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Abstract. Let N(t) be the number of pairs of integers (n,m) with
(
n
m

)
= t. Singmas-

ter conjectured that N(t) = O(1), and the best bounds in the literature are N(t) =

O(log t log log log t/(log log t)3) unconditionally, and N(t) = O((log t)2/3+ε) conditional

on Cramér’s conjecture. We show that N(t) = O((log t)1/2+o(1)) unconditionally. So-

lutions with m ≥ exp((logn)2/3+ε) are handled by a theorem of Matomäki, Radziwi l l,
Shao, Tao and Teräväinen. For smaller m we show, using an interpolation determinant
in the spirit of Bombieri and Pila, that the solutions with m in a short interval lie on a
single algebraic curve of low degree in n, and we bound the number of solutions on such
a curve by a zero estimate for exponential polynomials.

1. Introduction

For an integer t ≥ 2 let

N(t) = #
{

(n,m) ∈ N2 :

(
n

m

)
= t
}
.

Every pair counted here has 1 ≤ m ≤ n − 1 and n ≤ t, so N(t) is finite. In 1971
Singmaster [14] made the following conjecture.

Conjecture 1.1 (Singmaster’s conjecture). N(t) = O(1).

The largest known value is N(3003) = 8, which comes from

3003 =

(
3003

1

)
=

(
78

2

)
=

(
15

5

)
=

(
14

6

)
and the symmetry

(
n
m

)
=
(

n
n−m

)
. Singmaster [15] showed that N(t) ≥ 6 for infinitely many

t, using the solutions n = F2j+2F2j+3−1, m = F2jF2j+3−1 of
(
n+1
m+1

)
=
(

n
m+2

)
, where Fi is

the i-th Fibonacci number. De Weger [5] conjectured that every equality
(
n
m

)
=
(
n′

m′

)
arises

from either m = 0, m = 1, symmetry or Singmaster’s infinite family, with 7 exceptional
cases. Blokhuis, Brouwer and de Weger [2] verified this for t ≤ 1060.

By symmetry it suffices to count solutions with 2m ≤ n. For these, t ≥
(
2m
m

)
≥ 2m,

so m ≤ log t/ log 2, and n is determined by m because n 7→
(
n
m

)
is increasing. This

gives Singmaster’s bound N(t) = O(log t) [14]. It was improved to O(log t/ log log t) by
Abbott, Erdős and Hanson [1], to O(log t log log log t/(log log t)2) by Kane [8], and to
O(log t log log log t/(log log t)3) by Kane [9]. The last bound remains the best uncondi-
tional bound in the literature. Abbott, Erdős and Hanson also observed that Cramér’s
conjecture [4] on gaps between consecutive primes implies N(t) = Oε((log t)2/3+ε) for
every ε > 0.
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Matomäki, Radziwi l l, Shao, Tao and Teräväinen [12] proved that for fixed ε > 0 and

t sufficiently large there are at most two solutions with exp((log n)2/3+ε) ≤ m ≤ n/2

(Theorem 2.3 below). This reduces Conjecture 1.1 to solutions with m < exp((logn)2/3+ε),

roughly those with m ≤ log t/(log log t)3/2−ε [12, Remark 1.5], but it gives no bound for
the number of these solutions. Our main result is the following.

Theorem 1.2. For all sufficiently large t,

N(t) ≤ (log t)
1
2
+51 log log log log t

log log log t .

Theorem 1.2 follows from the next family of bounds by letting k grow slowly with t.

Theorem 1.3. For an integer k ≥ 1 put

a0(k) = 10 (16k + 12)2k+3/2 e10.75k+5.5.

There is an absolute constant c0 such that for every integer k ≥ 1 and every integer t with

log log log t ≥ max
{
c0,

5
2 log

(
40(k + 1)2a0(k)

)}
we have

N(t) ≤ 50 e2a0(k)+1 (log t)
k+1
2k+1 .

The cases k = 1 and k = 2 give N(t) ≪ (log t)2/3 and N(t) ≪ (log t)3/5. The constants
are very large: log a0(1) > 30, so the case k = 1 applies only when log log log t > 88. All
constants are explicit except c0, which depends on the threshold in Theorem 2.3; that
threshold is effective [12, Remark 1.7] but has not been computed.

1.1. Formal verification. The proofs of Theorems 1.2 and 1.3 have been formalised
in the Lean 4 proof assistant [6] using Mathlib [11], conditional on the statement of
Theorem 2.3. The latter theorem, due to Matomäki, Radziwi l l, Shao, Tao, Teräväinen, is
included as a hypothesis and is not formalised here. The constants and inequalities in this
paper match those of the formal proof, and Section 9 describes the correspondence between
this paper and the formalisation. The source code is available at https://github.com/

benwh1/singmaster-bound.

1.2. Strategy of proof. Fix k ≥ 1, write L = log t, and put θ = k+1
2k+1 and α = k

k+1 . It
suffices to count solutions with 2m ≤ n, and each of them is determined by m. There are at
most Lθ of them with m ≤ Lθ. If m ≥ L/(logL)7/5, then log n ≤ 2(logL)7/5 while logm ≥
logL− 7

5 log logL, so m ≥ exp((logn)7/10) once t is large, and Theorem 2.3 leaves at most

two solutions. The main work concerns the range Lθ ≤ m ≤ L/(logL)7/5. We cover a
dyadic range [M, 2M ] by windows |m − x0| ≤ rM with rM = (M/2)αe−2a0−1 and show
that each window contains at most L/M solutions (Lemma 7.2). This gives Ok(LM−α)
solutions with M ≤ m ≤ 2M , and summing over M = 2iLθ gives Ok(L1−θα) = Ok(Lθ),
which is Theorem 1.3. Taking k ≍ log log log t/ log log log log t then gives Theorem 1.2.

The window bound has three ingredients. Write ℓ = L/x0, so that log n ≈ ℓ for
solutions with m near x0. From n(n − 1) · · · (n − m + 1) = t · m! one expects n ≈
m−1
2 + (tm!)1/m; compare [8, (3.1)] and [12, Remark 1.2]. In Section 3 we construct a

function F , holomorphic on the disc |z − x0| ≤ x0/2, such that |F (m) − n| ≤ e−L/8 for

https://github.com/benwh1/singmaster-bound
https://github.com/benwh1/singmaster-bound
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every solution (n,m) with |m− x0| ≤ x0/2, such that |F | ≤ 3x0e
2ℓ, and such that in the

variable u = 1/z

(1.1) F (1/u) = u−1

(
1 − u

2
+
eLu+κ(u)

e

)
,

where κ is holomorphic and nearly constant near u0 = 1/x0.
Next let d ≥ 0 and D = (k+ 1)(d+ 1), and take D solutions (ni,mi) in a window. The

determinant det[(mi − x0)
anbi ], with columns indexed by 0 ≤ a ≤ d and 0 ≤ b ≤ k, is an

integer. Replacing each ni by F (mi) changes it by at most 1
2 , and the Schwarz lemma

for interpolation determinants bounds the modified determinant by e−1, provided the
window radius is at most about (x0/2)k/(k+1)e−2ℓ/d. Hence the determinant vanishes, and
all solutions in the window lie on one curve

∑
bAb(m)nb = 0 with degAb ≤ d (Section 4).

This is the determinant method of Bombieri and Pila [3]. The exponent k/(k + 1) comes

from comparing the saving (r/R)D(D−1)/2 in the Schwarz lemma, where R = x0/2, with

the cost R(k+1)d(d+1)/2 of the monomials (m−x0)a. To absorb the factor eO(ℓ) that comes
from the size of F we need d≫ ℓ/a0, and we take d = ⌊L/(a0M)⌋.

Finally, we show that such a curve passes through few points (n,m) with n ≈ F (m)
(Sections 5 and 6). By (1.1),

ud+k
∑
b

Ab(1/u)F (1/u)b =
k∑

j=0

Qj(u)E(u)j , E(u) = eLu+κ(u),

where the Qj are polynomials of degree at most d + k. After the substitution u =
u0 + u0s/a0, the function E(u)j becomes a constant multiple of ejTsK(s)j , where T =
L/(a0x0) ≈ d and K is close to 1 on a disc of radius a0/2. Truncating the Taylor series of
Kj at degree ⌈2T ⌉ produces an exponential polynomial

∑
j Rj(s)e

jTs with
∑

j(degRj +

1) ≤ (4k + 3)T . Lemma 5.1, proved by Laplace inversion, bounds such an exponential
polynomial and each of its components on |s| ≤ 5 in terms of its maximum on |s| ≤ 1

2 , and
Jensen’s formula then shows that it has at most 17(4k + 3)T zeros near 0. The solutions
only give near-zeros, so we first subtract a Lagrange interpolation polynomial, which is
small because the near-zeros are well separated. Since T ≤ L/(a0M) and a0 ≥ 17(4k+ 3),
each window contains at most L/M solutions.

The constant a0(k) is dictated by the last step: the truncation error (10/a0)
2T has to

beat the factor eO(kT log k) in Lemma 5.1, which forces log a0 ≍ k log k; see (6.6). The
windows then have radius (M/2)αe−2a0−1, and this is the source of the factor e2a0+1 in
Theorem 1.3.

Remark 1.4. Fix a real x > 0. The function y 7→ Γ(y + 1)/Γ(y − x+ 1) is increasing on
[2x,∞), since its logarithmic derivative ψ(y+1)−ψ(y−x+1) is positive, where ψ = Γ′/Γ
is increasing; it also tends to infinity as y → ∞. Hence, if Γ(2x + 1) ≤ tΓ(x + 1)2, there
is a unique real number f(x) ≥ 2x with

Γ(f(x) + 1) = tΓ(x+ 1) Γ(f(x) − x+ 1),

that is,
(
f(x)
x

)
= t with the binomial coefficient written in terms of the Gamma function.

Let (n,m) be a solution with 2m ≤ n. Then m ≥ 1, since t ≥ 2, and
(
2m
m

)
≤
(
n
m

)
= t,

so f(m) is defined and f(m) = n. Kane [8] continues f holomorphically to a sector.
This continuation is not suitable here. Suppose that f has been continued to complex
z, and write c = f(z) − z−1

2 . Then f(z) + 1 = c + z+1
2 and f(z) − z + 1 = c + 1−z

2 ,
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so the defining equation becomes Γ(c + z+1
2 )/Γ(c + 1−z

2 ) = tΓ(z + 1). Stirling’s formula
identifies the left side with cz only when arg c stays away from ±π. Taking logarithms
in cz ≈ tΓ(z + 1) shows that arg c is approximately Im ((L+ log Γ(z + 1))/z), and this
ranges over an interval of length ≍ ℓ on the discs of radius ≍ x0 that the determinant
method requires. The function F of Proposition 3.1 interpolates n only at the integers,
and it depends on c only through the powers c−2j , so no branch of log c has to be chosen.

Remark 1.5. The exponent 1
2 is the limit of the method. A window cannot be longer

than the range [M, 2M ] itself, and about T ≍ L/(a0M) points per window is the true
order for the number of zeros of exponential polynomials of the above shape in a disc of
bounded radius. The bound for the range [M, 2M ] would therefore remain ≫ L/M , and

balancing L/M0 against the trivial bound M0 for m ≤ M0 gives M0 = L1/2. The growth

a0(k) = eΘ(k log k) comes from the factor (4ν/T )ν in Lemma 5.1(b), that is, from Cauchy’s
estimates for the derivatives of an exponential polynomial at 0. If this factor could be
removed, a0(k) = eO(k) would suffice, one could take k ≍ log log log t, and the exponent
in Theorem 1.2 would become 1

2 + O(1/ log log log t). Finally, Proposition 3.1 requires
ℓ ≥ 100 log x0, roughly logn ≥ 100 logm, so the argument does not reach solutions in
which n is bounded by a power of m; in our proof these are covered by Theorem 2.3.

1.3. Notation. We write X ≪ Y or X = O(Y ) for |X| ≤ CY with an absolute constant
C, and X ≍ Y for X ≪ Y ≪ X; subscripts indicate dependence of C on parameters.
We use N = {0, 1, 2, . . . }, write log for the natural logarithm and Log for the principal
branch of the logarithm on C \ (−∞, 0], and write log Γ(z + 1) for the branch that is
holomorphic on Re z > −1 and real on (−1,∞). For Re z > 0 we have Re Log z = log |z|
and Log(1/z) = −Log z, and for |z| ≥ 1 we have |Log z| ≤ log |z|+ π. We write D(c, r) =
{z ∈ C : |z−c| ≤ r}, and a function is holomorphic on a closed set if it is holomorphic on an
open set containing it. The Bernoulli polynomials are defined by wexw

ew−1 =
∑

p≥0Bp(x)w
p

p! ,

and Bp = Bp(0).
For an integer t ≥ 2 we write L = log t and

S(t) =
{

(n,m) ∈ N2 :

(
n

m

)
= t, 2m ≤ n

}
.

The map (n,m) 7→ (n, n−m) sends the solutions with 2m > n injectively into S(t), so

(1.2) N(t) ≤ 2|S(t)|.
Every (n,m) ∈ S(t) has m ≥ 1, and n 7→

(
n
m

)
is strictly increasing on n ≥ m, so

(1.3) an element (n,m) of S(t) is determined by m.

Finally, n(m− i) ≤ m(n− i) for 0 ≤ i < m ≤ n, and therefore

(1.4) nm ≤ mm

(
n

m

)
(m ≤ n).

2. Preliminaries

Lemma 2.1 (Stirling’s formula). Let σ(z) = (z + 1
2) Log z − z + 1

2 log(2π). For Re z > 0
and |z| ≥ 1,

| log Γ(z + 1) − σ(z)| ≤ 1

|z|
.

This follows from Binet’s error bound [7, §5.11(ii)].
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Lemma 2.2. (a) For every integer j ≥ 1 the polynomial

P2j(z) =
B2j+1

(
z+1
2

)
−B2j+1

(
1−z
2

)
2j + 1

satisfies P2j(m) =
∑m−1

i=0

(
i− m−1

2

)2j
for every m ∈ N.

(b) If p ∈ N, y ∈ C and p ≤ π|y|, then |Bp(y)| ≤ 8|y|p.

Part (a) follows from Bp(x + 1) − Bp(x) = pxp−1 [7, §24.4]. Part (b) follows from
Bp(y) =

∑
i

(
p
i

)
Biy

p−i and |Bi| ≤ 4 i!/(2π)i, which is a consequence of Euler’s formula for
ζ(2j) [7, §25.6].

Theorem 2.3 (Matomäki, Radziwi l l, Shao, Tao, Teräväinen [12, Theorem 1.3]). Let
0 < ε < 1. There is t1(ε) such that for every integer t ≥ t1(ε) there are at most two pairs
(n,m) ∈ N2 with (

n

m

)
= t and exp

(
(log n)2/3+ε

)
≤ m ≤ n/2.

3. The interpolating function

Throughout this section t ≥ 2 and x0 ≥ 1 are integers. We put

ℓ =
L

x0
, u0 =

1

x0
, ∆ = D

(
x0,

x0
2

)
,

U = D
(
u0,

u0
2

)
, η0 =

2(log x0 + 4)

x0
+ 2e−ℓ/5.

Proposition 3.1. Suppose that x0 ≥ e30 and ℓ ≥ 100 log x0. Then there are a function F
holomorphic on ∆ and a function κ holomorphic on U with the following properties.

(a) |F (m) − n| ≤ e−L/8 for every (n,m) ∈ S(t) with |m− x0| ≤ x0/2.
(b) |F (z)| ≤ 3x0e

2ℓ for z ∈ ∆.

(c) F (1/u) = u−1
(
1−u
2 + eLu+κ(u)/e

)
for every u ∈ U with 1/u ∈ ∆.

(d) |κ(u) − κ(u0)| ≤ η0 for u ∈ U , and |κ(u0)| ≤ 1.

Proof. We start from an exact identity at the integers. Let (n,m) ∈ S(t) and put c =
n− m−1

2 , so that c ≥ m. The numbers n− i with 0 ≤ i < m are the numbers c− y, where

y runs over the multiset Y = {i − m−1
2 : 0 ≤ i < m}, which is symmetric about 0 and

satisfies |y| < m/2 ≤ c/2. Since
(
n
m

)
= t, Lemma 2.2(a) gives

L+ logm! =
∑
y∈Y

log(c− y) = m log c+
1

2

∑
y∈Y

log

(
1 − y2

c2

)
= m log c−

∑
j≥1

P2j(m)

2j c2j
.

Let g(z) = (L+ log Γ(z+ 1))/z. Dividing by m and using P2j(m) ≤ m(m/2)2j , we obtain
(3.1)

log c = g(m) + v∗, v∗ =
∑
j≥1

P2j(m)

2j m c2j
, 0 ≤ P2j(m)

2j m c2j
≤ ρj

2
, ρ =

(m
2c

)2
≤ 1

4
.

The series for v∗ diverges when m is replaced by a non-integral complex number, so we
truncate it and solve a fixed-point problem instead. Put N0 = ⌊x0/8⌋, q = e−ℓ/20,

Ω =
{
z ∈ C : Re z >

x0
3
, |z| < 5x0

2

}
, aj(z) =

P2j(z) e−2jg(z)

2j z
,
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Φz(w) =

N0∑
j=1

aj(z)e−2jw.

The open set Ω contains ∆ and the image of U under u 7→ 1/u, which is the disc with
diameter [2x0/3, 2x0]. Every z ∈ Ω satisfies 1 ≤ |z| ≤ 8 Re z. The hypotheses imply
x0 ≥ 1000, ℓ ≥ 3000 and q ≤ min(14 ,

1
x0

).

By Lemma 2.1, for Re z > 0 and |z| ≥ 1,

(3.2)
∣∣∣ log Γ(z + 1)

z
− Log z + 1

∣∣∣ ≤ 1 + 1
2(log |z| + π) + 1

2 log(2π)

|z|
,

and the right side is at most 1
2 if |z| ≥ 20. On Ω we have Re(L/z) = LRe z/|z|2 > 4

75ℓ ≥
ℓ/19, and on ∆ we have Re(L/z) ≤ L/|z| ≤ 2ℓ. Since Re Log z = log |z|, it follows that

(3.3) Re g(z) ≥ ℓ

19
+ log |z| − 3

2
(z ∈ Ω), Re g(z) ≤ 2ℓ+ log |z| − 1

2
(z ∈ ∆).

Let z ∈ Ω and 1 ≤ j ≤ N0. Then |(1 ± z)/2| > x0/6 − 1
2 and 2j + 1 ≤ x0/4 + 1 ≤

π(x0/6 − 1
2), so Lemma 2.2(b) gives |P2j(z)| ≤ 16|z|2j+1. Together with (3.3) this gives

2je2j |aj(z)| ≤ 16e5−2ℓ/19, and since N0 ≤ x0 ≤ eℓ/100,

N0∑
j=1

2j e2j |aj(z)| ≤ 16N0e
5−2ℓ/19 ≤ q.

As | d
dwe

−2jw| ≤ 2je2j for |w| ≤ 1, each Φz maps D(0, 1) into D(0, q) and is q-Lipschitz
there. By the contraction mapping principle the iterates v0 = 0, vi+1(z) = Φz(vi(z))
converge uniformly on Ω. Their limit v is holomorphic on Ω and satisfies v(z) = Φz(v(z))
and |v| ≤ q. Moreover, since q ≤ 1

4 ,

(3.4) |w − v(z)| ≤ 2|w − Φz(w)| (z ∈ Ω, |w| ≤ 1).

We define

F (z) =
z − 1

2
+eg(z)+v(z), µ(u) = u log Γ(1/u+1)+Log u+1, κ(u) = µ(u)+v(1/u).

Then F is holomorphic on Ω ⊇ ∆, and κ is holomorphic on U .
To prove (a), let (n,m) ∈ S(t) with |m− x0| ≤ x0/2, and let c, ρ and v∗ be as in (3.1).

Then m ∈ Ω and 0 ≤ v∗ ≤ ρ ≤ 1
4 . Since e−2j(g(m)+v∗) = c−2j , the number Φm(v∗) is the

sum of the first N0 terms of the series for v∗, so 0 ≤ v∗ −Φm(v∗) ≤ ρN0+1, and (3.4) gives

|v(m) − v∗| ≤ 2ρN0+1. As n− F (m) = c(1 − ev(m)−v∗) and log c ≥ g(m) ≥ L/m, we get

|n− F (m)| ≤ 4cρN0+1 ≤ m2N0+2c−(2N0+1) ≤ m2N0+2e−(2N0+1)L/m.

Since L/m ≥ 2ℓ/3, 2N0 + 1 ≥ x0/4 − 1, logm ≤ log x0 + 1
2 and x0 log x0 ≤ L/100, the

right side is at most e−L/8.
For (b), let z ∈ ∆. By (3.3) and |v| ≤ 1

4 ,

|F (z)| ≤ |z| + 1

2
+ e2ℓ+log |z|−1/4 ≤ 3x0e

2ℓ.

For (c), let u ∈ U with z = 1/u ∈ ∆. Since Log u = −Log z we have g(z) = Lu +

µ(u) − Log u− 1, so eg(z)+v(z) = u−1eLu+κ(u)/e, while (z − 1)/2 = (1 − u)/(2u).
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For (d), let u ∈ U and z = 1/u. Then µ(u) = log Γ(z + 1)/z − Log z + 1 and 2x0/3 ≤
|z| ≤ 2x0, so (3.2) gives |µ(u)| ≤ (9 + 3

4 log x0)/x0. Since |v| ≤ q ≤ 1/x0 and log x0 ≥ 30,
it follows that

|κ(u) − κ(u0)| ≤ |µ(u)| + |µ(u0)| + 2q ≤ 20 + 1.5 log x0
x0

≤ η0

and |κ(u0)| ≤ |µ(u0)| + q ≤ 1. □

4. Solutions in a short window lie on a curve

Proposition 4.1. Let k ≥ 1, d ≥ 0 and x0 ≥ 2 be integers, and let ℓ ≥ 0. Put D =
(k + 1)(d+ 1), R = x0/2, BF = 3x0e

2ℓ,

r = Rk/(k+1) exp

(
−2ℓ+ log(3x0) + 2 logD + 1

d+ 1

)
,

δ3 =
(

2 ·D! ·D · k ·RdD(BF + 1)kD
)−1

.

Let F be holomorphic on D(x0, R) with |F | ≤ BF there, let 0 ≤ δ ≤ δ3, and let T be a
finite set of pairs of integers (n,m) with |m−x0| ≤ r and |F (m)−n| ≤ δ. Then there are
polynomials A0, . . . , Ak ∈ C[X] of degree at most d, not all zero, such that

k∑
b=0

Ab(m)nb = 0 for every (n,m) ∈ T .

Note that the relation holds for the integers n themselves and not only for their approx-
imations F (m).

Proof. Consider the integer matrix with rows indexed by T , columns indexed by the pairs
(a, b) with 0 ≤ a ≤ d and 0 ≤ b ≤ k, and entries (m − x0)

anb. It suffices to show that
every D × D matrix formed from D of its rows, repetitions allowed, has determinant
0. The matrix then has rank less than D, so it has a nonzero kernel vector (ca,b), and
Ab(X) =

∑
a ca,b(X − x0)

a has the required properties.

Fix rows (n1,m1), . . . , (nD,mD), and let ∆0 = det[(mi − x0)
anbi ] and ∆̃0 = det[(mi −

x0)
aF (mi)

b]. We apply the Schwarz lemma for interpolation determinants (see, e.g., [10,
13]) on D(x0, R) to the functions (z−x0)aF (z)b, which are bounded by RaBb

F there; note
that r ≤ R. With

W =
D(D − 1)

2
, Sa =

∑
(a,b)

a =
(k + 1)d(d+ 1)

2
,

Sb =
∑
(a,b)

b =
(d+ 1)k(k + 1)

2
, Λ = logBF ,

this gives, since logD! ≤ D logD,

log |∆̃0| ≤ D logD −W log
R

r
+ Sa logR+ SbΛ.

Write log r = k
k+1 logR − ξ with ξ = (Λ + 2 logD + 1)/(d + 1). A direct computation

gives W
k+1 − Sa = k(d+1)

2 ≥ 0, so the terms involving logR contribute at most 0. Moreover
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Wξ = (k+1)(D−1)
2 (Λ+2 logD+1), and D−1 ≥ k(d+1), so Wξ ≥ SbΛ+(D−1)(2 logD+1).

Hence
log |∆̃0| ≤ D logD − (D − 1)(2 logD + 1) ≤ −1,

as D ≥ 2.
Since δ ≤ 1 we have |ni| ≤ BF + 1. The entries of both matrices are therefore bounded

by Rd(BF +1)k, and corresponding entries differ by at most Rdk(BF +1)k−1δ. Expanding
both determinants by the Leibniz formula gives

|∆0 − ∆̃0| ≤ D! ·D · k ·RdD(BF + 1)kDδ =
δ

2δ3
≤ 1

2
.

Hence |∆0| ≤ e−1 + 1
2 < 1, and since ∆0 ∈ Z, it vanishes. □

5. Growth of exponential polynomials

Lemma 5.1. Let k ≥ 1 be an integer and T > 0. Let ν0, . . . , νk ≥ 1 be integers, and

put ν =
∑

j νj and νmax = maxj νj. Let G0(s) =
∑k

j=0Rj(s)e
jTs with Rj ∈ C[s] and

degRj < νj, and let m0 ≥ max|s|≤1/2 |G0(s)|. Put

ϱ = max(2kT, 2ν), Ca = ν 3νe5ϱ,

Cb = 2ν
(

(k + 1)24k+2
)νmax

e(4k+2)T max (1, (4ν/T )ν) .

Then

(a) |G0(s)| ≤ Cam0 for |s| ≤ 5;
(b) |Rj(s)e

jTs| ≤ Cbm0 for |s| ≤ 4 and 0 ≤ j ≤ k.

Proof. Let χ(w) =
∏k

h=0(w − hT )νh =
∑ν

l=0 alw
l, and for 0 ≤ i < ν let χi(w) =∑

l>i alw
l−i−1 and yi = G

(i)
0 (0). The function G0 satisfies the differential equation

χ

(
d

ds

)
G0 = 0,

and integration by parts shows that its Laplace transform is

Y (w) =
∑
i<ν

yi χi(w)

χ(w)
.

Writing Rj(s) =
∑

p rjps
p, the same computation identifies Y (w) with

∑
j

∑
p rjp p! (w −

jT )−p−1, so Cauchy’s integral formula gives

(5.1) G0(s) =
1

2πi

∮
|w|=ϱ

eswY (w) dw, Rj(s)e
jTs =

1

2πi

∮
|w−jT |=T/2

eswY (w) dw,

since all poles hT of Y lie inside the first circle and only jT lies inside the second. By
Cauchy’s estimates on |s| = 1

2 we have |yi| ≤ i! 2im0.
On |w| = ϱ we have |w − hT | ≥ ϱ/2, so |χ(w)| ≥ (ϱ/2)ν . The coefficients of χ are

dominated by those of (w+ kT )ν , so |χi(w)| ≤ ϱ−i−1(3ϱ/2)ν and hence |χi/χ| ≤ 3νϱ−i−1.
Using (5.1) and |esw| ≤ e5ϱ, we obtain

|G0(s)| ≤ 3νe5ϱm0

∑
i<ν

i!

(
2

ϱ

)i

≤ ν 3νe5ϱm0,

because i!(2/ϱ)i ≤ i!/νi ≤ 1. This proves (a).
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For (b), fix j and let Cj be the circle |w − jT | = T/2. On Cj we have T/2 ≤ |w| ≤
(k + 1

2)T , so |esw| ≤ e(4k+2)T for |s| ≤ 4, and |w − hT | ≥ max(|h − j| − 1
2 ,

1
2)T for every

h. Write wi+1χi(w) = χ(w) −
∑

l≤i alw
l. The coefficients of χ are dominated by those of∏

h(w + hT )νh , so on Cj

|
∑

l≤i alw
l|

|χ(w)|
≤

k∏
h=0

ρνhh ≤

(
k∏

h=0

ρh

)νmax

, ρh =
h+ j + 1

2

max(|h− j| − 1
2 ,

1
2)

≥ 1.

Since max(r − 1
2 ,

1
2) ≥ r/2 for every integer r ≥ 1,∏

h

ρh ≤ 2k+1(k + j + 1)!

j! j! (k − j)!
= 2k+1(k + 1)

(
k + j + 1

j

)(
k

j

)
≤ (k + 1)24k+2.

With Ξ = ((k + 1)24k+2)νmax this gives |χi/χ| ≤ |w|−i−1(1 + Ξ) ≤ 2Ξ(2/T )i+1 on Cj , and
by (5.1)

|Rj(s)e
jTs| ≤ 2Ξe(4k+2)Tm0

∑
i<ν

i!

(
4

T

)i

≤ Cbm0,

because i!(4/T )i ≤ (4ν/T )i ≤ max(1, (4ν/T )ν) for i < ν. □

6. A zero estimate

Proposition 6.1. Let k ≥ 1 and d ≥ 0 be integers, and let L > 0, x0 ≥ 1 and η ≥ 0 be
real numbers. Let a0 = a0(k), u0 = 1/x0, ∆ = D(x0, x0/2) and U = D(u0, u0/2), and put

T =
L

a0x0
, δ5 = exp

(
−1000(k + 1)2(T + 1) log(6x0 + 6)

)
.

Suppose that T ≥ 10(k + 1)2, d ≤ 2T and kη ≤ 0.09. Let κ be holomorphic on U
with |κ(u) − κ(u0)| ≤ η for u ∈ U and |κ(u0)| ≤ 1, and let F : ∆ → C satisfy

F (1/u) = u−1
(
1−u
2 + eLu+κ(u)/e

)
whenever u ∈ U and 1/u ∈ ∆. Let A0, . . . , Ak ∈ C[X] be

polynomials of degree at most d, not all zero, and let 0 ≤ δ ≤ δ5. Let Z ⊆ D(x0, x0/(4a0))
be a finite set of points at mutual distance at least 1 such that every z ∈ Z admits some
wz ∈ C with

k∑
b=0

Ab(z)wb
z = 0 and |F (z) − wz| ≤ δ.

Then |Z| ≤ 17(4k + 3)T .

Proof. Put Âb(u) = udAb(1/u) and

Qj(u) = e−j
k∑

b=j

(
b

j

)
uk−b

(
1 − u

2

)b−j

Âb(u) (0 ≤ j ≤ k).

These are polynomials of degree at most d+ k, and the binomial theorem gives, for u ̸= 0
and Y ∈ C,

(6.1) ud+k
k∑

b=0

Ab(1/u)

(
u−1

(
1 − u

2
+
Y

e

))b

=
k∑

j=0

Qj(u)Y j .

If b∗ is the largest b with Ab ̸= 0, then Qb∗ = e−b∗uk−b∗Âb∗ ̸= 0.



10

We now rescale. Put h = u0/a0 and u(s) = u0 + hs, so that T = Lh and u(s) ∈ U for
|s| ≤ a0/2. Let

E(u) = eLu+κ(u), K(s) = eκ(u(s))−κ(u0), qj(s) = ej(Lu0+κ(u0))Qj(u(s)).

Then deg qj ≤ d+ k, and the function

(6.2) G(s) =

k∑
j=0

Qj(u(s))E(u(s))j =

k∑
j=0

qj(s)e
jTsK(s)j

is holomorphic on |s| < a0/2. Recall that a0 ≥ 10(16k + 12) = 40(4k + 3) ≥ 280. If
z ∈ D(x0, x0/(4a0)), then z ∈ ∆, 3x0/4 ≤ |z| ≤ 2x0 and |1/z − u0| ≤ h/3, so 1/z ∈ U
and sz = (1/z − u0)/h satisfies u(sz) = 1/z and |sz| ≤ 1

3 . Moreover Re(L/z) ≥ 0

and |κ(1/z)| ≤ |κ(u0)| + η ≤ 2, so |E(1/z)| ≥ e−2. For distinct z, z′ ∈ Z we have
sz − sz′ = (z′ − z)/(zz′h), and therefore

(6.3) |sz − sz′ | ≥
1

4x20h
=

a0
4x0

≥ 5

x0
.

Next we replace Kj by polynomials. Put J = ⌈2T ⌉ and δ′ = 1
5(10/a0)

J+1, let Π0 = 1,

and for 1 ≤ j ≤ k let Πj be the Taylor polynomial of degree J of Kj at 0. On D(0, a0/2)
we have |j(κ(u(s)) − κ(u0))| ≤ kη ≤ 0.09, so |Kj − 1| ≤ 1

10 , and Cauchy’s estimates give

(6.4) |Kj − Πj | ≤ δ′ and |Πj | ≥ 1
2 on D(0, 5), 0 ≤ j ≤ k.

Let Rj = qjΠj , G0(s) =
∑

j Rj(s)e
jTs and m0 = max|s|≤1/2 |G0(s)|. We apply Lemma 5.1

with ν0 = d + k + 1 and νj = d + k + J + 1 for j ≥ 1. Using d ≤ 2T , 2T ≤ J ≤ 2T + 1
and T ≥ 10(k + 1)2 one checks that 2kT ≤ ν ≤ (4k + 3)T and νmax ≤ 5T ; in particular
ϱ = 2ν and ν ≥ 80. The function G0 does not vanish identically, since Rb∗ ̸= 0, so
m0 > 0. The same inequalities give 4kν ≤ eT , ((k + 1)24k+2)νmax ≤ e(17.5k+7)T and

(4ν/T )ν ≤ (16k + 12)(4k+3)T , hence

(6.5) Cb ≤ 2kCb ≤ exp ((21.5k + 10)T + (4k + 3)T log(16k + 12)) .

By the definition of a0,

(6.6) log(a0/10) = (2k + 3
2) log(16k + 12) + 10.75k + 5.5,

and since J + 1 ≥ 2T , we deduce from (6.5) that 2kCbδ
′ ≤ e−T ≤ 1

2 . By Lemma 5.1(b)

and (6.4), |qjejTs| = |Rje
jTs|/|Πj | ≤ 2Cbm0 on D(0, 4), and therefore

(6.7) |G−G0| =
∣∣∣ k∑
j=1

qje
jTs(Kj − Πj)

∣∣∣ ≤ 2kCbδ
′m0 ≤

m0

2
on D(0, 4).

The points of Z give near-zeros of G: we claim that

(6.8) |G(sz)| ≤ γ := 2.2 (k + 1) 3k · 2e3Cbm0 δ (z ∈ Z).

Let z ∈ Z, u = 1/z and E = E(u), and define Y ′ by wz = u−1(1−u
2 + Y ′/e). By (6.1)

with Y = Y ′ we have
∑

j Qj(u)Y ′j = ud+k
∑

bAb(z)wb
z = 0, while G(sz) =

∑
j Qj(u)Ej

by (6.2). Hence G(sz) =
∑

j Qj(u)Ej
(
1 − (Y ′/E)j

)
. By hypothesis F (z) = u−1(1−u

2 +

E/e), so E − Y ′ = eu(F (z) − wz). Since |u| ≤ 2 and |E| ≥ e−2, this gives |Y ′/E − 1| ≤
2e3δ ≤ 1, and so |1 − (Y ′/E)j | ≤ 3j · 2e3δ. Finally, Qj(u)Ej = qj(sz)ejTszK(sz)j has
absolute value at most 2.2Cbm0, because |Kj | ≤ 1.1. Summing over j gives (6.8).
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Suppose now that |Z| > 17(4k + 3)T . Let N1 = ⌊17(4k + 3)T ⌋ + 1, choose Z ′ ⊆ Z
with N1 elements, and let L be the Lagrange interpolation polynomial of G at the points
sz, z ∈ Z ′, which are distinct by (6.3). For |s| ≤ 4 each factor (s − sz′)/(sz − sz′) in L
has absolute value at most 13

3 · x0
5 ≤ x0, so |L| ≤ N1γx

N1
0 on D(0, 4) by (6.8). A short

computation using (6.5), δ ≤ δ5, N1 ≤ 17(4k + 3)T + 1 and T ≥ 10(k + 1)2 shows that

4N1γx
N1
0 ≤ m0, so that

(6.9) |L| ≤ m0

4
on D(0, 4).

Choose s∗ with |s∗| ≤ 1
2 and |G0(s∗)| = m0, and let f = G − L. By (6.7) and (6.9),

|f −G0| ≤ 3
4m0 on D(0, 4). Hence |f(s∗)| ≥ 1

4m0, and by Lemma 5.1(a), |f | ≤ (Ca + 3
4)m0

on the circle |s− s∗| = 3. The function f vanishes at the N1 points sz with z ∈ Z ′, which
lie in D(0, 13) ⊆ D(s∗,

3
2). By Jensen’s formula,

N1 log 2 ≤ log(4Ca + 3).

Since Ca = ν 3νe10ν and ν ≥ 80, the right side is at most 17ν log 2. Hence N1 ≤ 17ν ≤
17(4k + 3)T < N1, a contradiction. □

7. Proof of Theorem 1.3

Throughout this section k ≥ 1 is an integer, t is an integer with logL > 0, a0 = a0(k),
and

θ =
k + 1

2k + 1
, α =

k

k + 1
,

M0 = Lθ, M1 =
L

(logL)7/5
, rM =

(
M

2

)α

e−2a0−1.

The main hypothesis on k and t is

(7.1) 40(k + 1)2a0 ≤ (logL)2/5.

Since (k + 1)2 ≥ 4, it implies k + 1 ≤ (logL)1/5 and 160a0 ≤ (logL)2/5.

Lemma 7.1. There is an absolute constant Λ1 such that, if logL ≥ Λ1, then

#{(n,m) ∈ S(t) : m ≥M1} ≤ 2.

Proof. Let (n,m) ∈ S(t) with m ≥M1. By (1.4) and n ≥ 2m we have m log 2 ≤ m(logn−
logm) ≤ L, so logm ≤ logL+ log 2 and log n ≤ logm+L/m ≤ 2(logL)7/5. On the other

hand logm ≥ logL − 7
5 log logL. Hence (log n)7/10 ≤ 2(logL)49/50 ≤ logm once logL is

large, that is, m ≥ exp((logn)2/3+1/30). Since also m ≤ n/2, Theorem 2.3 with ε = 1/30
gives the claim as soon as t ≥ t1(1/30). □

Lemma 7.2. Assume that logL ≥ 2 · 107 and that (7.1) holds. Let M ∈ [M0,M1], and
let x0 ∈ [M, 2M ] be an integer. Then

#{(n,m) ∈ S(t) : |m− x0| ≤ rM} ≤ L

M
.

Proof. Let T be the set on the left, and put

ℓ =
L

x0
, β =

L

M
, d =

⌊ L

a0M

⌋
, D = (k + 1)(d+ 1), T =

L

a0x0
.

Since θ ≥ 1
2 we have L1/2 ≤ M0 ≤ M ≤ x0 ≤ 2M ≤ 2L, so log x0 ≤ logL + log 2. Also

ℓ ≥ L/(2M1) = (logL)7/5/2 and β ≥ (logL)7/5.
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We first check that Proposition 3.1 applies. We have x0 ≥ L1/2 ≥ e30, and since
(logL)2/5 ≥ 400,

ℓ ≥ 1
2(logL)7/5 ≥ 200 logL ≥ 100 log x0.

Let F and κ be the functions given by Proposition 3.1.
Next we check the hypotheses of Proposition 6.1 on the parameters. Since x0 ∈ [M, 2M ]

we have T ≤ L/(a0M) ≤ 2T , so d ≤ 2T and d + 1 > L/(a0M). By (7.1), L/(a0M) ≥
(logL)7/5/a0 ≥ 40(k + 1)2 logL, so T ≥ 10(k + 1)2 and d + 1 > 40(k + 1)2 logL. Since

x0 ≥ L1/2 and ℓ ≥ 1
2 logL, we have η0 ≤ 12L−1/4 + 2L−1/10, and with k ≤ (logL)1/5 this

gives kη0 ≤ 0.09.
We now compare radii. Since (M/2)α ≤ x0/2 and 2a0e

−2a0−1 ≤ 1, we have rM ≤
x0/(4a0) ≤ x0/2. Let r be the radius of Proposition 4.1 for (x0, k, d, ℓ). Since (M/2)α ≤
(x0/2)α, the inequality rM ≤ r follows from

2ℓ+ log(3x0) + 2 logD + 1 ≤ (2a0 + 1)(d+ 1),

which holds because ℓ ≤ β < a0(d+ 1), while log(3x0) ≤ logL+ 2, logD ≤ k + 2 + logL
and d+ 1 > 40(k + 1)2 logL.

Next we show that the tolerances of Propositions 4.1 and 6.1 exceed e−L/8. We first
note that

(7.2) 16000(k + 1)2(19 + 4 logM) ≤ M2

L
.

Indeed, the left side is at most 368000(logL)7/5, which is at most exp(12(logL)4/5) since

logL ≥ 2 · 107, while M2/L ≥ L2θ−1 = L1/(2k+1) ≥ exp(12(logL)4/5) since 2k + 1 <

2(logL)1/5. Let δ3 be as in Proposition 4.1 for (x0, k, d, ℓ) with BF = 3x0e
2ℓ. Using

D! ≤ eD
2
, BF + 1 ≤ 8Me2β, d ≤ β and D ≤ 2(k + 1)β, we find

log
1

δ3
≤ (k + 1)2β2(19 + 4 logM) ≤ β2M2

16000L
≤ L

8

by (7.2). Let δ5 be as in Proposition 6.1. Since T + 1 ≤ 2β and log(6x0 + 6) ≤ 3 + logM ,
and since 16000(k + 1)2(3 + logM) ≤M2/L ≤M by (7.2), we have

log
1

δ5
≤ 2000(k + 1)2β(3 + logM) ≤ βM

8
=
L

8
.

Every (n,m) ∈ T satisfies |m − x0| ≤ rM ≤ x0/2, so |F (m) − n| ≤ e−L/8 by Proposi-
tion 3.1(a). If |T | < D, then

|T | ≤ (k + 1)(d+ 1) − 1 ≤ (k + 1)L

a0M
+ k ≤ L

2M
+

L

2M
=

L

M
,

since 2(k + 1) ≤ a0 and 2k ≤ (logL)7/5 ≤ L/M . Suppose instead that |T | ≥ D. Proposi-

tion 4.1, applied with δ = e−L/8 ≤ δ3 and the bound |F | ≤ 3x0e
2ℓ from Proposition 3.1(b),

gives polynomials Ab of degree at most d, not all zero, with
∑

bAb(m)nb = 0 for all
(n,m) ∈ T . We apply Proposition 6.1 with Z = {m : (n,m) ∈ T }, wm = n, η = η0
and δ = e−L/8. Its hypotheses hold by the above and by Proposition 3.1(c) and (d),
and distinct integers are at distance at least 1. By (1.3) we have |Z| = |T |, and since
a0 ≥ 40(4k + 3) we conclude that

|T | ≤ 17(4k + 3)T ≤ 17(4k + 3)
L

a0M
≤ L

M
. □
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Proof of Theorem 1.3. Let Λ1 be the constant of Lemma 7.1, and put c0 = log max(2 ·
107,Λ1). Suppose that log log log t ≥ max{c0, 52 log(40(k + 1)2a0)}. Then logL ≥ max(2 ·
107,Λ1) and (7.1) holds, so Lemmas 7.1 and 7.2 apply. We split S(t) according to whether
m ≤ M0, M0 < m < M1 or m ≥ M1. By (1.3) there are at most M0 elements of the first
kind, and by Lemma 7.1 at most 2 of the third kind.

Let M ∈ [M0,M1]. We claim that

(7.3) #{(n,m) ∈ S(t) : M ≤ m ≤ 2M} ≤ 6e2a0+1LM−α.

By (7.1) we have 8e4a0+2 ≤ L1/2 ≤ M , so (2e2a0+1)2 ≤ M/2, and since α ≥ 1
2 this gives

rM ≥ 2; also rM ≤ M . Put p = ⌊rM⌋, so that p ≥ rM/2. We assign each (n,m) ∈ S(t)
with M ≤ m ≤ 2M to the window centred at ⌈M⌉ + ip with i = ⌊(m − ⌈M⌉)/p⌋.
This centre is an integer in [M, 2M ] at distance less than p ≤ rM from m, and at most
M/p+ 1 ≤ 3M/rM centres occur. By Lemma 7.2 the left side of (7.3) is therefore at most

3M

rM
· L
M

= 3 · 2αe2a0+1LM−α ≤ 6e2a0+1LM−α.

Every m with M0 < m < M1 lies in [M, 2M ] for some M = 2iM0 < M1 with i ≥ 0.

Since 2−α ≤ 2−1/2 ≤ 5
7 and LM−α

0 = L1−θα = Lθ, the bound (7.3) shows that there are
at most

6e2a0+1Lθ
∑
i≥0

2−αi ≤ 21e2a0+1Lθ

elements of the second kind. By (1.2) we conclude that

N(t) ≤ 2
(
M0 + 21e2a0+1Lθ + 2

)
≤ 50 e2a0+1Lθ. □

8. Proof of Theorem 1.2

Proof of Theorem 1.2. Let c0 be the constant of Theorem 1.3, write L = log t and s =
log logL = log log log t, so that log s = log log log log t. We may assume that t is so large
that s ≥ c0, s ≥ 3, 1 ≤ log s ≤ s/100, (logL)2/5 ≥ 3 and log logL ≤ 1

4(logL)3/5. Put
y = s/(100 log s) ≥ 1 and k = ⌊y⌋ ≥ 1.

For every integer k ≥ 1 we have

(8.1) log
(
40(k + 1)2a0(k)

)
≤ 37.5 k log(k + 2).

Indeed, log(16k + 12) ≤ 4 log 2 + log(k + 2) shows that the left side is at most 16 log 2 +
5.5 + (8 log 2 + 10.75)k+ (2k+ 3.5) log(k+ 2), and this is at most 37.5 k log(k+ 2) because
log(k + 2) ≥ log 3 > 1.0974.

Since k ≤ y ≤ s/100 we have k + 2 ≤ s, so k log(k + 2) ≤ y log s = s/100. By (8.1),

5
2 log

(
40(k + 1)2a0

)
≤ 5

2 · 37.5 · s

100
≤ s,

and Theorem 1.3 gives N(t) ≤ 50e2a0+1Lθ with θ = k+1
2k+1 . Since y < k + 1 ≤ 2k we have

s ≤ 200k log s, and therefore

θ =
1

2
+

1

2(2k + 1)
≤ 1

2
+

1

4k
≤ 1

2
+

50 log s

s
.

The same estimate gives log(40(k+1)2a0) ≤ 2
5s, that is, a0 ≤ (logL)2/5. Since log 50+1 ≤

2(logL)2/5 and log logL ≤ 1
4(logL)3/5, we have (log 50 + 1 + 2(logL)2/5) s ≤ logL, and
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hence

50e2a0+1 ≤ exp
(

log 50 + 1 + 2(logL)2/5
)
≤ exp

(
logL

s

)
≤ exp

(
logL · log s

s

)
= Llog s/s.

Combining these bounds,

N(t) ≤ Llog s/s · L
1
2
+50 log s/s = (log t)

1
2
+51 log log log log t

log log log t . □

9. Correspondence with the formal proof

The main theorem of the formalisation is

Singmaster.statement of mrstt : MRSTT → Statement.

Here MRSTT is the statement of Theorem 2.3, and Statement asserts that there is a real
number c with

N(t) = O
(

(log t)
1
2
+c log log log log t

log log log t

)
(t→ ∞).

The formal proof derives this from Theorem 1.2, so it gives c = 51. Lemma 2.1 is proved
for the function σ + J , where J(z) =

∑
n≥0 j(z + n) is Gudermann’s series with j(w) =

(w + 1
2)(Log(w + 1) − Logw) − 1. This function equals log Γ(z + 1), but the formal proof

never uses the Gamma function: it shows directly that σ + J is holomorphic on Re z > 0,
takes the value logm! at every m ∈ N, and satisfies the bound of Lemma 2.1. The table
lists the Lean declarations corresponding to the results of this paper. All names are in the
namespace Singmaster.

Result Lean declaration

Theorem 1.2 MainBound, mainBound of fixedKBound, main pointwise

Theorem 1.3 FixedKBound, fixedKBound of mrstt

(1.2) N le two mul card halfSolutions

Lemma 2.1 StirlingFormula, stirlingFormula
Lemma 2.2 powSumPoly eval nat, bernC eval norm le

Theorem 2.3 MRSTT (a hypothesis)
Proposition 3.1 InterpolatingFunction, interpolatingFunction
Contraction mapping step in Proposi-
tion 3.1

analytic fixed point

Proposition 4.1 solutions on curve

Schwarz lemma in Proposition 4.1 interpolation det le

Lemma 5.1 expPoly bound

Proposition 6.1 zero estimate

(6.4) taylor trunc

Jensen’s formula in Proposition 6.1 card zeros le of jensen

Lemma 7.1 card halfSolutions large le

Lemma 7.2 ct window, ct delta3, ct delta5

Proof of Theorem 1.3 ct block, ct middle, ct final

(8.1) log a0 bound
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