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ABSTRACT. We prove that the critical capacity of the Hopfield model at zero temperature
lies in [0.138198129, 0.13820106]. The best rigorous lower bound was 0.113, and our lower end
exceeds the published one-step and two-step replica symmetry breaking values. The capacity
is the supremum of the loads at which the free energy at fixed overlap with one pattern has
a well. At every positive temperature, we give a variational formula for this free energy and
show that binary patterns and Gaussian rows have the same wells, which characterizes the
capacity. The proof builds on the Hamilton—Jacobi solution of the model by Ali, Boursier,
Chen, Ho, Issa and Mourrat, and on a strict form of their Jensen inequality, uniform in the
number of patterns, which we prove.
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1. INTRODUCTION

The Hopfield model [12] stores M random patterns &', ..., &M € {—1,1}¥ in the energy

(1.1) Hy(o) = —— S™ (6" 0)2,  oesyi={-1,1}V.
2N i
Each pattern is meant to sit at the bottom of a well of Hy, and one asks how many patterns
the landscape can hold. We let M /N — « and call this limit the load, the number of patterns
per neuron. In this regime, Amit, Gutfreund and Sompolinsky answered the question with
the replica method [2, 3]: these wells exist up to a critical load a.(T"), with a.(0) ~ 0.138.
Steffan and Kiihn later computed the corrections due to replica symmetry breaking, and found
0.138186 at one step and 0.138187733 at two steps [19]. Rigorous results have remained well
below these values. Newman proved an energy barrier around each pattern up to load 0.056
1


https://hexagonmath.org/abs/2611.00105v1

2 YUWEN ZHOU

[16], and this was improved to 0.071 by Loukianova [15] and to 0.113 by Feng, Shcherbina and
Tirozzi [11].

We study the largest load at which the free energy at fixed overlap with one pattern has a
well. Our starting point is a formula for this free energy. For one binary pattern in a bulk of
Gaussian rows, it is the minimum of an explicit functional over the law of the overlap path, and
this functional is strictly convex, while for binary patterns it is a supremum of such formulas
over finitely many retained patterns. This gives a variational characterization of the critical load
at every temperature, the same for binary patterns and for Gaussian rows. At zero temperature,
we then prove a < a¢(0) < @ in ball arithmetic, where o := 0.138198129 and @ := 0.13820106.
The lower end is above both published replica symmetry breaking values (Subsection 1.6).
Following [11], we call a(T') the critical capacity. It is the threshold for wells in the free energy
landscape at fixed overlap: the supremum of the loads at which, for some 0 < m; < mg < 1,
the limiting free energy at overlap ms exceeds the one at overlap my. The definition is (1.11),
and at T = 0 the energy takes the place of the free energy, with mo = 1 allowed.

Two obstacles stand in the way of a direct argument. The first is that the wells cannot be
seen at equilibrium. Above load about 0.05, the replica symmetric computation of [2] places
the global minimum of Hy at a spin glass state, and the wells around the patterns become
metastable. At load 0.1, for instance, the well around a pattern lies above the global minimum.
The capacity therefore cannot be read off the equilibrium free energy, although this free energy
is now known [1], and this is why we fix the overlap: a well then appears as a local maximum,
visible at every load.

The second obstacle is that at fixed overlap one cannot simply replace all the patterns but
one by Gaussian rows, because a state can be correlated with several patterns. Such mixtures
do exist, and they raise the free energy at low overlap. Informally, a state of the binary model
with overlap m with one pattern and overlaps w with others is never better than a state of the
Gaussian-row model with the single overlap V = (m? + |w|?)/2. This is Jensen’s inequality
on the sphere of overlap vectors, and its field form is due to [1]. The inequality identifies the
maximum of the free energy over all overlaps, which is all that the equilibrium problem sees,
but it still allows the free energy at a given overlap to rise up to the maximum over larger
overlaps and fill a well. The capacity is therefore decided by a strict form of the inequality,
with a gap that does not depend on the number of retained patterns, which we prove. Together
with the inequality itself, this strict form shows that binary patterns and Gaussian rows have
the same wells.

1.1. Free energy at fixed overlap. Let ¢',..., &M be ii.d. uniform on Xy, with M/N —
a>0,and let 3 =1/T > 0. We write my(o) = &" - o/N for the overlap, which is the fraction
of sites where the two configurations agree minus the fraction where they differ. Its possible
values are my, = 2k/N — 1, and Sy (k) is the set of o with exactly k plus signs. The free energy
at fixed overlap is

1 —N —BHN (o
(1.2) p (k) = ;Elog2 S A,

o:my(o)=myg

The comparison model keeps one binary pattern and replaces the others by Gaussian rows.
With the pattern gauged to the all-ones vector and G an (M — 1) x N matrix of i.i.d. standard
Gaussians, its free energy at fixed overlap is

2
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Only the limit of the ratio of rows to columns enters the results, so in later sections we will
also use M x N matrices.

Our formula involves the Parisi functional on a slice of Boursier and Mourrat [6]. Let Q1 be
the set of nondecreasing right-continuous paths z : [0,1) — [0, 1], and Qs the set of bounded
nondecreasing right-continuous paths with values in R;. For a law v on R} with bounded
support, we let ¢, solve

(1.4) —0s¢y = 8%@/ + v([0, 3])(am¢u)2a éu(S,-) = log cosh,

with S > supsupprv. We set M, := 0;¢,(0, -), and A(v, m) denotes the solution of M, (A) = m.
We also put g, (v) := S + sup,{um — ¢,(0,u)}, which does not depend on S. For a € Qn, we
write gm,(a) for g, at the law of a(U), with U uniform on [0,1). The conjugate is Jp,(z) :=

supaegoo{fol xra — gm(a)}. For z € Q1, let

1 g 1 dw
(15) 6, (w) = / (1—2@)Vw)dy,  Du(w):=1-6.(w), Sslx):= 5/

0 0
if D;(0) > 0, and Sg(x) := +oo otherwise. For |m| < 1, we set

2
(1.6) B(m) = min (Jn(2) + aS5(x)},  Alm) = T2+ ()
extended continuously to m = +1. Since the objective is strictly convex in the law of z, the
minimizer z* is unique. Let v*(m) = v*(m;a, §) be the law of a* = 0‘752 fgs* ds/Dg+(s)?. We
then put h(m) = h(m;a, B) := A(v*(m), m).
To describe states correlated with several patterns, let 7 > 1 and d,, = 2"~!, and let  run
over {—1,1}"!, with E, the uniform average. For t = (t,) € [-1, 1]%, we put

(1.7) m=Eyty,  w)=Ent] e R V() =m? + ),

and P.(m) = {t € [-1,1]% : E,t, = m}. Given 7 — 1 further patterns, the sites split into d,
types according to their values, and ¢, is the magnetization on type n. We denote by (") (t)

the limit free energy of the Gaussian rows on the corresponding type slice. Its formula is given
in Theorem 2.3, and ®(1) = ®.

Theorem 1.1 (Free energy at fixed overlap). Let «, 5 > 0.
(a) (Gaussian rows.) supy, [p§ (k) — A(mg)| — 0, with A given by (1.6). A is C' on (—1,1)
with A'(m) = fm — h(m).
(b) (Binary patterns.) supy, [pny (k) — AR(my)| — 0, where

(1.8) AR(m)=sup sup Fr(t),  Fp(t):= éwt)? + &M (¢).
r>1 teP,(m) 2
(c) (Merging.) For allr and all t € [—1,1]%,
(1.9) Fo(t) < AV(E).
Hence for m € [0, 1]
(1.10) A(m) < AB(m) < max A, AR(0) = max A,

and AR(m) = A(m) wherever A(m) = max(, ;] A. If0 <m <1 and A(m) < max, ;) A,
then AR(m) < max(,, 1) A.
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The free energy at fixed overlap does not reduce to r = 1 everywhere: by (1.10), AR(0) > A(0)
as soon as a state at positive overlap beats m = 0. The last statement of part (c) is what keeps
this from changing the wells.

Since A is the logarithm of a partition function, a well of the free energy is a local maximum
of A, and it requires A to rise at positive overlap. For ms € (0,1), we define

(1.11) Wr(mg) :={a>0: A(mgz) > A(m,) for some ms < my < mg < 1},

and WH(m,) is the same set with AR. We set Wr = U,,,, Wr(ms), ac(T;ms) = sup Wr(my)
and a.(T) = sup Wy, with sup () = 0, and similarly with the superscript R. The point m = 0 is
a strict local maximum of A at every T' > 0 (Theorem 4.9) and A’ — —o0 at m = 1, so a point
where A’ > 0 always lies between a local minimum and a local maximum at positive overlap.

1.2. Energy at fixed overlap. At zero temperature, the role of the free energy is played by
the energy at fixed overlap,

(1.12) en(k) i= ~E  max (—Hn(0)),

whose limit is e® for binary patterns and e for Gaussian rows (Theorem 1.2). With this sign,
larger values mean lower energy. The set Wy(ms) consists of the a > 0 with e(mg) > e(mq)
for some mg < mp < mg <1, and Wg’“(ms) is the same set with e®. The numbers a.(0;my),
ac(0), af(0;my), af(0) are defined as before, so that ac(0) = sup,,_ g ac(0;ms).

The zero-temperature formula involves the following recursion. Let U be the set of nonde-
creasing right-continuous « : [0,1) — [0, 00) with fol k < 00, and for kK € Y and C > 0, put
d(w)=C+ ful) k. Let ¥y, solve —9, ¥, = 1(82V,, + k(w)(0,¥,)?) with W, (1,2) = |z|. This is
the recursion at unit scale. In Section 5 we will also use a version scaled by «, and there this
one carries a tilde.

Theorem 1.2 (Zero temperature). (a) The energy at fized overlap converges uniformly in
k: to e®(my) for binary patterns, with e® = limg_,oc AR/B, and to e(my,) for Gaussian
rows, where e = m?/2 4+ L?/2 and

C o ! dw

(1.13) L(a,m) = J,%,fA{E 5 ), ) T EON - Am}.

For |m| < 1 the infimum is attained at a unique point. L is jointly concave and C1 on
(0,00) x (—1,1), with Oy, L = —X*, and Ope = m — LA*.

(b) WE(ms) = Wo(ms) for every mgs € (0,1), and o € Wy(ms) if and only if m >
L(a,m)\*(a,m) for some m € (msg, 1).

(¢) ac(0;ms) = al(0;my) is at least a for every ms € (0,0.9666236] and at most @ for
every ms € (0,1).

(d) For a > @, e =e on [0,1] and e® is strictly decreasing on (0,1). Every a € (0,q] lies
in Wi(ms) for all ms < 0.9616, so there are no holes below a.

(e) If e (ma) — e®(m1) = A > 0 with my < ma, and my, — m;, then for large N, with
probability at least 1 — e~ for all patterns simultaneously,

(1.14) min{Hy (o) : my(c) = my, } > min{Hy (o) : my(o) = my, } + %N.

(f) Every limit point of ac(T) as T — 0 lies in [a, @], and so does every limit point of
ac(T;ms) for mg € (0,0.9666236].

Parts (c), (d) and (f) have computer-assisted proofs, while parts (a), (b) and (e) do not use
a computer.



THE CRITICAL CAPACITY OF THE HOPFIELD MODEL 5

1.3. The capacity at positive temperature. The next theorem characterizes the wells at
positive temperature and gives them their meaning at finite V.

Theorem 1.3 (Capacity at positive temperature). Let T > 0.

(a) o € Wr if and only if Bm > h(m;a, ) for some m € (0,1), if and only if m <
Mys(m)(Bm) for some m € (0,1). The stationary points m > 0 of A are exactly the
solutions of the generalized Mattis equation m = M () (Bm).

(b) Wr is open. It is empty for T > 1. For T < 1 it contains an interval (0, an(T)) with
ao(T) > 0. For every T, Wr C (0,2).

(c) At a positive boundary point of Wy there is m. € (0,1) with h(m.) = fm,, and A’ <0
on [0,1). So the well disappears at positive overlap, with no collapse to m =0 or m = 1.

(d) If &« € Wr(ms), there are ms < mp < my < 1 and A > 0 such that for large N, with
probability at least 1 — e~ for all patterns p simultaneously,

(1.15) ZM(ky) < e NAB Z0Ky),  ZM(k) =27 YT e PN

my(o)=my

Y

where my, — My, My, — M.
(e) If « ¢ Wr, then AR = A on [0,1] and AR is nonincreasing there. So above a.(T) there
is mo well for binary patterns at any overlap.

By part (d), a well implies that, around every pattern at once, the slice at overlap my, carries
exponentially less weight than the slice at the larger overlap my,, and (1.14) is the analogue
for the minimum energy at zero temperature.

1.4. Main theorem. Our main result collects the identity of the well sets with the bounds on
the capacity from Theorems 1.2 and 1.3.

Theorem 1.4 (Critical capacity). Let o = 0.138198129 and @ = 0.13820106.

(a) For every T >0 and ms € (0,1), WR(ms) = Wr(ms): binary patterns and Gaussian

rows have the same wells. So af(T;ms) = ac(T;ms), aX(T) = ac(T), and

(1.16) ac(T) =sup{a>0: Ime (0,1), fm > h(m;a,B)}.

(b) ae(T)=0 for T >1, and 0 < ae(T) <2 for T < 1.

(c) a < ac(0) = al(0) <@. So the capacity at T = 0 is 0.13820 to five digits.

(d) At T =0, in both models, there is no well at any overlap for a > @, and every a € (0, q]
has a well.

1.5. Relation to prior work. The equilibrium free energy is now known. The Hamilton—
Jacobi method of Boursier-Mourrat, Chen—Mourrat and Chen—Ho-Issa [6, 9, 8] handles Ising
and spherical spins with a non-convex coupling. Camilli, Contucci and Mingione announced
the formula for Gaussian patterns [7], Barra and Durante reduced binary patterns to finitely
many retained patterns in a Gaussian bulk [5], and Ali, Boursier, Chen, Ho, Issa and Mourrat
proved the limit for all a, f > 0, with one retained pattern [1].

The fixed-overlap formula, the capacity characterization, the zero-temperature results and
the certified bounds are not in [1]. The proofs given here do, however, rest on that preprint,
which has not been refereed, mainly in two places. The limit of the mixed model at fixed radius
in Section 2 is their Theorem 3.3 with their Proposition 4.1, and we also take from them the
facts on the Ising and spherical terms in their Lemmas 2.1 and 2.3 and (4.5). The comparison of
Rademacher and Gaussian disorder in Section 3 uses their Lemmas 6.1 and 6.2, their estimate
(6.20), whose proof also uses their Lemma 6.3, and their concentration bounds (6.3)—(6.5). We
first obtained these two steps without [1], by rerunning the Hamilton—Jacobi argument of [6]
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on the mixed slice and by extending the sector comparison of Barra and Durante [5]. That
longer version is in the repository given under Code and data, as paper/long_version.pdf.
The Jensen step behind Lemma 6.1 is due to [1, Prop. 5.2], although the lemma has its own
short proof. That lemma, the merging theorems built on it, and the extension of the capacity
statements to all overlaps came after we had read [1].

The upper bound (1.9) is not stated in [1], but it follows from their Proposition 5.2 in a few
lines (Remark 6.3). They also state that a refinement of their analysis gives a strict inequality at
a fixed number of fields, without giving the refinement. Theorem 6.6 proves the strict inequality
at a fixed slice with a gap uniform in r, and the identity of the well sets needs this uniformity.

Stojnic [21, 22] studies the capacity through lifted random duality and computes finite-level
values of the same kind as those in [19]. Talagrand proved the replica symmetric formula in a
region of parameters [23]. Compared with [11], (1.14) implies their event for each pattern, at
every load up to o, with an inner point that is not specified.

1.6. Comparison with physics. At 7' = 0, replica symmetry gives 0.137906 [2, 19], and [19]
gives 0.1381864895 at one step and 0.138187733 at two steps. The one-step value 0.144 of
[10] is still widely quoted, although [19] regards it as an error. Finite-size simulations started
from a stored pattern report 0.145 + 0.009 (Amit, Gutfreund and Sompolinsky, as quoted in
[19]), about 0.143 £ 0.001 [14] and 0.141 & 0.0015 [20]. All of these lie above our interval, but
they measure retrieval under a dynamics at finite N, whereas a. measures wells of the limiting
profile at fixed overlap.

1.7. Outline of the proof. We first treat Gaussian rows at fixed overlap. Writing exp(% |Go|?)
as a Gaussian integral over z € RM~1 and separating the radius of z from its direction, we
obtain an Ising slice coupled bilinearly to a sphere. At fixed radius, this mixed model is solved
by the Hamilton—Jacobi theorem of [1], uniformly in the slice, and a Laplace principle in the
radius gives the slice formula (Section 2).

To pass from binary patterns to retained patterns, we note that after a gauge a slice is a
deterministic weight on the cube, and that the comparison lemmas of [1] between Rademacher
and Gaussian disorder hold for any weight. Large hidden coordinates go into the weight, and
the others are compared under a cutoff. Convex concentration on the cube then gives a union
over all patterns and slices (Section 3), and hence Theorem 1.1(b).

After the sphere and the radius are eliminated in closed form, the slice problem becomes (1.6),
which is strictly convex in the law of z. Uniqueness gives differentiability and the multiplier
h, and the capacity follows from the shape of A (Section 4). Section 5 does the same at zero
temperature.

The merging step rests on the fact that ¢ — ¢,(0,,/q) is concave for every v. Applied
to the effective fields of a state with several overlaps, Jensen’s inequality gives (1.9), and a
fourth-moment bound for Rademacher sums gives a strict form that is uniform in r. Together
they give Theorem 1.4(a) (Section 6).

Finally, the zero-temperature recursion can be evaluated in ball arithmetic. A trial bounds
L from above for all o and a tangent of the sphere problem bounds it from below, and together
they certify a well at @ and ¢/ < 0 on [0.89,1) at @. A separate bound on the slope of the
response, b’ > (1+m?/w(m)?)"/2 almost everywhere, excludes (0, 0.89) (Section 7). Appendix A
gives the error terms of the ball arithmetic and describes what was computed.

2. (GAUSSIAN ROWS AT FIXED MAGNETIZATION

In this section, we identify the limit of the free energy of Gaussian rows on a magnetization
slice, uniformly in the slice. We will use it in Section 3, where the free energy at fixed overlap
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for binary patterns is reduced to it, and in Section 4, where the capacity is read off its formula.
A radial identity turns the rows into an Ising slice coupled to a sphere. At fixed radius, this
mixed model is solved in [1, Theorem 3.3, Proposition 4.1], where the Hamilton—Jacobi method
of [6] is extended to it, and a Laplace principle in the radius then yields the formula for ®.

2.1. The formula. Let Q be the set of right-continuous nondecreasing maps [0,1) — R,
which we call paths. For a path p, we set p(1) := lim,_,; p(r). As before, Q; denotes the set of
paths bounded by 1, and Q. the set of bounded paths. We write £, for the law of a path y
under Lebesgue measure on [0, 1).

We recall that, for a law v on Ry with bounded support, ¢, solves (1.4) and g, (v) = S +
sup, {um— ¢, (0,u)} [6, (1.7)—(1.8)]; for a € Quo, gm(a) is g at the law of a. By [1, Lemma 2.1],
gm is convex and 1-Lipschitz for L on paths, g,,(0) = I(m) := 3™ log(1+m)+ 152 log(1—m),
and

(2.1) 19m(@) = gue (@) — I(m) + I(m")| < 2lalp1|m — m].
At a constant path ¢ > 0 and at m = +1, we have

1
(2.2) gm(c) = ¢+ sup{um — Elogcosh(u + v2cz)}, g+1(a) =log2 + / a,
u 0

with z standard normal; the last value is [6, (6.22)]. The conjugate is Jp,(z) := supaegm{fo1 xa—
gm(a)} for x € Q; [6, (9.1)], and by [1, (4.5)], for every a € Q,

(2.3) gm(a) = max{/o1 zra — Jm(x)}

x€Qy

For the sphere, we put, as in [1, (2.10)—(2.11)], k(9) := 9(1) — fol ¥ and ky(r) := fol(ﬁ(l) —
J(u) V r)du for ¥ € Qy, and

o) g
(24)  T(9,b) ::/0 1 b_;ikﬁ(r)

Its conjugate is 9&(y) := supﬁegoo{fol yv —Pg(0)} for y € Q1. Recall from (1.5) that §y(w) =
fol(l —y(u) Vw) du.

Lemma 2.1 (Sphere conjugate, [1, Lemma 2.3, (2.19)]). Let y € Q1 with §:=y(1) < 1. Then

1 .
50— 1=logh) =9(1),  Ys(9) = inf T(,b).

17 /9 dw
2. & = — — +log(1 —=4)| >
(2.5) v =5/ 5wy Hloel=D)] 20,
with equality only at y = 0. In particular ¥&(qo) = %(130% + log(1 — qo)) for a constant

qo € [0, 1).

Lemma 2.2 (Ising conjugate at constant paths). Let m € [—1,1] and qo € [0,1). Then
Jm(q0) = sup.>o{cqo — gm(c)} < oo if [m| < 1. If go < m?2, then Jp,(qo) = —I(m). If |m| =1,
then J,, = —log2 on all of Q1. Always J,,, > —1(m).

Proof. Let |m| < 1 and ¢ > 0. By [6, Proposition 6.10], the supporting inequality holds at
the constant path ¢, with a constant supporting path q(c, m) := Etanh?(u. + v/2c z), where
Etanh(u. + v/2cz) = m, and hence J,,(q(c,m)) = cq(c,m) — gm(c) by [6, Lemma 9.1]. The
map ¢ — gm(c) is convex with derivative q(c,m) [6, (6.44)]. This derivative is continuous, with
q(0,m) = m? and q(¢,m) — 1 as ¢ — oo, since Esech?(u++v/2cz) < 2(27)~/2(2¢)~ /2 for every
u. Hence, for gy € [m?,1), there is ¢ with q(c,m) = qo, and cqy — gm(c) = sup{c'qo — gm(c)}.
For gy < m?, [6, (6.46)] at the path 0, whose slope is m?, gives fol qoa — gm(a) < fol(qo -
m?)a — I(m) < —I(m), with equality at a = 0. If |m| = 1, we obtain from (2.2) that
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Ji1(z) = —log2 + sup, fol (x —1)a = —log2. Finally, taking a = 0 in the definition gives
Im > —gm(0) = —I(m). O

Theorem 2.3 (Gaussian rows on slices). Letr > 1, d, = 2" %, let (In)peg—1,1)7—1 be a partition
of [N] with |I;|/N — 1/d,, let M/N — o > 0, let G be an M x N matriz of i.i.d. N(0,1)
entries, and let § > 0. For a slice k = (ky)y, 0 < ky, < |1, let ty, := (2k,/|I;)| — 1), and

- B
Yng =2 NE exp( =—|Gal?),
o o:k <2N )

the sum over o € X with ky plus signs on I, for every n. Fort € [—1, 1% and v > 0 let

1
mix /.. — 3 B — g
(2.6) O (s t) = (In):lgegl{ 9 (1 En/o fny) +En<]tn(mn) +0“/’S(y)},
and, with rad(v) = §(1 4 logv —v),
(2.7) ") (t) := sup{rad(v) + ®™*(Fuv; t)}.
v>0

Then:

(a) sup;|HElog Vv, — @M (t)| — 0.

(b) The infimum in (2.6) is attained, at some y < v/(1+ ).

(c) The supremum in (2.7) is attained at a unique v*, and v* lies in a compact interval
[vo,v1] C (0,00) depending only on («, ).

(d) With 7 = vya/2, for all t,t,

(28) (@73 8) + By I (t)] — [O1%(7:#) + By I(t))]| < 27 Bylty — 1),

and ®") + |, I(t,) is Lipschitz on [—1,1]%, with a constant depending only on (., B)
for the norm E,| - |.

With one type, we drop the index:

O™ (y;m) = inf {B(l — /01 xy) + Jm () + 0“/’5(2/)}’

zyeQ L 2
®(m) = sup{rad(v) + ®™*(Bv;m)}.
v>0

2.2. The mixed model at fixed radius. If z ~ N(0, I/), then z = s7 with s := |z|/VM
and 7 := v/ Mz/|z| independent. Here 7 is uniform on the sphere of radius v M, with law uyy,
and s ~ ny(ds) := cprsM e M2 4, where ¢y == 2(M/2)M/2/T(M/2) and +logen — 3.
Since E, exp(v/f/N z-Go) = exp(%|Ga|2), we obtain

(2.9) YN,k = /000 nM(dS)ZN7k:($)7 ZN,k(S) = 27NZ/UM(dT> exp(s\/ﬁ/NT . GU)
ok

We set An(s) := + log Zn k(s) and an := M/N.

At fixed radius, we use [1] with J = {—1,1}"71, so that k = r — 1 in their (4.1), with
n = N + M sites, species I, and a spherical species of size M, proportions A, = d~ L1+ ),
As = /(1 + «a), and covariance {,,—1(a) = (1 + a)as >, a;. A Gaussian field with this
covariance is Hy, (0, 7) = /(1 + a)/n 7-Go, and their measure [1, (3.2)] is 271/ times counting
measure on each Ising slice, and ups on the sphere. We let v = 352 and ty := yn/(2N(1 + «)),
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so that \/2tNyHy, = s\/B/N 7 - Go and ntnéar—1(An) = 7M/2. Their free energy [1, (3.6)] at
q = 0 is thus
(2.10) EAp(s) = ’VO‘TN - %Fn,k(m, 0).
Sincety — v/2and n/N — 1+, [1, Theorem 3.3 and (3.7)] gives F,, k(tn, 0)— far—1(7/2, tg) —
0 uniformly in k£ and in v on bounded sets. Their theorem is stated along a sequence indexed by
all n, while our n = N + M may repeat or skip integers; this is harmless, since every sequence
of N has a subsequence along which n increases strictly, and the missing n can be filled with
any partition satisfying their (3.1).

Finally, [1, (4.7)], with p. = x5, ps =y, at = y/2, g}, = Jp, and S = g, reads

. e
(2.11) (i) = T = (14 ) fari (5.8):
Hence, for each s,

(2.12) sup sup|EAy (s) — PIIX( 352, tr)| — 0.

s<s k

With 7 = ya/2, minimizing over each z, in (2.6) by (2.3) gives the form in v,
(2.13) (i) =7+ inf {aw(y) ~Engr, ()]

By [1, Proposition 4.1], the infimum is attained at a path bounded by a,/, = v/(1 +7v) < 1,
which is Theorem 2.3(b). From (2.13) and the properties of g,,, we read off three facts. At
v = 0, we have ®™*(0;t) = —E,I(t,), by Lemma 2.1. Since g, is 1-Lipschitz and y < 1, ®mix
is Lipschitz in v, with constant «, and using (2.1) with |7y|;1 < 7, we obtain (2.8). Moreover,
by (2.6), v+ ®MX(v;¢) is an infimum of affine functions, and hence concave.

2.3. The radial Laplace principle. We first show that the mixed free energy is monotone in
the radius, which allows us to work on a grid in the radius. Since log Zy i (s) is a log-Laplace
transform, it is convex in s, and it is even because 7 — —7 preserves uys. It follows that Ay is
nondecreasing on [0, 00), and that Ax(s) > Ay(0) = + log(2-V#slice) > —log2. On the other
hand, since |7 - Go| < ||G|lopV M N, we have, on the whole probability space,

(2.14) An(s) <Ax(0)+5Bg,  Bg:=vBay ||Gllep/VN.

Proof of Theorem 2.5(c), (d). For (c), taking expectations and limits in (2.14), with (2.12) and
E[|Gllop < VN + VM, we obtain &% (3s%t) + E,I(t,) < sv/Ba(l + v/a), while monotonicity
gives M (B;¢) + E,I(t,) > 0, and rad(1) = 0. Hence any maximizer in (2.7) lies in a compact
interval [vg,v1] C (0, 00) depending only on («, ), and the supremum is attained. Uniqueness
holds because v — ®MX(Bv; t) is concave and rad is strictly concave.

For (d), (2.8) with v < v; gives the Lipschitz bound, with constant afv;. O

Proof of Theorem 2.3(a). Let Exy = {||Gllop < CoV/N} with Cp := 2(1 + /@) + 1, so that
P(ES) < e~ N and Bg < By on Ey for a constant Bg. We fix § > 1 with §2 > v; such that, for
N large and s > s,

(2.15) logear + (M —1)logs — Ms*/2 4+ NsBy < —N(1 + s),

which is possible as M/N — a > 0. Consider a grid s; = je, j =0,...,]j, with s; = 5, and let
s7 be a maximizer of s — rad(s?) on [s;, sj4+1]. In what follows, j runs over 0,...,j— 1.
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For the lower bound, monotonicity gives, for each j, Yy x > nar([s;, sj+1]) exp(NAn(s;)), and
hence +Elog Yy > - logna([sj, sj11]) + EAn(s;). Since 3 lognar([s;, sj4+1]) — rad((sj)Q),
it follows from (2.12) that

. pe 1 mix 2. *\ 2
thlnf ulif[NElog Yni — mjax{@r (Bsj;tx) +rad((s}) )}} > 0.

For the upper bound, (2.14) and (2.15) give [2°ny(ds)Znk(s) < eNANOe=N on Ey. Since
na([0,5]) > %, the bulk is at least %eN AN(0) g0 the tail is smaller than the bulk. By monotonicity
on [0, 5], we obtain, on Ey,

log(2j + 2)

1 1
I log Yy < mjax{ﬁ log nar([sj, 8j+1]) + AN(SJH)} TN

The quantity Ay (s) is a function of G with Lipschitz constant sv/FM /N, since V¢ log Zn i (s) =
sv/B/N(roT) has norm at most s\/3/Nv MN. Gaussian concentration gives E max; |Ay(s;) —
EAN(s;)| < Csy/Banlog(2j+2)/N — 0, uniformly in k. On E§, —log2 < +logVyy <
ﬁ||GHC2)p/(2N), and the expectation of the upper bound on E§; is o(1). Hence, uniformly in k,

1 .
lim sup sup[—IE log Y — max{@?‘x(ﬁsﬁﬂ; ty) + rad((s;)Q)}} <0.
N kN j

Finally, since 5% > vi, we have sup,<s{®™*(8s% ;) + rad(s?)} = @) (t,). Let s* be the
maximizer, and [sj, sj11] its cell. Then rad((s;)Q) > rad((s*)?), and by the Lipschitz bound in
~ the first maximum above is at least ®()(#;) — Ce. In the second maximum, s; and s;j41 lie

in one cell, so it is at most &) (tr) + Ce. As C does not depend on k, letting ¢ — 0 completes
the proof of (a). O

3. FROM BINARY PATTERNS TO RETAINED PATTERNS AT FIXED OVERLAP

The reduction of binary patterns to finitely many retained patterns in a Gaussian bulk was
first carried out in [5], for the unconstrained free energy, and in [1] with cutoffs on the auxiliary
Gaussian variables. As the capacity depends on the free energy at fixed overlap, we prove in
this section the reduction on every slice m; = myg, in both directions, with errors independent
of the slice, and with concentration strong enough for a union over all patterns and all slices;
this is Theorem 3.1. Combined with Theorem 2.3, it gives the limit of the free energy at fixed
overlap, A®(m) = sup, ©,.(m).

The reduction extends to slices because a gauge transformation turns the pattern that defines
the slice into the constant vector, so that the slice becomes a deterministic measure on the cube,
and the comparison lemmas of [1, Section 6] treat an arbitrary weight on the cube, independent
of the disorder.

3.1. Notation. We fix § >0, > 0 and M = M(N) with M/N — «, and put K := M — 1.
We also fix 0 < a— < a < a4 and Ny such that (M —r)/N € [a_, o] for the finitely many r
in use and all N > Ny; all statements are for NV > Nj.

Here a matrix X is N x K’, with columns X*, and acts through X o € R’ 50 that the rows
of Theorem 2.3 are the columns here. We write € for the N x K matrix with i.i.d. symmetric £1
entries and G for a matrix with i.i.d. standard Gaussian entries, of a size given by the context.
We denote by vg- the standard Gaussian measure on RE" and by Py the uniform law on Xy.

Throughout, p denotes a nonzero finite positive deterministic measure on ¥, and we set

JP(X) i:%log Z p(g‘)exp<%’XT0_’2).

cEXN
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The exponent lies in [0, gHXng], so

(3.1) F20) < F/0X) < F0) 4 el Xl £2(0) = 3 og (S,

As before, Sn (k) denotes the set of configurations with exactly & plus signs and my, := 2k/N —1.
We put pg = Q_leN(k)7 so that f?#(0) € [—log2,0].

Recall that the overlap is m,(0) = ¢*- o /N. The gauge o — diag(¢')o sends {m1 (o) = my}
to Sy (k), and the vectors diag(£')€#, u > 2, are i.i.d. Rademacher vectors independent of £
On Sy (k) we have (1-0)? = N?mj. With e the matrix of the gauged patterns,

2
(3.2) pn(k) = %Elog o~ N Z exp(% Z (&r - 0)2) _ % +EfPx(e).
mi(o)=my <M

For 1 <r < M, with ¢2,...,(" i.i.d. Rademacher vectors, G’ a Gaussian N x (M — ) matrix
and X, := (¢2%,...,(",G"), we set

P (0) =B, o (k) = 5 00 ().

Thus r counts pattern 1 and r — 1 further Rademacher patterns, and p%w)(k) = pn(k). For

r =1, with Yx := 27V DS (k) exp(%|GTa|2) and G Gaussian N x K, we have pg\lf)(k:) =
Bm3 /2 + +Elog Yy .

Recall that d, := 2"~! for » > 1, that the index 1 ranges over {—1,1}"~!, with coordinates
nj, j =2,...,r, and that E, is the uniform average. For t = (t,) € [—1, 1]%, we set, as before,

w;(t) == Eyn;ty], V(t)? = (Entﬁ)Q + |w(t)|?, P.(m) := {t € [-1,1]% : E,t, = m}.
With () from Theorem 2.3, so that ®1) = &, let

éV(t)2+®(T)(t), 0,(m) := max F.(t),  AR(m):=supO,(m),
2 tepr,(m) r>1

and A(m) := ©1(m) = Bm?/2 + ®(m).
At zero temperature, we put L4(X) := % max,c4 | X7 o| for nonempty A C ¥y, and

Fr(t) ==

en(k) = LIE max Z (E*-0)* =

2N2 " oy (o)=my p<M

m: 1
7’6 + §]ELSN(I<:) (5)2.

Keeping the largest term gives, pointwise on matrices,

B

(3.3) S La(X)? —log2 < 2N x) < 2o, (x)2

N ™

3.2. The reduction. The main result of this section is the following.

Theorem 3.1. There are constants Cq,c1, L, A > 0, depending only on B,a, such that the
following hold.

(i) (Lower bound.) For fized v, N large and every p,
Ef*(e) > p(p) — CLN Y2,

So pn (k) > p (k) — CLN=Y2 for all k.
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(i3) (Upper bound.) For & € (0,1] put Ks := |L?/§?|. For N large and every p,

i) < (r) 2
Eff(e) < | max, P (p) + C10= + erry(9),

where erry(5) — 0 as N — oo for fized 0, and it does not depend on p. In particular
pn (k) < max,<i4k; p%)(k) + C16% + err (9) for all k.
(7ii) (Limit form.)
(a) For fized r, supy, \p%)(k:) — 0,(mg)| — 0.
(b) ©, is continuous, and A® + I is Hélder of exponent 1/2 on [—1,1].
(¢) supy |pn (k) — AR(my)| — 0. So if my, — m,

limpy (ky) = AR(m) =sup  sup {é(m2 + w(®)]?) + <I>(r)(t)} > —— + ®(m).
- r>1 teP.(m) 2

(iv) (Concentration.) For every p and t > 0,
(3.4) B(|f7(e) ~ Ef?(e)| > t + Cre V) < Cre=@N 4 Cre Ve,

With fik = L log2=V > (o) exp(% > (€ " 0)%), a union over all patterns
and all slices costs a factor M(N —|— 1) in (3.4). At zero temperature, for every nonempty
AC XN,

(3.5) P(|La(e) —ELa(e)| > t) < Che N, 0< %ELA(€)2 — %(ELA(E))Q < %,
and EL4(e) < Ch.

3.3. Inputs. For an N x K’ matrix A, a weight w : Xy — [0,00) with [wdPy > 0, and a
Borel set D € RX of positive Gaussian measure, we put [1, (6.1)]

F(A,w, D) —log //E XD exp(ﬁaTAz) dPn (o) dyg(2).

By the Gaussian integral, F(A,2Vp, RK") = fP(A), and for random weights we assume that
log [wdPy is integrable. With B(L) := {|z| < Lv/N}, let D(6, L) be the intersection of B(L)
with the cube [-6v/N, §v/N|& ". Let A have independent entries, uniform on {—1,1} or standard
Gaussian, and K’ < ay N. We use the following from [1, Section 6].

¢ (6.3). P([Allop > C(VN + VK') +1) < 2e", and E|| A4, < Cq(N + K')9/2.

e (6.4), (6.5). If U is a convex, globally /¢- L1psch1tz funct1on of independent signs, then
P(|U —EU| > t) < Ce~*/®_ For J such functions, with no independence between them,
E max; U; < max; EU; + Cl\/log(2J).

e Lemma 6.1. If w is independent of ¢ and G, § € (0,1], L > 0 and D C D(4, L), then
|EF (¢, w, D) — EF(G,w, D)| < C5L%§2.

e Lemma 6.2. There are Ly > 1, A < oo, depending only on 3, a4, such that P(||Alop >
AVN) < Ce N and such that for L > Lo and every w, on {||Allop < AV N},

(3.6) 0 < F(A,w, RN — F(A,w,B(L)) < Ce™N

The difference is at most —HAH 1°g2 for all A, and its expectation is at most Ce =V,

also for random w.
e (6.20). f a_ N < K’, /N > 2, L > Lg and w is independent of G, then 0 < EF(G, w, RF") —
EF(G,w,D(5, L)) < C/(62N) 4+ Ce~N,
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From now on, we fix L := L.

We will also need a Gaussian form of the maximum bound. Let k run over a finite set of
size J, let wy be deterministic weights and ag, real numbers. Each F(G,wg,B(L)) is globally
Lipschitz in G, with constant ¢ = L/5/N. Indeed, its gradient has entries N_I\/,B/N<aizu),
so its squared norm is at most 3N ~2(|z|?) < BL?/N. Using Gaussian concentration, (3.6) and
the deterministic bound on its complement, we obtain

log(2J)

(3.7) Em’?x{ak + F(G,wk,RK/)} < m]?X{ak + EF(G,wk,RK/)} +C —N

3.4. The lower and upper bounds.

Proof of Theorem 3.1(i). We keep r — 1 columns inside the weight and compare the others
under a cutoff, which only lowers the free energy on the Rademacher side.

We split ¢ = ((,&'), with ¢ the first » — 1 columns and & the other M — r, and put
w(o) := 2N p(0) exp(% >2;(¢7 - 0)?), which is a function of ¢ only, with log [ wdPy bounded.
Then f7(¢) = F(¢/,w,RM=7") and f*(¢,G") = F(G',w,RM~"), so, with § := N~1/4,

Eff(e) > EF(¢',w,D(6, L)) > EF(G’,w,D(5, L)) — C5L*5*
> EF(G',w,RM~") — C5L%5° — % —Ce=N = p(p) — O(N~V?).
The first step restricts a positive integrand, the second is Lemma 6.1 of [1], and the third is
(6.20) of [1]. The constants do not depend on p, and the statement on py follows from (3.2). O

Proof of Theorem 3.1(ii). Large hidden coordinates cannot be replaced by a Lindeberg step,
but there are few of them. We thus cut z to a ball and split the ball according to the set
S of large coordinates; the columns in S go into the weight, and the others meet only small
coordinates.

Let w := 2¥p. By Lemma 6.2 of [1], Ef*(¢) < EF(e,w,B(L)) + Ce=*N. For z € B(L),
the set S(2) := {p : [2,] > 0v/N} has at most K elements, so B(L) is covered by the sets
Dg := {|zs| < LV N} x Dge(6,L), S C {2,...,M}, |S| < Ks, where Dge is the set D in the
coordinates outside S. Let S be the family of these S, of size J < (K5 + 1)M%s, and put
Fs(X):=F(X,w, Dg). Then

log J

< .
F(e, w0, B(L)) < mpax Fo(<) +

Each Fg is convex in X, as a log-Laplace transform of functions linear in X. As before, its gra-

dient has entries N~1\/3/N(0;2,), with squared norm at most SN ~2(|z|?) < 23L? /N, because

|| < 2L2N on Dg. Hence (6.5) of [1] gives Emaxg Fs(¢) < maxg EFs(¢) + CL+/Blog(2J)/N.
We next fix S with |S| = s and put

wg(o) :=w(o) /zs|<L\/N exp(\/gaTeszS) dvys(zs),

which is a function of g only, and so is independent of egc and of a Gaussian matrix Gge
in the other columns. By Jensen and the symmetry of the ball, [wgdPn > vs(|zs| <
LVN) [wdPy, and eg takes finitely many values, so log [ wg dPy is bounded. By Fubini,
Fs(e) = F(ege,ws,Dge(d, L)). Lemma 6.1 of [1], and then enlarging the domain to the whole
space twice, give

EFs(e) < EF(Gge,ws, Dge(8, L)) + C5L*6* < Eff(es,Gge) + CsL26%
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Since the columns are i.i.d. and p does not see their labels, we have Eff(eg, Ggc) = plstl) (p).
Collecting the terms gives (ii), with erry(§) = Ce™N + % + CL+/Blog(2J)/N. O

3.5. Concentration.

Proof of Theorem 3.1(iv). Let w = 2¥p and F/(X) := F(X,w,B(L)). As in the last proof,
F% is convex and globally L+/f/N-Lipschitz, so (6.4) of [1] applies. By Lemma 6.2 of [1],
0< fP—FL<CeN on {|lg]lop < AVN} and 0 < EfP — EFL < Ce™N| which gives (3.4).

Under the gauge diag(&#) for pattern p, the other patterns become i.i.d. Rademacher, so
f*F has the law of fP¥(¢). A union bound over M (N + 1) events gives the second claim, and
no independence between patterns is used. The term of pattern p itself is the constant Bm% /2
and does not fluctuate.

The function L4 is convex, as a maximum of norms of linear maps, and |La(X) — La(X')| <
|X — X'||lus/V'N globally. Hence (6.4) of [1] with £ = 1/y/N gives the tail in (3.5), and
integrating the tail gives the variance. Finally, L(¢) < ||¢]lop/V'N, and (6.3) of [1] bounds its
mean. O

3.6. The limit. We now prove Theorem 3.1(iii). Given the retained patterns, the sites split
into d, types, and the retained term depends on ¢ only through the magnetizations of the
types, so a slice splits into polynomially many type slices. On each type slice, only the Gaussian
bulk remains and Theorem 2.3 applies, giving O, for fixed . The two sides of (i) and (ii) then
squeeze py (k) between ©, and sup, ©,.

Lemma 3.2. m — P.(m) is Lipschitz in Hausdorff distance for the sup norm, with constant
dy. So ©, is uniformly continuous on [—1,1].

Proof. For t € P.(m) and m’ > m, the vector t' := t + "1‘/__”2’"”(1 —t) lies in P.(m/). Since
0<1—t, <d-(1-m), weget [t —t|c <d.(m —m), and the case m’ < m is symmetric.
Moreover, F, is uniformly continuous, by Theorem 2.3(d) and continuity of 1. O

Lemma 3.3. For fized r, supy |p%)(k) — O, (mg)| — 0.

Proof. We condition on ¢ = (¢?,...,¢"), and we denote by 7(i) := (Cf)j the type of site .
Put I, :== {i : n(i) = n}, n, := |I,| and wf?V := ny/N, and let Goody := {]w,év —1/d,| <
N~1/3 for all n}. By Hoeffding, P(Good%) < 2d,exp(—2N'/?3). We take N so large that
ny, > N/(2d,) on Goody.

We call an integer vector k = (k;) admissible if 0 < k;) < n; and }°, k; = k. The admissible
vectors form a nonempty set of at most (N + 1)¢ elements. With ¢, := 2k, /n, — 1, let S(k)
be the type slice. On S(k), we have (7 -0 = Nwé-v(t) with wé-v(t) =3, wévnjtn. We set

I'y(k) = ilog2_N Z exp(£|G/TU\2), Ty = Lm,% + fPe(¢, G,

N ) 2N 2
Vn(k)? == mi + |w™ (t)]?, By (k) = gVN(k)2 +I'n(k).
Pointwise,
drlog(N +1
(3.8) mI?XBN(k) <Ty < m,?XBN(k:) + Ogg\f—i—)‘

For uniformity in the type proportions, let erry be the supremum over counts (n,) in Goody
and over k of [Eq ' y(k) — ®)(t)|. Since the rows of G’ are exchangeable, the law of T'y
depends on the partition only through (n,). Choosing for each N counts that nearly attain
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the supremum gives a sequence of partitions of [N| with |I,)|/N — 1/d,, and (M —r)/N — c.
Hence Theorem 2.3(a) applies, and errly — 0.

For the upper bound on Goody, note that |w§V(t) —w;(t)] < d. N3 and |E,t, — my| <
d.N=3 so EqBn(k) < Fn(t) + C,N~1/3 4 ertly, with F.(t) < O,(Epty) < ©,(my) +
@, (d,N~1/3), where w, is the modulus of continuity of ©, from Lemma 3.2. Given (, the type
slices are deterministic and only G’ is random, so using (3.7) with J < (N + 1)% and (3.8), we
obtain

EoTy < mngG/BN(k) + O(y/log N/N) < ©,(my) + o(1),

uniformly in k£ and in good (. -

For the lower bound on Goody, let t? attain ©,(my) and put ky, := n,(1 +¢7)/2, so
1>, ky — k| < (d,/2)N*3. Rounding with >_n ky = k inside the box is possible since 0 < k <
>, s With 3, [ky — k| < (dr/2)N*3 + d,., and hence [t(k) — t°|oc < C,N~'/3. By uniform
continuity of F,., we obtain Eq Yy > maxg Eq By (k) > O, (my) — o(1).

It remains to treat bad partitions, for which (3.1) gives —log2 < YTn < fr/2 + %HG'HEP.
Hence E[(|Tn| + [Or(mg)]) 1coods,] < C'P(Good%)Y? — 0, uniformly in k, which proves the
lemma. O

Lemma 3.4. Put Uy(k) :=pn(k) — fm2/2+ I(my) and C3 := supy IEHngp/N, which is finite
by (6.3) of [1]. Then for all k, K,
2log(N +1
Un (k) = Un (k)| < V2 BCs|my, —myo['/? + og(N+)'
Proof. For a matrix X, let Avi(X) be the uniform average over Sy (k) of exp(%\XTUP). If
k < k' and o < ¢’ coordinatewise, with o € Sy (k) and o’ € Sy (k'), then

1X7 02~ [X70' | < 4] X|2/(F — k)N

Since the bipartite graph {o < ¢’} between Sy (k) and Sy (k') is biregular, averaging over
neighbors gives

|log Avi(X) —log Avi (X)| < 28| X2,/ (K = k)/N, (K = k)/N = |my, —myp|/2.

By (3.2), Un(k) = %log(2*N|SN(k)|) + I(mg) + E%logAvk(s), and ]%10g(2*N|SN(k‘)\) +
I(mg)| <log(N +1)/N. O

We now complete the proof of (iii). Part (a) is Lemma 3.3, and ©, is continuous by
Lemma 3.2. Let my, — m. It follows from (i) and Lemma 3.3 that liminfyx py(ky) > ©,(m)
for every r, so liminf px (kx) > AR(m). Conversely, for fixed §, applying (ii) and Lemma 3.3
to the finitely many r < 1 + Kj, we obtain

limsuppy(ky) < max ©.(m) + C16% < AR(m) 4 €152
N r<1+Ks
Letting 6 — 0, we obtain py(ky) — AR (m), which is finite by (3.1). Taking two such sequences
in Lemma 3.4 shows that AR — 8m?2/2 + I is Holder of exponent 1/2, which gives (b). If (c)
failed, there would be € > 0 and ky, along a subsequence, with |py(kn) — AR (my, )| > € and
my, — m, which contradicts the limit we just proved and the continuity of AR, This completes
the proof of (iii). O

Corollary 3.5. supy, len (k) —e®(my)| — 0, where e? := limg_, A}}/ﬁ, the limit being uniform
on [—1,1].
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Proof. By (3.3), Ben(k) —log2 < pn(k) < Ben(k), and Theorem 3.1(iii)(c) gives

. log 2
lim sup sup|ex (k) — AJ (mg)/B] < 82
Nk B
Comparing two values of 8 and using continuity of Ag on [—1,1] gives
R R / 1 1
sup]Aﬁ (m)/B — Aﬁl(m)/ﬁ ] <log?2 (B + @)
m
Hence the limit exists uniformly. O

4. A STRICTLY CONVEX PROBLEM AND THE CAPACITY FOR (GAUSSIAN ROWS

In this section, we show that the Gaussian-row problem of Section 2, at fixed overlap and
with the radius eliminated in closed form, is a strictly convex minimization in the law of the
overlap path:

L dw

Bm) = min{J(o) +0Ss@). Si() =5 [ s

We then deduce that the optimizer is unique at every («,T,m) and that the free energy A is

C' with A’(m) = Bm — h(m), where h is the multiplier at the optimizer. This characterizes

the capacity a.(T') of Gaussian rows at every T > 0, including the replica symmetry breaking
region, through a generalized Mattis equation.

Strict convexity and uniqueness at fixed radius and field, with the spherical law as variable,

are proved in [1, Proposition 1.2], while our form keeps the Ising law and removes the radius.

4.1. Paths, the Parisi equation and the quoted facts. Let Q; be the set of nondecreasing
right-continuous paths [0,1) — [0, 1], and Q. the set of bounded nondecreasing right-continuous
paths with values in Ry. A path z € Q; and its law £, on [0, 1], the law of 2(U) with U uniform,
determine each other. Since L' convergence of paths in Q; is weak convergence of laws, Q; is
compact and convex in the variable £. Throughout, convexity in the law refers to mixtures
of laws, not to the pointwise sum of paths. We write z := fol z, 9 :=y(1) := limy_; y(0) and
¥ :=y(0), and z denotes a standard Gaussian variable.
For a law £ on [0, 1], the law of a path y, we set

1
de(w) :=E[l—yU)Vuw] = / L([0,w']) duw’.
It is affine and injective in £, with dz(w) < 1 — w and dg(w) = 1 — w above §. We write
0y := 0, and
Dy(w) :=1— Béz(w),
which is increasing in w, with D,(1) =1 and D,(0) =1 — 8 + Sz.
For v > 0 we put 7 := va/2 and ¢ := /2, so 7 = ac. At radius v, that is at v = pv, we
write 7, := a8v/2 and ¢, := fv/2. Recall that rad(v) = §(1 +logv — v). By (2.6) and (2.7),

(@) e(yim) = min Hey),  Hioy)i=r(1- [ay)+ Jnla) +avi).

and ®(m) = sup,-o{rad(v) + ®™*(Bv;m)}, with the supremum attained at a unique v*. Recall
also that A(m) = Bm?/2 + ®(m).

For types n € {—1,1}"~! with uniform weights and t = (t,)) € [~1,1]%, Theorem 2.3 gives
®(M)(t) = sup,o{rad(v) + ®™*(Buv;t)}, with the supremum attained at a unique v. For one
type, this gives back ® and ®™*,
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On the Ising side, let v be a law on R, with bounded support, a € Q. its path, and
S > supsupp v a horizon. Recall that the function ¢, solves the Parisi equation (1.4), whose
space variable we now call u, because x is a path:

—8s¢y = oy + v([0,8])(Dur)? on [0,8] xR, ¢,(S,-) =logcosh.

In this notation, M, (u) = 9,¢,(0,u). Along dX, = 2v([0, 5])Du¢, (s, X,) ds + v/2d By, we put
ms 1= Ou¢u (s, Xs). Recall that g,,,(a) = g (v), with g, asin [6, (1.7)], Jy(x) = sup,co. {/ za—
gm(a)} [6, (9.1)], and I(m) = ™ log(1 + m) + 152 log(1 — m).

Above the support of v, we have v ([0, s]) = 1 and ¢,(s,u) = logcoshu + S — s. Hence g,
does not depend on the horizon S > sup supp v, nor does mg on [0, S], and we continue m; to
all s > 0 accordingly, setting my; = tanh X above the support. The potential of [6, (6.19)] is
stopped at the horizon; it agrees with the continued one on [0, S|, and we always take S above
the supports of all laws in play.

Proposition 4.1. Let |m| < 1, and let v be a law on Ry with bounded support and path a.

(a) 16, (1.7), (6.14), (6.15)] One has gm(v) = S + sup,cr{um — ¢, (0,u)}. The mazimizer
Ay, m) is unique, and My, (A(v,m)) =m.

(b) [6, Lemma 6.7, (6.25)(6.29)] Omgm(v) = A(v,m). The function m > gm(v) — I(m) is
even, convex and 2 [ sdv(s)-Lipschitz.

(c) [6, Corollary 6.8], [1, (2.9)] v+ gm(v) is concave. Put z,(s) := E[m2] € [m?, 1), with
z, nondecreasing, increasing to 1, by the continuation above.

(d) [6, Proposition 6.10, (6.45), (6.46)] g, is convex in the path and 1-Lipschitz for L,
with supporting path z,(0) = z,(a()):

(4.2) gnl@) > gun(a) + [ (@' = @)z

(e) [6, Lemmas 9.1 and 9.5] J(24) = [ zaa — gm(a), and Jp, is convez in the law. Jp(x) =
—I(m) for constant x < m?.

(f) [6, Lemma 6.3] If v,, — v in Wi with supports in a common interval [0,S], then
b, — by and Oypy, — Oydy uniformly. Also |gm(v) — gn (V)| < Wi(v, V'), which is
the Lipschitz bound of (d), since Wi (v,v') is the L' distance of the paths.

At |m| = 1 one has g+1(a) = [a +1log2 [6, (6.22)], 2, = 1 and J11 = —log2 on Qy, by
Lemma 2.2. When the slice varies we write 2, m, Za,m-

On the sphere side, we use the functional of Section 2, changing its notation in this section
for convenience: its path is w, written ¥ there, and D, K, (, R, below are T, k, zy, ry

there. For m € Q let dr¢(p) == + 2fol(p —7(0))+dl, K(n) := 7(1) — [7 and K(p) :=
J(w(1) = 7(8) vV p)db. Asin [9, (2.23)-(2.25)],
(1) dp

bs(n) = — inf D(mb),  D(mb) ;:/0 _

1
b>2K () b—2K.(p) i(b — 1 —logd) = n(1).

By [9, Lemma 2.4], there is a unique £o(7) > 0 with 2 [ d;%o dp = 1, and the minimizer is
by = Lo+ 2K (m) = dr g, (m(1)) [9, (2.35)]. We put y(p) :==1—2 fpoo d;,%o(w) dp’ and (; :=yrom
[9, (2.37)], s0 (x € Q1 and (;(1) =1 — 1/by < 1. The functional 1)g is convex and 1-Lipschitz
in the path, with supporting path {; [9, Proposition 2.8, (2.52), Lemma 2.9]:

(4.3) Ps(m') > () + /(w’ — )

Recall that its conjugate is ¥§(y) = sup,co_{ [ ym — ¥s(m)} for y € Q.
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4.2. Reduced forms and the radius-free formula. Eliminating one of the two paths in
(4.1) leaves a problem in the other.

Proposition 4.2. For |m| <1 and v > 0,

(4.4) O™ (yim) = 7 + min {ay(y) — g (ry)}
(4.5) =7+ gglgnl{l]m(a:) — aps(cx)}.
For types,

(4.6) (1) = 7+ min{av(y) ~ Engr, (7).

Proof. For a := 1y we have J,,,(z) — [ xa > —gmn(a) by the definition of J,,, with equality at
T = z4 € Q1 by Proposition 4.1(e), so minimizing over x in (4.1) gives (4.4). Similarly, for
7= cx we have a[§(y) — [ ym| > —ayps(7), with equality at y = (x € Qq by (4.3), and since
T = ac, minimizing over y gives (4.5). For types, we minimize over each x,, separately in the
first step. O

Proposition 4.3. For fived vy, the function m +— ®™*(y;m) + I(m) is concave and even on
[—1,1]. So m — ®™*(y;m) is concave.

Proof. In (4.4), —gm(a) + I(m) is concave in m by Proposition 4.1(b), and an infimum of
concave functions is concave. ]

In the next lemma, we write the spherical terms in the law, the variable in which they are
convex. We set

1 v du
R = =
and Ry := Re,.
Lemma 4.4. (i) For every y € Q1, with values in [0, +o0],
1 /1 1 1
4.7 S(y)=C(Ly) == - dw.
(A7) v =) =5 [ 5 T

So 1§ is a strictly convex function of the law.
(ii) s is strictly concave in the law of its argument.
(i11) For m € Qs and y := (x one has Ry(yx(p)) = p for all p > 0. In particular Ry (y) = .

Proof. (i) For § < 1, Lemma 2.1 reads ¥§(y) = %[f(jy dw/d,(w) + log(1l — §)]. Moreover,
éjdw/(l —w) = —log(1 — g), and the integrand of (4.7) vanishes above §. For § = 1, we
use y. = (1 —¢)y: path convexity and §(0) = 0 give ¥§(y:) < (1 — ¢)¥§(y), and lower
semicontinuity gives ¥§(y.) — ¥&(y). Since §,, decreases to d,,, we obtain (4.7) by monotone
convergence. Strictness holds because £ +— d is affine and injective and d — 1/d is strictly
convex.
(ii) Let m € Qo. The function dy ¢(p) =€+ 2 [(p —p')+ AL (p') is affine in (L, £), and with
¢ =b—2K(m) > 0 we have b— 2K, (p) = dr¢(p) on [0,7(1)] and dr ¢(p) = b+2(p—7(1)) above,
by [9, Lemma 2.4]. Thus for any ro > 7(1),

(4.8) D(r,b) = (L, 0) /TO B L ygd (o) + 2y aro)

. m,b) = = ——1lo T - ro) — T — =.
9 T 0 dﬂ—!(p) 2 g 7T,€ 0 2 7T,£ 0 0 2

For ry above the supports of the laws in play, each term is convex in (L,,¢), and the first

strictly so. Hence inf; E(Ly, ¢), which is attained by [9, Lemma 2.4], is strictly convex in L,

and ¢Yg(m) = —infy E(L, £).

1
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(iii) We put £ := £o(7) and d := d . The map y, is an increasing bijection [0, c0) — [0,1) with
Yr =2/d* and {y < yx(p)} = {7 < p}. Since d'(p) = 2P(n(U) < p) and &, (w) = ~P(y(U) < w)
almost everywhere, the functions p — d,(y~(p)) and p — 1/d(p) have the same derivative
—2P(m(U) < p)/d(p)?, and both tend to 0 at infinity. It follows that d,(y,(p)) = 1/d(p). The

substitution w’ = y.(p') gives Ry (y=(p)) = & JTyL (" )d(p')? dp’ = p. O
Theorem 4.5. Let o, 5> 0 and |m| < 1. For x € Qq let

L dw
(4.9) Sa(z) == g/o Dj(w) if Dz(0) >0, Sp(x) := +oo otherwise.
Then
(4.10) ®(m) = xnengnl{Jm(x) + aSs(x)}.

The objective is strictly convex in the law of x, so the optimizer x* is unique. The optimal
radius is

(4.11) v* =14 BRy=(1), Ry (w) = /Ow Dxd(w’u;’)2

The proof is based on the fact that at fixed radius the objective is convex in the law of =,
and at fixed law concave in the radius, so that a minimax theorem exchanges the two. The
supremum over the radius is then explicit, because the radius and the spherical multiplier enter
through one affine term once the multiplier is scaled by v.

Proof. Step 1: minimaz. By (2.7) and (4.5), ®(m) = sup, ming f(v, £) with
f(v, L) :==rad(v) + ac, + Jn (L) — avis(coz ),

where z ¢ is the path with law £. For fixed v, f is convex by Proposition 4.1(e) and Lemma 4.4(ii),
and lower semicontinuous in £ on the compact convex set of laws on [0, 1], while for fixed £
with J,,,(£) < oo, f is concave and continuous in v, since rad is concave, ¢, is affine and g
is convex in the path. As f takes the value +0o0 where J,, = 400, we apply Sion’s theorem
[18] on v € [1/n,n| and L in the convex set {J,, < oo}, where f is real, and let n — oo, using
lower semicontinuity on the compact space of laws. This gives ®(m) = ming sup,, f(v, £), with
attainment.

Step 2: the supremum over v. We fix x with law £ and let Ay(w) := fol (w—x(0))+db, so
Az(1) =1—2 and 0;(w) =1 —Z — Az(w). The substitution p = cw in (4.8) with r9 = ¢ gives,
for £ >0 and b = ¢+ 2K(cx),

dw

1 1 _ J4 _ 1

With ¢ = vd and 2¢ = v, where 9 > 0, the two terms in log v cancel, and

%(1 +logu ) + ¢+ Dlex, b) = Tu(d) + o (9 — Du(0)),

A dw 1 ;
Ta(9) = /0 T BAw) o0+ 80— 2).
Hence, for each fixed x € Q; and every v > 0,
) v
(4.12) ky(v) :=rad(v) + ac, — apg(cpz) = aégfo{l“x(ﬁ) + 5(19 - Dm(O))}

The function T, is convex and strictly decreasing, and I';(0+) = 400 since A, (w) < w. Also,
Sup, f(Uv E) - Jm([’) = Sup, km(v)
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If D,(0) > 0, the choice ¥ = D,(0) shows that sup, infy{---} < I';(D»(0)), and v, :=
—2I'" (D;(0)) makes D,(0) the minimizer in ¥, so the value equals I';,(D;(0)). Since D,(0) +
BAL(w) = Dy(w) and D,(0) + B(1 — &) = 1, this value is Sg(x), and v, = 1+ § [ dw/D,(w)>.

If D;(0) < 0, then for v > 1, I'z(¥) + v¥/2 > —C, with C, finite, so the value is at least
—Cy + 5| D2(0)| — oo.

Finally, if D,(0) = 0, then for each n we pick ¥, > 0 with I'; > n on (0,7,). Since
Ip(9)+v9/2 > —Cyp + (v —1)9,/2 on ¥ > 9, the value tends to infinity with v.

Thus sup,, f(v,£) = Jn(L) + aSp(z), which with Step 1 gives (4.10). At the optimum,
(v*, L;+) is a saddle point of f, so v* is the maximizer v, of f(-, L,+), which is (4.11).

Step 3: convexity and attainment. The function D, is affine in £ and positive where Sg < oo,
d — 1/d is strictly convex, £+ . is injective, and .J,, is convex in £. The objective is lower
semicontinuous, being a supremum over v of lower semicontinuous functions, and finite at the
constant z = ¢ with ¢ € (max(m?,1 —1/83),1), since J,,(q) < oo for |m| < 1 by Lemma 2.2.
This completes the proof. O

4.3. The optimal paths. We fix (v, m) with |m| < 1. For a law £ on [0, 1], let v, be the law
of 7y, where y has law £, and put G(£) := aC(L) — gm(vr).

Theorem 4.6. G is strictly conver and lower semicontinuous, and it has a unique minimizer
L* on the laws on [0, 1], with §* < 1. Its value is @™ (y;m) — 7. If (x,y) minimizes H, then
Y = Cex-

Proof. Strict convexity follows from (4.7) and Proposition 4.1(c). Compactness and semicon-
tinuity give a minimizer, and (4.4) gives the value. By Proposition 4.2, there is a minimizer
(x,y) of H, and then y minimizes G. Also, y minimizes y' — ay§(y') — 7 [ xy’, which has the
minimizer (., by (4.3). Hence (z,(.) minimizes H too, and (., minimizes G, so y = (. by
strict convexity. In particular, § =1 —1/by < 1. O

Lemma 4.7. Let z € Qp with D,(0) > 0, and put v:=1+ BR,(1) and y := BRy(x)/v. Then
Y = Cepa-

Proof. We put ¢ := vD,(0) and 7 := c,z. Then dr(cyq)
D,(q) =1+ B(q — 1) above 1. Thus 2 [;° d;% dp = %(Rx(l +
multiplier ¢y(), and

vD,(q) for all ¢ > 0, with
) = 1, which says that ¢ is the

@/

B /°° dg’ I BRx(q)
yﬂ'(cvq> v Jg Dx(q/)2 v v (R$( ) RZE (Q)) v ?
where we used v — 1 = SR, (1) in the last step. Hence ( = SRy (x)/v =y. O

4.4. Uniqueness and the derivative. We will obtain the derivative of ® in m from an envelope
argument with the unique optimizer, and control its size by the slope of the magnetization
response, which has an explicit formula. Let v be a law on R, with bounded support, and
write A, := M.,

Lemma 4.8. (i) M, is odd and strictly increasing, M, (+o0) = +1, and M, is concave
on [0,00). So A, is even and nonincreasing in |ul.
(ii) If m = M, (u) then A,(u) =1 — [z,mdv. So OpA(v,m) = 1/(1 — z(v,m)), where
z(v,m) = [ zqm is the mean of the supporting path at slice m for the fized law v.
(iii) v — A, is continuous for Wi, uniformly on compacts, on sets of v with a common
bound on the support.
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Proof. Tt suffices to treat finite-step v: the general case follows from Proposition 4.1(f), since
concavity and monotonicity pass to uniform limits, and (ii), (iii) will follow from the bound on
93¢, below.

We write ¢ = ¢, and ¢*) := 98¢, On each piece, v([0, s]) =: ¢ is constant. Evenness of ¢ in
u follows from the terminal datum and uniqueness. Differentiating the equation, we obtain

—9spM) = 929 4 2¢¢M ) —0,0%) = 926 + 2§(¢(1)au¢(2) + <¢(2))2)’
—0,0%) = 9260 + 2¢6M 9,6 + 6562 p)

Thus ¢®) is a bounded solution of a linear backward parabolic equation with bounded coefficients
on u > 0, with (;5(3)(5, 0) = 0 by oddness. At the top of the piece, #3) <0 on u> 0. Indeed,
this holds initially, as tanh” = —2tanh sech? < 0, and then by induction over pieces, since
at a breakpoint the function is continuous and only ¢ changes. The maximum principle then
gives ¢ < 0 on u > 0, which is the concavity in (i). Oddness is the evenness of ¢, and strict
monotonicity is ¢(2) > 0, which we will obtain from the representatlon below. The limits at
+o0o hold because M,, takes values in (—1, 1) and hits every m € (—1,1), by Proposition 4.1(a).

(ii) Let ps := ¢®) (s, X,). With A := 8, + 02 4 2¢¢1d,, the generator along X, we have
ApM) =0 and Ap® = —2¢(¢?)2. Hence dp, = —2¢p? ds+ martingale, and d Em? = 2Ep2 ds
as dmg = 2p,dB,. Since pg = sech’Xg = 1 — m%, with S above the support, taking
expectations gives

Ay (u) =po=1-2,(S —|—/ ([0, s]) dz,(s) = 1—2,(S —i—/zl, zy(s))du(s):l—/zydu.

The same computation started at (s, u) gives ¢ (s,u) € (0,1], and the formula for d,,\ follows
as A\(v, -) is the inverse of M,,.

(iii) By the maximum principle applied to its linear equation, ¢(®) is bounded on [0, 5] x R
by Ceb uniformly over v with support in [0, S]. With Proposition 4.1(f) and Arzela—Ascoli
this gives (iii). O

Theorem 4.9. Let o, >0 and |m| < 1.
(a) (Uniqueness.) At fized radius, the minimizer (z,y) of H is unique. At the optimal
radius, the triple (x*,y*,v*) is unique, with

2
(4.13) y" = BRy~(x¥) /v", a = %Rx* (") = Tpry”", " = Zgx m.

In all cases supp Ly« C [m?,1).

(b) (Continuity.) The map (m,a, B) — (L=, Ly, v*) is continuous on (—1,1) x (0, 00)?,
and the optimal law of y at fized radius is continuous in (7y,m).

(c) (Differentiability.) ®™*(v;-) and ® are C* on (—1,1), with

(4.14) O'(m) = —h(m),  h(m) =A@ (m),m),  A(m)=pm—h(m),
where v*(m) is the law of a* at slice m. The function h is odd and continuous, and for
m € [0,1),
(4.15)
m , . m
max{atanh m, T T ), 0)} < h(m) < mm{atanh m+2 / sdv*(m)(s), T2 (m).m) },

with z(v*(m),m) = [z*. So A'(m) - —c0 as m — 1.
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(d) (m=0.) m =0 is a strict local mazimum of A at every T > 0: with Zo the mean of x*
at slice m =0, one has 1 — 8+ BZo > 0 and

(4.16) fmsup MW g 1 _ 1= B+ 5T

— = — < 0.
m—0+ M 1—x9 1 —Zg

Proof. (a) At fixed radius, we use Theorem 4.6 for y, and for x the objective in (4.5) is convex
in £, by Proposition 4.1(e), and strictly so by Lemma 4.4(ii), since 7,c are fixed and cz
has an injective law. For the triple at the optimal radius, Theorem 4.5 gives the unique z*
with v* = 1+ R,+(1), and by Lemma 4.7, we have (. ..+ = BRy~(2*)/v*, which is y* by
Theorem 4.6. Finally, (27,.y*,y*) minimizes H at v* by Proposition 4.2, so £* = 24+, by
uniqueness of x, and the values of z* lie in [m?, 1) by Proposition 4.1(c).

(b) By Proposition 4.1(b),(f), and since v has support in [0, 7], gm(v) is jointly continuous
in (m,7,L£) on (—1,1) x Ry x {laws on [0, 1]}. The functional C is lower semicontinuous and
independent of the parameters, so G I'-converges when the parameters converge. As the domain
is compact and limits of minimizers are minimizers, uniqueness gives continuity of the optimal
law of 3. The function v + rad(v) + ®™*(Bv; m) is strictly concave in v and jointly continuous
in all parameters, with a unique maximizer by Theorem 2.3. We pick a < v* < b where it lies
strictly below its maximum. These inequalities persist at nearby parameters, and concavity
then confines the nearby maximizers to (a,b), so v* is continuous. Finally, £« is the law of
Zr .y, Which is continuous by Proposition 4.1(f) and the continuity of z,.

(c) We fix 7, and let y,,, be the minimizer of (4.4) and vy, the law of 7y,,. For m,m’ € (—1,1),
by (4.4) and minimality,

Im(Vm) — Gm (Vm) > q)mix(7§ m/) - CI)miX(%m) > 9m(Vm') = G (Vi ).

By Proposition 4.1(b) and the mean value theorem, each side is —(m' — m)A(v, m) for some m
between m and m/, with v = v, or v,,,,. The function (v, ) is jointly continuous: for v, — v,
the convex functions g.(v,,) converge uniformly to the differentiable g.(v), and derivatives
of convex functions then converge locally uniformly [17, Theorem 25.7]. Hence ®™X(y;-) is
differentiable with derivative —A(v4,, m), which is continuous in (v, m) by (b). For ®, with
U i= v*(m), by (2.7),

@mix(ﬁvm/; m') — @mix(ﬁvm/;m) > ®(m') — ®(m) > @mix(ﬁvm; m') — @mix(ﬁvm; m),

and joint continuity of 9, ®™*(y;m) gives (4.14). Oddness of h follows from evenness of g,, in
m and uniqueness.

For (4.15), we have atanhm < A(v,m) < atanhm + 2 [ sdv by Proposition 4.1(b), as
gm —I(m) is even, convex and 2 [ s dv-Lipschitz. By Lemma 4.8, A(v,m) = [5" dim/A,(A(v,m)),
with A, (A(v,m)) between A,(A(v,m)) =1 — z(v,m) and A,(0) = 1 — Z(v,0). The identity
Z(v*(m),m) = [2* is (4.13). This finishes the proof of (c).

(d) At m =0, D;=(0) =1 — 3+ Bz > 0 since Sg(z*) < oo with a > 0, so f < 1/(1 — o).
As m — 0+, v*(m) — v*(0) by (b), and z(v*(m),0) — z(r*(0),0) by Lemma 4.8(iii),(ii), and
this limit equals z¢ by (4.13). Then (4.15) gives h(m) > m/(1 — z(v*(m),0)), which is (4.16).
Since A is even and A’ < 0 on a right neighborhood of 0, m = 0 is a strict local maximum. [

4.5. The potential of a path. In Section 6, we will compare a configuration of several
retained patterns with one pattern at larger overlap through a bound linear in a path. For
a € Qo with law v, we put
(4.17)

LCy(m) := —gm(a) = i%f{\I/a(u) —um}, U, (u) == ¢p(0,u) — 5, My =V =M,.
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Proposition 4.1 shows that LC,, is concave and —0,,LCy(m) = A(v, m), and Lemma 4.8 that it
is C% on (—1,1), with 92, LC,(m) = —1/A,(A(v,m)). By (4.6), for every y € Q1 and v > 0,

(4.18) O (v3t) <7+ af(y) + By LCry(ty),
with equality when r = 1 and y is the optimal path at the slice.

4.6. The capacity for Gaussian rows. We now define the capacity of Gaussian rows with
one binary pattern, at every 1" > 0, by a condition on the multiplier A of Theorem 4.9.

Definition 4.10. For a > 0 and T'=1/8 > 0, let h(m) = h(m; «, 5) and

(4.19)

h(a, B) :== sup (Bm—h(m;a,B)) >0, Wr:={a>0:h(a,1/T) >0}, ac(T):=supWr,
me(0,1)

with the supremum of the empty set equal to 0. A well at («, T') means: there exist 0 < my, <

m* < 1, with m; a local minimum and m* a local maximum of A, such that A(mp) < A(m*)

and A(my) = minjg p,«) A

Unwinding the definitions, we obtain

ac(T) =sup{a>0:3Im € (0,1), fm > A(v*(m),m)},

where v*(m) is the law of a* = O‘TBQRQC* (z*) and x* is the unique minimizer of the strictly convex
functional z — Jp,(x) + aSg(x). By the mean value theorem and (4.14), Wr is the union over
ms of the sets (1.11), and Wr(ms) = {a > 0:3Im € [ms, 1), fm > h(m;«,B)}.

Remark 4.11. By Theorem 4.9(d), the state m = 0 is always a strict local maximum for a > 0.
Hence a point with A’ > 0 always lies on the inner wall of a true double well, however small m
is, and no window near m = 1 is needed.

Theorem 4.12. For every T > 0 the following hold.
(a) o € Wr if and only if A has a well at (o, T), if and only if there is m € (0,1) with
M= (m) (Bm) > m, where a*(m) is the optimal path of Theorem 4.9 at slice m. So the
stationary points m > 0 of A are exactly the solutions of the generalized Mattis equation

(4.20) m = M= (m) (Bm).

(b) Wr is open in (0, 00).

(c) For T > 1, Wy is empty and a.(T) = 0. For T < 1, Wy contains (0,0(T)) for some
ap(T) >0, so ae(T') > 0.

(d) At a positive boundary point oy, > 0 of Wy, in particular at a.(T) when T < 1 by
Corollary 4.15, one has h(ap,1/T) = 0, and there is m. € (0,1) with h(m.) = Bm,
and A" <0 on [0,1). So at the boundary A has an interior stationary contact: the well
disappears at positive overlap, with no collapse to m =0 or m = 1.

For a constant path a = ag, we have M,(u) = Etanh(u + /2ag ), and with 2aq = af?r,
equation (4.20) becomes the Mattis equation m = Etanh(8m + S+y/ar z) of [2, 3|, which is the
replica symmetric case.

We will use three facts about A’: it is negative just above 0, it tends to —oo at 1, and it
depends continuously on the load. Hence a single point with A’ > 0 produces a true double
well, and at a boundary load the contact stays inside (0, 1).

Proof. (a) If there is a well, the mean value theorem gives m with A’(m) > 0. Conversely,
let A’(mo) > 0 with mo € (0,1). Since A is strictly decreasing near 0+ by Theorem 4.9(d)
and A’(mo) > 0, the minimum of A on [0,m] is attained at an interior point. By (4.15),
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A — —co at 1, so the maximum of A on [m., 1) is attained at some m* € (mo,1), with
A(m*) > A(mo). We let m; be a minimizer of A on [0, m*]; it is interior and a local minimum,
and A(mp) < A(mo) < A(m*). It remains to treat the last form. Here Mg« () is strictly
increasing with Mg« (;y(h(m)) = m, so fm > h(m) if and only if Mg« (Bm) > m, and
likewise with equalities. This gives (4.20), by (4.14).

(b) The map (m,«) — h is continuous by Theorem 4.9(b),(c) and Proposition 4.1(f), so a
point with Sm — h(m) > 0 persists under small changes of «.

(¢) For T > 1, h(m) > atanhm > m > pm for m € (0,1), by (4.15). If T < 1, let
mcw be the positive maximizer of m — fm?/2 — I(m), so (1 — miy) < 1, as the Curie-
Weiss root is stable, and pick mo € (0, mcw) with D,,2(0) =1 - 8(1 — m2) > 0. We have
®(m) > —I(m), because Jy, > —gm(0) = —I(m) and Sg > 0. On the other hand, by (4.10)
with £ = m2 and J,,,,(m2) = —I(m.), we have ®(m,) < —I(m.) +a85( 2). Hence for a below
B2y /2 (meww ) B2/ 2+ I(mo)]/S5(m2), we get A(mo) < By /2 (mow) < Almew),
and the mean value theorem gives a point with A’ > 0 in (mo, mcw).

(d) By (b), o & Wr, so h(ap, 1/T) = 0, that is, A’ <0 on [0,1) at ap. We take a,, — i
in Wp, with m,, such that Sm, — h(m,;ay,) > 0. By (4.15), m, stays below 1 — &, since
h > atanhm > (8 for m near 1. Also, m, stays away from 0. Indeed, as in the proof of
Theorem 4.9(d), z(v*(m;a),0) tends to zo(ap) as (m,a) — (0,a3), so (4.15) and (4.16) give
h(m;a) > (B + e)m near (0,a3). Hence (my,) has limit points in (0,1), and every limit point
m, has fm. — h(me; ap) > 0, and < 0 since h = 0 at . O

It remains to bound the load. The next lemma is an estimate at every fixed radius: the
optimal spherical path has a top value § bounded below explicitly, which bounds the slope of
the response from above. Using v* = 1+ SR;«(1) > 1 4 (3, which holds because 0 < Dy« < 1,
we will deduce from it a criterion against low-overlap wells and the uniform bound Wy C (0, 2).

We fix v > 0 and m € (0, 1), and let y be the optimal path of (4.4) at slice m, a := Ty, and
v its law. Let f(s) := Etanh?(y/5 2), which is increasing in s > 0, and

> e— 1 . w
fiow (v, @) 1= inf{w € (0,1) : TP 2 Y(yaw)}.
Lemma 4.13. For all o,y >0 and m € (0,1):
a) zy(Tw) = = w) on the closure of the range of y. In particular y > 0, 2,(7y) =
ij he cl f th fy. I lar § > 0 V

7/ (70,(0)%) and 2,(r§) = 2R(§)-

1 m? 1
b) avyA,(A(v,m))? < — < —.
) AN € = <
(¢) 5/(1= ) = v2(rf) = AF(va5). 50§ = fion(1,a). The function i increases in ¥

and in .
(d) _8m(bmlx(7; m) 2> My afy'glow(W/? Oé).

Proof. (a) By Theorem 4.6 and Proposition 4.2, y = (., and = = z,, and by Lemma 4.4(iii),
cx = Ry(y), with ¢ = v/2. Hence z,(1y(0)) = %Ry(y(ﬁ)) for all #, and both sides are continuous

in the value of y. At w =0, 2,(0) = m? > 0 = R,(0), so 0 is not in the closure of the range.
Also, 6, = 6,/(0) on [0, 7.

(b) On [0,79) we have v([0,s]) = 0, so there Xy = A(v,m) + v/2B;, the function 0,6, is
a bounded heat flow, and ps := 02¢,(s, X) is a martingale with Eps; = A,(\(v,m)). By
Cauchy-Schwarz, 0s2,(s) = 2Ep? > 2A4,(\(v,m))?, so, using (a) and 27 = ay, we obtain

~

Y

5,0 = (70) 2 m* +ar A (M. m))*y.
Y
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For the last inequality of (b), d, < 6,(0) on [O g] gives §/(v6,(0)?) < %Ry(gj) =2z,(19) < 1.

(c) As §y > 6y(9) = 1—9 on [0, ], we have R y(9) < 9/(v(1 —§)?), which with (a) gives the
first inequality. Above 74, the top of the support of v, Oy, = tanh, so z,(7§) = Etanh? X,
On [0,77) the drift of X has the sign of X, by Lemma 4.8(i). Thus, by Tanaka’s formula,
| X | dominates reflected Brownian motion of variance 2s started from |A(v, m)|, hence the one
started from 0, and as tanh? increases in | - |, we obtain z,(7§) > f(27§) = f(yad).

Since § > ¢ > 0, g lies in the set defining §iow, and monotonicity holds because f increases.
This completes the proof of (c).

(d) The function ®™*(v;-) is concave and even by Proposition 4.3, and differentiable by
Theorem 4.9(c), 50 0, ®™*(y;0) = 0. Let y° be optimal at mg € (0,1), and v° the law of
7y°. By (4.4), ®™%(y;-) < 7+ ap§(y°) + LCrye on [—1,1], with equality at mg, and LCrye
is C? with second derivative —1/A,0(A(v°,-)). Hence 02 <I>m1x(7 mo) < —1/A,0 (A(v°,mp)) at
every my Where Op ®™X (7y; +) is differentiable, and by (b) and (c), 1/A,0 (A(v°,mg)) > Vayi® >
Vayiow (7, ). Finally, —8,,®™X(v;-) is nondecreasing, so it is at least the integral of its
almost everywhere derivative, which proves (d). O

Proposition 4.14. For m € (0,1), with v*(m) the optimal radius and v* := fv*(m),

(4.21) A'(m) ( \/aﬁv m)Glow (7", @ ))

So A'(m) < 0 at every m > 0 with av*(m)giow (7", ) > B. At a contact point m. of Theo-
rem 4.12(d), av*(me)fiow (7", ) < 5.

Proof. We have A’ = m — h(m), and h(m) = A(v*(m), m) = =0, ®™*(y*;m) at this m, by
the proof of Theorem 4.9(c), so Lemma 4.13(d) applies at v*. O

Corollary 4.15. For every T > 0, Wr C (0,2). So ae(T) < 2 uniformly in T

Proof. For T' > 1, Wr is empty. Let T < 1. By (4.11), v* > 1+ 3, s0v* > (1 + 5) > 2
and av*/B > a(l +T). For a > 2, monotonicity gives Jiow (7", @) > Jiow(B(1 + (),2). In ball
arithmetic, we have fiow(2,2) > .35 and 0w (4.44,2) > .5; the computation will be given in
Subsection A.2. If T' > .6, then a1 + 1) Giow (7", @) > 2(1 + .6)(.35) > 1, while if 7" < .6, then
> 2.8 > 444, s0 ylowﬁ a) > .5 and a(1+T)Jow (7", @) > 1. In both cases Proposition 4.14
glvesA’<Oon (O 1), so a ¢ Wr. O

5. ZERO TEMPERATURE

In this section, we show that the energy at fixed overlap e(m) = m?/2 + L(m)?/2 exists
and that L is the minimum of an explicit convex functional with a unique minimizer and is
jointly concave and C! in (o, m). We define the capacity at T = 0 and characterize it by a
one-dimensional condition, namely the sign of ¢’ in the overlap window, and Section 7 will
turn this into digits. The function space and the zero-temperature Parisi recursion, used here
through step functions, are those of Auffinger and Chen [4].

5.1. Setting and existence of the energy. Throughout, G is an M x N matrix with
iid. N(0,1) entries, M/N — a > 0, and z is a standard Gaussian. Recall that I(m) =
M )og(1+m) + 152 log(1 —m), and note that 27V Sy (k)| < e~ NImk) exactly. Let Ao(m) :=
G71((1+m)/2) and

w(m) := 2g(ho(m)) = WH{E> + | — Am}.

The function w is concave on [—1,1], with w' = —)\g.
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For nonempty A C Xy, let L4(G) := % maxyea |Go| and

mk

Ly(k) :=ELsy)(G),  en(k):= "+ §ELSN(1€)(G)2'

In this section, ey denotes this energy for Gaussian rows, not the energy (1.12) for binary
patterns. With a binary pattern ¢! gauged to all ones, ey (k) = 2]\,QIEmaXml(a) —my, [(£Y-0)? +
Gol?).

We write ®g, Ag for ®, A when 3 varies, and we will use three facts from Section 2. First, by
Theorem 2.3, supy, |+ Elog Yy, — ®5(my)| — 0, and ®g + I is Lipschitz. Second, let py be
the uniform measure on the sphere of radius v/ M in R™ and

ZN(y k) =27 Z /,uM (dr)exp (y/v/N 7 - Go).
UGSN

This is Zy 4(s) of (2.9) at v = Bs2, s0 by (2.12>7 for each Yo, SUP, <., supy | B log ZR™(v; k) -
@™ (y;1my,)| — 0. Third, by (2.6) and (2.7),

2 (im) = int {2 (1 [May) + o) + avi),

(5.1) zycQr L 2
Pg(m) = su%{rad(v) + &M (Bu;m)}.
v>

Let Sph(6?) :=b— 1 — Llogb with b := 1(1+ v/1+ 462). By Laplace’s method with exponent

sup,, {fu+ 3 log(1—u?)}, this is the limit of - log [ puar(d7) exp(6v/Mry). Since b € [0+3,0+1],
1 1

(5.2) 0 — 5 ilog(l 4 0) < Sph(#?) < 0.

Theorem 5.1. There are continuous functions L,e on [—1,1], with e = m?/2 + L?/2 and
L > /a, such that the following hold.

(a) supy |Ln(k) — L(myg)| — 0 and supy, lex (k) — e(my)| — 0.
(b) For all B> 0 and m € [—1,1], BL(m)?/2 —log2 < ®3(m) < BL(m)?/2 — I(m). So
e(m) — 1og 2/ < Ag(m)/B < e(m) — 1(m)/B, and sup,, |As/5 — e| < log2/8.
(c) For all v >0 and m,
—log 2+ aSph (yL(m)?/a) < ®™*(y;m) < —I(m) + aSph (yL(m)?*/a).
So, with b(7y) :=1log2+ § + $log (1 + (1 +1/)),
(53) —b(7) < B (y;m) — /36 L(m) < —I(m) < 0.
(d) P(|LA(G) — ELA(G)| > t) < 2¢N/2 for every nonempty A, and 0 < sEL% —
$(ELA)* < 5. So Lgy ) (G) — L(myg) almost surely, uniformly in k.
(e) (Types.) For a partition (I,)) of [N] with |I,|/N — 1/d, andt = (t,)) € [~1,1]%", the limit
L) (t) :=lim %E max |Go| over the type slice with magnetizations t exists, is continuous
in t, and is uniform in the slices. Moreover gL(’")Z —log2 < ®(t) < gL(’")Z —E,I(t,),
and (c) holds with I replaced by E,I(t,).
In particular, limy_oc ®™>(v;m)/\/7 = VaL(m), uniformly in m, with error at most b(y)//7.
Proof. The partition function on a set is close to its largest term, up to the entropy log 2, which
gives existence by a Cauchy argument in (.
We start with (d). The function L4 is N~Y/2-Lipschitz in G for the Hilbert-Schmidt norm:

|La(G) — La(G)| < % maxa |(G — G)o| < |G — G'|lus/VN, so Gaussian concentration gives
the tail, and the Pomcare inequality gives Var Ly < 1/N.
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For (a) and (b), keeping the largest term or bounding all terms by it gives, pointwise in G,

p 2 1 N B 2 B 9 1 N
A4 —L —log2 < —log?2 - < =L — log(2 Al.
(54)  5La(G)” ~log2 < log UEGAeXp(QNIGUI )< 5 La(G)" + £ log(277|A])

With A = Sy(k), taking expectations gives gEL%N(k) —log2 < %Elog Yni < gEL%N(k) —
I(my), so limsup y sup;, \%EL%N(M — ®g(my)/B| < log2/5. Comparing two values of 5 gives
lim supy supy, |®g(my)/B — Pa(my) /B < log2(1/8+1/8"). As ®g + I is Lipschitz, ®p is
continuous, and since {my,} becomes dense, we get sup,, |Pg/B — Pz /f'| <log2(1/8+1/5).
Hence ®3/f converges uniformly to a continuous Gy, and supy \%EL%N(@ — Go(myg)| — 0.
Passing to the limit along my — m gives Gy(m) —log2 < ®g(m) < BGo(m) — I(m). For fixed
o, B|Go|/N = E|g|/v' N — /a with g standard in RM, so Gy > a/2 > 0. We set L := /20,
and with (d) we get Ly (k) — L(my) uniformly. This proves (a) and (b).

(c). Let Epf(r) := [ par(dr)e™™, which is even, log-convex, and nondecreasing on [0, 00).
For fixed o, [pun(d7r)exp(y/v/N1-Go) = Ep(/v7/N|Gol|), so with A = Sy(k) and r, :=
VAN NLA(G),

27NEM (1) < ZNX (s k) < 27N A€M (r4).

The function Iy () := 55 log Exr (VM) is convex, [IT};| < 1 because pp lives on the sphere of
radius v/M, and ITy; — Sph(#?) locally uniformly. Here r, = /M8, with 0, := \/YN/M L4(G),
and % log Ear(ry) = H11p(6s) is Lipschitz in L4 with constant /yM/N, so by (d) its expecta-
tion tends to o Sph(yL(m)?/a) along my — m. We take logarithms in the previous display,
divide by N, and take expectations and limits. Then (5.3) follows from (5.2) with 6 = \/v/a L,
using v/a < L < 1+ /a, where the upper bound holds because La(G) < [|G|lop/VN and
ElGllop < VN + VAT,

(e). The same proof works for types, with (") in place of ® and the type slices in place of
S (k). O

5.2. The zero-temperature recursion. Let I/ be the set of nondecreasing, right-continuous
k :[0,1) — [0,00) with folli < 00, which is the space of [4], and let V := U x [0,00). For
(k,C) €V,

dp(w) := /1 K, d(w) :=dp,c(w) == C + 0x(w), US(k,C) = C + /01 5((1:5) € (0, 00].

We fix a. For ¢,b > 0 and f 1-Lipschitz, let T, f(z) := L log Eexp(cf(z + bz)) for ¢ > 0, and
Topf(x) :=Ef(x + bz).

Lemma 5.2. (a) Tep is monotone and Top(f + K) = Tonf + K, so sup |Topf — Teng| <
sup |f —g].
(b) Tep preserves the 1-Lipschitz property, convexity (by Hélder) and evenness, and TopTey =
T /e
() Tep(s2+ K) = sz + K + cs2b2 /2.
(d) For f 1-Lipschitz and ¢ > ¢ >0, 0 < Tupf — Tepf < (¢ — c)b?/2.

Proof. Parts (a)—(c) are straightforward. For (d), let ¢ > 0 and ¥ := c¢f(x + b-), a function
of z. Then 8. Topf = 2 Ent(e”)/Ee’ > 0. The Gaussian log-Sobolev inequality gives
Ent(e”) < 1E[|0.9%¢"] < $c2Ee?, so 0 < 9. T.pf < b*/2. Finally, we let ¢ | 0, using
continuity. ]
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For a step function x on [w,w’), with partition w = wy < -+ < w, = w', value ¢; on
[wi, wir1) and b? = a(w;r1 — w;), let

,P:;U’w = 7;07170 T 7.Cn—17bn—1’
which does not depend on the partition, by Lemma 5.2(b).
Lemma 5.3. For f,g 1-Lipschitz and step functions k, x':

(i) 77,’;”’“’/ is monotone, commutes with constants, preserves the 1-Lipschitz property, con-
vexity and evenness, and sup |73;”’w/f - P;”’w/g| <supl|f—g|.

(ii) (L' contraction.) sup, |PY* f — P fl < § [ |k — K| If & < K then puw’ f <
pu'f.

(iii) For s = +1, P;”’w/(sx—FK) =sr+ K+ %f;ﬂl“-

(iv) With z .= \Ja(w' —w) z,

w’ w r_ w
max{|aﬁ\+%/ K, E\x—i—i\} < PU)(z) < E|x+2\+%/ k< |z|+ 2a(ww)+a/ K.
w w ™ 2 Jw

Proof. Parts (i) and (iii) follow from Lemma 5.2, and (ii) follows on a common partition by
induction, with Lemma 5.2(a),(d). For the lower bound in (iv), we write |z| = maxs—41 sz and
use monotonicity and (iii); the second term follows from x > 0 and (ii). For the upper bound,
we induct from the top: if u(z) := E|z + /42| + K is the bound at a level, then by monotonicity
and Lemma 5.2(d) with ¢ = 0, T.pu < Topu + cb?/2 = Elz + V' + b2 2| + K + cb?/2. O

By (ii), 73,2“”“’/ extends to every xk € U (truncate to x A n and take step functions below it),
and (i)—(iv) still hold; compare [4, Corollary 2]. For k € Y and f 1-Lipschitz, let

U (w,z) == PY f(x), U=l Wik .= igf{ng(o, A) —Am}, Wy, = Wikl

and W,L?’wo](/i) = infy{PP0| . |(A\) — Am}. This is the zero-temperature Parisi recursion,
in the level variable w, with steps 2 log Eexp(c-) and terminal function |z|. For step s and
w < 1, ¥, is smooth on each slab, its z-derivatives are continuous across slabs and bounded
for w < wp < 1, and by Cole-Hopf

(5.5) 0, = %(aﬁqz + 1(0,0)2).

By Lemma 5.3(iv), for every k € U, |m| < 1 and wg < 1,

(5.6) Win(k) 2 504(0).

(5.7) %55(11]0) + W0wol () < W (k) < %5,4(@00) + Wowol 0y 4 20‘(17:“)0)

5.3. The optimally controlled process and the supporting hyperplane. The recursion
has a stochastic control representation, compare [4, Theorem 2|, whose value is the supremum
of functions convex in (k, \); this gives the convexity of W, in x and a supporting hyperplane
with slope the overlap function Q.

Lemma 5.4. Let ko be a step function, Ao real, and u(w,x) = 0,V (w,z), so |u| < 1.
Let X solve dX,, = ako(w)u(w,Xy)dw + JadBy, Xo = Ao, and put u, = u(w, Xy),
Qw) = Qo . (W) = Eug,.
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(a) (Verification.) For k € U, X real and any bounded adapted control ¥,

1 1
(5.8) U,.(0,\) zE]AJra/ by dw + /By —%/ K E92 dw,
0 0
with equality when Kk = Ko, A = Ao, ¥ = uy,. Consequently (k, \) — W, (0, ) is convex
onU x R.
(b) uy is a bounded martingale on [0,1) with ui— = sgn(X1) almost surely and ug =
0:¥,.(0,X). So Q is nondecreasing, Q(0) = u, Q(1-) = 1, and E[sgn(X1)uy] =
Qu).

(¢) (Supporting hyperplane.) For k € U and X real,
1
(5.9) U, (0,0) > W, (0, Ao) + uo(X — Ao) + %/ (K — ko) Q duw.
0

Proof. (a). Let k be a step function and w < wy < 1, let X? denote the process inside (5.8),
and put p := 9,V (w, XY). By Ité and (5.5),

AW, (w, X)) = %m(219wp — p%) dw + martingale < %m??u dw + martingale,

with equality when 9,, = p. We take expectations and let wg — 1, using sup,, |V, (wp, ) —|z|| —
0 from Lemma 5.3(iv). The case of general  follows from Lemma 5.3(ii). For step functions,
the right side of (5.8) is convex in (k, A) for each control, and ¥, (0, \) is the supremum over
controls; convexity is preserved in the limit.

(b). Differentiating (5.5) gives —0,u = %@%u—l—a/ﬁou@xu, so by It6 duy, = o dyu(w, Xyy) dBy,.
As w — 1, u(w,x) — sgn(x) locally uniformly on x # 0, by the closed form of 7¢;| - |, and
P(X; = 0) = 0 by Girsanov.

(c). By (5.8) with ¥ = uy,, we have ¥, (0, A) > E|XT| - § [ £Q, where X{ = X1 4+ (A = Xo) +
a [(k — Ko)uy dw. Convexity of |- | at X gives

E|XT| > E|X;| + E[sgn(X1)](A — Xo) + a/(ﬁ — Ko)E[sgn (X1 )uy] dw

—BIX1| + uo(h — Ao) + a/(ﬁ — k)@,
By the equality case of (a), E|X1| = W, (0,X) + § [ KoQ, and summing gives (c). O
For k € U let My, := 9, 9,(0,-).

Lemma 5.5. Let k € U.
(a) V. (0,2) > |z + §64(0) for all x.
(b) For w < 1, 0,V (w,-) exists, is odd, nondecreasing, Lipschitz, and concave on [0,00).
For x>0, 0,V (w,z) > 2G(z//a(l —w)) — 1.
(c) My is a strictly increasing bijection R — (—1,1). So for |m| < 1 the infimum in Wy, (k)
is attained only at \(k,m) := M_Y(m), and m — Wy, (k) is concave and C* on (—1,1)
with derivative —A(k, m) and slope tending to Foo at +1.

Proof. (a). Let 2 > 0. Taking ¥ = 1 in (5.8), with § := §,(0) and Y := 2 + ad + /az, we get
U,.(0,2) > E|Y|— %6, and E|Y| =EY + 2EY_ > 2 + ad. The case z < 0 follows by evenness.

(b). We first take step #, with terminal function f,,(z) := n~!log cosh(nz), and let u := 9, V",
which is odd. Then s := d?u solves the linear equation —0,s = $02s + ar(udys + 3(dzu)s),
with s(w,0) = 0 and terminal data f < 0 on z > 0, s0s < 0 on z > 0 by the maximum
principle on the half line. We next prove the lower bound. Let u" be the heat flow of tanh(nx).
Then v := u — uP solves —d,v = %8§v + akud;u, whose source is nonnegative on x > 0 because
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u, Oyu > 0 there, and v(w,0) = 0, v(1,-) =0, so v >0 on x > 0. We then let n — oo, using
that |f, — ||| < log2/n and that derivatives of convex functions converge where the limit is
differentiable.

For the Lipschitz bound, let w < wy < 1, so k < K := k(wp) on [0, wp]. Then u solves the
linear equation —0y,u = %Ggu + c0yu with |c| < aK. Duhamel from level wy, the bound on
the z-derivative of the heat kernel and a singular Gronwall inequality give sup, |Oyu(w,x)| <
const(a, K, wg)(wo — w) /2, independent of the step approximation. Hence the same bound
holds for k € U, and (b) passes to the limit.

(c). The function M, is odd, concave on [0,0), and bounded by 1. If it were not strictly
increasing on [0, 00), it would be constant on some [z, 00), 50 ¥, (0,2) = oo + bso there. By
Lemma 5.3(iv), oo = 1 and boe = §0,(0), which contradicts (a). The limit at infinity is 1,
again by Lemma 5.3(iv). The rest follows by Legendre duality. O

Lemma 5.6. For k € U and X real, the equation of Lemma 5.4 has a unique strong solution on
[0,1), and Qu \(w) := Eu?, is nondecreasing with values in [M,(A\)?,1]. If ky, — Kk in L' within
U and N, — A, then Q, x, — Qrx almost everywhere on [0,1). The inequality (5.9) holds for
every ko € U. For |m| <1 put Qum = Qur(s,m)- Then Wy, is convex on U, and for k,k" € U,
(5.10)

W) 2 Wn()+ 5 [(6) @, tim oD 2Tl _ 0 g,

Proof. The drift is Lipschitz on w < wg by Lemma 5.5(b). On [0, wp] the k,, are uniformly
bounded, k, — k almost everywhere and ¥, — W, uniformly, and by Lemma 5.5(b) the
derivatives converge locally uniformly, with a uniform Lipschitz constant. By SDE stability,
we have X" — X, in L?, so Q,, — Q on [0,wp]. The inequality (5.9) for step approximations
of ko passes to the limit, since Q,, is bounded and x — k" converges in L'. The convexity of
W, follows by partial minimization of a jointly convex function. The first part of (5.10) is
(5.9) with ug = m. For the derivative, the inequality > follows from the first part. For <, we
apply the first part at x; := Kk + t(k’ — k) with £’ replaced by &, and use Qu, m — Qxm almost
everywhere, which holds as A(k¢, m) — A(k,m) by Lemma 5.5(c) and uniform convergence;
here Q is bounded and x’ — k € L. O

5.4. The variational formula. The main result of this subsection is the following.
Theorem 5.7. For all a >0 and m € [—1,1],

(5.11) vaL(m) = lim ) i B C) Bk, C) = ST (s, C) £ Wi ()

. — = K == K K).
'Y—>OO ﬁ (H’C)GV m 9y Y m ) 2 Y m

The minimum is attained at a unique (k*,C*) = (k},, C},). Bounded step functions with C > 0

are enough for the infimum. For types, in the notation of Theorem 5.1(e), the same proof gives

fort e [~1,1]%

T _ : Qs
(5.12) VaL(t) = Juin {5\11 (5, C) + By Wi, () }.
We prove the theorem by taking the limit v — oo in (5.1). We will eliminate the Ising path
x exactly by conjugacy, and the two remaining terms then become functions of the rescaled
path k = \/yF, with F' the distribution function of y. The upper bound will come from scaled
trials, and the lower bound from compactness, in which the mass of x that moves to the top
level w =1 lands in C.
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Lemma 5.8. Let F be the set of F : [0,1] — [0, 1] nondecreasing, right-continuous, with
F(1) = 1. Such an F is the distribution function of a path y € Qq with § := y(1—), and
or(w) == ful}F = fol(l —y(w)Vw)du <1—w. Fory >0 andm € (—1,1),
O™ (y;m) = inf{A,(F;m): F € F,§ < 1},

where, with k= /7F and {(z) := v~/ log cosh(\/77),
A (Fim) o /1[ 1 1

Val 2 Jo Low(w) (1 —w)
The integrand is nonnegative. The right side is a term independent of m plus an infimum over A
of functions affine in m, so ®™X(~;-) is concave for every . Also |x| —log2/\/7 < ly(z) < |z|.

(5.13)

| dw + Wil (x).

Proof. We first eliminate z. By (2.13) with one type,

PMX(y:m) = yieanl {% - gm(%y) + awg(y)},

and by Theorem 2.3(b), the path y may be restricted to § < 1.

For the sphere term, by Lemma 2.1, we have ¢§(y) = %[fé’ dw/dp(w) + log(l — 9)] =
%fol[l/dp(w)—l/(l—w)] dw, because dp(w) = 1—w on [§, 1] and foy dw/(1—-w) = —log(1-9);
also dp = dx/\/7-

For the Ising term, we take in the definition of gy, in [6, (1.7), (1.8)] the horizon S := ya/2 and
v([0,0]) = F(2v/(ya)), so that —d,¢, = 02¢,, + F(2v/(va))(9ubv)?, ¢4 (S, ") = logcosh. For
step F' with values f; on levels w;, and v; = Sw;, we have ¢, (v;, x) = % log E exp(fidy, (vit1,x +

2(73241 —0;)2)). VYriting ¢l/(v7$)/\: VAO(20/(vQ), 2/ /), i == A fi, b2 = a(wipr —w;), we
get ¢(wla ) = 72¢,b¢¢(wi+1a ) and ¢(17 ) = f,y’ S0 ¢V(07 \ﬁ)‘) = \/’V\IJ% (07 )‘) and

gm(@) = Sup{S — 60(0, y7A) + yTAm} = % = W[ ()

The term ya /2 then cancels. Since both sides are L'-Lipschitz in F, by [6, (6.43)], |yr —yr|11 =
|FF — F’|p1 and Lemma 5.3(ii), this covers general F'. O

Proof of the upper bound in (5.11). We fix m € (—=1,1), C > 0 and a bounded x < K. For
V7Y > max(K,C), let g, :=1—-C/\/7, ky:= kK on [0,7), ky := /7 o1 [§,1), F, = K [/

For the sphere term, d,. (w) = C’—i—fq‘g” K for w <y, so the first term of (5.13) is §[ ;" dw/(C+
[0 k) 4 41/2 log(C/+/7)], which tends to § 3 dw/é(w).

For the Ising term, ¢, <|-|, and by Lemma 5.2, bounding the exponential of a maximum by
the sum, T.p| - [(z) < |z| +log2/c + cb?/2. With ¢ = /7, b* = aC//7 we get cb?*/2 = aC/2.
By Lemma 5.3(iv), || < W,(fy, 7), s0 W2, (0,X) < W, (0,X) + aC/2 + log2/,/7 for all A, and
W,[fw}(ﬁv) < Wi(k) +aC/2 +1og2/,/v. Using Lemma 5.8 and Theorem 5.1(c), we obtain
vaL(m) < By (k,C).

For general (k,C) let kg := Kk ANK, Cx := C + [(k— K)4+. Then Cg + i) > C + 0y,
so [ dw/d does not increase; Wi, (kx) < Wy (k); and Cx — C. Hence By, (kk,Ck) <
By (k,C)+ § [(k — K)4, and bounded x with C' > 0 suffices (if Cx = 0, then & is bounded
and C = 0, and B,, = +00). Step functions suffice by Lemma 5.3(ii) and continuity of ¥ at
C > 0. ([

Lemma 5.9. Let (rk,,Cp) € V with 6, := Cy, + 8., and 6,(0) < 6, and let f, be 1-Lipschitz
with |z| — €, < fn, € — 0. Along a subsequence 0,(0) — ds0, kn — K almost everywhere,
k €U, and with C := do — [ K > 0
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(a) 6n(w) = C + 6x(w) for all w € [0,1);
(b) for Ay — A, Hminf{%C,, + U{" (0,A,)} > $C + U.(0,\);

(¢) form € [=1,1], iminf{2Cy, + WH" (kn)} > 2C + Wi ().

Proof. Since kn(w)(1 —w) < 6, (w) < 8, the k, are uniformly bounded and nondecreasing on
[0,wp]. We obtain the almost-everywhere limit from Helly’s theorem and a diagonal argument,
and Fatou gives [k < doo. For w < 1, [’ kp — [3" &, which is (a). To prove (b) and (c), we fix
wo < 1. By Lemma 5.3(iil), (i), U{ (wo, z) > |z| + $6x, (wo) — €n. Hence, for all A,

500+ W (0.0) = Am > 26, (wo) — e+ PE| - |(A) = Am.

By Lemma 5.3(ii), P3| - | — P2*0| . | uniformly, with error § [;™ |k, — k| — 0. Thus the
liminf of the left side, also after the infimum over ), is at least §(C'+ 0, (wo)) + P 0|« [(A) — Am.
By (5.7) and Lemma 5.3(iv) this is at least §C 4+ W,(0,\) — Am — /2a(1l —wo)/7. Letting
wp — 1 gives (b) and (c). O

The mass that x, carries to w = 1 lands in C, which is why C' belongs to the space: U alone
is not closed for this convergence, while U x [0, 00) with the total mass is.

End of the proof of Theorem 5.7. For the lower bound, let m € (—1,1) and take F, with
A, (Fy;m) < &™X(y;m)+1. We put & := /7F, and let 4, — oo. By (5.6) for £, Wy[f”](my) >
50k, (0) —log2/,/7. The sphere term in (5.13) is nonnegative, so with (5.3) we get d,(0) <
2L/\/a+ o(1), which is bounded. Applying Lemma 5.9 with C,, = 0 and f,, = ¢,,, we obtain
a limit (k,C). The integrand in (5.13) is nonnegative and for w < 1 tends to 1/(C + 0, (w)),
or +oo if the limit is 0, so Fatou gives lim inf > fol dw/§(w). Lemma 5.9(c) handles the Ising
term, and summing gives /aL(m) > § [ dw/0 + §C + Wy,(k) = By (k, C), which is the lower
bound.

For existence, the same steps apply to a minimizing sequence of B,,. Indeed, its masses are
bounded by (5.6), and Lemma 5.9 with Fatou for 1/ gives lower semicontinuity under the
convergence of that lemma.

For uniqueness, note that ¥ is convex in (x,C), since § is linear in (x,C) and t + 1/t is
strictly convex, and W, is convex by Lemma 5.6 (at m = %1, see (5.14) below). Therefore,
two minimizers would have §; = d almost everywhere, hence everywhere on [0, 1) by continuity,
S0 k1 = kg and C71 = Os.

We next treat m = +£1. Here L(£1) = y/«, as Sy (V) is a single point. By (5.6) and A — oo
in Lemma 5.3(iv),

I dw

G Wi =580 Bile0) = 5[s0)+ [ 5] > G (50) + 5(10)) > a,

with equality only at kK = 0, C = 1. This is the formula at m = 1, and m = —1 follows by
evenness.

For types, the elimination of the Ising paths runs type by type and gives E; g, in place of
Jgm- The rest of the proof is unchanged. O

Lemma 5.10. For m € [0,1],
(5.15) Vam +w(m) < L(m) < a + w(m).

Proof. For the upper bound, we take kK =0, C =1 in (5.11), so B, (0,1) = a + W,,(0), where
Win(0) = infy{E|\ + \/az| — Am} = Jaw(m). For the lower bound, let G; be the columns
of G, Gy := Y, G;, and e := Gx/|Gx|. Given Gy, the variables h; := (G; — Gx/N) - e are
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centered Gaussian with variance 1 — 1/N, exchangeable, with sum 0, and independent of G7y.
If o flips a set F' of size pN, p = (1 —m)/2, then |Go| > Go -e = |Gx|(1 —2p) — 2> h;. With
F the pN smallest h;, we get —% 35 h; — 2g(G~1(p)) = w(m), and |Gx|/N — Va. O

5.5. Optimality conditions. We now state the optimality conditions for the minimizer.

Proposition 5.11. Let m € (—1,1). B, is conver on V, strictly in 6. For (k,C) € V with
B (k,C) < 00 put Q := Qum, R(s) := Ruc(s) := [5 dw/d(w)?, T'(s) := fsl(Q — R)dw. If
(k,C) is the minimizer, then

(K1) R(1-) <1, and C(1 — R(1-)) = 0;

(K2) T'(s) > 0 for all s € [0,1);

(K3) Jioa)I'dk =0, where dk includes the atom £(0) at s = 0.
On the interior of supp dk, @ = R. At the minimizer, §(0) > 1, by (K1) and 6 < §(0).

Proof. By Fubini, the directional derivative of ¥S along (k' —, C' —C) is (C' = C)(1 - R(1-)) —
J (k' = k)R, so with (5.10) the derivative of By, is §[[(x' — k)(Q — R) + (C' = C)(1 = R(1-))],
and at the minimizer it is nonnegative in every admissible direction. Taking C' = C + t, we see
by monotone convergence that the derivative in C'is §(1 — R(1-)), so R(1-) < 1. If C > 0,
decreasing C is also allowed, which gives (K1). With &' = s + 01, 1), we get (K2). Finally,
K = (1+xe)k gives [K(Q — R) =0, and [ k(Q — R) = ['dk by Fubini, the integrand being
integrable since [k < oo and |@Q — R| < 1+ R(1—); this is (K3). O

5.6. Unit scale and joint concavity in (a,m). Rescaling removes « from the Ising part.
More precisely, we have ¥, (w,r) = \/a¥ g, (w,z/\/a), where ¥ is the recursion at a = 1:
—0, ¥ = %(8%@ + /7(0,0)?). Let & := /ar, C :=\/aC, § := y/ad, and let W}, denote W,, at
o = 1. Then W,,(k) = /JaWL (%), and Q and R are unchanged, with R’ = a/5.

Corollary 5.12. For all @ >0 and m € [—1,1],

) C a ! dw 1~
(5.16) L(a,m)—(k%l)rév{2+2/0 erWm(m)}.

The functional involves v only through the factor a/2. So:
(a) L(o,m) = inf a;\{% + 5 fol dw/6 4+ Wz(0,\) — A} is an infimum of functions affine
in (o, m), and L is jointly concave on (0,00) x [—1,1].
(b) L is C' on (0,00) x (—1,1), with 0L = —A*(a,m) and 9oL = LY(a,m), T :=
fol dw/6*(w). If (an,my) — (a,m) in this set, the minimizers converge: 0, — 0*

pointwise on [0,1), &y, — K* almost everywhere, \, — N, and T, — Y.
(c) Put

(5.17) Pe(m) = inf (W) (5) - ;/01 wi(w) dw}.

P* is even and concave, P* > 0 and P*(1) = 0. So P* is nonincreasing on [0,1]. And
L > \/a+ P*(m) for all .
By [4, Theorem 1] and a Legendre transform in the field, P* is the ground state energy of the

Sherrington—Kirkpatrick model on the slice. This is why we call it the slice energy. No proof
below uses that identification.

i
R

Proof. Part (a) follows by writing out W, in (5.16). }
(b). By (a), at each (o, m) with [m| < 1 the vector (T/2,—A") is a supergradient of L, where
(&*,C*) is the minimizer and \* := A\(k*,m) at o = 1. Let (o, mp) — (a, m), with minimizing
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triples (%, Cn, \n). The masses are bounded, since (5.6) gives 3Cy, + 5, (0) < L(an, my),
and so is |A,|, since ¥(0,\) — Am > |A|(1 — |m|). By Lemma 5.9(b) and Fatou, a limit point
(', C", \') has value at most lim L(a,, m,) = L(a,m), so it is the minimizer, by Theorem 5.7
and Lemma 5.5(c), and the whole sequence converges. Also [ dw/62 < 1/ay, by (K1), so 1/6,
is uniformly integrable and Y,, — Y. Hence every limit of supergradients at nearby points is
(T/2,—X*). The superdifferential of a concave function is the closed convex hull of limits of
gradients at nearby points [17, Theorem 25.6], so it is a singleton, and L is differentiable. A
differentiable concave function on an open convex set is C! [17, Corollary 25.5.1].

(c¢). The function P* is an infimum of functions affine in m, hence concave, and it is even
because ¥ (0, ) is even. By Lemma 5.3(iv), ¥z (0, \) = Am—1 [wik > |A|(1—|m|)+3 [(1—w)& >
0,s0 P*>0. At m =1, we take £ = 0 and let A\ — co: E|]A+ 2| — A — 0, so P*(1) = 0.

It remains to prove the lower bound on L. Since 6/2 + (a/2)/6 > \/a pointwise and
% = %fol(g — ) dw, we get % +5 /[ dw/é > Ja — $ [ 0r, with fol 0r = Jwk, so (5.16) and
(5.17) give L > \/a+ P*(m). This completes the proof of (c). O

5.7. Shape of L and e. At fixed load, the previous results give the following.

Theorem 5.13. Fiz a > 0.
(a) L is concave and even on [—1,1], and L(m) = inf, ¢ = V/2{$T5 (5, C)+ T, (0, ) —Am}
is an infimum of functions affine in m.
(b) L isC" on (—1,1) with L'(m) = —h(m), h(m) := A(k%,,m)//a = X*(m). The function

h is continuous and nondecreasing, h(0) =0, and L'(1—) = —c0.
(¢) ¢ is C' on (=1,1), ¢(m) = m -+ LL' = m— L(m)h(m), ¢'(0) = 0, and ¢'(m) — —so as
m — 1.

Proof. Part (a) follows from Theorem 5.7 and evenness under o — —o.
For (b), we apply Corollary 5.12(b), and for L'(1—) = —oo we use (5.15), concavity and

L(1) = ya: for ¢ < 1, L'(1-) < (L(1) — L(q))/(1 — q) < v/a—w(q)/(1 — q), and the right side
tends to —oo as g — 1.
Part (c) is straightforward, using L > /. O

5.8. The energy for binary patterns. We recall the objects of Section 3. For r > 1,
d, = 2"71, and 7 is uniform on {—1,1}""1. For t = (¢,) € [-1, 1%, w(t) = (Eynaty)azs, rs
V(t)2 = (Epty)? + [w(t)]?, Pr(m) = {t : Eyty, = m}, ©p(m) = maxp, () Fr, AR = sup, ©,, and
e® =limg o0 Ag”/ﬂ, uniformly on [—1,1] (Corollary 3.5). With L") from Theorem 5.1(e), let

2 (r) (4)2
(5.18) 0%m) := ten;fm();z) {V(;) + L 2(t) }

Lemma 5.14. For allr and 3, sup,, |©,(m)/B—0%(m)| <log2/B. Soe? = sup, 2. Moreover
ef>00=¢

= 97 .
Proof. By Theorem 5.1(e), gL(T) ()2 —log2 < ®)(t) < gL(T) (t)2, with rates independent of r,
so |[F(t)/B— 3V ()2 — %L(T) (t)?| <log2/pB for all t. We take the maximum on P,(m), then
the supremum over r, and let 5 — oco. For r = 1 the polytope is a point. ([l

5.9. The capacity at zero temperature.
Definition 5.15. For ms € (0,1),
Wo(ms) :={a > 0: eq(ma) > eq(my) for some mg; < my < mg < 1}
={a>0: sup €, (m)>0},

me(ms,l1
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and ac(0;my) := sup Wo(ms), Wo 1= Unn,e(0,1) Wo(ms), ac(0) := sup Wp. For binary patterns,
W (ms), al(0;ms), W and af(0) are defined by the first form, with e in place of e.

The two forms agree by the mean value theorem and Theorem 5.13(c), which also gives
el (m) =m — Lo(m)hq(m), where (L, h) come from the convex program (5.16). In particular,
a € Wy(ms) if and only if m > L, (m)hy(m) somewhere in the window. This is a variational
characterization of a.(0;ms).

For the landscape statement, Hy denotes the energy (1.1) for binary patterns, and Hy (o) :=

—55[(€ - 0)? 4+ |Go|?] for Gaussian rows with one binary pattern.

Theorem 5.16. Fiz ms € (0,1) and write d(a) := max,,, 1) e,

(a) Wo(ms) is open. The function d is continuous, e, — —oo at m — 1 locally uniformly
in o, and Wy(ms) = {d > 0}.

(b) (Landscape, for all patterns.) Let eq be e for Gaussian rows with one binary pattern
and e® for binary patterns, and let We(my) be the corresponding well set. Let my < mao
with A := eq(ma) — €ea(my1) > 0, and my, — m;. For some ¢ > 0 and N large, with
probability at least 1 — e~°N, for all patterns p simultaneously (for Gaussian rows, only
p=1),

min{Hy (o) : mu(0) = my, } > min{Hy (o) : mu(o) = mp, } + ?N.

If « ¢ We(mys), then for every e > 0, with probability tending to 1, for all p (for
Gaussian rows, only = 1) and all k1 < ko with mg, > ms,

min{Hy : my, = my, } <min{Hy : my, = M, } + €N,

So the profile k — min{Hy : m, = my} has no barrier of extensive depth on the window,
and for each o, membership in the well set is exactly the existence of an extensive well
in this profile.

(c) (Binary patterns.) By Lemma 5.14, e® > e, and W§(ms) and a2(0;ms) are read from
eR = sup, ©0. Section 6 identifies the two well sets, Theorem 6.9.

(d) (T —0.) ForT =1/ >0, let Wr(ms) and a.(T;ms) be as in (1.11), for Gaussian
rows. If a € Wy(ms), with my < mg and A := e(mg) — e(my) > 0, then a € Wy (my)
forT < 1/Bo, Bo:= (log2 —I(m1))/A. So

liminf ae (T5ms) > ac(0;ms).
T—0

Let v*(m) be the optimal radius in (5.1). Then, locally uniformly in o, v*(m)/f —
L(m)?/a uniformly in m € [—1,1], and Ay(m)/B — €' (m) uniformly on compact subsets
of (=1,1). For every compact A C (0,00) there is m < 1 such that A, <0 on [m, 1)
for all a € A and all large 3.

Proof. (a). Continuity follows from Corollary 5.12(b) and compactness once m near 1 is excluded
uniformly. By concavity L'(m) < L'(m) for m > m, and L > \/a, so e, (m) < 1+ y/aL'(m)
once L'(m) < 0. For ¢ < m < 1, concavity and (5.15) give

<

LWH—L@)_¢a1—®+WWﬂ—W@X

L'(m) < = —
m—q m—q

Taking ¢ near 1 and then m near 1 makes this as negative as we like, locally uniformly in c.
Openness and Wy(ms) = {d > 0} follow from the second form of the definition.

(b). We fix u. By the gauge of Section 3, max,,, (o)=m, (—Hn(c))/N = m2/2 + LM (k)?,
where LH(k) has the law of Lg, ) on the Gaussian rows or on the Rademacher matrix
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of the gauged patterns. Let g/(k) := 1L*(k)%. For every 7 > 0 there is ¢(r) > 0 with
P(|g" (k) — Eq*(k)| > 7) < e~V for N large, uniformly in k; for binary patterns this follows
from (3.5), and for Gaussian rows from Theorem 5.1(d), as EL4 is bounded. By Corollary 3.5,
respectively Theorem 5.1(a), supy, |m3/2 + Eq*(k) — es(my)| — 0. We take 7 = A/7 and a
union bound over the M patterns and the two slices. On that event the difference of the two
minima, divided by N, is at least A — 27 — o(1) > A/3, by continuity of e,. For the second
statement, e, is nonincreasing on the window, and the union bound runs over (N + 1)M events,
with 7 = €/3.

Part (c) follows from Lemma 5.14.

(d). For the first part, by Theorem 5.1(b), we have Ag(ma) — Ag(m1) > BA —log2 + I(mq);
the endpoint mo = 1 makes no difference, by continuity of Ag.

For the rest, we show that the optimal radius converges after scaling and that ®™(v;.)/ Nai
converges with its derivative because it is concave. Let 7 := v/3. Since rad(v) = §(1+logv—v),
(5.3) gives, uniformly for 7 € (0,00) in compact sets, in m, and in « in a compact subset of
(0, 00),

mix (32,.
rad(87) + ®™*(8%1;m) s Jra L(m) — gT’
g 2
which is strictly concave in 7 with maximum at L?/a. As the left side is concave in T,

its maximizer 7% = v*/B converges to L(m)?/a uniformly. Let m < m/. Since ®g(m) >
OmX(Bu* (m'); m) + rad(v*(m')),

Pg(m') — ®g(m) < @mix(ﬁv*(m’);m’) — @mix(ﬁv*(m’);m) < (m' — m)@%@mix(ﬂv*(m’);m).

The function f, := ®MX(~; -)/\/7 is concave by Lemma 5.8, and by (5.3) it converges to
v/aL uniformly, also uniformly on compact a sets. Since L is C', a chord comparison gives
9t f, — /oL’ uniformly on compact subsets of (—=1,1). With v = gv*(m/) = g%7*(m’) we
have \/7/8 — L(m')/\/a, so

Ag(m') — Ag(m) _ m+

Bm' —m) — 2 + L(m")L'(m) + o(1).

The same argument, with v*(m) in place of v*(m') and 9;, at m/, gives the lower bound
%’”/ + L(m)L'(m’) — o(1). Since Ag is C! by Theorem 4.9, letting m’ | m gives Ay(m)/B —
m + L(m)L'(m) = €/(m), with the stated uniformity.

It remains to treat the region near 1. For m < m < m' < 1, concavity gives 9;} f(m) <
o fy(m), and \/7/B > 1 — o(1) since L > \/a, so once L'(m) < 0 the quotient is at most
1+ aL'(m) + o(1). As we saw in the proof of (a), m can be chosen with 1+ /aL'(m) < —1
for all @ € A, which proves the last claim of (d). O

5.10. Structure of the minimizer. We show that the support of the minimizer stays away
from level 0. Below its first level the flow is the pure heat flow, which gives closed bounds.

Lemma 5.17. Let o > 0, m € (0,1). Let (k*,C*) be the minimizer, with §*, M, = §*(0),
Q* = Qu=m, R*, I'* as in Proposition 5.11, and \* = A\(k*,m). Let wy := min(supp dx*U{1}),
where dk* includes the atom £*(0) at 0. Then:
(a) wy >0, §* = M, on [0,w1], and M, > 1;
(b) Q*(w1) = R*(wy) = wy /M2, so wy = M2Q*(w1) > Q*(w1) > m? (at w; = 1 read
Q"(1-), R*(1-));
(¢) Vawr Ado(m) < X" < /ado(m);
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(d) wy > wq(m), where wg(m) is the limit of the monotone iteration w©® = m?, w+ =

Qﬁ(w(")), and
Qa(w) := E(2G(,/% IXo(m) + z|> B 1)2'

The function wg is nondecreasing in m;
(e) let f:= 0,V (w1, ), with f =sgn if w1 =1, and let s be the probability measure %df.

Then
M- () :/(2G(jo%) —1)s(d), M. < %

Proof. (a), (b). If wy = 1, then k* =0, §* = C* > 0, and (K1) forces C* = 1, so R*(1-) =
1 = Q*(1—) and both items hold. Now let w; < 1. Since (Q* — R*)(0) = m? > 0 and Q*, R*
are continuous, I'* is strictly decreasing near 0, and (K2) gives I'*(0) > 0. Hence I'* > 0 on
some [0, s9), and (K3) excludes support there. By (K1), R*(1—) < 1, while 6* < M, gives
1/M? < R*(1-), so M, > 1. By (K2) and (K3), we have ['* = 0 at w1, an interior minimum,
so Q*(wy) = R*(w1). Also R*(wq) = w1 /M? as §* = M, on [0,w], and Q* > m?.

(e). Below wq, the flow is the pure heat flow, so My« (x) = Ef(z+,/awiz). By Lemma 5.5(b),
f is odd and nondecreasing with limits +1, so ¢ is a probability measure and the representation
follows. Each My(x) := 2G((z —t)/\/aw7) — 1 satisfies Mj = w(M;)//awy, since w(2G(y) —1) =
2g(y), and as w is concave, Jensen gives the bound on M/...

(c). Forz > 0, t — My(z) +M_¢(z) is largest at ¢ = 0, and < is symmetric, so m = M+ (A*) <
Mo(A*) = 2G(X*/\/awr) — 1. For the upper bound, m > 2G(\*/y/a) — 1 by Lemma 5.5(b).

Part (d) is trivial if w; = 1. Otherwise X,,, ~ N(\*, aw,), and by Lemma 5.5(b), f(x)? >
(2G(Jz|//a(l —w1)) — 1)%2. By (c), and since En(|a + z|) is nondecreasing in a > 0 for
nondecreasing n, we get w; > Q*(w1) > Qa(wy). The function Qg is nondecreasing in w and
in m, so Qa(w) < Qg(w;) < w; whenever w < wy. Since w® = m2 < wy, all iterates are
at most w1, and they are monotone because Qg is nondecreasing. By induction each w™ is
nondecreasing in m. U]

In unit scale (Corollary 5.12), w; and Q* are unchanged, M, = 6*(0)/+/a, and the optimal
field is A* = A*/y/a = h(m). Hence (c) and (e) read \/wiAg(m) < h(m) < Ag(m), Mz=(y) =
J2G((y — t)//w1) — 1)¢(dt) with ¢ the image of ¢ under ¢ — t/y/a, and

w(m

Vo

~—

(5.19) Aog(m) := M. (h(m)) <

6. MERGING RETAINED PATTERNS

In this section, we prove the inequality that decides the capacity for binary patterns. By
Theorem 3.1, the free energy at fixed overlap is a supremum over states correlated with finitely
many retained patterns, and we show that such a state is never better than a Gaussian-row
state with the single overlap V. The inequality is Jensen’s inequality on the sphere of overlap
vectors. Its field form is due to [1, Lemma 2.4, Proposition 5.2], and at a fixed slice it takes two
lines from the bound (4.18), at the path that is optimal at V. What this section adds is the
strict inequality with a gap uniform in r, the identity of the well sets, and the zero-temperature
theorem.
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6.1. Notation. Let r > 1, d, =271, 5 € {~1,1}"7}, and let E, be the uniform average. For
t € [~1,1]% let m = E,t, and w = E,[nt,] € R""L. We write z,, := w -7, R, :== m + x,, and
V =V(t) = (m?+ |w|?)/2. Since 1,7s,...,n, are orthonormal in L(n),

(6.1) E,R:=V? — Ey[Ryt)] =V? — V?*<Ejt) <1

Recall that A’(m) = fm — h(m) and h(m) > atanhm by (4.15), so A’ = —oco as m — 1, and
A(1) < maxy, 1) A for every m < 1.

For a law v with bounded support and quantile path a, we will use ¥,, also written ¥,
Mg =V and LC,(s) = inf,{V,(u) — us} = —gs(a) from Section 4.

6.2. Jensen on the sphere of overlap vectors.

Lemma 6.1. Let ¥ : R — R be even and C', with M := W' nondecreasing, concave on [0, c),
and M(0) = 0. Let LO(s) := inf, {¥(u) — us}. Then for all v and t € [—1,1]%,

(6.2) E,LC(t,) < LO(V(t)).
More precisely, if V> 0, then for every A > 0,
(6.3) E,LC(t,;) <E,W(AR,/V) = AV < U(A) = AV.

Proof. Since M is concave with M(0) = 0, the function M(u)/u is nonincreasing on (0, c0).
Hence G(q) := ¥(,/q) has G’'(¢q) = M(\/q)/(24/q) nonincreasing, so G is concave on [0, c0). If
V >0, we use the trial u, := AR, /V in the definition of LC(t,) and (6.1) to obtain

A
E,LC(t,) <E,¥(AR,/V) — V]En[Rntn] =E,G(NR./V?) = AV < G(N?) = AV = U(A) — AV,
Since V¥ is even, the infimum defining LC(V), V > 0, may be restricted to u > 0, because
U(—u) +uV > ¥(u) —uV. Taking the infimum over A > 0 gives (6.2). If V' =0, then m =0,
and concavity of LC' gives E, LC(t,) < LC(m) = LC(0). O

The function ¥, satisfies these hypotheses by Lemma 4.8(i), and so does ¥.(0,-) by
Lemma 5.5.

Theorem 6.2. For o, 3,7 >0, r>1 and t € [-1,1]%,

(6.4) O (y;t) <Oy V(E), BN <@(V(),  Fu(t) < AV(@)).
Hence for m € [0, 1],
(6.5) A(m) < AR(m) < Vlél[érln)fl] A(V), AR(0) = %T]KA'

Proof. We bound the multi-type problem by a linear functional of the path, and choose the
path that is optimal at the merged overlap V', not at m.

First let V:=V(t) < 1 and v > 0. We put 7 = ya/2 and a := Ty, where y denotes the
optimal path at the slice V. By (4.18), used for r types and then for one type with equality,
and Lemma 6.1, we have

®P(v3t) < 7+ ayf(y) + EyLCulty) < 7+ ath§(y) + LCu(V) = ¥ (; V).

At v = Bv we add rad(v), take the supremum over v using (2.7), and add 3V?2/2. If V = 1, we
apply the above to (1 — €)t, whose V is 1 — ¢, and let ¢ — 0 by continuity, using (2.8) for the
first inequality.

It remains to prove (6.5). The bounds V' (t) > |m| and V(¢) < 1 give the upper bound, and
the case r = 1 gives the lower bound. At m = 0, for s € [0, 1], the choice r = 2, t = (s, —s) has
m =0 and w = s. Since g_s = g5, by Proposition 4.1(b) for s < 1 and by (2.2) for s = 1, (2.13)
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gives O (y;t) = ®™X(y;5), so D) (s, —5) = B(s) by (2.7), and Fa(t) = A(s). This completes
the proof. O

Remark 6.3. In [1], Lemma 2.4 is the concavity in the square of the field, and Proposition 5.2,
(5.21), compares k retained fields with one at fixed radius. Thus (6.4) at a fixed slice also
follows from (5.21), their Proposition 5.1, (5.3), and convexity in m. The upper bound in
AR(0) = max A is their Theorem 1.4 and Corollary 1.5 with the gauge, and the same holds at
T=0asf — oo.

Corollary 6.4. Let E := {m € [0,1] : A(m) = max(,, jA}. On E, AR = A. If a ¢ Wr, then
E =10,1], so AR = A on [0,1] and AR is nonincreasing there.

Proof. This is (6.5). If & ¢ Wy, then A is nonincreasing on (0, 1), and it is continuous. O

6.3. The strict form. The bound (6.5) alone does not give Wr(m;) C W(ms), since the
value AR(m;1) could rise up to max(,,, 1) A and fill the well. We will need strictness at the barrier,
with a gap that does not disappear as r — co. The gap comes from the difference between
Jensen’s inequality for the pair 7 and for the mean, and from the fact that a Rademacher
sum cannot concentrate near zero.

Lemma 6.5. Let ¥ : R — R be even and Ct, with M := U’ real analytic, strictly increasing,
bounded, and concave on [0,00). Then M(u)/u is strictly decreasing on (0,00), and q — ¥(,/q)
is strictly concave on [0, 00).

Proof. By oddness, M(0) =0, so M(u)/u is nonincreasing by concavity. If it were constant,
equal to ¢, on an interval in (0,00), then M = cu on R by analyticity, and boundedness gives
¢ = 0, contrary to strict monotonicity. The last claim follows as in the proof of Lemma 6.1,

since L W(,/7) = M(y/a)/2ya). O
Theorem 6.6. Let 0 < my < 1 and Ly := max,, 1A > A(my). Then AR(mp) < L.

Proof. Fix r, t with Eyt, =m; and V := V(¢) € (0,1). Let v be the maximizer of (2.7) at ¢, let
y be the optimal path at the slice V', and put v = fv and a := 7,y. We write v for its law, and
we set A := \(v,V) = M, 1(V) >0 and G := ¥,(\/)). By (4.18) and (6.3) at this \, we have

Fe(®) SAV) —g(t),  g(t) == G(\) —E,GN’R}/V?).

We pair n with —n: since R4, = my, & x,), we set

N(m? + 2?) 1 A2 (my + x)? A2(my — x)?
Then E,G(N*R2/V?) = E,G(N*(mj + z7) /V?) — By A(xy), and E,G(N*(mj +27)/V?) < G(A?)
by Jensen, since Enx% = |w|?. Thus g(t) > E,A(z,).

Suppose AR(my) > L,. By (6.5) equality holds, and there are (r,,t,) with F,._ (t,) — L.. A
pair with V(¢) = 1 has F,(t) < A(1) < Ly, so V,, € [my, 1) for n large and the bound above
applies. Since A(V,) < L,, along a subsequence V,, — V, with A(Vy) = L., and ¢(t,) — 0.
Now A(myp) < Ly and A(1) < L. give Voo € (mp, 1), hence |w,[*> — ¢? := V2 —mZ > 0.
Theorem 2.3(c) gives v, < wvi, so the laws v, have support in [0, 5] with S := afv/2,
and along a subsequence v, — vy. By Theorem 4.9(b), the optimal path at (Buv,,V;)
converges to the one at (fveo, Vo), SO Uy — Voo in Wi, where vy is the law of 7, 9o With Yoo
optimal at (Svse, Vo). Moreover, g, — I(m) is even, convex and 2 [ s dv,-Lipschitz in m by
Proposition 4.1, so atanh V,, < A, < atanhV,, + 2S5. Thus \,, = A > 0 along a subsequence,
with M,_ (Aso) = Voo
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The anti-concentration step is independent of r. Indeed, z,, = w -7 is a Rademacher
sum, with E,2? = |w|? and E,2? < 3|w|?, so the Paley-Zygmund inequality gives P(z? >
lw[?/2) > 1/12, and Markov’s inequality gives P(2? > 24|w|?) < 1/24. Thus =z, lies in the
set ICpy i= {|wn|?/2 < 22 < 24|w,|?} with weight at least 1/24, and for n large, KC,, lies in the
compact set K := {¢?/3 < 2% < 25¢%}.

By Proposition 4.1, (v,u) — ¥, (u) is jointly continuous, so A,, — A uniformly on K,
where Ay, denotes A for Voo, Ao, Voo. Using Lemma 4.13(a), we obtain ¢ > 0, s0 v puts
no mass on [0, Sg), So := Ty, Uoo > 0. There the Parisi equation is the heat equation, whence
v (0,u) = Eoy (50, u + v/2502) and M, is real analytic. With Lemma 4.8(i), Lemma 6.5
applies, so G, is strictly concave. Hence A, > 0 on K, because mp > 0 and = # 0 make
(my+2)? # (mp — x)?. Thus lim inf g(¢,) > & ming A > 0, which contradicts g(t,) — 0. O

6.4. The capacity for binary patterns.

Theorem 6.7. Let T > 0 and ms € (0,1).
(a) WR(ms) = Wr(ms). So o(T) = ac(T) and
aCR(T;mS) = ac(T;ms) =sup{a: Im € [ms, 1), fm > Av*(m;a, B),m)}.

For T € (0,1) there is mo(T) > 0 with o} (T;mo) = ae(T).

(b) If « € Wr(my), there are ms < my < my < 1 with AR := AR(m,) — AR(my) > 0, and
for N large, with probability at least 1 — e~ N for some ¢ > 0, for all p simultaneously,
Z(ky) < exp(~NAR/3)Z0(k,).

Proof. (a) For WR(ms) C Wr(ms), let AR(ma) > AR (m1) with ms < m; < mae < 1. By (6.5)
there is Vo € [ma, 1] with A(Vo) > AR(mso) > AR(mq) > A(my). If Vo = 1, we replace it by a
point of (my,1) with a larger value, as A’ — —oo at 1. Thus o € Wy (ms).

For Wr(ms) C WR(my), let A(ma) > A(mq) with ms < m1 < mg < 1, and let m. be a
maximizer of A on [m1, 1], so m, € (mq,1). Theorem 6.6 with m, = m; gives AR(m;) <
A(m.,) < AR(m,), hence a € WE(my).

The formula is the second form of the definition (Theorem 4.12), and taking unions gives
o (T) = a(T). For mg, let T < 1. Then a.(T) is positive by Theorem 4.12 and finite by
Corollary 4.15, so Theorem 4.12 gives a contact point m, > 0, the limit of points m,, with
Bmy, > h(mp; ay), an = ae(T), a,, € Wr. With mg := m./2, for n large ay, € Wr(my), hence
ae(T;mo) = ac(T). This proves (a).

(b) We apply Theorem 3.1(iii) and the concentration bound (3.4) to the two slices kj, ky, for
each pattern, with deviation parameter AR /4, and take a union bound over M patterns. [

Proof of Theorem 1.1. Part (a) and the statements on (1.6) are Theorem 2.3 with Theorems 4.5
and 4.9; part (b) is Theorem 3.1(iii); part (c) is Theorem 6.2, Corollary 6.4 and Theorem 6.6. [

Proof of Theorem 1.3. Parts (a), (b), (c) are Theorem 4.12 and Corollary 4.15; part (d) is
Theorem 6.7(b); part (e) is Corollary 6.4. O

Remark 6.8. Here AR comes from compactness and is not explicit. The identity AR = A fails
at m = 0 as soon as a state at positive overlap beats m = 0, and by continuity on an interval
next to 0. The set where the identity holds contains E, and the capacity does not depend on it.

6.5. Zero temperature. With the notation of Section 5, let L(")(¢) be the limit of &E max |Go|
on the type slice. For simplicity of notation, in this subsection we write ¥, := ¥,(0,-) and
M, := W/ and we put Wy(x) = infy\{¥,(A\) — As}. Recall from (5.18) that e? = sup, 6Y.

Theorem 6.9. Fiz o > 0.
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(a) For allr and t: L (t) < L(V(t)), so 2(m? + |w[?) + L) (£)? < e(V(t)), and

e(m) < eB(m < maxe, eR(0) = maxe.
(m) < (o) < may ©) =
On {m : e(m) = maxp, e}, ¥ = e. If o ¢ Wy, then e® = e on [0,1] and ¥ is

nonincreasing.

(b) If 0 <my < 1 and e, := maxy,, 1je > e(my), then eR(myp) < ex.

(c) Wi(ms) = Wo(ms) for all ms € (0,1), so al(0;ms) = ac(0;ms). If a € Wo(ms),
Theorem 5.16(b) gives the landscape statement for all patterns with A = e®(m,) —
eR(my) > 0.

Proof. (a) By Theorem 6.2, ®)(t) < ®(V(t)) at every §, and by Theorem 5.1(b), (e),
gL(T)(t)2 —log2 < ®)(t) and ®(V) < gL(V)z. We divide by 5 and let 5 — oo. The
bounds on e® follow in the same way from (6.5), since Ag/3 — e and Ag /B — e® uniformly
on [0,1] (Theorem 5.1(b), Corollary 3.5). If o ¢ Wy, then e is nonincreasing on [0, 1] by
Definition 5.15 and continuity, so e(m) = max(,, ) e for all m, which proves (a).

(b) We follow the proof of Theorem 6.6, with these changes. Let (ky, Cy) be the minimizer
at Vi, and put \, := A(kn, Vy,) and G, := U, (/). Then L) (t,) < L(V,) — g(tn)/V
and g(t,) > E,Ap(xy,). If the value tends to e, then, as before, V;, < 1 for n large and
Vo = Voo € (mp, 1), because ¢/ — —oo at 1 (Theorem 5.13(c)) gives e(1) < ey, and g(t,) — 0
since L > /a > 0.

By the proof of Corollary 5.12(b), (kn,Cpn) = (Koo, Coo), the minimizer at Vi, in the sense
used there, and A\, = A > 0. Hence K, = koo a.e., with [ |kn — Koo = 0 for wg < 1. By
Lemma 5.3(iv) with w = wo, w' = 1, we have |z| < ¥, (wo, z) — §0x(wo) < |2]+/20(1 — wo) /7
for every k € U. Since the flow is a sup-norm contraction which commutes with constants, and
Lemma 5.3(ii) compares k, with ks on [0, wo], we get ¥, (z) — ¥y, (0) = ¥, () — ¥, (0)
uniformly in z. As A,, depends only on such differences, A, — A uniformly on K.

We next prove strictness of A,. With w; as in Lemma 5.17 for the minimizer at V,,, part
(b) there gives wy > V2 > 0. Below w; the flow is pure heat, so M, __ is real analytic, and
Lemma 6.5 applies by Lemma 5.5. Hence G, is strictly concave and A, > 0 on K. The
anti-concentration step is unchanged. This completes the proof of (b).

(¢) We argue as for Theorem 6.7. Since ¢/ — —oo at 1, the value e(1) is exceeded just below
1, which handles the replacement of Vi = 1. The landscape statement is Theorem 5.16(b) with
e, (|

7. CERTIFIED DIGITS AT ZERO TEMPERATURE

In this section, we prove 0.138198129 < «,(0) < 0.13820106, with no well at any overlap
above the upper end, no hole below the lower end, the same statements for binary patterns,
and the same bracket for every limit point of ae(7T') as T'— 0.

We write o = 138198129/10% and @ = 13820106/108%, so the bracket has width 2.931 - 10~°
and rounds to 0.13820.

The capacity is the sign of €/, by Theorem 5.16. One Ising evaluation of the recursion, in
ball arithmetic, gives an upper bound on L(a,m) for all « through a trial, and a lower bound
for all « through a tangent of the sphere problem. Thus €’ > 0 at a certified pair of overlaps at
the lower end, and ¢’ < 0 on [0.89,1) at the upper end. A separate argument, the slope of the
response at the optimizer, excludes wells on (0, 0.89).

Appendix A states the ball evaluation of the recursion and what was computed. We will
bound the slice energy from below in Subsection 7.2 (Theorem 7.2) and give the upper and
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lower curves for L and the strong concavity that controls L’ in Subsections 7.3 and 7.4. In
Subsections 7.5, 7.6, 7.7 and 7.8, we then prove the bracket on a window, exclude holes, remove
the window, and pass to T' — 0.

7.1. Setting. We work in the unit scale of Corollary 5.12 and drop its tildes, so &, C,d, A are
the variables of (5.16), and ¥, is the recursion at & = 1: —9,,¥,, = %(8&1@ + k(0:0,)?),
U, (1,z) = |x|. We will use Lemmas 5.2, 5.3, 5.4 and 5.5 at « = 1. On a level [w,w’) where
K = ¢, we have Wy (w, ) = T, o Vs(w', ), where Tepf(z) = 1logEexp(cf(z + bz)) and
Topf(x) = Ef(x 4 bz); here and below, z denotes a standard Gaussian. By Corollary 5.12, we
have

C a1 dw
>+

(7.1) L(a,m) = min > 3 ) Grow)

Kk,C\A\

+We(0,0) = Am

with h = —9,,L the optimal A, and 9,L = %fol dw/§* > 0. Moreover, L is jointly concave,
L > /a and L(a,1) = y/a. Recall that e = m?/2 + L?/2 and ¢’ = m — Lh (Theorem 5.13).
We will use two bounds throughout:

(7.2) Va+ P*(m) < L(a,m) < Va + w(m).
The upper bound is Lemma 5.10, and the lower one is Corollary 5.12(c), with the slice energy

1 1
(7.3) P*(m) = }{n}\f Pk, A), Pk, A) := W (0, \) — Am — 5/0 wk(w) dw.

By the L' contraction, Lemma 5.3(ii), the infimum may be taken over step functions. The
function P* is even, concave and nonincreasing on [0, 1], and P*(1) = 0.

For a step function kg and real A, let u = 9, ¥, and let X solve dX,, = ro(w)u(w, Xy)dw +
dBy, Xo = A. We then set Q(w) = Quyx(w) = Eu(w, X,y)? and ug = u(0, A). By Lemma 5.4,
Q is nondecreasing, Q(0) = u3, Q(1—) = 1, and for x € U and real X,

1

(7.4) U (0,\) > W, (0,\) + ug(N — \) + 3 /Ol(li — Kk0)Q dw.

The well sets are those of Definition 5.15. A ball [¢ £ 7] is the set of reals within r of c.

All certified numbers below are obtained from the evaluation of the recursion described in
Subsection A.1. For a step path with rational data, this evaluation produces balls containing
U, (0,N), 0¥, (0,)), the values of @ at the level boundaries, and the integrals of 1 — Q) over
the levels, through (A.3).

7.2. A lower bound for the slice energy. A trial path gives an upper bound on P*(m) at
once, by (7.3), and the lower bound comes from convexity of P,,. More precisely, the tangent
(7.4) at the trial bounds every competitor from below up to the term %IK(Q — w), which
involves the competitor’s mass. We will control that mass by the value itself through a short a
priori bound, and the inequality then closes.

Lemma 7.1. Let n > 1 and |m| < 1. The function Py, has a minimizer (k, \) over real A and
step functions with at most n steps, and at a minimizer fol wk(w) dw < Ppy(k, A).

Proof. By Lemma 5.3(iv), ¥(w,z) > 2|+ [}k, 50 Pk, A) > + [(1=w)r+|A|(1—|m]), which
bounds A and k on every [0,1 — €]. A minimizing sequence with levels squeezed to w = 1 loses
nothing in the limit. Indeed, ¥, (w,2) — 3 [} w'rk(w') dw’ > |2| > E|z + Bi_y| — v2(1 — w) /7,
and monotonicity of the recursion in the terminal data lets us drop those levels at cost
v/2(1 —w)/m. Thus the infimum is attained on a path with at most n active steps.
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Let the minimizer have active levels [s;,s;y1) with values ¢;, and let @ = Q. Then
NP = o — M, o) P = 5 [J77(Q — w), and 0, P = 5(cj1 — ¢;)(Q(55) — 85), 50 ug = m,
/. ;j”l (Q —w) = 0 on positive active levels, and Q(s;) = s; at internal positive jumps. An initial
zero level satisfies only a one-sided condition, but it contributes nothing when multiplied by k.

Let uy = u(w, Xy), pw = 02V, (w,X,) > 0, a(w) = Ep,. Differentiating the recursion
in 2 and It&’s formula give du, = p,dB, and dp, = —rp2 dw + martingale, so Q' = Ep2
and a’ = —kQ'. The equality case of Lemma 5.4(a) gives ¥,(0,\) = E|X;| — § [£kQ. By
Lemma 5.4(b), E| X1| = E[sgn(X1)X1] = Am+ [ cQ+E[sgn(X1)B1], where E[sgn(X1)B] = fol a
by the Ito isometry. Thus Py, (x, A) = 5 [ /@(Q—w)—i—fol a= fol a. Integrating by parts, we obtain
Jya=ta(t) + [swkQ > [y wk@'. On each active level [wQ' = [wQ] — [Q = (S?H - 3?)/2 =
J w dw, by the stationarity conditions and Q(1—) = 1. Letting ¢ — 1 completes the proof. [J

Theorem 7.2. Let k be a step function in U, X real, |m| <1, Q = Q. x, and let

e . .. 2@Na(s)

P (K, )

1—|m| "~

1 1
,Ptanzlpm("iv)‘)_i/ R(Q_w)dwa == |>‘|+
0
Then

* Ptan - ‘uo — m‘E
7.5 P*(m) >
(7.5) (m) 2 1+ |D|/2

Proof. Let (kp, \n) minimize over at most n steps, with n at least the number of steps of k,
and let P, be its value. Then P, < Pp,(k,A) and |A,|(1 — |m|) < Py, so [N\, — A] < Z. By
Fubini, with the Stieltjes measure including the atom x,(0)do,

2
/KH(Q - U)) :/ Fid dK/TU /w'y”'n - / 1 5 dl"in(s).
[0,1) 0,1 2

Thus [ £,(Q —w) > D [wk, > DP,, by Lemma 7.1 and D < 0. Subtracting 3 [ ws, from
the tangent (7.4) gives P, > Pran + %DPn — |up — m|=, and we conclude by letting n — oo and
using (7.3). O

At an exactly stationary trial, Pian = Pm(k, A), while for a rational trial, the difference is
first order in the distance to the stationary one and is included in the ball evaluation.

The quantity D is an infimum over a continuum, which we will reduce to finitely many values
of I'ig in the next lemma. These come from (A.3) with no quadrature in w: for levels cut at

so < --- < sy =1, we have T'jq(s;) = iji[bg — fssj?'“(l -Q)— (S?Jr1 — s?)/Z]

Lemma 7.3. Let s; < s;+1 be consecutive grid points and t; =1 — s;. On [s;, Si+1],

Tia(s) _(Tia(si) Tia(siz1)y 1 2
> — (V& — Vi)
s _mm( Lt ) 2(\F +1)
Let ¢; be the right side, replaced by 0 if it is positive. Then 2Tq(s)/(1 — s%) > 26;/(1 + s;) on
the cell. Moreover:

(a) if Q(s;) > siy1, then Tyq > Tiq(siv1) on the cell, and if Q(si+1) < si, then T'iq > Tiq(s;)

on the cell;
(b) on the last cell [spr—1,1), 2Tiq(s)/(1 — s2) > Q(sp—1) — 1;
(c) below the first point, Tiq(s) > Tia(so) — (so — ud)? /2.
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Proof. As Tiq(s) — s%/2 has derivative —@Q, it is concave, and I'jq(s) > chord(s) — (s — s;)(si11 —
s)/2. With ¢t = 1 — s, the chord divided by ¢ is monotone in ¢, and (t; — t)(t — t;11)/t <
(Vi — /tir1)?. Multiplying by 2/(1+5) < 2/(1+s;) keeps a lower bound only for a nonpositive
bound, which is why ¢; is capped at 0. For (a), the sign of I'}; = s — Q(s) is fixed on the cell;
for (b), we have T'jq(s) > Q(sp—1)(1 —s) — (1 — s%)/2; and for (c), we use Q > ud. O

Uniform spacing in y/1 — s makes the slack in Lemma 7.3 constant. We take the largest
available lower bound on each cell and evaluate (7.5) in balls. In this way, (7.5) with Lemma 7.3
gives a certified lower bound on P*(m) at a rational m, which we denote by P(m), and we call
such a rational m an SK node.

7.3. Upper and lower curves for L. We fix a rational m € (0,1) and a rational step trial
(Ko, A¢) with values 0 < ¢y < -+ < ¢ on [0, Wjg1), W; =1 —t5,t1 > -+ >t >t :=0, and
Ko = 0 below ’Lf)l. Let Qo = Q/io)\t’ ug = ax\IIKO(O,)\t), and

1 1
W=, (0,0) — A, | =W — 5/ k0Qo.
0
y (7.1), for every C’ > 0 and every «,
o
(7.6) L(a,m) < U(a,m) := 5 T 2I(C’ )+ W,

where, with 0; = 0., c(;) and dx41 = C’,

1 dw l—tl (5
Z(C’ :/ + E —1 .
=)y Fmertw) = 5

Thus one Ising evaluation gives U for all «, affine in « at fixed C’.

For the lower curve, we take one tangent of the Ising part at the trial and one of the convex
function § — 1/§ for the sphere part. The second is a function ¥ on [0, 1), admissible as long
as a one-dimensional inequality holds, and no bound on the mass of the unknown minimizer is
needed. The choice ¥ = 1 corresponds to the lower bound in (7.2).

Lemma 7.4. Let 9 > 0 be measurable on [0,1), Ry(s) = [5 9%, with Ry(1) <1 and Ty(s) :=
fsl(Qo — Ry) >0 on [0,1). Then for every o > 0,

1 _ _ a+1
(7.7) L(a,m) > \/E/O U+ 1= Jug — m|E(a), E(a) == || + 1/:]m|
Proof. We take the minimizer (k,C,\) of (7.1). By (7.4),
1
Ta0.0) = A = Wt (o = m)(h = ) + 5 [ (5 = ko) Q.

Also |[A|(1 = |m|) < ¥,(0,\) —Am < L < Ja+w(m) < /a+ 1, since ¥, (0,z) > |z|, the
sphere part is nonnegative, and by (7.2). Thus the second term is at least —|ug — m|=(a).
For the sphere part, we use 1/6 > 20 — 662 for any # > 0, and with § = 9/\/a this reads
(a/2)/5 > /ad — 692 /2. By Fubini [, 9% = CRy(1) + [ KRy, so

S [ [ruzva [o+ Sa-Ro) + 5 [ (@0~ o).

Finally [k(Qo — Ry) = f[0,1) I'y dx > 0 by Fubini with the atom of dx at 0; the integrals

converge absolutely since |Qo — Ry| <1 and x € L. Collecting the above bounds proves the
lemma. ]
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The numbers Sy := [, |, W, uy do not depend on «, so we write
(7.8) Lo(a,m) := vaSy + | — |ug — m|E(a) = S'Va + I,
with §" = Sy — |up —m|/(1 —m) and I’ = | — |ug — m|(|A\¢| + 1/(1 —m)). The curve is affine
in /. Below, ¥ is rational and piecewise constant, proposed by a floating-point solver of the
sphere problem; any 1 is allowed, since the next proposition rechecks it.

Let so < --- < sp—1 <1 be rational nodes with all w; among them, and cut the levels at
the nodes. We take ¢ constant on [0, so|, on each [s;, s;+1] with value 9;, and on [spr—1,1).
The recursion gives balls for Q; = Qo(s;), for the cell integrals of Qo, and for W, I, ug. Then
R; = Ry(s;) are exact rationals, and I'; = T'y(s;) are balls, through I'; = T';41 + fssii+1 Qo —
(si+1 — si)(Ri + Rit1)/2.

Proposition 7.5. Suppose the following hold.

(i) On each cell [s;, si+1], with D; = si11—si, the largest of the applicable lower bounds below
is nonnegative: Tiy1 if Q; > Riy1; T if Qix1 < Ry; and min(Ty;, Tj4q) — (193 - k:i)JrD?/B,

where k; is any lower bound of Q| on the cell.
(i) @m-1 = Ry(1).
(iii) uZ > Ro and T > 0.
Then 9 satisfies the hypotheses of Lemma 7.4.

Proof. As T'y is C! with I, = Ry — Qo, and Qo, Ry are nondecreasing, I'y is nonincreasing on
the cell if Q; > R;41, and nondecreasing if Q;+1 < R;. Always [ = 9? — Qf, < k= (92 — ki),
so x> Dy(x) + k(z — 5;)(si11 — x)/2 is concave. This gives (i). On [spr_1, 1), it follows from
(ii) that Qo > Ry, so I'y > T'y(1) = 0; on [0, s0], Qo > u? > Ry, so I'y is nonincreasing there.
Finally Rﬂ(l) < QM—l < 1. ]

All comparisons in Proposition 7.5 are made in balls. Since Qg is steep near the top of a
step path, a good lower bound k; matters, and the next lemma provides one.

Lemma 7.6. For a step path, let p = 02¥,, and p(w) = sup, p(w,x) = p(w,0). Then
Qb = Ep(w, Xy)? is continuous across levels, and on each level Qf > —2kopQ}y. Hence, on
consecutive cells i — 1,4 with widths D;_1, D;, values ¢;—1, ¢;, and upper bounds p;—1, p; of p, the
number Q- Q
ki = 71[)’ 12_1 exp(—2¢i—1pi—1Di—1 — 2¢;piD;)

i
is a lower bound of Qf on cell i. On a level with constant ¢ > 0, with ¢ the distance from w to
the top of the level and p4 the bound at the top,

n+vn?+4

5(w) < c+/A+4/¢
p = B ) B)

Proof. From —d,,p = 19%p+ rko(p?+udyp) and 1td, dp, = —rop2, dw+dyp(w, Xy) dBy,. Hence

0 = E[(0:p)? — 2rop?] > —2kopQ}, because 0 < p(w,z) < p(w,0) by Lemma 5.5(b). Thus
log Qf has derivative at least —2k(p, and the mean slope of Qg on cell i — 1 is attained at some
point of that cell.

For the first bound, let f = W, at the top of the level and x(z) = 1 log Eexp(cf(z + v/¢z)).
Completing the square gives x”(0) = (E¢22 — 1)/(cf), with Ey the tilted law at = 0. Since
f is even and 1-Lipschitz, exp(n|z| — cf(v/£z)) is nondecreasing in |z|, with n = ¢v/¢. Hence
E(2? < E,z? under the density proportional to exp(n|z| — 22/2). Integration by parts gives

E,z? = nE,|z| + 1 < n\/E,22 + 1, so B¢z < k(n)? and p < k(n)/v/¢. For the second, we use
" =Eef" +cVarg f and |f'(y)| < plyl- -

p(w) < Py +cpilk(cVl)?,  k(n) =
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On a cell we take the smaller of the first bound at the lowest ¢ in the cell and the second at
the largest, and we use k = 0 in the first cell and no k in the last.

7.4. Strong concavity. To bound ¢/, we need a bound on L’. Concavity of L gives L’ from a
chord, with an error of the order of the square root of U — Lo, which is too large on a mesh of
reasonable size. The next lemma shows that L is strongly concave near overlap one, with a
constant independent of . The idea is that k' = 1/M..., up to the regularity needed, and that
M. is small at large fields because the optimal path is flat below a point wy close to 1.
Recall from Lemma 5.17(c), (d), in unit scale, that with w; = w;(m) as there, we have
wi > wq(m), wg is nondecreasing in m, and h(m) > /wiAg(m). Thus a lower bound of wq(y)
is a lower bound of wy(m/) for all m’ > y. Let b,(T) = 3[g(u —T) +glu+T)] for T <u—1,

and b, (T) = 3[g(0) + g(u)] for T > u — 1.

Lemma 7.7. Let y € (0,1), w € (0,1) with w < wy(m’) for all m" > y, and u > 1 with
u < h(y). Then fory <m; < mg <1,

mg —m 2 1-—w
h(mg)—h(ml)zw, K(u, w) = ﬁu«:bu(,/ " 2])-

So L + pum?/2 is concave on [y,1), with p = 1/K(u,w).

Proof. Let (k;, C;, h;) be the minimizers at m;, U9 = ¥, (0,-), M; = M,,. Testing (k1,C1, ho)
at mg and (kg2,C2, h1) at my in (7.1) and adding gives W9 (hq) + U9(ha) < U9(ho) + ¥(h1),
that is f,?f My < f:f M. Let K bound M/ on [hy, ho]. As Mi(h1) = mq, Ma(ha) = ma, we
have Mj(z) < my + K(x — h1) and Ma(z) > mg — K(ha — x), so (ma — m;)D < KD? with
D = hg — hy. Here D > 0. Indeed h is nondecreasing, and if hy = hy =: h, the two tests are
equalities, so both (k;, C;) minimize C'/2 + (/2) [ dw/§ + ¥, (0, h), which is strictly convex in
0. Then k1 = kg, and m; = Mi(h) = May(h) = ma, a contradiction.

We now bound M. Let k = k;, wi = wy(m;), 71 = (1 — wy)/wi. By Lemma 5.17(e) in unit
scale, with f = 9, ¥, (w1, -) and the probability measure ¢ = %df,

- 2 1
M) = [(26(T72) ~1)stan, M) = o= [ Slel! )+ 8!+ ))s( ),
where 2’ = z/\/wi, t' = t/\/w1, using the symmetry of <. By Lemma 5.5(b), <(|t| > T) =
1—f(T) < P(V1—wi|z| > T), so |t| is stochastically below 71|z|. Also = > hy > h(y) > u
and wy < 1, so 2/ > u. Let v(2/,t') = S[g(a/ —t') +g(a' +1)], 2/ > u, t' > 0. Since zg(x)
decreases on & > 1, Opv > 0 when t’ <2’ — 1, and Oy v < 0 when 2’ > t/. Thus for T' < u — 1,
SUD,sy <7V = V(u, T), and always v < 3[g(0) + g(u)], because 2’ 4 ¢’ > u. The function by, is
nondecreasing in 7', where at T'=u — 1 we use g(1) + g(2u — 1) < g(0) + g(u). It follows that
M (z) < (2//w1)Eby(71|2]) < K(u,w), where in the last step we used that wy > w decreases
both 2/,/wy and 7. O

Of the two sources for u, the universal one, u = \/wga(y)Ao(y), holds at any «. The other

holds at a given « and comes from a chord: with y, the universal p on [/, 1),
Ly)—L -y
(7.9) hiy) > ) ,(y) Ly —y ), J <y
y—y 2

This follows by integrating h(t) < h(y) — pu(y — t) over [¢/, y].

In balls, we bound wqg from below by lower Riemann sums of QQg, with A\g replaced by a
rational below it within 2- 107 and the iterates rounded down to multiples of 10~7, bound K
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from above by a Riemann sum in |z| on |z| < zpax, with /(1 — w)/w zmax < u — 1, and by the
second branch of b, on the tail, and we check u > 1.
Let i > 0 be a step function such that h(te) — h(ty) > fttf i for a < t; <ty < 1, and set

)
i(a,b) = (b—a)~! f (t — a)fi(t) dt. Integrating over [a, b] gives, for a < b <m < 1,

(7.10) L'(m) < w — i(a,b) — /b "

7.5. The bracket on a window. The main result of this subsection is the following.

Theorem 7.8. Consider Gaussian rows.

(a) At a = a, €(0.9668708) > €(0.9666236). So a € Wy(ms) for every ms < 0.9666236.
(b) For every o > @, €/ <0 on [0.89,1).
(c) For every ms € [0.89,0.9666236], a < a.(0;ms) < @.

Part (c) follows from (a), (b) and the two forms of Wy(ms). Part (a) is one evaluation at
two overlaps, while (b) needs a mesh. A trial node is a rational y with a rational trial and a ¢
that passes Proposition 7.5; it provides U(«,y) and Lo(a, y) for all «. An SK node provides,
by (7.2), two bounds on L that differ by w(y) — P(y), independently of . Trial nodes are tight
and serve near the threshold, while SK nodes are cruder and serve elsewhere.

Proof of (a). We set ey, = m?/2 +U?/2 and ejoy = m?/2 + L02/2. If Lo > 0, then e > ejoy
by Lemma 7.4, and e < ey, by (7.6). At o = «, with m; = 0.9666236, mo = 0.9668708, the

computation gives
Ula,my) = [0.4547205791577915 + 7.78 - 10~17],
eup(m1) = [0.5705659945932787 + 7.26 - 10~17],
Lo(a,ms) = [0.4541947217816 + 3.86 - 10~ 4],
Clow (a2) = [0.5705659945935 + 4.63 - 10~ 14],

and ejow (ma2) — eup(my) = [2-10713 £2.50 - 10714] > 0. O

Proof of (b). On a mesh cell, (7.10) bounds L’ by a chord through two nodes, corrected by
strong concavity, and the lower curve bounds L. Their product bounds ¢/ = m + LL’ by a
convex function of the position in the cell, so the endpoints suffice. Since the chord numerator
is convex in «, the endpoints of a load interval suffice too, and SK nodes need no upper limit
on .

For the slopes, let ji be a step function on the mesh with value p; on [y;,yit+1), where
i = 1/K(u,w) of Lemma 7.7, w is a rational lower bound of wy at the point of the lattice
Wlooz below y;, and u is a rational lower bound of h(y;). For SK nodes u is the universal one,
and for trial nodes on a load interval u is the larger of the universal one and the chord value
(7.9) with Lo(a,y’) and U(«, y). Since the numerator Lo(a,y") — U(a, y) is concave in «, the
endpoints of the interval give a lower bound.

Next, for trial nodes on a load interval [y, oy, we fix C” at each node for the interval. Then
U is affine in «, and Lo = S’y/a + I’ with S > 0 is concave in «, so U — Lo is convex in a. For
nodes y; < y; put

c e U(Oé,yz)A L(?(a, yi) (Y5 9:).
ac{a,an} Yi — Yj
By (7.10), for « in the interval and m = y; +x with 0 < x < v := y; 41 —y;, we have L' < s— ;.
Also L(a,m) > L(aq, m) > £(x) by 0oL > 0 and concavity, where ¢ is the chord of Lo(ay, ) on




48 YUWEN ZHOU

the cell. If s < 0, then

q(z) == y; + z + 0(x)(5 — ).

= —2u;¢' > 0, so ¢ is convex and ¢(0), ¢(v) < 0 suffices.
< 0, g(v) < 0 are checked in balls, at an anchor j chosen in

¢'(m) =
When ¢ also has negative slope, ¢”
The inequalities s < 0, ¢/ < 0, ¢(0) <
floating point.

For SK nodes and o > «aq, we obtain from (7.2) that L(«,b) — L(a,a) < w(b) — P(a),
independent of o. Thus, for nodes y; < y; and s = (w(y;) — P(y;))/(vi — y;) — i(y;, vi), we have
L' <5—pzx, and L(a, m) > \/ou + P*(m) > {(x) := \/a+ chord of P on the cell, by concavity
of P*. The same ¢ applies, with ¢ < 0 checked, and one check at oy covers all larger a. On
the final cell [myop, 1), concavity with L(c, myop) > /o and L(a, 1) = /o gives L > \/a, and
L' <s5<0,s0¢€¢ <1+ /5.

The certificate uses 164 trial nodes on [0.931,0.985] and 48 SK nodes on [0.88,0.9975], and
the load range [@, 164868419/10%] is split into 35 intervals with exactly matching ends. With
these nodes and intervals, we find that all the checks above pass, which proves (b). Table 1
lists the largest upper end of the ball for ¢ on each part, rounded to nearest. The worst cell at
@ is [0.9667225,0.9667349], with anchor 0.9666856. O

TABLE 1. Coverage of {(a,m) : « > @, m € [0.89,1)} in the proof of The-
orem 7.8(b), and the largest value of ¢ found. The final cell [0.9975,1) has
qg < —0.1093 at @.

nodes load overlap worst ¢
trial  [@, 164868419/10°) [0.9322,0.985] —2.041-1078
SK  [a@,o0) [0.89,0.9325]  —6.506 - 1073
SK [@, 00) [0.985,1) —1.784-1072
SK [164868419/109 o) [0.89,1) —6.221 - 1072

7.6. No holes below the lower end.

Theorem 7.9. Every a € (0,a] lies in Wo(ms) N WE(ms) for all ms € (0,0.9616]. Explicitly,
for Gaussian rows, with \, = 2.0709518 and my, = 2G(X\y) — 1 = [0.961636699353 £ 1.20 - 10~14]:
(a) €(0.974) > e(my,) for every o € (0,0.13755521];
(b) €(0.9668835) > ¢(0.9666236) for every a € [0.13755521, a].

Proof. Both left overlaps are at least 0.9616, so (a) and (b) give the membership in Wy(m).
For binary patterns, W (ms) = Wy(ms) by Theorem 6.9(c).

For (a), let m* = 0.974, let P be a lower bound of P*(m*), and write wy, = 2g(\p) = w(myp).
By (7.2),

my  (Va+P)? - (Vatw)  m?—mj w,—
2 2 2 2
For wy, > P this is positive exactly when

e(m*)—e(my) > P(2\/&+P+wb).

1rm*? — mg
(7.11) J&<W._2[wb_P
which is monotone in «, so no grid in « is needed. Theorem 7.2 with a 12-step trial, cut into 215
levels, gives P, = [0.066934867211846 +5.15- 10716, Py, = [0.066934867141065 + 4.66 - 10~16],
D =-1.634-10"7, Jup — m*| < 2.6 - 10710, and

P*(0.974) > P = [0.06693486043888495 + 1.53 - 107'8],  so P*(0.974) > 0.066934860438.

_P_wb}y
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With w, = [0.09346090751068000 + 2.78 - 10~1®], the right side of (7.11) gives
ap € [0.1375552194487222 + 9.37 - 107 1%],

which exceeds 0.13755521. This proves (a).

For (b), we make the argument of Theorem 7.8(a) uniform in a. With trial nodes m; =
0.9666236, ms = 0.9668835 and C’ = 167090722627/549755813888, and = = /a, we have
U(a,m1) = co + c12?, where ¢g = C'/2 + W(m1) and ¢; = Z(C")/2, and Lo(a, mg) = S’z + I,
with §’ > 0 and I’ > 0 in balls, so Lo > 0 and

m3 — m3

2
has f"(z) = S" — 2c1(co + c12?) — 4c?2?, which decreases in # > 0. In balls, we find that
f >2.103-107® at the lower end of [0. 13755521@], f>9.521-10"1* at the upper end, and
f"” < —1.216 at the lower end, hence throughout. Thus f is concave in z and positive on the
interval, and this completes the proof. [l

f(x) := eow(ma) — eup(m1) = + %[(Sl% +1')? = (co + c12”)?]

7.7. No well below the window. Theorem 7.8(b) says nothing below 0.89, where the
constants of Lemma 7.7 fail, because they need h > 1 and a large wg. A cruder fact works
at every overlap, namely that the response of the optimal path has slope less than one, by
an explicit margin, at its own field. Thus h grows at least like [J"(1 + s?/w(s)?)1/2 ds, which,
combined with L > y/a + P*(m), makes ¢/ = m — Lh negative, down to m = 0.

We fix @ > 0 and m € (0, 1) and use the notation of Lemma 5.17 in unit scale: M* = 6*(0)/v/c,
wy as there, and Ag(m) = M/..(h(m)).

Lemma 7.10. For all « >0, m € (0,1),

1 m? w(m
M wy  Aolms \/(wT)
Proof. On [0,w;) the path vanishes, so u,, and p, = 92V .« (w, X,,) are martingales for the heat
flow, with Q" = Ep2, and Ep,, = 4. By Cauchy-Schwarz Q' > A2, so Q(w;) > m? + A3w;. By
Lemma 5.17(b), Q(w1) = wy/M*2, which gives the first inequality, and the second is in (5.19).

For the third, M* > 1 by Lemma 5.17(a), so A3 <1 —m?/w; and A2 < w?/w;. The first
bound increases in w1, the second decreases, and they cross at w; = m? +w?, where both equal
w?/(m? + w?). O

Lemma 7.11. h is nondecreasing, h(0) =0, and for 0 <a <b< 1,

w(m)
m? + w(m)?

(7.12) Ag(m)* < hence Ap(m) < < 1.

b 2
(7.13) h(b)—h(a)z/auo(s)ds, pols) =1+ 7

So h(m) > H(m) := [y" po > m on (0,1). H is convex with H(0) = 0. Neither o nor H depends
on a.

Proof. By Theorem 5.13(b), h = —L’ is continuous and nondecreasing, and h(0) = 0. Thus h is
differentiable at almost every mg, and at such a point L has a second-order Taylor expansion.
We fix such mg € (0, 1), with minimizer (o, Cp). For all m,

Lia,m) < 1(m) = L ¢ 2/

with equality at mg. Below w; the flow is the heat flow, so M, is real analytic, and M} >0,
since M, is concave and strictly increasing on [0,00) (Lemma 5.5(b),(c)). It follows that |
is C? near mg, with I’ = =M ! and I”(mg) = —1/Ag(mo). Since | — L > 0 has a minimum

+inf{W,, (0, \) — Am},
(5,{0 Co A



50 YUWEN ZHOU

at mg, we have L"(mg) < I"(my), that is h'(mg) > 1/Ag(mo) > po(mo) by (7.12). For a
nondecreasing function h(b) —h(a) > [ ; h'. Finally po is continuous and nondecreasing, because

(s/w(s)) = (w+s)g)/w? > 0. O
Corollary 7.12. Fora>1,¢ <0 on (0,1). So Wy C (0,1) and a.(0) < 1.
Proof. Since L > /a, we have ¢ =m — Lh < m — y/aH(m) < 0. O

Theorem 7.13. For every o > @ and every m € (0,1), €/(m) < 0. Consequently:
(a) Wo C (0,@), a < ac(0;ms) <@ for all ms € (0,0.9666236], and a < a.(0) < @.
(b) The same holds for binary patterns, with W& and af. For a > @, e® = e on [0,1], and
eR is strictly decreasing on (0,1).
(¢) For a > @ the slice-minimum profile has no barrier of extensive depth at any overlap,
in the sense of Theorem 5.16(b).

Proof. On [0.89,1) this is Theorem 7.8(b), and it remains to treat smaller overlaps. Recall that
P(m) denotes the certified lower bound of P*(m) at SK nodes. We will use three facts, which
hold for all o > o := @:
(i) L(a,m) > \/oq + P*(m), and P* is nonincreasing on [0, 1] and at least the chord of P
on a cell;
(ii) L(a,b) — L(a,a) < w(b) — P*(a) for a < b, independent of «, by (7.2);
(iii) (7.13), independent of a.
Part A, m € (0,0.65]. On a cell [a, b],

e'(m Lh H(a
) 122 oy (va+ pop R,
m a
because H(m)/m is nondecreasing. On the first cell, with a = 0, we use H(m) > m. It is enough

that the right side is negative in balls.
Part B, m € [0.65,0.89]. For nodes y; < y;, integrating (7.13) gives L(y;) — L(y;) = f;’; h <

(yi = yj)h(yi) = J,' (¢ = yj)po(t) dt, so —h(yi) < sij, where

w(yi) —Ply;) 1 /yi
Yi —Yj Yi — Y5 Jy;

For m = y; + z, € [0,v], we have L' < s;; — po(y;)x and L > {(z) := /ai+ chord of P.

If s;; < 0, then € < g(z) := y; + x + ¢(z)(sij — po(yi)x), which is convex when ¢ < 0, so

q(0),q(v) < 0 suffices. These are checked in balls, with the anchor j chosen in floating point,

o bounded below on the lattice 8—(1)0Z by its value at the left end, and w from above.

The certificate uses 43 SK nodes in [0.05,0.9], in 160-bit balls, and Part A holds on 25 cells,
up to 0.65. On [0.65,0.675] its expression is positive, and Part B applies there. Part B holds
on 14 cells, with s;; < 0 and P decreasing in every cell, and max g < —0.0284228 over all cells,
which proves the first statement. Table 2 shows samples.

For (a), the first statement gives Wy C (0, @), a.(0) < @, and a.(0;ms) < @ for all mgs € (0,1),
and the lower end is Theorem 7.8(a). Part (b) follows from Theorem 6.9(a), (¢), and ¢’ < 0,
and (c) is Theorem 5.16(b). O

m

Sij = (t = y;)po(t) dt.

7.8. The limit 7" — 0. Theorem 5.16(d) compares a.(T';ms) with the capacity at T =10 on a
window. For the unrestricted a.(7"), we must also exclude a contact point that sinks to m = 0
as T'— 0, where €¢/(0) = 0 and the convergence of A’/ to €’ says nothing. We will do this with
Proposition 4.14.
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TABLE 2. Samples from the proof of Theorem 7.13. Decimals are midpoints of
balls, and acceptance uses ball comparisons only. Left: the bound 1 — (va +
P(b))H(a)/a in Part A. Right: Part B, with y;, anchor y;, s;;, ¢(0) and ¢(v).

[a, D] bound Yi Yj Sij q(0) q(v)

[0,0.05] —0.13310 0.65 0.425 —0.8132 —0.06530 —0.05614
[0.25,0.275] —0.11322 0.75 0.625 —1.0581 —0.07494 —0.05853
[0.5,0.525]  —0.05332 0.85 0.775 —1.3853 —0.05549 —0.02842
[0.6,0.625] —0.01467 0.875 0.825 —1.4902 -0.04433 —0.03919
[0.625,0.65] —0.00336 0.8875 0.85 —1.5476 —0.03736 —0.03475

Theorem 7.14. For T small enough, a.(T) <@. Also liminfr_oac(T) > a. So every limit
point of a.(T) as T — 0 lies in [a, @), and by Theorem 6.7 the same holds for aX(T). The
same holds for ao(T;ms) and aR(T;my), for every my € (0,0.9666236).

Proof. The lower bound is Theorem 5.16(d) with Theorem 7.8(c), since Wy contains Wr(ms).

For the upper bound, we may take o € [@,2] by Corollary 4.15. By Theorem 7.13 and
continuity of ¢ in (o, m), we have ¢/ < 0 uniformly on [@,2] x [0.4,m], for each m < 1.
Theorem 5.16(d) gives A’/S — € uniformly there, and A’ < 0 on [m, 1) for some m < 1 and
large. Thus A’ < 0 on [0.4,1) for 8 large, uniformly on the load interval.

On (0,0.4], let v*(m) be the optimal radius and v* = Sv*(m). By Theorem 5.16(d), av*/8 —
L(m)? uniformly, and L(m) > L(0.4) > va + P*(0.4) > 1.04, by P*(0.4) > 0.6747288067
at the SK node 0.4. The same limit and L > /a give v* = p%v*/3 > B?/2 for 3 large.
Hence §iow(7*, @) > Giow(8?/2,@) by Lemma 4.13(c), and this tends to 1. Indeed, since
f(s) > cmin(s, 1) for some ¢ > 0, for each wy < 1 the inequality defining §y fails on (0, w]
once 7 is large. Therefore av*iow (7", @) > 5 on (0,0.4] for § large, and Proposition 4.14 gives
A’ < 0 there, so no a > @ lies in Wy for T small. This proves the upper bound.

For a window, ac(T;ms) < a.(T') gives the upper side, and Theorem 5.16(d) with Theo-
rem 7.13(a) gives liminfr_,o ac(T;ms) > ac(0;ms) > a. Finally, Theorem 6.7 covers binary
patterns. (]

Proof of Theorem 1.2. Part (a) is Corollary 3.5, Theorem 5.1, Corollary 5.12 and Theo-
rem 5.13(c); (b) is Theorem 6.9(c) with Theorem 5.13(c) and Definition 5.15; (c) is The-
orem 7.13(a) with Theorem 6.9(c); (d) is Theorem 7.13(b) and Theorem 7.9; (e) is Theo-

rem 5.16(b); and (f) is Theorem 7.14. O

Proof of Theorem 1.4. Part (a) is Theorem 6.7(a) with Theorem 1.3(a), (b) is Theorem 1.3(b),

and (c) and (d) are Theorems 7.13 and 7.9. O
USE oF Al

The statements, proofs, code, Lean formalization and text of this paper were generated
mainly by AI systems: Claude Opus 5.5 (Anthropic) derived the proofs and wrote the rest, and
GPT-6.1 Sol (OpenAlI) wrote an independent report on each result. A final audit by fresh AI
readers covered the longer version in the repository, and the certified computations were rebuilt
from a clean start.
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CODE AND DATA

The code, the certificates of Section 7, the longer version and the dependencies between the
results are at https://github.com/OctopusTide/hopfield-capacity. The repository also
contains a Lean 4 proof of Theorem 1.4(a),(b), Theorem 1.1(a),(b), and the statements in
Theorem 1.3(b) that Wy is empty for T'> 1 and that Wy C (0,2). This proof is conditional
on the results used from [6, 9, 1], two classical Gaussian facts, and 802 load inequalities behind
Corollary 4.15, computed outside Lean in ball arithmetic.
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APPENDIX A. THE CERTIFICATE

In this appendix, we use the notation of Section 7. We give the error terms of the ball
evaluation of the recursion, on which the code is based, and describe what was computed.

A.1. The recursion in ball arithmetic. For a step path with rational data, the evaluation
produces balls containing W, (0, ), 0, ¥, (0, ), the values of @ at the level boundaries, and the
integrals of 1 — @) over the levels. Since the recursion is a chain of Gaussian convolutions of
analytic integrands, the trapezoid rule on a lattice converges exponentially fast, and analytic
continuation into a strip bounds its error. We now give the error terms.

In this subsection, M denotes the number of levels, not of patterns. Fix rationals 0 < sg <
e <syy=1,0<¢ <o <epoq with epr—1 > 0, and A, and let kK = ¢; on [s;, $;41) and
k=0 on [0,s0). We write b? = s;41 — 8;, 72 = 1 — 55, d; = %fsll kand U; = W,(s;,-), and we
let ¢, denote the density of N(0,b%). Then Wy = |- | and ¥, (0,\) = EVo(\ + \/502). By
Lemma 5.2(b), a level may be cut into several with the same ¢ without changing anything, so
the grid of s; can be refined freely.

For ¢; > 0, we put A; = exp(¢;V;+1) and B; = exp(¢;V;), so that B;(z) = EA;(x + b;z) and
A = B?@l with 0; = ¢;/ciy1 € [0,1]. The law of X, ., given X, = x is that of  + W, where
W has density proportional to ¢y, (y)A;(z + y), and we write E{, for this tilted law. For ¢; = 0,
the tilted law is the Gaussian law, with A; = 1. Put E;(x) = EL Wy (z + W).

Lemma A.1. (a) W; is even, convex and 1-Lipschitz.
(b) Ui(z) > |z| + di, and ¢i(z) := ¥,;(x) — |z| — d; is nonnegative and nonincreasing on
x > 0.

(d) W,(z) < |z| + X;, where X; := /272 /7 + d;.
(e) Forz >0, 1-V(x) < 2G(—z/7;) < exp(—22/(277)). So 1—-V(x)? < 2exp(—22/(27?))
for all x.

Proof. Parts (a), (b), (d) are Lemma 5.3(i), (iv), with ¥} < 1 for the monotonicity in (b).
For (c), convexity gives W;1(z +y) > ¥ir1(x) + Ui, (x)y, and Eexp(tz) > 1. Part (e) is
Lemma 5.5(b), and for the last claim we use that ¥/ is odd and 1 — W2 < 2(1 — |W/)). O

Let k(n) = (n + /1% +4)/2, so that k? = nk + 1.
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Lemma A.2. Let f > 0 on R with log f being c-Lipschitz, let b > 0, H(x) = Ef(x + bz), and
let By be the tilted law at z, under which W has density proportional to vp(y)f(z +y). For
(=x+1iy:
() H(C) = exp(y?/(20°))H(2)E¢ exp(iyW/b?), so [H(()] < exp(y®/(26%))H ().
(i) EqW? < k(eb)?b?.
(iii) ReE; exp(iyW/b?) > w(y) := 1 — y%k(cb)?/(20%), which is positive for |y| < v/2b/k(cb).
On that strip logH is analytic, | Imlog(H(¢) exp(—y?/(2b%))/H(x))| < /2, and 0 <
— log |E¢ exp(iyW/b?)| < —log w(y).

Proof. For (i), we complete the square in ¢,(y’ — (). For (ii), Gaussian integration by parts
gives E,W?2 = b2 + b2E( [W (log f)'(z + W)] < b% + b%cy/E W2, and we solve the quadratic. Part
(iii) follows from cost > 1 —¢2/2 and (ii). O

We apply this with f = A;41, b = bjy1, ¢ = ¢i41 > 0, since log A; 1 is ¢;41-Lipschitz

by Lemma A.1(a), also at the top level. Fix a strip half-width a; < v/2b;;1/kiy1, with
ki1 = k(cit1biy1), and write w; = w(a;). For ¢ =z + 1y, |y| < ai, and 6 € [0, 1], we have

Bi+1(0)’] < exp(Bai/(207,1))Bis1 (2)’,
(A1) Wi (O] < Wi (z) + K, K; = (a7 /(2b%,1) + /2 = log ;) [cia,

W7, (O] < By, Bi := (kis1bit1 + a;)/(civ1b} ).
The first line is Lemma A.2(i), and the second is (iii), with ¥;4; > 0 on R. The third follows
from H'(¢) = [((v' — O)/0")eu(y — Q) f(y') dy’ and E¢|W| < kit1biy1. Let H = N/B;1 with
N(©Q) = [ @b, (v = QA1 (y)o(y') dy’ and ¢ real, [¢] < S on R. Then
(A.2) [H(OI< S/wi, [A(QH(Q)] < exp(85a7/(2b711))Ai(2) S/ i

If ¢;y1 = 0, then W; 4 is entire, and with f; := exp(a?/(2b%,)) we have [¥; 11 ()| < f;¥;41(2),
Wi 1 (Q)] < fiand [H(¢)| < f;S. In that case we put w; = 1, K; = 0, B; = f;, and take

7

a; < \@bi—&-l .

Lemma A.3. If f is analytic on |Imy| < d', a < d', [|f(y+iy)|dy <F for|y| < a, and f
decays as | Rey| — oo uniformly in the strip, then

2F
h ih) — < .
‘ zj:f(] ) /f‘ ~ exp(2ma/h) — 1
For Jh > cb?, the terms t; := hyy(jh) exp(cjh) satisfy tjy1/t; < q:= exp(—Jh?/b* + ch) < 1
for j = J, s0 3 =gty < 2tsa/(1—q) =:t(c).
Proof. The first bound is Poisson summation with the Fourier transform of f bounded by

Fexp(—alw|) after moving the contour, and the geometric series over w = 27n/h; see [24,
Theorem 5.1]. The second is a geometric series. n

The tables use nested lattices: h; is an integer multiple of h;11, so no interpolation occurs.
The table of ¥; holds x € h;Z, 0 <z <Y, with Y; > Z7;,, Z = 10. For the quadrature at level
i, let t;(c) be t(c) of Lemma A.3 with b = b;, h = h;11, J = J;, and put

2exp(a?/ (212)) , 002 ,
Ei = — El:=E; i = E 4+ ti(c;).
! exp(2ma;/hit1) — 1’ ¢ Zexp(QbZZJrl)’ ri it Z(C’L)

Let TZ’, Nz’,Si be the sums Z\j\SJi hi+1‘Pbi (jhi+1)Ai(yj)¢(yj) with yj =T —I—jhi+1, fOl“ (Z) = 1,
W), 1, Wit1 respectively.
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Proposition A.4. Let x € h;Z.
(a) If ¢; > 0, then |T; — B;| < 1By, so ¢;V;(x) lies in log T; £ (—log(1 —r;)). Further

IN; — B;Wj| < (EjB; + ti(ci))B;,
Si — BiEs| < (Ej(|z] + kibi + Xis1 + K;) + (2| + Xip1 + Dti(ci + 1)) By

A ratio of a sum N with error r,B; to the denominator T; has error at most (ry, +
ri|N/Til) /(1 = rs). .

(b) If ¢;, =0, put C = |z| + X;41. The trapezoid sums of pp, times Wiy, \II?H, Ui, have
errors at most

E,Ci + (C + 1)ti(1), E;Cy + (C + 1)2ti(2), E,Cs + ti(O),

where (Cl, CQ, C3) = (C—FbH—KZ’, (C+bi+Ki)2, Bz) ifci+1 > 0, and (fl(C+bz), fZ-Q(C+bZ')2, fl)
if ciy1 = 0. The outer integral for W, (0,\) and ug is this case with variance sg.

(c) At the top level it = M — 1, with ¢ = cpr—1, b =bpyr—1, * >0, px = G(+x/b+ cb) and
Q = e“py + e “p_, one has the closed forms

ch®>  logQ , e“pr —e “p_ 2bg(az/b)e_02bQ/2
Uy = — v = .
M-—1 2 + c ) M-1 Q ) Q
(d) For |y| > Y;, W;(y) lies in |y| +d; + [0, 4], with ¢; the upper end of the enclosure of
Vi(Yi), and Wi(y) lies in sgn(y)[1 — exp(=Y;2/(273)),1].

Proof. (a) Let ¢ = 1. By (A.1) with 6 = 6;, the function y — ¢, (y—x)A;i(y) has, on |Imy| < a;,
L' norm at most exp(a?/(2b7) + 6;a2/(2b7,,))Bi(z), so Lemma A.3 gives the error E/B;(x).
Since log A; is ¢;-Lipschitz, the tail is at most A;(x)t;(¢;) < B;(x)t;i(¢;) by Lemma A.1(c). The
other two numerators are bounded similarly, using (A.1) for ¢, Lemma A.1(d), EL|W| < k;b;,
and C' + |y| < (C’ +1)elvl. For the ratio, we write T; = B;(1 +y1), |y1| < ri, and N = N +y5B;,
ly2| < rp. Then N/B; — N/T; = y1N/T; — yo, which is at most r;|N/T;| + r, in absolute value,
and hence at most the stated bound. This completes the proof of (a).

Part (b) follows as in (a), with A; = 1 and E(C' + |[W|)? < (C" + b;).

(c) We differentiate Eexp(c|z + bz|) = e’?*/2Q in z and in c.

Part (d) follows from Lemma A.1(b), (e). O

—CT

EM*l = Cb2 + 33“1’{/\/[,1 +

The exact recursion is a sup-norm contraction by Lemma 5.2(a), so errors add along the
levels without amplification. In the computation this is not a separate estimate: every table
entry is a ball, and its width passes through the exponentials, products and logarithms of the
next level.

The functionals, namely the values of () and its integrals, come from a forward pass. Put
le = 1— U2 and ff :=b? — (2/c))(E, — ¥)) for ¢, > 0, fi(x) := b — Var ¥, (x + b;2) for
¢ = 0. Then

Si+1
(A3) Q) =1-EfA(X), [ (- @ dw=Ef(X,)

!
The first is the definition of Q. For the second, we have 9, ¥; = (E; — ¥;)/¢; (and 3 Var
at ¢, = 0), the chain rule through the lower levels gives 0, ¥;(0,\) = E[0,¥;(Xs,)], and
(7.4) gives 0,V (0,\) = % ;;’“ Q. The same computation from X5, = x gives fl(z) =
f;’ll“ E[l — u(w, X)? | X5, = 2] dw, s0 0 < ff < b2,

Let 7o be the outer trapezoid weights on the table of U, and let w41 (y) = >, mi(x)hiv19m, (Y—

x)A;(y)/Ti(z), folded to y > 0 and restricted to the table of ;1. Put mass; = 3. m;. Let S
bound f on the strip of the step into level I.
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Lemma A.5. For f = f2 with S =1, or f = f! with S = b2, so that |f| < S on R, and with
e =2exp(—22/2)8,

Ef(X) =S m) ()] < 3 mass|

1<[—2

g Ej/w; + ti(c;) +r; L e}
1-— r;

El/—l‘g + (ti—1(e—1) + 1-1)S

1—r-

+ mass;_1 [ + e} + o,

where o is the term of the outer integral, of the same form, with mass = 1. One may
take S = 1+ Blz_l for le. For flI, with Cp, = Y1 + kj_1b;—1 + kiby + X;, one may take
S = bl2 + (2/Cl)(cb/wl_1 +Cp + Kl—l) if g >0, and S = bl2 + fl—l(Cb + bl)2 + ff_l(Cb + bl)Q if
c = 0.

Proof. Put H; = f, Hi(z) = EL Hip1 (x+ W), J; = 3. m H;, so that Ef(Xj,) is the outer integral
of Hy and |H;| < S. We telescope the differences

Ji_,_l _ Jz _ Zﬂl(.’ﬂ) [Z hz-l—lgpbz_(ry(;)l')Az(y) Hi+1(y) o Hz(x)}
T Y g

The bracket is a ratio of truncated trapezoid sums against the true integrals, so Lemma A.3
with (A.2) bounds it for i <1 — 2, where H;y1 has the form N/B;,1, and with S for i = — 1.
The bound S on the strip follows from (A.1), (A.2), Lemma A.1(d), and E¢|W| < kb.

It remains to treat the nodes |y| > Y41 dropped from the table, for which we need
Sup|y|>y;,, [Hi+1| < e. By Lemma A.1(e), integrated over the level for fi, we have |f(y)| <
25 exp(—y?/(277)). Since the drift ku has the sign of X, by Tanaka’s formula |X| is pathwise
above the reflected Brownian motion from |z|. Hence |H;(z)| < 2SEexp(—(z + B)?/(277)) <
25 exp(—x2/(272)), where B has variance s; — s;, and 7'12 + 8, — s; = 72. With Y; > Z7; this is
e, and the proof is complete. ]

The sums of the recursion are evaluated by products of ball polynomials, and every error
term above is evaluated in ball arithmetic and added to the radius. The evaluation also
verifies, in balls or exact rationals, the nesting of the lattices, N?h? > Z272 where Y; = N;h;,
w; >0, r; < 1/2, q < 1 for every tail, and that ¢; is nondecreasing. The forward pass uses
4exp(—Z2/2)S, unweighted, in place of mass;e, which absorbs a mass above 1. Floating point
chooses h;, N;, a;, J; and has no other role.

A.2. What is computed. All certified numbers are outputs of FLINT/Arb [13] ball arithmetic,
through python-flint 0.9.0, at 160 bits. Every parameter reaches a ball as an exact rational.
Floating point proposes trials, grids, table sizes, the function 9 and anchors. It enters no bound:
every proposed object is rechecked in balls or exact rationals before use. A bound written here
with < or > is rounded in the safe direction, and a printed ball contains the unrounded value.
Other decimals, such as the entries of Tables 1 and 2, are rounded to nearest. Acceptance uses
ball comparisons only.

The trial nodes have 31 levels on [0.9555,0.9785] and 25 levels outside, down to t; about
21077, with mesh 1.23 - 107° near m = 0.9667. The levels are cut at between 177 and 628
nodes s;. The 48 SK nodes of Theorem 7.8 and the 34 further SK nodes of Theorem 7.13 use
8-step trials, the former cut at between 29 and 353 nodes. The value at 0.974 uses a 12-step
trial cut at 215 nodes.

We compute the two values in Corollary 4.15 as follows. Let f(s) = Etanh?(\/52), a = 2,
and (v,yn) = (2,0.35) or (4.44,0.5). It is enough that y/(1 — 3)? < ~Af(yay) on (0,yy].

On (0,1/100], the bound tanh?s > s? — 2s? gives f(z) > x — 222, so it is enough that
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Y2a(1 — 2ya/100) > (1 — 1/100)72. For [1/100,y,] we use 400 cells. Since both sides increase
in y, on each cell we compare the left side at the right end with a lower bound of the right side
at the left end, namely a lower Riemann sum in |z| < 8, with step 1/200 and Gaussian masses
in balls.

Code and certificates are in the repository given under Code and data. Every certified
number has been rebuilt from a clean start, and the computed values agree with the stored
certificates. Two separately written checkers, also written by Al share only Arb with this code,
each with its own remainder bounds and its own grids.

The first recomputed the pair at «, the pair of Theorem 7.9(b), the worst cell at @, the
value at 0.974, and its own recursions at 22 of the 164 trial nodes, and it reran the mesh logic
over all 35 load intervals. All balls overlap. The second evaluated Theorem 7.2 at all 82 SK
nodes on the stored rational trials, where its values of P,, overlap the stored ones and its lower
bounds are at least the stored ones. With its own values it passes all cells of Theorem 7.13,
and it confirms the two computations behind Corollary 4.15. At the other 142 trial nodes the
recursion has been reproduced only by the rebuild, not by separate code.
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