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THE EXACT MULTIPLICITY OF THE WILSON SUPERCONGRUENCE IN
Fo[T]

DAVID NIEDBALA GIRAUDIN

ABSTRACT. Let ¢ = p°® with p an odd prime, and let p be a monic irreducible polynomial of
degree d > 2 in Fy[t]. The Wilson analogue Fy = —1 (mod gp) holds for the product Fy of all
nonzero polynomials of degree less than d, and Thakur proved that @ is a Wilson prime, i.e.
F; = —1 (mod g?), exactly when all exponents of p are = 0 or 1 (mod p), in which case the
congruence holds modulo P~ !. He asked whether it can hold modulo a higher power, and what
the exact multiplicities are. Let r be the largest integer such that all exponents of p are = 0
or 1 modulo p”. We prove that the exact multiplicity m = vo(Fq+ 1) is 1 if r =0, p" — 1 if
1<r<s,and g+ 1ifr > s. In particular m < ¢+ 1, and the multiplicity of a Wilson prime in
the numerator of >3, _, 1/ (t% —t) is exactly m — 1. Examples over F3, F5 and Fg show that all
regimes occur. A script checks the theorem on all primes of small degree and on these examples.

1. INTRODUCTION

Let ¢ = p® with p an odd prime, A = [F[t], and [i] = #4" —¢. For a monic irreducible p € Aof
degree d let F; be the product of all nonzero polynomials of degree less than d. Then F; = —1
(mod g), the analogue of Wilson’s theorem, and

d—1 _
1) Fy= <—1>dfj = v [T

d

where Dy = ngl[i]q " and Ly = Hglzl[i] [Th13, p. 1842]. Following Thakur, g is a Wilson
prime if Fy = —1 (mod p?). We write

m(p) = vy(Fa +1)

for the exact multiplicity of the Wilson congruence. For d = 1 one has F; = —1, so we assume
d > 2 throughout.

Thakur proved that g is a Wilson prime if and only if d?p/dt? = 0, that is, all exponents of
are = 0 or 1 (mod p), and that in this case the congruence holds modulo pP~! [Th13, Thm. 2.9];
see also the remarks after [Th24, Thm. 5.1]. For the primes ¥ — ¢ — a over F,, the exponent
p — 1 was already known to be exact [SSTT]; see also [Th13, Rem. 2.12]. Thakur also reported
numerical data of G. Todd suggesting that p — 1 is exact even when ¢ is not prime, and noted
that it was unclear whether the power can be increased [Th13, Rem. 2.11]. In Question (1) of
the closing list of questions of [Th24], he asked whether, for d > 1 and p > 2, the congruence
ever (or infinitely often) holds modulo a higher power, and what the exact multiplicities are.

Definition. The depth r(p) is the largest integer r > 0 such that every exponent n with a
nonzero coefficient in p satisfies n =0 or 1 (mod p"). Since d > 2 is an exponent of p, the depth
is finite. Equivalently, r(p) > p if and only if p = U(#*") 4+ V(#*") for some polynomials U, V.

Theorem 1. Let p be monic irreducible of degree d > 2 in Fy[t], ¢ = p°, p odd, and r = r(p).
Then
1 if r=0,
Vo(Fg+1)=<p" =1 if1<r<s,
g+1 ifr>s.
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Thus the only possible exact multiplicities are 1, p — 1, p> =1, ..., ¢ — 1 and ¢+ 1, and
the Wilson congruence never holds modulo 9+2. Over [F, the only possible values are 1, p — 1
and p + 1. Since depth r forces d > p”, the depth is at most 1 when d < p?, and then the value
p — 1 of [Th13] is exact, in agreement with the data of [Th13, Rem. 2.11]. The case r = 1 of
Lemma 4 below is [Th13, Thm. 2.9(iii)]. We assume p odd, as in the question; for p = 2 see
[Th13, Thm. 2.9(iv)]. The answer to the first part of the question is positive: the examples of
Section 4 have multiplicity ¢ + 1 for ¢ = 3,5,9, and p?> — 1 = 8 for ¢ = 9. We do not address the
infinitude of such primes.

Thakur also proved [Th24, Thm. 7.1] that the primes of degree d dividing the numerator of
H; = 1/[1] +--- 4+ 1/[d — 1] are exactly the Wilson primes, with multiplicity at least p — 2.
Theorem 1 makes this exact.

Corollary 2. If ¢ is a Wilson prime of degree d and depth r, then v,(Hgq) = p" — 2 if r < s
and v,(Hg) = q if r > s. In all cases v,(Hg) = m(p) — 1.

Proof. Since [i]’ = —1 and ¢¢~* — 1 = —1 (mod p), logarithmic differentiation of (1) gives
F)=F4Hq. As pt Fy, vo(Hg) = vo(F)) = v, ((Fa+1)'). Write Fy+ 1 = ™G with p { G; then
(Fg+ 1) = " 1 (mp/G + pG’), and g | ¢ because p is separable. Since none of the values
p" — 1, ¢+ 1 is divisible by p, the valuation is m — 1. The primes p of degree d do not divide
Lg -y =11]---[d—1], so v,(Hyg) is also the valuation of the numerator of Hy. O

2. LOCAL EXPANSION AT A ROOT
Fix p as in Theorem 1 and a root 6 of p, so that F,(0) = F,a and 99" = 9. Put
Bi=0"—0 (1<i<d-—1);
these are nonzero, and f, ..., 84—1 together with 0 are the roots of p(X +6). For a polynomial

G € F,[t], the Hasse derivatives GI¥| are defined by G(t+u) = >, G (t)uF. Since g is separable,
v, (G) is the order of vanishing of G at 6, that is

(2) vo(G) = min{k > 0: G¥(9) #0}.

Lemma 3. Withe; = ¢% % —1,
d—1

Fa(0+u) = ()] (B —u+u®)  inFalul.
i=1
Proof. In characteristic p, [i](6 +u) = 09 +u? —0 —u = B — u+ u?; apply (1). O
Lemma 4. Let x; = ﬂ;l and let hy, = hg(z1,...,24-1) be the complete homogeneous symmetric

polynomials, so Y ;o hyuf = T[,(1 — 2;u) L. Then

¢’ (0)
hk uk = - - .
kzzo ijl Ul (0) wi—1
Moreover glUl(0) = 0 for 2 < j < p" —1, and /() # 0 if r > 1. Consequently hy = ---
hpr—o =0 and hpr—1 # 0 when r > 1, andhl#O when r = 0.

Proof. We have p(u +6) = 3, PO = qu_l(u — Bi), s0 Q(u) = Y5y Pl (O)ui =1 =
[L;(uw—5:) and Q(0) = ¢'(0). Hence I[LA —zu) = Q(u)/Q(0), which is the ﬁrst identity.
Write p = 3, cut™, so that plil = 3~ (])cnt” J. For j > 1 this polynomial has degree less
than d, so it vanishes at 6 if and only if it is zero, that is, if and only if p | (]) for every n with
cn #0. Let 2 < j <p"—1and ¢, # 0. The lowest r base-p digits of n are all 0, or are 1,0, ...,0;
since j < p” has j > 2, some digit of j exceeds the corresponding digit of n, and Lucas’ theorem
gives p | (?) If » > 1, by maximality of r some exponent n has n mod p" ™! ¢ {0,1}; as n =0

or 1 (mod p"), its digit n, is nonzero, and Lucas’ theorem gives (;) = n, # 0. Distinct n give

distinct monomials t" ", so pl?"l £ 0. Finally ¢/(f) # 0 by separability, and if r = 0 some
exponent has n # 0,1 (mod p), so (5) =n(n—1)/2 # 0 and pl2 () #0.
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If 7 > 1, the denominator in the first identity is ©'()(1 + cu?’ ~' + O(u?")) with ¢ =
olP"1(0) /¢ (0) # 0, so the quotient is 1 — cu? ' 4+ O(u?"). If r = 0, the same computation
gives hy = —pl2(0)/¢' () # 0. O

3. PROOF OF THEOREM 1

Let fr = Fgf](G), the coefficient of u* in Fy(6 + u). By (2), m = min{k > 1: f, # 0} and
Jo=Fy(0) = —1. ,
Step 1: fr, = —hy, for 0 < k < ¢— 1. Modulo u? all terms u? in Lemma 3 vanish. Moreover

(B — ) = (B —w)T /(B —w) = (B —u?")/(Bi — ), and ¢~ > q. Hence, modulo u?,

d—1 gt d—1 d—1
_ d qu d e;
Ea@ +u) = (O T gy = GO TTO e ™ = Fa@) 3 St = =3 e

Step 2: the case r < s. If r = 0, Step 1 and Lemma 4 give f; = —h1 #0,som=1. If
1 <r <s,thenp” —1 < ¢g—1, and Step 1 with Lemma 4 gives f; = --- = fpr—2 = 0 and
fpr—1#0,s0 m=p" —1.

Step 3: the case r > s. Then p" —1 > pg—1 > ¢+ 2, so Lemma 4 gives hy = --- = hg11 =0,
and by Step 1 f1 = -+ = f,_1 = 0. We compute modulo u¢*2. For i > 2 the term u? vanishes,

since q2 > q+ 2. Asin Step 1, (,3Z — U+ 5i71uq)ei = Nz/Dz with D; = 8, —u + 5i71u‘1 and

d—1 d—1 .
N; =D? . Modulo w2, N; = " for i <d— 2, since ¢*~% > ¢?, while Ny_y = 8%, —u¥;
here d > p" > pg > 9, so the factors i = 1 and ¢ = d — 1 are distinct. Hence, with y = ﬁ;ql,
1 o
Fy(0 =—(1—yu? .
20 +u) = ~(1— yu?) 1.

1 —2iu+ xqud s

Now (1 — z1u + z1u?) "t = (1 — zu) ! — 210 (1 — 23u) =2 + O(u?9), so
Fi(0 4+ u) = —(1 — yuf) (Z hpuf — zud(1 — zu) ™t Z hkuk>

k k

= —(1—yul) (Z hpu® — xluq(l + (x1 + hl)u)>.
k

Reading off coefficients,
fo=—(hg =21 =), for1 = —(hgs1 — (21 + y)h1 — z7).

Since 99" = 0, we have 5371 = 94" — 91 = —B1, 80 y = —x1. With hy = hgy1 = h1 = 0 we get
fq:()andfqﬂzx%:ﬂfz#O.Hencem:q+1. n

Remark 5. In Step 3 the vanishing of f, depends on the identity 5371 = —f31, which links the
factors ¢ = 1 and ¢ = d — 1 of Lemma 3: the term —x; coming from ¢ = 1 cancels the term —y
coming from i =d — 1.

4. EXAMPLES AND VERIFICATION

We write Fg = F3[a]/(a® — a — 1). The following polynomials are irreducible, with the stated
depth and multiplicity:

q r regime m
3 2—t—1 1 r<s 2
3 18 —¢10 4 2 r>s 4
5 P —t—1 1 r<s 4
5 91 — 2450 — 26 4 1 2 r>s 6
9 t°—(a+1t—(a+1) 1 r<s 2
9 0+ (a+ 1)t +t+1 2 r=s 8
9 " —at®+at* +at+1 3 r>s 10
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The ancillary file verify wilson multiplicity.py (Python 3, no dependency, exact arith-
metic in Fy[t], about fifteen seconds) checks:

e the product formula (1) against the definition of F,; over F3 for d = 2, 3;

e for every monic irreducible p of degree 2 < d < 7 over F3, 2 < d < 4 over F5 and
2 < d < 3 over Fg (981 primes in all): the valuation v,(Fy + 1), computed in Fy[t]
modulo a power of p from (1), equals the value of Theorem 1, and v,(Hg) equals m — 1
(Corollary 2);

e for the examples above: irreducibility (Rabin’s test), the depth, and the same two valu-
ations computed directly in Fy[t] for the five examples of degree at most 18;

e for all the examples, the coefficients fi, of Fg(6+u) computed in the residue field F,[t]/p
from Lemma 3: the first nonzero one is f,,; fr = —hy for k < q, with h; computed from
the first identity of Lemma 4; the vanishing of @l (0) for 2 < j <min(p" —1,¢+3), and
ol £ 0; 6(371 = —f1; and, when r > s, f, =0 and f,41 = 51_2.

In small degree only the depths 0 and 1 occur, and the multiplicity p — 1 of [Th13] is then exact.
These computations check the statements; the proofs do not depend on them.
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