′,
complete embedded support classification carries the point parameter and
incidence. Unique compact lifts carry jA,Θ; the calibrated root carries σ, I;
jet functoriality carries H,D. Its spin lift and initialized transport then carry
the flags, point planes and affine slice. Framed Hom uniqueness in H.4 gives

βO′P(f) = Can(R(f))βO (305)

on physical Hom classes, with the coherent normalized comparison of H.4 on
actual representatives. This proves naturality and its finite composition laws
on every independent object.

For an original input A, H.5 identifies F (SopA) with the full corrected
contact-affine tuple of Theorems 5.5–6.3. Proposition J.5 verifies its same
source obstruction and six normalizations. The operators in F.1, the mixed
principal bracket and lower quantum term of F.3, and Proposition 9.2’s
shared optical defect remain its source operations. F.6 and Appendix G
supply their analytic operator and module comparisons; F.7 identifies the
amplitude jets with the normalized finite operator construction. Theorem
6.3 gives the canonical marked comparison ηA : R(SopA) ≃ gA. Define
αA = Can(ηA)βSopA. Its components are the identical constructions just
described. Naturality of η and β proves the source diagrams.

The actual counit SopDopO ≃ O of Theorem 9.10, including its H.4 module
maps, transports through P . The opposite composite is its initialized equality
on original classes and scalar. H.4’s uniqueness gives the unit/counit and
finite composition coherences on these diagrams. The physical central Spin
label acts by −1 on TLT,ray and remains distinct, as in J.3.

All operations use the existing complete families, fixed finite covers, unit
root and frame margins, and initialized finite matrix transports. Finitely
many buffered restrictions remain within the common parents of §§3–6 and F–
H. Proper base change, finite jet operations and the primitive-pair argument
of J.4 commute with the parameter restrictions of Definition 2.1. Proposition



140 LIOR ISTHMUS

J.7 proves compatibility with the typed coupled Lorentz operation and its
retained square. □

J.6. The type of the Lorentz comparison. Proposition J.7.
For the coupled antiholomorphic operation ι of §8 and G.5, the raywise

local-twistor comparison is an antilinear duality
JLT : (TLT,ray)y −→ (T ∗

LT,ray)ι(y). (306)
Its companion on the dual and its composite have the retained normalized
square. It exchanges ℓ with Ann(h), sends a point plane to the annihilator
of its paired point plane, and exchanges the covariant and contravariant
infinity forms. These operations are natural for Theorem J.6 and the actual
operator/module comparison of G.5/H.4.

Proof. On a fixed Lorentz object, use compatible marked spin frames and

HLT =
(

0 12
12 0

)
, JLT(Z) = Z†HLT, Ωv =

( 0 iθv
icθ♯v 0

)
. (307)

The row Z†HLT is a covector. Since H†
LT = HLT and H2

LT = 1, its companion
has square one in these normalized frames; globally use the actual root/frame
square of G.5. For real tangent v, θv and its adjugate are Hermitian and c is
real, so

Ω†
vHLT +HLTΩv = 0. (308)

Before admission replace cθv by θP ♯(v); the same identity follows from reality
of P . Including the Lorentz spin connection proves parallelism. It therefore
descends through the initialized ray ODE. On paired complex objects the
same identity conjugates the parameter and c to their values in the paired
object.

For a real ray, (0, π) maps to (π†, 0), giving the asserted flag exchange. In
a spin splitting at x the point plane is 0⊕S′

x, and its image is its annihilator
S∗
x ⊕ 0. Equivalently, in a flat marked frame with Hermitian solder X,

Ux = {(iXπ, π)}, Ann(Ux) = {(κ,−iκX)}. (309)
The same statement is tensorial for curved splittings and natural under the
spin connection and raywise local-twistor transport. For complex points it
pairs x with ιx. Finally the matrices in J.2 satisfy

H−1
LT IcovH

−T
LT = Icontra (310)

on the real slice, with conjugated c on the paired complex object. This uses
the same fixed volume and is valid at c = 0. The central Spin arrow is −1 on
both TLT,ray and T ∗

LT,ray and commutes with this duality. The operation on
the operator ring called formal adjoint is complex linear; its type is distinct
from the coupled antiholomorphic comparison just proved. □
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Appendix K. Finite Schwarzschild comparisons and screen trans-
port. Throughout this appendix, m > 0 is fixed and gE = gm denotes the
explicitly displayed Schwarzschild metric. Its conformal representative is
gc = r−2gm.

K.1. Einstein scale and calibrated full-spin frame.
K.1.1. Metric, conventions, and domain. Fix m > 0. On a finite connected
real-analytic future-horizon neighborhood U , choose ingoing coordinates
(v, r, θ, ϕ) with

0 < r− < r < r+ <∞, r− < 2m < r+, f(r) = 1− 2m
r
. (311)

An angular coordinate patch is understood in each formula; different regular
angular patches give the same tensors. Set

gE = f dv2 − 2 dv dr − r2dΩ2
2, gc = r−2gE , σ = r−1. (312)

Here gc denotes the analytically continued conformal tensor; no real orthog-
onal complex structure for a real Lorentz metric is asserted. Thus gE has
the signature of §2 +−−−. Its Levi-Civita connection is the connection of
the negative of the usual −+ ++ Schwarzschild metric. The curvature and
Ricci conventions are
R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ], Ric(Y, Z) = tr(X 7→ R(X,Y )Z), (313)

and
P = 1

2

(
Ric−Scal

6 g

)
, J = Scal

6 . (314)

Every statement is local on U or on a sufficiently small common complexifi-
cation with r ≠ 0. There is no limit m→ 0, infinite-time assertion, or global
quotient assertion.

For reference, the vacuum property can be checked before extending across
the horizon. In static − + ++ coordinates, direct substitution into the
Christoffel formula gives

Rictt = f

(
f ′′

2 + f ′

r

)
, Ricrr = −f−1

(
f ′′

2 + f ′

r

)
,

Ricθθ = 1− f − rf ′, Ricϕϕ = (1− f − rf ′) sin2 θ.

(315)

All mixed components vanish. For f = 1− 2m/r these expressions are zero.
Metric negation preserves the connection and covariant Ricci tensor. The
ingoing formula eq. 312 is analytic and nondegenerate at f = 0, so the zero
Ricci tensor extends there by continuity. Thus Ric(gE) = 0 everywhere under
consideration.

K.1.2. Exact scale statement. Proposition K.1.
In the representative gc, the nonvanishing density whose component is

σ = 1/r selects precisely gE :

gE = σ−2gc. (316)
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It satisfies the almost-Einstein equation of Proposition 5.4. Its normal
prolongation is

I = Lσ = (σ, µ, ρ) =
(1
r
,−dr

r2 ,
f

2r

)
, DI = 0, H(I, I) = 0. (317)

It consequently has prescribed numerical Einstein label Λ = −3H(I, I) = 0,
including at the future horizon.

Proof. The algebraic identity eq. 316 is immediate from eq. 312. We verify
the differential and tractor statements directly. Write g = gE , ω = − log r,
and h = gc = e2ωg. The basic radial norm is

|dr|2g = −f, |dω|2g = − f
r2 . (318)

The conformal connection formula, obtained by substituting e2ωg in the
Koszul formula, is

∇hXY = ∇gXY + dω(X)Y + dω(Y )X − g(X,Y ) gradg ω. (319)

Since P g = 0, its Schouten consequence is

P h = −∇2
gω + dω ⊗ dω − 1

2 |dω|
2
gg = 1

r
∇2
gr + f

2r2 g. (320)

For σ = eω, eq. 319 gives

∇2
hσ = ∇2

gσ − dω ⊗ dσ − dσ ⊗ dω + ⟨dω, dσ⟩gg

= σ
(
∇2
gω − dω ⊗ dω + |dω|2gg

)
.

(321)

Adding P hσ from eq. 320 cancels both trace-free terms and leaves

∇2
hσ + P hσ = 1

2σ|dω|
2
gg = − f

2rh. (322)

Taking the trace yields ρ = −1
4(∆hσ + Jhσ) = f/(2r), with the exact

convention of Proposition 5.4 and Appendix J.1 of the correspondence. The
first two tractor equations are therefore

dσ − µ = 0, ∇hµ+ P hσ + hρ = 0. (323)

We check the last equation separately. Raising µ = −dr/r2 by h−1 = r2g−1

gives µ♯h = − gradg r. Also

∇2
gr(gradg r, ·) = 1

2d(|dr|2g) = −f
′

2 dr.

It follows from eq. 320 that

P h(µ♯h , ·) =
(
f ′

2r −
f

2r2

)
dr = d

(
f

2r

)
= dρ. (324)

Thus every component of DI vanishes. Finally,

H(I, I) = 2σρ+ |µ|2h = f

r2 −
f

r2 = 0. (325)
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All the displayed expressions are analytic at r = 2m. At the horizon ρ = 0,
while σ = 1/(2m) ̸= 0 and µ = −dr/(4m2) remains a nonzero null covector.
The tractor itself is nonzero there. No inverse power of f or of Λ appears.□

In the selected Einstein splitting the same tractor has the simpler compo-
nents (1, 0, 0). The calculation above specifies its components in the different
auxiliary splitting, rather than equating these two triples term by term.

K.1.3. Scalar curvature of the conformal representative. Proposition K.2.
With eq. 313, the scalar curvature of the auxiliary metric in eq. 312 is

Scal(gc) = −12m
r
, σ = −Scal(gc)

12m . (326)

If the metric is negated to signature − + ++, its scalar is 12m/r and its
scale component is the scalar divided by 12m.

Proof. For the static − + ++ metric g− = −gE , the radial divergence
identity gives

□g−(r−1) = 1
r2∂r

(
r2f∂r(r−1)

)
= −2m

r4 . (327)

In dimension four, the scalar transformation is

Scal(Ω2g) = Ω−2
[
Scal(g)− 6Ω−1□gΩ

]
. (328)

Use Ω = r−1 and Scal(g−) = 0 to obtain 12m/r. Negating the metric changes
the inverse metric and hence the scalar sign, while fixing the covariant Ricci
tensor. This proves eq. 326. An independent check is □r−2g−r = 2m, obtained
directly from

√
| det(r−2g−)| = r−2 sin θ and (r−2g−)rr = r2f . For r−2g−,

the reciprocal of its scalar, r/(12m), has Laplacian 1/6, the value required
for the scalar-flat conformal metric. □
K.1.4. Point normalization and the auxiliary representative. Fix a marked
point o ∈ U and put r0 = r(o) > 0. Densities are represented by functions
only after specifying a representative metric. We use the density convention of
§5: under ĥ = c2h with a positive constant c, a weight-one density component
changes by σ̂ = cσ.

Proposition K.3.
The auxiliary representative and scale

gaux = r2
0gc, σo = r0

r
(329)

satisfy
σo(o) = 1, σ−2

o gaux = gE . (330)
The same parallel tractor in this constant-rescaled splitting has components

I =
(
r0
r
,−r0

r2dr,
f

2r0r

)
. (331)

In particular this change of auxiliary representative preserves the selected
physical metric, the tractor itself, its zero norm, and its calibrated central
value.
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Proof. Equation eq. 330 is direct multiplication. Constant rescaling fixes
the connection and covariant Schouten tensor, and scales the inverse metric
by r−2

0 . Hence µo = dσo = r0µ and

ρo = −1
4(∆r2

0h
σo + Jr2

0h
σo) = r−1

0 ρ.

All three equations eq. 323–eq. 324, and the norm eq. 325, are preserved.
These are the component transformation laws of the same normal tractor.□

If instead one keeps gc fixed and replaces only σ by r0σ, the selected metric
becomes r−2

0 gE , and the tractor becomes r0I. That is a different constant
physical calibration. At Λ = 0 the numerical Einstein label remains zero and
cannot detect this error. Proposition K.3 avoids it by changing the auxiliary
representative at the same time.

The auxiliary scalar after eq. 329 is

Scal(gaux) = −12m
r2

0r
, σo = − r3

0
12m Scal(gaux). (332)

Consequently even a correct scalar/scale formula must track the auxiliary
constant: it is not invariant as an equality of numerical component functions.
K.1.5. Full spin marking and the optical root. The auxiliary normalization
above also admits a regular, fully marked implementation at the horizon.
Put

a = dv,

b = f

2 dv − dr,

ϑ0 = a+ b√
2
, ϑ1 = a− b√

2
, ϑ2 = r dθ, ϑ3 = r sin θ dϕ.

(333)

Then
gE = (ϑ0)2 − (ϑ1)2 − (ϑ2)2 − (ϑ3)2. (334)

The forms a, b are independent even at f = 0. On an angular coordinate
patch away from its coordinate poles, eq. 333 is an analytic orthonormal
coframe throughout the crossing neighborhood. A regular angular coframe
replaces it on the other finite patches.

Choose its orientation and time orientation once. Fix a spin lift at o and
retain its actual label, including the sign distinguishing the two lifts of the
same orthonormal frame. In the lower-index conventions of §2 ϵ01 = ϵ0′1′ = 1,
a compatible solder is

ϑAA
′ = 1√

2

(
ϑ0 + ϑ3 ϑ1 − iϑ2

ϑ1 + iϑ2 ϑ0 − ϑ3

)
, 2 det(ϑ(v)) = gE(v, v). (335)

The conformal frame identification from gE to gaux sends its dual vector
frame ea to σ−1

o ea, or equivalently its solder coframe to σoϑAA
′ . It preserves

the Spin factor of the conformal frame and changes only the positive dilation.
At o its dilation is one, so the two marked spin frames coincide under
this specified identification. A conformal weight-half convention can be
lifted using the unique positive square root √σo with value one at o; on a
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sufficiently small simply connected complexification, the same root is its
analytic continuation. Multiplication of an internal symplectic spin basis by√
σo is not being asserted to be an SL(2) gauge change.
Let β : E [1]⊗2 → B be the retained density-square identification and Θ

the compact-lift optical derivative of Appendix J.1. Its root condition is
β(σ2

o) = Θ−1 with marked value σo(o) = +1; these choices fix the sign of the
scale root. Changing it to −σo would keep gE but send I to −I and change
the selected affine slice, and is therefore excluded by the marked root. The
central spin element instead changes the local-twistor spin lift by −1, while
fixing its exterior-square tractor; it is retained as a distinct physical spin
label.

To compare with marked normal coordinates in the manuscript, apply the
exponential map of the selected gE using the dual of eq. 333 at o and the
specified spin lift. This gives gE(o) = η and its initialized radial spin frame.
This same choice is used on both sides of the metric-mediated comparison.
The Levi-Civita radial frames of gE and of gaux are not identified away from
o. Their difference is eq. 319, and the normal tractor comparison has already
accounted for it.
K.1.6. Optical section and local-twistor infinity tensors. The normal connec-
tion and its norm used above are exactly

Da(s, νb, q) = (∇as− νa,∇aνb + Pabs+ habq,∇aq − Pabνb),
H(s, ν, q) = 2sq + h−1(ν, ν).

(336)

Let k be any h-affinely parametrized null tangent on a short ray and put
κ = P h(k, k). Equation eq. 322 implies

d2σ

dt2
+ κσ = 0. (337)

Thus the same weight-one density gives the optical section of Proposition 5.3
on every null direction of the complete sky, rather than only on one chosen
principal ray. Conversely, testing this equation on all null directions forces
the trace-free symmetric tensor (∇2

hσ + P hσ)0 to vanish: a quadratic form
vanishing on the nondegenerate null cone is proportional to h. This is the
almost-Einstein recognition step in Proposition 5.4. The raywise section, its
Cauchy derivative, and the parallel prolongation are consequently those of
the very same I.

The selected affine parameter obeys
dt̂

dt
= σ−2, or dt̂

dto
= σ−2

o in the representative gaux. (338)

More explicitly, if t is the gc affine parameter calibrated by dt/dt̂ = σ2,
choose the gaux affine parameter to with dto = r2

0dt and the same calibrated
origin. Then dto/dt̂ = σ2

o . Constant metric rescaling alone does not force an
affine-parameter rescaling; it is this stated Cauchy calibration that selects it.
These formulas therefore describe the same physical affine parameter under
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Proposition K.3. A bare numerical comparison of affine parameters without
their initial Cauchy scale would discard retained data.

In the selected Einstein splitting P gE = 0, the rank-four normal local-
twistor bundle has splitting S ⊕ S′ and the connection of Proposition I.3
with off-diagonal solder block iϑ and zero lower off-diagonal block. The
exterior-square tractor map is

F(s, ν, q) =
(

qJ2 −iJ2ν
−iνTJ2 sJ2

)
, J2 =

(
0 1
−1 0

)
. (339)

Here ν is the raised middle component in the specified solder frame. For
I = (1, 0, 0), the covariant infinity form and its volume dual are

Iαβ = diag(0, J2), Iαβ = diag(J2, 0), IαβI
βγ = 0. (340)

They are parallel, each has rank two, and 2 Pf(I) = 0. The chosen full spin
marking fixes the volume dual and the exterior-square identification; there is
no division by a cosmological constant. In an auxiliary conformal splitting the
nonzero middle component and the ρ of eq. 317 or eq. 331 must be inserted in
eq. 339 with the corresponding solder. One cannot substitute their numerical
triples into the selected-scale block formula eq. 340 without that change of
splitting. Appendix J.1 gives this same normal-spin naturality. The tensors
therefore agree on the two sides of the metric-mediated comparison, including
their exact constant calibration and root.
K.1.7. Uniqueness of the calibrated scale on this Schwarzschild neighborhood.
For this fixed nonzero mass, the scale selecting an Einstein metric in the
conformal class is determined up to a constant. This is stronger than the
assertion that arbitrary null-cone data determine a scale.

Proposition K.4.
Any holomorphic parallel normal tractor on a connected complexification

of U has, in the Ricci-flat gE splitting, the form (c, 0, 0) with a constant c.
Thus any nonvanishing almost-Einstein density is a constant multiple of the
density in Proposition K.1. In the representative eq. 329, its value one at o
forces it to equal σo.

Proof. In the Ricci-flat splitting the parallel equations are

∇s = ν, ∇ν = −qgE , dq = 0. (341)

Commuting the middle equation gives R(X,Y )ν♯ = 0 for every X,Y . We
verify directly that Schwarzschild curvature has no vector nullity for m ≠ 0,
rather than deducing this from a scalar invariant alone. In the exterior static
region use the orthonormal frame

e0 = f−1/2∂t, e1 = f1/2∂r, e2 = r−1∂θ, e3 = (r sin θ)−1∂ϕ.

Let a = f ′/(2
√
f) and b =

√
f/r. The Koszul formula gives ∇e0e0 = ae1,

∇e0e1 = ae0, ∇e1ej = 0, and ∇eAe1 = beA, ∇eAeA = −be1 for A = 2, with
the usual additional sphere connection for A = 3. The relevant brackets are
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[e0, e1] = ae0 and [e0, eA] = 0. Substitution in eq. 313 yields

R(e0, e1)e0 = −f
′′

2 e1 = 2m
r3 e1, R(e0, e1)e1 = 2m

r3 e0,

R(e0, eA)e0 = − f
′

2reA = −m
r3 eA, R(e0, eA)eA = −m

r3 e0.

(342)

Each displayed curvature operator vanishes on the remaining frame directions.
Thus R(e0, e1)v = 0 forces v0 = v1 = 0, and the equations with A =
2, 3 force v2 = v3 = 0. Therefore ν = 0 in the nonempty exterior open
subset. Analyticity and connectedness extend this equality throughout the
chosen horizon-crossing neighborhood and its connected sufficiently small
complexification. Equation eq. 341 then gives q = 0 and constant s = c.
In the auxiliary representative the component is c/r, or cr0/r after eq. 329.
The marked value one fixes c = 1 in the latter representative. □

No assertion of this kind is made for the zero-mass limit, where additional
parallel tractors occur. The role of the complete sky in the optical scale
construction and the role of the Einstein equation in Proposition K.4 are
substantive: a point value plus unparametrized null rays alone would not
determine a scale field.

K.2. Complete records and finite horizon comparisons.
K.2.1. The regular metric and the exact scope. Put f(r) = 1− 2m/r. On an
ingoing Eddington–Finkelstein neighborhood let

gm = f(r) dv2 − 2 dv dr − r2γ, γ = gS2 . (343)
Fix 0 < δ < 2m and finite v− < v+. The compact physical core is

K = [v−, v+]× [2m− δ, 2m+ δ]× S2. (344)
Choose an open real-analytic parent of K with r > r− > 0 and finite angular
charts with compact subcores. Complexify these charts on smaller parents
when using the holomorphic results of the manuscript. All comparisons in
this appendix are short representatives near points of this parent, or finite
compositions with explicitly retained common parents. The horizon is the
hypersurface r = 2m in this given Schwarzschild region.

Lemma K.5 (regular vacuum and regular full-spin frames).
The metric in eq. 343 is nondegenerate and real analytic across r = 2m, has

Lorentz signature (+−−−), and has zero Ricci tensor. There is a finite system
of real-analytic orthonormal frames over the parent of K with compatible
full-spin lifts. The induced complexified frames, density calibration and
sky-root comparisons are regular after finite restrictions of their parents.

Proof. The (v, r) block and its inverse are(
f −1
−1 0

)
,

(
0 −1
−1 −f

)
. (345)

Its determinant is −1 for every r > 0. Thus no factor f−1 is required.
The angular block is negative definite on the real sphere. For a direct
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curvature check, temporarily allow an arbitrary function f(r). In angular
coordinates the non-spherical Christoffel symbols, together with their lower-
index symmetries, are

Γvvv = 1
2f

′, Γrvv = 1
2ff

′, Γrvr = −1
2f

′,

ΓvAB = −rγAB, ΓrAB = −frγAB, ΓArB = r−1δAB.
(346)

The remaining angular symbols are those of γ. Substituting these into the
curvature convention above gives, with a = f ′′/2 + f ′/r,

Ricvv = fa, Ricvr = −a, Ricrr = 0, RicAB = (1− f − rf ′)γAB,
(347)

and zero mixed angular components. For f = 1−2m/r, both a and 1−f−rf ′

vanish. These formulas also fix the sign of the check: replacing f by 1− cr2

gives Ric = −3c g in the convention of §2.
For regular frames set a0 = (f − 1)/2, b0 = (f + 1)/2, and choose

an oriented orthonormal sphere coframe (η2, η3) on each angular chart.
One explicit choice on a stereographic chart is η2 = 2 dx/(1 + x2 + y2),
η3 = 2 dy/(1 + x2 + y2). Finitely many smaller oriented stereographic disks
with compact subcores cover the sphere; their complex thickenings can be
chosen to keep this denominator nonzero. Then

e0 = b0 dv − dr, e1 = dr − a0 dv, e2 = rη2, e3 = rη3 (348)
satisfies gm = (e0)2 − (e1)2 − (e2)2 − (e3)2. Indeed b0 − a0 = 1, a0 + b0 = f ,
and the determinant of the first two coframe rows is 1. Its dual timelike and
radial spacelike vectors are

T = ∂v + a0∂r, S = ∂v + b0∂r.

They obey gm(T, T ) = 1, gm(S, S) = −1, gm(T, S) = 0 also at f = 0. Choose
the time orientation in which T is future directed. These are regular analytic
frames on the finite angular parents, without the static square root

√
f .

On a common angular chart with the same angular frame, let e0, e1 be
dual to the first two coframe elements in eq. 333. Direct substitution gives(

T
S

)
= 1

2
√

2

(
3 1
1 3

)(
e0
e1

)
. (349)

This is the proper time-oriented boost of rapidity log
√

2. Its two full-spin
lifts retain the distinction fixed by the specified marks.

The oriented time-oriented product region has a spin structure: its tangent
bundle is the sum of a trivial real rank-two bundle and TS2, and w2(TS2) is
the Euler class 2 modulo 2. Fix that spin structure and take local analytic
sections of its full principal spin bundle on a finite good cover. Their transition
functions satisfy the spin cocycle. This constructs compatible lifts first; it
does not choose unrelated signs on different double overlaps. Their local
complexifications extend after finite shrinkage. The unit physical density
for gm fixes the density calibration. The spinor-line construction of the sky
roots, with the base factor retained as in G.5 and H.4, is functorial for these
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full-spin transitions. Its root comparisons therefore extend on the same finite
system after a further finite restriction. □

For orientation with the usual exterior chart, on any retained overlap with
r ≥ 2m+ ε one may use v = t+ r∗(r), r′

∗ = f−1. Direct substitution gives
gm = f dt2 − f−1dr2 − r2γ. Both directions of this coordinate comparison
are analytic on such an exterior overlap. The EF charts, rather than this
exterior change, cover r = 2m and the inside part of K.
K.2.2. The complete records and the initialized metric map. Let p belong to
the parent of K and let s be a chosen full-spin frame above the orthonormal
frame at p. In that frame extract Ψ± from the covariant Weyl tensor by the
fixed manuscript’s readout

CAA′BB′CC′DD′ = −Ψ+
ABCDϵA′B′ϵC′D′ −Ψ−

A′B′C′D′ϵABϵCD. (350)
For every r ≥ 0, define
U+
r (p, s) = SymA1···Ar+4 SymA′

1···A′
r
∇A1A′

1
· · · ∇ArA′

r
Ψ+
Ar+1···Ar+4

∣∣
(p,s). (351)

The negative formula exchanges the two spin factors. Each symmetrization
is an average, exactly as in Theorem 3.1. This is one definition of every
order using the connection of gm; it introduces no separate guessed formula
for higher derivatives. On the physical real slice it gives U−

r = U+
r in the

coupled spin identification.

Lemma K.6 (analytic all-record extraction).
The records in eq. 351 satisfy the factorial evaluation bounds of Theorem

3.1. They do so uniformly on each fixed finite family of buffered complex
point/frame parents with bounded frame and inverse. Their exact Theorem
3.1 encoders define analytic classes Ap,s ∈ A0, holomorphically in those
parameters. An actual isometry with a specified full-spin lift transports every
one of these records by the same point/full-spin rule.

Proof. Solve the analytic geodesic and parallel-spin-frame equations start-
ing at (p, s) with initial direction k = ξ⊗π, where |ξ|, |π| ≤ 1. For a compact
parameter core of this type, holomorphic ODE existence gives a common
complex affine disk |t| < R and a common bound C on the Weyl components
evaluated in the transported frame. Such a disk exists because the initial
data form a compact set inside finitely many analytic parents, the metric
and inverse are bounded there, and the initial values have positive distance
to their boundaries. The rth derivative at t = 0 is ∇rkΨ± in that paral-
lel frame. Its coherent contraction is exactly U+

r (ξr+4, πr) or its negative
counterpart: repeated identical spinors make the averaged symmetrizations
invisible. Cauchy’s formula gives

∥U±
r (p, s)∥ev ≤ C r!R−r. (352)

This also follows by the metric-to-record argument in §4 immediately after
Proposition 4.1, now on the explicit finite EF parents. Theorem 3.1, including
its fixed factorial multipliers and Laurent projection, produces the two classes
on common smaller fiber disks and annuli. Holomorphic dependence follows
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from the same ODE and uniform Cauchy estimates. All orders use the
same contraction convention eq. 350. An isometry intertwines Levi–Civita
connections, curvature and every iterated covariant derivative; its specified
spin lift intertwines the two spinor contractions and averaged projections.
This proves the last assertion for all r, not just a finite prefix. □

Write g[Ap,s] for the generated marked metric and let s : C4 → TpM
denote the soldering identification supplied by the mark. Here and below,
g[A] is identified with the canonical marked germ gA of Proposition 4.1
through the initialized marked isometry of Proposition A.4 and Theorem 6.3;
the canonical bundle and operator constructions are transported through
that isometry. Define the physical normal map and the generated normal
map by

np,s(x) = Expgm
p (sx), nA(x) = Expg[A]

o (x).
They are holomorphic embeddings on sufficiently small common representa-
tives. Theorem 2.4 gives the exact entire records of g[A], with scalar Λ = 0.
Proposition A.4 therefore gives equality of the two pulled-back analytic
normal metrics and the actual initialized isometry

fp,s = np,s ◦ n−1
A : (g[Ap,s], o, full spin) ∼−→ (gm, p, s). (353)

For specificity, A.4 obtains the normal metric from the unique radial Jacobi
equations with curvature Taylor coefficients given by the completed ordered
record. Equality of all the extracted free records gives equality of those
ordered coefficients by A.3, equality of the radial Jacobi Taylor series, and
equality of convergent metric series. Thus eq. 353 is an actual analytic map
on common short representatives with its initialized spin lift and inverse.

K.2.3. The actual enriched comparison. Theorem K.7 (marked metric-
mediated comparison).

For the extracted input A = Ap,s, the source-generated contact, cali-
brated affine and projective operator diagram has an actual comparison with
Can(gm, p, s). It preserves the full compact point family, its modules, the
optical evaluation and Wronskian, the density root and selected scale, the
normal tractor and local-twistor transport, the calibrated infinity pair and
point planes. The comparison and its inverse retain the specified physical
full-spin label. They are holomorphic on conditioned common parents and
satisfy the finite coherence laws on conditioned diagrams of Definition 2.1.

Proof. We describe the comparison induced by the initialized isometry
f = fp,s, and then its operator representative.

Contact geometry. On the nonzero null cotangent cone use the cotangent
lift

(x, ℓ) 7−→
(
f(x), (df−1

x )∗ℓ
)
. (354)

It preserves the tautological one-form, the metric null Hamiltonian, homoge-
neous scaling and its Hamiltonian characteristic curves. On short ray flow
boxes it therefore descends to a holomorphic contact map Cf with inverse
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Cf−1 . It sends the whole compact sky Qx to Qf(x). In contact charts set
Ki = ψtiCf (ψsi )−1 and K∗

i α
t
i = diα

s
i . Then di is a holomorphic unit and

Φt
ij = KiΦs

ijK
−1
j . (355)

The map is induced on every null direction, so its definition includes the
complete compact sky rather than only one affine direction chart.

Optical solution space and affine calibration. The optical bundle EJ
here is the rank-two bundle of scalar solutions of D2y+P (k, k)y = 0, with the
contact-line-valued Wronskian specified in §5 and Appendix D. It is distinct
from the full transverse Jacobi phase space used in the transverse screen
calculation. The metric isometry and its ray-parameter/line identifications
carry this differential equation and its Cauchy evaluation to the same equation.
Denote the resulting solution map by S : EsJ → E tJ . In transported Cauchy
frames this is the identity; in arbitrary retained frames it is the unique map
intertwining value and derivative at a transversal. Uniqueness for the scalar
ODE proves intertwining throughout the short connected ray. Wronskians
agree under the same contact-line map, and S carries the selected density
solution ss to st because f∗gm = g[A] with the retained root calibration.

The affine slice has the intrinsic description
Ass = {λ ∈ (EsJ)∗ : λ(ss) = 1}, λ 7−→ λ ◦ S−1 ∈ Ast . (356)

This map carries the evaluation ϵx/σs(x) to ϵf(x)/σt(f(x)). By Proposition
J.4 it is the same affine comparison as that obtained from the compact
incidence. In §8.1’s affine charts its point map is

K̂i(z, τ) =
(
Ki(z), di(z)−1τ + ui(z)

)
, ui = τ ti ◦ fF − d−1

i τ si . (357)
The latter expression is evaluated at any one retained transversal hit. It is
independent of that hit: the identities fF

∗ (σ2
sDs) = d−1

i σ2
tDt and Daτ

a
i = σ−2

a

give Dsui = 0, with target quantities evaluated at the image. Consequently
Φ̂t
ij = K̂iΦ̂s

ijK̂
−1
j .

The compact lifts, affine origins and projective extensions are carried by
this same map. The selected root is transported as a line/root map with its
central calibration, not recovered merely from the square of a function. If
two such root comparisons cover the same squared comparison and have the
retained central value, their ratio is a holomorphic unit q with q2 = 1 and
q(o) = 1. On a smaller connected parent q + 1 is a unit, hence q = 1. Thus
the calibration removes a possible extra sign.

Normal transport, infinity and point planes. The isometry and its
specified full-spin lift induce the connection isomorphisms on the normal
tractor and local-twistor bundles. In a metric splitting the tractor map
is the identity on the scalar slots and the induced cotangent map on the
middle slot. Substitution in J.1’s formula for D verifies the intertwining,
since f preserves ∇, P and g. It preserves H, X, the selected density and
I = Lσ. In the physical vacuum scale σ = 1, P = 0, so I = (1, 0, 0) and
H(I, I) = 0. No division by this zero norm is used. Proposition I.3’s spin
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exterior-square identification is natural for the full-spin lift, hence carries both
infinity tensors, including their normalization, and all raywise local-twistor
flags. The point-plane kernels in J.4 are carried by the same linear map.
Evaluation and X/σ agree with eq. 356, so there is no separate unmatched
choice of affine lift.

Operators, associators and point modules. Form the comparison

P(SopA) αA−−→ Can(g[A]) Can(f)−−−−→ Can(gm, p, s), (358)
where αA is the actual comparison of Theorem J.6. For the second arrow, H.4
quantizes the symbol map (K−1

i )∗ in the calibrated projective Heisenberg
charts, retaining the chosen root, and G.5 supplies the framed module maps.
More explicitly, on a common finite refinement there are chart algebra maps
ki, normalized units Uij and point-module maps Fi satisfying

kiφ
s
ij = Ad(Uij)φtijkj ,

Uijφ
t
ij(Ujk)Ctijk = ki(Csijk)Uik,

Fiτ
s
ij = Uijτ

t
ijFj .

(359)

Here φ and C are the overlap maps and associators, and τ are the module
overlaps. All base changes and moving arguments are those of H.4 and
Theorem J.6. The second equation retains both associators; replacing it
by a principal-symbol equality would be insufficient. Compact embedded
support classification and the framed module construction identify the module
supported on Qx with the module on Qf(x) over its whole compact support.
G.5 and H.4’s normalized-inner and framed-Hom uniqueness give inverses
and coherent finite composites. The geometric components are those already
described, by Theorem J.6. In particular, a central full-spin label is retained
even if some tensor components factor through its orthogonal image.

All constituent operations are the existing analytic normal maps, ray
hit maps, root maps, finite matrix transports and H.4 finite refinements.
Under the conditioned-parent hypotheses their finitely many restrictions
retain common positive domains. This proves the asserted parameter and
finite-coherence statements. □

K.2.4. Finite representatives across the future horizon. Theorem K.8
(finite horizon system).

The core K in eq. 344 admits a finite system of short analytic normal
representatives, their generated contact/affine/operator objects, and actual
physical comparisons covering its exterior, horizon and interior portions. The
system can be chosen with common positive buffers and unit margins on its
retained compact subcores, including the required inverse maps and every
specified finite double/triple comparison. It carries compatible full-spin lifts,
roots and density calibration, compact point modules and actual operator
associators. Its finite composition diagrams have the coherence of Definition
2.1, Theorem 8.3 and H.4. All assertions are relative to this finite system;
no global ray quotient or global operator ring is constructed.
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Proof. We give the parent-domain construction before the overlap identi-
ties.

Short common parents. Enlarge K slightly inside r > 0 and use the
finite real-analytic angular frame parents of Lemma K.5. On their compact
subcores the metric, inverse, connection, chosen frames and inverse frames are
bounded. The analytic exponential and parallel-spin-transport ODEs depend
holomorphically on their point/frame parameters. At zero displacement the
exponential differential is the initialized isomorphism. The analytic inverse
theorem with compact parameters therefore gives a common strictly positive
short radius after finite restriction. More concretely, the differential remains
uniformly close to the initial identity in the finite coordinate trivializations
on a small complex polydisk; shrinking that disk yields injective normal
maps and bounded inverses on smaller disks with a reserved buffer.

Cover K by finitely many small cores inside these normal parents. Choose
the cores small enough relative to the retained parent radius that if two
cores meet, each center and the relevant double/triple overlap lie within the
larger normal parents needed for the comparison. Restricting an overlap at
any of its points then gives an actual short physical comparison. Its normal
displacement, spin transport and inverse stay inside the retained parents.
This is a finite covering construction, not a lower bound on the injectivity
radius of every possible long null segment.

The bundle of whole complex skies over each compact point core is compact:
its fiber is P1 × P1. Cover it by finitely many bounded direction charts,
normalizing a nonzero direction component in each. The null-geodesic vector
field is nonzero there. At each central incidence point choose a transversal
coordinate with nonzero directional derivative; shrink so this derivative has a
positive lower bound on the chosen compact subcore. The implicit-function
theorem for the short hit time gives a ray flow box and its inverse with
a positive buffer. Compactness provides finitely many such boxes and a
common positive short bound. Their transitions describe the entire compact
sky, including directions missing in one affine spinor chart. This is the
geometric hypothesis used by Proposition 4.2 and Appendix D, now verified
for the EF parents.

Lemma K.16 below is local in the physical displacement. Its application
to the finite core K of Theorem K.8 is as follows. Enlarge K slightly within
r > 0 and keep its finite analytic point/full-spin frame parents. Lemma K.6
gives uniformly bounded record families U(p, s) on their compact subcores.
Apply the preceding construction also with (p, s) as passive parameters.
Compactness and finitely many frame charts give a positive common local
displacement radius for the fixed finite comparison shapes, including the
double/triple and required higher coherence diagrams. This radius controls
small local stars of point charts; it is not a normal-coordinate radius from
one chosen point that contains all of K.

Now choose the finite physical cover of K with cores small relative to these
local radii and with larger buffered normal parents. It may be refined before
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selecting the final finite list of charts. On every nonempty local comparison
star, take one center as a local reference mark and express the other marks
and frames by small displacements and actual initialized spin transports from
that center. At physical amplitude one these are the prescribed Schwarzschild
point/frame records. The compatible family in that star is

U (α)
ε = εUα, V

(α)
β (ε) = Raβα,Aβα

(U (α)
ε ). (360)

All finite-star parents are chosen before their passive marks are specialized.
The local cover may be chosen sufficiently fine that the centers in a common
double/triple comparison lie inside the relevant passive displacement balls.
The same construction with finitely many extra passive vertices handles
any additional specified finite local composite. There is no quantifier over
arbitrary unbounded words.

At ε = 1, a vertex obtained from either incident star has exactly the same
complete marked Schwarzschild records. Its prescribed generated object is
the one for those records. If auxiliary representative choices differ, H.4 and
Theorem J.6 give their actual normalized comparisons. Thus the physical
operator/module lifts furnished by G.5 at amplitude one compare the original
vertex objects. The selected composite and the composite of selected lifts
have the same actual physical symbol and full-spin label. Lemma F.8’s
normalized-inner uniqueness and the whole-family framed-Hom uniqueness
then give the actual comparison units and all finite coherence equations.
This argument does not require the local star families to glue to a single
spacetime metric for ε ̸= 1.

The compact point cores still cover K: for any required point, the suffi-
ciently small chart cores and their larger parents can be chosen around that
point before the finite subcover is taken. Subsequent simultaneous closed-star
refinements retain those whole compact cores and the complete compact sky
fibers. All norms have finite maxima and all actually inverted units and
composite buffers have positive minima over the finite system. This proves
the amplitude and structured-comparison part of Theorem K.8 on its original
finite core. It does not replace the exact physical transition maps by gluing
independently truncated charts.

In particular, the older ray family from r = 5m/2 to r = 3m/2 can remain
in that finite physical cover. It is not thereby contained in one root germ’s
common physical amplitude parent. Nor are independent families εUα at
different marks automatically physical comparisons of one another.

Physical double and triple maps. Write fα : g[Aα]→ Uα ⊂ (M, gm)
for eq. 353. On the retained overlaps the comparison from chart α to chart
β is

tβα = f−1
β fα, tγβtβα = tγα, tαβ = t−1

βα. (361)
Use the full-spin frame transitions of the already fixed spin bundle for their
lifts. Those lifts satisfy the same identities, because they are changes of its
actual local sections. To describe an overlap by Theorem 8.3’s instructions,
take a to be the short normal displacement from the β mark to the α mark
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and take A so that radial spin transport followed by A is the actual α
frame. Then Uα = Ra,AUβ and tβα = Ξa,A on their common representative.
Composite instructions use

(b, B) ◦ (a,A) =
(
hU (a,Ab),KU (a,Ab)AB

)
, (362)

with the source-dependent radial/broken-path spin correction KU of §8.3.
The physical point-map direction is the one specified there. In particular, we
have not replaced this law by addition of displacements or by multiplication
AB alone. The spin holonomy around a curved path is allowed to be
nontrivial. The strict chart-transition identity eq. 361 follows from changes
of sections, not from path independence of the connection.

The cotangent lifts and descended contact maps compose exactly with
eq. 361. For successive source-to-target affine maps (K12, d12, u12) and
(K23, d23, u23), direct substitution in eq. 357 gives

K13 = K23K12,

d13 = (d23 ◦K12)d12,

u13 = (d−1
23 ◦K12)u12 + u23 ◦K12.

(363)

These equations include the moving arguments. The inverse is the inverse
affine map, with translation −(d12u12) ◦K−1

12 . The full-spin maps carry the
root and its calibration, hence the optical section, infinity tensors and affine
slice agree on triples by functoriality, with no sign selected afresh on the
triple. The compact support Qx and its lifted evaluation are carried to the
same compact support and evaluation under both routes.

Finite operator refinement and module coherence. Take the com-
pact union of whole skies over the enlarged point cores and all stipulated finite
comparison images. It is compact. Apply H.4’s finite buffered closed-star
refinement to the contact and root charts and to the comparison maps and
their inverses simultaneously. Intersect the finitely many required preimages
of parent neighborhoods so every stipulated composite remains inside its
assigned parent with a positive buffer. This does not remove points from the
required physical core: at any retained physical point all chart-transition
routes represent that same point in charts whose larger parents contain it.
Their finitely many preimages contain a neighborhood of that point; a finite
refinement of those neighborhoods still covers K and its whole skies. This
is precisely the finite-conditioned-diagram procedure of Definition 2.1. It
does not assert that a quantizer exists on an arbitrary previously chosen full
overlap without refinement.

On this finite system each tβα has actual operator/module comparisons
as in eq. 359. On a triple choose their normalized comparison between the
two routes. At the chart-algebra level denote the equivalences by Lβα and
the actual implementer by Pγβα. On common refined charts they satisfy

LγβLβα = Ad(Pγβα)Lγα, MγβMβα = PγβαMγα (364)
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for the framed point-module maps M . These equations are in addition to the
internal chart-overlap associators Cijk retained in eq. 359. The two routes
through a fourfold composite have the equality

PδγβPδβα = Lδγ(Pγβα)Pδγα. (365)

To see this equality, associate LδγLγβLβα in its two ways. The displayed
sides implement the same inner action over the same physical map and
full-spin label. Both have the normalization of Lemma F.8. Their equality
follows from normalized-inner uniqueness; the framed module equality then
follows from the framed-Hom uniqueness in H.4. The same uniqueness gives
identities, inverse comparisons and every retained finite composition diagram.
Whole compact point modules, the local-twistor flags and calibrated infinity
forms are preserved by Theorem J.6, including their module actions. The
full-spin center remains part of the label in these equalities.

Margins and reality. The geometric maps above are analytic isomor-
phisms on their parents. On smaller compact subcores every coordinate
or frame determinant, contact multiplier, scalar root-transition coefficient
and hit-time derivative that is used as a unit is nonzero. Thus the absolute
values of these units have positive minima, the inverse frame matrices are
bounded, and the core images have positive distance from the finite parent
boundaries. Individual entries of an invertible frame matrix need not be
nonzero. The explicit r denominators stay bounded away from zero by
r− > 0; f = 0 is not a denominator. There are finitely many stipulated maps,
inverses and composites, so the minima of their positive buffers and unit
margins are positive and the maxima of their bounds are finite. The source
common parents follow from Lemma K.6 and Theorem 3.1; the prescribed
generated representatives use §6; the finite operator refinement uses H.4.
These observations verify every type of conditioning item in Definition 2.1
for this constructed finite diagram.

The real analytic metric and chosen real spin structure give the coupled
Lorentz operation. Its induced operator comparison is the structured Real
comparison of G.5 and J.7, with its retained square isomorphism. We do
not replace that square by a claim that every local representative is strictly
involutive. Refining the finite cover with its conjugate carries the same
maps and compact cores and preserves the positive margins. This proves the
theorem. □

K.3. Nonradial screen transport and stationary relations.
K.3.1. Conventions and the two optical systems. Use the auxiliary metric

h = −f(r) dv2 + 2 dv dr + r2(dθ2 + sin2 θ dϕ2), f(r) = 1− 2m
r
,

of signature (−,+,+,+). The metric in the signature of the correspondence
is g = −h. We use

R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ], Ric(Y, Z) = tr(X 7→ R(X,Y )Z).
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Metric negation leaves the connection, the curvature operator, the null
geodesics with their affine parameters, and the covariant Ricci tensor un-
changed. On the screen k⊥/⟨k⟩, its positive definite inner product is h = −g.
If e1, e2 are parallel and h-orthonormal screen vectors, put

Rij = h(ei, R(ej , k)k) = −g(ei, R(ej , k)k).

Then the transverse Jacobi equation is x′′ +Rx = 0. This convention agrees
with the curvature-operator Jacobi equation of the correspondence.

The correspondence’s rank-two scalar optical bundle EJ consists of solu-
tions of y′′ + κy = 0, where κ = 1

2 Ric(k, k) in an affine metric calibration;
see Proposition 5.3 and its proof. It is a two-dimensional scalar solution
space. In this Ricci-flat example its affine equation is y′′ = 0.

The transverse screen has dimension two at a point. Its Jacobi solution
space, or phase space of (x, x′), has dimension four. It retains the trace-free
Weyl tidal term even when κ = 0. These three spaces are distinct. The
calculation below concerns the four-dimensional screen phase space.
K.3.2. An explicit compact family of finite crossing rays. Let u be affine
parameter, and impose

u0 = 0, r(0) = 5
2m, v(0) = 0, θ = π

2 , ϕ(0) = 0,

1 ≤ E ≤ 2, 1
4 ≤ ℓ := L

m
≤ 1

2 .

Choose the future ingoing branch. The conserved quantities and the null
equation give

E = fv̇ − ṙ, L = r2ϕ̇, q(r) =

√
E2 − f(r)L

2

r2 ,

ṙ = −q, v̇ = L2

r2(E + q) , ϕ̇ = L

r2 . (366)

The expression for v̇ is rationalized before crossing the horizon. It is regular
at r = 2m and gives v̇ = L2/(8Em2) there. Moreover E = fv̇ + q holds, so
the stated energy has the same value on both sides. These equations solve
the geodesic equation: conservation of the cyclic momenta gives the v, ϕ
Euler–Lagrange equations, and differentiation of the null first integral gives
the radial equation because ṙ ̸= 0. The equatorial plane is totally geodesic.

Put t = u/m, ρ = r/m, and V = v/m. On 3/2 ≤ ρ ≤ 5/2,

a(ρ) = ρ− 2
ρ3 , a′(ρ) = 6− 2ρ

ρ4 > 0, − 4
27 ≤ a ≤

4
125 .

Consequently
124
125 ≤ q

2 = E2 − ℓ2a(ρ) ≤ 109
27 ,

99
100 < q <

21
10 . (367)
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There is a unique endpoint T at r(T ) = 3m/2. The dimensionless length
τ = T/m satisfies

10
21 < τ <

100
99 . (368)

The horizon is met exactly once, transversely, with ṙ = −E ≤ −1. More
strongly, −ṙ > 99/100 throughout. The ray is nonradial everywhere: L ≥
m/4.

The complete coordinate solution is specified by monotone quadratures:

t =
∫ 5/2

ρ(t)

ds

q(s) ,

ϕ(t) = ℓ

∫ 5/2

ρ(t)

ds

s2q(s) ,

V (t) = ℓ2
∫ 5/2

ρ(t)

ds

s2q(s)(E + q(s)) .

(369)

They define real-analytic functions of the parameters and the affine variable
on a common neighborhood of the compact family: the radicand has the
uniform positive lower bound in eq. 367, and dt/dρ = −1/q is a unit. No
elliptic-integral inversion convention is needed.

The coordinate derivatives obey the explicit bounds
1

410 ≤
dV

dt
= v̇ ≤ 1

16 ,
1
25 ≤

dϕ

dt
= ℓ

ρ2 ≤
2
9 .

Indeed the lower bound for v̇ follows from ℓ2 ≥ 1/16, ρ2 ≤ 25/4, and
E + q ≤ 41/10; its upper bound follows from E + q ≥ 199/100. Hence

0 ≤ V (t) < 25
396 <

1
15 , 0 ≤ ϕ(t) < 200

891 <
1
4 . (370)

In particular the whole family lies in one regular angular and advanced-time
chart inside the parent domain

4
3 < ρ <

8
3 , |V | < 1

4 , |θ − π/2| < 1
8 , −1

8 < ϕ <
3
8 . (371)

The radial buffer is at least 1/6, the angular ϕ buffer is at least 1/8, and the
advanced-time buffer is greater than 1/4− 1/15 = 11/60, in the displayed
dimensionless coordinates. The equator has a 1/8 latitude buffer. The metric
determinant is −r4 sin2 θ, so its nondegeneracy on the closure of a slightly
smaller parent is explicit, including the horizon. These are finite coordinate
buffers, not statements about the global null-ray quotient.
K.3.3. A genuinely parallel Sachs basis. Along each ray define the regular
null frame

l = ∂v + f

2∂r, n = −∂r, eθ = 1
r
∂θ, eϕ = 1

r
∂ϕ.

On the equator, h(l, n) = −1 and eθ, eϕ are unit spacelike. Write

A = v̇ > 0, c = L

r
, b = q+ fA

2 , k = Al+bn+ceϕ, 2Ab = c2.
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Set
z = c

A
= r(E + q)

L
, H(u) = Eu+ r(0)− r(u)

L
,

e1 = eθ, e2 = eϕ + zn+Hk. (372)
These satisfy h(ei, ej) = δij and h(ei, k) = 0. In particular e2 is not obtained
by deleting the angular momentum of the ray. The nonprincipal character of
the ray remains in both k and e2.

Here is a direct parallelism calculation. The EF connection on the equator
gives

∇keθ = 0, ∇keϕ = − c
r
l + fc

2r n, ∇kn = −Af
′

2 n− c

r
eϕ.

Also Ȧ = −f ′A2/2 + c2/r, ċ = qc/r, and thus

ż = −Ez
r

+ cf ′

2 , ∇k(eϕ + zn) = −z
r
k = −E + q

L
k, Ḣ = E + q

L
.

Equation eq. 372 is therefore an exactly parallel orthonormal Sachs basis,
not merely a choice parallel modulo k. It is regular at the horizon. Uniform
coefficient bounds useful for comparison are

0 < z ≤ 41, 0 ≤ H <
1196
99 < 13. (373)

The second bound uses u ≤ 100m/99 and r(0)− r ≤ m. These are coefficient
bounds in the regular frame above, not Lorentzian positive norms of arbitrary
spacetime vectors.
K.3.4. Actual curvature and the two nonzero tidal eigenvalues. For complete-
ness the nonzero connection coefficients, besides symmetry in the lower slots,
are
Γvvv = f ′/2, Γrvv = ff ′/2, Γrvr = −f ′/2, Γvθθ = −r, Γvϕϕ = −r sin2 θ,

Γrθθ = −fr, Γrϕϕ = −fr sin2 θ, Γθrθ = Γϕrϕ = 1/r,

Γθϕϕ = − sin θ cos θ, Γϕθϕ = cot θ.
(374)

Substitution in the stated curvature convention yields

Ricvv = f(f ′′/2 + f ′/r), Ricvr = −(f ′′/2 + f ′/r), Ricrr = 0,
Ricθθ = 1− f − rf ′, Ricϕϕ = sin2 θ(1− f − rf ′).

All other components vanish; f = 1− 2m/r makes this tensor zero.
The out-of-plane tidal entry can be calculated without taking a Ricci trace.

For the two-dimensional base metric −f dv2 + 2 dv dr, the Hessian of r has
entries −ff ′/2, f ′/2, 0 in its vv, vr, rr slots. If kB = A∂v − q∂r, the null
identity fA2 + 2Aq = c2 gives

(∇2
Br)(kB, kB) = −f

′c2

2 .
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The mixed and spherical curvature terms from eq. 374 are respectively
−(∇2

Br)(kB, kB)/r and c2(1− f)/r2. Their sum is

h(eθ, R(eθ, k)k) = c2
(
f ′

2r + 1− f
r2

)
= 3mL2

r5 =: du > 0. (375)

The equatorial reflection fixes k and e2 and reverses e1, so the off-diagonal
tidal entries vanish. The screen trace is Ric(k, k) = 0; the two missing
null-frame contributions vanish by curvature antisymmetry. It follows that

R =
(
du 0
0 −du

)
, x′′

1 = −dux1, x′′
2 = dux2. (376)

Adding Hk in eq. 372 changes neither screen curvature entry. The ordering
is fixed: the out-of-plane direction focuses, while the in-plane direction has
the opposite Weyl tide.

There is a separate sign check using a geometric Jacobi field. Rotation of
the orbital plane gives an out-of-plane amplitude y = r sinϕ; this follows by
differentiating a spatial rotational isometry and pairing with eθ, up to an
immaterial constant sign. The geodesic first integrals give

r̈ = L2

r3 −
3mL2

r4 , ϕ̇ = L

r2 , 2ṙϕ̇+ rϕ̈ = 0.

Therefore y′′ = −(3mL2/r5)y. Using the second rotational field gives r cosϕ
and removes any issue at zeros of sinϕ. This independently checks the sign
and the nonzero coefficient of eq. 375. Ricci-flatness alone would not give
eq. 375.
K.3.5. Full phase transport and an exact representation. Use t = u/m and
the dimensionally consistent phase vector

Z =
(
x

p

)
,

p = m
dx

du
= dx

dt
,

ω(t) = 3ℓ2

ρ(t)5 ,

K(t) = diag(−ω(t),+ω(t)).

Then
dZ

dt
= A(t)Z, A(t) =

(
0 I2

K(t) 0

)
, Φ(s, s) = I4. (377)

All matrix norms below are Euclidean operator norms in this phase basis.
Direct evaluation gives

6
3125 ≤ ω ≤

8
81 , ∥A∥ = 1, |ω′| = 15ℓ2q

ρ6 ≤ 56
81 . (378)
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The exact fundamental matrix is the uniformly convergent Peano–Baker
series

Φ(t, s) = I4 +
∞∑
n=1

∫
s<tn<···<t1<t

A(t1) · · ·A(tn) dtn · · · dt1. (379)

This, together with the explicit quadratures eq. 369, is a specification of
every entry of the full transport. It does not replace the matrix by its trace.
With h = t− s ≤ 100/99 and the series truncated after degree N ,

∥Φ(t, s)∥ ≤ eh < 3, ∥Φ(t, s)− ΦN (t, s)∥ ≤ eh hN+1

(N + 1)! ≤ 3(100/99)N+1

(N + 1)! .

(380)
For example the N = 8 upper bound is less than 1/40320, using (100/99)9 <
(11/10)9 < 3. This is an analytic finite error certificate, not a numerical
integration result. The loose elementary bound e100/99 < 3 follows from
e < 11/4 and e1/99 ≤ 99/98.

More explicitly let c±, s± solve y′′ = ±ωy with initial data (1, 0) and (0, 1)
at t = 0. In the ordered basis (x1, x2, p1, p2) the exact matrix is

Φ(t, 0) =


c− 0 s− 0
0 c+ 0 s+
c′

− 0 s′
− 0

0 c′
+ 0 s′

+

 . (381)

Two entries are available directly from the rotational Jacobi fields. With
ρ0 = 5/2 and q0 = q(ρ0),

s−(t) = ρ0
ℓ
ρ(t) sinϕ(t), c−(t) = ρ(t)

ρ0
cosϕ(t) + q0

ρ0
s−(t). (382)

The lower bound on ℓ makes these formulas regular for the whole family.
The other two solutions are specified by their convergent Volterra equations
or eq. 379; no elementary closed form is asserted.

There is also a finite approximation preserving the exact symplectic struc-
ture. For a partition 0 = t0 < · · · < tn = τ of mesh δ, use the exact matrix
exponential of the frozen generator A(tj) on each subinterval and compose
them in time order. If hj = tj+1 − tj and w = ω(tj), that factor has blocks(

C S
K(tj)S C

)
, C = diag(cos(

√
whj), cosh(

√
whj)),

S = diag
(

sin(
√
whj)√
w

,
sinh(

√
whj)√
w

)
.

By eq. 378 the piecewise coefficient error is at most (56/81)δ. Duhamel’s
formula gives the global bound

∥Φfrozen(τ, 0)− Φ(τ, 0)∥ ≤ 5600
2673δ < 3δ. (383)

For a uniform partition it is in particular less than 3/n. Exact values of the
sampled coefficients in this construction are defined by eq. 369. Computation
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or certified enclosure of those samples would be an additional numerical
step; none has been performed here. Further sample errors are covered by
the coefficient-stability estimate below. An unmodified finite Peano–Baker
polynomial need not itself be symplectic, whereas these exact frozen factors
are symplectic.
K.3.6. Symplecticity, finite composition, and stationary generating families.
Let

J =
(

0 I2
−I2 0

)
, Ω(Z, Ẑ) = ZTJẐ.

Since K = KT, ATJ + JA = 0. Differentiating ΦTJΦ proves

Φ(t, s)TJΦ(t, s) = J, Φ(t, s)−1 = Φ(s, t), Φ(t, s)Φ(s, r) = Φ(t, r).
(384)

The composition identity follows from the initial-value theorem and holds
for every finite partition. The Hamiltonian is

Ht(x, p) = 1
2 |p|

2 + 1
2ω(t)(x2

1 − x2
2).

Its potential is indefinite; no positivity, minimizing principle, or positive-
definite closed-system theorem is used. With the metric g = −h, the Jacobi
Wronskian of Proposition 5.3 is −m−1Ω in this basis. Multiplication by the
constant −m−1 changes neither symplectic maps nor Lagrangian subspaces.

Write a short-segment matrix as Uj =
(
aj bj
cj dj

)
. When bj is invertible,

symplecticity makes b−1
j aj and djb

−1
j symmetric and gives cj − djb−1

j aj =
−b−T

j . Thus

Sj(xj , xj+1) = 1
2x

T
j b

−1
j ajxj − xT

j b
−1
j xj+1 + 1

2x
T
j+1djb

−1
j xj+1 (385)

generates the exact graph by pj = −∂xjSj and pj+1 = ∂xj+1Sj .
For a finite chain retain all intermediate positions and put S =

∑
j Sj .

Stationarity in xj for 0 < j < n is exactly equality of the outgoing and incom-
ing momenta at that vertex. The critical relation with endpoint momenta
defined by the endpoint derivatives is therefore the graph of Un−1 · · ·U0.
This proof does not require a nondegenerate Hessian in the intermediate
positions, nor does it eliminate those positions.

More generally, for any continuous bounded symmetric tidal matrix on
a finite interval, sufficiently short segments have invertible bj . Indeed, if
∥K∥ ≤ M and a = max(1,M), the initial solution with position zero and
momentum p0 satisfies |x(s)| ≤ seas|p0|. The Volterra equation then gives
∥bj − hjI∥ ≤ Meahjh3

j/6. A finite partition with Meahjh2
j/6 < 1 therefore

suffices. This is a direct finite Hamiltonian argument.
Consequently the graph of the full transport is always a Lagrangian sub-

space of (R4,−Ω)× (R4,Ω) and remains of dimension four when its endpoint-
position projection becomes singular. A propagated initial Lagrangian is
likewise still a Lagrangian subspace at a caustic of that projection. The
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retained finite generating family describes that phase relation. A singular pro-
jection need not determine a unique phase point from its projected endpoints,
and no inverse projection or inverse-Hessian estimate follows there.
K.3.7. An evaluated endpoint-block margin for this family. For a segment
of dimensionless length 0 < h ≤ 100/99, the initial-position-zero block b(h)
obeys

∥b(h)− hI2∥ ≤
8
81e

hh
3

6 ≤
4
81

(100
99

)2
h <

1
10h.

Hence
σmin(b(h)) ≥ 9

10h, ∥b(h)∥ ≤ heh. (386)

At the full endpoint, eq. 368 gives

σmin(b(τ)) > 3
7 , ∥b(τ)−1∥ < 7

3 , ∥b(τ)∥ < 100
33 , det b(τ) > 9

49 .
(387)

Here b = diag(s−, s+). Its entries are positive: eq. 386 prevents a zero,
and their initial derivatives are positive. The Volterra equations then give
s− < h < s+ at every positive segment length, since ω > 0. Thus the optical
effect is not the scalar free propagation of EJ .

There is no point-source conjugate point within this particular short family.
The finite stationary-composition argument proves what remains meaningful
if a projection of a general initial Lagrangian becomes singular; it does not
assert that the point-source family constructed here passes through a caustic.
Nor is eq. 387 uniform as a segment length tends to zero. For initial physical
transverse rate ẋ(0), the physical endpoint map is mb and its inverse norm
is at most 7/(3m).

A concrete singular Lagrangian projection can nevertheless be exhibited

on these same intervals. Choose tc = τ/2, write Φ(tc, 0) =
(
ac bc
cc dc

)
, and

impose the initial screen condition

Λ0 = {(x, P0x) : x ∈ R2}, P0 = −b−1
c ac = PT

0 .

Equation eq. 386 gives σmin(bc) > 3/14, so ∥P0∥ < 14. At tc the position is
identically (ac + bcP0)x = 0, while invertibility and symplecticity of Φ imply
that the propagated two-plane is exactly the vertical Lagrangian {(0, p)}.
The projection is therefore singular there, although the full transport remains
invertible. A retained generating family for this propagated condition is
obtained by adding 1

2x
T
0P0x0 to

∑
j Sj and imposing stationarity also in x0.

It remains an exact phase relation at tc; solving it as a single graph over the
final position is unavailable there. This example is a caustic of the specified
linear Lagrangian screen condition. No additional point-source conjugate
point or nonlinear congruence construction is claimed.
K.3.8. Finite coefficient and observation error. This section is the ODE part
of the metric-to-optics error bridge. It assumes that the comparison has
already placed the exact and approximate systems on the same affine interval
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and in identified phase bases. The derivation of that identification and its
coefficient bound from finite metric records is a separate input.

Suppose

sup
0≤t≤τ

∥Ã(t)− A(t)∥ ≤ ε, 0 ≤ ε ≤ 1
10 .

The approximate coefficient need not be Hamiltonian for this stability asser-
tion. Both initial fundamental matrices are the identity. Duhamel’s formula
gives

∥Φ̃(τ, 0)− Φ(τ, 0)∥ ≤ ετe(1+ε)τ ≤ 4ε, ∥Φ̃∥ < 4. (388)

For an elementary evaluated bound, (1 + ε)τ ≤ 10/9 and e10/9 <
(11/4)(9/8) = 99/32 < 4; the first bound is actually at most (25/8)ε. An
initial phase error η0 therefore contributes at most 4η0, and the coefficient
error contributes at most 4ε∥Z0∥ to endpoint phase error.

If an exact-system Peano–Baker truncation error rN is also retained, a
common total transfer tolerance is δ = 4ε+rN . If truncating the approximate
system instead, its own series bound with ∥Ã∥ ≤ 1 + ε must be used for rN .
The exact transfer blocks and any surrogate then satisfy ∥b̃− b∥ ≤ δ.

One finite optical observation is the oriented transverse area factor

O = m2 det b(τ),

with initial angular/rate normalization fixed as above. For δ ≤ 1 the 2× 2
determinant identity and eq. 387 give

|Õ − O| ≤ m2(2∥b∥δ + δ2) ≤ 9m2δ. (389)

This is a forward observation estimate; it requires no inverse projection. If
in addition δ ≤ 3/14, the evaluated endpoint margin survives:

σmin(b̃) ≥ 3
14 , ∥b̃−1∥ ≤ 14

3 , ∥b̃−1 − b−1∥ ≤ 98
9 δ. (390)

The last estimate is the matrix inverse identity. For the inverse of the physical
map mb, multiply its right side by m−1. At a caustic the hypothesis σmin(b) >
0 is false, so eq. 390 is unavailable; eq. 388, finite symplectic composition,
and the full phase relation still make sense wherever the coefficients remain
bounded on a finite interval.

K.4. Metric truncation and finite optical errors. Fix one of the finite co-
ordinate representatives constructed in the finite horizon construction and
an inner real tube containing the chosen ray segments. Coordinate and
tensor bounds below use fixed auxiliary Euclidean operator norms, including
multilinear derivative norms; they are not norms of an indefinite metric.
Write g for the Schwarzschild metric with the signature of §2 and use the
same coordinates for every approximation. All constants refer to this one
fixed positive mass and this finite tube.
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Lemma K.9.
Suppose the prescribed stored representative of Proposition 6.2 is defined

on complex spatial parents with positive buffer, holomorphically for |ε| < Tb,
with Tb > 1, and that the finite metric reconstruction and its inverse units
stay in the fixed margins of that proposition. Choose 1 < T < Tb and an
inner spatial polydisc whose coordinatewise gap from the retained parent is
ρ > 0. There is a finite Hg such that, for the degree-N amplitude Taylor
polynomial gN of the reconstructed physical metric in the fixed coordinates,

∥g − gN∥ ≤ δN := HgT
−N−1

1− T−1 ,

∥Dj(g − gN )∥ ≤ ej := 4jj!ρ−jδN (0 ≤ j ≤ 3).
(391)

The metric coefficients are real on the real tube when the source and retained
frames obey the Lorentz reality of §8.4. The same conclusion and bound
hold on a fixed finite cover after taking the largest Hg and smallest gap.

Proof. Fix the presentation choices and a bounded holomorphic original
family of the construction of §§5–6. Write Y (ε) for its prescribed augmented
stored tuple, and let qN denote reduction modulo εN+1. Theorem 6.3
identifies the actual finite output with XN = qNY . In this proof all finite
readout operations are performed over AN = C[ε]/(εN+1). Evaluation at
one is applied only to the resulting coefficient polynomial.

Choose T < Tc < Tb and keep the compact amplitude disk |ε| ≤ Tc. Retain
a smaller point-coordinate parent with a positive complex Cauchy gap inside
the stored graph parent. At each of the fixed nine buffered directions put
ℓν = ∂xf(qν). Proposition 5.2 reconstructs the symmetric inverse conformal
form by the ten-by-ten system

A(x, ε)G(x, ε) = b, Gab(ℓν)a(ℓν)b = 0 (1 ≤ ν ≤ 9), ηabG
ab = 4.

(392)
The system uses the ten independent entries of G. The fixed central sky
jets and four-evaluation normalization give the same invertible A(0, ε) = A0
for every amplitude. Put a0 = ∥A−1

0 ∥. Spatial Cauchy estimates on the
first smaller parent control the evaluated derivatives. A further uniform
restriction, keeping the entire compact amplitude disk, gives

∥A−A0∥ ≤
1

2a0
, ∥A−1∥ ≤ 2a0. (393)

Indeed A = A0(I +A−1
0 (A−A0)) and the Neumann series has ratio at most

1/2. At the mark G = η−1. A further common restriction bounds G−1. The
retained selected density has σ(0, ε) = 1, so we can also require |σ| ≥ 1/2.
Consequently

g̃ε = σ−2
ε G−1

ε (394)
is jointly holomorphic, uniformly bounded and uniformly invertible on a
common point-coordinate parent. These restrictions exist by compactness of
the amplitude disk and the fixed central units, rather than by smallness of
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the Schwarzschild records. For a fixed finite passive family take the largest
inverse and derivative bounds and the smallest positive radii.

We spell out the uniform normal development used in this readout. Choose
a further positive complex spatial gap, and a convex complex ball BR on
which

∥Γε∥ ≤ KΓ, ∥DΓε∥ ≤ LΓ (|ε| ≤ Tc).
These are finite bounds from the metric, its inverse and interior Cauchy
estimates. For initial velocity y, use the complex time disk |s| ≤ 1 and write

qv(s) =
∫ s

0
v(u) du, (Tεv)(s) = y −

∫ s

0
Γε(qv(u))(v(u), v(u)) du. (395)

The integrals are holomorphic primitives. Choose a > 0 with

a ≤ R/4, 4KΓa ≤ 1/4, 4LΓa
2 ≤ 1/4, (396)

omitting a constraint whose coefficient is zero. If ∥y∥ ≤ a and ∥v− y∥∞ ≤ a,
then ∥v∥∞ ≤ 2a and ∥qv∥∞ ≤ 2a < R. The Picard map stays in this ball,
since ∥Tεv − y∥∞ ≤ 4KΓa

2 ≤ a/4. For two velocities in it,

∥Tεv − Tεw∥∞ ≤ (4LΓa
2 + 4KΓa)∥v − w∥∞ ≤ 1

2∥v − w∥∞. (397)

Thus the solution is unique and jointly holomorphic in y, ε, by uniformly
convergent Picard iteration. Let Eε(y) = q(1). Its integral equation gives

∥Eε(y)− y∥ ≤ 2KΓa
2 (∥y∥ ≤ a),

∥DEε − I∥ ≤ 4KΓa ≤ 1/4 (∥y∥ ≤ a/2).
(398)

The derivative estimate follows by vector-valued directional Cauchy estimates,
with radius a/2 in each unit complex direction. Hence ∥DEε∥ ≤ 5/4. Writing
Eε = I+eε, the contraction y 7→ x−eε(y) preserves ∥y∥ ≤ a/2 for ∥x∥ ≤ a/4,
because eε(0) = 0 and ∥Deε∥ ≤ 1/4. Its fixed point is the actual initialized
endpoint inverse, jointly holomorphic on that common target ball, with
derivative norm at most 4/3.

The normal-coordinate physical metric is therefore

gnor
ε (y) = DEε(y)Tg̃ε(Eε(y))DEε(y). (399)

On a common smaller normal parent P1, a bound Bg̃ for the physical point-
coordinate readout gives the possible bound Bg = (25/16)Bg̃ for this normal
metric. This Bg is a metric-readout bound. It is not the original stored-tuple
bound MC ; its dependencies include the first spatial gaps, evaluation and
density inverse margins, and the initialized endpoint bounds. The normal
initial equations give gnor

ε (0) = η and ∂gnor
ε (0) = 0 at every amplitude. The

fixed mark and tangent/full-spin identification identify it with the marked
normal geometry in Proposition 6.1.

We next verify compatibility with the finite computation. Let
A(0)(x) be the amplitude-zero matrix on the common parent. With
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∆N = (A(0))−1(qNA − A(0)), the matrix ∆N belongs to the nilpotent
amplitude ideal. The inverse of qNA is the finite expression

(qNA)−1 =
N∑
j=0

(−∆N )j(A(0))−1 = qN (A−1). (400)

The same argument applies to the density and every other retained unit.
Spatial derivatives, finite products and sums commute with qN . Composition
commutes as well: expand around the amplitude-zero argument, and a
coefficient through degree N uses only finitely many derivatives and nilpotent
Taylor terms through degree N .

For the initialized ODE, its amplitude-zero solution is the solution of
the residue equation. At each degree n ≥ 1, the combined state coefficient
satisfies

z′
n = DzV0(z0)zn + Fn(s, z0, . . . , zn−1), (401)

with the prescribed initial coefficient. This is a uniquely initialized finite
linear inhomogeneous ODE once the lower coefficients are fixed. Induction
identifies the finite-algebra ODE with the reduction of the jointly holomorphic
solution. Differentiation gives the same conclusion for DEε; the initialized
endpoint inverse is likewise compatible, either by coefficient recursion or
its unique inverse identity. It follows that the complete specified readout,
including the pullback in the preceding display, satisfies

RN (XN ) = qNg
nor
ε . (402)

This is an equality of analytic coefficient germs over the finite algebra for
every N . If an original finite-stage coefficient was constructed on a smaller
parent, its germ has the common representative given by the corresponding
coefficient of this single holomorphic metric. No estimate for norms of
growing quotient algebras is used. The common parents and the bounds
were chosen from the holomorphic family before N was fixed.

Now use the exact initialized coordinate isometry at amplitude one to
express the metric in the fixed physical chart of the lemma. Write κ for its
inverse, mapping that chart to the normal parent, and define gfix

ε = κ∗gnor
ε .

The same κ is used for every amplitude and everyN ; it is not an independently
recomputed approximate coordinate map. On a smaller fixed complex parent
whose closure maps into P1, this family has a finite holomorphic bound Hg,
for example sup ∥Dκ∥2Bg. The fixed-coordinate pullback commutes with
reduction. Only after these operations set

gN = evpoly
1 (qNgfix

ε ), g = gfix
1 . (403)

Here evpoly
1 means evaluation of the unique coefficient polynomial of degree

at most N , not a homomorphism AN → C. In particular this is not the
nonlinear readout R(XN (1)).

Cauchy’s formula on |ε| = T gives the coefficient bound HgT
−n. Summing

the tail at one gives exactly δN in the statement of Lemma K.9. Keep the
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second, independent spatial gap ρ between this fixed parent and the inner
polydisc. For each multi-index α with |α| = j ≤ 3, spatial Cauchy gives

∥∂α(g − gN )∥ ≤ α!ρ−jδN . (404)

Expanding a j-linear derivative into the four coordinate directions bounds its
Euclidean operator norm by the safe factor 4jj!ρ−jδN stated in the lemma.
The first loss supplies bounded differentiated readout, inverses and initialized
developments; the second loss differentiates the already bounded amplitude
tail. Neither depends on N .

For real amplitude the coupled Lorentz operation of §8.4 gives a real physi-
cal metric, and initialized normal development in the fixed real tangent frame
is real. Holomorphy and uniqueness give gfix

ε̄ (x̄) = gfix
ε (x). All coefficient

metrics and their polynomial sum are therefore real symmetric. On a fixed
finite cover the same proof applies chartwise, taking the largest bound and
smallest positive gap. This proves the lemma. □

Common EF tube and initialization. The C3 estimate must hold on
the whole inflated position tube used in the ray/frame first-exit argument.
Choose its closure inside the inner fixed-coordinate polydisc on which the
stated derivative estimate holds, with a positive additional position buffer;
containment only in an earlier readout parent is insufficient. If a normal-
coordinate C3 estimate is transported instead of applying spatial Cauchy
directly in the fixed chart as above, the coordinate-change constant depends
on derivatives of κ through order four, because three derivatives can hit
either Jacobian factor. Fixed powers of the mass from the dimensionless
phase/time dictionary are included explicitly in that constant. A numerical
approximation of κ would require a separate certified C4 error.

For the earlier r : 5m/2 → 3m/2, E ∈ [1, 2], L/m ∈ [1/4, 1/2] family,
apply Proposition 10.3 under its stated single-readout position-tube inclusion
hypothesis. Its initial clock, screen order and exact optical constants are
unchanged. The finite-cover conclusion of Lemma K.9 is chartwise; inde-
pendently evaluated vertex polynomials are not asserted to glue as exact
metrics, and using several readouts would also require compatible physical
comparisons and finite state matching. Section K.8 constructs those finite
state and Cauchy matchings on the whole original crossing family. For each
approximation use the same specified reference initial data and affine-clock
normalization rule. At a noncentral entrance apply Lemma K.11: the actual
null tangent is kN = k + an and the normalized initial frame differs from
the reference frame by at most Cinite0, as retained in Theorem K.12. At
the common marked point, coefficientwise calibration gives gN (o) = g(o),
so the tangent and screen can actually be chosen identical. The initialized
screen component phase is the same; no unmarked affine rescaling or screen
rotation is introduced. The approximate metric need not conserve the exact
Schwarzschild energy and angular momentum. Bounds such as Bg, Hg and
the resulting coordinate/stability constants are finite theoretical bounds
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until their inputs and parent radii are numerically evaluated; no numerical
sufficient N is asserted here.

Lemma K.10.
On the real tube suppose g is symmetric with signature (+,−,−,−) and

∥g−1∥ ≤ G, ∥Djg∥ ≤ Kj for 0 ≤ j ≤ 3. If gN is real symmetric, e0 ≤ (2G)−1

and e0, e1, e2 ≤ 1, then gN has the same signature and

∥g−1
N ∥ ≤ 2G, ∥g−1

N − g
−1∥ ≤ 2G2e0. (405)

Put Γ for the Christoffel bilinear map, R(a, b)c for the curvature operator in
the convention of §2, and

γ0 = 3G(K1 + 1),
γ1 = 6G2(K1 + 1)2 + 3G(K2 + 1),
d0 = 6G2(K1 + 1)e0 + 3Ge1,

d1 = {24G3(K1 + 1)2 + 6G2(K2 + 1)}e0 + 12G2(K1 + 1)e1 + 3Ge2,

dR = 2d1 + 4γ0d0.

(406)

Then ∥Γ∥, ∥ΓN∥ ≤ γ0, ∥DΓ∥, ∥DΓN∥ ≤ γ1, ∥ΓN−Γ∥ ≤ d0, ∥DΓN−DΓ∥ ≤ d1
and ∥RN −R∥ ≤ dR. All these are coordinate tensor bounds on the common
tube.

Proof. For gs = g + s(gN − g), ∥g−1(gs − g)∥ ≤ 1/2. The Neumann series
gives inverse bound 2G and the inverse difference identity gives the stated
estimate. The path gs consists of real invertible symmetric matrices, so
inertia is constant. No indefinite positive norm is used.

Write Γ = 1
2g

−1A(Dg), where

A(Dg)(u, v, w) = Dg[u](v, w) +Dg[v](u,w)−Dg[w](u, v).

Its norm is at most 3∥Dg∥. Differentiate g−1 by Dg−1 = −g−1(Dg)g−1.
The displayed bounds for γ0, γ1 follow uniformly along gs. The derivative
in s of Γs is bounded by 6G2(K1 + 1)e0 + 3Ge1. For DΓs its two inverse
factors and two first derivatives contribute respectively 24G3(K1 + 1)2e0 and
12G2(K1 +1)e1; its second-derivative term contributes 6G2(K2 +1)e0 +3Ge2.
Integrating in s proves d0, d1.

Finally R(a, b)c = DΓ[a](b, c)−DΓ[b](a, c) + Γ(a,Γ(b, c))− Γ(b,Γ(a, c)).
Subtract the two formulas and use the uniform γ0 bound, obtaining 2d1 +
4γ0d0. □

Lemma K.11.
A real initial null frame (k, n, e1, e2) with g(k, n) = 1, g(eA, eB) = −δAB,

and every other pairing zero has a real, locally analytic normalization for
every sufficiently small symmetric perturbation of g. On a compact family
with these initial vectors bounded, its difference from the original frame is
at most Cinite0 for a finite constant depending only on the displayed frame
bounds and the prescribed nonzero denominator margins.
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Proof. First choose the small root a of gN (k + an, k + an) = 0, with
a = 0 at gN = g. The derivative in a there is 2g(k, n) = 2, so the analytic
implicit theorem gives the root, uniformly on the compact family. It can also
be found by the quadratic formula using the branch tending to zero. Put
kN = k + an,

b = gN (kN , n),

nN = b−1
(
n− gN (n, n)

2b kN

)
,

pA = eA − gN (eA, nN )kN − gN (eA, kN )nN .

(407)

These satisfy gN (kN , nN ) = 1 and both null conditions, and pA is orthogonal
to kN , nN . The matrix HAB = −gN (pA, pB) tends to the identity. Require
|b| ≥ 1/2 and ∥H − I∥ ≤ 1/2; its positive inverse square root is analytic.
Then (e1,N , e2,N ) = (p1, p2)H−1/2 is the desired screen frame. All operations
are analytic on these fixed margins. The supremum of their first derivatives
on a smaller compact matrix neighborhood is a finite Cinit. The mean-value
formula gives the estimate. This constant is specified by a finite supremum,
not numerically evaluated here. □

Theorem K.12.
Fix a compact family of the finite Schwarzschild null segments in the

explicit screen calculation, a coordinate/state tube with positive buffer ηZ ,
and individual affine-time intervals [0, Sλ] with a common bound Sλ ≤ S.
Each ray is retained only on its own interval, with a fixed small extension
when a terminal hitting time is compared. Let Z = (x, k, n, e1, e2) consist of
the position, tangent, null companion and parallel screen frame. On a larger
compact tube assume their vector norms are at most V ≥ 1, and put

LZ = 1 + γ1V
2 + 2γ0V, ϵZ = eLZS{Cinite0 + SV 2d0}. (408)

Require ϵZ < ηZ , as well as the metric and frame margins of Lemmas K.10–
K.11. Then, for each parameter λ, the normalized gN -null geodesic and its
parallel frame exist on that same individual finite time interval, remain on
the common parent and differ from Z by at most ϵZ .

Let R0 = sup ∥R∥, R1 = sup ∥DR∥ on that tube. These are finite, with
R1 controlled by the third metric derivative and inverse bounds. Define

ϵT = 2V 4{R0e0 + (K0 + 1)dR}+ 2{V 4(K1R0 +K0R1) + 4K0R0V
3}ϵZ .

(409)
The 2×2 screen tidal matrices differ by at most ϵT . If their first-order Jacobi
generators have norm at most B on the common interval, their full transfer
matrices obey

∥UN (t, s)− U(t, s)∥ ≤ (t− s)eB(t−s)ϵT , s ≤ t ≤ Sλ ≤ S. (410)

One may choose B = 1 + sup ∥T ∥ + ϵT in the induced Euclidean phase
norm. The estimate also holds for a fixed finite subdivision, with the same
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total-time factor and the largest tidal error in the finitely many fixed screen
charts.

Proof. In the fixed coordinates the joint equations are ẋ = k, k̇ = −Γ(k, k),
and ż = −Γ(k, z) for z = n, e1, e2. Use the maximum of the Euclidean norms
of these five blocks as state norm. Their coordinate derivative has row sums
at most LZ on the stated larger tube. At the same state the two right-hand
sides differ by at most V 2d0. The initial difference has the bound of Lemma
K.11. The integral inequality and Gronwall give the displayed ϵZ until the
first exit. Its strict buffer bound excludes that exit, proving existence on the
full fixed interval. Nullity, frame pairings and signature follow from metric
compatibility and the exact normalized initial values.

The tidal entries are TAB = −g(R(eA, k)k, eB) in the signature of §2.
At a fixed state the metric and curvature perturbations contribute at most
V 4{R0e0+(K0+1)dR}. Moving the position contributes V 4(K1R0+K0R1)ϵZ ,
and moving the four vector arguments contributes 4K0R0V

3ϵZ . The factor
two changes an entrywise bound into a safe 2 × 2 operator bound. This
proves the tidal estimate.

The first-order phase generator is A =
(

0 I
−T 0

)
. The variation-of-constants

identity gives UN (t, s)−U(t, s) =
∫ t
s UN (t, u)(AN (u)−A(u))U(u, s) du. Both

fundamental matrices have bound eB|t−s|; their product inside the integral
has bound eB(t−s). This proves the estimate. On a subdivision, exact
matching of the full intermediate phase state gives matrix multiplication;
the same Duhamel identity applies piecewise. Orthogonal changes of screen
basis preserve the norms. □

For the explicit screen calculation, the initial companion can be chosen as
n0 = (−∂r)/v̇(0). At u = 0 its H coefficient is zero, so g(k, n0) = 1 and it
is orthogonal to both initial screen vectors. The lower bound v̇(0) ≥ 1/410
gives the required compact companion bound.

The comparison is at fixed affine parameter in a common coordinate
domain. If terminal data are instead read on the fixed surface r = r−, a
separate hitting-time margin is needed. The exact family in the explicit
screen calculation has −ṙ ≥ a > 0. If ϵZ < a/2, the approximate family is
also transverse, and the difference of hitting times is at most 2ϵZ/a, provided
both are extended by this amount within the retained buffers. Here S is
chosen to include those individual small extensions, and B, ϵZ and all tube
bounds are taken on the same extended intervals; no member is required to
remain in the radial tube up to the maximum endpoint time of a different
member. The transfer at the moved endpoint acquires at most 2BeBSϵZ/a.
No trapped or infinitely long ray estimate is involved.

To use the dimensionless screen equations, distinguish physical affine time u
from t = u/m. The phase bases are Zu = (x, dx/du) and Zt = (x,mdx/du),
with

Cm = diag(I2,mI2), Zt = CmZu,

Ut = CmUuC
−1
m , Tt = m2Tu.

(411)
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Thus the coefficient error for the evaluated dimensionless system is at most
m2ϵT ,u. A physical hitting-time error ∆u becomes ∆t = ∆u/m. If one
uses the already proved physical transfer estimate instead, its norm must
be multiplied by ∥Cm∥ ∥C−1

m ∥ = max(m,m−1). The physical point-source
endpoint block is mBt, and the expansion traces satisfy θt = mθu. The
mass is fixed, so these are finite constants, not uniform zero-mass limits. To
apply the evaluated 4ε and endpoint-inverse margins of the explicit screen
calculation, impose the dimensionless condition m2ϵT ,u ≤ 1/10 (including
any separate coefficient approximation error).

Corollary K.13.
Write U =

(
A B0
C D

)
and let ϵU denote the right-hand side of the transfer

estimate, including a chosen hitting-time term when applicable. For an initial
phase of norm at most J , the outgoing phase error is at most JϵU . The
signed point-source beam determinant obeys

| detB0,N − detB0| ≤ 2∥B0∥ϵU + ϵ2U . (412)

If additionally the least singular value of B0 is at least b > 0 and ϵU ≤ b/2,
then ∥B−1

0,N∥ ≤ 2/b and

| tr(DNB
−1
0,N )− tr(DB−1

0 )| ≤ 4ϵU{b−1 + ∥D∥b−2}. (413)

Proof. Block projections have operator norm one. Expand the two-
dimensional determinant by its columns; the two linear terms have magnitude
at most ∥B0∥ϵU and the quadratic term at most ϵ2U . The inverse estimates
follow from the Neumann series and B−1

0,N −B
−1
0 = −B−1

0,N (B0,N −B0)B−1
0 .

Subtract the two products and use | trQ| ≤ 2∥Q∥. □
The phase and determinant estimates continue through a caustic. The

expansion estimate is restricted to its positive singular-value margin. The
full transfer relation, rather than an inverse endpoint block, is the observable
retained in the stationary representation of the explicit screen calculation.
Constants Hg, T, ρ,G,Kj , V,R0, R1, ηZ , Cinit come from specified analytic
parents and compact-frame margins; they are finite theoretical constants.
The dimensionless Schwarzschild tidal and crossing bounds of the explicit
screen calculation are separately evaluated constants. No floating-point
experiment is used as a proof of these estimates.

K.5. A calibrated Schwarzschild source primitive. Fix the physical mass
m > 0 of Section 10 and put µsrc = m/2. We compute a specified local
primitive of AASS v2: its explicit principal spinors, the first line of its
restricted Dolbeault operator (3.12), and the contour on the left of (2.32)
(Adamo et al. 2026a, equations (2.5), (2.10), (2.15), (2.26), (2.32) and (3.12)).
The defining differential operator and integral will be evaluated directly.

This construction is on one local source chart. Put us = x+ iy, choose
a signed square root ϱ2 = x2 + y2 + z2, and require usϱ ̸= 0. Choose the
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square root q on a simply connected parent and set

q2 = − ius2 ,

z− = z + ϱ

us
,

z+ = z − ϱ
us

,

Xaa′ = 1√
2

(
τ − iz ix− y
ix+ y τ + iz

)
.

(414)

For this source calculation use the raising and lowering order of (Adamo
2018, arXiv v2, §1.2, equations (1.5)–(1.10)). The upper and lower epsilon
symbols have the same numerical array E, whereas their left-acting matrices
differ:

E =
(

0 1
−1 0

)
,

L = ET = −E,
va = Eabvb,

va = vbEba = Labv
b.

(415)

Apply the same rule in the primed factor. In particular ⟨ab⟩ = acbc, dXb
a′ =

La′c′dXbc′ , and φa′b
′ = Eb

′c′
φa′c′ . These are local source conventions, distinct

from the fixed component convention of §2. The flat tensor is nevertheless

δ = LabLa′b′dXaa′
dXbb′ = dτ2 + dx2 + dy2 + dz2, (416)

since changing both alternating factors from E to L = −E has no effect on
their product.

The required arrays, with lower dyad oa = (1, 0), are

αa
′ = q(z−,−1), βa

′ = q(z+,−1),
αa′ = q(1, z−), βa′ = q(1, z+),
Aa = q(−z−, 1), Ba = q(−z+, 1),

φa′b′ = −4µsrc
ϱq2 αa′αb′ .

(417)

They give s = ⟨AB⟩ = −iϱ, [βα] = iϱ and c = ⟨oA⟩2 = q2. In particular
A,B are independent. Define an endomorphism of the complexified tangent
bundle by

Pbb′
aa′ = AbBa

s
δb

′
a′ + c

s2φa′b
′
BaB

b, J = i(1− 2P). (418)

The image of P is designated the −i eigenspace. Define Q(λ) = ⟨Aλ⟩⟨Bλ⟩,
Dλ = λadλa, and, with the base point fixed, take a positively oriented fiber
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contour around [A] excluding [B]:

ωint = 1
2π

∮
[A]

λaλb
Q(λ)2Dλ ∧ dX

aa′ ∧ dXb
a′ , Gint(U, V ) = ωint(U, JV ).

(419)
We compare the two sides of (Adamo et al. 2026a, equation (2.32)) with the
displayed source index rule, a contour making one positive turn around [A],
and the ordinary exterior-product convention

(α ∧ β)(U, V ) = α(U)β(V )− α(V )β(U). (420)

For a two-form we use ω = 1
2ωIJ dX

I ∧ dXJ , so ω(U, V ) = ωIJU
IV J , where

I = (a, a′). With these conventions the left side of the cited (2.32), including
its printed 1/(2π) and Dλ = ⟨λ, dλ⟩, is exactly ωint in eq. 419. Its printed
right side is exactly ω0 in eq. 421. Proposition K.14 evaluates their relation
directly.

Proposition K.14 (Primitive tensor calculation).
On this source chart, P is a rank-two projector and its two eigendis-

tributions are involutive. The form and symmetric metric defined above
are

ωint = 2ω0, ω0 = i

s3AaBb dX
aa′ ∧ dXb

a′ , (421)

Gint = 2G0, G0 = − 1
ϱ2

[
δ + 4µsrc

ϱ
(dτ + i dϱ)2

]
. (422)

The form is closed and nondegenerate, and ω0(JU, JV ) = ω0(U, V ). These
identities hold on the whole chart with either signed radial branch.

Proof. Write P = P0 + N for the two terms in eq. 418. The contractions
BaA

a = s, AaBa = −s and BaB
a = 0 give

P2
0 = P0, P0N = 0, NP0 = N, N2 = 0. (423)

Thus P2 = P and tr P = 2. Its kernel is spanned by Ba∂aa′ and its image by

Aa∂aa′ + c

s
φa′b

′
Ba∂ab′ . (424)

Write Va′ for the displayed image generator. The first line of (Adamo et al.
2026a, equation (3.12)) gives P(Aa∂aa′) = Va′ . Symmetry of φa′b′ and the
source index rule give φb′

a′ = φa′b
′ . The annihilator of this image is spanned

by
ϑb

′ = Aa dX
ab′ + c

s
φb

′
c′Ba dX

ac′
,

ϑb
′(Va′) = −cφa′b

′ + cφb
′
a′ = 0,

ϑb
′(Ba∂aa′) = −sδb′

a′ .

(425)

The last identity proves independence. The vectors and forms printed in
(Adamo et al. 2026a, equations (3.14)–(3.15)) instead have minus signs in
both correction terms; the displayed forms annihilate the displayed vectors.
Here the plus signs are fixed by the adopted first line of (3.12). Also J2 = −1.
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Use the local homogeneous lift λ = A+ wB of the fiber contour. Directly,

Q = −s2w, Dλ = s dw, Res
w=0

λaλbDλ

Q2 = AaBb +BaAb
s3 . (426)

The tensor dXaa′ ∧ dXb
a′ is symmetric in a, b, because exchanging its two

exterior factors and its dotted alternating factor gives two minus signs.
Multiplication by (2π)−12πi therefore gives exactly 2ω0. This calculation
uses the printed prefactor and the stated contour orientation. Thus the
left side of (Adamo et al. 2026a, equation (2.32)) evaluates to twice its
printed right side under the conventions just specified. Replacing the contour
prefactor by 1/(4π) would instead give ω0. The two-form components below
are bilinear components in this convention, so they contain AaBb + BaAb,
rather than A(aBb); the factor 1/2 belongs to the component expansion of
the two-form.

The two-form components and the undeformed endomorphism are

(ω0)aa′,bb′ = i

s3 (AaBb +BaAb)La′b′ ,

J0
bb′
aa′ = − i

s
(BaAb +AaB

b)δb′
a′ ,

J = J0 − 2iN.

(427)

Using AaBb −BaAb = sLab, contract the second slot of this two-form with
J . The undeformed contraction is LabLa′b′/s2. The deformation contraction
uses AcBc = −s and La′c′φb′c

′ = φa′b′ . Consequently

G0 = δ

s2 −
2c
s4BaBbφa′b′dXaa′

dXbb′
. (428)

All its terms are symmetric. The coefficient two here is the evaluation
coefficient of a two-form; it is additional to the contour factor two already
computed.

For the remaining tensor reduction put as = Baαa′dXaa′ . The arrays give

as = q2
√

2
[
(z− − z+)dτ + i(1− z−z+)dx

+ (1 + z−z+)dy + i(z− + z+)dz
]

= 1√
2

(x dx+ y dy + z dz − iϱ dτ)

= ϱ√
2

(dϱ− i dτ).

(429)

Here z− − z+ = 2ϱ/us, z− + z+ = 2z/us, z−z+ = −(x− iy)/us and ϱ dϱ =
x dx+y dy+z dz. These relations are valid on both radial sheets. Substitution
into eq. 428 gives

G0 = − δ

ϱ2 + 8µsrc
ϱ5 a2

s = − 1
ϱ2

[
δ + 4µsrc

ϱ
(dτ + i dϱ)2

]
. (430)
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This proves the metric formula at general points, without using finitely many
test points.

For closure and integrability one can retain the equally explicit form
calculation. The symmetric matrix Sab = AaBb +BaAb is

S = i

(
x− iy z
z −x− iy

)
. (431)

Substitute this matrix and dX into eq. 427. It gives the Cartesian expression

ω0 = 1
ϱ3 [dτ ∧ (x dx+ y dy + z dz)− x dy ∧ dz − y dz ∧ dx− z dx ∧ dy] .

(432)
On a local polar chart (x, y, z) = ϱ(sin Θ cosψ, sin Θ sinψ, cos Θ) it becomes

ω0 = ϱ−2dτ ∧ dϱ− sin Θ dΘ ∧ dψ. (433)
The one-form dτ+i dϱ is δ-null, so the rank-one determinant formula in Carte-
sian coordinates gives detG0 = ϱ−8. Thus ω0 is nondegenerate throughout
the source chart. The polar formula proves closure on its regular subcharts,
and the holomorphic Cartesian formula extends closure across the remaining
points. Since G0 = ω0(·, J ·) is symmetric and J2 = −1, the claimed compat-
ibility follows as well. In the radial and angular coordinate orders the same
equality determines

Jrad =
(

ia 1− a
−(1 + a) −ia

)
, Jang =

(
0 − sin Θ

csc Θ 0

)
, a = 4µsrc/ϱ.

(434)
The −i eigenspace is spanned by (1− a)∂τ − i(1 + a)∂ϱ and ∂Θ + i csc Θ∂ψ;
the +i eigenspace is spanned by ∂τ + i∂ϱ and ∂Θ − i csc Θ∂ψ. The two
generators in each pair commute. Their radial generators never vanish
and the two radial generators have determinant 2i in the displayed order.
Hence both distributions are involutive, including where 1 + a = 0. The
Nijenhuis tensor is holomorphic in the Cartesian primitives; its vanishing on
the dense regular polar subcharts therefore extends across their coordinate
degeneracies. This proves integrability without a static logarithm or an
external signature-dependent theorem. □

The chosen graph also has its stated primitive origin. In the source
convention the quadric is exactly

Q = − i2
[
usλ

2
0 + 2zλ0λ1 − (x− iy)λ2

1

]
= 1√

2

[
−X01′

λ2
0 + (X00′ −X11′)λ0λ1 +X10′

λ2
1

]
.

(435)

The vertical ∂/∂λ̂ term of the ambient operator vanishes because Q is
holomorphic in λ and independent of λ̂. Base derivatives are taken with λ
fixed before graph substitution. They give λa∂aa′Q = 0 and

αb
′
∂bb′Q = q√

2
(λ0 + z−λ1)(λ0, λ1)b. (436)
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The latter vanishes at λ = A. It kills the deformation term of the ambient
operator (2.21), while the former kills its flat horizontal term. Thus Q =
∇Q = 0 on the selected graph. On the projective chart A0 ̸= 0, its coordinate
is A1/A0 = −eiψ tan(Θ/2), whose differential annihilates the displayed −i
distribution. This is a local check of the selected graph and restricted
primitive. It introduces no assertion about a global coincidence surface or
completeness of a positive-definite SDTN slice.

Theorem K.15 (Calibrated primitive-to-Schwarzschild map).
Let U be a sufficiently small simply connected complex EF parent of

o = (0, 2m,π/2, 0) on which r, sin θ and the following source units are
nonzero. Use µsrc = m/2, take ϱ = −r, and define

Φpr(v, r, θ, ϕ) =
(
τ = i(r − v), x = r sin θ cosϕ,
y = r sin θ sinϕ, z = r cos θ

)
. (437)

The source branches of q and the contour pole [A] are fixed as above. Then
Φpr and its actual inverse are regular across r = 2m, and

h∗ := Φ∗
prGint = 2

r2 gm, σ∗ =
√

2
r
, σ−2

∗ h∗ = gm. (438)

With the density root and full spin lift fixed by their marked central values,
this is an actual calibrated comparison. In the vector-middle-slot normal-
tractor convention its auxiliary components are

I∗ =
(√

2
r
,
∂v + f∂r√

2
,

f

2
√

2r

)
, DI∗ = 0, H(I∗, I∗) = 0. (439)

Proof. The Jacobian in coordinate orders (τ, x, y, z) and (v, r, θ, ϕ) is
−ir2 sin θ, a unit at the mark. The inverse is

r = −ϱ, v = r + iτ, θ = arccos(z/r), ϕ = −i log
(
x+ iy

r sin θ

)
,

(440)
with the inverse branches initialized at o. Shrink U so these are mutual
analytic inverses. No inverse power of f occurs. Direct substitution gives

dτ + i dϱ = −i dv,
Φ∗

prδ = −dv2 + 2 dv dr + r2dΩ2,

4µsrc/ϱ = −2m/r.
(441)

The bracket in eq. 422 therefore pulls back to −gm, proving the factor 2/r2

in eq. 438. The source density coefficient σsrc = −
√

2/ϱ pulls back to the
stated positive σ∗. Thus Φ∗

pr(σ−2
srcGint) = gm with no constant homothety left

over.
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The sign of the radial sheet is an analytic continuation choice. Starting
from a real spatial point with positive radius and us ̸= 0, the finite path

(xt, yt, zt) = eiπt(x0, y0, z0),
ϱt = eiπtϱ0,

qt = eiπt/2q0,

0 ≤ t ≤ 1

(442)

has no zero of us, ϱ, q, s or [βα]. It ends at the antipodal real spatial point
on the negative sheet. Choosing the initial antipode of the desired point
gives the required endpoint. The ratios z± are constant along the path, so
the continued poles remain distinct, and the coordinate contour |w| = ϵ in
λ = A+ wB transports its positive orientation throughout. A finite chain
of local neighborhoods covers this compact path. No global real SDTN
interpretation is needed for this continuation.

One can also check the continued tensors directly:

Φ∗
prω0 = i

r2dv ∧ dr + sin θ dθ ∧ dϕ, J rad
∗ =

(
−i 0
−if i

)
,

Jang
∗ =

(
0 sin θ

− csc θ 0

)
.

(443)

Their product is r−2gm. The angular sign follows from the antipodal source
angular coordinates Θ = π − θ, ψ = ϕ + π. These are complex continued
tensors on the Lorentz slice; a real orthogonal complex structure for a real
Lorentz metric is not asserted.

To track the density itself, let eg be the unit frame in the physical scale.
For h0 = r−2gm and h∗ = 2h0, choose

g = gme
2
g = h0e

2
c = h∗e

2
∗,

ec = reg, e∗ = (r/
√

2)eg,

σ = eg = 1
r
ec =

√
2
r
e∗.

(444)

These are components of one section. The preceding scale calculation gives, in
h0, the vector-slot tractor (1/r, ∂v + f∂r, f/(2r)). Under a constant auxiliary
rescaling ĥ = Ω2h its components transform as (Ωσ,Ω−1µ,Ω−1ρ). Taking
Ω =

√
2 gives eq. 439. In contrast, the corresponding covector component is

dσ∗ = −
√

2
r2 dr, µ∗ = (dσ∗)♯h∗ = ∂v + f∂r√

2
. (445)

Thus the earlier covector −dr/r2 belongs to h0, not to the untransformed
middle vector slot of I∗. The normal equations and norm are preserved by the
specified splitting change. Explicitly 2σ∗ρ∗ = f/r2 and h∗(µ∗, µ∗) = −f/r2.
At r = 2m the tractor is (

√
2/(2m), ∂v/

√
2, 0), regular and nonzero. Changing

to the physical splitting by Ω = r/
√

2 gives (1, 0, 0).
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If a coefficient equal to one at o is required, put r0 = r(o) and simultane-
ously use

ho = r2
0
2 h∗ = r2

0
r2 gm, σo = r0

r
, σo(o) = 1, σ−2

o ho = gm. (446)

The physical affine calibration is retained by this simultaneous change. In the
final Einstein scale the scalar optical section has Cauchy data (1, 0). Its root
is the retained square identification β : E [1]2 → B, satisfying β(σ2) = Θ−1 in
the calibrated affine torsor. The marked positive value fixes the density-root
sign. Replacing σsrc by +

√
2/ϱ would give the same metric but the opposite

selected density and tractor, violating the fixed central root value.
Finally take the regular physical tetrad l = ∂v + f∂r/2, n = −∂r, e2 =

r−1∂θ, e3 = (r sin θ)−1∂ϕ and e0 = (l + n)/
√

2, e1 = (l − n)/
√

2. Declare e0
future and choose its full spin lift at o. Push this tetrad through dΦpr to the
selected source metric, and extend the chosen spin lift on the contractible
parent. This specifies an actual marked isometry and inverse. The central
Spin sign is retained separately from the density sign and the choice of q;
no principal-spinor array is silently treated as the physical marked frame.
Normal transport and the local-twistor exterior-square identification therefore
preserve the same calibrated infinity pair of Proposition I.3. □

The scalar factors distinguish the two native tensors. The evaluated-form
tensor has Scal(G0) = 24µsrc/ϱ and ∆G0ϱ = 4µsrc. The literal-contour ten-
sor has half those quantities. Indeed eq. 422 is −ϱ−2 times the complex
Schwarzschild tensor of formal mass −2µsrc, and the radial scalar and Lapla-
cian calculation of Proposition K.2 applies with that parameter and the
displayed metric constant. Hence

Scal(Gint) = 12µsrc
ϱ

, Scal(h∗) = −6m
r
, σ∗ = −

√
2

6m Scal(h∗). (447)

Theorem K.15 is restricted to U and its image with us ̸= 0 and the spec-
ified angular, root and inverse branches. It does not extend the primitive
comparison over the full spatial angular sphere of the finite core in Section
10. Complete complex point skies arise instead from the selected metric’s
null directions. The finite standard-metric atlas and its whole skies in K.2
remain independent of any extension of the primitive across us = 0.

Enriched comparison on the same local source chart. Use the
primitive recipe with source parameter µsrc = m/2 > 0, the continued sheet
ϱ = −r, the selected pole and contour orientation, and the local angular
and root branches of the primitive tensor calculation. On that actual source
chart put

σsrc = −
√

2
ϱ
, gsrc = σ−2

srcGint.

Let Φpr be the physical-to-source map
τ = i(r − v), x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ, ϱ = −r.

(448)
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On a neighborhood where its stated inverse branches, usrc = x + iy ̸= 0,
q, ϱ and the retained roots are defined, the primitive tensor identity is
Φ∗

prGint = 2r−2gm. It follows that Φ∗
prgsrc = gm with the calibrated density,

point and full-spin lift. If F : g[Ag] → (gm, o, s) is the initialized metric
comparison of Theorem K.7, the completed native comparison and inverse
are

Fsrc = Φpr ◦ F, F−1
src = F−1 ◦ Φ−1

pr . (449)
They induce the actual enriched comparisons of that theorem on common
smaller representatives.

The map has Jacobian −ir2 sin θ and the explicit local inverse r = −ϱ,
v = r+iτ , with the retained inverse angular branches. It is nonsingular at the
chosen horizon point. Pullback of σsrc is

√
2/r, so the selected physical metric

is exactly gm, including its constant. The positive central density-root value
and the specified full-spin lift fix these comparisons; the source’s principal
spinor arrays are not directly identified with a marked orthonormal frame.

The pullback of the Levi–Civita connection of gsrc is torsion free and
preserves gm, so it is its Levi–Civita connection. Inductively,

Φ∗
pr((∇gsrc)jRgsrc) = (∇gm)jRgm (j ≥ 0).

The transported full-spin frame therefore intertwines the exact Weyl contrac-
tions and averaged spin symmetrizations at every order. The source records
are the same complete records used to define Ag. Normal uniqueness gives
F and its inverse. Composition now gives the displayed two-sided inverse
identities on the common restricted source and target domains.

The induced null-cotangent map preserves the tautological form and
null characteristics, so it gives the ray contact maps and their inverse hit
maps. Its scalar optical solution map preserves value, slope, Wronskian,
density-square calibration and the selected affine evaluation. The normal
tractor and full-spin local-twistor maps preserve I,X,DX, optical flags,
point planes and both infinity forms. H.4 and Theorem J.6 then supply the
projective operator and whole compact point-module maps, including the
two-associator and framed-module equations eq. 454. G.5, Lemma F.8 and
framed-Hom uniqueness give their finite inverse and composition coherence.
These enrichments are canonically constructed from the selected native
metric; an operator presentation of the original coincidence surface is not
assumed as input. □

This native comparison is restricted to the primitive recipe’s actual an-
gular/root chart and its common normal representatives. It is not a native
atlas over all spacetime angular directions in the S2 factor of the standard
core K. A complete compact point sky P1 × P1 consists of complex null
directions at one base point; it is independent of that spacetime angular
S2. Complete-sky comparisons over this local base chart therefore do not
supply a full-angular native gluing theorem. The standard metric finite-cover
argument above still covers the original K with finitely many regular angular
charts. No identification of an independently selected ordinary background



A PROJECTIVE TWISTOR CORRESPONDENCE FOR LOCAL ANALYTIC. . . 181

with the fixed SDTN background, direct Q→ βQ map, global ray quotient
or global operator ring is used.

K.6. Compatible physical amplitude families. Lemma K.16 (Compatible
local physical family).

Fix a marked analytic Einstein germ with numerical constant zero and
complete records U , a compact amplitude disk Cε = {|ε| ≤ Tb} with Tb > 1
lying strictly inside a retained larger disk, and a finite list of physical
comparison operations and their required inverses and composites. There are
positive common point and passive-displacement neighborhoods on which
all these operations have actual representatives over Cε. Every vertex is
obtained by rebasing the same central metric family. The source construction
at a vertex uses a separate internal amplitude. These representatives retain
the complete compact skies, full-spin labels, both root calibrations, actual
operator associators and framed point-module maps.

Proof. Use the complete source family

Uε = (εU+, εU−; 0), gε = g[Uε]. (450)

Propositions 6.1–6.2 give its marked normal geometry, finite derivatives,
normal inverses and initialized spin transport on common smaller parents,
uniformly on the entire compact disk. At this stage no final displaced marks
or final affine interval have been chosen.

Let finitely many passive parameters (ai, Ai) vary in a small neighborhood
of (0, 1) and put

xi(ε) = Expgε
o (ai),

ei(ε) = νi(ε)Ai,
Vi(ε) = Rai,Ai(Uε).

(451)

Here νi is the initialized full-spin transport along the radial geodesic. Theorem
8.3 identifies Vi(ε) with the entire curvature record of this same metric at
xi(ε) in frame ei(ε). The record-flow estimates and the null-geodesic/parallel-
spin Cauchy argument of Lemma K.6 give a uniform factorial bound on a
smaller record radius. Thus the exact encoders of Theorem 3.1 make Vi
bounded holomorphic passive source families.

The initialized metric maps are

Ξεi : g[Vi(ε)] −→ gε, y 7−→ Expgε

xi(ε)(ei(ε)y). (452)

At ai = 0, Ai = 1 these maps are the identity in the marked normal rep-
resentatives for every ε ∈ Cε. The finite endpoint equations, their inverse
equations and the specified finite composites are jointly holomorphic. Their
central determinants and the scalar coefficients actually used as units are
nonzero. Compactness of Cε therefore permits one sufficiently small passive
neighborhood, then smaller compact passive subcores, such that all maps,
inverses and stipulated composite images retain positive parent buffers and
bounded inverse matrices. Only scalar line-transition coefficients that are
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inverted, or frame determinants, require positive modulus minima; individual
entries of an invertible frame matrix may vanish.

On these common representatives define the physical map from vertex j
to vertex i by

f εij = (Ξεi )−1Ξεj .
It has actual inverse f εji and satisfies f εijf εjk = f εik. Its full-spin lift uses the
same initialized maps. Expressed as source instructions, composition includes
the radial-versus-broken-path correction KUε of Theorem 8.3. These chart
identities do not assert path independence of spin parallel transport.

The nonlinear source action must be retained:
Vi(ε) = Rai,Ai(εU ; 0), Vi(ε) ̸= εRai,Ai(U ; 0) in general. (453)

For the prescribed construction at vertex i, regard Vi(ε), together with the
passive displacement and frame parameters, as the bounded input family.
Apply §§6 and F–G using the independent internal source amplitude

(sinV
+
i (ε), sinV

−
i (ε); 0),

and set sin = 1 after construction. The physical variable ε is still retained.
There is no assertion that these vertex metrics are physically compared
for arbitrary sin by scaling the rebased records linearly. Theorem G.5 uses
exactly this independent-internal-amplitude evaluation and quantizes the
inverse pullback of the ray map of f εij . Its reference at ε = 0 is the flat
translation/full-spin action, with its half-density calibration.

The resulting chart algebra maps, normalized comparison units and framed
module maps obey

kiφ
s
ij = Ad(Tij)φtijkj ,

Tijφ
t
ij(Tjk)Ctijk = ki(Csijk)Tik,

Fiτ
s
ij = Tijτ

t
ijFj .

(454)

Both original associators, the optical density-square identification, the module
half-canonical root with any base factor, and the entire parameter framing
are retained. G.5 and H.4 give the normalized comparisons between selected
composites and composites of the selected lifts. Lemma F.8 and framed-
Hom uniqueness imply the identity, inverse and all specified finite coherence
equations, over the same compact physical amplitude and passive parameter
sets.

For clarity, the complete-sky restriction is uniform in these parameters. Let
F → B × P be the proper sky incidence over the common four-dimensional
normal base B and a parameter parent P containing the retained compact
parameter set C. Let U ⊂ F be the open locus where all stipulated direction
charts, hit maps and finite composite conditions have their required parents.
The preceding finite restrictions make it contain every central whole sky over
{0} × C. Properness makes the image of F \ U closed locally in B × P . Its
projection over the compact set C is closed in B and avoids 0. A smaller
positive base neighborhood therefore retains all the required chart coverage
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for every parameter in C. Equivalently one may take a finite subcover of
the compact central-sky/parameter set. This supplies a common base neigh-
borhood, rather than intersecting infinitely many unrelated neighborhoods
without a compactness argument. H.4’s finite closed-star refinement restricts
all root, operator and module data together over that same set. This proves
the lemma. □

There is a separate, stronger common-family assertion on a sufficiently
short subsystem about the horizon mark o. Use the single Uε = εU(o) and
the positive displacement radius apass and base parents already obtained
above. Also fix the central metric-readout parent and its smaller C3 core if
an amplitude error estimate is to be used. Let χ be the exact amplitude-one
normal-to-EF coordinate map, fixed independently of amplitude. Choose
a dimensionless EF polydisc of radius rc > 0 whose doubled polydisc is
inside the geometric parents, the required base comparison parents and the
dimensionless image of that C3 core. This intersects four-dimensional base
parents; it does not map a five-dimensional contact chart into spacetime.

For the nonradial affine geodesic initialized at o, let t = λ/m and let
k0 = dγ/dt|0 in the fixed normal tangent norm. Keep a finite coordinate-
speed bound V∞ on the exact short geometric ray. After a further positive
restriction of rc, choose

0 < d ≤ min
{
dgeom,

rc
8 max(1, V∞) ,

apass
2∥k0∥

}
. (455)

Here dgeom > 0 is an independently established finite geodesic control length
and k0 ̸= 0. Only now specialize ai = tik0 for ti = −d, 0, d, and take Ai = 1
in the parallel full-spin frames, or the fixed bounded initialized changes to the
desired final frames. Since γ is affine through o, Expo(tik0) = γ(ti) on the
retained representatives. The choices satisfy both the passive displacement
margin and the fixed base/core inclusion. Transversality at the horizon gives
an exterior point, the horizon point and an interior point for every sufficiently
small positive d.

For the ray of §K.7 and its speed bound V∞ = 2, one may equivalently
follow its order of choices: first require rc∥k0∥ ≤ 8apass, then put d =
min{1/8, rc/16}. The inequalities d∥k0∥ ≤ apass/2 and V∞d ≤ rc/8 follow.
The length is positive but generally unevaluated. Its optical formulas use
h = 2d; numerical constants derived specifically for d = 1/8 do not become
constants for an unevaluated common source radius.

Thus the quantifiers are: fix the bounded record family and the compact
amplitude/parameter sets; choose common parents, passive displacement
and inverse/root margins; choose the common base and readout core; then
choose the positive short length and final marks. The optical amplitude
truncation on this subsystem remains the single central Taylor polynomial
in ε, read out before evaluation at one. It neither requires linearity of the
rebased records in ε nor asserts an exact cocycle for independently truncated
vertex metrics.
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K.7. A separately initialized rational optical example. The family of §K.3
retains its entrance point, affine clock and polar-first screen. Here we choose
a different ray and a horizon initialization. Let the physical energy be E = 1,
angular momentum L = m, and physical affine parameter λ. Put t = λ/m,
ρ = r/m, V = v/m, and initialize (V, ρ, θ, ϕ) = (0, 2, π/2, 0) at t = 0. The
physical point is o = (0, 2m,π/2, 0), also the mark for the source and readout
in this example. All primes in this subsection denote d/dt. Then

ρ′ = −w,

w =
√

1− (ρ− 2)/ρ3,

V ′ = 1
ρ2(1 + w) ,

ϕ′ = ρ−2,

θ′ = 0.

(456)

These are the regular null first integrals, with the positive square root.
Differentiating gives ρ′′ = ρ−3 − 3ρ−4 and the geodesic equation, so this is
the stated affine clock. On 7/4 ≤ ρ ≤ 9/4 one has

713
729 ≤ w

2 ≤ 359
343 ,

15
16 < w <

17
16 .

A first exit from that radial interval takes at least 4/17 > 1/8 units of t.
Hence the ray exists for |t| ≤ 1/8, with |ρ− 2| ≤ 17/128 and radial endpoint
margins 15/128. The inequalities 0 < V ′ ≤ 256/1519 and 0 < ϕ′ ≤ 16/49 give
|V | ≤ 32/1519 and |ϕ| ≤ 2/49. Thus this is a finite nonradial future-horizon
crossing in a regular angular chart.

Write gm = m2ḡ in these dimensionless coordinates and K = dγ/dt. A
parallel unit screen for ḡ, in the order in-plane then polar, is

E2 = ρ−1∂θ,

E1 = −ρ(1 + w)∂ρ + ρ−1∂ϕ +A0K,

A0(t) =
∫ t

0
(1 + w(s)) ds.

(457)

Indeed the first two terms of E1 have covariant derivative −(1 + w)K, while
∇KE2 = 0; addition of A0K makes the representatives parallel. Their Gram
matrix is −I2 and they are orthogonal to K. Physical unit vectors are
ei = m−1Ei. Rotating the orbital plane gives the polar Jacobi solutions
ρ cosϕ, ρ sinϕ, whose Wronskian is ρ2ϕ′ = 1. They satisfy j′′

2 = −3ρ−5j2.
Reflection makes the off-diagonal tidal entries zero and Ricci flatness makes
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their trace zero. Thus
j′′ +Rj = 0,

R = diag(−Q,Q),
Q = 3ρ−5,

3072
59049 ≤ Q ≤

3072
16807 <

1
5 .

(458)

The screen order is reversed from §K.3, and L/m = 1 lies outside that earlier
family. Consequently none of the following numerical values changes its
initialization or endpoint bounds.

Example K.17.
For any 0 < d ≤ 1/8, put a = −d, b = d, h = 2d. Let F (t, s) be the full

transfer of (j, j′), initialized by F (s, s) = I4, and let B be its upper-right
block. The observable O = B11(b, a) obeys

0 < O −
(
h+ h3

64

)
<

79h5

9000 . (459)

In particular, on the full exactly controlled interval d = 1/8,
1025
4096 < O <

1025
4096 + 79

9216000 ,
∣∣∣∣O − 1025

4096

∣∣∣∣ < 10−5. (460)

Proof. The phase generator is H =
(

0 I2
−R 0

)
, with ∥H∥2 = 1 and HTJ0 +

J0H = 0. Differentiation therefore proves symplecticity, ∥F (t, s)∥ ≤ e|t−s|

and exact finite composition. The defocusing component u = B11(t, a)
satisfies

u(t) = t− a+
∫ t

a
(t− s)Q(s)u(s) ds.

Its positive Volterra series gives u(t) ≥ t − a. The first iterate is O1 =
h+

∫ d
−d(d2 − s2)Q(s) ds. Direct differentiation of the ray equations gives

Q′ = 15wρ−6, Q′′ = 15(3− ρ)ρ−10 + 90w2ρ−7.

On the retained radial parent, ρ−7 < 1/50, ρ−10 < 1/250, w2 < 17/16 and
0 < 3 − ρ ≤ 5/4. Hence 0 < Q′′ < 159/80 < 2. Taylor’s integral formula
yields 0 < Q(s)−Q(0)−Q′(0)s < s2 for s ̸= 0. The odd term integrates to
zero against d2 − s2, and Q(0) = 3/32, so

0 < O1 −
(
h+ h3/64

)
< h5/120.

The full transfer bound gives u(s) ≤ (s− a)eh. Substitution in its Volterra
equation then gives u(s) − (s − a) ≤ Qmaxe

h(s − a)3/6. Substituting this
once more gives

0 < O −O1 ≤ Q2
maxe

hh5/120 < 4h5/(75 · 120).
Addition gives 79h5/9000, and h = 1/4 gives the rational enclosure. This is
an analytic interval bound, without numerical ODE integration. □
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For 0 < h ≤ 1/4, the same Volterra calculation gives ∥B − hI∥ < h/360,
while ∥A− I∥ < 1/120. Thus σmin(B) > (359/360)h and σmin(A) > 119/120.
These are projection margins for this example, in addition to the full sym-
plectic transfer. With physical input slope dj/dλ, its position-response block
is mB.

The exact interval |t| ≤ 1/8 is independent of any source-domain estimate.
To apply a single central amplitude approximation, first choose the common
source, incidence and inverse domains in §K.6 and the inner normal C3

core of K.9, denoted here by P2. Let χ be the exact initialized map from
that normal core to EF coordinates. Choose a doubled dimensionless EF
polydisc inside χ(P2) and inside all retained base neighborhoods, with positive
radius rcommon. Require also rcommon∥k0∥ ≤ 8apass, where k0 = dχ−1

o K(0)
is expressed in the fixed normal tangent norm for the passive displacement
radius in §K.6. Set d = min{1/8, rcommon/16}. The exact coordinate speed
is less than two, so the ray remains inside the polydisc with a positive buffer
and its three marks are admitted passive displacements. This asserts only a
strictly positive interval; it supplies no numerical lower bound on rcommon.

Write ϵN = DgT
−N−1
∗ /(1 − T−1

∗ ), where T∗ > 1 and Dg includes the
independent spatial Cauchy gap and the fixed coordinate change through
order four. For normalized approximations with the same central null tangent
and screen, K.9 and the state-stability argument of K.12, applied on this
example’s own tube with its displayed velocity and screen bounds, give a
finite tidal constant CK such that, under their inverse, state and crossing
margins,

∥FN (b, a)− F (b, a)∥ ≤ EN := hCKϵNe
(1+CKϵN )h, |ON −O| ≤ EN .

(461)
To check the initialization, the normal metric satisfies gε(0) = η for every
amplitude. Thus each coefficient polynomial has the same central metric,
and the exact central null and screen data are valid for every gN ; parallel
transport is integrated in both directions. The C3 tail bounds the Christoffel
difference in C2 and curvature difference in C1. On a compact buffered state
tube the integral equation gives a state error CZϵN , by Gronwall. Replacing
each factor in −ḡ(Ei, R(Ej ,K)K) bounds the tidal difference by CKϵN .
Requiring CZϵN < min{ηZ , 15d/32, 15/32} retains the tube and transverse
crossing of the fixed surface r = 2m. Duhamel’s formula then proves the
displayed transfer bound; the approximate tidal matrix is symmetric for its
own real metric and its transfer remains symplectic even if gN is not Einstein.

Combining the two independently specified approximations gives

|ON − (h+ h3/64)| < EN + 79h5/9000.

Inverse-position bounds additionally require EN < (359/720)h. All margins
can be met for sufficiently large N because d and the gaps are fixed and
positive. The constants Dg, CK , rcommon and a numerical sufficient N have
not been evaluated. The full-interval rational numbers above cannot be
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assigned to this common source interval unless d = 1/8 has independently
been justified.

K.8. Finite readouts along the complete crossing family. We now prove the
finite-readout alternative of Proposition 10.5 on the entire original family.
The local inputs are K.6–K.9 and the explicit calculations in K.3; local flows
use K.10–K.12. The physical comparisons stay in the original exact atlas,
while the approximate Cauchy evolution is defined explicitly below.

Finite readout domains.
Fix m > 0 and the ingoing Schwarzschild family of §K.3.2, with
P = [1, 2]× [1/4, 1/2], λ = (E, ℓ), L = mℓ, t = u/m.

Use the dimensionless EF coordinates x = (V, ρ, θ, ϕ) = (v/m, r/m, θ, ϕ).
Write g = g0 = ḡ for m−2gm after expressing gm in these coordinates with
its Jacobian factors. This explicit fixed unit conversion leaves the Levi–
Civita connection unchanged. Every metric readout and tail norm in this
section is taken after this conversion. The selected physical metric and the
physical enriched atlas remain gm; their interpretation undoes the same
fixed conversion. All coordinate and tensor norms are auxiliary Euclidean
norms, and all constants may depend on this fixed m. Let xλ(t) be the exact
trajectory and let τ(λ) be its first time at ρ = 3/2. Thus

τ(λ) =
∫ 5/2

3/2

dρ√
E2 − ℓ2(ρ− 2)/ρ3 ,

10
21 < τ(λ) < 100

99 . (462)

The parameter s = t/τ(λ) will be used only to choose a finite schedule. The
metric, geodesic, parallel-frame and Jacobi equations retain the affine clock
t.

Theorem K.18 (finite buffered readout schedule).
The whole family from ρ = 5/2 to ρ = 3/2, with every λ ∈ P , has the

following data, chosen before the amplitude truncation degree N .
There are finitely many exact local normal-to-EF maps χi and nested

complex EF domains
V 0
i ⋐ V 1

i ⋐ V 2
i ⋐ V 3

i , (463)
where V 2

i lies in a C3 metric-control core of a local readout of Lemma K.9
and V 3

i lies in its fixed-coordinate readout parent. The metric and all inverse
units needed for that readout have their retained bounds. There are compact
parameter cores Pa covering P , larger compact parameter neighborhoods
P+
a , a single integer J ≥ 1, and a choice i = i(a, j) for 1 ≤ j ≤ J , such that

the whole exact enlarged slab{
xλ
(
τ(λ)s

)
: λ ∈ P+

a ,
j − 3
J
≤ s ≤ j + 2

J

}
⋐ V 0

i(a,j). (464)

The extensions in this display are short extensions of the exact family. The
cuts for λ ∈ Pa are

tj(λ) = τ(λ) j
J
,

10
21J < tj − tj−1 <

100
99J . (465)
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Order the finite parameter cores once and, for each λ ∈ P , use the least index
a with λ ∈ Pa and its assigned readout list. Every estimate is uniform over
all cores; no analytic dependence across these selection seams is required.
Adjacent readouts contain a common open time neighborhood of their exact
node, with a positive common position buffer. There are also compact
enlarged state tubes, uniform vector bounds and positive state buffers for the
exact tangent, null companion and parallel screen frame on every assigned
slab. All these choices are independent of N .

Proof. The radicand in eq. 462 is bounded below by 124/125 on the
original compact parameter/radial rectangle. It stays nonzero on a slightly
larger real rectangle and on a complex neighborhood of that rectangle. Fix
the positive square-root branch there. The quadratures of §K.3.2, followed
by the inverse with ∂t/∂ρ = −1/q, prove real-analytic dependence of xλ(t)
and τ(λ) on their arguments near the full compact family.

Choose a compact parameter rectangle P̂ with P ⊂ int P̂ , sufficiently
small that this branch and the same initial data remain defined. The regular
EF parent of §K.3.2 has positive radial, advanced-time and angular buffers
around the original trajectories. Existence and continuous dependence for
the exact ODE, compactness and the transverse radial derivative therefore
give α > 0 such that

Γ(λ, s) = xλ(τ(λ)s)

is real analytic on an open neighborhood of X̂ = P̂ × [−α, 1 + α], and
its image remains in a compact subcore of that regular EF parent. The
companion and screen-frame ODEs have the same property: their coefficients
and initial data are analytic, all original initial denominators have positive
lower bounds, and their solutions are bounded on this compact set. A small
further restriction of P̂ and α makes these choices simultaneous. The sharp
rational estimates of §K.3 apply on the original P and its original intervals;
the added extensions need only the finite analytic bounds just obtained. The
assertion does not ask one ray to remain in the radial strip until the larger
terminal time of another ray.

We next construct the readout domains; this step does not assume that one
old readout contains any long segment. The compact image Γ(X̂) lies inside
r > 0 and inside a finite physical core of Theorem K.8 chosen to contain a
small neighborhood of this image. Such a core can be chosen with radial
endpoints strictly outside [3m/2, 5m/2], advanced-time endpoints strictly
outside the displayed trajectory range and the whole angular sphere. For
the original family choose m/2 < δ < 2m, v− < 0 and v+ > 25m/396 in
that core definition; take the parameter and time extensions small enough
to retain strict buffers inside it. Its finite angular charts include the regular
strip used here.

At each point of this compact image, choose a marked full-spin frame in
one of the finite analytic frame parents. Lemma K.6 extracts a bounded
all-record family on a neighborhood of that mark. Propositions 6.1–6.2 and
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Theorem 6.3 supply the prescribed stored representative over an amplitude
disk of radius greater than one, on a sufficiently small spatial neighborhood.
Lemma K.9 supplies its holomorphic physical metric readout, bounded inverse
units, initialized normal development and independent spatial gaps. This
is applicable to these actual bounded original inputs; the amplitude parent
is furnished by §§6.1–6.3, rather than added as an assumption about the
long tube. The required restrictions decrease space and retain the compact
amplitude disk.

At amplitude one, Lemma K.6 and the initialized normal metric comparison
preceding Theorem K.7 give an exact normal-to-EF map χ with analytic
inverse κ. Choose sufficiently small concentric complex EF polydiscs around
the marked point. Four nested such polydiscs can be placed inside the
physical image of the normal readout parent, so that the second larger
polydisc V 2 and its closure lie in the image of the normal C3 control core
and the largest V 3 has a positive gap to the readout boundary. Reserve any
further spatial Cauchy gap needed below before making this choice. The real
locus of the smallest V 0 contains the marked point.

These local choices may also be made smaller than the local comparison-
star radii in Theorem K.8. Taking a finite subcover of the compact image
gives finitely many nested domains as in eq. 463, with all their exact maps,
inverse-unit margins and derivative bounds fixed. In particular the real open
sets

Oi = Γ−1(V 0
i ) ∩ X̂

cover X̂. Give X̂ the maximum product metric. By the Lebesgue-number
lemma there is d > 0 such that every subset of X̂ of diameter less than d
lies in some Oi. This use of compactness is on the parameter-time product,
after the readout domains have been fixed.

Let ∆P = dist∞(P, ∂P̂ ) > 0. Choose

0 < r < min{d/16,∆P /4},
1
J
< min{d/10, α/3}. (466)

Choose finitely many λa ∈ P whose open maximum-norm balls of radius r/2
cover P , and put

Pa = P ∩B∞(λa, r), P+
a = B∞(λa, 2r) ⊂ int P̂ .

The core Pa has a relative open neighborhood contained in P+
a , and the Pa

cover P . For each a, j consider the compact product

Caj = P+
a ×

[
j − 3
J

,
j + 2
J

]
.

It is contained in X̂: its time endpoints lie between −2/J and 1 + 2/J . Its
product diameter is at most max{4r, 5/J} < d. The Lebesgue property
therefore assigns a single i(a, j) with Caj ⊂ Oi(a,j). Its image is compact
in V 0

i(a,j), which proves eq. 464. This supplies an actual common schedule
for the whole slab at every parameter in a parameter core, rather than a
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different unspecified cover of each individual ray. Equation eq. 465 follows
from eq. 462.

For adjacent cells, both enlarged intervals contain |s− j/J | ≤ 1/J . Thus
their exact images over P+

a lie in both assigned readouts on this whole
node neighborhood. In particular the images over the smaller compact set
Pa×{|s− j/J | ≤ 1/(2J)} are compact in the intersection of the two smallest
domains. Their distances to the complements of the two V 1 domains have
a positive minimum. There are only finitely many such nodes and cells.
Taking the minimum of their positive margins gives a common position
buffer. Compactness likewise gives a margin between every enlarged slab
image and the boundary of its assigned V 1.

For clarity, state buffers are chosen separately from these four-dimensional
point domains. Use the fixed EF coordinates, affine clock t, and the ḡ-
normalized state (K,N , E1, E2), where K = dx/dt, ḡ(K,N ) = 1 and
ḡ(EA, EB) = −δAB. The physical vectors are (k, n, eA) = (K,N , EA)/m,
with the same coordinate interpretation; in particular k = dx/du. All four
vectors are transported in their own exact normalized frame. This is the
fixed mass unit conversion, not a rescaling by τ(λ). Denote the joint exact
state by

Zλ(t) = (xλ(t),Kλ(t),Nλ(t), E1,λ(t), E2,λ(t)).
Its values on the finitely many enlarged slabs form compact sets. Choose
a position radius smaller than one quarter of the common position buffer,
and vector radii at most one. Shrink these radii and fix a positive metric-
perturbation tolerance βg so that the frame-normalization denominators and
Gram-matrix neighborhoods used in Lemma K.11 retain their strict margins
for every state in the resulting tubes and every symmetric metric within βg
of the exact metric there. This is possible by joint continuity at the exact
normalized compact frame family; the normalizing formulas are analytic on
an open neighborhood of that family. A common smaller radius ηZ > 0 and a
common finite vector bound V exist by taking the finite minima and maxima.
The point projections of all these state tubes lie inside the corresponding V 1,
and hence inside the prescribed C3 cores. The radii, βg, V , all domain gaps
and the schedule have now been fixed without choosing N . □

Proposition K.19 (local finite readouts and common-coordinate
tails).

For every readout retained in Theorem K.18 there is a radius Ti > 1 and a
constant Di <∞ such that its degree-N finite readout defines a holomorphic
symmetric tensor gi,N on V 2

i , real on the real slice, with

∥gi,N − g∥C3(V 2
i ) ≤ δi,N := Di

T−N−1
i

1− T−1
i

. (467)

Here the norm is the maximum of the tensor norms and the multilinear
derivative norms through order three. The finite readout is performed over its
own finite amplitude algebra, followed by coefficient-polynomial evaluation
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at one. There is a common T∗ = mini Ti > 1 and a finite D∗ with
max
i
δi,N ≤ D∗T

−N−1
∗ . (468)

Proof. For each fixed original input at the selected mark, use its own
amplitude variable εi, stored analytic tuple Yi and finite tuple Xi,N = qi,NYi,
where qi,N is reduction modulo εN+1

i . Choose nested amplitude radii 1 <
Ti < Tc,i < Tb,i before taking any truncation. Lemma K.9 proves, including
its finite inverse and initialized ODE recursions, the coefficient identity

Ri,N (Xi,N ) = qi,Nhi(εi), hi,N = evpoly
1 (qi,Nhi). (469)

Here hi is m−2 times the physical metric in the initialized normal coordinates,
and Ri,N includes this final fixed scalar multiplication. It commutes with
finite reduction and coefficient-polynomial evaluation; the bound Hi below
includes the factor m−2. This identity is an equality of coefficient germs on
their common representatives. Inverses use finite nilpotent sums; composi-
tions use only the finitely many amplitude coefficients and derivatives needed
at the retained degree; initialized ODE coefficients satisfy unique finite linear
inhomogeneous recursions. These are the operations in the readout, so the
identity includes its nonlinear metric reconstruction and normal development.
Evaluating the stored tuple first and then applying a nonlinear readout would
not give this identity.

Write κi = χ−1
i for the exact amplitude-one EF-to-normal map. It is fixed

for all εi and N . The initialized metric isometry gives

g = κ∗
ihi(1), gi,N = κ∗

ihi,N = evpoly
1 qi,N

(
κ∗
ihi(εi)

)
. (470)

The equality on the right holds because this fixed pullback is linear in the
tensor and independent of amplitude. Its finite coordinate factors have their
exact values; this is not an approximate coordinate map recomputed from
hi,N .

Keep a positive normal spatial gap ρi around κi(V
2
i ) inside the normal

readout parent. Lemma K.9 and amplitude Cauchy estimates give a finite
Hi with

∥Dq(hi(1)− hi,N )∥ ≤ 4qq!ρ−q
i

HiT
−N−1
i

1− T−1
i

, 0 ≤ q ≤ 3,

on this retained normal core. The first spatial loss has already made the
nonlinear readout and its inverses bounded; this ρi is the independent loss
for differentiating its amplitude tail.

We record explicitly the coordinate cost. Put

Bi = max

1, sup
V

2
i

∥Dqκi∥ : 1 ≤ q ≤ 4

 <∞.

Finiteness follows from analyticity on V 3
i and the retained gaps. The coordi-

nate map χi also has finite derivatives through order four on the corresponding
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compact normal cores, with bounded inverse differential. Either direction
of the coordinate comparison is therefore controlled. For a covariant two-
tensor r, differentiating (κ∗

i r)(x)(v, w) = r(κi(x))(Dκi(x)v,Dκi(x)w) three
times uses no derivative of κi above order four. If R = maxq≤3 ∥Dqr∥, the
chain-rule bounds on Da(r ◦ κi), for a = 0, 1, 2, 3, are respectively R, RBi,
2RB2

i and 5RB3
i . The Leibniz rule for these three factors has coefficient sum

3j ≤ 27 at order j ≤ 3. Consequently the safe bound
∥κ∗

i r∥C3(V 2
i ) ≤ 135B5

i max
q≤3
∥Dqr∥ (471)

holds in the stated operator norms. One may therefore take

Di = 135B5
iHi max

0≤q≤3
(4qq!ρ−q

i ).

This proves eq. 467. The Lorentz reality assertion in Lemma K.9 and the
exact real coordinate map give real symmetric coefficient tensors and hence
real gi,N .

There are only finitely many readouts. Thus T∗ = mini Ti > 1 and
D∗ = maxiDi/(1−T−1

i ) <∞ give eq. 468. The constants and domains were
fixed before N . In particular all strict metric inverse, frame-normalization
and state first-exit smallness conditions that use finitely many of these
constants can subsequently be imposed by one sufficiently large N . This
last observation does not itself perform the finite state matching or its error
propagation. □

Proposition K.20 (overlap defect and the retained exact atlas).
On every common EF overlap of two domains used in the schedule,

∥gi,N − gk,N∥C3(V 2
i ∩V 2

k
) ≤ δi,N + δk,N . (472)

At amplitude one the exact local metric comparisons, full-spin lifts, contact
and affine comparisons, structured operator comparisons and compact point-
module comparisons are those of the finite physical atlas in Theorem K.8,
with its actual finite coherence. They can be retained on the compact node
neighborhoods of Theorem K.18. Independently truncated metrics need
satisfy neither an exact metric cocycle nor a common physical amplitude
family.

Proof. Both exact amplitude-one tensors in the fixed EF coordinates equal
g. The triangle inequality applied to the two differences in eq. 467, and to
their derivatives, proves eq. 472. There is no coordinate-transition factor in
this formula because the two tensors and norms are already in the same EF
coordinates. In normal coordinates the equivalent assertion must retain the
pullback by the exact transition κkχi, and its coordinate bound; it is not a
literal difference of arrays from different coordinate systems.

The exact charts satisfy hi(1) = χ∗
i g. Undoing the fixed unit conversion

gives the original physical metrics and initialized isometries, with their
original root and full-spin calibration. Their coordinate transitions are the
maps χ−1

k χi, and their specified full-spin lifts are the changes of the same
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fixed spin bundle. By Theorems K.7–K.8 they induce the retained contact,
affine, infinity, operator and compact point-module comparisons, with actual
comparison units and module maps. On a triple their comparisons are the
existing finite coherence comparisons, not separately chosen principal-symbol
identifications.

Only finitely many chart pairs and node neighborhoods occur in Theorem
K.18. Their exact compact node images lie in the interiors of both assigned
chart parents and retain positive buffers. Keeping these compact cores
and their whole complex skies, apply Theorem K.8’s simultaneous finite
closed-star refinement to this finite list of maps, inverses and stipulated finite
composites. Its parent restrictions retain the required compact sets and all
sky fibers. Existing atlas maps are restricted, not altered; an additional
local normal representative is compared through its initialized exact metric
isometry as in Theorem K.7. Thus the required exact old comparisons and
their root/full-spin/module calibrations remain available at every switching
node.

No identity between εiUi and the record family at a different mark is
used. The εi are internal construction parameters of the separate readouts;
only their amplitude-one exact metrics have been identified. Polynomial
evaluation at one preserves their approximation estimates but does not turn
the overlap defect into zero or supply a cocycle for the truncated metrics.
The finite schedule and node buffers make them suitable inputs for a separate
finite matching argument; they do not claim that argument for free. □

Metric and Cauchy switches.
Lemma K.21 (Metric and Cauchy switches).
Use the finite buffered schedule and local readouts of Theorem K.18 and

Propositions K.19–K.20. On a fixed neighborhood of each exact framed
node, the formulas below define a locally analytic null-frame reset, a metric-
to-metric tangent isometry and an oriented screen identification. Their
state and phase errors are bounded by the incoming state error and the
two readout metric errors, with constants and positive margins independent
of the truncation degree. The prescribed covariant Cauchy-jet rule is well
defined on the screen quotient, preserves the same affine-clock Wronskian,
and has the symplectic phase matrix diag(R,R) with R ∈ SO(2). At exact
reference data this phase matrix is the identity. All previously accumulated
phase data are transported by that matrix.

Proof. We give the normalization, quotient map and phase calculation
explicitly.

Fixed coordinates, clocks and reference data.
Fix m > 0 and common dimensionless EF coordinates x = (V, ρ, θ, ϕ),

where V = v/m and ρ = r/m. Put
g0 = ḡ = m−2gm, t = u/m.

The components of gm here are expressed in these dimensionless coordinates.
Its connection is the connection of g0, since their factor m2 is constant. The
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reference state is

Z∗(λ, t) = (x∗,K∗,N∗, E∗,1, E∗,2), ẋ∗ = K∗,

with dot denoting d/dt. The vectors are parallel along the reference ray and
have Gram matrix

Q =


0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 −1

 .
In particular, g0(K∗,N∗) = 1. Choose the same global polar-first par-
allel Sachs screen and null companion as in §K.3, rescaled to this con-
vention. The physical tangent, companion and unit screen vectors are
K∗/m,N∗/m,E∗,A/m. The parameter λ ranges over the fixed compact
family of Proposition 10.2. Its exact dimensionless terminal time is τ(λ).

These reference data are supplied by the already proved first integrals,
quadratures and explicit parallel Sachs screen of §K.3, rather than by an
unknown Jacobi transfer. For example, with ℓ = L/m,

τ(E, ℓ) =
∫ 5/2

3/2

dρ√
E2 − (1− 2/ρ)ℓ2/ρ2 .

The reference companion can also be recovered algebraically from that screen.
Put ñ = −∂ρ/V̇∗, whose denominator has the positive lower bound of §K.3,
and set

Ñ = ñ+
∑
A

g0(ñ, E∗,A)E∗,A, N∗ = Ñ − 1
2g0(Ñ , Ñ )K∗.

It is the unique null vector orthogonal to the screen with g0(K∗,N∗) = 1.
Differentiating these conditions, using the parallel K∗, E∗,A, proves that N∗
is parallel. Thus specifying the reference columns or the cuts requires no
optical observable or Jacobi transfer and is not circular.

Fix a finite integer J and exact cut times tj(λ) = jτ(λ)/J . At each cut, the
incoming and outgoing coordinate parents have a common overlap containing
a fixed positive position buffer around x∗(λ, tj). Retain the finitely many
interfaces over compact parameter cores with these uniform margins. A fixed
compact state neighborhood and its positive buffer are also retained. Only
an interface whose incoming approximate position remains in this overlap is
used.

Let g = gi,N and h = gk,N be the incoming and outgoing real symmetric
dimensionless metric readouts. They are measured in these same coordinates.
On their respective buffered position domains assume

∥gi,N − g0∥C3 ≤ δi,N , ∥gk,N − g0∥C3 ≤ δk,N , dik,N := δi,N + δk,N .

Thus ∥h− g∥C0 on the overlap is at most dik,N . The switch below uses only
this C0 difference; the C3 bounds are used for the actual flows and tidal
estimates between cuts. All constants below may depend on the fixed mass,
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coordinate and frame bounds, finite interface system and compact reference
family, but not on N .

The null-frame reset.
Suppose the incoming state at the cut is Z− = (x,K,N , E1, E2) and the

incoming frame F = (K,N , E1, E2) has Gram matrix Q for g(x). Write
E− = ∥Z− − Z∗(λ, tj)∥ in the maximum of the five fixed coordinate-block
norms. All reference vector components in this comparison are taken at the
exact cut.

At the approximate position x apply Lemma K.11 with the incoming
metric and its actual normalized frame as the reference, and with h(x) as
the perturbed metric. Its formulas are as follows. Put

q = h(K,K),
b0 = h(K,N ),
d = h(N ,N ),

a = − q

b0 +
√
b2

0 − dq
,

K+ = K + aN .
The square root is the positive branch near 1. This expression is valid also
when d = 0 and is the root tending to zero of h(K + aN ,K + aN ) = 0.
Define

b = h(K+,N ),

N+ = b−1
(
N − h(N ,N )

2b K+
)
,

Ph(w) = w − h(w,N+)K+ − h(w,K+)N+,

W = (Ph(E1), Ph(E2)),
Htemp = −W ThW,

Etemp = WH
−1/2
temp .

The last inverse square root is the positive symmetric one. The formulas
give h(K+,K+) = h(N+,N+) = 0, h(K+,N+) = 1, and

ETtemphEtemp = −I2, h(Etemp,A,K
+) = h(Etemp,A,N+) = 0.

There are constants ϵ∗ > 0 and Cn < ∞, common to all the finitely many
interfaces, such that if E− + dik,N < ϵ∗ these formulas are defined and

b0 >
1
2 ,

b > 1
2 ,

∥Htemp − I2∥ < 1
2 ,

∥Ftemp − F∥ ≤ Cndik,N , Ftemp = (K+,N+, Etemp).
Here and below a four-column frame norm is the induced Euclidean operator
norm, with fixed finite conversions to the state-block norm. To prove the
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assertions uniformly, at h = g one has q = d = a = 0, b0 = b = 1, Htemp =
I2 and Ftemp = F . The displayed formulas are real analytic on a fixed
neighborhood of the compact reference data. A smaller closed neighborhood
keeps the denominators and eigenvalues in the stated margins. Its derivative
bounds are finite. Applying the mean-value formula with the source frame
held fixed gives the last estimate. For instance, |q| ≤ ∥h− g∥∥K∥2 and the
displayed root formula gives |a| ≤ 2|q| once b0 > 1/2; no inverse power of a
metric error is used. This is precisely the uniform version of Lemma K.11,
now with the actual incoming frame as reference.

There is no change of the cut time or of the affine clock: the next segment
starts at the same (x, tj) with tangent K+. In particular, K+ is generally
different from K, but it is not multiplied by an additional affine-scale factor.

Define the full-frame map at this point by
L = FtempF

−1.

It is an actual isometry from (TxM, g(x)) to (TxM,h(x)):
LThL = g, LK = K+, LN = N+, LEA = Etemp,A.

Moreover ∥L − I4∥ ≤ CLdik,N . Indeed F−1 = Q−1F T g, so its norm is
uniformly bounded by the retained metric and frame bounds, and L− I4 =
(Ftemp − F )F−1. On the small connected neighborhood this map preserves
the retained orientation and time orientation. The path obtained by replacing
h with g + s(h− g) starts at the identity and specifies its near-identity full
spin lift. An existing central spin label is not discarded.

The target screen and the recorded phase.
Let E∗ = (E∗,1(λ, tj), E∗,2(λ, tj)) be the coordinate-component columns

of the known exact parallel screen at the cut. For this pointwise operation
extend those columns locally as constant coordinate vector fields. Evaluate
them at the approximate position x, and set

W∗ = (Ph(E∗,1), Ph(E∗,2)), H∗ = −W T
∗ hW∗, E+ = W∗H

−1/2
∗ .

The constant-coordinate extension is a specified use of the common EF chart,
not an assertion that these extended fields are parallel. After the switch, the
initial columns E+ are parallel transported by h along the next approximate
segment.

At the exact state and exact metric these formulas give E+ = Etemp = E∗.
Compactness and a smaller common ϵ∗ give ∥H∗ − I2∥ < 1/2 throughout
the retained neighborhood. Thus E+ is an oriented orthonormal basis of the
same two-plane

S+ = {w : h(w,K+) = h(w,N+) = 0}
as Etemp. Define the computed transition matrix

RAB = −h(E+
A , Etemp,B).

Then
Etemp = E+R, RTR = I2, detR = 1.
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The first identity follows by orthonormal expansion in the common negative-
definite plane, and the second by taking its Gram matrix. The sign of the
determinant is positive at the reference data and remains so on the retained
neighborhood; equivalently require ∥R − I2∥ < 1. Hence R ∈ SO(2). Its
near-identity spin lift, when retained, is specified by the same continuous
choice. The target full-spin frame is the lifted temporary frame followed by
the lift of diag(I2, R

−1), since F+ = Ftemp diag(I2, R
−1). Thus its central

label is transported from the source lift, not recovered from the target frame
columns alone.

There are common constants Asw, Bsw, Cph such that the reset state Z+ =
(x,K+,N+, E+

1 , E
+
2 ) satisfies

E+ ≤ AswE− +Bswdik,N ,

ηik,N := ∥diag(R,R)− I4∥ ≤ Cph(E− + dik,N ).
For the first bound, the temporary frame differs from the incoming frame
by Cndik,N . The target-screen formula is a fixed smooth function of
h(x),K+,N+ and the exact reference columns. At the reference data its
value is E∗. Also

∥h(x)− g0(x∗)∥ ≤ δk,N + ∥Dg0∥ |x− x∗|.
The retained compact derivative bounds therefore give ∥E+ − E∗∥ ≤ C(E− +
dik,N ), proving the state bound after including the unchanged position. For
the second bound, use

R− I2 = −(E+)Th(Etemp − E+)
and the same bounds for both screen matrices. All these constants are
suprema on a fixed compact neighborhood, chosen before N . The number of
interfaces is finite, so taking their maxima and the smallest of their positive
margins preserves this independence.

Covariant Jacobi jets and the phase switch.
At a normalized state use the screen quotient

S (K) = K⊥g/RK

with positive metric induced by −g. The incoming EA identify it with R2;
the companion N merely chooses representatives. Along an actual metric-
null geodesic, the transverse Jacobi phase consists of the value class [J ] and
covariant slope class [V ], with V = ∇KJ . Its phase coordinates are z = (q, p),
where

[J ] = [Eq], [V ] = [Ep], p = q̇

in the parallel screen. Actual Jacobi lifts with these classes may have
longitudinal components. The transverse equation and its Cauchy phase do
not depend on those components.

Every pair of screen classes has a full Jacobi solution with representatives
in K⊥ initially: solve the ordinary Jacobi Cauchy problem with the chosen
representatives of its two slots. Metric compatibility and the curvature
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symmetries keep g(J,K) = g(V,K) = 0. Changing the initial representatives
by multiples of K adds a longitudinal Jacobi field (a+ bt)K and hence leaves
the transverse solution unchanged.

Prescribe the interface map on covariant Cauchy jets by

(J, V )+ = (LJ,LV ).

Since L is an isometry and LK = K+, it maps K⊥g to (K+)⊥h and RK to
RK+. Consequently the rule induces a well-defined isometry on the screen
quotient for each of the two jet slots. Its coordinate rule in the target screen
is exactly

z+ = Cik,Nz−, Cik,N = diag(R,R).
Indeed LEq = Etempq = E+Rq, and the same computation holds for V .
Longitudinal representatives map to longitudinal representatives, so they
introduce no correction to this formula.

With J =
(

0 I2
−I2 0

)
,

CTik,NJCik,N = J.
Thus the switch is symplectic and preserves the transverse Jacobi Wronskian.
This is also the direct consequence of LThL = g applied to −g(J, Ṽ )+g(V, J̃).
There is no derivative-of-R term: the rule specifies Cauchy data at one cut,
and the outgoing screen is initialized there and then parallel transported. It
is not a time-dependent rotation of a single screen along one uninterrupted
segment.

The coordinate derivative corresponding to this covariant jet reset is
explicitly

J̇+µ = (LV )µ − Γ(h)µαβ(K+)α(LJ)β.
Therefore copying a raw coordinate derivative across a metric switch would
generally give a different rule. The formula prescribes a valid Jacobi Cauchy
jet for the outgoing metric. It does not differentiate the nonlinear null-frame
reset map, nor does it assert ∇hK+(LJ) = LV for a previously chosen field of
maps L away from this cut.

The reference switch is the identity: at Z− = Z∗ and g = h = g0 one
has a = 0, L = I4, E+ = Etemp = E∗ and R = I2. This identifies the exact
comparison phase without a new screen gauge. The rule is nevertheless
nontrivial. If g = h = g0, K,N are exact and the incoming screen is E∗R0
for a small nonidentity R0 ∈ SO(2), then L = I4, the target screen is E∗, and
the recorded phase switch is diag(R0, R0). The physical jet is unchanged
while its coordinates are correctly carried into the target frame.

Piecewise propagation and scope.
On each subinterval integrate the null geodesic and parallel frame of its own

readout metric, together with the transverse Jacobi equation of that metric.
Its tidal matrix is real symmetric, so the corresponding four-dimensional
transfer Uj,N is symplectic. At a cut use the state reset above and record
the computed matrix Cj,N . The full optical algorithm uses, in the stipulated
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order,
UJ−1,NCJ−1,NUJ−2,N · · ·C1,NU0,N .

Every factor and hence the product is symplectic. Earlier frame and phase
discrepancies remain in the incoming state, in R, and in this accumulated
product. Target-frame reinitialization retains Cj,N and the accumulated
transfer.

The local state-flow estimates of Theorem K.12 apply on each retained
interval with its initial error. The two switch inequalities propagate this
error and the interface contributions through the finite iteration, using the
same affine clock.

In the fixed scalar position units used above, p = dq/dt = mdq/du. If
physical unit-screen coefficients are used instead of coefficients in EA, both
q and p acquire the same constant factor m, which leaves the four-by-four
transfer unchanged. Once the position units are fixed, the conversion between
(q, dq/du) and (q, dq/dt) is the single global conjugation diag(I2,mI2) of §K.4.
No additional clock conversion occurs at an interface.

The construction is a piecewise optical approximation with continuous
position. Each open segment is a null geodesic of its own readout metric; the
prescribed small interface resets join tangents, frames and covariant Jacobi
data. Its optical transfer uses the covariant Cauchy prescription above. The
exact cuts and parallel Sachs frame from §K.3, together with the coordinate
comparisons fixed in Theorem K.18, are benchmark data independent of the
transfer being approximated. The bounds are relative to these inputs and
the retained analytic margins. □

Finite accumulation and optical observables.
Use the finite readouts and reset maps just constructed. The refer-

ence is the fixed positive-mass Schwarzschild family of §K.3 with signature
(+,−,−,−). All comparisons use its original individual affine intervals and
exact terminal times.

Fixed finite data and local bounds.
Write λ = (E, ℓ) ∈ [1, 2] × [1/4, 1/2] for the parameters of the original

nonradial family. Keep its physical affine parameter u, dimensionless time
t = u/m, entrance r = 5m/2 and exact final time τλ, so that

τ− := 10
21 < τλ < τ+ := 100

99 . (473)

Keep the polar-first parallel Sachs frame of §K.3 and a parallel null companion.
In the common dimensionless EF coordinates X = (v/m, r/m, θ, ϕ), let

g0 = ḡ = m−2gm,

Zλ = (X,K,N , E1, E2),
K = dX/dt,

g0(K,N ) = 1,
g0(EA, EB) = −δAB.

(474)
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The displayed gm includes the coordinate Jacobian factors. The physical
tangent, companion and unit screen vectors are (K,N , E1, E2)/m, and u =
mt throughout. These states and their prescribed coordinate descriptions
range over a compact set. The screen phase is a different space: y = (ξ, p) ∈
R2 ⊕ R2, with p = dξ/dt = mdξ/du. Using physical unit-screen position
coefficients instead of the coefficients in EA multiplies both phase slots by
the same constant m and leaves the four-by-four transfer unchanged. Fix
one such position convention throughout.

The finite schedule has J slabs and nodes

tj(λ) = jτλ
J
, hj = tj+1 − tj , 0 ≤ j < J. (475)

The parameter set may have finitely many compact cells, with a specified
finite list of readouts on each cell. Every bound below is a maximum over
this finite list and its compact parameter sets. Neither this list nor J , the
nodes, parents, exact coordinate comparisons or reset rules depend on N .

Here slab j = 0, . . . , J − 1 uses Theorem K.18’s label ij = i(a, j + 1); its
nodes and enlarged domains are unchanged.

The exact times τλ are the quadratures of §K.3.2, and the reference Sachs
frame is the explicit parallel frame of §K.3.3. They, the specified companion
and the exact readout-to-physical coordinate comparisons are retained bench-
mark data. They are not values of the unknown Jacobi transfer obtained in
advance: the new UN below is obtained from the local approximate Jacobi
equations and the specified switch maps. The conclusion is an approximation
theorem with these exact inputs, not numerical certification from finite source
coefficients alone.

For readout i, use Proposition K.19 and its finite-algebra readout followed
by coefficient-polynomial evaluation at one. In the fixed dimensionless EF
coordinates let gi,N be the real tensor obtained after the same constant
rescaling by m−2. Its exact value at amplitude one is the reference metric
g0. The local result supplies, on an inflated inner position domain with a
positive additional buffer,

∥Ds(gi,N − g0)∥ ≤ Di,sβN , 0 ≤ s ≤ 3, βN = T−N−1
min

1− T−1
min

, Tmin > 1.

(476)
All Di,s are finite and independent of N . Exact coordinate/frame comparisons
and the fixed metric factor m−2 are included in these bounds before taking
finite maxima. Different gi,N need not agree on overlaps. There is no use
of a single approximate spacetime metric or of a physical gluing of different
source amplitude families away from amplitude one.

On the retained compact state tubes fix uniform metric inverse, connection,
derivative and vector bounds. Choose an initial tail threshold β̄ > 0 so that
the local real-signature, inverse-unit and null/frame normalizations hold
whenever βN ≤ β̄. With D0 = maxiDi,0, also take D0β̄ < βg; this condition
is automatic if D0 = 0. These are possible because there are finitely many
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strictly positive margins. The reference state is interior to each slab and
switch domain, and the position projection of the larger state tube is inside
that readout’s inner C3 domain.

Here are the local state bounds used in the proof. Set E+
j = ∥ZN (t+j )−

Z(tj)∥. Up to a possible first exit on slab j, the joint geodesic/parallel-frame
equation gives

sup
tj≤t≤tj+1

∥ZN (t)− Z(t)∥ ≤ ajE+
j + bjβN , aj ≥ 1, bj ≥ 0. (477)

One can take, for example, aj = eLjτ+/J and bj = eLjτ+/J(τ+/J)Fj , where
Lj is a Lipschitz bound for the dimensionless-t state equation on the larger
tube and FjβN bounds the difference of its vector fields there. This follows
from the integral inequality with initial error E+

j , not only from a zero-error
initialization. At time tj+1 write E−

j+1 for the incoming error.
The actual reset normalizes this incoming state with the target metric

and the same specified affine-clock rule. It uses the small null root, null-
companion normalization, positive Gram square root and the prescribed
oriented screen alignment. Its compact-neighborhood estimate is

E+
j+1 ≤ rj+1E

−
j+1 + cj+1βN , rj+1 ≥ 1, cj+1 ≥ 0. (478)

These constants exist for the actual finite-matrix reset, rather than for
a replacement by the exact state. Indeed its null equation has nonzero
derivative at the reference root; its scalar denominators and Gram matrices
have the retained nonzero or positive margins. The small root and positive
square root are analytic on a common smaller neighborhood. The target
screen is obtained by projecting the globally parallel exact Sachs frame
into the target screen and normalizing its positive Gram matrix. At the
exact metric and exact state all these operations return that same reference
state and frame. On a fixed smaller compact neighborhood, suprema of the
first derivatives of this finite collection of maps give rj+1 and cj+1 by the
mean-value formula. The metric perturbations at the reset are bounded by
the source and target versions of eq. 476. The incoming error is retained in
eq. 478.

For example Lemma K.21’s constants permit rj+1 = max{1, Asw,j+1} and
cj+1 = Bsw,j+1(Dij ,0 + Dij+1,0) at an actual switch. The final endpoint
convention below has no target readout and uses no such reset.

At the first entrance keep the full initialization estimate
E+

0 ≤ c0βN . (479)
For example c0 = CinitDi0,0, with any fixed coordinate/frame constants
included, is permitted by Lemma K.11. This term is not set to zero merely
because a later slab has a different central mark.

Proposition K.22 (Finite state accumulation).
There are a finite CZ and an integer N0, depending only on the fixed

finite schedule, its readouts and buffers, such that every N ≥ N0 admits
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every slab evolution and every prescribed reset on its full scheduled domain.
Throughout every slab, and on both sides of every reset,

∥ZN − Z∥ ≤ CZβN . (480)

Proof. For the last endpoint put rJ = 1, cJ = 0, meaning that there is no
reset there. For 0 ≤ j < J set

Aj = rj+1aj , Bj = rj+1bj + cj+1, H0 = c0, Hj+1 = AjHj +Bj .
(481)

The finite recurrence has the explicit solution

Hj = c0

j−1∏
ℓ=0

Aℓ +
j−1∑
k=0

Bk

j−1∏
ℓ=k+1

Aℓ,

CZ = max
{

max
0≤j≤J

Hj , max
0≤j<J

(ajHj + bj)
}
.

(482)

Empty products equal one and empty sums zero. Thus all constants are
fixed before N is chosen. In particular this bound includes c0 and the error
carried through every switch; it does not restart the error estimate at zero.

Choose a single positive tail threshold small enough that CZβN is less
than half of every retained slab state buffer. Also require it to be less
than the position buffers after applying their fixed coordinate comparison
bounds. There are finitely many reset-domain tests: their errors are bounded
by finite linear combinations of the incoming state error and the source
and target metric errors. Decrease the same threshold so that each such
combination is less than half its positive margin. More explicitly, if a test
requires αqE + dqβN < µq with µq > 0, impose

(αqCZ + dq)βN < µq/2. (483)

Tests with zero left-hand coefficient need no restriction. Include βN ≤ β̄.
Their finite minimum is a strictly positive threshold β∗.

Now prove existence and the bounds together by finite induction. The
initial normalization exists at this threshold and eq. 479 gives E+

0 ≤ H0βN .
If the solution on slab j had a first exit before tj+1, the integral estimate
valid up to that exit would give error at most (ajHj+bj)βN ≤ CZβN , strictly
inside its retained state and position buffers. This contradicts a first exit.
The ODE therefore continues to the slab endpoint inside its compact parent,
and E−

j+1 ≤ (ajHj + bj)βN .
The reset tests are satisfied by eq. 483, so the actual reset exists. Its

bound gives E+
j+1 ≤ [AjHj + Bj ]βN = Hj+1βN , again strictly inside the

next slab’s initialization neighborhood. This proves the induction and all
switch assertions. Since Tmin > 1, βN → 0; choose N0 so that βN < β∗ for
all N ≥ N0. Equivalently it suffices to take TN+1

min > [(1 − T−1
min)β∗]−1. No

numerical value of this sufficient order is asserted. □
Tidal coefficients on the accepted slabs.
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All local estimates now hold on the whole scheduled slabs. Apply the
generic calculations of results K.10–K.12 directly to g0 and gi,N in the t-clock
and unit-g0 frame convention above. Let Ds = maxiDi,s and retain common
G,Ks, V,R0, R1 in these coordinates. Thus ∥g−1

0 ∥ ≤ G, ∥Dsg0∥ ≤ Ks, the
reference and approximate vector components have norm at most V , and
R0, R1 bound the exact curvature operator and its first coordinate derivative.
Fixed mass factors are already included in the coordinate readout constants.

The metric C3 estimate gives a curvature C1 estimate on these tubes.
To check this directly, express Γ by g−1

0 Dg0 and R by DΓ + ΓΓ, and use
the same formulas for each gi,N . Each component of (R,DR) is a finite
sum of products of inverse metric entries and metric derivatives of order at
most three. On the retained inverse margins, replace one factor at a time
and use eq. 476. The result is a finite constant CR,1, independent of N ,
with ∥Ri,N −R∥C1 ≤ CR,1βN . In particular the exact R1 used to move the
evaluation point is bounded on the same tube; this is not inferred from a
curvature C0 estimate alone.

For an explicit admissible C0 curvature constant define

γ0 = 3G(K1 + 1),
d∗

0 = 6G2(K1 + 1)D0 + 3GD1,

d∗
1 = {24G3(K1 + 1)2 + 6G2(K2 + 1)}D0 + 12G2(K1 + 1)D1 + 3GD2,

d∗
R = 2d∗

1 + 4γ0d
∗
0.

(484)
The smallness conditions in Lemma K.10 are included when choosing N0. Its
proof gives ∥Ri,N −R∥ ≤ d∗

RβN . In the present convention the exact tidal
matrix is RAB,t = −g0(R(EA,K)K,EB). Replacing its metric, curvature
and four vector factors and moving the position, exactly as in Theorem K.12,
gives on each slab a dimensionless coefficient bound

∥Aj,N (t)− Aλ(t)∥ ≤ κN := KtidβN , (485)

where one valid finite choice is

Ktid =
[
2V 4{R0D0 + (K0 + 1)d∗

R}
+ 2{V 4(K1R0 +K0R1) + 4K0R0V

3}CZ
]
.

(486)

Each state norm and coordinate comparison is the one used in obtaining CZ .
There is no additional m2 factor here: −g0(R(EA,K)K,EB) is already the
dimensionless tidal coefficient, equal to m2 times its physical-u, unit-physical-
frame counterpart. More generally the same calculation before substituting
Proposition K.22 gives a bound C(βN + ∥ZN − Z∥).

On a slab use its own real metric, null tangent and parallel orthonormal
screen. Its tidal matrix is symmetric, even though gi,N need not be Einstein.
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Therefore

Aj,N (t) =
(

0 I2
−Rj,N,t(t) 0

)
, AT

j,NJ + JAj,N = 0, J =
(

0 I2
−I2 0

)
.

(487)
The matrices in eq. 485 are expressed in the corresponding ordered screen
components. The state comparison includes the chosen alignment to the
global exact Sachs frame; arbitrary independent screen rotations are not
silently suppressed.

Proposition K.23 (Piecewise Jacobi Cauchy transport).
Let Vj,N be the exact fundamental matrix on slab j, initialized by the

identity at tj . At switch j, use the oriented orthogonal screen identification
supplied by the reset construction. In Cauchy components its phase map is

Cj,N = diag(Rj,N , Rj,N ), Rj,N ∈ SO(2), 1 ≤ j < J. (488)

Its exact reference is Cj = I4, because both the temporary and target screen
reduce to the same globally parallel exact Sachs frame when the metric errors
and incoming state error vanish. There are finite Hrot

j such that

ηj,N := ∥Cj,N − I4∥ ≤ Hrot
j βN , Hrot :=

J−1∑
j=1

Hrot
j <∞. (489)

Define the piecewise Jacobi Cauchy transport by solving the slab Jacobi
equation and imposing y(t+j ) = Cj,Ny(t−j ). Its complete endpoint matrix is

UN = VJ−1,NCJ−1,N · · ·C1,NV0,N . (490)

Then UN is symplectic and

∥UN − Φλ(τλ, 0)∥ ≤ e(1+κN )τλ

τλκN +
J−1∑
j=1

ηj,N

 . (491)

Here Φλ is the §K.3 transport in its polar-first screen and dimensionless
phase. The Cauchy transport is the one defined in Lemma K.21.

Proof. The oriented screen identification is analytic near the exact framed
state: projection, positive Gram normalization and the oriented orthogonal
factor are finite matrix operations on the retained positive margins. At the
exact state its rotation is the identity. Its derivative is uniformly bounded
on the finite compact reset neighborhoods. Its mean-value estimate is

ηj,N ≤ crot
j

(
E−
j +Dij−1,0βN +Dij ,0βN

)
, (492)

with any finite matrix/coordinate factors included. Proposition K.22 thus
permits Hrot

j = crot
j (CZ +Dij−1,0 +Dij ,0). In particular the jump estimate

carries the incoming state error; it does not erase it.
With the common g0 and t-clock convention, one may take crot

j = Cph,j
from Lemma K.21. The fixed coordinate/state-block conversions are included
in that constant.
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Symmetry in eq. 487 proves V T
j,NJVj,N = J by differentiation. Orthogonal-

ity gives CT
j,NJCj,N = J and ∥Cj,N∥ = 1. Thus the full product is symplectic.

The definition explicitly transports both displacement and slope components
with the same orthogonal identification, in the common physical clock u = mt.
It is a well-defined linear phase model attached to the reset ray/frame. It
does not require a derivative of that reset on a family of spacetime rays.

The exact Sachs generator has norm one. By eq. 485, the approximate gen-
erator has norm at most 1 +κN . On a slab of length hj the two fundamental
matrices satisfy
∥Vj,N∥ ≤ e(1+κN )hj , ∥Vj∥ ≤ ehj , ∥Vj,N − Vj∥ ≤ hjκNe(1+κN )hj .

(493)
The last inequality is Duhamel’s integral formula. Compare the finite prod-
ucts factor by factor, inserting I4 at each exact switch. A slab-difference
term is bounded by hjκNe

(1+κN )τλ ; a jump-difference term is bounded by
ηj,Ne

(1+κN )τλ . The remaining jump factors all have norm one, so no product
of 1 + ηj,N is introduced. Summing and using

∑
j hj = τλ gives eq. 491.

The same argument applies to every partial product, with its elapsed time
and switches. This also proves exact composition of this piecewise Cauchy
transport at any retained cut, including a cut just before or just after a
reset. □

Corollary K.24 (A uniform effective coefficient error).
Put

εN = κN + HrotβN
τ−

=
(
Ktid + Hrot

τ−

)
βN . (494)

For N ≥ N0 large enough that εN ≤ 1/10, the full transfer satisfies
∥UN − Φλ(τλ, 0)∥ ≤ 4εN =: δN , ∥UN∥ < 4, (495)

uniformly for the entire original compact ray family. The transfer inequality
is strict when εN > 0.

Proof. Since τλ > τ−, τλκN +
∑
j ηj,N ≤ τλεN . Moreover κN ≤ εN . Con-

sequently Proposition K.23 bounds the transfer difference by τλεNe(1+εN )τλ .
Here (1 + εN )τλ < 10/9. The elementary estimates e < 11/4 and e1/9 ≤ 9/8
give e10/9 < 99/32, whence

τλe
(1+εN )τλ <

100
99

99
32 = 25

8 < 4.

The product norm is at most e(1+κN )τλ < 99/32 < 4 because every jump
has norm one. If εN = 0, the coefficient and jump errors vanish and the
transfer difference is zero. This proves both assertions. All choices remain
independent of N , and increasing N meets the final smallness condition. □

Proposition K.25 (Forward observations and conditional inverse
observations).

Under the hypotheses of Corollary K.24, in particular N ≥ N0 and εN ≤
1/10, write Φλ =

(
A B
C D

)
and UN =

(
AN BN
CN DN

)
in the endpoint phases just
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specified. Let δN = 4εN . Then the outgoing phase of an initial component
vector of norm at most J0 has error at most J0δN . If the initial phase itself
is approximated with error η0, its total outgoing error is at most 4η0 + J0δN .

For point-source Cauchy data in this piecewise phase model, ξ(0) = 0 and
p(0) = mdξ/du(0), so its endpoint response block to the physical slope is
mBN . The oriented area observations ON = m2 detBN and O = m2 detB
satisfy

|ON −O| ≤ 9m2δN . (496)
If additionally δN ≤ 3/14, then

σmin(BN ) ≥ 3
14 , ∥B−1

N ∥ ≤
14
3 , ∥B−1

N −B
−1∥ ≤ 98

9 δN . (497)

The corresponding inverse difference for mBN is at most 98δN/(9m). On
the same margin the dimensionless expansion trace also satisfies

| tr(DNB
−1
N )− tr(DB−1)| ≤ 4δN

{7
3 + ∥D∥49

9

}
. (498)

The physical-u trace has this bound divided by m.
Proof. Block projections have norm one, so the global transfer bound

gives each block error at most δN . The outgoing phase bounds follow from
UNyN −Φy = UN (yN − y) + (UN −Φ)y. The phase identification is oriented
orthogonal at the switches; it introduces neither a determinant sign nor an
affine-clock dilation. Thus the same physical normalization of the original
point-source observation gives mBN .

Since εN ≤ 1/10, δN ≤ 2/5 < 1. The two-column determinant identity
gives

| detBN − detB| ≤ 2∥B∥δN + δ2
N .

For the original exact family, §K.3.7 gives ∥B∥ < 100/33. Hence the right-
hand side is at most (200/33 + 1)δN ≤ 9δN , proving the area bound; the final
inequality is strict when δN > 0. This use of the constant nine is justified by
the new full product estimate, not by an assumption that different metric
readouts glue.

The same exact family has σmin(B) > 3/7. Therefore δN ≤ 3/14 implies
σmin(BN ) ≥ 3/14 and the inverse norm bound. The inverse identity yields

B−1
N −B

−1 = −B−1
N (BN −B)B−1, ∥B−1

N −B
−1∥ ≤ 14

3
7
3δN = 98

9 δN .

For the trace, subtract the products as (DN − D)B−1
N + D(B−1

N − B−1)
and use | trM | ≤ 2∥M∥. This gives exactly eq. 498. The physical clock
conversion follows from p = mdξ/du, with the same fixed positive mass on
every slab. □

Singular position projections.
For every N under consideration, UN is an invertible symplectic map.

Its graph is a four-dimensional Lagrangian relation in the product phase
space with forms −Ω and Ω. It carries every initial Lagrangian plane to a
Lagrangian plane even when a position projection is singular. The piecewise
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Cauchy definition and the forward product and determinant estimates remain
meaningful there. An inverse endpoint block or expansion trace requires the
explicit singular-value margin in Proposition K.25; it does not follow from
symplecticity alone. For the original point-source family that margin persists
for sufficiently large N by eq. 497. No persistence at a prescribed caustic
time of a different initial Lagrangian is asserted.

More explicitly, represent any fixed initial Lagrangian plane by a rank-two
matrix Y0 ∈ R4×2 with Y T

0 JY0 = 0. Then UNY0 has rank two and the same
isotropy identity. With Q = prξ ΦλY0 and QN = prξ UNY0, one has

∥QN −Q∥ ≤ δN∥Y0∥, |detQN − detQ| ≤ 2∥Q∥δN∥Y0∥+ δ2
N∥Y0∥2.

(499)
These forward inequalities do not divide by detQ and therefore remain valid
when that projection has a caustic. The full transported plane, rather than
an inverse of Q, is retained.

The final times are the exact scheduled tJ = τλ, corresponding to u = mτλ.
The approximate endpoint need not lie exactly on r = 3m/2. Comparing
approximate hitting events instead would require additional time-of-hit and
matching estimates; none is used here. The approximate piecewise state
need not conserve the exact Schwarzschild E and L, although its reference
ray is exactly the original family with those parameters.

All finite readout constants, reset derivative bounds, buffers, CZ , Ktid
and Hrot are theoretical finite constants. The finite product/sum and the
sufficient tail inequalities specify them and a sufficient N in terms of the
chosen parents and local data. They have not been numerically evaluated.
The rational constants 4, 9, 14/3 and 98/9 are explicit and apply by the
proofs above. No whole-long-family containment in a single local readout,
global approximate metric, off-one physical-amplitude gluing, or variational
interpretation of the reset derivative is required by these conclusions.
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Appendix L. Notation index. The following tables collect the notation
used in the manuscript. It introduces no additional assumptions or definitions.
Chiral labels refer to the two spin factors in the fixed convention, and
the numerical Einstein label is always the one in Ric = Λg. The Lorentz
signature is (+,−,−,−); the curvature contraction and primary printed-label
dictionary are collected in §2.

L.1. Source and presentation spaces.

Symbol Meaning
First
definition

T0 The germ of Tot(O(1)⊕2) along
its whole zero line.

§2

Hm(T0) Analytic two-chart Čech classes
of weight m, on the whole line
germ.

Definition 2.1

AΛ The original independent pair
H2(T0)⊕H−6(T0) at numerical
Λ.

Definition 2.1

U+
r , U

−
r The separately symmetric free

curvature records of types
(r + 4, r) and (r, r + 4), with the
displayed component factorials.

§3 and
Theorem 3.1

EΛ Marked local analytic Einstein
germs, with physical point and
full-spin instructions retained.

Definition 2.1

SΛ Independently recognized
regular-normal affine ray objects.

Definition 2.2

WΛ Independent ordinary threefold
data, calibrated actual form and
unrestricted opposite-chirality
class.

Definition 2.3

CΛ The calibrated affine presentation
category, with independent
projective-extension admission.

Definition 5.6
and Theorem
H.4

OΛ Independently admitted
structured analytic operator
objects and their physical
comparison classes.

Definition H.1
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L.2. Bundles, roots and operators.

Symbol Meaning Location
Qx The compact Legendrian sky

P1 × P1 of a physical point.
§2

p : F →M , q : F → Z The complete sky incidence; Z is
the contact fivefold.

§2

L The contact line, restricting to
O(1, 1) on each sky.

§5 and
Definition H.1

EJ The intrinsic rank-two projective
optical solution bundle, with its
specified Wronskian isomorphism∧2 EJ ≃ L.

Proposition
5.3 and
Appendix D.3

E [1] The calibrated conformal density
line; its optical square
identification is retained.

Appendix D

V, T Respectively the descended
rank-six ray bundle and its
reconstructed normal tractor
bundle.

Definition 2.2
and §4

Wscr The rank-four middle bundle
(CI + CX)⊥, identified with TM
by the solder; its tangent Spin
type is S ⊗ S′.

Definition 2.2
and
Proposition
4.3

TLT The rank-four normal
local-twistor bundle, with volume
and marked conformal splitting
S ⊕ S′; the tractor identification
is T ≃ Λ2T ∗

LT.

Proposition
I.3 and
Appendix J.1

L, α, κ The ordinary degree-one line, its
actual fourth-root identification
and central degree-one calibration
in the retained full-spin mark.

Definition 2.3

R, R2 = KF/S The module half-canonical root.
Here S → B is the total point
family over the passive base, with
S = M at fixed parameter; retain
KF/B ≃ KF/S ⊗ p∗KS/B, its
square comparison and every
calibrated base factor.

Appendix G.3

E1/2
T0

The analytic half-density
microdifferential operator sheaf
on the derived projective
cotangent carrier.

Appendix F
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Symbol Meaning Location
U1 The truncated-unit sheaf

1 + (F−1E/F−2E) inside
(F0E/F−2E)×, identified with the
additive sheaf L−1.

Appendix F.3

φij , Cijk Actual operator comparisons and
their normalized inner
associators.

Appendices
F–H

τij Module descent comparisons
satisfying τijτjk = Cijkτik.

Appendix G

The operator sheaf E1/2
T0

, density line E [1] and optical bundle EJ are
different objects. The module root R is also different from the optical density
root. A module comparison’s principal scalar and its whole local-system
frame have separate roles.

L.3. Execution, inverses and scalar conventions.

Symbol Meaning Location
AN The amplitude algebra

C[ε]/(εN+1).
§5

om, dm, Lm The optical obstruction
derivative, its compatibility map
and the unique inverse on the
zero-free-record summand.

§5, Theorem
5.5 and
Appendices
C–D

CN A finite source contact/optical
stage before the selected storage
normalization.

§§5–6

NP , XN , YC The fixed storage normalizer, its
finite output and the one joint
analytic comparison tuple, with
XN = jNε YC .

§6

G, E The source-to-ray constructor
and full-record decoder; the latter
is a map, not an operator sheaf.

Theorem 2.4

Γ, drec Ordinary registration and its
independently defined record
decoder.

§7

PZ , KZ The curved negative contour and
its one fixed bounded
representative inverse.

Appendix E
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Symbol Meaning Location
Sop, Dop The actual source/operator

constructor and decoder, with
both independent-domain inverse
comparisons.

Theorem 9.11

mr,ν , mr, γr Block atomic diagram masses,
the one weighted mass and its
bounded-product rescaling; all
refer to the same recursively
ordered coefficients.

Appendix B.2
and Lemma
B.3

F , Q Classical extraction and
structured quantization, with
actual units and counits on the
independent domains.

Theorem H.4

I The selected normal tractor, or
its identified local-twistor form; it
is parallel on Einstein-admitted
objects. The pre-admission defect
is given in J.1.

§§4–5 and
Appendices
I–J

H(I, I) On Einstein-admitted objects,
the selected normal-tractor norm
is −Λ/3.

Definition 2.2
and Appendix
J.1

c The scalar Λ/6 in the rank-four
spin realization; it is distinct
from a contact overlap factor cij .

Proposition
I.3

ΛP The primary printed label under
the declared
curvature-component dictionary:
ΛP = −Λ. The prescribed native
Λ is unchanged.

§2 and
Proposition
I.3

Both original sources have their gravitational weights 2 and −6. The
projective ket Euler sector has weight −2; it is not a relabeling of either
gravitational source. The microlocal cone O(−1,−1)× and the Lorentz
phase-scaled spinor bundle are distinct typed objects.

L.4. The simultaneous projective diagram.
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Symbol Meaning Location
Lσ The canonical tractor

prolongation of the density
selected by the same affine torsor
and optical root. This L is a
differential operator, distinct
from either line bundle denoted L
or L.

Appendix J.1

TLT,ray The rank-four local-twistor
bundle on the ray space, obtained
by descending TLT along the
retained short null rays, with its
volume. It is distinct from the
middle bundle Wscr and the
rank-six tractor T .

Theorem J.2

ℓ ⊂ h The descended
rank-one/rank-three flag;
ℓ|Qx = O(0,−1) and
Ann(h)|Qx = O(−1, 0).

Theorem J.2

Fspin The exterior-square identification
T ≃ Λ2T ∗

LT of the normal tractor
with alternating forms on the
local-twistor bundle.

Proposition
I.3 and
Appendix J.1

Vγ The parallel totally null optical
two-plane span(X,DkX), with
V ∗
γ ≃ EJ,γ .

Proposition
J.4

Kx,γ The rank-two point plane
kerFspin(X(x)) for a ray through
x.

Proposition
J.4

R(O), gA The independently decoded
marked Einstein germ and the
canonical germ for the original
input records.

Appendix J.5

P(O), Can(g) The full derived projective
diagram of a supplied operator
object, and the canonical diagram
of an Einstein germ enriched by
the specified quantization.

Appendix J.5

βO, αA The actual independent-domain
and source diagram comparisons.
The subscript distinguishes βO
from the optical root-square map
β.

Theorem J.6
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Symbol Meaning Location
JLT The antilinear Lorentz duality

from (TLT,ray)y to (T ∗
LT,ray)ι(y).

The target is the paired dual
fiber; the complex-linear operator
formal adjoint has a different
type.

Proposition
J.7

HLT The Hermitian pairing matrix of
the local-twistor Lorentz
comparison in compatible marked
spin frames.

Proposition
J.7

Parameter families are based on finite-dimensional complex manifold germs.
Their finite jets mean actual Taylor restrictions, as specified in Definition
2.1.

L.5. Component and locally reused notation.

Symbol Meaning and scope Location
ϵAB, ϵ

AB The mutually inverse alternating
matrices; raising and lowering are
left contractions. The primed
matrices have the same
convention.

§2

Cabcd,Ψ±, p± Last-slot covariant Weyl tensor,
its signed chiral readouts, and
their explicitly inverse component
contractions.

§2

Dz The ray contact plane, identified
with orthogonal Jacobi solutions
modulo (a+ bu)k. It is distinct
from the source decoder E .

Proposition
5.3

S(u) A matrix graph of the
tangent-sky curve; its symbol is
local to the optical calculation.

Proposition
5.3 and
Appendix D.2

S → B, M Total physical point family over
passive parameters; M is a fiber
at a fixed passive parameter.
These bases are distinct from the
spin spaces S, S′ of §2.

Appendices
G.3 and H.1



214 LIOR ISTHMUS

Symbol Meaning and scope Location
X, XN , YC Position tractor in the tractor

constructions, with locally
declared reuse for leaf graphs,
solder matrices and EF
coordinates; YC is the joint
analytic tuple and XN its
amplitude Taylor polynomial.

§§4 and 6,
Appendices
E.6 and K.8,
and
Proposition
J.7

P , P, PZ The Schouten tensor, its flat
linearized metric operator, and
the curved contour transform,
respectively.

§2, Appendix
C.3, Appendix
E

Pm = Pm, P(O) The space Symm V ∗, zero for
m < 0, and the derived projective
diagram of an operator object,
respectively.

Appendix D.4
and Appendix
J.5

J , j J = Scal /6 is the Schouten trace;
a separately declared highest
square-zero ideal is a
coefficient-algebra ideal.

§§5 and J.1

ι, K, B Vacuum inclusion, ray/density or
kernel objects, and
block/parameter symbols are
used only with their displayed
local domains. The passive base
B in G–H is distinct from the
optical matrices Bij .

§§5–6 and
Appendices
C–H

g0 = ḡ, K,N , EA Dimensionless EF metric m−2gm
and its normalized full null frame;
the physical vectors are
(K,N , EA)/m.

§K.8

βN , εN The common local-readout
geometric tail and the effective
tidal-plus-switch error.

Proposition
10.5, §K.8

L, R, Cj,N The pointwise metric-to-metric
tangent isometry, recorded
oriented screen rotation and
symplectic Cauchy switch; these
symbols are local to the
finite-readout construction.

Lemma K.21

UN The complete piecewise metric
Jacobi Cauchy transport at the
original exact affine endpoint.

§K.8
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AI-use disclosure. AI systems were used extensively throughout this
research and the preparation of this manuscript. The models used were
GPT-6 Pro, gpt-6.1-sol (xhigh), and Claude Opus 5.5 (xhigh).
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