
REAL ZEROS OF L-FUNCTION DERIVATIVES:
DENSITY-ONE ASYMPTOTICS IN ARITHMETIC FAMILIES

HAN YUHYUN

Abstract. We study real zeros of the derivative of an uncompleted L-function on [1/2, 1].
The limiting stationary process has covariance sech2((t − s)/2) after the change of variables
σ = 1/2 + e−t. Its nonzero-level Rice intensity gives the constant e−1/2/(π

√
2) for quadratic

Dirichlet characters, a specified family of quadratic Hecke characters over Q(i), and the unweighted
level-one holomorphic family; the resulting density-one asymptotics are unconditional. For a
fixed holomorphic modular form and its quadratic twists, and for non-Galois cubic Artin L-
functions, we obtain the same constant under the respective family GRH. The real cyclic cubic
augmentation instead has constant 1/(π

√
2). In these three GRH families a uniform quantile

estimate controls all three counts: distinct real zeros, zeros with multiplicity, and strict sign
changes. For an individual complex cubic character, the derivative has o(log log q) real zeros in
density under cubic-character GRH. We also prove a uniform mean asymptotic and exponential
concentration for the random Euler model.
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1. Introduction and statements

For a real entire L-function L, write Rdist
L and Rmult

L for the number of zeros of L′ on the
closed real interval [1/2, 1], without and with complex-analytic multiplicity. Write SL for the
number of strict sign changes of L′ on (1/2, 1). All derivatives in this paper are derivatives of
the uncompleted function. These conventions matter at the central point and for families with
root number −1.

The phrase “in density” always refers to the original family measure. Thus RL/HL → c in
density means that, for every fixed η > 0, the proportion with |RL/HL − c| > η tends to zero.
This does not assert an asymptotic for every member, or an asymptotic for the family mean of
the unbounded count.
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Our constants are

cBM = e−1/2

π
√

2
, c(m, v) = e−m2/(2v)

π
√

2
(v > 0). (1.1)

The parameters m and v are, respectively, the weighted mean of the prime-square logarithmic
coefficient and the weighted variance of the prime coefficient. They are defined precisely in
the Euler-model section. The variance of the derivative of a stationary Gaussian process with
covariance sech2(t/2) is 1/2. Its crossings of the level −m/

√
v have intensity c(m, v). This is

why changing the drift from 1/2 to −1/2 preserves the constant, whereas removing the drift
changes it.

1.1. Unconditional arithmetic asymptotics. Let F(X) be the set of fundamental discrimi-
nants D with 1 < |D| ≤ X, of both signs, and let χD be the primitive quadratic character of
conductor |D|.

Theorem 1.1 (Quadratic Dirichlet family, unconditional). For each fixed η > 0, all but oη(X)
elements of F(X) satisfy, simultaneously,

max
C∈{Rdist,Rmult,S}

∣∣∣∣ CL(s,χD)
log log |D|

− cBM

∣∣∣∣ ≤ η.

No hypothesis on zeros or central values is imposed.

The full signed family in this theorem requires an arithmetic argument at the prime 2. A
theorem for the subfamily D = 8d cannot simply be relabelled as a theorem for all fundamental
discriminants. We give the complete extension of the mollified estimate, including the other
residue classes and the cancellation of the paired primary terms, in the unconditional-family
section.

For the Gaussian-integer family put π = 1 + i. Let d ∈ Z[i] range over elements that are prime
to 2 and squarefree as ideals, with X/2 < N(d) ≤ X. Use the primitive quadratic Hecke character
χπ5d. The finite conductor has norm 32N(d), and the normalization used for the completion has
conductor parameter Qd = 128N(d). Each character occurs with exactly the two labels d,−d.

Theorem 1.2 (Quadratic Hecke family over Q(i), unconditional). For the preceding family, the
three counts Rdist, Rmult, S of L′(s, χπ5d) each equal

(cBM + o(1)) log logQd

in density. More explicitly, at each fixed relative tolerance η > 0, the exceptional number of labels
is oη(X). The same statement holds when each character is counted once and for cumulative
norm cutoffs.

This is a specified quadratic Hecke family, rather than all Hecke characters over Q(i).
Let Hk be the set of normalized level-one holomorphic Hecke eigenforms of even weight k,

each counted once. The L-function is normalized to have central point 1/2.

Theorem 1.3 (All even weights at level one, unconditional). As even k → ∞, for each fixed
η > 0, all but oη(|Hk|) forms satisfy

max
C∈{Rdist,Rmult,S}

∣∣∣∣ CL(s,f)
log log(k2) − cBM

∣∣∣∣ ≤ η.

The measure is unweighted. Both residue classes of even k modulo 4 are included, and no bound
on the central multiplicity is assumed.
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1.2. The three further arithmetic families under GRH. The following families are consid-
ered separately; GRH for one is not used to prove a statement about another.

(i) Fix a primitive holomorphic cuspidal eigenform f of even weight at least 2, fixed level,
and trivial nebentypus. Let D range over all signed fundamental discriminants. The
target is the primitive automorphic twist L(s, f ⊗χD), whose conductor QD ≍f D

2. The
form f may have complex multiplication.

(ii) Let K range over non-Galois cubic fields of either fixed discriminant sign, without weights,
and put LK(s) = ζK(s)/ζ(s). This is the entire degree-two standard Artin L-function of
the S3-closure, with conductor QK = |DK |.

(iii) Let K range over cyclic cubic fields, each once. If χ, χ̄ are its two primitive cubic Dirichlet
characters of conductor q, put ZK(s) = L(s, χ)L(s, χ̄) = ζK(s)/ζ(s). The conductor and
field discriminant are QK = DK = q2.

In (i), the parameter is |D|; in (ii) and (iii), it is |DK |. A dyadic family means X/2 < parameter
≤ X. Write LX = logX, H = log logX and HQ = log logQ. Constants below may depend on
the fixed form in (i).

Theorem 1.4 (Uniform full-count estimate under family GRH). Assume GRH for the primitive
L-functions of the selected family (i), (ii), or (iii). In (iii) this means GRH for the primitive cubic
characters. Set c = cBM in (i) and (ii), and c = 1/(π

√
2) in (iii). For every fixed 0 < ε < 1/16

there are constants Aε, Cε, Xε > 0 such that, for X ≥ Xε and every deterministic real z with

H−1/2+ε ≤ z ≤ 1,
the original unweighted dyadic measure satisfies

PX

{
max

C∈{Rdist,Rmult,S}
|C − cHQ| > AεzHQ

}
≤ Cε

logH
Hz2 . (1.2)

The constants are independent of z. Central nonvanishing and simple zeros are not assumed.

The quantifier in (1.2) allows a choice z = z(X) in the indicated interval. It does not assert a
single sample event for all z. It concerns the full count in probability, not its variance.

For fixed η > 0, this gives an exceptional proportion Oη(logH/H) outside relative tolerance η.
Two useful shrinking tolerances are

|C − cHQ| ≤ AH
2/3
Q (logHQ)1/3, exception O((logH/H)1/3), (1.3)

|C − cHQ| ≤ AεH
1/2+ε
Q , exception Oε((logH)H−2ε). (1.4)

These corollaries also hold for cumulative cutoffs: the exceptional counts are the displayed
proportions times X in (i),(ii) and times

√
X in (iii). We do not assert an arbitrary-z(X)

cumulative estimate without specifying its dyadic envelope.
The coefficientwise twist

∑
n≥1 λf (n)χD(n)n−s also satisfies the conclusions for (i). Its dif-

ference from the primitive twist is a fixed finite set of Euler factors. We retain the primitive
conductor and the primitive GRH in this version; we do not assign the modified function a new
primitive functional equation.

1.3. Individual complex cubic derivatives. The augmentation in (iii) is real. An individual
cubic character instead gives a complex function on the real axis. A real zero of its derivative
means a simultaneous zero of its real and imaginary parts; there is no associated sign-change
statistic.

Theorem 1.5 (Complex cubic characters under cubic-family GRH). Let C(X) contain all
primitive exact-order-three Dirichlet characters with X/2 < qχ ≤ X, including both conjugates.
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Assume GRH for this family. Let Rmult
χ count the real zeros of L′(s, χ) on [1/2, 1] with complex-

analytic multiplicity. For every fixed 0 < ε < 1/16,

PC(X){Rmult
χ > Aε(log log qχ)1/2+ε} ≪ε

logH
H1/2+ε

+H−2 logH.

In particular Rdist
χ ≤ Rmult

χ = o(log log qχ) in density. The same proportion holds if each
conjugate pair is counted once. The cumulative conductor and field-discriminant versions have
the corresponding family cardinalities ≍ X and ≍

√
X.

This conclusion is an upper bound, not an asymptotic of the form “R ∼ 0”. In the bulk used
in the proof there is no real zero with probability 1 −O(H−3); the entire closed interval need not
be zero-free.

1.4. The random theorem. Fix a class of independent variables X(p) ∈ {0, 1,−1} with
P(X(p) = ±1) = θp/2, where 0 < θ∗ ≤ θ ≤ 1 and |θp − θ| ≤ A∗p

−ε∗ . Define the nonvanishing
random Euler product in ℜs > 1/2 and

GE(t) = −e−tL
′
E

LE
(1/2 + e−t).

Let N•
E(u, T ) count its real zeros on [u, u+ T ].

Theorem 1.6 (Uniform random mean and exponential concentration). Uniformly in the fixed
class, deterministic u ≥ log 2 and T ≥ 1,

EN•
E(u, T ) = e−θ/2

π
√

2
T +O(e−5u/56), • ∈ {dist,mult}.

For every fixed η > 0 there are positive cη, Cη, depending only on η and the class, such that

P
{∣∣∣∣∣N•

E(u, T ) − e−θ/2

π
√

2
T

∣∣∣∣∣ > ηT

}
≤ Cηe

−cηT , • ∈ {dist,mult}.

1.5. What is averaged and where the proof changes scale. The prime variables are
independent in the model. Members of an arithmetic family are not independent random samples
of an Euler product. The connection is a finite-polynomial orthogonality estimate with a power
saving in the family parameter. We apply it to a finite Taylor polynomial of a characteristic
function; its degree and its Euler cutoff are chosen so that their product is o(logX). This
produces the required two-point and four-point comparisons without comparing exponentially
many sign rectangles.

The variable t = − log(σ − 1/2) turns a multiplicative interval of distances from the central
point into an interval of fixed length. In the bulk, a fine mesh counts crossings, and Rolle’s
theorem controls the roots it misses. Near the central point a direct Gaussian comparison alone
does not control poles of L′/L. There we combine the positive paired zero kernel, a meromorphic
Jensen formula, and finitely many possible anchors. A single anchor whose value is not small
suffices. Eight fixed anchors turn the bad event into an eight-dimensional small-ball event;
independence of those anchors is neither true nor required.

For the unconditional families, the role of GRH is replaced by specifically proved density and
mollified moment estimates. Their uniform ranges are kept separate. In particular, a power loss
Xε cannot be substituted for a logarithmic loss in a detector whose saving is only a power of
logX.
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t
log 2 50 logH H − 121 logH log(LX/ν)

initial part
local moments

bulk
crossing mesh

bridge
eight anchors

central
Jensen

Figure 1. The proof regions for the quantitative GRH theorem, with LX = logX
and ν = H1/2+ε/4. This is a scale diagram, not a plot of numerical data or of
region lengths. The central endpoint σ = 1/2 corresponds to t = +∞ and is
treated in the s-plane.

Arithmetic
word averages
and conductor
normalization

Finite Taylor
expansion of
characteristic

functions

Gaussian crossings
and mesh excess

GRH, or verified
density and

moment inputs

Selberg
approximation

and central Jensen

Full interval:
distinct roots,
multiplicity,
strict signs

Figure 2. The logical inputs to the full-count results. This schematic sepa-
rates the arithmetic transfer from the analytic control of central zeros. The
unconditional families supply their own density and mollified moment estimates;
finite-word averages alone do not replace those inputs.

1.6. Relation to earlier results and limitations. Baker and Montgomery formulated the
expected log log order of the oscillation of quadratic L-function derivatives [5]. Their formulation
includes a broader character convention; our main statement uses primitive characters indexed
by fundamental discriminants. The Fekete-polynomial problem of Conrey, Granville, Poonen
and Soundararajan [9] is related through character sums, but its unit-circle zero constant is not
the Rice constant in (1.1).

Related frameworks for using local splitting statistics in Artin-family moment problems appear
in Cho and Kim [7], and for conductor-ordered cyclic extensions in Cho and Oh [8]. These
works provided background for the extensions considered here. The quantitative field and
oriented-character inputs used in our proofs are established separately in Section 6.

None of the arithmetic statements here asserts a central nonvanishing theorem, a central
simplicity theorem, a full-count central limit theorem, or a family mean asymptotic. The
quantitative conductor thresholds are not made effective. The constants arising from fixed-anchor
covariance matrices can be very large. Actual low-conductor computations therefore test local
identities and sign brackets, not the asymptotic Rice constant. Removing GRH for the three
further families requires new estimates in the central mesoscopic range; currently available
estimates with conductor-power losses do not supply those inputs by direct substitution.

2. Random Euler products and arithmetic transfer

All random variables indexed by distinct primes are independent unless a different dependence
is explicitly specified. Constants are uniform in the parameters appearing in a statement;
dependence on a fixed number field is allowed. We use closed intervals when counting real zeros,
and count a zero at an endpoint once.



REAL ZEROS OF L-FUNCTION DERIVATIVES 7

Work Family and interval Conclusion Method or qualification

Baker–Montgomery quadratic characters;
(1/2, 1)

conjectured log log
order of strict oscillation

character sums and
logarithmic derivatives

Conrey–Granville–
Poonen–
Soundararajan

Fekete polynomials;
unit circle and real
intervals

zero-distribution results
in a different
normalization

finite character sums; no
derivative Rice constant

Klurman–
Lamzouri–Munsch

fundamental quadratic
family; (0, 1)

almost-all lower bound
of order
log2 |D|/ log4 |D|

joint discrepancy;
exception
OA(Xe−(log3 X)A), fixed
A ≥ 1

Lamzouri–Nath D = 8m; [1/2, 1] almost-all upper bound
O(log2 X log3 X)

Jensen and zero density;
exception
O(X log3 X/

√
log2 X)

This paper the families of the
theorems above;
[1/2, 1]

exact density-one
intensities; simultaneous
three counts

finite-dimensional
transfer, mesh excess,
and central anchors;
exception o(#F)
unconditionally,
Oη(logH/H) under
stated GRH

Table 1. Comparison of the strength and setting of the statements. The intervals
and counting conventions are not identified across different works. The quadratic
lower bound uses [18, Theorem 1.8], version 2; the upper bound uses [20, Theorem
1.2], version 2.

2.1. Analytic construction and Gaussian comparison. We first give a construction which
also applies to the prime ideals of a fixed number field. Write qp = Np, and assume

ΘK(y) :=
∑

qp≤y

log qp = y +OK

(
ye−cK

√
log y). (2.1)

Repeated norms are counted with their multiplicities. For K = Q this follows, for example, from
[17, Theorem 1.1]: the contribution of proper prime powers to ψ(y) is O(√y log2 y), and any
fixed power of log y is absorbed by decreasing the positive constant in the exponential.

Fix 0 < θ∗ ≤ 1, ε∗ > 0, and A∗ < ∞. Our symmetric Euler class consists of

P(Xp = 1) = P(Xp = −1) = θp/2, P(Xp = 0) = 1−θp, |θp−θ| ≤ A∗q
−ε∗
p , θ∗ ≤ θ ≤ 1. (2.2)

Put

HX(s) =
∑
p

∑
k≥1

Xk
p

kqks
p

, LX(s) = eHX(s), GX(w) = −e−wL
′
X

LX
(1/2 + e−w). (R.1)

Lemma 2.1 (Analytic versions). There is a single event of probability one on which these
functions are holomorphic in ℜs > 1/2, respectively |ℑw| < π/2, and

−L′
X

LX
(s) =

∑
p,k≥1

(log qp)Xk
p q

−ks
p .

The function LX never vanishes, and L′
X and GX are not identically zero. Their real zeros

correspond under s = 1/2 + e−w, with multiplicities preserved.
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Proof. Let Γ be a circle with closed interior in ℜs > 1/2, and σ0 = minΓ ℜs > 1/2. In the
deterministic Hilbert space L2(Γ, |ds|), independence and zero means give

E

∥∥∥∥∥∥
∑

M<qp≤N

Xpq
−s
p

∥∥∥∥∥∥
2

2

≤ |Γ|
∑

qp>M

q−2σ0
p −→ 0.

The last series converges by (2.1). For Hilbert-valued independent centered sums Sj , conditional
Jensen and the first crossing of a level λ imply λP(maxj≤n ∥Sj∥ > λ) ≤ E[∥Sn∥1{max ∥Sj∥>λ}].
Integrating against 2 dλ and using Cauchy–Schwarz proves Emaxj≤n ∥Sj∥2 ≤ 4E∥Sn∥2. Choose
successive tails whose variances are at most 2−4j . The probability that such a tail has supremum
exceeding 2−j is O(2−2j). Borel–Cantelli therefore gives almost sure convergence in the boundary
Hilbert space. Cauchy’s formula bounds the supremum on each smaller disc by its boundary L2

norm. A countable covering gives local uniform convergence throughout the half-plane.
On each smaller half-plane, all terms with k ≥ 2, together with any fixed number of their

derivatives, converge absolutely: their majorants are Cj(log qp)jq−2σ1
p with σ1 > 1/2. This proves

the analytic assertions and permits differentiation. Exponentiation proves nonvanishing.
There is almost surely an active prime ideal, since eventually θp ≥ θ∗/2. If an active prime

lies above the rational prime p, let f1, . . . , fr be the residue degrees of all primes above p, and
set M = 2 lcm(f1, . . . , fr). The coefficient of (pM )−s in the absolutely convergent logarithmic
derivative on ℜs > 1 is

(log p)
∑

i:Xpi ̸=0
fi > 0.

Thus cancellation between equal norms cannot make that derivative identically zero. Uniqueness
here follows directly by multiplying a Dirichlet series by its least nonzero index to the power s
and letting real s tend to infinity. Finally ds/dw = −e−w, LX(s), and e−w are nonzero, which
proves the assertion about multiplicity. The same coefficient argument is deterministic: it also
proves L′

f ̸≡ 0 whenever the ideal Euler coefficients take values in {0,±1} and at least one prime
ideal is active. □

The following more general model will be needed for real coefficients which need not have the
symmetric three-point law. Let ap,k = ap,k(Zp) be real, |ap,k| ≤ D, and put

bp = Eap,1 = O(p−1), vp = Var(ap,1), cp = Eap,2,∑
p≤x

vp log p = vx+O(xe−c
√

log x),
∑
p≤x

cp log p = mx+O(xe−c
√

log x), v > 0. (2.3)

Here m may have either sign. Define

F (a) =
∑

p

(log p)
∑
k≥1

ap,kp
−k(1/2+a), G(w) = e−wF (e−w).

Lemma 2.2 (General real model). These series have holomorphic versions on ℜa > 0 and
|ℑw| < π/2. In every fixed closed right sector, for bounded a, b,

E[aF (a)] = m/2 +O(|a|), Cov(aF (a), bF (b)) = vab

(a+ b)2 +O(|ab|). (2.4)

The covariance displayed is bilinear; for the conjugated covariance replace b by b̄. For R < π/2,
t ≥ log 2, and q ≥ 2, ∥∥∥∥∥ sup

|w−t|≤R
|G(w)|

∥∥∥∥∥
q

≤ CR
√
q. (2.5)
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The same conclusion holds for each fixed derivative on a smaller disc. For the symmetric model,
these statements hold with primes replaced by prime ideals and m = v = θ.

Proof. Apply the boundary Hilbert-space argument above to the centered prime terms. The
prime means and the terms with k ≥ 2 are absolutely convergent on compact subsets. To
calculate their singular parts, write Θ(t) = αt+E(t), where E(t) ≪ te−c

√
log t. Partial integration

gives ∫ ∞

1−
t−1−z dΘ(t) = α

z
+ α+ (1 + z)

∫ ∞

1
E(t)t−2−z dt.

The error and every fixed derivative are bounded for ℜz ≥ 0 and bounded z, since
∫∞

0 (1 +
u)je−c

√
u du < ∞. Differentiation gives the corresponding z−2 formula with (log p)2. In the

mean only k = 2 contributes a pole. In the covariance only k = l = 1 contributes a pole; all
other terms are bounded by C

∑
p(log p)2p−3/2. This proves (2.4). The perturbation θp − θ is

absolutely summable after multiplication by q−1
p (log qp)j , proving the ideal version.

For clarity, the elementary bounded-variable inequality used for moments is as follows. If a
centered real variable U lies in an interval of length d, then the second derivative of logEetU is a
tilted variance, at most d2/4. Integrating twice gives EetU ≤ et2d2/8. For any real or imaginary
projection of a centered prime block of aF (a), the interval length is at most C|a|(log p)p−1/2−ℜa.
The sum of its squares is bounded in a fixed right sector, by partial integration of the prime
theorem. Independence, the preceding exponential bound, and tail integration therefore give Lq

norm O(√q). The means are bounded by the formula already proved. Choose R < R+ < π/2.
Cauchy’s formula bounds the supremum on the disc of radius R by a constant times the angular
average on the circle of radius R+. Minkowski gives (2.5). The derivative assertion follows from
Cauchy’s formula once more. □

Let W be the isonormal Gaussian process on L2(0,∞): if (ej) is an orthonormal basis and
Zj are independent standard Gaussians, set W (f) = limn

∑
j≤n⟨f, ej⟩Zj in L2. Parseval proves

convergence and EW (f)W (h) = ⟨f, h⟩; applying the characteristic function formula to every
finite linear combination proves joint Gaussianity. For fδ(x) = 2δ

√
x e−δx, put g(t) = W (fe−t).

Thus
Eg(t)g(s) = r(t− s), r(h) = sech2(h/2), G(t) = m/2 + (

√
v/2)g(t). (2.6)

The next lemma proves directly the special case of the Gaussian Rice formula used here; see
also [3, Theorem 3.2] for the general formula.

Lemma 2.3 (Gaussian paths and exact level intensity). The process g has a C2 version. For
every fixed real level u and compact interval I of length T , its level-u zeros are almost surely
finite and simple, no fixed endpoint is a zero, and

ENu(I) = e−u2/2

π
√

2
T.

Proof. Write ϕt = fe−t . For each compact interval J and 0 ≤ k ≤ 3, ∂k
t ϕt(x) is 2e−t√xe−e−tx

times a polynomial in e−tx, so
∫

J ∥∂k
t ϕt∥2

2 dt < ∞. Parseval and dominated convergence show
that the Gaussian partial sums are Cauchy in L2(Ω;H3(J)), where ∥h∥2

H3(J) =
∑3

k=0
∫

J |h(k)|2.
The elementary inequality

∥h∥∞ ≤ |J |−1/2∥h∥2 + |J |1/2∥h′∥2 (h ∈ H1(J))

follows by integrating from a point with |h(t0)| ≤ |J |−1/2∥h∥2. Applying it to the first three
derivatives, starting at order zero, gives a C2 representative. Versions on nested integer intervals
agree on their overlaps, first at rational points and then by continuity.
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On the event supJ |g′′| ≤ K, a level-u zero with zero derivative forces |g(tj) − u| ≤ Kh2/2 at a
point of a mesh of spacing h. The marginal density is bounded by (2π)−1/2, so the probability is
OJ(Kh) by the union bound. Let h ↓ 0, then K → ∞. An infinite level set in a compact interval
would have an accumulation point with zero derivative; thus all zeros are finite and simple. Every
fixed endpoint, and simultaneously every dyadic mesh point, avoids the level almost surely.

Let Cn count strict crossings on the 2n equal subintervals of I. Subdivision adds zero or
two crossings. Finitely many simple zeros imply Cn ↑ Nu(I), and stationarity and monotone
convergence give ENu(I) = limn 2npu(T2−n). For completeness, set Uh = (g(0) + g(h))/2 and
Vh = (g(h) − g(0))/h. These are independent Gaussians with variances (1 + r(h))/2 → 1 and
2(1−r(h))/h2 → 1/2. A crossing occurs exactly when |Uh −u| < h|Vh|/2. Integrating the density
of Uh over this interval and using domination by C|Z| for one standard Gaussian Z gives

lim
h↓0

pu(h)
h

= E|N(0, 1/2)| e
−u2/2
√

2π
= e−u2/2

π
√

2
.

□

Lemma 2.4 (Smooth comparison). If t1, . . . , td ≥ log 2, b = maxj e
−tj , and Φ is bounded and

C3, let Mk be the largest supremum norm of a specified k-th partial derivative. Then

|EΦ((G(tj))) − EΦ((G(tj)))| ≤ C(dbM1 + d2b2M2 + d3b3M3). (R.2)

No separation or nonsingularity condition is imposed on the times.

Proof. Center the vectors of whole prime blocks, calling them Up. Their coordinates have absolute
value at most Cb(log p)p−1/2, so

∑
p E∥Up∥3

1 ≤ Cd3b3. Independent Gaussian blocks with the
same covariances satisfy the same bound, by Minkowski and the one-dimensional Gaussian third
moment. Replace finite blocks successively. In Taylor’s formula the terms of orders zero, one, and
two cancel; the remainder is at most M3∥Up∥3

1/6. Passing to infinite sums uses L2 convergence
and bounded continuity. The means differ by O(b) in each coordinate, giving the first error. For
Gaussian vectors of covariance Σu = (1 − u)Σ0 + uΣ1, integration by parts gives

d

du
EΦ(Zu) = 1

2
∑
j,k

(Σ1 − Σ0)jkE∂jkΦ(Zu).

One first adds ϵI to both matrices, differentiates their densities, and then lets ϵ ↓ 0. Equation
(2.4) gives the second error. The prime-ideal proof is identical, with its sums evaluated by
(2.1). □

2.2. Uniform density from discrete prime variables.

Lemma 2.5 (A two-atom density criterion). Suppose Gδ =
∑

p Vp,δ(Zp), 0 < δ ≤ 1/2, converges
in probability, with deterministic centering permitted. Assume that for every sufficiently large p
two distinct atoms xp, yp have probabilities at least η > 0, and, for bounded real numbers dp,

cδ|dp|(log p)p−1/2−δ ≤ |Vp,δ(xp) − Vp,δ(yp)| ≤ Cδ(log p)p−1/2−δ.

Assume also
∑

u<p≤2u d
2
p log p ≥ cu for every sufficiently large u. Then Gδ has a continuous

density whose supremum norm is bounded independently of δ. Every fixed derivative of this
density is uniformly bounded. In particular

sup
δ,z

P(|Gδ − z| ≤ a) ≤ Ca, sup
δ,z

E(log+ |Gδ − z|−1)q ≤ CΓ(q + 1) (q > 0).
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Proof. If ϕp(τ) = EeiτVp,δ and Dp,δ is the difference of the two displayed values, an independent
copy gives

1 − |ϕp(τ)|2 =
∑
x,y

P(Zp = x)P(Zp = y)[1 − cos(τ(Vp,δ(x) − Vp,δ(y)))].

Retaining the two ordered atom pairs proves, when |τDp,δ| ≤ 1,

|ϕp(τ)| ≤ exp{−cτ2δ2d2
p(log p)2p−1−2δ}.

Put s = 1/2 + δ, T = 2 + |τ |, B = C1T (log T )2, and P = max(P0, B
1/s). For large T ,

logP ≪ log T , and (log u)u−s decreases for u ≥ P . Taking C1 large ensures the local restriction
for every p > P . The dyadic lower bound yields∑

p>P

d2
p(log p)2p−1−2δ ≥ cP−2δ

∑
j≥0

(logP + j log 2) 2−2δj .

For qδ = 2−2δ ∈ [1/2, 1), δ2∑ jqj
δ = δ2qδ/(1 − qδ)2 ≥ c. Consequently the full characteristic

function satisfies
|ϕ(τ)| ≤ e−cτ2P −2δ ≤ exp{−c|τ |/ log2(2 + |τ |)}.

Here 2δ/s ≤ 1; finite products pass to the limit by convergence in probability. Bounded
frequencies cause no problem. The last majorant, multiplied by any fixed power of |τ |, is
integrable uniformly in δ. Fourier inversion and differentiation under the integral prove the
density assertions. Integrating the density over an interval proves the small-ball bound, and
layer-cake integration of quq−1P(|Gδ − z| < e−u) proves the last assertion. □

2.3. Joint large and small values in the symmetric model. We return to (2.2). All
statements in this subsection hold for fixed K under (2.1). Define A(t) = max|w−t|≤4/5 |GX(w)|.

Lemma 2.6 (Joint large-value moments). For 1/2-separated t1, . . . , td ≥ log 2 and every fixed
λ > 0,

E exp{λ
∑

j

A(tj)} ≤ Cd
λ.

Proof. Write Z(w) = e−w ∑
pXp(log qp)q−1/2−e−w

p . On the larger discs |w − tj | ≤ 9/10, the sum
of the absolute values of all higher-power terms is at most

Cδj

∑
p

log qp
q

1+2cδj
p (1 − q

−1/2−cδj
p )

≤ C, δj = e−tj .

If bp(w) is the coefficient of Xp in Z(w), partial integration gives, for points in those discs,∑
p

|bp(wj)bp(wk)| ≤ C
δjδk

(δj + δk)2 ≤ Ce−|tj−tk|.

The row sums are bounded. Since EeaXp ≤ ea2/2, every real signed combination of real and
imaginary parts of Z(wj) has exponential moment at most eCλ2d. Summing over the 4d choices of
signs gives Eeλ

∑
|Z(wj)| ≤ 4deCλ2d. Cauchy’s formula bounds each supremum on the smaller disc

by nine times the angular average on the larger circle. Jensen on the product of these angular
probability spaces, followed by the bound just obtained, proves the result. Finite sums pass to
the limit by Fatou. □
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Lemma 2.7 (Joint small values over a fixed number field). Let K be fixed and assume (2.1) and
the prime-ideal law (2.2). Distinct prime ideals, including those of equal norm, have independent
variables. There are h0 ≥ 1, a0 > 0, and C0 such that for h0-separated t1, . . . , td ≥ log 2,

E exp

a0
∑

j

log+ |GX(tj)|−1

 ≤ Cd
0 . (2.7)

The following two quantitative estimates hold. If ε0 ≤ δj = e−tj ≤ 1/2 and the logarithms are
1-separated, the joint density is bounded by

exp{Cd5 log2(2d/ε0)}. (2.8)

If the times are h0-separated, Q ≥ Q0, δj ≤ 1/Q, and nj ≥ 1 are integers with
∑
nj ≤ N , then,

conditionally on all Xp with qp ≤ eQ,

P(|GX(tj)| ≤ e−nj (1 ≤ j ≤ d) | (Xp)qp≤eQ) ≤ Cd
1e

−
∑

nj + C2d
3(Q+ 1)2e−Q/2+3N . (2.9)

Proof. Write Xp = BpRp, where B is Bernoulli of mean θp and R is an independent symmetric
sign. The entire block is

Yp(δ) = Bp(cq(δ) +Rpaq(δ)), cq(δ) = δ log q
q1+2δ − 1 , aq(δ) = δ(log q)q1/2+δ

q1+2δ − 1 .

First consider the Gram matrix Kjk =
∫ 1

0 e
−(δj+δk)v dv. Its least eigenvalue is at least λ0 =

exp{−Cd2 log(2d/ε0)}. Here are details of this potentially small eigenvalue. Order xj = 1/2 − δj

increasingly. Their gaps are at least (1 − e−1)ε0. The power-series expansion and Cauchy–Binet
give

det(evixj ) ≥
∏

i<j(vj − vi)
∏

i<j(xj − xi)∏d−1
k=0 k!

(0 ≤ v1 < · · · < vd).

Every generalized Vandermonde in this expansion is nonnegative: a linear combination of d
distinct monomials has at most d− 1 positive zeros, as follows inductively by dividing by the
smallest power and applying Rolle’s theorem. Thus its determinant never changes sign on ordered
positive arguments; coalescing the arguments determines the positive sign. Zero arguments follow
by continuity. The Gram determinant identity, restricted to vi ∈ [(i− 1)/d, (i− 1)/d+ 1/(3d)],
now gives

detK ≥ e−d(3d)−d

d!
(2/(3d))d(d−1)((1 − e−1)ε0)d(d−1)

(
∏d−1

k=0 k!)2
.

The factor e−d accounts for the row factors e−vi/2 after squaring. Since trK ≤ d, the asserted
least-eigenvalue bound follows.

For the joint characteristic function, the phase difference between the atoms Xp = 1,−1 is

Dp = 2(log qp)
∑

j

ξjδjq
−1/2−δj
p

1 − q
−1−2δj
p

.

Their probabilities are eventually at least θ∗/4; hence the local characteristic modulus is at most
e−cD2

p when |Dp| ≤ 1. Put L0 = log(2d/ε0), q0 = C3d
4L2

0. For ∥ξ∥∞ > eq0/ε0, choose q > q0 by

d(q + 1) max
j

(|ξj |δje
−(1/2+δj)q) = c0.

The left side is strictly decreasing for q ≥ 3, starts above c0, and tends to zero. Set bj = ξjδje
−δjq,

B = max |bj | = c0e
q/2/(d(q + 1)), and g(v) =

∑
bje

−δjv. In q < log qp ≤ q + 1 all local phase



REAL ZEROS OF L-FUNCTION DERIVATIVES 13

differences have size at most one. Partial integration of (2.1), using |g| + |g′| ≤ CdB, gives∑
eq<qp≤eq+1

(log qp)2

qp
g(log qp − q)2 =

∫ 1

0
(q + v)g(v)2 dv +O(qd2B2e−cK

√
q).

The integral is at least qλ0B
2. For the denominators in Dp, write the perturbed sum as

g + e, with |e| ≪ dBe−q, and use (g + e)2 ≥ g2/2 − e2. The lower bound therefore loses
at most O(qd2e−2qB2), apart from a fixed factor in its main term. The choice of q0 absorbs
both errors, so

∑
D2

p ≥ cλ0e
q/(d2(q + 1)). The coordinate of largest |ξj | also gives eq ≥

c−1
0 d(q + 1)ε0∥ξ∥∞. The full characteristic function is therefore bounded, outside the cube just

specified, by exp(−cλ0ε0∥ξ∥∞/d). Its integral is at most

(2eq0/ε0)d + 2dd!
(

d

cλ0ε0

)d

≤ exp(Cd5L2
0).

Fourier inversion proves (2.8).
Next condition on qp ≤ eQ and center the remaining blocks. Their covariance matrix has

diagonal bounded below, because

δ2
j

∫ ∞

eQ
(log u)u−1−2δj du = 1

4(1 + 2δjQ)e−2δjQ ≥ e−2/4,

up to O(e−cK
√

Q), when δjQ ≤ 1. The exact covariance is θpaq(δj)aq(δk) + θp(1 − θp)cq(δj)cq(δk).
It is nonnegative, and its sum over any subset of primes is O(e−|tj−tk|). Choose h0 so that the sum
of all off-diagonal bounds in each row is less than half the diagonal lower bound. The covariance
is then at least cI, as is seen by expanding its quadratic form and using 2|zjzk| ≤ z2

j + z2
k. The

sum of third ℓ1-moments of the tail blocks and their matching Gaussians is

≤ Cd3 ∑
qp>eQ

(log qp)3q
−3/2
p ≤ Cd3(Q+ 1)2e−Q/2.

Apply the Taylor replacement argument to
∏

j ψ(enjzj), where ψ = 1 on [−1, 1], vanishes outside
[−2, 2], and is a fixed smooth function between zero and one. Its specified third derivatives are
O(e3N ). The Gaussian density is at most Cd, uniformly in the conditioned translation, and the
support has volume 4de−

∑
nj . This proves (2.9).

Finally put V =
∑

j log+ |GX(tj)|−1, R = d+ v, v ≥ 0, N = ⌈BR⌉, and Q = DR. Split the
coordinates according as δj > 1/Q or δj ≤ 1/Q. There are k = O(logR) coordinates in the first
group. If their total loss exceeds N + k, their integer parts admit an allocation of total mass N .
Omitting zero entries, the union bound and (2.8), with ε0 = 1/Q, give

P(first loss > N + k) ≤ exp{−BR+ CB,D(1 + logR)7}.

Indeed there are at most (N + k)k allocations, each box has volume at most 2ke−N , and the
density exponent is O(k5 log2(2kQ)). For the second group of size d2, a loss exceeding N + d2
likewise admits total integer mass N . The number of allocations is at most

(N+d
d

)
≤ eEBR,

EB = 1 + log(B + 3). Conditioning and (2.9) bound its probability by

eEBR{Cd
1e

−N + Cd3(Q+ 1)2e−Q/2+3N }.

Choose first B > EB + logC1 + 4, and then D/2 > EB + 3(B + 1) + 5, also D ≥ Q0. If
V > 2N + d, one of the two group thresholds is exceeded. Thus P(V > C4(d+ v)) ≤ C5e

−c4(d+v),
after increasing constants for bounded R. The density estimate in dimension one excludes atoms
at zero. Integrating the last tail with 0 < a0 < c4/(2C4) proves (2.7). □
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Corollary 2.8 (One-point negative moment with fixed omissions). Let K be a fixed number
field satisfying (2.1), and let S be a fixed finite set of prime ideals. For each prime ideal take an
independent variable

P(Xp = ±1) = θp/2, P(Xp = 0) = 1 − θp.

Suppose 0 ≤ θp ≤ 1 for all p, and |θp − θ| ≤ A∗(Np)−ε∗ outside S, with 0 < θ∗ ≤ θ ≤ 1. Define
the analytic normalized logarithmic derivative GX by (R.1), with the sum over prime ideals.
There are a0 > 0 and C < ∞, depending only on these fixed data, such that

sup
t≥log 2

E|GX(t)|−a0 ≤ C. (2.10)

In particular one may set θp = 0 at every prime in S, so the corollary permits fixed ramified
omissions, including the ramified prime of Q(i). No independence is imposed on rational norms:
the independent coordinates are the distinct prime ideals.
Proof. Enlarge the class constant to

A′
∗ = max

(
A∗, max

p∈S
(Np)ε∗

)
,

with the second maximum omitted when S is empty. Since |θp − θ| ≤ 1, the full prime-ideal law
now satisfies (2.2) with A′

∗. Apply Lemma 2.7 with d = 1; its separation condition is then empty.
The point has no atom at zero, and

|GX(t)|−a0 ≤ exp{a0 log+ |GX(t)|−1},
which proves (2.10). To make explicit why finite omissions cause no hidden rational-prime
reduction, the proof of that lemma uses the prime-ideal counting measure

∑
p(logNp)δNp. Equal

norms contribute separate independent characteristic factors. Its large-prime Fourier windows
may start beyond all of S, and its conditional tail estimate is uniform in every value of the
finitely many conditioned blocks. Thus zero probabilities at the omitted primes do not enter any
tail covariance lower bound. This argument uses the fixed-field prime-ideal theorem; it does not
infer the corollary from the rational-prime density criterion in Lemma 2.5. □

Lemma 2.9 (Jensen bounds and exponential zero moments). Let Nmult
X (u, T ) count the real

zeros of GX in [u, u+ T ], with multiplicity. There are a, b > 0 such that

EeaNmult
X (u,T ) ≤ eb(T +1) (u ≥ log 2, T ≥ 1).

The constants are uniform over (2.2).
Proof. For a holomorphic f ̸≡ 0, let m and M be its maxima on the concentric discs of radii 1/8
and 3/4 about t. Choose z in the smaller disc attaining m > 0. The interval [t− 1/4, t+ 1/4] is
contained in |w− z| < 1/2, and |w− z| ≤ 5/8 lies in the larger disc. Jensen on radii approaching
5/8, avoiding boundary zeros, gives

Nf ([t− 1/4, t+ 1/4]) ≤ log(M/m)
log(5/4) . (R.3)

This includes endpoints and all multiplicities. For f = GX , the numerator is at most A(t) +
log+ |GX(t)|−1. Take tj = u + j/2, 0 ≤ j ≤ ⌈2T ⌉, which cover the desired interval. Partition
these indices into a fixed number L of residue classes with L/2 ≥ h0. Hölder across classes and
(2.7) give

E exp

a0
L

∑
j

log+ |GX(tj)|−1

 ≤ C2T +2.

Lemma 2.6 controls the sum of the A(tj). Cauchy–Schwarz and a sufficiently small a now prove
the assertion. □
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2.4. The strong random zero theorem.

Theorem 2.10. For the symmetric Euler class over the rational primes, set

cθ = e−θ/2

π
√

2
.

For every deterministic u ≥ log 2, T ≥ 1, and ⋄ ∈ {dist,mult},∣∣EN⋄
X(u, T ) − cθT

∣∣ ≤ Ce−5u/56. (2.11)
For every η > 0 there are positive cη, Cη such that

P
(
|N⋄

X(u, T ) − cθT | > ηT
)

≤ Cηe
−cηT . (2.12)

Moreover the limit
B⋄

X(u) = lim
T →∞

{EN⋄
X(u, T ) − cθT}

exists, has absolute value at most Ce−5u/56, and the error in this limit is O(e−5(u+T )/56). The
notation B⋄

X denotes a deterministic quantity depending on the law. All constants are uniform
over the fixed Euler class. These estimates concern each deterministic interval; they do not assert
a single event valid for every interval.

Proof of the expectation estimate. We record both the Gaussian crossing calculation and the
control of multiple zeros, since sign changes alone would not prove (2.11). Let pθ(h) be the
probability of opposite strict signs for G(0),G(h), where now m = v = θ. Put

U = (g(0) + g(h))/2, V = (g(h) − g(0))/h.
They are independent centered Gaussians, with variances (1 + r(h))/2 = 1 +O(h2) and 2(1 −
r(h))/h2 = 1/2 + O(h2). The crossing event is |U +

√
θ| < h|V |/2. If qσ is the density of a

centered Gaussian of variance σ, then
pθ(h)
h

= E
[
|V |

∫ 1/2

−1/2
q(1+r(h))/2(−

√
θ + h|V |z) dz

]
= cθ +O(h2), 0 < h ≤ 1/2.

The linear Taylor term integrates to zero, the second derivative of the density is uniformly
bounded, and E|V |3 = O(1). The leading term is (2π)−1/2e−θ/2/

√
π = cθ. All bounds are

uniform in θ ∈ [θ∗, 1]. The same calculation for the general process in (2.6) gives

pm,v(h) = c(m, v)h+O(h3), c(m, v) = 1
π

√
2

exp(−m2/(2v)). (2.13)

For one or two Euler coordinates at times at least t, smooth a half-line or a strict crossing
test on scale ϵ = e−t/2. Each specified k-th derivative is O(ϵ−k). The Gaussian marginals have
bounded densities, and (R.2) therefore gives

P(|GX(v)| ≤ a) ≤ Ca+ Ce−v/2, P(GX(v) = 0) ≤ Ce−v/2, (2.14)

|P(GX(v)GX(v + h) < 0) − pθ(h)| ≤ Ce−v/2. (2.15)
For example, the smooth crossing test is aϵ(x)(1 − aϵ(y)) + (1 − aϵ(x))aϵ(y), where aϵ is a smooth
step between −ϵ and ϵ. Its disagreement with strict crossing is supported on the two marginal
strips. Thus no lower bound on the two-point covariance eigenvalue is used.

Lemma 2.2 and Cauchy’s formula give
sup

v≥log 2
E sup

[v,v+1]
|G′′

X |8 < ∞.

Lemma 2.9 gives a uniform fourth moment for the multiplicity count on a unit interval. For a
cell I = [v, v + d], 0 < d ≤ 1/2, write NI for its multiplicity count, DI = supI |G′′

X |, and choose
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K = d−1/4. If NI ≥ 2, Rolle’s theorem, including a repeated root, gives a point with derivative
zero and a point with value zero. Hence, when DI ≤ K, |GX(v)| ≤ Kd2. Markov and (2.14)
imply

P(NI ≥ 2) ≤ C(d7/4 + e−v/2), E[NI1{NI≥2}] ≤ C(d21/16 + e−3v/8). (R.4)
The second bound uses Hölder with the fourth zero-count moment. At a deterministic point v,
its root multiplicity Z(v) similarly satisfies EZ(v) ≤ Ce−3v/8.

Consider [t, t+ L], 0 < L ≤ 1. Take h = 1
2e

−2t/7, n = ⌈L/h⌉ ≥ 1, and d = L/n. Let S be the
strict sign-change count on this mesh. Every simple interior zero which is the only zero in its cell
is detected by S; all other zeros are accounted for either by crowded cells or by mesh endpoints.
Thus

S ≤ Ndist ≤ Nmult ≤ S +
∑

I

NI1{NI≥2} + 2
∑

mesh v

Z(v).

Equations (2.15), (R.4), and the crossing calculation give

|ES − cθL| ≤ C(h2 + h−1e−t/2), E(Nmult − S) ≤ C(h5/16 + h−1e−3t/8).

Here n ≤ 1 + h−1, and nd21/16 = Ld5/16 ≤ h5/16. Both leading exponents in the second bound
equal 5t/56. Consequently

|EN⋄(t, L) − cθL| ≤ Ce−5t/56, 0 ≤ L ≤ 1. (2.16)
For L = 0 use the point-multiplicity estimate.

Partition a longer closed interval into unit intervals and a last fraction. The sum of their
counts overcounts precisely the shared endpoint roots; their expectations form a convergent
geometric sum. Summing (2.16) proves (2.11). The same argument applied to [u+ T1, u+ T2],
with its common endpoint correction, bounds the difference of the two centered expectations by
Ce−5(u+T1)/56, for T2 ≥ T1. The Cauchy criterion proves the asserted limit and remainder. No
equality between the two possible limits is asserted. □

For the concentration proof we give the late-interval estimates explicitly. They use a fixed
mesh, chosen after the required tolerance.

Lemma 2.11 (Crowded cells and small mesh values). Fix τ, ζ > 0. There is a sufficiently small
fixed h > 0 such that, for any mesh of spacing h in an interval of length at most T starting at
v ≥ log 2 + τT , with at least one cell,

P
(∑

I

NI1{NI≥2} > ζT

)
≤ Ce−cT .

For this h, there is a fixed ϵ > 0 such that

P
( ∑

mesh x

1{|GX(x)|≤ϵ} > ζT

)
≤ Ce−cT .

One may decrease h, and then decrease ϵ, while retaining these conclusions.

Proof. Fix H0 ≥ max(h0, 1). For cells of length at most 1/2 whose centers ci are H0-separated,
Jensen and Lemmas 2.6–2.7 imply

EeaN

∑
i

Ni ≤ Ck
N , Ee

∑
i

Di ≤ Ck
D, Di = sup

Ii

|G′′
X |. (R.5)

Indeed Jensen at the center uses inner radius 1/4 and outer radius 3/4, or the weaker constant
log(5/4)−1; Cauchy gives Di ≤ 8A(ci). Choose aN > 0 small enough to use Cauchy–Schwarz and
(2.7).
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For every fixed 0 < z < e−1 and arbitrarily large fixed B, the conditional estimate (2.9) gives

P(|GX(ci)| ≤ z for all i ∈ S) ≤ (Csz)|S| + CB,z,τe
−BT . (2.17)

To verify uniformity, put nz = ⌊log(1/z)⌋ ≥ 1, take Q = DT , and N = nz|S|. For large
T , Qe−ci ≤ DTe−τT /2 ≤ 1. As |S| ≤ T + 2, the error in (2.9) is at most C(T + 2)3(DT +
1)2e−DT/2+3nz(T +2). Choose D/2 > B + 3nz + 2; bounded T is absorbed in the constant. Also
e−nz ≤ ez, giving the first term.

For crowded cells choose K = h−1/4 and z = h7/4. The Rolle argument gives {Ni ≥ 2} ⊂
{|GX(ci)| ≤ z} ∪ {Di > K}. For any separated collection of k cells, expand this union over
subsets and apply Hölder with exponents 8/7 and 8. Using (2.17) and (R.5), the probability that
all cells are crowded is at most

(p7/8
0 + p

1/8
D )k + ϵ

7/8
T (1 + p

1/8
D )k, p0 = Csh

7/4, pD = CDe
−h−1/4

, ϵT = CBe
−BT . (R.6)

The two displayed contributions are a sum, including for an empty subset. Because B can be
arbitrarily large, this is p(h)k + CBe

−BT , where

p(h) = O(h49/32) +O(e−h−1/4/8).
Hölder once more, now with exponents 4 and 4/3, yields

E
[
e(aN /4)

∑
i

Ni1{Ni≥2 ∀i}
]

≤ q(h)k + C
k/4
N C

3/4
B e−3BT/4,

where q(h) = C
1/4
N p(h)3/4 = O(h147/128) + O(e−3h−1/4/32) = o(h). Expand the exponential of∑

Yi, Yi = Ni1{Ni≥2}, as a product of 1 + (eaN Yi/4 − 1), and use the last bound for every subset.
For a separated class of m cells this gives

Ee(aN /4)
∑

i
Yi ≤ (1 + q(h))m + C

3/4
B e−3BT/4(1 + C

1/4
N )m ≤ 2eq(h)m,

by choosing B sufficiently large. Partition the complete mesh into L = ⌈H0/h⌉ residue classes.
Hölder across classes gives EeaN

∑
Yi/(4L) ≤ 2eq(h)n/L. Since n ≤ T/h, its Markov exponent at

ζT is at most [
− aNζh

4(H0 + 1) + q(h)
H0

]
T.

Choose h so that this is strictly negative.
For the small mesh indicators Jϵ, the same subset expansion using (2.17) gives

EeJϵ/L ≤ 2 exp{(e− 1)Csϵ(n+ 1)/L}.
Choose ϵ ≤ ζhH0/[2(e− 1)Cs(H0 + 1)]. Markov proves the second assertion, again with bounded
T absorbed. □

Lemma 2.12 (Concentration of the smooth sign count). Fix h, ϵ, τ, ζ > 0. On the mesh
xj = v + jh, 0 ≤ j ≤ n, where n ≥ 1, nh ≤ T , and v ≥ log 2 + τT , let

Sϵ =
∑
j<n

{aϵ(GX(xj))(1 − aϵ(GX(xj+1))) + (1 − aϵ(GX(xj)))aϵ(GX(xj+1))}.

If mϵ is the mean of the analogous Gaussian expression, then
P(|Sϵ −mϵ| > ζT ) ≤ Ce−cT , |mϵ − cθnh| ≤ CT (h2 + ϵ/h).

Proof. The Gaussian covariance on this mesh has operator norm at most C/h: the row sum of
|r((j − k)h)| has this bound. The squared gradient norm of the smooth sign sum in its n + 1
coordinates is at most C(n+ 1)/ϵ2, because each coordinate occurs in at most two summands.
After writing the Gaussian vector as its mean plus a covariance square root times standard
Gaussians, its squared Lipschitz constant is therefore at most CT/(h2ϵ2).
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For completeness, the mean-centered Gaussian concentration used here is obtained from
the Gaussian logarithmic Sobolev inequality Entγ(f2) ≤ 2

∫
|∇f |2dγ [21, Theorem 2.5, pp. 18–

19]. For an L-Lipschitz function F , apply it to f = eλF/2. Writing Λ(λ) = EeλF gives
λΛ′ − Λ log Λ ≤ λ2L2Λ/2. Integrate the derivative of λ−1 log Λ, after subtracting EF , to obtain
Eeλ(F −EF ) ≤ eλ2L2/2. Truncation and smooth approximation extend this to every Lipschitz F .
Chernoff applied with both signs yields

P(|Sϵ,G −mϵ| > sT ) ≤ 2e−cs2h2ϵ2T .

This is also the argument in [21, pp. 20–21].
To transfer this event, majorize each tail by a smooth function which changes from zero to

one over a band of width ζT/2. Its composition with the sign sum has every specified derivative
of order k ≤ 3 bounded by Cζϵ

−k, independently of the dimension: a fixed coordinate enters
only two adjacent terms. In (R.2), d = n + 1 = O(T/h) and b ≤ e−τT /2. The resulting error
is C(T + 1)3e−τT ≤ Ce−τT/2. This proves the probability assertion. A smooth sign test differs
from strict crossing only in marginal strips of probability O(ϵ). Equation (2.13), multiplied by n,
proves the estimate for the mean. □

Proof of (2.12). We specify the deterministic counting step. For a real analytic function not
identically zero, a mesh of n ≥ 1 cells satisfies, with S its strict sign changes and Jϵ its small-value
mesh count,

S ≤ Ndist ≤ Nmult ≤ S +
∑

I

NI1{NI≥2} + 2
∑

mesh x

1{GX(x)=0}.

Every endpoint root of multiplicity at least two is already included in a crowded adjacent cell; a
simple endpoint needs at most the displayed indicator correction. Also |S − Sϵ| ≤ 2Jϵ. It follows
that

Nmult ≤ Sϵ +
∑

I

YI + 4Jϵ, Ndist ≥ Sϵ − 2Jϵ. (2.18)

The condition n ≥ 1 is essential here: an interval consisting of one point may have arbitrary root
multiplicity.

Let η′ = min(η, 1), ζ = η′/100, and let a, b be the constants of Lemma 2.9. Choose τ ≤
min(1/4, aζ/(4b), ζ/cmax), where cmax = 1/(π

√
2). Next choose h small enough for Lemma 2.11

and Ch2 ≤ ζ/2; then choose ϵ small enough for that lemma and Cϵ/h ≤ ζ/2. All these choices
are fixed before T . For sufficiently large T , put

v = u+ τT, n = ⌊(1 − τ)T/h⌋ ≥ 1, w = v + nh.

The exponential zero moment shows that the front interval [u, v] and the last interval [w, u+ T ],
of length less than h, each contain at most ζT zeros with multiplicity, except with probability
Ce−cT . For the front interval, for example, the Markov bound is ebe(bτ−aζ)T . On the late mesh,
the two previous lemmas and (2.18) give, outside another exponentially small set,

Nmult([v, w]) ≤ cθnh+ 7ζT, Ndist([v, w]) ≥ cθnh− 4ζT.
The full multiplicity count is at most the sum of the three counts, so is at most cθT + 9ζT . The
full distinct count is at least the late one, hence at least cθT − 6ζT , once cmaxh ≤ ζT . Both
deviations are less than ηT . Increasing Cη covers bounded T , and proves the theorem. □

2.5. A finite-block polynomial test.

Lemma 2.13. Let Xα ∈ {0,±1} be independent symmetric variables with EX2
α = θα, indexed

by a finite set. For aα, bα, µ ∈ Rr put
ξα = aαXα + bα(X2

α − θα), Y = µ+
∑

α

ξα, Σ = CovY.
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Suppose, for fixed c0, C0 > 0,

c0I ≤ Σ ≤ C0I, ∥µ∥2 ≤ C0r,
∑

α

(aαa
T
α + bαb

T
α) ≤ C0I, βα := ∥aα∥ + ∥bα∥ ≤ 1.

There is a sufficiently small fixed ϵ0 > 0 such that, for all sufficiently large r, with A = tr Σ+∥µ∥2,
m = ⌊ϵ0r⌋, and

Q(z) =
(
A− ∥z∥2

A− 1

)2m

, Z ∼ N(µ,Σ),

one has Q ≥ 0, Q(z) ≥ 1 for ∥z∥ ≤ 1, and

EQ(Z) ≤ e−cr, |EQ(Y ) − EQ(Z)| ≤ eCr
∑

α

β3
α. (2.19)

The constants depend only on c0, C0 and the fixed choice of ϵ0.

Proof. We have c0r ≤ A ≤ 2C0r; take r large enough that A − 1 ≥ c0r/2 and m ≥ ϵ0r/2 ≥ 1.
Nonnegativity and the unit-ball majorization follow from the even power. Diagonalize the
Gaussian as Zi = ui +

√
λigi, where c0 ≤ λi ≤ C0. For V = ∥Z∥2 −A, direct Gaussian integration

gives

logEetV =
∑

i

{
−1

2 log(1 − 2tλi) − tλi + 2t2λiu
2
i

1 − 2tλi

}
≤ Ct2r, |t| ≤ (4C0)−1.

Chernoff with both signs, choosing t proportional to min(v/r, 1), gives

P(|V | > v) ≤ 2e−c min(v2/r,v).

Tail integration therefore gives ∥V ∥q ≤ C(√rq + q), q ≥ 2. At q = 2m, its ratio to A− 1 is at
most C(√ϵ0 + ϵ0). Choose ϵ0 so that this is at most 1/2. Then

EQ(Z) ≤ 2−2m ≤ e−cr.

Replace the ξα successively by independent centered Gaussian blocks gα with matching
covariances. If W is a centered intermediate sum with the current block omitted, the bounded-
variable inequality proved in Lemma 2.2 gives Ee⟨h,W ⟩ ≤ eC∥h∥2 . Indeed the squared range
lengths sum to at most 8C0∥h∥2; the Gaussian replacements satisfy the same bound. A maximal
1/2-separated set on the unit sphere is a 1/2-net of at most 5r points, by disjoint radius-1/4 balls
and volume comparison. The norm is at most twice the largest absolute projection on this net.
Scalar Chernoff and a union bound give P(∥W∥ > C

√
r + s) ≤ 2e−cs2 . Consequently, uniformly

throughout the replacement,(
E∥W + µ∥q)1/q ≤ C(

√
r + √

q), q ≥ 2. (2.20)

Write p = 2m and q(z) = A− ∥z∥2. Differentiating the polynomial three times gives

D3Q(z)[h, h, h] = (A− 1)−p{p(p− 1)(p− 2)qp−3(Dq[h])3 + 3p(p− 1)qp−2Dq[h]D2q[h, h]}.

When p = 2, the first term is absent, so no negative power is evaluated at q = 0. Since
|Dq[h]| ≤ 2∥z∥∥h∥, |D2q[h, h]| ≤ 2∥h∥2, p = O(r), and A− 1 ≥ cr,

|D3Q(z)[h, h, h]| ≤ eCr∥h∥3(1 + ∥z∥/
√
r)2p+3. (R.7)

For z = W + µ+ th, 0 ≤ t ≤ 1, bound the last factor by the product of the corresponding factors
for W + µ and h. The first has expectation at most eCr by (2.20), since its power is O(r). For
h = ξα, ∥h∥ ≤ βα ≤ 1, so

E[∥h∥3(1 + ∥h∥/
√
r)2p+3] ≤ eCrβ3

α.
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For h = gα, its covariance trace is at most β2
α, and Gaussian diagonalization gives E∥gα∥k ≤

(C
√
k βα)k. Expanding the power K = 2p+ 3 proves the same bound:

K∑
j=0

(
K

j

)
r−j/2E∥gα∥j+3 ≤ β3

α

K∑
j=0

(
K

j

)
Cj+3(j + 3)(j+3)/2r−j/2 ≤ eCrβ3

α.

The omitted block is independent of W . Taylor’s integral remainder, (R.7), and the equality of
means and covariances show that a single replacement costs at most eCrβ3

α. Summing proves
(2.19). □

2.6. Finite Euler polynomials and finite-word orthogonality. We use the explicit weight

wy(n) =
log2

+(y/n) − 2 log2
+(y2/n) + log2

+(y3/n)
2(log y)2 , y = eℓ, ℓ ≥ 8. (2.21)

It is between zero and one, equals one for n ≤ y, vanishes for n > y3, and is nonincreasing.
These facts follow by evaluating the three quadratic polynomials on the intervals cut out by
logn = ℓ, 2ℓ, 3ℓ. For the real model of (2.3) put

Py,E(s) =
∑

pk≤y3

wy(pk)(log p)ap,kp
−ks.

An arithmetic family FX , equipped with its original probability measure, has corresponding
coefficients ap,k(f). A word W =

∏r
j=1 apj ,kj

is allowed to repeat primes and indices; set
n(W ) =

∏
j p

kj

j . Our orthogonality hypothesis is

|EXW − EEW | ≤ CX−κCr
0n(W )A, κ > 0, A ≥ 0, C0 ≥ 1. (2.22)

The outside constant is uniform in every word and X. No conditioning of the arithmetic family
is implicit in this hypothesis.

Lemma 2.14 (The arithmetic norm). Fix a formal representation P =
∑

W cWW , and set
∥P∥ar =

∑
W |cW |Cr(W )

0 n(W )A. Products are represented by word concatenation. Then
∥PQ∥ar ≤ ∥P∥ar∥Q∥ar, |EXP − EEP | ≤ CX−κ∥P∥ar.

For ℜs ≥ 1/2 and bounded |a|,
∥aPy(s)∥ar ≤ CeCAℓ. (2.23)

There is no need to minimize over equivalent formal representations.

Proof. Both r(W ) and logn(W ) are additive under concatenation. The triangle inequality
proves submultiplicativity; summing (2.22) proves the expectation bound. Each term in aPy

is a word of length one, so its cost contains one factor C0. Its coefficient has modulus at most
C log(pk)(pk)−1/2. Enlarge the sum to all integers n ≤ e3ℓ and use

∑
n≤e3ℓ(logn)nA−1/2 ≤ CeCAℓ.

This proves (2.23). □

Lemma 2.15 (Random polynomial moments and tails). In a fixed right sector and for bounded
a, put QE(a) = aPy,E(1/2 + a). Then, uniformly for q ≥ 2,

∥QE(a)∥q ≤ C
√
q.

If ℜ(a)ℓ ≥ 1, then
∥aF (a) −QE(a)∥2 ≤ C(1 + |a|ℓ)Ce−cℜ(a)ℓ. (2.24)

For real aj = e−tj , tj ≥ log 2, let Vf =
∑

j τjajPy,f (1/2+aj), VE =
∑

j τjQE(aj), and T =
∑

j |τj |.
For every integer M ≥ 1,

EX |Vf |2M ≤ (CT
√
M)2M + CX−κ(CTeCAℓ)2M . (2.25)
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This moment bound also holds for complex τj and bounded complex aj in a fixed right sector, with
the same definition of T .

Proof. The squared range lengths of the centered prime blocks of QE(a) are at most those used
for (2.5). The bounded-variable exponential estimate therefore gives Lq norm O(√q). Its mean
is bounded as well: the prime-linear means and terms of degree at least three are absolutely
bounded, while partial integration of the cp-sum in (2.3) against the nonincreasing weight wy(p2)
gives ∣∣∣∣∣a∑

p

wy(p2)cp(log p)p−1−2a

∣∣∣∣∣ ≤ C.

Explicitly the partial sums of cp log p are O(x); the integral of the derivative of x−1−2a is O(1/ℜa),
and the weight has total variation one. Multiplication by |a| is harmless in a fixed right sector.

For the tail, the centered linear variance is bounded by

C|a|2
∑
p>y

(log p)2p−1−2ℜa ≤ C(1 + |a|ℓ)e−2ℜ(a)ℓ.

The centered degree-two terms are bounded in L2 by their absolute sum, which is O((1 +
|a|ℓ)Ce−cℜ(a)ℓ), since their support has p > √

y. The same partial integration, with the weight
1 −wy(p2), treats their mean. The linear mean is absolutely summable and has an exponentially
small tail in ℓ. For completeness, all terms of degree at least three have pk > y. Split

(pk)−1/2−ℜa ≤ y−1/12(pk)−5/12−ℜa.

The sum over p, k ≥ 3 of (log p)(pk)−5/12−ℜa is bounded, because its first exponent is 5/4. This
yields Ce−ℓ/12, including the terms at finitely many bad primes. Combining these estimates
proves (2.24), with a possibly smaller sector constant c.

Minkowski gives ∥VE∥2M ≤ CT
√
M . Since Vf is real, its 2M -th absolute moment equals the

expectation of the polynomial V 2M
f . Apply Lemma 2.14 and (2.23) to this polynomial to obtain

(2.25). For complex values apply the identical argument to V M
f V

M
f ; the coefficients ap,k(f) are

real, so conjugation changes only the deterministic coefficients and leaves their arithmetic norm
unchanged. The same argument applies to mixed moments by expanding the specified finite
polynomial. □

Proposition 2.16 (Characteristic-function transfer). In the notation above, for every integer
M ≥ 1,

|EXe
iVf − EEe

iVE | ≤ 2(CT/
√
M)2M + CX−κ exp{CM(ℓ+ log(2 + T ))}. (2.26)

This applies, in particular, to every fixed-dimensional vector. The displayed bound also keeps
all dimension dependence through T . If a test function Φ has integrable Fourier transform, any
frequency region Ω gives the rigorous transfer bound

|EXΦ(Af ) − EEΦ(AE)| ≤ (2π)−d
{∫

Ω
|Φ̂(τ)| ∆(τ) dτ + 2

∫
Ωc

|Φ̂(τ)| dτ
}
,

where ∆(τ) is the right side of (2.26). Thus a growing Fourier norm or tail is never discarded.

Proof. Taylor-expand eiV only to degree 2M − 1. For real V its remainder is bounded by
|V |2M/(2M)!. The two moment bounds in Lemma 2.15 and (2M)! ≥ (2M/e)2M control both
remainders. The polynomial part has arithmetic error at most

CX−κ
∑

j<2M

∥V ∥j
ar

j! .
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Using ∥V ∥ar ≤ CTeCAℓ bounds this sum and the arithmetic part of the remainder by the second
term in (2.26). No norm of an infinite exponential is used. Fourier inversion and Fubini give the
final statement; outside Ω each characteristic function has modulus at most one. □

Lemma 2.17 (The ideal arithmetic norm). Suppose af is completely multiplicative on integral
ideals and

|Eµxaf (a) − EX(a)| ≤ Cx−κo(Na)λ.

For P =
∑

a caaf (a), set ∥P∥ar,K =
∑

|ca|(Na)λ. This norm is submultiplicative and controls
expectation transfer with factor Cx−κo . The ideal versions of Py(s) and of

∑
qp≤y3 wy(qp)af (p)q−s

p

have norm at most CeCℓ for ℜs ≥ 1/2. For a finite prime-ideal sum Sf =
∑
cpaf (p),

Eµx |Sf |2m ≤ (Cm)m
(∑

|cp|2
)m

+ Cx−κo

(∑
|cp|qλ

p

)2m
.

Proof. Complete multiplicativity makes the product coefficients the convolution over ab = c.
Multiplicativity of the norm and the triangle inequality prove the first assertions without
identifying ideals of equal norm. If nK = [K : Q], the number of ideals of norm n is at most
the divisor function dnK (n): locally,

∏r
i=1(1 − zfi)−1 is bounded coefficientwise by (1 − z)−nK .

Counting divisor tuples gives
#{a : Na ≤ Y } ≤ Y (1 + log Y )nK−1.

Since the ideal von Mangoldt function is at most logNa, the polynomial norm is at most
(y3)λ+1 log(y3)(1 + 3ℓ)nK−1 ≤ CeCℓ. For the random moment, expansion of a real prime-ideal
sum leaves only terms in which every prime ideal occurs an even number of times. Pairing the
2m positions bounds it by (2m)!/(2mm!) times the m-th power of the coefficient square sum.
Split real and imaginary parts for complex coefficients. Apply the norm transfer to Sm

f S
m
f to

get the last display. Equal norms still correspond to independent coordinates: pq need not be a
square ideal when Np = Nq. □

Lemma 2.18 (Analytic coefficients near an endpoint). For the symmetric ideal model, 0 < ∆ ≤
1/2, and |z|, |w| ≤ 1/2, put

a(z) = ∆1 + z

1 − z
, H∆(z) = ∆

(1 − z)2

(
−L′

X

LX

)
(1/2 + a(z)).

Then

EH∆(z) = θ

2(1 − z2) +O(∆), Cov(H∆(z), H∆(w)) = θ

4(1 − zw)2 +O(∆2).

In particular, if Zk = 2[zk]H∆(z)/
√
θ(k + 1), then

Cov(Zk, Zl) = 1k=l +O(∆22k+l),
∑
k<r

|EZk|2 ≤ C(1 + log(r + 1)) + C∆24r.

Replacing the logarithmic derivative in H∆ by Py gives an L2 error at every |z| ≤ 1/2 of squared
size at most Ce−∆ℓ/3.

Proof. Divide (2.4) by its normalizing factors. The two exact identities
∆

(1 − z)2
1

2a(z) = 1
2(1 − z2) ,

∆2

(1 − z)2(1 − w)2(a(z) + a(w))2 = 1
4(1 − zw)2

give the first formulas. Cauchy on circles of radius 1/2 gives the coefficient errors; the main
means have squares θ/(k + 1) for even k and zero for odd k.

For the sharper squared tail bound in this symmetric model, E[X(a)X(b)] ≥ 0 for all ideals.
Let rz = ℜa(z) ≥ ∆/3. In the finite expansion of the second moment of the tail, both ideal
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norms exceed y. Remove half the real offset from each norm. The nonnegative expectations and
0 ≤ 1 − wy ≤ 1 give

E|LX(1/2 + a(z)) − Py,X(1/2 + a(z))|2 ≤ y−rzE|LX(1/2 + rz/2)|2 ≤ Cy−rzr−2
z .

The last inequality follows from the prime variance and the absolute higher-power sum computed
above. Finite sums converge in L2; multiplication by ∆/(1 − z)2 proves the asserted bound. □

2.7. The abstract two-sided order theorem. We state precisely the arithmetic hypotheses
used by the order theorem. They concern a fixed number field; none asserts uniformity as the
field or its discriminant varies. The measure of the full finite family is kept throughout, including
in estimates containing indicators.

Definition 2.19 (Abstract Euler-family hypotheses). Let K be a fixed number field satisfying
(2.1). For every sufficiently large x, let (Fx, µx) be a finite probability space. Fix a symmetric
prime-ideal law (2.2). We impose the following conditions, with constants independent of x and
f .

(1) Each af takes values in {0,±1}, is completely multiplicative on integral ideals, and
satisfies af (OK) = 1. At least one prime ideal is active for each f . For ℜs > 1,

Lf (s) =
∑
a

af (a)
(Na)s

=
∏
p

(1 − af (p)q−s
p )−1.

(2) There are κo > 0, λ ≥ 0 such that, for every ideal,

|Eµxaf (a) − EX(a)| ≤ Cx−κo(Na)λ, EX(a) = 1{a=b2}
∏
p|a
θp.

The square condition is on the ideal, rather than its norm. The conductors satisfy, for
fixed 0 < b ≤ B, ηc > 0,

3 ≤ Qf ≤ xB, µx{Qf < xb} ≤ Cx−ηc .

(3) There are finite ideal Dirichlet polynomials Mf (s) and fixed Cm, Ct, κm > 0 such that,
for 0 ≤ v ≤ 3/2 and all real t,

Eµx |Lf (1/2 + v + it)Mf (1/2 + v + it) − 1|2 ≤ C(log x)Cm(1 + |t|)Cte−κmv log x. (2.27)

In particular the mollifier is holomorphic at the zeros whose detection is required.
(4) For every sufficiently large fixed A, some finite Cd(A) and CA satisfy, with H = log log x,

δ = AH/ log x,
sup

|s−1/2|≤8δ
Eµx |L′

f (s)|2 ≤ CAe
Cd(A)H . (2.28)

(5) The function Lf is entire, real on the real axis, and nonvanishing on ℜs ≥ 1. Its nontrivial
zeros lie in 0 < ℜρ < 1, and conjugation and ρ 7→ 1 − ρ̄ preserve their multiplicities. The
finite-order completion Λf (s) = Q

s/2
f γf (s)Lf (s) satisfies

Λf (s) = wf Λf (1 − s), wf ∈ {1,−1}.

The factor γf has no zero or pole on |s− 1/2| ≤ 1/4, and γ′
f/γf = O(1) there, uniformly

in f . The archimedean remainder in the real-part identity below is uniformly bounded
on 1/2 ≤ σ ≤ 2, |t| ≤ 1. The nontrivial zero count in each unit height interval is
O(log(Qf (|T | + 2))). Horizontal contours avoiding zeros have the logarithmic-derivative
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bounds, and left contours have the decay, needed for the following explicit formulas,
which are included as hypotheses:

Lf (s) = Peℓ,f (s) +
∑

ρ nontrivial
Kℓ(ρ− s) + Etr,f (s), Lf = −L′

f/Lf , (2.29)

Kℓ(z) = eℓz − 2e2ℓz + e3ℓz

ℓ2z3 , |Etr,f (s)| ≤ Ce−ℓℜs/ℓ2,∑
ρ nontrivial

σ − ℜρ
|s− ρ|2

= 1
2 logQf +O(1) − ℜLf (s). (2.30)

Here ℓ ≥ 8, Lf (s) ̸= 0, and the first identity holds for ℜs ≥ 1/2, |ℑs| ≤ 1, with absolutely
convergent zero sum. The last identity is required on 1/2 ≤ σ ≤ 2, |t| ≤ 1, with its
paired zero sum permitting the positive absolutely convergent comparisons used in the
proof. In these formulas

Py,f (s) =
∑

Na≤y3

ΛK(a)wy(Na)af (a)
(Na)s

, ΛK(pk) = logNp,

and ΛK is zero on the other ideals.

Theorem 2.20 (Abstract two-sided order). Under Definition 2.19, there are positive constants
c, C, c−, C+ such that, outside a set of µx-measure at most Ce−c

√
log log x,

c− log logQf ≤ Ndist
L′

f
([1/2, 1]) ≤ Nmult

L′
f

([1/2, 1]) ≤ C+ log logQf .

Zeros at 1/2 are included with their actual multiplicities. Both root numbers are allowed. If µx is
weighted, the conclusion is for that same weighted measure.

Proof. The independent probabilistic and algebraic inputs have been proved above: analytic
nontriviality in Lemma 2.1, smooth Gaussian comparison in Lemma 2.4, joint growth and negative
moments in Lemmas 2.6 and 2.7, the finite-dimensional polynomial test in Lemma 2.13, the
coefficient covariance and tail in Lemma 2.18, and arithmetic norm transfer in Lemma 2.17. The
analytic assembly from the displayed family hypotheses, including the zero detector, retained
and endpoint intervals, and the central functional-equation argument, is proved in Section A.
That proof gives both bounds with log log x and an exceptional measure Ce−c

√
log log x. Remove

also the set Qf < xb; on the remainder log logQf = log log x+Ob,B(1). Its measure O(x−ηc) is
absorbed, and changing the two positive constants proves the displayed conductor-normalized
bounds. □

Remark 2.21. The hypotheses do not claim that the mollified estimate follows from orthogonality,
or that the explicit formulas follow merely from a functional equation. Replacing the logarithmic
loss in (2.27) by xϵ would not suffice at v = AH/ log x. The central derivative bound is required
for each sufficiently large fixed A, after which A is chosen once. These distinctions are needed in
the analytic proof.

3. Analytic approximation and local zero counting

We first give the analytic argument for real families under GRH. The arithmetic inputs are the
finite-word orthogonality, weighted prime sums, and model density established in the preceding
section. All expectations, including those with an indicator of a good event, use the original
family denominator.
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3.1. Normalized analytic hypotheses. Write LX = logX and H = logLX . We consider real
entire functions LD(s) with normalized Euler product

LD(s) = exp

 ∑
p,k≥1

aD,p,k

kpks

 , |aD,p,k| ≤ d, ℜs > 1. (3.1)

The degree bound d is fixed and L′
D ̸≡ 0. Suppose

ΛD(s) = Q
s/2
D

d∏
j=1

ΓR(s+ µj)LD(s), ΓR(s) = π−s/2Γ(s/2),

is entire of order one and satisfies ΛD(s) = ϵDΛD(1 − s), ϵD ∈ {1,−1}. The nonnegative shifts µj

range over a fixed finite set, and cLX ≤ logQD ≤ CLX . For every fixed vertical strip we require

|LD(s)| ≤ CM [QD(2 + |ℑs|)]CM (−M ≤ ℜs ≤ M). (3.2)

GRH in this section means that every zero of ΛD lies on ℜs = 1/2. Put LD = −L′
D/LD and

GD(w) = e−wLD(1/2 + e−w). This process is holomorphic for |ℑw| < π/2.
The smoothing weight below is the classical Selberg weight; see [20, Section 3 and Lemma 3.1]

for its quadratic Dirichlet formulation and the zero-dependent anchor. We give the contour and
anchor estimates needed for the present real families.

Lemma 3.1 (Paired zero formula and Selberg approximation). Under these hypotheses, if ℓ ≥ 8,
a ≥ 4/ℓ, a ≤ 3/2 and |t| ≤ 1, then

|LD(1/2 + a+ it) − Pℓ,D(1/2 + a+ it)| ≤ Ce−aℓ{LX + |Pℓ,D(1/2 + 4/ℓ+ it)|}. (3.3)

Here
Pℓ,D(s) =

∑
pk≤e3ℓ

wℓ(pk)aD,p,k(log p)p−ks,

and, with x = logn/ℓ, the weight is

wℓ(n) = 1
2{(3 − x)2

+ − 2(2 − x)2
+ + (1 − x)2

+}. (3.4)

In particular 0 ≤ wℓ ≤ 1, and wℓ = 1 for n ≤ eℓ.

Proof. Normalization gives |LD(2 + iT )| ≥ exp(−d
∑

p,k p
−2k/k) > 0. Jensen’s formula on the

discs centered at 2 + iT with radii 2 and 3, together with (3.2), bounds the number of critical-line
zeros with |γ − T | ≤ 1 by C log(QD(|T | + 2)). The gamma factors have no zeros, so these are
actual zeros of LD. Consequently the paired inverse-square sum converges.

Write z = s− 1/2. Pair the noncentral zeros α,−α of the completion, retaining one represen-
tative in a multiset PD, and let mD be the central multiplicity. The canonical product, paired
in this order, converges normally away from its poles. The remaining exponential has the form
eaz+b; parity in the functional equation forces a = 0. Thus

LD(1/2 + z) = BD(z) − mD

z
−
∑

α∈PD

2z
z2 − α2 , BD(z) = 1

2 logQD +
∑

j

Γ′
R

ΓR
(1/2 + z+µj). (3.5)

The function BD is holomorphic and O(LX) on |z| ≤ 1/4. On 0 < a ≤ 3/2, |t| ≤ 1, its real part
is 1

2 logQD +O(1). Under GRH, the real part of (3.5) becomes the positive identity∑
ρ

a

a2 + (t− γ)2 = ℜBD(a+ it) − ℜLD(1/2 + a+ it). (3.6)

Zeros in this sum are counted with multiplicity, including γ = 0.
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For completeness the smoothing kernel is

Kℓ(z) = eℓz − 2e2ℓz + e3ℓz

ℓ2z3 .

Inverse Mellin inversion of (u+)2/2 gives (3.4); the identity (3 − x)2 − 2(2 − x)2 + (1 − x)2 = 2
explains its normalization at small n. Integrating the absolutely convergent logarithmic Euler
derivative on the right and moving the contour yields

LD(s) = Pℓ,D(s) +
∑

ρ

Kℓ(ρ− s) + Etr,D(s), |Etr,D(s)| ≤ Cℓ−2e−ℓℜs. (3.7)

Here the last sum of residues is from the fixed gamma progressions −µj − 2n. Its bound follows
by summing their geometric decay; multiplicities are at most the fixed degree. The sign of the
nontrivial-zero term follows from using Kℓ(ρ− s), whose pole has residue +1 in its argument.

We justify the contour limits explicitly. In each unit interval at large height choose a horizontal
line at distance at least c/ log(QD(T + 2)) from the zero ordinates. Subtracting the Hadamard
logarithmic derivative at 2 + it cancels the exponential constant. On these lines the logarithmic
derivative on a fixed strip is OM (log2(QD(T + 2))); distant zeros contribute an absolutely
convergent inverse-square tail. The factor |T |−3 in the kernel makes the horizontal integrals tend
to zero. Choose the left lines a fixed distance from all of the finitely many gamma progressions.
The functional equation, the Euler bound on the reflected right line, and the gamma reflection
formula give O(log(QD(M + |t| + 2))) there. The left exponential in the kernel then makes
the remaining integral tend to zero. GRH ensures that a gamma pole is not also a zero of the
completion, so its trivial-zero multiplicity is exactly the stated gamma multiplicity.

Set a0 = 4/ℓ. For real u,

|Kℓ(−a0 + iu)| ≤ 4e−4

ℓ2(a2
0 + u2)3/2 ≤ e−4

4
a0

a2
0 + u2 .

Use (3.6) at a0 in (3.7). Since e−4/4 < 1, its logarithmic-derivative term can be absorbed, giving
|LD(1/2 + a0 + it)| ≤ C(LX + |Pℓ,D(1/2 + a0 + it)|). For a ≥ a0,

|Kℓ(−a+ iu)| ≤ 4e−aℓ

ℓ2aa0

a0
a2

0 + u2 .

Another use of the positive identity, and ℓ2aa0 ≥ 16, proves (3.3). □

3.2. Normalized polynomial moments. We will repeatedly use the following consequence of
finite-word transfer. In a fixed sector | arg a| ≤ α < π/2, all fixed moments of aPℓ,D(1/2 + a) are
bounded when its random-model moments are bounded and ℓ = o(LX). Indeed the transfer of a
fixed even moment has error Oq(X−κeCqℓ). One must normalize before making this assertion.

At the auxiliary anchor a0 = 4/ℓ, the bound also holds uniformly in every vertical height t.
The range of a centered real or imaginary prime projection of ℓ−1Pℓ,E(1/2 + a0 + it) is bounded
by

Cℓ−1(log p)p−1/2−a0/(1 − p−1/2−a0).
The sum of its squares is O(ℓ−2a−2

0 ) = O(1). The mean from k ≥ 2 is O(ℓ−1a−1
0 ) = O(1)

and the prime-linear mean is O(ℓ−1). Hoeffding’s inequality for real projections therefore gives
∥Pℓ,E(1/2 + a0 + it)∥q ≤ C

√
q ℓ. The phases have modulus one, so the constants are independent

of t. Fixed-moment transfer gives the same estimate with Cq in the arithmetic family.
In particular, after multiplication by |a|, (3.3) gives the precise normalized error

∥a(LD − Pℓ,D)(1/2 + a)∥q ≤ Cqe
−ℜ(a)ℓ(|a|LX + |a|ℓ). (3.8)
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If ℓ = CyLX/H
120 and ℜ(a)ℓ ≥ cCyH in a fixed sector, put x = ℜ(a)ℓ. Its right side is at most

CqH
120xe−x ≤ CqH

121e−c′CyH . Cauchy’s formula on a slightly larger fixed circle then bounds
every fixed moment of analytic suprema and derivatives in the bulk. The weaker condition
ℜ(a)ℓ → ∞ alone would not justify this conclusion.

3.3. A local meromorphic Jensen estimate. The next lemma is also useful without GRH and
under finite Euler modifications. It is formulated locally so that no unproved global symmetry of
a modified function is required.

Lemma 3.2 (Moving-anchor local Jensen). Let FD be real entire with F ′
D ̸≡ 0. Suppose on

|z| ≤ 1/4,
−F ′

D/FD(1/2 + z) = B∗
D(z) −mD/z −

∑
α∈PD

2z/(z2 − α2),

where B∗
D is holomorphic and O(LX), and the paired series and its inverse-square tail converge

locally. The near poles, with their indicated multiplicities, must agree with the actual zeros of FD.
Put ∆ = ν/LX , 1 ≪ ν = o(H), and

ND = mD + 2#{α : |α| ≤ 12∆}, WD = ∆2 ∑
|α|>12∆

|α|−2.

If E(ND +WD) ≤ C(ν+1), then, for U independently uniform on [1, 2], AD,U = −∆F ′
D/FD(1/2+

U∆), and all a, η > 0,

P{Rmult
F ′

D
([1/2, 1/2 + ∆]) > ηH} ≤ P{|AD,U | < e−a} + C(ν + 1 + log(ν + 2) + a)

ηH
. (3.9)

Restricted estimates on a good set hold with its indicator and the original denominator.

Proof. Take c = U∆, z = c+ 4∆eiθ. For every 0 < p < 1,∫ 2π

0

∣∣∣∣ ∆
z − α

∣∣∣∣p dθ2π ≤ Cp

uniformly in α. To see uniformity, rescale the circle to unit radius; away from the closest point the
denominator is bounded below by a fixed multiple of angular distance, whose negative p-power is
integrable. Near poles contribute at most CpND by subadditivity. For far paired poles, |z| ≤ 6∆
and |α| > 12∆, so |z2 − α2| ≥ 3|α|2/4 and their entire normalized sum is at most 16WD. The
analytic term is O(ν). Concavity of the logarithm gives a positive boundary-log mean bounded
by C log(2 + ν +ND +WD); its expectation is O(log(ν + 2)).

Every actual pole in the outer disc is a near zero of FD. Its meromorphic Jensen weight
satisfies ∫ 2

1
log+ 4

|u− π/∆|
du ≤ 8.

For example integrate the positive logarithm on the larger interval |u− ℜ(π/∆)| < 4; discarding
the imaginary part only increases it. The expected total pole cost is thus at most 8END.
Meromorphic Jensen between radii 2∆ and 4∆ has denominator log 2. At a zero of FD of order r,
the additional zero of F ′

D has order r − 1, which is bounded by the near-zero count. At all other
points zeros of F ′

D equal zeros of −F ′
D/FD with the same multiplicities. We obtain pointwise

Rmult
F ′

D
≤
B+

D,U + log− |AD,U | + JD,U

log 2 +ND.

The target interval is contained in the inner disc for all U ∈ [1, 2]. Remove the event |AD,U | < e−a,
and apply Markov to the remaining nonnegative terms. This proves (3.9). Boundary poles and
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zeros follow by radial limits of the circle-average formula; their logarithmic singularities are
integrable. Tonelli applies throughout to nonnegative majorants. □

z∗

tj

Vj , radius 1/8

Uj , radius 3/4
Wj , radius 4/5

Choose |f(z∗)| = maxVj |f |.
The radius-5/8 circle about z∗
lies inside Uj .

Figure 3. The shifted Jensen construction in the w-plane. The thick segment
is [tj − 1/4, tj + 1/4]; it lies inside the radius-1/2 circle about any z∗ ∈ Vj . The
dotted circle is one possible outer Jensen circle. The figure is geometric and shows
no numerical zero locations.

3.4. Eight fixed anchors. In the GRH setting the near poles satisfy a useful deterministic
gap: if c ∈ [∆, 2∆], then |c− iγ| ≥ ∆. We use eight possible centers instead of averaging over all
centers.

Lemma 3.3 (Finite anchors for the central interval and bridge). Fix 0 < ε < 1/16. Under the
real Euler-model and analytic hypotheses, including GRH, put

ν = H1/2+ε/4, ∆ = ν/LX , ℓc = LX/H
1/2+ε/8, r = H−1/4, (3.10)

TF = H1/4+ε/32, M = ⌈H1/2+3ε/32⌉.

For H−1/2+ε ≤ z ≤ 1, the number, with multiplicity, of zeros of L′
D on [1/2, 1/2 + e5H121/LX ]

exceeds CεzH with probability at most

CεH
−2 logH + CεH

−6. (3.11)

The same conclusion holds with a fixed finite Euler modification of the type treated below.

Proof. First take eight distinct fixed shifts v1, . . . , v8, and consider locations δj = e−t−vj in
[c∆, CH121/LX ]. The positive majorant fr(x) = exp(8C2

0 ) exp(−∥x∥2/r2) bounds the indicator
of |xj | ≤ C0r. With the Fourier convention f̂(τ) =

∫
e−iτ ·xf(x) dx, its normalized Fourier L1

norm is (2π)−8∥f̂r∥1 = fr(0), independent of r. The Fourier tail outside the box of width TF is
O(e−c(rTF )2). The transfer parameters satisfy

∆ℓc = Hε/8, rTF = Hε/32, TF /
√
M = O(H−ε/64), Mℓc/LX = O(H−ε/32). (3.12)

Also M log(2 + TF ) = o(LX). The finite Taylor remainder and the arithmetic error, even after
Fourier integration, are smaller than every fixed power of H−1. The normalized approximation
error is bounded by a fixed power of H times exp(−cHε/8); multiplying by the Lipschitz norm
O(r−1) preserves this property. The random truncation tail has the same property.

The smooth Gaussian comparison has maximum distance δj ≪ H121e−H and derivative norms
O(r−j), j ≤ 3, so again its error is smaller than every fixed power of H−1. The limiting covariance
is (v/4) sech2((vi − vj)/2). This matrix is positive definite: for λj = e−vj it is a fixed positive
multiple of the Gram matrix of λje

−λjx in L2(x dx). Distinct exponential functions are linearly
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independent, as follows by successively removing the smallest decay exponent at infinity. Thus
the joint Gaussian density is bounded by a fixed constant and

P
{
|GD(t+ vj)| ≤ C0r (1 ≤ j ≤ 8)

}
≤ Cr8 +OA(H−A) = O(H−2). (3.13)

No independence among the eight observations is assumed.
At scale ∆ define the positive zero statistic

KD(∆) =
∑

ρ

∆2

∆2 + γ2 = ∆{BD(∆) − LD(1/2 + ∆)}.

The polynomial moments and (3.8) at cutoff ℓc give ∥KD(∆)∥q ≤ Cq(ν + 1) for every fixed q.
The near count and far paired tail of Lemma 3.2 satisfy pointwise

ND ≤ 145KD(∆), WD ≤ (145/288)KD(∆).
The second constant accounts for the fact that a representative α corresponds to two zeros.
Hence ∥ND∥q + ∥WD∥q ≤ Cq(ν + 1).

Choose Uj = 1 + j/9 and cj = Uj∆. The eight-anchor estimate applies with vj = − logUj . In
the local Jensen proof the boundary term at each such center is pointwise at most C log(2 + ν +
ND +WD). Since |cj − iγ| ≥ ∆, every pole Jensen weight is at most log 8 (the weaker gap ∆/2
would suffice). If one anchor |∆LD(1/2 + cj)| ≥ r, then

Rmult
D ([1/2, 1/2 + ∆]) ≤ C(1 + ν +ND +WD + log(1/r)).

The probability that no anchor works is O(H−2). Markov in the fixed qth moment bounds the
other failure probability by Cq((ν + 1 + logH)/T )q at threshold CT .

The bridge from ∆ to e5H121/LX is covered in the t-variable by O(logH) fixed-radius discs.
In each small disc choose eight distinct real points. A small maximum below r forces all eight
values below r, so (3.13) and a union bound cost O(H−2 logH). Otherwise the sum of the
negative logarithms of these maxima is O((logH)2). The sum of large-disc suprema has qth
norm Oq(logH) by Cauchy, the normalized moment bound, and Minkowski. Local shifted Jensen
now bounds the bridge count, with failure at threshold CT , by CH−2 logH +Cq(logH/T )q. All
the larger discs remain in the same fixed-sector approximation range of (3.12).

Finally choose q = ⌈8/ε⌉ before taking X → ∞ and put T = zH. Uniformly in the stated
range, ν/T ≤ H−3ε/4 and T ≫ (logH)2. The high-moment terms are Oε(H−6). This proves
(3.11). □

3.5. Retained local moments in the bulk. Let
ℓb = CyLX/H

120, dX = H121/LX , b = H − 121 logH, t∗ = 50 logH. (3.14)
Use a fixed-radius disc cover of [log 2, b], with slightly larger discs still inside |ℑw| < π/2. Their
real distances satisfy ℜ(e−w)ℓb ≥ cCyH. The constants in this construction are fixed before X.

Lemma 3.4 (Local moments on one retained event). There is an event RX with P(Rc
X) ≪ H−7

such that, on every interval of length at most one in the indicated cover, every fixed moment of
its real-root count is bounded after multiplication by 1RX

. Every fixed moment of each analytic
supremum and fixed derivative supremum is also bounded. The event is constructed from O(H)
fixed discs and is independent of the fine mesh chosen below.

Proof. The normalized moments and Cauchy’s formula give the supremum and derivative asser-
tions directly. The uniform density of the full random model, the positive Gaussian test, and
finite characteristic-function transfer imply

P{|GD(t)| ≤ r} ≤ Cr +OA(H−A), H−8 ≤ r ≤ 1/4, (3.15)
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uniformly in t. One permissible frequency cutoff and Taylor half-degree are H10 and ⌈H22⌉: their
ratio is H−1, their degree-cutoff product divided by LX is O(H−98), and rH10 ≥ H2. At the
bounded initial times we use the full random density, rather than a Gaussian approximation
requiring t → ∞.

Let mj and Mj be maxima on a small and a larger disc in the fixed cover. Remove the events
mj < H−8; each is contained in a scalar small-value event at its center. The union has probability
O(H−7). On the retained event, Vj = log+(1/mj) ≤ 8 logH, and

P(RX ∩ {Vj > u}) ≤ Ce−u +OA(H−A) (0 ≤ u ≤ 8 logH).
Integrating this truncated tail gives E(1RX

V q
j ) ≤ Cq for every fixed q. Shifted Jensen bounds

the roots in a unit interval by a fixed sum of C(Mj + Vj). This proves the claim. The unretained
tail of a root count is never integrated. □

4. Crossing meshes and the uniform quantile estimate

We give the quantitative argument because it identifies both the sampling variance and the
loss from the central region.

4.1. Two nearby crossings of the Gaussian process. Let g be stationary with covariance
r(t) = sech2(t/2) and unit variance. Fix a level u. By Lemma 2.3, its paths may be taken C2, its
zeros at a fixed level are almost surely finite and simple on compact intervals, and the one-point
Rice intensity is cu = e−u2/2/(π

√
2).

Lemma 4.1 (Two-point crossing bound). For intervals I, J with disjoint interiors,

E(Nu(I)Nu(J)) ≤ Cu

∫
I

∫
J

min(|s− t|, 1) ds dt.

For two distinct cells of length h ≤ 1, their crossing indicators have covariance in absolute value
at most Cuh

2. A diagonal variance is at most Cuh.

Proof. For t > 0, set r = r(t). Then r′2 = r2(1 − r) and Var g′(0) = 1/2. Conditional on
g(0) = g(t) = u, the derivative means are −ur′/(1 + r) and ur′/(1 + r), and each variance equals

vc = 1
2 − r′2

1 − r2 = (1 − r)(1 + 2r)
2(1 + r) .

Conditional Cauchy–Schwarz bounds the absolute product of the two derivatives in expectation
by vc + u2r′2/(1 + r)2 ≤ Cu(1 − r). The two-value density at (u, u) is

pt(u, u) = e−u2/(1+r)

2π
√

1 − r2
.

Thus its product with the conditional derivative moment, denoted ρ2(t), satisfies

ρ2(t) ≤ Cu

√
1 − r(t) ≤ Cu min(t, 1).

To justify the required Rice upper bound without presupposing a second-moment identity,
replace the root count by (2δ)−1 ∫

I 1|g−u|<δ|g′|. On every fixed compact interval, the inverse
function theorem at the finitely many simple zeros shows that this converges almost surely to
the count. If I, J have a positive separation, Gaussian conditioning and dominated convergence
evaluate the limit of the expected product as the double integral of ρ2. The covariance matrix is
uniformly nonsingular at positive separation, which supplies the domination. Fatou gives the
stated upper bound. If the intervals touch, trim them from inside and use monotone convergence;
a fixed endpoint is a zero with probability zero. Finally a crossing indicator is bounded by its
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cell root count, so its product expectation is O(h2) and its individual mean is O(h). These give
the covariance and diagonal bounds. □

The probability pu(h) of opposite signs at two points distance h is
pu(h) = cuh+Ou(h3). (4.1)

Indeed the average (g(0) + g(h))/2 and difference (g(h) − g(0))/2 are independent Gaussians of
variances (1 + r(h))/2 and (1 − r(h))/2. Opposite signs at level u occur exactly when the average
lies within the absolute difference of u. Taylor expansion of the density of the average over this
symmetric interval has error O(E|difference|3) = O(h3). Its variance differs from one by O(h2),
and the standard deviation of the difference is h/(2

√
2) +O(h3). The leading term is cuh.

For cells separated by distance R ≥ 1, whiten each of the two Gaussian value pairs. The
smallest eigenvalue of a within-cell covariance is 1 − r(h) ≍ h2, while the cross covariance entries
are O(e−R). The whitened cross matrix is therefore O(h−2e−R). Once this is small, the relative
entropy from the product Gaussian law is bounded by its squared Hilbert–Schmidt norm: expand
− log det(I−AA∗) as a convergent power series. The elementary entropy bound on total variation,
or its direct Gaussian-density proof by Cauchy–Schwarz, gives a crossing-indicator covariance
O(h−2e−R). We only use this bound when R = 16 logH and h = H−3/2.

4.2. Sign tests without a separation restriction. In the bulk [t∗, b], smooth the sign at scale
ρ = H−5 and truncate each coordinate outside [−K,K], K = H. Choose the smooth factors
constant off the transition intervals and with jth derivative bounded by Cjρ

−j ; use a compact
cutoff with the usual scaled derivative bounds at K. For d ≤ 4 coordinates, integration by parts
in each variable gives

∥f̂∥1 ≤ CKdρ−2d,

∫
∥τ∥∞>TF

|f̂(τ)| dτ ≤ CKdρ−4dT−2
F . (4.2)

For example apply 1 − ∂2
xj

in every coordinate for the first bound and two further derivatives
in a coordinate exceeding TF for the second; the supports have volume O(Kd) and all relevant
derivatives have the displayed bounds. At d = 4, TF = H50, M = ⌈H102⌉, these costs are at
most CH44 and CH−16. Moreover

TF /
√
M = O(H−1), Mℓb/LX = O(H−18), M log(2 + TF ) = o(LX).

Finite characteristic-function transfer thus pays the entire Fourier norm. Approximation errors are
HO(1)e−cH and can be made smaller than the required power by fixing Cy first. The full random-
to-Gaussian comparison has maximum distance e−t∗ = H−50; its first three derivative costs are
H5, H10, H15, so the respective errors are O(H−45), O(H−90), O(H−135). Scalar boundary layers
cost O(ρ) by positive small-value tests. The fixed eighth moment pays O(K−8) for the tails, and
retention costs O(H−7). Consequently every two-point or four-point bounded sign test differs
from its Gaussian counterpart by

δH ≤ CH−5. (4.3)
This proof uses no inverse of the covariance of the observation vector. It remains valid for close
or repeated times.

Theorem 4.2 (Quantile estimate for real Euler families under GRH). Under the real model,
finite-word, weighted-prime, density, and analytic hypotheses above, for each fixed 0 < ε < 1/16
and all H−1/2+ε ≤ z ≤ 1,

PX

{
max

C∈{Rdist,Rmult,S}
|C − c(m, v)HQ| > AεzHQ

}
≤ Cε

logH
Hz2 .

The conclusion persists under the finite Euler modifications described below.
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Proof. Set h = H−3/2, R = 16 logH. Shift the deterministic mesh by an arbitrarily small offset
so that its endpoints are not zeros of any member of the finite arithmetic family. There are
finitely many forbidden endpoints in a compact bulk interval because all derivatives are nontrivial
analytic functions. All previous estimates are uniform in this offset. Use cells wholly inside
[t∗, b−2]; the fixed terminal remainder lies in the bridge overlap, or is bounded by a fixed number
of retained unit-window counts.

Let Smesh
X be the crossing sum of the process equal to GD on RX and to the constant one

outside. There are O(H/h) cells. The Gaussian diagonal variance costs O(H); Lemma 4.1 bounds
pairs within distance R by a total O(H(R+ 1)). Far pairs cost, after division by H2, O(h−4e−R).
The actual two- and four-point comparison adds O(δH/h

2). Hence

VarSmesh
X

H2 ≪ logH
H

+ h−4e−R + δH/h
2 ≪ logH

H
. (4.4)

This is a variance bound for a bounded mesh statistic. It does not bound the variance of the full
root count. From (4.1) and (4.3),∣∣∣∣∣ESmesh

X

H
− c(m, v)

∣∣∣∣∣ ≪ h2 + logH
H

+ δH

h
≪ logH

H
. (4.5)

Here the Gaussian level is u = −m/
√
v; multiplication by the positive scale

√
v/2 does not

change crossings.
It remains to bound roots missed by the mesh, including multiple roots. On a cell containing

at least two roots counted with multiplicity, Rolle’s theorem and Taylor’s formula give

|GD(ti)| ≤ CK1h
2 or sup

Ii

|G′′
D| > K1, K1 = h−1/8.

The assertion includes a double zero, where the first derivative vanishes. The small-value radius
is Ch15/8 = CH−45/16, which exceeds H−8. Equation (3.15) and the sixteenth derivative moment
bound the event by Ch15/8 +Ch2 ≪ h15/8. Hölder with the retained sixteenth root-count moment
yields

E
(
1RX

N(Ii)1N(Ii)≥2
)

≪ (h15/8)15/16 = h225/128.

Summing the cells and the O(logH) initial segment gives a nonnegative total excess EX with

H−1EEX ≪ h97/128 + logH/H = H−291/256 +O(logH/H). (4.6)

At the initial segment we use retained local root moments, not a Gaussian limit. A cell with
precisely one simple root contributes a crossing; all other discrepancies are bounded by the
indicated excess. Endpoint corrections are bounded because the shifted mesh avoids roots.

Uniformly for z ≥ H−1/2+ε, the bias in (4.5) is o(z). Chebyshev and Markov, applied
respectively to (4.4) and (4.6), give a bulk failure probability at tolerance CzH of at most

C

{
z−2 logH

H
+ z−1H−291/256 + z−1 logH

H
+H−7

}
≪ logH

Hz2 .

For the absorption, the ratio of the second term to the first is at most H−35/256/ logH, and that
of the third is z ≤ 1. Lemma 3.3 bounds the missing central and bridge multiplicity by CεzH,
except on the smaller event (3.11). Thus the closed distinct and multiple counts both lie within
CεzH of c(m, v)H.

The strict-sign count follows from Lemma 4.3 below. The bounded conductor comparison
|HQ −H| ≤ C and zH → ∞ permit replacement by the actual HQ on the good event. No bound
on every exceptional sample is used. This proves the theorem. □
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Lemma 4.3 (Closed counts and strict signs). For a nonzero real analytic function on a neigh-
borhood of [a, b], with q distinct zeros and total multiplicity M on the closed interval and S strict
sign changes on the open interval,

2q −M − 2 ≤ S ≤ q.

Proof. An interior zero has a strict sign change exactly when its multiplicity is odd. If there are
e even-multiplicity interior zeros, their extra multiplicities give M − q ≥ e. At most two distinct
zeros are endpoints. Therefore S ≥ q − 2 − e ≥ 2q − M − 2, and S ≤ q. This proof permits
arbitrarily high multiplicity. □

4.3. Finite Euler changes and summing dyadic families.

Proposition 4.4 (Finite Euler stability). Suppose the hypotheses above hold for LD. Fix a finite
prime set and a finite collection of real Euler polynomials

E(s) =
∏
p∈S

dp∏
j=1

(1 − αp,jp
−s), |αp,j | ≤ 1.

For a fixed such E, the full quantile conclusion holds for (LDE)′, with the same constant and
the reference conductor QD. If E varies over the finite collection, the conclusion holds provided
every nonempty class, each of positive limiting density, has the stated arithmetic inputs under its
own original conditional measure.

Proof. All zeros of E have ℜs ≤ 0. Thus gE = −E′/E and all fixed derivatives are bounded on
the compact regions used here. Its logarithmic coefficients are bounded and supported on finitely
many primes. We have

−(LDE)′

LDE
= LD + gE , G̃D(w) = GD(w) + e−wgE(1/2 + e−w).

The weighted means m, v and the limiting Gaussian covariance are unchanged, and the full-model
density proof uses arbitrarily large primes outside S. Expanding a modified word into old words
costs at most a fixed exponential in its degree, so finite-word transfer and the moment bounds
persist. The finite-prime Selberg truncation error for gE is OE(e−ℓℜs), since the geometric tails
start at pk > eℓ and the weight equals one below that point. This gives the same approximation
(3.3) with modified polynomials.

In the central disc replace BD in (3.5) by BD + gE(1/2 + z). The actual near zeros and their
multiplicities are exactly those of LD. The reference positive zero statistic still supplies the near
and tail moments; local Jensen applies without assigning a global functional equation to LDE.
Its pole gap is unchanged. All bulk and finite-anchor estimates can therefore be applied to the
modified process itself. We have not asserted that an analytic perturbation changes the number
of zeros by only O(1).

Finally LDE is nonconstant. Otherwise its limit at +∞ forces LDE ≡ 1. If E is nonconstant
it has a zero, contradicting the entireness of LD = 1/E; if E ≡ 1, use L′

D ̸≡ 0. A finite union of
verified conditional classes proves the last assertion. An arbitrary thin subfamily is not covered
by this argument. □

For a family of cardinality ≍ Xa, a > 0, a fixed-tolerance dyadic estimate sums without an
extra logarithmic factor. Discard parameters at most

√
X, whose total size is O(Xa/2). All

remaining dyadic blocks have Hblock = H +O(1), and their sizes form a geometric sum O(Xa).
This proves the cumulative fixed-tolerance estimate and the two regular shrinking-tolerance
corollaries (1.3)–(1.4). An arbitrary function z(X) may behave differently on the dyadic blocks;
no unstated uniform envelope is used.
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5. Three unconditional families

We count zeros of the derivative of the uncompleted L-function. In particular, differentiating
a gamma factor would give a different problem. For a real analytic function F , let Rdist(F ) and
Rmult(F ) denote its numbers of distinct zeros and zeros counted with multiplicity in [1/2, 1], and
let S−(F ) denote its strict changes of sign in (1/2, 1). Put

c∗ = e−1/2

π
√

2
.

All the probability measures in this section are the original uniform counting measures. Restricting
an expectation to a good event always means inserting its indicator, without renormalizing the
measure.

Theorem 5.1. Let F(X) be the set of fundamental discriminants D with 1 < |D| ≤ X. For
each fixed η > 0, all but oη(X) members satisfy, simultaneously for C = Rdist, Rmult, S−,∣∣C(L′(·, χD)) − c∗ log log |D|

∣∣ ≤ η log log |D|.
Both signs of the discriminant and every possible conductor at 2 are included.

Theorem 5.2. Let K = Q(i) and
DX = {d ∈ Z[i] : (d, 2) = 1, (d) square-free, X < N(d) ≤ 2X}.

For d ∈ DX , let Ld(s) = L(s, χ(1+i)5d). Its finite conductor has norm 32N(d); write Qd = 128N(d)
for the conductor including the field discriminant. For each fixed η > 0, all but oη(X) labels
satisfy

max
C=Rdist,Rmult,S−

∣∣C(L′
d) − c∗ log logQd

∣∣ ≤ η log logQd.

The same assertion holds with uniform measure on the distinct primitive characters occurring in
this family.

Theorem 5.3. Let k tend to infinity through all even integers and let Hk be the normalized
level-one Hecke eigenbasis of weight k. Use the unitary normalization

L(s, f) =
∏
p

(1 − λf (p)p−s + p−2s)−1.

For each fixed η > 0, all but oη(|Hk|) forms satisfy
max

C=Rdist,Rmult,S−

∣∣C(L′(·, f)) − c∗ log log(k2)
∣∣ ≤ η log log(k2).

The measure is unweighted, and the assertion includes both root numbers ik = 1 and ik = −1.

No theorem above assumes the Riemann hypothesis, nonvanishing at the central point, or
simplicity of a zero. We give the arithmetic and analytic inputs in some detail, since the passage
from a mollified moment to the very short interval next to the centre is sensitive to the family
and to the range of the shift.

5.1. The arithmetic probability spaces. For the rational quadratic family the independent
model has variables Xp ∈ {0, 1,−1} with

P(Xp = 1) = P(Xp = −1) = p

2(p+ 1) , P(Xp = 0) = 1
p+ 1 .

This includes p = 2. For every positive integer n,

EF(X)χD(n) = 1n=□

∏
p|n

p

p+ 1 +O(X−1/2n). (5.1)
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Here and below sufficiently large implied constants also cover bounded parameters. One elemen-
tary derivation, which will also fix the normalization needed for the mollifier, is as follows. Write
D = ϵcd, where d > 0 is odd and square-free, ϵ = ±1, c ∈ {1, 4, 8}, and d ≡ r (mod 8). The
allowed classes are

c = 1 : ϵr ≡ 1 (mod 4); c = 4 : ϵr ≡ 3 (mod 4); c = 8 : r arbitrary odd.
Expanding µ2(d) =

∑
α2|d µ(α) shows that each odd class contains Y/π2 +O(

√
Y ) elements up

to Y . For odd nonsquare n the complete character sum in the progression modulo 8 vanishes;
summing the incomplete-period error over α ≤

√
Y costs O(

√
Y n). For square n, inclusion-

exclusion for (d, n) = 1 gives the local factors p/(p+ 1) and the same error. The classes with
c = 1, 4, 8 contribute respectively 4X/π2, X/π2, X/π2. In the first group χD(2) = (−1)(r2−1)/8;
in the other two it is zero. Summing the classes proves (5.1), including the factor 2/3 at 2, and

|F(X)| = 6X
π2 +O(

√
X). (5.2)

For K = Q(i), use independent variables Xp with the same ternary law with p replaced by
Np, except that X(1+i) = 0. Distinct prime ideals of the same norm are distinct independent
coordinates. We have

|DX | = 2πX
3ζK(2) +O(

√
X log(2X)), |EDX

χd(n) − EXn| ≪ X−1/3Nn. (5.3)

For completeness, the number of points of one residue class modulo an ideal q in a norm annulus
(Y, 2Y ] is πY/Nq+O(

√
Y/Nq+1). This follows by covering the boundary circle with fundamental

squares of the rotated lattice q. A nonprincipal character modulo n therefore has annular sum
O(

√
Y Nn +Nn), also with the oddness condition. Apply this after the ideal-Möbius expansion

and sum Na ≤
√

2X; the error is O(
√
XNn log(2X)). In the square-ideal case the main Euler

product is
πX

2
∏
p|n

(1 − (Np)−1)
∏
p∤2n

(1 − (Np)−2) = 2πX
3ζK(2)

∏
p|n

Np

Np + 1 .

The elementary bound 2ω(n) ≤ Nn suffices for inclusion-exclusion. Ideals divisible by (1 + i) have
character value zero. Division by the first formula in (5.3) proves the second.

Gao’s family definition and functional equation give
Λd(s) = (128N(d))s/2(2π)−sΓ(s)Ld(s) = Λd(1 − s) (5.4)

and primitivity of conductor ((1 + i)5d) [14, §2.3, (2.1)–(2.4)]. Equal primitive characters must
have equal conductor ideals, so their labels differ by a unit. The supplementary quadratic law
gives (−1/n) = 1 for odd ideals, whereas (i/n) = −1 for a primary n ≡ −1 + 2i (mod 4) [13,
(2.2)]. The Chinese remainder theorem permits the additional condition n ≡ 1 (mod rad(d)).
Consequently the fibers of d 7→ χd are exactly {d,−d}. Thus passing to distinct characters
divides both the numerator and the denominator of every character-dependent event by two.

The weight family has a different local law. If Uj = Uj(x/2) are the Chebyshev polynomials,
set

dµp(x) = 1 + p−1

(1 + p−1)2 − p−1x2

√
4 − x2

2π dx, −2 ≤ x ≤ 2. (5.5)

The identity
∑

j≥0 p
−jU2j(x/2) = (1 + p−1)/((1 + p−1)2 − p−1x2) and Sato–Tate orthogonality

show that EUj(Xp/2) = p−j/2 for even j and zero otherwise. The density relative to Sato–Tate
lies between 2/3 and 6. Put A1(x) = x and Aj(x) = Uj(x/2) − Uj−2(x/2) for j ≥ 2. Then
|Aj | ≤ 2, EX2

p = 1 + p−1, and

EA2j(Xp) = −(1 − p−1)p−j+1, EA2j−1(Xp) = 0. (5.6)
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Hough’s unweighted coefficient estimate says that, for fixed 0 < ϵ < 2 and n < k2−ϵ,

1
|Hk|

∑
f∈Hk

λf (n) = 1n=□√
n

+Oϵ(k−γ(ϵ)), |Hk| = (k − 1)/12 +O(1).

See [16, Lemma 2.2]. There is no additional factor of n in this error. This coefficient lemma
holds for all even weights; a restriction to root number +1 in the central-value application of
that paper is not a restriction of the coefficient lemma.

To multiply finite polynomials, use the Hecke algebra emen =
∑

d|(m,n) emn/d2 and the norm∥∥∥∑ anen

∥∥∥
H

=
∑

|an|τ(n)n.

It is submultiplicative, since
∑

d|(m,n) τ(mn/d2) = τ(m)τ(n), as is checked prime by prime.
Taking ϵ = 1 in Hough’s estimate and using |λf (n)|, |λX(n)| ≤ τ(n) for n ≥ k proves, with some
fixed κ > 0,

|EHk
P − EP (X)| ≪ k−κ∥P∥H (5.7)

for every finite Hecke polynomial, with no support restriction. In the two quadratic families the
analogous submultiplicative norm is

∑
|an|n or

∑
|an|Nn, and the exponents are 1/2 and 1/3 by

(5.1) and (5.3).

5.2. A central mollified bound for all signed discriminants. The following extension of
the quadratic mollifier calculation is needed on the complete family, rather than only on χ−8d.

Proposition 5.4. Write L = logX, H = logL, M = X1/100, and let Q(v) = 0 for v ≤ 0,
Q(v) = 3(2v)2 − 2(2v)3 for 0 < v < 1/2, and Q(v) = 1 for v ≥ 1/2. The entire mollifier

MD(s) = (1 − χD(2)2−s)
∑

n≤M
n odd

µ(n)Q(log(M/n)/ logM)χD(n)
ns

satisfies
EF(X)|L(1/2 + it, χD)MD(1/2 + it)|2 ≪ H20 (|t| ≤ 1

2L
−5/6). (5.8)

Proof. We retain the class notation D = ϵcd, d ≡ r (mod 8) used above, and work first with
a fixed nonnegative smooth weight on Y < d < 2Y . Write a = (1 − ϵ)/2 and ζ = χD(2).
The completed primitive function is (cd/π)(s+a)/2Γ((s + a)/2)L(s, χD) with root number +1.
Removing the Euler factor at 2 does not give it a new primitive functional equation; we keep
that factor explicitly throughout.

Here are the modifications of the calculation in [10, §§3–6]. They are recorded also to identify
the secondary terms which would be lost by replacing a fixed congruence class by the sum of its
classes. For odd n, let τj(n) =

∑
b mod n(b/n)e(jb/n) and F̂ (ξ) =

∫
F (v)e(−vξ) dv. The Chinese

remainder theorem and Poisson summation give exactly∑
d≡r(8)

(d/n)F (d/Y ) = Y

8n(8/n)
∑
j∈Z

e(jrn/8)τj(n)F̂ (jY/(8n)). (5.9)

After truncating the square-free expansion at α ≤ V , the normalized expression has the factor
(8/n)/(8n)

∑
α≤V,(α,2n)=1 µ(α)/α2, with Fourier argument jY/(8α2n). Including the factor (ϵc/n)

from χD(n), the total character multiplier is (8ϵc/n).
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Set A = (1 + i)/2, B = (1 − i)/2, and ϵn = 1 or i according as n ≡ 1 or 3 (mod 4). Writing
Gj(n) = τj(n)/ϵn, the phase e(jrn/8)ϵn is

χ8(jr)eisπ/4(2s/n), j odd, s = χ4(jr),
ijr/2{B +Aχ4(n)}, j ≡ 2 (mod 4),
(−1)j/4{A+Bχ4(n)}, 4 | j.

At an unramified odd prime, Gj(p) = (j/p)√p. The resulting quadratic character is principal
precisely on the following branches:

c j
1 ±m2 (m odd), ±2m2

4 ±2m2

8 ±4m2.

Indeed, the mod-8 phases above can only alter the sign and the power of 2 in the radicand, never
a nontrivial odd square-free part.

Let Tϵ(u) = cos(πu/2) + ϵ sin(πu/2). Summing the principal branches, including their Fourier
Mellin phases, gives

S8(u) = −2−2u(1 − 21−2u)
1 − 2−2u

Tϵ(u),

S4(u) = 2uS8(u), S1(u) =
(

√
2ζ + 2−u

1 − 2−2u

)
Tϵ(u). (5.10)

For example the c = 8 branch with 2-adic valuation 2 has scalars −A,−B for signs ϵ,−ϵ, and
the branches of valuations 4, 6, . . . have A,B. For c = 4 these valuations are 1 and 3, 5, . . .; for
c = 1 the odd branch contributes ζeiπ/4, ζe−iπ/4 and the odd positive valuations contribute A,B.
These geometric series give (5.10).

Put τ = (δ1 + δ2)/2, δ = (δ1 − δ2)/2 and

Γa,z(s) = Γ((1/2 + a+ s+ z)/2)Γ((1/2 + a+ s− z)/2).

The parity change in the secondary integral follows from the exact reflection identity
Γ0,z(s)T+(s− z)
Γ1,z(s)T−(s− z) = Γ0,s(z)

Γ1,s(z) . (5.11)

To check it, apply reflection to p = (1/2 + s + z)/2, q = (1/2 + s − z)/2; the gamma ratio is
cot(πq), while T+ =

√
2 sin(πq) and T− =

√
2 cos(πq).

In the odd-conductor case define

B2 = (1 − ζ2−1/2−τ−δ)(1 − ζ2−1/2−τ+δ), E2(s) = B2
(1 − ζ2−1/2−s+δ)(1 − ζ2−1/2−s−δ)

.

At either secondary residue z = δ or z = −δ, put q = 2s, t = 2z. The relative secondary factor is

Rζ(s, z) = 8−sS1(s− z)
S8(s− z)E2(s) = −

√
2ζt−2B2

q + q−1 − ζ(
√

2t+ (
√

2t)−1)
. (5.12)

The equality with E2(s) in (5.12) is asserted only for z = ±δ. For other z we define Rζ(s, z)
by the last rational expression; this is the continuation used below. It is even in s. For c = 4
the relative factor is 2−z, and for c = 8 it is 1. The apparent poles in (5.12) cancel against the
2-Euler factor

η2,s(1 + 2z) = (1 − (2t2q2)−1)(1 − (2t2)−1)(1 − q2/(2t2)).
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Their product is the entire, even expression
ζ√
2
t−4B2(1 − (2t2)−1){q + q−1 + ζ(

√
2t+ (

√
2t)−1)}. (5.13)

Thus this cancellation removes all the periodic denominator zeros, not just their real representa-
tives.

An additional precaution is necessary in the even-character classes. Removing the square-free
condition can produce the principal character when d = l2. Use the even polynomial

Hδ,τ (s) = {s2 − (1/2 + δ)2}{s2 − (1/2 − δ)2}
{τ2 − (1/2 + δ)2}{τ2 − (1/2 − δ)2}

(5.14)

in the approximate functional equation, whose Mellin kernel is Γa,δ(s)Hδ,τ (s)2s/(s2 − τ2). Since
H(τ) = H(−τ) = 1, the functional-equation contour proves the same exact product formula.
In its odd-series representation the kernel also has the factor Ec(s): for c = 1 this is obtained
by multiplying the primitive product formula by B2 and removing the two Euler factors inside
the integral. No functional equation for L(2)

D is assumed. It kills the artificial principal poles
±(1/2 ± δ), with their required multiplicities. The possible extra gamma poles of Γ0,s(z) at
s = ±(1/2 + z) are killed either by (5.13) when ζ = −1, or by H when ζ = 1. No such poles
occur for a = 1 in |ℜs| < 3/4.

Here is a precise form of the resulting four main terms. Define rv(n) =
∑

ab=n(a/b)v, Z(s; v) =
ζ(s− 2v)ζ(s)ζ(s+ 2v), write l = l1l

2
2 with l1 square-free, and put Ψ̌(w) =

∫∞
0 Ψ(x)xw dx. For

odd p, the Euler factors of ηv(s; l) are

p

p+ 1


(1 − p−s){1 + p−1 + p−s − (p2v + p−2v)p−s−1 + p−2s−1}, p ∤ l,
1 − p−s, p | l1,
1 − p−2s, p | l, p ∤ l1,

and the factor at 2 is (1 − 2−s−2v)(1 − 2−s)(1 − 2−s+2v). Let Ec(s) = 1 for c = 4, 8 and E1(s) =
E2(s); let R8 = 1, R4(s, z) = 2−z, and R1 = Rζ . More precisely, on square-free d put Aδ,τ,c(d) =
(cd/π)τ Γa,δ(τ)L(2)

D (1/2+δ1)L(2)
D (1/2+δ2), and extend it to the square-free expansion by the exact

H-kernel formula above. The sum Y −1∑
d≡r(8)(

∑
α2|d, α≤V µ(α))χD(l)Aδ,τ,c(d)Ψ(d/Y ) equals

1
π2√

l1

[ ∑
µ=±1

rδ(l1)Γa,δ(µτ)(cY/(πl1))µτEc(µτ)Ψ̌(µτ)Z(1 + 2µτ ; δ)ηδ(1 + 2µτ ; l)

+
∑

z=±δ

rτ (l1)Γa,τ (z)(8Y/(πl1))zRc(τ, z)Ψ̌(z)Z(1 + 2z; τ)ητ (1 + 2z; l)
]

(5.15)

with error
≪ϵ Y

ϵlϵ{l−1/4
1 Y −1/4 + l

−1/2
1 V −1 + l1/2V Y −1/2}. (5.16)

Coincident residues in (5.15) mean their joint holomorphic continuation.
We justify both this continuation and the error bounds, rather than appealing to a change of

conductor in the original calculation. The zero Fourier mode in (5.9) has ln square, so n = l1m
2;

its Euler product is exactly the η product above. Moving its contour to ℜs = −1/4 + ϵ gives the
first error in (5.16) and the residues at ±τ,±δ. On the principal nonzero branches, (5.11) and
(5.13) make the secondary integrand even. At s = z = ±δ one has Rζ(z, z) = 8−zE2(z); these
residues cancel those of the first contour. The remaining residues are the four terms displayed
above, and (5.14) equals one there.

For nonprincipal branches, start the Fourier–Mellin calculation with w = −1/2 + ϵ+ iv and an
s-line b = ϵ; this is the common absolute-convergence strip max(|ℜτ |,ℜw) < b < 1 + ℜw. Only
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after this identity has been obtained do we move to b = ϵ+A0. All poles of Γ(s− w), Γa,δ(s),
E2(s) and s2 − τ2 lie to the left; the gamma decay remains after the Fourier phase is included.
The Mellin transform is bounded by

Y −1/2+ϵ α
√
l√

|j|
(1 + |w|)C |Ψ̌(w)|(1 + |j|/(α2l))−A0 .

The odd Euler series factors as two quadratic L-functions and a remainder bounded by

αϵ|j|ϵl1/2+ϵ(l, j2
2)1/2,

where j = j0j
2
2 and j0 is square-free, with a bounded number of 2-adic twists. Sum j2 first,

obtaining O(α
√
l/|j0|), and apply Cauchy–Schwarz and the all-real- primitive fourth-moment

bound [10, Lemma 3.5] to the dyadic j0-sum. It costs (α2l)ϵ(1 + |w|)C . Summing α ≤ V gives
the last error in (5.16). The principal zeta factor, when present in the square-free tail, is handled
with (5.14) before shifting contours.

For clarity, the shifts here have imaginary parts as large as L−5/6, not just O(L−1). Fix the
final ϵ first and choose 0 < ϑ < min(10−4, ϵ/100). For large Y the shifts have modulus at most
ϑ/4. Extend the α Euler sum using ℜs = ϑ+ 1/ log Y and the circle |z| = ϑ+ 1/(2 log Y ). The
factor 2z cancels the zeta pole at z = 0, and ℜ(s− z) ≥ 1/(2 log Y ). The omitted tail is

≪ lϵ1 l
2ϑ−1/2
1 Y ϑ+ϵ1V −1+4ϑ.

With V = Y 1/20, l ≤ M2 ≤ Y .04, and ϵ1 < ϵ/10, this is absorbed by the middle term of (5.16).
This Y ϵ occurs only in a power-saving error, never in the main bound (5.8).

The full square-free remainder can be checked separately. Write d = l2m with m odd and
square-free and l > V . With Yl = Y/l2, the large sieve [10, Lemma 3.4] bounds the fourth mollifier
sum by Y ϵ(Yl + M2), and the product approximate functional equation and [10, Lemma 3.5]
bound the second L-sum by Y ϵYl. The principal case m = 1 is bounded separately and is included
in M2. Two applications of Cauchy–Schwarz and summation over l give Y ϵ(V −1 +MY −1/2 log Y )
after normalization. Summing (5.16) against the two mollifier coefficients therefore leaves at
most

Y ϵ{MY −1/4 +MV −1 +M2V Y −1/2 + V −1 +MY −1/2}, (5.17)
a fixed negative power when .009 ≤ logM/ log Y ≤ .02.

It remains to bound the main terms uniformly through colliding shifts. We give the cancellation
estimate used for this purpose. For a generic term (w, v) in (5.15), its mollifier sum is

A(w, v) =
∑

r,s odd

λ(r)λ(s)
r1/2+δ1s1/2+δ2

rv(l1)
l
1/2+w
1

ηv(1 + 2w; rs), λ(n) = µ(n)Q(log(M/n)/ logM).

The square-free rearrangement of the Euler factors gives

A(w, v) = ηv(1 + 2w; 1)
∑

γ odd

Hw,v(γ)
γ1+2τhw,v(γ)Sγ(δ1 + w, v)Sγ(δ2 + w, v), (5.18)

where

hw,v(p) = 1 + p−1 + p−1−2w − (p2v + p−2v)p−2−2w + p−3−4w,

Hw,v(p) = 1 + p−1−2w − rv(p)2p−1−2w/hw,v(p),

Sγ(u, v) =
∑

a≤M/γ
a odd

rv(a)µ(aγ)
a1+uhw,v(a)Q(log(M/(aγ))/ logM).
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Let Eγ =
∏

p|γ(1 + C/
√
p). The residue formula of [10, Lemma 6.1], applied to these explicit

Euler factors, gives

|Sγ(u, v)| ≪ EγH
6(|u+ v| + L−1)(|u− v| + L−1). (5.19)

Here are the estimates within that application. Its generating series is µ(γ)G(1 + s, γ;u, v)J(s+
u + v)J(s + u − v), with J(z) = 1/ζ(1 + z) = z + O(z2). The derivatives of G through
order three are O(EγH

2j): local ratios are 1 + O(p−1) and their logarithmic derivatives cost∑
p|γ(log p)j/p ≪ 1 + Hj+1. The cubic residues are divided by (logM)j , and the error is

O(Eγ/L
2). For γ > M/2 use Q(v) = O(v2) directly. For γ ≤ M1/2 apply the residue formula

at M and at M1/2 to the two pieces of the flat cutoff; their derivative residues cancel. These
observations prove (5.19) also across the join of Q. Finally

∑
γ≤M

|Hw,v(γ)/hw,v(γ)|E2
γ

γ
≪

∏
p≤M

(1 + p−1 + Cp−3/2) ≪ L.

For δ1 = it, δ2 = −it, |t| ≥ 4/L, the two primary residues must be taken together on |w| = 1/L.
There A ≪ H12(|t| + L−1)2/L and Z(1 + 2w; it) ≪ L/(|t| + L−1)2; the kernel 2/w and the
contour length cancel. Each secondary term at w = ±it, v = 0 is O(H12/(|t|L)). Thus the
main contribution is O(H12). For |t| ≤ 4/L, apply two-variable Cauchy to the entire mollified
moment on |δ1| = 10/L, |δ2| = 20/L. The boundary shifts are separated, Z = O(L3), and
A = O(H12L−3). The Cauchy kernels have bounded total norm. This proves the same bound
inside. Bounding individual primary residues at τ = 0 would not be legitimate.

Divide by (cY/π)τ Γa,δ(τ), take Ψ(x) = x−τ Φ(x), and normalize by the actual class mass
Φ̌(0)/π2 + O(Y −1/2). Equations (5.17)–(5.19) prove the weighted bound, weakened to H20.
Fixed plateaus which are at least one on [6/5, 9/5], at scales 5Y/6 and 10Y/9, remove the
weight. For |D| ≥ X .9 the single global choice M = X .01 remains in the compact interval
.009 ≤ logM/ log Y ≤ .02. The sum of the dyadic conductor masses is O(X), so no logarithm is
lost in combining the blocks. For |D| < X .9, the fourth-moment and large-sieve bounds in [10,
Lemmas 3.4–3.5] give, by Cauchy–Schwarz, a normalized contribution O(X−.08). This proves
(5.8) on the original family. □

5.3. Zero detectors in the three families. In this subsection a zero is written ρ = 1/2+β+iγ.
The notation N(σ, T ) counts, with multiplicity, zeros with β > σ and |γ| ≤ T .

We first record the logarithmic fourth-moment bound needed to turn Proposition 5.4 into a
zero detector:

EF(X)|L(1/2 + it, χD)|4 ≪ (logX)10(1 + |t|)8. (5.20)
Here is a derivation with a harmless, but explicit, height exponent. For the fixed smooth partition
function G in [26, Lemma 2.9(ii)], Proposition 1.3 of that paper bounds the dyadic conductor
sum of |

∑
χD(n)n−1/2−itG(n/N)|4 by

C(1 + |t|)2{M +N2 log(2 +N2/M)} log6(2 +MN).

Put T = 1 + |t|. If N ≤
√
MT this is O(MT 4 log6(2 + M)), since log7(2 + T ) ≪ T . For

N >
√
MT set N1 = MT/N . The functional-equation Mellin transform has the gamma quotient

Γ(1/4 + (s− it+ a)/2)
Γ(1/4 − (s− it− a)/2) , a = 0, 1.

Decompose the transformed series into dyadic blocks N0 and insert V (x) = G(2x)+G(x)+G(x/2),
which equals one on the support of G. For N0 ≤ N1 move the Mellin line only to ℜs = −1/8;
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the first possible numerator pole has real part −1/2 and is not crossed. For N0 > N1 move it to
ℜs = 4. Stirling’s formula and rapid Mellin decay give the pointwise majorant

C
dyad∑

N0≤N1

(N0/N1)1/8
∫
R

|AD(N0, v − t)|
(1 + |v|)9 dv + C

dyad∑
N0>N1

(N1/N0)4
∫
R

|AD(N0, v − t)|
(1 + |v|)9 dv,

where AD(N0, w) =
∑
χD(n)n−1/2−iwV (n/N0). The lower-line bound uses T ≤ (1+|v|)(1+|v−t|);

two Mellin factors with decay of order 24 leave the displayed integrable weight. All contour shifts
can first be made on finite blocks. The high-block tail is absolutely summable using |AD| ≪

√
N0,

so passage to the full series is justified. Weighted Hölder and Proposition 1.3 now give

CT 2

 ∑
N0≤N1

(N0/N1)1/8FM (N0) +
∑

N0>N1

(N1/N0)4FM (N0)

 ,
where FM (v) = {M + v2 log(2 + v2/M)} log6(2 + Mv). For N1 ≥ 1 this is O(T 2FM (N1)) by
geometric summation; for N1 < 1 it is O(MT 2 log6(2 +M)). Thus the same MT 4 log6(2 +M)
bound holds for every N . Summing conductor blocks and dividing by (5.2) bounds each smooth
block in L4 by CL3/2T . Take a partition cutoff Y ≍ X4T 4. Periodicity and the vanishing complete
sum of a nonprincipal primitive character show by partial summation that the remaining tail
is O(XTY −1/2) = O(1). There are O(L + log(2 + T )) blocks. Minkowski proves (5.20). This
argument avoids moving a localized even-character gamma quotient past its pole at −1/2 + it.

Lemma 5.5. For the rational family let r = L/ℓ → ∞, ℓ → ∞, and 0 ≤ T∗ ≤ L−5/6/32. With
probability at least

1 − CH20(1 + T∗ℓ)e−cr − Ce−KH , (5.21)
there is no zero with β > 2/ℓ and |γ| ≤ T∗ + ℓ−1e3ℓβ. Here K is any fixed constant, and the
constants in the estimate may depend on K. For ν = A

√
H, the probability of a zero with

β > ν/(2L) and |γ| ≤ 2β is
≪ H20e−cν + e−KH . (5.22)

There is also a coarse detector, valid for 8 ≤ ℓ ≤ c0L, α ≥ 1/L, and T∗ ≤ 1, with error
CLCGe−cGαL for the same region with β > α.

Proof. Put BD(s) = L(s, χD)MD(s) − 1. The mollifier fourth moment is O(L6): the square
diagonal is bounded by

∏
p≤M (1 + 6/p+ 1/p2) ≪ L6, and the error from (5.1) is O(X−1/2M6).

Cauchy–Schwarz and (5.20) give E|BD(1/2 + it)|2 ≪ L8(1 + |t|)C . The flat part of the mollifier
annihilates coefficients 1 < n ≤ M1/2 of LM − 1 and the remaining coefficients are at most τ(n).
Thus |BD(2 + it)| ≪ LX−1/200. Apply the vector-valued three-lines theorem after division by a
fixed power of s+ 3. For 0 ≤ x ≤ 3/2 it gives

E|BD(1/2 + x+ it)|2 ≪ L8(1 + |t|)Ce−(2/300)xL. (5.23)

At an L-zero, BD = −1; no assertion that the mollifier is zero-free is needed. Submean disks
of radius comparable to 1/L and dyadic height bands in (5.23) give the coarse detector. More
explicitly the area and height weights cost a fixed power of L and a fixed power of e3ℓβ , absorbed
by the exponential in βL after choosing c0 sufficiently small. The resulting geometric sum is
CLCGe−cGαL.

To remove the power of L near the centre, let h = L−5/6/2, b = B0H/L, and u(x, t) =
log ∥BD(1/2 + x+ it)∥L2(F(X)). Proposition 5.4 bounds u(0, t) by Q0 = 1

2 log(C ′H20) for |t| ≤ h.
Choose B0 ≥ 16C0/κ0, where u ≤ C0H − κ0xL follows from (5.23). The subharmonic function
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u−Q0 + (κ0/2)Lx is nonpositive on the two vertical sides of (0, b) × (−h, h) and at most C0H
on the horizontal sides. Their harmonic measure satisfies

p(x, t) =
∑

n odd

4
πn

sin(nπx/b) cosh(nπt/b)
cosh(nπh/b) ≤ 9x

b
e−πh/(2b) (|t| ≤ h/2).

Since h/b → ∞, it follows that

E|BD(1/2 + x+ it)|2 ≪ H20e−κ0xL/2 (0 ≤ x ≤ b, |t| ≤ h/2). (5.24)

Submean disks of radius σ/4 centred at zeros with σ < β ≤ 2σ, |γ| ≤ T , lie in 3σ/4 ≤ x ≤ 9σ/4,
|t| ≤ T + σ/4. Integrating (5.24) gives probability

≪ H20(1 + T/σ)e−cσL (5.25)

provided this rectangle lies in the preceding one.
Take ac = AcH/L with Ac = (K + CG + 2)/cG and increase B0 to at least 8Ac. Zeros with

β > ac cost O(e−KH) by the coarse detector. Below ac use bins j/ℓ < β ≤ (j + 1)/ℓ, j ≥ 2,
and height 2(T∗ + ℓ−1e3(j+1)) in (5.25). If 2/ℓ ≥ ac there are no such bins. Otherwise their
nonconstant heights have logarithm −H + log r + 3AcH/r +O(1) = −H + o(H) and hence are
o(h). The sum is bounded by CH20(1 + T∗ℓ)

∑
j≥2(1 + e3(j+1))e−crj , which proves (5.21). For

the wedge use the same high-zero cutoff and, below it, the bands σ = 2j−1ν/L, T = 4σ. Their
geometric sum proves (5.22). □

We next derive the Hecke-family detector from the precise range of Gao’s mollified moment.
Fix κ = 10−3, m = 1/2 − 5κ, b = 1/2, M = Xm, and the cubic flat cutoff Q used above, with
join at b. The mollifier is the sum over primary Gaussian integers n ≡ 1 (mod (1 + i)3), with
coefficient µK(n)Q(log(M/Nn)/ logM) and denominator (Nn)s. For a fixed nonnegative weight
Φ on [1, 2], let W (z) = EΦ|Ld(1/2 + z)Md(1/2 + z)|2. Gao’s Proposition 3.5 [14] states, with
z = τ + it, L0 = log(32X/π2),

W (z) = 1+
{

1 − e−2τL0

2τmL − e−τL0 sin(tL0)
tmL

}∫ b

0
e−2τmL(1−v)

∣∣∣∣Q′(v) + Q′′(v)
2zmL

∣∣∣∣2 dv
+OΦ(X−κ−ϵ + e−2m(1−b)τL|z|6L5), (5.26)

for fixed ϵ > 0, τ ≥ −1/(ϵL) and ϵ/L ≤ |z| ≤ κ. Quotients at zero are interpreted by continuity.
This is the second moment of LM , not of LM −1. Put η0 = m(1− b). For τ ≥ 1/L, the prefactor
is nonnegative and bounded: use sinh y/y ≥ 1 and sin y/y ≤ 1. Since |z|L ≥ 1, the integral is
O(e−2η0τL), and the τ6L5 part of the error is absorbed into that exponential. Consequently

|W (τ + it) − 1| ≪ (1 + |t|6L5)e−η0τL +X−κ. (5.27)

In particular the loss is logarithm-free only at height |t| ≤ L−5/6.

Lemma 5.6. There are fixed positive σ0, τ0, c such that

EDX
N(σ, T ) ≪ (1 + TL)(1 + T 6L5)e−cσL (4/L ≤ σ ≤ σ0, 0 ≤ T ≤ τ0). (5.28)

For every fixed α > 0 there is θα > 0 such that

PDX
{N(α,Xθα) > 0} ≪ X−cα . (5.29)

Also, for 8 ≤ ν = o(L), the probability of a zero with β > ν/(2L), |γ| ≤ 2β is

≪ νe−cν +X−c0 . (5.30)
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Proof. We spell out the application of Selberg’s rectangle lemma, because discarding its signed
logarithm would lose (5.28). Take λ = η0/100, S = π/(2λ), and rectangle half-height h = S/L,
with left side 1/2+σ/2 and right side 2. A zero with β > σ and |γ− t0| ≤ h/2 contributes at least
4h cos(π/4) sinh(λσL/2). On each boundary average the signed log |LM | and use EΦ log |LM | ≤
1
2 logW ≤ 1

2 |W − 1|. The left side is bounded by Ch{(1 + (T + 2h)6L5)e−η0σL/2 + X−κ}. On
the horizontal sides split the offset u into [σ/2, κ/2], [κ/2, .6], and [.6, 1.5]. The first uses (5.27)
and integrates to C(1 + (T + 2h)6L5)L−1e−η0σL/2 plus a fixed power error. On the second use
Gao’s Proposition 3.2 with a fixed ϵ0 < η0κ/100:

|W (u+ it) − 1| ≪ Xϵ0{e−2η0uL + e(η0(1/2−u)−1/2)L}.

After multiplication by the boundary weight eλuL both exponents are negative fixed multiples of
L. For the last interval the flat mollifier gives directly |LM(1/2 + u+ it) − 1| ≪ Le−η0(u−1/2)L.
It also makes LM zero-free near the right edge and gives | logLM(2 + it)| ≪ Le−η0L. Thus the
last interval and the right edge contribute fixed negative powers of X. Divide by the zero weight
and cover [−T, T ] with O(1 +TL) rectangles. Shrinking fixed σ0, τ0 absorbs all these fixed-power
errors and proves the weighted form of (5.28). Two fixed plateaus at scales 5X/6 and 10X/9
remove the weight; using 4/L in the stated lower endpoint allows for the bounded change of
logarithmic scale. The denominator is still |DX |.

For (5.29) a polynomial height bound is needed, rather than the compact-height statement
of Proposition 3.2 alone. Its proof, using Gao’s Lemmas 2.7–2.8, decomposes B = LM − 1 as
T1 − T2. The large sieve gives E|T1|2 ≪ Xϵe−2η0uL uniformly in the phases n−it. The second
term is a Mellin integral on ℜw = −u; the inverse Mellin weight is e−Nn/X . For α/2 ≤ u ≤ .7,
the fourth-moment bounds

E|L(1/2 + iv)|4 ≪ Xϵ(1 + v2)1+ϵ, E|M(1/2 + iv)|4 ≪ Xϵ(2 +M2/X)

and gamma decay imply E|T2|2 ≪ X−2u+ϵ(1 + |t|)4. Hence E|B(1/2 + u + it)|2 ≪ Xϵ(1 +
|t|)4e−2η0uL. Cover β ≥ α, |γ| ≤ T by Oα(T + 1) submean disks of fixed radius α/8. Since
B = −1 at an L-zero, the probability is at most CαX

ϵ−η0α(1 + T )5. Take ϵ = θα = η0α/100. For
larger fixed u the deterministic right-hand estimate applies. This proves (5.29).

Finally take β0 < min(σ0/2, τ0/16). The part β > β0 of the wedge is controlled by (5.29).
Below it use the bands bj = 2j−1ν/L, with height 8bj , in (5.28). Writing vj = bjL, their bound
is Cvj(1 + v6

j /L)e−cvj ≪ Cvje
−cvj/2. Its geometric sum proves (5.30). □

For the weight family the needed zero density is a direct literature input. Hough’s Main
Theorem 1.1 [15] states, for some sufficiently small fixed positive θ, δ,

EHk
N(σ, T ) ≪ T log k e−θσ log k,

2
log k < σ < 1

2 ,
10

log k < T < kδ. (5.31)

Its measure is unweighted and its range includes all even weights. Set L = log k. Binning β into
intervals of length 1/ℓ shows that, for r = L/ℓ → ∞, ℓ → ∞, T∗ ≤ 1,

P{∃ρ : β > 2/ℓ, |γ| ≤ T∗ + ℓ−1e3ℓβ} ≪ (T∗L+ r)e−cr. (5.32)

Indeed the jth bin uses Tj = 2(T∗ + ℓ−1e3(j+1)), j ≥ 2. Its smallest height is greater than 10/L,
its smallest offset is greater than 2/L, and its largest height is e3ℓ/2+O(1) = ko(1). Thus every bin
is within (5.31), and summing C(T∗L+ re3(j+1))e−crj proves the assertion. The same estimate
on the bands 2j−1ν/L, with height eight times the offset, proves the wedge bound

P{∃ρ : β > ν/(2L), |γ| ≤ 2β} ≪ νe−cν , ν → ∞, ν = o(L). (5.33)
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5.4. A zero-free complex approximation. Write L = −L′/L. For the rational and weight
families use

Kℓ(z) = eℓz(eℓz − 1)2

ℓ2z3 , Pℓ(s) =
∑

n≤e3ℓ

ΛL(n)wℓ(n)n−s,

where ΛL(pj) = χD(p)j log p in the rational family and ΛL(pj) = Aj(λf (p)) log p in the weight
family, and

wℓ(n) =
(3ℓ− logn)2

+ − 2(2ℓ− logn)2
+ + (ℓ− logn)2

+
2ℓ2 .

The weight lies in [0, 1], is one for n ≤ eℓ, and is zero for n > e3ℓ. The arithmetic norms of Pℓ

are at most Ce9ℓ/2 and Ce7ℓ, respectively. In the second case expand Aj as epj − epj−2 and use
τ(n) ≤ 2

√
n to bound the norm by C

∑
n≤e3ℓ n logn.

The Gaussian Hecke family needs a kernel with stronger vertical decay. Choose a fixed τ > 0
smaller than τ0/10, put a = 4/τ , kℓ = ⌊ℓ/a⌋, and define

K∗
ℓ (z) = Kℓ(z)

(sinh(az/2)
az/2

)kℓ

. (5.34)

If U1, U2 are uniform on [0, ℓ] and the Vj are uniform on [−a/2, a/2], then K∗
ℓ (z) = EeV z/z

for V = ℓ + U1 + U2 +
∑
Vj ∈ [ℓ/2, 7ℓ/2]. Thus its Dirichlet weight w∗

ℓ (n) = P(V ≥ logn) is
nonnegative, at most one, equals one up to eℓ/2, and vanishes above e7ℓ/2. The corresponding
ideal polynomial P ∗

ℓ has arithmetic norm at most Ce8ℓ. The kernel satisfies

|K∗
ℓ (u+ iv)| ≤ 4

ℓ2|u+ iv|3

{
e7ℓu/2, u ≥ 0,
eℓu/2, u ≤ 0.

(5.35)

Moreover, for β ≤ β0 = τ/1000, δ ≥ 0, |v| ≥ τ ,

|K∗
ℓ (β − δ + iv)| ≤ 4e−ℓδ/2−τℓ/20

ℓ2|v|3
(τ/|v|)kℓ . (5.36)

Indeed the extra factor is at most {1
2e

a|u|/2τ/|v|}kℓ and kℓ ≥ τℓ/8 for large ℓ. The loss 7β0ℓ/2 is
smaller than the gain from 2−kℓ .

We use the following basic analytic facts in their unconditional form. The primitive completed
functions are entire of order one, their zeros are in 0 ≤ ℜs ≤ 1, and their real functional equations
pair ρ with 1 − ρ and ρ̄. These facts follow from the usual theta-integral continuation for the two
degree-one families, and from the Mellin integral of the cusp form in the weight family. Euler
coefficients bound the function on a right-hand line; the functional equation, Stirling’s formula
and the maximum principle give polynomial bounds on every fixed vertical strip. Jensen at
2 + iT , with inner radius 3 and outer radius 4, then gives

#{ρ : |ℑρ− T | ≤ 1} ≪ log(Q(|T | + 2)) (5.37)

in the degree-one families. The lower bound at the centre of the Jensen disk is supplied by
the absolutely convergent Euler product. For weight k, the same bound is O(log(k + |T | + 2));
alternatively take the real part of the completed logarithmic derivative at 2 + iT , where each zero
in the indicated band has weight at least 1/5 and the Euler logarithmic derivative is bounded.

Writing z = s− 1/2, the order-one product and functional equation give

L(1/2 + z) = B(z) − m0
z

−
∑
α∈P

2z
z2 − α2 . (5.38)
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Here m0 is the central multiplicity, P contains one representative of each pair of noncentral
completed zeros, and

B(z) =


1
2 log(|D|/π) + 1

2ψ((1/2 + aD + z)/2), χD,
1
2 logQd + ψ(1/2 + z) − log(2π), K,

ψ(k/2 + z) − log(2π), Hk.

In particular B = O(L) near z = 0. The paired series and its inverse-square tail converge by
(5.37). For root number −1, the completed function is zm0 times an even nonzero function at
zero, with m0 odd; its logarithmic derivative is still odd after the m0/z term is retained. No
assumption m0 = 1 has been made.

The contour formula is
L(s) = Pℓ(s) +

∑
ρ

Kℓ(ρ− s) + Etr(s), (5.39)

with starred versions for K. Start the convolution integral on ℜz = 2, so that its Dirichlet series
is absolutely convergent. Move left across the completed zeros and the gamma poles, using
horizontal edges a distance ≫ 1/ log(Q(2 + T )) from zero ordinates. The local count (5.37) and
the order-one product bound the logarithmic derivative there by a fixed power of the logarithm.
The kernels have vertical decay |z|−3, or |z|−3−kℓ . The functional equation on left vertical edges,
chosen a fixed distance from gamma poles, and exponential kernel decay let the edges tend to
infinity. The residue of −L′/L at a zero is its negative multiplicity; consequently the sign in
(5.39) is positive when the argument is ρ − s. This also fixes the sign if the denominator is
instead written (s− ρ)3. The trivial-zero contribution is O(ℓ−2e−ℓℜs) in the unstarred cases, and
O(ℓ−2e−ℓℜs/2) in the starred case. For the latter the gamma poles are 0,−1,−2, . . .; a completed
zero at a boundary point, if present, is counted separately with its multiplicity.

Lemma 5.7. For the rational and weight families, outside the detector in Lemma 5.5 or (5.32),
the function L is zero-free at s = 1/2 + δ + it, simultaneously for |t| ≤ T∗, 4/ℓ ≤ δ ≤ 3/2, and

L(s) = Pℓ(s) +O
(
e−δℓ{L+ |Pℓ(1/2 + 4/ℓ+ it)|}

)
. (5.40)

For K, outside a set of probability
C(T∗L+ r)(1 + T 6

∗L
5)e−cr + CX−c0 , r = L/ℓ → ∞, T∗ ≤ τ/4, (5.41)

the analogous assertion holds for 8/ℓ ≤ δ ≤ 3/2, with P ∗
ℓ and e−δℓ/2 in place of Pℓ and e−δℓ. If

T∗ ≤ L−5/6 the factor 1 + T 6
∗L

5 in (5.41) is bounded.

Proof. At the anchor s0 = 1/2 + a+ it, set S0 =
∑

ρ a/|s0 − ρ|2 and T0 =
∑

ρ(a− β)/|s0 − ρ|2.
The ratio of the contribution of a horizontal pair to T0 and to S0 is

a2 + (γ − t)2 − β2

a2 + (γ − t)2 + β2 ≥ 3/5

whenever |β| ≤ a/2 or |γ − t| > 2|β|. For a = 4/ℓ, the unstarred detector gives exactly these
alternatives. In the variables A = ℓa = 4, B = ℓβ, C = ℓ(γ− t), the sum of the three exponential
terms in Kℓ divided by the anchor summand is, for B ≤ 2, at most

2
A2 (e−A/2 + 2e−A + e−3A/2) < 1/32.

For B > 2, |C| > e3B and it is at most (e−2A + 2e−5A/2 + e−3A)/A < 1/32. The real part of
(5.38) and (5.39) therefore absorb the zero sum with coefficient 3/5 − 1/32 = 91/160, giving
S0 ≪ L+ |Pℓ(s0)|. At a rightward point with A1 = ℓδ ≥ 4, the same comparison gives Ce−A1

times the anchor sum: if B ≤ 2 use |s− ρ| ≥ |s0 − ρ| and ℓ|s− ρ| ≥ A1/2; if B > 2 use |C| > e3B
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to remove the positive exponential. This proves (5.40). The inequalities hold up to δ = 3/2; this
endpoint is useful for the first complex disks.

For the starred kernel exclude the following two sets of zeros:

4/ℓ < β ≤ β0, |γ| ≤ T∗ + min(τ, ℓ−1e4ℓβ),
β > β0, |γ| ≤ Y = Xθβ0 .

The second has probability O(X−c0) by (5.29). Apply (5.28) to the first in bins j/ℓ < β ≤ (j+1)/ℓ,
j ≥ 4. Their heights are at most 2(T∗ + min(τ, ℓ−1e4(j+1))). The two prefactors are bounded by
C(T∗L+ r)e4(j+1) and C(1 + T 6

∗L
5)(1 + r6/L)e24(j+1). The geometric sum and r → ∞ absorb

1 + r6/L, proving (5.41).
Now take a = 8/ℓ. The pair ratio is again at least 3/5. Zeros with β ≤ β0, |γ − t| > τ

contribute, by (5.36) and (5.37), O(Le−ℓδ/2−τℓ/20). Those with β > β0 have |γ − t| > Y/2 and
contribute

O
(
ℓ−2e7ℓ/4−ℓδ/2Y −2 log(QY )

)
≪ Le−ℓδ/2X−c,

because ℓ = o(L). For the remaining zeros put A = 8, and use (5.35). If B ≤ 4 the kernel-to-
anchor ratio is at most 8A−2e−A/4 = e−2/8 < 1/32. If B > 4, then |C| > e4B, and the ratio is
at most 4A−1e−9A/4 < 1/32. The same absorption works. At A1 = ℓδ ≥ 8 the ratio is Ce−A1/2,
using |s − ρ| ≥ |s0 − ρ| in the first case and |C| > e4B in the second. This proves the starred
assertion, including zero-freeness throughout the stated complex region. □

5.5. Model bounds and the central interval. In all three families set

GD(w) = e−wLD(1/2 + e−w), GE(w) = e−w
∑

p,j≥1
ap,j(log p)p−j(1/2+e−w),

with prime ideals and their norms in the Hecke case. In the quadratic cases ap,j = Xj
p ; in the

weight case ap,j = Aj(Xp). The analytic construction, moment bounds and Gaussian comparison
of Lemmas 2.1, 2.2 and 2.4 apply. Here their parameters are

EGE(t) = µ+O(e−t),

Cov(GE(t), GE(s)) = 1
4 sech2((t− s)/2) +O(e−t−s),

µ =
{

1/2, quadratic cases,
−1/2, Hk.

(5.42)

We indicate the checks that distinguish these applications. The prime sum is an analytic L2

martingale; Cauchy’s formula on a slightly larger fixed sector gives local uniform convergence
and derivative moments. Higher prime powers converge absolutely there. The prime number
theorem, or the prime-ideal theorem for the fixed field K, gives

∑
(log p)p−1−z = z−1 + O(1)

and
∑

(log p)2p−1−z = z−2 +O(1) in the required small sectors. The second prime powers have
mean 1 + O(p−1) in the quadratic cases and −1 + O(p−1) by (5.6); these give the two means
in (5.42). The first powers give the covariance. All remaining covariance terms are absolutely
summable. Whole-prime blocks have range at most C|a|(log p)p−1/2−ℜa/(1 − p−1/2−ℜa). The
squared ranges sum to O(1) in each fixed sector, and their cubes sum to O(|a|3). Thus the
moment and Lindeberg estimates also hold for the continuous local laws (5.5).

In particular, for a fixed finite number of points and every q ≥ 2, the normalized model
polynomials have Lq norm O(√q). The same holds for the actual polynomials for fixed q, by the
arithmetic norm estimates above. At an anchor a0 = 4/ℓ or 8/ℓ, the precise bound is

∥ℓ−1Pℓ(1/2 + a0 + it)∥q ≪q 1, (5.43)
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uniformly in the height t; the unnormalized norm is Oq(ℓ). Phases do not affect the range estimates.
Finite-word transfer bounds the error for a product of degree 2m by X−κ exp(Cmℓ+O(m logm)),
with X replaced by k in the weight family. Taylor expansion of eivY to order 2m− 1 then gives
characteristic-function error

2(C|v|/
√
m)2m +X−κ exp(Cm(ℓ+ log(2 + |v|) + logm)). (5.44)

The actual even remainder is transferred before it is bounded; this is why the estimate is valid on
the original family. This is the argument of Proposition 2.16, with the actual arithmetic norms
verified here.

The ternary models have a uniform negative one-point moment, by Lemma 2.7 and Corol-
lary 2.8:

E|GE(t)|−a0 ≤ C (t ≥ log 2) (5.45)
for some a0 > 0. The prime-ideal version is obtained by precisely the same prime-window
argument: the fixed-field prime-ideal theorem counts every logarithmic window, the active local
variances are at least 3/4, and prime ideals of equal norm remain independent. The single
inactive ideal (1 + i) is omitted. No assertion about independence of equal norms is used. For
the weight model the following substitutes suffice:

P(|GE(t) − v| ≤ h) ≪ eth, P(|GE(t) − v| ≤ h) ≪ h+ e−t/4. (5.46)
For the first inequality condition on all primes except 2. If a = e−t and r = 2−1/2−a, its exact block
is a log 2 (rx−2r2)/(1−rx+r2), whose derivative divided by a is log 2 r(1−r2)/(1−rx+r2)2 ≫ 1
on [−2, 2]. The density in (5.5) is bounded, giving density O(a−1). For the second inequality
smooth an interval at width e−t/4 and use the Gaussian comparison; its first three derivative costs
are absorbed by e−t, e−2t and e−3t, respectively. The Gaussian marginal density is bounded.

Take now ν = A
√
H, ∆ = ν/L, with fixed A > 0, and ℓ = L/

√
ν. On an interval c∆ ≤ δ ≤ C∆

the detectors and Lemma 5.7 imply

∥1good δ(L − Pℓ)(1/2 + δ)∥1 ≪ νe−c
√

ν = o(1).
Here (5.43) was used with its normalization. The detector probabilities tend to zero, including
the factor H20 in the rational case. In (5.44) choose m = ⌊ν1/8⌋ and |v| ≤ ν1/64. Then
|v|/

√
m ≪ ν−3/64 and mℓ/L ≪ ν−3/8. The model tail tends to zero, so uniformly in these real

shifts
δLD(1/2 + δ) =⇒ N(µ, 1/4). (5.47)

For U uniform on [1, 2], the same statement implies

P
(
|∆LD(1/2 + U∆)| < e−

√
H) = o(1). (5.48)

To justify the shrinking threshold, first bound it by the probability of a fixed interval of radius ε,
pass to the limit using (5.47), and then let ε decrease to zero. Uniformity for U ∈ [1, 2] follows
from the uniform estimates just proved. No quantitative conclusion is being extracted from weak
convergence.

Proposition 5.8. In each of the three families,
Rmult

L′
D

([1/2, 1/2 + ∆]) = oP(H).

Proof. Remove the wedge exceptional sets in (5.22), (5.30), or (5.33), and, in the rational case,
the O(X−1/2) proportion |D| ≤

√
X. Every remaining zero has |β| ≤ ∆/2 or |γ| > 2|β|. For a

horizontal pair its real resolvent at ∆ is at least
6
5

∆
∆2 + β2 + γ2 .
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This follows by writing D0 = ∆2 +β2 + γ2: the numerator is at least 3D0/5 and the denominator
at most D2

0. Zeros on the symmetry line give nonnegative terms directly. Thus the positive
statistic

KD =
∑

ρ

∆2

∆2 + |ρ− 1/2|2
≤ 5

3∆ℜ{B(∆) − LD(1/2 + ∆)}

has restricted expectation O(ν+ 1) by the anchor estimate and B = O(L). If ND counts the near
zeros |ρ− 1/2| ≤ 12∆ and WD = ∆2∑

|α|>12∆ |α|−2 is over the paired representatives in (5.38),
then ND ≤ 145KD and WD ≤ 145KD/288. All hypotheses of Lemma 3.2 now hold with the
original denominator and its good-set indicator. Using (5.48), that lemma bounds the probability
of a count exceeding ηH by

o(1) + C{ν + 1 + log(ν + 2) +
√
H}

ηH
= o(1).

The central pole m0/z is included in KD and in ND. At a central zero of order m0, the
derivative has order m0 − 1; the lemma counts this contribution. The argument consequently
applies unchanged to every root-number −1 form, without a rank-one assumption. Finally
L′ ̸≡ 0: a quadratic character has an active prime, and for a level-one form λf (2) = 0 implies
λf (4) = −1. □

5.6. The short bridge. We will need a growing-dimensional small-ball test for the weight
family as well as for the ternary models. The following variant makes the necessary hypothesis
on continuous blocks explicit.

Lemma 5.9. Let Y = µ +
∑
ξp ∈ Rr be a finite sum of independent centred blocks, with

covariance cI ≤ Σ ≤ CI and ∥µ∥2 ≤ Cr. Suppose ∥ξp∥ ≤ βp ≤ 1 and, for every h ∈ Rr, the
directional ranges satisfy ∑

p

(
ess suph · ξp − ess inf h · ξp

)2 ≤ C∥h∥2.

For all sufficiently large r, and a sufficiently small fixed ϵ0 > 0, put A0 = tr Σ + ∥µ∥2 and
m = ⌊ϵ0r⌋ and Q(y) = ((A0 − ∥y∥2)/(A0 − 1))2m. Then

1{∥y∥≤1} ≤ Q(y), EQ(Y ) ≤ e−cr + eCr
∑

p

β3
p .

Proof. For sufficiently large r, A0 − 1 ≥ cr/2 and m ≥ 1. The Gaussian calculation is that in
Lemma 2.13: its centred quadratic norm has Lq norm O(√rq + q), so the expected polynomial
is at most 2−2m when ϵ0 is small. For completeness, the replacement argument uses only the
displayed directional-range condition. Hoeffding bounds every mixed partial sum, including
Gaussian replacement blocks, by Eeh·W ≤ eC∥h∥2 . A 1/2-net of the sphere with at most 5r points
gives ∥W∥Lq ≪

√
r + √

q. Write p = 2m and q(y) = A0 − ∥y∥2. The third directional derivative
is

(A0 − 1)−p{p(p− 1)(p− 2)q(y)p−3(−2y · h)3 + 3p(p− 1)q(y)p−2(−2y · h)(−2∥h∥2)}.
Its absolute value is bounded by eCr∥h∥3(1 + ∥y∥/

√
r)2p+3. Taylor’s formula to order two cancels

the matching means and covariances. Independence of the omitted block and the partial sum,
the preceding norm bounds, and ∥gp∥Lq ≪ √

q βp for its Gaussian replacement bound each
remainder by eCrβ3

p . For example the expansion of the power in the derivative reduces to
r−j/2(j + 3)(j+3)/2 ≤ Cj(Cr)3/2 for j = O(r); the polynomial factor is absorbed in eCr. Sum
over the finite blocks. The even power makes Q nonnegative, and A0 − ∥y∥2 ≥ A0 − 1 > 0 on
the unit ball. □
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Put U = H1/4 and choose

u =
{

⌊
√
H⌋, F(X),

⌊H1/8⌋, DX , Hk,
d = H8e2u

L
, ∆ = AU2

L
. (5.49)

Here A will be a sufficiently large fixed constant. The bridge is [1/2 + ∆, 1/2 + e5d].

Proposition 5.10. For this choice of A the multiplicity count on the bridge is oP(H) in all three
families.

Proof. Cover its logarithmic image by half-step cells, with centres tj and δj = e−tj . Extend the
endpoint centres by at most 1/2. The number of cells is n = O(u+ logH) and, writing Sj = δjL,

e−1/2AU2 ≤ Sj ≤ e11/2H8e2u. (5.50)
The required heights are T∗ = 3δj . In the rational and Hecke families these are o(L−5/6), because
δjL

5/6 ≤ exp(−H/6 +O(u+ logH)). Thus every detector is used within its actual height range.
First use ℓj = L/

√
Sj to control large maxima. The detector errors are bounded respectively

by

CH20(1 + 3
√
Sj)e−c

√
Sj + Ce−4H , C(Sj +

√
Sj)e−c

√
Sj + CX−c0 , C(Sj +

√
Sj)e−c

√
Sj .

Their sum over the cells is o(1). The normalized approximation error has every fixed restricted
Lq norm at most CqSje

−c
√

Sj , by (5.43). Cauchy’s formula on fixed disks and the polynomial
moment bounds therefore show that the sum of the positive logarithms of the large disk maxima
has expectation O(n) = o(H).

The small disk maximum requires a longer polynomial. Choose r = ⌊ϵU⌋, with fixed ϵ log 64 <
1/4, put vj = r + log(2 + Sj), and take

ℓ′j = Cyvj/δj . (5.51)
The ratio L/ℓ′j = Sj/(Cyvj) tends to infinity uniformly and is ≫ U after A is chosen. More
precisely,

sup
j

logH + logSj

Sj/(Cyvj) −→ 0.

This follows from the monotonicity of S/(r + log(2 + S)) for large S and (5.50). It is needed
in the rational case, where logSj is not o(r). The detector errors for (5.51), including the H20

factor, again sum to o(1).
Use the Cayley map a(z) = δj(1 + z)/(1 − z) and define

HD(z) = δj

(1 − z)2 LD(1/2 + a(z)), Zk = 2√
k + 1

[zk]HD(z), 0 ≤ k < r.

The map is related to logarithmic time by HD(z) = GD(tj − log((1 + z)/(1 − z)))/(1 − z2). On
|z| ≤ 1/64 the time displacement is at most log(65/63) < 1/8. If the maximum mj of |GD| on
the disk of radius 1/8 is at most e−U , Cauchy’s estimate gives ∥Z∥ ≤ C

√
r 64re−U < 1/4.

Replace LD by the polynomial with cutoff ℓ′j to obtain YD. On |z| ≤ 1/2, ℜa(z) ≥ δj/3 and
|ℑa(z)| ≤ 3δj . Cover the anchor height segment by O(vj) polynomial disks of radius comparable
to 1/ℓ′j . Equation (5.43) and Cauchy’s formula give

E sup
|t|≤3δj

|P (1/2 + a0 + it)|2 ≪ Cyv
2
j (ℓ′j)2.

For fixed large b0, Markov shows that δj sup |P | > eb0vj has probability at most Cv4
j e

−2b0vj ≤
e−b0vj . Choose Cy after b0. The normalized analytic error is then at most Ce−Cyvj/6(eb0vj +Sj) ≤
e−30vj (the denominator 6 allows the starred kernel). Another Cauchy estimate, costing C

√
r 2r,
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gives ∥Z − YD∥ < 1/4. Thus a small actual disk maximum implies ∥YD∥ ≤ 1 outside the stated
exceptional set.

We verify the model-vector hypotheses instead of assuming independent Taylor coefficients.
Expansion of (5.42) under the Cayley map gives

EYk =
2µ12|k√
k + 1

+O(δj2k), Cov(Yk, Yl) = 1k=l +O(δ2
j 2k+l). (5.52)

The squared polynomial-tail contribution is O(r4re−δjℓ′
j/6). Also δ2

j r4r → 0 uniformly. Hence
1
2I ≤ Σ ≤ 2I and ∥µY ∥2 ≤ Cr. For a ternary prime block write ξp = apXp + bp(X2

p − θp).
Odd and even parts are uncorrelated, θp ≥ 2/3 in the rational case and θp ≥ 3/4 for active
ideals. Thus

∑
apa

T
p ≪ I, while the higher-power estimate gives

∑
∥bp∥2 = o(1). Moreover

max ∥ξp∥ ≤ δje
Cr = o(1) and

∑
∥ξp∥3 ≤ δ3

j e
Cr. Lemma 2.13 applies.

For the weight model write instead ξp = apXp + ηp(Xp), with ηp the centred higher powers.
Cauchy’s coefficient estimate on |z| = 1/2 gives

∥ηp∥∞ ≤ bp = Cδj

√
r 2r(log p)p−1−2δj/3, ∥ap∥ ≤ Cδj

√
r 2r(log p)p−1/2−δj/3.

Here
∑
b2

p = o(1). The L2 triangle inequality, used separately at each prime, implies∑
p

EX2
p (h · ap)2 ≤ 2 Var(h · Y ) + 2

∑
p

E|h · ηp|2 ≪ ∥h∥2.

Since EX2
p ≥ 1, the linear Gram matrix is bounded. The directional range is at most 4|h · ap| +

2∥h∥bp, proving the hypothesis of Lemma 5.9. The block envelopes have
∑
β3

p ≤ δ3
j e

Cr and
maximum o(1). Correlation between Xp and its higher powers has not been discarded.

It follows in every family that EQ(YE) ≤ e−cr + δ3
j e

Cr. The polynomial Q has degree 4m, not
2m. The norm of each coefficient coordinate is bounded by C2r exp(CNℓ

′
j) with CN = 9/2, 8, 7

respectively. Consequently its arithmetic norm has logarithm at most

4CNmℓ
′
j +O(mr +m log r +m). (5.53)

Choose constants in this order: the arithmetic exponent κ, then ϵ, then the small ϵ0 in the
polynomial test, then b0, then Cy, and finally A. Indeed,

mℓ′j
L

≪ r(r + log(2 + Sj))
Sj

≪ ϵ2

A
+ o(1).

Increasing A makes the leading term in (5.53) smaller than κL/4, and its remaining terms are
o(L). The arithmetic error is therefore at most X−κ/2 (or k−κ/2). This proves, for every cell,
the small-maximum probability bound Ce−cU + e−H +X−κ/2, including the analytic exceptions
already summed. Its sum over n tends to zero.

On the retained set all depths log+(1/mj) are at most U . Their sum is at most nU = o(H): in
the rational case this is O(H3/4 +H1/4 logH), and in the other cases it is smaller. The large-log
sum has expectation O(n), as proved at the start. The shifted Jensen inequality (R.3) on each
cell now proves the assertion by Markov. The approximation supplies zero-freeness of L on
the surrounding complex disks, so the zeros and multiplicities of GD there are exactly those of
L′

D. □

5.7. The bulk count with retained local moments. We provide the transfer and counting
argument on the unconditional good sets just constructed. In particular an approximation under
GRH is not being used for this step.
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Let d, u be as in (5.49), and set

bH = − log d = H − 8 logH − 2u, ℓB = CyH

d
= CyL

H7e2u
, aH = H1/4. (5.54)

Consider the disks |w − t| ≤ .9 about half-step centres. For a = e−w, ℜa ≥ c+e
−t with

c+ = e−.9 cos(.9) > 0, and |a| < 3/2 for t ≥ log 2. The rational coarse detector, with T∗ = 1,
and the weight detector therefore give one common zero-free event on all disks with centres
log 2 ≤ t ≤ bH . For the Hecke family take first t ≥ t0 = log(16e.9/τ) and use the starred detector
with T∗ = τ/4. In all cases

L

ℓB
= H7e2u

Cy
,

L/ℓB
H

−→ ∞.

This pays any fixed power of L in the detector, including the L5 factor in (5.41) at fixed height.
The anchor line segment is covered by O(ℓB + 1) disks of radius 1/(2ℓB) and slightly larger

disks of radius 1/ℓB. Equation (5.43), finite-moment transfer, and Cauchy’s formula show that

P
(

sup
|t|≤T∗

|P (1/2 + a0 + it)| > Le4H

)
≪ e−7H .

Indeed the second moment costs O((ℓB + 1)ℓ2B) and division by L2e8H gives the assertion since
ℓB ≤ L. For each prescribed fixed E > 0, choose Cy sufficiently large. Lemma 5.7 then gives, on
this common event,

sup
t,w

|GD(w) − e−wP (1/2 + e−w)| ≤ e−EH . (5.55)

In the starred case the exponent in the kernel is halved, which is allowed in the choice of Cy.
The squared random tail is O(e−cℜ(a)ℓB ); its L2 norm has half this exponent, again paid by the
same choice. For every fixed q the normalized actual polynomial moments are bounded, since
qℓB = o(L). Applying Cauchy’s formula to each good path and then taking expectations bounds
all fixed moments of maxima and fixed derivatives on the smaller disks. These are restricted
moments with the original denominator.

In the Hecke family the fixed interval [log 2, t0 + 2] is treated without using a shrinking-height
detector. Let a∗ > 0 be a lower bound for ℜ(e−w) on its disks, and take α = a∗/2 in (5.29).
Outside probability O(X−c), zeros with β ≥ α have ordinate larger than Y = Xθα . Use the exact
starred identity with ℓ = CyH. Zeros with β < α contribute at most Cℓ−2Le−a∗ℓ/4, by (5.37) and
the negative-real kernel bound. The others contribute at most Cℓ−2e7ℓ/4Y −2 log(QY ) = O(X−c).
Thus (5.55) and its moment consequences hold on these finitely many disks as well, with constants
depending on t0.

We next control the lower tails of their small-disk maxima. Write mj = max|w−tj |≤1/8 |GD(w)|
and vj = log+(1/mj). A convenient nonnegative majorant is

gn(x) = exp(1 − e2nx2/4), 1{|x|≤e−n} ≤ gn(x).

Its Fourier transform has bounded normalized L1 norm, and its tail outside |v| ≤ CE

√
Hen is

O(e−EH). For the two quadratic models (5.45) gives Egn(GE(t)) ≪ e−a0n. Use m = ⌈H4e2u⌉ in
(5.44), for every n ≤ u. Uniformly over the disks,

|v|√
m

= O(H−3/2), mℓB
L

= O(H−3), m(u+ logH) = o(L). (5.56)

Thus the finite Taylor error and the arithmetic norm error are smaller than every fixed negative
power of eH . The Lipschitz cost O(en) in (5.55) and in the random tail is also absorbed. Positivity
permits us to drop the good-set indicator when bounding the polynomial majorant, giving

P(good, vj ≥ n) ≪ e−a0n +O(e−EH), 1 ≤ n ≤ u. (5.57)
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For the finitely many Hecke front disks, the same calculation uses mℓ/L = O(H5e2u−H) → 0.
Retain only samples with all these depths below u. The discarded probability is O(He−a0u) +
o(1) = o(1). Summing the truncated tails in (5.57) gives uniformly bounded restricted fourth
moments of vj . The shifted Jensen inequality, the positive maximum moments, and Cauchy’s
formula therefore give

E[1retainedN
4
j ] ≪ 1, E[1retained sup

[tj−1/4,tj+1/4]
|G′′

D|8] ≪ 1, (5.58)

where Nj is the multiplicity count on the half-cell. In particular the fixed Hecke front interval
has count OP(1).

The weight model requires a separate early interval because the first bound in (5.46) grows with
t. On [log 2, aH + 2] use dF = e−aH−3, ℓF = CyH/dF , and cap vF = 4aH . Use m = ⌈H4e2vF ⌉
for its depth tests. Then mℓF /L = O(H5e9aH+3−H) → 0, and the other two Taylor budgets are
as in (5.56). The first estimate in (5.46) gives

P(good, vj ≥ n) ≪ min(1, etj−n) + e−EH .

The union of the early cap failures is O(aHe
−3aH+3) + o(1), and the restricted expected depth is

O(1 + tj). Jensen summed over the early cells gives expected count O(a2
H) = O(H1/2) = o(H).

On the late interval [aH −2, bH −2] use ℓB and cap u. The second estimate in (5.46) gives instead
P(good, vj ≥ n) ≪ e−n +e−tj/4 +e−EH . Its union of cap failures is O(H(e−u +e−aH/4 +e−EH)) =
o(1), and its restricted fourth depth moment is bounded by C + Cu4(e−aH/4 + e−EH) = O(1).
Thus (5.58) holds on the late interval also in the weight family. No uniform negative moment for
the weight model has been assumed.

Proposition 5.11. For each family and each fixed η > 0, outside a proportion oη(1), both the
distinct and the multiplicity counts on [1/2 + e2d, 1] are between (c∗ − η)H and (c∗ + η)H.

Proof. Work on the retained set just constructed, putting the real process equal to 1 on its
complement whenever a bounded sign test is used. Its exceptional probability tends to zero. The
counts on the time interval before aH are oP(H): for the quadratic cases this follows from (5.58)
and O(aH) cells; for weight it was proved separately above.

For at most four time points in [aH , bH − 2], Taylor transfer with m = ⌈H4⌉ and Fourier
cutoff H, followed by fixed smooth Fourier approximation, gives uniform convergence of bounded
smooth tests to the Gaussian process

G(t) = µ+ 1
2g(t), Eg(t)g(s) = sech2((t− s)/2).

The budgets are H/
√
m = H−1 and mℓB/L = O(H−3e−2u). The model Gaussian comparison

is uniform since the smallest time tends to infinity. Repeated and arbitrarily close points are
allowed: no inverse covariance matrix enters the smooth comparison. To pass to signs, truncate
values at height K, costing O(K−2), and smooth the sign at width ε, costing O(ε) + o(1) by the
Gaussian marginal density. Let X or k tend to infinity first, then K → ∞ and ε → 0. Thus
two-point and four-point strict-sign tests converge uniformly.

Fix a small mesh h > 0. Choose a deterministic offset, depending on the finite arithmetic
family if necessary, so that no retained function vanishes at an internal mesh point. This is
possible because there are finitely many functions and each has only finitely many zeros on the
compact interval. Let Sh count crossing cells. The two-point convergence and stationarity give

ESh

H
−→ p(h)

h
, p(h) = P(G(0)G(h) < 0). (5.59)

For pairs of cells separated by at most R there are only Oh(H(R + 1)) pairs. For the others
the off-diagonal Gaussian covariance block is O(e−R). Interpolate this block for smoothed sign
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tests. Gaussian integration by parts bounds the difference from the product of expectations by
O(ε−2e−R); the four marginal smoothing strips cost O(ε). With ε = e−R/3 the total is O(e−R/3).
The uniform four-point arithmetic convergence now implies

lim sup
X→∞

Var(Sh/H) ≪h e
−R/3.

Let R → ∞. The same statement holds with k as the family parameter. Therefore Sh/H −
p(h)/h → 0 in probability.

It remains to recover all multiplicities from mesh signs. If a cell of length h contains at least
two zeros counted with multiplicity, Rolle’s theorem, including a repeated zero, gives

|GD(tleft)| ≤ h2 sup
I

|G′′
D|.

Set K = h−1/4. One-point transfer and the second bound in (5.58) imply

P(retained, NI ≥ 2) ≪ h7/4 + h2 + o(1).

Hölder and the first bound in (5.58) give E[1retainedNI1NI≥2] ≪ h21/16 + o(1), uniformly over
cells. Summing O(H/h) cells bounds the expected multiplicity excess by CHh5/16 + o(H). Cells
meeting the two ends cost OP(1) by the same local moments. A cell with one simple zero has a
strict sign change, while all failures of this correspondence are bounded by the preceding excess.
Hence the distinct and multiplicity counts, divided by H, differ from Sh/H by a quantity with
expectation at most Ch5/16 + o(1) on the retained set.

Finally the Gaussian calculation (2.13), with the parameters of (5.42), gives p(h) = c∗h+O(h3).
The sign change µ = 1/2 to −1/2 does not alter this probability. Choose h sufficiently small for
the prescribed η, then let the arithmetic parameter tend to infinity. This proves the proposition.
The interval ends at bH − 2 in time, which is exactly the physical lower offset e2d. □

5.8. Assembly and normalization. The three physical intervals
[1/2, 1/2 + ∆], [1/2 + ∆, 1/2 + e5d], [1/2 + e2d, 1]

cover [1/2, 1], with overlap between the bridge and bulk. Propositions 5.8 and 5.10 make the
first two multiplicity counts oP(H), while Proposition 5.11 gives both bulk counts c∗H + oP(H).
An upper bound uses the sum of these three counts; a lower bound uses just the bulk. Thus on
the full closed interval

Rdist(L′) = c∗H + oP(H), Rmult(L′) = c∗H + oP(H).
The deterministic multiplicity/sign inequality of Lemma 4.3 is

2Rdist(L′) −Rmult(L′) − 2 ≤ S−(L′) ≤ Rdist(L′).
The subtraction of two allows for the closed endpoints, and gives the same asymptotic for strict
changes of sign on the open interval.

For the rational family discard |D| ≤
√
X, which is a proportion O(X−1/2) by (5.2). On

the remaining family, H − log 2 ≤ log log |D| ≤ H. Given the requested tolerance, use a
smaller fixed tolerance in the H-normalized statement; the bounded difference is then absorbed
for all sufficiently large X. This proves Theorem 5.1 with the full cumulative denominator,
not a conditional dyadic denominator. For the Gaussian family 128X < Qd ≤ 256X, so
log logQd = H +O(1/L) and |DX | ≍ X. The exact two-label fibers proved after (5.4) preserve
every probability, proving Theorem 5.2 also for distinct characters. The cumulative cutoff follows
by discarding Nd ≤ 2−JY , summing over the remaining J dyadic blocks, and then letting Y → ∞
followed by J → ∞. For the weight family L = log k, so log log(k2) = H + log 2. Its arithmetic
and density inputs were unweighted throughout. Its gamma factor was (2π)−sΓ(s+ (k − 1)/2)



54 HAN YUHYUN

and its root number was ik; the central argument retained the arbitrary central multiplicity for
either sign. This proves Theorem 5.3 along each even residue class modulo four, and hence along
all even weights.

6. Three arithmetic families under GRH

We verify the arithmetic and analytic hypotheses of the preceding transfer results for three real
families. All averages in this section are counting averages. In particular, no harmonic weight,
automorphism weight, or choice of one member of a conjugate pair is implicit. We subsequently
treat complex cubic characters separately; their real zeros are not sign changes of a real-valued
process.

For a real L-function put

AF (pj) = the coefficient of (log p)p−js in − L′
F /LF (s), GF (t) = e−t −L′

F

LF
(1/2 + e−t).

A word W =
∏r

i=1AF (pji
i ) has length r and support cost n(W ) =

∏
i p

ji
i . Factors at the same

prime retain their dependence. We use independent copies of the entire local block at different
primes. The estimates proved below have the form

|EF(Y )W − EWE | ≤ CY −κCr
0n(W )A. (6.1)

For a formal polynomial P =
∑

W cWW , the norm

∥P∥∗ =
∑
W

|cW |C |W |
0 n(W )A (6.2)

is submultiplicative, and the error in its arithmetic mean is at most CY −κ∥P∥∗. Formal words,
rather than their possibly nonunique representations as functions, suffice for this assertion. These
are the inputs of Lemmas 2.14 and 2.15 and Proposition 2.16.

The local parameters needed for the limiting real process are as follows. Here Y is the size
parameter in the second column, QF is the analytic conductor, and g denotes the centered
stationary Gaussian process with covariance sech2((t− s)/2).

Family parameter QF limiting GF (κ,A)
Fixed modular quadratic twists |D| ≍ Y ≍f D

2 −1/2 + g/2 (1/2, 1)
Non-Galois cubic fields |DK | ≍ Y |DK | 1/2 + g/2 (1/6, 1)
Cyclic cubic augmentation qK ≍ Y q2

K g/
√

2 (1/4, 2)

The last exponent is expressed in the conductor parameter Y ; in the discriminant parameter Y 2

it is 1/8.

6.1. Fixed modular forms and all quadratic discriminants. Let f be a normalized primitive
holomorphic newform of even weight k ≥ 2, level N , and trivial nebentypus. Write

f(z) =
∑
n≥1

λf (n)n(k−1)/2e2πinz.

The coefficients are real. No non-CM hypothesis is imposed. At p ∤ N write αp + βp = λf (p) and
αpβp = 1. Deligne’s theorem [12, Théorème 8.2] gives |αp| = |βp| = 1. Hence the logarithmic-
derivative coefficients are

bf (pj) = αj
p + βj

p, bf (p) = λf (p), bf (p2) = λf (p)2 − 2. (6.3)
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The last expression is not the Hecke coefficient λf (p2). At primes dividing N , the local factor is
(1 − λf (p)p−s)−1, where

λf (p) = 0 (p2 | N), |λf (p)| = p−1/2 (p∥N), (6.4)

by [1, Theorem 3]. Thus all the finitely many bad-prime blocks and their derivatives are bounded
on a fixed neighborhood of the real interval [1/2, 1].

Lemma 6.1 (Quadratic averages in a fixed progression). Fix M divisible by 8N , a unit class
a (mod M) with a ≡ 1 (mod 4), and a sign η ∈ {1,−1}. Let D(Y ) consist of fundamental
discriminants satisfying Y < |D| ≤ 2Y , ηD > 0, and D ≡ a (mod M). For p ∤ M let Xp be
independent, with

P(Xp = 0) = 1
p+ 1 , P(Xp = 1) = P(Xp = −1) = p

2(p+ 1) .

At p | M , set Xp = χD(p), the value fixed by the progression. Then, uniformly for all positive
integers n,

ED∈D(Y )χD(n) = EX(n) +OM (Y −1/2n), X(n) =
∏
p

Xvp(n)
p . (6.5)

Also |D(Y )| = cMY +OM (
√
Y ), where cM = M−1∏

p∤M (1 − p−2) > 0.

Proof. Write D = ηd, d > 0, and use µ2(d) =
∑

h2|d µ(h). Since the progression is a unit class,
only (h,M) = 1 occur. Summing h−2 proves the count, with an OM (

√
Y ) error. The part of n

supported on M contributes a fixed factor. Denote the remaining part by n0.
If n0 is not a square, the Jacobi character (·/n0) is nonprincipal modulo n0. For (h, n0) = 1,

its sum on the progression h2r ≡ ηa (mod M) vanishes on each complete block of n0 terms; the
remainder is O(n0). For (h, n0) > 1 the character is zero. Summing h ≤

√
2Y gives OM (n0

√
Y ),

while the random mean is zero.
If n0 is a square, the character equals 1(d,n0)=1. For each h coprime to Mn0, inclusion and

exclusion in r gives the main term
Y

Mh2

∏
p|n0

(1 − p−1)

and an error O(2ω(n0)). Summing h and extending the absolutely convergent main-term sum
gives, after division by cMY , ∏

p|n0

1 − p−1

1 − p−2 =
∏
p|n0

p

p+ 1 .

The error is OM (Y −1/22ω(n0)), which is bounded by the error in (6.5). The signs introduced by
D = ηd are fixed and are 1 in the square case. □

For (D,N) = 1, the primitive twist has conductor QD = ND2 and completion

ΛD(s) =
(√

QD

2π

)s

Γ(s+ (k − 1)/2)L(s, f ⊗ χD),

ΛD(s) = ϵfχD(−N)ΛD(1 − s).
(6.6)

These are entire functions of order one, with the usual fixed-degree polynomial growth in vertical
strips. Both root-number signs are allowed; a forced central zero is dealt with by the central zero
estimate, and is not removed from the family. The primitive twisting statements used here are
[2, §3]; see also the normalization in [24, pp. 1–2].
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Lemma 6.2 (The modular local process). The model of Lemma 6.1 satisfies, with a = e−t,

EGE(t) = −1
2 +Of,M (a), (6.7)

Cov(GE(− log a), GE(− log b)) = ab

(a+ b)2 +Of,M (ab). (6.8)

The estimates extend to fixed closed subsectors of ℜa > 0 in their analytic form. Normalized local
analytic moments of every fixed order are bounded, with constants allowed to depend on the fixed
modulus M . For p ∤M , the full local blocks have a two-atom difference sufficient for the uniform
small-value estimate of Lemma 2.5.

Proof. The Rankin–Selberg prime number theorem of [22, Theorem 2.3], applied to the self-
contragredient representation of f , gives∑

n≤x

Λ(n)|af (n)|2 = x+Of (xe−cf
√

log x).

Deligne’s bound removes the good prime powers of exponent at least two with error O(
√
x log2 x);

(6.4) handles the finitely many remaining primes. Consequently∑
p≤x
p∤N

λf (p)2 log p = x+Of (xe−cf
√

log x). (6.9)

This argument includes CM forms. Partial summation, and the ordinary prime number theorem,
now give∑

p

λf (p)2 log p p−1−z = z−1 +Of (1),
∑

p

λf (p)2(log p)2p−1−z = z−2 +Of (1).

The second formula follows either by differentiating the convergent remainder integral or by a
second partial summation; both are uniform in a fixed closed subsector of ℜz > 0.

For p ∤ M , odd moments of Xp vanish and each positive even moment is p/(p + 1). The
finitely many fixed blocks at p | M contribute Of,M (a) to the normalized mean and zero to the
covariance. The j = 2 terms outside M , by (6.3), therefore have mean −1/(2a) +Of,M (1) before
multiplication by a. The terms j ≥ 4 have bounded total mean. The centered terms with j ≥ 2
have bounded L2 norm before multiplication by a: their individual bounds are Of ((log p)/p),
whose squares are summable. The j = 1 terms and (6.9) give (6.8); covariance cross terms are
summable as well. The bounded independent prime blocks give the fixed-order moment bounds
by the exponential-moment inequality, followed by Cauchy’s formula on a slightly larger sectorial
disc.

For clarity, the atom calculation concerns the full block, not just its first term. Put u = p−1/2−a

and

Bp(x) = (log p) λf (p)xu− 2x2u2

1 − λf (p)xu+ x2u2 .

Then

Bp(1) −Bp(−1) = 2λf (p)u(1 − u2) log p
(1 + u2)2 − λf (p)2u2 . (6.10)

The factor multiplying λf (p)u log p is bounded above and below by positive absolute constants
for p ≥ 2, a > 0. For p ∤M , both atoms have probability bounded below. Although λf (p) can
vanish, (6.9) supplies the required weighted prime mass on dyadic intervals. It is thus unnecessary
to impose a pointwise lower bound on |λf (p)| or to invoke Sato–Tate. □
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Lemma 6.1 and |bf (pj)| ≤ 2 give (6.1) with (κ,A,C0) = (1/2, 1, 2). For a Selberg polynomial
supported on pj ≤ e3ℓ, the norm (6.2) is at most eCf,M (ℓ+1) throughout the fixed region under
consideration. Its normalized 2mth moment is bounded by

(Cf,M

√
m)2m + Y −1/2 exp(Cf,Mm(ℓ+ 1)). (6.11)

Indeed, the random estimate follows from independent bounded prime blocks, and expansion of
the finite power followed by (6.1) proves the arithmetic estimate. This also proves the required
weighted-polynomial input when the number of primes grows; there is no fixed-cylinder restriction.

Proposition 6.3 (All discriminants and coefficientwise twists). The preceding inputs apply to
all signed fundamental discriminants, with L(s, f ⊗ χD) interpreted as the primitive twist and
QD ≍f D

2. They also apply to the coefficientwise twist

Lcoeff
D (s) =

∑
n≥1

λf (n)χD(n)n−s,

using the conductor of its primitive representative as the reference conductor. The GRH assump-
tion is imposed on the primitive twists.

Proof. Let S consist of the primes dividing 2N , and set p∗ = (−1)(p−1)/2p for odd p. The
prime-discriminant decomposition is unique:

D = D2
∏
p|D

p odd

p∗, D2 ∈ {1,−4, 8,−8}.

Separate the factors supported on S, obtaining D = DSd and χD = θχd, where θ = χDS

belongs to a fixed finite set and d is an odd fundamental discriminant prime to S. Successive
prime-primary twists in [2, Theorem 3.2] produce a fixed primitive form fθ of the same weight and
trivial nebentypus, whose level Nθ is supported on S. Uniqueness of the primitive representative
follows from [1, Theorem 4], since its Hecke eigenvalues away from S are λf (p)θ(p). Twisting by
χd is now coprime twisting, so

L(s, f ⊗ χD) = L(s, fθ ⊗ χd), QD = Nθd
2 = Nθ

|DS |2
D2. (6.12)

Partition the remaining d into finitely many unit classes modulo a multiple of 8
∏

p∈S p and
their two signs, and apply the preceding lemmas to fθ. All constants remain fixed. Possible
CM self-twists do not affect this argument: the discriminant labels, which are the objects being
averaged, have a unique decomposition.

The coefficientwise twist differs at only the common ramified primes:

Lcoeff
D (s) = L(s, fθ ⊗ χd)ED(s), ED(s) =

∏
p|(D,N)

Lp(s, fθ ⊗ χd)−1. (6.13)

This is also the depletion assertion of [2, Theorem 3.2]. The local inverse factors have real
coefficients and all reciprocal roots of modulus at most one. After a further finite partition, ED

ranges over a fixed finite set. Its zeros lie in ℜs ≤ 0, and all derivatives of E′
D/ED are bounded

on a neighborhood of [1/2, 1]. Thus it adds Of (|a|), with the same bound for fixed analytic
derivatives, to the normalized process. The Selberg approximation and its moments acquire only
this bounded term; the local limiting law and the bulk small-value and sign comparison estimates
are unchanged. The local Jensen and central estimates apply to the nonvanishing finite factor in
exactly the same way. This proves the required stability, without asserting equality of the two
derivative zero counts or assigning a primitive functional equation to Lcoeff

D ; equivalently one can
apply Proposition 4.4 to each of the finite classes. □
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6.2. Non-Galois cubic fields. Let F±(Y ) be the isomorphism classes of non-Galois cubic fields
K with Y < |DK | ≤ 2Y and prescribed discriminant sign. The standard two-dimensional Artin
representation has

LK(s) = ζK(s)
ζ(s) , QK = |DK |. (6.14)

This Artin L-function is entire of order one unconditionally. Its completion has root number
+1, with archimedean factor ΓR(s)2 for DK > 0 and ΓR(s)ΓR(s + 1) for DK < 0, where
ΓR(s) = π−s/2Γ(s/2). These facts and the local factors below are recorded in [25, Propositions 3.1–
3.2 and (22)]. GRH here concerns LK itself; no auxiliary assumption on ζ is made.

Put Dp = p2 + p+ 1. The five aggregate local types and their limiting probabilities are

Type inverse Euler factor, x = p−s A(pj) probability
(111) (1 − x)2 2 p2/(6Dp)
(12) 1 − x2 1 + (−1)j p2/(2Dp)
(3) 1 + x+ x2 313|j − 1 p2/(3Dp)
(121) 1 − x 1 p/Dp

(13) 1 0 1/Dp

The last two rows include all their local-algebra refinements, also at 2 and 3.

Lemma 6.4 (Uniform cubic-field word averages). For the independent five-state local model in
the table, (6.1) holds on either F±(Y ) with (κ,A,C0) = (1/6, 1, 10).

Proof. Theorem 1.3 and Table 1 of [6] count cubic fields with finitely many local specifications.
In its notation the count up to Y is

A±Y
∏
p∈S

Cp +B±Y
5/6 ∏

p∈S

Kp +Oδ

Y 2/3+δ
∏
p∈S

Ep

 , (6.15)

where

A± = C±
12ζ(3) , C+ = 1, C− = 3, B± = 4K±ζ(1/3)

5Γ(2/3)3ζ(5/3) , K+ = 1, K− =
√

3.

For the five aggregate types, Cp is the displayed probability, the Kp are nonnegative and sum to
one, and Ep ≤ p2/3. We only use these aggregate types; the larger error for an arbitrary single
local algebra is not being suppressed.

Subtracting the formula at 2Y and Y retains the secondary term, with its factor 25/6 − 1.
The positive-discriminant count can include cyclic cubic fields. They contribute O(

√
Y log(2Y )):

their conductor is at most
√

2Y and the number of cubic characters of a given conductor is at
most 2τ(q). Removing them therefore gives the required non-Galois family.

If F depends on the types at S, summing the 5|S| cylinders and using positivity of both
main-term measures yields

|EF±(Y )F − EFE | ≪δ ∥F∥∞
(
Y −1/6 + Y −1/3+δ5|S|(

∏
p∈S

p)2/3

+ Y −1/2 log(2Y )
)
. (6.16)

The secondary term costs ∥F∥∞, not 5|S|∥F∥∞, since the Kp form probability measures. For
a word of length r, ∥F∥∞ ≤ 2r, |S| ≤ r, and

∏
p∈S p ≤ n(W ). Fixing δ = 1/12 in (6.16) proves

the claim. In particular, the secondary term prevents replacing κ = 1/6 here by the exponent
suggested solely by the error in (6.15). □
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Lemma 6.5 (The cubic-field local process). The five-state model has limiting normalized process
1/2 + g/2, bounded analytic moments of every fixed order, and the uniform small-value input
required by the transfer theorem.

Proof. Directly from the table,

EA(p) = p

Dp
, EA(p)2 = EA(p2) = p2 + p

Dp
, VarA(p) = 1 − 1

Dp
− p2

D2
p

. (6.17)

More generally, EA(pj) = [p2(12|j + 13|j) + p]/Dp. The first-prime mean is absolutely summable
after multiplication by p−1/2−a log p. The prime-square mean is 1 +O(p−2), and hence produces
drift 1/2. The first-prime variance is 1 +O(p−2), giving ab/(a+ b)2 +O(ab) for the normalized
covariance. All other mean and covariance terms are absolutely summable. Bounded local
coefficients give the analytic moment estimates as in Lemma 6.2.

The identity and transposition atoms have probabilities at least 2/21 and 2/7, respectively.
Their full normalized block difference is, for u = p−1/2−a,

2a(log p) u

1 − u2 . (6.18)

It lies between 2a(log p)u and 4a(log p)u. This verifies the two-atom hypothesis without a
truncation of the local Euler factor. Lemma 2.5 therefore applies. In its characteristic-function
estimate a valid prime cutoff is P = (CT log2(2T ))1/(1/2+a), where T = 2 + |τ | and τ is the
frequency of the normalized process. Retaining this a-dependence ensures uniformity near the
end of the interval. □

The word norm of a Selberg polynomial is again eC(ℓ+1); Lemma 6.4 thus supplies all polynomial
and characteristic-function comparisons, including a growing set of primes. The functional
equation in (6.14), its fixed gamma parameters, and GRH supply the hypotheses of Lemma 3.1
and the central estimates.

6.3. Oriented cubic characters: a uniform arithmetic lemma. Let C(Y ) be all primitive
Dirichlet characters of exact order three and conductor at most Y . Both conjugates are included.
Let C0(Y ) be its subfamily with conductor prime to 3, and write N,N0 for the two cardinalities.
Put ω = e2πi/3.

Proposition 6.6 (Oriented cubic orthogonality). Let Zp be independent and supported on
{0, 1, ω, ω2}, with

P(Zp = 0) = 1 − θp, P(Zp = ωj) = θp/3 (0 ≤ j ≤ 2),

θp =


9/11, p = 3,
p/(p+ 2), p ≡ 1 (mod 3),
1, p ≡ 2 (mod 3).

(6.19)

Uniformly for every positive integer n,
1

N(Y )
∑

χ∈C(Y )
χ(n) = 1n is a cube

∏
p|n
θp +O(Y −1/4n). (6.20)

The same assertion holds for Y < qχ ≤ 2Y . A mixed word in χ(pj) and χ(pj), of support cost
n(W ), has error O(Y −1/4n(W )2).

Proof. We give the noncube estimate directly, since a splitting-type count alone does not determine
oriented character values. Let O = Z[ω]. By [4, Lemma 2.1 and §2.1], characters in C0(Y ) are
parametrized by primary elements c ≡ 1 (mod 3) that are squarefree, have no rational prime
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divisor, and satisfy N(c) ≤ Y ; the character is (·/c)3. The norm-one parameter is to be removed.
The same source gives the finite-order Hecke character

ψn((c)) = (n/c)3 (c ≡ 1 (mod 3))

of modulus 9nO, nonprincipal when n is not a cube. For a rational positive integer, being a cube
in Q(ω) implies being a rational cube: the valuations above p ≠ 3 are vp(n) and that above 3 is
2v3(n).

We retain the original imprimitive support: the value is zero whenever (c, n) ̸= 1. With R = 9n,
the function f(c) = 1c≡1(3)(n/c)3 is periodic modulo RO, and its sum on a complete residue cell
is zero. Here is the unit convention that justifies the cancellation. The six units of O give the six
distinct units modulo 3. Thus, for U = (O/RO)× and H = ker(U → (O/3O)×), every element
of U is a unique product of a global unit and an element of H. The ray character is trivial on
global units and nonprincipal on U modulo them, so its restriction to H is nonprincipal. The
nonunits contribute zero. This is a statement at modulus 9n, and does not replace its support
by that of a primitive inducing character.

Tiling the disc N(c) ≤ V by cells of RO leaves O(
√
V /R + 1) boundary cells, each containing

O(R2) lattice points. If V ≥ R2 this is O(n
√
V ); if V < R2 use the trivial O(V ) bound. We

have proved, uniformly for V ≥ 1,

Bn(V ) :=
∑

c≡1(3)
N(c)≤V

(n/c)3 ≪ min(V, n
√
V ), n not a cube. (6.21)

We spell out how the restrictions on c affect this estimate. Detect the absence of a rational
prime divisor by rational Möbius inversion, using the unique signed representative d ≡ 1 (mod 3)
of each positive integer |d| prime to 3. For squarefree c = db this imposes (d, b) = 1. Detect
squarefreeness of b by writing b = l2b1 in the ideal notation, using the unique primary generator
of each ideal prime to 3. Finally detect (b1, d) = 1 by ideal inclusion and exclusion over e | (d).
The factors extracted from the cubic symbol have modulus at most one and vanish if they meet
n. In particular, for a rational d prime to n, (n/d)3 = 1: the factors at a split pair are conjugate
and the symbol of a rational numerator at an inert prime is one. Taking absolute values and
discarding additional coprimality conditions gives∣∣∣∣∣∣

∑
χ∈C0(Y )

χ(n)

∣∣∣∣∣∣ ≪ 1 +
∑

d≡1(3)
|d|≤

√
Y

µ2(|d|)=1

∑
e|(d)

∑
l

min
(

Y

d2Ne(N l)2 ,
n

√
Y

|d|
√
NeN l

)
. (6.22)

Only ideals prime to 3 need occur, but dropping this restriction is harmless. Terms whose implied
norm bound is below one are zero.

The number of ideals of norm at most U in this fixed quadratic field is O(U), for example by
counting primary generators in a disc. Set y =

√
Y /(|d|

√
Ne). Splitting the sum over N l at y/n,

partial summation gives ∑
l

min{y2/(N l)2, ny/N l} ≪ ny log(2Y ).

When y < n, the convergent sum of y2/(N l)2 already gives O(y2) ≤ O(ny). The remaining
divisor sum satisfies ∑

d≤D
µ2(d)=1

1
d

∑
e|(d)

(Ne)−1/2 ≪ log(2D). (6.23)
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Indeed the inner multiplicative function has local value (1 + p−1/2)2 at a split prime and 1 + p−1

at an inert prime. Writing this function on squarefree integers as 1∗h, the product
∏

p(1+h(p)/p)
converges. Summing first over the divisor carrying h proves (6.23). Thus

S0(Y ;n) :=
∑

χ∈C0(Y )
χ(n) ≪ n

√
Y log2(2Y ) (n not a cube). (6.24)

For cubes we use only the unconditional counting assertion of [11, Proposition 2.1], specialized
to its family of conductors prime to 3:

N0(Y ) = K0Y +Oδ(Y 5/8+δ),

S0(Y ;n) = K0Y
∏
p|n

p≡1(3)

p

p+ 2 +Oδ(3ω(n)Y 5/8+δ) (n a cube), (6.25)

where
K0 = 2

3L(1, χ−3)
∏

p≡1(3)
(1 − 3p−2 + 2p−3)

∏
p≡2(3)

(1 − p−2) > 0.

The constant is the residue at one of
∏

p≡1(3)(1 + 2p−s); imposing (q, n) = 1 removes the
corresponding Euler factors and gives the displayed local ratios. No noncube character-sum
estimate from that paper is required here.

It remains to include the exact 3-part of the conductor. Let ξ, ξ̄ be the two primitive cubic
characters of conductor 9. Away from 3, a nontrivial primitive cubic local character has conductor
p ≡ 1 (mod 3). At 3 every character of order three factors through modulus 9, and a nontrivial
one has exact conductor 9. Unique factorization into these local characters gives the exact
identities, with b(Y ) = 1Y ≥9,

S(Y ;n) = S0(Y ;n) + [ξ(n) + ξ̄(n)]{S0(Y/9;n) + b(Y )},
N(Y ) = N0(Y ) + 2N0(Y/9) + 2b(Y ). (6.26)

In particular N(Y ) = KY +Oδ(Y 5/8+δ), with K = 11K0/9. If n is a cube, the bracket is 213∤n,
so the normalized local factor at 3 is 1 for 3 ∤ n and 9/11 for 3 | n. If n is not a cube, (6.24) and
(6.26) give the same noncube bound for S(Y ;n). Choose δ = 1/16, use 3ω(n) ≤ n for a cube, and
use Y −1/2 log2(2Y ) ≪ Y −1/4. Dividing by N(Y ) proves (6.20) with one absolute constant for all
n.

Finally, z̄ = z2 for every z ∈ {0, 1, ω, ω2}, including z = 0. Thus a mixed word is χ(nW ) with
nW ≤ n(W )2. This proves the last assertion without any coprimality restrictions. Subtracting
the cumulative formulas at bY and aY proves the same estimates on aY < qχ ≤ bY , for every
fixed 0 < a < b, with constants allowed to depend on a, b and with the actual interval cardinality
as denominator. In particular this gives the stated dyadic versions. For a cyclic cubic field the
discriminant is q2

χ, so a dyadic field-discriminant interval corresponds to a conductor interval
with endpoint ratio

√
2, which is covered by this fixed-ratio formulation. □

For completeness, this lemma also determines joint phases, rather than only joint splitting
types. On the four-point support,

1z=0 = 1 − z3, 1z=ζ = 1
3(z3 + ζ̄z + ζ̄2z2) (ζ3 = 1).

Consequently a phase specification on S has error O(2|S|(
∏

p∈S p)3Y −1/4). The mixed-word
estimate is more efficient for polynomial comparison. It is not valid for an arbitrary selection of
one conjugate from each pair, or for a family restricted to prime conductors, without further
proof.
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6.4. Real cyclic cubic augmentation. Each cyclic cubic field K corresponds to exactly two
primitive cubic characters χ, χ̄ of the same conductor qK . The conductor-discriminant formula
and the abelian factorization give

DK = q2
K , ZK(s) := ζK(s)

ζ(s) = L(s, χ)L(s, χ̄), ΛK(s) = qs
KΓR(s)2ZK(s) = ΛK(1 − s).

(6.27)
Every cubic character is even. Thus ZK is real on the real axis, entire of order one, and
ZK(x) = |L(x, χ)|2 for real x. The reference conductor is QK = q2

K . Its nontrivial zeros are the
union, with multiplicity, of the zeros of the two character L-functions. The GRH assumption on
the primitive cubic characters therefore gives precisely the GRH needed for ZK .

Proposition 6.7. The uniform family of cyclic cubic fields with Y < qK ≤ 2Y satisfies (6.1)
with (κ,A,C0) = (1/4, 2, 2). Its random local model has limiting normalized process g/

√
2, and

satisfies the analytic-moment and uniform small-value inputs. The number of fields of conductor
at most Y is (11K0/18)Y +O(Y 11/16).

Proof. The local coefficients are AK(pj) = χ(p)j + χ̄(p)j . A word of length r expands into 2r

mixed character words of the same support cost. Apply Proposition 6.6. Every field has exactly
two oriented characters and the trace word has the same value on them; division by two in both
numerator and denominator proves the asserted field average and the cardinality formula.

At a prime, the split, inert, and ramified states have respective probabilities θp/3, 2θp/3, and
1 − θp. For 3 ∤ j their coefficients are 2,−1, 0, and for 3 | j they are 2, 2, 0. In particular

EA(p) = EA(p2) = 0, EA(p)2 = 2θp = 2 +O(p−1). (6.28)

The mean starts with j = 3, whose sum is absolutely convergent. The usual prime number
theorem gives normalized covariance 2ab/(a+b)2 +O(ab), and all higher local terms have bounded
unnormalized variance. This proves drift zero and variance parameter two. The moment argument
again uses bounded independent prime blocks. The full split-minus-inert block difference is

3a(log p)u(1 + u)
1 − u3 , u = p−1/2−a,

which is comparable to a(log p)u. Both atom probabilities are bounded below, including at p = 3.
This proves the required small-value hypothesis. Finally, the norm of the Selberg polynomial for
the word cost n(W )2 is still eC(ℓ+1). Hence this larger support exponent does not change the
polynomial-length condition mℓ = o(log Y ). □

Lemma 6.8 (Uniform analytic specifications). Every primitive function used above has an entire
completion of order one. Its gamma parameters belong to a fixed finite set, and on every fixed
strip −B ≤ ℜs ≤ B it satisfies

|LF (s)| ≤ CB[QF (2 + |ℑs|)]CB . (6.29)

The same assertions, with a contragredient functional equation, hold for each individual primitive
cubic character. These statements do not require GRH.

Proof. For the modular and S3 functions, the cited primitive or cuspidal realizations give the
entire completion and its functional equation. The standard finite-order property of cuspidal
standard L-functions is recorded in [23, §2.14.5]; we only use its individual order statement,
not a claim of uniformity in the representation for its displayed strip estimate. For a primitive
nonprincipal Dirichlet character, the theta transformation and Mellin integral prove entireness
and (7.1); see [19, Chapter 11]. Splitting that integral at one and transforming the lower half
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expresses the completion as two integrals over [1,∞). For fixed q, the theta sums there are
bounded by Cqe

−cqy2 . Therefore, on |s| ≤ R, the integrals are at most

Cq

∫ ∞

1
e−cqy2

yR+C dy ≤ exp(CqR log(R+ 2)).

This proves order at most one directly; division by the gamma factor preserves finite order. It
also proves finite order for the real product of two conjugates.

We obtain the required uniformity independently. At a fixed right boundary b > max(B, 2)
the bounded logarithmic Euler coefficients give |LF (b+ it)| ≤ ζ(b)d. At a fixed left boundary
a < min(−B,−1) avoiding the finitely many gamma progressions, the functional equation and
Stirling’s formula give

|LF (a+ it)| ≤ CQ
1/2−a
F (2 + |t|)C .

The contragredient has the same right-boundary Euler bound. Choose a fixed polynomial
(s + c)J , with its zero to the left of the strip, that dominates the latter height factor. The
strip Phragmén–Lindelöf principle applies to LF (s)/(s + c)J : finite order is smaller than the
exponential of an exponential permitted by that principle. The resulting bound depends only
on the boundary constants, and gives (6.29). The individual constants in the initial finite-order
bound do not survive this argument.

Finally Stirling’s formula and the Euler product bound the completion in the right half-plane
by exp(CFR log(R+ 2)) on |s| ≤ R. Use the functional equation in the left half-plane and (6.29)
in the intervening fixed strip. The finitely many apparent gamma poles there are removable and
are filled by the maximum principle. The completion thus has order at most one. Along the
positive real axis LF (σ) → 1 and

log |ΛF (σ)| = (d/2)σ log σ +OF (σ),
so the order is exactly one. For modular twists the gamma shifts are (k − 1)/2, (k + 1)/2; for S3
they are (0, 0) or (0, 1); for the cyclic augmentation they are (0, 0). The finite twist partition
keeps all modular parameters in a fixed finite set. □

Corollary 6.9 (The real-family constants). Assume GRH for the primitive L-functions in the
relevant family. The real-family quantile theorem 4.2 applies to all three families above, and
to both conventions for modular twists in Proposition 6.3. In particular, outside a subset of
density zero, each of the distinct-zero count, the count with multiplicity on [1/2, 1], and the
strict-sign-change count on (1/2, 1) is

(c+ o(1)) log logQF , c =
{
e−1/2/(π

√
2), modular twists and non-Galois cubic fields,

1/(π
√

2), real cyclic cubic augmentation.
The same conclusion holds in cumulative conductor or discriminant families, with their original
counting measure. More precisely, on each dyadic family, put H = log log Y and HF = log logQF .
For each fixed 0 < ε < 1/16, uniformly for H−1/2+ε ≤ z ≤ 1,

P
{

max
C∈{Rdist,Rmult,S}

|C − cHF | > AεzHF

}
≤ Cε

logH
Hz2 . (6.30)

The constants may depend on the fixed modular form or the chosen discriminant sign, but not on
z. The denominator is the cardinality of the original dyadic family.

Proof. The arithmetic word and polynomial estimates, local Gaussian limits, uniform density
inputs, and fixed-degree analytic specifications have all been verified above. The common Selberg
and central estimates under GRH therefore apply. The Rice intensity for a process m/2 +

√
v g/2

is e−m2/(2v)/(π
√

2), giving the displayed constants for (m, v) = (−1, 1), (1, 1), (0, 2). For cyclic
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fields log logDK = log log qK + log 2; for modular twists (6.12) gives the same bounded change.
These changes do not affect the leading term. Cumulative families follow by discarding the
parameters below

√
Y and summing the uniform dyadic conclusions over the rest. All three

L-functions are nonconstant: at an unramified prime the modular first or second coefficient is
nonzero, the S3 first or second coefficient is nonzero, and a cyclic trace is 2 or −1. □

7. Real zeros for individual complex cubic characters

The real augmentation L(s, χ)L(s, χ̄) and the individual complex function L(s, χ) have different
derivative statistics. For the latter we count actual zeros on the real axis, with their complex
analytic multiplicities. There is no sign-change statistic. Throughout this section GRH is assumed
for all primitive cubic Dirichlet L-functions in question. We use the full GRH assumption,
including zeros at all heights.

Let CX = {χ : X/2 < qχ ≤ X, χ primitive of exact order 3}, with both conjugates counted,
and put L = logX, H = log logX, and Hχ = log log qχ. All probabilities below have denominator
|CX |. The standard primitive Dirichlet functional equation is

Λ(s, χ) = qs/2
χ ΓR(s)L(s, χ) = ϵχΛ(1 − s, χ̄), |ϵχ| = 1. (7.1)

The functions are entire of order one and have polynomial growth in fixed vertical strips. Cubic
characters are even, so there is no parity shift in (7.1). Put

Lχ(s) = −L′/L(s, χ), Gχ(w) = e−wLχ(1/2 + e−w).
Under GRH, Gχ is holomorphic on |ℑw| < π/2.

Theorem 7.1 (A sublinear real-zero bound). For every fixed 0 < ε < 1/16 there is Aε such that

Pχ∈CX

{
Rmult

L′(·,χ)([1/2, 1]) > AεH
1/2+ε
χ

}
≪ε

logH
H1/2+ε

+H−2 logH. (7.2)

In particular the distinct and multiple real-zero counts are o(log log qχ) in density. Moreover,
with probability 1 −O(H−3) there are no real zeros of L′(s, χ) in the interval corresponding to

50 logH ≤ − log(s− 1/2) ≤ H − 121 logH. (7.3)
The full-interval estimate also holds in the cumulative family qχ ≤ X. Since conjugates have
identical real zeros with identical multiplicities, the same proportions hold when each conjugate
pair is counted once.

7.1. The two-dimensional random limit. Use the independent variables in (6.19) and define,
in ℜa > 0,

GE(a) = a
∑

p

∑
j≥1

Zj
p(log p)p−j(1/2+a).

The centered prime-linear series converges locally in L2; its analytic version follows from Cauchy’s
formula on compact discs. The mean and all higher-prime-power remainder series have the
convergence asserted in the next lemma. We distinguish the covariance from the pseudocovariance
of complex random variables.

Lemma 7.2 (Complex Gaussian comparison). For positive real a, b,
EGE(a) = O(a),

E[(GE(a) − EGE(a))(GE(b) − EGE(b))] = ab

(a+ b)2 +O(ab),

E[(GE(a) − EGE(a))(GE(b) − EGE(b))] = O(ab). (7.4)
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In the variable t = − log a, the limiting real and imaginary parts are g1/(2
√

2) and g2/(2
√

2),
where g1, g2 are independent copies of g. In particular the limiting one-point covariance matrix
is 1

8I2.
For a fixed collection of d real coordinates of these processes and a C3 test function Φ, let Mj

bound all order-j partial derivatives of Φ, and let b∗ = max ai. Then the random to Gaussian
comparison error is bounded by

C
(
db∗M1 + d2b2

∗M2 + d3b3
∗M3

)
. (7.5)

Normalized analytic suprema and fixed derivatives on fixed sectorial discs have bounded moments
of every fixed order.

Proof. The elementary identities are EZp = EZ2
p = 0 and E|Zp|2 = θp = 1 +O(p−1). The mean

begins at j = 3 and is O(a). For the covariance, the prime-linear terms contribute

ab
∑

p

θp(log p)2p−1−a−b = ab

(a+ b)2 +O(ab).

The error from θp − 1 is absolutely summable. All terms with the sum of the two prime-power
exponents at least three are also absolutely summable. The prime-linear pseudocovariance is
zero because EZ2

p = 0. This proves (7.4). The real and imaginary covariance matrices now give
the stated limit; their cross covariance tends to zero.

For the smooth comparison, regard all the coordinates from a given prime as a single real
vector. Subtract its mean and replace this whole vector by a Gaussian with the same covariance.
A third-order Taylor expansion, with its integral remainder, gives an error at most Cd3M3 times
the sum of third absolute block moments. This sum is O(b3

∗), since
∑

p(log p)3p−3/2 < ∞ and the
higher terms have the same bound. Correcting the mean costs Cdb∗M1. Gaussian interpolation
corrects the O(b2

∗) covariance discrepancy at cost Cd2b2
∗M2. Passing from finite prime sums to

their L2 limit is justified by bounded-derivative truncations; the resulting estimate is (7.5). The
argument never assumes independence of real and imaginary parts at the same prime.

Each real projection of the centered prime sum is a sum of independent bounded variables
whose squared ranges have bounded sum after normalization. The exponential-moment inequality
gives the required fixed-order moments. Apply Cauchy’s formula on a slightly larger disc, then
Minkowski’s inequality, to obtain analytic supremum and derivative moments. □

Lemma 7.3 (Finite characteristic-function comparison). Let Pχ consist of a fixed number of
real and imaginary coordinates of normalized Selberg polynomials with cutoff pj ≤ e3ℓ. Let PE be
the corresponding random vector. If ∥τ∥1 ≤ T and M ≥ 1, then∣∣∣EXe

i⟨τ,Pχ⟩ − Eei⟨τ,PE⟩
∣∣∣ ≤ 2

(
CT√
M

)2M

+ CX−1/4 exp{CM(ℓ+ log(2 + T ))}. (7.6)

The same comparison gives normalized polynomial moments at every fixed complex location in a
fixed sector. At the auxiliary height anchor a0 = 4/ℓ, it gives

∥aPχ(1/2 + a)∥q ≤ Cq, ∥a0PZχ(1/2 + a0 + it)∥q ≤ Cq (7.7)
for fixed q, uniformly in the ranges used below and in |t| ≤ 1. Here Zχ = L(·, χ)L(·, χ̄).

Proof. Expand each real or imaginary coordinate as a linear combination of χ(pj) and its
conjugate. Proposition 6.6 gives the finite-word estimate with support cost n(W )2; the coefficient
cost is at most a fixed exponential in the word length. The norm of each polynomial is eC(ℓ+1).
For the real projection V = ⟨τ,P⟩, the random 2Mth moment is at most (CT

√
M)2M . Transfer

its finite expansion with the word estimate. Taylor’s formula for the real exponential eiV through
degree 2M − 1 has remainder at most |V |2M/(2M)!. The bound (2M)! ≥ (2M/e)2M and the
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polynomial norm give (7.6). No growth bound for an exponential of a complex projection is
used. The same expansion for fixed even moments proves the first part of (7.7). For the second,
apply the trace-word estimate in Proposition 6.7. The factors p−ijt have modulus one; the
sum of squared normalized block ranges is bounded uniformly in t. The arithmetic error is
X−1/4eCqℓ = o(1) for the cutoffs below. □

7.2. Approximation of the actual complex function.

Lemma 7.4 (Complex approximation from a real product). Put ℓ = CyL/H
120, where Cy is

fixed sufficiently large. On the fixed sectorial discs covering [50 logH,H − 121 logH] in the w
variable, the actual process Gχ(w) and every fixed analytic derivative have bounded moments of
every fixed order. More precisely, for a = e−w on a slightly larger such disc,

∥a(Lχ − Pχ)(1/2 + a)∥q ≤ CqH
121e−cCyH . (7.8)

Proof. The contour proof of Lemma 3.1 applies to the individual primitive function in (7.1). The
contour identity itself uses entireness, order one, the functional equation with the contragredient,
and fixed-strip growth; it does not require that this individual function be real on the real axis.
In the notation of that theorem,

Lχ(s) = Pχ(s) +
∑

ρ of L(·,χ)
Kℓ(ρ− s) + Etr,χ(s), Kℓ(z) = eℓz − 2e2ℓz + e3ℓz

ℓ2z3 . (7.9)

The trivial-zero progression is that of an even primitive Dirichlet character, and Etr,χ(s) ≪
ℓ−2e−ℓℜs in the region in use. The horizontal contours and the absolutely convergent tails can
also be chosen using the zeros of Zχ, since this multiset contains the zeros of L(·, χ). More
explicitly, subtract the individual canonical-product logarithmic derivative at 2 + it from that at
σ + it. Its possibly complex exponential constant cancels, and the difference of the terms for
distant zeros is summable with inverse-square decay. The unit-height zero bound inherited from
Zχ permits horizontal lines separated from all these zeros by a fixed multiple of 1/ log(qχ(|t| + 2));
on them the difference is O(log2(qχ(|t| + 2))). The kernel decays as |t|−3. On the left contours
(7.1) reduces the logarithmic derivative to the convergent Euler derivative for χ̄ and the fixed
gamma derivative. These bounds prove the contour limits in (7.9) without a pairing convention
for the individual zeros.

Write s = 1/2 + a+ it with a real, a ≥ a0 = 4/ℓ. Under GRH,∑
ρ of L(·,χ)

|Kℓ(ρ− s)| ≤ 4e−aℓ

ℓ2aa0

∑
ρ of Zχ

a0
a2

0 + (t− ℑρ)2 . (7.10)

Indeed |a+ iu|−3 ≤ [a(a2 + u2)]−1 and a ≥ a0. The sum on the right is a positive statistic for
the real function Zχ. The positivity identity and anchor absorption in Lemma 3.1 bound it by
C(L+ |PZχ(1/2 + a0 + it)|). Since 4/(ℓ2aa0) = 1/(aℓ) ≤ 1/4, we obtain

|Lχ(1/2 + a+ it) − Pχ(1/2 + a+ it)| ≤ Ce−aℓ{L+ |PZχ(1/2 + a0 + it)|}. (7.11)
This step uses neither a ±ℑρ pairing of the individual complex zeros nor a reality assertion for
Lχ.

For complex a in the stated sector, apply (7.11) to its real and imaginary parts and then use
(7.7). The precise normalized bound is

∥a(Lχ − Pχ)(1/2 + a)∥q ≤ Cqe
−ℜ(a)ℓ(|a|L+ |a|/a0

)
.

Put x = ℜ(a)ℓ. On these discs |a| ≪ ℜa, x ≥ cCyH, and L/ℓ = H120/Cy. The last expression is
at most CqH

120xe−x, and hence at most the right side of (7.8). Keeping the product xe−x is
essential to its uniformity over the whole bulk. Pointwise polynomial moments and Cauchy’s
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formula on a slightly larger fixed circle, followed by Minkowski’s inequality, give the supremum
and derivative moments. The quantities with bounded norms in (7.7) are aPχ and a0PZχ ; their
unnormalized versions have scales 1/|a| and ℓ. Nor is the weaker condition ℜ(a)ℓ → ∞ alone
being asserted to suffice for these actual-process moment estimates. □

Lemma 7.5 (Small balls for the arithmetic complex process). Uniformly for t in (7.3),
PX{|Gχ(t)| ≤ H−5} ≪ H−10. (7.12)

Proof. Set r = H−5 and take the nonnegative test fr(x, y) = e2 exp(−(x2 + y2)/r2), which
majorizes the indicator of |x|, |y| ≤ r. For the convention f̂(τ) =

∫
e−iτ ·xf(x) dx,

(2π)−2∥f̂r∥1 = e2, (2π)−2
∫

∥τ∥∞>TF

|f̂r(τ)| dτ ≪ e−c(rTF )2
.

Use TF = H50, M = ⌈H102⌉, and the cutoff in Lemma 7.4. Then

TF /
√
M = O(H−1), Mℓ/L = O(H−18), M log(2 + TF ) = o(L).

Fourier inversion and Lemma 7.3 compare the arithmetic and random polynomials with error
smaller than every fixed inverse power of H. Lemma 7.4, multiplied by the Lipschitz norm O(r−1),
does the same for the actual process. The random tail has bound C(1 + |a|ℓ)e−cℜ(a)ℓ + Ce−cℓ

after normalization, so it has the same property on the specified discs. This is the tail calculation
of Lemma 2.15, applied to the real and imaginary prime blocks: their variance tails are bounded
by the same sum of squared ranges, and their mean tails start at exponent three.

Finally a ≤ H−50, and the derivative bounds of fr are O(r−j). Lemma 7.2 therefore gives
comparison error O(H−45). At one point the limiting vector has law N2(0, 1

8I2) and bounded
density, so Efr ≪ r2. The modulus ball is contained in the square majorized by fr. This proves
(7.12). □

7.3. A grid argument and domination by the real product.
Lemma 7.6 (Bulk exclusion). The probability that Gχ has a real zero in IH = [50 logH,H −
121 logH] is O(H−3).
Proof. Cover IH by O(H) fixed-radius discs. The derivative supremum on each disc has bounded
sixteenth moment by Lemma 7.4. Markov’s inequality and a union bound give

PX{ sup
t∈IH

|G′
χ(t)| > H} ≪ H−15.

A deterministic grid of spacing at most h = H−6 has O(H7) points. If Gχ(t0) = 0 and
the derivative supremum is at most H, a grid point within distance h satisfies |Gχ(tj)| ≤
Hh = H−5, by integration along the real segment. Lemma 7.5 and another union bound give
O(H−15) +O(H7H−10) = O(H−3). Under GRH the denominator L(1/2 + e−t, χ) is nonzero for
finite real t, so these zeros are exactly the zeros of L′(1/2 + e−t, χ) in this bulk. This probability
assertion does not integrate the number or multiplicity of zeros on its exceptional event. □

Lemma 7.7 (Deterministic domination on the real axis). Let f be holomorphic on a neighborhood
of a real interval J , put f#(s) = f(s̄), and suppose (ff#)′ is not identically zero. Then

Rmult
f ′ (J) ≤ Rmult

(ff#)′(J). (7.13)

Proof. At a real point x with f(x) ̸= 0, a zero of f ′ of order k is also a zero of (f#)′ of order
k. Both summands of (ff#)′ = f ′f# + f(f#)′ vanish to order at least k; cancellation can only
increase the order. If f has a zero of order m ≥ 1 at x, then f# has the same order, ff# has
order 2m, and its derivative has order 2m− 1 ≥ m− 1, the order of f ′. Summing these pointwise
inequalities proves the result, including zeros at either endpoint. □
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Proof of Theorem 7.1. Take f = L(·, χ), f# = L(·, χ̄), and Zχ = ff#. Its derivative is not
identically zero: at every prime not dividing qχ, its first logarithmic coefficient is 2 or −1.
Proposition 6.7 and Lemma 7.7 thus apply. Counting characters or their two-element conjugate
pairs gives exactly the same probability for events concerning Zχ.

The front interval in the t variable, [log 2, 50 logH], has length O(logH). Apply Lemma 3.4
to Zχ and cover this front interval by O(logH) fixed discs. On its single retained event RX ,

EX

[
1RX

Rmult
Z′

χ
(front)

]
≪ logH, PX(Rc

X) ≪ H−7.

By Markov and domination, the front count for f ′ exceeds H1/2+ε with probability at most
C(logH)H−1/2−ε + CH−7. This step uses the uniform density of the full random model at the
initial bounded times, not a Gaussian limit that requires t → ∞.

The left-hand interval 0 ≤ s− 1/2 ≤ H121/L is contained in the interval of Lemma 3.3 for the
real augmentation. To display the parameters relevant to the present bound, choose

ν = H1/2+ε/4, ℓc = L/H1/2+ε/8, q = ⌈8/ε⌉, z = H−1/2+ε.

Then zH = H1/2+ε and (ν/(zH))q ≤ H−6. That lemma bounds the combined central and bridge
multiplicity by CεH

1/2+ε except on an event of probability Oε(H−2 logH +H−6). Its reference
conductor is q2

χ, so log log(q2
χ) = Hχ + log 2; this bounded change in H only alters fixed constants.

Domination transfers the same upper bound to f ′, including a possible central zero.
The intervening bulk has no real zeros except on the event in Lemma 7.6. Adding the

three failure probabilities and allowing overlap at the boundaries proves (7.2), since Hχ =
H +O(1/ logX) on this dyadic family.

For qχ ≤ X, discard qχ ≤
√
X, which has O(

√
X) members by (6.26). On all remaining dyadic

blocks log log qχ = H +O(1), the constants are uniform, and the block cardinalities sum to O(X).
Summing their exceptional counts gives the cumulative assertion. Finally, conjugation preserves
each real zero and its analytic multiplicity, proving the assertion about pairs. □

Remark 7.8. Theorem 7.1 is a probability bound for the original family. It does not assert
absence of real zeros on the whole interval, a bounded total count, or a mean bound obtained by
integrating an uncontrolled exceptional tail. In particular its conclusion should not be written as
an asymptotic with zero leading constant. The positive intensity 1/(π

√
2) for Z ′

χ in Corollary 6.9
concerns a different function. The proof of the complex approximation uses full cubic GRH; no
weaker low-height hypothesis is implicit in this section.

8. Numerical diagnostics and reproducibility

The computations in this section are diagnostics, not inputs to a proof. All plotted coordinates
are extracted from saved result files. The source archive contains the CSV files and their SHA–256
provenance manifest. Sampling errors and numerical discretization errors are different quantities;
we report both where relevant. A finite arithmetic census has no sampling standard error, but
still has numerical evaluation and missed-root risks.

8.1. The Gaussian crossing calculation. For the Gaussian process with mean and covariance
corresponding to θ = 1, the two-point crossing probability can be integrated directly. An
independent conditional Monte Carlo calculation used one million independent standard normal
draws, with seed 20261014. Figure 4 compares the two calculations. The same samples were
used at different mesh widths, so the displayed estimates are correlated across widths. At
h = 0.005, quadrature gives 0.13651707788667264; the conditional Monte Carlo estimate is
0.1364148646262289, with standard error 0.00010298793221565028. Comparing 64 and 128
quadrature nodes gives a small numerical discrepancy, not an interval-arithmetic certificate.
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Figure 4. A check of the Gaussian two-point crossing calculation. This is
Gaussian data, not actual arithmetic or an Euler-product simulation. The finite-
mesh bias and Monte Carlo standard error are both visible.

8.2. Local quadratic distributions and finite root counts. The quadratic computation
evaluated all 60 786 nonprincipal fundamental discriminants with |D| ≤ 105. For the local-
distribution comparison we conditioned on χD(2) = 1, giving 10 125 positive and 10 136 negative
discriminants. The random comparison used 20 000 independent Euler samples, primes up to
106, and seed 68120261014, with the same condition at 2. No Gaussian tail was added. Figure 5
uses δ = 1/2; the omitted random prime tail has estimated standard deviation 0.00385, which is
not a certified error bound. For the random empirical CDF, the pointwise sampling standard
error is

√
F̂ (1 − F̂ )/20000 ≤ 0.00354.
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Figure 5. Local distributions at δ = 1/2, conditioned on χD(2) = X(2) = 1.
These finite-conductor distributions need not be Gaussian. Sampling uncertainty
applies only to the random curve; its pointwise standard error is at most 0.00354.
The comparison tests a local statistic and does not test the real-zero asymptotic.

The empirical root counts in Figure 6 agreed on meshes with 64, 128, and 512 subdivisions
and in two winding checks. Selected values were also recomputed at higher precision. These
agreements do not certify all roots or their multiplicities. There are 30 394 positive and 30 392
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negative discriminants. Their recorded mean counts are 0.27406725 and 0.31248355, respectively.
The upper bound log log(105) is only 2.44347036, so these data cannot distinguish the asymptotic
constant from bounded and preasymptotic effects.
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Figure 6. Empirical counts for |D| ≤ 105. Counts at two roots are 3 and 43 in
the positive and negative families and are barely visible at this scale. Sampling
SE is inapplicable to the census; missed-root and finite-precision errors have not
been interval-certified. The available log log range is too small to verify cBM.

8.3. An actual modular twist. For the normalized weight-12 form ∆, an independent Mellin-
integral calculation produced values of the primitive twists at small signed fundamental dis-
criminants. Figure 7 shows D = 17, with conductor 172 = 289. The saved refined computation
used 70-digit arithmetic, 20-point Gauss–Legendre panels of maximum width 0.2, and 128 real
subintervals. Comparison to 45 digits, 12-point panels of maximum width 0.3, and 64 subintervals
gave differences below 2.42 · 10−27 for L and 6.53 · 10−27 for L′ on common points. Separate
high-precision Mellin evaluations checked selected points and bracket endpoints.
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Figure 7. An actual modular twist, sampled at 129 real arguments. The
derivative changes sign between 1/2 and 1/2 + 1/128. This is a numerical bracket,
not an interval certificate or a count of all roots. The calculation is deterministic,
so sampling SE is inapplicable; precision and quadrature comparisons are given
in the text.
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8.4. The cost of eight fixed anchors. Positive definiteness of the two fixed Gram matrices
used in the proof is analytic, but their conditioning explains the size of possible constants. For
the central nodes vj = − log(1 + j/9) and bridge nodes vj = −1/8 + j/36, 1 ≤ j ≤ 8, the matrix
is
(
r(vi − vj)

)
. The smallest eigenvalues are approximately 5.2463 · 10−16 and 5.8477 · 10−22,

respectively. Figure 8 uses the saved 260-digit calculation. Comparison with 180 digits gave
relative changes below 10−159 in the smallest eigenvalues. The central matrix also has an exact
rational LDLT decomposition with positive pivots. Ordinary binary64 arithmetic can incorrectly
return a negative smallest bridge eigenvalue. The bridge eigenvalue calculation itself is not an
interval certificate.
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Figure 8. Eigenvalues of the two fixed 8 × 8 Gram matrices. This deterministic
calculation has no sampling SE. It illustrates large constants in finite-dimensional
small-ball estimates and cannot give an effective conductor threshold for the
arithmetic theorems.

As a separate exact algebra check, enumeration of primitive cubic characters up to conductor
5000 gave 1590 oriented characters and 795 fields. The conductor-9 decomposition and mixed
local words were checked with exact arithmetic. Such finite checks detect normalization or
conjugation errors; they do not prove the asymptotic orthogonality estimate and do not evaluate
actual cubic L-function zeros.

Appendix A. Assembly of the abstract order-of-magnitude theorem

We prove the ideal-family theorem stated with the exact axioms in the transfer section. This
argument is included separately because it yields an exponentially small exceptional proportion
for order-of-magnitude bounds, whereas the exact arithmetic intensities require the more precise
central arguments above. We retain the notation and constants of those axioms. In particular,
the moment for a mollified function is an input, and is not inferred from a functional equation.

Let K be the fixed number field. Different prime ideals are kept as different coordinates even
when their norms coincide. For ideal polynomials the arithmetic norm is

∥P∥ar,λ =
∑
a

|ca|(Na)λ.

It is submultiplicative by ideal convolution. The elementary bound #{a : Na = n} ≤ d[K:Q](n)
gives

∑
Na≤Y 1 ≤ Y (1 + log Y )[K:Q]−1. Thus a Selberg polynomial of logarithmic length ℓ has
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arithmetic norm at most CKe
CK,λℓ. All arithmetic transfers below have error bounded by X−κo

times this norm.

A.1. The zero detector and the off-line anchor. Write LX = logX, H = logLX . The
mollified axiom says that, for 0 ≤ v ≤ 3/2 and real t,

E|LD(1/2 + v + it)MD(1/2 + v + it) − 1|2 ≪ LCm
X (1 + |t|)Cte−κmvLX .

The mollifier is holomorphic in the region in question. If ρ = 1/2+b+iγ is a zero, this holomorphic
expression equals −1 at ρ. In a band a ≤ b ≤ 2a, with height at most Ta = T∗ + ℓ−1e6aℓ, submean
on a disc of radius a/4 bounds the existence indicator by

16
πa2

∫ 9a/4

3a/4

∫ Ta+a/4

−Ta−a/4
|LDMD − 1|2 dt dv.

The rectangle is deterministic and lies in the stated shift range. Taking its expectation gives

≪ LCm
X a−1(1 + Ta)Ct+1e−3κmaLX/4.

For a ≥ L−1
X , T∗ ≤ 1, 8 ≤ ℓ ≤ cℓLX , choose cℓ ≤ κm/[16(Ct + 1)]. Summing dyadic bands proves

P{∃ρ = 1/2 + b+ iγ : b > a∗, |γ| ≤ T∗ + ℓ−1e3ℓb} ≪ LCm+2
X e−cza∗LX . (A.1)

Here L−1
X ≤ a∗ ≤ 1/2. The possible number of zeros and their multiplicities are irrelevant to this

existence bound.
We record the absorption calculation in the presence of off-line zeros. Suppose 4/ℓ ≤ a ≤ 1,

|t| ≤ 1, and there is no zero with b > a/2 and |γ − t| ≤ ℓ−1e3ℓb. Pair the two zeros 1/2 ± b+ iγ;
both real coefficients and the functional equation are used here. The ratio of their real Hadamard
contribution to their positive comparison contribution

∑
a/|1/2 + a+ it− ρ|2 is

a2 + (t− γ)2 − b2

a2 + (t− γ)2 + b2 ≥ 3
5 .

For b ≤ a/2 this is immediate; otherwise ℓb > 2 and the exclusion gives |γ − t| > 2b. Put A = ℓa,
B = ℓb, C = ℓ(t− γ). Dividing the absolute Selberg kernel by the positive comparison term gives

eB−A + 2e2(B−A) + e3(B−A)

A
√

(A−B)2 + C2 .

If B ≤ A/2, this is at most 2A−2(e−A/2 + 2e−A + e−3A/2) < 1/32 for A ≥ 4. If B > A/2,
use |C| > e3B to bound it by A−1(e−2A + 2e−5A/2 + e−3A) < 1/32. The zero sum is therefore
absorbed against its Hadamard real part. At s = 1/2 + a1 + it, a ≤ a1 ≤ 3/2, put Ai = ℓai,
a0 = a, and D2

i = (Ai −B)2 +C2. The ratio of the kernel at a1 to the positive comparison at a0
is at most

D2
0

A0D3
1

{eB−A1 + 2e2(B−A1) + e3(B−A1)}.

If B ≤ A0/2, then D1 ≥ D0 and D1 ≥ A1/2. If B > A0/2, then D2
0 ≤ 2C2 and D1 ≥ |C| > e3B.

These two inequalities give

|LD(s) − Pℓ,D(s)| ≪K e−ℓa1/2{logQD + |Pℓ,D(1/2 + a+ it)|}. (A.2)

When a = 4/ℓ the exponent 1/2 can be replaced by 1. For that improvement use B ≤ 2 in the
first case. It is not valid for a general moving anchor. The zero-excluded ray is nonvanishing by
the exclusion itself.
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A.2. A lower bound without a discrepancy axiom. In H/20 ≤ tj ≤ H/10 and dimension
d ≪ H, choose a rectangle smoothing width η0 = e−H/200, logarithmic length ℓ = CLHe

H/10,
frequency cutoff T = H/η0, and Taylor half-degree M = ⌈H6eH/100⌉. At σy = 1/2 + 4/ℓ,
orthogonality and the second model moment give E|Py(σy)|2 ≪ ℓ2. Hence |Py(σy)| ≤ ℓeKaH

outside probability O(e−2KaH). First fix a required error exponent E, choose Ka > E/2 + 1, and
then choose CL sufficiently large. Equations (A.1) and (A.2) give, outside probability O(e−EH),

max
j

|GD(tj) − δjPy(1/2 + δj)| ≤ C max
j
δje

−δjℓ(ℓeKaH +BLX) ≤ e−E′H ,

where E′ is any prescribed fixed exponent after increasing CL. The random truncation has the
same prescribed L2 accuracy. The finite-word Taylor error is bounded by

X−κo exp{CK,λM(ℓ+ logH +H/200 + 1)} = O(X−κo/2),

because Mℓ = O(H7e11H/100) = o(LX). We give the rectangle recovery to keep its dimension
cost explicit. Truncate all coordinates to [−H,H]. The polynomial moment with order k =
⌊c0H

2⌋, where c0 is sufficiently small, has kℓ = o(LX) and makes the discarded probability
O(de−cH2) + O(e−EH); the model and Gaussian bounds give the same conclusion. For each
truncated interval I convolve its indicator with the centered normal density of variance η2

0,
writing hI = 1I ∗ ϕη0 . Then

|ĥI(τ)| ≤ min(|I|, 2/|τ |)e−η2
0τ2/2, (2π)−1∥ĥI∥1 ≤ CH.

The product test has normalized Fourier norm at most (CH)d and tail mass at most e−H2/8

outside |τj | ≤ H/η0. Its specified derivatives satisfy Mj ≤ Cjη
−j
0 . Smooth Gaussian comparison

has b ≤ e−H/20, so its error is exponentially small even after the factors dj and η−j
0 . To recover

the rectangle, enlarge and shrink each interval by r = Hη0. Gaussian convolution has pointwise
sandwich error O(de−H2/2), and bounded Gaussian marginal densities give boundary cost O(dr).
The approximation error above is paid by the product test’s Lipschitz norm. Combining these
estimates proves discrepancy OK(e−H/400). The truncation treats unbounded sides with the
same constants, so no unbounded-interval Fourier norm is used.

Take J = ⌊κH⌋ disjoint ordered sign pairs with time separation log 4, lying in this window.
The Gaussian covariance has bounded row sum; the smooth oriented-sign count is Lipschitz with
squared Lipschitz norm O(J) and has mean at least cJ , uniformly for θ in the fixed model class.
Gaussian concentration gives at least c′J oriented crossings except on probability e−c′′J . Encode
the admissible sign configurations by at most 9J rectangles. Choosing a sufficiently small fixed κ
with κ log 9 < 1/800 pays the discrepancy sum. Each selected interval lies in the zero-free region
for LD, so either-direction crossing there gives a distinct zero of L′

D. This proves Rdist
D ≥ cH

outside probability O(e−cH).

A.3. Bulk growth with one fixed choice of constants. Fix δ = AH/LX , TX = log(1/δ)
and tj = log 2 + j/2, 0 ≤ j ≤ ⌈2(TX − log 2)⌉. About tj use discs Vj , Uj ,Wj of radii 1/8, 3/4, 4/5.
Put δj = e−tj , cR = e−4/5 cos(4/5) and dR = e4/5 sin(4/5). On Wj the image distance has real
part at least cRδj and imaginary part at most dRδj < 1.

Choose a sufficiently large fixed B+ and put
bj = B+(1 + log+(δj/δ)), ℓj = bj/δj .

Then ℓmax ≤ e1/2B+/δ and
∑

j(1 + bj) = O(H2). Remove the detector events with parameters
(2/ℓj , ℓj , dRδj). Their total probability is O(H exp((Cm + 2 − cA/B+)H)), hence at most e−2H

if A is chosen large enough after B+. The fixed-anchor case of (A.2) gives nonvanishing on
neighborhoods of all the discs.



74 HAN YUHYUN

For the normalized prime polynomials on their boundaries, prime-ideal PNT gives a coefficient
Gram bound ∑

p

|aj,pak,p| ≪K
δjδk

(δj + δk)2 ≪K e−|tj−tk|.

Its row sum is bounded. For any real or imaginary sign choice, pairing of independent symmetric
prime variables bounds the 2mth moment of a sum over d ≤ 3H centers by (Cmd)m. Arithmetic
transfer adds X−κo exp(Cm(log(d+ 2) + CK,λℓmax)). Cauchy’s formula from Wj to Uj costs 16;
representing a sum of absolute values by real and imaginary sign choices costs at most 4d. Thus

E

∑
j

max
Uj

|Pprime
j,D |

2m

≤ 162m4d{(Cmd)m +X−κoeCm(log(d+2)+CK,λℓmax)}.

Choose m = ⌊κ+H⌋ with a sufficiently small fixed κ+. Then mℓmax ≪ κ+(B+/A)LX , so the
arithmetic error is a power saving. Markov at KPH is exponentially small once the fixed KP is
large. Higher prime powers have bounded normalized absolute sum at each center and hence
total O(H).

Cover each auxiliary anchor segment by O(1 + bj) discs of radius 1/(2ℓj). On their larger
circles the real offset is at least 3/ℓj and the squared coefficient sum of P/ℓj is bounded. The
same moment calculation and a union over O(H2) discs give sup |Pℓj ,D| ≤ Hℓj except on an
exponentially small event. Consequently

max
Uj

|GD − Pj,D| ≪ He−cRB+(1+log+ rj){B+(1 + log+ rj) + CArj}, rj = δj/δ.

Because the rj are geometrically spaced and cRB+ > 2, the sum is OA(H). We have proved, on
an event AX with complement O(e−cH),∑

j

Mj,D ≤ K+(A)H, Mj,D = max
Uj

|GD|. (A.3)

A.4. Retained small values and the tip coefficient vector. Put u = ⌊
√
H⌋, δcut =

H8e2u/LX , and retain centers with δj ≥ δcut. For any separated set of retained centers and
depths 1 ≤ nj ≤ u, use the positive test∏

j

exp(1 − e2njx2
j/4).

Writing a factor as gn(x), one has gn(x) ≤ Ca0e
−a0n|x|−a0 , and the product is at least one if all

|xj | ≤ 2e−nj . Its total gradient norm is at most Ced∑
j e

nj . The joint negative moment from
the random section bounds its model expectation by Cd

s e
−a0

∑
nj . Its normalized Fourier norm

is ed, and the tail outside |τj | ≤ CE

√
Henj is at most Cdede−cC2

EH . Choose ℓ = CyLX/(H7e2u),
M = ⌈H4e2u⌉. The frequency sum is O(H3/2eu) = o(

√
M), Mℓ = O(LX/H

3), and M(u +
logH) = o(LX). The required approximation accuracy is fixed before Cy, so its product with
the displayed gradient norm is exponentially small. Detector, anchor, polynomial transfer, and
random truncation therefore prove, for every fixed E > 0,

P{AX , |GD(tj)| ≤ e−nj (j ∈ I)} ≤ C |I|
s e

−a0
∑

j∈I
nj +OE(e−EH). (A.4)

At an unretained center t, put ∆ = e−t, S = ∆LX , and r = ⌊ε
√
H⌋ with a sufficiently small

fixed ε. Thus S > e−1/2AH and ∆ ≤ e−H/2 for large X. Set

a(z) = ∆1 + z

1 − z
, HD(z) = ∆

(1 − z)2 LD(1/2 + a(z)), Zk = 2√
θ(k + 1)

[zk]HD(z), k < r.
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For |z| ≤ 1/64, the corresponding w = t− log((1 + z)/(1 − z)) satisfies |w − t| < 1/16. Hence
maxVt |GD| ≤ e−u forces ∥Z∥ ≤ C

√
r 64re−u ≤ 1/4, if ε log 64 < 1/4.

The analytic covariance calculation in the random section gives, on |z|, |w| ≤ 1/2,

EHE(z) = θ

2(1 − z2) +O(∆), Cov(HE(z),HE(w)) = θ

4(1 − zw)2 +O(∆2).

This covariance is bilinear. Coefficient extraction shows EZk =
√
θ12|k/

√
k + 1 +O(∆2k) and

Cov(Zk, Zl) = 1k=l +O(∆22k+l). The mean is not zero; its squared norm is O(1 + log(r + 1)).
Set v = r + log(2 + S), ℓ = Cyv/∆ and define YD,k by replacing LD with Pℓ,D. Here

ℓ/LX = Cyv/S = o(1). The detector with (∆/100, ℓ, 3∆) fails with probability O(e−2H). Outside
it, the function is nonvanishing on a neighborhood of the closed Cayley disc, permitting coefficient
extraction by Cauchy’s formula. For each |t′| ≤ 3∆, choose the moving anchor

aD(t′) = 2 max
(
{2/ℓ} ∪ {β − 1/2 : β > 1/2, |γ − t′| ≤ ℓ−1e3ℓ(β−1/2)}

)
.

It lies between 4/ℓ and ∆/50. The relevant rectangle is covered by O(v2) discs of radius
1/(2ℓ). Cauchy and the second polynomial moment bound E(∆ sup |P |)2 ≪ v4 + o(1). Thus
∆ sup |P | ≤ ebv except on O(e−bv), for a large fixed b. On |z| ≤ 1/2, ℜa(z) ≥ ∆/3, so the general
anchor estimate (A.2) gives

sup |HD − Hℓ,D| ≪ e−Cyv/6(ebv + CS) ≤ e−30v

after Cy is fixed sufficiently large. Therefore ∥Y − Z∥ ≤ 1/4 outside O(e−cr + e−H); the model
has an arbitrarily small exponential L2 error by the random analytic tail.

The finite model vector is YE = µ+
∑

p[apX(p) + bp(X(p)2 − θp)]. Its covariance is between
I/2 and 2I for large X. Indeed for each unit vector e the difference of standard deviations is at
most (E∥YE −ZE∥2)1/2. The covariance of ZE was already computed. The arithmetic vector YD

is not a sum of independent blocks; it is compared only through its finite polynomial moments.
Coefficient Cauchy bounds give∑

p

∥bp∥2 ≪K ∆2r4r = o(1), βp := ∥ap∥ + ∥bp∥ ≪K ∆
√
r 2r(logNp)(Np)−1/2−∆/3,

and so
∑
β3
p ≤ ∆3eCKr, max βp ≤ 1. Beyond a fixed norm cutoff θp ≥ θ∗/2, the odd coefficient

Gram sum is bounded by 2/θ∗ times the covariance; the finitely many smaller prime ideals
contribute o(1). This verifies the unweighted directional-range hypotheses of the finite-block
polynomial test, including primes with θp = 0.

For m = ⌊ε0r⌋ and AY = tr Σ + ∥µ∥2, the test

Q(y) =
(
AY − ∥y∥2

AY − 1

)2m

is nonnegative and at least one on the unit ball, and its model expectation is O(e−cr + ∆3eCr).
Its use is restricted to sufficiently large r, so AY − 1 ≍ r and m ≥ 1. The arithmetic norm
satisfies

log ∥Q(Y )∥ar,λ ≤ 4CK,λmℓ+OK(mr +m log(r + 1)), mℓ

LX
≪ Cy

(
ε2

A
+ ε log(2 +AH)

A
√
H

)
.

Choose A once, sufficiently large after the preceding constants. Orthogonality then pays this
degree-4m polynomial and proves

sup
j in tip

P{AX ,max
Vj

|GD| ≤ e−u} ≪ e−c
√

H . (A.5)
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A.5. Depth allocation and the bulk upper bound. Let vj = log+(1/mj), mj = maxVj |GD|.
Equations (A.4) and (A.5), summed over O(H) centers, exclude max vj > u at cost O(e−c

√
H).

This exclusion is made only once. Choose a fixed integer q0 with q0/2 at least the negative-moment
separation, q0 > 16, and 3 logCs/q0 < a0/4. In one residue class modulo q0, the number of tip
centers is at most 4u/q0 +O(logH). Hence a capped depth allocation of total N = ⌈H⌉ puts less
than H/2 depth in the tip. Its retained depth is at least H/2, and (A.4) bounds its probability
by e−γH for fixed γ > 0.

Refine to classes modulo q = q1q0. Each class has d∗ = (2/q)H + O(logH) centers. The
number of weak compositions of N into d∗ slots is at most(

N + d∗ − 1
d∗ − 1

)
≤ exp((h(2/q) + o(1))H), h(x) = (1 + x) log(1 + x) − x log x.

Take q1 large enough that h(2/q) < γ/2. If a class has total real depth greater than N + d∗,
flooring the capped depths and then decreasing some of them gives an allocation of total N .
Union over the compositions and the fixed number of classes therefore proves

∑
j vj ≤ CvH

outside O(e−c
√

H).
At a point of maximum modulus in Vj , use Jensen radii 1/2 and 5/8. The outer disc lies in

Uj and the real interval [tj − 1/4, tj + 1/4] lies strictly in the inner disc. The local count is at
most (log(Mj/mj))/ log(5/4) ≤ (Mj + vj)/ log(5/4). The process is nontrivial and holomorphic
there, so mj > 0. Summing and using (A.3) proves the upper bound O(H) for the derivative
roots from 1/2 + δ to 1.

A.6. The central interval and root number. Set s± = 1/2 ± δ. Use two fixed-anchor cutoffs
ℓ0 = 4/δ and ℓ1 = B0/δ, where B0 is a sufficiently large fixed constant chosen before A. Define

Wℓ,D(s) =
∑
p,k≥1

weℓ((Np)k)aD(p)k

k(Np)ks
.

Thus W ′
ℓ,D = −Pℓ,D and Wℓ,D(s) → 0 as real s → ∞. Euler normalization gives LD(s) → 1

there. The detector gives a nonvanishing real ray. Integrate the fixed-anchor approximation
from σi to 2, and then use absolute Euler convergence from 2 to infinity. This determines the
integration constant and gives

log |LD(σi)| = Wℓi,D(σi) +O((|Pℓi,D(σi)| + logQD)/ℓi), σi = 1/2 + 4/ℓi.

The integrated ideal-series tail beyond 2 is at most
∑

Na>eℓi (Na)−2 ≪K e−ℓi(1 + ℓi)[K:Q]−1 ≪K

e−ℓi/2. It is absorbed in the stated error.
At real s+ every even prime power in W is nonnegative; odd powers at least three have a

bounded absolute sum. The prime part U and logarithmic derivative polynomial have moments

E|U |2m ≤ (CmH)m +X−κo/2, E|P (1/2 + v)|2m ≤ (Cm/v2)m +X−κo/2

when mℓi is a sufficiently small fixed multiple of LX . Choose m = ⌊κ∗H⌋ after fixing A,B0.
Markov bounds |U | by K0H and δ|P | by H outside O(e−cH), so log |LD(s+)| ≥ −CLH. For the
logarithmic derivative, the exact anchor inequality needed is

|LD(s+)| ≤ |Pℓ1,D(s+)| + Ce−B0{|Pℓ1,D(σ1)| +BLX}.

If QD ≥ Xb, choose B0 such that the last term involving BLX is at most bLX/16. Then choose
the one fixed A sufficiently large to bound each polynomial term by bLX/16 outside exponentially
small events, yielding

|L′
D/LD(s+)| < b

4LX .
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The functional equation gives the exact identities
L′

D

LD
(s−) = − logQD − γ′

D

γD
(s−) − γ′

D

γD
(s+) − L′

D

LD
(s+),

log |LD(s−)| = log |LD(s+)| + δ logQD +OK(δ).
The compact gamma bounds are part of the analytic axiom. The root sign disappears from both
expressions. Thus L′

D(s−) ̸= 0 and log |L′
D(s−)| ≥ −C∗H. This does not require LD(1/2) ̸= 0.

The central derivative second-moment axiom and Cauchy on the circle |z − s−| = 7δ imply

E max
|s−s−|≤6δ

|L′
D(s)|2 ≤ 7CAe

Cd(A)H .

Choose 2Kc > Cd(A) + 1 and apply Markov. Jensen with inner radius 3δ and outer radius 6δ
then bounds the central derivative count by (Kc +C∗)H/ log 2, outside O(e−cH) +O(X−ηc). The
latter term is the small-conductor exception. Central multiple zeros are included.

Combining the lower bound, bulk upper bound and central upper bound gives the abstract
theorem with exceptional probability O(e−c

√
H). Fix the field, all axiom and model constants,

disc geometry and negative-moment constants first; then B+, B0, ε, ε0, Cy; then one A meeting
all finitely many lower bounds; then the moment proportions and allocation constants; finally
increase X0 to meet the dimension and asymptotic thresholds. There is no later change of A.
On Xb ≤ QD ≤ XB, replacing H by log logQD changes it by a bounded additive quantity. This
completes the proof, for the original probability measure, without converting a weighted average
into an unweighted one.
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