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Abstract

For d ≥ 3 with −d ≡ 0, 1 (mod 4), let h(−d) be the number of classes of primitive positive definite binary quadratic
forms of discriminant −d. We prove that d 7→ h(−d) is computable in deterministic polynomial time with an oracle for
a language in the second level ΣP

2 of the polynomial hierarchy. The proof uses only reduction theory of binary quadratic
forms, Lagrange’s theorem and Hermite normal forms; it does not assume the generalized Riemann hypothesis, does
not take a generating set of the class group as input, and uses no randomness. A ΣP

2 oracle finds a generating set of
O(log d) forms, and an NP oracle then determines the lattice of relations, whose index is h(−d). Consequently, if
P = NP, class numbers of imaginary quadratic fields are computable in polynomial time. As an application, the number
Dn of representations of n by the ternary form 8x2 + 2y2 + 16z2 in Tunnell’s congruent number criterion equals 2h(−4n)
for square-free n ≡ 2 (mod 8) and vanishes for square-free n ≡ 6 (mod 8); hence Dn lies in FPΣ

P
2 on even square-free

n, and an exact counting reduction from #SAT to Dn would collapse the polynomial hierarchy to ∆P
3 .
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1. Introduction

For an integer d ≥ 3 with −d ≡ 0, 1 (mod 4), let h(−d) be the number of SL2(Z)-classes of primitive positive
definite binary quadratic forms of discriminant −d; when −d is a fundamental discriminant, h(−d) is the class number
of Q(

√
−d). Computing h(−d) from the binary encoding of d is a classical problem of computational number theory.

Shanks’s baby-step giant-step method and its refinements compute it in time exponential in log d [1]; under the
generalized Riemann hypothesis (GRH), Hafner and McCurley gave a subexponential algorithm [2]; and under GRH
the class group is generated by forms of norm O(log2 d) [3], so that Watrous’s quantum algorithm for the order of a
solvable black-box group [4] computes h(−d) in quantum polynomial time.

The form class group Cl(−d) is an abelian group whose elements have unique polynomial-size encodings, the
reduced forms, and whose operation is computable in polynomial time. For black-box groups given by a list of
generators, Babai and Szemerédi [5] proved that membership lies in NP, and Babai [6] proved that order verification
lies in AM∩ coAM. These results take a generating set as part of the input. No small generating set of Cl(−d) is known
to be computable without GRH.

In this paper we prove that d 7→ h(−d) is computable in deterministic polynomial time with an oracle for a language
in ΣP

2 (Theorem 3.1). The proof is elementary: it uses only reduction theory of binary quadratic forms, Lagrange’s
theorem, and Hermite normal forms of integer matrices. It does not assume GRH, does not take a generating set as
input, and uses no interactive proofs or randomness. Its consequences are the following.

1. If P = NP, then class numbers of imaginary quadratic orders are computable in deterministic polynomial time
(Corollary 3.2).
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2. Let Dn be the number of representations of n by the ternary form 8x2 + 2y2 + 16z2 that appears in Tunnell’s
congruent number criterion [7]. For square-free n ≡ 2 (mod 8) one has Dn = 2h(−4n) (Proposition 4.2), and
Dn = 0 for square-free n ≡ 6 (mod 8) (Lemma 4.1). Hence n 7→ Dn on even square-free n lies in FPΣ

P
2 (Corollary

4.3).
3. An exact counting reduction from #SAT to Dn, computable in polynomial time with an NP oracle, would imply

#P ⊆ FPΣ
P
2 and, by Toda’s theorem [8], the collapse of the polynomial hierarchy to ∆P

3 (Theorem 4.4). Thus,
unless the polynomial hierarchy collapses, Tunnell’s count Dn cannot carry #P-hardness, although it is a #P
function of n.

Section 2 fixes notation. Section 3 proves the main theorem and its first consequences. Section 4 applies it to
Tunnell’s count. Section 5 relates the results to prior work, and Section 6 concludes.

2. Preliminaries

For an integer m we write |m| for its bit length. ΣP
2 = NPNP and ∆P

3 = PΣ
P
2 are levels of the polynomial hierarchy PH;

for a class C of languages, FPC is the class of functions computable in deterministic polynomial time with an oracle
for a language in C. If P = NP, then PH = P, so FPNP = FPΣ

P
2 = FP. A function f : {0, 1}∗ → N is in #P if f (x) is the

number of strings y of length p(|x|) accepted by a polynomial-time verifier V(x, y), for some polynomial p [9, 10];
#SAT, the number of satisfying assignments #φ of a Boolean formula φ, is #P-complete under parsimonious reductions
[11].

H(d) denotes the Hurwitz class number, which counts all, not necessarily primitive, classes of positive definite
binary forms of discriminant −d, weighted by 1/2 and 1/3 for classes of forms equivalent to multiples of x2 + y2 and
x2 + xy + y2 respectively, and which is zero unless −d ≡ 0, 1 (mod 4) [12]. For a fundamental discriminant −d < −4
one has H(d) = h(−d).

3. Class Numbers in the Polynomial Hierarchy

We use the standard facts [1, Section 5.4] that every class of primitive positive definite forms of discriminant −d
contains exactly one reduced form (a, b, c), with |b| ≤ a ≤ c, b ≥ 0 if |b| = a or a = c, and a ≤

√
d/3; that reduced

forms have encoding length O(log d); and that composition followed by reduction, the group operation of the form
class group Cl(−d), is computable in time polynomial in log d. Consequently

∏
i f vi

i can be computed by repeated
squaring in time polynomial in log d and in the bit lengths of the exponents. We also use the crude bound

h(−d) ≤ #{(a, b) : 1 ≤ a ≤
√

d/3, |b| ≤ a} ≤ d
3 + 2

√
d/3 ≤ d (d ≥ 3), (1)

and the polynomial-time computability of Hermite normal forms of integer matrices [13].

Theorem 3.1 (Class numbers in FPΣ
P
2 ). The function d 7→ h(−d), defined for d ≥ 3 with −d ≡ 0, 1 (mod 4), lies in

FPΣ
P
2 . In particular, if P = NP, then d 7→ h(−d) is computable in deterministic polynomial time.

Proof. Let G = Cl(−d), write 1G for the class of the principal form, and put h = |G| ≤ d by (1). If h = 1 the procedure
below terminates immediately with the empty generating set and outputs 1.

Step 1: a small generating set. For a list S = (s1, . . . , st) of reduced forms, every element of ⟨S ⟩ has the form
∏

i svi
i

with 0 ≤ vi < h ≤ d. Hence the language

L1 =
{
(d, S ,w) : ∃ f reduced, with prefix w, ∀v ∈ {0, . . . , d}t :

∏
i svi

i , f
}

is in ΣP
2 , because t never exceeds log2 d + 1 and all quantified objects have polynomial length. Starting from S = (), we

use L1 with prefix search to find a reduced form f < ⟨S ⟩, append it to S , and repeat until no such f exists. Each step at
least doubles |⟨S ⟩| by Lagrange’s theorem, so the loop stops after t ≤ log2 h ≤ log2 d steps with ⟨S ⟩ = G.

Step 2: the relation lattice. Let φ : Zt → G, φ(v) =
∏

i svi
i , and Λ = kerφ. Since φ is surjective, [Zt : Λ] = h, and

hZt ⊆ Λ. The Hermite normal form basis of Λ is triangular with positive diagonal entries whose product is h and with
off-diagonal entries bounded by the diagonal ones; hence all its entries lie in [0, h] ⊆ [0, d].
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Step 3: lattice completion. For a finite list B of integer vectors, membership in the lattice L(B) spanned by B is
decidable in polynomial time via Hermite normal forms [13]. Hence

L2 =
{
(d, S , B,w) : ∃v ∈ [−d, d]t with prefix w, φ(v) = 1G, v < L(B)

}
is in NP. Starting from B = (), we use L2 with prefix search to find such v, append it to B, and repeat until none exists.
Each appended vector strictly enlarges L(B) ⊆ Λ. At most t additions increase the rank. Between two rank increases,
while L(B) has rank r and spans the rational subspace V , the index [Λ ∩ V : L(B)] is a positive integer bounded by the
determinant of L(B), which is at most (d

√
t)r by Hadamard’s inequality applied to r independent vectors of B; each

addition that does not increase the rank replaces this index by a proper divisor. Hence the loop stops after at most
t + t2 log2(d

√
t) = O(log3 d) additions. Full rank is reached because the vectors hei ∈ Λ ∩ [−d, d]t are available to the

search. When the loop stops, every vector of Λ ∩ [−d, d]t, in particular every vector of the Hermite normal form basis
of Λ, lies in L(B), so L(B) = Λ. We output | det H|, where H is the Hermite normal form basis of L(B); this equals
[Zt : Λ] = h.

All steps run in time polynomial in log d with queries to L1 ∈ Σ
P
2 and L2 ∈ NP ⊆ ΣP

2 . Under P = NP both languages
are in P.

Corollary 3.2 (Class numbers under P = NP). If P = NP, then d 7→ h(−d) is computable in deterministic polynomial
time; in particular, the class number of every imaginary quadratic field Q(

√
−d) is computable in time polynomial in

log d.

Proof. Under P = NP, ΣP
2 = P, and Theorem 3.1 applies.

Remark 3.3 (The oracle queries). Step 1 of the proof makes O(log2 d) queries to the ΣP
2 language L1, and Step 3 makes

O(log5 d) queries to the NP language L2, since each of its O(log3 d) prefix searches determines a vector of O(log2 d)
bits. The only ΣP

2 queries are those that certify that a list of reduced forms generates Cl(−d). Given a generating set of
O(log d) forms, for instance the one provided under GRH by [3], Steps 2 and 3 alone compute h(−d) in FPNP.

4. Application to Tunnell’s Count

For a positive integer n let

Cn = #{(x, y, z) ∈ Z3 : n = 8x2 + 2y2 + 64z2}, Dn = #{(x, y, z) ∈ Z3 : n = 8x2 + 2y2 + 16z2}.

Tunnell [7] proved that if an even square-free n is congruent, then 2Cn = Dn, and that the converse holds if the
Birch–Swinnerton-Dyer conjecture holds for the curve y2 = x3 − n2x. Both counts are #P functions of n: a witness is a
triple (x, y, z) of bit length O(|n|), checked in polynomial time. Let N = {n ∈ N : n square-free, n ≡ 2 (mod 8)}.

Lemma 4.1 (Local vanishing). Let n be an even square-free positive integer. If n ≡ 6 (mod 8), then Cn = Dn = 0; in
particular Tunnell’s identity 2Cn = Dn holds trivially.

Proof. Write n = 2m with m odd; n ≡ 6 (mod 8) means m ≡ 3 (mod 4). A representation n = 8x2 + 2y2 + 16z2

gives m = 4x2 + y2 + 8z2 ≡ y2 (mod 4), while y2 ≡ 0 or 1 (mod 4), a contradiction. The same argument applies to
m = 4x2 + y2 + 32z2.

Proposition 4.2 (Class-number formula). For every n ∈ N ,

Dn = 2h(−4n),

where h(−4n) is the class number of Q(
√
−n). Consequently Dn > 0, Dn = O(

√
n log n), and for n ∈ N Tunnell’s

identity 2Cn = Dn is equivalent to Cn = h(−4n).
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Proof. Write n = 2m, so m ≡ 1 (mod 4) is odd and square-free. Dividing n = 8x2 + 2y2 + 16z2 by 2 shows that
Dn = r(1,4,8)(m), the number of representations of m by Q(y, x, z) = y2 + 4x2 + 8z2. The form X2 + 4Y2 + 8Z2 has
class number one (its genus consists of a single class), and for such forms the Siegel–Weil average collapses to the
representation number itself; on this basis Bringmann and Kane proved [12, Lemma 4.2] that, for every m ≥ 1,

r(1,4,8)(m) = c(1,4,8)(m)
(
H(8m) − 2H(2m)

)
,

with the constant c(1,4,8)(m) tabulated in [12, Appendix B]: it equals 2 for m ≡ 1 (mod 4), 4 for m ≡ 4 (mod 8),
12 for m ≡ 0 (mod 8), and 0 in the remaining classes. The proof in [12] is unconditional: both sides are modular
forms of weight 3/2 on an explicit congruence subgroup, and the identity is verified on the number of coefficients
prescribed by the valence formula. For our m ≡ 1 (mod 4) we obtain r(1,4,8)(m) = 2(H(8m) − 2H(2m)). Since m is odd,
−2m ≡ 2 (mod 4) is not a discriminant, so H(2m) = 0. Since m is odd and square-free, −8m = −4n is a fundamental
discriminant, and it is smaller than −4, so H(8m) = h(−4n). Hence Dn = 2h(−4n). Dirichlet’s class number formula
h(−4n) = π−1

√
4n L(1, χ−4n) and the elementary bound L(1, χ−4n) = O(log n) give Dn = O(

√
n log n), and h(−4n) ≥ 1

gives Dn > 0. The last assertion is immediate.

Corollary 4.3 (Complexity of Tunnell’s count). The function n 7→ Dn on even square-free n lies in FPΣ
P
2 . If P = NP, it

is computable in deterministic polynomial time.

Proof. An even square-free n satisfies n ≡ 2 or 6 (mod 8), and square-freeness and n mod 8 are decidable in FPNP,
since integer factorization is: the predicate “m has a divisor in [2, k]” is in NP ∩ coNP, and prime factors are found by
binary search. If n ≡ 6 (mod 8) output 0 (Lemma 4.1); if n ≡ 2 (mod 8) output 2h(−4n) (Proposition 4.2), computed
by Theorem 3.1.

Theorem 4.4 (No exact counting reduction to Dn). Suppose there are functions R, α, β, computable in polynomial time
with an NP oracle, such that for every Boolean formula φ, R(φ) is an even square-free integer, α(φ) ≥ 1 and β(φ) are
integers, and DR(φ) = α(φ) #φ + β(φ). Then #P ⊆ FPΣ

P
2 and PH = ∆P

3 .

Proof. On input φ, compute n = R(φ), α(φ) and β(φ) with the NP oracle, compute Dn by Corollary 4.3, and output
(Dn − β(φ))/α(φ) = #φ. Every oracle used is in ΣP

2 , so #SAT ∈ FPΣ
P
2 . Every f ∈ #P reduces parsimoniously to #SAT, so

#P ⊆ FPΣ
P
2 , and hence P#P ⊆ PΣ

P
2 = ∆P

3 . By Toda’s theorem [8], PH ⊆ P#P ⊆ ∆P
3 ⊆ PH.

Corollary 4.5 (Quantum computation of Tunnell’s count). Assume GRH. Then n 7→ Dn on even square-free n is
computable with bounded error in quantum polynomial time.

Proof. Under GRH, Cl(−d) is generated by the classes of prime forms of norm less than 6 log2 d [3], which can
be listed in polynomial time. Reduced forms give a unique encoding of group elements and the group operation is
polynomial-time, so Watrous’s quantum algorithm for the order of a solvable black-box group [4] computes h(−d) with
bounded error in polynomial time. Square-freeness and n mod 8 are decided with Shor’s factoring algorithm [14], and
Lemma 4.1 and Proposition 4.2 give Dn.

The identity of Proposition 4.2 has also been confirmed by exhaustive computation for all n ∈ N with n ≤ 3 · 104

and for 1500 random n ∈ N with n ≤ 2 · 105, in exact integer arithmetic by enumeration of representations and of
reduced binary quadratic forms; for every square-free n ≡ 6 (mod 8) with n ≤ 2 · 105 (20267 integers), Dn = 0.

5. Relationship to Prior Work

The theory of black-box groups gives complexity bounds for problems on finite groups whose elements have
unique encodings and whose operations are computable in polynomial time, when a generating set is part of the input:
membership is in NP [5], and order verification is in AM∩ coAM [6]. Theorem 3.1 concerns the class group of a single
discriminant, given only d; Step 1 of its proof finds a generating set of O(log d) forms with a ΣP

2 oracle, and Steps 2
and 3 compute the order of the group they generate with an NP oracle, deterministically. Under GRH, a generating
set of polynomial size is available directly [3], and the order can be computed in subexponential classical time [2]
or in quantum polynomial time [4]. Tunnell’s criterion has been studied computationally on a large scale [15]. The
class-number formula for Dn is an instance of the theory of ternary forms with one class in their genus [12].
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6. Conclusion

The class number h(−d) of every imaginary quadratic order is computable in FPΣ
P
2 , without GRH and without a

given generating set, and hence in polynomial time if P = NP. For square-free n ≡ 2 (mod 8), Tunnell’s count Dn

equals 2h(−4n), so it lies in FPΣ
P
2 on all even square-free n, and an exact counting reduction from #SAT to Dn would

collapse the polynomial hierarchy to ∆P
3 . Two questions remain open: whether h(−d) is computable in FPNP without

GRH, which by Remark 3.3 reduces to certifying a generating set of Cl(−d) with an NP oracle; and whether the
other Tunnell count Cn, which differs from h(−4n) by a coefficient of a weight-3/2 cusp form, lies in the polynomial
hierarchy.
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