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A CONGRUENCE MODULO p? FOR THE p-TH COEFFICIENT OF
e(1—z)1=2)/2

DAVID NIEDBALA GIRAUDIN

ABSTRACT. Define E, by 3 o Enz" = exp(3 5, 2 /(k(k+1))) = e (1 — z)(1=2)/% Equiva-
lently, e (1+1/z) ™" = 3", o, En(z+1)"", the reciprocal of the expansion of e ' (1+1/z)" used by
Yang in refinements of Carleman’s inequality. We prove that for every odd prime p, E, = —p/2
(mod p?); in particular v,(E,) = 1. The proof is elementary. With ®(u) = e (1 + u)~ /", it
combines the two expressions of E, through the coeflicients of ® that come from the identities
e(1—2)179)/% = ®(—2)/(1—2) and e(1—2)17*)/* = &(z/(1—2)), and it reduces the congruence
to the differential recurrence of the F, read modulo p. A script checks the statement and the
intermediate congruences for all odd primes below 200 and a few larger ones.

1. INTRODUCTION

Let
k

— LA A RN () Y n
G(z) exp(Z e 1)> e(l—2) ZEnz ,
k>1 n>0
sothat By =1, By =1/2, By = 7/24, E5 = 3/16, B4 = 743/5760. The second expression follows
from 37,5, 2F/(k(k+1)) = 14+ (1—2)log(1—2)/z, obtained from 1/(k(k+1)) = 1/k—1/(k+1).

Putting z = 1/(x 4+ 1) gives
1\~—= E,
NS e i
T = (x+1)"

Yang [Yal, Ya2] wrote (1+1/2)* = e(1—3,~; bo(z+1)™") to refine Carleman’s inequality, so
S, Bzt =1/(1=3", by2"); the E, are the coefficients S, of [NG], where the p-adic valuations
of the b, are studied. Equivalently, 1/G(z) = (1 — z)e (1 — 2)~"/%, where e~ (1 4+ )'/* has
the coefficients tabulated in [OEIS]. We have found no previous result on the arithmetic of the
E,; see [HM] for analytic properties of the b,.

Expanding the exponential, E, is a sum over the partitions of n. For n = p the only terms
whose denominator is divisible by p come from the partitions (p — 1) + 1, p and 17, namely
2(pi1)p, p(p1+1) and 2%})!. Multiplied by p, they are congruent modulo p to —1/2, 1 and —1/2 (by
Fermat and Wilson), so the poles cancel and E, is p-integral. The point of the theorem is the
next digit.

Theorem 1. For every odd prime p,
E,= —‘g (mod p?).
In particular vy,(E,) = 1.

For p = 2 the statement fails, since Ey = 7/24. For example F5 = 3/16 and E5 = 215/2304,
with B3 4+ 3/2 = 27/16 = 33/2* and E5 + 5/2 = 5975/2304 = 52 - 239/(28 - 32).

The proof (Section 3) uses two expressions of E, through the coefficients of ®(u) = e (1 +
u)~ /%, the congruence (pgl) = (-1)(1—pH,) (mod p?), and the recurrence of the E,, obtained
by differentiating G. Throughout, a = b (mod p’) means that a — b € p’ Zp), for rationals a, b,
and Hj =1+1/2+---+1/j, Hy = 0.
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2. IDENTITIES

Put
@(u):e(l—l—u)_l/“:exp(Zh u") h :ﬂ @(u):ch uf
n ) n n+ 1 ) k I
n>1 k>0
the second expression coming from 1 — log(1 + u)/u = ZnZI(—l)"Hu”/(n +1). Thus pg =1,
Y1 = 1/2

Lemma 2. As formal power series over Q,

(a) G(z) = q’(:?, (b) G(z)z(I)( fz) (c) (n+1)En+1=ZEj. (n>0).

1 1

Consequently, for n,k > 0 and every integer p > 1,
n P
_ k ko _ _ _ p—1
(1) E.=> (-Drer,  (-D)op=Ey— By (E.1=0), E,=)»_ (k: B 1><Pk-
k=0 k=1

Proof. (a) ®(—z) = e(1 — 2)/* and G(z) = e(1 — 2)/*~1. (b) With w = z/(1 — z) we have
l+w=(1-2)"'and —1/w=—(1—2)/z so ®(w) = e(1 — 2)172)/2 = G(2). (c) Differentiate
logG =Y, 2%/(k(k+1)): G'=G > m>02"/(m+2), and compare the coefficients of 2".

The first two identities in (1) follow from (a), since 1/(1 —2) = >, 2J. For the third,
[2P](2/(1—2))F = [2P7F](1—2)7F = (Zj) for1 <k <p,and 0 for k =0or k > p; apply (b). O

Fix an odd prime p. Let 1 be the coefficients of ¥(u) = exp( P2 hnu”).

n=1
Lemma 3. (i) hy is p-integral for n < p—2, and 1y, is p-integral for k < p — 1.
(ii) or = VY for k < p—2; in particular ¢y, and Ey are p-integral for k < p — 2.

(iii) wp—1 = Yp—1 — 1/p, and ¢, + 1/p is p-integral.

(iv) Ep, = Ep—2 + pp—1 — @p; hence E, is p-integral.

Proof. (i) The denominator of h, is n +1 < p — 1. The coefficient 1 is a sum of terms
Hj h;nj /m;! over the partitions Zj gm;j = k with parts j < p—2; for k < p— 1 every m; is less
than p.

(i), (ii)) Write ® = @ - R with R = exp(}_,5, 1 hnu"). Since 2(p —1) > p+1, R =
1+hp_1uP~t +hyuP (mod uPtL), where hy_y = (—=1)?/p = —1/p and h, = 1/(p+1) is p-integral.
Hence o = ¢y for k <p—2, op_1 =p—1 —1/p and p = Pp+Y1hp—1+hp = b, —1/(2p) + hy,
In the expansion of 1/, all partitions of p into parts < p—2 have multiplicities less than p except
17, which contributes h}/p! = 1/(2Pp!). By Fermat and Wilson, p/(2Pp!) = 1/(2P(p — 1)!) =
1/(2-(-1)) = —1/2 (mod p), so ¥, +1/(2p) is p-integral and so is ¢, +1/p. By (1), (i) and the
first part of (ii), By = Zigk(—l)i%‘ is p-integral for k < p — 2.

(iv) By (1), B, = Ep—2 + (—=1)P"Yp,—1 + (—1)Pp,, and p is odd. The right-hand side is
p-integral by (ii) and (iii). O

3. PROOF OF THEOREM 1
Step A reduction to a congruence modulo p. For 0 < 57 < p —1, (pgl) = gzl(p —1)/i =
(=1 TI_,(1—p/i) = (—1)7(1—pH;) (mod p?). In the last expression of (1) the terms k < p—2
have p-integral ¢y, so

p_2 p_2
E,= Z(—l)kilwk —pH* + (p— )pp-1+ ¢, (mod p?), H* = Z(—l)kilHk—lﬁpk-
k=1 —

Here 773 (—=1)F'pp = 1= Ep 5 and (p — Dgp1 + ¢p = ppp1 — (pp1 — ¢p). Adding
Lemma 3(iv),

2E,=1+ppp—1 —pH* =p(¢p—1 — H*) (mod p2),
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by Lemma 3(iii). Since ¢,—1 and H* are p-integral, this already gives £, =0 (mod p), and the
theorem is equivalent to

(2) Yp—1 —H"=—-1 (mod p).
Step B: the residue 1p_1. From ¥ = ¥ Z?;?jhjuj_l, the coefficient of uP~2 gives the exact
identity (p—1)¢p—1 = ?;%jhﬂbp_l_j, and v¥p_1—; = @p—1—; by Lemma 3(ii). Put k = p—1—7,

01 <k<p—2 Modulop,p—1=-1,j=—(k+1)and hj = (=1)P*/(p—k) = (=1)¥/k, so
jhj = —(=1)¥(1 + 1/k) and

p—2
by = (D (1+ %)% (mod p).
k=1
Since H* = — S P_*(—1)*Hy,_1¢p and Hy_y + 1/k = Hy,
p—2 p—2
¢p,1—H*EZ( D*(1 + Hy)er = Ep- 2—1—}—2 D¥Hpor  (mod p).
k=1 k=1
Hence (2) is equivalent to
p—2
(3) YW Hypr = —FEp—5 (mod p).

k= 1
Step C: the recurrence. By (1) and summation by parts,

p—2 p—2 p—3
D (“V)'Hppr =Y Hi(By — Ey1) = Hy2Ep o — HiEy = (Hps1 — Hy) By
k=1 k=1 k=1

p—SE
k
oF, 9 —1— .
p—2Lp—2 ;k‘—i—l

Since H,—1 =0 (mod p) (pair ¢ with p —4), Hyp—o = H,_1 — 1/(p—1) = 1. So (3) is equivalent
to

p—3 —3
2E, 9 =1+ Z (mod p).
k=1 =0

This is Lemma 2(c) with n = p — 3, namely (p —2)Ep—2 = ijo E;/(p—1—j), read modulo p:
all Ej with j < p—2 are p-integral, p—2= —2and 1/(p—1—j)=—-1/(j+1) for 0 <j <p-—3.
This proves (3), hence (2) and the theorem. O

Remark 4. After Step A only Ey,...,Ep,_2 and ¢1,...,¢p—2 occur, and the congruence finally
needed is the recurrence of the E, at n = p — 3. For p = 3 all the sums in Steps B and C are
empty or reduce to a single term, and the theorem reads E5 = 3/16 = —3/2 (mod 9).

4. NUMERICAL VERIFICATION AND A REMARK

The ancillary file verify Ep_congruence.py (Python 3, no dependency, exact rational arith-
metic, about thirty seconds) computes E,, by the recurrence of Lemma 2(c) and ¢ from the
exponential, and checks, for all odd primes p < 200 and for p = 251, 307, 401: Lemma 2(a)
and (b) coefficientwise up to zP™!, and the third identity of (1); Lemma 3; each displayed
congruence and equivalence of Steps A, B and C, and the summation by parts; and Theorem 1.

The next p-adic digit ((E, + p/2)/p* mod p) is 0,1,3,9,0,12,14,3 for p = 3,5,...,23 and
shows no pattern. In the tested range, E, = —p/2 (mod p?) holds only for p = 3 and p = 13,
which is compatible with a heuristic probability 1/p for each p.
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