hexagon: 2611. 00066v1

Off-Diagonal Commonality of a Shorter Even Cycle and a Longer
Odd Cycle

Taeyoung Kim
November 3, 2026

Abstract

Let n > 4 be even and let ¢ > n be odd. We determine the complete off-diagonal
commonality region of the ordered pair (Cy, Cy): it is the half-open interval (0, a}, ,] cut out
by the unique root ay, , € (1/2,1) of

a1 (n+ (£ —n)a)
14

The upper endpoint is witnessed by the balanced disjoint union of two cliques. For the lower
bound, cycle densities are expressed as traces of graphon operators. Rank-one eigenvalue
majorisation separates the Perron eigenvalue from the rest of the spectrum, while the Hilbert—
Schmidt norm leaves room for at most one negative eigenvalue to contribute with the wrong
sign. That eigenvalue is paid for by the Perron eigenvalue, leaving the elementary inequality
"+ (1 —a)" > 217

=2l "

1 Definitions and main theorem

A graphon is a symmetric measurable function W: [0,1]2 — [0,1]. If H is a finite graph, its
homomorphism density in W is

t(H,W) ::/ : H Wy, zy) H dzx,,.
€E(H) )

V(H
[0,1]¢ uv ueV(H

We write e(H) = |E(H)|. See Lovéasz [2] for background on graphons and homomorphism
densities.

Following Behague, Morrison, and Noel [1], let a,b € (0,1) with a + b = 1. An ordered pair
(Hy, Hs) is (a,b)-common if

t(Hl, W) t(HQ, 1-W > a + b (1)
e(Hy)acH)=1 * e(Hy)belH2)=1 = ¢(Hy)  e(Ha)

for every graphon W. Define
w(Hy, Hy) :={a € (0,1) : (Hi, H2) is (a,1 — a)-common}.

Taking @ = 1/2 and Hy = Hy = H turns (1) into t(H, W) + t(H,1 — W) > 21=¢(H) o
1/2 € m(H, H) says exactly that H is a common graph.
Our main result determines 7(C,, Cy) when the shorter cycle is even and the longer one is

odd.

Theorem 1.1 (Shorter even and longer odd cycles). Let n > 4 be even and let £ > n be odd.
Then
7(Cp, Cy) = (O, a;g],
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where ay , is the unique solution in (1/2,1) of

a" t(n+ (¢ —n)a)
l

=l (2)

That (2) has exactly one root in (1/2,1) is elementary, since its left-hand side is strictly
increasing in a; this is Lemma 2.1. The content of Theorem 1.1 is that 7(C),, Cy) is precisely the
half-open interval cut out by that root: commonality holds up to and including afhg, and fails
immediately afterwards.

Table 1 gives some numerical values of the critical point. The columns give the even length
n and the rows give the odd length £. An entry is replaced by 0 when n > ¢, which lies outside
the shorter-even regime of Theorem 1.1.

\n 4 6 8 10 12 14
5 0.517213. .. 0 0 0 0 0
7 0.538147... 0.507351... 0 0 0 0
9 0.550283... 0.517832... 0.504065... 0 0 0
11 0.558163... 0.524929... 0.510344... 0.502577... 0 0
13 0.563680... 0.530044... 0.514968... 0.506759... 0.501779... 0

15 0.567753... 0.533903... 0.518513... 0.510006... 0.504764... 0.501302...

Table 1: The critical values afw for shorter even cycles C), and longer odd cycles Cy.

The proof of Theorem 1.1 is self-contained apart from standard finite-dimensional spectral
facts.

2 Proof of the main theorem

We begin with the scalar part of the proof, which establishes the existence and uniqueness of
ay , and the numerical bounds on the quantities attached to a that are used later. From here to
the end of the section, let

n > 4 be even, £ > n be odd, d:=/{—n.

Thus d is a positive odd integer. For a € (0,1), set b := 1 — a and define

nan—l
/ﬁ)nj(a/) = W’ (3)
n—1
pnpla) = a + D1y = L0 ¥ 40 (4)
14 14
Note that (Cy, Cy) is (a,b)-common if and only if
t(cm W) + Kn,ﬁ(a)t(cﬁ7 1- W) > pn,é(a) (5)

for every graphon W: this is (1) multiplied through by na™ 1.

Lemma 2.1 (The critical point). The function p, ¢ is strictly increasing on (0,1), and there is
a unique a’ , € (1/2,1) such that

prelan,e) = 27" (6)

Proof. Differentiating (4) gives

Pre(a) = %a”ﬂ(n —1+da) > 0.



Hence py, ¢ is strictly increasing. At the endpoints,

1 n—+/4

me(g) =2 <27 ) =152

The intermediate value theorem proves existence, and strict monotonicity proves uniqueness. [J
The next lemma gives bounds on #,, ¢(a)b? and on b, with constants not depending on n or £.

Lemma 2.2 (Critical coefficient bounds). Let

mahy  Bomloat, K= kn(a).
Then .
o <1, >
KA (") < 1, > 14

Consequently, for every 0 < a < a*, withb=1—a and kK = K, 4(a),

5
d
1 —.
Kkb® <1, b>14 (7)
Proof. Write
., 14906 1-94

a* = L b= 0e(0),

Since ¢ = n + d, the critical equation (6) is equivalent to

(1+8)" 1+ n+ dd) = 2. (8)
It follows that 00 p
1+0)"! =1+ —.
(L+0)7 < {+n * t+n
Bernoulli’s inequality gives (14 §)""* > 1+ (n —1)d, so (n — 1)d < d/(¢ + n) and hence

0<5<Zﬁjﬁ@1?T

A second application of Bernoulli’s inequality gives

d 2n
1-N"1>1-(n-1 1]—— ==
(=" 21=(n-1)>1- 7=

Combining these two estimates gives

s n(1+6\""
“b)d:e(l_a)

n2l/(¢+n)

S Tonj(ten) "

Equation (8) also implies (1 +6)" ! < 2. Sincen —1>3and 1+J > 1,
1+0P<@+o" <2
If 6 > 2/7, then
9>3 729

1 3> (2) =—=>2
<+5)—<7 343~



a contradiction. Thus 6 < 2/7, and hence
b= —>—.

Finally,

K e(a)(1 —a)t = % < a >n—1

l1—a

is strictly increasing with respect to a on (0,1). Therefore kb? < x*(b*)% < 1 whenever a < a*.
Moreover, b=1—a>1—a* =b* > 5/14. O

Remark 2.3. The proof of Proposition 2.10 uses the bound b > 5/14 only through the inequality
20 > 1/4. Any explicit lower bound on b larger than 1/(2v/2) = 0.35355. .. would therefore
serve, and 5/14 = 0.35714 ... is a convenient rational one.

Turning to Theorem 1.1 itself, we first show that it is enough to prove the required inequalities
for step graphons. This allows us to assume that the integral operator has finite rank and is
represented by a real symmetric matrix, so the eigenvalue arguments below do not require the
spectral theory of compact operators.

Lemma 2.4 (Step-graphon reduction). Fiz integers n,{ > 3 and a continuous function ®: R? —
R. Suppose that

for every step graphon W. Then the same inequality holds for every graphon W.

Proof. For j > 1, partition [0, 1] into its 2/ dyadic intervals of equal length, and let A; be the
finite sigma-algebra generated by this partition. Set

W, =E[W | A; @ Aj].

Conditional expectation preserves symmetry and the pointwise bounds 0 <W <1, s0 Wj is a
step graphon.

The dyadic rectangle step functions form nested subspaces whose union is dense in L?([0, 1]?).
Since conditional expectation is the orthogonal projection onto the corresponding subspace,

HW]‘ — WH2 — 0.

The underlying space has measure one, so also ||[W; — W|; — 0.
For every fixed m > 3, the telescoping identity for products and the bounds 0 < W;, W <1
give
t(Cn, Wj) = t(Cop, W) < m|[Wj — W 5.
Indeed, after writing x,,+1 = x1, expand the difference of the two products into m terms, with
the ith term containing (W; — W)(x;, z;4+1) and all other factors bounded in absolute value by

one. Integration of each term gives ||[WW; — W/||1. The same estimate applies to 1 — W, and 1 —W.
Both cycle densities therefore converge, and continuity of ® proves the lemma. O

Let K be a symmetric step kernel, constant on every rectangle B; x B; of a finite measurable
partition
[0,1]:Bl|_|'”|_|BN, |Bz‘>0

Let Tk be its integral operator on L?([0, 1]),

(Tic f)(z) = /0 K(.9) () dy.



Write 1g for the indicator function of a measurable set S, let 1 := 1jg 1}, and set

E :=span{lp,,...,1p,}.

The operator Tx maps L?([0,1]) into E and vanishes on E*, so it is determined by its restriction
Tk|g. In the orthonormal basis

1p,
_ _'Bi (1<i

e; .
V1Bl

of E, that restriction is represented by the real symmetric matrix

(Kig/IBil1Bj1);

where Kj; is the value of K on B; x B;j. We call such an E a step space associated with K. Two
partitions on which K is constant admit a common refinement, and refining enlarges F while
appending zero eigenvalues to the matrix above; hence the nonzero spectrum of Tk |g does not
depend on which associated step space is chosen.

<N)

Lemma 2.5 (Cycle densities are traces). For every integer m > 3,
t(C, K) = Tr(T#),
where the trace is taken on E.

Proof. Expanding the matrix trace in the basis (e;))Y, gives

N
T(T) = > |Bul 1B Kiis Kiis - Kipi

01 yeeytm=1
This is precisely the step-function expansion of ¢(C,, K). O

Let J := T} be the operator of the constant kernel 1. Since [0, 1] has measure one, Jf =
(1, f)1, so J is the rank-one orthogonal projection onto the constant functions. As K +— T is
linear, a step graphon W and its complement U := 1 — W satisfy

Tw = J — Ty (9)

Combined with Lemma 2.5, this expresses every cycle density of W as the trace of a power
of J — Ty. We now bound such traces from below in terms of the eigenvalues of Ty alone.

For a vector x € R, write 2+ for its coordinates rearranged in nonincreasing order. Recall
that z is majorised by y, written x < y, if

J J N N
Z:BfSny (1<j<N), dwi=) ui
=1 =1 =1 =1

Karamata’s inequality [3, Chapter 4] states that, whenever z < y and ¢: R — R is convex,

N

N
> () <D o). (10)
=1

=1

We need the following rank-one case of Lidskii’s additive majorisation theorem. A proof is
included for completeness.



Lemma 2.6 (Rank-one lower majorisation). Let A be a real symmetric N x N matriz with
eigenvalues
Qa1 2 a2 2 Qn,

and let P be a rank-one orthogonal projection. If
H1 2> H2 2> 2 [N
are the eigenvalues of A+ P, then
(a1y...,an—1,an +1) < (p1,..., 4N).

Proof. We use the min—max formulation of the eigenvalues,

_ - <i<
@; = max ||;Iél‘l/ll<$,z4w> (1<i<N), (11)
2=

where V' runs over the subspaces of RY of dimension i; the same formula with A + P in place of
A gives the u;. We first show that the two spectra interlace:

1> Q1> g > Qg > 2> N 2> QN. (12)

Equivalently, pu; > «; for 1 <i < N and a; > pi1 for 1 <i < N.

For the first family of inequalities, note that P is positive semidefinite, so (z, (A + P)zx) >
(x, Az) for every unit vector z. Hence the inner minimum in (11) can only increase when A is
replaced by A 4+ P, and so can the maximum over V; therefore u; > «o; for every ¢ < N.

For the second family of inequalities, fix 1 <4 < N and let V' be a subspace of dimension
i+ 1. The projection P has rank one, so ker P has dimension N —1, and V +ker P C RY. Hence

dim(V Nker P) = dim V + dim ker P — dim(V + ker P)
>(i+1)+(N—-1)— N =1.

Choose a subspace V' C VNker P of dimension exactly i. Every = € ker P satisfies (A+P)x = Az,
and minimising over the smaller space V' can only increase the value, so

min (z, (A + P)z) < min (x,(A+ P)x) = min (z, Az) < o,

z€V zeV’ zeV’

ll==1 llzll=1 ll=l=1
where the last step is (11) applied to the i-dimensional subspace V’. Taking the maximum over
all subspaces V' of dimension i + 1 preserves the inequality, and by (11) for A+ P that maximum
is pi+1. Hence piy1 < ay, which proves (12).

A rank-one orthogonal projection has trace one, so

N N
D pi=Te(A+P)=Tr(A)+1=> a;+1, (13)
i=1 i=1
which proves the equality of total sums required in the definition of majorisation.
Let
V= (al, e, N1, QN + 1).
Its coordinates also sum to Zf\; 1 @; + 1. For the partial sums, fix 1 < j < N. The sum of the j

largest coordinates of v is the maximum of }, g v; over all j-element subsets S C {1,..., N}.
If N ¢S, then the bound is immediate:

J J
Z'Ui < Zai < Z/hw
i=1 i=1

€S



If N € S, we first have

j—1
dvi<ltoan+ > ai
=1

i€S

It remains to bound Zgzl w; from below by the same quantity. Applying u;+1 < «; from (12)

toi=y7,...,N —1 gives
N N-1 N-1
Z Wi = ZMiHS Zai7
i=j+1 i=j i=j

so with (13),

j N N
ZM:ZM— Z 223
i=1 i=1

i=j+1
N N-1 j—1

> (Zai+1> — Zai:1+QN+Zai-
i=1 i=j i=1

This settles the case N € S, so every partial-sum inequality in the definition of majorisation
holds. O

Corollary 2.7 (Even trace after subtracting a rank-one projection). Let T' be a real symmetric
N x N matriz with eigenvalues
AL > A > 2> Ay,

and let P be a rank-one orthogonal projection. If m > 2 is even, then
N
Tr(P—T)™) > (1—A)™+ ) IA™
i=2

Proof. Apply Lemma 2.6 to A = —T'. The eigenvalues of —T in nonincreasing order are
AN S>> =L

Writing p1 > -+ - > un for the eigenvalues of P — T, the lemma gives

(=AN oo =2, L= A1) < (p1, -5 1N
Applying Karamata’s inequality to the convex function z +— 2™ and using (—X\;)™ = |A\|™,
which holds because m is even, gives the result. ]

The pointwise bounds 0 < U < 1 enter the argument through the following consequences for
the spectrum of Ty.

Lemma 2.8 (Perron domination and the tail bound). Let U be a step graphon and let T = Ty |g
be its matrix on an associated step-function space. If

M > > 2> Ay

are the eigenvalues of T, then

0< A\ <1, (14)
Al <A1 (1<i<N), (15)
N 1

DA< A=) < 1 (16)
1=2



Proof. Let f € E be a unit vector. Then |f| € F is also a unit vector, so (|f|,T|f]) < A1.
Pointwise nonnegativity of U gives [(f, Tf)| < {|f],T|f]), and U < 1 gives

anris< ([ |f|>2 <IfB=1

Taking f to be a unit eigenvector of Ay,

M= (ATH) <KSTHIE < ST < 1

For an arbitrary unit vector f,

Az (fLTD = [T )] = 0.

Moreover, taking f to be a unit eigenvector of \;,

Xl = [LTHI<AAFLTID < M
Finally, let

[0,1]2

which gives p < A;. Since U? < U,

N

Therefore

We can now assemble the proof.

Proposition 2.9 (Spectral reduction). Let W be a step graphon, set U = 1 — W, and let
T =Ty|g on an associated step-function space. Order the eigenvalues of T as

AL > A2 > 2> Ay

For every k> 0,
N

t(Cn, W) + Kt(Cr, U) = fa(M) + DAL+ MY, (17)
i=2
where
frlz) == (1 — )" + ra, 0<z<I1.

Proof. Let P := J|g. Since 1 € E and ||1||2 = 1, P is a rank-one orthogonal projection. By (9),
Tw|g = P —T. Lemma 2.5 and Corollary 2.7 give

N
H(Cn, W) =Tr(P=T)") = (1= M)+ D> [A|™
i=2
Because n is even, |A;|™ = AP. This inequality together with
N
t(Co,U) = Tr(T%) =) M
i=1
gives (17). O



Proposition 2.10 (Lower bound up to the critical point). If 0 < a < a}, ,, then every graphon
W satisfies
HCn, W) + kpg(a)t(Cp, 1 = W) > ppe(a). (18)

Proof. By Lemma 2.4 we may assume that W is a step graphon. Let U =1 — W, let T = Ty|g,
and write the eigenvalues of T as

AL > A2 > 2> Ay

Proposition 2.9, applied with & := K, ¢(a), gives

H(Cr, W) + KH(Cp, U) > fru(M) + ) AP (L + kX)), (19)
1=2

Suppose first that 1+ Iﬂ?)\g > 0 for every i > 2. Then every summand of the sum in (19) is
nonnegative, since n is even, and it is enough to bound fi (A1) from below. Write b := 1 — a.
Since k = kp(a),

i) = —n(l —z)" ! + ka* 1,

K

") =n(n—1)(1 —2)" 24+ Kl - 1)z >0,

K

and
fL(b) = —na™ P 4+ kb = 0.

K

Thus f, is strictly convex and has its unique minimum at b, with
fr(b) = a" + Kb" = pne(a).
By (14) the value A; lies in the domain [0, 1] of f., so (19) gives
t(Cn, W) + Kt(Cr,U) > fo(M) = filb) = pny(a).
Call an eigenvalue \;, i > 2, dangerous if
1+ kX <0,

that is, if its summand in (19) is negative. As shown above, if there is no dangerous eigenvalue
then the claim follows. Assume therefore that there is at least one. Since d is odd and s > 0,
a dangerous eigenvalue has the form \; = —3 with 8 > 0. The bound xb% < 1 of (7) with the
definition of a dangerous eigenvalue gives

kB4 > 1> kb?,

d

and since x — x“ is strictly increasing, this yields

5
>b> — 20
B> (20)
where the second inequality is the second bound of (7).
We now show that there can be at most one dangerous eigenvalue. If two of Ag, ..., Ay were
dangerous, with magnitudes S and ~, then (16) and (20) would give a contradiction:

N 2
1 5) 25
,>§)\?>2 2592 =) =22 2



So let the unique dangerous eigenvalue be —3. Recall that (20), (15) and (14) give
b < /B <)\ <1

The strictly convex function f, is increasing on [b, 1], so fx(A1) > f.(5). Since no other eigenvalue
is dangerous, every summand of (19) apart from that of —3 is nonnegative, and therefore

H(Cp, W) + KE(Co, U) > fu(M1) + (1 — k3%
> fo(B) + B™(1 — kBY)
= (1= B)" +rB" + " — kpmte
=(1—p)"+p"
> 2!

where the last inequality follows from convexity of x — x™ applied to 8 and 1 — 8. Finally, strict
monotonicity of p, ¢ in Lemma 2.1 and a < a , imply

pre(a) < pne(an ) =277
This proves (18) in the remaining case. O
The matching obstruction is the balanced disjoint union of two cliques,

1, z,y€l0,1/2] or x,y € (1/2,1],

Walz,y) :=
(@) {O, otherwise.

Proposition 2.11 (Two-clique obstruction). If a > ay ,, then W violates (5).

Proof. Every homomorphism from the connected graph C), into W, maps all vertices into one

of the two halves, so

t(Ch, W) = 2 (;)n =2 (21)

The complement 1 — W is the balanced complete bipartite graphon, and ¢ is odd, so
t(Cp, 1 — Wy) = 0. (22)
By (21) and (22), the left-hand side of (5) at W equals 2'7". Strict monotonicity of py
(Lemma 2.1) and a > ay, , give
pre(a) > prelar) =27",
so () fails at Wy. O

Proof of Theorem 1.1. By (4) the left-hand side of the critical equation (2) is py ¢(a), so that
equation is (6); Lemma 2.1 shows that it has a unique solution a’ , in (1/2,1), which is the

number named in the theorem.
Now fix a € (0,1). By (5), a belongs to w(Cy,, Cy) if and only if

t(Cn, W)+ Iin,g(a)t(Cg, 1-— W) > pn’g(a)

holds for every graphon W. If a < a} ,, then Proposition 2.10 establishes this inequality, so
a € w(Cy,Cy). If a > a} ,, then the two-clique graphon W of Proposition 2.11 violates it, so
a ¢ 7(C, Cy). The region therefore consists of exactly those a with 0 < a < a* ,, that is,

n,l’

7(Cn, Co) = (0,07, 4] O
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3 Remarks

The proof of Theorem 1.1 has been verified in the Lean 4 proof assistant [5], on top of the mathlib li-
brary [4]; see https://github.com/mekty2012/0ff-diagonal-Commonality-of-Even-and-0dd-Cycles.
The formal statement covers both directions and the existence and uniqueness of ay, ,: the in-
equality holds for every graphon if and only if a < a; ,. The formal proof differs from the one
given here in four ways. 7

First, instead of the dyadic conditional expectations in Lemma 2.4, the formal proof approxi-
mates W directly by a step graphon in the L' norm; both cycle densities are Lipschitz in that
norm, so the inequality transfers.

Second, the interlacing inequalities (12) are proved by an intersection argument instead of
the min—max formulation: two spans of eigenvectors whose dimensions add up to more than
N contain a common unit vector, and evaluating the quadratic forms of A and A + P at that
vector gives the inequality.

Third, the rearrangement in Lemma 2.6 is not obtained by sorting. Since the «; are already
ordered, rearranging (o, ...,an_1,an + 1) only moves the entry ay + 1 to its correct position,
and the formal proof writes this down explicitly, with the partial sums in closed form. Karamata’s
inequality (10) is proved in a form that requires only one of the two sequences to be monotone,
so no second sorting argument is needed.

Fourth, the derivatives of f, are not computed. The paper locates the minimum of f, at
b through f/ and f”; the formal proof instead bounds (1 — z)" and sz’ from below by their
supporting lines at = b, both instances of Bernoulli’s inequality, and the sum of the two lines is
the constant p, ¢(a) because kb1 = na""'. The same supporting-line estimate, together with
monotonicity of powers on the nonnegative reals, proves that fy is increasing on [b, 1]. Strict
monotonicity of p, ¢ is proved directly from its explicit formula, without differentiating. Finally,
the formal proof obtains 2™ + (1 — )™ > 2!=" by applying the supporting-line inequality at 1/2
to both terms.
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