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Abstract

Probabilities on several decoherent families of histories may agree on shared events
yet admit no classical extension to the Boolean algebra that the families generate.
We characterize the strongly positive decoherence functionals that realize given local
probabilities on a finite algebra. A covariance decomposition allows any signed extension
to be prescribed at any attainable rank and gives the resulting increase in minimum
trace. For two contexts, agreement on their intersection suffices for a strongly positive
realization. On the bipartite graph of context atoms, the minimum negative mass of a
signed extension is (W7 — 1)/2, where W is the transport cost for graph distance. A
graph Laplacian formula gives the minimum trace. Its minimizers form an affine copy of
a rectangular contraction ball whose extreme points have the smallest realization rank.
For a pure-state implementation with one intermediate projective decomposition and a
final postselection, the optimal success probability of a realization is the reciprocal of the
least trace of a diagonal matrix dominating it. In a family of classical examples, this
probability tends to zero for the unique trace minimizer even though another realization
succeeds with probability one.

Keywords. Decoherent histories, probability extension, strong positivity, signed measures,
optimal transport, effective resistance, contextuality.

1 Introduction

A decoherence functional assigns probabilities to events in each medium-decoherent family of
histories. Two such families agree on the probabilities of their common events. Does a single
probability measure on the Boolean algebra they generate reproduce both sets of probabilities?
Given only the local probabilities, which strongly positive decoherence functionals reproduce
them and make each family medium decoherent? The distinction already arises for two binary
contexts on three atoms. If each context assigns probability one to a different singleton,
the two marginals agree on their common events. No probability measure can give unit
mass to both singletons, but a rank-one decoherence functional realizes the two marginals
(Section 8.2).

The classical probability rules within a consistent set of histories are well established [1, 2].
Isham studied presheaves on the partially ordered set of consistent Boolean subalgebras [3].
Halliwell asked whether incompatible consistent sets admit a unifying probability, and used
Bell and Leggett—Garg inequalities to test its existence [4]. A common decoherent refinement
supplies such a probability. The converse can fail even for histories of a single qubit, as the
class operators in Section 8.5 show.

In the approach of Abramsky and Brandenburger, a noncontextual model is a probability
distribution on global measurement assignments with the prescribed local marginals [5]. For
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subalgebras of a fixed history algebra, one must also specify which global assignments the
algebra permits. A choice of one atom from each context can agree on every overlap while
the chosen atoms have empty intersection. The two deterministic singleton outcomes above
give an example. We relate this distinction to the amalgamation of Boolean subalgebras
[6, 7] and show exactly when the two assignment spaces yield the same classical probability
polytope (Proposition 2.4).

On the quantum side, Dowker, Henson, and Wallden studied joint quantum measures
whose restrictions to measurement contexts are classical, and related strong positivity to
bounds on quantum correlations [8]. Strong positivity also yields Tsirelson bounds [9].
Hilbert-space representations of decoherence functionals and the role of strong positivity in
the histories formulation are discussed in [10, 11]. Here we fix the local probabilities and
determine which atomic decoherence matrices realize them, how small their rank and trace
can be, and with what probability they can be implemented by postselection.

Let M be the family of contexts and X the set of atoms of the finite Boolean algebra
they generate. For C' € M, let Po sum coordinates on X over each atom of C', and let ec be
its probability vector. A signed extension is a real vector ¢ satisfying Poq = e¢ for all C. It
is a classical extension if ¢ > 0. A strongly positive realization is a Hermitian matrix H > 0
satisfying

PcHP/ = diag(ec)  (C e M). (1.1)

The diagonal entries give the context probabilities, and the off-diagonal equations express
medium decoherence. Summing both indices gives 1*H1 = 1. Each entry of Poc H Pg sums
the entries of H over a pair of context atoms. Quantum coupling problems instead prescribe
partial traces [12].

For any finite family of contexts, every realization has a unique decomposition

H=zz"+K, z=H1, K*>0, K1=0.

The equations for z are Poz = ec. Those for K prescribe the local covariances diag(ec) —eceg.
Replacing z by a real signed extension ¢ preserves the rank of H. Prescribing H1 = ¢ raises
the minimum trace by ||¢ — qol|3, where qq is the signed extension of least Euclidean norm
(Theorems 3.1 and 3.3).

For two contexts, put an edge between two context atoms whenever they intersect. The
edges of the resulting bipartite graph G are exactly the atoms of the generated algebra.
Overlap agreement suffices for a strongly positive realization, and the smallest rank is the
larger of the two marginal support sizes (Theorem 4.2). A classical extension must also satisfy
the supported transport inequalities in Proposition 4.5. For compatible marginals p, ¢, let
N (p, ¢) be the minimum negative mass of a signed extension, a quantity used in studies of
contextuality [13]. We show that

~ Wf(p,q) -1

776'(17, q) - #7

where the cost of moving a unit of mass between vertices is their graph distance. Together
with strong positivity, this identity gives bounds on negative real interference and trace that
are attained on families of odd paths (Theorems 5.2 and 5.4 and Proposition 8.2).
Minimizing the trace uses the electrical minimum-energy principle [14] and a singular-
value optimization of the type that occurs in the orthogonal Procrustes problem [15, 16].
For deterministic endpoints, the minimum trace is their effective resistance. For general
compatible marginals, the minimizers are parametrized by a rectangular contraction ball,
including when the graph is disconnected. Its extreme points attain minimum rank and
minimum trace simultaneously. When every marginal entry is positive, the rank of the



bipartite adjacency matrix determines the entire interval of minimizing ranks (Theorems 6.1
and 6.3 and Corollaries 6.2 and 6.4). For coordinate covers of full product spaces, the
minimum trace is the fraction of Fourier characters visible in a context (Theorem 6.5).

We also consider pure-state histories with one intermediate projective decomposition and
a selected final event. This is a finite instance of the histories formalism with initial and final
conditions [17]. A Gram-matrix construction [18] gives the exact success criterion. For fixed
H, the largest success probability is 1/I'(H), where I'(H) is the least trace of a diagonal
majorant of H. After trace normalization, this optimization is related to the robustness of
coherence [19, 20]. Optimizing over all realizations gives success probability one exactly for
classically extendable data (Theorems 7.1 and 7.2). The asymmetric three-atom example
gives the exact gap in the bound from negative mass. A separate family shows how far the
trace minimizer can fall short of optimal success even for classical data (Propositions 8.1
and 8.3).

2 Finite history algebras and their extensions

2.1 Decoherence functionals and contexts

Let X = At(®) be the atom set of a nontrivial finite Boolean algebra &. Each event is the
union of its atoms, so we identify & with P(X). Fix a nonempty finite family M of Boolean
subalgebras, called contexts, that generates &. For C' € M, write X¢ = At(C') and let

Tch—>XC

send each ambient atom to the unique atom of C' that contains it. The matrix that sums
over the fibers of r¢ is

(Po)ba = L{a<p)- (2.1)

Here b € X¢ and a € X. Each column has exactly one nonzero entry.

Definition 2.1. A normalized decoherence functional on & is a Hermitian map D : $x& — C,
additive on disjoint events in each argument, with D(1,1) = 1 and D(A, A) > 0 for every
event A. It is strongly positive if [D(A;, A;j)]; ; is positive semidefinite for every finite list of
events. A context C' is medium decoherent if D(b,b’) = 0 for all distinct b, b’ € X¢.

Additivity determines D from its atomic matrix H by
Hu,, = D(a,b), D(A,B)=14H1p. (2.2)

Strong positivity is equivalent to H > 0. The list of all atoms gives necessity. For sufficiency,
take V' with rows IL for any list of events. Their matrix is VHVT. The indicator vectors
are real, and normalization reads 1TH1 = 1.

For A, B € C, expand D(A, B) over the atoms of C. Medium decoherence leaves only
the diagonal terms, giving

D(A,B)= > D(bb) =pc(ANB), ABecC. (2.3)

beXco
b<ANB

Thus pc(A) = D(A, A) defines a probability measure on C, as in the history sum rule [1, 3].
Restriction preserves medium decoherence, and the measures induced by a common D agree

on intersections. The weaker condition Re D(b,b") = 0 for b # b suffices for additivity of
D(A, A). We require medium decoherence to obtain (2.3) for every pair of events in C.



2.2 Classical extensions and strongly positive realizations

For each C' € M, let ec be a probability vector on X¢. Assume that the induced measures
agree on pairwise intersections. Stacking the matrices Po and vectors ec in the same order
gives M and e. Write

Qe) = {q e RX : Mq=e}, (2.4)
H(e) = {H = H* = 0 : PcHP/, = diag(ec) for every C € M}. (2.5)

Both sets incorporate normalization. Summing Poq = ec over a single context gives 17¢ = 1.
Summing both indices of its matrix constraint gives 1T H1 = 1.

Definition 2.2. A classical extension of e to & is an element of Q(e) with nonnegative
entries. A strongly positive realization of e is an element of H(e). The classical probability
polytope relative to & is

NCs = MA(X), AX)={g>0:1Tg=1}.

A vector in A(X) defines a probability measure on &, and multiplication by Po gives its
restriction to C. A classical extension is therefore a unifying probability in Halliwell’s sense
[4]. Each classical extension g gives a realization H = diag(g). In the reverse direction, a
realization always gives a signed extension.

Lemma 2.3 (Canonical signed extension). If H € H(e), then qg = Re(H1) belongs to Q(e).

Proof. Since PA1 =1,
PcH1 = PcHPM = ec.

Taking real parts proves the assertion. O

For an event A, the canonical extension is qi(A) = Re D(A, 1). For Heisenberg-picture
class operators with Cx = I and initial state p, this is the linear assignment Retr(C4p) of
Goldstein and Page [21]. Even if gy takes negative values, another signed extension of the
same data may be nonnegative [22].

2.3 Ambient atoms and compatible local valuations

Let C consist of all intersections of one or more members of M, together with the two-element
algebra, ordered by inclusion. For C’ C C, restriction sends each atom of C' to the atom of
C’ containing it. These maps define an inverse system whose limit

L= l'&an
ceC

consists of the compatible local atom choices. Each choice is determined by its components
on M. An ambient atom a gives the choice j(a) = (r¢(a))cem.

Proposition 2.4 (Comparison of assignment spaces). The map j is injective. Its image
consists of the compatible choices (bc)cem for which Nebe # 0. A probability on X
corresponds to a probability on L supported on j(X). In particular,

NCg C NCL7

where NCy, is the convex hull of the deterministic probability families indexed by L. The two
polytopes coincide if and only if j is surjective.



Proof. The nonempty intersections obtained by choosing one atom from each generating
context partition X. Every generator is a union of blocks of this partition. Since the contexts
generate &, the blocks are its atoms. This proves injectivity and the description of j(X).
Pushforward by j identifies probabilities on X with probabilities supported on j(X), giving
the inclusion and equality when j is surjective. If £ € L\ j(X), its deterministic marginal
assigns probability one to £¢ in every context. A measure realizing all these marginals would
assign probability one to their finite intersection, which is empty. O

Surjectivity means that every compatible family of local ultrafilters extends to an ultrafilter
on &, the amalgamation condition for commuting Boolean subalgebras [6, 7]. With more
than two contexts the condition applies jointly to the whole family. Under finite Stone duality,
j corresponds to the surjection from the Boolean colimit of the overlap diagram onto &. Its
kernel ideal consists of the subsets of L disjoint from j(X).

For a finite set Y of measurements with finite nonempty outcome sets Oy, let X =[], oy Oy
and take the coordinate algebras of a cover of Y as contexts. Agreement on overlaps gives a
unique outcome for each measurement, so j is bijective. Classical extension then reduces to
the global-distribution criterion of Abramsky and Brandenburger [5].

Adjoining & to C changes the global sections of the atomic presheaf from L to X, since
the atom chosen at the top determines all restrictions. Likewise, (ec) and its restrictions
give a global section of the distribution presheaf on C. Extending this section to the enlarged
poset amounts to choosing a classical extension on X.

2.4 Support and finite duality

The assignments compatible with the local supports form
Se={a € X :ec(rc(a)) > 0 for every C € M}. (2.6)

Every classical extension is supported on S.. This set may be empty even though X is
nonempty. Conversely, S, = X need not imply classical extendability, as the three-time
model in Section 8.5 shows. The distinction between support and probability occurs in the
contextuality hierarchy [5]. In histories, contrary inferences can arise when different consistent
sets assign probability one to incompatible alternatives [23, 24].

Classical extendability amounts to feasibility of Mg = e, g > 0. By Farkas’ lemma, this
system is infeasible if and only if there is a real vector y, indexed by the context atoms,
satisfying

MTy>0, y'e<O. (2.7)

The inequality " Mg > 0 then holds for every g € A(X), but the specified data violate it. If
the data admit a common strongly positive realization, Lemma 2.3 already supplies a solution
of the affine equations Mg = e.

3 Covariance parametrization of strongly positive realizations

For each C', the context probabilities e determine the covariance matrix diag(ec) — eceg of
its atom indicators. Define

K(e) = {K =K*»>0:K1=0, PoKP/L =diag(ec)— ecel for all C € ./\/l} . (31

Write Qc(e) = {z € CX : Mz = e} for the complex affine solution space.



Theorem 3.1 (Covariance parametrization and preservation of rank). The map
(2, K)— 22"+ K (3.2)
is a bijection from Qc(e) x K(e) onto H(e). Its inverse is
z=H1, K=H—-(H1)(H1)". (3.3)

For every such pair,
rank(zz* + K) = 1 + rank K. (3.4)

For each H € H(e) and each real signed extension q € Q(e), there is an Hy, € H(e) with
H,1 = q and rank H; = rank H.

Proof. Let H € H(e) and put z = H1. The calculation in Lemma 2.3 gives Pcz = ec, and
normalization gives 1*z = 1. For u € CX, Cauchy-Schwarz for the form induced by H gives

lu*H1> < (uv*Hu)(1*H1) = u*Hu.

It follows that K = H — zz* > 0. Since 2*1 = 1, we have K1 = 0. Applying Pc on the left
and Pg on the right gives the prescribed context covariance.

Conversely, let Mz = e and K € K(e). Summing the equations for one context gives
1"z = 1. Thus H = zz* 4+ K is positive semidefinite, satisfies H1 = z, and obeys

PoHP] = ecel + diag(ec) — ecel = diag(ec).

This proves the bijection. Since K1 = 0, its range lies in 1. The identity 1*z = 1 puts z
outside this range. The range of a sum of positive semidefinite matrices is the sum of their
ranges, giving (3.4). Replacing z by ¢ preserves K and hence the rank. O

If H is real, so is K, and the replacement qq' + K yields a real realization of the same
rank.

Corollary 3.2. A strongly positive realization exists if and only if both Q(e) and K(e) are
nonempty. In that case,

min rank H =1+ min rank K.
HEeH((e) KEK(e)

Prescribing any q € Q(e) as H1 gives the same minimum rank.
Proof. A realization gives K € K(e) and Re(H1) € Q(e). Conversely, any g € Q(e) and
K € K(e) give a realization of rank 1 + rank K by Theorem 3.1. O
3.1 The exact trace cost of a prescribed extension

For realizable data, define

7(e) = min trH, k(e) = min tr K. (3.5)
HeH(e) KeK(e)
The feasible sets are closed, and a trace bound bounds every eigenvalue of a positive
semidefinite matrix. Thus both minima are attained. The unique signed extension of least
Euclidean norm is qg = M e, where M is the Moore-Penrose inverse.



Theorem 3.3 (Trace and signed extension). If e admits a strongly positive realization, then

7(e) = |lqo|13 + w(e), (3.6)
Hrg?i{r(le)trHZT(BH la—aoll5 (g€ Qe)).
Hl=q

A trace-minimizing realization can be chosen real. If

Qs(e) ={g € Qe) : Xu(—da)+ < s}
is nonempty, where (t)+ = max{t,0}, then

Hren;tr(le) tr H = 7(e) + dista(qo, Qs(e))>. (3.8)

3, (~ Re(H1)a); <s

Proof. By Theorem 3.1, tr H = ||2]|3 + tr K, and z and K can be chosen independently.
Writing 2z = ¢ + it with g, t real gives Mq = e, Mt = 0, and ||z||3 = ||¢||3 + ||||3. Thus a trace
minimum requires ¢t = 0. Replacing K by its real part preserves positive semidefiniteness, the
context covariances, the zero row sums, and the trace. This gives a real minimizer. Since
q— qo € ker M and gy L ker M,

413 = llaoll3 + llg — qoll3-

Minimizing in K gives (3.7) and, with ¢ = qo, (3.6). The negative-mass constraint depends
only on g. The remaining minimum is the squared distance to the nonempty closed set Q,(e),
giving (3.8). O

The trace tr H = Y, D(a, a) is the total diagonal mass on the chosen atomic refinement.
Expanding 1TH1 = 1 gives
1—trH =2) ReHg,. (3.9)
a<b

Thus the trace also determines the net real interference on that refinement.

3.2 Compression to observable event functions

The context-atom indicators span W = ran M T C RX. Let IT denote the orthogonal projection
onto W for the counting-measure inner product, and extend it complex linearly to CX.

Proposition 3.4 (Compression). For H € H(e), the matriz ILHII is another realization and
tr(ITHTI) < tr H.

Equality holds if and only if ran H C We, the complexification of W. The compressed matrix
satisfies (ITHIT)1 = qo = M "e.

Proof. Each row of Po belongs to W, so Pcll = Po. Compression preserves positive
semidefiniteness and all context equations. Moreover,

tr H — tr(ILHI) = tr((I — I H) = ||(I — I)H"/?||2,

where || - || denotes the Frobenius norm. The loss vanishes precisely when ran HY/? =
ran H C Wg. Since 1 € W, the row-sum vector of the compression is I[IH1. It is the
projection of a solution of Mz = e onto W, the orthogonal complement of the complex null
space of M, hence equals the least-norm solution gg. ]



4 Two contexts and their atom-intersection graph

Let (A;)ier and (Bj),es be the atoms of two contexts. The atoms of the Boolean algebra
they generate are the nonempty intersections

aZ‘jZAZ‘ﬂBj#O.

Define G = (RUS, E) by taking (i, j) as an edge whenever A; N B; # 0. This simple bipartite
graph has no isolated vertices. We identify X with E and write N = |E|.
Let Pgr, Ps be the two atom-summing matrices, and define

_(Pr [ Pr .
(5. 5= (). wessr o

The signed incidence matrix B uses +1 at the row endpoint and —1 at the column endpoint.
Thus L is the unweighted graph Laplacian. Write p € A(R) and ¢ € A(S) for the context
probabilities.

Lemma 4.1 (Intersection algebra and signed extensions). The atoms of the intersection of
the two contexts are the edge sets of the connected components of G. If these components are
indexed by £, agreement on the intersection algebra is equivalent to

Z D = Z qj = wy for every £. (4.2)
1€ERy JESy

Under this condition, the set
Qa(p.q) = {z €R” : Pz =p, Pz =q} (4.3)

is a nonempty affine space of dimension |E|—|R|—|S|+ ¢, where ¢ is the number of connected
components.

Proof. An event in the row context is a union of entire row stars, and similarly for columns.
If it belongs to both contexts, the two endpoint indicators of each edge agree. They are
therefore constant on each component, and any union of components belongs to both contexts.
This proves the description of the common algebra and (4.2). The marginal equations are
Bx = (p,—q). On each connected component the image of the incidence matrix is the
subspace of vectors with coordinate sum zero, as one sees by successively solving at the
leaves of a spanning tree. Component balance is precisely this condition on (p, —q). Since
rank B = |R| + |S| — ¢, the dimension follows. O

4.1 Existence and the smallest realization rank

Theorem 4.2 (Two-context realizations). For p € A(R) and q € A(S), the following
conditions are equivalent.

(i) The component balances (4.2) hold.
(ii) The signed extension space (4.3) is nonempty.

(iii) The two contexts admit a common strongly positive realization with medium decoherence
and probabilities p, q.

Let ro = |suppp| and sy = |suppq|. Under these conditions the minimum rank is the same
over real symmetric and complex Hermitian realizations, namely

ml}n rank H = max(r4, s+). (4.4)

For every specified x € Qi (p,q), this rank is attained by a real realization satisfying H1 = x.



Proof. By Lemma 4.1, (i) and (ii) are equivalent. A common realization agrees on shared
events, so (iii) implies (i). Assume (i) and put d = max(ry,s;). In R? choose mutually
orthogonal row vectors u; with ||u;]|> = p;. Their component sums

hezzuz'

1€ERy

are mutually orthogonal with squared norms wy. Choose a second orthogonal family v; € R4
with squared norms ¢;. Its component sums have the same Gram matrix as the h,. The
isometry sending these sums to hy extends to an orthogonal operator on R?. Applying this
operator to the v; gives mutually orthogonal column vectors v; satisfying

Z vy = hz = Z (78 (45)

JES, i€ERy

Solve the vector-valued incidence equation

Z be = Uyg, Z be = Vj. (46)

e>i edj

By Lemma 4.1, equality of the component sums in (4.5) is the solvability condition in each
coordinate. The Gram matrix Hey = (b, by) then has the prescribed context matrices. Its
total vector h = 3°, hy satisfies ||h]|> = 3, wy = 1. This gives a normalized real realization of
rank at most d.

Conversely, a Gram representation of any realization contains r; nonzero mutually
orthogonal row-sum vectors and s; nonzero mutually orthogonal column-sum vectors in the
span of the edge vectors. This forces rank at least d over either field. Finally, Theorem 3.1
allows us to prescribe H1 = x while retaining the rank of the real realization just constructed.

O

For disconnected G, the construction places both orthogonal families in the same R%.
Row vectors and column vectors from different components may share directions orthogonal
to the component sums. Taking independent spaces for each component could therefore
overestimate the required dimension.

4.2 The largest rank and positive definite realizations

Let ro = |R| — r4 and sg = |S| — s+, and let ¢y count the components of zero mass.

Proposition 4.3 (Maximum realization rank). Under (4.2),

max rank H = N —rg — 59 + ¢o. (4.7)

This maximum can be attained by a real realization with any prescribed real signed extension.

Proof. If a context atom has probability zero, its indicator has zero quadratic form under
H > 0 and hence lies in ker H. A linear relation among the row and column indicators has
coefficients «;, 8; satisfying a; + 3; = 0 on every edge. Thus on each component all row
coefficients equal a common constant and all column coefficients equal its negative. A relation
involving only zero-probability indicators can use a component only if its mass is zero. Their
span therefore has dimension ry + sg — ¢o, which proves the upper bound.

For attainment, define the |R| x |S| matrix

P Piqj/we, 4,j in component £, wy > 0,
Y 0, otherwise.



This definition includes nonadjacent vertex pairs. Consider the block matrix

J— diagp F
“\ FT  diagq/"

On each component of mass w > 0, write p’, ¢’ for the restricted marginals. The corresponding
block of J is the sum of (2 :) (2 :)T /w and the block diagonal matrix with blocks diag(p’)—p'p'" /w
and diag(q’)—¢'q'T /w. Both covariance blocks are positive semidefinite, with ranks | supp p/|—1
and |supp ¢'| — 1. Their ranges have zero coordinate sum on each side, so the first summand
adds one dimension. Zero-mass components contribute nothing. Hence J = 0 and rank J =
r+ + Sy — ¢4, where ¢y = ¢ — ¢g. The row-minus-column relation on each component lies in
ker J, so ranJ C ranT. Let IIy project orthogonally onto ker 7. For € > 0 the matrix

H=TYJ(TH" +¢ll

satisfies THTT = J, since TT+ projects onto ran T'. It therefore realizes both contexts. The
first term has rank rank J on (ker 7)*, and the second has range ker T. Their ranks add to

r++sy—cy+(N—|R| —|S|+¢)=N—r¢g— 50+ co.

Keeping the covariance of this real H and applying Theorem 3.1 gives the same rank for
every prescribed real signed extension. ]

Corollary 4.4. Under the component balance conditions (4.2), a positive definite realization
exists if and only if all row and column probabilities are strictly positive.

Proof. A zero-probability context atom supplies a nonzero kernel vector. If all probabilities
are positive, Proposition 4.3 gives rank N. ]

Thus strict positivity of both marginals guarantees a positive definite realization whenever
they agree on overlaps. A classical extension has the additional constraints below.

4.3 The additional condition for a classical measure
For U C R, let Ng(U) C S be its neighbor set.

Proposition 4.5 (Weighted transport criterion). A classical extension exists if and only if
p(U) < q(Ng(U)) for every U C R. (4.8)

Proof. Any nonnegative edge measure must send the mass of U into Ng(U), which proves
necessity. For sufficiency, join a source to row i with capacity p;, and column j to a sink
with capacity ¢;. Give each edge of G' capacity 2 from row to column. A cut crossing such
an edge has capacity at least 2. Any other cut with source-side row set U must also place
N¢g(U) on the source side, and thus has capacity at least 1 — p(U) + ¢(Ng(U)) > 1. The
max-flow min-cut theorem gives a unit flow. It saturates all source and sink arcs, so its edge
flows have the required marginals. O

Criterion (4.8) is the finite supported-coupling condition in classical marginal theory [25].
For the same graph, Theorem 4.2 requires only the component balances for a strongly positive
realization.

Corollary 4.6 (Universal classical extension). For two fixed contexts, every overlap-compatible
pair of probabilities extends classically if and only if every component of G is complete bipartite.
This is also equivalent to surjectivity of the map j in Proposition 2.4.

10



Proof. A row atom and a column atom are compatible on the intersection algebra exactly
when their vertices lie in the same component. They come from an ambient atom exactly when
they form an edge, giving the criterion for surjectivity. On a complete bipartite component of
mass wy > 0, set x;; = p;q;/we, and assign zero mass to every edge of a zero-mass component.
This gives a classical extension. A missing edge in a component yields compatible point
masses at its two endpoints with no classical extension. O

For two finite Boolean subalgebras this surjectivity condition is precisely commutation.
In a full product measurement cover, compatible coordinate assignments always glue, so any
two overlap-compatible context marginals extend classically.

5 Signed extensions, transport, and interference

5.1 Minimum negative mass and classical noise
For a real vector = of total mass 1, define

[l — 1
N-(#) = Y (~ra)y = L
a
Whenever Q(e) # &, put
e) = min N_(x). 5.1

n(e) = min N_(z) (1)
The sublevel sets of N_ in the closed affine space Q(e) are compact, since ||z||; = 1 +2N_(z).
Thus the minimum exists, and 7(e) = 0 exactly when e € NCg. Minimum ¢! norm has also
been used to quantify contextuality [13]. Here the choice of history algebra fixes the atoms
on which the signed measure is defined.

Proposition 5.1 (Duality, realization, and noise). Suppose Q(e) # &. Then

1+4+2n(e) = max eTy, 5.2
©) [MTyllo<1 (5:2)
n(e) =min{t >0:e+tn_ = (1+t)ny, n_,ny € NCg}. (5.3)

If e admits a strongly positive realization, then

n(e) = o N_(Re(H1)), (5.4)

and each rank occurring in H(e) occurs among the minimizers in (5.4).

Proof. Linear programming duality for minps,—||z||1 gives (5.2). To prove (5.3), let xz =
2t — 2~ be a minimizing extension and write n = n(e). Its positive and negative parts have
masses 1 +n and 7. If n > 0, normalizing these parts gives distributions g, = 2% /(1 +n)
and g— = 2~ /n. Then ny = Mgy satisfy e+ nn_ = (1 +n)ny. If n =0, take ny = e
and any n_ € NCg. Conversely, any feasible ny lift to distributions g+ on X. The vector
(1+1t)gy+ —tg— extends e and has negative mass at most ¢.

For (5.4), Lemma 2.3 gives the lower bound. Given any H € #(e), Theorem 3.1 produces
a realization of the same rank whose canonical extension is x. O

Measure the distance of e from classical data by the largest total variation distance over
the contexts, minimized over global distributions,

1
S _ . - _P . 5.5
(©) =, 2ain a5 llec = Peglh o

11



Taking Mg = ny in this definition yields

n(e)
de) < ———. 5.6
© < 1o (5.6
Indeed, e —ny = n(e—n_)/(1+mn), and the total variation distance between ec and (n_)¢ is
at most 1 for each C'. Equation (5.3) identifies n/(1+4n) as the least A for which (1—X)e+An_
is classical for some classical n_. Both optimizations use the polytope NCg. The contextual
fraction uses a different decomposition [26].

5.2 An exact transport formula for two contexts

On the bipartite graph of Section 4, let dg be the unweighted shortest-path distance within
each component. Regard p and ¢ as measures supported on R and S, respectively. Their
Wasserstein distance is

WY(pg)= min Y dg(i,f)my, (5.7)
_ =1, _  i€R,jes
e P
where dg(i, j) = oo across components and the minimum is over plans with m;; = 0 for all
such pairs. Component balance guarantees a feasible plan. Within a component, the plan
may transport mass between nonadjacent vertices. Write ng(p, ¢) for the minimum in (5.1)
on this graph.

Theorem 5.2 (Graph transport formula). For every component-balanced pair p, q,

WE(p,q) -1
na(p, q) = 1(2> (5.8)
FEquivalently,
1+ 2ng(p,q) = X o dopif() =Y qf(G) ] - (5.9)
: i

IF@)=f(GIL ((G5)eE) \ °

Every signed edge measure attaining ng(p, q) is the canonical extension of a strongly positive
realization of rank max(ry,s4).

Proof. Since the extension equations are Bz = (p, —q), it suffices for (5.8) to prove

: G
ozl =P, g).
For any feasible plan 7, send the mass m;; along a shortest path from 7 to j whenever m;; > 0.
Count flow along each edge with its sign relative to the orientation of B. The resulting
flow has divergence (p, —¢q), and its £! norm is at most the transport cost by the triangle
inequality:.

Conversely, direct each edge with nonzero flow according to the sign of z. and give it
weight |z.|. Removing directed cycles preserves the divergence and can only reduce the total
weight. Decompose the remaining flow into paths from row vertices with positive divergence
to column vertices with negative divergence. Their weights define a plan 7. Each path has
length at least the distance between its endpoints, so the cost of 7 is at most ||z||;. This
proves the identity. As every extension has total mass 1, (5.8) follows. Duality for the ¢! flow
problem gives (5.9), and Theorem 4.2 gives the rank assertion. O

12



The flow identity is the graph Beckmann formulation of W; [27, Sec. 1.4]. Here it gives
the minimum negative mass on the history atoms. A single Hall deficit can be smaller than
this minimum. For example, on a path of five edges, Dirac marginals at opposite endpoints
determine the edge weights

(1,-1,1,-1,1).

Their negative mass is 2, although every individual Hall deficit is at most 1.

Corollary 5.3 (Deterministic marginals and sharp size dependence). For a row vertex s and
column vertex t in the same component,

dg(s,t) —1

77G(5575t> - 2

(5.10)
Every signed extension x of these Dirac marginals gives a rank-one realization H = xx'. For
any component-balanced pair p,q on a graph with N edges,

N -1
nG(psq) < {2 J (5.11)
For each N > 1 there are a graph and marginals attaining the bound. The smallest two-context
model with compatible data and no classical extension has three atoms.

Proof. The only plan for the Dirac marginals transports one unit from s to ¢, giving (5.10).
For H = zz", the compressed matrix on either context is the outer product of its Dirac
marginal with itself, hence equals the required diagonal matrix.

Every shortest path from a row to a column in the same component has odd length at
most N. A feasible plan has mass 1, so its cost is at most the largest such length. Equation
(5.8) gives (5.11). For odd N, take the two endpoints of a path of length N. For even N,
take the endpoints of a path of length N — 1 and attach a pendant edge. Their distance
remains N — 1. With at most two edges, every component is complete bipartite and hence
admits a classical coupling for any balanced marginals. Dirac data at the endpoints of the
three-edge path have no such coupling. O

5.3 Sharp bounds on real interference and diagonal mass

For a Hermitian realization H, define the total negative real interference on the atoms by

I-(H) = Y (~ReHa):. (5.12)

a<b

where the sum counts each unordered pair once.

Theorem 5.4 (Interference and trace bounds). For every normalized strongly positive
realization on N atoms,

I_(H) = N-(qu)(1 + N-(qu)) = n(e)(1 +n(e)), (5.13)
g > E 2]\]7\;(‘”))2 s ?\’77(6»2, qr = Re(H1). (5.14)

If every local probability vector is deterministic and a signed extension exists, then

in L (H) = n(e)(1+n(e)). (5.15)
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Proof. For events S, T, write H(S,T) = 11 H1r and denote the full event by 1. Set S = {a :
(q)a <0} and n— = N_(qg). Since H(1,1) = 1, Cauchy—Schwarz for the form defined by
H gives

H(S,S) > |H(S,1)]* > (Re H(S,1))* = n?.

Consequently,
ReH(S,5°) =-—n_—H(S,5) <—n_(1+n_).

The sum of the negative parts of the real entries crossing the cut is at least — Re H (S, S°)
and at most I_(H). This gives the first inequality of (5.13). For (5.14), put z = H1. The
covariance decomposition gives ||z||3 < tr H, so

1+2n_ =|qulh < \/NH(]HHQ <vVNtrH.

Finally, ¢ € Q(e) implies n_ > n(e).

For deterministic local data, let  be an optimal signed extension. The rank-one matrix
H = 2z realizes the data. Its negative off-diagonal entries occur exactly between positive
and negative coordinates, giving

I_(zx") = (Z xi) <Z x;) = (1+4+n)n.

This attains the lower bound in (5.13). O

For two Dirac marginals at odd distance d, (5.10) and (5.15) give minimum negative real
interference (d? — 1)/4. The parallel paths in Proposition 8.2 attain the dimension-dependent
trace bound. The interference in these inequalities occurs on the common atomic refinement.
Distinct atoms within either prescribed context have zero interference.

6 Minimum trace and graph geometry

6.1 An exact Laplacian formula

Let G be connected. To treat its components separately later, allow the marginals p and ¢
to have a common mass w > 0. Their local Gram equations then give 1TH1 = w. Let L*
denote the Moore—Penrose inverse of the graph Laplacian and set

T T
A= (L")gs, R, = diagp — %, Sy = diagq — % (6.1)

Write ||-||« for the nuclear norm, the sum of the singular values.

Theorem 6.1 (Minimum-trace formula). For a connected atom-intersection graph and
nonnegative marginals of equal mass w > 0, the minimum trace among all strongly positive
realizations is

2
Ta(pq) =D (L )upi + Y (L1505 — EPTAC] - 2||R;1>/2AS;/2H*- (6.2)
i€R jes

A real positive semidefinite matrix attains the minimum. On a disconnected graph with
balanced component masses, 7q(p,q) is the sum of (6.2) over the positive-mass components.
Every zero-mass component contributes zero.

14



Proof. Choose edge vectors b, with Gram matrix H. Their row sums u; are mutually
orthogonal and satisfy |u;]|?> = p;. Their column sums v; are also mutually orthogonal and
satisfy ||v;]|? = g;. Both families sum to the same vector h, with ||A[|? = w.

For fixed vertex vectors, form Z with rows u; and —v;, and form Y with rows b.. Then
BY = Z. Tts solution of least Frobenius norm is Y = B Z, with energy

. 2 *7+
=tr(Z°L7 7). .
i, SIb = w(z' 5 2) (63
Indeed, Y-, u; = >°; v; puts each column of Z in ran B, and (B*)*B* = (BB*)* = L* gives
(6.3).
Write

ui:&h—i-oc,', ’Uj:%h—}—ﬁj.
w w

The vectors o; and 3; lie in ht. Their two Gram matrices are R, and S, respectively. It
follows that the possible cross Gram matrices F' of the original families (u;) and (v;) are
exactly

T
pq 1/2 1/2
F=Pl  RPWS, W < 1. (6.4)

To see this, consider the joint Gram matrix of the residuals. Positivity forces the off-diagonal
block to map ran .S, into ran I, and to vanish on ker S,;. Conjugating by the inverse square
roots on these ranges gives (£. V'), which is positive semidefinite exactly when ||[W||op < 1.
Conversely, any such contraction yields residual vectors with the prescribed Gram matrices
after multiplication by the square roots. Their sums vanish since R,1 = S;1 = 0. Adding
the indicated multiples of h therefore recovers both families of vertex vectors.

Orthogonality within each context reduces (6.3) to

S (L )api+ > (L1)j50; — 2Retr(ATF). (6.5)

i
The singular-value identity

1/2 1/2\* 1/2 1/2
Hv[r/rﬁis(glRetr((Rp/ ASYA*W) = |RY?ASY?|.

now gives (6.2). A real singular-value decomposition gives a real maximizing contraction.
The resulting real Gram matrix has a real factorization, so the edge vectors from Y = BT Z
give a real minimizer.

For a disconnected graph, the principal block on the edges of each component satisfies its
local Gram equations. Summing the corresponding trace bounds gives a lower bound on the
full trace. Taking the direct sum of minimizing blocks attains it. On a zero-mass component
the zero block satisfies all local constraints and has the least possible trace. O

For fixed vertex vectors, (6.3) is the vector-valued form of the electrical minimum-energy
principle [14]. Optimizing over their cross Gram matrix gives the singular-value maximization
familiar from the orthogonal Procrustes problem [15, 16].

Corollary 6.2 (Effective resistance). For Dirac marginals at a row verter s and a column
vertex t in the same component,

7c(0s,01) = Rera (s, 1) = (05 — 6,) TLT (85 — 6y). (6.6)

An attaining realization is the rank-one matriz xx', where x = BY (65 — &) is the minimum-
energy unit flow.
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Proof. The covariance blocks Ry, S, are zero for Dirac marginals, so (6.2) reduces to (6.6).
The stated signed edge measure has squared norm equal to this value and gives a realization
by Corollary 5.3. O

For the same Dirac marginals we thus have

da(s,t) — 1
n(0n8) = D=L o5, 8) = el 1),
The first formula minimizes the ¢! norm of a unit flow, and the second minimizes its squared
¢2 norm. On a tree the flow is unique and Reg(s,t) = dg(s,t). On graphs with cycles the

minimizing flows can differ.

6.2 The geometry of minimum-trace realizations

Although the minimum trace is additive over components, a minimizing realization may have
nonzero correlations between residual vectors from different components. To describe all
minimizers, let c; be the number of positive-mass components and put

a=ry—cCy, b=sy —cy.

Regard py, q; as vectors extended by zero outside component ¢, and define

T T
R = diagp — Z w, S = diagq — Z 94y (6.7)
wp>0 We wy>0 We
Choose real factors of full column rank, R = F RFE and S = FgF g . They have a and b
columns, respectively, and either number may be zero. For the Laplacian of the whole graph,
set
C=F}(L")rsFs, k = rank C. (6.8)

Changing the full factors only changes the orthonormal coordinates in which C is expressed,
so its rank k is well defined. Choosing factors separately on each component makes C block
diagonal.

Theorem 6.3 (The minimum-trace face). Let p,q satisfy component balance and choose a
full real singular-value decomposition C = USV' " with the k positive singular values first.
Define

Co=> pfqu, C(W) = Cy+ FRWFY, (6.9)
wy>0
J(W) = (_‘g?%’)* _d?ag)) , H(W) =BT J(W)(B1)". (6.10)

The trace-minimizing realizations are exactly H(W') with

I 0 )X (b
W=U (0 Wo) VT, Wy e ClRxC=R " 1W|ep < 1. (6.11)

The map from Wy to H(W) is injective and affine over R. In particular,

(i) a real realization attains both minimum trace and minimum rank,
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(7i) the ranks of the trace minimizers are all integers in the interval
max(ry,s4) <rank H <r; 4+ s; —cq — k, (6.12)

and each rank in this interval occurs for a real realization,
(iii) the trace minimizer is unique if and only if k = min(a,b).

Proof. Let u; and v; be the row and column sums of the edge vectors of a realization. The
two families have the same total hy on each component. These totals are mutually orthogonal,
with ||hg||? = we. On each positive-mass component put

Di q; . .
a; = u; — —hy, Bj:vj——Jhg (i € Ry, 7 €Sy, wy>0).
wp Wy

Each residual vector is orthogonal to every component total. For row residuals this follows
by writing each h, as a sum of row vectors, and for column residuals by writing it as a sum
of column vectors. A vertex of zero probability has zero branch sum. The row and column
residuals therefore have Gram matrices R and S. As in (6.4), their cross Gram matrix is
FRWF{ for some W satisfying

(fo Z) =0, equivalently [[W]lop < 1. (6.13)
The full column ranks of Fr and Fg determine W uniquely from the cross Gram matrix.
Conversely, every such W gives residual vectors whose sums on each component vanish, since
the columns of both factors sum to zero there. Adjoining the orthogonal totals recovers row
and column vectors with matching component sums. Their signed Gram matrix J(W) is
positive semidefinite and has range in ran B. Thus BH(W)BT = J(W), and (6.10) gives a
realization.

By Proposition 3.4, every trace minimizer has range in ran BT. The vertex Gram
J = BHBT then determines H = BTJ(B*)*. Since B is injective on ran B, this lift
preserves the rank of J. Applying (6.5) on the residual spaces gives

tr H(W) = Dy — 2Re tr(C*W),

where Dy is independent of W. In singular-vector coordinates the quantity to be maximized
is Zi-“:l Yii Re(U TWV)“. A contraction attains its upper bound Zle Y. precisely when
each of the first k diagonal entries equals 1. Every row and column of a contraction has norm
at most 1, so the other entries in those rows and columns must vanish. The remaining block
is an arbitrary contraction. This proves (6.11).

The vertex vectors span the orthogonal direct sum of the ¢4 nonzero total directions
and the residual span, since each total is itself a sum of vertex vectors. By the full column
ranks of the factors, the dimension of the residual span equals the rank of the block matrix
in (6.13). Its kernel consists of pairs (—Wy,y) with W*Wy = y. If Wy has ¢ singular values
equal to 1, counted with multiplicity, that kernel has dimension k + ¢. Hence

rank HW)=cy +a+b—Fk—t. (6.14)

For any integer 0 < ¢ < min(a — k,b — k), take Wy real and rectangular diagonal with ¢ ones
and all other entries zero. These choices give every rank in (6.12). The lower endpoint is
¢4+ +max(a,b) = max(ry, s4 ), the minimum over all realizations by Theorem 4.2. Uniqueness
holds exactly when the parameter ball is a singleton, that is, when a —k=0o0or b — k = 0.
The lift gives zero edge vectors on zero-mass components. O
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The minimizing face has real affine dimension 2(a — k)(b — k), and its real subfamily
has dimension (a — k)(b — k). Its extreme points are exactly its minimum-rank realizations.
Indeed, if a singular value of Wy is less than 1, perturbing that entry in both directions in
singular-vector coordinates expresses Wy as the midpoint of two distinct contractions. If all
singular values equal 1, then W} or its adjoint is an isometry. An isometry is extreme because
it takes each unit vector to an extreme point of the Hilbert unit ball. Equation (6.14) gives
the rank assertion.

The supports of p and ¢ determine k. The range of R consists of the vectors supported
on supp p whose entries sum to zero on each component, and S has the analogous range for
q. Changing the positive probabilities on fixed supports therefore changes the column bases
Fgr, Fs by invertible transformations and preserves the rank in (6.8). When every vertex has
positive probability, £ can be read from the adjacency matrix.

Corollary 6.4 (Adjacency criterion for full-support data). Suppose p,q satisfy component
balance and have full support. Let Ng be the |R| x |S| bipartite adjacency matriz and let ¢ be
the number of components. Then

k =rankNg —c. (6.15)
The ranks of the trace minimizers are exactly the integers in
max(|R|,|S|) < rankH < |R|+ |S|—rank Ng. (6.16)
The trace minimizer is unique if and only if Ng has full row rank or full column rank.

Proof. Choose componentwise factors in (6.8) so that the ranks add. On one connected
component write N for the adjacency matrix and Dg, Dg for the diagonal degree matrices.
Use R, S temporarily for the two vertex sets of this component. Full support gives the residual
spaces Er = 1§ and Fg = 1%. The rank of the corresponding block of C is the rank of

K:Es — Ep, Kg=Tg,(L")rsg.

For g € Eg, let f = L™(0,g), so Lf = (0,g). The condition Kg = 0 says fgr = dlg for some

d. Writing fg = dlg + h, the two block equations for L = ( Dr —N

NT Ds) become

Nh=0, g=Dgh.

Conversely, h € ker N gives Dgh € Eg, because 1EDSh = 1£Nh = 0. Choose d so that
(d1g,d1g + h) has total sum zero. It then equals L™ (0, Dgh). Thus ker K = Dgker N. Since
Dyg is invertible, the component contributes rank

rank K = (|S| — 1) — (|S| — rank N) = rank N — 1.
Summing over components gives (6.15), and Theorem 6.3 gives the remaining assertions. [J

For K, s the adjacency matrix has rank one. With strictly positive marginals, the face has
real affine dimension 2(r — 1)(s — 1) and contains realizations of every rank from max(r, s)
to r + s — 1. For instance, K32 has trace minimizers of ranks two and three. For a cycle
Co, with m > 2, the adjacency matrix is I plus a cyclic permutation matrix. Its rank is m
when m is odd and m — 1 when m is even. Thus full-support data on Cy, 1o have a unique
trace minimizer of rank 2n 4+ 1. On Cy, the minimizing face is an affine image of the closed
complex unit disk. The boundary points have rank 2n and the interior points rank 2n + 1.
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6.3 An explicit trace—negativity tradeoff

Let G consist of two internally disjoint paths from s € R to t € S of odd lengths a < b,
allowing @ = 1. For Dirac marginals at s and ¢, flow conservation gives a constant flow «
from s to t along the first path and 1 — « along the second. Relative to the row-to-column
edge orientation, the coefficients alternate in sign on each path. Thus

[z(e)ll1 = alal +b]1 — af, (6.17)
lz(a)||? = aa® + b(1 — o) (6.18)
Routing the unit mass along the shorter path gives minimum negative mass n = (a — 1)/2.
Minimizing the squared norm instead gives
ab b
atb’ R
The canonical extension of every minimum-trace realization is x(ap) and has negative mass

ab _1

N-(a(ag) = =21 = <.

For n <v <ab/(a+b) —1/2, the least trace subject to N_(Re(H1)) < v is

ab
a+b

b—1—2v b )2

-l-(a—i—b)( —

.1
b—a a+b (6.19)

For larger v the unconstrained minimizer is feasible and the least trace is ab/(a + b). To
see (6.19), first project v onto [0, 1]. This can only decrease both expressions in (6.17) and
(6.18). On this interval the negative-mass constraint reads a > (b—1 —2v)/(b — a). In the
stated range of v the lower endpoint lies between g and 1, so it minimizes the quadratic
7+ (a+b)(a—ap)?. Since K = 0 is feasible for deterministic marginals, Theorem 3.3 identifies
this flow minimum with the least trace over all realizations.
For a = 3,b = 5, the two unrestricted optima are

15
n=1, T=-,
and fixing the negative mass at 1 raises the least trace to 3. For ¢ = 1,b = 3, all flow along
the one-edge path gives a classical extension, while z(«ag) has negative mass 1/4.

6.4 Full product covers and visible Fourier characters

Let Y be a finite set of measurements and identify the d, outcomes of each measurement y
with Zg4,. Take
X =] Za,, N = |X]|.
yey
Let M be a family of coordinate contexts covering Y. The support of a product character x,,
is the set of coordinates on which its factor is nonconstant. Call y, wvisible if its support lies
in a single context. Let v(M) count all visible characters, including the constant character.

Theorem 6.5 (Minimum trace for product covers). For every empirical model on X that
admits a strongly positive realization,

(6.20)

Compressing any realization to the span of the visible characters attains this trace. Thus
the same minimum holds for all realizable data on a fized product cover with fixed outcome
cardinalities.
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Proof. The normalized characters f, = xo/v/N form an orthonormal basis of CX. Functions
of the coordinates in C' are spanned both by its atom indicators and by the characters
supported in C. Taking the span over all C' identifies the observable subspace W¢ of
Proposition 3.4 with the span of the visible characters. A character visible in C' has modulus
one and takes a single value x,(b) on each atom b € Xc. Hence the local Gram equation
gives
XeHxa = Y ec(b)xa®)* =1.
bEXc

Thus fXH f, = 1/N for each visible character. Every other diagonal entry in the character
basis is nonnegative, so tr H > v(M)/N. By Proposition 3.4, compression to W¢ preserves
the local constraints. The compressed matrix has zero diagonal entries on all remaining
characters, attaining the bound. O

For binary outcomes, v(M) counts the subsets U C Y contained in some context. For

general cardinalities,
V(M) = > I, —0.

Ucy yelU
UCC for some CeM

Two separate measurements with r and s outcomes therefore give 7 = (r +s —1)/(rs). For
the three pair contexts on three binary measurements, only the character supported on all
three measurements is invisible. Hence v =7, N =8, and 7 = 7/8.

7 Projective histories with postselection

A final projection can realize any normalized strongly positive history matrix after conditioning
on a successful outcome. We use a pure initial state, one intermediate projective decomposition,
and one final projection. This is a finite instance of the two-boundary histories formalism [17].
A Gram-matrix construction of the type used in [18] determines which success probabilities
are possible. The largest is given by a diagonal-majorant problem familiar from the theory of
coherence [20].

7.1 An exact projective realization criterion

Let 1 be a unit vector in a finite-dimensional Hilbert space. Let (P,)qex be mutually
orthogonal projections summing to I, and let F' be an orthogonal projection. Write P4 =
> aca Pa- The probability of the final event when the intermediate alternatives are summed
coherently is

s = (Y| F|).
Assume s > 0. Conditioning on F' gives the decoherence functional
tr(FP PpF
Di(A, B) = X A“@(w' 5F). (7.1)

The underlying histories have intermediate alternatives ¢ € X and final alternatives F' and
I — F. We use the Heisenberg picture, with time evolution absorbed into the projections.
For H > 0 with history normalization 1*H1 = 1, define

[(H) = min {17d: diag(d) — H = 0, d € R¥}. (7.2)
A feasible vector satisfies d, > H,, > 0 for each a. The dual program is

I'(H) =max {tr(HZ) : Z =0, Zea=1 (a € X)}. (7.3)
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The Lagrangian is >, (1 — Zga)dg + tr(HZ). A sufficiently large multiple of I is strictly
feasible in the primal program, and Z = I is strictly feasible in the dual. Thus both optima
are attained and agree. The diagonal-majorant formula for the robustness of coherence Cpr
[20], applied to the density matrix H/tr H, gives

H
I'H)=trH|1+Cr|—=|. 7.4
R R =] (7.4)
Theorem 7.1 (Projective realization and optimal success). Let H > 0 satisfy 1*H1 =1,
and fir s > 0 and d € RX. There exists a realization of the form (7.1) with atomic matriz H,
success probability s, and intermediate probabilities | Pyt||? = d, if and only if

d>0, 1"d=1, R:=diag(d) —sH = 0. (7.5)
Consequently, the largest success probability for H is
pmax(H) = F(H)_1~ (7.6)

For fized feasible s,d, the minimum dimension of a pure-state realization, with zero projections
allowed for outcomes of probability zero, is

rank H + rank R. (7.7)

An optimal-success realization has dimension at most rank H + N — 1.

Proof. Use the history Gram convention G, = (vp|v,). The vectors v, = P, are mutually
orthogonal, with squared norms d,. Their projections b, = Fv, have Gram matrix sH. The
residual vectors ¢, = (I — F')v, therefore have Gram matrix R, which proves necessity. The
spans of (b,) and (¢,) are orthogonal and have dimensions rank H and rank R, respectively.

Conversely, choose vector families (b,) and (¢,) with Gram matrices sH and R in Hilbert
spaces of their respective ranks. In their orthogonal direct sum put

va:ba@caa wzzva-
a

The Gram matrix of (v,) is diag(d), so the nonzero v, are orthogonal and ||1|| = 1. Project
onto the individual spans of the v, and add their common orthogonal complement to one
nonzero span. The resulting projections P, sum to I and satisfy P, = v,. Let F project
onto the first summand. Then F P, = b, (identified with b, @ 0) and

|Fy)|? = s1*H1 = s.

This realizes H in dimension (7.7). If every Boolean atom must have a nonzero projection,
one may adjoin an unused direction for each zero projection.

If (7.5) holds, then diag(d/s) = H,so 1/s > I'(H). Conversely, for a minimizing diagonal
majorant diag(dp) in (7.2), take s = 1/I'(H) and d = dp/I'(H). Normalization ensures
I'(H) > 1, since

17dy > 1*H1 = 1.

Thus 0 < s < 1. At a minimizing majorant, diag(dy) — H must be singular, since otherwise
one could subtract a positive multiple of I and reduce the objective. The residual R =
s(diag(dp) — H) therefore has rank at most N — 1. O
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The dimension bound can be sharp even at success probability one. For m > 2 and

0< 0 <1, take
_1-0 0

Hy=——TI,+—511".
m m

This matrix has rank m and 1*Hyl = 1. The majorant I,,/m attains the lower bound
I'(Hy) = 1. For any optimal majorant D, positivity and 1*(D— Hy)1 = 0 imply (D—Hp)1 = 0.
Since D is diagonal, this forces D = I,;,/m. Its residual has rank m — 1, so the minimum
dimension at success probability one is 2m — 1.

When H € H(e), the probability s has a direct meaning for each specified context. For
C' € M, measure the intermediate projections P, =}, <, Ps, b € X¢, followed by F. The
joint and marginal success probabilities are -

Pr(b,F | C) = |[FPy|? = sec(b), Pr(F|C)=s.

The local Gram equations make the successful branch vectors mutually orthogonal. The
unsuccessful branches may be combined into a single event with branch vector (I — F')i,
orthogonal to each successful vector. This partition is medium decoherent on the unconditioned
history space. If the intermediate measurement instead resolves every atom a € X, summing
the individual success probabilities gives >, ||FP,||?> = str H.

7.2 Success probability for fixed context data
For context data with H(e) # @, define

D)= min T(H).  pus(e) =T(e) (78)
Equivalently, one minimizes 17d jointly over H € H(e) and diag(d) = H. Piani et al. use the
same diagonal-majorant objective for density matrices subject to linear observable constraints
[20, Sec. IIL.D, Eq. (27)]. Here the context constraints fix 1*H1 = 1 and allow tr H to vary.
Since d > 0 and 17d > tr H, each objective sublevel set is compact. A minimizer exists, and
averaging H with its complex conjugate gives a real minimizer.

Theorem 7.2 (Bounds on postselection success probability). For every normalized strongly
positive realization,

2
max{tr H, ||[H1|3} < T(H) < (Z \/Haa> < NtrH. (7.9)

For fized realizable context probabilities on N atoms,

1 1

(L 20e) < T(&) S N7(e), §s < () S (g

(7.10)

Moreover, pmax(€) = 1 if and only if e has a classical extension. When every local distribution
is deterministic and a signed extension exists,

pmax(e) = ( ! (711)

1+2n(e))?’

Proof. Put z = H1 and choose phases u, such that Tgz, = |2,|. Cauchy—Schwarz for H and
the normalization 1*H1 = 1 give

I2)1? = |[u*H1|? < u*Hu.
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For any majorant diag(d) > H, the right side is at most u* diag(d)u = 17d. Taking traces
gives the other lower bound, tr H < 1Td. For the upper bound, let h, = v/Hae. Since
|Hyp| < hohy, weighted Cauchy—Schwarz gives, for every vector v,

2
v*Ho < <Zhalva\> < (Zh‘l> Zha\vaIQ.

Hence diag((3>, he)h) majorizes H. The bound (3, he)? < N3, h2 completes (7.9). For
every realization, Re z is a signed extension, so ||z||1 > ||Rez|1 > 1+ 2n(e). For a trace
minimizer the upper bound reads I'(H) < N7(e). Together these give (7.10). If pmax(e) =1,
then n(e) = 0 and a classical extension exists. Conversely, a classical extension g gives
H = diag(g) with I'(H) = 1.

The same diagonal-majorant objective, evaluated on an arbitrary rank-one matrix, satisfies

D(aa*) = [l (7.12)

Weighted Cauchy—Schwarz gives the majorant diag(||z|/1|z|). Taking Z = uu* in (7.3), with
Ug = Tq/|xe| at the nonzero coordinates and u, = 1 elsewhere, gives the matching objective
|z||?. For deterministic data, choose a real signed extension z of minimum negative mass.
Then zz " realizes the data and ||z|j; = 1 + 2n(e), which proves (7.11). O

For a pure state, (7.12) recovers the coherence formula of [20]. An inverse-square normal-
ization also occurs in linear combinations of unitaries [28, Appendix A]. To realize the history
matrix directly, take a real signed extension x of total mass one, set L = ||z||1, and index an
orthonormal basis by the nonzero entries of z. Put

Z m |6) = sgn Ta) \/> |a) (7.13)

Take P, = |a){a| on the support of z, P, = 0 elsewhere, and F' = |¢)(¢|. The transition
amplitude through a is z,/L. Summing the amplitudes gives success probability 1/L?, and
conditioning on success gives the matrix zz'. For the parallel odd paths of Proposition 8.2,
the optimal extension has L = ¢. Both bounds in (7.10) then give ppax = £~ 2.

8 Explicit models and separating examples

8.1 Exact costs for an asymmetric three-atom model

Let X = {1,2,3}. The first context distinguishes {1} from its complement and the second
distinguishes {2} from its complement. Assign the singleton probabilities p,q € [0,1],
respectively. Denote the realization set by H(p, ¢q) and the cost (7.8) by I'(p, q). Put

Op = p(l_p)’ 0q = Q(l—Q), a=pq— 0p0g.

Proposition 8.1 (Three-atom optimization and variance mismatch). For these two contexts,

np,q) = (@+q—1)4, )
7(p,q) =1+ 2a,
min [_(H) = 2a_,
HeH(p,q) (#) *
P(pq) = 1+ 8as (8.4)



The minimum-trace matrix is unique and real. When p + q > 1, it also minimizes I_ and T,
and the gaps in their lower bounds are

min [ (H) = n(1+n) = (0 — ), (85)
T(p.q) — (1+2n)* = 4(0, — o). (8.6)

Thus for p+ q > 1 each bound is attained exactly when p = q.

Proof. The unique signed extension is z = (p,q,1 —p — ¢)', proving (8.1). The context

equations and normalization force every Hermitian realization to have the form

Hz=|z ¢ -z : (8.7)

The covariance factors as

2 —
H(z) —zx' =J ( % Z 2pq> JT.
Z—-pq O

Since J has full column rank, Theorem 3.1 gives H(z) »= 0 precisely when the middle matrix
is positive semidefinite, or equivalently

|z — pq| < opoy. (8.8)

If either variance vanishes, this disk reduces to a point. In every case its unique leftmost
point is z = a. Since tr H(z) = 1 + 2Re 2, this proves (8.2) and uniqueness.
The three off-diagonal pairs give

I_(H(z)) =(—Rez); +2(Rez)y.

The disk (8.8) intersects the imaginary axis if and only if p + ¢ < 1. In that case H(0) =
diag(p, q,1 — p — q) is feasible and has zero negative interference. If p + ¢ > 1, then a > 0
and the minimum is 2a, proving (8.3).

We next evaluate (7.2) on the real diameter of the disk, using the dual (7.3). Put
s=(1,1,—1)T. When z > 0, the choices

Zy = SST, D, = diag(Hn + 2z, Hog + 22, H33 + 22)
are dual and primal feasible, respectively, because

Dy —H(z)=203I—-ss") =0

Both objectives equal 1 + 8z. Conjugating H(z) by diag(s) makes it entrywise nonnegative,
so the same value also follows from [20, Theorem 6].
When z = —b <0, take

_ 37 — ssT

Z- ;
2

D_ = diag(H11 +b,Hoo + b, H33 + b)-
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These are feasible, since D_ — H(z) = bss' = 0, and both objectives equal 1 +b =1 — z.
Hence for every feasible real z,

I'(H(2)) =

1 <o,
{ =oEs (8.9)

148z, z>0.

For complex z, a real diagonal majorant of H(z) also dominates H(Z) and therefore their aver-
age H(Re z). Hence the minimum over the disk is attained on the real diameter. Minimizing
(8.9) there gives (8.4).

Finally, for p4+ ¢ > 1 we have n = p+ ¢ — 1, and direct expansion gives

2(pq — 0pog) — (P +q—1)(p+q) = (0p — Uq)z'

This proves (8.5). The identity (14 21)% = 1+4n(1+n) gives (8.6). The standard deviations
agree exactly when (p — q)(1 — p — ¢) = 0, which for p 4+ ¢ > 1 reduces to p = q. O

For example, p = 1, ¢ = 1/2 gives the unique realization

1 1/2 -1/2 .
H=|1/2 12 12|, g=g5 r=2 mnl =1 T=5
~1/2 —1/2 1/2

The majorant diag(2,3/2,3/2) and the dual matrix ss' both give I' = 5. The maximum
common success probability is 1/5, strictly below the bound (1 + 21)~2 = 1/4, even on this
three-atom tree.

8.2 The symmetric three-atom family

Set p =g =1t with 0 <t <1 in the preceding model. The unique signed extension is
xp = (t,t,1—2t)T. (8.10)
With v = (1, —1,0)T, the minimum-trace matrix from Proposition 8.1 is

t t(2t —1) t(1—2t)
Hy = zx] +t(1 —t)yov’ = | t(2t — 1) t t(1—2t) |. (8.11)
t(1—2t) t(1—2t) (1—2t)?

It is positive semidefinite and normalized, with zero interference between distinct atoms of
either context. Its rank is 2 for 0 < ¢ < 1 and 1 at the endpoints. These are the minimum
ranks in Theorem 4.2.

The vector x; is nonnegative exactly when ¢ < 1/2. Write n(t) = n(t,t) and 7(t) = 7(¢, ).
Then Proposition 8.1 gives

n(t) = (2t —1)4, T(t) = 1 — 2t + 412, ml}n I_(H)=n(t)(1+n()). (8.12)

Figure 1 plots the three minima. For 0 < ¢ < 1/2, the parameter of Hy is z = 2t> —t < 0, so
(8.9) gives
D(H) =1+t—2t2>1=T(t,1).

For 1/2 <t < 1, the matrix H; attains both minimum trace and optimal success, with
D(H) = (4t — 1)2 =T(t, ).

Every local outcome has positive probability for 0 < ¢ < 1. Hence for 1/2 < ¢t < 1 the
classical extension fails despite full local support. At t = 1, the contexts assign probability
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Classical extension exists (¢ < %) No classical extension (t > 1)

—— Minimum trace 7(¢)
- - =~ Minimum negative mass 7(t)

—o— Minimum negative real interference ming I_ (H)

Minimum value

=
—

oo —
—

0 5
2
Singleton probability ¢

Figure 1: Minimum trace 7(¢), minimum negative mass 7(t), and minimum negative real
interference ming I_(H) for the symmetric three-atom family in (8.12). For 0 < ¢t < 1/2, the
diagonal classical realization has zero negative real interference and the trace minimizer Hy
has I_(H;) > 0. For 1/2 <t <1, H; minimizes both trace and negative real interference.

one to the disjoint events {1} and {2}, so S. = @. This is the finite pattern of contrary
inferences [23, 24]. At t = 3/4, for example,

6 3 -3
1 1
H3/4:§ 3 6 -3 5 ’I’]:§
-3 -3 2

The overlap diagram permits all four assignments to the two binary measurements. The
history algebra excludes the assignment in which both singleton events occur. Thus its
classical polytope is strictly smaller, as in Proposition 2.4. For every 0 < t < 1 the center
z = t2 of the feasible disk gives a positive definite realization.

8.3 Parallel odd paths

Proposition 8.2 (Simultaneous sharpness). Let G' consist of k > 1 internally disjoint paths
of the same odd length £ = 2m + 1 > 3 between a row vertex s and a column vertex t. For the
Dirac endpoint marginals,

l
N =k, n=m, T=1 m}}nf,(H) =m(m+ 1). (8.13)
There is a signed extension x attaining n for which xa' attains the trace and interference

minima, with equality in (5.14).

Proof. The distance between the endpoints is ¢, so Corollary 5.3 gives n = m. Each path
consists of ¢ unit resistors in series, and the k£ paths are connected in parallel. Hence
Ref(s,t) = £/k. Send flow 1/k along each path and let = be its signed coordinates in the
fixed bipartite orientation. Internal vertex sums vanish and each endpoint sum is one. The
k(m + 1) positive and km negative entries all have absolute value 1/k, so

Izl =2 lz|3=¢/k,  N_(x)=m.
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The rank-one realization zz " has trace £/k and negative real interference N_(z)(1+N_(x)) =
m(m + 1). These attain the bounds in Theorem 5.4, since

(1+2n)2 2 ¢

N ko k
O]
(a) Signed edge weights . (b) Minima for N = 3k atoms
1/3 34 e
""" e e Minimum trace 7 = 3/k
+1/3 +1/3 g
= 0 Minimum negative mass n = 1
£ 2
D - 2
E 1{00e000000000000000000000
=] L4 .,
————— o = .
ooco.............

O T T T T T T T
1 4 8 12 16 20 24

Arrows mark the orientation R — S.

Number of parallel paths k

Figure 2: A unit flow from s to ¢ on k parallel paths of length three. In (a), the arrows give
the reference orientation from row to column. For k = 3, the successive signed edge weights
xe on each path from s to t are +1/3,—1/3,41/3. In (b), the minimum trace is 7 = 3/k and
the minimum negative mass is n = 1 for each integer k£ > 1.

For fixed m, the minimum trace tends to zero as k increases, while the minimum negative
mass stays at m. Figure 2 shows the case m = 1. Taking k = £ = 2m + 1 instead keeps 7 =1
while 7 grows without bound. Thus the factor N in (5.14) cannot be replaced by an absolute
constant. In each case S, = @ because no edge joins the two positive-probability context
atoms.

8.4 Trace minimization and postselection success probability

Proposition 8.3 (Vanishing success probability for trace minimizers of classical data). Let G
consist of one edge from s € R tot € S, together with k > 1 further internally vertez-disjoint
paths from s to t, all of the same odd length L > 3. For the deterministic marginals (s, ¢),

ng=0  Tg=1. (8.14)

The minimum-trace realization Hy, is unique and satisfies

2
7C:Lik’ lxmaz<%ﬁip>. (8.15)

In particular, set k = L? and let L tend to infinity through odd integers. Then

1 1 L+1)\?
TG — 7_[/—}— 1 — 0, pmax(Htr) - F(Htr) - <L2 I 1) — 07 (816)

although a realization of the same classical data succeeds with probability one.
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Proof. Unit mass on the direct edge gives a classical extension. Its diagonal realization attains
I' =1, the lower bound for every normalized H.

For deterministic context data the covariance K = 0 is feasible. In the decomposition
H = zz* + K, the trace is ||z||3 + tr K. Its minimum requires K = 0 and z = f, the unique
real signed extension of least Euclidean norm. Thus Hy, = ffT, where f is the electrical unit
flow from s to t.

Let « be its flow on the direct edge and 3 its flow along each long path. Equal potential
drops and unit total flow give

L 1
a=Lg, a+kf=1, a—m, 5—m.

Along a long path the signed edge coordinates alternate relative to the fixed row-to-column
orientation. Consequently,

L(k+1)

2 2 2
= L =
Ifllz =a” + kLS T4k

L
— = kLB =
e Il =at kLS
The first equality gives the minimum trace, while (7.12) proves the second formula in (8.15).
Substitution of k = L? proves (8.16). O

Unit mass on the direct edge gives pmax(€) = 1. Splitting the flow reduces its squared
Euclidean norm, hence its trace, but increases ||f||1 above one. For the trace minimizer the
optimal success probability therefore falls to puax(He) = || f]I72, as shown in Figure 3(b).

(a) Three-atom cost gap (b) Direct edge and long paths
I(p,q) — (1+ 2n(p, q))? k = L? long paths
17 1 l{o o ooDooOoDODOOOOOODOo
\\\ pn)ax(e) =1
o> o
20.75 : \>fp\\ Nonclassical iy N
5 AN E 107! -
f.g %3 ° Trace minimizer
a 0.5+ \s 0.5 a PY pmax(Htr)
= N @ °
S) ~ O 1072 °
£ Classical R 3 ° .
0.5 ' z ..
n ® .
. ) e,
1073 -
0 T T T > - O T T T T T T T T
0 0.25 0.5 0.75 1 3 7 11 15 19 23 27 31
Singleton probability p Length of each long path L

Figure 3: Postselection cost and success probability. In (a), the gap I'(p, q) — (1 + 2n(p, ¢))?
vanishes throughout the classical region p + ¢ < 1. For p+ ¢ > 1 it equals 4(o), — aq)2
and vanishes exactly on p = ¢. In (b), a direct edge joins the endpoints of k = L? parallel
paths of odd length L. The data admit pyax(€e) = 1, while the unique trace minimizer has

Pmax(Hu) = (L +1)/(L? +1))*.

8.5 Three-time qubit histories on a common event algebra

Consider Halliwell’s three-time qubit model [4, Sec. IV.C]. A rotation about the z axis takes
his Hamiltonian, proportional to o, to the equivalent o, convention used here. With the
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Heisenberg observable Q(t), set

)

1
sys — ?Uya Q:JZ7 p:I/Q, Pq(t) = §(I+QQ(t))'
Choose times t1 < to < t3, and set
X = {il}gv Cqu}zgs = PQ3 (t3)PII2 (tQ)Pth (tl)'

The atomic matrix

Hap = tr(CopC) (8.17)

is positive semidefinite as a Hilbert-Schmidt Gram matrix of the operators Cyp'/2. Since
Yo Ca = I, it is normalized. The contexts are the three coordinate-pair algebras. Summing
over an omitted coordinate uses the identity resolution at that time. For example,

Z thq2q3 = PQB (t3)PQ1 (tl)’

a2
For i < j the entry of the pair-context Gram matrix indexed by (a,b) and (a’,b’) is

%tr(Pb(tj)Pa(ti)Pa/(ti)Pb’ (£))-

Orthogonality at #; makes this zero if a # a’. If b # U/, cyclicity of the trace brings the
two orthogonal projectors at t; together. Thus each pair context is medium decoherent. Its
diagonal entries are

1
eij(q,;, Qj) = 1(1 + cz-jqiqj), Cij = cos(w(tj — tz)) (8.18)

The one-time marginals are uniform.
More generally, let ¢ = (c12, 23, c13) be the correlations of three unbiased binary pair
distributions. Define

Fi =1 —c19 — co3 + 13, Fy =1 —ci2 + ca3 — 13,
F3 =1+ ci2 — co3 — 13, Fy =1+ ci12 + ca3 + c13.

These are the three-time Leggett—Garg facets [29, 30]. A classical extension exists exactly
when all F; > 0. Indeed, the signed extension

1
zo(q1, G2, q3) = g(l + c12q192 + 239243 + €13¢143) (8.19)

takes the four values F; /8, one for each pair of opposite triples. Conversely, each deterministic
triple satisfies the four inequalities, so every classical mixture does as well.

For these data, the minimum-negative-mass formula is the minimum ¢'-norm formula
of de Barros et al. [13, Sec. 4], in the normalization 7 = (mingeg)l|z|[1 — 1)/2. The same
facets also determine the distance to the classical polytope and its noise thresholds.

Proposition 8.4 (Exact quantities for unbiased pair data). Let ¢;; € [—1,1] specify the
unbiased pair distributions e;j(a,b) = (1 + ¢;jab)/4. Put

v = maX{O, —Fl, —FQ, —Fg, —F4}.

Then
v v

== 6= —. 8.20

n= G (8.20)

The smallest fraction of classical noise that makes the mizture classically extendable is v/(4+v).
If the noise is uniform and independent, the required fraction is v/(1 4+ v). Whenever the

data admit a strongly positive realization, the minimum trace is 7/8.
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Proof. When v = 0, (8.19) is a classical extension, so both distances and both noise fractions
vanish. Suppose v > 0. Since |¢;;| < 1, every two distinct facets sum to a nonnegative number.
Exactly one facet is negative, and the two corresponding opposite triples have total mass
—v/4 under xy. This total is fixed by the pair marginals because the indicator of the two
triples is (1 + $12q1G2 + $2392q3 + $13q1q3) /4, where si; are the signs in that facet. Every
signed extension therefore has negative mass at least v/4, and x attains it.

If every pair distribution is within total variation d of the corresponding marginal of one
classical model, each correlation changes by at most 2d. Correcting the negative facet thus
requires 6d > v. Write that facet as 1+ s-¢ = —v and set ¢ = ¢+ (v/3)s. Its new value is
zero. The other facet sign vectors have inner product —1 with s, so each other value decreases
by v/3 from at least v. Thus ¢’ defines classical unbiased marginals, each at total variation
distance v/6 from its original value.

Equation (5.3) gives the optimal classical-noise fraction n/(1 +n) = v/(4 + v). Uniform
independent noise with fraction A replaces ¢ by (1 — A)e. The negative facet becomes
—v + A(1 + v), while all other facets remain nonnegative. Finally, for any v, the constant
character, three one-coordinate characters, and three pair characters are visible. Hence
Theorem 6.5 gives minimum trace 7/8 whenever a realization exists. O

Return to the qubit dynamics and take equal angular increments 0 = w(ta—t1) = w(t3—t2).
At 6 =m/3,
(012,023,613)2(1/2,1/2,—1/2), 1}21/2.

Hence
1 1 1 1 7

n= éa 0= ﬁ7 Aclassical = §7 )\uniform = g; T = g (821)
Every pair atom has positive probability, so S, = X. The four branch sums of any one pair
context are nonzero and mutually orthogonal, giving rank at least four. The class operators
belong to the four-dimensional Hilbert—Schmidt space of qubit operators, so their Gram
matrix has rank exactly four. Compression to the seven visible characters preserves feasibility
and cannot increase rank. The compressed matrix therefore has rank four and minimum
trace 7/8. The original class-operator matrix has trace one, the sum of the probabilities for a
sequence of three projective measurements.

For the same physical model at § = /2, the pair correlations are (0,0, —1), and

1
9(q1,q2,93) = g(l — q143)

is a classical extension. For the original class-operator functional, taking ¢; = 0 gives
D((+,+,+), (+, = +)) = —1/8.

For the union of these two disjoint atoms the diagonal value differs from the sum of the two
diagonal values by 2(—1/8) = —1/4. Thus the diagonal assignment fails additivity on the
generated algebra. A common medium-decoherent refinement for this functional would give
an additive diagonal there by restriction.

8.6 Boundary cases for general context families

With three contexts, overlap agreement can fail to give even a signed extension. On X =
{a, b, c} take the three binary contexts generated by the individual singletons. In each context
assign probability one to its singleton. All pairwise intersection algebras are trivial, yet a
signed extension would have z, = 2 = . = 1 and total mass one. Hence Q(e) = &, and
Lemma 2.3 rules out a strongly positive realization.
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A different obstruction can arise when Q(e) is nonempty. On the full four-variable binary
product, take the four pair contexts {A;, B}, i,j € {0, 1}, with zero means and correlations
coo = co1 = c190 = 1, ¢11 = —1. The signed vector

1
z(ag, ar, b, b1) = E(l + agbo + agb1 + a1bg — a1by)
gives these marginals. In a Gram representation, let w, denote the branch vector of atom
x and set u; = >, a;w,, v; = Y, bjw,. Within each pair context its four branch sums are
orthogonal. Grouping the vectors by their two outcomes therefore gives ||u;|| = ||v;|| =1 and
(ui, vj) = ¢;5. Cauchy-Schwarz and the parallelogram identity would imply

4 = Re((ug, vo + v1) + (u1,v9 — v1)) < [lvg + vi]| + [lvo — 01| < 2v2,

which is impossible. This is the strong-positivity derivation of the Tsirelson bound [8, 9]. Here
the affine equations admit a signed solution but the covariance equations of Corollary 3.2 are
infeasible.

8.7 A strict hierarchy of extension conditions

For a fixed strongly positive realization and a generating family of medium-decoherent
contexts, we have

& is medium decoherent
— (A~ D(A, A)) is a probability measure on &
— e e NCg (8.22)
— S. £
= X#£0

Each converse fails. For the first, take the two single-coordinate contexts on {#1}2. In
lexicographic order write fo = (1,1,1,1)7/2 and fio = (1,—1,—1,1)T/2. For 0 < ¢ < 1/4,
the matrix

H= i]—i—if(fmfoT — foft)

has eigenvalues 1/4 4+ ¢ and 1/4 (twice), so it is positive definite. Each coordinate summing
matrix annihilates f12, and hence each coordinate context is medium decoherent. For every
event A the imaginary antisymmetric part cancels in D(A, A), leaving |A|/4. The matrix H
has nonzero imaginary off-diagonal entries, which prevent medium decoherence on the full
algebra.

For the second converse, the qubit model at § = 7/2 has a classical extension although
its original diagonal assignment fails additivity. At § = 7/3 the same model has S = X and
n > 0, disproving the third converse. Finally, the three-atom model at ¢ = 1 has X # @& and
Se = 0.

9 Discussion

The distinction between the ambient atoms X and the compatible local assignments L matters
even for two contexts. In that case an element of L chooses a row and a column in the same
connected component of the atom-intersection graph. It represents an element of X precisely
when those vertices are adjacent. Consequently, agreement on the intersection algebra suffices
for a strongly positive realization on every such graph, and suffices for a classical extension of
every compatible pair of marginals exactly when each component is complete bipartite.
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For unit masses at vertices s and ¢t on opposite sides of a component, the minimum
negative mass is (dg(s,t) — 1)/2, while the minimum trace is the effective resistance between
s and t. A direct edge therefore suffices for a classical extension. Adding long paths in parallel
leaves the graph distance equal to one but changes the minimum-energy flow. In the family
of Proposition 8.3, the unique trace minimizer then has success probability tending to zero,
even though the realization supported on the direct edge succeeds with probability one. The
asymmetric three-atom example gives a different comparison. In its nonclassical region, the
gap between the optimal postselection cost and its lower bound from negative mass is four
times the squared difference of the Bernoulli standard deviations (Proposition 8.1).

For more than two contexts, a structural question remains. Which families of Boolean
subalgebras admit a strongly positive realization for every collection of probabilities that
agree on overlaps? For coordinate covers of full product spaces there are structural criteria
for universal classical extendability [31, 32]. In a prescribed history algebra, a criterion for
strong positivity must account for the ambient Boolean relations. The examples in Section 8
exhibit compatible data with no signed extension and data with a signed extension but no
feasible covariance.

A second question concerns fixed dynamics. The projectors and state in Theorem 7.1
may be chosen to realize the prescribed matrix. If the state, Hamiltonian, or projectors
are specified in advance, which trace or success optimizers can those dynamics realize? At
6 = 7/3 in the qubit model of Section 8.5, the specified projector chain gives trace one.
Orthogonal compression preserves all three pair distributions and lowers the trace to 7/8.
Determining when an optimizing matrix is itself the matrix of a prescribed class of histories
is a separate inverse problem.

A Class operators and the endpoint trace

Let U(t, s) be the unitary propagator in the Schrédinger picture. At time ¢, let {ng)}ak
resolve the identity into mutually orthogonal projections. For an atomic history a =
(a1,...,an) and an event A, the class operators are

Ko =PMU(ty, tno1) - PPU (1, t0),  Ka= Y Ka.
acA
Summing over all alternatives at each time gives Kx = U(t,,tp). For an initial density
operator p, the decoherence functional is

D(A, B) = tr(KapK}). (A1)

The operators K,p/* form a Hilbert—Schmidt Gram representation of the atomic matrix,
which proves strong positivity. Unitarity gives D(X, X) = tr p = 1. In the Heisenberg picture
used in Section 8.5, left multiplication by U(t,,tp)* removes the common final unitary and
gives Cx = 1.

When the operators have configuration-space kernels, (A.1) becomes

D(A,B) = / dgy dg; dg;K a(ar, 4i)p(ai 4;) KB(ar, 4b)- (A.2)

For configuration-space coarse grainings one may write the kernel formally as

Ka(qp,q:) = /
q(to)=qi

The trace in (A.2) integrates the common final configuration ¢. For finite projective histories
the operator formula (A.1) already defines D. Summing class operators within the atoms
of C gives the coarse-grained Gram matrix PoH Pg . Its off-diagonal entries vanish exactly
when C' is medium decoherent [1, 2].

1/2

q(tn)=aqy .
14[g)e’S0/ Dy,
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B Finite optimization and numerical checks

For data admitting a signed extension, splitting that extension into positive and negative
parts gives the linear program

1+ 2n(e) = le;i>no 1T (u+v) subject to M(u—uv)=e. (B.1)
Its dual is (5.2). For an arbitrary context family, minimizing tr H over positive semidefinite
matrices satisfying (1.1) gives the minimum trace, provided the data are realizable. For
two contexts, one can instead evaluate (6.2) on each positive-mass component using the
graph Laplacian pseudoinverse and a singular-value decomposition. Factoring the resid-
ual covariances on their ranges gives the parametrization of the minimizing matrices in
Theorem 6.3.
The classical extension test also yields a certificate for data given with error bounds. Let
€c be probability estimates and suppose TV (ec,éc) < ec. For y with M Ty > 0, define

osc(yc) = m;}X(yc)b — mbin(yc)b-

Since ec — eéc has total mass zero, its positive and negative parts have the same mass, at
most ec. Hence

ly&(ec — €c)| < ecosc(yc).
If

yle+ Zao osc(yc) < 0, (B.2)
C

then yTe < 0 for every probability family within these bounds. By (2.7), none has a classical
extension on the prescribed algebra.

The numerical calculations compared the signed-extension and shortest-path transport
programs on 80 connected bipartite graphs and checked the minimum-trace construction on
the same graphs. Further checks used 101 parameter values for the three-atom family, 15
parallel-path networks, and 25 angles in the qubit model. The random seed for this group of
calculations was 20261103.

To check the ranks on the minimizing face, we used seven fixed examples and 240 random
graph models (seed 813749), including disconnected graphs, zero marginal probabilities,
and components of zero mass. The calculation constructed 412 trace minimizers across the
predicted rank intervals and tested the adjacency-rank formula on the 154 models with full
support.

The postselection calculations (seed 20261104) constructed 17 projective realizations,
including examples with complex atomic matrices. We checked the primal and dual certificates
for 26 asymmetric three-atom parameter pairs, 31 symmetric classical cases, and 18 path
networks. In the reference calculation with NumPy 2.3.5, the largest primal-dual gap was
below 1.8 x 107! and the largest class-operator reconstruction error was below 2.2 x 10712,
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