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UNIFORM IRREDUCIBILITY AND GALOIS GROUPS OF GENERALIZED
LAGUERRE POLYNOMIALS

KHAI-HOAN NGUYEN-DANG

ABSTRACT. We prove that the generalized Laguerre polynomial H, s is irreducible over Q and
has Galois group containing A,, for every positive integer s, once n exceeds an effective absolute
constant. Equivalently, every numerator and denominator in the exponential Padé table has these
properties once its own degree is sufficiently large. The exceptional positive integral pairs form
an effectively computable finite set. The proof combines integral traces at degenerate fibers, Padé
resultants, and an energy inequality for Galois-invariant positive semidefinite forms on the roots.

1. INTRODUCTION

A classical theorem of Schur [43] states that the exponential Taylor polynomial
Eo(X) =) T
§=0
is irreducible over Q for every n > 1. One also can determine its Galois group: it is A,, when 4 | n
and S, otherwise [44] (see also [10]).

In fact, Schur family occurs among the generalized Laguerre polynomials. More precisely, we
use the monic normalization

n n B
Hoo(X) =Y (k (WX"F (Do=1,  (=s(s+1)(s+h—-1).  (L1)
k=0
Here n is a nonnegative integer and s may be complex; in particular, Hps = 1. Our main
arithmetic results concern positive integers n, s, for which H,, s € Z[X]. It is also a generalization
of Bessel polynomials (see [26]):
n

m(x) =3 AL (X))

Filaseta proved y, is irreducible over Q for all sufficiently large n in 1995 [21]. After that,
together with Trifonov, they proved the result for every n [24].
Note that the two classical families are the specializations

Hot(X) = nlEn(X),  Huynp1(X) = X"yn(2/X). (1.2)

The second identity uses the usual normalization of the Bessel polynomial [40, (18.34.1)]. Multipli-
cation by a nonzero rational constant and the reciprocal substitution in (1.2) preserve irreducibility
and splitting fields.

Hajir proposed extending these arithmetic properties to every positive integral pair (n,s) [29,
Conjectures 1.1-1.2]. His first conjecture asserts that every H,, s is irreducible over Q. His second
asserts that, whenever H,,  is irreducible, its Galois group contains A,,. We prove both assertions
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in all sufficiently large degrees, with an effective degree bound independent of s, and show that
the remaining exceptional pairs form an effectively computable finite set.

1.1. Uniform arithmetic. For positive integers n, s, write G, s = Gal(H,, s/Q) for the Galois
group in its action on the roots. These roots are distinct, and the action is transitive exactly
when H,, , is irreducible over Q.

Theorem 1.1. There is an effectively computable absolute integer N such that
n>N, s€Z>1 = H,s isirreducible over Q and A, < Gys.

The bound is uniform in the parameter: s may grow arbitrarily with n. Thus the theorem
applies to every sequence s = s(n) of positive integers. Proposition 3.21 proves irreducibility.
Theorem 4.28 proves alternating containment for irreducible members, with a second effective
degree bound independent of s.

Corollary 1.2. The set of positive integral pairs (n,s) for which Hy, s is reducible or A, £ Gy s
1s finite and effectively computable.

For reducibility, the fixed-degree bound is explicit:

2 n
H, s reducible, n>2 = s< {ZJ . (1.3)
For irreducible specializations with smaller Galois group, a decomposition-group criterion at in-
finity permits an effective application of Runge’s theorem. Combining these fixed-degree results
with Theorem 1.1 proves the corollary in Section 5. The exceptional set has not been enumerated,
and we do not prove that it is empty. Thus the result gives uniform eventual forms of Hajir’s
conjectures and an effective finite reduction of their all-degree forms.
Earlier work controls complementary parts of the parameter plane. Hajir proved both conclu-
sions for each fixed s and all sufficiently large n [29, Theorem 1.3]. Jindal-Laishram—Sarma gave
the explicit sufficient condition

1.2762
r=s—12>2, n>exp(7’(1+ 76 )),
log r

and proved both conclusions in every degree for 1 < s < 61 [32, Theorems 1.1-1.2]. The published
theorem of Jindal-Nair—Shorey extends that interval to 1 < s < 93 and proves the Galois assertion,
conditional on irreducibility, for 94 < s < 101 [33]. Jindal-Laishram studied the neighboring
Bessel lines n < s < n + 4 [31]. In the other direction, Hajir-Wong proved that for each fixed
n > 5, all but finitely many rational parameters give irreducibility and alternating containment
[30, Theorem 1(a)]; the finiteness there is ineffective [29, Corollary 6.2 and the following remark].
Finiteness on each fixed row and column does not exclude infinitely many exceptional pairs with
both coordinates unbounded. Theorem 1.1 excludes such pairs.

The fixed-parameter results for L%O‘), where

Hyo(X) = (—1)"nlLi" (X)), (1.4)
with o € Q \ Z<o have a different scope: Filaseta—Lam proved eventual irreducibility, and Hajir
proved eventual alternating containment [22, Theorem 1][28, Theorem 1.1]. Here a« = —n — s

varies with the degree and is a negative integer. For the Bessel specialization, the irreducibility
theorem of Filaseta—Trifonov and Grosswald’s criterion give S, in every degree [24][27, Chapter 12,
Theorem 1'].
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1.2. Root geometry and the proof. A root theorem valid for every n > 2 supplies the complex
estimates in the arithmetic proof. Fix n > 2, continue a root or a conjugate pair of H, ; along s >
0, and write ¢(s) for its modulus. Classical annular estimates for generalized Bessel polynomials
locate these roots [6]. The next theorem also describes their motion.

Theorem 1.3. For every such branch there is a unique finite, absolutely continuous, nonnegative
measure p on [0,n — 1] such that

—s—i—/n l—dﬂ 0 (s>0).

If € > 0 is the corresponding absolute Hermite zero, characterized by a(s) = —s+i&y/s+ O(1) as
s — +oo for the upper-half-plane root (and § =0 for the real root), then
n—1 ¢

35 6

n([0,n —1]) =

For every integer r > 1 and every s > 0,
-

(1 (gls) — 5) > 0.

Here the Hermite polynomials have the probabilists’ normalization, specified in (2.16). Theo-
rem 2.5, Corollary 2.6, and Proposition A.2 prove the statement and identify the exact support
of each measure. In particular, ¢ — s is strictly increasing and strictly concave, and is a com-
plete Bernstein function. Castillo obtains related complete Bernstein representations for scaled
ultraspherical zeros [9]; the present representation concerns complex Laguerre roots in the range
a < —n.

Outline of the proof. The proof separates three possibilities: a rational factor, an imprimitive
action on the roots, and a primitive Galois group not containing A,,. Integral traces and one energy
inequality control factors and invariant partitions. Local permutations handle the remaining
primitive groups.
First, a tridiagonal realization and Fan’s variational principle [20] give the strict trace estimate
d
Re Z(O‘i + )
i=1
The centered trace of a rational factor is therefore an integer in a bounded interval independent of
s. At s =0,—1,—2, -3, at most three roots are nonzero. Reduction at these four fibers restricts
the trace to finitely many subset sums. For every n > 2, a reducible member consequently has

rad((s +4)(s +4)) < n® for some 0 <i < j < 3.

<d(n—d) (0 <d<n). (1.5)

Matveev’s theorem [38] then gives logs < n® for every fixed € > 0 and all effectively sufficiently
large n. Theorem 2.12 isolates this argument for general monic families; Theorem 2.15 gives the
all-degree bound, including rational parameters.

Second, we attach to a factor or an invariant partition a Galois-invariant positive semidefinite
matrix ¢ with @1 = 0. At a finite place, a cluster of roots contributes a nonnegative squared
difference between its actual and expected occupation. The product formula compares the sum
of these local contributions with complex logarithmic energy. The root-modulus representation
supplies the complex bounds uniformly in s. For factors, the energy estimate and a nonzero Padé
resultant give incompatible restrictions on the factor degree. The resulting contradiction proves
uniform irreducibility.

For the Galois group, local permutations first exclude primitive groups not containing A,,. The
partition energy and trace bounds then reduce imprimitivity to a partition into two blocks. The
stabilizer of a block fixes a quadratic field. The real quadratic case is controlled by traces. In



4 KHAI-HOAN NGUYEN-DANG

the imaginary quadratic case, we construct integral functions whose block sums are small and
whose first nonzero Laurent terms distinguish the blocks. The underlying interpolation theorem
identifies a cyclic intermediate field as the obstruction to prescribing Laurent coefficients. Hermite
expansions and Gaussian quadrature provide the quantitative bounds needed after specialization.
The last contradiction uses a criterion for large prime valuations at nearby integers. The primitive-
group step uses Burness—Guralnick [7]; this is the only input to the main theorem that uses the
classification of finite simple groups.

1.3. Consequences and related families.

The exponential Padé table. The same question has a natural formulation in rational approxima-
tion. For a,b > 0, let A,p/Bayp be the Padé approximant of type [a/b] to eX, normalized by
Aap(0) = By p(0) = 1. Thus

deg Aa,b = a, deg Ba,b = b, Ba’b(X)GX — Aa,b(X) = O(XG—HH_I)_

Its numerator and denominator are
b! a!
Agp(X)=—+-H X By p(X) = —H, -X). 1.6
) = (), Bu(X) = s () (16)
Cullinan—Scheel used these identities to study diagonal approximants and special cases of irre-
ducibility [11]. The boundary b = 0 gives the exponential Taylor polynomials, and the diagonal

a = b gives the Bessel polynomials.

Corollary 1.4. For the absolute constant N in Theorem 1.1, A,y is irreducible over Q with
Galois group containing A, whenever a > N, for every b > 0. Likewise, B,y is irreducible with
Galois group containing Ay whenever b > N, for every a > 0.

Proof. Apply Theorem 1.1 to (1.6). Multiplication by a nonzero rational constant and X — —X
preserve irreducibility and splitting fields. O

This is an equivalent form of the main theorem: the required bound depends only on the degree
of the numerator or denominator being studied. It also applies to the exponential family in [41,
Question 1.3 and Theorem 1.4].

The symmetric and alternating cases. Schur’s discriminant formula [45, p. 54, (7)], in the present
normalization, is

n
Aps = (=)L (s 4 m— ) (17)
j=2
Once alternating containment is known, the square class of A, ; determines whether G, s = A,
or Sy. In particular, G, s = S, when n = 2,3 (mod 4) and n > N. The classification of square
discriminants by Banerjee—Filaseta-Finch-Leidy [2] gives an exact description in sufficiently large
degree: the alternating cases lie on the ten parameter lines

s€{1,2,3,4,5,6,n —4,n,n+2,n+4},

with the conditions in Table 1. The classification is due to the cited authors; the uniform theorem
supplies alternating containment throughout the parameter range.
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Other families and geometric applications. The methods also apply beyond this family. The
finite-fiber criterion proves large-parameter irreducibility for the Appell family generated by
eX#(1—2)7%(1—-22)~* (Theorem 6.1). The prime-valuation criterion gives deterministic symmetric-
group results for trimmed exponentials, under an irreducibility hypothesis or an explicit endpoint
condition (Theorem 6.5 and Corollary 6.6). Their discriminants are nonsquare in the range of
Proposition 6.4, with no upper bound on the parameter. The full conjecture of Bary-Soroker—
Ben-Porath remains open [3].

Finally, the uniform theorem permits an arbitrary positive integral parameter in each degree
in the root-set criterion of Bary-Soroker—Kadets [4] and in the hyperelliptic-Jacobian theorems of
Zarhin [47, 48]. Together with Lombardo’s product criterion [35], this gives the geometric conse-
quences in Section 6.3. The general geometric criteria are due to these authors; our contribution
is their uniform application to the present family.

Organization. Section 2 develops the root geometry and finite-fiber arithmetic. Sections 3 and 4
prove uniform irreducibility and alternating containment, respectively. Section 5 proves the effec-
tive finite reduction. Section 6 contains the applications and the remaining questions. Appendix A
gives the analytic-continuation argument for the root-modulus representation; Appendix B pro-
vides the exact certificate for the Appell family.

Notation. All logarithms are natural. We normalize v,(p) = 1 and fix embeddings in @p when
needed. For m € Zsg, put rad(m) = [Lppm s w(m) = #{p:p| m}, and let P(m) be its greatest
prime divisor; the values at m = 1 are 1,0, 1, respectively. An integer is y-smooth if all its prime
divisors are at most y. For a reduced rational number a/b with b > 0, put H(a/b) = max{|al|, b}
and h(a/b) = log H(a/b). Factors of monic integral polynomials are taken monic. A nontrivial
block system has at least two blocks, each containing at least two roots; in a transitive action their
sizes are equal. For a permutation g on €2, write supp(g) for its support and fpr(g) = | Fix(g)|/|€?|.
Write u(G) for the least support size of a nonidentity element of G. A permutation is called
homogeneous if all its nontrivial cycles have the same length. Every constant called effective is
computable, with its dependence on fixed parameters indicated.

2. GEOMETRY OF THE ROOTS AND INTEGRAL TRACES

2.1. Root geometry and a preliminary parameter bound. Two estimates on the roots will
be used in the arithmetic proof. After translation by s, the real part of every partial root sum
is bounded independently of s. This bounds the traces of rational factors when s is integral. A
lower bound of order n for |a| — s + 1, uniform for s > 1, controls the Padé norms. We first work
with real parameters and impose integrality when it is needed. Put

Cns(Y)=Hy (Y —s).

2.1.1. Identities, root counts, and an annulus. The exponential generating functions are

tn
> Hpo(X)— =X (1-1)7%, (2.1)
’ n!
n>0
tn tl
ZCRS(Y)—:eXp Yt—i—sZ—_ . (2.2)
’ n! ;
n>0 j>2

These are identities of formal power series. Coefficient comparison gives
Hy, ((X) = nHy1,5(X), (2.3)
Hyp1s(X)=(X+s+n)Hy(X) —nXH,_15(X),
XH) (X) = (X4+n+s—1)H, (X)+nH,(X)=0.
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For real s > 0, expansion of the integrand also gives

/0 (X +t)"t5 et dt. (2.6)

H,(X)=
"»5( ) F(S)
Thus H, s has no real root in even degree. In odd degree its derivative is positive on R by (2.3),
so it has exactly one real root, which is negative because H,, s(0) = (s), > 0.
For any complex parameter, a multiple nonzero root is impossible. Indeed, if a # 0 were a root

of multiplicity > 2, the term XH,, _ in (2.5) would have a nonzero coefficient of (X — a)""2,
while the other terms would have higher order. A zero root occurs precisely at s =0, —1,...,1—n.

Thus all roots are simple when s > 0.

The identity Hy (X) = X"y,(2/X;s —n+ 1), in the notation of [40, (18.34.1)], relates these
roots to those of generalized Bessel polynomials. Classical annular estimates for the latter were
given by de Bruin, Saff, and Varga [6, Theorem 5.1]. The following matrix argument gives the
bound needed here.

Lemma 2.1. Forn > 2 and real s > 0, every root o of Hy, s satisfies
s<la|<s+n-1. (2.7)

Proof. Let T be the real symmetric tridiagonal matrix with zero diagonal and adjacent entries
V1,...,v/n—1, and put Dy = diag(s,s+1,...,s+n—1). The determinant recurrence and (2.4)
give

H, (2%) = det(2*T — 2T + Dy).

2 — o and a unit vector v in the corresponding kernel. Multiplication on the left by v*

Choose z
gives

22 — (v*Tw)z + v*Dov = 0.
Both coefficients are real. Since « is not nonnegative real, z is nonreal; the other root of this
scalar quadratic is therefore z. Consequently

la| = |2|? = v*Dov € [s,5 +n — 1].

Equality at either endpoint would force v to be a multiple of the first or last coordinate vector. The
adjacent nonzero entry of T then contradicts (221 — 2T + Dy)v = 0. Both bounds are strict. [J

2.1.2. Centered roots and integral factor traces. After centering at —s, sums of roots satisfy bounds
independent of s. The estimate follows from Fan’s maximum principle [20, Theorem 1]; we include
the matrix proof to obtain the strict inequality.

Proposition 2.2. Let n > 2 and let s > 0 be real. For any d distinct roots o, ...,0q of Hy s,
with 0 < d < n,

d
Re ) (o +5)| < d(n — d).
i=1
In particular, if a is the root sum of a monic real factor of Cy, s of degree d, then
la| < d(n — d). (2.8)

For positive integral s, a monic rational factor has a € Z. Moreover, every root o of Hy, s satisfies

ja+s| <n—1+2/(n—1)(s +n—1). (2.9)

Proof. The centered polynomial is the characteristic polynomial of the tridiagonal matrix A with

entries ) .
Ajj=2j-n-1 (1<j<n),

Ajj+1 =7, Ajpij=—(n+s—j) (1<j5<n).
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To verify this, let Py(X) be the characteristic polynomial of the leading k-by-k block of A — sI.
Its continuant recurrence is
Po=(X+n+s+1-2k)Py1+(k—1)(n+s—k+1)Py_o,

with Py =1 and P, = X +n + s — 1. Substitution into this recurrence, using Pascal’s identity,

verifies the explicit formula
k .
kKl'fn+s—1-— ;
Pk(X):Z~,< o J)XJ.
j=0 J: —J

At k = n its coefficient of X7 is () (8)n—j, as required.
A positive diagonal similarity transforms A into D + K, where
D =diag(1 —n,3 —n,...,n—1), K*=-K,
and
Kjjrni=y\iln+s—j),  Kjp;=—-Kjjn.
FEigenvectors belonging to the selected roots span a d-dimensional invariant subspace V. If the
columns of U are an orthonormal basis of V, the trace of U*(D + K)U is Y ;(co; + s). Since K is
skew-Hermitian,
d n n
ReZ(ai +s)=tr(UDU) = Z(Qj —n— 1)wj, 0<w; <1, ij =d,
i=1 j=1 j=1
where w; are the diagonal entries of the orthogonal projection onto V. The minimum and maxi-
mum of this expression are the sums of the first and last d diagonal entries of D, namely —d(n —d)
and d(n—d). Because those entries are strictly increasing, equality requires V' to be the correspond-
ing coordinate subspace. Neither subspace is invariant under D + K, as its boundary coupling is
nonzero. This proves the first assertion and hence (2.8).
Finally, the row and column sum bounds for the operator norm give

—n— < j - < — —1).
1Dl =n=1 K] <2max /i(n+s—3) <2/(n-1)(s+n-1)

Each a + s is an eigenvalue of D + K, proving (2.9). If s is integral, Gauss’s lemma makes every
monic rational factor integral, and hence its trace is an integer. O

To turn the trace bound into a divisibility condition, we first consider a polynomial that reduces
to a power of X times a linear factor. The two residue roots are allowed to coincide.

Lemma 2.3. Let P € Z[X]| be monic of degree N > 2, and suppose that
P(X)=X""1X -¢) (mod M)

for integers M > 1 and c. Suppose a submultiset of the roots of P, counted with multiplicity, has
integral sum T, with T = A (mod M) and A(A —c¢) #0. Then

M | ged(|A],|A — c|)lem(|A[,|A — )V, (2.10)
Proof. Fix p°||M and set
t= min{vp(A)7Up<A - C)}, b= maX{UP(A)vvp(A - C)}, U= Up(c) 2> t,

where v,(0) = 400. Suppose, to obtain a contradiction, that e > ¢ + (N — 1)b. In particular
e > Nt. The polynomial p~N*P(p'Z) is monic with p-integral coefficients. If u > ¢, its reduction
is ZN | so every root of P has valuation greater than ¢. Their selected sum does too. But in this
case vp(A) = v,(A —¢) =t, contrary to 7 = A (mod p°).



8 KHAI-HOAN NGUYEN-DANG

If u = t, the reduction is ZV~(Z —~) with v # 0. Hensel’s lemma lifts the simple nonzero root
to a unique root over Z,. Division by this linear factor leaves a polynomial reducing to ZN-1,
Thus exactly one root § of P has valuation ¢, and all other roots have valuation greater than t.
Every root « is integral, and the coefficient congruence implies

vp(aVa—c)) >e.

For o # [ one has v,(a — ¢) = t, and therefore

—t
vp(a) > c

b.
“N-1~

For g the same congruence gives
vp(B—c)>e— (N —1)t >b.

Thus, according as the selection excludes or includes 3, either v,(7) > b or v,(T —¢) > b. Since
e > b, either conclusion contradicts 7 = A (mod p®). We have proved e < ¢+ (N — 1)b, which is
exactly the p-part of (2.10). O

At s = 0 and s = —1, all but at most one root of H,, ; lie at the origin. These two specializations,
together with the trace bound, give an effective restriction on the parameter of a reducible member.

Proposition 2.4. Let n > 2 and s > 1 be integers. If a proper monic rational factor of C, s has
degree d and root sum a, then
s|a” (2.11)
If a =0, then
s+1|ged(d,n — d)lem(d,n — d)"L. (2.12)
In particular, writing By = d(n — d) and g = ged(d,n — d), one has

sgBél_ng_”—l, a = 0. .
Consequently, reducibility of H, s implies
n?|"
5 < {4J , log s < 2nlogn. (2.14)

Proof. The coefficient formula gives Cp, o(Y) = Y™ (mod s). For p°||s, every centered root has
valuation at least e/n: otherwise its leading term in the polynomial equation would have strictly
smaller valuation than all other terms. Its selected root sum therefore satisfies v,(a) > e/n,
proving (2.11).

At the next integral fiber,

H,o(X)=X""YX -n) (mods+1).
The uncentered root sum is 7 = a—ds = a+d (mod s+1). When a = 0, Lemma 2.3, with A =d
and ¢ = n, applies because 0 < d < n, and proves (2.12).

Since a € Z, (2.8) gives |a| < By — 1; also ged(d,n — d)lem(d,n — d)"~' = B} '¢g>~". These
observations prove (2.13). Now By < B = |[n?/4]. If a # 0, then s < (B — 1)" < B"™; if a = 0,
then s +1 < B"™ 1 < B"™. The latter is impossible when B = 1. Thus (2.14) follows in every
case. ([l
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2.1.3. The motion of the root moduli. The annulus bounds the excess |a| — s at each parame-
ter. Its variation with s is more rigid: every root branch has a positive integral representation.
Monotonicity will then reduce the required uniform gap to the single parameter s = 1.

Theorem 2.5. Fizn > 2. Continue a conjugate pair of roots of Hy s along s > 0, and let q(s) be
their common modulus. When n is odd, q(s) may instead be the modulus of the unique real root.
There is a unique finite nonnegative Borel measure p on [0,n — 1] such that

q(s) = s+ /0"_1 Sit du(t) (s> 0). (2.15)

The measure is absolutely continuous. In particular, q(s) — s is nondecreasing.

Appendix A proves the representation by continuation across the singular fibers and Cauchy’s
formula. Proposition A.2 identifies the exact support of the measure for each branch. In the
standard terminology, ¢ and ¢ — s are complete Bernstein functions. Related representations for
scaled ultraspherical zeros are established in [9, Theorem 1.4].

The expansion at infinity identifies the mass of the measure. We fix the Hermite normalization
used throughout the paper:

hon(T) = ml[u™]eT*+%*/2 = i~ He,,, (iT), (2.16)

where He,, is the probabilists’ Hermite polynomial. The centered generating function gives the
scaled polynomial

Um—2um
Fo(T,v) :=0"C,, y2(T/v) = nl[u"]exp [ Tu+ > — (2.17)
m>2

The right side extends polynomially to v = 0, with F,(7,0) = h,(T). The zeros of h, are
simple and purely imaginary. Indeed, Rodrigues’ formula He,, (z) = (—1)"e*"/2(d/dz)"e~*"/? and
integration by parts give orthogonality for the positive Gaussian weight. Multiplication by the
product of the sign-changing factors then shows that He,, has n distinct real zeros. The scaled
polynomial therefore has a separate holomorphic root germ at each limiting zero.

Corollary 2.6. Let g and p be as in Theorem 2.5. Let £ > 0 be the absolute value of the zero of
the probabilists’ Hermite polynomial He,, corresponding to this root branch. For a conjugate pair,
choose the root in the upper half-plane; then the scaling is

a(s) = —s+i&y/s + O(1) (s — +00).
For the real root in odd degree, take & = 0. Then

n—1 ¢
0,n—1]) =1l —s)= =. 2.18
(0,0 — 1)) = Jim (als) — ) = "= + (2.18)
In particular, for every integer r > 1 and every s > 0,
d” n-l t
—1)rt— —s)= !/ ——du(t) > 0. 2.19
(gt~ = [T e an() > (219)

Thus ¢'(s) > 1, ¢"(s) < 0, and the root-modulus excess is strictly increasing and strictly concave.

Proof. The polynomials in (2.16) satisfy b} = jh;—1 and hj = Thj_1 + (j — 1)hj—2. For n > 3,
(2.17) gives
nin—1)(n—2)

Fo(w, z) = hp(w) + 2hn—_3(w) + O(2?).
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Let wo = i€ and let w(z) = wo + bz + O(2?) be the corresponding root germ. Since h,(wp) = 0
and h],(wg) # 0, implicit differentiation gives

(’I’L — 1)(n — 2) hnfg(wo)

b=— .
3 hnfl(wo)

The recurrence, applied twice, yields
(n —1)(n — 2)h,_3(wy) = (n — 1 4+ wd) hp_1(wo).
Consequently

n—1+wj B £2—-n+1
3 -3
For n = 2, one has Fj,(w,z) = w? + 1 and &2 = 1, so the same formula holds with b = 0.
Substituting z = s~ /2 gives

b=

£ —-n+1

2 +0(s~1/?).

a(s) = —s+i&V/s +
Taking absolute values shows that

2 -n+1 & n-1 £
q(s) —s — 3 + 5 =3 x
This also applies to & = 0, when ¢ = —a. Dominated convergence in (2.15) identifies this limit
with the mass of u, proving (2.18).
Differentiation under the integral is valid on every compact subinterval of (0,00) and gives
(2.19). Its right-hand side is strictly positive: the mass in (2.18) is positive, and absolute continuity
excludes an atom at 0. ([l

The quadratic example. For n = 2 the roots are —s +1i4/s, so ¢(s) = /s(s + 1). The representing

measure is
1 /1—-t¢
du(t) = —y/——1 t)dt.
u(t) - : (0,1)( )

Its mass is 1/2, in agreement with (2.18). This example exhibits both the full support and the
strict derivative signs directly.

Proposition 2.7. Let n > 2. For every s > 0, distinct roots of Hy s cannot lie on the same
nonreal ray. Label the roots in the upper half-plane, together with the real root in odd degree, by

aj(s) ~ ((n—1)ls)Yme@mim g <j<|(n—1)/2], sl0.
Then the corresponding Hermite zeros in a;(s) = —s +1&\/s + O(1) satisfy
§>&m (057 <[(n—1)/2]), §l(n-1)/2] = 0.

Thus the exact support endpoint n — 1 — j in Proposition A.2 corresponds to the jth nonnegative
Hermite zero in decreasing order, starting with j = 0.

Proof. Pt A=n+s—1and Kk =n—A/2. Onaray X = pe? | the substitution H(X) =
eelgp/QpAmu(p) in (2.5) gives

2i0 i0
" e Ke A(A+2)
— — =0. 2.20
u’ + < 1 + p 12 u (2.20)

Suppose two roots lie at radii p; < p2 on a nonreal ray. Proposition 2.2 gives pcosf <n—1—s =
2k — 2 at both endpoints and hence on the whole radial segment. Multiply the equation by w,
integrate, and take imaginary parts. The endpoint terms vanish, so

P2 0
0=sind (K _ > lu|? dp,
p1 \P 2
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although the parenthesized factor is greater than 1/p. This proves separation. A nonreal branch
cannot cross the real axis without meeting its conjugate, contrary to simplicity. Its initial angular
order is therefore preserved for all s > 0. The expansion arga;(s) = 7 — &;/v/s + O(s™!) then
orders the Hermite limits in the opposite direction. These limits are distinct by the simple-root
perturbation of (2.17), proving the strict inequalities. O

The arithmetic applications require a lower bound uniform in s. Monotonicity reduces this
estimate to the exponential Taylor polynomial at s = 1.

Corollary 2.8. Let pg > 0 be the unique solution of log po+po = —1. Forn > 2, real s > 1, and
every root o of Hy, s,

n+1
la| —s+1>po(n+1) > T (2.21)
Proof. At s =1 one has H,1(X) =n!}>7 X7 /4! Taylor’s integral remainder at a root a gives
an—l—l 1
et = / e (1 — )™ dt.
n! 0

Dividing by e and taking absolute values, with R = |a| and N = n + 1, yields

Rn+1 ! —(1-t)Ra n RN@R
nl /0 e IR0t < T
Since log(N!) > Nlog N — N, this implies log(R/N) + R/N > —1. The function u — logu + u is
strictly increasing from —oo to 400, so R > pgN. Moreover log4 > 5/4, since e < 3 and 3° < 4%;
hence py > 1/4.

Continue the root or its conjugate pair from parameter 1 to s. Theorem 2.5 gives ¢(s) —s+1 >
q(1) > po(n + 1). The weaker constant 1/4 will suffice in the quantitative arguments. O

1<

2.2. Finite fibers and large-parameter irreducibility. A monic rational factor of a monic
integral polynomial has an integral root sum. At a fiber where all but a bounded number of roots
vanish, reduction modulo a prime restricts this sum to a subset sum of the residual roots. If
the corresponding trace relation is nonzero, its size bounds the prime divisors of the parameter
difference. Two such relations give a height bound by linear forms in logarithms. We formulate
this argument first, then apply it to Laguerre polynomials. The Appell application is given in
Section 6.1.

The arithmetic input comes from linear forms in logarithms. We record the exact estimate
before deriving the bound used here.

2.2.1. Linear forms in logarithms. We use the following rational specialization of Matveev’s the-
orem [38, Corollary 2.3, p. 1219]. The number of logarithms is allowed to vary; its dependence in
the estimate will be needed when the prime support grows with the degree.

Lemma 2.9. Let ay,...,a; be positive rational numbers different from 1, and let by,...,bs be
integers. Suppose that
A=biloga; + -+ bloga, # 0.
Put B =max{1,|b1|,...,|bt|}, and choose
A; > max{h(a;),|loga;|,0.16} (1<j<t).
Here h(M/N) = logmax{M, N} for coprime positive integers M, N. Then

log |A| > —C}A; - - - Ay log(eB), C¢ = min {; 301+39/2 26t+20} . (2.22)
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Proof. For t > 2, reorder the terms so that A; = max; A;. The coefficient parameter in [38, (1.3)]
then satisfies
By = max{1,max|bj|A;/A:} < B.
J

Corollary 2.3 of [38, p. 1219], with D = k = 1, gives (2.22). The corollary allows dependent
logarithms. For ¢ = 1, write a; = M/N in lowest terms. Since M # N, integration of 1/x
between these positive integers gives |loga;| > e~a1): this implies the displayed bound. g

2.2.2. Nearby integers with bounded prime support.

Lemma 2.10. Let M, h be positive integers, and suppose
R>e',  lograd(M(M +h)) < R.

Put 9R
_ _ € on379/2 T
= = —-30°T"/=(151 .
e =T (5leR)
Then
log M < max{2log(2h), 4Crlog(12eCr)}. (2.23)

Proof. The assertion is immediate if M =1 or M < h. Otherwise put L = log M and H = logh.
Factoring (M + h)/M gives a nonzero linear form

M+h
M

t t
h
= bylogp < I > logpe < R,
/=1 /=1

where the py are distinct primes and all by # 0. Since the ¢th prime is at least £+ 1,
R >log((t+1)!) > tlogt —t.
We claim that ¢ < T'. Writing w = log R > 4, one has

0 <A =log

T(logT —1)— R = E(w—2logw+2log2—2) > 0.
w

The expression in parentheses is positive at w = 4 and increasing thereafter. Monotonicity of
z(logz — 1) for z > 1 proves the claim.
Use the first constant in Lemma 2.9, the rational case of [38, Corollary 2.3, p. 1219]:

t

log |A] > —g 30t349/2 (H logpg> log(eB), B = max |be|.
(=1

By the arithmetic—geometric mean inequality and ¢ < T,

€ ant+3,9/2 < ©30349/2 t <
5 307 [Tlogpe < 5 30712 (30R/1)" < Cr.

The last inequality uses the increase of z1log(30R/z) on 0 < z < T'; indeed T' < R/2. Also, since

M >2and h < M,
log(M + h)

B <
log 2

< 3L.

Consequently

L — H < Cprlog(3eL).
If L < 2H, the claimed bound follows. Otherwise L < 2Cglog(3eL). For a,b > 1 and y > 0, the
inequality y < alog(by) implies y < 2alog(2ab) whenever 2ab > e: at yo = 2alog(2ab) one has
alog(byo) < yo, and y — alog(by) increases for y > yo. Apply this with a = 2Cg, b = 3e. It gives
L < 4CRrlog(12eCR), as required. O
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2.2.3. The finite-fiber criterion. If R € Z[X] is monic of degree r, with roots p1, ..., p, counted
with multiplicity, define its subset-trace polynomial by

Tr(Z) = H (Z—ij) .

JC{1,...r} jeJ
It is monic of degree 2" and belongs to Z[Z]: its coefficients are algebraic integers and symmetric
functions of the roots. The empty subset contributes the factor Z.
Proposition 2.11. Let P(T,X) € Z[T,X] be monic of degree n in X, and let ¢(T) € Z[T].
Suppose that, at distinct integers t1,. .., 14,
P(t;, X) = X" R)(X), 0<r <nmn, R; € Z[X] monic of degree ;.

Lett € Z\ {t1,...,tq}, and let a monic integral factor of P(t, X) have degree d, root sum T, and
centered trace A =1 — dc(t). Then

rad (|t — ti]) | Tr, (A + de(ts)). (2.24)
Whenever two of the integers on the right are nonzero, the radical of the product of the correspond-

ing two parameter differences divides the absolute value of their product.

Proof. For a prime p | t — t;, reduction modulo p takes the given factor to a monic divisor of
X" R;(X). Its roots, counted with multiplicity, select a submultiset of the roots of R; together
with some zero roots. Its trace is therefore a root of 7r, modulo p. This trace is congruent to
A+ dc(t;), proving the divisibility prime by prime. Reduction of the symmetric definition of Tg,
is valid even when roots coalesce modulo p. ]

The next theorem reduces large-parameter irreducibility to a strip bound and a condition on
the subset traces of finitely many fibers.

Theorem 2.12. Fiz an integer ng > 2. For each integer n > ng, let P, (T, X) € Z[T, X| be monic
of degree n in X, and let ¢, (T) € Z[T]. Suppose that there are fized constants C > 1, k > 1, and
integers q > 3, ro > 0, with the following properties.

(1) For every positive integer t and every complex root v of P, (t, X),
|Re(ar — cp(t))] < Cn”.

(2) There are distinct integers tp1,...,tnq satisfying

+[enltg)] < Cn”

|tn,i
and specializations
Po(tni, X)=X"""R,;(X), 0 <7y <min{n,ro},
where R, ; is monic of degree r,; and every coefficient has absolute value at most Cn”.
(3) Put Uy ; = Tr, ;. For every integer 1 <d <n/2 and every A € Z, at least two of
Uni(A+den(tng)),  1<i<g,
are nonzero.

Then, for everye > 0, there is an effective N = N(C, K, q,ro,€,n0) such that P, (t, X) is irreducible
over Q whenever
n> N, t € Z~o, logt > n®.
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The last condition says equivalently that, after omitting any one index j, the remaining shifted
trace polynomials have no common integer root. A sufficient algebraic condition is

ged{U,i(Z 4+ dcp(tni)) i # j} =1 for every d,j as above. (2.25)
Q[Z]

The distinction is useful: the theorem only needs exclusion of integer roots, whereas a resultant
can verify the stronger condition.

Proof. Suppose a monic factor has degree 1 < d < n/2, and let 7 be its root sum. Gauss’s lemma
gives T € Z, so the centered trace A = 7 —dc,(t) is integral. Because it is real, the first hypothesis
bounds it by

|A| < dCn"™ < Cn" L.

By the third hypothesis, at least two of the integers
Un,i(A + den(tn,i))

are nonzero.

There are constants C7, K1, depending only on C| x, g, such that the absolute value of every
nonzero displayed integer is at most C;n’!. To see this directly, every root of R, ; has absolute
value at most 1 + C'n” by Cauchy’s bound. Every subset sum has absolute value at most r(1 +
Cn'), and there are at most 2" factors in Uy ;. Also

| A+ den(tn,i)] < 200
These estimates give, for example, a uniform bound
Upi(A+ den(tns)] < (2C + ro(1+ C))* "ns+D20.

Choose indices ¢ # j with nonzero evaluations. For all large n, the inequality logt > n® gives
t > 2Cn”. Therefore the two integers ¢t —¢,,; and ¢t — ¢, ; are positive. Proposition 2.11 gives

lograd ((t — ty,i)(t — tn,j)) < 2log Cy + 2K logn.

Their difference h lies between 1 and 2Cn", while their smaller member M satisfies M > t/2.
Apply Lemma 2.10 with R = max{e*,2log C; + 2K logn}. Its explicit bound gives

1 log log1
10gM§exp<O(0gn og log ogn))7

loglogn
for all sufficiently large n, with effective constants depending only on the stated data. The
bound is n°d). In particular, log M < n®/? for all sufficiently large n. But M > t/2 gives
log M > n® —log2 > n/2, a contradiction. Il

Corollary 2.13. Under the hypotheses of Theorem 2.12, suppose that, for some fixed 6 > 0,
P, (t,X) is irreducible for every integer 1 < t < exp(n5) once n is sufficiently large. Then
P, (t, X) is irreducible for every positive integer t once n is sufficiently large.

Proof. Apply the theorem with € = § to cover the complementary range. O

Scope. The geometric hypothesis is stronger than necessary: a uniform bound for the centered
trace of every rational factor suffices. Likewise, one may replace U, ; by any integral polynomial
annihilating the relevant subset traces, and may remove repeated prime factors after evaluation.
The four-fiber Laguerre argument uses both refinements, giving the much smaller exponent 6 in
its prime-support bound.

The same proof also permits fibers of the form

Pn(tn,ia X) = (X - bn,i)n_rn’iRn,i(X - bn,i)a bn,i € Z.
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One adds the bound |b, ;| < Cn" to the hypotheses and replaces ¢, (ty;) in every trace evaluation
by ¢n(tn,i)—bn,i. A degree-d factor then has trace db,, ; plus a subset sum of the residual roots after
specialization. All height and prime-support estimates are unchanged apart from their constants.

The trace condition excludes persistent factors that the other hypotheses do not detect. For
example, the Appell family n![z"]e¥?*(1 — 22)! has a factor X for every odd n, because its
coefficients have fixed parity. Its negative-integer fibers have bounded residual degree. The
convolution argument in Section 6.1, applied to Hy,+(X) and (—1)"H,,+(—X), places every root
in |[Re X| < 2(n — 1), independently of ¢. All the trace polynomials nevertheless vanish at the
trace of the factor X.

Corollary 2.14. Assume the hypotheses of Theorem 2.12, with its strip bound valid for every real
parameter t > 0. Suppose also that ¢, (T') has degree at most one and that

deg, (X" F|P(T, X)) <k  (0<Kk<n).
For every fizted B > 0 and € > 0, there is an effective N = N(C,k,q,ro,no, B,€) such that
P,(a/b, X) is irreducible over Q whenever
n> N, a,b € Zso, (a,b) =1, b<nP, loga > n°.
Proof. The coefficient-degree assumption makes
F(X)=b"P,(a/b, X/b)

monic and integral. If it has a monic integral factor of degree 1 < d < n/2 and trace 7, put
A =1 —dbcy(a/b). The affine condition gives A € Z, and the real-parameter strip bound gives
|A/b] < Cn~ L Write e; = degUy,; < 2. If p | a — bty,;, then p 1 b, and reduction to the fiber
tn,i gives
p | 09U, (A/b+ dey(tn)).

These evaluations are integers. At least two are nonzero: otherwise A/b would be a common
rational root of all but one of the shifted trace polynomials. Each of those polynomials is monic
and integral, so this rational root would be an integer, contrary to the trace condition.

For all sufficiently large n, the hypotheses give a > 2Cbn", so every a — bt ; is positive and at
least a/2. The coefficient and trace estimates in the proof of Theorem 2.12 bound each nonzero
evaluation by b2° C1nf1, with the same effective constants C;, K. For two nonzero evaluations,
the corresponding positive integers a — bt,, ; and a — bt,, ; therefore satisfy

lograd((a — bty ;)(a — bty ;) < 2log Cy + 2K1logn + 2"+ log b.

Their positive difference is at most 2Cbn*. Since b < n?, the radical bound is Op(logn) and
the logarithm of the difference is Op(logn). Lemma 2.10 gives loga = n°B (@) effectively and
uniformly in b, contradicting loga > n°. The rational change of variable defining F' preserves
irreducibility. g

2.2.4. Four degenerate Laguerre fibers. For relatively prime positive integers a, b, put
n n k—1
Fn,a,b(X) - ann,a/b<X/b) - Z (k) H (a =+ Jb) Xn_k'

k=0 §=0

This polynomial is monic and integral. Its irreducibility over Q is equivalent to that of H,, 4.

Theorem 2.15. Let n > 2, and let a,b be relatively prime positive integers. If F, . is reducible
over Q, then there are 0 < i < j < 3 such that

rad((a + ib)(a + jb)) < b>n°.
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Proof. For n = 2, the polynomial Hj ,, has discriminant —4a/b < 0, so it is irreducible and there
is nothing to prove. Assume n > 3. Choose a monic integral factor of degree 1 < d < n/2, with

roots B, ..., Bq. Its centered trace
d

A= Z(ﬁu + a)
v=1

is an integer. Since 3, /b are roots of H, , /b, the real-parameter trace estimate in Proposition 2.2
gives

|A| < bd(n — d). (2.26)
At parameters s = 0, —1, —2, —3, the nonzero parts of H, ; are

1, X —n, X2 —2nX +n(n-1), R(X),
where
R(X) = (X —n)? = 3n(X —n) — 2n.

Polynomials annihilating all subset sums of the nonzero roots are

10(2) = 2,

T (Z) = Z(Z —n),

To(Z) = Z(Z — 2n)((Z — n)* — n),
T3(Z) = —Z(Z — 3n)R(Z)R(3n — Z).

For the last identity, the subset sums are 0, 3n, the three roots of R, and their complements in
3n.

If p | a + b, then p t b, because ged(a,b) = 1. The chosen factor reduces to a monic divisor of
the fiber at a = —ib. Its uncentered trace is congruent to A + ibd modulo p. Consequently

p | 09T (A /b + id). (2.27)

The quantity on the right is an integer. The assertion remains valid in every characteristic, since
roots are counted with multiplicity. Whenever A/b is integral, powers of b can be discarded from
this divisibility.

First suppose A ¢ {0, —bd,b(n — d)}. Taking (i,7) = (0,1) in (2.27) shows that the required
radical divides the nonzero integer

N = A(A+ bd)(A+ bd —bn).
By (2.26),
|A| < bdn, |A + bd| < bdn, |A+bd —bn| < b(d+ 1)n,

and hence |N| < b3n3d?(d + 1) < b3nS.

For the three exceptional trace values, the following integers contain the required prime supports
whenever they are nonzero:

flid | (((Z),JQ)) | d(d—2 )((]C\lf 2 —n)
0 (1: 2) | 2d(d —n)((2d — n)? — n) (2.28)
b(n—d) (0,2) (n—d)(ner)(inn).

This follows by substitution in Ty, 77, T5; replacing repeated factors by one copy preserves their
prime support. Every nonzero entry has absolute value less than n*. The first entry can vanish
only when (n,d) = (4,2): writing n = m? and n —d = m gives m? — m < m?/2, hence m < 2.
At this exceptional trace A = —2b, use fibers 0 and 3. Their evaluations are Tp(—2) = —2 and
T3(4) = —2048, so all relevant primes divide 2. The required bound follows.
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The other two entries leave only the following cases:

m2—m

n= m2a (A> d) = (Ov 9

) , or  n=m? (A,d) = (b(m*—m),m).
Here m > 2.

In the first case use fibers 1 and 3. Writing d = m(m — 1)/2, direct substitution gives
m2(m? — 1
g - Y

and
Ty(3d) = ImO(m? — 1)3(m? — 921?6+ 16)(m? + 9m + 16)'

Every prime divisor of either integer divides
N = 3m(m?* — 1)(m?* — 9m + 16)(m? + 9m + 16).
Neither quadratic factor vanishes at an integer: the first has discriminant 17, and the second is
positive. For m > 3,
|m* — 49m? + 256| < m* + 49m? + 256 < 10m*,
5018 < |N| < 30m” < m!'2 =nS. For m = 2, the same integer has absolute value 1368 < 4096 =
" In the second case use fibers 0 and 3. Put
J(m)=m(m—1)(m—4)+2.
Then
Ts3(n + 2m) = 4m®(m — 1)>(m + 2).J (m).
The prime supports of n —m = m(m — 1) and this value are contained in that of
N =2m(m — 1)(m + 2)J(m).

Here J(2) = —2 and J(3) = —4, while 0 < J(m) < m3 for m > 4. Thus 0 < |J(m)| < m? for
every m > 2, and 0 < |N| < 4m® < m!'? = nS. Powers of b introduce no relevant primes. This
completes the proof. O

Corollary 2.16. For every fited B > 0 and € > 0, there is an effective integer N (B, ¢e) such that
F op is irreducible over Q whenever

n > N(B,¢), ged(a,b) =1, 1<b<nbB, loga > n°.
More explicitly, a reducible member with n > 2 satisfies

log a < max{2log(6b), 4Crlog(12eCR)}, R = max{e*, 3logb+ 6logn},

where Cg is defined in Lemma 2.10.
Proof. Theorem 2.15 supplies M = a+ib > a and h = (j — )b < 3b to which Lemma 2.10 applies.
This proves the explicit estimate. For b < n®, write u = logn. Then R = Og(u) and

log Cr = log((e/2)30%) + glog IOQgRR + QRIO%(E;E}%IOg k) = op(u).

It follows that 4Cglog(12eCRr) = exp(op(u)) = n°2()| whereas 2log(6b) = Op(u). Both are
eventually smaller than n®. All quantities in the explicit bound are elementary and effectively
computable, so the threshold is effective. O




18 KHAI-HOAN NGUYEN-DANG

Positive rational parameters can give reducible polynomials. For example,

Hj1/4(X) = (X + i) (X2 + 12) ;o Fyaa(X) = (X +3) (X2 4 15).

Thus the numerator and denominator conditions in the rational theorem have genuine content;
positivity alone is not sufficient.

3. UNIFORM IRREDUCIBILITY

3.1. Local arithmetic and energy. A rational factor selects a Galois-invariant set of roots;
a block system gives an invariant partition. Both restrict how roots can occupy a local cluster.
We express these restrictions by positive semidefinite matrices and compare the resulting local
contributions with a bound from complex root separation. The same inequality will therefore
exclude factors and block systems.

We first determine the tame clusters of H,, ; and prove the separation estimates needed at all
places. The energy theorem is then stated for a general monic integral polynomial. Its applications
depend on finding clusters with enough imbalance; the differential equation alone supplies only
the separation bounds.

3.1.1. Tame root clusters and inertia. The local calculation rests on the following form of Hensel’s
lemma. No irreducibility assumption is needed.

Lemma 3.1. Let F' € Zy[X] be monic, and suppose F=XNR with1 < N <degF, R squarefree,
and R(0) # 0. Let A be the degree-N Hensel factor lifting X~. Suppose p { N and, for an
integer e > 0, every nonleading coefficient of A has valuation at least e, with v,(A(0)) =e. Put
g = gced(N,e) and ¢ = N/g. Then every root of A has valuation e/N, as does every difference
between two distinct roots of A. All other roots are units, and every difference of distinct roots
involving one of those roots has valuation zero. The inertia group of the splitting field over Q,, is
cyclic of order q, with a generator of cycle type g919%8F =N

Proof. Write N = gq and e = ga, where ged(a,q) = 1. Choose a finite unramified extension
Ko/Q, whose residue field splits R and YV + ¢, where ¢ is the reduction of p~¢A(0), and which
contains the gth roots of unity. This is possible since p { g. If 7¢ = p, then p~©A(7?Y) is integral
and reduces to Y~ 4 ¢. That polynomial is separable because p 1 N, so its roots lift to units of
Ko(m) with distinct residues. Rescaling gives the asserted valuations of the roots of A and their
differences. The complementary Hensel factor splits over Ky, with distinct nonzero residues.
The splitting field is therefore contained in the tame extension Ky(7), whose ramification index
is q. Conversely, the valuation a/q of every root of A forces its root field to have ramification
index divisible by ¢. Thus the splitting field and every such root field have ramification index
exactly g. Tame inertia is cyclic, and its orbit on a root has size equal to the ramification index
of that root field. Its generator consequently has g cycles of length ¢, while the complementary
roots are fixed. O

For the Laguerre family, a prime above the degree can divide only one of the consecutive
parameter nodes s,...,s +n — 1. The preceding lemma then determines the full inertia action.

Proposition 3.2. Let n > 2 and s > 1 be integers. Let p > n be prime and suppose p | s + 7,
where 0 < j < n. Set

e =up(s+7), N =n—j, g = ged(N,e), q=N/g.

In the splitting field of H, s, inertia at p is cyclic of order q and has a generator of cycle type
q?17. In particular, inertia is trivial exactly when N | e.
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Proof. There is at most one node divisible by p, since the nodes lie in an interval of length n.
Modulo p we have

_ o Np o Iy LA W [
Hps(X) = X7 Ry j(X)  (mod p),  Rnj(X) kz:%( D (kr)(j—k)!X .

The constant coefficient of R, ; is nonzero. Also R, ; = (—1)7j !L§-N) and hence
XRy;+(N+1-X)R), ;+ jRy; =0. (3.1)
The residual polynomial is separable. Indeed, a repeated nonzero root, followed through successive
derivatives of (3.1), would make all derivatives through order j vanish there, whereas R,(Z z =41#0
in characteristic p. The case 7 = 0 is immediate.
Hensel factorization gives H, s = FU over Z,, with F,U monic, degFF = N, F = XN and

U = R,, ;. Every coefficient of H, s below degree N has valuation exactly e. Since U(0) is a unit,
induction on the coefficient index in H,, ; = F'U gives

v(F(0) =e,  v([X"F)>e (0<h<N).

Lemma 3.1 now applies and gives the stated inertia group and cycle type. Its order is one exactly
when N | e. O

3.1.2. Root separation. A wvaluation packet is the full set of roots with a specified valuation at a
fixed prime. For the Laguerre family put

€ = 1/(p_1)a péna
P 0, p > n.

The differential equation bounds the distance between distinct roots at every place. The p-adic
bound determines how far a cluster can persist; the complex bound supplies disjoint disks around
the roots.

Lemma 3.3. Let n > 2 and s > 1 be integers. Any two distinct roots of Hy, s satisfy

vp(a — f) < vp(ar) +€p. (3.2)
If s > n, they also satisfy
1 /s
— —/— 3.3
o = 81> 5/~ (33)
Proof. The roots are simple by Section 2.1. Fix a root a and set
HY)()
Dy = —"——+, Dy=0, D;=1.
Hi, ()
Differentiating (2.5) k times gives, for 0 < k <n — 2,
aDjyo — (a+n+s—1—k)Dgpi1+ (n—k)Dp =0. (3.4)

The roots are algebraic integers. If a = vp(a) > 0, induction in this recurrence gives v,(Dy) >
—(k —1)a for k > 1. For vy(2) > a + €, every term after the constant term in

Hj, (a)z Kl

H, s(a+ 2) " Dy oy
77:14_27
k=2

has positive valuation. Here we use v,(k!) < (k—1)/(p — 1) when p < n, and v,(k!) = 0 when
p > n. The displayed quotient cannot vanish, proving (3.2).
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For the complex estimate put ¢ = n/s < 1. The annulus (2.7) and centered-radius estimate
(2.9) imply, for 0 < k <n — 2,

1k
arnts ‘<2t+2\/27<5\/£, ‘
«

n—=k

<

With M = 6/t we have 5yt M 4+t < M?. The recurrence therefore gives |Dy| < M*~1 by
induction. If 0 < |z| < 1/(2M), the sum after the constant term in the same Taylor quotient has
absolute value at most

This proves (3.3). O

3.1.3. An adelic energy inequality. The local positivity and the complex estimate below are ele-
mentary logarithmic-energy arguments. Galois invariance allows their comparison by the product
formula, even when the matrix entries are arbitrary real numbers. The condition (1 = 0 means
zero total charge at the complex place, and positive semidefiniteness makes every local cluster
contribution nonnegative. Encoding a factor or a block system in ) gives a common form of
the two arithmetic obstructions. A comparison of finite-place and complex bounds for a factor
resultant is also used in Deng’s preprint [12, Sections 4-5].

Theorem 3.4. Let F € Z[X]| be monic and separable of degree n > 2, with nonzero roots

ai,...,on. For every prime p, fix an extension of v, to Q, normalized by vp(p) = 1. Suppose that
numbers €, > 0, zero for all but finitely many p, satisfy
vl —ag) <vplas) +6 (i # j) (3.5)

Let Q = (gij) be a real symmetric positive semidefinite matriz, invariant under the Galois action
on the roots, and suppose Q1 = 0. Put 7 = tr Q) and

E,(Q) = Z ¢ijvp(o — aj) + Z gii (vp(a) + €p).

i#j
Then only finitely many E,(Q) are nonzero, and
oo
@«»zé 15, ) @Le, @ dt > 0, Cp(t) = {i s vp(ay) > t}. (3.6)
Furthermore,
> E(Q)logp = qijloglos — aj| + Y qiilog|ai| + 7Y €y logp. (3.7)
P i#] i P
If the closed disks of radii p; > 0 about the complex roots are pairwise disjoint, then
s
0<> Ep(Q)logp <Y gislog | f’ +7) eplogp. (3.8)
p i ’ p

In particular, if |a;| < R and p; = p, the upper bound is T(log(R/p) + >, €plogp).

If, at some prime with €, = 0, a set C of N > 1 roots has valuation e/N for some e > 0, all
differences between its distinct roots have valuation e/N, and every other root and every other
difference has valuation zero, call C' an exact packet at p. Then

E,(Q) = §1oQ1c. (3.9)

The theorem can also be applied after replacing each a; by o; — a, for a fixed integer a with
F(a) # 0, provided (3.5) is verified for the shifted roots; the correction terms may change.
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Proof. Write h; = v,(a;)+€p. At height ¢ > 0 retain the indices with h; > t and partition them by
the equivalence relation vy (o; — cj) > t. The ultrametric inequality makes this relation transitive.
Hypothesis (3.5) ensures that every distinct pair with difference valuation at least ¢ is retained.
Consequently

Q= [ TS 1LQucd
C

Every term is nonnegative. The indices with v,(c;) > ¢ form one entire retained class when this
set is nonempty: their pairwise differences have valuation at least ¢, whereas a root of smaller
valuation cannot belong to that class. This proves (3.6). Finiteness follows because, outside the
supports of €,, F(0), and Disc F, all valuations in the definition are zero. The packet formula is
immediate from the same definition.

To apply the product formula with real matrix entries, first group the terms by Galois orbits.
The entries ¢;; are constant on each root orbit I, and the entries g;; are constant on each orbit O
of unordered pairs of distinct roots. The orbit products

Hai and H (o — )2
i€l {i,j}€0O
are nonzero rational numbers. Apply the product formula to each one, weight the resulting

identity by the corresponding real matrix entry, and sum over the orbits. The squares in the pair
products account for the two ordered terms ¢;; and gj;. Adding 73, €,logp gives (3.7).

Decompose Q = >, cyc;r with real vectors ¢, orthogonal to 1. For one such vector c, let o;
be normalized arclength on the circle of radius p; about o, and put n = ), ¢;o;. Its logarithmic
potential is the continuous, piecewise harmonic function

U(z) = ch- log max{p;, |z — ;| }.

Because Y, ¢; = 0, we have U(z) = O(|z|7!) and VU(z) = O(|z|7?) at infinity. Integration by
parts on the disks and their exterior, using AU = 277, gives

1
/ log |2 — w| di(z) dn(w) = —— /(C IVU[2dA < 0.

The radial derivative jumps by ¢;/p; across the ith circle, and the outer boundary term tends to
zero. The mean-value property identifies the interaction between distinct circles with log |y — a5
and the self-interaction of the ith circle with log p;. Summing over v yields

Zqij log |a; — | + Z%‘z‘ log p; < 0.

i#] i
Together with (3.7), this proves (3.8). Translating by an integer preserves monicity, integrality,
the differences, and the Galois action. ]

Lemma 3.5. Let n > 2, s > 1 be integers and let Q) satisfy the hypotheses of Theorem 8.4 for
the roots of Hy, ;. Use

€p =
0, p>n.
Then (3.6)—~(3.8) hold. If p > n and p||s+j, 0 < j <mn, put N =n —j and let C be the set of
roots of positive p-adic valuation. Then |C| = N and

E,(Q) = +11Q1c. (3.10)
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If s > n, logn > 10000, and Q # 0, then

1 3
ZEP(Q) logp < tr(Q) (2 log s + 5 logn + log 48) .
2

Proof. Lemma 3.3 supplies the local-separation hypothesis. The proof of Proposition 3.2 identifies
the N positive-valuation roots as the tame packet of Lemma 3.1, so (3.9) gives (3.10). Finally,
use |a;| < s+ n < 2s from Lemma 2.1, the disjoint disk radius p = \/s/n/24 from Lemma 3.3,
and -, logp/(p — 1) <logn from (3.25). O

Proposition 3.6. In the notation of Theorem 3.4, a Galois-invariant subset A of k roots, 0 <
k < n, gives the admissible rank-one matriz Q = cc', where

¢ — 1—k/n, Z‘EA, trQ:k(n_k).
—k/n, i¢ A, n
For an exact packet C' of size N as in (3.9), putting m = |[ANC| gives
e kN2
Ey(Q) =< (m— 1)
)@ = g (m= )

A Galois-invariant partition into a > 2 blocks By, ..., By, each of size b > 2, with n = ab, gives
the admissible projector

i block 1
i = {i,j in ebsame oc}_g7 trQ=a—1.

For an exact packet and ko = |By N C|,

e [1E N?
E =— (=Y k-—). 11
2(Q) N<bez_:1£ n) (311)
If an inertia element of prime order P > a has support exactly C, write N = P{ and { = au +r,
0<r<a. Then ,
ePria—r

B> =D
When the uniform disk and modulus bounds p, R hold, take such packets at distinct primes. If the
sum of the displayed lower bounds, each multiplied by logp, erceeds (a—1)(log(R/p)+3_, €plogp),
then that block system is impossible. Independently, if an element of prime order P > b has support
C, then bP must divide |C|.

(3.12)

Proof. The rank-one formula is immediate. The block matrix is the orthogonal projector onto the
vectors constant on each block and orthogonal to 1, giving positive semidefiniteness, its trace, and
(3.11). An element of order P > a acts trivially on the a blocks. Its nontrivial cycles have length
P, so every ky is divisible by P. Among nonnegative integers with sum /¢, the sum of squares is
minimized by a — r entries equal to u and r entries equal to u + 1. Hence

0 —
Z%ZPZ <+r(ar)>.
a a
Substitution proves (3.12); summing it and using nonnegativity at all other primes proves the
energy criterion. For the final divisibility assertion, any fixed block has fewer than P elements

and is therefore fixed pointwise. Every moved block lies in an orbit of P blocks and contributes
all its b elements to the support. ]



UNIFORM IRREDUCIBILITY AND GALOIS GROUPS 23

Corollary 3.7. Under the hypotheses of Theorem 3.4, suppose |a;| < R and the closed disks of
radius p > 0 about the roots are pairwise disjoint. Put

B =log(R/p) + Z eplogp.
P

Let P be a finite set of exact packet primes, with €, = 0, packet size Ny, height e,/N,, and all
inertia orbits in the packet of a common length q,. For 1 <k < |n/2], define

My ={m e Z:max(0,k —n+ Np) <m <min(k,Np), ¢qp|m}.
If, for every such k, either some M, . is empty or

eplogp . 2
— — kN, 1
2 NG ) mEbh, (1 ) > B (8.3
peEP

then F is irreducible over Q. For the tame packets of Lemma 3.1, one may take q, =
Np/ ged(Np, ep).

Proof. A proper rational factor has degree k& < n/2 after choosing the smaller complementary
factor. Its root set is a union of inertia orbits, so its packet intersection has size in M, . Apply
the factor matrix of Proposition 3.6. Dividing its local energy by tr@Q = k(n — k)/n gives the
summand on the left of (3.13). The global upper bound is B, a contradiction. O

3.1.4. Differential equations as a source of energy bounds. The proof of Lemma 3.3 applies more
generally to a second-order differential equation. Its leading coefficient replaces the root in the di-
agonal term of the energy. Since that coefficient need only be nonzero at the roots, the polynomial
itself may have a zero root.

Proposition 3.8. Let P € Z[X] be monic and separable of degree n > 2, and suppose
AP" + BP' +CP =0, A BeZlX], CeZ, degA<2, degB<1, gcd(A P)=1.
Write its roots as «;, and put €, = 1/(p — 1) for p <n and €, = 0 otherwise. Then
vp(ai — aj) < min{vy(A(ai)), vp(A(g))} + €5 (i # j).
For any real symmetric Galois-invariant positive semidefinite matriz Q@ with Q1 = 0, define
E{?(Q) = qijvples — o) + Y qii(vp(A(w)) + €).
i#] i

These energies are nonnegative, and with T = tr Q,

> E{?(Q) logp = qijlog|a; — aj| + > qiilog |A(a)| 4+ 75(n)

P i#] i

< r(log(dMR) + $(n)),  St) =3 ;Ofﬁ,

p<n
where R = max{1, max; |A(o;)|}, M = max{1,U ++/V}, and
kA/(Oéi) + B(Odz)

)

i,0<k<n—2 A(oy)
Ve o |@A"(00) + kB (i) + C
i,0<k<n—2 A(ay) '
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Proof. At a root a put Dy = P*)(a)/P'(c). Differentiating the equation k times gives
k
A(a)Dgro + (kA" (o) + B(a))Dgy1 + <<2> A"(a) + kB'(a) + C) Dy, =0,

with Dy = 0, D; = 1. Integrality implies v,(Dy) > —(k — 1)vp(A(a)). Since vy(k!) < (kK —1)e,
for 2 < k < n, the quotient

z2P'(«)

cannot vanish if vy (z) > v,(A(a)) + €. Interchanging the two roots proves the local bound.

Use the cluster-integral proof of Theorem 3.4, now with diagonal heights h; = vp(A(a;)) + €p.
Each pair height is at most both diagonal heights, so the same integral gives Ez‘f(Q) > 0. For
each Galois orbit of roots, the product of the corresponding A(c;) is a nonzero rational number.
The orbit-product argument in Theorem 3.4 therefore gives the displayed global identity. Only
primes dividing Disc(P) Res(P, A) or at most n can contribute.

For complex separation, M?> > UM + V and the recurrence imply |Dy| < MF-1. If
0 < |z| < 1/(2M), the nonconstant part of the Taylor quotient has absolute value at most
koo 217F/E! = 2¢1/2 — 3 < 1. Thus the closed disks of radius 1/(4M) about the roots are disjoint.
The circle-energy estimate in the proof of Theorem 3.4 gives Yizj Gijlogla; — aj| < Tlog(4M).
This proves the global bound. U

P(a+ 2) "Dy 4
7:1+Z—z
= k!

For Laguerre polynomials, A(X) = X recovers the earlier diagonal term. The monic proba-
bilists” Hermite polynomials satisfy P” — X P’ + nP = 0, so the proposition applies with A = 1,
including in odd degree when P has the factor X. To deduce irreducibility one must still find
local clusters whose energy exceeds the global bound.

3.2. Padé norms and the prime-square obstruction. The root-modulus gap also has an
arithmetic consequence. We use the exponential Padé pair to construct a nonzero integral resul-
tant. Its local valuations and its complex absolute value give opposite bounds, which constrain the
prime divisors of a factor’s constant term. A Newton-polygon obstruction then excludes factors
throughout a polynomial range of parameters. The Padé connection for this family also appears
in Cullinan and Scheel [11]. For positive integers K and d, put

) d

Ty(K) = me {vp(K),p_l}logp. (3.14)
plK

3.2.1. The exponential Padé pair.

Proposition 3.9. Let n > 3 and s > 1 be integers. If G is a monic rational factor of H, s of
degree d > 1, and K = |G(0)|, then, with py as in Corollary 2.8,
Ty(K)  w(K)logs
+ .
d n+1

log(po(n +1)) < (3.15)

If s > n+ 2, one also has
log s + logn To(K)  w(K)logs
— -2 .
2 d n+1
In the latter inequality, the constant 2 can be replaced by log2 + 1/2.

Proof. Gauss’s lemma gives G € Z[X]. Set r =s—1, P(Z) = H, s(—Z), and Q(Z) = Hy n4+1(2),
with the convention Hp, 11 = 1. Coefficient extraction from (1 —#)7~"~1 gives

()= ()

(3.16)
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Consequently, as formal power series,

2 P2) _ > (n—l—r —j)Zj _ QD) ogmiry (3.17)

n! =0 J! 7!

The generalized binomial coefficients in the infinite sum are integers. Those with r+1 < j < n+r
vanish. If E = e?P/n! — Q/r!, then

PQ - P'Q—PQ

r!

PE — (P +P)E = — = O(Z"™T).

The numerator is a polynomial of degree at most n + r with leading coefficient (—1)"*!. Thus
PQ - P'Q— PQ = (-1)"ttz"tr, (3.18)

Since P(0) # 0, P and @ have no common root. Write —Mj, ..., —Mj for the roots of G.
Fix a prime p and a root with e = v,(M;) > 0; the valuation e need not be an integer. Let
sp(r) denote the sum of the base-p digits of r. We claim that

BQOE) 2 (n+ s)e — (n+ Dminfe, (p — 1)1} - 20, (3.19)
If e > 1/(p—1), the series in (3.17) converge at M;. Because P(M;) = 0, Q(M;)/r! is the negative
of the tail beginning at j = n + s. Legendre’s formula gives, for j > 1,

. G) > j < 1 ) n 1
e — vp(j! e— —— o
J p\J:) = J p—1 p—1
n+ sp(r)
vpQ(M;) > (n+ s)e — To—1
which is stronger than (3.19). If 0 < e < 1/(p — 1), use the finite polynomial identity
T . i
Ly (A
i n J!

For 0 < j <r, je—wvp(j!) > r(e —1/(p —1)). Hence v,Q(M;) > re — s,(r)/(p — 1), which is
exactly the required bound. This argument includes » = 0 and the convergence boundary.
We shall use the elementary digit estimate

P/ < g (3.20)

Indeed, concavity of log(a + 1) on 0 < a < p — 1 gives p®®=Y < g 4 1. If a; are the digits of
r, then [[;(a; + 1) < r 4 1: the product counts the integers whose digits are bounded by the
corresponding a;, and all of them lie in [0, 7].

The resultant

It follows that

R = Res((~1)'G(~Z H@

is a nonzero integer. Both M; and Q(M;) are algebraic mtegers, so their finite valuations are
nonnegative. For a fixed p, -, vp(M;) = vp(K), and

S minfu, (M), (p— 1)} < minfu,(K),d/(p— 1)}.
d:vp(M;)>0

For roots with zero valuation, use only v,Q(M;) > 0. Summing (3.19) over the remaining roots,
then over p | K, and applying (3.20), yields

log |R| > (n+s)log K — (n+ 1)Ty(K) — dw(K) log s. (3.21)
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Primes not dividing K make nonnegative contributions to the left side, so omitting them preserves
this inequality.
For R = |M;| > s, the gamma integral gives
R [0
QUM < Tp | e L+ t/R)" dt
Rn—i—s

< — .
~ (R—r)ntl
The root gap (2.21) gives R — r > po(n + 1). Therefore
log |R| < (n+ s)log K — d(n + 1) log(po(n + 1)).

This is strict also when r» = 0. Comparison with (3.21) proves (3.15).
For the second inequality, the tangent line to log(1 + x) at v > 0 gives

T v ’U2

= log(1 — < —
Ty P =log(ltv) -0 < 5
The last bound follows by integrating ¢'(v) = v/(1 + v)? < v from zero. Since R > s > r, the
same gamma integral now gives

log(1+ ) < ¢(v) + (x >0).

Rn+s —T v n r
QUI)| < oz, Ly=e /0 (R L), (3.22)

The inequality is strict because r > 0 and the tangent-line inequality is strict except at one
integration point. Take v = /(n+ 1)/r <1, using s > n + 2. Then

L, > e 12 <1+ TV ) - Vr(n+1) > \/sn'

1+v 2./e NG
The last step uses (s — 1)(n + 1) > sn. Multiplying (3.22) over the roots and comparing with
(3.21) proves the assertion with constant log2 + 1/2 < 2. O

In the estimates below we use the weaker bound pg > 1/4 to keep the numerical constants
simple.

3.2.2. Prime estimates. Write

m(x) = #{p < = : p prime}, U (z) = Z log p, S(z) = Z Ing.

p<z p<z P~ 1
We use the following explicit estimates:
x
) — 2| < — 7713133853 3.23
(@) — 2| < 100(log )2 (> ) (3.23)
x
< 60184 3.24
m(@) < logz — 1.1 (> ) (3:24)
S(z) < logzx (z > 319). (3.25)

The first two estimates are [15, Theorem 5.2, p. 4, and Theorem 6.9, (6.6)]. For the third, Rosser
and Schoenfeld [42, Theorem 6, (3.22)] prove

1
Zﬂ<logas+E+
p<x

where [42, (2.8)] defines

> 319
2log x (= ),

logp
E=—q-Y 08P
> p(p—1)
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Adding the sum over p < z of logp/(p(p — 1)) gives

S(z) <logx — v+ < log .

2logx
The last inequality follows, for example, from v > 1—log2 > 3/10 and log z > 2. Here vy > 1—log 2
follows by writing v as the increasing limit of S5, (1/k — log(1 + 1/k)).
We shall repeatedly use the elementary comparisons
log u 1

w1000’
At u = 10000, the logarithmic comparisons follow from log 10000 < 10 and log10 < 7/3. The
function (log u)/u decreases, while the logarithms of the last two ratios have derivatives 1—5/u > 0
and 1/2 —4/u > 0. We also use 2/3 < log2 < 7/10, log 13 < 3, and log 52 < 4. These elementary
bounds follow from the exponential series and

e > 1000, e¥?2>10%ut  (u>10000). (3.26)

1

log2 =2 —_.
0og J;] (2] + 1)32]+1

The Newton-polygon arguments require lower bounds for the number of primes in intervals
proportional to n. The same estimates also control the total number of primes up to n.

Lemma 3.10. If u =logn > 10000, then
1003n 749n

l) — 44 1</0<13). 3.27
w(n) < oo, w(n/l) — w(n/(40) > L (1< 0<13) (3.27)
In particular, 7(n) < n/100.
Proof. The estimate (3.24) gives directly
1003
(n) < —— (> 10000).

= w—11/10 ~ 1000u
For t = n/¢, all arguments exceed the threshold in (3.23), by (3.26), and log(¢/4) > u — 4. Hence

3t 5t 749t
I(t) —0(t/4) > — — > .
) (t/4) 2 4 400(u —4)2 = 1000
Division by logt < u gives the second estimate. O

The Padé inequalities involve w(K) and Ty(K). Both can be estimated from an upper bound
for log K, which the root annulus supplies for a factor constant term.

Lemma 3.11. Let K, d be positive integers, and suppose log K < X, where X > 10000. Then
2X Ty(K)
log X’ d

Proof. Put w = w(K). Since the ith prime is at least i + 1, K > (w + 1)!. If w > 1, integration
of logt gives log K > wlogw — w. At w = 2X/log X, this last expression exceeds X: writing
y = log X > 4, the required comparison is y/2 — logy + log2 — 1 > 0, which holds at y = 4 and
increases thereafter. The function wlogw — w increases for w > 1, proving the first bound; the
case w = 0 is immediate.

For the second bound, use Ty(K)/d < -, x logp/(p — 1) and split at X. The smaller primes
contribute at most S(X) < log X by (3.25). The remaining contribution is at most log K/(X—1) <
X/(X —1) < 1.001. O

w(K) <

< log X + 1.001. (3.28)

When s has polynomial size in n, the first Padé inequality already excludes small factors.
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Lemma 3.12. Iflogn > 10000, 1 < s < n3, and H, s has a proper rational factor of degree d,

then
n

d>———. 3.29
- 100logn ( )

Proof. Let G be a monic factor of degree d, and set u = logn, t = log(s + n), X = dt, and
K = |G(0)|. The annulus (2.7) gives log K < X, and u < ¢t < 3.0lu. If d < n/(100u), then
10000 < u < X < n/32. Lemma 3.11 implies

Ty(K)

<u—>5log2+41.001 <u—2.3.

As X/log X increases in this range,
K)l 1
w(K)log s - 3u <L
n+1 16(u —log32) 5
The right side of (3.15) is less than w — 2.1, whereas its left side exceeds u —log4 > u — 2, a
contradiction. O

3.2.3. The prime-square obstruction. For primes p with v/n < p < n, the absence of a multiple of
p? in the parameter interval forces a Newton-polygon side of slope —1/p. Its denominator restricts
the degrees of rational factors.

Proposition 3.13. Suppose H, s has a rational factor of degree d. If a prime p satisfies p*> > n
andp | (), then some integer in [s, s+n—1] is divisible by p?. Moreover, ifn>5and1 <d <n/2,
then N 1
s+n— s
— - )< | ——| - | = 1. 3.30
w(m) = —d) < | 20| - | 5|+ (3.30)
Proof. Suppose that the interval contains no multiple of p?. The asserted divisibility of (Z) requires
p<n. Writen =ap+band s—1=cp+t, with0 <b,t <panda <p. Forj=Llp+0v,0<v<p,
the coefficient of X7 has valuation

t+b—
a—0+ {JFPUJ 1m0 (3.31)

Indeed, the rising factorial (s),—; counts multiples of p, each of valuation one, and, since n < P2,
Up (?) = Loy
If t + b < p, the lower Newton polygon has vertices

(0,a),  (ap,0),  (n,0).
Ift+b>p, put vg=t+b—p<b. Its vertices are
(0,a+1), (w+la), (ap+v+1,0), (n0).

These assertions follow directly from (3.31); coincident vertices are omitted. In the second case
the initial slope is —1/(vp + 1), where 1 < vg + 1 < b < p, so it is distinct from —1/p. The
Newton polygon theorem therefore shows that exactly ap roots have valuation 1/p, with only b
other roots.

The roots selected by the rational factor form a set invariant under the local Galois group.
Intersecting it with the set of roots of valuation 1/p again gives an invariant set. Its product
belongs to Q,, and hence has integer valuation. The number of selected roots of valuation 1 /D
must consequently be a multiple of p. Thus d = kp + e with 0 < k < a and 0 < e < b. The same
base-p factorial valuation formula now gives v, () = 0, a contradiction.

For the second assertion, every prime p € (n — d, n] satisfies p > n/2 > \/n and divides (7).
Choose an integer k, > 1 with s < kpp2 < s+ n — 1. Distinct primes have distinct multipliers:

if p < ¢ had the same multiplier k, then k(q?> — p?) > 2p + 1 > n — 1, impossible in an interval
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of length n — 1. Every multiplier lies between [s/n?] and [(s +n —1)/(n — d + 1)?], proving
(3.30). 0

The degree bound and the prime estimates ensure that (n — d,n| contains many primes. The
square-divisibility obstruction then requires more distinct multipliers than a small value of s
permits.

Proposition 3.14. Iflogn > 10000 and
n3
1<s< ,
— T 10logn

(3.32)

then H,, s is irreducible over Q.

Proof. If Hy, ¢ is reducible, choose a factor of degree 1 < d < n/2 and put u = logn. Lemma 3.12
gives d > n/(100u). Both n and n — d exceed the threshold of (3.23), and log(n — d) > u — log 2.

Therefore
3n 4d 4d

ﬁ(n)—ﬂ(n—d)>d—100u2>g, 77(n)—7r(n—d)>5—u.
On the other hand, the right side of (3.30) is less than

6sd 4 3d 4
73+1+*§f—|—1+—.
n n Su n

Here we used n — d > n/2 and

1 1 _d@2n—d) _6d
(n—d)? n?2 n2(n-—d)? - nd
But d/(5u) > n/(500u?) > 14 4/n by (3.26). This is a contradiction. O

For larger parameters, the tangent estimate in Proposition 3.9 gives a stronger restriction. The
resulting degree bound depends on s only through log(s + n).

Lemma 3.15. Suppose logn > 10000, s > n®/2, and H,, s has a rational factor of degree d > 1.

Put A =log(s+n)/logn. Then
n
d> . (3.33)

Proof. Write u = logn, suppose d < n/(16A), and put X = dAu and K = |G(0)| for a monic
factor G of degree d. The root annulus gives log K < X, while 10000 < Au < X < nu/16.

Lemma 3.11 yields
Ta(K
dEl ) < u+ logu, w(K)<%.
The estimate for Ty(K') uses log 16 > 1.001. To bound w(K), apply monotonicity of X/log X and
the inequality log(nu/16) > u/2. Moreover Au — 1 < logs < Au. Thus (3.16) would imply

A A
u2+u—3<u+logu+ju.

This is impossible: A > 5/2, and

A 1 u
— — — ] =1 — 3> — -1 _
u<4 2) ogu 3_8 ogu—3>0

by (3.26). O
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3.3. Root energy and uniform eventual irreducibility. We apply the matrix-energy inequal-
ity to a rational factor. Its proportion of roots in a local cluster need not equal its proportion in
the full root set; the square of this discrepancy contributes to the energy. The resulting degree
restrictions will combine with the trace criterion to cover all parameters. Throughout this section,
n, s are positive integers, u = logn, and all factors are defined over Q.

3.3.1. The energy of a rational factor. Suppose H,, s = GJ, where G, J are monic rational factors
and 1 < d = degG < n/2. They are integral by Gauss’s lemma. Put z = d/n, and use the
rank-one matrix Q = cc¢' with ¢; = 1 — z on the roots of G and ¢; = —z on the roots of J. Thus

Zci =0, Zcf =nz(l — ). (3.34)
i i
At a prime p, define stopping heights and local energy by
hpi = vp(ag) + €p, E, = Z cicivp(a; — o) + Z c?hm. (3.35)
i#j i
There are only finitely many nonzero contributions: outside the primes at most n and those

dividing the constant term or discriminant, all the valuations occurring here vanish.

Lemma 3.16. Every E, is nonnegative. If N,(t) counts all roots of valuation at least t, and
K, (t) counts the selected roots of valuation at least t, then

E,> / (K, (1) — 2N, ()2 dt. (3.36)
0
Write 1
ogp
K=IGO),  P=(9n  Sm)=Y =
p<n p
Coo = Zcicj log |a; — a.
i#]
Then the global energy € =3, Eyplogp satisfies
E=Cx+(1—-1)logK +2*log(P/K) +nz(1 — 2)S(n). (3.37)
If the closed complex disks of radius p around the roots are pairwise disjoint, then
Coo < —nz(1l — x)log p. (3.38)

Proof. The root sets of the rational factors are Galois invariant, so Q = cc¢' is invariant and has

trace nz(l — z). Lemma 3.5 therefore applies. On the roots of valuation at least ¢, the sum of
the charges is Kp(t) — xNy(t), giving (3.36). The diagonal contribution to the product formula
is (1 — z)?log K + x?log(P/K), which gives (3.37). The complex bound follows from the same
lemma. g

The annulus and separation estimates now give an upper bound.

Lemma 3.17. Suppose u =logn > 10000 and a factor of degree 1 < d < n/2 exists. If s > nb/2,
then

€ <3nx(l—x)logs. (3.39)
Proof. For s > n, apply Lemma 3.5 to @ = cc', whose trace is nz(1 — z). Tt gives
1 3
E <nz(l—x) (2 log s + U + log48) . (3.40)

For s > n®/? this is less than (3.39). O
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3.3.2. Packets and deletion of small-prime contributions. For p > n, the local calculation in
Proposition 3.2 concerns a single node s + j. The following specialization of the packet-energy
formula records both its energy and the restriction on the number of roots selected by a factor.

Lemma 3.18. Suppose p > n and p¢||s + j, where 0 < j < n, and put N = n — j. Exactly N
roots have valuation e/N; the other j roots are units. If a rational factor selects k of the former
roots, then

2
N ke, Elogp=N <jkv - x> log (7). (3.41)

Proof. The tame-packet construction in Proposition 3.2 and Lemma 3.1 gives the stated valuations
and inertia orbit length ¢ = N/gcd(N,e). A rational factor selects a union of these orbits, so
q | k, equivalently N | ke. Formula (3.10), applied to Q = cc', gives
e
E,=—(k—zN)>?
(k=N
which proves the energy identity, including when N = 1. O

Before summing over large primes, we bound the parts of the nodes supported on small primes.
For each small prime, remove its full contribution from one node of maximal valuation. The
remaining product divides a factorial. Deleting those nodes altogether gives the form used below.
This is the allocation argument of Erdés and Selfridge [17, Lemma 2.

Lemma 3.19. Let Z C {0,...,n— 1} and Y > 2. Let P be the set of primes p <Y dividing at
least one node s + j with j € Z. For each p € P, choose an index j, € I of maximal p-valuation.
Remove the p-part only from the node assigned to p, and put

Rj — H pvp(s-‘,-j)'
peEP
J#dp
Then [1jer Rj | (n — 1)!. In particular, deleting the union of the chosen indices removes at most
m(Y) nodes. If J is the remaining set and Sy (m) denotes the part of m supported on primes at
most Y, then
I Sy(s+35) | (n—1)L (3.42)
JjeJ
Proof. For j # jp, maximality gives vp(s+j) < vp(j —jp). The product of the distances on either
side of j,, divides jp!(n — 1 — jp)!, which divides (n — 1)!. This proves the first assertion prime by
prime. Every undeleted node retains its entire Y-smooth part, giving the second. O

From now on take Y = n, write S; = S,(s + j), and put B; = (s + j)/S;. Thus all primes
dividing B; are greater than n. A prime greater than n occurs at only one parameter node.
Moreover, for p¢|| B,

3.43
logn ( )
The reduced denominator of a selected fraction ¢ = k/(n — j) divides both n — j and e, by (3.41).

3.3.3. A restriction on the factor degree. Since e < A, every selected fraction has reduced denomi-
nator less than A. Distinct such fractions are separated by at least A~2. We choose packet widths
that exclude the one possible fraction close to z = d/n and then sum the resulting energy bounds.

Lemma 3.20. Suppose u = logn > 10000, s > n®/2, and a rational factor of degree 1 < d < n/2
exists. Then

d <4800  or  A> (n/4800)Y%. (3.44)
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Proof. Put z = d/n and n = min{z/2,1/(4A?)}. Distinct reduced fractions with denominators at
most A differ by at least A=2. Hence at most one lies in (z — 7,2 +n). If present, its denominator
b is at least two, since 0 < z —n < 2 +n < 1. Choose the widths [n/8] < N < n, omitting the
multiples of b if that close fraction exists. There are at least 7n/16 — 2 choices. Every reduced
fraction whose denominator is at most A and divides one of the chosen widths IV is therefore at
distance at least n from x.

Apply Lemma 3.19 to the corresponding indices j = n — N. The bound 7(n) < n/100 from
(3.27) leaves more than 0.42n indices. Consequently

Z log Bj > 0.42nlog s — log((n — 1)!) > n log s,
, 50

JjeJ
since log s > (5/2)u and log((n — 1)!) < nu. For every prime power in these Bj, (3.43) and the
preceding denominator exclusion give |k/N —x| > n. Since N > n/8, summing the packet energies
without repetition of any large prime yields

n2n?
log s.
E> 100 og s
Comparison with (3.39) gives nn? < 1200z(1 — x). If n = z/2, then d < 4800. Otherwise
n/(16A%) < 1200x(1 — x) < 300, giving the other alternative. O

3.3.4. Uniform eventual irreducibility. For a reducible member, the four-fiber bound makes log s
smaller than every fixed positive power of n once n is sufficiently large. Within that range, the
Padé lower bound for the factor degree contradicts the energy dichotomy. Together these estimates
give uniform eventual irreducibility.

Proposition 3.21. There is an effective absolute integer No such that H, s is irreducible for
every n > Ny and every positive integer s.

Proof. Suppose a factor of degree 1 < d < n/2 exists. Corollary 2.16, with B = 0 and ¢ = 1/8,
gives log s < n'/8 for all sufficiently large n. For sufficiently large n, one has n°/2 < n3/(10logn),
so Proposition 3.14 excludes s < n°/2. In the remaining range put v = logn and A = log(s+n)/u.
For all sufficiently large n,

a2 (n/4800)/4,  d> —— > 4800

" ’ 16A ’
where the middle degree bound is Lemma 3.15. These inequalities contradict Lemma 3.20. Every
threshold used here is effective, so their maximum gives the asserted Ng. O

4. GALOIS GROUPS

Assuming irreducibility, we prove that the Galois group contains A,, once n exceeds an effective
absolute constant. A local criterion first excludes the primitive groups that omit A,. For an
imprimitive group, the energy estimate restricts its invariant partitions to two blocks. Integral
traces handle a real quadratic block field; Laurent interpolation handles an imaginary quadratic
block field. The estimates are uniform in s.

4.1. Prime valuations in short intervals. We begin with an arithmetic criterion for alternat-
ing containment. A short interval cannot contain many integers whose large-prime valuations
are all divisible by exponents comparable to its length. Newton polygons turn this statement
into a criterion for alternating containment. We apply it first to Laguerre polynomials; the
trimmed-exponential application is given in Section 6.2. Sections 4.2—4.5 will place every remain-
ing Laguerre obstruction in its parameter range.
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4.1.1. Independent nodes and simultaneous logarithms. For a rational number a/b in lowest terms,
put H(a/b) = max{|al, |b|} and h(a/b) = log H(a/b). We use Loxton’s estimate for simultaneous
linear forms [36, Theorem 4], in the form stated by Stewart [46, Lemma 1]. Let r > 2,1 <m <,
and let B1,..., B, be multiplicatively independent positive rational numbers. Suppose the rational
matrix (b;;) has rank m, and put

j=1
For Aj, B > 4 with H(j3;) < Aj and H (b;;) < B, write Q = [];_, log A;. Then

max |A;| > exp(—(16'r)2007"(ﬂlog Q)t/m log(BQ)) . (4.1)

The forms must retain full rank after dependent bases are removed. We ensure this by first
choosing multiplicatively independent integers in the parameter interval. The following elementary
version of Stewart’s argument is convenient [46, Theorem 1 and Corollary 3].

Lemma 4.1. Fiz an integer t > 2, and put
Ky =t((4t— 1)1 +1).

Let M, s be positive integers with s > 2M?. Any set of at least K; distinct integers in [s,s + M]
contains t multiplicatively independent integers.

Proof. Suppose every t-element subset is dependent. Choose an integral multiplicative relation
for each such subset and omit an index whose coefficient has largest absolute value. If there are
k numbers, some fixed (¢ — 1)-element subset is associated with at least

W -

t—1

subsets. Write its elements as aj,...,a;—1. For every associated extra element z, the chosen
relation has the form

t—1
zgznaf", >0, lei| < 2.
i=1

Divide each coordinate interval of [—1,1]*~! into 4(¢ — 1) intervals. Since k¥ > K;, two distinct
extra elements z, 2’ have associated vectors satisfying
/
G 1 .
— < — 1 <6 <t).
—2(t-1) (1< )

t v
Raise the quotient of the two relations to clear denominators. The identities h(z7) = |j|h(z) and
h(zy) < h(z) + h(y) then give

t—1 /
G C 1
h(z)2') < ;:1: T h(a;) < 3 log(2s).

Here s + M < 2s. But ged(z,2) | z — 2 and 0 < |z — 2| < M, so
h(z/#') > log(s/M) > }log(25),
a contradiction. O

The next bound allows a fixed number of small primes to have large exponents. It will be used
after assigning each small prime to one node where its valuation is maximal.
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Lemma 4.2. Fix C > 1 and integers m > 2, R > 0. There is an effectively computable constant
Cm,r,c > 0 with the following property. Let n > 3 and s be positive integers, put L =logs, and
suppose

L > 2log(Cn), 2< H<L.

Let zg, ..., zm be multiplicatively independent integers in [s, s + Cn]. Suppose that, for 1 <i < m,
R;
2 = dixl 11 »5
=1

where d;, x;, k; are positive integers, the p;y are primes, and

logd; <H, n/2<k;j<n, R, <R, pu<Cn, 0<ey<n.

Then
L'=Ym < ¢, po Hlogn)®max{1, L/n} (log(nL))lH/m. (4.2)
Proof. Use the m real forms
R;
A; = kilogx; +logd; + Y _ ejlog pig — log 29 = log(zi/ ).
=1

Their values are linearly independent over Q, since a relation among them would give a multi-
plicative relation among 2, ..., 2,,. Moreover,

0 < max |A;| < Cn/s. (4.3)

List the positive integers occurring as bases, omitting 1 and repetitions, and choose a maximal
independent subset (1, ..., ;. There are at most g = m(R+2)+1 original bases, and m < r < ry.
Every original logarithm is a rational linear combination of this basis. All original bases have
logarithmic height at most 2L: indeed s > (Cn)?, and

log(s + Cn) < 4L

k; ~ n’
Choose r primes for which the valuation matrix of the f§; is nonsingular. Its entries, and the
entries of the valuation vector of each original base, are at most 4L. Cramer’s rule gives a

common denominator det V and numerators of absolute value at most
Dy =rl(4L)".

These are relations at every prime: the selected valuation vectors form a basis of the span of all
original valuation vectors, and restriction to the chosen r primes is injective on that span.

After substitution, the coefficient matrix of the A; still has rank m, by the independence of
their values. Each entry has rational height at most By = (R + 3)nDy, since a row has at most
R + 3 original terms and their integer coefficients have absolute value at most n. Thus

log max{4, By} <, g log(nL). (4.4)

Put U = max{1, L/n}. We may use logarithmic height bounds H, 4U, 2log(Cn), and 2L for
the bases d;, x;, pir, and zg, respectively. Every bound exceeds log4 and hence also 1. Because
the independent basis is a subset of the original list,

O <2L (4HU(2log(Cn))R)m , log Q < r,c log(nL). (4.5)

logz; <

Repeated bases can be assigned any one of their corresponding bounds; removing repetitions or
dependent bases decreases the upper bound for the product. Applying (4.1) and using (4.4)—(4.5),
we obtain

—log max |As| <m.r.c LY™HU (logn)f (log(nL)) LHt/m
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By (4.3), the left side is at least L —log(Cn) > L/2. This proves (4.2). O

4.1.2. Large-prime valuations at nearby integers. The exponent in the next theorem may vary
from one integer to another and need not be prime. This flexibility is what permits one to use
different Newton-polygon widths simultaneously.

Theorem 4.3. Fiz real numbers C > 1, ¢ >0, D >0, and
k> |C/c|] + 3.

There is an effectively computable integer N = N(C,c, D, k) such that the following holds. Let
n > N and s € Z~q satisfy

(logn)® <logs < nP.
If

ZCls,s+ |Cn||NZ, |Z| > ¢n/logn,
then, for every assignment of integers k, withn/2 <k, <n, there are z € Z and a prime p > Cn
for which
kz t vp(2).

Proof. Put M = |Cn], L =log s, and suppose instead that k. | v,(2) for all z € Z and all primes
p > Cn. For every prime p < M dividing a node, assign p to one node z, where v,(z,) is maximal.
Reduce every valuation at a node z modulo k,. Put the remainders at its assigned primes into
separate factors and all other remainders into d,. This gives

z= dz:cfz H prEP, 0<r,,<k..
p assigned to z
There are no remainders at primes exceeding M, since an integer prime exceeds M exactly when
it exceeds Cn.
The unassigned parts satisfy
I d- | M. (4.6)
z€Z
To check this at a prime p < M, consider any level h > 1. At most | M/ phJ + 1 integers in an
interval of length M are divisible by p. If there is one, the chosen maximal node zp is among
them. The total valuation of the unassigned parts is therefore at most 3~ | M/p"| = v,(M!).
Reducing valuations modulo the individual k. can only decrease this total, proving (4.6).
Set
R=1[C/c|, 'y:c—Ril>0, A:max{2,4(07+1)}, H = A(logn)?.
For all effectively sufficiently large n, the prime estimate (3.24) and the elementary factorial bound
give

(M) < <C+7(R+1)> n

4

The number of nodes with more than R assigned primes is at most
M) (C _ 37) n
R+17 4 ) logn

At most yn/(4logn) nodes have logd, > H. Consequently at least yn/(2logn) nodes remain,

each with at most R separate prime factors and logd, < H.

Choose an integer
k+1
> 2, D, —— .
m max{ o 3}

Togn’ Zlog d, <log(M!) < (C+1)nlogn.
n
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Then D/m < 1 and

k(l=1/m)>R+3+1/m.
For sufficiently large n, there are at least K, 1 remaining nodes, s > 2M?, L > 2log(Cn), and
2 < H < L. Lemma 4.1 gives independent nodes zy, ..., z,. Retain the displayed factorization
for z1,...,z, and use zg as a single base. Lemma 4.2 yields

[1-1/m <cepr (log n) 3T max{1, L/n},

where we used L < n” to bound log(nL). If L > n, this implies

D/m( R+3+1/m
’

n <<C,C,D,K n log 7’L)

which is impossible for large n because D/m < 1. If L < n, it instead implies

(log n)m(l—l/m) <<C,C,D,H (10g n)R—&—S—&-l/m’

again a contradiction by the choice of m. All constants depend only on the displayed fixed param-

eters. The prime estimates and logarithmic-form bound are effective, so the required threshold is
effective as well. 0

For every fixed 0 < ¢ < D, the same conclusion holds in the range n® < logs < n”, with
a threshold depending on C,¢,e, D. Indeed, choose k = |C/c| + 4 and use (logn)® < nf for
sufficiently large n.

4.1.3. A Newton-polygon criterion. A single edge whose slope has a sufficiently large prime de-
nominator forces alternating containment in a transitive group [28, Theorems 2.1 and 2.2]. The
preceding theorem supplies such a denominator from a collection of nearby integers.

Theorem 4.4. Fizr C>1,¢>0, D >0, and k > |C/c] + 3. For all effectively sufficiently large
n, the following holds. Let s € Z~q satisfy (logn)® < logs < nP, and let F € Z[X] be separable
of degree n, with F(0) # 0. Suppose there are a set of primes

P C (n/2,n— 3, |P| > cn/logn,

and distinct integers jp € {0,...,|Cn]} with the following property: whenever p > Cn is prime
and e = vy(s + jp) > 0 is not divisible by P, the p-adic Newton polygon of F has an edge of
slope —e/P. For each pair (p, P), this edge condition may instead hold for F(X + ap p) with some
integer ap p.

Then Gal(F/Q) contains a P-cycle for some P € P and preserves no nontrivial partition into
equal blocks. If F is irreducible over Q, then

A, < Gal(F/Q).
The threshold depends only on C,c, D, k.

Proof. Apply Theorem 4.3 to the distinct integers zp = s + jp, with exponent k,, = P. It
gives a prime p > Cn and a width P € P for which P { e = vy(zp). In particular e > 0. The
corresponding Newton-polygon edge supplies a root of the relevant translate with p-adic valuation
e/P. The translate has the same splitting field as F. Since this fraction has denominator P, the
ramification index of the local splitting field, and hence the order of the global Galois group, is
divisible by P. Cauchy’s theorem gives an element of order P. It is a single P-cycle because
2P > n.

A group preserving a blocks of size b, where a,b > 2 and ab = n, embeds in S, 1 .5,. Its order
divides (b!)*a!, which is not divisible by P > n/2 > max{a,b}. Thus no such partition exists. If
F' is irreducible, its root action is transitive and therefore primitive. Jordan’s theorem, applied
to the P-cycle with P <n — 3, gives A,. d
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Corollary 4.5. Fiz D > 0 and k > 5. For all effectively sufficiently large n, the Galois group of
H, s preserves no nontrivial partition into equal blocks whenever

(logn)"® < logs < nP.
If Hy, s is irreducible in this range, then A,, < G, 5. These conclusions do not use the classification
of finite simple groups. In particular, they hold in every range n° < logs < nP with fized
0 < e < D, after increasing the effective threshold in terms of €, D.

Proof. Use all primes n/2 < P < n—3 and put jp = n—P. Their number is at least 2n /(5 logn) for
all effectively sufficiently large n. For p > n and e = v,(s+jp) > 0, write H, s(X) = S 7_, A X",

Then
n e, 0<k<P
A — _ A _ b f— bl
’“ </~c> (ks vp(Ar) {0, P<k<n.

Indeed s + jp is the only multiple of p among s,...,s+n —1, and p{ (}). The Newton polygon
contains the edge from (0,e) to (P,0). Theorem 4.4 applies with C = 1 and ¢ = 2/5, since
|C/c| + 3 = 5; separability follows from (1.7). The final assertion follows by taking x = 6 and
then (logn)% < nf. O

4.1.4. Powers in dense subsets of a progression. The preceding criterion requires an upper bound
on log s. We also need an estimate with no upper bound on the parameter. The following theorem,
independent of the polynomial family, supplies it. The initial term may be as small as k2%, and
the excluded density is explicit. The argument combines Erdés’s maximal-valuation deletion [16]
with the determinant count of Filaseta-Laishram-Saradha [23, Lemma 3.1]. For earlier work on
products after terms have been omitted, see Erdés—Turk [18, Theorem 6.1].

For € > 0, define

. 3 as(1— %as)
aE:mln{e,\ﬁ—l}, E:m.

Theorem 4.6. Fizx positive integers d,C with C > d, and real numbers € > 0 and 0 < § < 6.
There is an effectively computable ko(d,C,e,d) such that, whenever positive integers k, A satisfy
k> ko, A > ke ged(A,d) =1,

the following assertions hold simultaneously for every integer r > 2.
(i) Fewer than (1 — 0)k indices 0 < j < k admit a representation
A+ jd = ajxj, aj,; € Z>o, P(aj) < Ck.
(ii) More than 6k distinct primes p > Ck satisfy

k—1
1 vp H(A+jd) .
j=0
(iii) If I € {0,...,k — 1} has at least (1 — )k elements, then
H(A +jd) # cy”  for all ¢,y € Z~o with P(c) < Ck.
jel
In particular, for e > 1/10 one may take 6 = 1/102. The threshold is independent of A and r.
Proof. Choose fixed real numbers a,b > 0 such that
ab
1+a

Such a choice exists by the definition of §.: the maximum of a(1 — 2a)/(6(1 + a)) on 0 < a < e
occurs at a = a.. All estimates below are uniform in A and in the integer r > 2.

7
a<e, ¢ + 60 < 1, 0 < (4.7)
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Suppose that a set I of at least (1 — )k indices satisfies the representation in (i). Replace each
a; by the rth-power-free part of A + jd. For every prime p < Ck dividing one of these terms,
remove one index in I maximizing v,(A + jd). Let J be the remaining set and m = |J|. Then

m > (1—0)k—n(Ck)=(1—-0—o0(1))k, [Tl k=10 (4.8)
Jje€J
Indeed, if j, is a removed maximizing index, then p { d and v,(A + jd) < v,(j — jp) for every

remaining j. The product of the nonzero distances from j,, on both sides, divides j,!(k —1— jp)!,
which divides (k — 1)!. In particular,
log(k — 1)J

) <
Up(a]) = \‘ 1ng
Put a=k% B=kb and U = {j € J : a; < ak}. We claim that at most
Oa(a™?p79) (4.9)

primes in [k, k) divide two of the cofactors indexed by U. For each such prime p, select an
ordered pair of distinct indices (4, ). There are at most («/3)? possible ordered pairs (a;/p, a;/p).
Fix such a pair (h,h’) and one prime p with its associated (z;,z;). For any other prime ¢ with
the same cofactor pair, write its associated variables as (xy,z,). For sufficiently large k, all four
variables lie in

(jedJ).

L=(A/(ak)'/" <z < R=(24/(Bk)"",
and
\ha — Wah| < d/B, |hal — Wl < d/B.
Multiplying by z7 and z7, respectively, and subtracting gives
Bl = (am)'| < -
Consequently
|z, — iz, < %aQ_Q/Tﬁ_2(A/k)_1+2/T < 2daf~2.

The last inequality uses A/k > a and —1+42/r < 0. If e = ged(z;,2;5), then pe” divides the
difference of the two corresponding progression terms and is coprime to d. Thus pe” < k — 1 and
e < B_l/ ". For a fixed integer determinant x;x, — x;x,, its solutions (x,,x,) lie on an arithmetic
line whose coordinate steps are z;/e and z;/e. The number lying in [L, R]? is at most

2Re/L +1<2(2a)/"72" +1<2v/2a 57" +1.

Since ged(A,d) = 1, each z; is coprime to d. The variables z;, j € U, are therefore pairwise
distinct: equality of two would give z} | i — j, although z7 > A/(ak) > k > |i — j|. Thus a pair
(24, zy) cannot be assigned to two different primes. Counting the cofactor pairs, determinants,
and points on each line proves (4.9).

Since b < 1/6, every prime p > Sk has exponent at most one in each retained a;. An exceptional
prime from (4.9) divides at most 2/ terms; every other prime in [8k, k) occurs at most once in
the product over U. No prime at least k divides a retained cofactor. Hence

1
> loga; <k > Og]i + Zlogp—i—Od(of/zﬁ_Glogk)

jeu p<pk P p<k
< (1—-b)klogk + o(klogk).

Here (4.7) makes the last error o(k log k); the effective prime estimates are those of [42, Theorems 4
and 6].
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All cofactors a;, j € J, are distinct. Otherwise, for a; = a; = c,
dli — j| = clz} — 2| > re /T AT > oA > dE,
a contradiction. The uniform Stirling bound
log(w!) > ulogk — O(k) (0<u<k)

therefore shows that |U| < (1 — b+ o(1))k. Writing W = J \ U, we obtain |W| > (b— 0 — o(1))k,
and then

Zlogaj > log(|U|") + (1 4+ a)|W|logk
jeJ
> (14+ab— (14 a)d —o(1))klogk.

This contradicts (4.8), since ab > (1 + a)d. This proves (i).

Every index excluded from (i) has a prime p > Ck whose valuation in that term is not divisible
by r. Such a prime divides no other progression term, because p > Ck > dk > d|i — j|. Choosing
one for each excluded index proves (ii). The same uniqueness shows that a product as in (iii)
would force every selected index to satisfy (i), a contradiction. Finally, if ¢ > 1/10, the choices
a = 1/10, b = 27/250, and 6 = 1/102 satisfy (4.7): indeed, (7/2)a + 6b = 499/500 < 1 and
ab/(1+ a) = 27/2750 > 1/102. Every limiting estimate used above has an effective error bound,
proving effectivity. O

Theorem 4.6(iii) allows a fixed positive proportion of arbitrary omissions. It does not settle
the corresponding problem for unions of widely separated intervals, or the problem of powerful
products: a valuation not divisible by r need not equal one.

4.2. Local cycles and primitive groups. We first obtain a large prime cycle when the param-
eter is at most cubic in the degree. For larger parameters, the local packets give elements with
small support. We combine these with a progression estimate and the primitive-group theorem of
Burness and Guralnick. Irreducibility is assumed only in the statements that require transitivity.

4.2.1. A first parameter range. For a prime close to the degree, the absence of a square multiple
in the parameter interval produces the required prime cycle.

Lemma 4.7. Let n/2 < p < n be prime. If no integer in [s,s+n— 1] is divisible by p*, the p-adic
Newton polygon of Hy, s has an edge of width p and slope —1/p. In particular, p divides |Gy, 4|.

Proof. Write n = p + b, with 0 < b < p. The coefficient calculation (3.31), and the two polygons
in the proof of Proposition 3.13, show that exactly p roots have valuation 1/p. A corresponding
local ramification index is divisible by p, hence so is the order of the global Galois group. This is
the Newton-index argument of [28, Theorems 2.1 and 2.2]. O

The obstruction in the lemma is a square multiple in a short interval. Such multiples cannot
occur simultaneously for all primes close to n unless s is sufficiently large.

Proposition 4.8. There is an absolute effective integer ney, such that, if n > neyn, Hys i

irreducible over Q, and

n3

1<s<

10logn’
then Gy s contains A,,.

Proof. Put v =logn and
P = {p prime : 9n/10 < p < n — 2}.
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The effective prime number theorem gives
n
Pl > —
[P 20u
for all sufficiently large n. For example, this follows directly from the effective bounds for ¢ in
[14, Theorem 4.2], after removing the at most three primes in the upper endpoint interval.
Suppose every p € P has a square multiple kpp2 € [s, s + n — 1]. Distinct primes have distinct

multipliers: if p < ¢ had the same multiplier k, then

(4.10)

k¢ —p*) 2 ¢ —p">2p>n—1,
which is impossible for two integers in this interval. The multipliers all lie in
s 100(s+mn—1)
P TP
The number of integers in this real interval is at most its length plus one. Consequently
ple 2 10y e 00,
— 81n?  8ln ~ 810u  8ln 20u
for sufficiently large n, contradicting (4.10).

Choose p € P for which there is no square multiple. Lemma 4.7 gives p | |G, s|. Cauchy’s
theorem supplies an element of order p, necessarily a single p-cycle because 2p > n. Since
irreducibility makes the root action transitive and p > n /2, this action is primitive. Indeed, in a
nontrivial block system an order-p element either moves at least p whole blocks, requiring at least
2p points, or fixes every block and has its p-cycle inside one block, requiring a block of size at least
p > n/2; both alternatives are impossible. Jordan’s theorem now gives G, s 2 Ay, since p < n—2;
equivalently, apply [28, Theorem 2.2]. Every numerical threshold used above is effective. O

4.2.2. Small supports and Cartesian products. The progression estimate first gives small noniden-
tity permutations uniformly in the parameter. No rate of decay is needed for the subsequent
argument.

Proposition 4.9. For every fixred 6 € (0,1) there is an effective ns such that
1(Gn,s) < on

whenever n > ns, s > 1, and Hy, s is irreducible.

Proof. For s < n?/(10logn), Proposition 4.8 gives G, s 2 A, in sufficiently large degree. A
3-cycle has support 3 < dn once n is large enough.

Suppose therefore that s > n3/(10logn), put k = [dn/2], and assume pu(Gy, ) > dn. For each
width N = 2,4,...,2k and each prime p > n dividing s + n — N, Proposition 3.2 would give a
nonidentity element of support N < én unless N | v,(s +n — N). Thus all these valuations are
even.

The resulting nodes form a progression of length k£ and step 2. Divide its terms by h =
ged(s +n, 2). Its starting point and step are

— 2k 2
A= ””T d==e{1,2},  ged(4,d) =1

Every term is a square times an n-smooth integer. Choose a fixed integer C' > 4/§; then n < Ck
for large n. Moreover A > s/2 > n3/(20logn) > k%2 for large n. Theorem 4.6(i), with & = 1/2,
d =1/102, and r = 2, contradicts the fact that all k indices qualify. O

The next observation relates fixed-point counts to divisors. Its strength is that it applies to the
full symmetric group on each coordinate, irrespective of the smaller group acting there.
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Lemma 4.10. Let m > 2, a > 2, and n = m®. In the product action of Sy, 1S, on {1,...,m}?,
an element fizing at least 15n/16 points has trivial coordinate permutation. Its number of fized
points is a product fi -+ fo with 15m/16 < f; < m. In particular it has a divisor in (m/2,m].

Proof. A cycle of r > 2 coordinates permits at most m choices for those entries of a fixed tuple,
rather than m”. A nontrivial coordinate permutation therefore has fixed-point ratio at most
1/m < 1/2. In the base group the fixed-point ratio is [],(f;/m). Since each factor lies in [0,1], a
product at least 15/16 forces each factor to be at least 15/16. O

Ford’s divisor estimate makes the set of possible fixed-point counts in this lemma sparse when
m grows. This excludes the whole product action, including its odd-base cases.

Proposition 4.11. For all sufficiently large n, effectively and uniformly in s > 1 with Hy s
irreducible, the root action of G, s is not permutation-isomorphic to a subgroup of Spm 1S, in its

product action, for any m > 2, a > 2, n = m?.

Proof. In this action a nontrivial coordinate permutation moves at least (1 — 1/m)n points, and
a nontrivial base element moves at least 2n/m points. Thus the minimal degree is at least
nmin{l—1/m,2/m}. Proposition 4.9 implies that m — oo along any sequence of such exceptional
actions with n — oo.

For large n, the displayed lower bound for the support exceeds 3 for every m > 2, a > 2.
Thus the product action cannot contain A,. Proposition 4.8 again permits us to assume s >
n3/(10logn). Put k = |n/32]. For a width N € {2,4,...,2k} set j = n — N. If p > n divides
s+ j and its inertia is nontrivial, that inertia has support N < n/16. Lemma 4.10 implies that j
has a divisor in (m/2,m].

Let H(z,y,z) count the positive integers at most = with a divisor in (y, z]. Ford proved the
uniform estimate

T
(log y)*(log log /)3/2’
see [25, Theorem 1(v) and Corollary 2]. Its upper bound is effective. Since a > 2, we can apply
it with z =n and y = m/2. As m — oo, the number of exceptional labels j is o(n) = o(k).
At every other label all inertia at primes above n is trivial. Proposition 3.2 then shows that

every such prime has valuation divisible by the even integer N. Consequently all but o(k) terms
of

1+ loglog 2

3Sy§\/57 k=1-—
log 2

H(z,y,2y) <

>0;  (4.11)

s+n—2k, s+n—2k+2,...,5+n—2
are squares times n-smooth integers. Divide by h = ged(s + n,2) to obtain a progression with
step d = 1 or 2, coprime starting point A > s/2 > k®/2, and length k. For large n, n < 33k.
Theorem 4.6(i), with C = 33, r = 2, ¢ = 1/2, and 6 = 1/102, contradicts this density. For
effectivity, first use (4.11) to choose a fixed mg for which the exceptional proportion is smaller
than 1/102. Then apply Proposition 4.9 with a fixed positive support proportion smaller than

Ming<m<m, min{l —1/m,2/m} to exclude the remaining values of m. This gives a single effective
threshold. O

4.2.3. Primitive groups. After Cartesian products have been excluded, the primitive-group classi-
fication leaves actions of symmetric or alternating groups on subsets. Their homogeneous permu-
tations have a simple restriction.

Lemma 4.12. Suppose 2 < { < m/2. In the action of Sy, on the £-element subsets of {1,...,m},
a homogeneous permutation with fized-point ratio at least 15/16 cannot have even nontrivial cycle
length greater than two.
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Proof. Let ¢ € Sp, move u letters, and let I be a uniformly chosen ¢-element subset. Counting
the contributions of the moved letters to the symmetric difference gives

2ub(m — £
BT A o) = 22m =0
m(m — 1)
Since the symmetric difference is at most 2¢ and is zero on fixed subsets,
- u(m —¥) S
“m(m—1)" 2m
Thus u < m/8. In particular there are at least ¢ fixed letters. Selecting one letter from a nontrivial
letter cycle of length 7, together with ¢ — 1 fixed letters, gives a subset orbit of length r. If the
subset action is homogeneous of length ¢, every nontrivial letter cycle therefore has length ¢q. If
q > 2 is even, select two opposite letters from a g-cycle and ¢ — 2 fixed letters. Their subset orbit
has length ¢/2 > 1, contradicting homogeneity. O

1 — fpr(o)

The lemma converts odd valuations into forbidden permutations on a full progression of widths.

Proposition 4.13. For all sufficiently large n, effectively and uniformly in s > 1 with Hy, s
irreducible, its root action is not a subgroup of the action of Sy, on L-element subsets with 2 <
0 <m/2.

Proof. The small-parameter case follows from Proposition 4.8, since a proper subset action has
order at most m! < |Ay| for sufficiently large n = (’}). Suppose s > n?/(10logn) and put
k= |n/64]. At a width N =4,8,...,4k, an odd valuation e at a prime p > n gives inertia with

g = gcd(N, e) odd, g=N/g=0 (mod 4).

The inertia is nonidentity, homogeneous, and has fixed-point ratio at least 15/16. Lemma 4.12
excludes it. Therefore every valuation at a prime above n is even in every term of

s+n—4k, s+n—4k+4,...,s+n—4.

Divide by h = ged(s+n,4). The resulting progression has step d = 4/h € {1,2,4}, starting point
A = (s+mn — 4k)/h coprime to d, and all terms squares times n-smooth integers. For large n,
we have n < 65k and A > s/4 > k%2, Apply Theorem 4.6(i) with C' = 65, r = 2, ¢ = 1/2, and
5 =1/102. O

We can now apply the primitive-group theorem. The inequality in that theorem is strict, so
the numerical margin below also handles elements of order two.

Theorem 4.14. For all effectively sufficiently large n and every positive integer s, if Gy s is
primitive, then A, < G, ;.

Proof. Primitivity includes transitivity, so H,, s is irreducible. By Proposition 4.9, a sufficiently
large G, s has a nonidentity element of support at most n/3. A suitable nonidentity power has
prime order r and no larger support. Its fixed-point ratio is at least 2/3 > 1/y/r + 1. Burness
and Guralnick [7, Corollary 2] imply that the primitive action has the form

(Am)® < Grs < Sm 1 Sa, n:<<?>> 1<t<m/2,

where each coordinate is the action on f-element subsets and the wreath product acts on the
Cartesian product of the coordinate sets. The middle-subset action ¢ = m/2 is imprimitive, since
complementary subsets form blocks, so it does not occur here. Proposition 4.11 excludes a > 2.
Proposition 4.13 excludes ¢ > 2. The remaining action has a = ¢ =1, so G, s D A,. O
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4.3. Invariant partitions. We exclude invariant partitions in three steps. Progressions of cubes
rule out blocks of size two. Linear forms in logarithms bound the parameter when both the block
size and the number of blocks are at least three. The partition energy then excludes all partitions
in the complementary range. Only partitions into two large blocks remain for the next section.

4.3.1. Blocks of size two. For blocks of size two, an odd packet cannot support inertia whose
nontrivial cycles have length divisible by three.

Lemma 4.15. There is an effective absolute integer ng such that, if n > ng and s > n3/(10logn),
then Gy, s preserves no partition of the roots into blocks of size two.

Proof. Suppose such a partition exists. Put k& = |n/12]| and use the odd widths N; = 3(1 + 2¢),
0 <t < k, all smaller than n/2. If p > n divides s + n — N; to an exponent e not divisible
by 3, Proposition 3.2 gives an inertia permutation whose nontrivial cycles all have length ¢ =
N¢/ ged(Ny, e), with 3 | g. A block fixed by this permutation cannot contain a moved root, since
q > 2. Every moved block consists entirely of moved roots. Its support is therefore a union of
pairs, contradicting its odd size IV;. Thus every valuation above n at these nodes is divisible by
3.

In reverse order the nodes form A, A+ 6,..., A+ 6(k — 1), with A > s. Put g = ged(A4,6),
A"'=A/g,and d = 6/g. Then ged(A’,d) = 1, and every term A’ + jd is a cube times an n-smooth
positive integer. For all sufficiently large n, we have n < 13k and

3
A>s/6>— > 52

60logn
Theorem 4.6(i), with C =13, r =3, e =1/2, 6 = 1/102, and d € {1,2, 3,6}, contradicts the fact
that all k terms qualify. The four possible steps give a single effective threshold. g

4.3.2. A parameter bound for invariant partitions. It is not necessary to discard a whole node for
each small prime. Instead, assign each small prime to one node where its valuation is maximal.
A pair of nodes with a common large exponent then has only a bounded number of exceptional
prime factors.

Proposition 4.16. There are effective absolute constants C1,n3 > 0 such that, whenever n > ns
and Gy, s preserves a partition with block size

3<b<n/3,
one has
log s < Cy(logn)°.
Irreducibility is not required for this assertion.

Proof. Put a = n/b, u = logn, and L = logs. We may assume L > 2u, since otherwise the
conclusion holds after increasing C;. For every prime

n/3 <P <n/2
use the two widths P and 2P. They are distinct across all prime groups. Since a,b > 3 and
ab = n, we have max{a,b} <n/3 < P. Thus P does not divide (b!)%a!, the order of the partition
stabilizer. If a prime p > n occurs in either corresponding node to an exponent not divisible
by P, Proposition 3.2 supplies an inertia element whose order is divisible by P, a contradiction.
Therefore
Zpgp=s+n—{P = (lpfxg’e, P(apg) < n, ¢ e {1,2},

where each apy is Pth-power-free.
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For every prime p < n dividing at least one selected node, choose one node zpy where v,(2py)
is maximal, and assign p to that node. Let £p, be its assigned primes. Define

'I"P,&p = 'l}p(aP7[) (p c EPJ), dP,K e CLP,Z H p—TP,Z,p‘
PEEP

These are positive integers, and 0 < rpy, < P. The maximal-valuation argument gives
[Idpel (n—1) (4.12)
P

This is the allocation assertion of Lemma 3.19: the remaining cofactor at each node divides its
unassigned small-prime part.
Let R be the number of prime groups. The effective prime number theorem gives

R= (é +0(1)) )= (o)

At most m(n)/7 groups have seven or more assigned primes on their two nodes. By (4.12), at
most n/(1000u) groups satisfy
logdpy + logdpa > 1000u?.

Since
1 1 1

— >0,
6 7 1000
there is, for all sufficiently large n, a prime group with at most six assigned primes and

logdp1 +logdps < 1000u>.

Write its assigned primes as p1, ..., pn, where h < 6. They are distinct, because every small prime
was assigned to only one node. For suitable integers ¢; with |¢;| < P we have

P p
zp1 _dp1 [xp1 H ¢
2

j=1

zp2  dp2 \Tp2

Taking real logarithms gives a nonzero linear form A = log(zp1/2p2) satisfying
0 <Al <n/s.
The rational bases have logarithmic heights at most
log(s + n) < 2L
P - P’
respectively. Omit any base equal to one and any term with zero coefficient. The number of
logarithms is at most eight and all integer coefficients have modulus at most P.
If only one logarithm remains, its elementary rational-height bound gives the inequality below

directly. Otherwise Matveev’s theorem [38, Corollary 2.3], in degree one with coefficient bound
B* < P, gives

1000u?, Uy .., U,

L L
L—u< CQUQmaX{l,P} < C’gugmax{l,}.
n

Here the factors u?, at most six factors u, and the coefficient factor log(eP) = O(u) account
for the exponent nine. The maximum also covers the case xp1 = xp2, when that logarithm is
omitted. Thus no assumption that a large-power part is nontrivial is needed.

Since L > 2u, after changing the absolute constant we obtain

L
L< C4u9max{1,}.
n
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For n > 2C4u?, the alternative L > n is impossible. Hence L < Cyu?, proving the assertion. The
prime number theorem and the logarithmic-form estimate both have effective constants. ([l

In particular, for partitions whose block size and number are both at least three, it now suffices
to treat a parameter range of fixed polynomial growth in logn. This reduction is uniform in the
number and size of the blocks. It does not by itself exclude such partitions in that remaining
parameter range.

4.3.3. The energy of a partition. The matrix energy identity applies even when individual blocks
are not defined over Q. This is the reason to use the entire invariant partition in place of a single
block.
Suppose now that the Galois group preserves a partition into a blocks of size b, where n = ab
and a,b > 2. Index the roots by their positions in this partition and define
1{i,j in the same block} l

Qi = b n’

This is the orthogonal projection onto the block-constant vectors orthogonal to the constant vector.
It has rank a — 1, constant diagonal (a — 1)/n, and is invariant under the Galois group.

Lemma 4.17. Put u =logn, T =logs, and
Ep = ZQijUp(OZZ' — Oéj) —+ Z Qii(vp(ai) + Ep)-
i

i#]
Then E, > 0. For s > n and logn > 10000,
T 3u
£ = E,l —1) =+ — +1log48). 4.13
S Eplogp < (o= 1) (5 + 5 +1ows) (4.13)

If p > n divides s + j, set N =n — j and e = v,(s + j), and let k; count the roots of positive
valuation in the ith block. Then

e [1& N2
E,=—|= 2. 4.14

Proof. The displayed matrix @ is rational, positive semidefinite, and Galois invariant, and it
annihilates the constant vector. Apply Lemma 3.5, with tr QQ = a — 1. It gives nonnegativity and
the upper bound (4.13). For a packet C of size N, 1LQ1c = b= 3", k2 — N?/n. The exact packet
identity (3.10) proves (4.14). O

An order-P power of a homogeneous inertia permutation has the same support. When P
exceeds the number of blocks, it fixes every block and hence forces packet occupations to be
multiples of P.

Lemma 4.18. Suppose p > n divides the node corresponding to a width N = £P, where P is
prime and P{e=wv,(s+n—N). If P> a and a{l, then
eP?(a—1)
E,> ———~, 4.15
p = nN ( )
If P>band bt N, such a prime contribution is impossible.

Proof. The homogeneous inertia cycle length ¢ = N/ gcd(NV,e) is divisible by P. Raising its
generator to the power ¢/P gives an order-P permutation with the same support. If P > a, it
fixes every block. Write k; = Pt;, where > ;t; = {. If { = ah + r with 0 < r < a, minimization
over integral occupations gives

N2 _ P*r(a—r) S P%(a—1)

DIEEE

n n - n
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Equation (4.14) proves (4.15). For the last assertion, ¢ > P > b, so a fixed block contains no
moved point. The support is therefore a union of entire blocks, forcing b | N, a contradiction. [

We next choose many widths to which this occupation bound applies. Fix § = 101/200 and
put § =log(1/0); thus 6/2 > 1/3. For any integer d > 2, the number of widths

N ={P < n, P > nf prime, dtl
is at least (6(1 —1/d) — o(1))n, uniformly in d. Indeed, the prime P > /n is unique, and this

number equals
S (5] [m]) 200 T Lo

nf<P<n nfd<P<n
The prime reciprocal sum tends effectively to &, and 7(n) = o(n). These are the usual effective
consequences of the prime number theorem; all errors here are independent of d.

Proposition 4.19. For all effectively sufficiently large n, if

3 |
n og(s +n) < pl01/200

> )
s 10logn logn

then Gy, s preserves no partition into equal blocks with at least two blocks and at least two roots
per block.

Proof. Suppose there are a blocks of size b. First let a < n’. Choose the widths just counted

with d = a. Every prime p > n dividing a selected node has exponent e < n’ < P. Lemma 4.18
therefore gives Ej, > e(a — 1)n??=2.

Delete one selected node with maximal valuation for every prime at most n. At most 7(n)
nodes are lost, and the product of the small-prime parts of the remaining nodes divides (n — 1)!.
This is Lemma 3.19. Consequently the logarithmic mass W of the retained prime powers with
primes exceeding n satisfies

W >(6/2—o(1))nT —nu > enT

for an absolute ¢ > 0. Here T" > 3u — log(10u) and /2 > 1/3. Nonnegativity of the other local
energies gives £ > c(a — 1)n?*~1T, contradicting (4.13), which is less than 2(a — 1)T in this range.

If a > n? then b < n'=% < n. Choose the widths with d = b. Since P > b, bt ¢ implies b £P.
The last assertion of Lemma 4.18 says that every selected node has no prime divisor exceeding n.
This contradicts the same lower bound W > enT'. O

4.4. Laurent interpolation and quadratic block fields. Let E be the splitting field of an
irreducible polynomial, and suppose that its Galois group preserves a partition into two blocks.
The setwise stabilizer G of either block has index two; its fixed field K = E“B is the quadratic
block field. Every root stabilizer is contained in G g, so K lies in each root field. A bounded trace
treats the real quadratic case. For the imaginary quadratic case, we construct integral polynomials
whose block traces become small at infinity.

4.4.1. The real quadratic case. The centered block trace is bounded at both real embeddings. Its
norm allows us to combine this bound with the fibers at 0 and —1.

Lemma 4.20. Let n = 2b > 4 and suppose that H, s is irreducible. If its Galois group preserves
two blocks of size b and the corresponding quadratic field is real, then

log s < 2nlogn.



UNIFORM IRREDUCIBILITY AND GALOIS GROUPS 47

Proof. Let K be the quadratic block field. For one block B, put t = Y cg(a + s). This is an
algebraic integer in K, whose conjugate is —t, since all centered roots sum to zero. Both traces
are real, and Proposition 2.2 gives [t| < b%.

If £ # 0, then A = Ng/q(t) = —t? is a nonzero integer with |A] < b*. For p¢||s, the congruence
H,s(Y —s)=Y" (mod s) implies that every centered root has valuation at least e/n, at every
extension of v,. The two conjugate traces therefore give v,(A) > 2¢/n = e/b. Thus s | A and

logs < blog|A| < 4blogb < 2nlogn.

If ¢ = 0, the uncentered block trace is the integer —bs. The congruence H,, s(X) = X" (X —n)
(mod s + 1) and Lemma 2.3, applied with A = b and ¢ = n = 2b, give s + 1 | b". That lemma
requires only an integral selected trace, not a rational factor. Hence logs < nlogb < 2nlogn in
this case as well. g

4.4.2. Laurent interpolation and cyclic intermediate fields. The imaginary quadratic case requires
integral polynomials whose negative odd Laurent coefficients vanish and whose first positive odd
coefficient is prescribed. We first prove the required surjectivity over the ground field; we then
bound denominators and coefficient sizes. The next theorem gives a general criterion for the first
step. At a fiber with a common ramification index ¢, one may prescribe a finite string of Laurent
coeflicients in a chosen nonzero congruence class modulo q. The obstruction is a cyclic extension
between intermediate fields of the cover.

Let k be an algebraically closed field of characteristic zero, let C be a smooth projective
connected curve of genus g, and let T : C' — IP’}c have degree n = ¢b, where ¢,b > 2. Suppose

(T)OO:qE7 E:Q1++Qba
with distinct points @;. Choose formal local parameters v; with 7' = v; 9. Write K = k(C) and
F = k(T), and put
L(DE)={he K:(h)+ DE >0} U{0}.
For a finite branch value t, let ep be the ramification index at P above t. For m > 1 define

dpm = Z max {m(ep—l)J . (4.16)

t finite branch value Pt ep

Theorem 4.21. Fiz 1 < a < q, and put e = q/ged(a,q). Let D > 0 be divisible by q, with
Db > 2g — 2, and suppose
D
{+q+mw >dn  (1<m<n—1, efm). (4.17)
q

If the coefficient map

Ip.a: L(DE) — EtP/a+D),
h +— ([U;D+a+qj]h) 1<i<b
0<j<D/q

(4.18)

is not surjective, then there are intermediate fields
FCMCLCK with L/M cyclic of degree e.
In particular, the map is surjective if the monodromy action of T is primitive.

If B is the number of finite branch values, the choice D = qB(n — 2) satisfies both numerical
hypotheses, for every 1 < a < q.
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Proof. We first describe the obstruction to prescribing Laurent coefficients. Let V' be the space
of all coefficients of v[D, ey U;-]il, for 1 <i <b,and let J : L(DE) — V be the full coefficient
map. Its kernel is L(—¢gFE) = 0. Since Db > 2g — 2, Riemann—Roch gives

dimcoker 7 =b(D+q) — (Db+1—g) =g+ qb— 1.

The same theorem gives dim H°(C, Qc(qE)) = g + gb — 1. Each differential in this space defines
a functional on V by

b
i=1
This functional vanishes on global functions by the residue theorem. It determines w: if it vanishes
on every coefficient in V', then the Laurent coefficients of w from degree —¢ through degree D — 1
vanish at every @Q;. Thus w € H(C,Q¢(—DE)) = 0. The dimension count therefore identifies
H°(C,Qc(qE)) with the dual of coker 7.
Suppose now that Jp , is not surjective. Extend a nonzero functional annihilating its image to
V' by making it zero on the other congruence classes of coefficients. The preceding identification
supplies a nonzero differential w € HY(C,Qc(¢E)). Set f = w/dT € K. At Q; we have dT =
—qu; -1 dv;, so f = O(v;). The coefficient restrictions on w say that, through degree D + ¢, the
expansion of f uses only exponents congruent to —a modulo q. Hence, for a primitive ¢th root of
unity ¢,
F(Cvy) = Cf (vy) + O(wP o). (4.19)
This is a relation between the local branches over T'; it does not assert that v; — (v; extends to
an automorphism of C.
Let 1 <m <mn—1 with etm. Since f = O(v;), raising (4.19) to the mth power and summing
over the ¢ local branches gives

—1
qZ F(v)™ = 0w 7™,
§=0

The sum is a series in v = T~!. Consequently Tr k/F(f™) vanishes at infinity to order at least
[(D+q+m)/q].

At a finite point P of ramification index ep, the differential w is regular, whereas d7" has order
ep — 1. In a local parameter with T'— T'(P) = uP, the trace retains only powers of u divisible by
ep. Its pole order at T'(P) is therefore at most |m(ep — 1)/ep|. Thus the total finite pole degree
of Tr/p(f™) is at most dp,. The cutoff hypothesis forces

Trg/p(f™) =0 (I1<m<n-1, efm).
Since e | n, Newton’s identities now show that
Normg,/p(W — f) € FIW®].

Let py be the monic minimal polynomial of f over F. The norm is a power of uy, so both
polynomials have the same set of roots. This set is stable under multiplication by the eth roots of
unity. Moreover, none of its roots is zero, since f # 0. Every such orbit therefore has e elements,
and taking the product over these orbits gives pur € F[W€].

Put L = F(f) and M = F(f€). For each eth root of unity &, the map f +— £f defines an
F-automorphism of L fixing M: the image satisfies the same minimal polynomial and already
belongs to L. These are e distinct automorphisms, while [L : M] < e because f satisfies W€ — f¢
over M. Thus L/M is cyclic of degree e.

If the monodromy is primitive, K/F has no proper nontrivial intermediate field. The identity
Trg/p(f) = 0 excludes f € F,so L = K. But 2 < e < ¢g < n then gives F C M C K, a
contradiction.
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For the final assertion, note that d,, < B(m — 1) < B(n — 2). Taking D = ¢B(n — 2) makes
every left side in (4.17) strictly larger than B(n — 2). The finite ramification contribution is at
most B(n — 1), and the contribution at infinity is n — b. Riemann—Hurwitz therefore gives

20—2<B(n—1)—n—b<nB(n—2)= Db,
as required. I

Failure does occur for covers with a cyclic intermediate extension. On C = P. put U = z+z~!
and T = U?. Then n = 2¢q, E = (0) + (00), and v = U~ is a local parameter at both points of
E. For 1 < a < g, the differential

w=d(U* = —av "V dv € H(C,Qc(¢E))
and the residue theorem give
[v§]h + [V ]h =0 (h € L(DE)).

Thus Jp 4 is not surjective for any nonnegative multiple D of ¢. If gy = ged(a, ¢), the intermediate
extension k(U%)/k(U?) is cyclic of degree q/go, as predicted.

For ¢ = 2 and a = 1, the prescribed powers are —D+1,—D+3,...,—1,1. The condition (4.17)
becomes
Db>2g—2  (D+m+3)/2>dyn (m=13,...,n—1). (4.20)
In this case the function f constructed in the proof satisfies
f) =0@),  flwi)+ f(-vi) = Owf™™). (4.21)

We use this case below. The theorem asserts a necessary field obstruction to failure of interpolation;
the presence of a cyclic intermediate extension alone does not imply failure.

4.4.3. Separating branches at infinity. Write n =2b > 4 and C(Z,S) = C,, s(Z) = Hy s(Z - 5),
and use h,, from (2.16). At infinity set S = v=2. The roots have convergent expansions Z(v, () =
¢/v+ O(1), indexed by the simple roots ¢ of h,,, with Z(—v,() = Z(v,—(). Let A~ C Q[T]/(hy)
denote the odd subspace, of dimension b.

We seek polynomials whose values on opposite branches have small differences at infinity. The
following theorem supplies enough such polynomials to distinguish every selection of one branch
from each pair. Its proof uses traces of odd powers and the generic symmetric group.

Theorem 4.22. Let D = 2n%. Consider the rational linear map from polynomials P(Z,S) of
Z-degree less than n and weighted degree at most D, where wt(Z) = 1 and wt(S) = 2, to the
coefficients of the odd Laurent powers

—-D+4+1 , —D+3 -1 .1
v , e

v

in P(Z(v,¢),v™2). Its target is (A~)P/?*1 and the map is surjective.

In particular there exist b rational polynomials Py, ..., P,_1 of the stated degrees for which all
negative odd coefficients vanish and whose respective coefficients of vt are ¢, ¢3,..., %71, Terms
independent of Z may be removed without changing these assertions.

Proof. Let C' be the smooth completion of Cy,(Z,S) = 0 and let E be the sum of its b = n/2
points at infinity. The simple Hermite roots show that (S). = 2FE. The affine curve is smooth: its

possible multiple-root fibers occur at S = 0,—1,..., —(n—2), the repeated root is X = Z— S5 =0,
and 0H,, s(0)/0S = ((S)n) # 0 there. Its geometric group is S,. Eisenstein at S = 0 gives
transitivity. The (n—1)-cycle at S = —1 lies in the stabilizer of its fixed root and acts transitively

on the other roots. Transitivity of the full group therefore gives double transitivity. Conjugating
the transposition at S = —(n — 2) then gives every transposition, and hence the group is S,,.
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There is one finite branch point of each index N = 2,...,n. Riemann—-Hurwitz gives g(C) =
(b — 1)%, while the pole budget of Theorem 4.21 is
“ N -1
dy = {m( ~ )J < (n—1)(m—1).

N=2
The choice D = 2n? satisfies both hypotheses (4.20). Apply Theorem 4.21 with ¢ = 2 and a = 1
to obtain surjectivity on L(DE).

The affine curve is smooth, so every function regular there belongs to its coordinate ring.
Because C), is monic in Z, such a function has a unique polynomial representative of Z-degree
less than n. We claim that this representative lies in L(DFE) exactly when its weighted degree is
at most D. One implication follows from the pole orders of Z and S. For the other, suppose its
largest weight is w > D and let p,,(7") be the corresponding leading polynomial after substituting
Z =T/v, S =v~2. Then degp, < n, and every exponent of p,, has the same parity as w. The
absence of a pole of order w at each point of E forces p,, to vanish at one root from each opposite
pair of Hermite roots. Its parity then makes it vanish at all n roots of h,. This is impossible
for a nonzero polynomial of degree less than n. Thus the intrinsic coefficient map is exactly the
stated polynomial map over C. Its matrix over the monomial basis of Q[T]/(hy) has rational
entries; its full rank over C therefore gives full rank over Q. Prescribing the coefficient at v yields
the polynomials P;. Terms independent of Z contribute only even Laurent powers and may be
removed. ([l

4.4.4. Bounding the imaginary quadratic obstruction. We need quantitative bounds for this con-
struction. Bounds for its denominators and coefficients gives a uniform upper bound for a param-
eter admitting an imaginary quadratic block field.

We begin with a denominator estimate for the root expansions. The Hermite differential equa-
tion makes the estimate independent of a discriminant denominator.

Lemma 4.23. Let F,, and h,, be as in (2.17), and put A =Z[T]/(hy). The formal branch

Tw)=T+ Z apv® € (A Q)[[v]], F,(T(v),v) =0,
k>1
satisfies (3k)lay, € A for every k > 1. Moreover, (3k)![v*]T(v)? € A for every j > 0.

Proof. All quotients in this proof are first interpreted in Q[T"]/(h,,); the simplicity of the Hermite

roots makes h] invertible there. The specific quotients hg) /h!, have integral representatives.
Indeed, their representatives A, can be defined by

Ay =0, A =1, Apyo = —TArp1 + (TL - T)Arv

using the Hermite differential equation. Thus these quotients do not introduce the denominators
of a general inverse of h],. Write F,,(T,v) = Y ;5 Fi(T)v'. Expansion of the exponential gives

M+j
1= % W M= S <3
r3,74,...>20 HmZSm ™ Tm m>3

Zm23(m—2)rm:l
The denominator in each summand divides M!, by the formula counting permutations of a speci-
fied cycle type, and hence divides (3[)!. Consequently

BO)IED /1 € A.

This includes | = 0, using the derivative quotients above.
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We prove the denominator bound by induction on k. Write A(v) = >7;5 a;v" and expand
Fo.(T + A(v),v) = 0 in the ring Q[T]/(hy)[[v]]. After division by A/, the only term involving ag
is ay, itself. Every other contribution to the coefficient of v* has the form

() r;
FAT) 7 a; , .
h’n(T) H’I“"’ j:%:ﬂ', l+zi:’”“i:k,

i>1

and uses only coefficients already covered by the induction. Its denominator divides

GO I rad
i>1 i>1
This integer divides (3k)!: the quotient counts partitions of a labeled set of size 3k into one
distinguished block of size 3l and r; indistinguishable blocks of size 3i for each i. Hence (3k)lax € A.
The same multinomial argument applied to (T + A(v))? proves (3k)!/[v*]T(v)! € A for every
J=0. O

The following analytic estimates give a common disk for all root branches.

Lemma 4.24. Letn > 4, F(t,v) = F,(t,v), and h = h,,. The roots (; of h are simple and purely
imaginary, satisfy |¢;| < 2/n, and are separated by more than 1/(6/n). On a neighborhood of
lv] <7 = (1000n%)~1, they extend to holomorphic roots t;(v) of F with |t;(v) — (| < 2n|v| and
[ti(v)] < 3y/n.

Proof. The roots (i,...,(, of h are simple and purely imaginary, with |(;| < 2y/n. One way to
see these facts is to use the skew-symmetric tridiagonal matrix whose adjacent entries are /7
and —+/j, for 1 < j < n; its characteristic polynomial is h. Multiplication by 4, followed by a
diagonal unitary similarity, gives an irreducible real symmetric tridiagonal matrix. Its eigenvalues
are simple, and its norm is at most 2/n.

The equation h” + th' — nh = 0 also gives

G=Gl> 5= (#) (422)

Indeed, at a root put Ay = h(*)(¢)/W ((). The recurrence Apys = —CApi1 + (n — k) Ay, with
Ag=0,A; =1, gives |Ay| < (3y/n)*L. For 0 < |2| < 1/(6y/n),

W—1’< Y E<2(el/2—3 2) < 1
‘ W (¢)z kz::z k! /2)
so the Taylor quotient cannot vanish.

Set r = (1000n2)~!. The polynomial F(t,v) is the characteristic polynomial of the analytic
tridiagonal matrix with diagonal v(2j —n — 1) and adjacent entries

Viyi+ =) =1+ (n =)
Here the square roots are the branches equal to 1 at v = 0. For |v| < r, its distance in operator
norm from the matrix at v = 0 is at most 2n|v|. Applying the resolvent identity on the circles of
radius 1/(184/n) about the ¢; shows that each circle contains exactly one eigenvalue. Consequently
there are holomorphic branches ¢;(v) on |v| < r satisfying

ti(0) =G, [ti(v)| < 3v/n.
The assertions remain valid on an open neighborhood of this closed disk, since all the preceding
norm inequalities are strict.
The bound [t;(v) — (;| < 2n|v] also follows from the resolvent bound for the normal matrix at
v = 0: every perturbed eigenvalue lies within the perturbation norm of its spectrum, and the
disjoint disks identify the corresponding root. O
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Eliminating the odd monomials. The large jet system has a triangular part which can be removed
before taking determinants. This reduces the number of rows from order n3 to order n? without
changing the proved cutoff.

Put n = 2b, let D = 2m > n, and write u = v2. Let A = Q[T]/(h,,). Define the Q-linear map
T (v) : A— A[[v]] on the monomial basis by

T(W)(T?) =Y (v) (mod hy), 0<j<mn,

where Y (v) = vZ(v,T) is the Hermite-limit root series. Split A = A" ® A~ into even and odd
polynomials, with bases 1,72,..., 7?2 and T, T3, ...,T%~1. Parity gives block series

T (0)=O0w), Ti(v)=vB), O0)=1.
Define

R(u) = uO(u)_lB(u) = v(’)(v2)_171+(v). (4.23)
Its column corresponding to the constant polynomial is zero.

Lemma 4.25. Consider a polynomial P with deg, P < n and weighted degree at most 2m, with
no term independent of Z. Write its even and odd monomials as Laurent-polynomial vectors

Ai(u) = poi(u™Hu™" (1 <i<b), Ay =0,

and . |
B™(u) = poip1(uHu™" (0 <i<b).

Thus A; has powers v™™,...,u"", whereas Bli-n has powers v~V u~i Fiz a vector y € Qb

in the odd monomial basis. There exists an odd part B™ for which the negative odd Laurent
coefficients of P(Z(v,T),v=2) vanish and its coefficient at v' is y if and only if

WM (R(u)A(u)); =0 (1—i<k<0), [u'](R(u)A(u)); = y;, 0<i<b. (4.24)
When it exists, the odd part is unique and is obtained by taking the negative of the terms of (RA);
with exponents —(m — 1),...,—i. The reduced system (4.24) has exactly b(b+ 1)/2 rows.

For D = 2n2, this reduced map is surjective.

Proof. The odd part, in both the Laurent parameter and the Hermite variable, of the evaluated
polynomial is

v(B(u)A(u) + v tO(u)B™(u)) = v~ O(uw) (B™(u) + R(u)A(u)).
It equals vy + O(v?) exactly when
B (u) + R(u)A(u) = uy + O(u?),

since O(0) = I. The series R starts at order u, so RA has no power below u~ (™=, The allowed
coefficients of B cancel precisely the powers through u~%; the remaining conditions are (4.24).
There are i + 1 conditions in component i, giving b(b+ 1)/2 in all.

For D = 2n?, the full odd-jet map of Theorem 4.22 is surjective. Multiplication by O(u)~! is
an invertible triangular change of jet coordinates. The odd-monomial columns occupy exactly the
coefficients canceled above, with unit pivots. Passing to the quotient by these columns gives the
reduced map (4.24), which is therefore surjective. ]

The inverse matrix in (4.23) has a uniform analytic disk. Working in a Hermite quadrature
norm avoids a loss caused by the condition number of a monomial Vandermonde matrix.

Lemma 4.26. Put r = (1000n?)~!. The matriz R(u) is holomorphic on a neighborhood of
lu| < r2. In the norm induced by Gaussian Hermite quadrature on the even and odd polynomial

spaces,
lo@w*) <2 (jo] <7).
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In the monomial bases, its entries also satisfy
|Rij(u)| < exp(6nlogn) (lu| < 2).

Moreover every coefficient of u* in R(u), in the monomial bases above, has denominator dividing
(6k —3)! for k > 1.

Proof. Write the Hermite roots as (; = in; with 7; € R. On polynomials of degree below n, use
the norm

1 ) g2
lal* = = [ latia)e™"/ aa.

Gaussian quadrature at the n Hermite nodes identifies this norm with a weighted Euclidean
norm on the values ¢(¢;), with positive, symmetric weights. This elementary quadrature identity
follows by division by the monic Hermite polynomial and its orthogonality; the weights are positive
because they are the integrals of the squares of the cardinal polynomials.

The polynomials i (T)/v/k! are orthonormal in this norm. Their derivative relation shows that
differentiation on degree-below-n polynomials has norm at most y/n, and its kth power has norm
at most /2.

Lemma 4.24 gives root branches t;(v) on |v| < r with

5i(0) = ti(v) — G, max|6,(v)] < 2nfu].

Let D denote differentiation in node coordinates. Taylor expansion of each polynomial, which is
finite here, therefore gives the operator identity on its node values

! diag(6,(v)")D*

T(w)=1+ I

k=1
It follows that
1T (v) — I|| < exp(2n®?v]) —1 < L.
The projection onto odd polynomials is orthogonal because the quadrature weights are symmetric.
Hence the same bound holds for O(v?) — I, and the geometric-series inverse has norm at most
two. Equation (4.23) proves the stated holomorphy of R. The same estimates give

IR(u)ll < 6n*2[ul  (Ju] <r?).

To pass to monomial coordinates, each input monomial has norm at most (2n)"/2. Each coefficient
of a normalized Hermite polynomial hy/ Vk! has absolute value at most \/H; therefore each
monomial coefficient of an output polynomial is at most nv/n! times its norm. These estimates
imply the displayed bound exp(6nlogn) for all n > 4.

By Lemma 4.23, every coefficient of v* in 7 (v) becomes integral after multiplication by (3k)!.
The substitution v = w? turns this into integrality of the exponential-generating coefficients. If
U(w) = > ;50 Ujw’ /4! has integral matrix coefficients and Uy = I, the coefficients of its inverse
satisfy

[y
V=1, Vi==) (‘Z)Uv,
i=1
They are therefore integral. Products have the same property by the binomial convolution formula.
Applying these observations to the odd diagonal block gives the asserted integrality for its inverse
and for its product with 7. The coefficient of u* = v?* in (4.23) is the coefficient of v?*~1 in

O(v?)~YT_4 (v), proving the denominator bound (6k — 3)!. O
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The parameter bound. We construct integral polynomials with small differences on paired
branches and apply them to the two blocks.

Proposition 4.27. Let n =2b > 4 and s € Z~g. If the Galois group of Hy, s preserves two blocks
of size b, and its action on these blocks defines an imaginary quadratic field, then

log s < 1000n* log n.

Proof. Write C(Z,S) = Cns(Z), put D = 2n? and use F' = F,, h = h,, from (2.17). The
generating function

m J
E:Ch@lSyU':em)<%v+S§:u{)
m>0 m: i>2
shows that C' has nonnegative integer coefficients, weighted degree n for weights 1,2, and coeffi-
cient sum C(1,1) = n!. In particular F' € Z[t, v].

We use the branches and radius r from Lemma 4.24.

We now apply the triangular elimination in Lemma 4.25, with m = n?, D = 2m, and u = v>.
Write 7 (v) for the substitution matrix #/ +— t(v)7 in Q[t]/(h), split into its even and odd parts.
In the notation of that lemma,

Ou) =T-—(v),  R(u) = vO(u) ' T4 (v).
The latter is a power series in u with zero constant term. Lemma 4.26 shows that its entries, in
monomial coordinates, satisfy
[Rij ()] < exp(6nlogn)  (Ju] = r?).
Consequently, all coefficients through degree m + 1 have absolute value at most
exp(20n? logn). (4.25)
Indeed logr~! < 7logn, so Cauchy’s inequality bounds their logarithms by 6nlogn + 14(n? +
1)logn < 20n2logn.
Lemma 4.26 gives the denominator bound (6k — 3)! for the coefficient of u* in R. Hence the
integer
g = (6m+ 3)!
clears every coefficient used below and satisfies
log ¢ < 36n2logn. (4.26)
The reduced map in Lemma 4.25 has
R=0b(b+1)/2<n?
rows. It sends the coefficients of the even monomials Z%S* of weighted degree at most D to the
residual coefficients [u'](RE); with 1 —i <1 < 1. Here E;(u) = u 'py;(u™!) and Ey = 0; this is
the vector denoted by A in that lemma. It has full row rank, by Theorem 4.22 and the triangular
elimination. Let J be its rational matrix. Equations (4.25) and (4.26) give
max |(¢J);| < exp(60n?logn). (4.27)

Choose R columns of ¢J forming an invertible matrix B. For 1 < k < b, let r; be the row
corresponding to the coefficient at u! in the kth odd component. Let E®*) be the even coefficient
vector with entries

qadj(B)ey,
on these selected columns and zero on all other columns. Its entries are integers divisible by g,
and multiplication by J gives

JE® = g7 B(gadi(B)er,) = det(B)er,.
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Thus every residual coefficient vanishes except the prescribed one, whose value is the same nonzero
integer ¢ = det(B) for every k. Hadamard’s inequality and (4.27) bound the even coefficients by
exp(70n*logn).

The odd coefficients are obtained by canceling the allowed Laurent polynomial part of RE, as
in Lemma 4.25. This step introduces no denominators: each even coefficient is divisible by ¢, and
q clears every coefficient of R used in the reconstruction. Indeed, the largest possible index is
m + 1, already covered by the definition ¢ = (6m + 3)!. The resulting odd terms also have the
required degrees, since a power w7 in the ith odd component corresponds to Z%+187=% with
1<j<m-—1.

Each reconstructed coefficient is a sum of at most 2n3 products of an even coefficient with
an entry bounded by (4.25). We have therefore constructed integer polynomials P, ..., Py, of
Z-degree less than n and weighted degree at most D, such that every negative odd Laurent
coefficient vanishes and

[0 P (t(v) /v, v72) = ct®L, c=det B € Z\ {0}. (4.28)

Their coefficients satisfy

H := max|[Z? S| P.| < exp(80ntlogn). (4.29)

k,j,l ’
Let p =r/2 and put
M =2n*H(3vn)"p~P.
Then
M < exp(90n*logn). (4.30)
For a branch with initial root ¢, write

Crc(w) = 5 (Peltec()/o,07) = Pulte(~0)/(~0),073)).

The parity of the equation shows that this is the odd Laurent part. Its negative powers have
been canceled, so it is holomorphic at 0. On |v| = p its absolute value is at most M. Cauchy’s
inequality and (4.28) therefore give, for 0 < v < p/2,

Grc(v)| < 2Mwu/p, (4.31)
Grc(v) — 1| < 2Mv3/pP. (4.32)

Suppose now that the two-block field is imaginary quadratic, and assume, for a contradiction,
that T = log s > 1000n*logn. Then v = s~1/2 < p/2. Write the positive imaginary Hermite roots
as iA1,...,0A\p, where 0 < A\; < --- < A\ At this specialization, complex conjugation pairs the
branches starting at ¢A\; and —i\; and exchanges the two blocks. Each block therefore contains
exactly one root from each pair. There are signs €; € {1, —1} such that the difference between
the two block traces of Py is

b
Ak =2 Z Eij’p\j (U)
j=1
The sum of P over either block is fixed by the kernel of the action on the two blocks, so it
belongs to the quadratic block field. It is an algebraic integer because Py has integer coeflicients
and the centered roots are algebraic integers. Complex conjugation exchanges the blocks, hence
A = —Ag. If Ag #0, its norm is

NK/Q(Ak) = —Az = ’Ak‘Q € Z~o,

and therefore |Ag| > 1. This is the arithmetic reason for constructing the polynomials with
integer, rather than merely rational, coefficients.
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Equations (4.30) and (4.31) imply |Ag| < 4bMwv/p < 1. Thus Ay = 0 for every k. Using (4.32)
and |c| > 1 gives

b
D (x| < 20Mv?/p® (1<K <D). (4.33)
j=1
These inequalities contradict an elementary Vandermonde bound. Indeed, (4.22) implies
1 1
N> NN >—— (i) 22 < 4n.

For the matrix Vj; = /\?k_l, Lagrange interpolation at the points /\]2- therefore gives
1V oo < 12bv/n(180n2)01,
Since ||€]|oo = 1, at least one signed moment on the left of (4.33) has absolute value at least

1
T 12b/m(180n2)e—1"

But logn~! < 5nlogn, while (4.30), p~! = 2000n?, and the assumed lower bound on T give
20Mv?/p3 < n. This contradiction proves the proposition. O

4.5. Completion of the uniform Galois theorem. The preceding bounds reduce a possible
failure of alternating containment to two blocks with /n < log s < n®. The nearby-node criterion
excludes this last range. We then use the square-discriminant classification to determine the
group.

Theorem 4.28. There is an effectively computable absolute integer Nga such that, for every
n > Ngal and every positive integer s, irreducibility of Hy s implies Ay, < G 5.

Proof. Choose an effective absolute threshold for the results used below, including Corollary 4.5
with k = 6 and D = 5. Enlarge it so that
max{C(logn)?, (logn)®} < v/n, 2nlogn < 1000n*logn < n’, nt01/20 166 n—log2 > v/,

where (] is the constant in Proposition 4.16.

Suppose H, s is irreducible and G, s omits A,. Proposition 4.8 gives s > n3/(10logn) > n,
and Theorem 4.14 shows that the root action is imprimitive. Choose a partition into a blocks of
size b, with ab =n and a,b > 2. Proposition 4.19 gives

log(s 4 n) > n'0/20ogn,
so L = logs > y/n. Lemma 4.15 excludes b = 2. If a > 3 as well, Proposition 4.16 gives
L < Cy(logn)? < y/n, a contradiction. Hence a = 2.
The corresponding block field is quadratic. If it is real, Lemma 4.20 gives L < 2nlogmn; if it is
imaginary, Proposition 4.27 gives L < 1000n*logn. Thus in either case
n'/? < L < n°,
contradicting Corollary 4.5. Every threshold used here is effective and independent of s. (I

Proof of Theorem 1.1. Take N = max{Np, Nga1}, with Ny from Proposition 3.21 and Ng, from
Theorem 4.28. For n > N, the first result gives irreducibility for every positive integer s, and the
second gives alternating containment. Both constants are effective and independent of s. Il
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4.5.1. An explicit description of the symmetric specializations. The square-discriminant classifi-
cation of Banerjee—Filaseta—Finch—Leidy [2, Theorem 2.1] turns uniform alternating containment
into a short description of every Galois group in sufficiently large degree. The classification of
alternating Laguerre specializations was further developed by Banerjee—Bera [1]. The square-
discriminant families used below are those of [2]; the uniform theorem determines the symmetric
group throughout their complement in the region « = —n — s, s > 0.

For k > 0, define the integers

Lo CEBP -V (@A VID (- VISE (14 V)R (1= VD)

k= ,  Op = y Ck = .
2 2 2

Corollary 4.29. There is an effectively computable absolute integer N1 such that, for every

n > Ny and every positive integer s, one has G, s = A, exactly in the cases in Table 1. In all

other cases Gy s = Sy. In particular,
s¢4{1,2,3,4,5,6,n—4,n,n+2,n+4} = Gps=5.

s condition for G, s = A,

1 |n=0 (mod4)

2 |n=1 (mod4)

3 |n=0 (mod4) and n+ 1 is a square
4

)

6

n =1 (mod 24) and (n + 2)/3 is a square
n+ 2 = agg+1 for some k£ > 1
n + 3 = bogy1 for some k > 1
n—4|(2n—5)/3 = ¢y, for some k > 1
n n is an odd square
n+2|n=0 (mod4), or (n+1)/2 is an odd square
n+4 n+1:c22kJrl for some k£ > 1, or n + 3 is an even square

TABLE 1. The negative-parameter part of the square-discriminant classification
in [2, Section 2, items (v)—(vii) and (xx)—(xxx)], after imposing & = —n — s and
taking n > Nj.

Proof. The cited classification gives thirty explicit families and an effectively computable finite
exceptional set Ag. Take N7 larger than 10, the constant in Theorem 1.1, and every degree
occurring in Ag. Under &« = —n — s < —n, the families of unbounded degree that remain are
precisely items (v)—(vii), (xx)—(xxv), and (xxviii)—(xxx) of [2, Section 2]. Substitution gives the
ten rows of the table. The discriminant is nonzero for s > 0, and Theorem 1.1 gives A,, C G, s.
Hence a square discriminant gives A,, and every nonsquare discriminant gives .S,,. O

5. EFFECTIVE EXCEPTIONAL SPECIALIZATIONS

Runge’s theorem gives effective specialization results when an intermediate cover has several
closed points above infinity. Their number is the number of orbits of the arithmetic decomposition
group on the corresponding coset space. We use this observation to turn the cycle type of geometric
inertia into an effective criterion.

Proposition 5.1. Let K/Q(T') be a regular finite Galois extension with group G, and let Do < G
be the stabilizer of a place above T' = oo in the arithmetic Galois group. Let Sy be a finite set of
rational primes, and let H be a finite collection of proper subgroups of G. Suppose that

#(Doc\G/H) > |Sp| +1  (HeH).
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Then the parameters t € Z[S;l] outside the branch locus whose specialization group is contained
in a conjugate of a member of H form an effectively computable finite set.

A sufficient condition is |G : H] > |Dgo|(|Sf| 4+ 1) for every H € H. For integral parameters,
corresponding to Sy = @, it also suffices that for each H € H some prime divides |G : H] without
dividing |Dso|.

Proof. Let Xy be the smooth projective curve with function field K. Its closed points above
infinity correspond to the double cosets Do \G/H. Thus the support of the pole divisor of T" has
more than |Sy¢| 4 1 irreducible components over Q. Apply Runge’s theorem in the form of [34,
Theorem 1.2], with § = S§ U {00}, to obtain an effective finite set

{PeXu(Q:T(P)eZ[S; 1}

At an unramified rational parameter, the specialization group is contained in a conjugate of H
precisely when it fixes a point of G/H, or equivalently when Xy has a rational point above that
parameter. Taking the union over H proves the assertion.

Every Doo-orbit has at most |Ds| elements, proving the numerical sufficient condition. When
S¢ = @, the hypothesis is intransitivity. A transitive action would imply [G : H] | |Dsl, which
proves the final test. l

Lemma 5.2. Let 0 € S,, have aq cycles of length d, including a1 fized points, and put m = ord (o).

Then
|Ns, (o) = @(m) [] d*¢aq!.
d>1

If p is an odd prime with n/2 < p < n, then
p1|Ns,((0))] <= a,=0anda; <p.

Proof. The centralizer has order [[;d%ay!. Every automorphism o — o of (o) is realized by
simultaneously multiplying the cyclic coordinates in each d-cycle by © mod d. The quotient of the
normalizer by the centralizer therefore has order ¢(m).

We claim that p { ¢(m). Otherwise either p? | m, or some prime ¢ | m satisfies p | ¢ — 1. The
first possibility requires a cycle of length at least p> > n. In the second, p is odd, so ¢ > 2p+1 > n,
whereas every prime divisor of m divides a cycle length at most n. Both are impossible. Also
p | d for a cycle length d < n precisely when d = p. For d > 2 one has ay < n/2 < p, so the only
factorial that can contribute p is a1!. This proves the equivalence. O

Lemma 5.3. Let n/2 < p <n—3 be prime. If H < S, is transitive and A, % H, then p{ |H|
and p | [Sy : HJ.

Proof. If p | |H|, Cauchy’s theorem supplies an element of order p. Since 2p > n, this element
is a single p-cycle. Any nontrivial block system has a blocks of size b, with a,b < n/2 < p. An
element of order p must fix every block and then every point in each block, a contradiction. Thus
H is primitive. Jordan’s prime-cycle theorem [13, Theorem 3.3E], with p < n — 3, now gives
A, < H. O

Theorem 5.4. Let F(X,T) € Q(T)[X] have degree n > 8 in X and geometric Galois group S,.

Let o € S, generate inertia at infinity in its splitting field. Suppose that there is a prime
n/2<p<n-3

such that o has no p-cycle and has fewer than p fized points. Then the integers t for which F(X,t)

is defined, has degree m, is irreducible over Q, and has Galois group not containing A, form an
effectively computable finite set.
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Proof. The arithmetic group is also S,, and the splitting field is regular. In characteristic zero the
inertia group at infinity is cyclic and is normal in the arithmetic decomposition group. Conse-
quently

Dy < Ng, ({0)).
Lemma 5.2 shows that p t|Do|. By Lemma 5.3, p divides the index of every transitive subgroup
omitting A,. Apply Proposition 5.1 to representatives of their finitely many conjugacy classes.

The finitely many bad parameters coming from coefficient poles, degree drops, and branch points
can be handled directly. O

5.1. Effective exceptional sets for the Laguerre family.

Corollary 5.5. For every fixed n > 5, the positive integers s for which H, s is irreducible and
Ap £ G s form a finite, effectively computable set.

Proof. The generic splitting field is a regular S,-extension of Q(s). Indeed, the inertia permuta-
tions at s = 0,—1, —(n — 2) have an n-cycle, an (n — 1)-cycle, and a transposition, respectively
[30, Lemma 15]. The first two give double transitivity, and the transposition then gives S,. At
infinity, the Hermite expansions from Section 2.1 have inertia cycle type 2l%/2/117med 2 Eor p > 8
and a prime n/2 < p < n — 3, this permutation has no p-cycle and has fewer than p fixed points.
Such a prime exists for every n > 8: for n > 51 use Nagura’s theorem [39], and for 8 < n < 50
the primes 5,7,11, 13,17, 23, 29 suffice. Apply Theorem 5.4.

It remains to treat n = 5,6,7. Write o for the inertia involution at infinity and C,, = Cg, (o).
Since o has order two, Dy, < C,, and

|Cs] = 8, |Cs| = |Cr| = 48.

The classification of transitive groups of these degrees [8, pp. 869-871] shows that a transitive
subgroup omitting As is contained in a conjugate of AGL;(F5), of index 6 in S5. In degree seven,
a transitive subgroup omitting Ay is contained in a conjugate of AGL;(F7) or GL3(F2), of indices
120 and 30 in S7. None of these indices divides the corresponding |Cy|. Thus C), is intransitive
on each of these coset spaces, and also on the coset space of every subgroup of the listed groups.

In degree six, an imprimitive subgroup is contained in a conjugate of S3 ! Ss or So 1 .53, of
indices 10 and 15. These indices do not divide 48, so the same argument applies. Every primitive
subgroup omitting Ag is contained in a conjugate of M = PGLy(F5), acting on P!(F5). The map
z + 2/z in M has cycle type 23: it acts as (0 oo)(1 2)(3 4). Consequently o fixes a point of
Se/M. The action of Sg on Sg/M is faithful, because M contains no nontrivial normal subgroup
of Sg. Hence o does not fix every point. Its fixed-point set is therefore nonempty and proper; it is
Cs-invariant because Cg centralizes o. This proves that Cg is intransitive on Sg/M, and therefore
on Sg/H whenever H is contained in a conjugate of M.

In all three degrees, D, is thus intransitive on S, /H for every transitive subgroup H omitting
A,,. Proposition 5.1 completes the proof. All positive parameters are outside the branch locus. [

The conclusion is effective in each fixed degree. The uniform Galois theorem supplies the
separate bound on the degrees that can remain exceptional.

Corollary 5.6. The positive integral pairs (n,s) for which Hy s is reducible or Ay, £ Gy s form
a finite, effectively computable set.

Proof. There are no exceptions in degrees n < 4, by [29, Theorem 6.3(i)]. Theorem 1.1 bounds
every remaining exceptional degree by an effective absolute constant. In each such degree, Propo-
sition 2.4 bounds every reducible specialization by

5 < {n2/4Jn.
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Exact factorization determines those exceptions. For the irreducible specializations, Corollary 5.5
gives a finite effective list containing every exception to alternating containment. Exact Galois-
group computation determines which entries are exceptions. ([l

This reduces Hajir’s two conjectures to an effective finite verification. It does not give a practical
enumeration: the estimates obtained in the uniform proof are very large.

6. APPLICATIONS AND FURTHER QUESTIONS

The preceding arguments have two kinds of applications. The finite-fiber and prime-valuation
criteria apply to other polynomial families. The uniform Galois theorem also gives consequences
for splitting fields, algebraic relations among roots, and products of hyperelliptic Jacobians.

6.1. An Appell family with two scales. We apply the finite-fiber criterion of Section 2.2 to a
convolution of two Laguerre families. This application uses the centered root strip, but does not
require the uniform Galois theorem. For an integer ¢ > 2, define

PEOX) =nl[t"e™(1—t) "1 —ct)™®,  Pos=

For real s > 0, this is the moment polynomial E(X + Y7 + ¢Y2)" of two independent gamma
variables of shape s and scale 1. Its coefficient of X" is

2 ke=1+c. (6.1)

(
n,87

- n! y
]Z:;) (n — k)l51(k — j)! (s)j(s)k—jck .

Thus P,(ch € Z[s, X], and this coefficient has s-degree at most k.

Theorem 6.1. For every € > 0, there is an effective integer N(g) such that P, s is irreducible
over Q for all integers
n > N(e), s>1, logs > n°.

The same argument permits rational parameters and a scale that grows with the degree.

Corollary 6.2. There is a finite effectively computable set £ C Z>3 with the following property.
For every 0 <n < 1/3472, B > 0, and ¢ > 0, there is an effective integer N(B,e,n), independent

of ¢, such that Pécz/b 1s trreducible over Q whenever
n > N(B,e,n), 2<c<n, ceZ\E,
a,b e Zso, ged(a,b) =1, b<nbB, loga > n®.

The set £ will be defined by an explicit polynomial; we do not assert that it is empty. Since
2 ¢ &, the corollary implies the theorem.

Proof of the theorem and corollary. We check the two inputs to the finite-fiber criterion: a strip
bound from polynomial convolution, and trace separation at four fibers. We then make both
estimates uniform in c.

Convolution and the root strip.
For monic polynomials p, ¢ of degree n, write ¢(X) = >.7_o qx X" % and define

" (n—k)

(PBra)(X) =) (n = k)
k=0

This is Walsh’s additive convolution, also called symmetric additive finite free convolution; see [37,

Section 1]. We need its preservation of half-planes, including for polynomials whose coefficients

are not real.

™ (X).
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Suppose the roots of p and ¢ lie in the closed left half-plane. The polynomials
p(2)=1i"p(Z}i),  4(Z)=i"q(Z/7)
have their roots in the closed lower half-plane. Consider

" (n—k)_ dF
T?i:];) nl Xk

Its algebraic symbol is T5{(X +Y)"] = q(X +Y'), which is nonzero when both variables lie in the
open upper half-plane. By [5, Theorem 4, p. 471], Taﬁ has no root there. The output is monic,
so the zero-polynomial alternative is excluded. Since

(P B q)(2) =" (p B q)(Z/i),
pH,, ¢ has its roots in the closed left half-plane. Translation covariance adds upper bounds on real

parts; reflection adds lower bounds. Both covariance identities follow directly from the definition.
For formal power series f, g with constant term 1, coefficient comparison gives

(n[t")e™! f(1)) B (nl[t")eX*g(t)) = nl[t"]e™! f()g(2).

Consequently

P{) = Hys By ("Hy o(X/c)).
Proposition 2.2 and the half-plane bounds just proved show that, for every real s > 0 and every
root «a,

| Re(a + Kes)| < ke(n —1). (6.2)

Four fibers and the trace condition.
Introduce indeterminates IV, C, and put

JN) = N(N=1)--(N—k+1),  fo(N)=1,  Ac(t) = (1—t)(1—Ct).
For m = 1,2, 3, define

Rm.c(N,X) ka N)[tF| A (t)m X 2m—k,

These belong to Z[N, C, X], and, for n > 6
P9=x" P =X""R, (n,X).

Let Upn,,c(N, Z) be the subset-trace polynomial of R, ¢, and put Uy c(N,Z) = Z. The funda-
mental theorem of symmetric polynomials gives

Un.c € Z|N,C, Z], degy Uy o = 2°™.
The full subset has sum m(1+ C)N. For m = 2,3, remove the empty and full subsets by putting
U, N, Z
VN, 2) = —Imct.2)

Z(Z-m(1+C)N)

These are monic polynomials in Z[N, C, Z] of degrees 14 and 62. When C' = 2, omit the subscript
C from R, c, Un,c, and V,, c. For an integral factor at a positive integral parameter s, with
degree d and centered trace A = T + k.ds, trace specialization gives

pls+m = p|Unc(n, A+ mr.d), 0<m<3. (6.3)
The first residual polynomial is
Ric(n,X) = X? — knX +cn(n —1).
Its discriminant (¢ — 1)?n? 4 4cn is not a square for n > 5. Indeed, if it equals ¢?, the integers
U=(c—1)*n+2c V=(c—-1)q



62 KHAI-HOAN NGUYEN-DANG

satisfy U >V >0 and (U — V) (U + V) = 4c?. For positive integers with fixed product 4¢?, their
sum is at most 4c? 4+ 1. Hence 2U < 4c? 4 1, and integrality gives U < 2¢2. This would imply
n < 2c/(c—1) < 4. It follows that the only rational roots of Uj .(n, Z) are 0 and k.n.

Thus fibers 0,1 already give two nonzero evaluations unless the centered trace is 0, —k.d, or
ke(n—d). For these three possibilities, it is enough to eliminate the single variable d. Put k = 14+-C
and define

Do(N, C) = Resp (Va,o(N, 26D), Vs,o(N, 35D)),
D1(N,C) = Resp (Va,c(N, kD), Vs (N, 26D)).

Both pairs have degrees 14,62 in D. Their leading coefficients are powers of k times positive
integers, independent of IV; specializing IV or a positive integer C' therefore preserves these degrees.
Write D;(N) = D;(N,2). The exact calculation in Appendix B gives

Dy(11)Dy(11) # 0. (6.4)

It therefore proves nonvanishing of the two resultants as polynomials, rather than merely a trace
calculation in one degree.

Suppose n > 6, ¢ > 2, and Dy(n,c)Di(n,c) # 0. For every z € Q and integer 0 < d < n, we
claim that at least two of

Um,c(n, z + mkcd), m=0,1,2,3, (6.5)

are nonzero. Outside the three exceptional traces above, this follows from fibers 0,1. If z = 0,
fiber 1 is nonzero. The empty and full subset factors in fibers 2,3 are nonzero because 0 < d < n,
so Dy(n,c) # 0 prevents both evaluations from vanishing. If z = —k.d, fiber 0 is nonzero. The
factors removed from fibers 2,3 can vanish only at d = 0, d = 2n, or d = 3n/2, all outside
0 < d < n. Thus Di(n,c) # 0 again gives a second nonzero evaluation. For z = k.(n — d), replace
(z,d) by (—z,n — d). Complementation of subsets gives

Unc(n,meen —Z) =Upc(n,Z) (m>1), Uoe(n,—Z) = —=Uge(n, Z).

This replacement therefore preserves which evaluations vanish and reduces the last case to the
preceding one.

Uniformity in the scale.
Set

D(N,C):D()(N,C)Dl(N,C), E(C):D(ll,C), g:{CEZZQZE(C):O}.

By (6.4), E(2) # 0. Thus £ is finite and effectively computable, and £ C Z>3.

Put K = max{1,degD}. We have K < 3472. Indeed, put d,,, = 22 — 2 for m = 2,3.
The coefficient of X?™ % in R,, c has C-degree at most k. The coefficient of Z%m=J in Vin,c
is symmetric and homogeneous of degree j in the residual roots. Giving the kth elementary
symmetric function weight & therefore bounds its C-degree by j. After substituting Z = ¢(14+C)D,
every coefficient in D has C-degree at most d,,. The bidegrees of the Sylvester resultant in its
two coefficient lists now give

degp D; < 62-14414-62=1736 (i =0,1),

and hence K < 3472.

There is an effective absolute Cjy > 1 such that every coefficient of D(N, ¢), as a polynomial in N,
is at most Co(1+c)® in absolute value. For ¢ ¢ £ this polynomial is nonzero; its highest nonzero
coefficient is an integer of absolute value at least 1, even if its degree drops with c¢. Cauchy’s
bound puts every complex root in the disk of radius 14+ Co(1+c)X. If ¢ < n" and 0 < n < 1/3472,
then

14+ Co(1+ o)X <14 280" < n
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for all sufficiently large n, effectively in terms of 7. Consequently Dy(n,c)D;(n,c) # 0 uniformly
over all permitted scales, and the trace condition holds.

To finish, apply Corollary 2.14. For each sufficiently large n, select any permitted scale ¢ = ¢(n)
and use the family P, (T, X) = Pé?:(pn))(X ) with center ¢,,(T) = —k)T. The coefficient-degree
condition follows from the displayed coefficient formula. Equation (6.2) gives the required real-
parameter bound, since k.(n — 1) < 2n'*7. The four residual degrees are at most 6, and their
coefficients are fixed polynomials in n,c. Their heights and the values |¢,(—m)| are therefore
bounded by a fixed power of n. Equation (6.5) supplies the trace condition. All constants are
independent of the choice of ¢(n), so the resulting threshold N(B,e,n) works simultaneously for
every permitted scale. This proves the corollary and, with ¢ = 2 and b = 1, the theorem. O

Further Appell families. Let F(t) € Z[t] be nonconstant with F(0) = 1 and all zeros positive.
Write F'(t) = [[;_1(1 — ¢;t) with ¢; > 0, and put p = 3, ¢; = —F'(0) € Zso. For Qns(X) =
n![t"]eX!F(t)~%, repeated convolution gives
| Re(a + is)| < pu(n — 1)

for every root and every real s > 0. Expanding F(t)™° = 3> ,50(s);(1 — F(t))7 /4! shows that
Qn,s € Z[s, X], with the coefficient of X"k of s-degree at most k: for j < k < n, the multiplier
n!/((n—k)!j!) is integral. At s = —m, the residual degree is rm for n > rm, and its coefficients are
polynomial in n. Thus the strip and height hypotheses hold for any fixed list of negative-integer
fibers. The trace condition remains to be proved for each new F'.

Generic irreducibility does not settle this verification. Indeed, Eisenstein at s = 0 already gives
absolute irreducibility of @, s(X) as a two-variable polynomial: every nonleading coefficient is
divisible by s, while [s]Qn s(0) = (n —1)! 37, ¢} > 0. The two-scale calculation above supplies the
additional trace separation needed for arithmetic specializations. An all-parameter result would
also require an argument in the complementary range, as in Corollary 2.13.

6.2. A deterministic application to trimmed exponentials. For positive integers n, u, de-
fine the monic integral polynomial

Enu(X) = (u+n)!ZX7,' => | II w+nr | X7 (6.6)

=0 (u+75)! G=0 \r=j+1
Bary-Soroker and Ben-Porath [3, Conjecture 1] conjectured that every such trimmed exponential
is irreducible with Galois group S,,, and suggested just before that conjecture that its discriminant
is nonsquare when u > 1 and n > 2. They proved [3, Theorem 1] that, if kmay(z) = 2°1) and the
endpoint m is chosen uniformly from {1, ..., x}, then with probability tending to one, m > kyax ()
and all E, ,—, with 8 < n < kyax(z) have Galois group S,,. The preceding arithmetic criteria
give a deterministic result for the discriminant, a conditional S, theorem throughout a parameter
window, and an unconditional 5;, theorem under an explicit endpoint condition.

6.2.1. Local packets and the discriminant.

Lemma 6.3. Let 1 < N < n, let p > n be prime, and suppose that e = v,(u+ N) > 0. Then
E, . is separable, its Newton polygon has an edge from (0,e) to (N,0), and

vp(Disc By, ) = e(N —1). (6.7)
Its local inertia group is cyclic, and a generator has cycle type (N/g)91" N, where g = ged(N, e).
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Proof. Only u+ N among u+1,...,u+n is divisible by p. The coefficient formula (6.6) therefore
gives
; e, 0<j<N

v([X|Epy) =< 7 ’

(X)) {07 N
This proves the Newton-polygon assertion. Put m = n — N and e, (X) = >, X7 /41. Since
u=—N (mod p),

FEpu(X) = XVRyu(X),  Rn(X)=mlen(X) € Fy[X].

Here R, (0) = m! # 0 and R,, — R, = X™, so R, is squarefree; the case m = 0 means
R, = 1. Let A € Zy[X] be the monic degree-N Hensel factor lifting X N The complementary
factor has unit constant term. Comparison of coefficients in increasing degree shows that every
nonleading coefficient of A is divisible by p€, and that its constant coefficient has valuation exactly
e. Lemma 3.1 now gives separability and the stated inertia action. It also gives valuation e/N for

every difference between two roots in the packet and valuation zero for every other root difference.
Taking the product of the squares of these differences gives 2(];/ Je/N =e(N —1) in (6.7). O

Proposition 6.4. For each fized n > 0, there is an effectively computable no(n) such that E, .,
is separable and has nonsquare discriminant whenever
n > ngp(n), u > (ged(u,2) — 14 n)n.

In particular, w > (1 + n)n suffices, and for odd u the weaker condition u > nn suffices. In
addition, for all effectively sufficiently large n and u > n*'/1° more than |n/2]/102 distinct
primes p > 3|n/2| have odd valuation in Disc E,, ,,.

Proof. Put k = |n/2], h = ged(u,2), A= (u+2)/h, and d = 2/h. Then d € {1,2}, gcd(A,d) =1,

and

k—1 k
[TA+id) =hr* ] (u+2j). (6.8)
j=0 J=1

If a prime p > n has odd valuation in this product, it divides exactly one node v + N with N
even, and e = vp(u+ N) is odd. Lemma 6.3 then proves separability and gives the odd valuation
vp(Disc Ey, ) = e(N —1).

For the first assertion, set § = min(n,1)/4 and C = 2 + . Filaseta—Laishram—Saradha [23,
Theorem 1.1] imply that, for fixed d, all sufficiently large k, and every A with

ged(A,d) =1, A>(C—d+0d)k,
the product in (6.8) has a prime p > Ck of odd valuation. Indeed, otherwise that product is

by?, with every prime divisor of b at most Ck, contrary to their effective finiteness theorem. Here
C >dand 0 < 6 <1, as required. If h = 2, our hypothesis gives
A> 1 +nk>(1+20)k=(C—d+0d)k.

If h =1, it gives A > 2nk > 30k = (C'—d+0d)k. Take k beyond the effective exceptional bounds
for both d = 1 and d = 2, and also require k¥ > 1/6. Then p > Ck > n, so the preceding local
argument applies.

For the quantitative assertion, u > n?'/10 implies A > k*'/19. Apply Theorem 4.6(ii) with
C=3,r=2¢=1/10, and § = 1/102. It gives more than k£/102 primes p > 3k, each with odd
valuation in (6.8). For n > 5 these primes exceed n, so each has odd discriminant valuation. [
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6.2.2. Symmetric groups in a parameter window.

Theorem 6.5. Fiz D > 0 and k > 5. There is an effectively computable N = N(D, k) such that,
for all integers

n> N, u>1, (logn)“ﬁlogugnD,
irreducibility of Ey , over Q implies

Gal(Enu/Q) = Sy.

In particular, for fized 0 < ¢ < D the same conclusion holds whenever n® < logu < n” and n is
sufficiently large in terms of €, D.

Proof. For each prime n/2 < P < n — 3, take the node u + P. There are at least 2n/(5logn)
such primes for all effectively sufficiently large n. Lemma 6.3 supplies the required Newton edge
at each prime p > n dividing u + P. Theorem 4.4, with s = v, C = 1, ¢ = 2/5, and jp = P,
proves alternating containment whenever E, ,, is irreducible, since [C'/c| +3 = 5. For sufficiently
large n, the lower bound logu > (logn)” implies u > 2n. Proposition 6.4, with n = 1, excludes
containment in A,, and hence the group is S,. For the final assertion take k = 6 and use
(logn)® < n® for sufficiently large n. O

Corollary 6.6. Let n,u be positive integers. Suppose that primes qi,...,q > n, with t > 1,
satisfy

e; = vg,(u—+mn) >0, ged(n,eq, ... ep) = 1.
Then Ey,, is irreducible over Q. If, in addition, n,u satisfy the hypotheses of Theorem 6.5, its
Galois group is Sy,. In particular, the endpoint condition holds if some prime q¢ > n divides u+n
with ged(n, vg(u +n)) =1, and hence whenever u + n is prime.

Proof. Every nonleading coefficient in (6.6) has g;-adic valuation e;, while the leading coefficient is
1. Thus the Newton polygon is the segment joining (0, e;) to (n,0), and every root has valuation
e;/n. If a monic rational factor has degree d, its nonzero constant coefficient has integral ¢;-adic
valuation de; /n. Consequently n/gcd(n,e;) divides d for every i. The least common multiple of

these integers is
n n

lcmlgigt =n.

ged(n,e;)  ged(n,er, ..., e
There is therefore no proper rational factor. This argument works for all positive n,u. In the
stated parameter range, Theorem 6.5 gives S,,. If u + n is prime, the irreducibility assertion is
Eisenstein’s criterion. O

For example, if 6 | n and u+n = ¢3¢ for distinct primes g1, g2 > n, the two endpoint valuations
together prove irreducibility, although neither is individually coprime to n. In the parameter range
of the theorem the group is S,.

Theorem 6.5 is uniform in every parameter in its window, conditional on irreducibility. Corol-
lary 6.6 removes that condition on an explicit arithmetic subfamily. These statements do not
settle the full conjecture of [3]: irreducibility outside the endpoint condition remains unproved
here. The local Newton-polygon step is classical. Bary-Soroker and Ben-Porath already use
an endpoint valuation-one prime for irreducibility and a full cycle, and an even-length cycle to
exclude alternating groups [3, Propositions 5.1 and 5.2]. Theorem 4.3 supplies the prime valua-
tions needed for alternating containment throughout the stated parameter window. The linear
discriminant range uses [23, Theorem 1.1], while Theorem 4.6 gives a positive proportion of odd
discriminant valuations in the larger-parameter range. All these conclusions are deterministic.
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6.3. Splitting fields and Jacobians. The uniform Galois theorem has consequences for rela-
tions among selected roots and for products of hyperelliptic Jacobians. The general criteria are
due to Bary-Soroker—Kadets, Zarhin, and Lombardo; here they apply with arbitrary positive in-
tegral parameters. Increase N in Theorem 1.1 so that N > 5, and write J,, s for the Jacobian of
the smooth projective model of Y2 = H,, 5(X).

6.3.1. Splitting fields of distinct degrees.

Proposition 6.7. Let f1,...,f, € Q[X] be separable of distinct degrees n; > 5, with Galois
groups G; = Ay, or Sp,. Let L; be their splitting fields, 6; € Q*/Q*? their discriminant classes,
and R = {(e;) € F5 : [[; 8;" = 1}. Restriction identifies the group of the compositum with

Gal(Ly --- L, /Q) = {(gz-) € [1G:: [Tsen(g)™ =1 for cvery (e:) € 73} :

If the 6; span a space of dimension a, then [Ly--- L, : Q] = 2°T];(n;!/2).

Proof. The compositum group G is a subdirect product of the G;, so G’ is a subdirect product
of the pairwise nonisomorphic simple groups A,,. Goursat’s lemma gives G’ = []; 4,,. The
sign quotient is the Galois group of Q(+/d1,...,/d,), with relation space R. This proves both
formulas. ]

Thus, for distinct n; > N and arbitrary s; > 1, the discriminant classes in (1.7) determine the
Galois group of the compositum of the splitting fields of H,, ;.

6.3.2. Algebraic relations among selected roots. The criterion of Bary-Soroker—Kadets [4, Defini-
tion 1.6 and Theorem 1.7] extends their application with fixed Laguerre parameters as follows.

Corollary 6.8. For any sequence of positive integers (sp)n>1, let S = {2 € Q : Hyp,(2) =
0 for somen > 1}. For every m > 1 and B C 8™, the Zariski closure of B in A{ is a finite
union of affine linear subspaces defined by equations X; = X; (1 # j) and X; = ¢ (c € S). In
particular, an irreducible plane curve contains infinitely many points of S? if and only if it is the
diagonal, or a horizontal or vertical line through an element of S.

Proof. For n > N, the selected roots have degree n and Galois group A,, or S,,. There are finitely
many of bounded degree; nonconjugate roots have splitting fields whose intersection has degree at
most two, by Proposition 6.7. These are the hypotheses of the cited criterion. The finitely many
remaining roots may be adjoined by partitioning tuples according to the coordinates taking these
values. Since S is infinite, the plane-curve assertion follows. O

Remark 6.9. The choice of one parameter per degree matters. For any fixed d > 2, ordered root
tuples for all s > 1 satisfy

(i) —d Yo} +d(d—1) Y2 = 0.
This proper hypersurface contains infinitely many tuples. None lies on a coordinate diagonal, and
each equation x; = ¢ holds for only finitely many parameters, since Hy 4(c) is monic of degree d
in s. Their closure therefore cannot be a finite union of the permitted proper subspaces. The
corollary fails for the union over all parameters, even after any finite range of degrees is omitted.

6.3.3. Products of Jacobians.

Theorem 6.10. Let K be a number field and let f1,..., fr € K[X] be separable of pairwise distinct
degrees m; > 5, with Gal(f;/K) 2 Apn,. Let A; be the Jacobian of y* = f;(z) and B = []; A,
where e; > 1. Then

End(4;) = Z, Hom(A;, Aj) =0 (i # j), End(B) ~ H M., (Z).
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Fiz K — C and polarization forms 1; on V; = Hi1(A;(C),Q). In the diagonal action on repeated
copies,

Hg(B) = HSp(Vi,wi),
MT(B) = G := {(u;) € HGSP(V%,%’) cv(ug) = = v(up) b,

where v is the similitude multiplier. For every prime £, the algebraic monodromy group is Gg,
and the tmage has Lie algebra

Qe Id@@EP(W(Az‘), Vip), Vi(Ai) = To(A;) @ Qp.

The Mumford-Tate conjecture holds for B. On B and every power of B, all rational Hodge
classes and all £-adic Tate classes over finite extensions of K are generated by divisor classes. In
particular, the Hodge and Tate conjectures hold for these varieties.

Proof. The endomorphism and homomorphism assertions follow from [48, Theorem 1.1 and Corol-
lary 1.4], including adjacent degrees 2g + 1,2¢g + 2, which have the same genus. Each individual
¢-adic Lie algebra is symplectic plus scalars by [47, Theorem 2.6]. Lombardo’s product criterion
[35, Theorem 4.1] now applies: the symplectic algebras are simple, their standard modules are
irreducible, and every automorphism preserves the standard module. Indeed, a proper semisimple
subdirect product would identify two simple factors, yielding an intertwiner of their Tate mod-
ules after a finite extension. Faltings’s homomorphism theorem [19] would contradict geometric
Hom-vanishing. Thus the derived Lie algebra is the full direct sum. Polarizations force a common
scalar line, and the cyclotomic character supplies that line.

The algebraic monodromy group lies in the connected group Gg, and has its full Lie algebra,
hence equals it. The usual inclusion of the f-adic Lie algebra in the Mumford—Tate Lie algebra,
together with the bound from polarizations, gives MT(B) = G and the stated Hodge group;
compare [47, proof of Theorem 9.1]. Repeated factors merely repeat the representations.

Finally, invariants of each symplectic factor are generated by pairwise contractions. In coho-
mology these are divisor classes, obtained from polarizations by pullback and addition between
repeated copies; see [47, Theorems 8.1 and 9.1]. The same argument applies to every power.
Finite extensions of K do not change the Lie algebra, so it covers all the stated Tate classes. The
equality G = G, - [[; Sp(Vi) is algebraic and need not give the corresponding factorization of
rational points. O

Corollary 6.11. For pairwise distinct n; > N and arbitrary positive integers s;,e;, the prod-
uct [[; J5i 5, satisfies every conclusion of Theorem 6.10. In particular, Jagy1,s and Jagio are
nonisogenous Jacobians of the same dimension for every s,t > 1 if2g+1 > N.

Proof. Apply Theorem 1.1. O

6.4. Further questions. Theorem 1.1 gives a uniform eventual form of Hajir’'s conjectures.
Corollary 5.6 reduces both all-degree conjectures to an effective finite verification. The remaining
question is whether that finite exceptional set is empty. The current bounds do not make its
enumeration practical. An all-degree proof needs estimates that remain useful when the degree is
comparable to the constants in the local and logarithmic arguments. Equivalently, one may ask
for irreducibility and alternating containment for every nonconstant numerator and denominator
in the exponential Padé table.

The finite-fiber theorem suggests a broader irreducibility problem. For fixed positive integers

c1,...,Cr, consider
'
Pos(X) = nl[z"]e** [[a=c2).

v=1
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Does there exist an effective N(ci, ..., ¢,) such that P, , is irreducible for every n > N(cy,...,¢,)
and every positive integer s? Generic irreducibility is immediate: FEisenstein at s = 0 applies
because

(5] Ppy,s(0) = (n—1)! Z c, # 0.
v=1

The specialization problem needs more information. For each fixed ¢ > 2 outside the finite set
&, Corollary 6.2 treats P}fg when log s > n®, for every fixed € > 0. A proof in 1 < s < exp(n?)
for one fixed § > 0 would therefore complete the uniform argument for that scale. The Laguerre
energy proof does not transfer directly: the two-scale degenerate fibers have cluster sizes n — 27,
so in even degree a factor of half the degree can have the same occupation ratio in every such
cluster. One must break this possible balance or find a different source of arithmetic control. For
three or more scales, a structural trace-separation theorem would also be preferable to a separate
elimination certificate for each choice of scales.

Theorem 4.3 and its Newton-polygon consequence isolate a different question. For trimmed
exponentials, the remaining irreducibility hypothesis is removed here by an endpoint valuation
condition. A uniform irreducibility theorem without that condition would give the full symmetric
group throughout the same logarithmic parameter range. The nonsquare-discriminant theorem
already has no upper bound on u. Can its lower restriction v > (ged(u,2) — 1 4 n)n be removed
for all sufficiently large degrees? These are partial steps toward the full symmetric-group conjec-
ture of Bary-Soroker—Ben-Porath [3]; the current argument neither proves irreducibility for every
endpoint nor covers every relation between uw and n. The lower bound (logn)®, k > 5, comes
from the small-prime allocation and the height product in the simultaneous logarithmic estimate.
Replacing it by a bound of order logn would extend this criterion to parameters of polynomial
size; the present estimate does not reach that range.

Finally, Theorem 4.21 is geometric, whereas the application to quadratic subfields also uses
arithmetic bounds for the interpolants. It would be useful to obtain such bounds for other
covers from explicit ramification and height data. The Hermite argument here uses integral
derivative identities and Gaussian quadrature, so those bounds are not supplied by the geometric
theorem alone. For higher cyclic degree, one must also control all relevant embeddings and the
possible effect of units; a small value at one embedding no longer gives the imaginary-quadratic
contradiction used in Section 4.4.4. A quantitative interpolation theorem with a second arithmetic
application would substantially extend this part of the method.

APPENDIX A. THE ROOT-MODULUS REPRESENTATION

We prove Theorem 2.5 by continuing the roots through the upper half of the parameter plane.
At each parameter 0, —1,...,1—n, one more branch reaches the positive real axis. Keeping track
of this order determines the boundary jump of the holomorphic continuation of the positive-axis
modulus. Its expansion at infinity then permits Cauchy’s formula to recover the representing
measure.

Lemma A.1. Let 1 —n < s <0 be real. Every root of Hy, s that is not positive real has modulus
less than n + s — 1. Two distinct nonzero roots cannot lie on the same ray except on the positive
real axis.

Proof. The matrix argument in Lemma 2.1 remains valid for the upper bound even when Dy has
negative diagonal entries. For a nonzero root z not on the positive real axis, choose 22 = & with
Sz # 0. It gives || = v*Dov < n + s — 1; strictness follows from the same endpoint coupling. A
zero root satisfies the bound as well.

Put A=n+s—-—1¢€ (O,n—1) and Kk = n — A/2 > A/2. The ray substitution used in
Proposition 2.7 gives (2.20), which is valid for every real parameter. Suppose two roots lie on
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a nonreal ray, at radii p; < p2. Both are less than A. Multiply this equation by u, integrate
between the two radii, and take imaginary parts. The endpoint terms vanish, giving

sin 0 " (K — cos@) lul? dp = 0.
pr \P 2
The parenthesized function is strictly positive, since p < A < 2k, and u is not identically zero.
This is impossible. On the negative real ray the potential in the differential equation is strictly
negative; the real part of the same integrated identity is then — [ |[v/|? 4+ [ V]u|? = 0 with V < 0,
also impossible. ]

Proof of Theorem 2.5. Continuation and boundary labels. The roots are simple and nonzero when
Qs > 0. Monicity bounds them on compact parameter sets, so each root continues along every
path in that half-plane. Since the domain is simply connected, we obtain n single-valued, non-
vanishing holomorphic root functions, each with a holomorphic logarithm. They extend locally
across every real parameter outside {0,—1,...,1 —n}.

We describe their boundary labels explicitly. For 0 < m <n—1 put N = n—m. Directly from
the coefficient formula,

Hy,—(X) = XN Jnn(X), Jinn(0) = (-1)" . (A.1)

The m zeros of J,, ,, are simple and positive. Indeed,
dm
— X yv—N -X
Imn(X) =(-1)"e* X er(e XM).

Integration by parts shows that this monic degree-m polynomial is orthogonal to every polynomial
of smaller degree for the weight XVe=* on (0,00). All boundary terms vanish. If it had fewer
than m sign changes on that interval, multiplication by the product of its sign-changing linear
factors would give a polynomial of smaller degree whose weighted product with J,, ,, has constant
nonzero sign, contradicting orthogonality. It therefore has exactly m distinct positive roots. The

assertion is vacuous when m = 0.
Write s = —m + 4. The N roots tending to zero satisfy

XN = ¢, 6(1+0(1),  em= m'(le)'N' > 0. (A.2)
To see this, balance the coefficient J,,, ,,(0) of XV against H,, _,15(0) = (=1)™m!(N —1)16+0(52).
More explicitly, with p = 6%/, the polynomial p~N H, _4,~(pw) extends holomorphically to
p = 0, with value J,,,(0)(w”™ + ¢,). Its roots are simple. The holomorphic implicit function
theorem gives the asserted asymptotics uniformly for 0 < argd < 7, with a continuous choice of
6N On the right of —m the limiting arguments are (2j + 1)7/N, 0 < j < N. Moving around
a small upper semicircle increases each limiting argument by 7 /N. The last branch thus reaches
the positive axis with continuous argument 27. This branch is positive real just to the left of —m:
writing § = —r and X = rw with r > 0, its limiting w-root is positive and simple, so the real
implicit function theorem gives a positive real branch.

On (—m,—m+1), 1 <m < n—1, the coefficient signs in descending powers alternate through
($)m and are thereafter constant. There are exactly m variations. Descartes’ rule allows at most
m positive roots; near the left endpoint (A.1) supplies m such simple roots. They remain positive
throughout the interval: leaving the real axis or changing sign would require a collision or a zero
root. There are consequently exactly m positive roots. These are precisely the branches tending
to the nonzero endpoint roots; all other branches tend to zero at the left endpoint. Indeed, any
branch approaching a nonzero positive endpoint root is real and positive nearby by the implicit
function theorem. A branch off the positive real axis cannot meet that axis in the interval, because
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a simple real root has a unique real local continuation. By Lemma A.1, the remaining branches
cannot exchange angular order.

Near s = 0+ label the roots xy, ..., 2,1 in increasing argument order in (0, 27), and choose
their holomorphic logarithms accordingly. For s > 0 these continuous arguments remain in that
interval. Conjugation pairs j with n — 1 — j, first near zero and then everywhere on the positive
axis by uniqueness and absence of collisions. Their arguments sum to 2.

These observations give an induction across 0, —1,...,1—=n. On (-m,—m+1) put N =n—m
and write 6, = Slog x, for the continued arguments. Then
0<by<---<On_1<2m, O +0n_1-r =21 (0<r <N),
Oy =---=0,_1 =2m. (A-3)
Indeed, the m positive branches have argument 27 and are the labels already removed at earlier
crossings. The other branches preserve their angular order by Lemma A.1. At s = —m, (A.2)

rotates their limiting arguments from (2r + 1)7/N to 2(r 4+ 1)7/N, so label N — 1 becomes the
next positive branch. After s = 1 — n, all roots are positive with continued argument 27. They
remain so for s < 1 — n, since no further collision or zero root is possible.

Continuing the modulus. For an original conjugate pair j,k =n — 1 — j, j < k, define in the
upper half-plane

log (s) + log z(s) — 27ri> ‘ (A.4)

q(s) = exp ( 5
On s > 0 this is positive and equals |z;(s)|. The chosen logarithms specify the square root
throughout the parameter domain. On the negative axis the continuous argument sum of x;, xy
lies in [2m,47]. To verify the lower bound when both labels still lie off the positive real axis,
let N be the number of remaining such labels. Conjugation gives ; + Oy_1_; = 27, while
k=n—-1-37> N —1-jand angular order give ), > 0 y_1_;. If one or both labels have become
positive, their arguments are 27, and the bound is immediate. The upper bound follows because
no individual argument exceeds 27. Hence the boundary argument of ¢ is in [0, 7].

For odd n, the real root has label j = (n — 1)/2. While this label remains off the positive real
axis, it lies at or above the middle of the remaining ordered labels, so its continuous argument
belongs to [m,2m). Afterwards its argument is 27. The function ¢ = —z; therefore has the same
boundary-argument property. In both cases ¢ is holomorphic and nonvanishing in the upper
half-plane, and its boundary imaginary part is nonnegative.

The expansion at infinity. Put z = s~1/2, with —7m/2 < argz < 0 for s in the closed upper
half-plane. The scaled polynomial F),(w, z) in (2.17) has limiting polynomial h,(w) with simple
purely imaginary zeros, as proved in Section 2.1. Each zero therefore extends to a holomorphic
root germ w;(2) in a full disk about zero.

For positive z, conjugate roots have opposite limiting w-roots. The identity F,(—w,—z) =
(—=1)"F,(w, z) and uniqueness of the root germs imply wy(2) = —w;(—z) for such a pair. The
uncentered roots zj(z) = 2z~ lw;(z) — 272 consequently satisfy zx(z) = z;(—z). Their product is
an even Laurent series beginning with z=% = s2. Its square root that is positive for large positive
s has an expansion s + 6 + O(s™1), with # € R. For the real root in odd degree, the germ with
limiting w-root zero is odd in z, and its uncentered root is itself an even Laurent series, giving
the same expansion for ¢ = —x;.

The germs and the already continued functions agree on the positive axis and extend across
it; the identity theorem identifies them in the exterior upper half-plane. Convergence of the full
germ expansions gives, uniformly in that closed half-plane as |s| — oo,

q(s) =s+0+0(s), g € R. (A.5)

Cauchy’s formula and the measure. The root functions have convergent expansions in (s—i—m)l/ N
at each singular parameter —m, by the rescaling in (A.2); the nonzero root branches are analytic
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there. The function ¢ therefore has a finite, continuous boundary value at each such point. If
either root used in (A.4) vanishes, then ¢ tends to zero. The same statement holds for the single
real branch. In particular, ¢(s) = O(|s|*/™) near zero in the closed upper half-plane.

The boundary values of ¢ are real for s > 0 and for s < 1 — n; in the latter interval they are
negative, by the continued arguments above. Schwarz reflection therefore gives a holomorphic
function on C\ [1 — n,0], whose two boundary values on the cut are conjugate. Put ¢(t) =
Sg(—t + 10). The argument bounds already proved give ¢» > 0. Also v is bounded on the cut,
and () = O(t/™) as t | 0.

Apply Cauchy’s formula to ¢(s) — s — 6 around the cut. The expansion (A.5) removes the
large-circle integral; boundedness removes the small arcs about the finitely many singular points.
The jump across the cut is 2iv(t), so

q(s):s+0—1/0

™

()
s+t
Because (t)/t = O(t'/"1) near zero, this quotient is integrable. Letting s | 0 and using
dominated convergence gives
1 =Lt
o—— | YA 4y
0

s t
Hence (2.15) holds with the finite nonnegative measure

dt (s e C\ [1—n,0]). (A.6)

du(ty = 2 g (A7)

Tt
There are no endpoint atoms: the formula is obtained from the full contour, and every indentation
integral tends to zero. If two finite measures on [O, n— 1] gave the same representation, expansion
for large s would equate all their moments. Density of polynomials in C[0,n — 1] then makes the
measures equal. Finally, the integrand s/(s + t) is nondecreasing in s > 0, proving the stated
monotonicity. ([l

Proposition A.2. Fixn > 2. For 0 <j < |[(n—1)/2], label a root branch by
27+ 1)me
ay(s) = (= 1) esp (DT o ogsimy (s 1),

and continue it along the positive real axis. Put q¢j(s) = |oj(s)| and Ly = n—1—j. The nonnegative
measure in the representation

0(s) =5+ [ = du;(t

has support exactly [0, L;]. It has a density that is strictly positive on (m,m~+1) for every integer
0 <m < Lj, and zero for t > L;. In particular, if

1 2
Mj:ng +§é, j(s) = —s+iy/s + O(1) (s — o0),
then
Mjm<qj(s)_s<Mj (s> 0). (A-8)

For odd n and j = (n —1)/2, this is the real root branch, £ =0, and L; = (n —1)/2.

Proof. On (—m,—m +1), 1 < m <n—1, put N =n —m and use the continued arguments in
(A.3). First suppose j <k=n—1—j. If j,k < N, then k > N —1 — j, because m > 0. Thus

2 < 0 + 0 < 4m.

If j < N <k, the sum is §; + 27 and satisfies the same strict inequalities. If N < j, both
arguments are 2w. The holomorphic modulus branch has continuous argument (6; + 6 — 27)/2.
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Its boundary imaginary part is therefore strictly positive while m < n — 1 — j, and is zero once

m > n — j. These are precisely the regular negative parameters s = —t with 0 < ¢ < L; and
t > Lj, respectively.
If nis odd and j = (n — 1)/2, the same conclusion follows from ¢; = —«;: while j < N, one

has j > (N —1)/2 and hence m < 6; < 27; once N < j, the root has argument 27. The transition
isatt=j = Lj.
In either case the representation obtained from Cauchy’s formula is
dﬂj (t) — M dt.
Tt

The density is positive on every indicated open interval. It vanishes past L;, and there are
no atoms at the finitely many singular parameters. Consequently the support is exactly [0, L;].
Integrating

s
< <1
s+ Lj s+t
and using the already established mass 1([0, L;]) = M; gives the last inequalities. They are strict
because the measure has positive density on (0, L;) away from finitely many points. U

APPENDIX B. AN EXACT CERTIFICATE FOR THE APPELL FAMILY

The two resultants D;(N) = D;(V,2) eliminate the factor degree before the degree parameter
N is specialized. To prove Dy(11)D;(11) # 0, we work over Fy79. This single exact calculation
also proves that Dy, D; are nonzero polynomials in N. The residual polynomials at N = 11 are

Ry(11,X) = X* — 66X> 4 1430X2 — 11880X + 31680,
R3(11,X) = X% - 99X° 4 3630X* — 62370X3 + 522720X? — 1995840X + 2661120.
The first polynomial has four distinct roots
{72,180, 353,419} C Fyro.
Its nonempty proper subsets have fourteen distinct sums, namely
S ={12,54,72,120, 126, 180, 192, 252, 293, 353, 365, 419, 425, 473}.

These are the roots of V5(11,7). Thus the first polynomials defining Dy(11) and D;(11) have
roots z/6 and z/3, respectively, for z € S. Their companion factors take the following values; V3
abbreviates V3(11,-).

2 | V3(32/2) Vh(22)
12 442 466
54 442 222
72 222 452

120 391 238

126 78 27

180 181 347

192 382 320

252 313 457

293 313 60

353 382 112

365 181 74

419 78 151

425 391 262

473 222 53
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Every entry is nonzero. Each specialized pair is therefore relatively prime. The four leading
coefficients are 614,962 314 652 all nonzero modulo 479; specialization consequently preserves the
Sylvester resultants. This proves their required nonvanishing.
The table can be reproduced using matrices of order at most 20. Let C be the companion
matrix of
X0 4+ 380X° +277X* 4+ 379X 3 + 131X2 + 153X + 275 over Fyzo.

For 1 <k <5, let C¥ act on A\*F§¢ by
k
CH g A Aog) =3 vr Ao ACU; A Ay
j=1

The eigenvalues of this additive exterior-power operator are the k-element subset sums of the
eigenvalues of C. Consequently
5
Va(11,2) = [] det(zI — C™).
k=1
Triangularization proves the identity without a separability assumption.
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