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CLASS NUMBERS, SQUARE ROOTS AND QUADRATIC NON-RESIDUES
IN TIME 2°0(*/vlegn) ASSUMING THE NEW #SAT ALGORITHMS

VAIBHAV TULSYAN

ABSTRACT. Basic problems of computational number theory have proven deterministic bounds that are
fixed powers of the input. The class number h(D) of an imaginary quadratic discriminant takes |D\1/2+0(1)
steps unconditionally and |D|/3+°(1) under the generalised Riemann hypothesis (GRH); the least quadratic
non-residue modulo a prime p takes pl/(4\/g)+°(1) by Burgess’s 1957 bound, polynomial only under GRH;
exact divisor sums Zm<$ 7(m) take 21/3+0(1) However, none of these bounds is of the form X°(1), even

conditionally. We present deterministic algorithms in time 20(n//logn) where n is the input bit length,
for six such problems: the number of reduced forms of discriminant —N, for fundamental discriminants
h(—N); the least square root of a modulo any m; the least quadratic non-residue modulo a prime; and
ngz 7(m), Emgz o(m) and the Gauss circle count. Our approach writes each answer as a count of
solutions of equations with one or two products and evaluates it with Anthropic’s counting engine through
one network library: products by a two-dimensional Schonhage—Strassen network, sums by signed carry
chains, inequalities by comparison chains, with O(n) shared bits. We prove the seven resulting theorems
in Lean 4 (for example hForm_TM_rate; axioms propext, Classical.choice, Quot.sound): a finite-alphabet

Mathlib Turing machine outputs the answer within |C' - 2C0n/v l°gz(n+2)J steps on every input. Lean proves
the count of Gauss’s reduced forms; its equality with the ideal class number of Q(v/—N) is classical and not
formalised. The constants are astronomical, the machines use exponential space, and every result rests on
Anthropic’s Lean development of its claimed refutation of the Exponential Time Hypothesis, which is under
review.

1. INTRODUCTION

Computing the class number h(D) of an imaginary quadratic discriminant D = —N is one of the oldest
problems of computational number theory. Gauss’s reduction theory gives the simplest algorithm: h(D)
is the number of reduced forms ax? + bry + cy? of discriminant D, and every such form has a < \/N/3,
so listing them takes N'/2+°(1) steps. To our knowledge this is still the best proven deterministic bound
without hypotheses [17, §5]. Under GRH, Shanks’s baby-step giant-step method, analysed by Lenstra [16] and
Schoof [24, §3], takes N*/5+°(1) "and the subexponential algorithm of Hafner and McCurley [12] is randomised
and also rests on GRH [17, §5]. Two neighbouring problems have stood still for as long. The least quadratic
non-residue modulo a prime p is below p/(4ve)+e by Burgess [6], so trial search takes p?-1517 steps, and this
exponent has not been improved since 1957; only under GRH is the non-residue below O(log® p) (Ankeny [1],
Bach [3]). Exact divisor sums Y _. 7(m) take x1/3+°() steps [28, 29].

In October 2026 OpenAlI [21] and Anthropic [2] (below [O] and [A]) each claimed a deterministic algorithm
that counts the satisfying assignments of a k-CNF in subexponential time, refuting the Exponential Time
Hypothesis; both claims come with Lean 4 developments and are under review. Rudich and Rousseau [23]

used the engines to factor in N°(1) Shunia [27] proved the rate 20(n/y/1ogn) o1 paper, and our factoring
note [32] proved it in Lean on [A]’s engine. However, the bounds above are all fixed powers of the input, even
under GRH for h(D). We are unaware of any derivation of them from the new counting engines; our searches
are described in Section 10.

1.1. Counting problems with one or two products. We consider problems whose answer is, or is found
from, the number of integer solutions of a fixed system of polynomial equations and inequalities in O(1)
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unknowns of O(n) bits, in which each equation has at most two products. The class number is such a count:
h(—N) counts the triples (a,b,c) with b + N = 4ac and |[b| < a < ¢, up to a tie-break.

Example 1.1 (Running example). Take N = 23. The reduced forms of discriminant —23 are (a, b, ¢) = (1, 1, 6),
(2,1,3) and (2,-1,3), so h(—23) = 3. Our machine asks two counts. Query 1 counts the triples of naturals
with b2 423 = 4ac and b < a < ¢; they are (1,1,6) and (2, 1,3). Query 2 counts the triples with b? + 23 = 4ac
and 0 < b < a <citis (2,1,3) alone, which stands for the form (2, —1,3). The answer is 2+ 1 = 3.

1.2. The naive encodings fail; the principle. At first one might reduce each count to #SAT and apply
the engines’ headline theorems. However, Tseitin’s transformation of a multiplication circuit has Q(nlogn)

clauses for every known circuit, and [A]’s clause bound then gives 20(nV/1og7) worse than the classical bounds.
Our factoring note [32] showed how to avoid this for one equation pg = N: [A]’s network model charges
2¢'U for U bits shared between nodes, with e = O(1/y/logn), and a two-dimensional Schonhage-Strassen
transform multiplies with O(n) shared bits. Writing a new network for each problem would cost thousands
of Lean lines each. Instead, we rely on a different principle: a fized system of equations with few products
has a network assembled from three kinds of block (products, carry chains and comparison chains), each
cutting O(n) bits, so one library proved once serves every problem. The per-problem work is a data value, the
description, together with a counting identity in pure Mathlib.

1.3. What we prove. In this paper we build that library, which we call ArithNet, write six descriptions,
and prove in Lean that one Turing machine per problem computes the answer. All six theorems have the
same form.

Theorem 1.2 (Section 8; machine-checked). For each of the following functions F' there are a Turing machine
M in Mathlib’s TM2 model, with finite alphabets on all stacks, and a constant C € N, such that on every

input word w of length n (as specified) M halts within |C - 20/ v 10@2(”+2)j steps with output encodeNat F':
(i) hForm_TM_mrate: w = encodeNat N, F' = htory (—N), the number of reduced forms of discriminant
—N (Theorem 5.1);
(ii) hFormPrim_TM_rate: the same machine, for —N a fundamental discriminant, outputs the number of
primitive reduced forms, the form class number h(—N);
(i) sqrtMod_TM_rate: w = encodePair m a, F the least y < m with y*> = a (mod m), and m if there
is none;
(iv) lgnr_TM_rate: w = encodeNat p with p prime, F the least quadratic non-residue modulo p (p if
there is none, i.e. p = 2); on every other p the machine halts within the same bound with some y < p;

(U) divisorSum_TM_rate, sigmaSum_TM_rate, circle_TM_rate: w = encodeNat =z, F =
Y om<a T(M), X2 <, 0(m), and #{(u,v) € 72 u? +0? <z}

Since n = logy N 4+ O(1), the bound in (i) is NO(/VIeglee N) — | p|o(1) " against | D|Y/2+°(1) unconditionally
and |D|Y/>*t°() under GRH. In (iv) it is p°("), against p*1°2; in (v) it is 2°(), against z/3+°(). To our
knowledge, no deterministic algorithm with a bound of the form X°() was known for (i), (iii) or (v), even
under GRH.

1.4. Contributions. Our contributions are:

e We introduce ArithNet, a library that turns a description (variables, products of a variable by a variable or
a constant, linear equations with coefficient mass at most 32, comparisons, bit patterns) into a parsimonious
network, and prove in Lean that its value is the number of solutions, that its shared bits total O(n) and
that each of its g nodes holds O(n/g + n®/*) bits (Section 3).

e We present generic counted prefix-search and one/two-query machines that turn any polynomial-time
description reader into a Turing machine running in 20/ Viogn) steps (Section 4).

o We give the six descriptions and their counting identities, including the two-query split of reduced forms
and an exact formula for non-residues with a prefix from a count of squares (Section 5).

e We prove the six theorems of Theorem 1.2 in Lean, and state precisely what the class-number theorem
counts and what remains classical (Sections 6, 8 and 9).
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The ingredients (reduction theory, prefix search, the transform network) are classical or from our factoring
note; what we add is the library, its proofs, and the descriptions.

1.5. Status of each claim. We separate four kinds of claim. Machine-checked in Lean: the seven theorems
of Theorem 1.2, with the axioms propext, Classical.choice and Quot.sound only, and every lemma whose
Lean name we give. Proved on paper only: the equality of the form class number with the ideal class
number of Q(/—N) (classical; Dirichlet and Dedekind, see [10, Thm. 7.7]); the decomposition of hAgm, for
non-fundamental discriminants in Theorem 6.1; the discussion of real quadratic fields; and the comparisons
with earlier bounds. Assumed: nothing beyond the three axioms; [A]’s results enter as Lean theorems of
its development, which the kernel checks with ours. Checked numerically: the running examples and the
decomposition of Theorem 6.1 for N < 400, by a short exact computation that is not part of the proof; some
of the small values, such as the split 2 + 1 of Theorem 1.1 and lqnr(7) = 3 of Theorem 5.3, are also checked
in Lean by decide.

Outline. Section 2 recalls [A]’s counting theorem. Section 3 builds ArithNet and Section 4 the machines.
Section 5 gives the descriptions, and Section 6 says what the class-number theorem counts. Sections 7 to 9
cover the exponent, the statements and the Lean development, and Sections 10 and 11 related work and
limitations.

2. THE ENGINE COUNTS ACCEPTED LABELLINGS

In this section we recall the one theorem of [A] that we compose with, in the form used by our factoring
note [32, §2]. We use [A]’s Lean development at commit 16a5ce4 (anthropics/formal-math, folder eth,
Lean v4.33.1, Mathlib 0df444a).

A network on [g] with parameters P, B, T has, for every node a, settings of at most P bits and a weight W,
and for every pair of nodes an interaction that factors through ¢, ; shared bits, with »°, ¢, < P; its value
is 7 =3, 1. Wa(2a) [T{a,py Vap and its total is U = >__ ., cap. We use only label systems: items (wires)
placed on pairs of nodes, each carrying a W-bit label seen by both nodes, with W, a 0/1 table. The value is
then the number of labellings accepted by every table.

Imported Theorem 2.1 ([A], Lemma 8(i) and Theorem A(b); see [32, Imported Thm. 2.2]). Let K = K, > 2
be a level of [A]’s schedule, g = 3K®, and ey < (3¢ +6)/+/logs K for an absolute xo. A network on [g] with
parameters P, B, T and total U can be evaluated within (K9 + 20 K°L(K (L 4 B'))CoK? 229P/K 1) (g(P + B))r
operations, where L = [(U + gP/K)/K?], B' = [2gP/K]| + ¢°B and Cy,C; are absolute.

In Lean this is ExplicitCost.groupingExplicit together with the clique machine of the counted recursion
(CountedRoute.onTheCountedRecursion); [A]’s host lemma CountKSat.exists_tmW turns the step-by-step
machine into a Mathlib Turing machine with polynomial overhead. So a network family with U = O(n) and

gP = O(n) is evaluated in 20"/ V1987) steps at the level K*° < n of our factoring note.

3. ARITHNET: ONE NETWORK LIBRARY FOR FEW-PRODUCT SYSTEMS

In this section we define descriptions and the count they denote, build the network of a description, and
state its value and parameter theorems. The definitions are pure Mathlib (module ArithDesc); the network
is in the bridge modules ArithParams and ArithNetx*.

3.1. Descriptions. A description is plain data:

inductive Operand | var (v : N) | const (limbs : List N)
structure ProdD where u : N; w : Operand -- the product x_u * w
inductive Src | prod (p : N) | 1lin (v : N) | const (limbs : List N)
structure Term where coeff : N; src : Src
structure ChainD where lhs : List Term; rhs : List Term
structure CmpD where v : N; rhs : Operand; rel : CmpRel -- 1t | le | eq | ge | gt
structure Desc where nV : N; pat : List (List (Option Bool));
prods : List ProdD; chains : List ChainD; cmps : List CmpD

Constants are lists of b-bit limbs, with value >_,7;2%". A chain asserts Y, . coeff - value = 3" | coeff - value,
where the value of a term is that of a product, a variable or a constant. A pattern fixes some bits of a variable
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(none is a free bit). Desc.Sat b D z holds when every pattern matches, every comparison holds and every
chain balances, and the count of D at size n is

count,, (D) = #{z €[0,2"7)"V : Desc.Sat b D z},

with b the limb width and np = b > n the box width of [32, §4]. A description is well formed (Desc.WFB)
when its indices are in range, its constants have at most ¢ limbs below 2°, its patterns have length at most
npg, each side of each chain has coefficient mass at most 32, and no product occurs in two chains.

3.2. Wires, vertices and checks. Every wire carries a label of W’ = J + 8 bits, where J = 2V/2+7
v = [logy(n + 2)], is the transform modulus exponent of [32].

e Variables. Each variable has ¢ limb wires, one copy per chain in which it occurs linearly, and one copy per
product side in which it is an operand.

e Products. Each product z, - w gets its own two-dimensional Schonhage-Strassen pipeline over Z/(27 + 1):
row and column transforms of both operands, pointwise products, inverse columns and inverse rows, ending
in the 2¢ coefficients of the product (the stages of [32, §4]). A constant operand enters through limb wires
whose values the cells fix.

e Chains: signed carries. Chain ¢ has a carry vertex at each position k, which reads the coefficient digits
di, d¥ of its two sides (sums of coefficient times product coefficient, limb or constant limb) and the carry
wires, and checks the single equation

(3.1) Rij1 -2+ dP + OFF = df + R, + OFF -2, Ry = Rg = OFF = 27%6,

The offset makes the signed carry Ry — OFF a natural number. By carryChk_iff, valid carries exist
if and only if >, dp2°% = 37, dR}2°% and then they are unique (carryChk_unique) and lie in (0,2717)
(carryChk_range). The mass bound 32 keeps every digit below OFF - (2° — 1) (side_le_OFF).

o Comparisons: state chains. A comparison x, > r has state wires s; € {0, 1,2} (less, equal, greater) passed
from limb ¢ — 1 down to limb 0; the cell at limb i updates the state lexicographically, and cell 0 tests the
relation (cmpChain_iff, cmpChain_unique).

e (ells. There is one cell per limb position i; it checks the range and pattern of limb i of every variable, that
all copies agree, and the comparison transitions at .

Every wire has exactly two ends. Index bookkeeping goes through a generic mixed-radix block layout (module
Blocks) instead of hand-written case splits.

3.3. Value and parameters. For a description with nV variables, nP products, nC chains and nQ compar-
isons let ¢4 (D) = 64(nV + nP +nQ 4 1)(nC + 1) and d(n) = 23*/4+11 = O(n3/4).

Theorem 3.1 (Parsimony; arithNet_card, arithNet_value). Let g > 2 and let D be well formed at size
n. The labellings accepted by every check are in bijection with the solutions counted by count, (D), so the
value of the network is count,, (D).

Sketch. Forward (aRun_all_iff): a solution x labels every wire with its canonical value run(z); the transform
checks pass by construction, the pipelines compute the products (pipeline_eq_mul of [32]), so the carry
checks pass if and only if every chain balances, and the cells pass if and only if the patterns match and the
comparisons hold. Backward (aEq_run): an accepted labelling equals run of the values read off the limb
wires, stage by stage, with the carries and states forced by uniqueness. O

Proposition 3.2 (arithSys_U_le, arithSys_is). For g > 2 the network has total U < 2 ca(D)(n + 2),
and it is a network with P = 22c,(D)((n+2)/g +d(n)) and B =1.

The network is in [A]’s Net format through our label systems [31], and its tables are answered by polynomial-
time procedures (tabAF_polyT, arithNet_isNet); no table is written out. For the descriptions of Section 5,
ca(D) < 1152.
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4. COUNTED SEARCHES AND QUERIES

In this section we describe how counts become answers. The interface is a counting package CntPackage co:
for every input word w and query word m a network whose value is Q(w, ) € N, with U < ¢o(Jw| + 2),
P < co((|w| +2)/g + d(Jw|)), polynomial reader and procedures, and a number of rounds R(w) < |w|.
ArithSpec.pkg_exists builds a package with Q(w, 7) = count,, () (D(w,)) from any polynomial-time map
(w,m) = D(w, ) to well-formed descriptions with c4 < cp, with ¢y = 2'%¢p.

Prefix search. A SearchSpec has a test for small inputs, an answer for them, a step and a finish, all
polynomial-time. The machine GR.searchM starts from the empty word, and for R(w) rounds replaces 7 by
step(w, m, Q(w, w0)); then it outputs fin(w, 7). With the step “append 0 if the count is positive, else 1”7, the
word found is the least element of the counted set (searchWith_eq_minOr: if the oracle is positive on 70
exactly when some element of a set S C [0,2") has prefix 70, the result has value min S, or 2" — 1 if S = ().

Theorem 4.1 (GR.searchM_TM, GR.queryM_TM). For every counting package and every search specification
(resp. query specification with two query words qi1(w), g2(w) and a finish fin(w, Q(w, q1), Q(w, g2))) whose
parts are polynomial-time and whose outputs have length O(|w|), there are a finite-alphabet Turing machine

and C that output the specified answer on every w within |C - 2Cwl/y 10g2(‘w|+2)j steps.

Both are proved through one generic tail, GR.TM_of _runs, on top of the round bound FR.round_bound and
the level selection of the factoring note.

5. SIX DESCRIPTIONS

In this section we give each description and the pure counting identity that connects its count to the
answer. All identities are in pure Mathlib (modules ClassForms, QRCount, Lattice, ArithInstances).

5.1. Reduced forms with two queries. We follow Cox’s convention [10, §2]: a positive definite form
(a,b,c) of discriminant D = b? — 4ac < 0 is reduced if |b| < a < ¢, and b > 0 whenever |b| = a or a = c.

Definition 5.1 (hForm). For D € Z and N = |D|, htorm (D) is the number of (b, a,c) € [-N, N]x[0, N]x[0, N]
with o> —4ac= D, || <a<c,and (b =aVa=c)=b>0.

For D < 0 the box imposes nothing (mem_redForms_iff): a reduced form has ¢ < N. The description of
query j has variables a, b, ¢, products b-b and a - ¢, the chain 1-(b-b)+1- N =4 (a-c¢) with N a constant,
and the comparisons

query 1: b<a, a <g¢; query 2: b>0, b<a, a <c.

Here b ranges over naturals. Query 1 counts the reduced forms with b > 0; in them the tie-break is automatic.
A reduced form with b < 0 has |b] < a < ¢, since equality would force b > 0, so b — —b maps these forms
bijectively onto the solutions of query 2.

Lemma 5.2 (hForm_split, hDesc_count). For 0 < N < B, hform(—N) = hg1(B, N) + hg2(B, N), where
hg;(B,N) is the number of solutions of query j in [0, B)®. The two descriptions count exactly these.

The machine (specE) answers 1 on N = 0 (where horm(0) = 1 counts the degenerate triple (0,0,0)), and
otherwise asks the two queries and adds. In Theorem 1.1 the counts are 2 and 1.

5.2. Square roots modulo any m. The input is encodePair m a, two little-endian words padded to a
common length n. The reader takes m and a mod m; inputs with m < 2 are answered directly (0). The
description has variables y, k, z, products y - y and k - m, the chain y -y = & + k - m, the comparisons y < m,
x < m, x = amod m, and the pattern “y has the prefix 70”. Since y < m and < m determine k and zx, the
count is the number of roots y < m of a with that prefix (S3A_eq). The search keeps 0 when the count is
positive; at the end, y = val(n) is output if it is a root and m otherwise, which covers the case of no roots,
where the search returns 2" — 1 > m. For m =7, a = 2 (roots 3,4; n = 3) the counts of 0, 00, 010 are 1,0,0,
and the result is 011 = 3.
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5.3. The least non-residue from counts of squares. For a prime p we need, for each prefix, whether
some non-residue z < p has it. The same description with the pattern on z instead of y, and no condition
x = a, counts the pairs (y,z) with y?> = z and z in the prefix block. For an odd prime, 0 has one square root
and every nonzero square has two, so this count is S(7) = 2Q(7) + zo(7), where Q(7) counts the nonzero
squares in the block and zo(m) = 1 if the block contains 0 (S3B_eq_Qc). The block has r(7) elements below p,
so the number of non-residues in it is

(5.1) NR(m) = r(m) — zo(m) — (S(w) — 20(m)) /2 (NR_eq),
which the step computes from the count in polynomial time; it keeps 0 when NR(70) > 0.

Example 5.3 (p = 7). The squares modulo 7 are 0,1, 2,4, so the least non-residue is 3 = 0115. The search
runs as follows.

query 70 0 00 010
block {0,1,2,3} {0,1} {2}
S(m0) 5 3 2
T, 20 4,1 2,1 1,0
NR(70) 1 0 0
new m 0 01 011

For p < 2 the machine answers p (0 and 1 are squares modulo 2). For p composite the formula may be wrong,
but the finish outputs some y < p (specB_answer_le). The pure characterisation is 1qnr_spec: for a prime
p > 2, lqur(p) < p, it is not a square in ZMod p, and every smaller residue is a square.

5.4. Divisor sums and the circle. These need one query each. The divisor sum is ), . 7(m) =
#{(a,b,s) : ab+ s =z, a,b > 0} (divQ_eq); >, ., o(m) = #{(a,b,c,s) :ab+s =1z, b>0, 1 <c<a}
(sigQ_eq); and the circle count is 4 #{(a,b,s) : a® + b2 +s =z, a > 0} + 1, by rotating the four quadrants
(circ_eq). Each is one product (two for the circle) and one chain with the constant .

Example 5.4. For z =10: ), ,,7(m) =27, > ,,0(m) = 87, and the circle count is 4- 9 +1 = 37.

6. WHAT THE CLASS-NUMBER THEOREM COUNTS

In this section we say exactly what Lean proves about class numbers and what is classical.

Forms, not ideals. Lean proves that the machine outputs Agorm(—N), the number of Gauss reduced forms of
discriminant — N, and, for a fundamental discriminant, the number of primitive reduced forms (hForm_eq_
card_primitive, from primitive_of_fund: no prime divides all of a, b, c when b? — 4ac is fundamental).
That number is the form class number h(D), the order of Gauss’s form class group. That h(D) equals
the ideal class number of the imaginary quadratic field Q(v/D) for fundamental D, and of the order of
discriminant D in general, is the classical correspondence of Dirichlet and Dedekind [10, Thm. 7.7], [5]. Tt
is not in Mathlib at the commit we use: Mathlib has NumberField.classNumber, but no binary quadratic
forms and no forms-ideals correspondence. So the link to NumberField.classNumber is proved on paper
only. We define fundamental discriminants locally (IsFundDisc: D =1 (mod 4) squarefree, or D = 4m with
m = 2,3 (mod 4) squarefree), since Mathlib at that commit has no such definition.

Remark 6.1 (Non-fundamental discriminants). If N = 1,2 (mod 4) there are no forms, and Aty (—N) = 0.
Otherwise horm(—N) also counts imprimitive forms: every form of discriminant D is f times a primitive
form of discriminant D/ f?, and scaling preserves reduction, so

hform (D) = Z hD/f?), h(D) = Z 1(f) htorm(D/ f?).
f2|D, D/f2=0,1 (4) £2|D, D/f2=0,1 (4)
For example horm(—12) = 2 counts (1,0,3) and (2,2,2) = 2 (1,1,1), while h(—12) = 1. The inversion
recovers h(D) from at most 7(IN) runs of the machine once the square divisors of N are known, and these can
be found by factoring N, also in time 20/ vIogn) [32]. This is on paper only (we checked the decomposition
numerically for N < 400); the Lean theorem for non-fundamental D is about Agorm.
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Real quadratic fields are not covered. For D > 0 the reduced indefinite forms fall into cycles under the
reduction operator, and each class corresponds to a whole cycle, whose length is tied to the regulator.
Counting reduced forms therefore gives neither A nor hR: one must count cycles, or weight each form by
its distance to its successor, which yields hR [24, §4-5]. The indicator “this form is the first of its cycle” is
a condition over the whole cycle, not a local check on O(n) bits, and separating h from the regulator R is
a baby-step giant-step computation, not a count. We know of no description with few products for h(D),
D > 0.

7. THE EXPONENT

In this section we check that the descriptions give the rate. Every description of Section 5 has at most
four variables, two products, one chain and three comparisons, so ¢4 (D) < 1152 = ¢p for every input. By
Theorem 3.2, U < 2111152 (n+2) and gP < 2'2.1152 ((n+2)+gd(n)). At the level K with K*° < K3%(n+2)

of [32, §5] we have gd(n) = O(n), so U, gP = O(n), and Theorem 2.1 gives one count in 20/ V1987 steps,
The searches ask at most n counts and the class-number and lattice machines one or two; the overhead of the
host lemma is polynomial. In Lean this is FR.round_bound with ¢y = 212 - 1152, inside Theorem 4.1. For (A)
the network lives at n = |w|/2 while the bounds are stated in |w|; this uses that d is monotone (dg_mono).

8. WHAT A READER MUST TRUST

A reader who wants to trust Theorem 1.2 must check the following definitions and nothing else of ours.
They are in the pure modules ClassForms, QRCount and Encode; we render Unicode symbols as mathematics
(x.1 and x.2 are the projections of a pair).

def hForm (D : Z) : N :=
((Finset.Icc (-(D.natAbs : Z)) D.natAbs X° Finset.Icc O (D.natAbs : Z) X°
Finset.Icc 0 (D.natAbs : Z)).filter
fun t : Z X Z X Z => t.1 * t.1 - 4 % t.2.1 *x £.2.2 =D A [t.1] < t.2.1 A
t.2.1 < £.2.2 A
(C(lt.1] = t.2.1 vV t.2.1 = t.2.2) - 0 < t.1)).card
def redForms (D : Z) : Finset (Z X Z X Z) :=
def IsFundDisc (D : Z) : Prop :=
(D % 4 =1 A Squarefree D) V
MD%4=0AND/4%4=2VD/ 4% 4=23) A Squarefree (D / 4))
def primRedForms (D : Z) : Finset (Z X Z X Z) :=
(redForms D) .filter fun t => Int.gcd t.2.1 (Int.ged t.1 t.2.2) =1
def minRoot (ma : N) : N :=
Nat.find ({(m, Or.inl rfl) : 3y, y=mV (y<m Ay*xy%m=a%m)
def lgnr (p : N) : N :=
Nat.find ({p, Or.inl rfl) : 3 x, x=pV (x<pAVy<p,y*y%hp# x))
def padR (n : N) (1 : List Bool) : List Bool := 1 ++ List.replicate (n - 1l.length) false
def encodePair (m a : N) : List Bool :=
padR (max (encodeNat m).length (encodeNat a).length) (encodeNat m) ++
padR (max (encodeNat m).length (encodeNat a).length) (encodeNat a)

-- the same finset as in hForm

A triple is (b, a, c), so t.1 is the middle coefficient. The final statements, verbatim from Final up to line
breaks, except that we abbreviate the common bound as T(z), for the input word z, and write Qutputs for
GraphProblems.Outputs. In the source, T(z) is

[(C: R) 2"~ ((C: R) * x.length /
Real.sqrt (Real.logb 2 (x.length + 2))) |

that is, | C - 2¢1e1/VIeg2(I21+2) | The statements are:

theorem hForm_TM_rate :
3 (M : Turing.TM2ComputableAux Bool Bool) (C : N), (V i, Finite (M.tm.I' i)) A
V N : N, Outputs M (encodeNat N) (encodeNat (hForm (-(N : Z)))) T(encodeNat N)
theorem hFormPrim_TM_rate : 3 M C, (V i, Finite (M.tm.I" i)) A
V N : N, IsFundDisc (-(N : Z)) — 0 < N —
Outputs M (encodeNat N) (encodeNat (primRedForms (-(N : Z))).card) T (encodeNat N)
theorem sqrtMod_TM_rate : 3 M C, (V i, Finite (M.tm.I" i)) A
V ma : N, Outputs M (encodePair m a) (encodeNat (minRoot m a)) T (encodePair m a)
theorem lgnr_TM_rate : 3 M C, (V i, Finite (M.tm.I' i)) A
(Vp: N, p.Prime —
Outputs M (encodeNat p) (encodeNat (lgnr p)) T (encodeNat p)) A
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(Vp: N, 3y < p, Outputs M (encodeNat p) (encodeNat y) T (encodeNat p))
theorem divisorSum_TM_rate : 3 M C, (V i, Finite (M.tm.I"' i)) A V x : N,
Outputs M (encodeNat x) (encodeNat (E: m € Finset.Icc 1 x, (Nat.divisors m).card))
T (encodeNat x)
theorem sigmaSum_TM_rate : 3 M C, (V i, Finite (M.tm.I" i)) A V x : N,
Outputs M (encodeNat x) (encodeNat (E: m € Finset.Icc 1 x, E: d € Nat.divisors m, d))
T (encodeNat x)
theorem circle_TM_rate : 3 M C, (V i, Finite (M.tm.I’ i)) A V x : N,
Outputs M (encodeNat x)
(encodeNat (((Finset.Icc (-(x : Z)) x X*® Finset.Icc (-(x : Z)) x).filter
funq : Z X Z =>q.1 "~ 2+ q.2 - 2 < x).card)) T(encodeNat x)
In the source, each statement spells out the bound and writes Computability.encodeNat; the types of M
and C are as in the first. Outputs is the one-line definition of [A]’s statement file, which we also trust:

def Outputs (M : TM2ComputableAux Bool Bool) (x y : List Bool) (T : N) : Prop :=
Nonempty (TM20utputsInTime M.tm (x.map M.inputAlphabet.invFun)
(some (y.map M.outputAlphabet.invFun)) T)

Behind these are Mathlib’s TM20utputsInTime, Computability.encodeNat (little-endian binary, the empty
word for 0), Nat.find, Nat.divisors, Finset.Icc, Squarefree, Int.gcd, Real.logb and Real.sqrt, from
Mathlib 0df444a. Integer division and remainder are Lean’s (Int.emod is non-negative), which in IsFundDisc
gives the usual definition for D < 0. For a quick check of the definitions, Lean evaluates hgorm(—3) =
hform(_4) = hform(_7) = hform(_g) = ]-a hform(_]-5) = hform(_QO) =2 and lan(77 ]-]-7 137 173 41) = 33 27 27 373
by decide.

9. THE LEAN DEVELOPMENT

In this section we list the modules and state the trusted base. The development is in the public

repository [33]: directories lean/EthFollowup/ModP (pure Mathlib; the files compile with Lean v4.33.1 and
v4.34.1) and lean-bridge-anthropic/bridge/EthFollowup/ModP (on top of [A]’s development). Table 1
lists the modules.
Trusted base and axioms. The theorems depend only on propext, Classical.choice and Quot.sound. A
fresh leanchecker replay of the dependency closure of EthFollowup.ModP.Final, the module holding the
seven final theorems, has passed. What must be trusted is the Lean kernel, the Mathlib definitions named in
Section 8, our definitions quoted there, and [A]’s definition of Outputs. [A]’s development, Mathlib’s proofs
and our other modules are checked by the kernel; they are part of the checked closure, not of the trusted base.
One design point. Everything polynomial-time must be polynomial on every context, not only on those the
reader produces. Our first context stored the number of variables and vertices in binary and looped over
them, which is exponential on adversarial contexts; the context now stores them in unary (ArithProcs).

10. RELATED WORK

We organise related work by idea: non-residues and square roots, class numbers, lattice-point counts, the
counting engines applied to number theory, and formal proofs.
Non-residues and square roots. Burgess’s bound p'/(ve)+¢ [6], from his character-sum method [7], is the
best unconditional bound for the least non-residue. Under GRH it is O(log? p) by Ankeny [1], with explicit
constants by Bach [3] and Lamzouri, Li and Soundararajan [14]. Given a non-residue, square roots modulo
p take polynomial time by Tonelli [30] and Shanks [26], or Cipolla [8]; Schoof [25] computes y/a mod p in
polynomial time for fixed a. Finding a non-residue and taking square roots modulo p are deterministic
polynomial-time equivalent (folklore; [4]). For composite m, taking square roots is randomised-equivalent
to factoring m [22], so the classical deterministic route first factors m, in m'/>+°(1) [11]; our factoring

note [32] would give a route in time 20"/ Viogn) 4 well, by factoring and then using (iv), which we have not
formalised. In contrast, we compute the least root and the least non-residue directly by counting, for every
m, conditionally on [A]’s development.

Class numbers. Counting reduced forms is Gauss’s method and is used to tabulate class numbers [24, §2], [5];
the best proven deterministic unconditional bound we know is |D|'/2+°() [17, §5]. Under GRH, Shanks’s
method gives | D|'/®+°(1) deterministically [16, 24], [9, §5.4], and Hafner and McCurley’s Las Vegas algorithm
runs in expected time L(|D|)V2te() | L(z) = expIogzloglogz [12]; its analysis assumes GRH [17, §5].
Mosunov and Jacobson [20] tabulate all class groups with |D| < 24° unconditionally, which is a different,
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module content lines
SignedCarry signed carry chains: existence iff sum, uniqueness, range 417
Compare comparison state chains 213
MinSearch prefix search finds the minimum 164
QRCount minRoot, lgnr, root and square counts, (5.1) 509
Encode encodePair and its halves 146
ClassForms hForm, the two-query split, primitivity 277
Lattice divisor sums and the circle as solution counts 293
ArithDesc descriptions and their count 192
ArithInstances the six descriptions and their counts 427
Blocks mixed-radix block layouts 248
ArithBounds, ArithParams digit bounds; wires, vertices, checks, canonical run 957
ArithNetDefs, ArithNetParsimony, the label system, parsimony, U and P 947
ArithNetCount, ArithNet

ArithEnc, ArithReaderPoly, ArithProcs, encodings, procedures, polynomial time 1647
ArithPoly

CntPackage, GRate counting packages; search and query machines 878
ArithPackage, ArithPkgs packages from descriptions; the six packages 589
SpecSq, SpecE, SpecLattice the search and query specifications 616
Final the seven final theorems 112
total 8632

TABLE 1. The modules, with line counts (wc -1). The first nine are pure Mathlib. The sanity
module GRateMinFac (77 lines, re-deriving the factoring theorem through GR.searchM_TM)
is not imported by Final. The development reuses, unchanged, the factoring modules of [32]
(Params, FermatBridge, MulProcs, MulPackage, Level40, Rate, Search) and the bridge
modules of [31].

amortised problem. In contrast, our algorithm is deterministic and unconditional except for [A]’s development,
and it is | D|°(M; but it computes only the number, not the group.
Lattice-point counts. Sladkey [28] computes Y. __7(m) in O(x'/3) steps, and Tao, Croot and Helfgott [29,

§2.1] sketch an z'/3t°(1) algorithm; Li [18] reports 2%/28+°(1) expected time. For the circle count we found
no dedicated reference; we expect the same convex-hull techniques to give z'/3+°(1)_ In contrast, we obtain
xz°() | at the price of galactic constants.

Counting engines applied to number theory. Rudich and Rousseau [23] introduced prefix search by divisor
counting and proved factoring in N°() in Lean; Shunia [27] proved the rate 20(n/+/logn) on paper, and [13]
and our factoring note [32] proved it in Lean. Closest to our work is the factoring note, whose multiplication
network and level selection we reuse. In contrast, we replace its single network by a library for any few-product
system and apply it to problems other than factoring. As of 4 November 2026 we found no derivation of the
bounds of Theorem 1.2 from either ETH refutation. We searched the web for each problem together with
“ETH”, “#SAT” and “2026”; searched GitHub repositories for the problem names; checked the Hexagon
records and repositories of the October and November 2026 follow-ups known to us ([23, 27, 13] and the fork
orda-aska/integer-factoring), which treat factoring only; and read our survey of targets [33]. Hexagon’s
listing is behind a login, so this negative is weak.

Formal proofs. We use Lean 4 [15] and Mathlib [19]. Mathlib defines the class number of a number field
(NumberField.classNumber) and proves its finiteness, but has no theory of binary quadratic forms. In
contrast, our statements are about forms, and the bridge to ideals is the classical theorem cited in Section 6.

11. LIMITATIONS

o The results stand or fall with [A]’s development. Every theorem rests on [A]’s Lean development of its
claimed refutation of the Exponential Time Hypothesis, and the labs’ claims are under review. Lean checks
that development as part of our proof, and our statements use only Mathlib, our quoted definitions and
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[A]’s Outputs. We do need the development, built from source at the pinned commit, to be a sound Lean
development, and the toolchain to be sound.

The two number-theoretic headlines share one source of strength. Finding a non-residue and taking square
roots modulo p are classically polynomial-time equivalent [4], so (iii) for prime m and (iv) do not give two
independent improvements. Both, and (i) and (v), come from the same engine.

The class number is the form class number. Its equality with the ideal class number is classical but not
formalised; for non-fundamental D the theorem is about hgorm (Theorem 6.1); the class group and real
quadratic fields are not covered.

The algorithms are galactic. [A]’s levels start at Ko = 2%° with 2o > 18, the level needs K4 < n, and the
constants co = 2'2 - 1152 and C' are astronomical. The machines are of no practical use, and they beat the
classical bounds only for astronomically large inputs.

The machines use exponential space.

No human has checked the work. The Lean code and this text were written with Al assistance. No human
expert has yet checked that Section 8 lists everything a reader must trust.
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