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Abstract

For d ≥ 3 with −d ≡ 0, 1 (mod 4), let h(−d) be the number of classes of primitive positive definite binary quadratic
forms of discriminant −d. We prove that d 7→ h(−d) is computable in deterministic polynomial time with an oracle for
a language in the second level ΣP

2 of the polynomial hierarchy. The proof uses only reduction theory of binary quadratic
forms, Lagrange’s theorem and Hermite normal forms; it does not assume the generalized Riemann hypothesis, does
not take a generating set of the class group as input, and uses no randomness. A ΣP

2 oracle finds a generating set of
O(log d) forms, and an NP oracle then determines the lattice of relations, whose index is h(−d). Consequently, if
P = NP, class numbers of imaginary quadratic fields are computable in polynomial time. As an application, the number
Dn of representations of n by the ternary form 8x2 + 2y2 + 16z2 in Tunnell’s congruent number criterion equals 2h(−4n)
for square-free n ≡ 2 (mod 8) and vanishes for square-free n ≡ 6 (mod 8); hence Dn lies in FPΣ

P
2 on even square-free

n, and an exact counting reduction from #SAT to Dn would collapse the polynomial hierarchy to ∆P
3 .

Keywords: class numbers, binary quadratic forms, polynomial hierarchy, counting complexity, Tunnell’s theorem,
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1. Introduction

For an integer d ≥ 3 with −d ≡ 0, 1 (mod 4), let h(−d) be the number of SL2(Z)-classes of primitive positive
definite binary quadratic forms of discriminant −d; when −d is a fundamental discriminant, h(−d) is the class number
of Q(

√
−d). Computing h(−d) from the binary encoding of d is a classical problem of computational number theory.

Shanks’s baby-step giant-step method and its refinements compute it in time exponential in log d [1]; under the
generalized Riemann hypothesis (GRH), Hafner and McCurley gave a subexponential algorithm [2]; and under GRH
the class group is generated by forms of norm O(log2 d) [3], so that Watrous’s quantum algorithm for the order of a
solvable black-box group [4] computes h(−d) in quantum polynomial time.

The form class group Cl(−d) is an abelian group whose elements have unique polynomial-size encodings, the
reduced forms, and whose operation is computable in polynomial time. For black-box groups given by a list of
generators, Babai and Szemerédi [5] proved that membership lies in NP, and Babai [6] proved that order verification
lies in AM∩ coAM. These results take a generating set as part of the input. No small generating set of Cl(−d) is known
to be computable without GRH.

In this paper we prove that d 7→ h(−d) is computable in deterministic polynomial time with an oracle for a language
in ΣP

2 (Theorem 3.1). The proof is elementary: it uses only reduction theory of binary quadratic forms, Lagrange’s
theorem, and Hermite normal forms of integer matrices. It does not assume GRH, does not take a generating set as
input, and uses no interactive proofs or randomness. Its consequences are the following.

1. If P = NP, then class numbers of imaginary quadratic orders are computable in deterministic polynomial time
(Corollary 3.2).
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2. Let Dn be the number of representations of n by the ternary form 8x2 + 2y2 + 16z2 that appears in Tunnell’s
congruent number criterion [7]. For square-free n ≡ 2 (mod 8) one has Dn = 2h(−4n) (Proposition 4.2), and
Dn = 0 for square-free n ≡ 6 (mod 8) (Lemma 4.1). Hence n 7→ Dn on even square-free n lies in FPΣ

P
2 (Corollary

4.3).
3. An exact counting reduction from #SAT to Dn, computable in polynomial time with an NP oracle, would imply

#P ⊆ FPΣ
P
2 and, by Toda’s theorem [8], the collapse of the polynomial hierarchy to ∆P

3 (Theorem 4.5). Thus,
unless the polynomial hierarchy collapses, Tunnell’s count Dn cannot carry #P-hardness, although it is a #P
function of n.

Section 2 fixes notation. Section 3 proves the main theorem and its first consequences. Section 4 applies it to
Tunnell’s count. Section 5 relates the results to prior work, and Section 6 concludes.

2. Preliminaries

For a positive integer m we write ℓ(m) = ⌊log2 m⌋ + 1 for its bit length, and ℓ(0) = 1; |x| denotes the length of a
string x, |b| the absolute value of an integer b, and |G| the order of a finite group G. The empty string is denoted by ε.
ΣP

2 = NPNP and ∆P
3 = PΣ

P
2 are levels of the polynomial hierarchy PH; for a class C of languages, FPC is the class of

functions computable in deterministic polynomial time with an oracle for a language in C. If P = NP, then PH = P, so
FPNP = FPΣ

P
2 = FP. A function f : {0, 1}∗ → N is in #P if f (x) is the number of strings y of length p(|x|) accepted by a

polynomial-time verifier V(x, y), for some polynomial p [9, 10]; #SAT, the number of satisfying assignments #φ of a
Boolean formula φ, is #P-complete under parsimonious reductions [11].

H(d) denotes the Hurwitz class number, which counts all, not necessarily primitive, classes of positive definite
binary forms of discriminant −d, weighted by 1/2 and 1/3 for classes of forms equivalent to multiples of x2 + y2 and
x2 + xy + y2 respectively, and which is zero unless −d ≡ 0, 1 (mod 4) [12]. For a fundamental discriminant −d < −4
one has H(d) = h(−d).

Lemma 2.1 (Prefix search). Let N ≥ 0 be an integer and W ⊆ {0, 1}N . Suppose that an oracle decides, for every binary
string w of length at most N, whether some element of W has prefix w. Then N + 1 oracle queries suffice either to
determine that W = ∅ or to output an element of W.

Proof. Query w = ε; if the answer is negative, then W = ∅. Otherwise repeat N times: query w0, and replace w by w0
if the answer is positive and by w1 if it is negative. Throughout, some element of W has prefix w: this holds at the start,
and an element of W of length N with prefix w, where |w| < N, has prefix w0 or prefix w1, so if no element of W has
prefix w0 then some element has prefix w1. After N rounds |w| = N, and the only string of length N with prefix w is w
itself, so w ∈ W.

Lemma 2.2 (Triangular reduced basis). Let t ≥ 1 and let Λ ⊆ Zt be a subgroup of finite index h. Then Λ has a basis
b1, . . . , bt such that, writing bi = (bi1, . . . , bit), one has bi j = 0 for j > i, bii = δi ≥ 1, 0 ≤ bi j < δ j for j < i, and
δ1 · · · δt = h. In particular every entry bi j lies in [0, h].

Proof. This is the row-style, lower triangular Hermite normal form of Λ: the basis vectors are the rows of the matrix
(bi j), and each entry below the diagonal is reduced modulo the diagonal entry of its column. For 0 ≤ i ≤ t let Λi be the
set of vectors of Λ whose coordinates of index greater than i vanish, so Λ0 = {0} and Λt = Λ. Since Λ has index h,
hei ∈ Λi for the i-th unit vector ei, so the set of i-th coordinates of the vectors of Λi is a nonzero subgroup δiZ of Z with
δi ≥ 1. Choose bi ∈ Λi with i-th coordinate δi. If x ∈ Λi, its i-th coordinate is qδi for some integer q, and x− qbi ∈ Λi−1;
by induction on i, b1, . . . , bi generate Λi, and they are linearly independent because the matrix with rows b1, . . . , bt is
lower triangular with nonzero diagonal. Hence b1, . . . , bt is a basis of Λ, and h = [Zt : Λ] equals the absolute value of
the determinant of this matrix, which is δ1 · · · δt. Now, for i = 2, . . . , t and then for j = i − 1, i − 2, . . . , 1, replace bi

by bi − qb j, where q = ⌊bi j/δ j⌋. This brings bi j into [0, δ j) and changes only the coordinates of bi of index at most j,
so the coordinates of index greater than j that have already been reduced, and the diagonal entry δi, are unchanged.
The vectors still form a basis of Λ, because each step adds an integer multiple of one basis vector to another. Finally
1 ≤ δi ≤ h for every i, since the δi are positive integers with product h, so 0 ≤ bi j ≤ h for all i, j.
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3. Class Numbers in the Polynomial Hierarchy

We use the standard facts [1, Section 5.4] that every class of primitive positive definite forms of discriminant −d
contains exactly one reduced form (a, b, c), with |b| ≤ a ≤ c, b ≥ 0 if |b| = a or a = c, and a ≤

√
d/3; that reduced

forms have encoding length O(log d); and that composition followed by reduction, the group operation of the form
class group Cl(−d), is computable in time polynomial in log d. Consequently

∏
i f vi

i can be computed by repeated
squaring in time polynomial in log d and in the bit lengths of the exponents. The inverse of the class of a reduced
form (a, b, c) is the class of (a,−b, c), so negative exponents are covered as well. The identity 1G of Cl(−d) is the class
of the principal form, which is (1, 0, d/4) if d ≡ 0 (mod 4) and (1, 1, (d + 1)/4) if d ≡ 3 (mod 4). We also use the
polynomial-time computability of Hermite normal forms of integer matrices [13].

A reduced form (a, b, c) of discriminant −d is determined by the pair (a, b), because c = (b2 + d)/(4a). With
A = ⌊

√
d/3⌋, the number of integer pairs (a, b) with 1 ≤ a ≤

√
d/3 and |b| ≤ a is

∑A
a=1(2a+ 1) = A2 + 2A, and therefore

h(−d) ≤ A2 + 2A ≤ d
3 + 2

√
d/3 ≤ d (d ≥ 3). (1)

The last inequality is equivalent to
√

d/3 ≤ d/3, that is, to d ≥ 3.
We fix the following encodings, with ℓ = ℓ(d). A reduced form f = (a, b, c) of discriminant −d is encoded by

the binary string enc( f ) of length 2ℓ that consists of the ℓ-bit binary expansions, with leading zeros, of a and of
a + b; this is well defined, for the following reason. Since d ≥ 3, we have

√
d/3 ≤ d/3, as noted after (1). Hence

1 ≤ a ≤
√

d/3 ≤ d/3 ≤ d, and, because −a ≤ b ≤ a, 0 ≤ a + b ≤ 2a ≤ 2
√

d/3 ≤ 2d/3 ≤ d. Both integers therefore
lie in [0, d], and d < 2ℓ, so each of them has an ℓ-bit binary expansion. Given a string u ∈ {0, 1}2ℓ, one decides in
time polynomial in log d whether u = enc( f ) for a reduced form f of discriminant −d, and computes f in that case:
decode (a, b) from u, and check that a ≥ 1, that |b| ≤ a, that 4a divides b2 + d, that c = (b2 + d)/(4a) satisfies a ≤ c
and gcd(a, b, c) = 1, and that b ≥ 0 if |b| = a or a = c. All integers involved have O(ℓ) bits, and the test consists of a
constant number of comparisons, multiplications and divisions with remainder and of two greatest common divisor
computations by the Euclidean algorithm, so it runs in time polynomial in ℓ. A vector v = (v1, . . . , vt) ∈ [−d, d]t of
integers is encoded by the binary string enc(v) of length t(ℓ + 1) that consists of the (ℓ + 1)-bit binary expansions of the
integers vi + d ∈ [0, 2d]; a string of length t(ℓ + 1) is of the form enc(v) if and only if each of its t blocks represents
an integer at most 2d. A list of reduced forms or of vectors is encoded by the concatenation of the encodings of its
members.

Theorem 3.1 (Class numbers in FPΣ
P
2 ). The function d 7→ h(−d), defined for d ≥ 3 with −d ≡ 0, 1 (mod 4), lies in

FPΣ
P
2 . In particular, if P = NP, then d 7→ h(−d) is computable in deterministic polynomial time.

Proof. Let G = Cl(−d), ℓ = ℓ(d), and h = |G|, so that h ≤ d by (1). The algorithm does not know h; it uses only the
bound h ≤ d. If h = 1 the procedure below terminates immediately with the empty generating set and outputs 1.

Step 1: a small generating set. Let S = (s1, . . . , st) be a list of reduced forms of discriminant −d, with t ≥ 0. Since
G is abelian and sh

i = 1G by Lagrange’s theorem, every element of ⟨S ⟩ equals
∏

i svi
i for some v with 0 ≤ vi < h ≤ d, and

every such product lies in ⟨S ⟩. Hence a reduced form f satisfies f < ⟨S ⟩ if and only if
∏

i svi
i , f for all v ∈ {0, . . . , d}t.

Let L1 be the set of all triples (d, S ,w), where S = (s1, . . . , st) is a list of reduced forms of discriminant −d and w is a
binary string of length at most 2ℓ, such that there exists a string u ∈ {0, 1}2ℓ that has prefix w, is of the form u = enc( f )
for a reduced form f of discriminant −d, and satisfies

∀v ∈ {0, . . . , d}t :
∏

i svi
i , f .

Thus w is a prefix of the encoding of the reduced form f , not of an exponent vector. The string u has length 2ℓ, and v is
written with tℓ bits; both lengths are bounded by the length of the input (d, S ,w), in which S occupies 2tℓ bits. The
universal quantifier ranges over (d + 1)t vectors and is not checked by enumeration; it is delegated to an NP oracle,
as follows. The statement f ∈ ⟨S ⟩ has a short certificate, namely an exponent vector v with

∏
i svi

i = f , so it is an NP
statement; the statement f < ⟨S ⟩ is its negation, and one query to an NP oracle decides it. The existential quantifier
over f is the nondeterministic guess of the machine, and the universal quantifier over v is the negative answer of the
oracle. Let M be the set of all triples (d, S , u), where S = (s1, . . . , st) is a list of reduced forms of discriminant −d and
u = enc( f ) for a reduced form f of discriminant −d, such that

∏
i svi

i = f for some v ∈ {0, . . . , d}t. Then M ∈ NP: the
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witness is v, written with tℓ bits, which is at most the input length; the verifier checks 0 ≤ vi ≤ d, computes each svi
i

by repeated squaring with at most 2ℓ compositions followed by reduction, multiplies the t results, and compares the
reduced form obtained with f , in time polynomial in the input length. Consider the nondeterministic polynomial-time
oracle machine that, on input (d, S ,w), verifies with the decoding test that S is a list of reduced forms of discriminant
−d, guesses u ∈ {0, 1}2ℓ, rejects unless w is a prefix of u and u = enc( f ) for a reduced form f of discriminant −d, makes
the single query (d, S , u) to M, and accepts if and only if the answer is negative. It accepts (d, S ,w) if and only if
(d, S ,w) ∈ L1, so L1 ∈ NPNP = ΣP

2 .
For fixed d and S , put WS = {enc( f ) : f reduced of discriminant − d, f < ⟨S ⟩} ⊆ {0, 1}2ℓ. By the definition of L1,

(d, S ,w) ∈ L1 if and only if some element of WS has prefix w. Starting from S = (), for which ⟨S ⟩ = {1G}, we apply
Lemma 2.1 with N = 2ℓ and W = WS ; if it outputs enc( f ), we append f to S and repeat, and if it reports WS = ∅,
we stop. Each appended f lies outside ⟨S ⟩, so ⟨S ⟩ is a proper subgroup of ⟨S , f ⟩ and |⟨S , f ⟩| ≥ 2|⟨S ⟩| by Lagrange’s
theorem. After t forms have been appended, 2t ≤ |⟨S ⟩| ≤ h, so t ≤ log2 h ≤ log2 d throughout. When the loop stops,
WS = ∅, that is, every reduced form lies in ⟨S ⟩, so ⟨S ⟩ = G. Step 1 makes at most (log2 d + 1)(2ℓ + 1) queries to L1.

Step 2: the relation lattice. Let φ : Zt → G, φ(v) =
∏

i svi
i , and Λ = kerφ. The map φ is a homomorphism because

G is abelian, and it is surjective by Step 1, so [Zt : Λ] = h. Moreover hZt ⊆ Λ, so Λ has rank t. By Lemma 2.2, Λ has a
basis b1, . . . , bt all of whose entries lie in [0, h] ⊆ [0, d]. This basis is used only in the analysis of Step 3; the algorithm
does not compute it in advance.

Step 3: lattice completion. For a finite list B of integer vectors, membership in the lattice L(B) spanned by B
is decidable in polynomial time via Hermite normal forms [13]. Let L2 be the set of all tuples (d, S , B,w), where
S = (s1, . . . , st) is a list of reduced forms of discriminant −d, B is a finite list of vectors of [−d, d]t, and w is a binary
string of length at most t(ℓ + 1), such that there exists a string u ∈ {0, 1}t(ℓ+1) that has prefix w, is of the form u = enc(v)
for some v ∈ [−d, d]t, and satisfies

φ(v) = 1G and v < L(B).

The witness u is no longer than the input, φ(v) is computed by repeated squaring, and v < L(B) is tested in polynomial
time, so L2 ∈ NP. For fixed d, S and B, put WB = {enc(v) : v ∈ Λ ∩ [−d, d]t, v < L(B)} ⊆ {0, 1}t(ℓ+1); then
(d, S , B,w) ∈ L2 if and only if some element of WB has prefix w. Starting from B = (), we apply Lemma 2.1 with
N = t(ℓ + 1) and W = WB; if it outputs enc(v), we append v to B and repeat, and if it reports WB = ∅, we stop. We
prove three claims.

Claim (a): every round makes progress. By Lemma 2.1, as long as WB , ∅ the search outputs an element of WB,
that is, a vector v ∈ Λ ∩ [−d, d]t with v < L(B). Hence L(B) ⊊ L(B, v) ⊆ Λ after every round, whichever element of
WB the search returns. Write r for the rank of L(B). The rank of L(B, v) is either r + 1 or r; no other case occurs, and
the argument below uses no further property of v.

Claim (b): the number of rounds is at most t + t2 log2(d
√

t) = O(log3 d). For a list B of vectors of Λ ∩ [−d, d]t of
rank r, let VB be the rational subspace spanned by B and put

I(B) = [Λ ∩ VB : L(B)].

Both L(B) and Λ ∩ VB are lattices of rank r in VB, and L(B) ⊆ Λ ∩ VB, so I(B) is a positive integer and I(B) =
detL(B)/ det(Λ ∩ VB), where the determinant of a lattice is the square root of the Gram determinant of any of its
bases. The Gram determinant of a basis of a nonzero sublattice of Zt is a positive integer, so det(Λ ∩ VB) ≥ 1 and
I(B) ≤ detL(B). Choose linearly independent vectors b1, . . . , br among the members of B. Then L(b1, . . . , br) is a
sublattice of L(B) of the same rank, so detL(B) ≤ detL(b1, . . . , br) ≤

∏
j ∥b j∥ ≤ (d

√
t)r by Hadamard’s inequality,

because each b j ∈ [−d, d]t has Euclidean norm at most d
√

t. Therefore

1 ≤ I(B) ≤ (d
√

t)r (2)

at every moment of the loop. Consider a round that appends v without increasing the rank. Then V(B,v) = VB, and

I(B, v) =
I(B)

[L(B, v) : L(B)]
≤

I(B)
2
,

because L(B) ⊊ L(B, v) by Claim (a). The rank never decreases. Hence, during the rounds in which the rank equals a
fixed value r, the integer I(B) starts at most at (d

√
t)r by (2), is at least halved by each round that keeps the rank equal
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to r, and never drops below 1; so at most r log2(d
√

t) rounds keep the rank equal to r. For r = 0 this number is 0, in
accordance with the fact that every vector outside L(B) = {0} increases the rank. At most t rounds increase the rank.
The total number of rounds is therefore at most

t +
t∑

r=1

r log2(d
√

t) ≤ t + t2 log2(d
√

t) = O(log3 d),

since t ≤ log2 d. In particular the loop terminates, and each of its rounds makes t(ℓ + 1) + 1 = O(log2 d) queries to L2.
Claim (c): when the loop stops,L(B) = Λ. The loop stops when WB = ∅, that is, when Λ∩ [−d, d]t ⊆ L(B). By Step

2, every vector bi of the basis of Λ given by Lemma 2.2 has all its entries in [0, d], hence lies in Λ ∩ [−d, d]t ⊆ L(B).
Therefore Λ ⊆ L(B), and L(B) ⊆ Λ by Claim (a), so L(B) = Λ; in particular L(B) has rank t.

We compute a basis of L(B) = Λ in polynomial time from the list B [13] and output the absolute value of the
determinant of the t × t matrix formed by this basis; this equals [Zt : Λ] = h by Step 2.

Running time. By Step 1, S has t ≤ log2 d members of 2ℓ bits each. By Claim (b), B has at most t + t2 log2(d
√

t) =
O(log3 d) members, each a vector of [−d, d]t encoded with t(ℓ + 1) = O(log2 d) bits. Hence every query has length
polynomial in log d, the number of queries is polynomial in log d, and the computations between queries, namely the
bookkeeping of prefix search and the final determinant, take time polynomial in log d. The procedure is therefore a
deterministic polynomial-time oracle Turing machine. The languages L1 and L2 are fixed: they do not depend on d,
which is part of each query. Since L1 ∈ Σ

P
2 and L2 ∈ NP ⊆ ΣP

2 , the single language {0x : x ∈ L1} ∪ {1x : x ∈ L2} is in ΣP
2

and serves as the oracle. Under P = NP both languages are in P.

Corollary 3.2 (Class numbers under P = NP). If P = NP, then d 7→ h(−d) is computable in deterministic polynomial
time; in particular, the class number of every imaginary quadratic field Q(

√
−d) is computable in time polynomial in

log d.

Proof. Under P = NP, ΣP
2 = P, and Theorem 3.1 applies.

Remark 3.3 (The oracle queries). Step 1 of the proof makes at most (log2 d + 1)(2ℓ(d) + 1) = O(log2 d) queries to the
ΣP

2 language L1, and Step 3 makes O(log5 d) queries to the NP language L2, since each of its O(log3 d) prefix searches
makes t(ℓ(d) + 1) + 1 = O(log2 d) queries. The only ΣP

2 queries are those that certify that a list of reduced forms
generates Cl(−d). Given a generating set of O(log d) forms, for instance the one provided under GRH by [3], Steps 2
and 3 alone compute h(−d) in FPNP. More generally, for every list S of at most log2 d reduced forms of discriminant
−d, generating or not, Steps 2 and 3 compute |⟨S ⟩| in FPNP: their analysis uses only that φ maps Zt onto ⟨S ⟩ and that
|⟨S ⟩| ≤ d. The integer d enters L1 and L2 only as an upper bound for h: Steps 1 to 3 remain valid when d is replaced,
in the exponent range {0, . . . , d}t and in the box [−d, d]t, by any integer U with h ≤ U ≤ d that is computable from d
in polynomial time, for instance U = A2 + 2A from (1); this replaces ℓ(d) by ℓ(U) in the lengths of the exponent and
relation vectors and leaves the bounds O(log2 d) and O(log5 d) unchanged. Theorem 3.1 is a statement in the oracle
model: each query is counted as one step, and no bound is claimed for the time needed to answer the queries without
an oracle.

Remark 3.4 (Comparison with the counting bound). By the decoding test for enc, h(−d) is the number of strings
u ∈ {0, 1}2ℓ(d) such that u = enc( f ) for a reduced form f of discriminant −d, so d 7→ h(−d) is a #P function and lies in
FP#P. By Toda’s theorem [8], ΣP

2 ⊆ P#P, hence FPΣ
P
2 ⊆ FP#P, and Theorem 3.1 places d 7→ h(−d) in the smaller class.

4. Application to Tunnell’s Count

For a positive integer n let

Cn = #{(x, y, z) ∈ Z3 : n = 8x2 + 2y2 + 64z2}, Dn = #{(x, y, z) ∈ Z3 : n = 8x2 + 2y2 + 16z2}.

Tunnell [7] proved that if an even square-free n is congruent, then 2Cn = Dn, and that the converse holds if the
Birch–Swinnerton-Dyer conjecture holds for the curve y2 = x3 − n2x. Both counts are #P functions of n: a witness is a
triple (x, y, z) of bit length O(ℓ(n)), checked in polynomial time. Let N = {n ∈ N : n square-free, n ≡ 2 (mod 8)}.
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Lemma 4.1 (Local vanishing). Let n be an even square-free positive integer. If n ≡ 6 (mod 8), then Cn = Dn = 0; in
particular Tunnell’s identity 2Cn = Dn holds trivially.

Proof. Write n = 2m with m odd; n ≡ 6 (mod 8) means m ≡ 3 (mod 4). A representation n = 8x2 + 2y2 + 16z2

gives m = 4x2 + y2 + 8z2 ≡ y2 (mod 4), while y2 ≡ 0 or 1 (mod 4), a contradiction. The same argument applies to
m = 4x2 + y2 + 32z2.

Proposition 4.2 (Class-number formula). For every n ∈ N ,

Dn = 2h(−4n),

where h(−4n) is the class number of Q(
√
−n). Consequently Dn > 0, Dn = O(

√
n log n), and for n ∈ N Tunnell’s

identity 2Cn = Dn is equivalent to Cn = h(−4n).

Proof. Write n = 2m, so m ≡ 1 (mod 4) is odd and square-free. Dividing n = 8x2 + 2y2 + 16z2 by 2 shows that
Dn = r(1,4,8)(m), the number of triples (y, x, z) ∈ Z3 with m = y2 + 4x2 + 8z2. Let r3(n) be the number of triples
(a, b, c) ∈ Z3 with n = a2 + b2 + c2. By Gauss’s three-square theorem, in the form stated in [12, Equation (1.1)],
r3(n) = 12H(4n) for every positive integer n ≡ 1, 2 (mod 4). A negative integer D ≡ 0 (mod 4) is a fundamental
discriminant if and only if D/4 is square-free and D/4 ≡ 2 or 3 (mod 4) [1]. Here −4n/4 = −n is square-free and
−n ≡ 2 (mod 4), so −4n is a fundamental discriminant, and −4n ≤ −8 < −4, so H(4n) = h(−4n) and

r3(n) = 12h(−4n). (3)

We now prove that r3(n) = 6Dn. Let n = a2 + b2 + c2. A square is congruent to 0, 1 or 4 modulo 8, according to whether
its root is divisible by 4, odd, or congruent to 2 modulo 4. A sum of three such residues is congruent to 2 modulo 8
only if two of them are 1 and the third is 0: an odd number of odd squares gives an odd sum, no odd square gives a sum
in {0, 4} modulo 8, and two odd squares together with a square congruent to 4 give 6. Hence exactly two of a, b, c are
odd and the third is divisible by 4. Let R be the set of triples (a, b, c) ∈ Z3 with n = a2 + b2 + c2, and for k ∈ {1, 2, 3} let
Rk be the subset of those whose k-th coordinate is even. The sets R1,R2,R3 are pairwise disjoint with union R, and
moving the k-th coordinate to the third position is a bijection Rk → R3, so r3(n) = |R| = 3|R3|. Writing c = 4z shows
that |R3| = T , where T is the number of triples (a, b, z) ∈ Z3 with a, b odd and n = a2 + b2 + 16z2; hence r3(n) = 3T .
The map (a, b) 7→ (u, v) = ((a + b)/2, (a − b)/2) is a bijection from the pairs of odd integers onto the pairs of integers
of opposite parity, with inverse (u, v) 7→ (u + v, u − v), and a2 + b2 = 2(u2 + v2). Hence T is the number of triples
(u, v, z) ∈ Z3 with u, v of opposite parity and m = u2 + v2 + 8z2. Each of these triples has either u odd and v even, or u
even and v odd, and (u, v, z) 7→ (v, u, z) is a bijection between the two kinds, so exactly half of these triples have u odd
and v even. Writing u = y, v = 2x identifies the latter with the triples (y, x, z) such that y is odd and m = y2 + 4x2 + 8z2.
Since m is odd, every representation m = y2 + 4x2 + 8z2 has y odd. Therefore T = 2r(1,4,8)(m) = 2Dn and r3(n) = 6Dn,
and (3) gives Dn = 2h(−4n).

This agrees with the identity of Bringmann and Kane [12, Lemma 4.2], which states that ra(m) = ca(m)
(
H(8m) −

2H(2m)
)

for every positive integer m and every a in a list of six diagonal ternary forms that contains a = (1, 4, 8), with
constants ca(m) that depend only on a residue class of m and are tabulated in [12, Appendix B]. For our m, −2m ≡ 2
(mod 4) is not a discriminant, so H(2m) = 0, and H(8m) = H(4n) = h(−4n); the identity Dn = 2h(−4n) proved
above is the case c(1,4,8)(m) = 2 of that lemma. Dirichlet’s class number formula h(−4n) = π−1

√
4n L(1, χ−4n) and the

elementary bound L(1, χ−4n) = O(log n) give Dn = O(
√

n log n), and h(−4n) ≥ 1 gives Dn > 0. The last assertion is
immediate.

Corollary 4.3 (Complexity of Tunnell’s count). The function n 7→ Dn on even square-free n lies in FPΣ
P
2 . If P = NP, it

is computable in deterministic polynomial time.

Proof. The residue n mod 8 is read from the three low-order bits of n. An even square-free n is of the form 2m with m
odd, so n ≡ 2 or 6 (mod 8). If n ≡ 6 (mod 8) output 0 (Lemma 4.1); if n ≡ 2 (mod 8) output 2h(−4n) (Proposition
4.2), computed by Theorem 3.1 with d = 4n. The domain itself is decidable with one NP query: the language
{n : ∃e ≥ 2, e2 | n} of non-square-free integers is in NP, because a witness e satisfies ℓ(e) ≤ ℓ(n) and is verified by one
multiplication and one division; n is square-free if and only if the oracle rejects n.
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Remark 4.4 (Factorization with an NP oracle). The complete factorization of an integer m ≥ 2 is also computable
in FPNP. The language F = {(m, k) : ∃e, 2 ≤ e ≤ k, e | m} is in NP: the nondeterministic machine guesses e with
ℓ(e) ≤ ℓ(k) and verifies 2 ≤ e ≤ k and e | m by one division. For fixed m ≥ 2 the predicate (m, k) ∈ F is monotone in k,
false for k = 1 and true for k = m, and the least k with (m, k) ∈ F is the least divisor p > 1 of m, which is prime. Binary
search on k ∈ [2,m] finds p with at most ℓ(m) queries: keep an interval [k0, k1] with (m, k0 − 1) < F and (m, k1) ∈ F,
initially [2,m], query its midpoint k, and replace k1 by k if (m, k) ∈ F and k0 by k + 1 otherwise, until k0 = k1 = p.
Replacing m by m/p and repeating, at most log2 m times, yields all prime factors with multiplicity using at most ℓ(m)2

queries; m is square-free if and only if no prime occurs twice.

Theorem 4.5 (No exact counting reduction to Dn). Suppose there are functions R, α, β, computable in polynomial time
with an NP oracle, such that for every Boolean formula φ, R(φ) is an even square-free integer, α(φ) ≥ 1 and β(φ) are
integers, and DR(φ) = α(φ) #φ + β(φ). Then #P ⊆ FPΣ

P
2 and PH = ∆P

3 .

Proof. On input φ, compute n = R(φ), α(φ) and β(φ) with the NP oracle, compute Dn by Corollary 4.3, and output
(Dn − β(φ))/α(φ) = #φ. Every oracle used is in ΣP

2 , so #SAT ∈ FPΣ
P
2 . Every f ∈ #P reduces parsimoniously to #SAT, so

#P ⊆ FPΣ
P
2 , and hence P#P ⊆ PΣ

P
2 = ∆P

3 . By Toda’s theorem [8], PH ⊆ P#P ⊆ ∆P
3 ⊆ PH.

Corollary 4.6 (Quantum computation of Tunnell’s count). Assume GRH. Then n 7→ Dn on even square-free n is
computable with bounded error in quantum polynomial time.

Proof. Under GRH, Cl(−d) is generated by the classes of prime forms of norm less than 6 log2 d [3], which can
be listed in polynomial time. Reduced forms give a unique encoding of group elements and the group operation is
polynomial-time, so Watrous’s quantum algorithm for the order of a solvable black-box group [4] computes h(−d) with
bounded error in polynomial time. Square-freeness is decided with Shor’s factoring algorithm [14], n mod 8 is read
from the three low-order bits of n, and Lemma 4.1 and Proposition 4.2 give Dn.

A numerical check of Lemma 4.1 and Proposition 4.2 is reported in Appendix Appendix A.

5. Relationship to Prior Work

The bounds for black-box groups recalled in the Introduction take a generating set as part of the input [5, 6].
Theorem 3.1 concerns the class group of a single discriminant, given only d; Step 1 of its proof finds a generating set of
O(log d) forms with a ΣP

2 oracle, and Steps 2 and 3 compute the order of the group they generate with an NP oracle,
deterministically. The subexponential bound of [2] is proved under GRH, and the algorithms that do not assume GRH
run in time exponential in log d [1]. Theorem 3.1 is of a different kind: it is not a bound on the running time of an
algorithm without oracles, but an upper bound on the complexity class of the function d 7→ h(−d), proved without
GRH and without a generating set in the input. The upper bound that follows from counting reduced forms is FP#P, and
Theorem 3.1 lowers it to FPΣ

P
2 (Remark 3.4). For computation without oracles, Theorem 3.1 has two consequences: a

polynomial-time algorithm if P = NP (Corollary 3.2), and, under GRH, the computation of h(−d) in FPNP by Steps 2
and 3 applied to the generating set of [3] (Remark 3.3). Tunnell’s criterion has been studied computationally on a large
scale [15]. The class-number formula for Dn is derived in Proposition 4.2 from Gauss’s three-square theorem, and it is
an instance of the class-number identities for ternary forms of Bringmann and Kane [12].

6. Conclusion

The class number h(−d) of every imaginary quadratic order is computable in FPΣ
P
2 , without GRH and without a

given generating set, and hence in polynomial time if P = NP. For square-free n ≡ 2 (mod 8), Tunnell’s count Dn

equals 2h(−4n), so it lies in FPΣ
P
2 on all even square-free n, and an exact counting reduction from #SAT to Dn would

collapse the polynomial hierarchy to ∆P
3 . Two questions remain open: whether h(−d) is computable in FPNP without

GRH; and whether the other Tunnell count Cn, which differs from h(−4n) by a coefficient of a weight-3/2 cusp form,
lies in the polynomial hierarchy. Concerning the first question, by Remark 3.3 the order |⟨S ⟩|, a divisor of h(−d), is
computable in FPNP for every list S of at most log2 d reduced forms. The equality ⟨S ⟩ = Cl(−d) is the statement that
for every reduced form f there is an exponent vector v with

∏
i svi

i = f , a statement with a universal quantifier followed
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by an existential one. The proof of Theorem 3.1 uses its ΣP
2 queries only to decide the negation of this statement, and it

would give h(−d) ∈ FPNP if a list S with ⟨S ⟩ = Cl(−d) could be computed in FPNP.
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Appendix A. Numerical Verification

The identities of Lemma 4.1 and Proposition 4.2 have been checked numerically, in exact integer arithmetic.
Square-freeness of n is tested by trial division. The count Dn is computed by enumerating all pairs of integers (x, z) with
8x2 + 16z2 ≤ n and counting, for each pair, the integers y with 2y2 = n − 8x2 − 16z2, by means of an integer square root.
The class number h(−4n) is computed by enumerating all pairs of integers (a, b) with 1 ≤ a ≤

√
4n/3, −a < b ≤ a, b

even and 4a | b2 + 4n, and counting those for which c = (b2 + 4n)/(4a) satisfies c ≥ a, gcd(a, b, c) = 1, and b ≥ 0 if
a = c; these are exactly the reduced forms of discriminant −4n. The equality Dn = 2h(−4n) holds for all n ∈ N with
n ≤ 3 · 104 (3038 integers) and for 1500 pseudorandom n ∈ N with n ≤ 2 · 105, and Dn = 0 for every square-free n ≡ 6
(mod 8) with n ≤ 2 · 105 (20267 integers). These computations are performed by the script verify_tunnell.py,
which was written with Claude and run by the author, and which is available in the submission.
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