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Abstract: We derive noncommutative von Neumann-Riesz and von Neumann-Riesz-Lorch mean ergodic
theorems for adjointable contractions on a Hilbert C*-module. We crucially use a result obtained by
Paschke [Trans. Amer. Math. Soc., 1978]. We also note that the exact version of the noncommutative
von Neumann—Riesz mean ergodic theorem fails.
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1. INTRODUCTION

In 1931, Koopman showed that the quasi-ergodic hypothesis of classical Hamiltonian dynamics can be
interpreted in Hilbert spaces [10]. Motivated by this, in 1932, von Neumann proved the following mean

ergodic theorem for unitary operators on Hilbert spaces [26].

Theorem 1.1. [2-7|11)15,|15,21,/24,|26,27] (von Neumann Mean Ergodic Theorem) Let H be a
Hilbert space. Let U : H — H be a unitary operator. Then for every h € H, the mean ergodic sequence

n—1 o0
1
n

k=0 n=1

In 1938, Riesz extended Theorem to contractions on Hilbert spaces |18].

converges in the norm on H.

Theorem 1.2. [2|3,7,|11},15,[17H20,124] (von Neumann-Riesz Mean Ergodic Theorem) Let H be
a Hilbert space. Let T : H — H be a contraction. Then for every h € H, the mean ergodic sequence

n—1 o0
1
n

k=0 n=1

In 1939, Birkhoff extended Theorem to uniformly convex Banach spaces [1]. In 1939, Lorch derived
following result for power bounded operators on Hilbert spaces [12].

converges in the norm on H.
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Theorem 1.3. [12/ (von Neumann-Riesz-Lorch Mean Ergodic Theorem) Let H be a Hilbert
space. Let T : H — H be a bounded operator such that

sup [|[T"]| < oo.
neN

Then for every h € H, the mean ergodic sequence
o0
1 n—1
" k=0 n=1

In 1953, Sz.-Nagy gave a new proof of Theorem using his unitary dilation of contraction [25].

converges in the norm on H.

We are fundamentally concerned with the question: What is the noncommutative analogue of Theorem
11.2? For this, we need the noncommutative version of Hilbert spaces known as Hilbert C*-modules which
were first introduced by Kaplansky [9] for modules over commutative C*-algebras and later developed

for modules over arbitrary C*-algebras by Paschke [14] and Rieffel [16].

Definition 1.4. [9,|14|16] Let A be a unital C*-algebra. A right module £ over A is said to be a (right)
Hilbert C*-module if there exists a map {-,-) : € x £ — A such that the following hold.
(i) (z,z) >0,V € &. If x € € satisfies (x,x) =0, then z = 0.
(ii) (x,y+ 2) = (z,y) + (z, 2), Va,y, 2 € E.
(iii) (z,ya) = (z,y)a, Vz,y € £, Va € A.
(r,y) = (y,2)", Yo,y € €.
is complete w.r.t. the norm ||z|| = \/|[{z,z)]|, Vx € £.

)
)
(iv)
(v) €

2. NONCOMMUTATIVE VON NEUMANN-RIESZ AND VON NEUMANN-RIESZ-LORCH MEAN ERGODIC
THEOREMS

We need the following important result of Paschke [14].

Theorem 2.1. [14] Let £ be a Hilbert C*-module. Let T : £ — &£ be a bounded adjointable morphism.
Then

Tz, Tz) <||T|{x,z), Vzek.
Following is a noncommutative version of Theorem

Theorem 2.2. (Noncommutative von Neumann-Riesz Mean Ergodic Theorem) Let £ be a

Hilbert C*-module. Let T : £ — £ be an adjointable contraction. Then for every
S (Ig - T)(g) SY ker(Ig — T*),

the mean ergodic sequence

converges in the norm on £.

Proof. Our proof is motivated from the arguments by Riesz for the Hilbert space |2}[3}/7}/11}/15,/24]. Define

:Lkz;: , VYneN.
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Case 1: Let « € ker(Ig — T™*). Then T*x = z. Since T is a contraction, using Theorem we get

(x — Ta,o —Tx) = (z,z) — (T"x,2) — (2, T*z) + (Tx, Tx)
= (z,z) — (x,x) — (x,x) + (Tz,Tx)
(x,z) + (Tx, Tx)
—(z,z) + | T|(z, )
(

IN

IN

x,x) + (z,x)

IN
o

Therefore Tz = z. So we have S,z = nx/n = x for all n. Therefore {S,x}I'_; converges.
Case 2: Let x € (I¢ — T)(£). Choose y € € such that z = y — T'y. We then have

n—1
1
Spr ==Y T"
x nkZ:O x

171—1
— Y T*y—Ty)
n

k=0

1 n—1 1 n—1
_ Tk: - k41
D2 Thy—2 > Ty
k=0 k=0
1
n

(y—T"y), VYneN.
Therefore
1
lim [|Spz| = lim — |y —T"y|
n—oo n—oo n,

. 1
< lim —|Ze = T"(|[|y|l
n—o00 M

1 .
< lim —([[Ze|[ + 17" DIyl

n—o00 N

<

1 n
Jm (el + 1Tyl
n—

1
<2 lim —~[ly| = 0.
oo N,

Case 3: Let z € (Ie —T)(E)\ (Ig — T)(E). Let € > 0. Choose y € (Ig — T)(E) such that ||y — z|| < e.
Let z € € be such that y = (I¢ — T)z. Since {S,y}52, converges to zero, there exists N such
that ||Spy|l < e for all n > N. Then

[Snzll < 1Snz = Snyll + [ Snyll
< [Snllllz = yll + [1Snyll
<lz—yll+e
<2, Vn>N.

Therefore lim,, o ||Spz|| = 0.
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Corollary 2.3. Let £ be a Hilbert C*-module. Let T : £ — & be an adjointable contraction. For a given
x €€,

Tr=r < Tz ==x.
In particular,
Fix(T)={zx el :Te=a}={r e : Tz =z} =Fix(T").

Corollary 2.4. Let £ be a Hilbert C*-module. Let T : £ — £ be an adjointable contraction such that
(Ie = T)(E) orker(Ig —T%) is orthogonally complementable in E. Then for every x € £, the mean ergodic

1 n—1 o0
g
n=1

k=0

sequence

converges in the norm on &.
Proof. € = (Ig —T)(E) ® ker(Ig — T%). O

A careful inspection of the proof of Theorem gives the following result for contractions which need
not be adjointable.

Theorem 2.5. (Noncommutative von Neumann-Riesz Mean Ergodic Theorem) Let £ be a
Hilbert C*-module. Let T : £ — & be a contraction (need not be adjointable). Then for every

x € (Ig — T)(g) @ker(Ig - T),

the mean ergodic sequence

n—1 o0
1
n

k=0 n=1

converges in the norm on &.
By seeing the proof of Theorem [2.2] we also get following result for power bounded morphisms.

Theorem 2.6. (Noncommautative von Neumann-Riesz-Lorch Mean Ergodic Theorem) Let £
be a Hilbert C*-module. Let T : £ — £ be a bounded morphism such that

sup || T"]] < oo.
neN
Then for every
x € (Ig — T)(g) EBkeI‘(Ig - T),

the mean ergodic sequence

1 oo
1 n
— E Trz
n
k=0 n=1
converges in the norm on &.

Following example shows that exact noncommutative version of von Neumann—Riesz mean ergodic the-

orem fails.
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Example 2.7. Let T be the standard unit circle and C(T) be the C*-algebra of continuous complex valued
functions on T in the sup norm. Define A= C(T). Define £ := A. Define

U:EafUfe& (Uf)(z)=2z2f(z), VzeT.

Then U 1is unitary. Now

1 n—1 1 n—1 1 n—1
(Suxr)(z) = =Y (UFxn)(z2) ==Y 2K ==Y "2F VvneN, vzeT.
=0 " =0 "o
Hence
1-2"
(Snxt)(2) = =2 VneN, VzeT)\({1}
and

(Snxr)(1) = 1.
We therefore have

lim (SpxT)(2) =0, Vze T\ {1}

n—oo
and
Jim (Spxr)(1) = 1.
Therefore
Jim Spxr = xquy ¢ C(T).
Hence

1 n—1 oo
k=0 n=1

does not converge in the norm on &.

3. NON-ARCHIMEDEAN VON NEUMANN-RIESZ MEAN ERGODIC PROBLEM
We recall the definition of non-Archimedean Banach and p-adic Hilbert spaces.

Definition 3.1. [22] Let K be a field. A map | -] : K — [0,00) is said to be a non-Archimedean
valuation if the following conditions hold:

(1) If X € K satisfies |A\| =0, then A = 0.

(ii) |Apl = |A||p] for all A, € K.

(iii) (Ultratriangle inequality) |A + u| < max{A|, |u|} for all A\, n € K.

We say K is non-Archimedean complete valued field if it is complete w.r.t. the ultrametric d(\, p) = |A—p|
for all A\, p € K.

Definition 3.2. [23] Let K be a non-Archimedean complete valued field. A wvector space X over K is
said to be a mnon-Archimedean Banach space if there is a map (called as norm) | - | : X — [0, 00)
satisfying the following:

(i) If x € X is such that ||x|| = 0, then z = 0.

(ii) [[Az|| = [All|z|| for all X € K, for all x € X.

(ili) (Ultranorm inequality) ||z + y|| < max{||z|, ||ly||} for all z,y € X.
)
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(iv) X is complete w.r.t. the ultrametric d(z,y) = ||z — y|| for all x,y € X.

Definition 3.3. [§] Let K be a non-Archimedean valued field (with valuation |- |) and X be a non-
Archimedean Banach space (with norm || - ||) over K. We say that X is a p-adic Hilbert space if there
is a map (called as p-adic inner product) (-, ) : X x X = K satisfying the following.

(1) If x € X is such that (z,y) =0 for ally € X, then x = 0.

(ii) {(x,y) = (y,x) for all x,y € X.
(ax,y) = a(z,y) for all « € K, for all x,y € X.
(x+y,2) = (x,2) + (y,2) for all z,y,z € X.
[z, )| < llzllllyll for all z,y € X.

)
(iii)
(iv
v)

Let X,)Y be p-adic Hilbert spaces. A bounded linear operator 1" : X — ) is said to be adjointable if
there exists a linear operator (which is unique) 7 : ) — X such that

(Tz,y) = {(z,T*y), Vre X, Vyel.

We say that an adjointable linear operator T : X — Y is an isometry if ||Tz| = ||z| for all x € X. An
invertible isometry T : X — Y is said to be unitary if (Tx, Ty) = (z,y) for all z € X, for all y € V.

Problem 3.4. (Non-Archimedean von Neumann-Riesz Mean Ergodic Problem) Let X be p-
adic Hilbert space. Let T : X — X be an adjointable contraction or unitary operator. For which x € X,

n—1 0
1
™ =0 ne1

Problem 3.5. (Non-Archimedean von Neumann-Riesz-Lorch Mean Ergodic Problem) Let X
be p-adic Hilbert space. Let T : X — X be a bounded operator such that

the p-adic mean ergodic sequence

converges in the norm on X.

sup ||[T"|| < oo.
neN

For which x € X, the p-adic mean ergodic sequence
ln—l oC
k
k=0 n=1

4. CONCLUSIONS

converges in the norm on X.

(1) In 1932, von Neumann derived the mean ergodic theorem for unitary operators on Hilbert spaces
[26].

(2) In 1938, Riesz derived the mean ergodic theorem for contractions on Hilbert spaces [18].

(3) In 1939, Lorch derived the mean ergodic theorem for power bounded operators on Hilbert spaces
[12].

(4) In this article, we derived noncommutative version of von Neumann-Riesz mean ergodic theorem.
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