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Abstract

For an ideal solution of the Prouhet—Tarry—Escott problem of size n, let C' de-
note the associated constant, and let C,, be the greatest common divisor of these
constants. Filaseta and Markovich obtained v2(Cg) > 6 and determined v(Co) = 9,
and asked for improved lower bounds in the range 10 < n < 12; Bera and Nair
gave bounds for n = 10 and n = 12. We treat the symmetric case at every size,
even and odd, by 2-adic arguments throughout. A single identity, the row law, gov-
erns both parities. For n even, over Z, it splits into two regular systems and yields
vo(C) > 6,8,11,12,12,16, 18,18 for n = 6,8,10,...,20. The values at n = 6,8,10, 12
are attained and hence exact for the symmetric constant: in the symmetric case this
closes both brackets of Bera—Nair, and gives v2(C§) = 8, for which the published in-
formation was v2(Cs) > 6. We also record that the two lower bounds of Bera—Nair,
9 at n = 10 and 11 at n = 12, are attained by 2-adic solutions symmetric about
—1/2, so that no argument using 2-adic information alone can raise them. For n odd,
over Zs, it combines with a finite-difference lemma refining a congruence of Filaseta—
Markovich to give vy(C) > 11,12,12 for n = 11,13, 15, against 8, 10 and 11 from
Kleiman’s bound (n — 1)! | C; the chain also reproduces the known values 4,6,9 at
n =>5,7,9. At n = 11 the bound is sharp: the two quadratic near-solutions of Copper-
smith, Mossinghoff, Scheinerman and VanderKam are symmetric ideal solutions over
Zs with v2(C') = 11, since in both of the real quadratic fields involved the prime 2
splits. This answers, for n = 11 and p = 2, two questions of Filaseta—Markovich, and
exhibits for those sizes the case p < n of the question closing Rees—Smyth, who con-
struct p-adic ideal solutions only for p > n: at the prime 2 there is no local obstruction
at these sizes. At n = 13 we exhibit a symmetric ideal solution over Zs, obtained from
a second object of the same authors, although its constant has valuation 17.

1 Introduction

For a positive integer n, the Prouhet—Tarry—Escott problem asks for two distinct multisets
A, B of n integers with Y, af = Y, pbF for 1 <k < n— 1. Such a pair is called an
tdeal solution, and

[[x-a) - J[[x-b) =C

a€A beB

is then a nonzero constant. Writing C), for the greatest common divisor of the constants
C over all ideal solutions of size n, Kleiman [II] showed (n — 1)! | C,, and Rees and
Smyth [15], Caley [4, 5], and others added further prime divisors. Filaseta and Markovich
[8], developing the master’s thesis [14], used Newton polygons to obtain v2(Cs) > 6 and
Ug(ﬁg) = 9, and remarked that improved lower bounds for 10 < n < 12 would be of
interest. Bera and Nair [I] treated n = 10 and n = 12.
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A solution is symmetric when A = —A and B = —B for n even, and when B = —A
after translation for n odd. We write C/, for the greatest common divisor of the constants
over the symmetric ideal solutions of size n, so that C, | C!.

All the arguments below are 2-adic, but the two parities are not stated over the same
ring, and it is worth saying at once why. For n odd everything is carried out over Zs
itself, so the results there bound the valuation for 2-adic solutions and a fortiori for integer
ones. For n even the solutions are taken with entries in Z. The arguments are again
purely 2-adic, but one step — the equality of the numbers of odd entries on the two sides,
in Proposition [3.:2] — needs to know that C' is even, which over Z is given by Kleiman’s
bound and which a 2-adic solution of even size need not satisfy. The even-size results
therefore extend verbatim to any symmetric ideal solution over Zs of even size whose
constant is even, but not beyond. Throughout, v = vy denotes the 2-adic valuation.

The prime 2 is the one the classical local theory does not reach. Rees and Smyth lift a
solution modulo p* to one modulo p**!, and so obtain a p-adic ideal solution with C' # 0
for every p > n [15, Prop. 5.3 and Corollary|; their lifting requires the solution multiset to
contain n distinct residues modulo p, of which there are only two when p = 2. Nothing in
that direction constrains ve(C'), which is why the 2-adic case has to be treated by hand.
Their paper closes by asking whether the corollary also holds for p < n, so that there would
be no local obstruction at any prime; the 2-adic solutions of Sections and answer
that for p = 2 at the sizes 11 and 13, where no integer solution is known.

The two parities are governed by one identity, the row law of Section [2} if f — g is
a nonzero constant and /3 is a root of g, then f(3) is that constant, so the valuations of
the differences between 5 and the roots of f sum to v(C) — and this holds for each root
separately, not merely on average. What the two parities do with it differs, and the paper
is organised accordingly: Sections treat n even, Sections treat n odd.

Theorem 1.1. Let A be a symmetric ideal solution of size n with constant C, with entries
m Z if n is even and in Zo if n is odd. Then

n |6 8 10 12 14 16 18 20 n |5 7 9 11 13 15
v(C) >]6 8 11 12 12 16 18 18 v(C) >[4 6 9 11 12 12

The bounds atn =5,6,7,8,9,10,11,12 are attained, and those atn = 5,7,9 are the known

values of va(Cy,) [15, [4), 18]

At n = 10 and n = 12 the bounds are attained by integer solutions, so v2(C},) = 11
and v2(C14) = 12 exactly; these close the two brackets of Bera—Nair in the symmetric case.
At n = 11 the bound is attained only over Zs, by objects already in the literature:

Theorem 1.2. For n = 11 the bound is attained. Consequently
min{v(C) : A a symmetric ideal solution over Zg of size 11} = 11.

The witnesses are not new objects: they are the two near-solutions of size 11 exhibited
by Coppersmith, Mossinghoff, Scheinerman and VanderKam, each consisting of nine ratio-
nal integers together with a conjugate pair of quadratic irrationalities. What is observed
here is that both lie in Zy (Section [L0)).



2 The row law

Proposition 2.1 (row law). Let f =[] (X — ;) and g = Hj.V:l(X — B;) be monic of
the same degree over Zo, with f — g = C a nonzero constant. Then for every j,

N N

H(ﬁj —a;) =C, hence Zv(,@j —a;) = v(0),

i=1 =1
and symmetrically [[;(c; — B8;) = —C' for every i.

Proof. Evaluating f —g = C at X = f; gives f(8;) —0 = C, and f(8;) = [[,(B; — o).
Evaluating at X = «a; gives 0 — g(a;) = C, and g(;) = [[;(cs — 5)). O

This evaluation is the one used by Rees—Smyth [I5] and by Coppersmith—-Mossinghoff—
Scheinerman—VanderKam [7]; what is used below is its refinement at the level of valuations,
namely that the N sums ), v(8; — ;) are all equal, and likewise the N sums taken the
other way.

3 Even sizes: reduction to squares and the two regular sys-
tems

Let n = 2r be even and let A = +{a1,...,a,}, B = £{b1,...,b,} be a symmetric ideal
solution with entries in Z.

Proposition 3.1. Put a; = a? and B; = b?. Then {ou} and {B;} form an ideal solution
of size r, all of whose entries are squares, and

C-(—l)"(lf[ai—li[ﬂj), 50 U(C):U(Hai—ﬂﬂj).

Proof. The odd power sums of A and of B vanish by symmetry. For 1 < k < r — 1 the
power sums of order 2k agree, and ), a?k = %Zae A a®*| so the families of squares have
equal power sums up to order r — 1. Finally [, 4(X —a) = [,(X? — «;) and likewise for
B, and the constant is read at X = 0. O

We write o and ¢’ for the multisets {v(a;)} and {v(b;)}, so that v(e;) = 2v(a;) and
v(B;) = 2v(b;). In the ancillary verifier these two profiles are printed o and 7; the letter 7
is reserved here for a scalar attached to the odd case (Section [7)).

Proposition 3.2. Let ky be the number of odd entries among ay, ..., a, and k the number
among by,...,b,. Then ko = ki), and the row law splits into two independent systems: a
ko x ko matriz on the odd parts and an (r — ko) x (r — ko) matriz on the even parts, each
with all row sums and all column sums equal to v(C).

Proof. If o; is odd and 3; even, or the reverse, then 3; — a; is odd and contributes 0. So
for B; odd the row law reads > ,qqv(B; — ;) = v(C), and symmetrically. Let M be
the matrix of these valuations, with k{, rows and ko columns. Summing its entries in the
two possible orders gives kjv(C) = kov(C), and v(C') # 0 because (n — 1)! divides C' by
Kleiman’s theorem and n > 4; hence ky = k{. The same argument applies to the even
parts. O



Corollary 3.3. v(C) = 3kg + R with R > 0. In particular v(C) > 3kg, and if every entry
is odd then v(C) > 3r.

Proof. Odd squares are congruent to 1 modulo 8, so each of the kg entries of a row of the
odd system is at least 3; write R for the total excess of that row over 3kg. O

Not every value of R occurs. For a given kg the realisable values form a set with gaps,
determined by the possible valuations of differences of odd squares; it is computed by a
finite check in the ancillary verifier, which also confirms directly, modulo 8, that R = 1
cannot occur for kg = 3, and that R = 2 can, consistently with the second solution of
Borwein, Lisonék and Percival.

Lemma 3.4. Suppose o0 = o’. Then v(C) > 2> 0 + 3; and if moreover kg is odd, then
R>1.

/

Proof. Write o; = 2%%u; and B = 22 u; with u;, u; odd squares (an entry 0 cannot occur
on both sides, since then C' would vanish by Proposition and with ¢ = ¢’ it occurs on
neither). Then [, a; —[]; 85 = 2227 (], u; — I1; u;), and both products are congruent
to 1 modulo 8; this gives the first claim.

For the second, suppose R = 0. Then every entry of the odd system equals 3, that is
Bj —a; =8 (mod 16) for all odd «y, 8. Hence all the odd «; are congruent to one residue
X modulo 16 and all the odd 3; to X + 8. Since r > 2, the first power sums of the two
families agree (Proposition . Modulo 16, an even «; is=4if 0, =1 and =0 if g; > 2,
and likewise for the f;; as 0 = ¢/, the even entries contribute the same amount on both
sides. The odd entries contribute ko X and ko(X + 8), which differ by 8ky = 8 (mod 16)
for kg odd, a contradiction. O

Finally, if Ky = 0 then every entry is even, and A/2, B/2 is again a symmetric ideal
solution with entries in Z, whose constant is C//2". Iterating, every lower bound below
that holds when ky > 1 holds a fortiori when kg = 0, since it then holds for C'/2™ and
v(C) =n+v(C/2"). We may and do assume ko > 1, that is mino = mino’ = 0.

4 Even sizes: three instruments

4.1 The index bound
For integers s,t > 0 put ¥(s,t) = 2min(s,t) if s # ¢, and ¥(s,s) = 2s + 3.
Lemma 4.1. Ifv(a) = s and v(b) =t then v(a® — b%) > (s, t), with equality when s # t.

Proof. If s # t then v(a?) = 2s # 2t = v(b?) and the valuation of the difference is the
smaller of the two. If s = ¢, write a = 2%z and b = 2%y with z,y odd; then a? — b? =
225(z — y)(x + y), and of the two factors = F y one is congruent to 2 modulo 4 and the
other divisible by 4, so the valuation is at least 2s 4 3. O

,
Theorem 4.2. v(C) > max Z¢(Ji,a
J

}), and symmetrically with the roles of the two
i=1

families exchanged.

Proof. Tmmediate from Proposition [2.1] applied at 3; and Lemma [4.1} O



On the five symmetric ideal solutions of sizes 10 and 12 considered here this bound is
tight in exactly three cases: it returns 14 for the first solution of Borwein, Lisonék and
Percival [2], 12 for that of Kuosa, Meyrignac and Shuwen [12], and 12 for that of Choudhry
and Wroblewski [6], which are their exact values; on the second solution of Borwein, Lisonék
and Percival it returns 9 against the true value 11, and on that of Broadhurst [3] 13 against
14.

4.2 Rigidity of the Newton polygon

Theorem 4.3. In a symmetric ideal solution of even size, either o = o' as multisets, or
v(C) =2min(} 0, o).

Proof. The elementary symmetric functions of order at most » — 1 of {oy} and of {f;}
coincide, by Proposition 3.1} only the constant terms may differ. Hence the Newton poly-
gons of the two monic polynomials are lower convex hulls of the same points, except the
point of abscissa 0. If the two constant terms have the same valuation, the polygons co-
incide, and so do the multisets of valuations of the roots, that is 20 = 2¢’. Otherwise
the valuation of the difference is the smaller of the two constant-term valuations, namely

2min(d> o, > o’). O

4.3 The predictor

Proposition 4.4. For a half-family of profile o, let Tj(c) be the sum of the j smallest
entries of o and Nj(o) the number of j-element sub-multisets realising that minimum.
Then

v(ej) = 2Tj(o) + v(N;(0)),

where e; 1is the j-th elementary symmetric function of the squares, provided Nj(o) is not
divisible by 8 and v(N;(0)) is smaller than twice the gap between T; and the next attainable
weight.

Proof. Write a; = 2%%u; with u; an odd square, so that each j-element sub-multiset
contributes 22V [Jw; with W its weight, and [[u; = 1 (mod 8) as a product of odd
squares. The N; sub-multisets of minimal weight therefore contribute 227 (N; + 8k) for
some k, of valuation 27 + v(NN;) as soon as 8 { N;. Every other sub-multiset has weight
at least T + g, where g is the gap to the next attainable weight, hence valuation at least
2T 4 2g, which exceeds 2T} + v(N;) under the second proviso. O

This predictor is exact, at every order j, on the twelve half-solutions of the six even
solutions of sizes 8, 10 and 12 checked in the first ancillary file.

5 Even sizes: the main theorem and the extremal configura-
tions

Theorem 5.1. For every symmetric ideal solution of even size n with entries in Z, the
valuation of the constant satisfies the bounds below. At n = 6,8,10,12 the bounds are



attained, hence exact for C},.

n | Kleiman previously here | gain status
6 3 — 6 +3 exact
8 4 > 6 (Filaseta-—Markovich) | 8 | +4 exact
10 7 9 to 11 (Bera—Nair) 11 | +4 exact
12 8 11 to 12 (Bera—Nair) 12 | +4 exact
14 10 — 12 | +2 | lower bound
16 11 — 16 | +5 | lower bound
18 15 — 18 | +3 | lower bound
20 16 — 18 | +2 | lower bound

Proof. By the reduction following Lemma we may assume mino = mino’ = 0, and by
Theorem [.3] there are two cases.

Case 0 = ¢’. Then v(C) is at least the bound of Theorem [4.2] at least 2 o + 3, and
of the form 3k¢+ R with R in the set of values realisable for kg (Corollary, with R > 1
when ko is odd (Lemma [3.4). An entry equal to 9 or more gives v(C) > (9,9) = 21
by Theorem beyond every bound of the table, so it suffices to enumerate the profiles
with entries at most 8 and to take, for each, the least value of v(C') compatible with these
conditions.

Case o # o'. Let o’ denote the profile of smaller sum and put s’ = > o/, so that
v(C) = 2¢'. Since v(C) = 3k + R is then even, R = 0 is impossible for ky odd. The pair
must satisfy the following necessary conditions:

(a) Theorem , with the roles of the two families in both orders;
(b) v(C) = 3ko + R with R realisable for ko;

(c) compatibility of the predictor: since e; is the same for the two families for 1 < j <
r — 1, whenever Proposition determines v(e;) for both profiles the two values
agree, and whenever it determines it for one profile but not for the other, that value
is at least 27} + min(3,2g) computed for the other profile, which by the proof of
Proposition [4.4]is a lower bound for v(e;) whenever the predictor does not determine
it.

For a value B of the table, 2s’ < B bounds the entries of ¢/. The entries of o are not
bounded a priori (an entry a; = 0 counts as an infinite entry), but by Lemma below it
suffices to enumerate the profiles & whose entries are at most s’ + r + 3.

Both enumerations are finite; they are carried out in the ancillary files for the eight
sizes 6 < n < 20, and the minimum over the two cases is the bound of the table. O

Lemma 5.2. Let 0 # o' with s’ =Y 0’ <Y 0. There is an integer ¢ with ' +1 < ¢ <
s'+r+1 such that no entry of o equals c+1. Let o* be obtained from o by replacing every
entry larger than ¢ by ¢+ 2. Then o* has entries at most s' +r + 3, and the pair (c*,0")
satisfies each of the conditions (a), (b), (¢) if and only if (0,0") does.

Proof. The r+1 values s’ +2,...,s +r+2 cannot all be entries of o, which has r entries;
this gives ¢. Call the entries larger than ¢ large; they are at least ¢ + 2, and the other
entries are at most c. Every entry of ¢/ is at most s’ < c.

(a) For > max o’ one has ¢(x,t) = 2t for every entry t of o', so the row and column
sums of Theorem do not depend on the value of a large entry.

(b) The number ko of zero entries and the value v(C') = 25’ are unchanged.



(c) Let p be the number of entries at most c¢. For j < p, the j smallest entries, T; and
N; do not involve the large entries. The next attainable weight is either reached without
large entries, which does not depend on them, or by exchanging a chosen entry, at most
¢, for a large one, which raises the weight by at least 2. As the predictor depends on the
gap ¢ only through min(3,2g) and through the comparison of v(NN;) < 2 with 2¢ (when
81 N;), its output is the same for o and ¢*. For j > p, every j-element sub-multiset of o
or of o* contains a large entry, so T; > ¢+ 2 > s’ + 3 and the value or lower bound given
by the predictor is at least 25’ + 6; for o' it is at most 27;(c”) + 3 < 25’ 4+ 3. Hence, for
both o and ¢*, the order j is incompatible exactly when the predictor determines v(e;) for
o', a condition that does not involve o. O

The two smallest even sizes are not new, and serve as a calibration. At n = 6 the
bound returned is 6, and it is attained by £{0,7,7} against £{3, 5,8}, whose constant is
14400 = 26 - 225. At n = 8 the bound is 8, and it is attained by equation (4.7) of [I5],
so that v2(C%) = 8; we have not found this exact value stated, the published information
being v9(Cg) > 6 from [§].

The value 11 at n = 10 is attained already by the solution recorded as equation (4.9)
of [15], which goes back to Letac and is recorded by Gloden [I0], and again by the second
solution of Borwein, Lisonék and Percival; the value 12 at n = 12 by that of Kuosa,
Meyrignac and Shuwen [12] as well as by that of Choudhry and Wroblewski. Both brackets
of Bera—Nair therefore close in the symmetric case. Since every ideal solution known at
these two sizes is symmetric, a smaller value for C,, would require a non-symmetric ideal
solution of size 10 or 12, and none is known.

In the case o # ¢’, the enumeration shows that every pair compatible with the bound
has its two profiles equal in every entry but the largest, the largest entry of o taking
every value from some threshold on. This is an observation from the computation, not a
consequence of Theorem [£.3] We call such a one-parameter family a form.

Theorem 5.3. The enumeration yields more than a lower bound: the exhaustive list of the
profiles that the mecessary conditions above do not exclude at the bound. Any symmetric
ideal solution attaining the bound has one of these profiles.

n | profiles o = o' compatible with the bound forms with o # o’
10| (0,0,0,1,1), (0,0,0,1,2), (0,0,0,1,3) 0

12 | (0,0,0,0,1,1), (0,0,0,0,1,2), (0,0,0,0,1,3), (0,0,0,1,1,2)
14 | (0,0,0,0,1,1,2)

16 | none

18 | fourteen profiles

20 | five profiles

N O =W

Three consequences deserve to be recorded. At size 10 the case of distinct profiles
produces nothing at or below the bound, so any symmetric ideal solution of size 10 attaining
11 has two half-families of the same profile, which the solution of Borwein, Lisonék and
Percival confirms. At size 16 no profile with ¢ = ¢’ descends below 17: if the two half-
families have the same profile then v(C') > 17, and the value 16 can only be attained in
the single form

o' =(0,0,0,0,1,1,2,4), o=(0,0,0,0,1,1,2,A), A > 5.

At size 14 the profile is unique in the case o = ¢’, namely (0,0,0,0,1,1,2), and the one
form with distinct profiles is ¢/ = (0,0,0,0,1,1,4) against o = (0,0,0,0,1,1,A) with
A > 5; at a size where no solution is known, this is a completely explicit search criterion.



6 Odd sizes: a finite-difference lemma

Definition 6.1. Let n > 5 be odd. A symmetric ideal solution over Zs of size n is a tuple
A= (ay,...,ay) € Z3 such that

pr(A) = Z aik =0 for every odd k with 1 < k <n — 2,
i=1

and such that C'(A4) := —2[[_; a; is nonzero.

Equivalently, with f(X) = [[,(X — a;) one has f(X) + f(—X) = C(A). Indeed
[L(X +a;) = —f(—X) because n is odd, so [[,(X — a;) — [[;(X + a;) = f(X) + f(—X),
which is twice the sum of the terms of f of even degree. As n is odd those are the terms
(—1)ker(A) X" with k odd, and they reduce to the single term —e, (A) precisely when
e1=e3=---=¢e,_9=0.If (A, —A) is a symmetric ideal PTE solution over Z, then A is
a symmetric ideal solution over Zs in the above sense, with the same constant.

We write
n

t(A) = Z v(a;),

i=1
let O and F be the sets of indices with a; odd, respectively even, and put

w = |0, u:=|E|=n—w, ¢ =v(a;) (i € E), my=#{i€E: ¢ =1}
Proposition 6.2. v(C) =1+ t(A).
Proof. Immediate from C' = —2]] a;. O
Corollary 6.3. For every j, > . v(aj+a;) =v(C).

Proof. Apply Proposition with f =[[,(X —a;) and g = [[;(X + a;), whose roots are
the —a;. O

Lemma 6.4. Let A be as in Definition[6.1 and let 0 < m < (n — 3)/2. Then

n
Zai (a'LQ - 1)m = 07
=1

and consequently

gm ) Saila? 1" inZs.
i€l

Proof. Expanding, a(a2 —-1)m = ETzo(—l)m*j (?)azjﬂ, SO

Zai(a? —1)" =

every exponent 2j 4 1 being odd and at most 2m+1 < n—2. For a odd one has 8 | a® — 1,
so each term with ¢ € O is divisible by 87*; the displayed divisibility follows. O

:O(—l)m_j <T) p2j+1(A) =0,

Remark 6.5. The corresponding statement of Filaseta—Markovich [§] is recorded there in
the form of a congruence modulo 16 between the power sums of the odd parts, respectively
of the even parts, of the two sides of a general ideal solution. Lemmal6.4]is a strengthening:
instead of one fixed modulus it produces a tower of conditions modulo 8, 64,512, 4096, .. .,
indexed by m, and these are conditions on the even part alone.



Corollary 6.6. w is even and u s odd.
Proof. p1(A) = 0; reducing modulo 2 gives w = 0. O

Corollary 6.7. Let cpin = min{c; : i € E} and let p denote its multiplicity. If u is odd
then cmin > 3 - ”7_3

Proof. In Y, ai(a? —1)™ each term has valuation exactly ¢;, since a; is even and a? — 1

is odd. The p terms with ¢; = c¢pin are each 2°min times an odd number, so, p being
odd, their sum is again 2°mi» times an odd number, while every other term has valuation
greater than cpi,. Hence the whole sum has valuation exactly cpin, and Lemma with
m = (n —3)/2 gives 3m < Cpin. O

Corollary 6.8. The number my is even; and if u =1 thent >3- ”7_3

Proof. If m; > 1 then cpiy = 1, and 1 < 3(n — 3)/2 for n > 5, so 4 = my is even by
Corollary [6.7; if m; = 0 there is nothing to prove. If w = 1 then g = 1 is odd and
t= Cmin - O

Lemma 6.9. Put s := max{min(2+v(k—1), k) : k odd, 3<k <n—2}. Then
Zai =0 (mod 2%).
€O

One has s > 3 form>5, s >4 forn>7 and s > 5 forn > 11.

Proof. Fix such a k. For a odd and M = k —1 even, the lifting-the-exponent formula gives
v(@M —1) =v(a—1)+v(a+1)+v(M)—1>2+v(M), since one of a F 1 is divisible
by 4. Hence a* = a (mod 22t°*+=1D) for a odd, while v(a*) > k for a even. Reducing
pr(A) = 0 modulo gmin(2+v(k—1).k) Jeayes > ico ai- Taking the largest such modulus over
the admissible k gives the claim; the stated values come from k = 3,5, 9. O

7 0Odd sizes: the odd part

Proposition 7.1. For every j € O,
Z v(aj + a,-) =1.
i€0, i#j
In particular t > w—1, and 7 :=t — (w — 1) > 0 does not depend on j.

Proof. Apply Corollary [6.3] at j € O. For i € E the sum a; + a; is odd, so those terms
vanish; the term i = j equals v(2a;) = 1. By Proposition the total is 1 4 ¢. O

If a; = a; (mod 4) with both odd then a;+a; =2 (mod 4), so v(a;+a;) = 1 exactly; if
a; # aj (mod 4) then v(a;+a;) > 2. Let A(;) and A3) denote the elements of O congruent
to 1, respectively 3, modulo 4. Then for j € Ay,

7= (v(ai+a;) 1),
1€A(3)

and symmetrically for j € As).

Proposition 7.2. Assume w > 2, let h := w/2 and let s be as in Lemma so s > 3.
Exactly one of the following holds.



(i) 7 =0; then O lies in a single class modulo 4 and w =0 (mod 4).
(ii) 7 = h; then h is even, hence again w =0 (mod 4).

(i) 7 > h+ [h/2].

Moreover if w =2 then (i) and (ii) are impossible and T > s — 1.

Proof. Suppose first 7 = 0. Then no pair of elements of O lies in distinct classes modulo
4, so one of A(y), A3y is empty and O is contained in a single class, say € € {1,3}. Then
>ico @i = we (mod 4), and Lemma [6.9| forces 4 | we, i.e. 4 | w.

Now suppose 7 > 0, so both classes are nonempty; write p = [A(y)|, ¢ = [A(3)| and let
M = (Mgp) be the p x ¢ matrix with entries My, = v(a+b) —1>1fora € Ap), b € Ag).
By the displayed formula all row sums and all column sums of M equal 7. Counting the
total two ways gives pr = g7, hence p = ¢ = h. Since all entries are at least 1, 7 > h.

Assume 7 = h. Then every entry of M equals 1, i.e. v(a + b) = 2 for every cross pair,
ie. a+b # 0 (mod8). Elements of Ay are = 1 or 5 modulo 8 and elements of A s)
are = 3 or 7; the forbidden sums modulo 8 are exactly (1,7) and (5,3). If A(;y met both
classes modulo 8, then Az could contain neither a 3 nor a 7, which is absurd. So Ay is
homogeneous modulo 8 and then so is A(3), the two possibilities being (1,3) and (5,7). In
both cases ;. a; = 4h (mod 8), and Lemma 6.9 with s > 3 forces h even.

Finally assume 7 > h and put N = M — J, where J is the all-ones matrix, so N > 0
with all line sums p =7 — h > 1. One has Ny, > 1 exactly when a +b =0 (mod 8), that
is on the set (A%l) X AZ3)) U (A‘?l) X A?3)), where the superscript records the class modulo
8. Write k = |A%1)| and \ = |A?3)|. A row of N indexed by an element of A%l) has at
least h — A entries > 1, whence p > h — A whenever A%l) # (; similarly p > X\ if A‘E’l) £ 0,
p>h—k ifA%:g) # 0, and p > /@ifAzg) # 0. If 0 < k < h then p > max(h— X, \) > [h/2].
If Kk = h then A(73) # () (otherwise the support of N is empty and p = 0), so p > h; the
case k = 0 is symmetric. In all cases p > [h/2].

For w = 2 one has h = 1, so (i) fails because 2 # 0 (mod 4) and (ii) fails because h is
odd. Here Zieo a; = aq + as has valuation 7 + 1 by Proposition so Lemma gives
T+1>s. 0l

8 0Odd sizes: the even part

Proposition 8.1. For every j € E,
Zv(ai—{—aj) =1+t
S
Consequently, for every j € F,
(¢;+1) + Z min(c;, ¢j) + Z (¢;+1) < 14t (1)

i€E, i#] i€E, i#]
CﬁléCj Ci=Cj

and t > u when u > 2.

Proof. Apply Corollary [6.3] at j € E; the terms with ¢ € O vanish. For ¢ # j one has
v(a; + aj) = min(c;,¢;) if ¢ # ¢; and v(a; + a;) > ¢; + 1 if ¢; = ¢;, while the term
i = j equals ¢; + 1; this gives (I)). Keeping only the bound v(a; 4+ a;) > 1 for i # j gives
1+t>(c;j+1)+(u—1),ie t>cj+u—1; summing over j € E yields ut >t +u(u—1),
hence t > wu for u > 2. O
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Corollary 8.2. Suppose u >3 and my > 1. Thent > max(mj; +u—1, 2u —my). If
mq = 0 then t > 2u.

Proof. Apply to an index j with ¢; = 1: the left-hand side equals 2+ 2(m; — 1) + (u —
my) = mq + u, giving t > mq +u — 1. On the other hand t = >, ¢; > m1 + 2(u —mq) =
2u — myq. If m1; = 0 then every ¢; > 2. ]

In particular, since m; is even by Corollary
u=5=1t2>8§, u=7=1t2>10, u=9=1t>14, u=11=1t>16.

We record one further structural statement, which is not used in the lower bounds
below but sharpens the picture and subsumes Corollary [6.6]

Theorem 8.3. In a symmetric ideal solution over Zs of odd size n: the mazimal valuation
among v(ai),...,v(ay) is attained exactly once, and every other value is attained an even
number of times.

Proof. Let M = max;v(a;) and let iy be an index attaining it. Apply Corollary at
io. The term ¢ = ip equals v(2a;,) = 1+ M, and for i # iy one has v(a;, + a;i) >
min(M,v(a;)) = v(a;). Summing,

v(C) = Zv(aio +a;) > 1+M+Zv(ai) =1+t=v(C)
i iio

by Proposition so every inequality is an equality: v(a;, + a;) = v(a;) for all i # iy.
If some k # ip had v(ax) = M, then a;, + a would be the sum of two elements of the
same valuation, whence v(a;, +ax) > M + 1 > v(ay), a contradiction. So the maximum is
attained exactly once.

For the second assertion, write f(X) = X H(X?)+ ¢y with H monic of degree (n—1)/2
and C' = 2¢p, as in Definition From f(a;) = 0 one gets a;H(a?) = —cp and hence
a?H(a?)? = c3, so each a? is a root of the monic polynomial R(Y) = YH(Y)? — 3 of
degree n. In fact R(X?) = —f(X)f(—X) = [[;(X? — a?), since f(—X) = —XH(X?) +co
and n is odd, so the roots of R are exactly the a? with multiplicity. Now R and Y H(Y)?
have the same coefficients in every degree from 1 to n and differ only in degree 0, so their
Newton polygons share every vertex of abscissa at least 1. By the first assertion the largest
valuation among the a?, namely 2M, is attained once, so the initial segment of the Newton
polygon of R has length 1; the remaining n — 1 slopes are those of Y H(Y)?, that is the
valuations of the roots of H, each occurring twice. Halving, every value other than M
occurs an even number of times among the v(a;). O

Remark 8.4. Theorem holds on the odd witnesses used in this paper: Letac’s two solu-
tions of size 9 [13] have full valuation profiles (4,1,1,1,1,0,0,0,0) and (3,2,2,1,1,0,0,0,0),
the two quadratic objects of Section |10 have (4,2,2,1,1,0°), and the solution of Section
has (6,3,3,1,1,1,1,05). In each case the maximum occurs once and every other value an
even number of times. Taking the value 0, whose multiplicity is w, recovers Corollary

9 (Odd sizes: lower bounds

Lemma 9.1 (reduction). If A is a symmetric ideal solution over Zy of size n with w = 0,
then A/2 is one as well, and t(A/2) = t(A) — n. Consequently, in order to bound t from
below it suffices to treat the case w > 2.

11



Proof. If every a; is even then py(A4/2) = 27%pr(A) = 0 and C(A/2) = 27"C(A) # 0.
Given an arbitrary A, halving it repeatedly produces A’ with w(A’) > 1 and t(A’) < t(A);
by Corollary w(A") is even, hence > 2. O

9.1 Thesizesn=5andn=7

Proposition 9.2. For n =5 one hast > 3, and for n =7 one hast > 5; hence v(C) > 4
and v(C') > 6 respectively. Both bounds are attained.

Proof. Let n =5, s0 s = 3 and w € {2,4}. If w = 2 then u = 3 and Corollary [8.2] with m4
even gives t > 4. If w = 4 then u = 1 and Corollary givest>3-1=3.

Let n = 7,80 s =4 and w € {2,4,6}. If w =2 then u = 5 and Corollary gives
t > 8. If w=6 then u =1 and Corollary [6.8 gives ¢t > 6. If w =4 then v =3, h = 2, and
Corollary [B:2] gives ¢t > 4; by Proposition [7.2] the possible values of 7 are 0, 2 and 7 > 3,
giving t =3+ 7 € {3,5} U [6,00), and ¢ = 3 is excluded. Hence ¢t > 5.

The tuples (9,5,1,—7,—8) and (—50, —38, —13, -7, 24, 33,51) are symmetric ideal so-
lutions over Z with ¢ = 3 and ¢t = 5, so v(C) = 4 and v(C) = 6. These are the known
values of v9(Cs) [15, Prop. 2.4] and of ve(C7), for which Caley proved 2° | C7 [4]; see [T,
§2.1]. O

9.2 The size n=29

Theorem 9.3. Let A be a symmetric ideal solution over Zo of size 9. Then t > 8, hence
v(C) > 9. The bound is attained.

Proof. Here s = 4 and (n — 3)/2 = 3; by Lemma[9.1] w € {2,4,6,8}.
e w=2 u="T: Corollary [8.2) gives ¢ > 10.
e w =4, u=>5: Corollary 8.2 gives t > 8.

e w=06,u=23, h=3: case (i) of Proposition requires 4 | w and case (ii) requires
h even, so (iii) holds and 7 > 3+ 2 =5, whence t =5 + 7 > 10.

e w=2_8, u=1: Corollary [6.8| gives t > 3-3 =09.
Thus t > 8. The first solution of Letac of size 9, namely
(—98, —82, —58, —34, 13, 16,69, 75, 99),
has w = 4, u = 5 and even valuations (4,1,1,1,1), so t = 8 and v(C) = 9. O]

Theorem recovers, for symmetric solutions, the value v2(Cy) = 9 obtained by Fi-
laseta and Markovich by a different route, and shows in addition that the value cannot be
improved by any 2-adic argument, since it is attained already over Z.

9.3 The size n=11

Proposition 9.4. Let A be a symmetric ideal solution over Zy of size 11 witht < 9. Then
w=38 u=3,7=0,t=7, and the multiset of even valuations is (5,1,1) or (3,2,2).
Writing ag, a3 for the two entries of equal valuation, one has v(az + a3) = 5 in the first
case and v(az + az) = 3 in the second.

Proof. Here s = 5 and, by Lemma , w € {2,4,6,8,10}.

12



w =2, u=9: Corollary [8:2] gives ¢ > 14.

w =4, u=T: Corollary [8:2] gives ¢ > 10.

w =06, u=0>5, h=3: cases (i) and (ii) of Proposition [7.2] are excluded (4 1 6; h odd),
soT>3+2=5andt=5+ 7> 10.

e w =10, u = 1: Corollary [6.§ gives t >3-4 = 12.

w =8, u =3, h = 4: Proposition [7.2] leaves 7 = 0, 7 = 4 or 7 > 6, that is
t=T+7e{7}U{11} U[13,00).

Sot <9 forces w =8, u=3,7=0and t =7. The multiset (c1,c2,c3) is a partition of
7 into three positive parts: (5,1,1), (4,2,1), (3,3,1) or (3,2,2). In (4,2,1) and (3,3,1),
Cmin = 1 has multiplicity 1, so Corollarywould force emin > 12, which fails. For (5,1,1),
Proposition at an index of valuation 1 reads 2 + min(5,1) + v(ag +a3) =14+t =28, so
v(ag+as) = 5. For (3,2,2), at an index of valuation 2 it reads 3-+min(3, 2)+v(az+a3z) = 8,

so v(az + az) = 3. O
Proposition 9.5. Neither configuration of Proposition occurs.

Proof. The profile (5,1,1). Write Ey, = >, af and A™E = Z;nzo(fl)m_j (?)EQJ-H =
Siep @i(a? —1)™, so that 8™ | A™E for m < 4 by Lemma Write a1 = 32by, ag = 2bs,
a3z = 2bg with b; odd. For k odd, ka + b:f = (ba + b3)qx, with ¢ odd, being a sum of k£ odd
terms. The condition v(as + az) = 5 gives v(by + b3) = 4, say by + b3 = 16¢ with ¢ odd;
put z := b1 + ¢, an even integer. Then

E = 32z, Es = 2503 + 27¢qs, Es = 250 + 2%¢qs,

E7 = 2351); + 2110(]7, Eg = 24513? + 2136(]9.

Modulo 22 the only surviving terms of A®E = E; — 3E5 4+ 3E3 — E; are 3E5 and —E},
s0 384 cqz — 322 = 0 (mod 27), that is 2 = 12cq3 (mod 16). As cq3 is odd, 12¢cq3 = 4
or 12 (mod 16), whence z = 4 (mod 8). Modulo 22 the only surviving terms of A*E =
Eg—4F7+6E5—4FE3+ E are 6E5, —4F3 and E1, 50 3072 ¢q5—512 cq3+322 = 0 (mod 2!?),
that is 96 c¢g5 — 16 cq3 + z = 0 (mod 128); reducing modulo 16 gives z = 0 (mod 16), hence
z =0 (mod 8). This contradicts the previous congruence.

The profile (3,2,2). Write a; = 8b1, ag = 4be, ag = 4b3 with b; odd. Now v(az+as3) = 3
gives by + by = 2¢ with ¢ odd, and as before ka + bé“ = 2cqy, with g, odd for k£ odd. Put
z:=b1; + c. Then

E1 =8z, E3 = 29b? + 27CQ3, E5 = 2151)? + 21166_]5,

E; = 221bz + 28¢q7, Ey = 227b? +2%¢qq.

Modulo 2, A3E = 3E3— F; = 384 ¢q3 — 8%, so 2z = 48 cq3 (mod 64) and v(z) = 4. Modulo
212 the terms Eg, 4E; and 6E5 vanish (note 6 -2'' = 3-212) so A'E = —4FE3 + B, =
—211p3 — 29¢q3 + 82, whence 2z = 64 cq3 + 256 b3 (mod 512) and v(z) = 6. The two values
of v(z) are incompatible. O

Remark 9.6. Proposition [0.5 has been confirmed independently by exhaustive computa-
tion, for both profiles, in the second ancillary file: no even triple of either profile satisfies
the two conditions at m = 3 and m = 4 simultaneously.
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Theorem 9.7. Let A be a symmetric ideal solution over Zo of size 11. Then t > 10, hence
v(C) > 11.
Proof. Immediate from Propositions [9.4] and O

For comparison, Kleiman’s bound (n — 1)! | C,, gives vg > v9(10!) = 8.

9.4 The sizes n=13 and n =15

Theorem 9.8. Let A be a symmetric ideal solution over Zo of size 13. Thent > 11, hence
v(C) > 12.

Proof. Here s =5 and (n — 3)/2 = 5; by Lemma w € {2,4,6,8,10,12}.
e w =2, u=11: Corollary B.2] gives ¢t > 16.
e w=4,u=09: Corollary 8.2 gives ¢ > 14.

e w =10, u = 3, h = 5: cases (i) and (ii) of Proposition are excluded, so 7 >
54+3=8andt=9+7>17.

e w=12, u=1: Corollary [6.8| gives t > 3 -5 = 15.

w=8 u=5 h=417€{0,4}U[6,00),s0t=7+7 € {7,11} U[13,00); and ¢t > 8
by Corollary [8:2] so ¢ > 11.

w=6,u=7 h=3 asatn=11,7 > 5and ¢t =5+ 7 > 10. Suppose t = 10.
Corollary forces max(mj + 6, 14 — my) < 10, so m; = 4 and the profile is
(2,2,2,1,1,1,1). Applying Proposition at an index of valuation 2 gives a row
sum at least 3+3+3+14+14+14+1=13 > 1+t = 11, a contradiction. Hence
t>11.

O

Theorem 9.9. Let A be a symmetric ideal solution over Zo of size 15. Then t > 11, hence
v(C) > 12.

Proof. Here s = 5 and (n — 3)/2 = 6; by Lemma w is even with 2 < w < 14.
Corollary [8.2] gives t > 20, 16 and 14 for v = 13, 11 and 9, that is for w = 2, 4 and 6. For
w = 10 one has u = 5 and h = 5, and cases (i) and (ii) of Proposition are excluded,
soT>b+3=8andt =9+7 > 17. For w = 14 one has ©v = 1, and Corollary@
gives t > 3-6 = 18. For w = 8 one has u = 7 and h = 4, so 7 € {0,4} U [6,00) and
t =747 € {7,11} U[13,00), while Corollary [8.2| gives ¢ > 10; hence ¢ > 11. Finally for
w =12 one hasu =3 and h =6, so 7 € {0,6} U[9,00) and t = 11 + 7 > 11. O

Corollary 9.10. Let (A,—A) be a symmetric ideal Prouhet—Tarry—Escott solution with
entries in Z and constant C. Then 2° | C if A has size 9, 2'1 | C if it has size 11, and
212 | C if it has size 13 or 15.

Proof. Such a solution is a symmetric ideal solution over Zs in the sense of Definition [6.1}

apply Theorems and [0.9] O
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10 Sharpness at n =11

Coppersmith, Mossinghoff, Scheinerman and VanderKam exhibit two multisets of size
11, each consisting of nine rational integers together with a conjugate pair of quadratic
irrationalities, whose odd power sums p1, p3, p5, p7, P9 all vanish:

Ay ={-95, —68 —«a, —52, —48, —13, —9, 30, 34, 61, 65, 95+ a},

Ay = {589, —546 + 3, —363, —185, —170, 41, 87 — 3, 234, 355, 548, 588},
where o2 + 163a —8 = 0 and 32 — 6335 +30=0

Theorem 10.1. Each root a of X? + 163X — 8 and each root 3 of X? — 633X + 30 lies
i Zo, and the corresponding tuples Ay, Ao are symmetric ideal solutions over Zo of size
11 with v(C) = 11. Consequently the bound of Theorem 1s attained and

min{v(C)} = 11.

Proof. The discriminants are 1632 4+ 32 = 26601 and 6332 — 120 = 400569, both congruent
to 1 modulo 8, hence squares in Zs; their square roots are odd, so —163 4+ /26601 and
633 £+ +/400569 are even and the four roots lie in Zo. The identities p; = p3 = p5 = p7 =
p9 = 0 hold identically in Z[a] and in Z[f3], as a direct expansion confirms, hence in Zs.
Finally C' = —2]] a; is a rational integer in both cases, of 2-adic valuation 11. O

Remark 10.2. The structure of these two witnesses matches the case analysis exactly: in
all four embeddings one finds w = 6, u = 5, 7 = 5 and even valuations (4,2,2, 1, 1), the six
odd row sums of Proposition [7.I]all equal 10 and the five even row sums of Proposition [8:]
all equal 11.

Remark 10.3. Since 2 splits in both fields, the same argument applies to every prime p
that splits in Q(v/26601) or in Q(1/400569): for such p there exists a p-adic ideal solution
of size 11, necessarily not rational. Among the 30 primes below 120, exactly 21 are of this
kind, namely

2,5, 7,11, 13, 17, 19, 23, 31, 37, 41, 43, 59, 61, 71, 73, 83, 89, 103, 109, 113,

the remaining nine being 3,29,47,53,67,79,97,101,107. Filaseta and Markovich ask
whether a 2-adic ideal solution exists for every n > 3, and whether a p-adic ideal so-
lution necessarily exists at n = 11; both questions are repeated by Foster [9]. The first is
vacuous for n < 10 and n = 12, where ideal solutions exist over Z, so its content lies at
n = 11 and at n > 13; Theorem settles n = 11 and Proposition settles n = 13,
the first two open cases, and in both the solution is irrational. For the second question the
present section gives an affirmative answer for every p that splits in one of the two fields,
and says nothing for the nine primes below 120 that are inert or ramified in both.

Remark 10.4. It may be worth recording that C(A;) satisfies every divisibility known
to be required of the constant of a symmetric ideal solution of size 11 over Z except one:
its valuations at 2,3,5,7,11,13,17,19 are 11,5,3,2,1,3,1,1, all at or above the required
values 8,4,3,2,1,1,1,1, while 314 C(A;). The exception is accounted for by the fact that
31 is inert in Q(+/26601), since 26601 = 3 (mod 31) is not a square, so that the local
argument producing the factor 31 does not apply. In Q(1/400569) the prime 31 splits, and
indeed 31 | C(A3).
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11 A 2-adic solution at n =13

No ideal solution of size 13 is known over Z. Over Zs one exists, and it too is obtained from
an object already in the literature: among the configurations reported by Coppersmith,
Mossinghoff, Scheinerman and VanderKam at size 13, consisting of eight rational integers
together with the roots of a totally real quintic, the second one splits 2-adically.

Proposition 11.1. Let f(x) = 2° — 427812523 + 3664306448884x — 975527373189600.
Then f splits completely over Qo, and the multiset

{—1827, —989, —715, —405, 64, 902, 1330, 1640} U {a: f(a) =0}
is a symmetric ideal solution over Zy of size 13, with v(C) = 17.

Proof. The six identities p1 = p3 = --- = p11 = 0 hold exactly: the power sums of the
roots of f are computed from its coefficients by Newton’s identities, and added to those
of the eight integers they vanish. The Newton polygon of f at 2 has vertices (0,5), (1,2),
(3,0), (5,0), hence segments of slopes —3, —1, 0 and lengths 1, 2, 2; a 2-adic lifting shows
that each segment splits, so f has five roots in Zs, of valuations 3,1,1,0,0. The eight
rational integers have valuations 0,0,0,0,1,1,3,6. Hence t = 16 and v(C) = 1+t = 17 by
Proposition [6.2 O

Remark 11.2 (certificate). The splitting of f over Q9 is checked as follows. Each of the
five residues r below satisfies v(f(r)) > 2v(f’(r)), so by Hensel’s lemma there is a unique
a € Zo with f(a) = 0 and v(a — ) > v(f(r)) — v(f'(r)) > 32; the five residues being
pairwise distinct modulo 232] the five roots are distinct, and v(a) = v(r).

rmod 2% | v(f(r)) v(f'(r)) o(r)
2723974027 | 33 1 0
1263895509 | 34 1 0
3276945658 | 35 3 1
3386758734 | 36 3 1
2233327960 | 34 2 3

Corollary 11.3. At n = 13 one has 12 < min{v(C)} < 17. In particular a symmetric
ideal solution over Zo of size 13 exists, no ideal solution of that size being known over Z.

Remark 11.4. The structure of this witness is w = 6, v = 7, 7 = 11 and even valuations
(6,3,3,1,1,1,1); the six odd row sums of Proposition all equal 16 and the seven even
row sums of Proposition all equal 17. Whether the lower bound 12 of Theorem is

attained remains open.

Remark 11.5. The first configuration reported at size 13 in the same place consists
of the eight integers —1026, —532, —248, —245, 207, 286, 533, 1025 together with the roots
of a quintic printed, in the arXiv version of [7], as 2° — 121524523 + 1707813229242 +
931022099280. With that constant term the required identities fail: one finds ps = —10 -
931022099280 # 0. With the constant term —931022099280 all six identities p1 = p3 =
--- =p11 = 0 hold exactly, so the sign appears to be a misprint. With that sign, however,
its Newton polygon at 2 has segments of slopes —2, —1,0 and lengths 1,2, 2, and only three
of the five roots lie in Q2; the configuration therefore lives in a quadratic extension and is
not a symmetric ideal solution over Zy. For the second configuration, the arXiv version of
[7] prints the coefficient of x as 366430644884; with that value pg and pi; do not vanish,
whereas the value 3664306448884 used in Proposition makes all six identities hold
exactly.
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12 Summary, scope and credits

All entries in the second and third columns are bounds on v2(C); at n = 5,7, 9 the value in
the third column is the known exact value of v5(Cy,). The value at n = 5 is Proposition 2.4
of [15], the divisibility 2° | C7 is due to Caley [4], and the value at n = 9 is due to Filaseta
and Markovich [8].

n | here previously attained by

51 >4 — 1 (9,5,1,—7,-8)

6 | >6 > 3 (Kleiman) +{0,7,7} against +{3,5, 8}

7| >6 = 6 (Caley) (—50,—38,—-13,—7,24,33,51)

8 | >8 | >6 (Filaseta-Markovich) | £{5,14, 23,24} against +{2, 16, 21,25}
9 >9 =9 Letac

10 | > 11 9 to 11 (Bera—Nair) Gloden; Borwein—Lison8k—Percival
11 | > 11 > 8 (Kleiman) A1, Ay over Zo

12 | > 12 11 to 12 (Bera—Nair) Kuosa-Meyrignac-Shuwen

13 | > 12 > 10 (Kleiman) — (but 17 occurs)

14 | > 12 > 10 (Kleiman) —

15 | > 12 > 11 (Kleiman) —

16 | > 16 > 11 (Kleiman) —

18 | > 18 > 15 (Kleiman) —

20 | > 18 > 16 (Kleiman) —

Scope. All the statements above concern symmetric solutions, hence C!, and not C,;
for n even they concern solutions with entries in Z, for n odd solutions over Zs, for the
reason given in the introduction. At n = 5,7,9 the two agree, the minimum being already
attained by a symmetric solution over Z. At n = 10 and n = 12 the equalities hold for
C!: a smaller value for C,, would require a non-symmetric ideal solution of that size, and
whether one exists is open.

The restriction to symmetry about 0 is not vacuous, and at these two sizes one can
say exactly how much is lost. Over Zsy there exist ideal solutions of size 10 and of size
12, symmetric about —1/2 rather than about 0, whose constants have valuation exactly 9
and exactly 11; they are exhibited with Hensel certificates in the third ancillary file. The
lower bounds of Bera and Nair at those two sizes are therefore attained 2-adically, so no
argument using 2-adic information alone can raise them, and deciding the exact values of
v2(Cho) and v9(C12) requires global input. The equalities proved here for C, and C}, and
this limitation on Co and Co are consistent: they bear on different classes of solutions.

The lower bounds at n = 13, ..., 20 are not asserted to be optimal. For n odd the same
case analysis applies at every size, but beyond n = 15 it is weaker than Kleiman’s bound:
at n =17, 19 and 21 it gives v(C') > 12, 12 and 16, against ve((n — 1)!) = 15, 16 and 18.

Verification. Three self-contained verifiers are attached, written in Python with no
dependencies. The even-size verifier replays sixty-seven checks: ideality and valuations of
the six even solutions of sizes 8, 10 and 12, regularity of the two systems, validity and
tightness of the index bound, exactness of the predictor on the twelve half-solutions, slopes
of the Newton polygons, the minimum of the bound for each of the eight sizes 6 < n < 20
in both cases of the dichotomy (in the case o # ¢’ with all entries of the larger profile up
to ' +r + 3, as allowed by Lemma , the counts and the explicit lists of Theorem
together with the one-parameter shape of every form, and structural statements on the odd
witnesses; it runs in about ten minutes. The odd-size verifier replays twenty-five checks: the
witnesses of Sections [I0] and [II] the Hensel certificate, the congruences of Proposition [9.5]
for both profiles, exhaustively, and the chain of Section [9 at every odd size up to 21. The
third file replays twenty-eight checks on the two 2-adic witnesses of the scope paragraph
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above: Hensel certificates for every root of the four polynomials involved, a calibration at
size 8 against the bound of Filaseta and Markovich, and the position of the size-10 witness
within the case analysis of Bera and Nair.

Credits. The reference lower bound is due to Kleiman (1975). The use of Newton
polygons on this constant is due to Filaseta and Markovich (2017), who also raised the
question of the sizes 10 to 12; the germ of Lemma [6.4] is their congruence modulo 16
between power sums of odd and even parts, and the parameters w and m; used here are
their k; and k. The published lower bounds at sizes 10 and 12, which the present work
closes, are due to Bera and Nair (2024). The construction of 2-adic ideal solutions by
successive lifting, which is the counterpart of the obstruction developed above, is due to
Foster, in his 2021 thesis, who carries it out for 3 < n < 8. The explicit ideal solutions used
as witnesses are catalogued by Coppersmith, Mossinghoff, Scheinerman and VanderKam,
and are due to Letac (1942) at size 9, to Smyth (1991) [16] for the infinite family at
size 10 and to Borwein, Lison¢k and Percival (2003) for the two smaller solutions of that
size, and at size 12 to Kuosa, Meyrignac and Shuwen (1999), to Broadhurst (2007) and
to Choudhry and Wréblewski (2008). The two quadratic objects of Section and the
quintic configuration of Section are those of Coppersmith, Mossinghoff, Scheinerman
and VanderKam; what is added here is the observation that they are 2-adic. Technical
assistance: Claude (Anthropic).

Remark 12.1 (on Bera—Nair). The paper of Bera and Nair treats the sizes n = 10 and
n = 12 only, as their abstract states. Their results at those two sizes are the brackets
recorded in Theorem which the present work closes in the symmetric case; they give
nothing at n = 11 or n = 13, so the statements of Sections[9HII]do not overlap with theirs.
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