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Selected character moments, zero-free half-planes for Hecke

L-functions over number fields, and Quasi-Riemann Hypothesis

Baiying Liu

Abstract

In this paper, we obtain a zero-free half-plane Res > By for every finite-order Hecke
L-function over every number field, where

777 — V1081

352 = (0.873381966613207519929.. . ..

By
We adapt selected character-sum estimates and finite moment inductions to ideal-character
sums over arbitrary number fields and restore ordinary sixth powers. Two finite moment
inductions give an ordinary product estimate with length condition nq + ne 4+ 2z < M for
sufficiently fine original prime factors. Applying this estimate to zero detection and the aver-
aged numerator in the cubic-theta comparison gives the stated boundary. We determine the
exact infimum of the resulting comparison system and verify its scalar inequalities by ratio-
nal Bernstein bounds. The proof uses the earlier theta, moment and continuation theorems
over number fields.
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1 Introduction

In this paper, we continue to consider the zero-free half-planes for Hecke L-functions over
number fields, and improve the bound on the Quasi-Riemann Hypothesis. We write u, for the
group of n-th roots of unity and ¢, = >™/™.

1.1 The main theorem

Let
777 — /1081
N 852

It is the smaller root of 1278 B2 — 2331B + 1061 = 0. Then our main theorem is as follow.

By = 0.8733819666132075199290267786423718694 . . . . (1.1)

Theorem 1.1. Let K be a number field and let ) be a finite-order Hecke character of K. Then
LK(5777) 7&0 (R€S>Bg),

with the pole of a principal character at s = 1 permitted. The numerical boundary is independent
of K and n; constants and thresholds may depend on the fixed arithmetic data. No assertion is
made on the line Res = Bs.

The proof is given in Section 7. It uses the ordinary moment of Theorem 4.9 and the strict
comparison estimates of Section 6 at each fixed B > By sufficiently close to By. Theorem 6.9
determines the infimum for the specified comparison system.



1.2 Earlier bounds and the ordinary moment

In this subsection, we compare the earlier bounds with the ordinary moment of Theorem 4.9.
The earlier general-field theorem gives B, = 0.874886647039964 . .. [Liu26b, Theorem 17.1]. In
[Liu26¢, Theorems 1.1-1.2|, the enlarged moments give the respective boundaries

Bty = 0.87405850379185900499 . . ., Bex = 0.87407284766682790777 . ...

Those arguments improve the moment parameters together with the zero-free boundary. Here
we retain the earlier pointwise parameter k1 = 0.749774 and improve the ordinary moment
separately.

For the ordinary coefficient families of Section 2, Theorem 4.9 gives the following estimate.
For each € > 0 and fixed aggregate length bounds, there is 1 > 0, chosen before the arithmetic
data and finite factor list, such that

z:Zzi, 0<z<n
i

implies

ind (v )¢O
D> W(W)|Sn, 1 () Sny2(W)Q(w)]* < ZMTS (W, W) (1 + Hin)”',  ny+ny+22 < M.

u

(1.2)
Here Sy, 1, Sn,2 are the original smooth ordinary sums, ) is a product of complete original
prime factors, and M includes the displayed moving radical. The sum retains ordinary parameter
powers and the natural zeros of the characters. Its coefficient families and uniformity are specified
in Definition 4.1.

1.3 The method and its precedents

In this subsection, we describe the operator and moment arguments of Sections 3 and 4.

The selected operator of Theorem 3.10 bounds ideal-character sums on parameters where an
original prime product is large. Theorem 3.13 restores ordinary sixth powers. On the comple-
mentary amplitude classes, removing a complete prime block permits application of an earlier
ordinary moment. These two alternatives give the successive length conditions

d+6k1z<M — d+3z<M — d+2z<M, d=ni+ ne.

The first induction proves Corollary 4.4. It supplies the comparison term for the finite iteration
proving Theorem 4.9. The required number of steps and the original prime mesh are fixed for
each requested exponent loss. The pointwise prime bound retains the parameter 1.

The larger ordinary prime length improves both the zero-detector count and the averaged
numerator. Displacing the numerator contour adds a second saving. Their combination yields a
strict comparison at B,y = 0.8733821 and then at every fixed B > Bs sufficiently close to Bs.
The limiting parameters have a unique double contact, computed in Section 6.5.

The selected character-sum operator estimate appears in [Beb26¢|. Its combination with the
reflected character-sum estimate and the finite moment induction are developed in [Arv26]|. The
refinement in [Beb26b| permits arbitrarily small fixed positive parameter gaps within the stated
ranges. We adapt these estimates and inductions to ideal-character sums over arbitrary number
fields. For Dirichlet L-functions, [Beb26d| proves nonvanishing for every positive modulus and
every character in Res > Tyg3, with the principal pole permitted, where its explicit rational
cutoff satisfies

T3 = 0.873381966613207519929026778642 . . ., 0 < Tigs — By < 3-1072%,



This refines the earlier rational cutoff of [Beb26a]. Thus the same limiting boundary B already
occurs in the Dirichlet comparison. Here we extend the selected operator, sixth-power restoration
and ordinary moment estimates to finite-order Hecke characters over arbitrary number fields,
obtaining nonvanishing in Res > Bs. Theorem 6.9 proves that Bs is the infimum for the
specified positive comparison system.

The optimality theorem of [Liu26c, Theorem 16.1] retains the relation p > 12Bynoun — 6
between the ordinary prime coefficient and the known zero-free boundary. Here Bynown denotes
a bound B, (F) < Bypown already proved before the current iteration step. Theorem 4.9 replaces
that moment input. The optimality result below concerns the resulting direct, detector and
first-moment comparison system.

Here is the structure of the paper. Section 2 fixes the arithmetic notation and recalls the
earlier theorems. Sections 3 and 4 prove the selected operator and the ordinary moment estimates.
Section 5 gives the required approximate-functional-equation contours. Section 6 proves the
scalar comparison and its optimality, and Section 7 completes the Mellin argument and descent.
Appendix A contains the exact scalar bounds; Appendix B verifies the rational choice of the
starting moment parameter.
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2 Arithmetic notation and the earlier theorems

In this section, we fix the coefficient families and recall the results of [Liu26b| used in Sec-
tions 3-7. The results from its Part II are applied over F' O pj2 by [loc. cit., Theorem 18.2].

Fix a number field F' D pj2. It is totally complex. Choose the fixed finite set S of places as in
[loc. cit.], including the archimedean places, those above 6 and the different, the fixed coefficient
conductors, and all prime ideals of norm at most four. Enlarge S so that Of g has the principal
and self-dual conventions of that source. Constants may depend on the fixed field and on S.

Write ¢, = Na for an exterior ideal norm, Ug = (’);i’ g, and I' = Ug. Allowed generators
and their unit classes have precisely the finite ray and compact-quotient interpretation of [loc.
cit.]. All prime ideals below lie outside S. Residue characters are extended by zero at nonunits.
All quotient presentations retain these zero extensions. All ideal-divisor multiplicities of a fixed
degree are bounded by g5, with a constant depending on the fixed field and degree.

Fix a finite group © of coefficient characters, closed under conjugation and containing the
finite unit characters and all initial finite coefficients. Its exceptional inducing group is classified
for each actual returned presentation. A typical orientation is v, = vxy; changing the orientation
conjugates the entire polynomial and its test function. Sums over the arithmetic parameter u
retain its multiplicities.

2.1 Lengths, coefficient families and common test functions

In this subsection, we fix the coefficient families used in Sections 3 and 4.
The global asymptotic scale is Z > 2. A polynomial length Z" refers to the norm of its actual
coefficient index. An ordinary central factor has the form

Snj(u) = Z72Y (@)W, (Na/Z"), (2.1)

with the source fixed finite character coefficients, common norm modes and common coprimality
restrictions understood. The actual normalizer can equivalently be a comparable comparison



scale; its ratio belongs to the same common smooth test function. Each W; € Cg°((0,00))
belongs to a fixed finite derivative family. Coupled compact test functions are separated by
a common Mellin or Sobolev measure, retaining its total seminorm. The coefficients are fixed
before any parameter amplitude selection.

An original prime position has actual scale P; < Z% and polynomial

Qi(u) = P72 bi(p)wu(p) Wi( Np/P). (2.2)

pEP;

Here P; and b; are the source ray selector and fixed finite coefficient family. We write @ =[], Qi
and z = ) . z. A complete-factor selection includes or excludes an entire position. Repeated
powers used in an operator amplification are explicitly distinguished from the original positions
of the ordinary moment.

In a moving presentation let m be the free ordinary parameter exponent and g the full
displayed moving radical exponent; put M = m + gq. The actual ordinary lengths have total
d = n1 + ny. A separate common extra radical is fixed within the current sum and is removed
by its exact divisor expansion before an ordinary reflection or recursive call. The displayed
exponent ¢ is unchanged by this expansion. A cancelled moving factor keeps its natural zero
in the displayed radical. The weights VW are nonnegative common parameter weights with the
original Fourier measure.

S denotes a finite homogeneous seminorm controlling the parameter and coefficient tests,
and Hj, their incoming norm-twist heights. A statement uniform in these test functions means
a common finite order J and polynomial height order .J'.

2.2 Earlier transformation and moment estimates

In this subsection, we recall the transformation and moment theorems used in Section 4.
We use the following results in their stated coefficient families.

Arithmetic and transformations. Allowed-generator reciprocity, the theta coefficient con-
struction and the radial functional equation are [Liu26b, Lemma 3.4 and Propositions 4.1 and 5.2].
Their general-field formulation is [loc. cit., Lemma 18.1 and Theorem 18.2|. Primitive induction
retains the exact Euler deletions, conductor and root number. The angular character of the theta
coefficients is fixed throughout.

The compact-quotient Poisson formula and the canonical returned families are [loc. cit.,
Propositions 8.1 and 10.2 and Lemma 10.6]. The full Gauss and correlation identities are [loc.
cit., Lemmas 12.9-12.10]. We use them with all prime powers, common divisors, nonunit cases,
zero frequencies and the original coefficient-square measures. The equal-product difference is
formed before transformation; its principal and finite-character means are combined with the
diagonal before absolute integration, as in [loc. cit., proof of Theorem 12.16].

The earlier moments. The inverse moments and the ordinary product moment are [Liu26b,
Theorems 10.7, 11.2 and 12.16]. For the two ordinary factors and arbitrary bounded ordinary
lengths, the zero-prime case of the last theorem gives

ind(hu ) #1 /
D> W(W)[Sny 1 (1) Sy 2(w)* < ZMHS (1 + Hin)”" (2.3)

u

For z > 0, the same theorem applies outside ©® under

d+6kz < M, 13/18 < k <1,



with 8, (F) < (1 + k)/2 when k < 1. Here
By(F) =sup({1/2} U{Rep: Lp(p,v) =0, v primitive of finite order, p nontrivial}),
with principal poles excluded. By [loc. cit., Theorem 17.1], 5. (F') < B,. Choose

1+ Ky

k1 = 0.749774 < 3/4, p1 = 6K1, B, < 0.87488664704 < = 0.874887. (2.4)
Appendix B verifies the strict numerical inequality. The pointwise prime estimate [loc. cit.,
Lemma 12.7] therefore gives

QI < z™*tc  (ind(yy) ¢ ©).

The complete common coprimality expansion is [loc. cit., Lemma 12.5]. These estimates retain
their finite seminorms and polynomial norm-twist height dependence.

2.3 The detector and comparison theorems

In this subsection, we recall the estimates applied in Sections 5 and 6. The simultaneous
detector and its Sobolev estimate are [Liu26b, Lemmas 13.7 and 13.9]. They supply ordinary
and inverse detected factors with a common length cutoff. The estimates hold for a common
finite derivative family before the detecting test function is evaluated at each parameter.

The approximate functional equation and correction strip are [Liu26b, Lemmas 14.2
and 13.10]. Reflections retain the whole character, conductor, root number and smooth weight.
In Section 5, we extend the contour interval using the compact-strip argument of |Liu26c,
Lemmas 5.1-5.2].

The direct estimate and comparison are [Liu26b, Proposition 13.4 and Lemma 13.11]. The
averaged numerator, its longer-length bound and the refined comparison are [loc. cit., Propo-
sitions 14.3 and 14.6 and Lemmas 14.7-14.8|. Section 6 records their exponent functions and
proves the improved inequalities. Section 7.1 verifies the principal Euler product on the contours
used here.

The Mellin identity is [Liu26b, (13.13)]; the continuation argument and general-field descent
are [loc. cit., Theorem 13.15 and Proposition 19.1]. Section 7 applies this identity with the
new saving and gives the descent explicitly. We use full abelian class-field factorizations and
the standard analytic properties of finite-order Hecke L-functions, including the positive simple
residue of each Dedekind zeta function [Mil20].

2.4 The order of parameter choices

In this subsection, we specify the order of choices in the moment argument of Section 4 and
the comparison in Section 6.

Fix numerical aggregate length bounds and a requested exponent loss. The subsidiary finite
recursion depths, positive slope gaps and mesh of the original prime lengths are chosen in that
order, before the actual finite factor list. The fixed arithmetic data and finite coefficient and
test-function families then determine constants and test orders. At a comparison, fix the actual
common test functions and finite presentation before selecting amplitude bins or subsets. The
external height exponent is chosen only after those finite orders. Thus the numerical mesh
precedes the arithmetic data, while the constants and test orders may depend on them.

The field, finite coefficient characters and angular types are fixed. The ordinary coefficient
families are those of (2.1). The operator theorem also allows arbitrary common coefficients,
subject to its stated square-mass bound.



Local and global notation. As in [Liu26¢|, local factor lengths and global comparison pa-
rameters are distinguished by their sections:

‘ ordinary moment calculations ‘ global comparison
w marked prime length numerator contour variable
TS local principal lengths T=2l,—h, S=S(R)
R | common-character conductor length class-count exponent
q displayed radical length Ny in local Euler factors.

The exponents n;, z, m,q in the moment estimates are measured relative to Z. In the scalar
comparison, ordinary and inverse lengths are measured relative to U = Z7; thus U™ = ZF™.
The averaging lengths are X = Z% and Y = Zb.

3 A selected ideal-character operator

In this section, we prove the selected operator and restore ordinary sixth powers. We use
the field and ring of S-integers fixed in Section 2. Ideals in this section are integral exterior
ideals, hence are coprime to the fixed set S. Their norms are denoted by Na. We use the allowed
generators and the zero-extended characters xq(n) of [Liu26b, Lemma 3.4|. In particular,

Xab(n) = Xa(n)x6(n), Xa(b) = xo(a). (3.1)

The identities include natural zeros, with the allowed-generator reciprocity of [Liu26b,
Lemma 3.4]. An index is called sixth-power-free if its valuations belong to {0,1,...,5}. A
natural character with a sixth-power factor still vanishes at the primes of that factor.

All norm lengths and all displayed fixed moduli are bounded by fixed powers of a parameter
Z. We suppress arbitrarily small powers of Z, but retain every fixed positive exponent in the
argument. Constants may depend on the fixed arithmetic data, finite coefficient families, smooth
test functions and requested finite orders. The order in which these objects are fixed is specified
below. An operator norm is always a squared ¢ operator norm.

3.1 Fine selection and its inheritance

In this subsection, we define the selected parameter sets used in Theorem 3.10.

Definition 3.1. A fine descriptor is a finite list of common prime polynomials

Q;(6) = _bi(p)(Np) ™ 2xe(p)W;(Np/Z%),  0<z <n.
P

The coefficients are bounded, the test functions have fixed compact support in (0,00), and the
list is fixed independently of the moving parameter. Fixed characters, common natural deletions
and norm twists may be included in b;. Put z = Zj zj. A family £ is selected at slope K by
this descriptor if

[Te®F=z% (cce). (3.2)
J

We require a fixed positive lower bound for z. Further restrictions on £ are permitted.

Bounded coefficients here may be replaced by any fixed divisor-bounded coefficient class with
the same convolution-energy property. The prime formulation suffices for the applications. The
constants are uniform in the values of the bounded coefficients. The number of factors and their
positive widths are fixed finite data; neither is allowed to vary with Z after the theorem has been
applied.



For a selected parameter set define

Z Z an Xt (Il)

tef |INn<X
Ng(X) = sup 5 (3.3)
a##0 Z |an\
Nn<X

The source includes the unit ideal and every ordinary ideal. No power-free restriction is placed
on n.

Lemma 3.2 (Literal quotient selection). Fiz an ideal ® and a subfamily of original parameters
of the form t = Dv. Its quotient parameters are selected by the same descriptor with bj(p) replaced
by bj(p)xo(p). The widths and the lower bound in (3.2) are unchanged, and coefficient-square
masses do not increase.

Proof. By (3.1),

Qi(D0) =QF (), b7 (0) =b;(Pxal), 107 (R)I* < [b;(p)I*.

This identity retains all natural zeros and inherited restrictions, including those arising from the
coprimality expansion. O

Lemma 3.3 (Finite word amplification). Let the fine mesh be at most n. Uniformly for target
widths 0 < w < Wpax, With wmax fized, one has, with an arbitrarily small subsidiary loss,

Ne(X) <« zKwtOm) qup Np(X 2. (3.4)
w<w’ <w+0(n)

This holds for every literal quotient family in Lemma 3.2.

Proof. By (3.2), partition £ into finitely many sets &£ with
QB > 2% (k).
Fix j and put | = [w/z;]. Then
w < lzj <w+ zj, 1Q; (0> > ZzK!=, supp(a * coeﬂ?(Qé)) C {Nn< XZ%},

Let dy be the coefficients of @; and let ¢ = a * d*. Cauchy’s inequality over factorizations
gives

l
Z ’Cn‘Q < sup Tl+17F(n) Z |aﬂ0‘2 H ‘dpi‘2
=1

N Nug X Z'%i 0,101

l

< Z%all3 (Z Idpl2> < Z%all3-
p

Here 7,41 r counts ordered ideal factorizations. The degree [ is fixed after the positive widths;

the divisor bound and the centrally normalized prime square mass give the last line. Apply the

longer-source norm and divide by Z%% . Since 0 < lzj —w < n, this proves (3.4). Quotient

coefficients obey the same square-mass bound by Lemma 3.2. OJ

In the dual Gram matrix, we transform the complete ordinary sum before imposing the
selected parameter restriction.



3.2 Primitive summation and the initial norm

In this subsection, we derive the initial estimate used in the reflection argument of Section 3.3.

Fix one finite packet of the data at .S and of the allowed generators. The primitive ratio
of two distinct sixth-power-free good indices is nonprincipal: at some good prime their inertia
digits differ. Any bounded multiplicity arising from presentation data is grouped before forming
the parameter family. Common finite characters and norm modes disappear from this ratio.

Lemma 3.4 (Primitive complete-column transformation). Let w be a nonprincipal primitive
finite-order character whose good conductor has norm Q. Let V be a fized smooth norm test
function, or a nonnegative smooth majorant equal to one near zero and supported in [0,2]. The
primitive ideal functional equation in [Liu26b, Lemma 18.1(2)] gives

> wm)V(Nn/X) = \j%e(w) > @)V (NnX/Q). (3.5)

Fized bad-place factors are included in a finite common test function list. The dual test function
is rapidly decreasing at infinity and is O(y~—¢) near zero, with the corresponding finite derivative
bounds. If a common natural deletion is expanded at an ideal of norm R, the prefactor and

natural dual scale are
X QR

RVQ’ X

All its character values and zeros are retained.

(3.6)

Proof. Finite order at the complex places has trivial archimedean type. Write G,,(s) for the fixed
completion factor, with the factors at S included in the common test functions. The functional
equation gives

s,w) = e(w 1/2_8767%(1_5) — 5,
Do) = Q2= 10— ),

Mellin inversion and s — 1 — s yield

S w(m)V(Nn/X) = — /( L(s,0)7 (5)X° ds

n

~ 1 ~ GG(S) _
- 1—§)—n) | =s 1.
Vi) 271 /(C) Vi S)Gw(l - s)y ds, ¢

When V' = 1 near zero, V hasa simple pole at zero. Since rg > 1 and the nonprincipal completed
function is entire,
ords—o L(s,w) > rp, Res{L(s w)V(s)X°} =0.

The reciprocal gamma factor likewise cancels the apparent pole of 17(1 —s) at s = 1. Contour
shifts and Stirling give, for fixed j, A,

17 y—57 0< Y < ]-7
o)V < Ae
[(y9y)'V (y)| <ja, {yA, y> 1.
For a fixed squarefree 0,
D wmV(Na/X) = pr(v)w(r) Y w(m)V(Nm/(X/Nt)).
m

(n,0)=1 o

Thus R = Nt replaces X by X/R, giving (3.6), with every zero multiplier retained. O



We record explicitly how test functions will be separated. On a dual annulus Nn < Y, the
conductor is a fixed dyadic scale times compact norm ratios from the two parameter variables.
A smooth Mellin expansion in those ratios writes the transformed kernel as a common integral
of a bounded source coefficient and two bounded parameter multipliers. Its measure has finite
weighted mass for any fixed finite collection of seminorms. If Yy = QR/X, that mass is bounded
by

CacZ(1+Y/Yy)™ A (3.7)
The same expansion is made before either of two operator norms is applied. Norm modes then

have modulus one, and their annular derivatives produce only fixed powers of logarithms.
Only nonzero ideal annuli Y > 1 occur. For b > 0 and A > b,

Y <YP, Yo<1,

Y (14+Y/Yy) 4 <«
> ( /Yo) Ab y2, Yo 1.

Y >1 dyadic
Thus (3.7) gives the same envelope on both ranges.

Lemma 3.5 (Initial bound). For every subset of natural sizth-power-free parameters of norm at
most H, and every X > 1 in the fized polynomial range,

Ne(X) < Z9(X + H?). (3.8)
No selection hypothesis is required.

Proof. Use the nonnegative majorant of Lemma 3.4 and its complete-source Gram matrix G.
Then
Gee < Z°X, Q<H?  #E<ZH

For each off-diagonal deletion term, put Yy = QR/X. By (3.7) and ideal counting, including

Yo < 1,

X
Ger| < Z° — Y, < Z°/Q < Z°H.
Gerl < 2° Y oY < ZV/Q

The deletion divisors have subpower multiplicity. Schur’s bound gives

deletions

< Z(X + H?).

Ne(X) <G|l < sng\Gg,y
El

3.3 Squarefree reflection

In this subsection, we prove the squarefree estimate used in Section 3.4.

We first work with squarefree parameters in one dyad of norm H. All estimates in the
following lemma are required on the literal inherited selected families of Lemma 3.2. They are
also required after further parameter restrictions and bounded parameter multipliers. These do
not increase an operator norm.

Lemma 3.6 (Hereditary reflection). Suppose, for some ¢ > 1— K and 1/2 < K < 1, that every
such squarefree quotient family with parameter bound H' satisfies

NY) < Z{Y + (H")7Y %}
throughout the fized polynomial source range. Then, for X > H,
Ne(X) < ZHX + HIP2K-1 1=K (3.9)

The loss can be prescribed separately at each use.

10



Proof. Keep the diagonal of the complete-source Gram matrix separately; it is O(Z€X). For an
off-diagonal pair, write

t=9a, ¥=9b, (a,b)=1, D=ND, Qx=H?/D%
The common radical remains a natural deletion. For its divisor of norm R, Lemma 3.4 gives

XD H2R

Coprime CRT and reciprocity give the root-number cross factor

Xa(b)xp(a) = 1.

All remaining root numbers, different factors and finite-packet factors are bounded separate
parameter multipliers; cf. |[Liu26b, Lemma 12.9].

Separate the common test function first. Extend this expression to all pairs using the declared
norm product and the separate multipliers, then insert

Lap=1 = Y _ 1r(t). (3.11)

tja,b

The expansion restores the coprime expression before any inequality; no primitive conductor
formula is used on the added pairs. Subtract the omitted pair (a,b) = (1,1) separately; the
same estimate below bounds this single term. For each remaining term,

o H
=td, b=th, H < — <—.
o=t ’ “DNt- D

Lemma 3.2 gives the descriptor at ©ta’. The common t-characters retain their dual-source zeros;
no new coprimality restriction is imposed on a’.

For the restricted original coefficient vectors «;, §;, Cauchy and the two inductive operator
estimates give

XD
1Bl < 25 {Yo + (H/ D)"Y Hleill2 Bl
The linear term is H/D < X; the nonlinear term is
H(]+2K71X17KD17(172KRK71' (312)
Since ¢ > 1— K and K < 1,
1—-g—-2K<-K <O, K-1<0.

The same estimate holds for Yy < 1 by the kernel tails. For each original parameter, the choices
Dt |t and v | D are divisor-many. Hence

D ollalls < zeladi3, DO IBilE < ZBIE Y lleillallBilla < Z€ (]2 Blla-

Summing the dyadic decompositions and the common Mellin measure proves (3.9). O

Proposition 3.7 (Selected squarefree norm). Fiz a compact interval [Ko, K1) C (1/2,1). For a
sufficiently fine original mesh, selected squarefree parameters of norm at most H satisfy

Ne(X) < ZH4X + HI-EXEY K € [Ky, K1]. (3.13)

The assertion is hereditary in the sense of Lemma 3.2.

11



Proof. Initially Lemma 3.5 gives the all-source envelope X + H?X¥ for X > 1. Suppose an
all-source envelope with parameter exponent ¢ > 1 — K is known, and put a = ¢ + 2K — 1.
Lemma 3.6 gives X + HeX' =K for X > H. Set L = HG/K, which is at least H. For X > L
the reflected bound is O(Z€X). For X < L, amplify to source length L, within one mesh excess
length, by Lemma 3.3. The result is

Ne(X) <« 7e+0n) xK 1=K _ 7e+0(n) x K pr(1-K)(¢+2K-1)/K
Consequently the parameter exponent is replaced by

!
qz+1:1;<K(qz+2K—1), qz—(l—K)—<1;(K> (@ —(1-K)), q=2 (3.14)

Let H < Z¢H and ¥ = max g e[k, k) (1 — K)/K < 1. Choose a fixed n with

9" 2—-(1-K .
Curd” | max {2 (1= K)} < /3

Then H%~(1-K) < 7z¢/3 Al intermediate source lengths are polynomially bounded. Divide
the remaining loss among the n reflections and amplifications, and choose the mesh within that
allocation.

For the small quotient bounds, choose & > 0 within the final loss. Trivial matrix estimation
gives

H <7 = N()<Z5Y.

For H' > Z¢, the contraction depth is uniform. The mesh is measured in the original Z-units.
Fixed positive prime widths give finite word degrees, so the divisor estimates have arbitrarily
small exponents with constants depending on those degrees. This proves the stated order of
choices. O

3.4 The twenty-five shared cells

In this subsection, we extend the squarefree estimate of Proposition 3.7 to sixth-power-free
parameters.

We now pass from squarefree parameters to natural sixth-power-free parameters. Write
uniquely

5
t= HE?, £, squarefree, (6,¢)=1 (i#j). (3.15)
i=1

Partition into common norm boxes for the five colours. Cauchy’s inequality over those logarith-
mically many boxes reduces the norm to a single box on both sides. Write its first-colour cap as
U and the product of its other four caps as V. The natural-index bound gives

UV? < H. (3.16)

For a pair of parameters fix all ideals g;; = (Ei,E;.). They are pairwise coprime. The exact

residual digit in their primitive ratio is the following table, read modulo six:

Njl1 2345
105 4 3 2
2 (105 4 3
312105 4 (3.17)
4132105
5143210

12



A diagonal cell cancels in the primitive inducing character but remains a common source deletion.
Every off-diagonal cell has conductor exponent one, including digits two, three and four. This
follows from tame Kummer ramification at the good primes. There is no deletion of its natural
zero when the inducing character is formed.
Put
G:HNQZ], F:HNg”’ GL:HNglja GR:HNQZI (318)
1] i#] J i

Then F < G, G, Gg < G. The two residual radical scales are comparable to UV/G. Hence the
primitive good conductor has norm

Q= F(UV/G). (3.19)

The numbers of possible residual higher-colour tuples on the left and right are, respectively, at
most

ZVGL/G,  ZVGgr/G. (3.20)

Indeed the product of the left higher residual ideals has norm at most a fixed multiple of VG /G.
Each product ideal has divisor-many allocations to four pairwise coprime colours. The right side
is identical. This counts actual higher tuples, not independently chosen parameter families for
their individual factors.

Lemma 3.8 (Root phases on a fixed shared table). After fizing the finite packets and the shared
table, the root number of the primitive ratio has no mized factor between the two residual first-
colour variables. If the higher tuples are also fixed, all other factors involving a first-colour
variable are bounded multipliers on that variable alone. The remaining higher—higher factor has
modulus at most one.

Proof. For coprime residual components of colours %, j, CRT and reciprocity give
Cij(a,6) = Xa(b) x6(a) ™ = xa(b)" ™, Cn =1

The opposite functional-equation convention conjugates this identity. Fix the higher tuples
A = (ag,...,a5), B = (by,...,b5) and the shared factors. For the primitive root number, the
CRT factorization therefore has the form

e (8, ¥) = Capuap(ar)vap(b), |ICapsl <1, |ul|,|v] < 1.

Here C 4 5 contains the higher-higher crossings; u,v contain the first-higher crossings, shared
factors and separate root numbers. The different, class and bad-place factors belong to the fixed
finite packets. No factor depends jointly on ag, b;. 0

Lemma 3.9 (Natural near range). For selected natural sizth-power-free parameters of norm at
most H,

Ne(X) < Z°X (X > H), (3.21)
uniformly for K in a fized compact subinterval of (1/2,1).
Proof. Keep the original Gram diagonal separately. For each shared table and deletion divisor
of norm R, (3.19) gives

XG _F U?V2R

RUVVF " GX

Separate the common kernel in both full residual radical ratios. Fix the higher tuples A, B.

By Lemma 3.8, the remaining root factors are bounded separate first-colour multipliers. The
parameter bounds and higher-tuple counts are

HL:U/GL, HR:U/GR7
NL<<Z€VGL/G, Np < ZEVGR/G, VN Np <« ZEV\/GLGR/G.

(3.22)
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Write the original parameters as € = ©Dya; and ¢ = Dby, with their own higher and shared
factors in ®r,Dr. Then

Qf(a1) = Q;(Drar),  QF(b1) = Q;(Drby).

Coprimality with the opposite higher tuple remains a parameter restriction. Expand coprimality
between the two first-colour variables by (3.11), as in Lemma 3.6. The quotient bounds only
decrease, and all dual-source zeros remain. For each actual dual annulus Y > 1, Proposition 3.7

VNL(YNR(Y) < Z{Y + UKy K},

The common kernel measure satisfies (3.7); for A > 1,

Y 1+ YT MY + U YR < Ty + U RIS
Y >1 dyadic

gives

Cauchy in the common dual source and then in A, B therefore bounds each contribution by

XVGLGRr

ge VLR
RUVF

{To + U T5 Hall2118]12. (3.23)

The linear part is

VFGLGR
Ve

<UV?< H<X. (3.24)

and the nonlinear part is

FK71/2 /GLGR
G2K '

XUEuv)KpE-t (3.25)

Indeed,

K -1/2 /G .Gr
G2K
The tails in (3.7) include Ty < 1. For every original parameter, the number of shared-table and

<G K<1,  RFT<1 XUROVHF <« xFHEF <X

divisor assignments is at most

6wF(radE)7_F(E)C < Ze’
where wr counts distinct prime divisors and 7 counts ideal divisors. Consequently the restricted
original energies satisfy

Dolleld < zlal3, D IBIE < ZI8113.
L L

Cauchy in ¢, followed by the finite-packet and dyadic summations, proves (3.21). OJ

The preceding argument holds for 1/2 < K < 1. We state the range needed for the ordinary
moments below; their fixed pointwise parameter satisfies k1 < 3/4.

Theorem 3.10 (Selected operator on natural parameters). Fiz polynomial bounds for the pa-
rameter, source and displayed fized moduli, € > 0, and a compact interval [Ko, K1] C (1/2,3/4].
There is an original fine mesh n > 0 such that the following holds. For a fixed finite descriptor
of positive total width, selected natural sizth-power-free parameters of norm at most H satisfy

2

DD anxe(n)| < Z{X + HEXEYY aa. (3.26)

tef [Nn<X

Here K € [Ky, K1], the source coefficients are arbitrary and common, and every further parameter
restriction is allowed. The result holds on every literal inherited quotient family with its actual
descriptor. Common fixed characters, natural source coprimality conditions and norm modes
may be included in the coefficients. There is mo principal parameter exclusion in this operator
theorem.
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Proof. For X > H, Lemma 3.9 applies. For 1 < X < H, use Lemma 3.3 with w = log,(H/X):
H<XzZY < HZ9M, Ne(X) < 200 (X /K H = 740 gi-K x K

Choose the mesh after allocating the loss, as in Proposition 3.7.
The bounded-source and empty-family cases follow directly. All quotient and coefficient
assertions have been preserved at each preceding step. O

Remark 3.11 (Uniformity and finite orders). First fix the desired global loss, the compact slope
interval and the numerical polynomial bounds. Choose a tiny global parameter-bound threshold
and the finite contraction depth, then the original mesh. After that the arithmetic data, finite
descriptor dictionary and its positive widths are fixed. Word degrees and the required derivative,
Mellin-tail and height orders are then finite. The constants and the sufficiently large lower
threshold for Z may depend on these fixed data. If a later application requires a finite height
range, it is fixed after these orders, in the order of Section 2.4. The constants may depend on
the distance of K from 1/2, the number of factors and their positive widths. Each application
uses a finite iteration with these quantities fixed.

3.5 Actual ordinary products and sixth-power restoration

In this subsection, we deduce the ordinary-parameter estimates used in Section 4 from The-
orem 3.10.

We now distinguish the natural operator from the ordinary-parameter terminal used in the
moment recursion. Write the moving presentation as

e = VXaAXe,

with all literal natural zeros and, if present, a common extra deletion retained. The displayed
radical of the moving fixed data has logarithmic size q. The moving parameter bound is Z™; its
displayed allowance is m + ¢q. More general finite products of fixed powers are included in gy
with their original displayed radical, not redefined parameter by parameter.

Let S1,S2 be the ordinary sums in (2.1), of lengths Z™, Z™2 and put d = n; + ng. They are
in the same moving-character orientation after a whole-factor conjugation, when one is needed.
That conjugation includes its test function and norm mode. Let @) be the retained original prime
product of total width z, and put A = d + z. Each literal product is a common central ideal
polynomial: its coefficients are obtained by multiplicative convolution, have squared mass Z¢,
and have source length at most a fixed multiple of Z% or Z4, respectively. This follows directly
from the divisor bound, without modifying either ordinary coefficient family.

The no-prime input used below is precisely [Liu26b, Theorem 12.16, the z = 0 clause|: on
nonprincipal inducing parameters, the same two ordinary sums, at arbitrary bounded plain
lengths, have mean < Z“"97¢ for moving parameter bound Z“.

Lemma 3.12 (An extra sixth-power deletion). Fiz an ordinary sivth-power part ¢ and write
t = Sv, with v sizth-power-free. The descriptor and every actual source factor acquire only
the common natural deletion at ¢. The no-prime mean for the two ordinary factors remains
<K ZUWHate: the norm of ¢ is not added to the displayed radical . The primitive inducing character
and its nonprincipal exclusion are unchanged.

Proof. The identity x.(n) = 1 n)=; is literal, even if (¢, v) # 1. For each ordinary factor insert
complete inclusion—exclusion:

0
SC(X) _ MF(e)/lj}U(e) SO(X/NQ).
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The plain quotient remains unrestricted at the extracted divisor; its original character zeros
remain. The parameter multiplier is bounded. The total root mass ) ehad(c)(Ne)*l/ 2is Z¢. For

¢ = pr(e)/V Ne, Minkowski and the arbitrary-length no-prime estimate give
2

2 < 7 (utq+te)/2 Z | < Zlutate)/2,
e|rad(c)

HSI,CSQ,C

The bounded parameter multipliers may be removed before the estimate. This is the expansion
of [Liu26b, Lemma 12.5].

Deletion at a prime factor in a descriptor or a retained prime sum is simply a bounded
common coefficient. No deleted Euler factor changes the primitive inducing character. O

Theorem 3.13 (High-amplitude estimates on ordinary parameters). Assume the actual inducing
characters are nonprincipal. Retain the fixed test functions, finite norm modes and displayed
support above. Let K lie in a fized compact subinterval of (1/2,3/4].

1. Suppose the retained product Q itself selects the parameters and is on a common amplitude
bin ZK* < |Q|? < ZK*+ | where w is part of the allocated loss. Then the sum over ordinary
parameters Nt < Z™ satisfies

Z |S152Q’2 < Ze+w+max{(1—K)m+KA,(m+Q)/6+5A/6}. (3.27)
tes

2. Suppose instead that an arbitrary nonempty original block selects the parameters at slope
K. It may be a deleted block and need not be the whole retained Q. If the latter satisfies
the pointwise upper bound |Q|> < ZP**€ on the selected parameters, then

Z \S1Sle2 < getmax{(1=K)m+KA,(m+q) /6+5A/6+pz/6} (3.28)
te€

For the original Hecke-compatible prime factors, if in addition ind (i) ¢ ©, one may take
p = k1 by [Liu26b, Lemma 12.7]. For the other nonprincipal inducing characters, or for
arbitrary bounded common prime coefficients, the choice p = 1 is available by absolute
counting.

Both assertions permit further parameter restrictions. Their no-prime comparison is used only
on the same two actual ordinary factors.

Proof. Write £ = ¢%b uniquely and put s = log, N¢, u = m — 6s. There are at most Z*¢ choices
of ¢ in its dyad. For each fixed choice, the selected natural operator applies to v with the common
deletion described in Lemma 3.12. All its descriptor widths and selection lower bounds remain
those of the actual block.

For the first assertion, apply the operator to S1.52 and multiply by the upper bound for
Q. Apply the no-prime comparison on that same positive parameter subset, and then drop the
subset in this comparison alone. The resulting exponent, before optimizing the sixth root, is

s+ Kz + min{max(d, (1 — K)u + Kd),u + q}. (3.29)
For w > d, use s = (m — u)/6 and
d
@{(1 —K)u+Kd—u/6}=5/6—K > 0.

For 0 < u < d,
min(d, v+ q) —u/6 < 5d/6 + ¢/6,
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by splitting at u = (d — ¢)+. Consequently the two ranges give
(1-K)m+K(d+z), (m+q)/6+5d/6+ Kz<(m+q)/6+5(d+2)/6,

respectively, since K < 3/4 < 5/6.

For the second assertion, use the literal whole polynomial S;55Q as the arbitrary common
source in Theorem 3.10. Tt has length Z4; its selection descriptor remains the specified original
block. On the same positive subset the no-prime comparison, multiplied by the stated upper
bound for the retained Q, gives Z%+t9+P>+¢ The exponent to optimize is now

s+ min{max(A4, (1 — K)u+ KA),u+ q+ pz}. (3.30)

The same calculation with (d, ¢) replaced by (A, q + pz) gives

sup {mgu —|—min(max(A,(1 — K)u—i—KA),u—i—q—i—pz)}
0<um

<max{(l— K)m+ KA,(m+q+pz)/6+5A/6}.

This proves (3.28). Absolute prime counting allows p = 1; the fixed factor list and test functions
affect only the subsidiary loss. O

The extra term k12/6 in the block-selected terminal is essential when only a proper block
is known to be heavy. It is not removed by treating that block as if it were the whole retained
prime product. Conversely the whole-product amplitude bin in (3.27) supplies its sharper plane
without that extra term. Neither terminal is a statement for arbitrary ordinary coefficients in
the baseline comparison, nor does either assert an estimate for a selected Gauss-column family.
Those distinctions will be maintained in the moment recursion.

4 Ordinary product moments

In this section, we prove the ordinary moment with prime coefficient three and then coefficient
two. We use the earlier moments of Section 2.2 and Theorems 3.10 and 3.13. Retain the prime
exponent in (2.4); in particular,

1 3
— —. 4.1
2<KJ1<4 (4.1)

The bound |Q|? < Z%1#*¢, with its polynomial height factor, is [Liu26b, Lemma 12.7] outside ©.
We keep this pointwise parameter fixed throughout the two inductions.
Write m for the free ordinary parameter exponent, ¢ for the full displayed radical exponent,
and
M =m+q, d =n1 + no, A=d+ z.

In particular A includes the prime positions. The letters used for first or second common divisors
below never denote an additional free family of characters. Their norms and their divisor counts
are those of [Liu26b, Sections 12.5-12.7].

Definition 4.1. For 0 < B < 1 and L > 1, let G(B, L) denote the following assertion on the
complete ordinary family of (2.1)—(2.2):

ind(+u)¢0
d+Lz<BM = > W), 1()Sny 2 (W) Q(w)|* < ZMTS (W, W) (1 + Hin)”".

(4.2)
Here all ordinary parameters, including their sixth powers, are counted. The assertion is uniform
over bounded ranges of the declared lengths, displayed radicals and common extra coprimality
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conditions. For each requested € > 0 there is an original prime-slot mesh, chosen before the
arithmetic data and the finite factor list, for which the assertion holds. After those data are
fixed there are finite derivative orders .J, J’, an implied constant, and an asymptotic threshold.
The constant may depend on the fixed field, finite coefficients, factor list and test-function
seminorms, but not on the actual ordinary parameter or its amplitude cell. At z = 0 we also
use the arbitrary-length no-prime assertion (2.3), whether or not its lengths satisfy the displayed
length inequality.

The only length restriction is d + Lz < BM. The two ordinary factors have the smooth
coefficients of (2.1); the selected operator controls the high-amplitude terms. All character
factors, including canceled displayed factors, retain their natural zero extensions. Passing from
the source orientation x,(u) to v, conjugates the entire factor and its test function, with the
finite reciprocity packet retained.

4.1 Ordinary reflection and the exact returned family

In this subsection, we record the returned character families used in Section 4.2.

The following subsection gives the local exponent inequalities.

A common extra radical R, fixed within the current parameter sum, is expanded before
every ordinary reflection or recursive call. For a centrally normalized factor the expansion has
the form ()

H8)Py ) qo

and a prime position has the corresponding expansion

Qir. = QY — P27 b0i(p)ul(n)Wi(Np/F).

p| R«

The total absolute divisor mass is Z¢. The scalar 90 (e¢) is bounded and may be zero. The plain
quotient in (4.3) is unrestricted: a further coprimality condition with ¢ would change the identity.
This expansion does not permit a cancelled moving character factor to be reclassified as an extra
coprimality condition.

For a nonprincipal inducing character, let C, be its primitive conductor and Ry, its natural
redundant radical. By [Liu26b, Lemma 12.6],

0 X T — p(e) (i) o (CulVe
SUX; W) = e, e%@: /NN S%(XNT,W) (4.4)

rad(f)| Ro,u

The conductor and natural deletion satisfy C,NRy, < ZM_ Thus a factor of exponent n
reflects to lengths at most M — n + £, with total coefficient mass Z¢. Lower dyadic annuli
have summable inverse-root mass, and upper tails have arbitrarily rapid decay. We conjugate
the whole reflected factor inside its absolute value; this restores the same moving character on
the two ordinary factors. Incoming norm modes are absorbed into their test functions before
reflection. Conductor-dependent test functions are separated with one common Sobolev measure
on the whole product, retaining its total seminorm.
The complete equal-product difference has two scales (X7, X2), (Y1, Y2) with

X1 X3 = V1Y, (4.5)

The same fixed character, natural deletions, norm mode and remaining prime product occur
in both rectangles on each arithmetic side. The fixed-character Mellin mean is ¢y g, T Iy (t)
plus the source remainder. Its leading products cancel by (4.5). If all four scales are at least Z°,
the raw centered product is smaller by a factor Z—¢; otherwise its absolute raw-volume bound
remains valid [Liu26b, Section 12.5]. Reflection is applied to the whole signed difference.
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The first transformed side. Let c1,d; be the exponents of the two full first common divisors,
p1 their radical exponent, and R, F the primitive-difference and complementary radical exponents.
Put

§=q+R+E, Ky=2A—c —di+R+FE—m, K < Ko +¢&1. (4.6)

Here K is the actual frequency annulus and &; is an arbitrarily small endpoint buffer. On the
C-side the additional allowance is

BC = (301 — 5d1 — R)+/6, (47)

and Bp is obtained by interchanging the sides. The first family count is ZP1T507€¢ once, before
the common Fourier measure. The full paired exponent is

1
M+ {Bc+ Bp — (e1+di —2p1 — R)} < M. (4.8)

For completeness, at a prime with valuations ¢ > j > 1 write r = 1g;_;. The available exponent
is i + j — 2 — r, whereas the nonzero positive part is at most (3¢ — 5j — ) /6. If this is positive,
six times the difference is 3i + 115 — 12 — 5r > 0; for r = 1 one has ¢ > j + 1. If it is zero, the
available exponent is nonnegative directly. Subadditivity of the positive part proves (4.8) after
summing the local valuations.

The finite character on one positive side need not equal that on the other. Within a side,
however, the source complete-product coefficient remains a single common coefficient. A genuine
prime power is assigned either to an ordinary factor or to one original prime position; its actual
power divides both comparison scales in that factor. The finite unit packet remains in ©. The
inducing group is classified only after the returned character has been formed.

The auxiliary main term and its three errors. Choose a small positive o, and an auxiliary
prime pool at exponent o /3, outside all original prime annuli. The original mesh is smaller than
0/6. Excluding the fixed support and the current frequency removes only logarithmically many
primes. The pool has cardinality Z/3t°). Write P = log, Np = 0/3 + o(1). The exact
Gauss difference has only the error valuations 1,6, 7; its squared local factors are respectively
Np~t (1 — Np~1)2 Np~!. The normalized pool average is retained on every error. There is no
extra pool cardinality after Jensen’s inequality.

Let wq be the ordinary width removed at the auxiliary prime, wq , its odd-radical width, and
{, the main density saving. Set

ag = A —c1 — wy, Dy =d; + (Ko — K), Jo =Dy —c1 —2wg + Wa -
The exact choices are

‘ Wq Wa,o by g— J0,+
main| 0 0 o/3 20

i=1|P P 0 o (4.9)
i=6|/6P 0 0 o
i=7|7P P 0 o

The auxiliary prime is assigned only to ordinary positions. In particular it does not create a new
original prime factor. The complete one-sided allowance after its local squared factor is

Ac = ap + ¢+ wq,o + wa + Bo — so. (4.10)

The second transformed family. Let co,dy be the full second common exponents, ¢, =
(c2 + d2)/2, pa their radical exponent and go their ged exponent. Among primes with equal
valuations ¢ = j and 6 1 7, denote the radical exponents of the unit and nonunit divided-frequency
sets by ta, V, respectively. All other common primes contribute zero to these two exponents. At
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a common prime put P = Np and write hg for the frequency after division by the gcd. For
i > j > 1, |Liu26b, Lemma 12.10] gives the following absolute values and the upper bounds used
in the exponent calculation:

case absolute value | upper bound
i=17, 61%, ptho p—1 p—1
i=4, 614, p|lhy| P7HP-1) P (411)
i=34,6|i, pthy| P~YP-2) P '
i=4, 64, plhy| PHP-1) P
i>3, 6|4 ptho| P~L(P—1) Pi

The remaining unequal cases vanish; the case j > i follows by interchanging the columns. In
particular, an unequal surviving pair has unit divided frequency. The last column, rather than
the exact middle column, supplies the following exponent estimates. The free and displayed
widths of the resulting ordinary family are

m'=2a-K-g-g-V (4.12)
¢ =q+waottatV,
M’:m/+q’:M+J0—g—92+t2_ (413)
For a nonempty annulus,
g2 2 t2, mim = maX(O,m' + &), HF <« Zpr—sote

where & is the endpoint buffer and the family is counted once. Including the exterior factor
gives
MN=K+g—~_,—ay+p2—sg+ gs—to — Co.

The identity used for the later ordinary estimate is
Ac—Xdo=M + A, AN =6 —po+we + B + g > we + £,. (4.14)

The final artificial coprimality expansion is made on this full product before positivity. At a
prime it is the literal identity

I|+1
Loyt ny = 2 D] Lo,

o£] jel

A selected ordinary quotient is unrestricted; a selected prime position is fixed. Conflicting
assignments give zero. There is no Gauss coefficient after this transformation. Thus each positive
side is exactly two ordinary factors and a subproduct of the remaining original prime factors,
with one common character.

It is useful to state explicitly the normalization at this last expansion. Put a; = ag — co,
ap = ag—dp. For a divisor annulus of exponent ¢_, let r; be its actual ordinary removals together
with the nominal lengths of fixed prime positions, and let e;,w; record their endpoint ratios. The
exact identities are

T I P=2% T Hrw>ie lelhlwlle +wl <oy

remaining

The divisor count is O(Z!-). Replacing a nonempty subunit ordinary scale by exponent zero
changes the paired normalization by at most 20. More precisely, if 7y, 7w are the source negative-

length corrections, then 0 < my < 7 < 6Oy, rj+ =7 — (m — m) > 0, the actual length is
+ : . . . . .
aj +ej +m — 7“;?, and its exterior factor is Z(7" T%+™)/2 " Pairing the two sides with their

single divisor count gives the stated 20 bound. Earlier fixed factors are not counted again at
this stage.
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4.2 Local inequalities for the returned ordinary bounds

In this subsection, we establish the local inequalities used in Sections 4.3 and 4.6.
We use affine exponents
F=sm+tqg+ I A+ wz. (4.15)

In every application, 0 <t < s <1, A > 0, and the prime slope w is nonnegative. An extraction
of a remaining original prime therefore improves this last term. For the other terms the literal
first-common increment, before the nonpositive — B¢, is bounded locally by

“Xi+(1—=95)(i—J)++({t—s)(r+e). (4.16)

Here r, e indicate the actual primitive and complementary radicals. If one already marked original
position is present, the expression has the additional Ab, where b € {0,1} and b < min(i, j).
The other side has the interchanged expression. The coefficient of the global positive part is
nonnegative in every application. We may thus bound it by the sum of the local positive parts;
we do not replace a negative global —B¢ by a sum of negative local terms.

For s+ A=1,0<t<s, (4.16) is at most

~A(min(i, j) — b) — (s — t)(r +€) < 0. (4.17)

This applies to the baseline M, to (1 — K)m+ KA, and to M/6+5A/6. It is an individual-side
inequality, so that the two sides of Cauchy’s inequality may use different terminal bounds.

For the second common divisor, let ¢ > j be the two valuations and let i, € {i,j} be the
valuation removed on the side being estimated. Let ¢,,v be the local indicators contributing to
ta, V', respectively; both vanish unless ¢ = j and 6 1 ¢. The increment is

. 1+ : .
1+]—tu—?—)\z*—s(j—i—v)—i—t(tu—kv). (4.18)
The term —(i + j)/2 comes from —¢z in the exterior factor; —Ai, comes from the actual column
length on that side. If s + A = 1, the complete table is

i =17, 61i, unit —i 4t
i =7, 611, nonunit 1—i—s+t
i=7j,6|i 1 (4.19)
i>7, 67, k=1 |1—7—(1/2+X)(i—7)
P>, 64, ix=1] 1—j—(i—j)/2

All entries are nonpositive: in the last two cases 7 > 6. Thus the estimate holds separately on
each side, for every valuation.
The auxiliary contribution to (4.15), with v =g — Jo 4, is

(I—=s)y+ (1 =X—=25)wg + (t — Dwag,e — La- (4.20)
The main value is (5/6 — s)I', where I' = 20. For s + A = 1, each error minus this main value is
%{—2 +3s—si+ (t—1)e} +o(0), (i,e) = (1,1),(6,0),(7,1).

It is nonpositive for 0 < ¢ < s < 1: for the first pair it is (—3 4 2s+¢)o /3, and the other two are
smaller. The main rates for the two selected bounds are therefore K — 1/6 and 2/3, respectively.
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4.3 Amplitude separation and ordinary prime coefficient three

In this subsection, we prove the coeflicient-three estimate needed in Section 4.6.

Lemma 4.2 (Complete low subproducts). Fiz the test functions, common norm modes and finite
coefficients in a positive ordinary family. On a finite amplitude cell on which |Q|* < Zkato(l)
one may order the complete prime factors so that every initial complete block of width v has
squared amplitude at most Z¥v+°() A requested width is exceeded by at most one original slot.

Proof. For nonzero factors write |Q;]? = Z%#+°(1) and order a; < --- < ay. For every j < J,

Zigj @iz < > i<y @iz

dli<iF o Dli<y

For 0 < vy < 2, choose j minimally with v =73, 2 > vo. Then

<k+o(1).

2
v < v <o+ 1), HQz’ < ghvtolt),
i<j

Zero factors contribute nothing. Truncate very negative logarithms using the polynomial bounds
for the other factors. The finite bins, orderings and subsets affect only constants. After removal,
discard the amplitude restriction before applying the ordinary moment. O

For the later finite iteration it suffices to keep 0 < k—1/2 < 1/2000. This fixed neighborhood
determines the upper bound in the next proposition and in Proposition 4.8.

Proposition 4.3. For every fized 1/2 < k < min(1001/2000, k1), the assertion G(1,6k) holds.

Proof. Put p =6k, ¢ = p— 1 > 2. First consider a positive ordinary family with A 4+ qrz < M.
A long ordinary factor is reflected by (4.4), after the extra-coprimality condition expansion.
This decreases its declared length whenever it is longer than half the conductor allowance, and
preserves the length condition, with an arbitrarily small buffer.

If A > 5M/6, choose a reference ordinary length M /4. When an original factor is shorter,
reflect its partner directly. Otherwise form the equal-product comparison with ordinary lengths
M/4,d— M/4, then reflect the longer factor of that positive comparison only. The resulting total
column length satisfies

3
AcompgiM—A+2Z+§

Since z < (M — A)/qy, we have

2 1

Acomp <|lz+—|M+£E< 5M/6, (421)
3 3qk
) 1

Both strict inequalities have the gap

1 1 2k —1
- — = . 4.2
6 3(6k—1)  206k—1) " (423)

Y =
Thus the reference is an uncentered family at the same parameter scale. It is also balanced.
Indeed, in this case

M M 3M 5M M
2l gAY M—d-Ma) =2 g2
"Sb S 120 S ( M= <3
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The other reference length is M /4. The strict gaps absorb the reflection buffer, chosen below
M /4. This comparison uses the finite induction below, not the proposition before it is proved.
When A < 5M/6, no centering is required.

Apply the first transformation to the uncentered product or the centered difference. There
is a preliminary direct terminal if its completed free width or its formal free width is at most
a fixed small 7 > 0. Lemma 4.5 and Proposition 4.6 below are consequences of the exact full
finite correlation alone; they use no ordinary moment. Here their unmarked specialization has
Rioe =0, Ay = A, M, = M, so its relative contribution is at most A— M +7+ O(§) < 7+ O(§).
This is a single terminal loss, even when the free width is small because the displayed radical is
large. On the complementary range both free widths have fixed positive lower bounds, and the
source auxiliary amplification and second transformation apply. Only after its actual ordinary
sides and all divisor allocations have been formed do we separate amplitudes. Let A’, 2’, M’ be
one such side. Before harmless endpoint errors,

AlgA_Cl_’wa_CQ, ZISZ, MI:M+JO—g—gz—|—t2_
Since g2 < ¢, its excess in the length inequality is bounded by

A+ g7 — M <wa — Dy — wao+ g+ (g2 — c2 — t2)
< wq — Dy — wqo + g. (4.24)

The source first-frequency inequality is —Dg — wq,o + Jo+ < £1. On the main branch g — Jo + =
20 = 6¢,. On an error branch it is o, and w, > /4 for large Z; hence w, + 0 < bw, < 6wy.
The actual-scale normalization already recorded above therefore gives

A+ qp — M < 6(wg + £a) + &1+ 20N. (4.25)

On a low-amplitude set, Lemma 4.2 gives a subproduct of width v, where, until exhaustion,

I Al / / D’ !
D' = (A"+ qp2’ — M), — <

= 2 « Zkv—i—o(l).
6k — < 6k +777 |Qrem0ved| >~

By (4.14) and (4.25),
kv < D'/6+kn <A +&/6+0Nn/3+kn+o(1).

If the subproduct exhausts the list, use the actual arbitrary-length no-prime theorem. Oth-
erwise discard the amplitude restriction positively and continue on the complete ordinary family.
In particular a selected parameter restriction is never passed through Poisson summation.

On a high-amplitude cell, except when the remaining total prime width is below a fixed small
floor, its actual slope belongs to [k, k1 + v] € (1/2,3/4). Here the small v includes the bin and
truncated-height buffers. The whole-product version of Theorem 3.13 gives the two terminal
exponents

(1—K)ym+KA,  M/6+5A/6. (4.26)

Both are at most M on a family satisfying the length inequality. Equations (4.17) and (4.19)
bound all common-support changes on each side separately. The main and error amplification
contributions are bounded by a fixed multiple of o, by (4.20). This branch terminates, so that
this loss is incurred once. A remaining prime product below the fixed floor is also terminal:
strip it at the old price k1 and apply the no-prime theorem. The sixth powers in the ordinary
parameters have already been counted in Theorem 3.13.

We next verify the origins and the exceptional inducing group. The first origin is O(Z™"¢).
The second zero frequency is the exact u = v correlation with its ¢(u) factor; its excess is at
most

A—M+50/3+& + 0y +o(1). (4.27)
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This is terminal and is O(o) under A < M. For the fixed-character contribution, the formulas
of [Liu26b, Sections 12.5-12.7], with the exact exterior, give the excess

A—5M/6—F1—F2—|—20N+§2/6—|-0<1), (428)
where

Fi =¢1/64+5Dy/6 +wa/3+ q/6 + wqeo + Bo —59/6 + {q,
Fy = 2¢9 —5g2/6—p2+t2+V/6+f/6.

Let § be the product of the new equal-valuation-one primes with nonunit divided frequency. On
an exceptional inducing parameter,

f =2log, Nf, §* | the sixth-power-free frequency, (Nf)* = 2%

The ordinary sixth-power part thus has norm at most Z("act=2)/6 The exceptional count is
< Zmae=20)/6%+¢ which gives the displayed f/6 term.
With g = Jy 4, the case Jy > 0 gives '} = ¢1 + 2w, + ¢/6+ wq,0/6+ Be +4,. For Jy < 0, use

Be +G/6 > (3¢c1 — 5Dg)+/6 — 51 /6

to obtain ¢;/6+5D/6+Bc+q/6 > 2¢1/3—51 /6. Restoring g—Jo + < 20 and w, < 7o/3+0(1)
proves

Fi1 >2(c1 +wg)/3 —30 —5&1/6 + o(1). (4.29)
The local values of Fy are
case ‘ Fy ‘ C2
i =74, 614, unit 7i/6 i
i =7, 614, nonunit | (7¢ —5)/6 + 1,=1/3 i
i=17, 611 7i/6 — 1 i
i>3j, 6]j itif6-1 | (i+)/2

Each is at least 2¢2/3. For the second case equality is allowed at i = 1; for ¢ > 2 the difference
is (3¢ — 5)/6 > 0. The third and fourth cases use i > 6 and j > 6, respectively. This proves the
assertion for arbitrarily large valuations.

In the uncentered case A < 5M /6, these estimates finish (4.28) with a terminal loss 30+ o(1).
In the centered case set v = ¢ + w, + min(cg, d2), and let r = (M /4 — v)4. The complete final
divisor allocation still retains the centered saving: its exponent contains

to—r =7y = (r—ri)y = (- —72) —max(r,7) S wp — 7.

Thus its raw volume is at most Z%0 ¢~ T+20n+¢ Since Fy 4 F, > 2v/3—30 —o(1), the exceptional
excess is at most

A—-5M/6—-2v/3 —(M/4—v)y+30+0(1) <(A— M) + 30+ o0(1).

This uses sup,~o{—2v/3 — (M /4 —v);+} = —M/6. Principal and finite inducing parameters have
therefore been bounded before any nonprincipal prime-amplitude estimate is used.

We give the finite-induction details to specify the order of the small parameters. Fix bounded
ranges of all length exponents. Choose a terminal parameter floor pg > 0, a prime-width floor, a
free-width threshold 7 > 0, and o > 0, so that every terminal loss above is less than a prescribed
fraction of e. At M < pg, length condition implies z < po/(6k), so the old prime bound and the
no-prime theorem give the required terminal estimate. For larger M, choose the reflection buffer
smaller than vgpo. A nonreflection return in (4.13) decreases combined width by at least o/2,
after all endpoint buffers. At fixed width, ordinary reflection changes an arbitrary-input call to
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a balanced call. Give an arbitrary input the flags (¢,p) = (1,1), and a balanced input the flags
(c,p) = (1A>5M/670)- Use the rank

R(M,c,p) =4[4M /o] + 2¢ + p.

The possible continuing steps satisfy

step ‘ change
ordinary reflection p:1+—0
reflected comparison | (¢, p) : (1,0) — (0,0)
nonreflection return M <M -oc/2.

The last step decreases 4[4M /o] by at least eight, whereas 0 < 2c¢+p < 3. Hence every continuing
step decreases R, and the depth is bounded in terms of the fixed numerical parameters.

Choose the original mesh smaller than the selected-operator mesh, 0/6, and the requested
loss divided by this depth bound. After the arithmetic and finite factor lists are fixed, choose
endpoint, test-function separation and amplitude-bin errors so that their sum along a path is
smaller than the remaining loss. Weighted Cauchy and the common Fourier measures give a
finite tree of complete ordinary calls. Fach continuing low edge contributes only its allocated
error; each path has one terminal contribution. This proves (4.2) by the decreasing rank.

Choose the derivative orders backwards through the finite induction. For an internal height
order Cy, take 7y > 0 with

Cy7h < the allocated loss, k1 + O(CyTy) < 3/4.

Thus the bounded-height argument applies when Hj, < Z7#. For larger heights, write the
polynomial bound as Z4# (1 + H;,)¢° and choose J' > Cy + Ap /7. Then

Hyp > 2™ = 7% (14 Hyp) < (1+ Hy)”'.
This final order is chosen after 77; constants may depend on k. O

Corollary 4.4. The ordinary moment assertion G(1,3) holds.

Proof. Fix the loss and the bounded range of z. Choose § > 0 small, put k = 1/2 + 6, ps =
3 + 69, and apply Proposition 4.3. Remove a parameter-independent complete subproduct with
requested width vg = 60z/ps. Unless the product is exhausted,

vg < v < g+, d+ps(z—v)<d+32< M,

and the pointwise estimate contributes at most

6K102
K1V <

S + r1n < 26102 + K.

Choose 0, then 7, within the allotted loss before the arithmetic data. At exhaustion apply the
arbitrary-length no-prime theorem. All choices are finite, with k& > 1/2. O

4.4 A direct estimate for the complete Gauss polynomial

In this subsection, we prove the estimate for short parameter sums used in Sections 4.3
and 4.6.

The next bound treats the small completed free-parameter and formal-parameter ranges
without an ordinary moment call. This is particularly important when a large inherited displayed
radical makes the free parameter length small while the combined width stays large. All ideals,
allowed generators, finite packets and norm sheets have the meaning of Section 2. The parameter
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sum is the complete nonzero orbit sum of [Liu26b, Proposition 8.1 and Section 12.7|, with its
finite unit representatives and packets.
Write

Glu,h) = ¢, " xulw)e(ha/u)

x mod u

for the full normalized Gauss sum. In particular the columns « in this subsection are ordinary ide-
als, not just squarefree or sixth-power-free ideals. The finite correlation of [Liu26b, Lemma 12.10]
has the normalization

Flu,v;5) = (quaw)™ " Y G, h)G(v, h)e(—jh/ (uv)). (4.30)

h mod uv

The fixed different and the finite bad-place supplements are included in the corresponding finite
packets. They affect only fixed constants and the common smooth kernel in the statements
below.

Lemma 4.5 (A complete Gauss mean). Let D, H > 1 lie in a fized polynomial range in Z. Let
B(u) be common coefficients supported on q, < D, and let W be a nonnegative smooth norm test
function in the source norm sheets. We write [h] # 0 for its nonzero allowed-generator orbits,
and its radial argument is qp/H. With the usual finite test function seminorm factors,

2 2
H
—-1/2 e ) 41 2
SRCAEIEED SERTTIRER £ ST LT I STEn
[h]#0 u u u
Consequently, if s | u throughout the support and B(u) is divisor-bounded, then
2

> W(g/H)|D™'?> Bu)G(u,h)| < Z° {H + D2} : (4.32)

2
[k £0 ol & %

The coefficients may include common finite characters, norm modes, literal natural deletions, and
the complete equal-product difference of [Liu26b, Section 12.5].

Proof. Use nonnegative annular lifts, each vanishing at the additive origin, as required by the
imprimitive orbit Poisson formula. For H > 1, choose Jy = [logy H| and such lifts with

JH JH
11§qh§HSZWj(Qh/2j)u 22j<<H, JH+1<<10g(2H)
=0 7=0

Include the norm-one part at 7 = 0. Summing the annular estimates therefore preserves the linear
term and multiplies the quadratic term by at most O(log(2H)). Rapidly decreasing parameter
tests are treated by summable annular majorants. Only actual nonzero ideal norms g5 > 1 occur.

We next verify the finite arithmetic bound. Open the two full Gauss sums in (4.30) and
perform the sum over h. Writing ¢ = (u,v), the congruence is

ve—uy =37 (mod uv). (4.33)
Its solution count satisfies
#{(z mod u,y mod v) :vx —uy =j (mod uv)} < qc 1

Each character multiplier has modulus at most one.
The same statement holds in each allowed finite packet, with its fixed supplements retained.
Therefore

| F (w03 9)] < Qu) Luw)j- (4.34)
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This can also be read from the all-valuation correlation table of [Liu26b, Lemma 12.10], with the
natural zeros in x,y retained. At j = 0, they force u = v: the two unit fractions x/u and y/v
have the same exact denominator only in that case. Hence the exact zero-frequency identity is

F(u,v;0) = 1y—p(u). (4.35)

Open the square in (4.31) and apply the complete second bridge before estimating its terms.
Its exterior factor for a column pair is

H
D\/ Gudv '

By (4.35), the zero frequency contributes at most Z¢(H/D)>". |B(u)|?.

For the nonzero frequencies the common kernel has natural norm scale ¢,q,/H. Separate
its compact column ratios with the same weighted Fourier measure before either coefficient sum
is estimated. The Poisson formula |[Liu26b, Proposition 8.1] gives a kernel with arbitrary decay
at infinity and at most small-power growth at zero, uniformly for the finite seminorms under
consideration. Counting genuine nonzero frequencies divisible by ¢ in the source norm sheets
gives

.
i (2)| < 2. (4.30)
70 uv qc

clj

Here and below the notation for K includes its fixed archimedean coordinates and finite-packet
indices. Put Y = ¢,q,/(Hgq.) and extract j = cjo. Annular ideal counting and the kernel bounds
of [Liu26b, Proposition 8.1 give, for A > 1,

> IKGo/Y)| < 2

{x Y > 1,
Jo#0

YA<Y, 0<Y <1.

The finite-packet indices and the unit representatives remain in the common measure. Thus no
additional constant term occurs in (4.36).

Multiplying (4.36) by the bound ¢. in (4.34) and by the exterior factor gives O(Z¢) for each
pair, since gy, ¢, < D. The nonzero contribution is therefore bounded by Z¢(}", |B(u)|)?. This
proves (4.31).

If s | u, actual ideal counting and the divisor bound give

ST B)? < 2°D/gs, Y |B(uw)| < Z°D/qs.

slu slu

This proves (4.32). The bounded common coefficient factors in the statement only reduce these
absolute estimates. For a coupled common test function, apply the same argument under its
single finite-mass Fourier measure. A centered coefficient is a difference of two divisor-bounded
convolution coefficients, so the argument also covers it without reflecting or discarding one of its
summands. O

We apply this estimate in the exact completed normalization of the initial marked transform.
To distinguish the two uses of the letter s, let sg = log, g5 denote its fixed divisibility width. Write
Ay, M, ¢¥P for the completed column, combined, and displayed widths, and m, = M, — g3
for its free width. On a first side let ¢1,dy be the full common exponents and w1 = R + E the

primitive and complementary radical exponent. The actual polynomial has
a=A, —ci, Ko =2A, —c1 —di +up — my, K < Ko +&, (4.37)
A= (A —c)) + ¢ +u1 + Bo—so,  Be = (3e1 — 5di — R)4 /6. .

The source’s initial relative exterior is denoted by Rj... All fixed-support coefficient-square
weights have already been included in that exterior; they are not counted again in Lemma 4.5.
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Proposition 4.6 (Tiny completed and formal free widths). In the actual initial marked family,
choose a fired T > 0. If m, < 7, then the complete Gauss mean, relative to the original allowance,
has exponent at most

R100+A* —M* +T+O(§) (438)

The same holds on the remaining branch if the source formal width
mf:m*—cl—i—cfl—ul, cﬂ:min(dl,A*),
1s at most 7. Both statements allow an arbitrary inherited displayed radical.

Proof. Nonempty coeflicient and parameter annuli with nominal scale below one have scales
bounded below by a fixed test function endpoint. Clip such an endpoint to one with its single
aggregate O(&) allowance; otherwise the range is empty, with genuine high-frequency tails treated
by the source decay. In particular nonempty coefficient annuli have o > —o(1). Apply (4.32)
with D = Z% and the actual parameter bound H = Z¥. Its first term, after subtracting A, and
adding Rjgc, is at most

7-‘)'loc + A* - M, — dl - BC + O(f) < Rloc + A* - M, + 0(5) (439>
The second term has relative exponent
Rice + Ax — My +my — ¢1 —u1 — Bo — sp. (4.40)

If m, < 7, this proves (4.38), including a negative formal free width. No ordinary theorem has
been invoked at that negative width.

For the formal branch, the permitted outer-length replacement preserves B¢, min(cy, dy) and
all actual summands, and gives

cfi\lzmin(dl,A*), K0:K0+d1—671:2a—mf.

Use nonzero annular majorants up to Z Ko+0(©) | Ap empty range contributes zero; a nonempty
subunit endpoint contributes only O(§) to the exponent. Since sg > 0 and ms < 7,

max{[?o — 80,200 — 280} = I?o — 50 +max{0,ms — so}

gIA(O—So—i-T.

The same subtraction as in (4.39), with d; replaced by c/l\l, proves the assertion. OJ

The payment of (4.38) is an existing origin inequality, not a new restriction on the inherited
radical. The exact marked identities give

R100+A*_M*:At_1+4t10c_L1_Sl_Lpow_4v_4Ccor_S

(4.41)
< At -1+ 4w,

where A; = d + z is the original total column width and ¢, < w is the locally removed marked
width, including its free nonunit and correction parts. On a fixed face d+Lz < B < 1, w < az+mn,
this is at most —(1 — B) — (L — 1 — 4a)z + 4n. Choose 7, the mesh, and the endpoint buffer
below a fixed fraction of this positive origin margin. The remaining branch has both completed
free width and formal width greater than 7 and therefore admits the complementary source
transformations with fixed positive margins.

The distinction from the old raw estimate is essential. Although Rjoc + 3A, — M, is invariant
when an inherited radical is transported, the condition that m. is small is not invariant. Its raw
expansion can acquire a 3qg term. Lemma 4.5 replaces that raw bound in both tiny ranges; its
payment (4.41) has no such term.
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4.5 The initial marked product and its exact support bound

In this subsection, we derive the marked-product identities used in Section 4.6.

We next prepare the passage from one already proved ordinary face to another. The marked
product in this passage is a fixed subproduct of the original prime positions. It is chosen before
the first common-support decomposition, not from a subsequently selected parameter. Write
Q = QoFE, with original total width z and marked width w. The marked positions are consumed
in the initial transformation; they do not reappear as additional free prime positions at its
ordinary terminal.

Normalize the combined root allowance to one. Suppose

d+ Lz<B<By<1, (4.42)

and suppose that G(By, L) is already known on the complete ordinary presentations. We will
use no additional prime-width cap in this parent theorem.
The classification of the marked positions in [Liu26b, Section 12.7] has nonnegative exponents

U):wf+f0+f1+uf7 tloc:f0+uf7

4.43
uf:ggood+v+ccor7 L1:f1+4T1+61, Lpowzv+4T+e. ( )

Here wy is the marked width on the first common support. For a remaining marked prime, first
distinguish whether it divides the actual inner divisor s. Those which do are fixed before the
frequency varies. Their ordinary valuation-zero part has width fy; their positive-valuation part
has width f1. The remaining free positions split into the unit part ggood, the actual nonunit part
v, and the fifth-power correction part ccor.

For precision, let 7 be the ordinary valuation at such a positive-valuation prime p, let P = Np,
and let h # 0 be the current frequency. The full Gauss formulas [Liu26b, Lemma 12.9] give

case ‘ frequency condition ‘ frequency divisor ‘ relative squared factor ‘ (v, Lpow, T, S)

6fr+1| r>1, vy(h)=r p" 1 (1,7,0,0)

6|r+1 vp(h) =7 p” P! (1,7,0,1)

6|r+1 vp(h) >r+1 prtt Pl-P1H2<P (1,7,1,0).
(4.44)

The last column is in units of log, P. For fixed positive-valuation primes the same column reads
(f1,L1,T1,S51). Thus T1,T are exactly the radical widths of the upper principal cases, and Sy, S
those of the lower principal cases. Since an upper principal case has r = 5 (mod 6), > 5, the
remainders e; = Ly — fi — 471, e = Lyow — v — 4T are nonnegative. This proves the inequalities
implicit in (4.43) for every valuation.

The nonprincipal Gauss magnitude P™/2 cancels the ordinary extraction factor P~"/2. The
remaining central prime coefficient has square P!, and the principal relative factors in (4.44)
are kept as ZT—%, or ZT1=51. For free nonunit positions, every actual prime divides the original
nonzero frequency. Apply Cauchy’s inequality at that frequency before dividing by any prime-
dependent divisor. There are divisor-many tuples and valuation allocations; their coefficient-
square sum is Z€, not the unrestricted count of all prime tuples. For fixed primes dividing s, the
same sum retains the additional square factor P~'. Thus Cauchy’s inequality is applied at the
original fixed frequency, before frequency division. The local identities used here are those of
|Liu26b, Lemma 12.9]; the table and the preceding coefficient calculation give their normalization
in the present product.

At a unit prime with (p,n) = 1, the exact identity is G(pn, k) = G(p, h)G(n, hp*). When the
prime is fixed by s, its coprimality condition is kept as a common extra coprimality condition
and the frequency change is injective. For a freely varying unit prime, extending that condition
adds only the ordinary valuation five: its normalized coefficient is P2P~%/2P~1/2 = p=1. These
correction primes are fixed first with their absolute P~! masses. The remaining unit choices
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then use one common residual polynomial, with divisor-bounded fibers in the frequency change.
A principal inducing digit, including an upper digit divisible by six, still retains its natural
zero. This explains the complete local classes in (4.43) and introduces no additional independent
parameter count into their exponents.

Before the subsequent first-common minimum is removed, the completed ordinary and dis-
played widths are

Ay =d+ 2z — f1 — tloc — L1 — Lpow — 5Ccor> (4.45)
M, =1 — 6t1pc — f1 — L1 — Lpow —BCeor + T1 +5v+ T, (446)
qSisp = fi+v+ ceor- (447)
Equivalently,
M, =1—-6w+ 6w +4(fi +v) =3(T1 +7T) — e1 — € — 5ccor- (4.48)

The exact local exterior in the original normalization is
—fo—Li1+T1 -5 _uf_Lp0w+U—4Cc0r+T—S‘

After adjoining the baseline ordinary allowance and the common-support normalization, the
excess over the root allowance is

Eo=—wtwr=3T1+T)—4ccor —S1— 5 —e1 —e<0. (4.49)

These are complete exponent identities: the centrally normalized coefficients, the single count of
each genuine support and the coefficient-square measure are included. They are the marked ver-
sion of the first transform in [Liu26b, Section 12.7|, including the multiplicities of the contracted
positions.

Let zc o1q be the original Qg width fixed on first common support, and let © > wy be the full
common minimum drop on the current side. The original remaining prime width is z —w — 2¢ o1q-

Define
DBU =A.+ (LO — 1)(z —w — ZC’,old) — ByM,, n=B-d—Lz>0,

and
Dyt = (Lo — L)z + (6By — Lo)w + B — By. (4.50)

The actual excess in the length inequality after this common minimum is Dp, — p, with further
nonnegative removal losses retained in subsequent stages. Substitution of (4.43)—(4.48) gives the
identity

Dpy — pt = Dyt — 10 — 6Bowy — (1 +4By)(f1 + )
(4= 3Bo)(T1 +T) — (1 — Bo)(e1 + ¢ + 5ceor)
— (Lo — Dzcola — (1 —wy). (4.51)

For example the coefficient of wy is —6Bp, not —6: the parent allowance is BoM,. This depen-
dence is essential in the finite face induction.

Lemma 4.7 (Marked low-support inequality). Put x = k/Lg, where k > 1/2. If
1 < Lo < 6Byk, (4.52)
then the complete low-terminal contribution satisfies

&+ x(Dpy, — 1)+ < max{&y, —w + xDret}- (4.53)
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Proof. Add x times (4.51) to (4.49). Relative to —w+ x Dyet, the coefficients of the initial support
variables are
w 1- 6B()X
fi,v —x(1 4 4By)
Tl, T -3 — X(4 - 3Bo)
e1, e —1—x(1 - By)

Ceor | =4 —5x(1 — By) (4.54)
.8 1
2C0ld —x(Lo — 1)
p— wy —X
Tlo —X

They are all nonpositive by (4.52). Since & < 0, taking the positive part of the defect gives
exactly (4.53). It would be incorrect to replace its right side by the signed reference alone: if
wy = w and all other losses vanish, then £, = 0 and the signed defect can be negative. OJ

Later low-support inequalities. The positive-part parent contribution is the maximum of
the baseline M and the affine exponent

(1 =xBo)(m+q) +xA+ x(Lo—1)z. (4.55)

This identity follows by adding x[A + (Lo — 1)z — BoM] to M. Its first common-side increment,
for ¢1 > dy, before the favorable — B¢, is

—XxC1 + XBO(Cl — dl) = —X{(l — BO)Cl + Bodl} <0. (456)

If the opposite ordering occurs, the same expression with a positive part is at most —ycy; the
other side is treated independently. These later edges contain no still-free marked E position:
such positions have already been bounded in (4.54).

At equal second valuation ¢, substitution of s =t =1 — xBg, A = x in (4.18) gives

1 — xBoty, — [1 + x(1 — By)]i <0. (4.57)
For i > j, 6 | j, the side i, = j has increment
1= (—34)/2=[1+x(1—-Bo)]j <0.

The other side has the additional term —x(i — j) < 0. The extra prime slope in (4.55) is
positive; fixing any remaining original factor only improves these bounds. For the three pool
errors, subtracting their main rate xBy — 1/6 in (4.20) gives, in units o /3, respectively

—x — 2x By, -5 — 6x + 9xBo, —6 — 7x + 10xBy. (4.58)

They are negative for 0 < y < 1, By < 1. All these comparisons are on individual positive sides.
Thus one side may stop at the parent face while the other uses either selected bound or the
baseline.

The high bound when only a deleted block is large. If a particular original block is large,
the whole retained prime product need not have that amplitude. The separate-block version of
Theorem 3.13 supplies

max {(1 — K)m+ KA, M/6+ 5A/6 + K12ive/6} , k<K <k1+o(l). (4.59)

The last width counts only remaining original ()¢ positions. It contains no contracted E position,
including its first-common part wy. All later extractions decrease this positive term. The other
terms satisfy the sidewise inequalities (4.17)—(4.19).
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The complete initial high bound can be checked without discarding any of the nonunit cor-
rections. From (4.45)—(4.49), the first plane minus the baseline, including its exterior, is

So+K(A, —M,)—(1—K)q¥P = K(d+ 2z — 1) + (5K — 1)tioc
—2-K)fi—-(1+4K)yv—- 3+ K)(Ty +T)
— (5= K)ceor —S1— S —e1 —e. (4.60)

For the second plane the corresponding exact expression, before the remaining-prime term, is

5 5 19 25
50+6(A*—M*) = 6(d+2—1)+€tloc—f1 — 5"
23
— F(Tl +T) —4ceor —S1— 5 —e1 —e. (4.61)

Since toe < W, Zlive < z — w, all unlisted common losses are favorable, and 5K — 1 > 0, these are

bounded by

5(d+2z—1)+ 19w+ k1(2 — w)

K(d+z—1)+ (5K — 1w, ;

(4.62)

In particular this calculation allows different high or low choices on the opposite Cauchy side. It
does not replace the actual K by its lower endpoint when A > m.

An inherited displayed radical. The preceding formulas were normalized with no inherited
radical only to simplify their notation. Their transport to the complete presentation is literal. At
fixed original total allowance, adding an inherited displayed radical of exponent ¢ lowers the free
parameter exponent by gg. Every nonzero original column is coprime to it, so the new genuine
column common supports and the marked slots are also coprime to it. Frequency valuations
at those fixed primes need not vanish; they remain fixed-support local sectors with their actual
coefficient weights.
At fixed frequency deficiency Ky — K, (4.6) changes by

al—> Zj—‘_ q, Ko— Ko+qy, Kr— K+ qo. (463)
Hence Jy, g are unchanged. At the second return,
m' — m/ — qq, q — ¢ + qo. (4.64)

The combined M’ is unchanged. Both A¢ and g increase by qo, so that (4.14) is unchanged.
The original free-parameter factor decreases by the same exponent in the first bridge, and the
first origin improves. This transports the complete normalized identities, but does not by itself
transport a terminal estimate whose hypothesis bounds the free width: adding gy can create new
small-free-width cases. Those cases are treated by Proposition 4.6, which is independent of qq.
On the remaining range both actual formal widths are positive, so the source complementary
transformations apply. The completed difference and its actual inducing character are formed
before the exceptional group is classified. No fixed support is encoded as additional natural
moving parameters.

4.6 A step between ordinary length regions

In this subsection, we combine the identities of Section 4.5 with the estimates of Theorem 3.13.

Proposition 4.8. Suppose G(B, Ly) is known, and fix parameters satisfying

1 1001
—<k< 00

5
- <B<l1, 2<L<ILyg< Lo < 6Bk. (4.
2 72000 <B<1l, 2<L<Ly<3, Lo<G6Bk (465)

<7
k < k1, O<a_100, 5
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Assume also

k(6B — Lo)

. 4.
>0 (4.66)

k
p:a—L—{LO—L+(GB—L0)a}>O, 1—
0

Then G(B, L) holds on the same complete ordinary family.

Proof. Fix the requested exponent loss. Tiny combined parameter allowance is handled by the
old prime bound and the no-prime theorem. On the remaining compact range normalize M = 1,
so that d + Lz < B. The unnormalized small parameters are chosen relative to the previously
fixed positive parameter floor. If z is below a fixed small floor, strip the whole prime product at
the old pointwise price and stop. Otherwise choose a parameter-independent union of complete
original positions with

az <w<az+mn. (4.67)

This is the fixed product E of the preceding subsection, chosen before the ordinary parameter.

The reference is supplied by coefficient three. Put wy.x = az+mn. The root second-origin
condition is
d+ z + dwpmax < 1, (4.68)

because L — 1 —4a > 0.96 and B < 1. If d + z + 3wmax < 5/6, with a fixed buffer, use the
uncentered product. On the overlapping remaining range choose

max{0, 3(d + 2 + 3wmax — 5/6)} < £ < min{1/4, (d — 3z)/2}. (4.69)

We verify the full interval, including its upper endpoint. Ignoring the arbitrarily small mesh
buffer temporarily, the need for centering and d + Lz < B imply

B-5/6 1 50
<

< —.
ST 1-3a " 6(L—-1-3a) 201

Moreover

5 41
- 2 > 5.
d 3,z>6 ( +3a)z_291>0

The difference of the two nonconstant endpoints in (4.69) is at least
) 1 209 41
- —B+4+(L-3- 22> - — —— = —
g B E=3-90/2)2 2 4 - e < 5
The lower endpoint is also at most 3(B —5/6)/2 < 1/4, with the separate gap 3(1 — B)/2. The
mesh and branch buffer can therefore be chosen to preserve all these strict inequalities.
If nmin < ¢, reflection of its partner gives

> 0. (4.70)

dreﬂ g 1 - d+ 2nm1n +0(1)7 dreﬂ +3Z < 1’

so Corollary 4.4 applies directly. Otherwise subtract the equal-product comparison with lengths
(¢,d — ¢). Its reflection satisfies

deomp < 1 —d+ 20+ 0(1), deomp + 32 < 1.

The same corollary bounds this positive comparison. Only the centered difference enters the
marked transformations; all four original scales are at least Z*. No use of the new moment is
made in this comparison.
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Origins, fixed means and short formal parameters. The first origin is bounded by
Zmte < z%€ With the complete initial exterior the second origin has excess at most d +
z — 1 4 4t1p¢, and is bounded by (4.68). For the centered fixed-character term the exact initial
bound is

9 29
d+z— 5/6 + 3tioc — g(Ll + Lpow) - chor

2
3
Put X = L1 + Lpow, ¢ = Ceor and & = —9X/8 —29¢/6 — 2(¢ — X — 5¢)4 /3. Then

(6 - (Ll + Lpow) - 5ccor) (4.71)

4+

_ — < <
@+2£<{ 11X/24 —3¢/2<0, X +5¢< U,

3 T | —2(X+5c—0)/3<0, X+5c>1

Thus the expression in (4.71) is at most d + z — 5/6 + 3tjoc — 2¢/3.

Thus (4.69) bounds this term. In the uncentered range the same inequality without the last
saving is bounded by its defining strict condition.

For the small completed or formal free-parameter ranges use Proposition 4.6, including its
full natural-zero correlation. By (4.41), its excess is at most

d+z—14+4w+ 7+ O(). (4.72)
Indeed, with w < az + 7,
d+z-14+4w+74+0E) <—-(1-B)—(L—1—-4a)z+4n+7+0(§) <0,

by taking 7 < (1 — B)/10 and then smaller mesh and endpoint buffers. This estimate includes
inherited displayed radicals and negative formal free widths. Apply the complementary transfor-
mation only on

My > T, myp > T.

Principal and finite inducing parameters are therefore bounded before the ordinary amplitude
alternatives.

The low alternative uses an already proved parent. Perform the complete marked first
transformation, one sufficiently small auxiliary main/error step, and the second correlation. Re-
tain all genuine support and the full artificial divisor expansion before forming each positive
ordinary side. For such a side choose a parameter-independent complete block of its remaining
original prime positions with width at least

vy = [d + Loz — BM')4/ Lo, (4.73)

with an excess length of at most one mesh interval, or choose the entire list at exhaustion. A
nonpositive defect uses the parent immediately; a block below the fixed width floor uses the
old pointwise bound and stops. Otherwise form amplitude sets for this fixed block. On the

low-amplitude set,
‘Cgblock‘2 S ZlﬂH_O(l), d/ + Lo(Z/ — ’U) S BM/

unless the list is exhausted. Remove the block and discard the amplitude restriction before
applying G(B, Lo); at exhaustion use (2.3). In either case the additional exponent is at most

k

L—O[d’ + Loz' — BM']+ + O(n). (4.74)

Unlike Lemma 4.2, this step does not require the whole remaining product to be small: the
tested block itself was fixed by the actual defect before its amplitude was tested.
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Apply Lemma 4.7 with By = B. The pure reference part is
k
—w+ 7-{(Lo = L)z + (6B — Lojw} < —pz + O(n),
0

by (4.66) and (4.67). Hence the complete initial contribution is
< max{&, —pz + O(n)} < O(1). (4.75)

All initial common and nonunit supports have been included in (4.54). Later support extraction is
bounded on each side by (4.56)—(4.58). The single auxiliary step has a bounded linear loss; choose
its width inside the requested final loss. No strict root saving is asserted on the possible zero-
baseline branch of (4.75). This is a finite application of the previously proved parent estimate.

The high alternative terminates on the full polynomial. On a high-amplitude set for
the block of (4.73), apply Theorem 3.13 with

/ / / 2 Kv
A =d+=z ) source = Sn’l,l Sn’Q,QQremaininga |leock| > Z"0.

The selecting block is not inserted again in the source. Each positive side retains its own K;
ordinary sixth powers and their natural zeros are included in (4.59).

Equations (4.60) and (4.61) reduce the root exponents to (4.62). Since d + Lz < B < 1,
strictly sufficient inequalities are

K(L-1)> (BK—-1)a (k<K <ky), 5(L—1)— k1 > (19 — k1)a. (4.76)

They hold throughout (4.65). For 1/2 < K < 3/4, L > 2, a < 1/100, the first difference is at least
K(1-5/100)+1/100 > 0.485. The second difference is at least 5—3/4—(19—3/4)/100 = 4.0675.
Thus above the fixed width floor they have a uniform strict margin. All further common supports
are sidewise favorable, and the added r12’/6 only decreases under prime extraction. The single
auxiliary width and the bin buffers are chosen inside these margins. This completes every high
branch.

Finally, the transport in (4.63)—(4.64) proves the argument for every inherited displayed radi-
cal. The low parent estimate applies to the complete ordinary family, and the high bound restores
every ordinary sixth power. Reintroducing the positive reflected comparison therefore returns
exactly (4.2). There is no omitted natural-parameter restoration and no auxiliary condition
2 <eM'.

Choose the total-parameter and prime-width floors first from the requested loss; then fix the
root, reference, retention and high margins. Choose the one auxiliary width, the parent loss
and the original mesh below these bounds. The finite arithmetic factor lists, amplitude cells
and common-derivative orders follow. The source weighted Fourier measures and the artificial-
divisor normalizations above introduce only the allotted losses. Incoming heights are treated by
the same small-height and final polynomial-height argument as in Proposition 4.3. This proves
the proposition. O

4.7 Finite iteration and prime coefficient two

In this subsection, we iterate Proposition 4.8 to prove the moment theorem used in Section 6.

Theorem 4.9. Use the arithmetic data and ordinary coefficient families of Section 2. Fix
bounded aggregate lengths and € > 0. There is n > 0, chosen before the arithmetic data and
finite factor list, such that every original prime product with

ZZZ»% 0<z <n,
;
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satisfies

ind (., )¢©
> W), 1 () Sy 2(w)Q(w)|* < ZMTS (W, W) (1 + Hin)”', 1y +mp+22 < M.

(4.77)
The quantifiers, common coefficients, natural zeros, extra-coprimality condition expansion and
complete family of ordinary parameters are those of Definition 4.1. At z = 0 the actual two-
factor arbitrary-length no-prime assertion remains available.

Proof. Choose a fixed 0 < ¢ < 1/2000, small enough also that 1/2 4+ ¢ < k1, and put

6Bk

B=1-6, k=1/2+46 —1/1 L, ="
, /2 + 9, a /100, Tk

Lo = 3. (4.78)
Corollary 4.4 supplies G(B, 3). Define a finite initial portion of the sequence

1
Losi=Ln— 3 (Z’{’Ln - GB> . (4.79)

One has 2 < L, < 3: indeed
6Bk —2(1+k) =8 — 66 > 0,

and 6Bk = 3 + 35 — 602 < 3(1 + k). Also 3 < 6Bk, and

Lpj1— Ly = (1 - W) (Ln — Ly).

The multiplier belongs to (0,1). Thus L,, | L., with 2 < L,, < 3 < 6Bk.
For a step from L, to L,y1, the retention coefficient in (4.66) is exactly

a 6Bk
m=—1+k— . 4.
p 2< + Ln>>0 (4.80)

The excess length coefficient is the same expression without a/2, and is positive. Every other
condition of Proposition 4.8 is already verified uniformly. Induction therefore proves G(B, Ly,)
for every fixed finite n. Given a fixed L > L,, choose n with L, < L; monotonicity in length
condition gives G(B, L).

For the fixed finite number N of stages, choose the parent and auxiliary losses and the mesh
so that

M-

(Eparent,j + Eaux,j> < 6/27 n < 12311\7 nj-
. <j<

J
Include the zero-baseline case of (4.75). These numerical choices precede the arithmetic data; no
uniformity as § | 0 is required.
Now suppose d + 2z < M, in the bounded range of lengths in the statement. Choose ¢ first,
and a finite L > L, close enough to two, so that the old pointwise price of

(1-B)M + (L —2)z
L

+n (4.81)
is smaller than its allotted loss. Remove a parameter-independent complete original subproduct
of width v such that

(1—B)M + (L — 2)z
7 ,

v < v < v+ 1, vy =
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or exhaust the prime list if its total width is less than vg. Thus (4.81) bounds the removed width,
including an excess length of at most one mesh interval. In the nonexhausted case,

d+L(z—v) <d+2z— (1— B)M < BM,

so G(B, L) applies. In the exhausted case the removed width is no greater than the requested
bound and the actual arbitrary-length no-prime theorem applies. The prime bound [Liu26b,
Lemma 12.7] bounds the squared modulus of the removed subproduct by Z*1*¢. Combining
the allocated losses proves (4.77). O

Remark 4.10. Theorem 4.9 is applied to the ordinary detector and numerator moments. Its
proof uses the coefficient-three comparison in Proposition 4.8 and finitely many selected operator
estimates with slope greater than 1/2. The pointwise prime estimate retains x1.

5 The approximate functional equation and its contours

In this section, we extend the compact-strip argument of [Liu26c, Lemmas 5.1-5.2] to the full
numerator contour interval. The smooth-weight estimate holds on any fixed positive substrip
and is applied in Section 6.

5.1 Smooth weights beyond the 1/10 contour shift

In this subsection, we bound the approximate-functional-equation weights on a compact strip
for the comparison in Section 6.

The earlier restriction to shifts of size at most 1/10 came from the strip chosen in the lemma
on smooth weights for the approximate functional equation; the holomorphic region for the
correction factors permits a larger shift of the original numerator contour.

Lemma 5.1 (Smooth weights on compact substrips). Fiz 0 < o9 < 1/2. For a primitive
nonprincipal finite-order Hecke character over the fixzed totally complex field F', use the original
approzimate functional equation with

_L &2 M . —E% _ o, \TF
Vw(v)—Qm,/(Q)e ( o ) R L= R, v

Uniformly for og < Rew <1 —0¢ and fixed j, N > 0,
|(v0y ) V(v LF,o0,5,N (1+ v/T,) V.

Forw=1/2+60+1it, 0<6<1/2— 09, put

Vo (v) = (W)F vV ().

After increasing the tail order by one, the same derivative bound holds for V. Before contour
displacement use

H,(v) = v*! (W) ’ Vi—w(v), H,(v) = ¥V, (0)  (w=1/2+ 0+ it),

with the real logarithm of v. Here Rew = 1/2+60 > 1/2, so Re(l —w) = 1/2 — 6. The
functions V,,, H,, are holomorphic on 0 < Rew < 1; the real-line factorization is used only after
displacement. Their dyadic expansions converge normally on compact substrips for each fized
finite annulus of character parameters.
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Proof. Put T = (1 + |Sw|)"F. Euler differentiation inserts powers of ¢ in the defining integral.
For v > T, shift to any fixed line Re§ = B > 0. Stirling’s formula and the Gaussian et’ give

(08, Voo (0)| K Fo0.4,8 (T/0)7.
For v < T, shift to Re{ = —0¢/2. Then
Re(w+€) > 00/2>0,  (v9,)Viy(v) = 1jmo + Opoy j((v/T)7/?).

Only € = 0 is crossed. These two estimates prove the required bound for every fixed j, V.
The completed nonprincipal function is entire, so its functional equation gives the same two
exact AFE halves on the enlarged strip. For w = 1/2 + 6 + it, Stirling gives

TF

Tl —
‘(w) <T 2  0<20<1-20p<1.

I(w)

Hence the normalized dual factor is bounded using

(/7)1 +v/T) Nt < (1 4+0/T)N.

Fixed Euler derivatives obey the same bounds. Before the contour move use the holomorphic

factor v2“~1; afterwards its unitary part is included in the Mellin twist. The exact conductor

and gamma factors are retained, and the large-v bounds give normal convergence of the dyadic
tails on compact substrips. O

Lemma 5.2 (Extended contours for the dyadic sums). Use the nonprincipal character family and
amplitude classes of Section 2.3, the correction region [Liu26b, Lemma 13.10/, and Theorem 4.9.
First fix z on its final contour Rez = 17/50, then assign the amplitude classes at that fized z.
No z-contour displacement is made after this assignment. For 11/50 < 6 < 13/20, every dyadic
sum in the approximate functional equation admits each fixed classwise shift

0<0<6/2, Rew=1/2—0, 06_=0, 6.=35/2.

Keep s on its initial right-hand line and move the whole dyadic integrand before the local s-contour
displacement, absolute values, conductor separation and conjugation of dual weights. Retain the
prescribed positive separation margins. The central-moment comparison exponent changes by

(0 —0o){d(1 —m) =1y}, 0o =dx/pi,
with the same central-line moment, initial prime product and prime-sum coefficients.

Proof. Here a = (1+0)/2 = aget is the detector parameter, and s, w, z are the contour variables
of [Liu26b, Lemma 13.10]; this z is not the length exponent of Qp, and this s is not an inner
divisor in the Gauss transformation. The entire swept range satisfies

0<6<4§/2, 7/40 < Rew =1/2—-60 <1/2, 1/2 < Re(1 — w) < 33/40.
Lemma 5.1 applies with og = 1/7. Indeed, both reflected arguments satisfy
o0 =1/7<7/40 < Rew,Re(1 — w) < 33/40 < 1 — oy.

UseV,atw=wand w=1—w.
The connecting region of [Liu26b, Lemma 13.10] contains

Res >a+16e, Rew >1—a—6e, Rez>17/50.
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On the final local contours,
Rew>1—a = Re(s+w)>1+ 16e.

Thus the correction holomorphy and the original unit- and nonunit-prime bounds hold through-
out. For each strict tuple,

—(7p—1)0 —(jp—2)0 .
gy PV =g <1 (> 2, 0> 0);
nonstrict errors retain their positive e margins. If Sg, denotes the finite places of .S, the fixed-
place majorant is summable:

S w =Tl a-g) ! <.

a integral PEShn
supp(a) CSen
The independent AFE weights and derivatives therefore remain in the original M2 families with
fixed polynomial height dependence.
Keep finite character and dyadic cutoffs. With s first on its original right-hand line, perform
the contour moves in this order:

unsplit numerator Rew: ¢, — 1/2
exact two-part AFE insert on Rew =1/2
each holomorphic dyadic sum | Rew: 1/2 — 1/2 -6
local s-contour Res > a + 16e.

Here ¢, is the initial right-hand line. The first move is valid because the numerator is entire,
the reciprocal factor is independent of w, and the cited region contains the path. Mellin decay
removes horizontal joins; locally uniform bounds permit removal of the cutoffs in the original
weighted height order. Only then conjugate the dual half as a whole. Keep each actual conductor,
root number and gamma ratio.

The amplitude partition depends only on the character parameter and the fixed z, so the
prime coefficients remain fixed during both moves. For ¢, < U = Z¢, D =U™, Y = Z,

qu(?on(@f@o)y*(G*(?o) ~ 7(0=00){d(1-m)—ly}
The bounded annular ratios remain in the common smooth test functions. O

Here a € [61/100,33/40], within the parameter range of the cited connecting region. The
permitted ordinary prime width changes the estimate on the final line; it does not change these
holomorphic identities. Section 6 uses the resulting range with the ordinary coefficient-two
theorem.

6 The scalar comparison and its exact endpoint

In this section, we apply Theorem 4.9 to the ordinary detector and numerator moments. The
pointwise prime bound and inverse moment retain the earlier parameter x;.
We shall prove strict comparison estimates at

8733821
et = 07 = 0.8733821 (6.1)
and at every fixed B sufficiently close above
777 — /1081
By = ———— = 0.873381966613207519929026778642 . . . . (6.2)

852

Section 7 then gives the open half-plane with boundary By. The limiting Dirichlet comparison
value By is identified in [Beb26a, Beb26d]; here we adapt the comparison to number fields using
the ideal-character moments proved above.
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6.1 Normalization and the comparison inputs

In this subsection, we normalize the moments of Section 4 for the comparison argument.

Fix the field, excluded places, finite character packets, and test families of Section 2. Write
qq for the ideal norm. A central ordinary polynomial of length U™ is denoted by S,,, and its
inverse counterpart by M, when its length is U". Their coefficients are respectively the actual
ordinary coefficients and the same coefficients multiplied by ur; they are not arbitrary coefficient
sequences. Original prime products are denoted by ). Every displayed character remains zero
at its nonunits.

By |Liu26b, Theorem 17.1|, we may choose

1+ Ky 374887 1124661
L(F) < 0.87488664704 , = = 0.749774, =6k =~
B.(F) < 087488664704 < — F1 = fooos = 0.74977 pr=6m1 = s

(6.3)
The strict margin is 0.00000035296. Hence [Liu26b, Lemma 12.7 and Theorems 10.7 and 11.2]
give the pointwise prime estimate and the inverse moments at x;.
For Theorem 4.9, let mpar be the free parameter length. If the full displayed fixed radical
has width ¢, and M = mpa, + ¢, then

ind ()£
n+ng+2:<M — D 18 (B)Sn, ()QR) < ZMT(1+ Hew).  (6.4)
qk<<Zmpar

Here z is the total width of the original prime factors. Common test functions, inherited radicals,
and ordinary parameter sixth powers have already been restored in that theorem. The arbitrary-
length no-prime estimate (2.3) applies when z = 0.

For a candidate boundary B and a comparison imbalance b, put

5:51—43, lm:1—b—e’ ly:1+b—{
1+b+§e ’ b e (6.5)
h=— " 1o T=2l,—h Cp=—= 442,
2 y 26 v 0 17671

Thus I, + 1, =1 — . The comparison parameter scale is U = Z”; the largest relevant moderate
scale is p = h, up to a later small upper buffer. The letter T  in (6.5) is a length expression, not
an external height.
In a buffered amplitude class write
6 =2a—1, g =0z, 0<do<

0<z<-=. (6.6)

S| Ot
N |

If an actual original prime subproduct of width z is selected in decreasing amplitude order, its
squared magnitude is at least U29°=°() . Widths here are relative to U, not Z. If all positive-
amplitude factors are exhausted, retaining all of them supplies the same lower bound. A single
fractional last factor is discarded; its contribution is controlled by the fixed original mesh. No
new prime coefficients depending on the parameter are introduced. Keep the stock and the
reference contour

21 O

SR a2 (6.7

100’

The following proposition records the detector and comparison formulas of [Liu26b, Lem-
mas 13.7 and 13.9, Proposition 14.3 and Lemma 14.7] in this normalization.

Proposition 6.1 (Detector and comparison formulas). Fiz all strict contour buffers and a com-
pact family of smooth test functions. After polynomial external-height factors and an arbitrary
U€ loss, the following assertions hold.
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1. For each fired 1 <t < 3/2, every nonfloor buffered bad parameter has, in one simultaneous
presentation and with one common norm twist, a detected pair satisfying

1 1
r<t+4o(l), r+m>t—o(l), r2t—§—o(1), m§§+0(1), (6.8)

and
‘Mr|2 > U(5r—o(1)7 |Sm|2 > U&m—o(l)' (6.9)

The common pointwise bounds used to obtain these individual lower bounds are |M,|?> <
U+ and |Sy,|? < UO™in(ml=m)te on the bounded length ranges in question.

2. The short marked inverse moment is available under r + 2z < 1 and 2r + 8z < 3. The
unmarked long inverse moment has exponent

e(r) = max (1, ! 257") . (6.10)

The original ordinary product moment has prime coefficient p1; (6.4) improves that coeffi-
cient to two.

3. Suppose a class has count < URTE. Define

92— —
E(R) :00+g+5x {€+ h/ ly} _3hd - R)
1

P 4
3R+1 6y 17 3R+1 6
— D=L N = - = 6.11
SR ==+ T -5 N == -2 (6.11)
1 3

The reference correction exponent, relative to the comparison main term, is E(R) + (p —
h)S(R). For a numerator block of length U™, a first-moment saving ~ relative to that
reference and a contour 0 < 0 < 0/2 give the exponent

E(R) + (p—h)S(R) + (0 — 60){p(1 —m) = Iy} — p7. (6.12)
Both halves of the approximate functional equation are included.

4. The direct comparison estimate, for general nonnegative comparison lengths with M = I+l
and b =1, — 1l , is

5 I ¥ 1
Bowzf = T A o
] 6+6 6+G+2/€
G = max(0,b/12,b —1,,/2), (6.13)
k = max (O,W,M—{—E—l,?ﬂ_l).

A nonempty selected full-index subset of width d only decreases this majorant, by at least
3d/8. The small-amplitude, floor, small-parameter, and principal estimates have the scalar
requirements listed in Lemma 6.5 below.

All statements retain the literal natural zeros and the common finite packets fized in Section 2.

Proof. Use the truncated inverse identity at the zero, with inverse cutoff U? and exponential
cutoff U0, Its coefficients satisfy

a(l)=1, am)= Y p@=0 (1<Nn<U).
NaDgUt
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The character multiplier may vanish; the coefficient identity remains valid. After the Mellin shift
and dyadic separation,

r<t+o(l), r4+m>t—o(l), |MS,]>>virtm-e)
Comparing with the simultaneous pointwise bounds gives
m <1/2+o(1), r>t—1/2—o(1),
’MT‘Q > ‘Mr5m|2U76m70(1) > U(Srfo(l)7
’Sm‘Q > ‘MrSm|2U—§T_O(1) > U§m—o(1)‘
The inverse estimates are |[Liu26b, Theorems 10.7 and 11.2], with their strict length conditions.

To control the detecting twists simultaneously, fix the discrete presentation and the dyadic
lengths first, and enclose all remaining test function parameters in a common box B. Repeated

Sobolev gives
Y sup PP < / > 107Pu(t)|* dt. (6.14)
u €8 ac{o,1yaims /B Ty

Logarithmic derivatives of normalized annular test functions have bounded seminorms. Norm-
twist differences are put into the original prime test functions; the arithmetic coefficients and
prime intervals remain unchanged. Apply the appropriate moment inside the integral. Only then
evaluate the parameter-dependent detector. The fixed box volume and derivative bounds give a
polynomial height factor.

The comparison assertions follow from |[Liu26b, Proposition 14.3 and Lemma 14.7|, with the
compact-strip contour justification of Lemma 5.2. The three changes in (6.12) are

AE = (0 —00)(p —ly) — (6 — bo)pm — py
= (0 = 0o){p(1 —m) — Iy} — pv.

Thus p; remains the reference parameter.

The functional equation is applied to the whole numerator factor; its conductor test function
is separated before the positive moment, and its root number has modulus one. Formula (6.13) is
the four-branch comparison theta and additive-Gram estimate of [Liu26b, Proposition 13.4]. [

6.2 The improved count and the complementary classes

In this subsection, we apply the moment of Theorem 4.9 to the detector of Section 6.1.
Set
D =[11/50,13/20] x [6/25,1/2]. (6.15)
For the inverse detector use the limiting admissible width z;(r) = (1 — r)/2. Its saving, divided
by 6, is
Fi(ry=r+2zzi(r)=ax+ (1 —x)r. (6.16)
For the ordinary detector, apply (6.4) to S2,Q. This is a fourth moment of the detected ordinary
sum. The permitted width and saving are

_1—2m
= 5

Widths in these formulas are decreased slightly when applying a strict source inequality.

zo(m) Fy(m) =2m + 2zz9(m) = x + 2(1 — z)m. (6.17)

Lemma 6.2 (One common detector cutoff). For (6,z) € D, put

5 5/6 — 6z

A=2-5 =" 7" =2 tg=3
; mq 5/2— 0 — 200" T4 = 2my, d = SMq,

: (6.18)
Fd:x—i—Q(l—x)md, Rdzl_(stzg"i_Atd-
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Then the buffered class has count < UTate with the common height and test function factors
specified above. Uniformly on this rectangle,

0.35 < myg < 0.49, 0.6 <ryg<l, 1<ty <15, (6.19)

Proof. The denominator in (6.18) is positive. The identities follow by balancing Fr(rq) = Fa(mg)
and the resulting short count with the long count 1/6 + Aty. Their strict ranges are among the
exact polynomial inequalities proved in Proposition 6.4.

Use the single cutoff ¢4 in Proposition 6.1. For r > 1,

1 1
e(r)—érzg—i—Argg—i—Atd—i—o(l):Rd—i—o(l).

Near r =1 or m = 1/2, the unmarked inverse or ordinary fourth moment gives
1-0< Ry=1-4Fy (Fy<1).

Choose these endpoint strips inside this strict difference.

Outside these strips, if r > r4 use (6.16). Otherwise (6.8) implies m > mg — o(1), and (6.17)
applies. Both savings are increasing in their indicated length. At m = 0.49 the ordinary saving
is 0.98 4+ 0.02x > Fy; it increases up to m = 0.5, where the no-prime treatment takes over. Thus
no detected factor is chosen from a different detector cutoff to improve either branch.

For the inverse branch, z;(ry) < 0.20 < £ and 2r 4 8z;(r) = 4 — 2r < 3, with a fixed
margin by r > 0.6. For the ordinary branch, zo(mg) < 0.15 < Z. Decrease these widths
and the detector tolerances within the strict margins. Decreasing-amplitude whole factors then
realize the required prime products, with a fixed mesh loss. The common Sobolev estimate (6.14)
completes the use of Markov’s inequality on the actual buffered class. O

For the complementary classes we need no new detector. To give the count explicitly, put

c==, D=3-(1+2)z, P=(2-2c)(l-2), J=(5/6-38D+dP,
" (5/6 — 6)dP (6.20)
Ry=1-0+ .

Here J > 0 on [1/8,5/6] x [0,1/2]. Indeed the old ordinary saving is 2x/p; + (2 — 4x/p1)m,
whereas the inverse saving is (6.16). Their crossing on r + m = t gives the denominator D in
(6.20). Balancing that short count with 1/6+ (5/6 — )t gives t = 1+ 0P/(2J) and the displayed
Rs. The same endpoint-strip, stock, and Sobolev argument as above is the count of [Liu26b,
Section 13.4].

The closed rectangles

Dy = [1/8,5/6] x [0,6/25],
Dy = [1/8,11/50] x [6/25,1/2], (6.21)
D3 = [13/20,5/6] x [6/25,1/2]

satisfy
DUD;UDyUDs = [1/8,5/6] X [0,1/2].

On each D;, the reference exponent alone is negative.

6.3 The reference numerator and the coefficient-two saving

In this subsection, we estimate the numerator using the class counts of Section 6.2.
The following elementary first-moment calculation uses the approximate functional equation
[Liu26b, Lemma 14.2] with common test functions.

43



Lemma 6.3 (A reference valid at all lengths). Suppose #% < UR* and
(p1 — 262).% > R. (6.22)

Then the old ordinary moment, the no-prime theorem, and the trivial short-sum bound give the
reference exponent N(R) in (6.11), for every numerator length required by the approzimate func-
tional equation.

Proof. For 0 <m <1/2 and z = (1 —2m)/p1 < .Z, the old moment gives

1/4
> 1Sm(u)] < (%2 3/4<Z|S ) < UBR+1)/4—gz/2+e

ueA uER

Since 0o = g/p1,

3R+1 gz _3R+1 6y
1 g m=— 5 = V(R

If 2> %, then m <m, = (1 —p;1.%)/2, and the trivial bound gives

R—(p1 —29)Z

+ (1/2 = bo)m — N(R) < 1

< 0.

For m > 1/2, the arbitrary-length no-prime fourth moment gives

3R+1
4

- Hgm < N(R)

These estimates apply to each whole reflected factor, with common conductor test functions
separated first. Finite partitions of the conductor and of the test function parameters, followed

by (6.14), preserve the bound for both halves of the approximate functional equation. O
Define 5 5 s2]
TJIN
JN=-—— = 1—2m). 6.23
For 0.30 < m < 0.47,
1-2
zo(m) = 5 m <0.20 < Z.

Apply (6.4) to S2,Q and use Holder:

gz () /9te 1-2m 1-2m
S 8] < SR Az, (L2 LZB )
ueHh 2

Let
mo=1—1,/h. (6.24)

At top parameter scale p = h, the contour coefficient in (6.12) vanishes precisely at m = my.
Choose 0 = 0 to its left and § = §/2 to its right. The savings on the new band are respectively

hvya(m) + 6ph(mg — m), hya(m) + (6/2 — Bo)h(m — my).
Denote these two affine functions by A_(m) and Ay(m). Then
A" (m) = —hdz/2 <0, Al (m) =hé(1—z)/2>0.
For 0.30 < mg < 0.47,

min  A_(m)= min _Ay(m) = hya(my).

0.30<m<mo mo<m<0.47
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The three required lower bounds are

Gy = ‘55”1? 21, — h),
Gr = 00(0.70h — 1), (6.25)

Gr = (/2 — 00)(l, — 0.53h).

Here G, is the minimum baseline saving with § = 0 on 3/40 < m < 0.30, and Gp, is the baseline
saving at m = 0.47 with 6 = /2.

For clarity, the treatment after 0.47 retains the amplified old reference on [0.47,0.5]. Only at
and above 0.5 does the no-prime arbitrary-length clause of Lemma 6.3 supply that reference. At
any fixed p, the full baseline exponent with § = §/2 decreases with m. Consequently the fixed
endpoint 0.47 majorizes the entire longer range, including the reflected blocks; no selected-prime
estimate for an unbounded length is being assumed.

For m < 3/40, use the trivial short-sum estimate. Relative to N(R) it contributes at most
Dy, (R). We have therefore reduced all numerator lengths to the following four tests:

numerator range ‘ required top-scale inequality

0<m < 3/40 E(R) + hDg,(R) <0
3/40 < m < 0.30 E(R) < Gp (6.26)
0.30 < m < 0.47 E(R) <Gy
m > 0.47 E(R) < Gg.

6.4 Exact inequalities on the full parameter range

In this subsection, we prove the inequalities needed for the numerator estimates of Section 6.3.
For (6.1) choose

499781491 1208537 8096855491 13902270473 627
T 5100 = 7500000 T 100 0 WT T 301000 '
Then 3513974473 10388296000
el _ 000X () 4976679183891 . . .. 6.28
3.100 "7 94900566473 (6.28)

Proposition 6.4 (The rational comparison inequalities). Use (6.3) and (6.27). On D, the
following inequalities hold on the entire closed rectangle:

G — E(Rg) > 1078, Gn — E(Rg) > 1078, Gr— E(Rg) > 1078,

1 1
5 < S(Rg) < 1, E(Ry) < 250" (p1 —20x).Z > Ry,
E(Rg) + hDg(Rg) < 1075, 0 < S(Ry) + Dan(Ra) < 2. (6.29)
0.3 <mg <049, 06<rg<l, 1<tg3<1.5,
0.98+0.02z > Fy,  ~2(0.30) < 0.02.
On [1/8,5/6] x [0,1/2], one has
J >0, 0<S(Rs) <1, (p1 — 20x)L > Rs. (6.30)
On each D; in (6.21),
E(R,) < —1075. (6.31)

All denominator signs in these assertions are positive.
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Proof. Substitute the displayed definitions into (6.29)—(6.31), subtract the stated positive mar-
ging, and clear the positive denominators. Appendix A gives the complete list of resulting
functions and their exact bounds.
For a polynomial on a rational rectangle [a, b] X [c, d], make the substitution X = a+ (b—a)v,
Y = c+ (d — c)w. If its power coefficients on [0, 1]? are ¢;; and its separate degrees are M, N, its
Bernstein coefficients are
(5 ()

b= Y oy (6.32)

i<k, j<t - Vi)

For the tensor Bernstein basis By,

P = Zblekz, By > 0, ZBkl =1 = T%ilnbkl <P< %%kal-
Kl Kl ’ 7

Bisect at rational midpoints until every coefficient is positive. For a positive numerator P and
denominator D,

P>Puin>0, 0<D<Dpax = P/D?> Pupin/Dmax > 0.

All coefficients and subdivisions are rational.

The alternating midpoint subdivisions in Appendix A terminate at depth at most thirteen.
Every accepted rectangle has positive Bernstein coefficients. The least listed quotient bound
after subtracting the stated margins is

194222 - 10712 > 1.9422 - 10~ ".

The same appendix gives the constant inequalities used below. O

Lemma 6.5 (All remaining scalar and comparison ranges). The parameters above satisfy the
direct, stock, small-amplitude, floor, small-parameter, and principal inequalities of [Liu26b, Sec-
tions 13.2, 13.5 and Proposition 14.6]. Together with Proposition 6.4, they give a strict correction
saving on every retained class and numerator length.

Proof. First, the following strictly positive geometric differences are obtained by rational substi-
tution:

1 1 116
b>0, £—=>0, =——4>0, l,—(>0, [,—¢{—— >0,
Y 6 Y 5 9 Yy 6
1
plﬁ—z>0, T>0, 5-l>0, B=087>0, (6.33)
14 /! 2

> &, 0.30 < mg < 047,  0.57 < I,/h < 0.59.

h+ 10-9 h—1/40 = 9’

Since M = 1 — ¢ and ¢ < 1/5, the four branches in (6.13) give £ = 0. Also G = b/12, since
ly, > 11b/6. Thus the empty-subset direct exponent is exactly

5 M ¢ 11 ¢

612 6 12 4

Every nonempty subset is smaller. As usual the final direct bound allows an arbitrarily small
positive exponent loss.

For main-rectangle parameters with p < h — 1/40, use the reference instead of the improved
numerator. Its exponent is at most

1 111 (6.34)
250 405  1000° '
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For the complementary rectangles the negative reference exponent improves as p decreases, by
(6.30). In the remaining interval near h, use (6.26). On bounded numerator bands with m > 3/40,
the full slope in p is greater than

1 37

1
5T 0.073E —0.02 = 0.112475 > 10’ (6.35)

because 6y < 0.073 and the largest new saving is less than 0.02. Its upper bound is two. The
short-source slope is S + Dgy, already tested in (6.29). On the long range first majorize by the
fixed endpoint m = 0.47; its slope is S + 0.53(6/2 — 6y), positive and less than two. It follows
that an upper parameter buffer h + ¢ contributes at most 2¢. These arguments do not apply an
unbounded-length slope bound to the approximate functional equation.

We give the small-amplitude calculation explicitly. For 0 < § < 1/8 one may retain the
weaker old parameter kK = 3/4. Put

A=5/6-0, D=3—172/9, P=(2—8z/9)(1 —x), J=AD +JP,
and R=1-0+ A6P/(2J). With v = 1/2 — z, the polynomial identity

44 25022 5 3 5
— S = — > .
2J —3AP — —aJ = —o- + 52 (3520° 4 948v° + 984v + 199) > 0 (6.36)

implies R < 1—26/3—220x/81. The source’s small-amplitude contour, with § = gmin(¢/p,2/9),
is bounded at top scale by

) 1 20\ 3h(1-R) 1—h
b I I S AP Y -
CO+2+€6$(2+h> 1 _CO+5{ 9 +Qsm$}7
where 1 2 11h 1—h 1

The positive margin in the latter inequality is exactly 0.001023130452. This covers small am-
plitudes without extending the main rectangle down to zero. The lowest buffered bins use the
trivial count, and the remaining small comparison parameters use the unamplified estimates of
[Liu26b, Section 13.5 and Proposition 14.6]. Their requirements are respectively
L /2+3¢/2 1 130 1, 1 1

50 1000’ 2 50 ° 20
The positive differences in these inequalities are 21709069/ (3 - 101°) and greater than 0.021359.
Bounded nonprincipal unit parameters are included in the second bound. Far parameters use the
original right contours and a sufficiently large fixed far-parameter exponent, after all polynomial
height orders are fixed.

Finally the actual principal paths lie in

Co

(6.38)

Res > 0.87, Rew > 0.95, Rez > 0.165. (6.39)

Lemma 7.1 proves the required normal convergence and nonvanishing there from the exact local
polynomial, rather than from the older numerical cutoff in a previous comparison. Its five
selected-prime error exponents have minimum 0.87, so one can fix wp = 0.435 min; ¢; > 0 for the
original positive-width prime intervals. The principal savings ,/20 and h/600 are unchanged.
Choose the later contour buffer e so that, for example,

1,/20 — (20+ h)e >0,  h/600—20e >0,  wp—20e> 0.

Finite inducing and principal parameters therefore retain their own strict estimates; (6.4) is never
applied to an inducing character excluded by that theorem. O
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Proposition 6.6 (Strict comparison at the rational boundary). For B = Biyas, the parameters
(6.27) supply a positive numerical saving in the comparison, uniform over all the amplitude,
parameter, numerator-length, and principal decompositions. Constants may depend on the fized
field and tests. The estimates needed for the Mellin argument are

|J77(Z)‘ <y ZC(B)+610w’
4+b (6.40)
Jn(Z) = f(2)| < Z2CB)msave/2 - O(s) = 5 — %7
for some mgave > 0, whenever B = B.(F) > B and 0 < eow < (8 — B)/4 is fized sufficiently
small.

Proof. The closed cover (6.15), (6.21), and the small-amplitude range is exhaustive. Lemma 6.2
and Proposition 6.4, together with Lemma 6.5, give a positive margin for each part. Take a
common margin smaller than their finite minimum. Use a still smaller portion for strict detector
length conditions, prime-width decrements, the original mesh, and the upper parameter buffer.
For each requested moment loss, fix the finite face chain in Theorem 4.9, with its selector strictly
larger than one half, before the arithmetic data. No endpoint operator estimate at one half is
used.

The Sobolev and derivative orders are finite. Choose the small external-height powers only
after these orders, so their polynomial contributions fit inside the common margin. Choose the
rapid tail orders afterward. At fixed complex variables and fixed parameter dyad the complete
holomorphic numerator is moved before absolute values; both functional-equation halves and all
natural deletions remain in that expression. This is precisely the contour order of Lemma 5.2 and
[Liu26b, Lemma 14.7|, with strict inequalities on every class. Summing the logarithmically many
dyadic pieces and the rapidly convergent test function tails consumes another fixed fraction of
the saving. The direct estimate and the corrected comparison then give (6.40). The continuation
of its Mellin transform and the passage from the family supremum to fixed targets are proved in
Section 7. O

6.5 Attaining the algebraic boundary as an infimum

In this subsection, we extend the comparison of Section 6.4 to every fixed boundary sufficiently
close above Bs.
Set zp = v/1081 and define

61—z 11 | 5952

by = - .
2 66 2 71 76751

Thus d2 = 0.4260823568856485 ... and by = 0.0999562982254378.... Keep b = by, the same
rectangles, and the same numerator bands. Let

(6.41)

g(B,(S,l') = GN - E(Rd)
1 b 5 6 3h(1—Ry) 02T (6.42)
406 4 2 4 4

The second equality follows directly from (6.23); every occurrence of p; cancels. This is the only
scalar margin that vanishes at the exact endpoint.

Lemma 6.7 (The unique double contact). At B = B, g > 0 on D, with equality only at
(6,x) = (02,1/2). Moreover dpg > 0 uniformly on D, with b = by held fized.

Proof. Algebraic substitution gives the exact factorization

178/213 — (5179/460506) 2
5— 45

g(B2,0,1/2) = (6 — 82)%. (6.43)
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The coefficient in front of the square is greater than 0.11308683 throughout [0.22,0.65]. On
[0.4,0.46] x [0.24,0.5], polynomial division at z = 1/2 and exact coefficient bounds give

9(3275a 33') B 9(32757 1/2)
1/2 —x

> 0.00908267, (6.44)

where the quotient has its continuous value after cancelling 1/2 — z at « = 1/2. On the two
remaining rectangles [0.22,0.4] x [0.24, 0.5] and [0.46, 0.65] x [0.24, 0.5], the saving is greater than
7.2884 - 107°. These facts prove the uniqueness of the zero, including the closed boundaries of
the rectangles.

For the derivative there is a particularly simple formula:

—266222 + 146%x + 56z — 258 + 25
= 2.3723473. 4
0By Yo > 2.3723473 (6.45)

The derivative is independent of B and of bs.
Use the Bernstein procedure (6.32) over Q(zp). For rational 0 < I < u with 2 < 1081 < u?,

a+bl, b>0,

a—+bzy >
a+bu, b<O0.

Rational midpoint subdivision gives the stated bounds on the three rectangles and on 0Opg,
including their boundaries. O

Proposition 6.8 (Strict comparisons arbitrarily near By). For every fived B > Bo sufficiently
close to By, the geometry (6.5) with b = by satisfies the conclusions of Proposition 6.6, with
constants and saving allowed to depend on B — Bs.

Proof. Let f; denote the nonactive margins in Proposition 6.4 and Lemma 6.5, on their closed
domains D;. Appendix A gives
min inf fj(BQ, bg) > 0.
J Dj
For the nonactive function entries, the least listed lower bound is 14627855-10712 > 1.46278-1075;
the constant entries are also strict. Thus, for some ng, 1 > 0,

BQ§B§B2+77B — HllnlDHff](B,bg) Z,u
J J

For B > B», the active margin satisfies, by Lemma 6.7,
9(B,d,x) > g(Ba,0,x) 4+ 2.3723473(B — By) > 2.3723473(B — B3).

For each fixed B > Bs, take the final losses below min{u,2.3723473(B — By)}. No fixed active
margin is required as B | Bs.

Now make the finite choices in the proof of Proposition 6.6. Their constants need not be
uniform as B decreases to Bo. In particular the ordinary coefficient two is obtained by a finite
choice for each prescribed loss; no infinite induction is applied to the arithmetic data. This
proves the required strict comparisons. After Section 7, any point with real part greater than By
is covered by choosing such a fixed B below it. No assertion on the boundary line is made. [

6.6 Optimality within the specified positive comparison

In this subsection, we prove the converse inequality for the comparison system of Section 6.1.
We finish by specifying exactly what is optimized. Retain (6.13), the short inverse saving
(6.16), the long inverse exponent (6.10), the fourth-moment Holder return, and the original
amplitude information (6.6). Allow arbitrary detector cutoffs in the supplied domain, arbitrary
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comparison rectangles, and arbitrary positive comparison lengths with b =1, — [, > 0. For each
application to the ordinary detector or numerator, allow the full permitted prime width

1—2m
< .

< (6.46)

z(m)
The two uses may choose different smaller widths. Grant away all reflection, stock, exceptional-
parameter, and width-floor restrictions that could decrease this width. This is an optimistic
positive comparison system, not the class of all possible estimates for the underlying arithmetic
sums.

Theorem 6.9 (The exact scalar infimum). The infimum of boundaries supplied by this specified
system is Bo. In particular, arbitrary unequal positive comparison lengths with b > 0, changes of

detector cutoff, and a change only in the old reference parameter p1 do not produce a boundary
below Bs.

Proof. We first derive the necessary count at © = 1/2. The short inverse and ordinary savings
are (1+7)/2 and 1/2 4+ m. For a cutoff 1 <t < 3/2, the admissible split

r=2t/3, m=t/3

equalizes them and forces the supplied short-count exponent 1 —§(1/24¢/3). The separate split
(r,m) = (t,0) forces the increasing long-count exponent 1/6 + (5/6 — §)t. At § = o the ordinary
alternative at this second split is no better: its count 1 — d2/2 exceeds the long count by at least
02 —5/12 > 0. A zero-length annulus here means a limit of allowed shrinking length exponents.

The decreasing and increasing bounds cross at
5—30 25 — 186
« = , — —, = — . 4
t Y (6) 30 — 249 R(6) =1—0F(9) (6.47)

Lemma 6.2 attains this crossing. In the supplied comparison system, the two adverse splits
therefore give

. 1
lgirégﬂmax {1 —62(1/2+1/3), 6 +(5/6 — 52)75} = R(d2).

Even granting both short formulas for 0 <t < 1 gives
1-— 52(1/2 —I—t/3) >1- 552/6 > R(CSQ)

This concerns the stated inequalities; no arithmetic class is asserted to realize an adverse split.

For the balanced geometry the critical numerator length is mo = 1 —[,/h. At this length
the contour coefficient vanishes, so no numerator contour can improve the top-scale value. The
necessary reference excess and maximal numerator saving are

5 1 b 50 § 5{Hh/2zy}3h5F(5)
1

4 6 4 2 2 D 4 ’
6.48
o T (5 5 (049
T 20\2 p
The parameter p; cancels in E, — G, and
3362 — 615 + 20
Op(Ey — Gy) = . 6.49
Its smaller zero is 5. At that amplitude
221 — 2+/1081

E, -G, = —08(32 — B). (6.50)

33
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This already excludes B < Bj for all balanced imbalances.
We now remove the balanced total-length assumption. Write

M=l,+1l, b=1l,—1,>0, h=1—1I4¢ 1,=(M+b)/2, T=2I,-h.

The direct estimate implies the three necessary planes

5 M / 1 M
Brro=2+2 L pope=t ML L
6 12 6 3 12 3 (6.51)
26 M '
B > Lo + Go, QOZE—Z-

For pn = 37/100 the identity

h_ly_uh:11(4_3”)_<22_25“>£0_<2+“>£K

6 (6.52)

has three positive coefficients on the subtracted planes. The direct plane Lx < B < 0.8741,
together with £ > 0 and 0 <[, < M, gives

7 3

If B <0.8741, the right side of (6.52) is at least 41671/12000000 > 0. Consequently mg > 0.37.
The trivial short-sum majorant cannot improve the norm at this length, since (R(d2) — 1)/4 +
0.37/2 > 0, even before the nonnegative prime terms. If M > 1+ ¢, then Lx > 11/12, already
too large. It remains to consider the ordinary numerator range with M < 1 + £.

Put C =1/8 and Ry = R(d2). When T > 0, the identity 7" = 2l, — h gives mo =1 —1,/h <
1/2; hence 0.37 < mg < 1/2 lies in the ordinary fourth-moment range. The zero-contour-
coefficient numerator length forces B > H, where direct substitution of the count and the
maximal saving from this width gives

146 ly 3Ry +1 1 0o —1
- — C6,T
2 2 +h< 4 6> g (0% (6.53)
=14 (2C +1/2)62 — (1/24 2C02)M + (2C + 1/2)d24.

Let Dy = 16055 + 265 + 3 = 405 + 3 and

12 1
M§<3—><1, h=1—-1,+¢>1—-M+¥¢>0.

44C9 + Tdo + 4 4C 69 — 69 + 2 1
u = , V= — w=—"-.
3D, 3D, Dy
All three are positive, their sum is one, and coefficient comparison gives
uly +vLig +wH = Bs. (6.54)

Thus every such positive choice of comparison lengths has B > Bs.
If T <0, use the no-prime endpoint m = 1/2, for which the optimal allowed contour is zero.
Its plane is Hy = H + Cé2T. Put

3{2 — (4C + 3)d2} 13
D_=19—-(12 _= =
9 ( C + 9)52, u D_ s D_ s
o — 18C'09 4 762 + 4
_ = 5D .
These numbers are positive and u— 4+ v_— = 1. The identity
52 4+ b(44Cdy + 762 + 4
wLrc+ v Hy+ kT = 22N 4D?+ 2+ 4) (6.55)

and T < 0, b > 0 imply B > 13/D_ = 0.8949386587587 ... > Bg. The necessary direction is
proved without restricting the total comparison length. The sufficient direction, as an infimum,
is Proposition 6.8. O

o1



6.7 Unequal ordinary factors and the limit of positive interpolation

In this subsection, we examine unequal ordinary factors at the equality case of Theorem 6.9.
The equal factors in the detector do not conceal a saving from pairing its ordinary detected
factor with an unequal numerator factor. At the contact write

_ 1++/1081 281 — /1081 1w

== 2 = = - == .
%0 rp =2mp,  tp=3mp, R 206 CW) 2
(6.56)
The ordinary detector lower bound is |S,,,|> > U%™r—°()  Use the unequal moment for
SmpSn@ at width C(mp + n), divide by this lower bound, and apply Cauchy-Schwarz on the

counted parameters. The resulting numerator first-moment exponent is

mp

Ro+1—6amp — 520(mD +n) o 3Ry +1— 52C(2n)

Amix = 9 4

= Auep. (6.57)

The equality follows from the affine nature of C and 1 — Ry = 62{2mp + C(2mp)}. It holds
throughout the admitted reflected length range.

A simultaneous scalar model makes the scope of this neutrality precise. On an abstract set
of UF2 parameters assign, for 0 < y < 1/2,

1S, = U®,  s(y) = min{doy/2,0a(y + mp)/4},  |Q.|* = U, (6.58)
For every yi,ys € [mp,1/2],
Ry +2s(y1) + 2s(y2) + 62C(y1 +y2) = 1. (6.59)

For either factor below mp the left side decreases. Also s(y) < doy/2 < Kk1y/2, so the pointwise
ordinary price is respected. For original lengths 0 < y < 1 use the amplitude at the reflected
length min(y, 1 —y), and give negligible amplitude beyond that range. Reflection only decreases
the original total length, so the original admissible permitted prime width is no larger than that
of the reflected pair. The arbitrary-length no-prime moments are therefore respected as well.
Equality in (6.59) is claimed only on the indicated reflected rectangle.

For the inverse factors, assign

|M,|? = U r=rportp<r<3/2,
" 1, otherwise.

The critical inverse estimates are simultaneously saturated:

(52(1—7‘D) 1+5tD

Ry + dorp + 5 =1, Ry + dotp = 5 (6.60)

For tp <r < 3/2, the long inverse margin is
6(7’) — 527“ — R2 = (5/6 — 52)(’/“ — tD) Z 0.
At the other short lengths the prime width is at most 3/8, and Ry + 3d2/8 < 1. Every detector

cutoff in the supplied domain has a simultaneous detected factor:

(r,m) =

(rp,mp), 1<t<tp,
(t,0), tn <t<3/2.

These pairs satisfy » < ¢, r+m > t, r > ¢t —1/2, and m < 1/2, with the required lower
bounds. The critical numerator length lies between mp and 1/2, and its first moment in this
model is exactly U Rats(n) — [ Asep, Every original prime subproduct has squared-amplitude
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slope d2 < 1/2; the selected operator at a fixed threshold greater than one half imposes no
additional condition on these abstract parameters.

This is a model of the simultaneous inequalities, not a construction of Hecke characters. It
excludes a strict improvement obtained solely by positive interpolation of these unequal ordinary
moments, the stated inverse bounds, and the same amplitude data. It neither supplies nor rules
out a phase-sensitive mixed inverse—ordinary estimate. Nor does Theorem 6.9 assert optimality
among all zero-free methods, all possible arithmetic relations between detectors, or comparison
geometries outside its stated b > 0 scope. Changing one of those inputs remains a separate
analytic problem.

7 Principal factors, continuation, and arbitrary number fields

In this section, we prove Theorem 1.1. We verify the principal Euler product on the new
contours, apply the Mellin identity with the scalar saving, and descend from K ((12) to K.
7.1 The principal contour region

In this subsection, we verify the Euler product needed in the Mellin argument of Proposi-
tion 7.2.
At a good prime put ¢ = Np, T =q~*, Y =q %, V = ¢ 5%, D =n(p)T, and

——F—6
R=Ap(p) n(p)°q*TOV.

The angular factor Ap is unitary, with exactly the coefficient orientation of [Liu26b, Section 13.2].
For the principal numerator class, the source local identity is

(1-R)(1-D)(H,—1)= —VY + DY + DV(1 -Y)
—~D(g—1)YV(1-Y)+R—-DR (7.1)
—RY?(1-V)-R(1-Y)/q.

This is the cleared local formula of [Liu26b, (13.9)], in its principal region. It is used with all
phases retained.

Lemma 7.1. After enlarging the fized excluded set S, the principal Euler product is holomorphic
and nonzero throughout

Res > 87/100, Rew >19/20,  Rez > 33,200, (7.2)

uniformly in the heights and unitary target phases. The selected prime factor has the principal
asymptotic of [Liu26b, Section 13.2], with error O(q~87/190).

Proof. On this box, |D| < ¢7%87 and |R| < ¢~22!. In the expansion of (7.1), the following table
lists lower bounds for the decay exponents. For the terms containing ¢ — 1, we use ¢ — 1 < q.

Term VY DY DV DVY (¢—1)DYV (q—1)DY?*V
Exponent | 1.94 1.82 1.86 2.81 1.81 2.76
Term R DR RY? RY?V R/q RY/q
Exponent | 2.21 3.08 4.11 5.10 3.21 4.16

All exponents are nondecreasing in the three real coordinates. Hence

|Hy—1] < q ", ) sup|H, — 1] <log(3/2),  sup|H,—1|<1/2
p¢S
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after enlarging S. Normal convergence of the logarithms gives

I & #o. [[H -1 <exp| D> |H,—1] | —1<1/2.

pES pES pesS

The exact source selected-factor calculation has the five error exponents
Res, Rew, 6Rez, Rew+6Rez—1, 5Res+6Rez—4.

At the lower corner these are respectively 0.87,0.95,0.99,0.94,1.34, and they increase in every

coordinate. Hence G,/H, = —1 + O(g~°®") in this principal region. The quotient is taken
only where the nonvanishing just proved applies. No division by a nonprincipal H), is inserted
elsewhere in the proof. O

At w=1,2=1/6, (7.1) also gives the useful exact identity

(1-¢*)(1-D+D/q—R/q)
G-ma-b)

Hy(s,1,1/6) = (7.3)

The product used in the Mellin quotient is Hy(s) = [],¢g Hp(s,1,1/6), so the lemma proves its
nonvanishing for Res > 0.87. The source residue normalizer is unchanged and nonzero for the
original chosen test functions. The principal savings [, /20 and h/600 therefore remain available.
In particular, one may choose wp = 0.435min; ¢; for the tuple error, before the later contour
and height losses. The principal paths retain the source coordinates w_ = 19/20, wy = 1 + e,
z_ = 33/200 and z4y = 1/6 + e, with s first on 5 + 20e. Thus all three coordinates lie in (7.2)
when B > 0.87. The buffered savings are l,,/20 — (20 + h)e, h/600 — 20e and wp — 20e, and are
positive after decreasing e.

7.2 The order of the strict losses

In this subsection, we choose the errors in Section 6 before applying the Mellin identity.

Fix either the rational comparison B = 0.8733821, or a fixed B > By sufficiently close to
Bs as in the exact-contact argument. Choose a positive margin smaller than every strict scalar,
stock, slope, principal and geometric margin for this B. The margin is allowed to tend to zero
as B | Bs.

Decrease the chosen prime permitted lengths and detector cutoffs within that margin and
take a finite closed cover of the retained parameter ranges. For each required ordinary moment
loss, fix the interior moment parameters, selected threshold greater than 1/2, and finite list of
moment-induction steps. Allocate the parent and auxiliary losses separately, including the low
branches whose baseline excess is zero. Choose the original slot mesh below the finite minimum
of those bounds and the final complete-subproduct removal bound. A finite iteration with such
choices is used for each fixed B.

At each comparison parameter dyad, fix the presentation, complex variables and common
test functions before forming amplitude bins and selecting original prime factors. Move the
entire holomorphic dyadic numerator expression before absolute values. Keep both approximate-
functional-equation halves and every natural deletion, root number and strict local error tuple.
The original conductor deficit absorbs the prime-selection errors. The finite derivative and Fourier
orders are then fixed, followed by the small external height exponents and the final tail orders.
This makes every polynomial height contribution a prescribed fraction of the positive saving. For
large heights use the same polynomial bound with a larger final height power; that power is not
fed back into the earlier small-height choice.

For this fixed B, choose one finite numerical list of positive prime widths (¢;), with the
required total width and mesh, for every target character. The fixed ray selectors may depend
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on the target; their prime-ideal thresholds and implied constants may also depend on it. The
numerical widths do not. In particular,

87
wp = —— min¥; >0
P00
is common to the family. Test orders may vary with the target; choose each small-height cutoff
so that its contribution is below the same fixed fraction of the numerical margin. Thus the
remaining exponent saving is independent of the target.
By Section 6, the upper parameter extension has exponent at most 2¢. Choose

0 < 2¢ < 15 min{the fixed positive margins}.

The resulting mgave > 0 is numerical and common to all targets; constants and thresholds may
depend on the target.

7.3 The Mellin contradiction

In this subsection, we deduce the fixed-field result from the strict comparisons in Section 6.

Proposition 7.2. Let F' D ui12 be a number field. For each fivred B = Byat or B > By sufficiently
close to Ba, the scalar construction gives B« (F) < B. Consequently B.(F) < Bs.

Proof. Suppose 8 = B.(F) > B. We use the fixed pointwise parameter £; from (2.4). Choose
0 < €low < (B — B)/4 and write C(s) = s — (4 +b)/6. Propositions 6.6 and 6.8, together with
[Liu26b, (13.13) and Lemma 14.7|, give, for every fixed target 7, the original functions J,, f,,, H,
with
[ 1(2)| < ZEBV o Ty (Z) = [(Z)] < ZEE) e, (7.4)
Set
o = max{B + €low, B — Mgave/2} < B.

Then f,(Z) <, Z7~4+)/6 Writing a = (4 + b)/6, for Res > ¢ we have
o dz ° dz 1
AV it ZJ—Resi — )
| itz G < [ =
Thus the large-scale Mellin integral is holomorphic on that half-plane. The integral over (0, 1] is
entire by the original right shifts. On the initial common domain, [Liu26b, (13.13)] gives

s—5/6)2 Hn(s)
F 777

By uniqueness it is the continuation of this quotient. Since ¢ > B > 0.87, Lemma 7.1 makes
its numerator holomorphic and nonzero throughout that half-plane. Thus the denominator has
no zero there. Finite omitted Euler factors have no zero with positive real part.

The exponent ¢ is common to all targets. Therefore

Lp(s,n) #0 (Res > o, nof finite order) = [.(F) <o < B.(F),

a contradiction. Constants and thresholds may depend on 7.
Finally take a sequence of fixed boundaries B | Bs for which the exact-contact construction
is valid. Each has its own positive margins; their conclusions give 4(F) < Bs. O
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7.4 Field dependence and descent

In this subsection, we descend the fixed-field result of Proposition 7.2 to prove Theorem 1.1.

The operator proof uses ideal-character functional equations, finite reciprocal packets, and
divisor bounds over the fixed field F'. The moment proof uses the exact general-field identities of
|[Liu26b, Theorem 18.2| over F'. In the approximate functional equation, rr = [F' : Q]/2 enters
the gamma ratios and the polynomial height powers. Long dyadic lengths are handled by the
original arbitrary-length zero-prime moment, and the bounded selected bands keep the scalar
cutoffs already verified. Consequently the constants depend on F', whereas the exponents and
the final number By do not.

Proof of Theorem 1.1. Let n be primitive of finite order d over K, and let M /K be the cyclic
class-field extension cut out by its kernel. Put F' = K((12) and E = M F. Restriction gives

Gal(E/F) — Gal(M/K) ~ Z/dZ,  Gal(E/M) < (Z/12Z)".

Both groups are abelian.
Their full class-field factorizations give

els)=  JI Le(sv), (7.6)

—

YeGal(E/F)
Ce(s)=Culs) [ Lum(sw), (7.7)
weGal(E/M)
w#1
d—1
Cu(s) = [ Lr (s, 7). (7.8)
7=0

For Res > Bs, s # 1, the first product is nonzero by Proposition 7.2. The nonprincipal factors
in the second are entire, so a zero of (3; could not be canceled by a pole. The third identity then
proves nonvanishing of L (s,n) away from one.

For d > 1, the simple residues at one give

d—1
i Resg=1 CM(S)
Lg(l,n)) = o200 > 0,
jHl <) = Res 21 Ciels)

Each finite factor is therefore nonzero. For d = 1 the principal pole is permitted. An imprimitive
function differs by finitely many Euler factors 1 — ag™® with |o| = 1 or o = 0; their zeros, if
any, have real part zero. The full factorizations include ramified places and finite-order sign
characters at real places of K. This proves the theorem. O

Corollary 7.3. Every Dedekind zeta function is nonzero for Res > Ba, apart from its pole
at one. The conclusion includes the Riemann zeta function, all Dirichlet L-functions, and all
finite-order Hecke L-functions over Q(v/—3).

Proof. Take the trivial character in the theorem, or specialize K to the indicated fields. O

A Exact scalar inequalities

In this appendix, we verify the inequalities used in Section 6 by rational Bernstein bounds.
The formulas, rectangles, and subdivision rule below specify the finite calculation completely.
Write
A=5-2)—46z, Q=1[1/8,5/6] x [0,1/2].
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The rectangles D, D1, Dg, D3 are those of (6.15) and (6.21). The two parameter choices are

8733821 499781491 1124661
B.b) = B,b) = (Bs,b = —.
( ) ) < 107 ; 5. 109 ) ; ( ) ) ( 2, 2)7 b1 250000

All functions in the tables have their displayed definitions in Section 6; thus each entry specifies
a rational function over Q or Q(+/1081).

For a function f on D, expand the polynomial Af. On Q or D;, expand J f, except that the
function f = J is already polynomial. The denominator bounds are

A 12 on D. I> 4373305
) 6747966

n Q.

The second bound follows directly from the Bernstein coefficients of J on ).

Starting with the stated rectangle at depth zero, compute the Bernstein coefficients by (6.32).
Accept a rectangle when every coefficient is positive. Otherwise bisect its § interval at even
depth and its = interval at odd depth, and apply the same rule to both subrectangles. The
accepted rectangles form a partition of the original closed rectangle. In the tables, (d, L) gives
the maximum depth and number of accepted rectangles. If m is the least numerator coefficient
over those rectangles and M is an upper Bernstein bound for the positive multiplier on the
original rectangle, then

f>m/M>k10712 > 0.

The integer k is listed below; the multiplier is one for f = J. The first pair of columns uses the
rational parameters and the second pair uses (Ba, b2).
For the quadratic-field coefficients use the rational enclosure

3287856444554719302046/10%° < /1081 < 3287856444554719302047/10%.

Both inequalities follow by squaring positive integers. For each coefficient a + bv/1081, choose
the lower or upper endpoint according to the sign of b, before taking its lower bound.

f Rectangle (d, L) k (d,L) k
G — E(Rg) — 1078 D 1,2 587138129 1,2 586639331
Gy — E(Ry) — 1078 D 13,14 104222 - -
Gr— E(R;) —1078 D 1,2 1302783884 1,2 1302190830
S(Rq)—1/5 D 0,1 24051095581 0,1 24051095581
1—-S(Ry) D 0,1 416191181453 0,1 416191181453
1/250 — E(Rq) D 3,4 107812329 3,4 107411143
(p1 — 202).Z — Ry D 0,1 81252174270 0,1 81252174270
—E(Rq) — hDgy(Rq) — 107° D 0,1 2018042319 0,1 2017445082
S(Ra) + Dsn(Ra) D 0,1 90495844449 0,1 90495844449
2 — S(Rq) — Dan(Ra) D 0,1 1013256914932 0,1 1013256914932
mg — 7/20 D 0,1 1073092960 0,1 1073092960
49/100 — my D 0,1 35084007848 0,1 35084007848
rq—3/5 D 0,1 96884964434 0,1 96884964434
1—7ry4 D 0,1 84314446897 0,1 84314446897
ta—1 D 0,1 50588668138 0,1 50588668138
3/2 —tq D 0,1 126471670345 0,1 126471670345
49/50 4+ x/50 — Fy D 0,1 36638459651 0,1 36638459651
1/50 — v2(3/10) D 0,1 1075495777 0,1 1075495777
J Q 0,1 648092328858 0,1 648092328858
S(Rs) Q 0,1 22188021055 0,1 22188021055
1—-S(Rs) Q 0,1 250692959516 0,1 250692959516
(p1 —20x).Z — R, Q 0,1 13927405530 0,1 13927405530
—~E(R,) —107° Dy 9,11 15034272 9,11 14627855
—E(Ry) —107° Do 1 463076646 0,1 462618241
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f Rectangle (d, L) k (d,L) k
—E(R,) —107° Ds 0,1 1764325203 0,1 1763978740

The omitted contact entry is replaced by the exact factorization (6.43). For completeness,
the following bounds verify all the accompanying contact inequalities. The multipliers for the
five functions are respectively 5 — 49, (5 — 40)A, A, A, and A. The removable quotients are
taken after cancellation.

Dy = [2/5,23/50] x [6/25,1/2],
D_ = [11/50,2/5] x [6/25,1/2],
D, = [23/50,13/20] x [6/25,1/2].

f Rectangle (d, L) k
9(B2,8,1/2)/(8 — 05)7 D 0,1 113086830076
(9(Ba,8,7) — g(B2.8,1/2))/(1/2 —x) Dy 0,1 9082672972
9(Ba,8,z) D 0,1 79884214
9(Ba, 8, 2) D, 0,1 147316073
oBg D 0,1 2372347314201

Finally, direct substitution gives the following constant inequalities. Each displayed expres-
sion is at least k107!2; the two columns again refer to the rational and algebraic parameters,
respectively. They include the geometric conditions, the small-amplitude and small-parameter
estimates, and the positive slopes used when the parameter interval is enlarged.

Expression k k
b 99956298200 99956298225
£—1/6 6471600000 6472133547
1/5—¢ 26861733333 26861199786
Iy — /¢ 190314450900 190313650566
ly—¢—11b/6 107017535733 107016735378
p1l —3/4 28887424510 28889824749
T 117132482433 117131148578
1/2-1, 36590984233 36591250994
B —87/100 3382100000 3381966613
/(h+107°%) - & 3833958930 3834406521
2/9—¢/(h —1/40) 1575535322 1575080419
mo — 3/10 127667918389 127668813572
47/100 — mgq 42332081610 42331186427
ly/h —57/100 2332081610 2331186427
59/100 — 1, /h 17667918389 17668813572
—Qsm 4321129754 4320642840
—1/250 - Cy — (1 — h)/16 1023130452 1022513534
—1/1000 — Cy — (1/2 + 3¢/2)/50 723635633 722952688
—1/20 — 13h/75+1,/2 — 1/50 21359012706 21358740601
h/600 1349475915 1349477249
l,/20 23170450788 23170437450
73/1000 — 13/(40p;) 756008254 756008254

1/5 — (73/1000)(37/40) — 1/50 — 1/10 12475000000 12475000000

These bounds prove the strict inequalities on their full closed rectangles. At the algebraic
parameters only the stated double contact remains; (6.45) makes its inequality strict for every
fixed B > Bs sufficiently close to Bs, with b = by held fixed.
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B The starting moment parameter
In this appendix, we verify the rational upper bound used in (2.4) and (6.3). Theorem 17.1
of [Liu26b| gives B.(F) < B,.
The number B, is the root near 0.8749 of
P(B) = 133488B* — 376596 B3 + 38453482 — 1675418 + 26231.

For the Sturm sequence Py = P, P = P', Pj;; = —rem(Pj_1, P;), let V(t) be the number of
sign variations at ¢. Rational substitution gives

t ‘ signs of (P, ..., Ps) ‘ V(t)
0.8748 (+,—,—+,+) 2
0.87488664703996 |  (+, —, —, +, +) 2
0.87488664704 (=, — — +,+) 1
0.8749 (= ——+,+) 1
Hence L+
0.87488664703996 < B, < 0.87488664704 < 2“, k1 = 0.749774.
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