hexagon: 2611. 00106v1

AN IMPROVED UPPER BOUND ON THE NUMBER OF
REPRESENTATIONS OF AN INTEGER AS A BINOMIAL
COEFFICIENT

BEN WHITMORE

ABSTRACT. Let N(t) be the number of pairs of integers (n,m) with (') = t. Singmas-
ter conjectured that N(¢t) = O(1), and the best bounds in the literature are N(t) =
O(log t logloglog t/(loglogt)®) unconditionally, and N(t) = O((logt)*3*) conditional
on Cramér’s conjecture. We show that N(t) = O((logt)*/?*°™M) unconditionally. So-
lutions with m > exp((logn)?3*%) are handled by a theorem of Matoméki, Radziwilt,
Shao, Tao and Terdvainen. For smaller m we show, using an interpolation determinant
in the spirit of Bombieri and Pila, that the solutions with m in a short interval lie on a
single algebraic curve of low degree in n, and we bound the number of solutions on such
a curve by a zero estimate for exponential polynomials.

1. INTRODUCTION

For an integer t > 2 let

n
N(t) = { , N? :t}.
(0= #{mm e s ()
Every pair counted here has 1 < m < n —1 and n < ¢, so N(t) is finite. In 1971
Singmaster [14] made the following conjecture.

Conjecture 1.1 (Singmaster’s conjecture). N(t) = O(1).

The largest known value is N(3003) = 8, which comes from

3003 78 15 14
= (1) =(3)-(5) - (6)
and the symmetry () = (", ). Singmaster [15] showed that N (t) > 6 for infinitely many
t, using the solutions n = FyjoFhjy3—1, m = FyjFyji3—1 of (::rll) = (m12), where Fj is
the i-th Fibonacci number. De Weger [5] conjectured that every equality (") = (:1/,) arises
from either m = 0, m = 1, symmetry or Singmaster’s infinite family, with 7 exceptional
cases. Blokhuis, Brouwer and de Weger [2] verified this for + < 10%.

By symmetry it suffices to count solutions with 2m < n. For these, t > (zg) > 2™,
so m < logt/log2, and n is determined by m because n (2) is increasing. This
gives Singmaster’s bound N(¢) = O(logt) [14]. It was improved to O(logt/loglogt) by
Abbott, Erdés and Hanson [1], to O(logt logloglogt/(loglogt)?) by Kane [8], and to
O(logt logloglogt/(loglogt)®) by Kane [9]. The last bound remains the best uncondi-
tional bound in the literature. Abbott, Erdés and Hanson also observed that Cramér’s
conjecture [4] on gaps between consecutive primes implies N(t) = O.((logt)?/3+) for
every € > 0.
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Matomaéki, Radziwill, Shao, Tao and Terédvéinen [12] proved that for fixed ¢ > 0 and
t sufficiently large there are at most two solutions with exp((logn)?3+¢) < m < n/2
(Theorembelow). This reduces Conjectureto solutions with m < exp((logn)?/3+¢),
roughly those with m < logt/(loglogt)3/?~¢ [12, Remark 1.5], but it gives no bound for
the number of these solutions. Our main result is the following.

Theorem 1.2. For all sufficiently large t,

loglog loglogt

N(t) < (log t)%Jr logloglog t
Theorem follows from the next family of bounds by letting & grow slowly with ¢.
Theorem 1.3. For an integer k > 1 put
ao(k) = 10 (16k + 12)2k+3/2 o10.75k+5.5
There is an absolute constant cy such that for every integer k > 1 and every integer t with
log log logt > max {co, 3 log (40(k + 1)%ao(k)) }

we have
+1

N(t) < 50200+ (Jog t);TH

The cases k = 1 and k = 2 give N(t) < (logt)*? and N(t) < (logt)3/5. The constants
are very large: logag(1) > 30, so the case k = 1 applies only when logloglogt¢ > 88. All
constants are explicit except cg, which depends on the threshold in Theorem that
threshold is effective [12, Remark 1.7] but has not been computed.

1.1. Formal verification. The proofs of Theorems [I.2] and [I.3] have been formalised
in the Lean 4 proof assistant [6] using Mathlib [11], conditional on the statement of
Theorem The latter theorem, due to Matomaki, Radziwilt, Shao, Tao, Terdvéainen, is
included as a hypothesis and is not formalised here. The constants and inequalities in this
paper match those of the formal proof, and Section [J]describes the correspondence between
this paper and the formalisation. The source code is available at https://github.com/
benwh1/singmaster-bound.

1.2. Strategy of proof. Fix k > 1, write L = logt, and put 0 = 2’2%11 and o = kiﬂ It
suffices to count solutions with 2m < n, and each of them is determined by m. There are at
most LY of them with m < L?. If m > L/(log L)7/%, then logn < 2(log L)7/® while logm >
log L — % loglog L, so m > exp((logn)7/1%) once t is large, and Theorem leaves at most

two solutions. The main work concerns the range LY < m < L/(log L)"/?. We cover a

dyadic range [M,2M] by windows |m — zo| < rj with ryy = (M/2)%2%0~1 and show
that each window contains at most L/M solutions (Lemma [7.2)). This gives Oy (LM ~%)
solutions with M < m < 2M, and summing over M = 2/L? gives Op(L'~9%) = Oy (LY),
which is Theorem Taking k < logloglogt/ loglogloglogt then gives Theorem .
The window bound has three ingredients. Write ¢ = L/xzg, so that logn ~ ¢ for
solutions with m near xg. From n(n —1)---(n —m + 1) = ¢ - m! one expects n =~
m=L 4 (tm!)Y™; compare [8, (3.1)] and [I2, Remark 1.2]. In Section |3 we construct a
function F, holomorphic on the disc |z — zo| < /2, such that [F(m) —n| < e~ %/3 for
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every solution (n,m) with |m — zo| < x0/2, such that |F| < 3z¢e?, and such that in the
variable u = 1/z

a1 oy (1 - w, @Lu+l€(u)> |

(&

where k is holomorphic and nearly constant near ug = 1/z0.

Next let d > 0 and D = (k+1)(d+ 1), and take D solutions (n;, m;) in a window. The
determinant det[(m; — z¢)*n?], with columns indexed by 0 < a < d and 0 < b < k, is an
integer. Replacing each n; by F(m;) changes it by at most %, and the Schwarz lemma
for interpolation determinants bounds the modified determinant by e~!, provided the
window radius is at most about (zq/2)*/(*+De=2¢/4 Hence the determinant vanishes, and
all solutions in the window lie on one curve >, Ay(m)n® = 0 with deg A, < d (Section .
This is the determinant method of Bombieri and Pila [3]. The exponent k/(k + 1) comes
from comparing the saving (r/R)P(P=1/2 in the Schwarz lemma, where R = x(/2, with
the cost RFH+DAd+1)/2 of the monomials (m — x)®. To absorb the factor ¢?) that comes
from the size of F' we need d > {/ag, and we take d = | L/(agM)].

Finally, we show that such a curve passes through few points (n,m) with n ~ F(m)

(Sections [5[ and @ By ,
k
s Z Ab(l/u)F(l/u)b _ Z Qj(u)E(u)j, B(u) = eLutn(u)
b =0

where the @); are polynomials of degree at most d + k. After the substitution u =
ug + ups/ag, the function E(u)’ becomes a constant multiple of e/7*K(s)/, where T =
L/(apxo) ~ d and K is close to 1 on a disc of radius ag/2. Truncating the Taylor series of
K7 at degree [2T] produces an exponential polynomial Zj R;(s)e’Ts with Zj (deg R; +
1) < (4k + 3)T. Lemma proved by Laplace inversion, bounds such an exponential
polynomial and each of its components on |s| < 5 in terms of its maximum on |s| < 3, and
Jensen’s formula then shows that it has at most 17(4k + 3)T zeros near 0. The solutions
only give near-zeros, so we first subtract a Lagrange interpolation polynomial, which is
small because the near-zeros are well separated. Since T' < L/(agM) and ag > 17(4k+ 3),
each window contains at most L/M solutions.

The constant ag(k) is dictated by the last step: the truncation error (10/ag)?? has to
beat the factor e?FT108k) in Lemma which forces logag =< klogk; see . The
windows then have radius (M/2)®e~2%~1 and this is the source of the factor e?®*! in
Theorem [L.3]

Remark 1.4. Fix a real z > 0. The function y — I'(y + 1) /T'(y —  + 1) is increasing on
[2x, 00), since its logarithmic derivative 1 (y+1) —¢(y —x+1) is positive, where ¢ = T”/T
is increasing; it also tends to infinity as y — oco. Hence, if I'(2z 4+ 1) < ¢t T'(x 4+ 1)2, there
is a unique real number f(x) > 2z with

IF(f(z)+1)=tl'(z+1)0(f(z) — 2+ 1),
that is, (f Sf)) = ¢ with the binomial coefficient written in terms of the Gamma function.
Let (n,m) be a solution with 2m < n. Then m > 1, since t > 2, and (QWT) < (:z) = t,
so f(m) is defined and f(m) = n. Kane [§] continues f holomorphically to a sector.

This continuation is not suitable here. Suppose that f has been continued to complex
z, and write ¢ = f(2) — Z-. Then f(z) +1 = ¢+ Z and f(z) — 2 +1 = ¢+ 17,
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so the defining equation becomes I'(c + 251)/T'(c + 152) = tT'(2 + 1). Stirling’s formula
identifies the left side with ¢* only when argc stays away from +m. Taking logarithms
in ¢ ~ tI'(z + 1) shows that argc is approximately Im ((L + logI'(z + 1))/z), and this
ranges over an interval of length =< ¢ on the discs of radius < zg that the determinant
method requires. The function F' of Proposition [3.1] interpolates n only at the integers,
and it depends on ¢ only through the powers ¢~2/, so no branch of log ¢ has to be chosen.

Remark 1.5. The exponent % is the limit of the method. A window cannot be longer
than the range [M,2M] itself, and about T' < L/(agM) points per window is the true
order for the number of zeros of exponential polynomials of the above shape in a disc of
bounded radius. The bound for the range [M,2M] would therefore remain > L/M, and
balancing L/Mj against the trivial bound My for m < My gives My = L'/2. The growth
ag(k) = e®k1o8k) comes from the factor (4v/T)? in Lemma (b), that is, from Cauchy’s
estimates for the derivatives of an exponential polynomial at 0. If this factor could be
removed, ag(k) = e©*) would suffice, one could take k = logloglogt, and the exponent
in Theorem would become % + O(1/logloglogt). Finally, Proposition requires
¢ > 100log xg, roughly logn > 100logm, so the argument does not reach solutions in
which n is bounded by a power of m; in our proof these are covered by Theorem

1.3. Notation. We write X < Y or X = O(Y) for |X| < CY with an absolute constant
C,and X <Y for X € Y <« X; subscripts indicate dependence of C' on parameters.
We use N = {0,1,2,...}, write log for the natural logarithm and Log for the principal
branch of the logarithm on C\ (—o00,0], and write logI'(z + 1) for the branch that is
holomorphic on Rez > —1 and real on (—1,00). For Rez > 0 we have ReLogz = log|z|
and Log(1/z) = — Log z, and for |z| > 1 we have |Log z| < log|z| + . We write D(c,r) =
{#z € C: |z—¢| <}, and a function is holomorphic on a closed set if it is holomorphic on an
open set containing it. The Bernoulli polynomials are defined by ;f’f—iwl = szo Bp(x)%f,
and B, = B,(0).
For an integer t > 2 we write L = logt and

S(t) = {(n,m) eN?: (;) =t, 2m < n}

The map (n,m) — (n,n —m) sends the solutions with 2m > n injectively into S(t), so

(1.2) N(t) < 2|5(t)].
Every (n,m) € S(¢) has m > 1, and n — () is strictly increasing on n > m, so
(1.3) an element (n,m) of S(t) is determined by m.

Finally, n(m — i) < m(n — i) for 0 < i < m < n, and therefore

> (m < n).

(1.4) n™ < mm<”

m

2. PRELIMINARIES

Lemma 2.1 (Stirling’s formula). Let o(z) = (2 + 3) Log 2 — 2 + 3 log(27). For Rez > 0
and |z| > 1,

1
|[logT(z 4+ 1) —o(2)] < =k
z

This follows from Binet’s error bound [7, §5.11(ii)].



Lemma 2.2. (a) For every integer j > 1 the polynomial

Baji1 (33) = Bajin (45°)
27+1
satisfies Paj(m) = Z;l_ol (z - mT_l)2j for every m € N.

(b) If peN, y € C and p < 7ly|, then |By(y)| < 8|y[P.

Part (a) follows from By(z + 1) — By(x) = paP~! [T, §24.4]. Part (b) follows from
By(y) =% (8)Biy?~" and |B;| < 4i!/(27)", which is a consequence of Euler’s formula for
¢(25) [7, §25.6].

Theorem 2.3 (Matoméki, Radziwilt, Shao, Tao, Terdvéinen [12] Theorem 1.3]). Let

0 <e < 1. There is ti(e) such that for every integer t > t1(e) there are at most two pairs
(n,m) € N2 with

P2J()

(n) =t and exp ((log n)2/3+5> <m<n/2.

m

3. THE INTERPOLATING FUNCTION

Throughout this section ¢t > 2 and x¢ > 1 are integers. We put

L 1
EZ*? up = —, AZD(*T:U?@))
Zo o 2
2(1 4
U:D(UO,@» o = 2U0BT0 ) o —ys
2 i)

Proposition 3.1. Suppose that xo > €3° and £ > 100log xg. Then there are a function F
holomorphic on A and a function k holomorphic on U with the following properties.

(a) |F(m) —n| < e /% for every (n,m) € S(t) with |m — x| < x0/2.

(b) |F(2)] < 3x0e* for z € A.

(c) F(1/u) =ut (5% + elutr® Je) for every u € U with 1/u € A.

(d) |K(u) = K(uo)| < mo foruw € U, and |k(uo)| < 1.

Proof. We start from an exact identity at the integers. Let (n,m) € S(t) and put ¢ =

n— mTl so that ¢ > m. The numbers n — ¢ with 0 < ¢ < m are the numbers ¢ — y, where

y runs over the multiset Y = {i — "5+ l.0<i< m} which is symmetric about 0 and

satisfies |y| < m/2 < ¢/2. Since (') = t Lemma. gives

2
P.
Lt togmt = Y togte ) = mloge-t S tox (14 ) = mioge— 3 20,
C

: 27 2
yey yey i>1
Let g(z) = (L +1logT'(z +1))/z. Dividing by m and using Py;(m) < m(m/2)*, we obtain
(3.1)

* Pa;( Pyj(m) P m\?2 _ 1
loge = g(m) + ", _22]77162] 0= 2]m623§§7 p—( ) SZ'

The series for v* diverges when m is replaced by a non-integral complex number, so we
truncate it and solve a fixed-point problem instead. Put Ny = |z0/8], ¢ = e~/?,

S Py —2j9(2)
e b 1



No
w) = Zaj(z)e 2w
j=1

The open set  contains A and the image of U under u + 1/u, which is the disc with
diameter [2x0/3,2z0]. Every z €  satisfies 1 < |z| < 8Rez. The hypotheses imply
zo > 1000, ¢ > 3000 and ¢ < min(3, %).

By Lemma [2.1] for Rez > 0 and |z| > 1,

(3.2) —Logz+1| <

)

llogI‘(z +1) 1+ 3(log |z| + ) + 3 log(2)
2]

and the right side is at most 3 if || > 20. On Q we have Re(L/z) = LRez/|z|*> > (>
¢/19, and on A we have Re(L/z) < L/|z| < 2¢. Since Re Log z = log |z|, it follows that

1
(3.3)  Reg(z) > % +log|z| — g (z € Q), Reg(z) <20 +1loglz] — = (z € A).

2
Let z € Q and 1 < j < Ny. Then |[(1£2)/2] > 29/6 — 3 and 2j +1 < z9/4 + 1 <
m(z9/6 — 5), so Lemma. ) gives |Py;(2)] < 16]2|% 1. Together with (3.3)) this gives

2je%a;(z )| < 16€52¢/19 " and since Ny < g < e/100,
ZQ] 62J|a] )| < 16Nge® ™ 20/19 < q.

As \%6*23'“’] < 2je¥ for |w| < 1, each ®, maps D(0,1) into D(0,q) and is g-Lipschitz
there. By the contraction mapping principle the iterates vog = 0, vi+1(2) = P, (vi(2))
converge uniformly on . Their limit v is holomorphic on Q and satisfies v(z) = ®,(v(2))
and |v| < g. Moreover, since ¢ < i

(3.4) lw—v(2)| < 2lw— &, (w)] (z€Q, |Jwl <1).

We define
-1
F(z) = ZT+69(Z)+”(Z), w(u) = ulog'(1/u+1)+Logu+1, k(u) = p(u)+o(l/u).

Then F' is holomorphic on 2 O A, and & is holomorphic on U.

To prove (a), let (n,m) € S(t) with |m — xo| < 20/2, and let ¢, p and v* be as in (3.1).
Then m € Q and 0 < v* < p < i. Since e~2/9(M)+v") = =2 the number D, (v*) is the
sum of the first Ny terms of the series for v*, so 0 < v* — ®,,(v*) < po+1 and gives
lu(m) —v*| < 2pMNot As n — F(m) = ¢(1 — e*™=") and log ¢ > g(m) > L/m, we get

|n o F(m)| S 4CpNO+1 S m2N0+26—(2N0+1) S m2N0+26_(2N0+1)L/m.
Since L/m > 20/3, 2Ny + 1 > x9/4 — 1, logm < log zg —1—% and zglogzy < L/100, the

right side is at most e /8.
For (b), let z € A. By (3.3) and |v| < 1,

|F(Z)’ < |Z’2+1 +62f+log|z\—l/4 < 3.’1306%.

For (c), let w € U with z = 1/u € A. Since Logu = —Logz we have g(z) = Lu +
p(u) — Logu — 1, so e9()H0(2) = y~lelutn(u) /o while (z —1)/2 = (1 — u)/(2u).



For (d), let w € U and z = 1/u. Then u(u) =logI'(z +1)/z — Logz + 1 and 2x(/3 <
|z| < 2z, so gives [p(u)| < (94 3logwo)/xo. Since [v] < g < 1/zo and logzg > 30,
it follows that

20 4+ 1.51log xg <

i) = iluo)| < p(u)l + [u(uo)| +2¢ < ————— <m0

and [ (uo)| < [n(uo)| +g < 1. O

4. SOLUTIONS IN A SHORT WINDOW LIE ON A CURVE

Proposition 4.1. Let k > 1, d > 0 and x©g > 2 be integers, and let £ > 0. Put D =
(k+1)(d+1), R=10/2, Br = 3x0e*,

r = RF/ D oxpy (_25 + log(Bx((i))_:-lﬂogD + 1) 7

1
J3 = (z-D!.D-k-RdD(BFH)’fD) .

Let F' be holomorphic on D(zo, R) with |F| < B there, let 0 < § < d3, and let T be a
finite set of pairs of integers (n, m) with |m —xo| <r and |F(m)—n| <. Then there are
polynomials Ao, ..., A € C[X] of degree at most d, not all zero, such that

k
Z Ay(m)n® =0 for every (n,m) € T.
b=0

Note that the relation holds for the integers n themselves and not only for their approx-
imations F'(m).

Proof. Consider the integer matrix with rows indexed by 7, columns indexed by the pairs
(a,b) with 0 < a < dand 0 < b < k, and entries (m — x)%n’. It suffices to show that
every D x D matrix formed from D of its rows, repetitions allowed, has determinant
0. The matrix then has rank less than D, so it has a nonzero kernel vector (cqp), and
Ap(X) =3, cap(X — x0)* has the required properties.

Fix rows (ni,m1),...,(np,mp), and let Ag = det[(m; — x0)*n?] and Ay = det[(m; —
20)?F (m;)?]. We apply the Schwarz lemma for interpolation determinants (see, e.g., [10}
13]) on D(zg, R) to the functions (z — z¢)?F(2)?, which are bounded by R®BY there; note
that » < R. With

W =

D(D -1) B (k+1)d(d+1)
Ty SemasTy
(a,b)

d+1)k(k+1
Sb:Zb:( )2( ), A =log Bp,
(a,b)
this gives, since log D! < Dlog D,

~ R
log |Ag| < Dlog D — Wlog? + Sg log R + SpA.

Write logr = kiﬂ log R — ¢ with £ = (A +2logD + 1)/(d 4+ 1). A direct computation

gives TVL — S, = @ > 0, so the terms involving log R contribute at most 0. Moreover
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Wwe = EEUPD (A4 210g D+1), and D—1 > k(d+1), so Wé > SpA+(D—1)(2log D+1).
Hence
log |Ag| < Dlog D — (D —1)(2log D + 1) < —1,
as D > 2.
Since < 1 we have |n;| < Bp + 1. The entries of both matrices are therefore bounded
by R*(Bp +1), and corresponding entries differ by at most R% (B4 1)*~16. Expanding
both determinants by the Leibniz formula gives

~ ) 1
|IAg—Ao| < D' D-k-RP(Bp+1)*"Ps=_— <.
203 — 2
Hence |Ag| < e !+ % < 1, and since Ay € Z, it vanishes. d
5. GROWTH OF EXPONENTIAL POLYNOMIALS
Lemma 5.1. Let kK > 1 be an integer and T > 0. Let vy,...,vp > 1 be integers, and

put v =) . v;j and vmax = max;vj. Let Go(s) = Z?:o Rj(s)e’T® with R; € Cl[s] and
deg R;j < vj, and let mo > maxs <1/ |Go(s)|. Put

0 = max(2kT, 2v), C, =v3e?,

Cy =2 ((k + 1)24’”2)”““"“‘ eI ax (1, (4v)T)Y) .
Then
(a) |Go(s)] < Cymyg for |s| < 5;
b) |R;(s)eTs < Cymg for|s| <4 and 0 < j < k.
( J J
Proof. Let x(w) = Hﬁ:o(w — hT)r = Y7 jawt, and for 0 < i < v let y;(w) =
Ssiaw'™ " and y; = G(()I)(O). The function G satisfies the differential equation

d
X(dS) GO _07

and integration by parts shows that its Laplace transform is
yi Xi(w)
Y(w) = Z .
—~ x(w)
Writing R;(s) = >, 7jps”, the same computation identifies Y (w) with > . > rjpp! (w —
§T)7P~1, so Cauchy’s integral formula gives

1 ; 1
(5.1)  Go(s) = % Y (w) dw, R;(s)e’Ts = 2]{ ™Y (w) dw,
lwl=0 T J\w—5T|=T/2

T 2mi

since all poles hT" of Y lie inside the first circle and only 57 lies inside the second. By

Cauchy’s estimates on |s| = 3 we have |y;| < i!2my.

On |w| = ¢ we have [w — hT| > g/2, so [x(w)| > (0/2)". The coefficients of x are

dominated by those of (w + kT)¥, so |xi(w)| < 07""1(30/2)" and hence |x;/x| < 3“0 "1
Using (5.1)) and |e**| < e°¢, we obtain

2\ ¢
|Go(s)| < 37e*mg Zi! <> < v 3"e"my,
<v 9
because i!(2/0)" < i!/vt < 1. This proves (a).



For (b), fix j and let C; be the circle jw — jT| = T/2. On C; we have T/2 < |w| <
(k+3)T, so esv| < e 4k+2)T for |s| < 4 and |w — hT| > Inax(|h —jl-3%3)
h. erte whxi(w) = x(w) = Y ajw!. The coefficients of x are dominated by those of
[1,(w+ hT)"", so on C}

|zl< azwl ) £ htj+3i
. th< 11 »» . Ph= — 2 > 1.
h=0

T for every

max(|h — j| - 3, 3)

Since max(r — % 1) > r/2 for every integer r > 1,
2’f+1 k 1 k
H pn < +i;) _2k+1(k+1)< I+ ><) < (k + 1)290F2,

With = = ((k + 1)24k+2)Vmax this gives |x;/x| < |w|771(1 +Z) < 22(2/T)"! on C;, and

by (5.1) '
4 K3
|R;(s )e]Ts’ < 2%e (4k+2)TmOZZ.! <T> < Cymo,

<v
because i!(4/T)" < (4v/T)* < max(1, (4v/T)") for i < v. O
6. A ZERO ESTIMATE

Proposition 6.1. Let k > 1 and d > 0 be integers, and let L > 0, xg > 1 and n > 0 be
real numbers. Let ag = ao(k), up = 1/x0, A = D(xg,20/2) and U = D(up,up/2), and put

L
=, d5 = exp (—1000(k + 1)*(T + 1) log(6x0 + 6)) .
040

Suppose that T > 10(k + 1)?, d < 2T and kn < 0.09. Let k be holomorphic on U
with |k(u) — k(up)] < n for v € U and |k(ug)] < 1, and let F : A — C satisfy
F(l/u) =u™t (5% + eL“Jr“(u)/e) wheneveru € U and 1/u € A. Let Ao, ..., A, € C[X] be
polynomials of degree at most d, not all zero, and let 0 < 6 < 5. Let Z C D(zo,x0/(4ap))
be a finite set of points at mutual distance at least 1 such that every z € Z admits some
w, € C with

k
ZAb(z)wg =0 and |F(z) —w,| <.

Then |Z| < 17(4k + 3)T
Proof. Put Ay(u) = uAy(1/u) and

These are polynomials of degree at most d + k, and the binomial theorem gives, for u # 0
and Y € C,

(6.1) ud+kbgk0Ab(1/u) <u_1 <1 3 “ i))b = iocgj(u)w

If b* is the largest b with Ay # 0, then Qp = e " uF 0" Ay. £ 0.
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We now rescale. Put h = ugp/ag and u(s) = ug + hs, so that T'= Lh and u(s) € U for
|s| < ap/2. Let

E(u) = elutrlu) K(s) = e (ul(9))=K(uo) q;(s) = ej(LUO‘f‘H(UO))Qj(u(S))'
Then degg; < d + k, and the function

k k
(6.2) G(s) = _Qi(u(s)E(u(s)) =Y q;(s)e’ " K (s)’
§=0 §=0

is holomorphic on |s| < ap/2. Recall that a9 > 10(16k + 12) = 40(4k + 3) > 280. If
z € D(zo,x0/(4ap)), then z € A, 3z9/4 < |z| < 2z¢ and |1/z —ug| < h/3,s0 1/z € U
and s. = (1/z — ug)/h satisfies u(s.) = 1/z and |s.| < %. Moreover Re(L/z) > 0
and |k(1/2)] < |k(uo)| +n < 2, so |E(1/2)] > e 2. For distinct z,2' € Z we have
S, — 8y = (2/ — 2)/(22'h), and therefore

(6.3) s a0 5 5

s> = s 7
e sl 2 4x%h 4xg ~ xo

Next we replace K7 by polynomials. Put J = [2T] and ¢’ = %(10/(10)‘]*1, let Iy = 1,
and for 1 < j < k let II; be the Taylor polynomial of degree J of K7 at 0. On D(0,ao/2)

we have |j(r(u(s)) — k(ug))| < kn < 0.09, so |[K7 — 1| < {5, and Cauchy’s estimates give

(6.4) K7 —1I;| <& and |I;| >3  onD(0,5), 0<j <k

Let R; = ¢;1L;, Go(s) = >_; R;(s)e?T* and mo = maxs<q/2 |Go(s)|. We apply Lemma
with g =d+k+1landvj=d+k+J+1forj>1. Usingd <27,2T < J <2T +1
and T > 10(k + 1)? one checks that 2kT < v < (4k + 3)T and vpax < 5T; in particular
0 = 2v and v > 80. The function Gy does not vanish identically, since Ry« # 0, so
mo > 0. The same inequalities give 4kv < el ((k 4 1)2%+2)vmax < (T564NT gpnd
(4v/T)" < (16k + 12)#F+3)T hence

(6.5) Cp < 2kCy, < exp ((21.5k + 10)T + (4k + 3)T log(16k + 12)).
By the definition of ag,
(6.6) log(ag/10) = (2k + 3)log(16k + 12) + 10.75k + 5.5,

and since J 4+ 1 > 2T, we deduce from (6.5)) that 2kCy¢’ < e T < % By Lemma (b)
and (6-4), |g;e’%| = |Rje/Ts|/|IL;| < 2Cymo on D(0,4), and therefore

k
6.7) |G- Go| = ‘ S el (K~ Hj)\ < 2KkCyd'my < % on D(0, 4).
j=1

The points of Z give near-zeros of G: we claim that

(6.8) IG(s.)| <v:=22(k+1)3"-283C,med (2 € 2).

Let z € Z, u =1/z and E = E(u), and define Y’ by w, = u~}(15% + Y’'/e). By (6.1)
with ¥ =Y’ we have ), Qj(w)Y" = udtk 3 Ay(2)wl = 0, while G(s,) = > Qj(u)E7
by (6.2). Hence G(s.) = >_; Q;(u)E7 (1 — (Y'/E)T). By hypothesis F(z) = u=1(5% +
Efe), so E—Y' = eu(F(z) — w;). Since |u[ <2 and |E| > e‘?, this gives |Y'/E — 1| <
2¢36 < 1, and so |1 — (Y//E)7| < 37 -2¢35. Finally, Q;(u)E? = gj(s.)e’T5K(s,)? has
absolute value at most 2.2 Cymg, because |K7| < 1.1. Summing over j gives .
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Suppose now that |Z| > 17(4k + 3)T. Let Ny = [17(4k + 3)T| + 1, choose Z' C Z
with V] elements, and let £ be the Lagrange interpolation polynomial of G' at the points
s», z € Z', which are distinct by (6.3). For |s| < 4 each factor (s — s,/)/(s. — s») in £
has absolute value at most 1 - 20 < g, so |£] < Nyyzd™ on D(0,4) by (6-8). A short
computation using , § <65, Np < 17(4k +3)T + 1 and T > 10(k + 1)? shows that
4N1'y:pévl < myg, so that

(6.9) | < % on D(0, 4).

Choose s, with [s,| < 3 and |Go(s«)| = mo, and let f = G — L. By (6.7) and (6.9),
|f—Go| < 2mg on D(0,4). Hence |f(s,)| = $mo, and by Lemma(a), |f1 < (Cat32)my
on the circle |s — s,| = 3. The function f vanishes at the N; points s, with z € Z’, which
lie in D(0, %) € D(s., 3). By Jensen’s formula,

Nilog?2 <log(4C, + 3).

Since C, = v 3"e'%” and v > 80, the right side is at most 17vlog2. Hence N1 < 17v <
17(4k + 3)T < Ny, a contradiction. O

7. PROOF OF THEOREM

Throughout this section k£ > 1 is an integer, ¢ is an integer with log L > 0, ag = ag(k),
and

g k1 ok
T2+l YT kU
L M\
_ 76 _ _ [ = —2ap9—1
Mo—L s Ml = 7(10gL)7/5’ I8V <2> € .

The main hypothesis on k and ¢ is

(7.1) 40(k + 1)%ag < (log L)?/°.

Since (k 4 1)2 > 4, it implies k + 1 < (log L)/> and 160ag < (log L)?/.

Lemma 7.1. There is an absolute constant Ay such that, if log L > Ay, then
#{(n,m) e S(t) :m> M} <2.

Proof. Let (n,m) € S(t) with m > M;. By and n > 2m we have mlog2 < m(logn —
logm) < L, so logm < log L +1log2 and logn < logm + L/m < 2(log L)7/>. On the other
hand logm > log L — %log log L. Hence (logn)7/19 < 2(log L)*9/%0 < logm once log L is
large, that is, m > exp((logn)?/3+1/39) . Since also m < n/2, Theorem with e = 1/30
gives the claim as soon as ¢ > ¢;(1/30). O

Lemma 7.2. Assume that log L > 2-107 and that (7.1) holds. Let M € [My, M;], and
let xo € [M,2M] be an integer. Then

L
#{(n,m) € S(t) : Im —zo| <7y} < U
Proof. Let T be the set on the left, and put
L L L
t=20 B=gp 0 d=|ow) (k+1)(d+1),

Since 0 > % we have L1/2 < My < M < xzy <2M < 2L, so logzg < logL +log2. Also
(> L/(2M;) = (log L)7/5/2 and 8 > (log L)7/°.

apro
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We first check that Proposition applies. We have 2o > LY2 > €30, and since

(log L)%/> > 400,
0> %(logL)WE’ > 2001log L > 100 log x.

Let F and k be the functions given by Proposition [3.1

Next we check the hypotheses of Proposition on the parameters. Since z¢ € [M,2M]
we have T' < L/(apM) < 2T, so d < 2T and d+ 1 > L/(apM). By (7.1)), L/(agM) >
(log L)/®Jag > 40(k + 1)?log L, so T > 10(k + 1) and d 4+ 1 > 40(k + 1)?log L. Since
zo > LY2 and ¢ > %log L, we have ng < 120714 4 21110 and with &k < (log L)1/5 this
gives kng < 0.09.

We now compare radii. Since (M/2)® < x9/2 and 2age 2%~ < 1, we have r); <
xo/(4ag) < xo/2. Let r be the radius of Proposition for (zo,k,d,?). Since (M/2)* <
(x0/2)%, the inequality rp; < r follows from

20 +log(3zp) +2log D + 1 < (2a9 + 1)(d + 1),

which holds because ¢ < 8 < ag(d + 1), while log(3zg) <logL + 2, logD < k+2+log L
and d +1 > 40(k + 1)%log L.
Next we show that the tolerances of Propositions and exceed e L/8. We first

note that
2

M
(7.2) 16000(k 4 1)%(19 + 4log M) < 5

Indeed, the left side is at most 368000(log L)7/°, which is at most exp(3 (log L)) since
log L > 2-107, while M?/L > L[20-1 = [V/@k+D) > exp(%(logL)‘l/‘r’) since 2k + 1 <
2(log L)Y/®. Let 3 be as in Proposition for (xg,k,d, ) with Br = 3z9e?. Using
D! < eP? Bp+1<8Me? d<Band D <2(k+1)8, we find
1 B2M? L

log 5 < (k+1)%8%(19 4 4log M) < G000L < 3
by (7.2). Let 85 be as in Proposition Since T+ 1 < 28 and log(6xg + 6) < 3+ log M,
and since 16000(k + 1)2(3 +log M) < M?/L < M by (7.2), we have

1 L
log(S—5 < 2000(k +1)%8(3 + log M) < % =3

Every (n,m) € T satisfies |m — x| < 73 < 20/2, s0 |F(m) — n| < e~L/8 by Proposi-
tion [3.1f(a). If |7T| < D, then

aoM oM oM T M
since 2(k + 1) < ag and 2k < (log L)"/®> < L/M. Suppose instead that |7| > D. Proposi-
tion applied with § = e™%/8 < §3 and the bound |F| < 3z¢e?’ from Proposition (b),
gives polynomials A of degree at most d, not all zero, with }_, Ay(m)n® = 0 for all
(n,m) € T. We apply Proposition with Z = {m : (n,m) € T}, wy, =n, n =m0
and § = e L/8. Its hypotheses hold by the above and by Proposition (c) and (d),
and distinct integers are at distance at least 1. By we have |Z] = |T|, and since
ap > 40(4k + 3) we conclude that

TI<(k+1)d+1)-1<

0

L
<

L
<174k +3)T < 17(4k + 3 —.
T)< 170k +8)T < 170k +3)— <
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Proof of Theorem|[1.3 Let A; be the constant of Lemma and put ¢g = logmax(2 -
107, A1). Suppose that logloglogt > max{co, 3 log(40(k 4 1)2ag)}. Then log L > max(2 -
107, A1) and holds, so Lemmas and apply. We split S(t) according to whether
m < My, My <m < My or m > Mj. By (1.3]) there are at most My elements of the first
kind, and by Lemma [7.1] at most 2 of the third kind.

Let M € [My, M;]. We claim that

(7.3) #{(n,m) € S(t): M <m < 2M} < 6T LM~

By we have 8¢%@0+2 < L1/2 < M| so (2¢2%0+1)2 < M /2, and since a > % this gives
v > 2; also ry < M. Put p = |ry], so that p > rp/2. We assign each (n,m) € S(t)
with M < m < 2M to the window centred at [M] + ip with i = [(m — [M])/p].
This centre is an integer in [M,2M] at distance less than p < rj; from m, and at most
M/p+1 < 3M/ry centres occur. By Lemma [7.2] the left side of is therefore at most

y . £ —3. 2a62a0+1LM—a < 662a0+1LM_a.
rvy M B
Every m with My < m < My lies in [M,2M] for some M = 2'My < M; with i > 0.
Since 27 < 2712 < % and LMy = L'7% = L% the bound (7.3) shows that there are
at most
662a0+1L9 Z 2—ai S 21€2a0+1L9
i>0
elements of the second kind. By (|1.2)) we conclude that

N(t) <2 (Mo + 21e2a0 10 4 2) < 50200+l 0 0

8. PROOF OF THEOREM

Proof of Theorem[1.3. Let ¢y be the constant of Theorem write L = logt and s =
loglog L = logloglogt, so that logs = loglogloglogt. We may assume that ¢ is so large
that s > ¢, s > 3, 1 < logs < s/100, (logL)¥® > 3 and loglog L < i(logL)S/E’. Put
y=s/(100logs) > 1 and k = |y| > 1.

For every integer k > 1 we have

(8.1) log (40(k + 1)%ag(k)) < 37.5klog(k + 2).

Indeed, log(16k + 12) < 4log2 + log(k + 2) shows that the left side is at most 16log2 +
5.5+ (8log 2+ 10.75)k + (2k + 3.5) log(k 4 2), and this is at most 37.5 klog(k + 2) because
log(k +2) > log3 > 1.0974.
Since k < y < s/100 we have k + 2 < s, so klog(k + 2) < ylogs = s/100. By (8.1)),
5 log (40(k + 1)%ag) < 3 -37.5- ﬁ <s,
and Theorem gives N(t) < 50e?90H1 L0 with 6 = 212%11 Since y < k+ 1 < 2k we have
s < 200k log s, and therefore

1 1

1 501og s
B — <
2 2(2k+1)

1
0= ST

<1+
-2

The same estimate gives log(40(k+1)2ag) < %s, that is, ap < (log L)?/5. Since log 50+1 <
2(log L)?/® and loglog L < 1(log L)3/5, we have (log50 + 1 + 2(log L)*/*) s < log L, and
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hence
log L log L -1
506220+ < exp (1og 50 + 1 + 2(log L)2/5> < exp < 8 > < exp (Ogogs> — [loss/s,
S S
Combining these bounds,
N(t) < Llogs/s . L%+5010gs/s _ (lOgt)%JrLﬂ%. ]

9. CORRESPONDENCE WITH THE FORMAL PROOF

The main theorem of the formalisation is
Singmaster.statement_of mrstt : MRSTT — Statement.

Here MRSTT is the statement of Theorem and Statement asserts that there is a real

number ¢ with
log log loglog t )

1.,
N(t) = O ((log t)2 ** Toelostest (t = o0).

The formal proof derives this from Theorem so it gives ¢ = 51. Lemma is proved
for the function o + J, where J(2) = >, (2 +n) is Gudermann’s series with j(w) =
(w+ 3)(Log(w + 1) — Log w) — 1. This function equals log I'(z + 1), but the formal proof
never uses the Gamma function: it shows directly that ¢ + J is holomorphic on Rez > 0,
takes the value logm! at every m € N, and satisfies the bound of Lemma The table
lists the Lean declarations corresponding to the results of this paper. All names are in the
namespace Singmaster.

Result Lean declaration

Theorem MainBound, mainBound_of_fixedKBound, main_pointwise
Theorem [1.3] FixedKBound, fixedKBound of mrstt

li N_le_two_mul_card halfSolutions

Lemma 2. 1] StirlingFormula, stirlingFormula

Lemma [2.2) powSumPoly_eval nat, bernC_eval norm_le
Theorem MRSTT (a hypothesis)

Proposition |3.1| InterpolatingFunction, interpolatingFunction
Contraction mapping step in Proposi- analytic_fixed_point

tion

Proposition @ solutions_on_curve

Schwarz lemma in Proposition @ interpolation_det_le

Lemma expPoly_bound

Proposition zero_estimate

(6.4]) taylor_trunc

Jensen’s formula in Proposition card _zeros_le_of_jensen

Lemma card_halfSolutions_large_le

Lemma 7.2 ct_window, ct_delta3, ct_deltab

Proof of Theorem ct_block, ct_middle, ct_final

(8.1 log_ap_bound
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