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Regular complex Hadamard matrices of order 7,8

GPT and Teo

Abstract

A complex Hadamard matrix H € My (C) is called regular when the scalar products
between its rows ), Hg.H it = 0 decompose as trivially vanishing sums of roots of unity,
rotated by scalars. We review the general theory of such matrices, including the known
classification at N = 6, and then we work out classification results at N =7 and N = 8.
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Introduction

A complex Hadamard matrix is regular when the entrywise quotient of any 2 rows splits into
prime cycles: rotated copies of the full set of pth roots of unity, for primes p. Fixing the cycles
gives integer linear congruences in the entry phases. We prove that their solution sets are finitely
many torsion-translated tori, so every regular matrix is an affine deformation of a Butson matrix.
We then classify the regular matrices at orders 7 and 8.

Equivalence consists of row and column permutations and unit scalings; conjugation and
transposition are separate operations. At order 7 the quotient types are 7, 5+ 2, and 3 + 2 + 2.
There are 6 affine 3-row families and 45 isolated 3-row classes. Completing them gives precisely
the Fourier matrix F; and the 2 families below, with w = ¢*™/3 and ¢ € T.

—-q q w 1 w 1 w 1 1 1 1 1 1
q —q w 1 1 ww 1 1 w -1 -1 w?
w o w —w 1 w w 1 1 —w? w? w? ¢ —q w
PP=11 1 1 -1 w w w Ri=11 w -1 1 quw? —qu? w?
w 1 w w —quw quw 1 1 -1 —w -1 —¢ ¢ —w?
1 w w w qw —qw 1 1 w? w qw q —qw —gq
w o w 1 w 1 1 -1 1 w2 w —qw quw —q q

The family R? is a monomially normalized conjugate of P7. The 2 displayed branches are
retained because conjugation is not part of equivalence.

At order 8 the possible cycle lengths in a row quotient are A =2+2+4+2+2, B=3+3+2,
and C' =5 + 3. Here 2 denotes an opposite pair, 3 a regular triangle, and 5 a regular pentagon,
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each rotated independently. The table lists all regular matrices up to equivalence. Its first group
has only quotients of types A, B; in the second group, type C occurs for at least one pair of rows.

Row quotients Matrices Dimension
Only A, B F3 50, I3 50, I8 5¢ 5 each
Iy 4, F8t,4 4 each
Fyo,F§ o, K2 2 each
Mg 1,15 12 1,0
C' occurs K330, Ls,30, L 30 0

The 9 continuous families are displayed below. All parameters range independently over the unit
circle; the transpose families are written out explicitly.

11 1 1 1 1 1 1
1 -1 —bd bd —bd bd 1 -1
1 -1 b g4 bd g _1 1
1 1 -1 -1 -1 -1 1 1
F875a(a,b707d,6): 1 -1 b g b 4 _q 1
1 -1 bd —bd bd —bd 1 -1
11 e g e -g -1 -1
Ll o—e =% e 5 -1 -1
1 1 1 1 1 1 1
1 -1 —bd bd —bd bd ~1
1] -1 g W _g 71 1
1 lc & —d & d -1 _cl
F, b,c,d,e) = ¢ @ ¢ ¢
8,51)(&7 , Gy 76) 1 1 -1 -1 -1 -1 1 1
1 -1 bd —bd bd —bd 1 -1
1 e % cde % —cde —1 —e
1 —e % —cde —% cde —1 e
11 1 1 1 1 1
1 =1 ad —ad —bd bd -1
1 -1 a4 a4 -d -d -1 1
1 1 -1 -1 -1 -1 1 1
F C 7b7 ?d7 =
boe(a b0 dye) = | -l 4 —d d d -1 1
1 -1 —ad ad bd —-bd 1 -1
1 1 e —e b be 1 1
1 i —e e a@ bia 1—i
1 1 1 1 1 1 1
1 -1 ad —ad —bd bd -1
1 -1 a4 d -d -d -1 1
1 4 —ad aod -1 -1 1 —3
Fya(a,b,c,d) = od 5
sala,b,c,d) 1 1 ad® —ad® bd® —bd®> -1 -1
1 d —-d —-d —bd® b2 -1 d
1 -4 -1 -1 bd -bd 1 L
1 —d —ad® ad®> d d -1 —d
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For the 4 isolated matrices, the prime denotes logarithmic form: H;; = w!is , with w = e™/6

for Ig 12 and w = e™/15 for the other 3:

00 0 0 0 O0O00O 00 0 0 0 0 0 0
00 0 3 6 6609 00 6 10 12 18 20 24
01 5 9 1 5 96 0 6 13 28 27 21 12 15
, 04 8 6 10 2 39 . 0 10 28 20 16 4 10 22
Bi2=10 6 211 9 8 35 Kss0=10 12 27 16 1 15 24 9
06 11 5 3 11 9 5 018 21 4 15 19 6 3
07 6 1 7 3 91 02012 10 24 6 0 18
010 6 7 4 9 31 024 1522 9 3 18 7
00 0 0 0 0 0 0 00 0 0 0 0 0 0
0 0 6 10 12 18 20 24 0 0 6 10 12 18 20 24
0 6 21 2 19 17 4 15 06 21 17 4 2 19 15
, 01017 25 8 2 15 23 ;v _|010 2 25 2317 15 8
8307 [p 12 4 23 27 15 19 8 8307 [p 12 19 8 27 15 4 23
018 2 17 15 3 1 16 018 17 2 15 3 16 1
02019 15 4 16 5 1 020 4 1519 1 5 16
02415 8 23 1 16 9 0 24 1523 8 16 1 9

The maximum regular local moduli dimension is 5. The 4 isolated classes are exactly
those listed above, and transposition preserves regularity. Different families can intersect, and
parameters need not be unique.

The finite classifications are computer-assisted, using exact integer, rational and cyclotomic
arithmetic. All code is available at https://github.com/teobanica.

1 Regular Hadamard matrices

1.1 Cycles and equivalence We use

T={ze€C:|z| =1}, e(t) = ¥t = {9 0<j <1}
Roots denoted by w are specified locally; w denotes a stated power or choice of powers of w. A
partial Hadamard matrix H € Mgy n(T) satisfies HH* = NIg. Equivalence consists of row
and column permutations and unit row and column scalings. Conjugation and transposition are
separate operations. Dephasing is given by
o HijHu
Y HjHyj

D(H)

Thus the 1st row and column become 1, the all-one vector. We write u/v = uv for the entrywise
quotient. A Butson matrix has root-of-unity entries; B(N,[) specifies its order and level [10].

Definition 1.1. A multiset is a collection in which repeated values are counted separately; for
ezample, {1,1,—1,—1} has 4 terms. A prime cycle is a rotated copy A, of the pth roots of unity,
with p prime and X € T. A partial Hadamard matriz is reqular when the multiset of entries in
each quotient of distinct rows can be partitioned into prime cycles.

A cycle of composite length n = mp, with p prime, is the disjoint union of m rotated p-cycles:
with w = 2™/,
m—1
Ay, = |_| AW .
r=0

4
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For example, a 6-cycle splits into 2 triangles. This agrees with the cycle convention of [4, 6].

Proposition 1.2. Regularity is preserved by equivalence, conjugation, deletion of rows, and
tensor products.

Proof. Scalings rotate cycles, permutations reorder them, and conjugation reverses them. For
tensor products, use cycles from a factor where the 2 rows differ, fixing each coordinate of the
other factor. O

For I = [[j p?j , Lam—Leung [20] identify the lengths of vanishing sums of Ith roots as
> pjN. For s < 2, every such sum decomposes into prime cycles. For s = 3 this fails: with
w = e7ri/157

S = w® 4+ wb + w2 + w4+ w2t 4w =0

The terms of exponents 6,12, 18,24 sum to —1, the others to 1; there is neither an antipodal
pair nor a 3-cycle. Hence

is a nonregular partial Butson matrix.

1.2 Examples and the classification through order 6 The Fourier matrix of Zy is

Fyn = (w"7), with w = e2™/N For example, with w = e>/3,
11 1 1
1 1 b 1 4 1 —i
Fy = , =1 w w*|, F= ' X
I -1 5 1 -1 1 -1
1 w* w . )
1 — -1 3
The matrix Fy deforms as
11 1 1
1 -1 1 -1
Fi—
1 g -1 —gq
1 —q -1 ¢

At N =5 we have F5. At N = 6 we have the following Fourier, Haagerup and Tao matrices,
with w = e2™/3 [4, 12, 14, 33]:

1 1 1 1 1 1 11 1 1 1 1
1T w w1 w  w? 1-11 -1 1 -1
= 1 w? w 1 w? w s = 1 r w wr w? wr
1 r s —1 —r —5 ’ 1 —r w —wr w?> —w?r|’
1 wr w?s —1 —wr —w?s 1 s w? w?’s w ws
1 w?r ws —1 —w?r —ws 1 —s w? —w?s w —ws
11 1 1 1 1 11 1 1 1 1
1 -1 4 4 —i —i 11 w w w?w?
HY = 1 z —1‘ - q —q 7 Ty = 1 w 12 w? w? w2
1 ¢+ —i —1 —q ¢ 1 ww 1 ww
1 - g —q ©+ —1 1w w?> w 1 w
1 —i —q ¢ —1 i 1 w? ww?> w 1

Their quotients split into antipodal pairs or 3-cycles for every parameter. The 2 Fourier families
are related by transposition and equivalence.



Theorem 1.3. The reqular Hadamard matrices at orders N = 2,3,4,5,6 are, up to equivalence:

(2) N = 3: Fj.
(3) N =4: F!.

(5) N = 6: F35, Fj3. HY. T.

Proof. At N = 2,3, dephasing gives Fy, F3; at N = 4, pairing opposite entries gives F}.
For N =5, the possible quotient types are 5 and 3 4+ 2. We first exclude a 2 x 2 Hadamard
submatrix. If one exists, equivalence puts H in the form

A B 1 1 1 .
H = A = B.; = . i — 17 ! ) S '7 ' ’
(C D) , (1 _1> , j (auﬂ)’ C (Lbw*), 0<i,57<3

where a,b € T and w = ¢?™/3. Orthogonality with the first 2 rows gives

2

2
ZDU = —(1+bw'), ZDijw_j = —a(1l — buw').
j=0 j=0

These determine 2 Fourier coefficients of each row of D. The corresponding column equations
determine the remaining coefficients up to a single number z € C, giving

1+ aw! + bw' — abw' — zw?20+9)

D,’j = 3

Since the entries of D have modulus 1, the constant Fourier coefficient of [3D;;|*> = 9 yields
2|2 = 5, while those at (1,1) and (1,2) yield

z—abz = (ab)?,  z+abz = ba.

Adding these equations gives |z| < 1, a contradiction. No quotient can therefore have type 3 + 2,
so all are 5-cycles. Normalize the 2nd row to that of F5. Each remaining row is described by a
permutation o of Zs such that ¢(0) = 0 and o — id is also a permutation. The possibilities are

(0(1),0(2),0(3),0(4)) = (2,4,1,3), (3,1,4,2), (4,3,2,1).

These are precisely the remaining Fourier rows. Haagerup’s theorem gives the same classification
without regularity [14].

At N = 6, every quotient splits into 3 opposite pairs or 2 triangles; call these decompositions
binary and ternary. The proof of [4, Theorem 11.2] classifies triples of rows and then uses their
compatibility to complete the matrix.

If all quotients admit ternary decompositions, the 3-row calculation gives, up to equivalence,
either a matrix over us or

1 1 1 1 1 1
1 w w? r wr wir
1 w? w s w’s ws

Here w = €2™/3. A 4th row with ternary quotients forces the phases into s, and completion

gives Tg, uniquely up to equivalence [4, Lemmas 8.1-8.2 and Theorem 8.3].

If all quotients admit binary decompositions, the 3-row calculation puts the entries in
{#£1, +i,+q, +iq} after equivalence. Comparing the pairings in different triples gives a 3 x 3
arrangement of 2 x 2 blocks. Their orthogonality equations leave 1 unit parameter, giving H¢ [4,
Lemma 9.1 and Theorem 9.2].



In the mixed case, regard the rows as vertices of a complete graph and label its edges by
the chosen decompositions. The restrictions on 4 and 5 rows leave 2 arrangements: the binary
edges form a perfect matching and the others are ternary, or the ternary edges form 2 disjoint
triangles and the others are binary [4, Section 10]. Inserting the 3-row normal form determines
the remaining rows with 2 free unit parameters, giving F;3 and F35. Quotients admitting both
decompositions at special parameter values are retained in this argument. Finally, the cycle
decompositions of the displayed matrices show that every member of the list is regular. O

Let us discuss as well some basic examples of non-regular matrices, which clearly show the
extra complexity which appears, when looking at the non-regular case.

The Bjorck—Froberg matrix [8, 9], which is circulant and nonregular, is

1 @ —a —1 —a 1a
1a 1 ia —a —1 —a
- 1 . B .
BE;=| ¢ " " T T 23— 1at+1=0.
—1 —a 1a 1 a  —a
—a —1 —a 1a 1 ia

@ —a —1 —a 1a 1

We can see its nonregularity directly. We have a + a~' = 1 — v/3. This excludes a being a root
of unity: the algebraic conjugate 1 + /3 is greater than 2, whereas all algebraic conjugates of
the sum of a root of unity and its inverse lie in [—2,2]. The quotient of rows 1 and 3 is

(—a,a?,—a,—a 072, —a™t).

The ratio of any 2 distinct values here is =a” for some nonzero integer k, hence is not a root of
unity. No prime cycle can therefore occur in this quotient.

Another class of examples, this time parametric, is provided by the self-adjoint 6 x 6 Hadamard
matrices, classified by Beauchamp—Nicoara in [7]. These matrices, which are generically non-
regular, are as follows:

1 1 1 1 1 1
1 -1 =z -y -z vy
1 -y ¢t -1 gy =t
1 —z —t vy 1 z
1 v -z -t =z 1

where y = ¢, Req < (v/3 —1)/2, and

1420+ ¢ —V2V/1+2¢+ 263+ ¢* 1+2q—¢?
T = z = t=xy=z.

1+2q—q2 ’ Cg(-1+2q+¢?)

1.3 Affine realization An affine Hadamard deformation has the form
H(t)ij = Hz'j eXp(QﬂitRij), R e MKXN(R),

for t in a nonempty open interval; independence of exponentials with distinct real frequencies
extends the identity to all ¢ € R. Constant families and several parameters are allowed. The
linearized space is

N
Ty = {R € MKXN(R) : Z szH]k(Rzk — Rjk:) =0 for all 1 # ]} .
k=1



The enveloping defect deny = dimp fH counts all infinitesimal phase deformations. Removing
the K + N — 1 directions coming from row and column scalings gives the dephased defect
ddep = deny — (K + N — 1). This bounds the dimension of dephased families, but infinitesimal
deformations need not extend to actual families [12, 31, 32].

Theorem 1.4 (Affine realization and finite cover). For fized K, N, the reqular locus is a finite
union of tori translated by torsion points. Fach reqular matrix has a representation

d )
H;j = Bi; H g,
s=1

with B partial Butson and V) integer matrices, valid as a reqular Hadamard family for all
qgs € T. Chosen prime cycles and dephasing can be preserved throughout. Regular Butson
matrices are dense in every component; every isolated dephased regular matrix, and every
dephased representative of an isolated reqular equivalence class, is Butson.

Proof. Choose a cycle decomposition of every row quotient. On a block of length p, label the
positions in cycle order as ko, ..., kp—1. The quotient entries on this block are a fixed number
times 1, w, ..., wP™!, where w = ¢*™/P. Write each entry as H;; = e(x;;), with the phase x;;
considered modulo integers. The cycle condition says that, for each 1 < a < p, the difference
Tiky — Tjk, — Tiky T Tjko 1S a/p, up to an integer.

Thus all chosen blocks give linear conditions with integer coefficients on the phases, and with
rational constants; phase values are considered modulo integers. We add the dephasing conditions
when needed. Integer row and column operations (Smith normal form) change variables so that
the conditions separate into equations of the form d;y; = c;-, up to an integer, and conditions with
no variables, which we keep only when they hold. Here d; is a nonzero integer and c;. is rational.
Each such equation has finitely many rational solutions for y; modulo integers. Coordinates
not constrained by these equations can vary freely around a circle. Returning to the original
coordinates expresses the entries using integer powers of the free circle parameters and fixed
roots of unity.

There are only finitely many choices of cycle blocks and their orderings. For each choice,
the solutions form a finite union of closed tori, so the regular locus is a finite union of closed
tori. In the Smith normal form coordinates, each constrained coordinate is rational and the free
coordinates vary on circles. Joining a point to a rational point by a straight line in the free phase
coordinates gives the regular path

H(t)ij = e(wo,ij +t(zij — x045)),  tER,

where x( is rational. Rational values of the free parameters are dense, so Butson matrices are
dense in each torus. If a dephased regular matrix is isolated, it must therefore be Butson. The
same argument applies to a dephased representative of an isolated equivalence class, since its
dephased orbit is finite. ]

Different cycle decompositions can give intersecting, nonmaximal families. The theorem
preserves the chosen cycles; classification still requires completion and equivalence analysis.

1.4 The regularity conjecture

Conjecture 1.5 (Regularity). Fvery square Butson matriz is reqular.

Lam-Leung proves this at levels with at most 2 prime divisors. The partial 2 x 6 example
above explains the square hypothesis. Put By for all Butson matrices, By for their closure,
Ry for the regular locus, and Ay for affine Hadamard deformations through Butson matrices,
including constant families.



Proposition 1.6. We have
Ry € An C By.

The following are equivalent:
By € Ry, Ry = An, Ry = By.
Under these conditions transposition preserves reqularity.

Proof. The 1st inclusion is Theorem 1.4. Write H = B o e(R) with B o e(tR) Hadamard. For
each row pair, group equal frequencies R;; — ;. Independence of exponentials gives

> BixBjr =0
keE

on every frequency block E. Impose on S the equations
S; —Sjk:Si—Sj (k,lEE)

for every such block and row pair. These integer-coefficient equations define a rational linear
space containing R, so it has rational points S, — R. On each original block, the exponential
factor is constant and the displayed sum still vanishes, even if different blocks acquire the same
frequency. Thus B o e(S,) is Butson and converges to H.

We also have By C Ay, by constant families, and Ry is closed by Theorem 1.4. Together
with the inclusions just proved, these facts give the equivalences. Transposition preserves By
and its closure. O

2 The regular classification at order 7

At order 7, the possible quotient types are A =7, B=542, and C = 3+ 2+ 2. We begin
by determining which triples of types can occur in a 3-row matrix. Antipodal-pair counts rule
out incompatible triples; elementary phase identities and normalization then give the remaining
cases. The result is 6 affine families and 45 isolated classes, up to equivalence, reducing the
square-matrix classification to an extension problem.

Some of this section continues and finishes previous N = 7 work by Banica—Ozteke-Pittau
and their predecessors [4, 6]. That work was exploratory at the time. Here we arrange the cases
into a systematic proof, first classifying the 3-row matrices and then studying how each can be
extended by additional rows.

For the extension step, we impose the cycle conditions for each new row and analyze the
resulting phase equations. We treat affine families and isolated classes separately. For the families
we follow the phase parameters through the extension equations, including exceptional values;
for isolated classes we determine the compatible fourth rows and then continue the surviving
candidates through the larger row sizes. Common supports and special configurations organize
these checks. Finally, we compare the completed matrices up to equivalence. This leaves precisely
the Fourier matrix F7 and the 2 families displayed in the introduction.

The proof combines elementary reductions with finite exact calculations. The preliminary
type restrictions and the BBB case are handled directly; the AAA case reduces to a finite
permutation check. The completeness arguments for CCC, ACC and BCC use exact phase
equations together with finite support enumeration and certificates. No parameter sampling or
numerical tolerance is used. The result is computer-assisted, but it is not a formal proof-assistant
verification.



2.1 Cycle types and phase equations For H = (1;u;v) € M3.7(T), the quotients are
u, v, uv, with types A=7, B=5+2and C =3+2+ 2.

Proposition 2.1. Every regular length-7 vector has a unique type A, B or C'. Up to permutation,
the possible triples of row-pair types are exactly

[(A,4,4), (A4,C,C), (B,B,B), (B,C,C), (C,C.C).|

Proof. The prime partitions of 7 give the list of types. Their maximum numbers of disjoint
antipodal pairs are respectively 0,1,2: an odd cycle has no antipodal pair; 2 pairs in a 5 4 2
decomposition would force opposite entries in its 5-cycle; 3 pairs in a zero-sum length-7 vector
would leave a nonzero singleton.

Exchanging rows permutes the 3 types. If 2 quotients are 7-cycles, normalize them into p7;
their quotient has no antipodal pair and hence also has type A. The next lemma excludes AB
and BBC. The representatives below realize every remaining triple. O

Lemma 2.2. For odd primes p = q + 2, a p-cycle cannot be orthogonal to a vector of type q + 2.
At order 7 the triple BBC' is impossible.

Proof. Normalize the 2 vectors as

uw=(Lw,..., w0 a —a), v= (w0, . . wlet w? wl),

where w = 2™/ (P9 oy = wP and ro, ..., rq—1,8,t exhaust Z/p. Set
q—1 '
A = Zw’”w_qrﬂ' (0<k<yq), B=w"— w9, D = |BJ?.
j=0
Orthogonality gives |A;|> = D. Cyclotomic automorphisms fixing w? give |Ax|?> = D for
1 < k < q. Fourier orthogonality and Ay = —w ™% — w4 yield

q—1 q—1 q—1
Z |A|? = Z wiri=ri) Z W=D = 2.
k=0 3,1=0 k=0

Thus ¢> = (4— D)+ (¢q—1)D =4+ (¢—2)D, so D = q+ 2 = p, contradicting D < 4 < p.

For BBC, rotate the 5-cycles of w, v into us, and let U, V' be their pair supports. The quotient
has at least 3 + |U N V| entries in p5. Each block of a C' decomposition contains at most 1 such
entry. Hence U NV = &, and each block contains exactly 1 of the 3 entries outside U U V. The
partners of the 2 antipodal blocks lie in —u5. On each of U, V', the quotient of the inherited 2
entries belongs to —us; thus the 2 partners must lie on different supports, and their inherited
partners lie in pus. This gives 5 entries in us, a contradiction. O

The same count excludes (p+2,p+2,q+ 2+ 2) for odd primes p = g+ 2: its 3 blocks allow at
most 3 entries in y,, but the quotient has at least ¢+ |U N'V|. The case ¢ = 3 was just excluded.
Lemma 2.3. Put w = e?™/3. Fora,b,c € T, a+b+ c =0 precisely when (a,b,c) = (a, aw, aw?)
for w € {w,w?}. In the following table both choices of w are allowed:

equation all solutions (a,b)
a+b+ab=0 | (w,w?)
a+b+ab=0 | (1,w)
at+b+ab=0 | (w,w'w), rei0,1,2}
l+a+b=0 | (w,w?)
l4+ab+ab=0| (c,ew), e€{l,—1}

The signs in the last row are correlated.

10



Proof. If 1 + z +y = 0 with |z| = |y| = 1, then

l=1+2*=2+x+7, Re(z) = —

D=

so (z,y) = (w,w?). Dividing each equation by one of its terms gives the table; the 3rd row forces
a® = 1, and the last forces a® = 1. O

2.2 The 3-row classification We first state the full 3-row classification. We prove its CCC

part here, then the AAA and BBB parts in Subsection 2.3, and the ACC and BCC parts in
Subsection 2.4.

Theorem 2.4. Every regular 3 X 7 matriz is equivalent to 1 of the 6 CCC families F1, ..., Fg
below, or to 1 of 45 isolated classes:

type | AAA ACC BBB BCC CCC | total
isolated classes‘ 4 12 2 16 11‘ 45.

The families have dimensions 3,2,2,1,1,1 and none can be omitted. The isolated representatives

are pairwise inequivalent and lie outside the families. Family images may intersect, and parameters
need not be unique.

Proof of the CCC' part. We begin with the families and isolated representatives for this part.

The other types are treated in Theorems 2.5 and 2.6, which complete the proof of the full
statement.

Put w = ?™/3. All parameters below range independently over T.

1 1 1 1 1 1 1
Fila,be)=11 w w?> a —a a —a
1 w?> w b ¢ —-b —c

1 1 1 1 1 1 1
Fola,b)=-1 w w?> 1 1 a —a

-1 w? w b —-b 1 1

1 1 1 1 1 1 1
Fila,b)=|—ab w w? 1 —a a ab

—ab w? w b ab 1 —b
1 1 1 1 1 1
Fila)=|1 w w? wa —wa a —a
w w? a wa —a —wa
1 1 1 1 1
Fsla)=[1 w w? w/a —w/a w?a —w?a
—wa a @ w w?  wa  —a
1 1 1 1 1 1
Fela) =11 w w? a —a a ' —a!

—w?/a wa w —wa w?/a  w?
For the isolated CCC classes put w = e™/12 and write [r; s}, = (1;w";w®). With
ra=(0,8,16,1,13,2,14),

rg = (0,8,16,1,13,10,22),
re = (0,8,16,2,14,6,18).

11



the representatives are

T S
Ey|ral0 2 11 8 23 14 16
Ey|rsal0 2 23 11 8 14 16
Es |ra|0 6 5 17 14 12 22
Ei|ra|0 6 17 14 5 12 22
Es |rgl0 10 7 19 16 22 8
Es |rp|0 10 19 16 7 22 8
E:|rg|0 22 9 6 21 12 14
Es |rp|0 22 21 9 6 12 14
Ey|re|0 4 2 10 16 18 12
Ewl|rc |0 16 2 4 10 18 12
Enl|lre |0 16 14 22 4 12 6

The last 3 use 12th roots. The family decompositions are given below; 123|45|67 denotes the
indicated triple and pairs.

U v uv

F1 | 123|45|67 | 123]46|57 | 123|46|57
Fo | 234|15|67 | 236]17|45 | 123|45|67
F3 234]17]56 236\15\47 123]45]67
Fi | 123|45|67 | 123]46|57 | 147|25|36
Fs | 123|45|67 | 145(26]37 | 167]24]35
Fe | 123|45|67 | 147]26|35 | 1562437

2mi/3 and normalize

Put w=e
u=(1,w,w? a,—a,b,—b).

The cyclic permutations of the triple, flips of the pairs, and exchange of the pairs form a group
of order 24. Its orbits on the (g) -3 = 105 support partitions of v are

case | support of v | [T, N Ty | orbit size
1 | 1234567 3 1
2 | 123]46/57 3 2
3 | 124/35/67 2 12
4 | 124)36/57 2 24
5 145|23|67 1 6
6 145|26|37 1 12
7 | 146[23(57 1 12
8 | 146/25/37 1 24
9 | 4561237 0 12

For each support, rotate v at its smallest triple position to 1 and allow both triple orientations.
Its pair phases, together with a, b, give 4 unknown angles. Allowing all 105 supports and both
orientations for uv gives 9-2-105 - 2 = 3780 systems. Each quotient phase has the form

0; = v +mjx, v; € sZJZ, mj € 7"
and a support imposes

Qil—eiO:E/g (1), 91‘2—92'0:28/3 (1),
9171 - 9170 = 1/2 (1)a 9111 - 9110 = 1/2 (1).
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Thus every solution is obtained from integer congruences Az = b (1).

For completeness, an equation on a branch z = ¢ + Bt becomes rt = h (1). An integer
unimodular change gives rV = (g,0,...,0); retain all g values

(h+k))g, k=0,...,9—1.

and leave the remaining coordinates free. A zero row is checked directly. Induction proves
exhaustiveness. Independently, choose an invertible rank minor M and solve

xp:M_l(b[—ALF:EF)—Fg, gGM_IZT/ZT.

Enumerate the | det M| elements of the finite group and check the remaining equations, whose
residuals are constant on each real affine branch. Clearing denominators gives integral torus
directions. Both solvers agree system by system:

consistent systems | d=3 d=2 d=1 d=0
1 26 2 24 0 0
2 111 2 26 96 0
3 88 0 8 84 0
4 263 0 6 90 288
5 56 0 0 56 0
6 232 0 0 40 256
7 232 0 0 40 256
8 274 0 0 54 352
9 196 0 0 4 192
total 1478 4 64 464 1344
There are 1876 branches and 838 distinct dephased tori.
Each resulting torus admits a checked integral coordinate chart
y=k+Ct, Cp=1, kp=0,
For a source y = s 4+ Dt, inclusion is equivalent to
s—k—CspecZ  D=CDp. (2.1)

After row and column permutations and dephasing, these identities assign every source torus to
a displayed representative. The assignments recorded in coverage.json have counts

target ‘ Fi1 Fo F3 Fa Fs5 Fe
assigned | 203 138 244 43 40 44

target ‘El E2 E3 E4 E5 E6 E7 Eg Eg E10 EH
assigned| 6 6 6 6 2 2 2 2 2 1 1

These are coverage counts, not numbers of moduli components. Direct checks of all 3!7! trans-
formations for each of the 17 representatives exclude inclusions in different families of equal
or larger dimension and exclude equivalences involving the 11 points. A connected torus
cannot be covered by finitely many proper affine subtori, proving irredundancy. Compact-
ness of the family images proves isolation. The support table proves validity of the families;
independent_verification.json gives the exceptional cycle partitions. O
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2.3 The AAA and BBB classes

Theorem 2.5. With w = €2™/7 there are exactly 4 AAA classes, represented by

1 1 1 1 1 1
A = w w? w w? w® w’
wﬂ—l(o) wTrl(l) wﬂ-l(2) wﬂ—l(g) wﬂ—l(4) wﬂ'l(S) wﬂ-l(G)
U m(0) m() m(2) mB) m@) m5) m6)
1 0 2 4 6 1 3 5
2 0 3 6 2 5 1 4
3 0 2 5 1 6 4 3
4 0 2 6 5 3 1 4
For w = e2™/5 there are exactly 2 BBB classes, represented by
1 1 1 1 1 1 1
Bs=1] 1 w  w? w w' s —si, se{1,-1}.
—si w! 2 w? owt s 1

Conjugation fixes Ay, As, exchanges As, Ay, and exchanges By, B_.

Proof. For AAA, put w = €2™/7 and normalize u; =wl, v; = w™) | with m(0) = 0. Both 7 and
7 — id must permute Z/7. Checking the 6! possibilities gives exactly

Class All normalized permutations in the class Size
Ay 0246135 0415263 0654321 3
As 0362514 0531642 2
As 0251643 0316524 0364215 0462531 7

0532614 0541362 0635142
Ay 0265314 0352164 0361542 0431625 7
0514632 0536241 0642513

Choose ordered rows (b, r,s) and an anchor a, and put

fG) = er(d) = enll);

The complete equivalence action is

9(7) = es(7) — ev(4)-

(2.2)

Indeed, the chosen row and anchor remove all phases, and the 2nd row forces the remaining
column order. The 6 - 7 choices give exactly the 4 disjoint orbits above. Conjugation acts by

m(j) = =7 (=J)-

For BBB, put w = e2mi/5 and rotate the 5-cycles of u, v into us. Let U, V, W be the antipodal
supports of u,v,uv, and put O = (UU V)¢, Q = W€ Since Q) meets O, the 5-cycle on Q is
exactly ps. If U =V, the 2 equal quotient entries on U must split between @), W; their common
value then belongs to both us and —us. f U NV = @, W can equal neither U nor V, since the
quotient ratio on either support belongs to —us \ {—1}. Each support therefore has an entry in
@ and its inherited partner in —us. Those 2 partners would form W, but cannot be antipodal.

Hence U = {i,k}, V = {j, k}. Write

U = —a, U =a,

uj =o€ fis,

14
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X =2z =-a/B, Y =z =—a/b, Z =z, =a/b, XY/)Z =a/B € ps. (2.3)

If W met O, 2 of X,Y,Z would belong to us; the identity would put the 3rd there too. Thus
W lies in {i,j,k}. The alternatives W = {i,k} or {j, k} respectively force b =  or a = «,
contradicting the remaining entry’s membership in ps. Therefore

U ={i,k}, V ={j,k}, W ={i,j}.
Products over the 5-cycles give (a/b)(5/a) = 1, while X = —Y gives ab = —af. Thus

=—=t  t’=-1, t=si (s==1). (2.4)

After scaling by !, 37! and ordering columns as j, O, k, i, the normal form is

1 1 1 1 1 1 1
1 w w? w? wht ot —t]. (2.5)
—t w™ ) @) @) @) g

The permutations of {1,2,3,4} with distinct nonzero differences are

n(1) w(2) 7(3) 7(4)|7()

2 4 1 3] 2
31 4 2| 3
4 3 2 1] 4j

Row exchanges induce r — r~! and r — 1 — r, preserving ¢ and acting transitively on r = 2,3, 4.
This gives Bs.
The antipodal supports are unique, and
_ HopHyj
HyHoj'

t {k}=UnV, {j}=VnW.

is unchanged by phases, column permutations, and the generating row swaps, which replace
t by t or —1/t = t. It distinguishes the 2 signs. Conjugation exchanges them. All displayed
decompositions follow by substitution. ]

2.4 The ACC and BCC classes We next treat the mixed types. We choose the all-ones
row at the common vertex of the 2 edges of type C. The other rows then each consist of a triple
and 2 antipodal pairs; their mutual quotient has type A or B. We must determine the relative
positions and phases of these cycles, and then identify the solutions under row and column
equivalence.

The normal form below makes the last step particularly transparent. Both nonconstant rows
already have type C, so we can read the remaining condition from their quotient. For ACC its 7
entries must form a single cycle; for BCC' they must form a 5-cycle and an antipodal pair. The
proof first finds all solutions with unrestricted phases, then checks the displayed representatives
and their equivalences. Thus the root orders in the final lists are conclusions of the calculation,
rather than assumptions imposed on it.

Put w = €2™/2! and w = w”. Set
1 1 1 1 1 1 1
M(z,y,z,t) =1 w W wz —wz Wit —W?t . (2.6)
1 w/z Wy w —w/z w? -y
Its last 2 rows have type C, and
wo = (1, z,y, z,x2,t, yt). (2.7)
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Theorem 2.6. There are exactly 12 ACC classes and 16 BCC classes. For ACC, use w =

22 =", and take (z,y, z,t) = (WP, w3, W3, W) with

p qr s p g r s
111 3 4 6 712 5 4 3
211 5 2 6 812 6 15
311 6 2 5 914 3 1 6
411 6 4 3 104 3 2 5
512 3 4 5 11(4 5 2 3
612 5 1 6 1214 6 1 3

For BCC, use w = e2™/15 gnd w = w®, choose
(k) €S ={(1.2),(1,3),(2,1),3, 1)},  eec{l,-1},  h=ewUtH.

and take both placements

(','137 y7 Z’ t) = (h7 w3J7 _h7 w3k) or (w337h7 wgk’ _h)' (2‘8)

The representatives are pairwise inequivalent. They use respectively 42nd and 60th roots.

Proof. Normalize u = (1,w,w?, a, —a,b, —b). The same 9 support orbits and 2 orientations for
v apply. For the quotient, type A has 6! = 720 anchored exponent assignments; type B has
(2)4! = 504. Writing its phases as ¢; = ¢; + B;0 gives

(Bj — BZ)O =0 — ¢+ ¢ (1) (2.9)

The 2 congruence solvers above process 12960 and 9072 systems. Their exact results are

Case Support of v Orbit size ACC points BCC points

1 123 | 45| 67 1 0 0
2 12346 |57 2 0 0
3 124 |35 | 67 12 0 0
4 124136 |57 24 0 0
5 145 |23 | 67 6 0 0
6 14526 | 37 12 0 0
7 146 | 23 | 57 12 0 0
8 146 | 25| 37 24 24 32
9 456 | 12 | 37 12 0 0

Exact result ACC BCC

Systems tested by both solvers 12,960 9,072

Consistent systems 24 16

Distinct solutions 24 32

Root order of x,y, z,t 7 20

Root order of matrix entries 42 60

All consistent systems have rank 4. Only support 8 survives, with the same triple orientation as
u:
u=(1,w,w? a,—a,b,—b), v=(1,c,d,w, —c,w?, —d).
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The substitutions = = w/e, y = w?/d, z = ajw, t = b/w? give (2.6). With w = €>™/2! and
w=w", the 24 ACC tuples are exactly

{0,p,q,",p+r,s,q+ s} =77, (x,y,2,t) = (w?’p,wgq,wgr,w?’s). (2.10)

With w = €2™/1% and w = w®, the 32 BCC tuples are (2.8) with all 8 ordered pairs j, k €
{1,2,3,4} satisfying j # k and j + k # 0 (5). Their quotient has the pair (h, —h) and the 5-cycle

1w, wk, BUHR) _p2 8GR

This verifies validity without a root-order assumption in the search.
In each type-C row the triple and pairs lie in distinct pg cosets, so their supports are unique:

w: 123|45]67,  v: 146 |25 | 37. (2.11)

The all-ones row is the unique vertex incident to both C' edges, and column 1 is the unique
common triple position. An equivalence fixes both; dephasing removes all scalars. Keeping u, v
fixes every column. Exchanging them forces column order (1,4,6,2,5,3,7) and induces

(z,y,2,t) = (2 Lt ha iy ). (2.12)

A fixed point would give xz = yt = 1, hence 3 copies of 1 in (2.7), impossible for either type.
Thus every orbit has size 2. On the BCC' list, ® preserves the placement and sign and sends
(j, k) to (—k,—3j). The displayed representatives select exactly 1 from each orbit. O

Together these classifications prove Theorem 2.4: different types are inequivalent. Each type
locus is compact and hence closed in the monomial quotient; the finite type loci and the 11
remaining CCC points are isolated.

2.5 Common supports and special configurations
Lemma 2.7. Put w = e2™/3 and let w € {w,w?}. If u,v,uv have type C and the chosen triple
supports of u,v coincide, then their nonconstant rows are equivalent to 1 of

(1 w2 w? a —a a —a)7 (2.13)

1 w* w b ¢ =-b —c
1 2 — —
w2 w® a a ab ab 7 (2.14)
1 w* w ¢ —c —bec be
(1 w wz wa —wa a —a ) ' (2.15)
1l w w a wa —a —wa

Here all parameters are unit phases. Conversely every displayed pair has this property.

Proof. Normalize u = (1,w,w?, a, —a, b, —b). The tail pairings coincide or cross:

u ‘ v
(a,—a,b,=b) | (¢,—c,d,—d)
(a,—a,b,=b) | (¢,d,—c,—d).

For opposite triple orientations, their contribution to the inner product is 0. The respective
equations are
be

a

2a¢ 4 2bd = 0, d=
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ac —ad — bc + bd = (a — b)(¢ — d) = 0.

They give (2.14) and (2.13); in the case ¢ = d, exchange rows and the middle tail columns.

For equal orientations, the quotient starts with 1,1, 1, forcing tail multiset {w,w?, —1,—1}.
Coincident pairings cannot produce it. For crossed pairings put

(51,52, 53,54) = (a¢, —ad, —bé, bd).

Then 5154 = 5253, S0 opposite positions contain {w,w?} and {—1,—1}. The tail permutations
(12)(34), (13)(24) preserve both matchings and allow

(817 52,53, 84) == (wv _17 _17("-)2)'
Hence ¢ = w?a, d = a, b = ¢, giving (2.15). Substitution verifies all 3 converses. O

For any odd prime p, the construction

2 -1
u=(Lw,w, ..., wP" " i —1),
P —(p-1) ;
v=(—t,w ,w ..., w (p ),z,l),
uv = (i,w?, wh, ... w2 1) —1).

with w = 2™/ gives type (p+2,p+ 2,p+ 2), since multiplication by 2 permutes the nonzero
residues modulo p.

Put w = €™/'2 and w = w", with W € {8,16}. The following configuration realizes
Ei,... Es:
1 w w2 w” _w1+ew2r —w" w1+ew2r
1 *LL)QIU_T w1+ew2r w w? w2,w—'r 7w1+ew2r ’

Wi = —w, reZ/24, ec{0,1}.

The 16 choices give

523 | B3  Fs
11,17| E4  E;
16| 1,19 | By  Eg
16| 7,13 | Ey  Es

w T e=0 e=1
8
8

For w = €2™/3 5.t € {1, —1}, the matrices

1 1 1 1 1 1 1
Yee=|1 w w? si ti —si —ti
1 siw? tiw w w? —siw? —tiw

instead belong to continuous families:

Y s = Fo(—siw), Y57 = F(si),
The superscript exchanges columns 5 and 7. For the other cube-root orientation w = w?,
equal signs give Fg(st) in column order (1,3,2,5,6,7,4); opposite signs give F5(siw) in order
(1,3,2,5,4,7,6). Exact transformations are in code/ccc/special_example_checks. json.
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2.6 The square families Put w = ¢?™/3 and ¢ € T. The Petrescu family [26, 29] and its
conjugate in Aalto catalogue normalization [21] are

—q q w 1 w 1 w
q —q w 1 1 w w
w w —w 1 w w 1
Pl=11 1 1 -1 w w w
w 1 w o ow  —qw qw 1
1 w w w qw —quw 1
woow 1 w 1 1 -1
1 1 1 1 1 1 1
11 1w -1 -1 w?
1 —w? w? w? q —q w
Rl=(1 w -1 1 qu? —qu? w?
1 -1 —w -1 —q q —w?
1 w? w qu q —qw  —q
1 w? w  —quw qw —q q

We now state the square classification. Its proof occupies the rest of this section, through
Subsection 2.10.

Theorem 2.8. FEvery reqular complex Hadamard matriz of order 7 is equivalent to

F., P! R qeT.

Conjugation is not included in equivalence; parameter uniqueness is not asserted.

We first verify the displayed families, then treat the isolated triples and reduce the affine
cases to the remaining completions in Subsection 2.10. The argument there closes the proof.
Code and exact certificates are in code002_work/N7/, restored as explained in Subsection 6.7.

Proposition 2.9. Both families are reqular for every q, with all row quotients of type C.
Moreover, for
r=(1,2,7,3,4,6,5), c=1(4,7,3,5,2,1,6).

we have

RY=D((P!),.), q€T. (2.16)

The seeds P71, R% are inequivalent and both have dephased defect 3.
Proof. For this proof put w = e™/3 and write entries as w¥iqPii. For every row pair the
certificate gives a triple and 2 pairs with constant ¢g-degree on each block, and root-exponent
differences 2 on the triple and 3 on the pairs. This proves regularity. Comparing the root and
parameter exponents proves (2.16). Exhaustive row orders and dephasing anchors distinguish
the seeds. The linearized equations

7
ZHijﬁkj(Xij — ij) =0 (Z < ]{7), Xij e R.
j=1
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give, by rational row reduction,

‘real variables rank dimension

undephased tangent space 49 33 16
dephased tangent space 36 33 3

Subtracting the 13 trivial phase directions gives defect 3; it need not equal the dimension of the
displayed affine family. O

2.7 Extensions of the isolated classes

Theorem 2.10. Among the 45 isolated 3-row classes, only A1, As admit a reqular 4th row. With
w= e/ qnd fi, = (1,w", ..., wb%), their complete normalized extension lists are

seed ‘ its rows ‘ all normalized additional rows

”41 (f07f17f2) f37f47f57f6
Az | (fo, f1, f3) f2, f1, f5, fs

Their square completion is Fr7. Consequently every reqular K x 7 matriz, 4 < K <7, is a Fourier
row submatriz or has every triple in the 6 affine CCC' families.

Proof. All seed entries have orders dividing 840. Write r](-i) = 2midij/840 apd xT; = e?™X; X1 = 0.
A cycle condition is
dij —di, 1

+ - (1)’ pE {2a3a577}

X=Xk = 7510 D

There are respectively 720,504, 210 support systems of types A, B,C. A labelled graph on the
columns solves each system: traversal assigns a rational offset from the root of each component,
and inconsistent cycles reject it. Each component not containing column 1 contributes 1 free
phase. Thus no continuous extension is missed.

The unpruned check first tests every normalized A quotient against every seed row. Otherwise
it processes all 7142 pairs of B, C supports, merges identical complete loci, and imposes all 714
supports for the 3rd quotient:

Unpruned exact check Count
Distinct candidates with at least 1 new A edge, summed by seed 96,752
Surviving candidates (4 each for Aj;, As2) 8
Pairs of B/C support systems 22,940,820
Consistent pairs before merging 7,136
Distinct pair solution loci, summed by seed 3,608
3rd-row support systems imposed on these loci 2,576,112
Surviving all-B/C' extension loci 0

The only survivors are the 8 Fourier rows above. Weighted graph elimination with the established
type exclusions independently gives the same result; see code/isolated45/. If a larger matrix
has an isolated triple, every further row is therefore Fourier. Otherwise Theorem 2.4 puts all
triples in the affine families. O
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2.8 Completing the family F4 Put w = ¢?™/3. Fix the seed and column order, and

normalize every added row by x; = 1.

Proposition 2.11. For every a € T, the seed

1 1 1 1 1 1 1
Fila)=11 w w? wa —wa a —a
1 w w? a wa —a —wa

has exactly the 7 regular additional rows

1 2 3 4 5 6 7
21 w? -1 aw? w 1 —aw?
2@ |1 w? —w? a w? w —a
23 |1 —w w aw w? w  —aw
W1 -1 w  aw? 1 w?  —aw?
z® |1 1 1 -1 w w? —1
z® 11 -1 —w? —aw —w -1 aw
2011 —w -1 —a -1 —w? a

Their mazimal compatible subsets are

\ {1,3,5,6},  {2,4,5,7}.

They give respectively 7,12,8,2 extensions at 4,5,6,7 rows. Every partial extension extends to
one of these 2 squares.

Proof. By the isolated-class theorem, only CCC extensions remain. Their support equations
have the form
X, — X;=c+nb (1), CEgsZ, NEL

A spanning forest expresses the row phases in terms of § and component phases. Remaining
edges give nf + ¢ = 0 (1); retain all |n| branches when n # 0. Processing 2102 support pairs and
every 3rd support gives exactly 7 unrestricted branches and 42 redundant points, the latter their
values at a € ug. Every final graph is connected. The first 3 entries distinguish the 7 rows. The
original unrestricted check also excludes every non-CCC' edge pattern; code/f4/ verifies the list
independently.

Put U = (1,3,6), V = (2,4,7). Row 5 is orthogonal to all others, each of U,V is a clique,
and their cross products are

14 3w? 1—4uw? 5 + w?
1—4w? 14+3w? 5+ w?
54 w? 54+w? —3—2uw?

(<$(i)’x(j)>)i€U,j€V —

All entries are nonzero. The 12 orthogonal pairs have fixed C decompositions, so the compatibility
graph consists of 2 copies of K4 sharing vertex 5.

Appending rows (1,3,5,6) or (2,4,5,7) gives Hy (a), H_(a) with

2

Hy(a) = D((Pr* “)rier),  Ho(a) = D((R7")r_c_).

ry =(5,1,2,3,4,6,7), ¢ =(7,4,3,5,2,1,6),
r_=(1,6,7,3,4,2,5), c_=(1,3,2,6,4,7,5).

These are entrywise monomial identities. Thus every square containing an Fy triple belongs to
the 2 Petrescu branches. O
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2.9 The affine extension census Put

w= 67”'/3,

W =w

2

I

Q

= He, S:Q\{la_l}v U:{wvw_l}7 T:{—l,w,w2}.

Theorem 2.12. The joint spaces of seed parameters and normalized reqular 4th rows have the
following mazimal connected affine components:

Seed  Seed parameters Clircle components Point components Total
Fi 3 120 0 120
Fa 2 32 16 48
F3 2 32 54 86
Fu 1 7 0 7
Fs 1 0 30 30
Fe 1 0 42 42
Total 191 142 333

Every component is a point or circle. The seed parameters admitting a 4th row are precisely

Fi |acus beQ\{a% —a?}, ceT,
ora€ —pus, c€Q\{a% —a®}, beT
Fo aeSorbes
F3 |a€UorbeU orabe {w,w?},
or (a,b) € T?, a#b
Fu aeT
Fs5,F6 | a € Q.

The fibres of F4, Fg have 7 rows. Those of F5 have 7 rows at a = tw and 4 at the other 6th

r00tSs.

Proof. Only CCC supports are required by Theorem 2.10. Their equations are

Xi—Xj=c+n-0(), ceiZ/z, neZ

A forest eliminates the row phases; the 2 exact congruence solvers then retain every torsion
branch in the seed parameters. Enumerating 2102 pairs before imposing the 3rd support gives

Seed Pair components Raw final components Maximal components

F1
Fo
F3
Fy
F5
Fe

1,209 840 120
800 200 48
6,382 248 86
744 49 7
1,366 30 30
1,366 42 42

The 264600 initial pairs and 2597070 restrictions produce 1409 raw components; exact torus con-
tainment leaves 333. Both solvers agree on the complete loci. The file affine4_catalogue.txt
lists every seed entry and row entry as w*t¢, e € {—1,0,1}. Projection gives the stated seed sets.
The scripts in code/affine4/ verify the formulas and cycle certificates. O

These counts concern fixed-seed extension spaces; components can intersect and need not be
inequivalent as 4-row matrices. For F3, 8 circles project to the 2 points (w,w), (w™!,w™1); all
other circle components project bijectively onto seed circles.
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Proposition 2.13. A regular square outside 7, P{, R1 must have every triple equivalent to an
admissible Fy seed or to Fa(w,w) or Fy(w™tw™1).

Proof. A square requires 4 distinct added rows. For Fi, each of the 24 disjoint seed circles has
5 row formulas, 2 containing an Fy triple identically. Thus at most 3 rows avoid Fy4. For Fs,
both 7-row fibres are wholly covered and each 4-row fibre has 2 covered rows. For Fg all rows
are covered. Proposition 2.11 treats Fy.

Each of the 6 seed circles for F3 has 4 formulas, 2 covered identically. Write Off(E) =
{(a,b) € E?: a # b}. The exceptional fibres lie at
Dy = ({1} x S)u (S x {1})
U {(w7w)7 (w7 w)’ (w27 wil)’ (w717 w2)}7
Dy = Off(T) UOH({—1,w,w™'}),
D3 = {(w,w), (w™, w1}

with the following exact counts:

Seed set Number of points 4th-row fibre Rows avoiding Fy

Dy 12 5 points 2
Dy 12 7 points 0
D3 2 4 circles Retained

Only D3 can remain. Recognition checks every ordered triple, oriented cycle support and
compatible column order; matching F4 imposes affine equalities, including special parameter
values. Among the 333 components, 173 are covered identically, 100 at finitely many values, and
60 never; all 320 special incidences occur at ¢t € pg. The transformation certificates prove every
positive match. ]

2.10 The remaining completions

Proposition 2.14. Every square extending an admissible Fa seed or either remaining F3 seed
contains an Fy triple.

Proof. For F3, each of the 8 seed circles has 4 row formulas. They are mutually regular and
orthogonal identically, hence form a square. Outside

E={(a,b)eQ*:acSorbe S}, |E| = 32.

they exhaust the fibre. Restricting the full census to F gives

Seed condition Seeds Rows Compatibility graph Squares
1 parameter in S, the other +1 16 5 KyiUK; 1
a,b€ S, a®> =5 8 4 Ky

a,be S, a? #b? 8 7 2 K4’s sharing 1 vertex 2

All 40 exceptional completions specialize the 8 circle completions.

Append the records below from affined4_catalogue.txt, in increasing order with prefix
F2-. The indicated ordered submatrix dephases to F4(q):
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a,b) Appended records Rows Columns q

(

(t,w)  001-004 (2,4,7)  (1,3,4,7,5,2,6) —1/t
(t,w?) 005008 (2,5,6) (1,5,2,7,3,4,6) w/t
(t,wd)  009-012 (2,4,7) (1,3,5,7,4,2,6) —1/t
(t,w®) 013-016 (2,5,6) (1,4,2,7,3,5,6) w/t
(w,t)  017-020 (3,5,6) (1,2,6,5,7,3,4) —1/t
(w?,t)  021-024 (3,4,7) (1,7,3,5,2,6,4) w/t
(w*,t) 025028 (3,5,6) (1,2,7,5,6,3,4) —1/t
(w’,t)  029-032 (3,4,7) (1,6,3,5,2,7,4) w/t

1
1t -1 w w -1 —t
1
1

for « = w, and

—_ = e
~
g
o
|
—_
|
~
g
|
—_

for o = w L. Since
(Yi(t),Yi(s)) = 5+ 2ts, |5 4 2t5] > 3.

a square takes exactly 1 row from each circle. The first 3 orthogonality conditions are

t 1+a ) 1+a
! +(1+a)t =0, -
to t3 ty

(I1+a)t; =0.

and, as (1 + «)/(1 + &) = a, force

| (ti,to,t5,ta) = (t,—t,—a/t,aft), teT. |

The other inner products vanish identically, with fixed C' decompositions. The triple
(Y1(t), Y3(—a/t),Ya(a/t)) dephases to Fy(q) in the following column orders:

Q@ Column order q

w (1,6,4,7,3,5,2) —w/t
w™t (1,6,4,5,3,7,2) 1/t

All divisions use unit parameters or nonzero constants, so no exceptional parameter is omitted.
The checker in code/completion/ verifies these identities and the finite graphs exactly. O

The isolated-class theorem, the affine census and this proposition put every non-Fourier
square in a Petrescu branch. Conversely, Fr is regular and Proposition 2.9 proves regularity of
both branches. This completes the proof of Theorem 2.8.
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3 Order 8: supports and completion criteria

The order-8 classification proceeds from normalized 3-row matrices to completed squares. A row
quotient has type A (4 2-cycles), B (2 3-cycles and 1 2-cycle), or C (a 5-cycle and a 3-cycle). We
first record where the cycles sit, then impose the phase conditions that make those supports into
actual row quotients. Exact extension equations tell us which further rows can be added and,
ultimately, which triples extend to squares.

Sections 3 and 4 carry out this local analysis. Section 3 enumerates the possible supports
and their phase solutions, develops the exact test for adding rows, and treats the AAA triples,
including the parameter values where their completion behavior changes. Section 4 passes
from these triple-level results to the generic square families and then checks every exceptional
parameter locus. This is where continuous families, isolated squares, and lower-dimensional
intersections are distinguished.

The global step uses a dichotomy. If a square contains a C-pair, then its C-pairs form disjoint
cliques, and we classify the possible C-containing squares. If no quotient has type C, every
quotient admits A or B; we prove that such a square contains an AAA triple and use the AAA
completion analysis. Section 5 combines these branches into the full classification and compares
it with the finite catalogue. Section 6 records the finite registries, residue lists, square and cycle
certificates, and code needed to check the constructions and exclusions.

Section Main step What it gives

3 Supports, phase equations, and row Every possible triple profile and the exact
extensions completion loci of the AAA classes.

4 Generic and exceptional square All square families above the affine triples, with
completions special parameter loci included.

5 The global A/B and C branches The complete order-8 classification,

equivalences, and catalogue comparison.

6 Certificates and verification Finite data and exact witnesses for the
completions and exclusions.

3.1 Profiles and support equations The prime partitions of 8 give

A=2+2+2+2  B=3+3+2  C=5+3|

Unlike order 7, profiles can overlap: with w = e2™/3, (1, w, w?, —1, —w, —w?, 1, —1) admits both
A and B. A C quotient admits neither: its 5 pentagon entries have pairwise ratios of order 5 and
must occupy different A or B blocks, of which there are only 4 or 3.

A square is A-admitting when every row quotient admits A; additional B decompositions are
allowed. A chosen support specifies the cycle positions. Support classes, completions of a fixed
triple, and monomial classes of squares are counted separately. Conjugation and transposition
remain separate operations.

Even a profile need not determine its support. In a vector with four entries 1 and four entries
—1, every bijection between the positive and negative positions gives an antipodal matching,
hence an A support. There are 4! = 24 such matchings, all describing the same vector. Thus the
support counts below record combinatorial presentations, not different vectors or equivalence
classes of matrices.

There are
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undecorated supports. For supports P, Q, R of u,v,u/v, assign a phase to each block and distinct
labels in I}, to its p positions, anchoring the least position at 0. The column equations are

—Qpi +byi + Cpi
ap) = Bog) — e = D, ————"LL ().

pe{2:3,5) P
or, with m blocks,
Lz=r (1), L € Mgym(Z). (3.1)
The 2 free row-phase gauges give dephased dimension
d=m —rank L — 2. (3.2)

Lemma 3.1. Let K be a saturated integral basis of the left kernel of L. A label lift is feasible
precisely when
K(_ap+bp+cp):0 (p)7 p:27375

For a feasible label lift, if ULV = D is a signed Smith decomposition with nonzero diagonal
dy,...,ds, the dephased solution set has []; |d;| connected components of dimension (3.2).

Proof. Writing b = Ur, z = Vy, the nonzero equations have solutions
yi = (bi +nq)/d; (1), 0 <n; < |dif,

The zero rows give Kr = 0 (1), equivalent to the separate prime conditions because 2, 3,5 are
coprime. The remaining coordinates are free. Dephasing removes the 2 gauges. O

The Smith factors also explain why the number of components can exceed the number of
label lifts. For example, 2s = 0 (1) on the phase circle has the 2 solutions s = 0 and s = 1/2.
If another phase t is free, the solution set consists of 2 circles. Dividing by 2 and keeping only
s =0 (1) would lose the second circle. In the AAA row of the census, the 23 feasible supports
have 1 normalized label lift each, yet yield 38 components because the exact Smith branches
must also be counted.

Theorem 3.2. The canonical chosen-support census is

Profile  Supports Feasible Dimension: count  Lifts Components

AAA 31 23 2:12, 3:9, 4:2 23 38
AAB 82 47 1:40, 2:7 178 236
AAC 23 7 0:5,1:2 272 368
ABB 181 65 0:52, 1:13 916 1394
ABC 76 14 0:14 272 304
ACC 20 0 — 0 0
BBB 194 39 0:31,1:7,2:1 652 1040
BBC 141 5 0:5 176 176
BCC 52 0 — 0 0
cco 15 6 0:4,1:1,2:1 2016 2016
Total 815 206 4,505 5,572

Thus ACC and BCC are impossible. Components include all label lifts and Smith torsion, before
residual automorphisms or alternative decompositions are identified.

Proof. Fix the first support and enumerate the other 2. The raw counts are
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Profile Tested Feasible Dimension: count

AAA 11,025 10,176 2 :6588, 3 : 3480, 4 : 108
AAB 29,400 21,792 1:20640, 2 : 1152

AAC 5,880 2,976 0:2688, 1: 288

ABB 78,400 39,360 0:34176, 1:5184

ABC 15,680 4,992 0 :4992

ACC 3,136 0 ——

BBB 78,400 15,294 0:14256, 1:1026, 2: 12
BBC 15,680 504 0 :504

BCC 3,136 0 ——

cce 3,136 856 0:810, 1:45, 2:1

Total 243,873 95,950

The intersection tensor n;j; = |P;NQ; N Ry| classifies support triples under column permutations:
equal tensors allow a column bijection in each cell. Quotient-axis permutations and permutations
of equal-sized blocks supply the remaining finite symmetries. Generator traversal and direct
minimization give identical canonical tensors and recover the raw counts. For each tensor,
enumerate anchored root labels, apply the lemma and check ULV = D and every reconstructed
seed directly. An independent Smith calculation reproduces all counts. O

Setting free coordinates to 0 gives the following seed orders and multiplicities:

Profile Seed order: number of components

AAA  2:38
AAB  6:200, 12:36
AAC  30:368

ABB 6:694, 12:508, 24 : 128, 30: 64
ABC 30 : 304

BBB 6:392, 12: 648

BBC 30:176

CCC 15 : 2016

Their least common multiple is 120. These are chosen seed orders, not minimal Butson levels or
counts of inequivalent families.

Proposition 3.3. In a regular order-8 partial matriz, C-edges form disjoint cliques.
Proof. If /s and s/t admit C, ACC and BCC exclude A and B for r/¢. Hence r/t admits C. O

A new row is therefore C-related to all or none of a CCC triple, and to at most 1 row of an
AAA triple.

3.2 Exact extension and compatibility For an unknown row w; = e(x;) and prescribed
row h; = e(y;), a decorated p-cycle imposes

kj — ki

(1).

Tj—%i =Y; —Yi+

There are 105 decorated A supports, 1120 B supports and 2688 C supports per quotient. Allowing
all 3913 choices at each old row is exhaustive. A weighted forest on the columns expresses each
xj through its component phase; closing edges impose rational integer congruences on the base
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parameters. Hermite and signed Smith reduction retain every affine locus and torsion branch.
With ¢ graph components, normalization x1 = 0 leaves ¢ — 1 free row phases.

For a prescribed triple at fixed base parameters, normalized additional rows form the vertices
of a graph; an edge means a regular quotient of any profile. A square completion is a 5-clique.
On a varying base, both row-appearance and pair-compatibility loci must be included. Refine
unsuccessful strata by these loci and their intersections, retaining disconnected row families.
Their free phases remain variables until the mutual quotient conditions have also been solved. A
symbolic 5-clique settles existence on its whole stratum; unsuccessful surfaces and curves require
their lower-dimensional events.

Lemma 3.4. If the base entries lie in pps and a row-support graph is connected, every normalized
solution lies in uigcm(M 30)° Without C, replace 30 by 6. For disconnected supports, the same finite
group contains at least 1 solution whenever the system is consistent.

Proof. Edge weights belong to the stated rational phase group. Summing them along paths
proves the connected assertion; choosing root phases in that group proves the existence assertion
for disconnected graphs. O

Thus a finite-root search can disprove row existence without connectedness, but complete row
counts require connectedness or explicit free phases. Independent finite generators enumerate
cycle partitions and rotations; every accepted row passes an exact multiplicity test. Finite-field
root sums serve only as rejection filters.

Affine entries are written as
H; (1‘) = €(Cij + ajj1r1 + -+ aijdxd), Cij € @/Z, Qijk € Z. (3.3)

Their dimension is the rank of the dephased coefficient matrix. For proposed row and column
orders p, q, equivalence reduces to the 64 coefficient identities obtained from

hp(i)ﬂ(j) - hp(l),q(j) - hp(%’):tz(l) + hp(l),q(l)' (3.4)

Generic computations treat base phases as independent variables, retaining base-only equations
only when identically satisfied. Free extension phases are still solved and may have special values.

3.3 Uniform AAA completions The canonical registry has 23 feasible AAA supports
and 38 affine components; its labels 0, ...,22 are fixed in Subsection 6.1. The next theorem
summarizes the completion loci for all AAA components. We prove the uniform assertion here
and the exceptional assertions in Subsections 3.4 and 3.5.

Theorem 3.5. Every component of the 19 classes
u=4{0,1,2,3,4,5,6,7,8,9,10,12,13,14,15,16,17, 18,20}

has an A-admitting square completion at every parameter value. The other classes have precisely
the loct

Class Components Parameter dimension Completion locus

21 2 2 8 circles in each component

22 2 2 9 circles in each component

19 1 3 9 surfaces

11 1 3 7 surfaces, 10 circles, 32 points

All listed surfaces and circles admit A-admitting completions. The 32 additional class-11 points
require mized A/B completions.
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Proof of the uniform part. Smith reduction reconstructs all 38 components. On the 32 compo-
nents in U, symbolic A-support graphs contain 5-cliques. The 32 squares in Subsection 6.3
certify them: all 28 row quotients split into opposite Laurent-monomial pairs identically. The
exceptional assertions are proved in Theorem 3.8 for classes 21,22 and Theorem 3.9 for classes
11,19. Together these give the full statement. O

The 2 maximal triple classes have 4 base parameters. The following completions have an
additional parameter ¢:

1 1 1 1 1 1 1
—1 T —T x - -1
-y z —w —z w -1 y
H{(on): t tzly w —tz)ly —w -1 —t ’ (3.5)
-t —tz/y w tz)y —w -1 t
Y —z —w z w -1 —y
1 -1 -1 -1 -1 1
1 -1 —x T —x x -1
1 1 1 1 1 1 1
1 -1 —z = Y —y —1
1 —2 —w —w w w -1 =z
HS): 1 =z t -t ty/lx —ty/z -1 —z (3.6)
1 -t t —ty/r ty/r -1 —z
1 —2 w w —w —w -1 =z
11 -1 -1 -1 -1 1
1

Proposition 3.6. For arbitrary x,y, z,w,t € T, both displayed squares have all row and column
quotients A-admitting.

Proof. Each quotient splits into 4 opposite Laurent-monomial pairs. For example, the quotient
of rows 2 and 3 in Hgo) is

(17 y_17 ZC/Z, ZC/’LU, —ZL‘/Z, —x/w, _17 _y_l)'
The symbolic checker verifies all 28 row pairs and 28 column pairs of each square. O

The real square W, . = (—1)"¢, r,c € IF%’ , is also A-admitting: every nonzero character takes
each sign 4 times. Multiple pairings of repeated entries illustrate why support counts differ from
matrix counts.

Proposition 3.7. The generic completions of the 2 maximal AAA components require 3 5-
parameter family types and the additional 4-parameter type Fy 4.

Proof. The components have respectively 45 and 23 connected rows, plus 3 and 1 free row families.
Their connected graphs have 21 and 8 5-cliques. Each free family has a compatible fixed triangle;
2 opposite free phases complete it. The resulting 4 templates give 3 equivalence types.

Solving all pair equations at special free phases adds no row to the first component, but
adds 2 rows to the second. Its augmented graph has 25 vertices and 10 5-cliques; 9 lie in its
5-parameter template and the last gives Fg 4. Every 5-parameter template has a permanent row
quotient with 4 equal entries and 4 opposite entries. A generic Fy 4 has none, proving it cannot
be omitted. ]
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For the upper rows
(17 _]-7 %, T,Y, Y, 1> _1)7 (17 —Z, W, ~w,w,w, _1) Z)‘

the new 4-parameter completion appends

I -z = -z -1 -1 1 =
1 =z Tw —rw yw —yw —1 —=z
1 —w w w  —yw yw —1 —w
= -1 -1 -y y r —=
1 v —z2w 2w @ —w —w -1 w

Every row quotient admits A; dephased coefficient rank is 4. Section 4 gives the full square
formulas and generic classification.

3.4 The 2-parameter exceptional classes For ¢ = +1, the 2 components of each class
have normal forms

1 1 1 1 1 1 1 1
Doye(z,y) =1 -1 —zy zy —x = e —ey
1 —z/y —ex z z/y —x -1 ex

1 1 1 1 1 1 1 1
Toz,y) =1 -1 y -y —-y/xz ylz —ey ey
1 —1/x —e y/z 1/z —y/z -1 ¢

Theorem 3.8. A regular square completion exists precisely on the following loci:

21 |z =41 ory==1 orxz =ty or xy = +1,

2|z=Flory=Florz==Fy orzy=1
orx=1y% ory=—x2
Both signs have the same criterion. These are respectively 8 and 9 circles, all with A-admitting
completions.

Proof. The 16 and 18 symbolic witnesses indexed in Subsection 6.4 prove sufficiency.

For class 21, use © = e(t — s), y = e(t). The 16 A-row event circles consist of the 8 successful
circles

tzO,%; s:O,%; S—tZO,%; 5—275:0,%.
and
t:i,%; s—t:%,%; s—i—t:(),%; 28—t=0,%.

There are also 34 isolated A-support loci. Off events there are 6 regular rows and 1 edge; on
unsuccessful circles there are 7 rows and clique number at most 3. Full decorated-support
projection excludes C rows everywhere and confines B rows to points. All lower row loci, pair
events and intersections leave 64 residual points per component:

Quantity Value Points per component
Candidates 7 16
8 40

10 8

Clique number 2 8
3 56

30



All surviving supports there are connected. The modulus lem(6, base-entry orders) is 12 or 24,
and independent finite enumeration reproduces all 128 lists. None has a 5-clique.

For class 22, write z = e(a), y = e(b); its raw Smith coordinates are a = s, b = t+1/2. Besides
the 9 successful circles, the A-row events consist of a +b=1/2, a —2b=1/2, 2a — b =0 and 24
isolated loci. Off events there are 6 rows with no edge; each unsuccessful circle has 8 generic rows
and no edge. Full projection excludes every C row and confines B rows to points. After all pair
events, 50 points per component remain: 48 have 8 candidates and clique number 3, while 2 have
12 candidates and clique number 1. The 2 larger fibres occur at (a,b) = (1/6,1/3), (5/6,2/3).
All residual supports are connected, with rows in p12. Independent enumeration reproduces all
100 lists, none with a 5-clique. The residues in Subsection 6.2 include every exceptional pair
compatibility. O

3.5 The 3-parameter exceptional classes The normal forms are

1 1 1 1 1 1 1 1
Twy(x,y,2) = |1 -1 ay/z —ay/z —y/z y/z =z -z
1 -1/z y/z —x/z 1/z —y/z -1 z/z

1 1 1 1 1 1 1 1
Tu(zy,z)= |1 -1 —my/z wy/z y/z —y/z y -y
1 =1/ —y/z —y/z 1/z y/z -1 y/z
with Smith coordinates (x,y, z) = (e(s), e(t), e(u)).

Theorem 3.9. The completion locus of Thg is exactly the union of 9 surfaces

‘mz:l:l, Y= *tz, z = *xy, y = *txz, :v:yz,‘

The completion locus of T11 is exactly the union of the 7 surfaces

y = +1, z==+1, z = ty, z:—yQ;

the 10 circles
r=41, y=22
r==+1, yz=1,
y=4x, z=2a2
y=—x?, z=+z,

yz = —1, z=*ux;

and the 32 points below. With w = e™/6 and (x,y,2z) = (w',w?,w"), take every indicated
combination:

i (4k)

1,7 (4,3),(4,9),(5,9),(11,3)
2.8 (5,3),(10,3), (10,9), (11,9)
4,10 (1,3),(2,3),(2,9),(7,9)
5,11 (1,9),(7,3),(8,3),(8,9)

All surfaces and circles admit A-admitting completions. The 32 points lie outside them and admit
mized A/B completions only.
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Proof. We begin with an example: at (z,y,2) = (w,w?, w3) the square H;; = w¥i has
000 0 OO0 0 O
06 8 2 1 7 4 10
037 7 91 6 1
o 0 9410 3 1 6 7
06 4 1 7 9 10 3
06 0 6 6 3 0 9
008 8 4 7 1 4
001 4 10 6 7 6

Its 28 row quotients comprise 20 A-only, 4 A-and-B, and 4 B-only pairs, as do the other 31
witnesses.

Full support projection gives 20 A-row surfaces for class 11 and 22 for class 19; respectively 7
and 9 have symbolic square witnesses. Off proper row loci there are only 4 regular additional
rows. Each of the remaining 13 surfaces has no generic 5-clique after all profiles are admitted.

Outside the certified surfaces every feasible row support is connected. Refine by all lower row
loci, pair events and intersections. This gives 126 curves for class 11 and 168 for class 19; exactly
the 10 displayed class-11 circles have square witnesses. B rows occur on curves, and class 19 also
has AAC rows at 384 points. No C row occurs outside the successful class-11 surfaces. These
mixed cases are all retained.

After refining unsuccessful curves and removing successful loci, the finite residues contain 616
and 1504 points:

Candidates Clique number Class 11 points Class 19 points

) 1 32 352
6 1 64 416
6 3 32 64
7 1 0 32
7 2 32 64
7 3 32 128
7 5 32 0
8 3 352 320
10 2 0 32
10 3 32 96
12 1 8 0
Total 616 1504

Explicit monomial transformations reduce the 2120 base triples to 132 finite triples; each
transformed seed and row is checked entrywise. Independent finite-root generation reproduces
every complete row list. Exact cycle recognition gives precisely the 32 class-11 5-cliques and
none in class 19. At each successful point only 4 rows are A-related to all 3 seed rows, so an
A-admitting square is impossible. The 26 surface/circle witnesses and the 32 point witnesses are
independently verified. Their code and certificate index is in Section 6. O

This proves Theorem 3.5. Completion existence is now settled for every AAA support; the
next section classifies all completions over the successful loci.
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4 Order 8: generic and exceptional completions

4.1 The affine families The parameter index in Fy5q,..., Mg 1 denotes dimension. The
final index of Ig 12 denotes minimal Butson level. The source names Fs,, Fsy, F5., Fy, o, Ko,
My, I3 correspond to these names with the order-8 index inserted; machine identifiers retain
their original spelling.

Theorem 4.1. The following 9 affine families are regular, generically locally maximal in the
dephased reqular locus, and generically distinct under equivalence:

Fy 50, F3 55, F8 505 Foa, F 4y Fr, F 9, K 2, My 1
Their dimensions are 5,5,5,4,4,2,2,2,1. The first 8 admit A on every row and column quotient.

Generically Mg 1 has 24 A-only and 4 B-only quotients in each direction.

Proof. We begin with the matrices. All parameters in the following dephased formulas range
independently over T. The transpose families are literal transposes.

1 1 1 1 1 1 1 1
1 -1 —bd bd —-bd bd 1 -1
1 -1 oy kg g L
11 -1 -1 -1 -1 1 1
F&E)a(a?bv ¢, da 6) = 1 _1 bd —d _bd d -1 1
1 -1 bd —-bd bd —-bd 1 -1
1 L e 2 ¢ g 7 1
1 L e -2 ¢ 2 3 I

F8,5b(a/7 b7 c, da 6) =

e T T = T T e
= al~
\

—_
\
—_
\
—_
\
—_
—
—

e % cde —% —cde —1 —e
—e % —cde bad cde -1 e
1 1 1 1 1 1 1
1 -1 ad —ad —bd bd -1
1 - a4 d -d —-d -1 1
11 -1 -1 -1 -1 1 1
F 5¢ 7ba ada =
sselabed =1 0 g g g g 12
1 -1 —ad ad bd —-bd 1 -1
1 1 e —e ke _be 71 _1
1 i —e e Jbe be 1 i
1 1 1 1 1 1 1
1 -1 ad —ad —-bd bd 1 -1
1 -1 a4 d —d -d -1 1
1 L —ad ad -1 -1 1 -4
Fsa(a,b,c,d) = ¢ ¢
8,4(a7 » Gy ) 1 % CLd2 _ad2 bd2 _bd2 -1 _%
1 d —d —d —=bd® bd®> -1 d
1 1
1 - -1 -1 bd —bd 1
1 —d —ad® ad? d d -1 —d
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Formal cycle recognition verifies every row and column quotient of each displayed matrix.
Coefficient ranks give the asserted dimensions.

For a quotient ¢, let m(q) count antipodal perfect matchings of its positions. If its opposite
value groups have multiplicities ni,n1,...,ns, ng, then

m(q) = H n;l.
j=1

Set m(q) = 0 when A is impossible. The ordered row and column distributions are monomial
invariants:

Type Row distribution Column distribution
Fyse 1061 4081 2404] 1061 4181 24[4]
Fag 106, 418 2404 1081 20161 9404

Fg 5c 181 o016]  24[4] 1061 4081 2404

Fy 4 1041, ol24] 1[24] ) 24M]

Fst, 4 10241 2404 1041, 9f24]

Fgo 10121 90121 4l3] 94011 1012] o012l gl4]

F§:2 1021 2012]  g4] 102 o0t2] 48] 94[]
Kso 10201 o8] 1[200 o[8]

Ig12 o4l 10121 ofs] gl4l o4l 10121 o8l gl4]
Mg, o4l 1024 o4l 1024

Here m[") means r pairs with m matchings. These distinct distributions separate the generic
types; specializations may meet.

Near a fixed dephased square, choose continuous real lifts of its 49 free entry phases. For each
decorated support holding at the square, subtract its phase equations at that point; the resulting
conditions are homogeneous linear equations in the phase increments. Every failing decorated
support remains absent in a sufficiently small neighborhood, since there are only finitely many.
The regular locus is therefore locally a finite union of these exact linear spaces.

For a generic A quotient, write P, N for opposite groups with the same monomial. Every

possible pairing implies

>_0g;— > 3q;=0.

jeP JEN
Stacking these common equations over row pairs gives ranks 44,45,47 for the 5-, 4-, and 2-
dimensional families. Their kernels equal the displayed coefficient spaces. No B or C support
holds generically, so the local regular locus equals the family. For mixed supports, intersect their
constraint row spaces to obtain common equations and then check the remaining alternatives.
For Mg the common rank is 48 and its kernel is precisely the displayed circle. Exact nonzero
minors certify all ranks. Finally, the matching table proves generic inequivalence. O

The transpose identifications are
i ¢ ¢ ¢ ¢
F8,5a ~ F8,5a7 F8,5b ~ F&ch K8,2 ~ K8,27 M8,1 ~ M&h 18,12 ~ [8,12~

Their exact monomial witnesses include parameter substitutions. The 2 transpose pairs displayed
separately are generically inequivalent.

To verify a family embedding, solve its target parameters from a full-rank coefficient minor,
retaining all torsion choices, and check all 64 dephased entries. The archive has 1519 such generic
witnesses, including the initial targets. Matching counts prune permutations but never replace
the entrywise check.
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4.2 (Generic completion of prescribed triples

Theorem 4.2. Every regular square completion over a generic triple in any of the 38 AAA
components belongs to

Fssa, Fsge, Fipen Fsa, Fgu Fo
Every such square is A-admitting. Classes 11,19,21,22 have no generic completion.

Proof. Apply all 3913 decorated supports per quotient. Weighted component equations retain
every free added-row phase; a base-only congruence survives precisely when identically satisfied.
Thus every generic regular row occurs. Remove a contained row family only after an explicit
affine substitution, determined by its anchor entries and checked in all 8 coordinates.

For every pair of retained families, enumerate all quotient supports and solve their joint
congruences. Choose 5 families, allowing repeated choices with independent phases, and intersect
all 10 pair conditions. Discard only empty branches, branches restricting the generic base, and
loci contained in retained larger loci. Every square follows one such sequence of its realized
supports; conversely every surviving branch has all 28 regular quotients.

Smith splitting of

Ay+ Bz +c=0 (1),

retains every torsion residue and free phase. Independent rational reconstruction and cycle
recognition give 1512 parameterizations:

dimension ‘ 2 3 4 5
parameterizations ‘ 874 542 77 19.

All have exact monomial embeddings into the 6 stated families, and all row quotients admit A.
The checker also verifies dephasing and parameter rank. These are counts of presentations, with
overlaps allowed. O

4.3 The isolated square and the mixed circle

Theorem 4.3. FEach of the 32 isolated successful class-11 triples has exactly 1 square completion,
up to phases and order of the added rows. All give the same monomial class Ig 12, of minimal
Butson level 12 and locally isolated in the regular locus. Its row and column profiles are

20 A-only, 4 A and B, 4 B-only.

Proof. We begin with a canonical representative. With w = e™/%, write Ig 12 = (wP) with
exponent matrix

0o 0o 0 0o 0 0 0O
0 0 0 3 6 6 6 9
01 5 9 1 5 96
0 4 8 6 10 2 3 9
0 6 2 11 9 8 3 5
0 6 11 5 3 11 9 5
o 7v 6 1 7 3 91
010 6 7 4 9 31

Each complete list of 7 candidate rows has exactly 1 5-clique. Canonicalization over every
pivot row and column and all remaining column orders, followed by row sorting, identifies the 32
squares. All transformations are checked entrywise. The dephased representative has a primitive
12th-root entry, hence a primitive cross ratio; every equivalent Butson level is divisible by 12.
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The equations common to every support have rank 48. For a selected B-only quotient there
are 4 feasible supports, each killing the remaining direction: adjoining an appropriate constraint
gives determinants 1, —1,1, —1. Thus every local support branch has dimension 0. 0

The exact profile locations and triple census are

Profile admitted Row pairs

B only (1,3),(2,4),(5,8),(6,7)

Both A and B (1,4),(2,3),(5,7),(6,8)

A only All other 20 pairs
Exact edge profiles Admissible triple types Number
A-only, A-only, A-only AAA only 16
A-only, A-only, B-only AAB only 16
A-only, A-only, AB AAA and AAB 16
A-only, B-only, AB AAB and ABB 8
Total 56

The B-admitting graph is the union of cycles (1,3,2,4) and (5,8, 6,7), with B-only and AB edges
alternating. Triples within a cycle give 8 mixed-profile cases; the other triples give 16 of each
remaining kind. Counting admitted types with overlap gives 32 AAA, 40 AAB, 8 ABB and no
BBB. The transpose has the same census. The exponent matrix is entry 739, indexed from 0, in
the Aalto catalogue file BH-8-12.txt.

Proposition 4.4. The family Ms1(a) is A-admitting ezactly when a'?> = 1. Generically the 4
pairs

(1,6), (2,5), (3,4), (7,8).

are B-only and the other 24 are A-only.

Proof. For each of the 4 quotients, enumerate all 105 antipodal matchings. Their equations have

the form
kt =c (1), a=e(t), keZ, ceQ/L.

Solving every nonzero k equation with all |k| branches, then checking the remaining equations,
gives exactly a € pio for each pair. The fixed symbolic decompositions verify the remaining
profiles. O

At a = e(1/18), the exponent matrix is

0o 0 0 0 0O O 0 O
0 17 1 7 9 8 10 16
0 1 10 3 12 13 4 9
0 7 14 16 5 12 9 3
0 9 5 12 8 17 3 14
0 8 6 1 17 7 13 12
0 10 15 9 14 6 1 5
0 16 9 10 3 1 12 7

It has 24 A-only and 4 B-only row quotients and minimal level 18, since the dephased entry a is
a primitive cross ratio. The local regular locus of catalogue entry 753 at level 12 has a surface in
Kg 2 and 2 equivalent presentations of this circle. Its A-admitting intersection therefore does not
reveal the circle’s generic mixed profile.
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4.4 Completion on all closed parameter loci For an affine triple T'(t) = (1;u(t); v(t)),
use all 105 + 1120 = 1225 decorated A /B supports per new quotient. Solving their weighted
column graphs gives records

Lt+c=0 (1),
{ wj=e(aj+bj-t+d;-s), se(R/Z). (4.1)

Here closing edges impose the base lattice, while disconnected components supply all free row
phases s, possibly more than 1.

The generic calculation describes rows that exist throughout the open part of a base component;
it does not settle what can happen where an additional phase equation becomes true. Such
an equation may cut out a circle, surface or finite set on which new rows appear or previously
separate row families become compatible. We therefore treat each proper locus as a new base
stratum and repeat the extension analysis there. An all-parameter classification therefore requires
the exceptional strata and their intersections to be exhausted as well, including loci where existing
rows become compatible without any new row appearing.

Theorem 4.5. These records give the complete A/B 4th-row cover. Recursively splitting proper
base intersections into connected Smith components, and solving every b-row compatibility system
on each closed stratum, terminates and gives every A/B square completion.

Proof. Every regular added row realizes an enumerated triple of supports. Tree edges, closing
equations and free component phases describe exactly its solutions. Merging identical records or
removing a contained record by a checked affine substitution preserves the cover.

On a connected base stratum, retain records whose base equations hold identically. If a
square uses a row outside this list, its base lies in a proper intersection. Split that intersection by
Smith form and recurse; dimension strictly decreases. On the first stratum where all 5 rows occur,
choose their families, allowing repetition with independent phases. Enumerate all A/B supports
for the 10 mutual quotients and intersect their equations, including every base restriction. Smith
splitting retains every connected branch. Conversely, each branch supplies the 3 original, 15
old-new and 10 new-new regular quotients. Independent cycle recognition verifies the output
formulas. O

All reductions between base strata use certified equivalences of triples. Circle substitutions
retain orientation, translation and every finite branch; alternative AAA matchings retain their
support tensors. Conjugation and transposition are not used as equivalences.

4.5 Completeness over the AAA locus

Theorem 4.6. Fvery A/B regular square containing AAA belongs to the 9 continuous families of
Theorem 4.1 or to Ig 12, including all exceptional parameter loci. For AAA classes 11,19,21,22,
the first 8 continuous families and Ig 12 suffice.

Proof. The existence criteria restrict the 4 exceptional classes to their successful surfaces, circles
and 32 isolated points. Apply the complete row cover and closed-stratum procedure to these loci.
The exact exhaustion gives

21,22 11,19
raw row records 9356 + 10164 14585 4 19421
lattice loci 28846 106633
Smith branches 32534 119397
distinct square formulas 396 1557
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The second calculation uses 16 surfaces, 128 circles and 824 point presentations, reduced by
triple equivalences to 177 searches; 50 further cases reduce to classes 21,22. All 1953 formulas
pass cycle checks and embed into the first 8 families:

Target family Classes 21 and 22 Classes 11 and 19

F3 54 107 224
Fys 148 437
Fyse 44 128
Fs.4 45 79
Fl, 31 548
Fgo 8 56
Fl, 10 32
Ks. 3 53
Total 396 1557

The 32 isolated points give Ig 12 by Theorem 4.3.

For the 32 uniformly completable components, retain all base equations in 548310 checked
row records. Recursive intersection gives 15865 nodes:

Base dimension Nodes in the recursive cover

4 2
3 26
2 292
1 3301
0 12244
Total 15865

Certified point and circle equivalences remove 12168 and 3247 aliases. Alternative AAA supports
reduce 50 further problems to the exceptional classes, leaving 400 searches. Their 845666 lattice
loci give 610840 Smith branches after lattice deduplication and then 10048 distinct square
formulas:

Formula dimension Number of formulas

0 1984
1 3684
2 2522
3 1222
4 605
5 31
Total 10048

Every formula has a checked embedding, with assignment counts
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Target Verified square formulas

Fi 54 1517
Fy 5 2776
Fyse 581
Fg 4 416
F, 3787
Fs2 853
Fi, 70
Kgo 23
Mg, 21
Is 12 4
Total 10048

Only 8 formulas are not A-admitting: 4 represent Ig 12, and 4 lie in Mg 1, including 2 constant
formulas. All Smith decompositions are checked, all torsion branches retained, and all quotients
and 64-entry embedding identities independently verified. The completion procedure proves that
these finite outputs exhaust the closed strata. ]

The 12001 formulas are a complete parametrized cover before equivalence, not pairwise
inequivalent families. The C-containing sector is treated next.

5 Order 8: the complete classification

5.1 The maximal BBB branch The unique 2-dimensional BBB support class has 4 label
lifts and 2 Smith branches per lift. Its 8 components reduce by certified monomial transformations
and unimodular parameter changes to the following family or its conjugate, 4 components each.
Put w = e™/% and w = w:

u(a) = (1,w,w?, aw?, a, aw, w't, w’),
o 7o 7. 3. 1 a,beT. (5.1)

v(b) = (1w, w', bw’, bw’, bw* ", w, w),
The triple (1;u(a);v(b)) has decompositions

P =123]456]78, Q= 12745638, R = 128]456|37.

for u, v, u/v, respectively. In particular,

ufo = (1,05, w, (a/b)w, (a/b)u?, (a/b)u?,w, w).
verifies the third decomposition.

Theorem 5.1. This triple admits a regular 4th row exactly on the 9 circles

ad=-1 or ¥=—i or (a/b)’=i

and 54 additional points in ji3 listed in Subsection 6.2. It never admits a regular 5th row. The
same holds for the conjugate components.

Proof. Full A/B/C support projection gives 9 row circles and 135 finite special points, with every
feasible graph connected. The only surviving profiles are
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Ordered profile Circle loci  Point loci

AAA 0 9
AAB, ABA, BAA 0 each 27 each
ABB, BAB, BBA 3 each 60 each

Each circle has 1 generic row; deleting points on the circles leaves 54 points. The complete
special fibres have counts
candidates ‘ 1 2 3 8

points \36 72 18 O.

Independent finite-root generation reproduces every list. Exact cycle recognition rejects all 378
pairs of candidates. Elsewhere there is at most 1 added row, so no 5th row exists. Conjugation
preserves cycles. 0

Subsection 6.5 gives the 9 row formulas in the coordinates of (5.1).

5.2 Every A/B square contains AAA A pure-B triple has B-admitting quotients, none
admitting A.

Theorem 5.2. A pure-B triple cannot extend to an A/B regular 5 x 8 matriz. Every A/B
reqular K x 8 matriz with K > 6 therefore contains AAA.

Proof. Enumerate all normalized labels on the 39 feasible BBB supports. The 652 consistent
lifts split into 1040 connected Smith components. Of these, 392 have all 3 edges A-admitting
identically and 32 have at least 1 such edge; none contains a pure-B triple. The remaining
components are

548 fixed triples, 60 circles, 8 two-dimensional components.

The fixed triples reduce to 34 equivalence classes, giving 102 scans. The complete A/B row cover
has 3830 records, all with no free added-row phase. For every pair of raw records, including
equal indices, impose both base lattices and all 1225 quotient supports. No consistent pair locus
occurs, including at special base parameters. Every hypothetical 5-row extension would realize
such a pair, a contradiction.

Independently, closed-stratum recursion gives 1230 nodes; after removing identically A-
admitting bases and certified aliases, 110 strata remain. Only 44 have rows: 20 circles with 1
generic row, 16 point fibres with 2 rows, 6 with 3 rows and 2 with 8 rows. All 90 finite candidate
pairs fail exact A/B/C recognition. This reproduces the obstruction.

Now color a row pair red if it admits A, blue otherwise. Blue means B-only. Every coloring of
K¢ has a monochromatic triangle [28]: among the 5 edges from a vertex, 3 share a color; either
one edge among their endpoints has that color or all 3 have the opposite color. A blue triangle
would extend to 5 rows, contradicting the first assertion. Hence a red, AAA triangle exists. [

5.3 The maximal CCC branch The 6 feasible CCC support classes have dimensions
0,0,0,0,1,2. The maximal class has common triangle and pentagon supports. With w = emi/15
and w = w'?, its normal form is

11 1 1 1 1 1 1
Ho(a,b) =1 w w? a aw® aw'? aw'® aw®|. (5.2)
I w2 w b bw'? bw?* bt bw'®

Lemma 5.3. FEvery component of the mazimal CCC support class is equivalent to a member of

He(a,b).
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Proof. Normalize the triangle labels to (0,1,2) and (0,2,1). On the pentagon, normalize the
first labels to (0,1, 2,3,4). Of the 24 permutations fixing 0, precisely the slopes k = 2, 3,4 have a
permutation difference from the identity:

| fG) 3 (5)
3
1
4

2
4
1

N W

Swapping the nontrivial rows sends slope 3 to 37! = 2; exchanging the first 2 rows sends slope 4
to 1 —4 = 2. Renormalize the triangle. The 2 remaining block rotations are a, b, covering all 144
label lifts. O

Theorem 5.4. The triple Ho(a,b) has a regular 4th row precisely when

2 2 2

a € s, b=wa” orb=w"a”.

At each of these 30 points there are 10 normalized rows: 8 A-related and 2 C-related to every
prescribed row. Their full compatibility graph is K5 K5, each component containing 4 A-related
rows and 1 C-related row. Every added row therefore has a unique square completion retaining
the triple.

Proof. Full decorated-support projection retains only AAA and CCC new-row profiles, exactly
at the stated points. Every feasible graph is connected; the complete fibres have sizes 8 and
2. Independent finite-root enumeration reproduces them. Exact pair tests give the 2 disjoint
cliques. O

The fixed-triple extension counts are

totalrows‘ 4 5 6 7 8
row sets \10 20 20 10 2.

For example, at (a,b) = (w?, w'?)

, the prescribed exponent rows are
u = (0,10, 20, 2,8, 14, 20, 26), v = (0,20, 10, 14, 26, 8, 20, 2).

and the complete added-row list is

Row ‘ Exponents modulo 30 Profile
110 20 20 8 2 26 10 14| CCC
210 20 20 26 14 2 10 8| CCC
310 14 8 23 11 29 26 15| AAA
410 14 8 29 23 17 2 15| AAA
510 26 2 17 11 15 8 23| AAA
6|0 2 14 17 15 23 8 29| AAA
710 8 26 15 29 23 14 11 | AAA
810 8 26 15 23 11 2 17| AAA
910 2 14 11 15 29 26 17| AAA

010 26 2 29 17 15 14 11 | AAA

Its 2 components are {1, 3,6,8,10} and {2,4,5,7,9}.
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All 60 squares have the representative (K3 30)i; = wMii with

0o 0 0 O o0 0 O
0 6 10 12 18 20 24
6 13 28 27 21 12 15
10 28 20 16 4 10 22
12 27 16 1 15 24 9
18 21 4 15 19 6 3
20 12 10 24 6 0 18
24 15 22 9 3 18 7

O O O O O o o O

Theorem 5.5. The mazimal CCC branch yields exactly the class Kg3g. Its minimal Butson
level is 30, it is locally isolated in the regular locus, and it has no AAA triple. Its row and column
C-graphs are K4 U Ky, with all remaining edges A-only.

Proof. For each of the 60 squares, canonicalization over all pivots and column orders, followed
by row sorting, gives M. The saved transformations are independently checked using

Dij = Eij — Eyj — Eic + Erc (30).

Arbitrary equivalence phases cancel in these dephased cross ratios. For the 2 example cliques,
respective pivots (1,2), (1,7) and row/column orders are

‘ rows ‘ columns
1(1,3,6,2,5,8,4,7) | (2,7,5,1,8,6,3,4)
2 (1727 5747 77 87 37 6) (77 37 87 1?4? 57 276)'

The cross ratio w'? forces minimal level 30.

Each A quotient has 1 support and each of the 12 C quotients has 2; no B support occurs.
For all 2'2 choices the dephased variation equations

0ij —Orj — i+ 0k =0 (4,1 in the same quotient block).

have rank 49 modulo 2, hence over Q. Every local support space is a point; the finitely many
supports not passing through the square are excluded in a neighborhood. This proves regular
isolation.

Direct cycle checks give C-cliques {1,2,4,7} and {3,5,6,8} in both directions. Their 3-row
census is

Triple type Number of minors
AAC 48
CCC 8
All other types 0
Total 56
Every triple contains a C-edge, excluding AAA. O

5.4 All squares containing a C-pair This branch is reduced in stages. A chosen C-pair is
normalized to P(z) with one remaining phase. The addition of a fourth row forces that phase
into a finite set; a fifth row then restricts the entries to a finite root group. The remaining rows
can be checked in a finite compatibility graph, while the only positive-dimensional pair loci are
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tracked separately. This turns the C-containing classification into an exact finite problem without
assuming at the outset that the square is Butson.

We begin with the 3 matrices that will occur in the classification, then establish the 2
finite-root reductions. With w = ¢™/15 and w = w'?, write H;; = wPii. The matrices are

0 0 0 0 0 O
6 10 12 18 20 24
13 28 27 21 12 15
10 28 20 16 4 10 22
27 16 1 15 24 9
18 21 4 15 19 6 3
20 12 10 24 6 0 18
24 15 22 9 3 18 7

S O O

E(Kg30) =

)

oS O O O O O o O
—_
[\)

o 0 0 0 0 0 O
0 6 10 12 18 20 24
6 21 2 19 17 4 15
10 17 26 8 2 15 23
12 4 23 27 15 19 8
18 2 17 15 3 1 16
20 19 15 4 16 5 1
24 15 8 23 1 16 9

E(Lg30) =

0o 0 0 0 0 O
0 6 10 12 18 20 24
6 21 17 4 2 19 15
10 2 25 23 17 15 8
12 19 8 27 15 4 23
18 17 2 15 3 16 1
20 4 15 19 1 5 16
24 15 23 8 16 1 9

E(Lé,so) =

O O O O O o o O S O O O O o o O
[en}

Normalize a chosen C-pair to

1 1 1 1 1 1 1 1
P(z) = X , cT. 5.3
(2) (1 w wr oz 2wt zw'? zw!® zw24> ‘ (5-3)

This uses only row and column phases and permutations, with z initially arbitrary.

Lemma 5.6. If a reqular partial matriz containing P(z) has at least 4 rows, then z € psg. It
can then be normalized to P(1) or P(—1).

Proof. Put z = e(t). Enumerate all 39132 = 15311569 pairs of decorated supports for a normalized
3rd row. Weighted forests give closing equations
a —
30
Independent graph traversal solves each equation directly, retaining every torsion value. Both
solvers give

kt + 0 (1). (5.4)

3rd-row quotient types AA AB BA BB CC
Feasible decorated systems 5220 3600 3600 1680 3138
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and 14178 row/locus records before containment. Every nontrivial base locus lies in pgo. Off this
group, the 93 unrestricted records reduce by explicit substitutions to 3 circles:

6s 12s 18s 245)

re(v) = (1, w?, w, v, vw®, vw'® VW' VW), s=2,3,4, veT. (5.5)

Different slopes have inner product 3; for equal slopes, (rs(v),rs(t)) = 3+ 5vt # 0. Thus 2 added
rows cannot coexist.

Cyeclic triangle and pentagon reordering changes the exponent of z by 6b — 10a. These are
exactly the 15 even residues modulo 30, leaving the 2 representatives 1, —1. ]

The complete normalized 3rd-row cover over these pairs is

Base pair Quotient types Fixed rows Circles

P(1) AA 240 12
AB 96 0
BA 96 0
BB 80 0
CcC 8 6
P(-1) AB 80 0
BA 80 0
BB 32 0
CcC 0 3

For P(1), its 18 circles are r;(u); = e(ci/30 + myu) with

j Types (c1,...,¢8) Mask

1 CC (0,20,10,0,12,24,6,18) 00011111
2 CC (0,20,10,0,18,6,24,12) 00011111
3 CC (0,20,10,0,24,18,12,6) 00011111
4 AA  (0,0,2,6,21,17,15,15) 01100110
5 AA (0,0,2,24,15,17,15,9) 01100110
6 AA (0,0,8,6,21,15,23,15) 01100110
7 AA  (0,0,8,24,15,15,23,9) 01100110
8 AA (0,0,14,12,15,27,15,29) 01101001
9 AA (0,0,14,18,15,15,3,29) 01101001
10 CC (0,0,20,10,12,24,6,18) 01110000
11 CC (0,0,20,10,18,6,24,12) 01110000
12 CC (0,0,20,10,24,18,12,6) 01110000
13 AA (0,0,26,12,11,27,15,15) 01101001
14 AA (0,0,26,18,11,15,3,15) 01101001
15 AA (0,15,5,20,0,15,27,12) 00001111
16 AA (0,15,5,20,0,21,15,6) 00001111
17 AA (0,25,15,10,0,15,27,12) 00001111
18 AA (0,25,15,10,0,21,15,6) 00001111

For P(—1) the 3 circles are (5.5). No retained fixed row lies on a circle; the P(1) circles have 3
intersections. The fixed rows and all containment maps are in code002_work/N8/n8_C_sector/.

Lemma 5.7. Fvery regular partial matrix with at least 5 rows and a C-pair can be normalized
to P(1) or P(—1) with all entries in ugp.
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Proof. Enumerate every decorated quotient support between 2 added families, allowing a circle
twice with independent parameters. At P(1), 528 family pairs give 766 loci:

Kinds of added families Equation rank Recorded loci

Fixed, fixed 0 376
Circle, fixed 1 64
Circle, circle 2 308
Circle, circle 1 18

At P(—1) there are 112 compatible pairs, all fixed. Direct elimination gives primitive coefficients
41 in 1 variable and determinant absolute value 1 or 2 in full-rank 2-variable systems. Their
solutions lie in usg or pugg. There is no unconstrained circle compatibility. The only positive-
dimensional loci are

c
w—v+ 35 =0 (1) (5.6)
with the 18 entries
Circle i  Circle j c Circle i  Circle j c
4 4 15 9 13 6
4 7 6 13 13 15
5 5 15 14 14 15
5 6 18 15 15 15
6 6 15 15 18 28
7 7 15 16 16 15
8 8 15 16 17 22
8 14 12 17 17 15
9 9 15 18 18 15

A self-line pairs opposite phases, so at most 2 rows from the same circle can be compatible
through self-lines. The 6 cross-pairs of circles are disjoint, ruling out 3 distinct circles. If 2 rows
belong to one circle and a third to its partner, the cross-line fixes the same phase difference for
both pairs, forcing the first 2 phases to coincide. This contradicts their being opposite. Hence 3
added rows cannot be mutually compatible using only these lines.

If one added row is fixed, compatibility forces every occurring circle phase into psg. Otherwise,
among at least 3 added circle rows, some pair lies on a full-rank locus, anchoring its phases in
teo- Every further row is anchored by a full-rank relation or a free-line difference in p3g, so also
lies in pgp. ]

The finite-root reductions now give the classification and the uniqueness of completion.
Theorem 5.8. FEvery reqular order-8 square containing a C-pair belongs to exactly 1 of
Ksg 30, Lg 30, L§,30-

These classes are distinct, regularly isolated, and have minimal Butson level 30. Every regular
K x 8 matriz with 5 < K <7 and a C-pair has a unique reqular square completion, up to phases
and order of the added rows.

Proof. Evaluate the circles at all 60th roots, add fixed rows and deduplicate. Independent
recursive cycle recognition gives the graphs

46



Base Vertices Edges 3-cliques 4-cliques 5-cliques 6-cliques

P(1) 1597 1492 320 240 96 16
P(-1) 372 112 0 0 0 0

For at least 3 added rows, Lemma 5.7 makes this grid exhaustive. The 16 6-cliques have disjoint
2-element subcliques, and

6 6 6
16(.] =320, 16( |=240, 16(.] =96

exhaust the smaller clique counts. Thus every 5-, 6-, or 7-row partial matrix belongs to exactly 1
square. The negative pair stops at 4 rows.

Independently, the affine completion engine intersects all pair conditions for 6 added families.
Its 14 loci split into 16 points at P(1) and none at P(—1), with no free phase and all entries in
p30- Their unordered row sets agree entrywise with the finite graph’s 16 squares.

Complete pivot-and-permutation canonicalization gives multiplicities 12,2, 2 for the 3 dis-
played, distinct matrices. Exact transformations certify all equalities. Each representative
contains a primitive 30th-root cross ratio, proving minimal level. A chosen C quotient remains
outside the closed A and B loci in a neighborhood, so nearby regular matrices remain in this
finite C-sector. The 3 compact monomial orbits are disjoint, proving regular isolation. O

The lower-row boundary is also explicit: at P(1) the unordered pairs of added rows comprise
18 circles and 772 points outside them; at P(—1) there are 112 points. Indeed, the 18 free lines
account for 720 distinct grid edges, leaving 1492 — 720 = 772; every isolated compatibility lies on
the justified grid.

The row and column cycle censuses are

Matrix A-pairs C-pairs AAA triples AAC triples CCC triples

Ks.30 16 12 0 48 8
Ls 30 24 4 32 24 0
Lk 3 24 4 32 24 0

The C-cliques of Kjg3p were given above. For Lg 3 and its transpose, they are {1,2}, {3, 8},
{4,7},{5,6} in both directions. All non-C pairs are A-only.

5.5 The complete family cover

Theorem 5.9. Every regular complex Hadamard matrixz of order 8 is ordinarily monomially
equivalent to a member of

Fssa, Fssb, Fsser Fea, Fiyr Fro, Fio, Kgo, Mg, (5.7)
or to 1 of the 4 isolated matrices

Ig 12, Kg 30, Lsg 30, Lé,go. (5.8)

Conversely all these matrices are reqular. The continuous dimensions are 5,5,5,4,4,2,2,2,1;
their generic types are distinct and locally maximal in the regular locus. The isolated classes are
pairwise inequivalent. Conjugation and transposition are not included in equivalence.

Proof. A C-pair puts the square in Theorem 5.8. Otherwise every quotient admits A or B;
Theorem 5.2 supplies AAA, and Theorem 4.6 gives the remaining cover. The explicit cycle
certificates prove the converse. The matching invariants and local support ranks distinguish the
generic continuous types. The C-classes are mutually distinct; Ig 12 has no C quotient and is
therefore distinct from them. O
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Corollary 5.10. At order 8:

(i) Every regular matrixz is an affine deformation of a Butson matriz, up to equivalence.
(ii) The mazimum regular local moduli dimension is 5; the isolated classes are exactly (5.8).
(i) Kggo is the unique AAA-free reqular square, up to equivalence.
(iv) Transposition preserves reqularity. It fizes the classes of Ig 12 and Kg 3o, exchanges Lg 3o with
L§730, and acts on continuous types as in (5.7) and the transpose identities of Subsection j.1.

Proof. Set all family parameters to 1 to obtain Butson seeds; the isolated matrices are constant
deformations. The finite affine cover has maximum rank 5, unchanged by the finite equivalence
action after dephasing. Every point on a positive-dimensional family has inequivalent nearby
points; the other 4 classes are isolated. The AAA assertion follows from the C-census and the
A /B theorem. Finally, every displayed family and isolated square has regular column quotients;
the explicit transpose witnesses give the identifications. ]

5.6 The finite catalogue comparison

Theorem 5.11. All 5469 entries of the Aalto B(8,q) catalogues for ¢ = 2,4,6,8,10,12,14,16
are reqular, contain AAA and have exact monomial embeddings into the 9 continuous families or
Ig 12.

Proof. Using the Aalto catalogue [21] and its format conventions, exact cycle recognition tests
all quotients and all 56 row triples. Independent substitution checks every embedding;:

g Catalogue classes Regular With AAA Identified

2 1 1 1 1

4 15 15 15 15

6 36 36 36 36

8 143 143 143 143

10 299 299 299 299

12 756 756 756 756

14 1412 1412 1412 1412

16 2807 2807 2807 2807

Total entries 5469 5469 5469 5469

At level 12 only Ig 12 is not A-admitting; all entries at the other listed levels are A-admitting.
The 27 entries outside the initial 7-family cover have 41 local branches: 38 in Kg2, 2 in Mg
and the isolated Ig 2. O

The catalogue’s completeness is the published input; entries at different levels may repeat
classes. A C quotient in B(8, q) forces both 3 | ¢ and 5 | ¢ through within-cycle ratios. Thus these
levels do not test C. The global classification follows from support exhaustion, independently of
this comparison.

6 Order 8: certificates and verification
6.1 The AAA registry The first support is P = 12|34/|56|78; @, R are the supports of the

third row and the quotient of the nonconstant rows. Dimensions are dephased, and branches
include Smith torsion.
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Class d Branches @ R Completion locus
0 4 1 17|28/35/46 17|28]35/46 All parameters
1 4 1 17|28/35/46 17|28]34|56 All parameters
2 3 2 17]28|35|46 17|28|36/45 All parameters
3 3 1 17|25[38/46 17|25/38]46 All parameters
4 3 1 17|25/38/46 17|28]34]56 All parameters
5 2 2 17|25|38|46 17|26|38|45 All parameters
6 3 1 17|28/35/46 17]26|35/48 All parameters
702 2 17]25|36]|48 17|24|36/58 All parameters
8 3 1 17|28/35/46 17]26|34|58 All parameters
9 2 2 17|28|35|46 17|26|38|45 All parameters

10 3 1 17|25/34/68 17]23]48]56 All parameters
11 3 1 17|25/38/46  16]28|34|57 §3.5
12 2 2 17|25/38]46 16]27|38|45 All parameters
13 2 2 17|25|38|46 17|26|34|58 All parameters
14 2 2 17|25|38|46 16|27|34|58 All parameters
15 2 4 17|28|35|46 18|27|36|45 All parameters
16 2 2 17|28|35|46 18|26|37|45 All parameters
17 3 1 17|28/35/46 16|25/38]|47 All parameters
18 2 2 17|28|35|46 16|25|37|48 All parameters
19 3 1 17|25/36/48 16]28|37|45 §3.5
20 2 2 17]28|35|46 16|24|37|58 All parameters
21 2 2 1725[38]46 16]28/37|45 §3.4
22 2 2 17)25|38/46 16]24/37|58 §3.4

The natural coordinates equal the Smith exponentials for classes 11 and 19. For class 21,

x=e(t—s), y=e(t); for class 22, x = e(s), y = e(t + 1/2).

6.2 Finite residues

used for each i:

.

Values of j

© 00 O = W N

10
14
15
16
18
20
21

4, 10, 16, 22

6,9, 18, 21

6, 10, 18, 22
2,4, 8, 10, 14, 16, 20, 22

2, 6, 14, 18
3, 6, 15, 18
2, 8, 14, 20

4, 10, 16, 22

6,9, 18, 21

6, 10, 18, 22
2,4, 8, 10, 14, 16, 20, 22

2,6, 14, 18
3, 6, 15, 18

49

The class-21 residual set has (s,t) = (i/24,j/24), with every listed j



i Values of j

22 2,8, 14, 20

It has 64 points in each component, outside the successful circles. For class 22, write
(z,y) = (e(i/12),e(j/12)); the 50-point residue is

Values of j

~.

3,4,9, 10

3,4,5,9, 11
1,2,4,5,7,8, 10, 11
1,3,7,9

2,3,8,9

3,4, 9,10

3,5,9,11
1,2,4,5,7,8, 10, 11
1,3,7,8,9

2,3,8,9

© 00 N T = W N

[
=)

The same parameter sets apply to both signs; their row lists are checked separately.
For the BBB family (5.1), put w = e™/% and (a,b) = (w*,w’). The 54 points outside its 9
extension circles are

i Values of j 1 Values of j

0 0, 15,20, 60, 75, 100 65 10

5 10 70 0, 40, 50, 80
10 10, 20, 50, 90 75 45
15 105 80 20, 40, 55, 60, 100, 115
25 50 85 50
30 0, 40, 80, 90 90 10, 50, 60, 90
35 85 95 25
40 20, 35, 60, 80, 95, 100 105 90
45 90 110 0, 10, 40, 80
50 10, 50, 90, 100 115 5
55 65

Conjugate both parameters and entries for the conjugate components.

6.3 Uniform square certificates The matrix H(“?) below extends class ¢, Smith branch
b. Its first 3 rows are the registered component; parameters are local to each display. In every
row quotient, each Laurent monomial occurs with the same multiplicity as its negative. The 32
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formulas therefore prove A-admitting completion for all parameter values.

HO9(q,b,¢,d) =

S VAT GG

HY(q,b,¢,d) =

HZ9(q,b,¢) =

H(z’l)(a7 b,c) =

HB(a,b,¢) =

e e

1 1
-1 —bd
—c ! —a'bd
—ac™! bd
-1 bd
ac™! —bd
1 -1
c ! a"'bd
1 1 1
1 -1 ad
1 —c¢t d
1 -1 —ad
1 —c ' —d
1 1 -1
1 ¢! —ad
1 -1 ad
1 1 1
1 -1 —ab
1 —¢ ' —a
1 —a a’c
1 -1 ab
1 a —a’c
1 1 -1
1 ¢! a
1 1 1
1 -1 —ab
1 —c! a
1 —a —d’
1 -1 ab
1 a a’c
1 1 -1
1 ¢t —a
1 1
-1 -1
—c ! —a!
—ac™! 1
-1 1
ac™t —1
1 -1
c ! a !

o1

1
bd
d
—d
—bd
—d

1 1 1

—bd bd 1 -1
albd —-d -1 ¢!

—bd d -1 ac!

bd —bd 1 -1

bd d -1 —ac!

-1 -1 1 1
—a"'d —-d -1 —c!
1 1 1 1
—bd bd 1 -1
-d —-d -1 ¢!
bd —bd 1 -1
d d -1 ¢!

-1 -1 1 1
—bd bd -1 —c!
bd —bd —1 —c7!
1 1 1 1
—ab  ab 1 -1
a —a -1 ¢t
—a’c  a -1 a
ab  —ab 1 -1
a’c a -1  —a
-1 -1 1 1
—a —a -1 —c!
1 1 1 1
ab —ab 1 -1
—a —a -1 ¢!
a a’c -1 a
—ab  ab 1 -1
a —a’c -1 —a
-1 -1 1 1
—a a -1 —c!

1 1 1 1
-1 1 1 -1
c ! ! -1 ot
ac’t -1 1 -1
-1 | 1

—ac™! —1 1 1
1 bl -1 -1
—c ! bt -1 —a7!




H(4’0)(a, b,c) =

HG(q,b) =

H®Y(a,b) =

H(6:0) (a,b,c) =

H(a,b) =

H™Y (a,b) =

= e e e e e

e e e e = e e e e e e e = T G Sy S O

e e

1 1
—ac™t ac™t
—c ! —c!
ac”t  —ac7?
¢! ¢t
—1 -1
—ac™t ac™!
act  —act

1 1

-1 1
—a~1  pt

1 -1

1 b1

-1 -1

-1 bt

a~t bt

1 1

-1 1
—a 1 p!

-1 -1

1 —bp!

a~ 1 bt

1 -1

-1 —p!

1 1

—be be

—a e ¢
be —c
be —bc

—be —c

-1 -1

a~lbe c

1 1

-1 1
—a~1 —p!

1 -1

1 b1

-1 -1

-1 p—1

"t —b!

1 1

1 -1
"t —p!
-1 —ab™!

1 ab=1!
—aq~ ! bt
-1 —ab~ !
-1 ab~1

1 1
bt bt
¢t ¢!

—be™! be !
—c! —c!

-1 -1
—be™t be!
be~! be!

1 1 1
—1 1 1
b=t bt -1
ab™! -1 1
-1 |

—ab~ ! -1 1

1 b=t —1

S |

1 1 1

1 -1 1
bt —pt -1
-1 ab™1 1
b1 -1 -1
—pt p—! -1
-1 —ab ' 1
b1 1 -1

1 1 1

—bc be 1
a e —c¢ -1

—bc c -1

be —bc 1

be c -1

-1 —1 1
—a e —c -1
1 1 1
1 -1 1
p—! a”t =1
—1 -1 1

—b1! 1 -1
-1 1 1
-t -1 -1
b~ —a7l -1

1 1
-1 1
S |
ab~! -1 1
b1 -1 -1
—pt a”t -1
bt 1 -1

—ab~ ! -1 1




H(S’O)(a, b,c) =

H(Q,O)(a’ b) _
HOV(a,b) =

1

1

1

H(lo’o)(a,b, c) = 1

1

1

1

1

1

1

7020 (q,p) = | !

’ 1

1

1

1

S S Y S G

_ = = e e e e

1 1 1 1
1 -1 ac —ac
1 —b! c c
1 -1 —ac ac
1 =b' — —c
1 1 -1 -1
1 b ' —ac ac
1 bt ac —ac
1 1 1
-1 —ab  ab
N —) a
—a a’b  —a
-1 ab  —ab
a —a?b —a
1 -1 -1
bt a a
1 1 1
-1 —ab ab
bt a a
—a —a a®b
-1 ab  —ab
—b1! a —a
a —a —a%b
1 -1 -1
1 1 1
-1 ac —ac
a” ! c —C
—1 —ac ac
—a ! —a7! —qg7!
—a! a”! a”!
1 -1 -1
a”t —C c
1 1 1
-1 —b b
b ! —a'b 1
—ab™! b -1
-1 b -b
ab™! —b -1
1 -1 -1
b1 a”'b 1
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1 1
be 1
—c -1
—bc 1

c -1
-1 1
be -1
—bec -1

1 1
ab 1
—a -1

a -1
—ab 1

a -1
-1 1
—a -1

1 1
—ab 1
—a -1

a -1
ab 1
—a -1

a —1
-1 1

1

a b
—aq !

-1
a-!
—a"2b
—a b
a”%b

1 1
1 b
-1 -1
-1 1
1 -b
-1 1
1 -1
-1 -1




H(l?,l) (a7 b) _

el e e

H30) (g, p) =

I T T S SO

H3D(a,b) =

e e e

H9(q,b) =

HY (q,p) =

H10 (g, b) =

1 1 1
-1 b —b
b1 a”1b -1
—b a~1p? b
-1 —a" % -1

—b~1 1 1

b —b -b

1 —a 1?2 b
1 1 1

-1 —ab ! ab7!
bt bt —pt
-1 ab™t  —ab7!
b1 bt bt
1 —1 -1
b= —ab™!  ab!
bt ab™t  —ab!
1 1 1
-1 —ab™l  ab7!
b1 bt —p!
-1 -1 -1
-1 ab™t  —ab7!
—bt bt bt
1 —ab™t @bt
1 ab™t!  —ab!
1 1 1 1
1 -1 —a a
1 =bt -1 -1
1 —a —a
1 -1 1
1 a —a
1 1 —a a
1 bt -1 -1
1 1 1 1
1 -1 —a
R |
1 -1 —a
1 —bv! —a a
1 b a -—a
1 1 -1 -1
S N |
1 1 1

-1 —ab ab

-1 —a a
—ab  a’b* —ab

-1 a —a

ab —a®b®> —ab

1 -1 -1

1 ab ab

= s e e e e
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1 1 1 1 1 1 1 1
1 -1 —ab ab —ab ab -1 1
1 1 —a a a —a -1 -1
151 |1 —ab -1 -1 ab ab 1 —ab
H' )(a7b)— 1 -1 ab —-ab ab —-ab -1 1
1 -1 1 1 -1 -1 -1
1 ab -1 -1 —ab —ab ab
1 1 a —a —a a -1 -1
1 1 1 1 1 1 1 1
1 -1 —ab ab ab —ab 1 -1
1 -1 a a —a —a —1 1
H(15*2)(a,b): 1 —ab  a?® —a?b? —ab ab ab -1
1 -1 —a —a a a —1 1
1 ab —a?b® a?® —ab ab —ab -1
1 1 -1 -1 -1 -1 1 1
1 1 ab —ab ab —ab -1 -1
1 1 1 1 1 1 1 1
1 -1 —ab ab ab —ab -1 1
1 1 a a —-a —a -1 -1
15,3 |1 —ab -1 ab -1 ab 1 —ab
H' )(a,b)— 1 -1 ab —ab —ab ab -1 1
1 -1 1 -1 1 -1 -1
1 ab -1 —ab -1 —ab ab
1 1 —-a —a a a -1 -1
1 1 1 1 1 1 1
1 -1 —b b —a 'b a7 'b a —a
1 —a —a'b b a” b —b -1 a
16,0 |1 —a a'b b b —a” b a -1
H' )(a’b)i 1 -1 b b —a'b a'b —-a a
1 a —-a'h —b a'b b -1 —a
1 a a”'b b —b —a b —a -1
1 1 -1 -1 -1 -1 1 1
1 1 1 1 1 1 1 1
1 -1 b —b —a~ ' a'b a —a
1 —a a”'b b —a" b —b -1 a
16,1 | -1 —a7% a % a'% —a'h a!' —a!
H )(a,b)— 1 —a ' —a b —a? a'b a”?b -1 a”t
1 —b a” b —a'b b —a -1
1 1 -1 -1 -1 -1 1 1
1 a! a2 —a'b a' —a? —a! -1
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1 1 1 1
1 -1 —bc be
1 —a ' —altbe c
1 —ab ! able —c
HA70 (0 b ¢) =
(a,6,¢) 1 -1 be —be
1 ab™t! —able —c
1 1 -1 -1
1 a7 '  albe c
1 1 1 1
1 -1 —ab ab
1 -1 —a a
1 —a a2 —a
H(lS,O) b —
(a,) 1 -1 ab —ab
1 a —-d?2 =-a
1 1 -1 -1
1 1 a a
1 1 1 1
1 -1 —ab ab
1 1 a a
1 —a -a a?
HBD (0. b) =
(a,0) 1 -1 ab —ab
1 -1 a —a
1 a —a —a?
1 1 -1 -1
1 1 1 1
1 -1 a —a
1 -1 ab! a
1 -1 —a —a
H(Q0,0) b —
(a,) 1 -1 —ab™! a
1 1 —a -1
1 1 -1 1
1 1 a -1
1 1 1
1 -1 —a
1 1 ab~?! a
1 -1 —a ab
H(Qoal) b —
(a,0) 1 -1 a —ab
1 -1 a —a
1 1 —ab ! a
1 1 -1 -1

6.4 Exceptional completion certificates

1 1
—c c
a"tbe —c
c —ab~ e
—c c
c ab~lc
-1 -1
—a" e —c
1 1
—a a b
a —a —1
—-a’> a
—a a —b
a a> —a
-1 -1 1
—-a —a -1
1 1
—-a a —b
—a —a -1
a —-a2 a
—a a b
—a —1
a a®> —a
-1 -1 1
1 1
—a a b
—ab™! —a -1
a a —b
ab™! a 1
—a -1 a
-1 1 -1
a -1 —a
1 1
—a a —b
—ab™! —a -1
a —ab b
—a ab b
a —a —b
ab™! a -1
-1 -1 1

The following files give the positive witnesses for
the exceptional loci. Paths in the table are relative to code002_work/N8/proofs/; each record
specifies the base substitution and 5 added rows.
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Locus Squares Certificate file

Class 21 circles 16 AAA_class21/outputs/class21_square_templates.json
Class 22 circles 18 AAA_class22/outputs/class22_square_templates.json
Classes 11,19 surfaces 16 AAA_classes11_19/outputs/good_planes. json

Class 11 circles 10 AAA _classesl1_19/outputs/good_lines. json

Class 11 isolated points 32 AAA_classesll_19/outputs/point_squares.json

Their parameter maps cover whole connected tori. Substitution into the prescribed triples and
exact opposite-monomial pairing verify every surface/circle square, including intersections. For
example, £ = 1, e = 1 in class 21 is completed by

—_ = = e

For class 22 at x = 1, ¢ = 1, we can append

-1 -yt -1 oyt oyt

-1 Y -y 1 1 -1 -1

BRI Ve S Ve B R | 1 1

-1 g gl —yTl 1yl gyl

1 -1 —1 —1 1 —y Y
1 -1 1 -1 v -1 1 -y
1 -1 —y 1 -1 1 y —1
1 1 -1 —y vy y -1 —y
1 1 Y y —1 —y —y -1
11 -y -1 -y -1 vy y

These rectangular witnesses illustrate the verification; the complete lists are in the files above.

6.5 BBB circle rows

For (5.1), each displayed pair (a,b) has the following normalized row,
with w = e™/% and ¢ € T. It is unique off the finite special set. All formulas hold on their entire

(1 wt w% w?¢ —q w'q wd wq)

circles.
a=gq, b=uw'
a=q, b=w": (1 wt —q w?q¢ wq
a=gq, b=uw?: (1 wt w?q¢ wllq —q
a=w' b=y (1 w® wt wg wq
a=-1, b=gq (1 wd wt w'% wq
a=w? b=gq (1 w® w! wg —q
a=wq, b=gq (1 1wt w? -1
a=wdq, b=gq (1 1 wh¢ ! -1 -1
a=wq, b=gq (1 1 wgt -1 w?

o7
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w’q wq
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6.6 Cycle certificates for the square families A string such as 12 34 56 78 gives antipodal
pairs; 123 456 78 gives 2 triangles and a pair. These supports refer to the exact formulas in
Subsection 4.1. On each block, the quotient is a common monomial times the indicated prime
roots, so every certificate is an identity in all parameters.

F8,5a

Pair  Cycle blocks Pair  Cycle blocks

1,2 123456 78 3,5 13245768
1,3 1728 3546 3,6 1728 3546
1,4 13245768 3,7 12345678
1,5 1728 3546 3,8 12345678
1,6 12345678 4,5 1728 35 46
1,7 1728 3546 4,6 12345678
1,8 1728 3546 4,7 1728 35 46
2,3 17283546 4,8 1728 35 46
2,4 12345678 5,6 1728 3546
2,5 1728 3546 57 12345678
2,6 13245768 5,8 12345678
2,7 1728 3546 6,7 1728 3546
2,8 17283546 6,8 1728 35 46
3,4 17283546 7,8 13245768
Fy 5

Pair  Cycle blocks Pair  Cycle blocks

1,2 12345678 3,5 17283546
1,3 172835 46 3,6 17283546
1,4 17283546 3,7 13245768
1,5 13245768 3,8 13245768
1,6 12345678 4,5 172835 46
1,7 1728 35 46 4,6 172835 46
1,8 1728 35 46 4,7 13245768
2,3 17283546 4,8 13245768
2,4 17283546 5,6 12345678
2,5 12345678 5,7 17283546
2,6 13245768 5,8 172835 46
2,7 17283546 6,7 17283546
2,8 17283546 6,8 172835 46
3,4 12345678 7,8 12345678
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Fy5c

Pair Cycle blocks Pair Cycle blocks
1,2 123456 78 3,5 13245768
1,3 1728 3546 3,6 17283456
1,4 13245768 3,7 12345678
1,5 1728 35 46 3,8 12345678
1,6 12345678 4,5 172835 46
1,7 1728 34 56 4,6 12345678
1,8 1728 34 56 4,7 17283456
2,3 17283456 4,8 17283456
2,4 12345678 5,6 17283456
2,5 17283456 5,7 12345678
2,6 13245768 5,8 12345678
2,7 172835 46 6,7 17283546
2,8 17283546 6,8 172835 46
3,4 17283546 7,8 13245768
Fga
Pair  Cycle blocks Pair  Cycle blocks
1,2 123456 78 3,5 12345678
1,3 1728 3546 3,6 13284756
1,4 15283467 3,7 17234856
1,5 1728 34 56 3,8 15283467
1,6 1723 48 56 4,5 172348 56
1,7 1328 47 56 4,6 17283456
1,8 17253468 4,7 12345678
2,3 17283456 4,8 172835 46
2,4 13284756 5,6 15283467
2,5 17283546 5,7 17253468
2,6 17253468 5,8 13284756
2,7 15283467 6,7 17283546
2,8 17234856 6,8 12345678
3,4 17253468 7,8 17283456
F4
Pair  Cycle blocks Pair  Cycle blocks
1,2 12354768 3,5 13254867
1,3 17243658 3,6 13254867
1,4 172436 58 3,7 17243658
1,5 1427 38 56 3,8 16283745
1,6 14 27 38 56 4,5 132548 67
1,7 13254678 4,6 13254867
1,8 12354768 4,7 1724 36 58
2,3 16283745 4,8 1628 37 45
2,4 16283745 5,6 12354678
2,5 1826 3457 5,7 1427 38 56
2,6 1826 3457 5,8 1826 34 57
2,7 12354768 6,7 14273856
2,8 13245678 6,8 1826 34 57
3,4 12345678 7,8 12354768
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F3o

Pair Cycle blocks Pair Cycle blocks
1,2 12345678 3,5 17283546
1,3 1728 35 46 3,6 123748 56
1,4 18273645 3,7 13245768
1,5 13245768 3,8 15234867
1,6 18273645 4,5 182736 45
1,7 1728 3546 4,6 14235867
1,8 12345678 4,7 1237 48 56
2,3 1426 3758 4,8 13264857
2,4 15243768 56 18273645
2,5 12345678 5,7 1728 3546
2,6 132648 57 5,8 12345678
2,7 152348 67 6,7 15263478
2,8 15263748 6,8 15243768
3,4 15263478 7,8 1426 37 58
F,
Pair Cycle blocks Pair  Cycle blocks
1,2 123647 58 3,5 13264857
1,3 1526 3748 3,6 14 27 38 56
1,4 15234678 3,7 15234678
1,5 15243768 3,8 15283467
1,6 1528 36 47 4,5 14235678
1,7 13264857 4,6 13245768
1,8 14235678 4,7 1528 3467
2,3 15273846 4,8 15263748
2,4 15243768 5,6 12364758
2,5 15283647 5,7 1526 3748
2,6 15234678 5,8 15234678
2,7 14 27 38 56 6,7 1527 38 46
2,8 13245768 6,8 15243768
3,4 12345867 7,8 123458 67
Ks o
Pair  Cycle blocks Pair  Cycle blocks
1,2 15263847 3,5 16234857
1,3 13264758 3,6 14253768
1,4 162348 57 3,7 12364578
1,5 1728 34 56 3,8 15263847
1,6 12364578 4,5 13264758
1,7 14253768 4,6 1524 3867
1,8 15243867 4,7 13245867
2,3 15243867 4,8 12364578
2,4 14253768 5,6 13245867
2,5 12364578 5,7 152438 67
2,6 1728 34 56 5,8 14253768
2,7 16 2348 57 6,7 13264758
2,8 13264758 6,8 16234857
3,4 1728 3456 7,8 1728 3456
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My 1

Pair  Cycle blocks Pair  Cycle blocks

1,2 15263748 3,5 14273658
1,3 18234567 3,6 17243568
1,4 17243568 3,7 12384756
1,5 123847 56 3,8 15263748
1,6 138 25 467 4,5 132846 57
1,7 14 27 36 58 4,6 18234567
1,8 132846 57 4,7 1526 3748
2,3 13284657 4,8 12384756
2,4 142736 58 5,6 15263748
2,5 16 238 457 5,7 18234567
2,6 12384756 5,8 17243568
2,7 17243568 6,7 13284657
2,8 18234567 6,8 142736 58
3,4 128 34 567 7,8 123456 78

6.7 Code and certificate index The accompanying code002.zip contains the Python and
C++ sources, exact inputs, saved outputs and reproduction instructions. Its source folders are

Folder Purpose

N7/ Order-7 triples, row extensions and square completions.
N8_AAA/ Generic AAA completions and family comparisons.
N8_AB/ Complete A/B completions and the BBB exclusion.
N8_C/ C-pair extensions and the 3 level-30 classes.

N8_supports/ Exceptional AAA classes and supporting exact solvers.
N8_checks/ Row and column cycle censuses.

The files N7_data.zip and N8_data.zip retain the inputs and saved results. After extract-
ing code002.zip, run python3 run.py prepare from its folder to create the sibling directory
code002_work/. This restores the paths used by the original programs and by the certifi-
cate references in this paper. Within Section 2, paths beginning with code/ are relative to
code002_work/N7/. The file SOURCE_INDEX.md maps restored source paths to the folders above.

Use Python 3.10 or later and install requirements.txt, including SymPy 1.14.0. The
command python3 run.py check runs the 16 supplied certificate checks. These verify saved
enumeration records and identities; some final checkers also use saved verification records. This
command does not rerun the exhaustive searches. The file README.md lists their separate
reproduction commands and the GNU C++17 requirements. Assertions must remain enabled.

The JSON certificates retain row supports, congruences, square formulas and equivalence
witnesses. In the A/B completion stages, completion_squares. json records the affine squares,
completion_embeddings. json their entrywise identifications, and final_verification.json
the completed checks.

6.8 Concluding remarks We end by explaining how to read the classification and what
remains to be understood. Theorem 5.9 gives a complete family cover: every regular square
of order 8 belongs, up to equivalence, to one of the 9 continuous families or to one of the 4
isolated classes. The formulas are valid at every unit-modulus parameter value. In particular, the
exceptional values are part of the classification, together with the generic points. The support
calculations in Sections 3-5 account for the extra rows and square completions that can appear
when a parameter satisfies an additional relation.

A family cover does not give unique coordinates on the space of equivalence classes. Parameters
within one family can describe equivalent matrices, and different families can meet at special
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values. The matching distributions distinguish the generic types, while the saved monomial
witnesses identify particular coincidences exactly. A fuller description would determine all
parameter symmetries within each family and all intersections between families. For example, an
identification at one parameter value does not by itself identify a neighborhood of that point;
the local regular branches must also be compared. The local phase calculations and equivalence
witnesses retained here provide starting data for this question. Such coincidences concern the
identifications within the proved cover, and cannot add a family outside it.

We should make the same distinction for the labels of partial matrices. A chosen cycle
support records how a row quotient is decomposed, and a matrix may admit several such
decompositions. Thus the support registry organizes the equations to be solved, but its labels
need not distinguish the underlying matrices. Likewise, finding one square above a prescribed
triple settles its completion existence, whereas describing every square above that triple requires
the full compatibility calculation. This is why the successful surfaces and circles were treated
with all their special parameter values retained. A formula that supplies a completion everywhere
on a circle need not supply every completion at its exceptional points.

The separation between the A/B and C cases also explains the reach of the triple method. The
pure-B obstruction and the Ramsey argument force an AAA triple in every A/B square, so the
prescribed-AAA calculation covers that whole sector. Among the C-containing squares, Lg 39 and
Ly 39 each have 32 AAA triples, whereas K& 30 has none. The latter is therefore the unique regular
square missed by a method starting exclusively from AAA. The arbitrary-C-pair calculation
supplies it and at the same time determines the partial extensions, including uniqueness of
square completion, up to phases and order of the added rows, once 5 rows containing C have
been prescribed. This additional information is useful when studying partial matrices with their
original rows fixed.

The finite catalogue comparison has a different role. Each of its 5469 entries has an exact
identification with the displayed cover, but the first family found by a search need not be its
only presentation. Consequently, counting those identifications by target family would not give a
disjoint count of equivalence classes in the families. Moreover, none of the tested root orders
is divisible by 15, so these catalogues cannot test the C-containing part of the classification.
The example Mg also shows why the cycle types at selected roots of unity need not describe
the generic member of a continuous family. The unrestricted phase calculations supply the
completeness that a finite catalogue comparison alone cannot provide.

Finally, the complete regular classification leaves the corresponding questions without the
regularity assumption open. We have classified all regular matrices at orders 7 and 8, and the
affine descriptions explain how their continuous families arise from Butson matrices. Deciding
whether every Butson matrix is regular, as in Conjecture 1.5, and classifying arbitrary complex
Hadamard matrices are separate questions. Within the regular locus, an explicit description
of the family intersections would complement the present list by explaining how its continuous
pieces fit together. The formulas and certificates above make both kinds of comparison possible
without repeating the completion classification.
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