
TRANSCENDENCE OF THE 3x+ 1 CONJUGACY MAP ON STURMIAN
WORDS

ELIAS DE JESÚS

Abstract. Let T be the 3x + 1 map on the 2-adic integers and let Φ: Z2 → Z2 be the
Bernstein–Lagarias conjugacy map, which sends a parity vector to the unique 2-adic integer re-
alising it. We prove that Φ(cγ), Φ(1cγ), Φ(0cγ) and Φ of every shift of these words are transcen-
dental for every irrational slope γ < γ∗ = (3+

√
5)/(4 log2 3) = 0.8258977 . . ., with no hypothe-

sis whatever on the partial quotients of γ; in particular at the resonance slope γ = log3 2. The
mechanism is a bridge: by the Bernstein–Lagarias isometry, the 2-adic approximation depth of
a periodic shadow equals a longest common prefix, so the Diophantine behaviour of Φ is gov-
erned by the repetition structure of the parity word, at a height cost A(γ) = max(1, γ log2 3)

that we control at every level. Quantitatively ω
(2)
1 (Φ(cγ)) ≥ ice(cγ)/A(γ)− 1, where ice is the

initial critical exponent of Berthé–Holton–Zamboni; their floor ice(cγ) ≥ 1+φ then beats the
Ridout threshold ω

(2)
1 ≤ 1 by a margin bounded away from zero. The result is not a corollary

of the digit-based transcendence criteria: the 2-adic Hensel digits of Φ(clog3 2) are measured
to have full complexity 2n, against the parity word’s n + 1, and the shadow denominators
2ℓ − 3k are not S-units for any fixed finite S. We also record the Liouville alternative for
unbounded partial quotients and a finite effective irrationality measure for bounded ones at
slopes γ ≤ log3 2.

1. Introduction

1.1. The conjugacy map and the Periodicity Conjecture. The 3x+1 map is defined on
the 2-adic integers Z2 by

T (x) =
3x+ 1

2
(x odd), T (x) =

x

2
(x even),

and the 2-adic shift by S(x) = (x− 1)/2 for x odd and S(x) = x/2 for x even, so that S shifts
the 2-adic digit expansion. Bernstein and Lagarias [3, §1] proved that T and S are conjugate:
there is a unique homeomorphism Φ: Z2 → Z2 with Φ(0) = 0 and

Φ ◦ S ◦ Φ−1 = T. (1)

Identifying a word v = v0v1v2 · · · ∈ {0, 1}N with the 2-adic integer
∑

k vk2
k, the inverse

Φ−1(x) =
∑

k≥0

(
T k(x) mod 2

)
2k is the parity vector of x, so Φ(v) is the unique x ∈ Z2

whose parity vector is v, and (1) reads

Φ(σv) = T (Φ(v)), (2)

σ being the shift on words. A 2-adic integer is rational if and only if its digit expansion is
eventually periodic; and if v is eventually periodic then Φ(v) ∈ Q, by Proposition 2.2 below.
The Periodicity Conjecture, which goes back to Lagarias’s survey [14] and is stated in the form
below in [15, Abstract] and [16, §1], asserts the converse:
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Question 1.1 (Periodicity Conjecture; open). Is the parity vector of every rational 2-adic
integer eventually periodic? Equivalently: is Φ(v) irrational for every aperiodic v ∈ {0, 1}N?

Nothing in the present paper bears on Question 1.1 in general: it quantifies over an un-
countable family of words. What can be done is to settle it, and more, on thin but genuinely
aperiodic families. The thinnest are the Sturmian words, of factor complexity p(L) = L+ 1.

1.2. Prior irrationality results. For Sturmian words Question 1.1 is a theorem. Write β =
log3 2 = 0.6309297 . . . for the resonance slope. Three strands of prior work:

• Monks and Yazinski [19, Theorem 2.7(b)] proved that a rational 2-adic integer with
infinite orbit has lower ones-density at least β. Contrapositively, Φ(v) /∈ Q for every
aperiodic v of lower ones-density < β; in particular for every Sturmian word of slope
γ < β.
• López and Stoll [15, §4] proved that the real value ΦR(mα) is irrational for 1 > α > β,

using the continued fraction of their Corollary 2, with a dual construction below β.
This is a different number from the 2-adic Φ; see Remark 8.3. Their later preprint
[16, Theorem 1] concerns the 2-adic value; we cite it as context only and depend on it
nowhere.
• The author [11, Theorems 8.5 and 10.1, Corollary 10.5] proved that Φ(s) /∈ Q for every

mechanical word s of every irrational slope and every intercept, effectively. Cassidy [10,
Theorems R and S] proved the irrationality statement independently and contempora-
neously, by a 2-adic repetition criterion, for every slope and intercept and for a wider
class of maps; his note was posted first (see §9).

Irrationality says Φ(s) is not a rational point. It says nothing about whether Φ(s) is algebraic.
That is the gap this paper closes.

1.3. Main results. Let γ ∈ (0, 1) be irrational with continued fraction γ = [0; a1, a2, . . . ] and
convergent denominators qk. Let cγ be the characteristic Sturmian word of slope γ and let 1cγ ,
0cγ be the two mechanical words of slope γ at intercept 0. Put

A(γ) := max(1, γ log2 3), γ∗ :=
1 + φ

2 log2 3
=

3 +
√
5

4 log2 3
= 0.8258977696818354644 . . . ,

where φ = (1+
√
5)/2, and let ice denote the initial critical exponent of Berthé–Holton–Zamboni

[4, §2] (Definition 2.5). Our normalisation of the 2-adic Koksma exponent ω
(2)
1 is fixed in §2.4.

Theorem 1.2 (Quantitative form). For every irrational γ ∈ (0, 1),

ω
(2)
1

(
Φ(cγ)

)
≥ ice(cγ)

A(γ)
− 1 =

1 + lim supk qk+1/qk
A(γ)

− 1.

Theorem 1.3 (Transcendence). Let γ ∈ (0, 1) be irrational and suppose

ice(cγ) > 2A(γ). (T)

Then Φ(cγ) is transcendental, and so are Φ(1cγ), Φ(0cγ) and Φ(σk1cγ) for every k ≥ 0.

Corollary 1.4 (Unconditional range). For every irrational γ < γ∗ the numbers Φ(cγ), Φ(1cγ),
Φ(0cγ) and Φ of every shift of these words are transcendental. In particular they are transcen-
dental at the resonance slope γ = β = log3 2, with no hypothesis on the partial quotients of
log2 3.
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Two complements. If the partial quotients of γ are unbounded then ice(cγ) = ∞ and the
conclusion sharpens to a Liouville statement (Theorem 6.1); if they are bounded and γ ≤ β
then Φ(cγ) has a finite effective irrationality measure (Theorem 7.3).

Theorem 1.3 and Corollary 1.4 answer problem (3) of [11, §12] — “is Φ(1cβ), or Φ(1cγ) for a
given irrational γ, transcendental over Q?” — for every irrational γ < γ∗, the resonance slope
γ = β included. Problem (2) of [11, §12] is a different question and is not answered here: it
asks for µ <∞ and C > 0 with |Φ(1cγ)−y|2 ≥ C|y|−µ for all integers y ≥ 1. Theorems 6.1 and
7.3 concern approximation by rationals and do not bear on it; §8.3 records only the negative
fact that the Liouville blow-up of Theorem 6.1 does not descend to Z, so problem (2) is not
obstructed by it. It remains open.

1.4. Non-claims. Stated plainly, so that the scope is not inferred from the title. This paper
does not bear on the convergence of the 3x+1 map on the positive integers, nor on the existence
of divergent or cyclic orbits. It does not prove the Periodicity Conjecture (Question 1.1), which
quantifies over an uncountable family of aperiodic parity vectors; the Sturmian words form
a measure-zero, countable-slope subfamily. It proves nothing for slopes γ ≥ γ∗ except what
Theorem 1.3 gives under its hypothesis (T), and γ∗ is sufficient, not necessary: slopes above γ∗

with large partial quotients still satisfy (T) (§8.2). It says nothing about intercepts other than
0 beyond §8.1, and nothing about approximation by integers, which is problem (2) of [11, §12]
and remains open (§8.3). No claim of priority is made over [10]; see §9.

1.5. Epistemic tiers. Three labels are used, and used consistently. T1: proved here or quoted
from a cited source with its hypotheses checked — Theorems 1.2–1.3, Corollary 1.4, Proposi-
tions 2.1–2.10, Theorems 6.1 and 7.3, and the two propositions of §5. T2: established by exact
integer or 2-adic computation, with the precision stated — every table and every numerical
assertion in Appendix B, Example 4.1, the complexity table of §1.6, and the quartic witness
in the footnote of §2.4. No floating-point number decides any inequality anywhere in this pa-
per. T3: interpretation, flagged as such in the text — the reading of (5) as the reason the
archimedean place is unavailable, and the discussion in §8.

1.6. Why this is not a corollary of the digit-based criteria. There is a well-developed
theory which concludes transcendence from low complexity of a digit expansion: Ferenczi–
Mauduit [13] for low-complexity b-ary expansions, the combinatorial transcendence criterion
of Adamczewski–Bugeaud [1] and its p-adic analogues, and — the closest formal match —
Ooto [20], who proves that an irrational p-adic number whose Hensel digits form an automatic,
primitive morphic or Sturmian sequence is an S-, T - or U1-number. Had any of these applied,
Theorem 1.3 would be a corollary, and Ooto’s theorem would in addition supply the Mahler
class. None applies, for two independent reasons.

First, the wrong coordinate. The Sturmian structure of our object lives in the parity vector,
not in the digits, and Φ destroys it on the way to the digits. This is measurable. For γ = log3 2
we computed the first 3000 Hensel digits of Φ(cγ) in exact arithmetic from the parity-vector
definition and counted distinct factors:

factor length n 2 3 4 5 6

Hensel digits of Φ(clog3 2) 4 8 16 32 64
the parity word clog3 2 3 4 5 6 7
Sturmian requires 3 4 5 6 7

The digits attain the maximum 2n at every length computed, while the parity word is Sturmian
on the nose. So the hypothesis of each criterion above fails as badly as it can. (This is also
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consistent with the closing conjecture of [15], that Φ "always maps Sturmian words to infinite
words of full complexity", at lengths ≤ 6 for this slope.)

Second, the denominators are not S-units. Our approximants are the periodic shadows
Φ(W∞) = cW /(2ℓ − 3k) of Proposition 2.2. No fixed finite set S of primes contains the prime
divisors of 2ℓ−3k for all ℓ, k. In the Adamczewski–Bugeaud construction the denominators are
bs − br, supported on the primes of b together with bs−r − 1, and Ridout’s S-unit refinement
buys a full unit of exponent when the denominator is an S-unit. We get no such gain. This
is exactly why the threshold in (T) is 2A(γ) and not A(γ), and why initial squares — ice ≥ 2,
which holds for every Sturmian word [2, Theorem 1] — are not enough at A(γ) = 1: they give
ω
(2)
1 ≥ 1, the Ridout borderline, which proves nothing. The entire margin of the proof is the

amount by which Berthé–Holton–Zamboni’s floor 1 + φ = 2.6180 . . . exceeds 2.

1.7. The bridge. The contribution of this paper, and of [11] before it, is best described as a
bridge rather than a technique. The Bernstein–Lagarias isometry (Proposition 2.1) says

v2
(
Φ(v)− Φ(w)

)
= lcp(v, w),

so the 2-adic approximation depth of a periodic shadow is exactly a longest common prefix. A
repetition in the parity word is therefore a Diophantine approximation, with no loss. What
the bridge costs is height: the shadow of a block of length ℓ has log2H ≤ A(γ) ℓ + O(log ℓ)
(Proposition 2.4). Hence

Diophantine exponent of Φ(s) ←→ repetition exponent of s
A(γ)

,

and any theorem about initial repetitions in Sturmian words becomes a theorem about Φ. The
two payoffs recorded so far are irrationality [11], which needs only that the repetitions are
unbounded, and transcendence (this paper), which needs them to beat 2A(γ).

The two differ by exactly one factor of two in the exponent, and that factor is the whole of
the distance between the two papers. Irrationality [11, §10] needs the initial repetition exponent
of s to exceed A(γ): a shadow of height 2A(γ)ℓ+O(log ℓ) agreeing with Φ(s) to depth > A(γ)ℓ is
already incompatible with a fixed rational value. Transcendence needs the exponent to exceed
2A(γ), because Theorem R — the 2-adic Ridout theorem — bites only beyond approximation
exponent 2, equivalently ω

(2)
1 > 1 in the normalisation of §2.4. What supplies the second,

and with room to spare, is the Berthé–Holton–Zamboni floor ice(cγ) ≥ 1 + φ = 2.6180 . . .
(Proposition 2.8); the inequality 1+φ > 2A(γ) is exactly the condition γ < γ∗ of Corollary 1.4.

1.8. What is new here. New in this paper: the transcendence theorem and its range, Theo-
rem 1.3 and Corollary 1.4; the quantitative bound ω

(2)
1 ≥ ice /A(γ)−1 of Theorem 1.2, obtained

through cγ ; the parity obstruction of §4 with the witness of Example 4.1; and the two comple-
ments, Theorem 6.1 and Theorem 7.3.

Three ingredients are the author’s prior work. They are quoted here with exact locators
and are not claimed as new: the depth law at both convergent parities is [11, Theorem 8.3]
(used in §4, and see Remark 2.7); the height bound cW ≤ 3ℓmax(2ℓ, 3k) for cyclic permutations
of standard words is [11, Lemma 10.4] (Proposition 2.4); and the transfer identities are [11,
Corollaries 7.1 and 8.8] (equation (12)). Everything else is inherited: in particular the isometry
is [3], the periodic shadows and their approximation depths are [15, Theorem 1], the term-size
estimate is [16, Lemma 43, §11], the ice formula and its floor are [4, §4.2], and the threshold is
[7, Theorem 1.3]. Where we keep a proof of an inherited statement it is labelled a re-derivation.
A table of every ingredient against its prior source accompanies this paper.
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Transcendence of Φ(s) for every Sturmian word s was first proposed by Cassidy [10, §4.6],
with a sketch via Schlickewei’s p-adic Subspace Theorem, recorded there as unaudited. We give
a complete proof for characteristic words of every irrational slope γ < γ∗, by a different route:
Ridout’s theorem in the single-prime form [7, Theorem 1.3], together with the Berthé–Holton–
Zamboni bound on initial powers. The general claim remains open.

1.9. Organisation. §2 fixes notation and assembles the inherited apparatus. §3 proves Theo-
rems 1.2 and 1.3. §4 explains, with an explicit witness, why the argument must run through
cγ . §6 records the Liouville alternative, §7 a finite effective measure in the bounded-partial-
quotient case. §8 lists the scope limitations and open problems, §9 the related work. Appen-
dix A re-derives the threshold from Schlickewei’s subspace theorem; Appendix B summarises
the exact-arithmetic verification.

2. Setup

2.1. The conjugacy map and the isometry. Throughout, v2 is the 2-adic valuation, |x|2 =
2−v2(x), and for words v, w ∈ {0, 1}N, lcp(v, w) is the length of their longest common prefix.
For a word v and m ≥ 0 set km(v) := #{i < m : vi = 1}.

Proposition 2.1 ([3]; also recorded as [16, eq. (4), §1]). For all v, w ∈ {0, 1}N,

v2
(
Φ(v)− Φ(w)

)
= lcp(v, w), equivalently |Φ(x)− Φ(y)|2 = |x− y|2.

In particular Φ is injective: distinct words have finite lcp, hence distinct values.

López and Stoll state the isometry as their equation (4) and attribute it to [3]; it is restated
as [11, Proposition 2.2]. We also use, from [3, §1], that Φ(v) is odd if and only if v0 = 1, and
the identity (2); iterating the latter and writing cm(v) :=

∑
i<m, vi=1 3

km(v)−ki+1(v)2i ∈ Z gives

2mΦ(σmv) = 3 km(v)Φ(v) + cm(v) (m ≥ 0), (3)

a relation with rational coefficients.

Proposition 2.2 (Periodic shadows; [15, Theorem 1 and Lemma 12], restated as [11, Proposi-
tion 4.1]). Let w be a finite word of length ℓ with k ≥ 1 ones. Then 2ℓ ̸= 3k and

Φ(w∞) =
cw

2ℓ − 3k
, cw =

∑
i<ℓ, wi=1

3 k−ki+1(w)2i ∈ Z>0,

and the denominator is odd.

The periodic approximants, and their approximation depths, go back to López and Stoll.
Their [15, Theorem 1] gives the closed 2-adic series

Φ(1cβ) = −
1

3
−
∑
j≥0

(−1)j+1 2 qj+1+qj−1

3 (3pj+1 − 2qj+1)(3pj − 2qj )
, (4)

indexed by consecutive pairs of convergents of β, with [15, Corollary 2] the associated gen-
eralised continued fraction for −1/Φ(1cβ). The term exponents qj+1 + qj − 1 of (4) are the
approximation depths used in this paper, at the convergents from above; this was pointed out
in [11, §1]. We verified (4) against an independent computation of Φ at three slopes, exactly
modulo 24000 (Appendix B).
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2.2. Sturmian words, heights, and the constant A(γ). For irrational γ ∈ (0, 1) the char-
acteristic word is cγ(j) = ⌊(j+1)γ⌋−⌊jγ⌋ for j ≥ 1, and 1cγ , 0cγ are 1, resp. 0, followed by cγ ;
these are the two mechanical words of slope γ at intercept 0. Every Sturmian word is balanced,
so any factor of length ℓ has k ones with |k − γℓ| < 1. For x = u/v ∈ Q in lowest terms with
v > 0 we write H(x) = max(|u|, v).

A finite word W is a conjugate (cyclic permutation) of a standard word if and only if W∞

is balanced [17, Ch. 2]. The input we need is:

Proposition 2.3 ([4, Proposition 3.2]). If a Sturmian sequence begins in W r with r ≥ 2,
|W | ≥ 2 and W primitive, then W is a conjugate of a standard word; hence W∞ is balanced.
If W is not primitive, W = V t and the sequence begins in V rt, so primitivity costs nothing.

The height of a shadow is controlled by an archimedean estimate on the terms of the defining
series. At the resonance slope that estimate is [16, Lemma 43, §11]: writing ⌊jα⌋ = jα− {jα}
with α = log2 3 and using 2α = 3,

3−(j+1)2⌊jα⌋ = 1
3 2

−{jα} ∈
(
1
6 ,

1
3

]
(j ≥ 0), (5)

and López and Stoll give in addition the exact distribution of these terms inside (16 ,
1
3 ], by an

explicit permutation sorting them into 1
6 < y1 < · · · < ypk = 1

3 ; see also [16, Lemmas 41–42] for
their arithmetic and geometric means. Read archimedean-ly, (5) is why the real series diverges
at the resonance, so that the 2-adic place is the only one available; see §8. The extension of the
estimate from the resonance slope to every slope, by balance, is [11, Lemma 10.4], the author’s
prior work, quoted here and not claimed as new:

Proposition 2.4 (Height of a shadow; [11, Lemma 10.4], resting on [16, Lemma 43]). Let W
be a conjugate of a standard word, |W | = ℓ, with k ≥ 1 ones, and suppose W is a factor of a
Sturmian word of slope γ. Then 0 < cW ≤ 3ℓmax(2ℓ, 3k) and

log2H
(
Φ(W∞)

)
< A(γ) ℓ+ log2(3ℓ) + log2 3.

Proof. With δ = 2ℓ − 3k and g = gcd(cW , |δ|) we have H = max(cW , |δ|)/g ≤ max(cW , |δ|).
Since 2ℓ and 3k are distinct positive integers, |δ| < max(2ℓ, 3k); and cW ≤ 3ℓmax(2ℓ, 3k) by [11,
Lemma 10.4], whose input is that W∞ is balanced, so that |ki+1(W )− (i+ 1)k/ℓ| < 1. Hence
log2H ≤ log2(3ℓ) +max(ℓ, k log2 3). Balance of the ambient Sturmian word gives |k − γℓ| < 1,
so k log2 3 < γℓ log2 3 + log2 3 and therefore max(ℓ, k log2 3) < A(γ)ℓ+ log2 3. □

2.3. The initial critical exponent.

Definition 2.5 ([4, §2]). The prefix power of a finite word W in a sequence ω is the largest
real p such that W p is a prefix of ω; equivalently lcp(ω,W∞)/|W |. The initial critical exponent
ice(ω) is the limit superior of the prefix powers of the words ω[0, n) in ω.

Because the prefix power is defined as the largest real such p, we have lcp(ω,W∞) = p |W |
exactly : no floor and no O(1) is lost in passing between ice and approximation depth. This is
the precise sense in which ice is the right quantity for the bridge of §1.7.

Proposition 2.6 ([4, §4.2]). For the characteristic Sturmian sequence of slope α =
[0; a1, a2, . . . ],

ice(cα) = lim sup
k→∞

qk+1 + qk − 2

qk
= 1 + lim sup

k→∞

qk+1

qk
= 1 + lim sup

k→∞
[ak+1; ak, . . . , a1].

Remark 2.7 (The cγ depth from [11, Theorem 8.3]). The depth qn+1+qn−2 of Proposition 2.6
can be read off the author’s depth law for 1cγ . Let wn be the periodic word attached to the
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convergent pn/qn as in [11, §8]. Then [11, Theorem 8.3] gives lcp(1cγ , w
∞
n ) = qn + qn+1 − 1 for

n odd. Since cγ = σ(1cγ) and the two words agree in their first letter, shifting removes exactly
one position from the common prefix, so

lcp
(
cγ , σ(w

∞
n )

)
= qn + qn+1 − 2 (n odd),

and σ(w∞
n ) = (w′

n)
∞ where w′

n is the cyclic permutation of wn by one position — the same
length, the same number of ones, hence a shadow of the same shape (Proposition 2.2) with
the same denominator bound. This recovers the depths of Proposition 2.6 along the odd levels,
and with them ice(cγ) ≥ 1 + lim supn odd qn+1/qn.

It does not recover the even levels: there [11, Theorem 8.3] gives lcp(1cγ , w
∞
n ) = qn − 1, so

the shift yields only qn − 2. The limit superior over all k in Proposition 2.6 is Berthé–Holton–
Zamboni’s and is what we quote; its approximant at every level k is W∞

k for Wk the length-qk
prefix of cγ itself — the word used in the proof of Theorem 7.3 — and not the shift σ(w∞

n )
of a 1cγ approximant. The asymmetry is not a defect of the bookkeeping: it is the parity
phenomenon of §4, and it is precisely what separates ice(1cγ) from ice(cγ) there.

Proposition 2.8 (Floor; [4, §4.2]). For every irrational γ,

ice(cγ) ≥ 1 + φ = φ2 =
3 +
√
5

2
= 2.6180339887 . . . ,

with equality if and only if ak = 1 for all large k.

This is [4, §4.2]: in the sentence following the proof of their Theorem 1.2 they state that
ice(ω) ≤ 3 if and only if all but finitely many ak equal 1, in which case ice(ω) = 1 + θ,
where θ = (1 +

√
5)/2 is the golden mean fixed on [4, p. 3]. Eventually-all-ones therefore

gives ice = 1 + φ; otherwise ice > 3 > 1 + φ. The Fibonacci equality case is also stated in
their introduction (the characteristic sequence “begins in no (3 +

√
5)/2 ≈ 2.62 power at all”,

so the supremum is not attained), and the constant 1 + θ appears in [4, Proposition 2.1(3)].
The formula of Proposition 2.6 is also obtainable from Cassaigne’s recurrence quotient [9]; the
companion index formula is Vandeth [25, Theorem 16] and the Fibonacci repetition constants
are Mignosi–Pirillo [18]. For completeness we record the elementary re-derivation of the floor;
it is not a new result.

Lemma 2.9 (Re-derivation of Proposition 2.8). For every irrational γ = [0; a1, a2, . . . ] one has
lim supk qk+1/qk ≥ φ, with equality if and only if ak = 1 for all large k.

Proof. qk+1/qk = ak+1 + qk−1/qk > ak+1. Suppose L := lim supk qk+1/qk < φ. As φ < 2, for
all large k we get ak+1 < 2, i.e. ak+1 = 1; then qk+1 = qk + qk−1 eventually, so the ratios
satisfy xk+1 = 1 + 1/xk and converge to φ, giving L = φ, a contradiction. Conversely ak = 1
eventually gives qk+1/qk → φ. □

2.4. The normalisation of ω
(2)
1 and the threshold. For ξ ∈ Z2 and r ∈ Q put H(r) =

max(|num|, den) as above, and let ω
(2)
1 (ξ) be the supremum of the real w for which

|ξ − r|2 ≤ H(r)−(1+w) (6)

holds for infinitely many r ∈ Q. This is Koksma’s w1 in the p-adic normalisation of [6, Ch. 9]:
for P (X) = den · X − num one has |P (ξ)|2 = |den|2 |ξ − r|2, which equals |ξ − r|2 when the
denominator is odd. A pigeonhole over odd denominators q ≤ H shows ω

(2)
1 (ξ) ≥ 1 for every
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ξ ∈ Z2, so ω
(2)
1 = 1 is the generic value and the transcendence threshold is ω

(2)
1 > 1, not

ω
(2)
1 > 0. The threshold is the following, which we quote in its single-prime form.1

Theorem R ([7, Theorem 1.3], attributed there to Ridout [22]). Let ξ be a p-adic number and
ε > 0. Suppose there is a sequence (xn/yn)n≥1 of rationals with gcd(xn, yn) = 1, 2 ≤ |x1, y1| <
|x2, y2| < · · · , and

0 <
∣∣∣ξ − xn

yn

∣∣∣
p
< |xn, yn|−2−ε (n = 1, 2, . . . ),

where |x, y| := max(|x|, |y|) is the height of x/y. Then ξ is transcendental.

Theorem R is stated for an arbitrary p-adic number, with our height normalisation and no
hypothesis on the minimal polynomial, and its hypothesis is exactly the family of approximants
produced in Step 4 of §3. Equivalently ω

(2)
1 (ξ) ≤ 1 for every algebraic irrational ξ ∈ Q2.

Appendix A re-derives it from Schlickewei’s p-adic subspace theorem; that derivation is not
new and nothing depends on it.

Finally, the irrationality input, which Theorem R cannot supply: a rational r has ω
(2)
1 (r) =

∞, so ω
(2)
1 > 1 does not by itself exclude rationality.

Proposition 2.10 ([11, Theorem 10.1 and Corollary 10.5]). Φ(s) /∈ Q for every mechanical
word s of every irrational slope and every intercept.

Prior partial coverage: [19, Theorem 2.7(b)] gives this whenever the lower ones-density is
< β. We do not use [16, Theorem 1].

3. Proof of the main theorems

3.1. Proof of Theorem 1.3. Step 1: choice of the exponent. By Proposition 2.8, ice(cγ) ≥
1 + φ > 2. We must produce a fixed real e > max(2A(γ), 2) such that arbitrarily long prefixes
of cγ have prefix power at least e. Two cases, treated separately because ice may be infinite.

• Case L (ice(cγ) = ∞). By Proposition 2.6 this happens exactly when the partial
quotients of γ are unbounded. Here every real e is admissible: since ice is a limit
superior of prefix powers, for each e there are arbitrarily long prefixes of cγ whose prefix
power exceeds e. Fix, for definiteness, e := 2A(γ) + 1. At the end of Step 5 we let
e→∞; see §6.
• Case F (ice(cγ) < ∞). By (T) and ice ≥ 1 + φ > 2 we have max(2A(γ), 2) < ice(cγ),

so we may fix a real e with max(2A(γ), 2) < e < ice(cγ).
No perturbation of ice is needed, and none is taken: the limit-superior definition supplies

the prefixes directly.
Step 2: the family of shadows, and their heights. Replacing each such prefix by its primitive

root if necessary — which only increases the prefix power, since W = V t gives V prefix power

1Do not quote the several-primes form of Ridout’s theorem that circulates in some secondary sources, namely:
given f ∈ Z[X] of degree ≥ 2, let α be a real root of f and αi be pi-adic roots (p1, . . . , pt distinct primes); then
for every ε > 0 the inequality min(1, |α−A/B|∞)

∏
i min(1, |αi −A/B|pi) < max(|A|, |B|)−2−ε has only finitely

many coprime integer solutions. Its hypothesis that f have a real root is a genuine restriction on algebraic
elements of Z2, so the t = 1 specialisation is not available in general. Witness: f(X) = X4 − 3X3 + 2X + 6
has 0 real roots by Sturm’s theorem in exact rational arithmetic, no rational root, and no factorisation into
integer quadratics (exhaustive over B | 6, |A| ≤ 40, which by Gauss’s lemma exhausts factorisations over Q of
a monic quartic), hence is irreducible over Q of degree 4; while f(1) = 6 ≡ 0 (mod 2) and f ′(1) = −3 is odd,
so Hensel’s lemma gives a root ξ ∈ Z2, with ξ ≡ 16095319 (mod 224) and f(ξ) ≡ 0 (mod 2800), verified exactly.
An exhaustive search over a small coefficient box produced 1138 such quartics, so this is generic rather than
exotic.
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t times that of W — choose an infinite sequence W1,W2, . . . of primitive prefixes of cγ with
ℓj := |Wj | → ∞, ℓj ≥ 2, and

lcp
(
cγ ,W

∞
j

)
≥ e ℓj . (7)

The lengths of the primitive roots do tend to infinity: otherwise cγ would agree with one fixed
periodic word to unbounded depth, contradicting its aperiodicity. By Definition 2.5 the relation
(7) involves no floor and no O(1) loss.

Since e > 2, Proposition 2.3 applies: each Wj is a conjugate of a standard word, so W∞
j is

balanced. Also kj := |Wj |1 ≥ 1 once ℓj is large, a Sturmian word of irrational slope not being
0∞; so Proposition 2.2 gives

Rj := Φ
(
W∞

j

)
=

cWj

2ℓj − 3kj
∈ Q, denominator odd, (8)

and Proposition 2.4 gives

log2H(Rj) < A(γ) ℓj + log2(3ℓj) + log2 3. (9)

This bound holds at every level used, not merely along the convergent family: its only input is
that W∞

j is balanced, which Proposition 2.3 supplies. (We verified both cW ≤ 3ℓmax(2ℓ, 3k)

and (9) directly at every level used, for the prefixes of cγ specifically; see Appendix B.)
Step 3: the approximation exponent. By Proposition 2.1 and (7), v2(Φ(cγ) − Rj) =

lcp(cγ ,W
∞
j ) ≥ eℓj , so |Φ(cγ)−Rj |2 ≤ 2−eℓj . Combining with (9), |Φ(cγ)−Rj |2 ≤ H(Rj)

−(1+wj)

where

1 + wj =
e ℓj

log2H(Rj)
>

e ℓj
A(γ) ℓj + log2(3ℓj) + log2 3

−−−→
j→∞

e

A(γ)
. (10)

Since e > 2A(γ), the limit exceeds 2, so wj > 1 for all large j.
Step 4: the shadows are infinitely many, pairwise distinct, and distinct from the target. If

Rj = Φ(cγ) then Φ(W∞
j ) = Φ(cγ), so by injectivity (Proposition 2.1) cγ = W∞

j would be
periodic — impossible, γ being irrational. Hence Rj ̸= Φ(cγ) for every j. Next, Rj determines
W∞

j by injectivity, and Wj primitive means W∞
j has minimal period exactly ℓj ; since ℓj →∞,

the Rj take infinitely many distinct values. Passing to a subsequence they are pairwise distinct
with H(Rj)→∞, only finitely many rationals having bounded height. In particular no shadow
has H = 1, where (6) would be vacuous.

Step 5: the threshold, and excluding rationality. By Steps 3 and 4 we have infinitely many
pairwise distinct rationals Rj , of strictly increasing height after passing to a subsequence, with
odd denominators, satisfying |Φ(cγ)−Rj |2 ≤ H(Rj)

−(1+wj) and wj > 1. Hence

ω
(2)
1

(
Φ(cγ)

)
≥ lim inf

j
wj ≥

e

A(γ)
− 1 > 1. (11)

Choosing ε > 0 with 1+wj > 2+ε for large j, Theorem R applies and Φ(cγ) is not an algebraic
irrational.

It remains to exclude rationality, which Theorem R cannot do: a rational r has ω(2)
1 (r) =∞.

By Proposition 2.10, Φ(cγ) /∈ Q — either directly, cγ being a mechanical word of slope γ and
intercept {γ}, or from Φ(1cγ) /∈ Q through Step 6: if Φ(cγ) were rational then so would be
Φ(1cγ) = (2Φ(cγ)−1)/3. There is no circularity, Step 6 transferring rationality by an invertible
Q-affine map independently of the transcendence conclusion. Therefore Φ(cγ) is transcendental.

Step 6: transfer along the shift orbit. Specialising (3) to m = 1 with v = 1cγ (so k1 = 1,
c1 = 1) and with v = 0cγ (so k1 = 0, c1 = 0), and using σ(1cγ) = σ(0cγ) = cγ :

2Φ(cγ) = 3Φ(1cγ) + 1 = Φ(0cγ), equivalently Φ(1cγ) =
2Φ(cγ)− 1

3
. (12)
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All three maps are Q-affine and invertible over Q, so the three values are simultaneously al-
gebraic or simultaneously transcendental; the same holds for every Φ(σmv) by (3). More
generally (3) shows that Φ of any two tail-equivalent words are Q-affinely related, through
3km(v)Φ(v)− 3km(w)Φ(w) = cm(w)− cm(v). This proves Theorem 1.3. □

The identity (12) is not new. [16, Lemma 37] (equivalently [16, Lemma 25]) gives ΦR(0cα) =
3ΦR(1cα)+1 in the real normalisation for α > β, and the 2-adic form used here, valid for every
irrational slope, is the author’s prior work [11, Corollaries 7.1 and 8.8]. What this paper adds
is only the observation that, being Q-affine, it carries transcendence along the shift orbit. We
verified (12) exactly modulo 2400 at three slopes (Appendix B).

3.2. Proof of Theorem 1.2. Steps 1–5 give ω
(2)
1 (Φ(cγ)) ≥ e/A(γ) − 1 for every admissible

e. In Case F, e may be any real number below ice(cγ); in Case L, any real number at all.
Taking the supremum over admissible e gives ω

(2)
1 (Φ(cγ)) ≥ ice(cγ)/A(γ) − 1, which together

with Proposition 2.6 is the assertion. □

3.3. The margin is a fixed δ.

Lemma 3.1. Assume (T) and set κ := ice(cγ) − 2A(γ) > 0. In Case F the value e :=
2A(γ) + κ/2 is admissible in Step 1, and then wj → 1 + δ with

δ =
κ

2A(γ)
> 0,

independent of j, of ℓj and of H(Rj). Moreover the loss in (10) is O(log ℓj/ℓj) =
O(log logHj/ logHj) → 0, so there is an explicit L0 = L0(κ, γ) with wj ≥ 1 + δ/2 > 1
whenever ℓj ≥ L0. In Case L, κ =∞ and every finite δ is achieved.

Proof. e = 2A(γ) + κ/2 lies strictly between max(2A(γ), 2) and ice = 2A(γ) + κ, so it is
admissible; the limit in (10) is e/A(γ) = 2 + κ/(2A(γ)). For the loss, (9) gives 1 + wj ≥
(e/A(γ))

(
1−O(log ℓj/ℓj)

)
, and log2Hj ≍ A(γ)ℓj . □

This is the quantitative point on which the argument turns. For an algebraic irrational the
excess of ω(2)

1 over 1 is a vanishing slack: for a quadratic irrational, Liouville’s inequality caps
it at 1 + log2 9/ log2H → 1 (Appendix B). Here the excess is the constant δ while the slack is
O(log logH/ logH). A vanishing slack cannot eat a fixed δ.

3.4. Proof of Corollary 1.4. By Proposition 2.8, ice(cγ) ≥ 1+φ. If γ < γ∗ = (1+φ)/(2 log2 3)
then γ log2 3 < (1 + φ)/2; also 1 < (1 + φ)/2 since φ > 1. Hence A(γ) = max(1, γ log2 3) <
(1 + φ)/2, i.e. 2A(γ) < 1 + φ ≤ ice(cγ), so (T) holds with strict inequality and Theorem 1.3
applies. At γ = β = log3 2 one has γ log2 3 = 1, so A(γ) = 1 and 2A(γ) = 2 < 2.618 ≤ ice. □

Remark 3.2 (Threshold arithmetic). Explicitly, (1 + φ)/A(γ) > 2 ⇐⇒ A(γ) < (1 + φ)/2 =
(3 +

√
5)/4 = 1.3090169943749474241 . . .. For γ ≤ β one has A(γ) = 1 and the condition is

automatic; for γ > β it is γ log2 3 < (3 +
√
5)/4, i.e. γ < γ∗. The constant A(γ) is the right

height exponent across the whole range: for γ ≤ β the denominator |2ℓ − 3k| ≍ 2ℓ dominates
and log2H ≍ ℓ; for γ > β, 3k ≍ 2γℓ log2 3 dominates and log2H ≍ γℓ log2 3. Both regimes are
confirmed numerically (Appendix B).

Remark 3.3 (The two Ξ conventions; read once, not used again). Two conventions for a
symbol Ξ are in circulation in this circle of papers, and they denote negatives of each other.
In [11, Proposition 3.2] the definition carries no sign, Ξα :=

∑
j≥0 3

−(j+1)2⌊jα⌋, and then
Φ(1cβ) = −Ξα with α = log2 3, β = log3 2. In [12, Theorem 4.1] the sign is inside the definition,
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Ξα,b := −1
3

∑
i≥0 3

−i2Si = −
∑

i≥0 3
−i−12⌊iα+b⌋ with Si = ⌊iα + b⌋, and then Φ(1cβ) = +Ξα,0.

Equivalently Ξα,0 = −Ξα. Both papers are internally correct; crossing the conventions is not.
We verified exactly, with Φ computed from the parity-vector definition alone and certified floors,
that Φ(1cβ) = −Ξα and Φ(1cβ) = +Ξα,0 both hold modulo 23000 (1893 terms summed) while
the opposite signs both fail, and that v2(Φ(1cβ)) = 0. To avoid the collision, no statement in
this paper uses Ξ; everything is phrased in terms of Φ(cγ), Φ(1cγ) and Φ(0cγ).

4. The parity obstruction: why cγ and not 1cγ

It is natural to try to run §3 directly on 1cγ , the word whose Φ-value is the object of [11]
and of the realizer problem of [12]. That fails, and the failure is not an artifact. By the depth
law of [11, Theorems 5.3 and 8.3] — the author’s prior work, and the one place where both
convergent parities are computed exactly — the length-qn prefix of 1cγ has prefix power exactly
1 at every even n, whereas at odd n it is (qn + qn+1 − 1)/qn. Consequently

ice(1cγ) = 1 + lim sup
n odd

qn+1

qn
, against ice(cγ) = 1 + lim sup

k

qk+1

qk
, (13)

and the first can be strictly smaller. Both halves of (13) were verified independently at every
level of four slopes (Appendix B).

That the gap can be fatal is shown by an explicit witness.

Example 4.1 (The 1cγ route genuinely fails). Take

γ = [0; 2, 1, 4, 1, 8, 1, 16, 1, 32, 1, . . . ] = 0.35329542 . . . < γ∗,

so that an → ∞ along odd n while an = 1 for even n. For odd n one has an+1 = 1 and
qn−1/qn → 0, so the odd-n ratios collapse to 1: we computed

qn+1/qn = 1.50000, 1.21429, 1.11333, 1.05918, 1.03035, 1.01539, 1.00775, 1.00389, 1.00195

at n = 1, 3, 5, . . . , 17. Hence ice(1cγ) = 2 exactly, the 1cγ route yields only ω
(2)
1 ≥ 1 — the

threshold of Theorem R, with zero margin, proving nothing — and the measured certified lower
bounds for ω(2)

1 along the levels decrease, 1.1429, 1.1067, 1.0588, towards 1. On the same slope
the full limit superior over all k is infinite (ratios 1.50, 4.67, 1.21, 8.82, 1.11, 16.90, 1.06, 32.94,
1.03), so ice(cγ) =∞; this is Case L of Step 1, and the cγ route gives a measured ω

(2)
1 ≥ 16.886

at the levels computed.

So Theorem 1.3 is formulated for cγ of necessity, and Step 6 is what carries the conclusion
back to 1cγ and 0cγ through (12). The transfer is lossless in the limit: a shadow R = u/v of
Φ(cγ) with depth D and odd v becomes 2R = 2u/v for 0cγ and (2R − 1)/3 = (2u − v)/(3v)
for 1cγ , each with depth exactly D+ 1, each with odd denominator, and with height cost only
log2H + 1, respectively log2H + log2 3. Since log2H(Rj) ≍ A(γ)ℓj → ∞, the limit in (10) is
unchanged for all three words. In our sweep over every prefix length ℓ < 900 of 1cγ , no other
prefix family repairs the parity loss.

5. Why the truncations fail and the periodic approximants succeed

The question of approximating Φ(1cβ) at the resonance slope was first posed in [12], where
the natural approximants are the Hensel truncations of the defining series rather than the
periodic shadows used here. It is worth recording exactly why that family cannot prove a
statement of this kind, since the contrast isolates what the shadows supply.
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Fix α = log2 3, β = log3 2 and Si = ⌊iα⌋, and write Φ(1cβ) = −1
3

∑
i≥0 3

−i2Si in the
convention of [12, Theorem 4.1] (Remark 3.3). Its N -term truncation is

ΞN = −CN

3N
, CN :=

∑
i<N

3N−1−i2Si ∈ Z>0,

so PN := −CN and QN := 3N . The fraction is already reduced: the i = N − 1 term is 2SN−1

and every other term is divisible by 3, so 3 ∤ CN .

Proposition 5.1 (Determinant identity). For every N ≥ 1, PNQN+1 − PN+1QN = +3N2SN .

Proof. From the definition, CN+1 = 3CN + 2SN . Hence PNQN+1 − PN+1QN = (−CN )3N+1 +
CN+13

N = 3N (CN+1 − 3CN ) = 3N2SN . □

Remark 5.2 (The determinant is an S-unit, and the product formula prices it). Write DN =
3N2SN . Then |DN |2|DN |3|DN |∞ = 2−SN · 3−N · 3N2SN = 1 exactly: DN is an S-unit for
S = {2, 3,∞}, so its 2-adic depth is paid, to the last bit, by its archimedean size. Consequently
v2(DN )/ log2 |DN | = SN/(N log2 3+SN )→ 1

2 , the exponent a Minkowski-generic lattice vector
already achieves. No linear combination of two consecutive truncations can therefore cross the
threshold; the obstruction is a conservation law, not a loose estimate.

Proposition 5.3 (Truncations are subcritical against the Weil height). SN− log2QN ∈ (−1, 0]
for every N , while SN − log2H(ΞN ) = − log2N +O(1).

Proof. Since 2α = 3 we have 2Si = 2iα−{iα} = 3i2−{iα}, so each term of CN equals 3N−12−{iα} ∈
(123

N−1, 3N−1] — this is (5) again. Summing the N terms, 1
2N3N−1 < CN ≤ N3N−1, so

H(ΞN ) = max(CN , 3N ) = CN once N ≥ 4 and log2H(ΞN ) = N log2 3+ log2N − log2 3+O(1).
Meanwhile SN = Nα − {Nα} gives SN − log2QN = −{Nα} ∈ (−1, 0], and subtracting the
two displays gives the second claim. □

Both propositions are T1; both were checked in exact integer arithmetic (Appendix B).
The contrast with §3 is now explicit. A truncation has depth SN ≈ N log2 3 against height
≈ N log2 3+ log2N , so its exponent tends to 1 — it is subcritical, and it is subcritical because
the Weil height, not the denominator, is what Theorem R and the p-adic Liouville inequality
use. A shadow Φ(W∞) has depth at least e |W | against height at most A(γ)|W |+O(log |W |),
so its exponent tends to e/A(γ) > 2. The gain is in the depth and not in the height: a Sturmian
prefix repeats, with initial power at least 1 + φ by Proposition 2.8, whereas a truncation of a
series repeats not at all. That is the whole of the difference.

6. Unbounded partial quotients: the Liouville alternative

Theorem 6.1. Let γ ∈ (0, 1) be irrational with unbounded partial quotients. Then
ω
(2)
1 (Φ(cγ)) = ∞; that is, Φ(cγ) is a 2-adic Liouville number, a p-adic U1-number in

Mahler’s classification. The same holds for Φ(1cγ), Φ(0cγ) and every shift. In particular no
finite irrationality measure exists for these numbers.

Proof. Unbounded partial quotients give lim supk qk+1/qk = ∞, hence ice(cγ) = ∞ by Propo-
sition 2.6; Theorem 1.2 then gives ω

(2)
1 (Φ(cγ)) = ∞. This is Case L of Step 1: every real e is

admissible, and (11) holds for each, so ω
(2)
1 ≥ e/A(γ)− 1 for every e. For the other words, ω(2)

1
is unchanged up to the O(1/ logH) cost of the transfer computed at the end of §4, which does
not affect its being infinite. A 2-adic number with ω

(2)
1 = ∞ attained along infinitely many

distinct rationals is a U1-number by the p-adic Mahler classification [6, Ch. 9]. □
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Theorem 6.1 refines the corresponding statement of the author’s earlier notes, where the
limit superior was taken over odd n only; passing from 1cγ to cγ removes the parity restriction,
so unbounded partial quotients at either parity now suffice.

For γ = β = log3 2 it is unknown whether the partial quotients of log2 3 are bounded.
We computed 1456 certified partial quotients, with maximum 3308; the largest certified lower
bound on ω

(2)
1 (Φ(cβ)) obtainable from a single level in our range is 23.274. Whether ω(2)

1 (Φ(cβ))
is finite is therefore open, and equivalent to the boundedness of the partial quotients of log2 3.
Transcendence does not depend on it : that is the content of Corollary 1.4.

7. Bounded partial quotients: a finite effective measure

This section is logically independent of §3 and is stated at a narrower scope than the rest of the
paper. It was not covered by the independent verification reported in Appendix B,
whose remit was Theorems 1.2–1.3; the numerics quoted below are the author’s own.

We first record the abstract mechanism.

Lemma 7.1 (Lower bound for shadow heights). Let R ̸= R′ be rationals with odd denominators.
Then v2(R−R′) ≤ log2H(R) + log2H(R′) + 1.

Proof. Write R = A/B, R′ = A′/B′ in lowest terms with B,B′ odd. Then R − R′ = (AB′ −
A′B)/(BB′) with BB′ odd, so v2(R−R′) = v2(AB

′−A′B), and AB′−A′B is a nonzero integer
of absolute value at most |A|B′ + |A′|B ≤ 2H(R)H(R′). □

Lemma 7.2 (Abstract measure lemma). Let ξ ∈ Z2 be irrational and let (Rk)k≥1 be pairwise
distinct rationals with odd denominators, Lk := v2(ξ − Rk) < ∞ and hk := log2H(Rk) → ∞
strictly increasing. Put

θ := lim inf
k

Lk

hk
, Θ := lim sup

k

Lk

hk
, g := lim sup

k

hk+1

hk
.

Assume Θ <∞, g <∞ and θ > 1. Then for every µ > max
(
Θ, 1 + g/(θ − 1)

)
there is C > 0

with |ξ − r|2 ≥ C H(r)−µ for all r ∈ Q ∩ Z2.

Proof. Basic step. Let r = p/q in lowest terms with q > 0 odd, H = H(r), and suppose r ̸= Rk,
Rk = Ak/Bk. By Lemma 7.1 applied to r and Rk, v2(Rk − r) ≤ hk + log2H + 1. If moreover
Lk > hk + log2H + 1 then v2(ξ −Rk) = Lk > v2(Rk − r), so the two valuations differ and the
ultrametric equality gives v2(ξ − r) = v2(Rk − r) ≤ hk + log2H + 1, whence

|ξ − r|2 ≥ 2−1 2−hkH−1. (14)

Measure. Fix µ as stated and choose ϵ > 0 with µ > max
(
Θ + ϵ, 1 + (g + ϵ)/(θ − 1 − ϵ)

)
,

then N with θ − ϵ < Lk/hk < Θ+ ϵ and hk+1/hk < g + ϵ for all k ≥ N .
If r = Rk for some k ≥ N then H = 2hk > 1 and |ξ − r|2 = 2−Lk = H−Lk/hk ≥ H−(Θ+ϵ) ≥

H−µ. The finitely many k < N have bounded height and are absorbed into C.
Otherwise r ̸= Rk for all k. Put X = log2H and let k be the largest index with hk ≤

(µ − 1)X − 1; for X large this k exists and k ≥ N . Then hk+1 > (µ − 1)X − 1, so hk >
hk+1/(g+ ϵ) >

(
(µ−1)X−1

)
/(g+ ϵ). Now Lk > (θ− ϵ)hk, and Lk > hk+X+1 holds as soon

as hk(θ− 1− ϵ) > X + 1, for which it suffices that (θ− 1− ϵ)
(
(µ− 1)X − 1

)
> (g + ϵ)(X + 1);

as X →∞ this is implied by (θ− 1− ϵ)(µ− 1) > g+ ϵ, i.e. by the choice of ϵ. So the basic step
applies, and (14) together with hk ≤ (µ− 1)X − 1 gives |ξ − r|2 ≥ 2−1−hk−X ≥ 2−µX = H−µ.
The finitely many r with X below the resulting threshold have bounded height and are absorbed
into C. □
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The hypothesis Θ <∞ is not a convenience: Θ =∞ says exactly that ξ is a 2-adic Liouville
number, i.e. that the conclusion is false. Lemma 7.2 therefore fails precisely where it must.

Theorem 7.3. Let γ ∈ (0, β] be irrational with bounded partial quotients, β = log3 2. Put

λ := lim inf
k

qk+1

qk
, Λ := lim sup

k

qk+1

qk
(both finite, and λ > 1).

Then for every µ > max
(
1 + Λ, 1 + Λ/λ

)
there is an effective C > 0 with∣∣Φ(cγ)− r

∣∣
2
≥ C H(r)−µ for all r ∈ Q ∩ Z2,

and the same with Φ(1cγ) or Φ(0cγ) in place of Φ(cγ), after adjusting C. For a constant partial
quotient a, with λ = Λ = (a +

√
a2 + 4)/2, this reads µ > 1 + λ; e.g. µ > φ2 = 2.6180 . . . for

γ = 1/φ and µ > 2 +
√
2 = 3.4142 . . . for γ =

√
2− 1.

Proof. Let Wk be the prefix of cγ of length qk and Rk = Φ(W∞
k ); these are pairwise distinct

with odd denominators, as in Step 4. By Proposition 2.6 and the proof of [4, §4.2], Lk :=
v2(Φ(cγ)− Rk) = qk+1 + qk − 2. Since γ ≤ β we have A(γ) = 1, so (9) gives the upper bound
hk < qk + log2(3qk) + log2 3. For the lower bound, Lemma 7.1 applied to Rk ̸= Rk+1 gives
Lk = v2(Rk−Rk+1) ≤ hk+hk+1+1 (the valuation of the difference being min(Lk, Lk+1) = Lk),
whence

hk ≥ Lk − 1− hk+1 > (qk+1 + qk − 3)− qk+1 − log2(3qk+1)− log2 3 = qk −O(log qk+1).

Bounded partial quotients give qk+1 ≤ (M + 1)qk, so log qk+1 = O(log qk) and therefore hk =
qk +O(log qk). Consequently

θ = 1 + λ, Θ = 1 + Λ, g = Λ,

all finite, and θ > 1; indeed qk+1/qk = ak+1 + qk−1/qk ≥ 1 + 1/(M + 1), so λ > 1. Lemma 7.2
applies with max(Θ, 1 + g/(θ − 1)) = max(1 + Λ, 1 + Λ/λ). For a constant partial quotient
λ = Λ > 1 and the maximum is 1 + λ. The statement for Φ(1cγ), Φ(0cγ) follows from (12),
which changes H(r) by a bounded factor. □

Remark 7.4 (Scope of Theorem 7.3, honestly). The restriction γ ≤ β is needed, and is narrower
than one might expect. The upper bound (9) on hk is available at every slope, but Lemma 7.2
also needs a lower bound, to make Θ and g finite, and the only elementary source we have for
one is Lemma 7.1, which yields hk ≥ qk+ qk+1−3−hk+1. For A(γ) = 1 this is qk−O(log qk+1)
and suffices; for A(γ) > 1 the right-hand side is negative and the argument breaks. We do not
know whether gcd(cW , 2ℓ−3k) can be large enough to make hk much smaller than A(γ) qk, and
we make no claim for γ ∈ (β, γ∗).

8. Scope and open problems

Four limitations of the argument, with the open problems they carry: general intercepts
(§8.1, Question 8.1); extending the range towards all slopes (§8.2, Question 8.2); the integer
target (§8.3); and the real place (§8.4).

8.1. General intercepts. Theorem 1.3 covers cγ , 1cγ , 0cγ and the whole shift orbit of cγ —
equivalently its tail-equivalence class, the countably many intercepts {kγ}. It does not cover
arbitrary intercepts, and this is an obstruction rather than an omission. Every Sturmian word
begins in infinitely many squares [2, Theorem 1], so ice ≥ 2 always; but by [4, Theorem 1.1]
there are slopes α carrying a Sturmian word ω ∈ Xα with ice(ω) = 2 exactly — namely those
for which, for each pair (s, t) with s > 1, only finitely many k have (ak, ak+1) = (s, t) or
(ak, ak+1, ak+2) = (1, 1, t). For such a word the argument yields ω

(2)
1 ≥ 2/A(γ) − 1 = 1 at
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A(γ) = 1: the threshold of Theorem R with δ = 0, which proves nothing. The full generality
of [11, Corollary 10.5] therefore does not transfer to transcendence, and no claim is made for
it. For the golden slope no such word exists, since (ak, ak+1, ak+2) = (1, 1, 1) recurs; for γ = β
whether such a word exists is open, being a statement about recurrence of patterns in the
partial quotients of log2 3.

Question 8.1. Is Φ(s) transcendental for every Sturmian word s of every intercept, at least
for γ < γ∗?

8.2. Slopes above γ∗. For γ ≥ γ∗ the condition (T) becomes a genuine hypothesis on the
partial quotients, and Theorem 1.3 is conditional. The boundary is sharp in our method: on
noble slopes, where ice = 1 + φ exactly, the limit of ω(2)

1 along the levels is (1 + φ)/A(γ) − 1,
which is > 1 for γ = 0.82200179 . . . and < 1 for γ = 0.84889772 . . .; both sides were verified
(Appendix B). Improving the range requires either a better height exponent than A(γ) or an
input stronger than Theorem R at the single place 2.

Question 8.2. Can the range be extended towards all slopes by an S-unit or Subspace argu-
ment over {∞, 2, 3}, in place of the single place 2?

This is the route sketched by Cassidy [10, §4.6]: build integer points from the shadow data
and apply Schlickewei’s p-adic Subspace Theorem — Theorem S of Appendix A — at the three
places {∞, 2, 3}, rather than Theorem R at the one place 2. The slope-range bookkeeping is not
carried out there, as that note itself indicates, and it is what such a proof would have to supply.
The cost of the extra coordinate is explicit: with three forms the place-product must be pushed
below H(x)−3−ε, where the single-prime route needs only H(x)−2−ε with two. Against that
cost one may set a concrete gain. Working at the places 2 and 3 together puts both primes in S,
so the shadow denominators 2ℓ−3k may be handled with both primes available at once, rather
than at the single place 2. That is the obstruction identified in §1.6 — these denominators are
not S-units for any fixed finite S, so the single prime 2 buys no unit of exponent — and it is
the one an argument over {∞, 2, 3} would be in a position to attack.

8.3. The integer target. A different and more demanding question is attached to the realizer
problem of [12]: an effective bound | · |2 ≥ C y−µ against positive integers y, which by [12,
Proposition 7.2] is equivalent to a sublinear zero-run law on the Hensel digits. Theorem 6.1
does not obstruct it: the shadows all have large odd denominators — 2ℓ − 3k = ±1 only for
(ℓ, k) ∈ {(1, 1), (2, 1), (3, 2)}, by an elementary argument — so none is an integer, and the
Liouville blow-up does not descend to Z. This remains open.

8.4. The real place, and a remark of López and Stoll.

Remark 8.3. Equation (5) shows that at the resonance slope the terms of the defining series
lie in (16 ,

1
3 ] and do not tend to 0: the real series diverges, and the 2-adic place is the only one

available. López and Stoll reach the same point from the other side: their real staircase diverges
at x = β. Their function F (x) := ΦR(mx) on (β, 1] [15, Definition 26] is a devil’s staircase,
and in [15, §4] they remark: “The function is similar to other devil’s staircases. . . . It seems
that F additionally maps irrationals to transcendental numbers. We have no proof.” That
remark concerns the real function F , for slopes > β, and is explicitly unproven. The present
paper proves transcendence for the 2-adic Φ, on (0, γ∗), by a different mechanism. The two
statements are about different numbers and neither implies the other.
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9. Related work

López and Stoll are the origin of the explicit study of Φ on Sturmian words. Their [15,
Theorem 1] is the closed 2-adic series (4) and [15, Corollary 2] the associated generalised
continued fraction; [15, Lemma 11] is the one-position formula for mechanical words, with [17,
Ch. 2] for the framework; [15, Lemma 12] is the rational-slope shadow; [15, §4] contains the
irrationality of the real value and the remark quoted in Remark 8.3; and [16, Lemma 43, §11] is
the term-size estimate (5) with the distribution of the terms, while [16, Lemma 37] is the real
form of (12). The approximation depths used throughout this paper are the term exponents of
their 2009 series. We do not rely on [16, Theorem 1].

Two contemporaneous independent contributions should be recorded, both concerning irra-
tionality. We reuse the characterisations of [11, §1]. Pham [21, Theorem 3, Corollaries 4–5], in
an unrefereed note dated 22 July 2026, transported Dubickas’s counting argument to rational
2-adic integers and drew the conclusion that every Sturmian parity word has irrational Φ-value;
his Theorem 3 is moreover sensitive to the drift of the word. Cassidy [10, Theorems R and
S], in an unrefereed note of September 2026, proved by a 2-adic repetition (Liouville) criterion
that no rational with odd denominator has an eventually Sturmian parity vector, for every
slope and intercept, and for a wider class of maps: 3x + r, 5x + 1 at slopes below 0.804, and
Mahler’s map; his second route, through initial squares, is the method of [11, §10]. Both were
found independently of [11], and Cassidy’s note was posted first. Neither note is refereed and
we make no comparative claim about either.

Transcendence of Φ(s) for every Sturmian word s was first proposed by Cassidy [10, §4.6],
with a sketch via Schlickewei’s p-adic Subspace Theorem, recorded there as unaudited. The
complete proof given here covers characteristic words of every irrational slope γ < γ∗ and
goes by a different route, Ridout’s theorem in the single-prime form [7, Theorem 1.3] with the
Berthé–Holton–Zamboni bound on initial powers; the general claim remains open. See §8.2 for
what an argument over {∞, 2, 3} would have to supply.

On the archimedean side the analogous programme is well developed: Ferenczi–Mauduit [13],
Adamczewski–Bugeaud [1], and for Hecke–Mahler values Bugeaud–Laurent [8]. As explained
in §1.6, the hypotheses of these results are on a digit expansion and our object does not satisfy
them.
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√
17 ∈ Z2 both stayed within ω

(2)
1 ≤ 1+O(1/ logH). That session also supplied the witness of

Example 4.1 and the quartic of the footnote in §2.4. §7 was outside its remit.
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Appendix A. Theorem R from Schlickewei’s subspace theorem (not new)

Included for completeness only. Theorem R is [7, Theorem 1.3]; the argument below re-
derives it and claims no novelty. It has the mild advantage of being checkable without recourse
to [22].

Theorem S (p-adic subspace theorem; [23, 24], in the formulation of [5, Theorem 7.2.2]). Let
n ≥ 1, K a number field, S a finite subset of MK . For each w ∈ S let L1,w, . . . , Ln,w be
n linearly independent linear forms in X1, . . . , Xn with algebraic coefficients. Then for every
ε > 0 the set of nonzero x ∈ Kn with∏

w∈S

n∏
i=1

|Li,w(x)|w
|x|w

≤ H(x)−n−ε

lies in finitely many proper subspaces of Kn.

Proposition A.1. Let ξ ∈ Q2 be algebraic over Q and irrational. For every ε > 0 there are
only finitely many r = p/q ∈ Q in lowest terms with q > 0 odd and |ξ − r|2 ≤ H(r)−2−ε.
Equivalently ω

(2)
1 (ξ) ≤ 1.

Proof. Take K = Q, n = 2, S = {∞, 2}, and fix an extension of | · |2 to Q compatible with the
given embedding Q(ξ) ↪→ Q2. Set

L1,2 = X1 − ξX2, L2,2 = X2, L1,∞ = X1, L2,∞ = X2.

At each place the two forms are linearly independent (coefficient determinant 1) and their
coefficients are algebraic, as Theorem S requires. Let x = (p, q) with p, q coprime integers and
q > 0 odd. Then |x|∞ = max(|p|, q) = H, while |x|w = max(|p|w, |q|w) = 1 at every finite place
w by coprimality; hence H(x) =

∏
w |x|w = H. The double product is

at ∞ :
|p|
H
· q
H

=
|p|q
H2
≤ 1, at 2 : |p− ξq|2 · |q|2 = |p− ξq|2 = |ξ − p/q|2

(the last since q is odd, so |q|2 = 1), so
∏

w

∏
i |Li,w(x)|w/|x|w ≤ |ξ−p/q|2. Hence every r = p/q

with |ξ−r|2 ≤ H−2−ε satisfies the hypothesis of Theorem S with n = 2, and all such (p, q) lie in
finitely many proper subspaces of Q2, i.e. finitely many lines through the origin. A line through
the origin contains at most one coprime pair (p, q) with q > 0, hence at most one rational p/q.
Finitely many lines, finitely many r. Irrationality of ξ gives p− ξq ̸= 0, so no form vanishes on
the relevant x. □

Appendix B. Exact-arithmetic verification

All computations are in exact integer or rational arithmetic; no floating-point number decides
any inequality. Slopes are pinned by a certified integer interval and every floor or ceiling used to
build a word is checked to agree at both endpoints. Approximation exponents are reported as
the certified interval [D/bitlen(H)− 1, D/(bitlen(H)− 1)− 1], since bitlen(H)− 1 ≤ log2H <
bitlen(H). Scripts accompany this paper in verification/.

Primitives. Φ was implemented twice: once from the closed form of [11, Proposition 2.1] and
once, independently, from the parity-vector definition alone via the recursion Φ(v) = 2Φ(σv) or
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(2Φ(σv)− 1)/3 according to v0. The closed form, the periodic-value formula of Proposition 2.2,
and the isometry of Proposition 2.1 were then checked against the independent implementation
in 300, 200 and 300 exact random trials respectively; all matched.

The 2009 series. Equation (4) was evaluated in exact 2-adic arithmetic and compared with
the independently computed Φ(1cα): agreement was exact modulo 24000 at all three slopes
tested (golden,

√
2 − 1, log3 2; 16, 9, 9 terms). The j-th term has v2 = qj+1 + qj − 1, which

coincides with the depth law at the convergents from above.
Depth law and height bound across the γ∗ range (this audit). The depth identity

lcp(cγ ,W
∞) = qk+1 + qk − 2 and the Step-2 bound (9) were re-checked at every conver-

gent level, both parities, on six slopes spanning the range of Corollary 1.4 and crossing γ∗.
Words were generated at 300 decimal digits, which for the lengths used exceeds the nearest-
integer distance of jγ by more than 200 orders of magnitude; all heights, cW , denominators
and gcds are exact integers.

slope γ γ A(γ) γ < γ∗ depth = qk+1 + qk − 2 (9) holds

log3 2 (resonance) 0.6309298 1 yes all k all k
(
√
5− 1)/2 0.6180340 1 yes all k all k√
2− 1 0.4142136 1 yes all k all k√
3− 1 = [0; 1, 2, 1, 2, . . . ] 0.7320508 1.1602731 yes all k all k

(
√
21− 3)/2 = [0; 1, 3, 1, 3, . . . ] 0.7912878 1.2541616 yes all k all k

2
√
2− 2 = [0; 1, 4, 1, 4, . . . ] 0.8284271 1.3130259 no all k all k

The last slope lies above γ∗ and is a control: (T) still holds there, since its partial quotients
give lim supk qk+1/qk ≥ 4 and hence ice ≥ 5 > 2A(γ) = 2.626, with a measured exponent 1+w
reaching 4.44 on the odd levels. This confirms that γ∗ is sufficient and not necessary, as §8.2
states. On the slopes with A(γ) > 1 the exponent dips below 2 at some individual even levels
(e.g. 1.80 and 1.95 for

√
3 − 1); this is harmless, the hypothesis of Theorem 1.3 being a limit

superior over prefixes and not a condition at every level.
The truncation propositions of §5. The determinant identity PNQN+1−PN+1QN = +3N2SN

was confirmed in exact integer arithmetic for N = 1, . . . , 120, with v2(DN )/ log2 |DN | rising to
0.49974 at N = 120, against the limit 1

2 of Remark 5.2. For Proposition 5.3, SN − log2QN was
found in (−1, 0] at every N tested, while SN − log2H(ΞN ) + log2N stayed in [0.83, 1.68] for
N = 3, 5, 10, 40, 160, 640, 2560 — bounded, as claimed. The crossover CN > 3N first occurs at
N = 4.

Depth identity and heights. For the prefixes of cγ at the convergent lengths, lcp(cγ ,W∞) =

qk+1 + qk − 2 was confirmed at 46 of 46 levels across four slopes (golden 19,
√
2 − 1

11, [0; 5, 1, 5, 1, . . . ] 9, log3 2 7), the variant with −1 failing at 0 of 46. The bound
cW ≤ 3ℓmax(2ℓ, 3k) and the bound (9) each held at 46 of 46 levels, checked for these
prefixes directly rather than by analogy.

Trend of ω
(2)
1 . The certified lower bounds increase to the predicted limit ice /A(γ) − 1:

for the golden slope 1.5654, 1.5853, 1.5977, 1.6028, 1.6102, 1.6122, 1.6151, 1.6158, 1.6169 at k =
12, . . . , 20 against the limit φ = 1.618034; for

√
2− 1 to 2.41407 against 1+

√
2+1 = 2.414214;

for [0; 5, 1, 5, 1, . . . ] to 5.853 against 5.854; and at γ = log3 2 all seven computed levels exceed
1, reaching 23.274.

Boundary, both sides. On noble slopes, where ice = 1+φ exactly and the margin is smallest:
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γ A(γ) predicted limit measured max outcome

0.61803399 1.000000 1.618034 1.616895 ω
(2)
1 > 1

0.82200179 1.302873 1.009432 1.009305 ω
(2)
1 > 1 (inside γ∗)

0.84889772 1.345503 0.945766 0.945573 ω
(2)
1 ≤ 1 (outside γ∗)

0.89602865 1.420205 0.843419 0.843273 ω
(2)
1 ≤ 1

Controls. On rational targets Φ(W∞
0 ), with the target itself and all height-1 shadows

excluded, the worst exponent over all other prefix shadows was 0.25, 0.60, 1.00, 1.00 for
four test words — all ≤ 1, as they must be, since for fixed rational ξ and r ̸= ξ one has
|ξ − r|2 ≥ 1/(2H(ξ)H(r)). On the quadratic irrational

√
17 ∈ Z2 (computed by bitwise Hensel

lifting to 21400 and verified), an exhaustive search over all coprime p/q with q odd and H ≤ 1200
gives, band by band, worst exponents 0.26, 1.58, 1.89, 0.77, 0.73, 1.44, 0.92, 0.88, 1.18, 0.90 for
H ∈ [21, 211) — each within the Liouville cap 1 + log2 9/ log2H and decaying toward 1. The
contrast with the previous paragraph is the point of Lemma 3.1: for an algebraic target the
excess over 1 is the slack and vanishes, while for Φ(cγ) it converges to a positive constant.

The parity dichotomy and the witness. For 1cγ the prefix power at the length-qn prefix equals
1 at every even n, confirmed at every even level of four slopes; an exhaustive sweep over every
prefix length ℓ < 900 found the maximum prefix power attained at ℓ = qn with n odd and
nowhere else. The witness of Example 4.1 was computed as reported there.

Transfer and sign. The identities (12) were verified exactly modulo 2400 at three slopes. The
sign check of Remark 3.3 was performed modulo 23000 with 1893 terms.
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