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Abstract

We further develop the theory of congruence speed for integer tetration in non-squarefree
numeral systems, building on Appendix B of [M. Ripa and G. Di Pietro (2026), A compact
notation for peculiar properties characterizing integer tetration, Notes on Number Theory
and Discrete Mathematics, 32(3), 477-496]. For bases coprime to the radix, we establish
an eventual floor-difference representation and determine the exact spectrum of attainable
least periods. We construct explicit arithmetic progressions containing infinitely many prime
bases with nonconstant congruence speed for every non-squarefree radix, thereby proving the
coprime-infinitude conjecture posed in Appendix B. We also derive a uniform quadratic bound
for the least coprime base with nonconstant congruence speed and establish exact natural
densities of nonstabilizing bases, both among integers coprime to the radix and among those not
divisible by its radical, together with the corresponding relative density among primes. Finally,
we give necessary and sufficient conditions for the perfect-power congruence-speed identity
(Equation (2.12) of the cited paper) to hold in arbitrary radices, determine the exact least
eventual period when stabilization fails, and establish a separate criterion for the boundary
case of the original parameter restriction.

1 Introduction

The concept of congruence speed was introduced in 2011 [4] to describe the rate at which the
rightmost digits of integer tetration become stable as the height of the corresponding power tower
increases. Initially investigated in the decimal numeral system, this property was subsequently
studied in greater detail in [5, 6, 10], leading to explicit formulas for the constant congruence speed
of integer tetration bases and several related results. In particular, [6] proved the existence of
infinitely many prime bases having any prescribed positive constant decimal congruence speed,
making use of Dirichlet’s theorem on primes in arithmetic progressions [11, 12].

A natural question arising from these investigations is whether the congruence speed necessarily
stabilizes when the decimal radix is replaced by an arbitrary integer » > 1. This problem was
addressed more generally by Ripa and Di Pietro [9], whose Appendix B extended the theory
to squarefree numeral systems and established that squarefreeness characterizes the universal
stabilization of congruence speeds among bases not divisible by the radical of the radix. However,
the behavior in non-squarefree systems remained only partially understood, and the existence
of infinitely many coprime bases with nonconstant congruence speed for every such radix was
explicitly left open as Conjecture 3.1.

In the present paper, we investigate the non-squarefree case by applying lifting-the-exponent
(LTE) techniques to the successive differences of integer tetration towers. Rather than restricting
our attention to the existence of exceptional bases, we determine the eventual structure of
their congruence speeds, showing that these follow periodic patterns whose least periods can
be characterized exactly in terms of the prime factorization of the radix. We then establish the
aforementioned conjecture by constructing explicit arithmetic progressions containing infinitely
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many prime bases with nonconstant congruence speed, and obtain an upper bound for the smallest
such coprime base.

We also derive exact natural densities of bases with nonconstant congruence speed, both among
those coprime to the radix and among the larger class not divisible by its radical. These results are
complemented by a corresponding density theorem for prime bases, using the prime number theorem
for arithmetic progressions [1]. Finally, returning to another result of [9], we obtain necessary and
sufficient conditions for its perfect-power congruence-speed identity to hold in arbitrary radices,
determine the eventual periodic behavior when stabilization fails, and establish a separate criterion
for the boundary case of the original parameter restriction.

2 Definitions and notation

Throughout this paper, we follow the notation for integer tetration and congruence speed adopted
in [9], introducing additional definitions as needed.

Let a,r > 2 and b > 0 be integers. We denote by ®a the integer tetration of base a and height b,
with %a =1, 'a = @, and **la = a’® for b > 1. For any prime p and positive integer n, let v,(n) be
the p-adic valuation of n, namely the largest nonnegative integer j such that p? | n.

The number of stable digits between consecutive tetration heights is given by

b+1 b
V —
sg](a) = max{k >0:""a =" (mod r*)} = min w(a="a) , (2.1)
plr vp(r)
where p ranges over the prime divisors of . The congruence speed at height b > 1 is then defined
by
o (@) = s (@) = 5}, (a). (22)

We say that the congruence speed stabilizes if v,[f](a) is eventually constant. In that case, b denotes
the least height from which the congruence speed remains constant, as in [9].

Unless otherwise stated, we assume ged(a,r) = 1.

For every prime p | r, let ord,(a) denote the multiplicative order of @ modulo p, and define

e)(a) = {Vp(aordp(“) —1) ifpisodd .

2.3
(a2 —-1)—1 ifp=2 (2:3)

These constants agree with the prime-radix constant congruence speeds given in (3.4) of [9,
Appendix B]. For odd primes p, LTE also gives ¢,(a) = v,(a?~! — 1).
The rational LTE slope is defined by

. cpla)
Ar(a) := min 22, 2.4
T( ) p|1” l/p(’l“) ( )
We also write rad(r) := [, p for the radical of r.
Whenever the following set is nonempty, we define

B(r) :=min{a € Z:a > 2, ged(a,r) =1, A\(a) ¢ Z}, (2.5)

which gives the least coprime base with nonconstant congruence speed. As r ranges over the
non-squarefree integers listed in OEIS A013929, the corresponding values B(r) form OEIS A390576.
The related sequence A390535 also allows bases not coprime to r and therefore requires the extended
LTE criterion, in which primes dividing a are omitted from the minimum (and an empty minimum
corresponds to nonstabilization). The theorems below concern the coprime setting, except where
explicitly noted.

Following the publication of [9] on October 15, 2026, Alper Ferudun presented an LTE criterion
on October 20, 2026, subsequently included in OEIS A390535 and A390576 [2, 3]. For bases
coprime to the radix, this criterion establishes that the congruence speed stabilizes if and only if
Ar(a) is an integer; the subsequent theorems build on this criterion and the previously published
results.
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3 Eventual periodicity and period spectra

3.1 The eventual period

We begin with a modular stabilization result for tetration towers, providing the basis for the
subsequent application of LTE.

Lemma 3.1. For every integer a > 2 and every positive integer n, the tower sequence ®a stabilizes
modulo n. In particular, there exists by such that n | **la — a for all b > by.

Proof. We proceed by strong induction on n. The case n = 1 is immediate. Suppose n > 1 and
consider any prime-power divisor ¢¥ of n, where ¢ is prime and k > 1.

If q | a, then v, (**1a) = bav,(a) — 0o as b — oo, so ba is eventually zero modulo ¢*.

If ¢ { a, Euler’s theorem implies that a’ (mod ¢*) depends only on t (mod ¢(¢*)). Since
©(¢") < ¢* < n, the induction hypothesis shows that *~'a is eventually constant modulo ¢(q"),
and therefore ’a = a’ "% is eventually constant modulo ¢*.

Finally, applying the Chinese remainder theorem to the prime-power factors of n completes the
induction. O

Lemma 3.2 (Exact p-adic increment). If p is a prime not dividing a > 2, then for all sufficiently
large b,
vp("Ta —a) = v,(*a —""ta) + cpla). (3.1)

Proof. Set Dy, :=""1q —bq. Then D, = a’ '*(aP»-1 — 1) for b > 2, so vp(Dy) = vp(aPr=1 —1). For
odd p, Lemma 3.1 ensures that ordy(a) | Dy—; for sufficiently large b. Since ord,(a) | p — 1, this
order is not divisible by p. The LTE lemma therefore gives

vp(aP1 = 1) = 1, (@ — 1) + v,(Dyy).

For p = 2, the base a is odd and D;_q is eventually even, so the 2-adic LTE formula gives
vo(aP=1 — 1) = vy(a® — 1) — 1 + vo(Dy_y).

These are exactly (3.1). O

Theorem 3.3 (Eventual mechanical word). For every pair of integers a,r > 2 with ged(a,r) =1,
there exist an integer by > 1 and [ € Q such that, for b > by,

s (a) = [bAr(a) + 8], (3.2)
ol (@) = (bAc(@) + B — (b~ D)Ac(a) + 8. (3.3)

If M\r(a) = u/d in lowest terms, with u, d positive integers, then the congruence speed has exact least
eventual period d and is eventually constant if and only if d = 1. When d > 1, its eventual values
are |u/d] and [u/d], with the larger value occurring exactly u — d|u/d| times in each period.

Proof. By Lemma 3.2, for each p | r we have v,(*"la —ba) = c,(a)b+ 7, for every sufficiently large

b, where 7, € Z. Using (2.1) and the identity min;|z;] = |min; x;], we obtain

si(a) = | min () T
b (4) br (vpm“ up<r>>J'

Terms with slope greater than A,(a) eventually cease to realize the minimum. Among the terms
with that minimal slope, we set  := min{~,/vy(r) : ¢p(a)/vp(r) = Ar(a)}. Increasing by by one if
necessary ensures that the same floor formula applies at both b and b — 1. This proves (3.2) and
(3.3). Because A\, (a) = u/d, the floor differences are periodic with period d, take only the values
|u/d] and [u/d], and contain exactly u — d|u/d| occurrences of the larger value in each period.
If the congruence speed has an eventual period D, summing its values over consecutive periods
and using (3.2) shows that DA, (a) is an integer. Thus d | D, proving that d is the least eventual
period. ]
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Here, the eventual period refers to the sequence of congruence speed values, not to the cycle of
the rightmost nonstable digit. The initial transient is not claimed to obey (3.3).
3.2 Classification of attainable periods

For a fixed r > 1, let P(r) denote the set of least eventual periods obtained as a > 2 ranges over
integers coprime to 7.

Theorem 3.4 (Period spectrum). For every r > 1,

P(r)y={1}uU U{d >2:d | vy(r)}. (3.4)

plr

Proof. Theorem 3.3 shows that every possible period is the reduced denominator of one of the
ratios ¢,(a)/vp(r), hence divides an exponent vp(r).
Conversely, fix a prime p | r and an integer d > 2 dividing v, (r). If p is odd, choose

r

N ORI

(3.5)

Then a = 1 (mod ¢*4(")) for every prime divisor ¢ # p of r, while vp(a—1) = vp(r)/d. In particular,
ged(a,r) = 1, ordp(a) = 1, and ¢p(a) = v,(r)/d. All the other ratios ¢4(a)/vq(r) are at least 1.
Thus, A\r(a) = 1/d and the period is d.

If p =2 and vy(r) > 3, choose .

Because va(r) — va(r)/d > 2, we have va(a — 1) = va(r) — va(r)/d and va(a + 1) = 1; hence,
ca(a) = va(r) — va(r)/d. Again, all odd-prime contributions are at least 1, so A.(a) =1 — 1/d and
the least eventual period is d.
The only remaining possibility is p = 2, vo(r) = 2, d = 2. In this case r/4 is odd, and we take
2
o= 41, (3.7)
8
Since 7/4 is odd, a = 7 (mod 16), giving ca(a) = 3; also a = 1 (mod ¢**¢(")) for every odd prime
q |7, 80 cq(a)/vy(r) > 2. Consequently A\,(a) = 3/2, which has period 2.
Finally, period 1 is always realized: for r > 3, a = r — 1 is coprime to r and has \.(a) € Z
(indeed A\, (a) = 1); for r = 2, take a = 3. O

Corollary 3.5. The eventual congruence speed in a squarefree radiz is constant for every coprime
base. Fvery mon-squarefree radix admits coprime bases with nonconstant periodic congruence speed.

Proof. By (3.4), P(r) = {1} if and only if v,(r) = 1 for every prime p | r, which is equivalent to r
being squarefree. O

For example, P(64) = {1,2,3,6} and P(144) = {1,2,4}.

4 Prime bases and explicit bounds

4.1 Prime bases with nonconstant congruence speed

In [6, Theorem 3], Dirichlet’s theorem was used to construct infinitely many prime bases with
any prescribed positive constant decimal congruence speed. We now adapt that approach to the
nonconstant case in arbitrary non-squarefree radices.
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Theorem 4.1 (Infinitely many primes with nonconstant congruence speed). For every non-
squarefree r > 1, there exist infinitely many prime numbers €1 r for which the radiz-r congruence
speed of tetration base £ is not eventually constant. In fact, there exists an explicit reduced arithmetic
progression all of whose terms have nonconstant congruence speed.

Proof. We exhibit a progression ag + kM with ged(ag, M) = 1.
If an odd prime p satisfies v,(r) > 2, set

r

ao =1+ o

, M :=r.
Then, for every k > 0, the first valuation is ¢,(ag + kM) = 1 and all other ratios in (2.4) are at
least 1. Thus, Ar(ag + kM) = 1/v,(r) is nonintegral.

Otherwise, if v2(r) > 3, choose

.— 1 r M -—
ap = + W, =T.

Now co(ag + kM) = 2 and A.(ag + kM) = 2/v5(r) is nonintegral, while all odd-prime ratios are at
least 1.

Finally, for the remaining nonsquarefree radices, characterized by v2(r) = 2 and r/4 odd and

squarefree, we choose

32
ag ::%+1, M :=r2.

For every k > 0, ag+kM =7 (mod 16) and ag+kM =1 (mod (r/4)?), whence \.(ap+kM) = 3/2.
In each of the three cases, ged(ag, M) = 1, so Dirichlet’s theorem guarantees infinitely many primes
in the corresponding arithmetic progression. O

Theorem 4.1 establishes the coprime-infinitude assertion of Conjecture 3.1 in [9]; we do not
address the separate multiplicative inequality for composite squarefree radices here.
4.2 Bounds for the least coprime base with nonconstant congruence speed

Theorem 4.2 (Uniform quadratic bound). For every non-squarefree integer r > 1, the minimum
B(r) in (2.5) exists and satisfies

B(r) < 3? +1. (4.1)

More precisely:

(1) If an odd prime p satisfies vp(r) > 2, then

B(r) <1+ pup(f") T <r (4.2)
(ii) If va(r) > 3, then
r

(iii) Otherwise, vo(r) =2 and r/4 is odd and squarefree, and

3r2
B(r) < —
(r) < %

+1. (4.4)

In particular,
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Proof. We use the explicit bases ag in Theorem 4.1, with k£ = 0; their nonstabilization is established
there. In (i) and (ii) the candidate is strictly less than 7, and in (iii) it equals the stated quadratic
bound. Since r > 4, all three casewise bounds are at most 3r2/8 + 1. If B(r) > r, neither (i) nor (ii)
can hold, so v2(r) = 2 and r/4 is odd and squarefree; hence rad(r) = r/2, giving r = 2rad(r). O

The bound in (4.1) is attained for r = 4 and r = 12 (since B(4) = 7 and B(12) = 55). The
necessary condition (4.5) was previously suggested empirically in [7].

A natural remaining question is whether the uniform quadratic bound in (4.1) can be improved
to B(r) = O(r(logr)®) for some absolute constant C' > 0.

5 Densities of nonconstant congruence speeds

5.1 Bases coprime to the radix

For fixed r > 1, define the relative density among integers coprime to r by

5(r) == i #{lacZ:2<a<X, ged(a,r) =1, A\(a) ¢ Z}
" #lacZ:2<a<X, ged(a,r) =1} )

(5.1)

provided that the limit exists.

Theorem 5.1 (Density of nonstabilizing coprime bases). The limit in (5.1) exists for every r > 1
and equals

r —rad(r) if 7 is odd
r—1
i(r) = (r+ 1:((:_—;;1d(r)) ifr=2 (mod4). (5.2)
r+1—2rad(r) 4
r—1

In particular, §(r) > 0 precisely when r is not squarefree. If r/4 is an odd squarefree integer, then

o(r) = : (5.3)

Proof. Let a vary uniformly through positive integers coprime to r, in the natural-density sense.
In this proof, P(E) denotes the relative natural density of an event E' among integers coprime to 7.
For odd p | r, the distribution of ¢y(a) is

P(cy(a) > k) =p'*, k>1. (5.4)

Indeed, since ord,(a) | p—1 and p { (p—1)/ ord,(a), the condition c,(a) > k is equivalent to a?~1 = 1
(mod p*). Exactly p — 1 units modulo p”* satisfy this congruence, out of p(p*) = (p — 1)p*~! units.
For p =2 (so a is odd),

P(ca(a) > k) =2*7F k>2, (5.5)

since ca(a) = v9(a® — 1) — 1 and the condition means a = +1 (mod 2*) for k& > 2. Since these
conditions are determined by residues modulo powers of distinct primes, the Chinese remainder
theorem shows that their relative natural densities multiply.

Then, for each positive integer j, the event \.(a) = j is the difference between the nested events
{cp(a) > jup(r) for all p | r} and {cy(a) > jvp(r) + 1 for all p | r}. Thus,

P(Ar(a) = j) = [[P(cp(a) = jup(r)) — [T Plep(a) = jvp(r) +1). (5.6)

plr plr

For r odd, (5.4) gives
, rad(r) — 1 ,
POV(0) =) = 2001 s
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so the total stabilizing density is (rad(r) — 1)/(r — 1).

For 4 | r, (5.4)—(5.5) give

) 2(rad(r) — 1 .
P(\(a) = j) = 22D D s,
T

so the stabilizing density is 2(rad(r) — 1)/(r — 1).

If r =2 (mod 4), the 2-adic factor has exponent v5(r) = 1 and, since c3(a) > 2, we treat the
case j = 1 separately. Direct substitution into (5.6) yields

_ rad(r) — 2 2(rad(r) — 1)

P(Ar(a) =1) = — P(Ar(a) = j) = B S— (J=>2).

Summing produces stabilizing density

rad(r)(r +1) — 2r
r(r—1) '

In all three cases, taking the complement yields (5.2).

To justify rigorously the passage from finite congruence calculations to an infinite union over j,
we note that A.(a) > j implies ¢,(a) > jvp(r) for every p | r, a condition modulo finitely many
prime powers. The density of this event decays geometrically as j — oo by (5.4)—(5.5). Thus, the
tails are uniformly negligible, and the infinite sum indeed gives the natural density. The three
expressions vanish for squarefree r and are strictly positive for nonsquarefree r. If r/4 is odd and
squarefree, then rad(r) = r/2, giving (5.3). O

Corollary 5.2 (Relative density within the primes). Let 7w(X) be the number of primes not
exceeding X. For everyr > 1,
. H#eZ: <X, lisprime, £{7, \.(0) ¢ Z}

5(r). (5.7)

Proof. For any fixed finite collection of bounds on the ¢,, the corresponding events are finite unions
of reduced residue classes modulo a suitable power of r. For each fixed modulus, the prime number
theorem for arithmetic progressions [1] gives the same conditional relative frequencies among primes
as among integers coprime to r, whereas Dirichlet’s theorem alone guarantees infinitude but not
the equidistribution required here.

Approximating the event A\.(a) € Z by A\ (a) € {1,...,J — 1}, the omitted event \,(a) > J has
upper relative density at most the prime density of an explicit finite union of progressions, which
tends geometrically to zero as J — oo. Passing to the limit, with the finitely many primes dividing
r contributing nothing asymptotically, proves (5.7). O

These density formulas concern the frequency of nonstabilizing bases, rather than the magnitude
of the least such base B(r).

5.2 Bases not divisible by the radical

The preceding density theorem concerns only bases coprime to the radix, as in OEIS A390576. We
now also admit a sharing some, but not all, of the prime factors of r. The resulting problem is
directly related to the admissible bases of OEIS A390535.

We consider the relative density

. #{a€Z:2<a<X, rad(r)ta, vl[f] (a) is not eventually constant}
Jadm(r) := lim

X0 #a€Z:2<a<X, rad(r){a} . (5.8)

provided this limit exists. The condition rad(r) { a is crucial: if rad(r) | a, all prime-adic valuations
of successive tower differences grow faster than linearly, so the behavior belongs to a different,
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already understood case. For rad(r) { a there is at least one prime divisor p of r not dividing a,
and the extended LTE criterion uses only such primes.

Recall that a divisor d | r is unitary if ged(d, r/d) = 1; this will be written d || r. The function
d(d) is the coprime nonstabilization density from Theorem 5.1; it vanishes for squarefree d.

Theorem 5.3 (General admissible-base density). For every r > 1, the limit in (5.8) exists and is
rational. Precisely,

1
Sadm (1) = rad(r) — 1 dz; p(rad(d)) 6(d). (5.9)
d>1
In particular, if r/4 is odd and squarefree, then
_ 1 ¢(d)
adm (1) = rad(r) — 1 i 4d — 1 (5.10)

Proof. For each admissible a, let S be the nonempty set of prime divisors of r that do not divide
a, and define dg := [ cg p*»(") which is a nontrivial unitary divisor of r. The natural density of
integers with exactly this subset S equals

1 1 [lpes(p—1) _ p(rad(ds))
plgq(l p) p|};[¢sp rad(r) rad(r)

The density of all admissible integers is 1 — 1/ rad(r). Hence, the conditional weight of the class S
is p(rad(dg))/(rad(r) — 1).
For b > 2 and every prime p | r with p ¢ S, factoring the tower difference gives

vp(Tla —ba) = *Lay,(a),

since a7 — 1 is coprime to p. These valuations grow faster than linearly, whereas Lemma 3.2
gives eventual affine growth for every p € S. Thus, only primes in S determine the eventual
minimum in (2.1), and the proof of Theorem 3.3 applies to that restricted minimum. For the
remaining primes, the distribution of the LTE constants ¢,(a), conditional on p { a, is exactly the
same as for a base coprime to dg. The Chinese remainder theorem makes these local conditions
independent. As a consequence, within the class S, the nonstabilization density is §(dg). Summing
the finitely many classes gives (5.9).

If r/4 is odd and squarefree, a contributing unitary divisor must contain the full factor 4; those
not containing it are squarefree and have § = 0. The contributing divisors are therefore of the form
4d with d | r/4.

Since d is odd, rad(4d) = 2d and ¢(rad(4d)) = ¢(d); Theorem 5.1 gives 6(4d) = 1/(4d — 1).
Substituting these identities into (5.9) proves (5.10). O

Corollary 5.4 (Nonexistence of a global radix limit). Along the non-squarefree radices,

lim inf (5adm(7ﬂ) =0, limsup  dadm (7") =L
=00 r—00
r not squarefree 7 not squarefree

Proof. For any odd prime p, only bases coprime to p are admissible in radix p?. By Theorem 5.1,
we have Guam(p?) = §(p?) = p/(p + 1), and therefore

pli_)rgo Sadm(P?) = 1.
p prime

On the other hand, applying (5.10) to r = 4p, we obtain
1 (1 p—1 ) p—4 7

3 4p-—-1

1 _ .
am(4P) = 3 34p—1)(2p—1)  24p’

8
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and therefore
pliﬁrgo Jadm (4p) = 0.

p prime

Since 0 < Jaqm(r) < 1, these two subsequences prove the result. ]

Corollary 5.4 alone says nothing about the frequency of radices with small §aqm (). The following
proposition establishes a uniform positive lower bound on a positive-density set of non-squarefree
radices, thereby ruling out convergence to zero in natural density.

Proposition 5.5 (A positive-density obstruction). If 9 | r, then

O

Sadm(T) > <. (5.11)

Consequently the set of radices r for which daqm (1) > 4/9 has lower natural density at least 1/9
among positive integers. Restricted to non-squarefree radices, its lower relative density is at least

1/9
m > 0. (5.12)
Proof. Every integer a = 2,4,5,7 (mod 9) is coprime to 3 and satisfies Vg(aord?’(“) — 1) = 1. Hence,
its contribution to the extended LTE minimum is 1/v3(r), which belongs to (0, 1) since 9 | r. Every
other contributing ratio is strictly positive, so the overall minimum is also in (0, 1) and cannot be
integral. All these four residue classes are admissible since 3 { a implies rad(r) { a. They constitute
a natural density 4/9 among all integers, and the set of admissible bases has density at most 1,
giving (5.11). Finally, multiples of 9 have natural density 1/9, whereas the non-squarefree integers
have natural density 1 — 6/72, proving the asserted lower bound on the relative density. ]

Proposition 5.5 also yields a positive lower bound for the mean nonstabilization density over non-
squarefree radices. Indeed, multiples of 9 have natural density 1/9 and each satisfies daqm () > 4/9,
whereas the non-squarefree integers have natural density 1 — 6/72. Thus,

Z 5adm(r)

2<r<R
lim inf r not squarefree > 4
Rooo #{r € Z:2 <r < R, r not squarefree} — 81(1 — 6/72)

> 0. (5.13)

Consequently, the mean nonstabilization density over non-squarefree radices does not tend to zero
as R — oo.

For example, Gaqm(12) = 17/165, Saqm(18) = 61/102, Saqm (28) = 5/117, and Saam (36) = 137/210.
The first is about 10.30%, compared with §(12) = 1/11 ~ 9.09% among coprime bases. The density
dadm () concerns bases with rad(r) { a; OEIS A390535 also includes bases satisfying rad(r) | @ and
r{a.
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5.3 Numerical examples and computational checks

Table 1 lists B(r), rad(r), and §(r) for selected radices.

r | B(r) | rad(r) o(r)

4 7 2 1/3
8 3 2| 57

9| 2 3| 3/4
12| 55 6| 1/11
18 ) 6 | 38/51
2| 5 6 | 13/23
28 215 14 1/27
36| 5 6| 5/7
60 199 30 | 1/59
72 ) 6| 61/71
132 161 66 | 1/131
852 | 7687 426 | 1/851

Table 1: Selected values of B(r), rad(r), and 6(r).

Exact-arithmetic computations tested the constructions in Theorems 3.4 and 4.2 for all 392
non-squarefree radices r < 1000, including 505 constructed periods, without discrepancies.

Table 2 compares the coprime density §(r) with daqm(r), which allows bases not divisible by
rad(r).

r 0(r) | dadm(r)
1 1/3 1/3
8 5/7 5/7
12 1/11 17/165
24 | 13/23 | 297/805
64 | 61/63 61/63
72| 61/71 | 3909/4970
81| 39/40 39/40
128 | 125/127 | 125/127

Table 2: Coprime and admissible-base nonstabilization densities.

Enumerations of 50000 integer bases per radix were consistent with these fractions within
finite-sample variation. The density theorems themselves follow from the prime-power residue
counts and the Chinese remainder theorem, with the 2-adic distribution treated separately.

6 Extensions of the perfect-power congruence-speed identity

Following [9], for any integer ¢ > 1, let v,(¢) := max{s € Z : s > 0, r° | ¢}. For composite r, this
exponent-counting function is not generally a valuation. In the same paper, (2.11) establishes the
lower bound vl[r}(a) > t for bases of the form

a=(z-r* 4 pimvr(e) 4 1)°

under its stated hypotheses, while (2.12) gives the exact constant congruence speed ¢ for squarefree
r > 3. The identity was also stated for arbitrary r > 2, conditional on stabilization, in [8]. We now
determine the exact eventual slope for this family in arbitrary radices, together with necessary and
sufficient conditions for stabilization and the least eventual period when stabilization fails.
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6.1 Exact slope and stabilization criterion

Theorem 6.1 (Exact slope and congruence speed stabilization criterion for the perfect-power
family). Let r > 2,c¢>1, 2> 0, and t > v,.(c) + 2 be integers. For either choice of sign, consider

a:= (z-r* 4 ptmvre) 4 1

Then a > 1, ged(a,r) =1, and

Ar(a) = )\T((TF”’“(C) + 1>c> =t + min M. (6.1)

plr vp(r)

The minimum in (6.1) belongs to [0,1). In particular, the following statements are equivalent:
(i) The congruence speed of a is eventually constant.
(i) Its eventual constant congruence speed equals t.

(iii) rad(r) { ¢/, equivalently, some prime p | r does not divide c/r*~(©).

When these conditions hold, the eract identity

[r
%

(e +0t770 1)) =0 (7@ £1)) =4 (6.2)

holds for all z > 0 and both signs. Otherwise, let the minimum in (6.1) equal u/d in lowest terms,
with 0 < u < d. The eventual congruence speed then has exact least period d, takes only the values
t and t + 1, and has exactly uw occurrences of t + 1 in each period. The slope and these period
statistics are independent of z and the choice of sign, although the eventual phases need not agree.

Proof. For every prime p | r,
vp(= - r ) = (1= v (@)p(r) 2 2, (63
since 1+ z - 77O+ ig coprime to 7. This also gives a > 1 and ged(a,r) = 1.

For odd p | r, the integer p — 1 is even. Whether the sign is positive or negative, LTE applied
to the integer inside parentheses, congruent to =1 modulo p, yields

cp(a) = vp(aP™" = 1) = (t = v (0))wp(r) + vp(c).

Here, c¢,(a) = vp(aP~! — 1) follows from the definition (2.3) and the standard odd-prime LTE
identity. If 2 | r, (6.3) ensures that the integer inside parentheses is odd and that the 2-adic
valuations of its two neighboring even integers are 1 and (t — v,(c))v2(r). The 2-adic LTE formula
therefore gives

cala) = va(a® — 1) — 1 = (t — vp(c))va(r) + va(c).

Thus, for all p | r,

cp(a) = (t —vr(c))vp(r) + vp(c). (6.4)
Consequently, ©
Ar(a) =t —vp(c) + r;1|irn 0(r)
. (C/TVT(C))
=t+ I;l|1Tn W.

This expression is independent of z and the sign, proving both equalities in (6.1). By maximality
of v,(c), the integer ¢/r*7(¢) is not divisible by r. Hence, at least one prime p | r satisfies
vp(c/r?"(©) < v,(r), so the minimum in (6.1) lies in [0, 1).

11
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By Theorem 3.3, the eventual congruence speed is constant precisely when the minimum in
(6.1) vanishes, in which case it equals t. This happens exactly when some prime p | r does not
divide ¢/r7(¢) proving the equivalences and (6.2). When the minimum is positive, the period and
frequency assertions follow from the same theorem. For instance, with r =27, ¢ = 3, t = 2, and
z = 0, the two signs yield the distinct eventual period-3 patterns (3,2,2) and (2,2, 3), respectively,
starting at b = 2. ]

Corollary 6.2 (Exact scope of the squarefree-radix identity). For fized r > 2, the identity (6.2)
holds for every ¢ > 1, every admissible z,t, and both signs if and only if r is squarefree. For each
non-squarefree r, there are infinitely many exponents ¢ for which it holds and infinitely many for
which it fails, with t > vy(c) + 2 in both cases.

Proof. For squarefree r, the condition in Theorem 6.1 is automatic: rad(r) = r t ¢/r*"(9). For
r > 3, this recovers (2.12) of [9]. For arbitrary r, taking ¢ = v/ with j > 0 gives ¢/r*(¢) =1, so
the identity holds. If 7 is non-squarefree, taking instead ¢ = 7 rad(r) gives ¢/r*"(¢) = rad(r), and
(6.1) becomes

Ma) =t+— gz (6.5)

max,), vp(r)

Thus, the congruence speed is not eventually constant. The two choices provide infinitely many
exponents of each kind and exclude all non-squarefree radices from universal validity. O

6.2 The boundary case

Proposition 6.3 (The boundary t = v,.(¢) +1). Let r >3, ¢>1, 2> 0, and t = v,(c) + 1 be
integers. For either sign, set a = (z - r't! + rt=vr(e) 4 1)¢. For each choice of z and sign, the
identity (6.2) holds if and only if

rad(r) ¢ TTC(c) ifr#£2 (mod 4)
. (6.6)
rad(r) 1 c ifr=2 (mod 4)
2 rvr(€)

The criterion is independent of z and the choice of sign. In particular, the inequality t > v.(c) + 1
in the original published identity can be weakened to t > v,(c)+ 1 uniformly for every odd squarefree
radiz, but not for every even squarefree radix.

Proof. For every odd prime p | r, LTE gives, as in the preceding theorem,

Vp (c/r”’"(c))
vp(r)

If 4 | 7, the same equality holds for p = 2, since the integer z - 7+ 4 7t=*r(¢) is divisible by 4. Thus,
for r # 2 (mod 4), we have A,(a) = ¢ precisely when at least one prime factor of  does not divide
c/rvr (@),

If r =2 (mod 4), the integer z - 7! 4 7 has 2-adic valuation exactly 1. Its sum or difference
with 1 is odd, and the 2-adic LTE formula gives

ca(a) = VQ(Z A == 2) +1a(c) > 24 va(c) > t.

The 2-adic contribution cannot force the minimum slope to equal ¢; only odd prime factors of
r can do so. This gives the second condition in (6.6). As in Theorem 6.1, an eventual constant
congruence speed equal to t is equivalent to an LTE slope equal to .

If r is odd and squarefree, the first condition is automatic. By contrast, r =6, c =3, 2 =0,
and t = 1 give a = (6 & 1)3, whose eventual constant congruence speed is 2, not 1.

Therefore, the strict bound cannot be universally relaxed for even squarefree radices. O
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6.3 Examples and computational verification

Table 3 gives examples with ¢ > v,(c) + 2, valid for every z > 0 and either sign, with a as in
Theorem 6.1.

r | ¢ | Ar(a) —t | Least period
4 1 0 1
4] 2 1/2 2
12| 6 1/2 2
12 | 12 0 1
72| 6 1/3 3
72| 72 0 1
81| 9 1/2 2

Table 3: Slope offsets (A,(a) —t) and least eventual periods for the perfect-power family.

Theorem 6.1 complements the previously established lower bound vl[f] (a) >t for b > 2: when
Ar(a) > t, it determines the eventual frequencies and least period of the values t and ¢ + 1. This
does not imply that the complete finite-height congruence speed profiles agree for different z or
choices of sign. As a computational check, we tested (6.4) using exact modular arithmetic for
all 2 <r <159, 1<¢<80,z€{0,1,3}, t € {vn(c) + 2,v,(c) + 3}, and both signs, finding no
discrepancies among 275520 prime-local valuation equalities.

AT Declaration

This manuscript incorporates Al-generated mathematical results developed through extensive
interaction with GPT-6 (OpenAl). The author supplied the research framework and previous human
results, directed the investigation, and critically reviewed and refined the proposed mathematical
arguments and manuscript. The author assumes full responsibility for its contents.

References

[1] H. Davenport, Multiplicative Number Theory, 3rd ed., revised by H. L. Montgomery,
Graduate Texts in Mathematics, vol. 74, Springer, New York, 2000. Available at https:
//link.springer.com/book/9780387950976.

[2] OEIS Foundation Inc., Smallest integer > 1 whose radiz-A013929(n) congruence speed never
stabilizes, Entry A390535 in The On-Line Encyclopedia of Integer Sequences, 2025 (updated
2026). Available at https://oeis.org/A390535.

[3] OEIS Foundation Inc., Smallest integer greater than 1 and coprime to A013929(n) whose radiz-
A0138929(n) congruence speed never stabilizes, Entry A390576 in The On-Line Encyclopedia
of Integer Sequences, 2025 (updated 2026). Available at https://oeis.org/A390576.

[4] M. Ripa, La strana coda della serie n™ , UNI Service, Trento, 2011. ISBN 978-88-6178-789-6.
Available at https://www.researchgate.net/publication/365153641_La_strana_coda_
della_serie_nnn.

[5] M. Ripa, On the constant congruence speed of tetration, Notes on Number Theory and Discrete
Mathematics 26 (2020), no. 3, 245-260. Available at https://doi.org/10.7546/nntdm.2020.
26.3.245-260.

[6] M. Ripa, The congruence speed formula, Notes on Number Theory and Discrete Mathematics
27 (2021), no. 4, 43-61. Available at https://doi.org/10.7546/nntdm.2021.27.4.43-61.

13


https://link.springer.com/book/9780387950976
https://link.springer.com/book/9780387950976
https://oeis.org/A390535
https://oeis.org/A390576
https://www.researchgate.net/publication/365153641_La_strana_coda_della_serie_nnn
https://www.researchgate.net/publication/365153641_La_strana_coda_della_serie_nnn
https://doi.org/10.7546/nntdm.2020.26.3.245-260
https://doi.org/10.7546/nntdm.2020.26.3.245-260
https://doi.org/10.7546/nntdm.2021.27.4.43-61

Nonconstant tetration congruence speeds

[7] M. Ripa, Predicting the smallest nontrivial natural number whose congruence speed never
stabilizes in a given numeral system, MathOverflow, question 504857 (version: 2025-12-11).
Available at https://mathoverflow.net/q/504857.

[8] M. Ripa, Universal +1 Congruence Speed Invariant in Any Numeral System, Zenodo, version 4,
20 January 2026. Available at https://doi.org/10.5281/zenodo.18319662.

[9] M. Ripa and G. Di Pietro, A compact notation for peculiar properties characterizing integer
tetration, Notes on Number Theory and Discrete Mathematics 32 (2026), no. 3, 477-496.
Available at https://doi.org/10.7546/nntdm.2026.32.3.477-496.

[10] M. Ripa and L. Onnis, Number of stable digits of any integer tetration, Notes on Number
Theory and Discrete Mathematics 28 (2022), no. 3, 441-457. Available at https://doi.org/
10.7546/nntdm.2022.28.3.441-457.

[11] A. Selberg, An elementary proof of Dirichlet’s theorem about primes in an arithmetic progres-
sion, Annals of Mathematics 50 (1949), no. 2, 297-304. Available at https://doi.org/10.
2307/1969454.

[12] H. N. Shapiro, On primes in arithmetic progressions (I1I), Annals of Mathematics 52 (1950),
no. 1, 231-243. Available at https://doi.org/10.2307/1969521.

14


https://mathoverflow.net/q/504857
https://doi.org/10.5281/zenodo.18319662
https://doi.org/10.7546/nntdm.2026.32.3.477-496
https://doi.org/10.7546/nntdm.2022.28.3.441-457
https://doi.org/10.7546/nntdm.2022.28.3.441-457
https://doi.org/10.2307/1969454
https://doi.org/10.2307/1969454
https://doi.org/10.2307/1969521

	Introduction
	Definitions and notation
	Eventual periodicity and period spectra
	The eventual period
	Classification of attainable periods

	Prime bases and explicit bounds
	Prime bases with nonconstant congruence speed
	Bounds for the least coprime base with nonconstant congruence speed

	Densities of nonconstant congruence speeds
	Bases coprime to the radix
	Bases not divisible by the radical
	Numerical examples and computational checks

	Extensions of the perfect-power congruence-speed identity
	Exact slope and stabilization criterion
	The boundary case
	Examples and computational verification


