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ENERGY SOLUTIONS AND HARNACK ESTIMATES FOR NONLOCAL
DRIFT-DIFFUSION

ZHENYU SUN

ABSTRACT. We consider nonlocal drift—diffusion equations of order 2s € [1,2) with
bounded divergence-free drift. The symmetric measurable jump kernel satisfies local
coercivity, a global upper form bound, and a scale-invariant bound on the intensity of
long jumps. The transport form is bounded and skew-symmetric on HY? x HY? In
the fractional energy space, distributional and variational solutions coincide and satisfy
nonlinear testing identities. Viscous approximations converge strongly in CyL2 N LZH;
to the unique solution of the Cauchy problem. For sources bounded in the cylinder,
supersolutions nonnegative there satisfy a weak Harnack inequality involving the time
integral of the negative exterior tail. Under this source bound, locally bounded solutions
whose exterior tail belongs to L? in time for some ¢ > 1 are locally Hélder continuous.
This also gives Holder continuity at positive times for homogeneous global solutions with
L? data. Under upper jumping smoothness, control of the positive tail on an earlier
time interval yields the full parabolic Harnack inequality for solutions nonnegative on the
full spatial slab. A kernel supported on alternating dyadic annuli satisfies all the kernel
assumptions. The local estimates depend on the drift through R**~!{|||co-

1. INTRODUCTION
Consider the equation
(1.1) Ou+b(t,x) - Vu+ Lu = f,

where b is a bounded divergence-free vector field and L; is a nonlocal diffusion operator of
order a = 2s € [1,2). Its symmetric jump kernel may depend measurably on time and need
not have a pointwise lower bound of fractional Laplacian type. At the critical order a = 1,
the drift and diffusion have the same scaling, while the energy controls only half a spatial
derivative. To compare a solution on an earlier cylinder with its infimum on a later one,
one must also account for jumps from outside the region where the equation holds.

In the absence of drift, Felsinger and Kassmann [10] proved a weak Harnack inequality
and Holder estimates under quadratic-form assumptions. They also discussed first-order
terms for o > 1. Stromqvist [14] obtained Harnack estimates that allow negative values
outside the cylinder. Kassmann and Weidner [11] proved a full parabolic Harnack inequality
using time-integrated tails and distinguished the roles of local coercivity and upper jumping
smoothness. In the probabilistic setting, Bass and Levin [1] proved a Harnack inequality
for jump processes. Chen, Kumagai, and Wang [5] identified upper jumping smoothness
as a necessary condition for the parabolic Harnack inequality for autonomous symmetric
jump forms.

For fractional diffusion with drift, Caffarelli and Vasseur [4] proved Holder regularity at
the critical order in their study of the quasi-geostrophic equation. Chen and Zhang [6]
obtained Harnack estimates for the fractional Laplacian with critical and supercritical
divergence-free drifts. Liao [12] proved weak and full Harnack inequalities and Holder esti-
mates for pointwise comparable kernels and divergence-free drifts in scale-invariant classes.
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The definition of a local solution there requires a locally square-integrable spatial gradi-
ent [12, Definition 1.1]. Ciani and Nakamura [7] derived regularity estimates for functions
in nonlocal parabolic De Giorgi classes.

For bounded incompressible drift, interpolation gives a continuous transport form on
H'/2x H'/2. Hence the form acts on the diffusion energy space even at s = 1 /2. This bound
justifies nonlinear testing in Section 2. The energy identity then gives strong convergence of
the viscous approximations, while a fractional Nash inequality gives positive-time smoothing
(Section 3).

For the local estimates, we add the time integral of the negative exterior tail and the
negative source bound to the solution before taking powers. The derivative of this shift
absorbs both terms in the energy inequality. The localized energy bounds in Section 4
and a differential inequality for the weighted mean of the logarithm give the weak Harnack
inequality in Section 5. In Section 6 we use it to reduce the oscillation, estimating the tail
on successive annuli. For the full Harnack inequality, upper jumping smoothness bounds
the earlier positive tail in terms of the later infimum, the source, and an arbitrarily small
multiple of a supremum on a larger past cylinder. Iteration on nested cylinders absorbs the
supremum (Section 7).

The examples in Section 8 distinguish the kernel assumptions and illustrate the time
dependence of the exterior tail. In Example 8.1 the kernel is supported on a union of
separated dyadic annuli. Each missing jump splits into two allowed jumps inside the same
ball, giving local coercivity. This kernel also satisfies upper jumping smoothness, even after
multiplication by a symmetric measurable factor bounded above and bounded away from
zero. In Example 8.3, concentrated jumps preserve the form and jump-intensity bounds
but violate upper jumping smoothness.

1. Kernel assumptions and notation. For a ball D C R"”, write
b= // VWP qody, s = e
L DxD |95 -yl ’
The norm on H*(R™) is (||v]|3 + [v]?)'/2. Set

(1.2) & plv,w) = ;//DXD(U(SU) —v(y))(w(x) —w(y))K(t; z,y) dedy, & =Epn.

The kernel K is nonnegative, jointly measurable, and symmetric in x,y. Fix 0 < A < A.
On a common set of times of full measure assume

(1.3) & p(v,v) > )\[v]iD for every ball D and v € H*(D),
(1.4) Er(v,v) < Av)? for every v € H*(R"),
(1.5) ess sup/ K(tz,y)dy < Ar ¢ for every r > 0.

35 lz—y|=r

In (1.5), it suffices to take positive rational radii on a common set of spatial points of full
measure. Monotone convergence then gives the estimate at every radius. We assume

(1.6) be L>®((0,T) x R";R"), divy b =0 in distributions.
All spatial suprema and infima of measurable functions are essential extrema.

For zp = (to,x0), define the ambient cylinder Cpr, the past and future cylinders Pr and
Fr, and the smaller past cylinder Hr by

(17) CR(Z[)) = (to — 4ch to + Ra) X B4R(.’E0),

r(20) = (to — 3R, to — R™) x Bag(xo),
FR(Z[)) (t to + R® ) X BR(CL‘()),
Hp(z) = (to — 3R, to — 2R™) x Br(wo).
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We take cylinders whose closures lie in the solution domain, except possibly for the terminal
time face. The rescaled drift has norm

(1.8) Mp = R*7bl| oo (cp)-

Structural constants depend only on n, s, A, A and, in local estimates, on an upper bound
for the rescaled drift norm. On Cg this norm is Mg, and on a backward cylinder Qg it is
Rb| oo (). We indicate any further dependence.

For concentric balls with r < p, define

(1.9) O(v;t,r, p) = esssup/ l(t, y)| K (L z,y) dy.
IGBT(IQ) R"\Bp(m())

Here and below we omit the common center when it is clear. The weak Harnack inequality
involves the negative tail

to+ R
(1.10) Tp (u) = / O(u_;t,3R,4R) dt.
to—4 R

Under parabolic rescaling, T (u) has the same scaling as u. For a bounded function v, the
row bound (1.5) gives

(1.11) O(vit,r,p) < Ap —7)"|v(t) | oo-
1.2. Principal results. Write
X = L™®(0,T; L*(R™)) N L*(0, T; H*(R™)).

For ug € L? and f € L?(0,T7; H*(R")), a distributional energy solution is a function
u € Xr such that

T T T
—/ /u@tqbda:dt—/ /ub-V¢dxdt+/ E(u, @) dt
0 0 0

=/OT<f,¢> dt+/uo¢(0)d$

for every ¢ € C2°(]0,T) x R™). Definition 4.2 specifies the local variational inequalities.
For distributional energy solutions the equation implies the local time regularity required
there.

(1.12)

Theorem 1.1 (Energy solutions and approximation). Under (1.3)~(1.6), for every ug € L?
and f € L?(0,T; H=*(R™)) there is a unique distributional solution u € Xy with initial trace
ug. It belongs to

L*(0,T; HS(R™)) N HY(0,T; H*(R"™)) n C([0, T]; L?).

It satisfies the energy identity (2.6) and the renormalized testing formulas of Section 2. If
f s locally bounded, it also satisfies the truncation inequalities of Proposition 4.4. The
solutions ue of

Opue + b - Vue + Liue — eAu. = f, u:(0) = g,
satisfy, as e | 0,

T
(1.13) us — u in C([0,T); L?) N L*(0, T; H*(R™)), g/ |Vuel||3 dt — 0.
0

Theorem 1.2 (Weak Harnack inequality). Let u be a local variational supersolution in
Cr(20), let f € L*°(Cr), and suppose that u > 0 there and Ty (u) < co. Then

(1.14) ][ udzdt < C | essinfu+ R f_||peccy) + T (u) | -
PR(Zo) FR(ZO)

Here C is structural. If u is nonnegative on the full spatial slab, then Ty (u) = 0.
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For Holder estimates, set Qg(ts, z+) = (tx — R*,tx) X Br(z.) and
da((t’x)7 (Tvy)) = |‘T - y| + ‘t - 7—|1/a'

Theorem 1.3 (Hoélder regularity). Let u € Xr solve (1.1) in Qg, with U = ||ullp(qy)
finite. Suppose f € L>®(Qgr) and, for some q > 1,

ts 1/q
A, =R (7[ O(u;t, R/2, R)? dt) < 0.
ti—R™

There are v € (0,1) and C depending only on n,s,\,A,q and RCMileHLoo(QR) such that u
has a representative satisfying

(1.15) lu(z) — u(C)| < C (U + Ag + R*||f]loo) (da(Z,C))V’

R z,¢ € QR/4'

If w is bounded on the full spatial slab, its L™ norm there can replace Ay in (1.15) after
adjustment of C. In particular, a global solution with f =0 and ug € L? is locally Hélder
continuous at every positive time.

Definition 1.4 (Upper jumping smoothness). The kernel has upper jumping smoothness
with constant C'; if

(1.16) K(tz,y) < Cy K(t; z,y)dz, 0<r<|z-—y|/4,
Br()

for almost every t, x, y.
Theorem 1.5 (Parabolic Harnack inequality). Assume also (1.16). Let u € X solve (1.1)
in Cr(z0) with f € L>(Cr), and suppose u > 0 on the corresponding full spatial slab. Then

(1.17) esssupu < C' | essinfu + R fl| oo (cp) | -
Hpg(z0) Fr(20)

The constant C' depends only on the structural parameters and Cj.

At the critical order av = 1, the factor R*~! in the rescaled drift norm is one. For o > 1,
this factor tends to zero as R | 0. The estimates hold for arbitrary Mpg.

2. ENERGY SOLUTIONS AND NONLINEAR TESTING

2.1. Energy forms and the transport operator. Applying (1.3) on balls increasing to
R™ and using (1.4), we obtain

(2.1) Auls < Ev,v) AR, 1&(v,w)] < Afvls[w]s.

The last inequality follows by Cauchy-Schwarz in L?(K (t;z,y)dz dy). Thus the operator
defined by (Liv,w) = & (v, w) is bounded from H*(R™) to H*(R"™).

Lemma 2.1 (Half-order transport estimate). For b € L>®(R™;R") with divb = 0, the form

Bb(v,w):—/vb-dea:, v,w e CZ(R"),

extends continuously to H'= x H?, 0 <0 <1, and
(2.2) 1By(v, w)| < Clblloc|[v]| o |wl] go-

In particular, it is bounded and skew-symmetric on H/Z x gY2,
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Proof. Integration by parts yields
By(v,w) = /wb -Vodr = —By(w,v).

This gives the two estimates
1By(v, w)| < [[blloolvll g lwll2, — [By(v, w)| < [[blloc[[0ll2]|wl] -

The two realizations of b- V, from H' to L? and from L? to H~!, agree on H' by density
of C2°. Interpolating these operators gives (2.2), since [H®, H¢]y = H(1=9a+0¢ [2]  Skew-
symmetry extends to H'/2 x H'/2 by density. O

Proposition 2.2 (The threshold for the energy pairing). Let 0 < o < 1/2. Ewven for the
constant field b = ey, the transport form has no bounded extension to H?(R™) x H(R™).

Proof. Choose a nonzero real-valued y € C°(R") and set
vy (z) = x(x) cos(Nzy), wy(x) = x(x) sin(Nzp).

Direct differentiation and one integration by parts give
1 N
Be, (vn,wyn) = -1 /81(X2) sin(2Nz)dx — 5 /X2(1 + cos(2Nz)) dz

N
=~ Il

The Fourier transforms of these functions are linear combinations of translates of X by
+Ne;. The inequality

(1+]€+ Net )7 < Co(1+ N?)7(1+ [¢)°
therefore implies ||vy||ge + ||wn|ge < C(1+ N)?. A bounded bilinear extension would

give N < C(1 + N)?° for all N, a contradiction. O

Set V = H*(R™), H = L? and V' = H—*(R"). Since s > 1/2, the embedding V < H'/?
and Lemma 2.1 give

(2.3) Byey (v, w)| < Cllblloolvllv [wllv, By (v,v) = 0.

The time-dependent form a;(v, w) = & (v, w)+By) (v, w) is measurable and bounded. More-
over,

(2.4) az(v,0) + 0] > min(L, A) o]}
2.2. Construction and uniqueness.

Lemma 2.3 (Time traces and the quadratic chain rule). If v € L%*(0,T;V) and v' €
L2(0,T; V"), then v has a representative in C([0,T]; H) and

(2.5) loIIZ = [[o(r)]3 = 2 / o vy dr.

The corresponding product formula holds for two such functions.

Proof. Time mollification on a compact subinterval gives the identity for the regularized
functions. The limits in the integral follow from convergence in L?V and L?V’. Pairing with
each element of a countable dense subset of V' gives a weakly continuous H representative.
The same calculation applied on overlapping subintervals shows that its squared norm
is the absolutely continuous function whose derivative is 2(v/,v). Weak continuity and
continuity of the norm give strong continuity. One-sided regularization gives the endpoint
traces. Polarization proves the product formula. This is the energy-space trace argument
of [13]. O
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Proposition 2.4 (The Cauchy problem). For the data in Theorem 1.1, there is exactly
one variational solution in L*V N H'V'. It satisfies, for everyt € [0,T],

1 t 1 ¢
(26) s1uOIE+ [ Efw)dr = Sl + [ (0
Every distributional solution in X1 with initial datum ug is this solution.

Proof. Choose a linearly independent sequence (¢;) in Cg°(R™) whose span is dense in V/,
hence also in H. Let Py be the H-orthogonal projection onto Vx = span(¢q,...,¢n). The
finite-dimensional system

(Uy,w) + ar(uy,w) = (f,w) (we Vy), un(0) = Pyug,

has an absolutely continuous solution because its coefficients are bounded and measurable
and its forcing is square integrable. Testing with uy eliminates the transport term. Young’s
inequality, (2.4), and Gronwall’s inequality give

(2.7) lunlZeors + lunllzzy < Cr(luolls + 1£1Z2v/)-
The constant Cr is independent of N and ||b||cc-

Along a subsequence, uy — u in L?V and uy — u in L H. Testing against x(t)p; for
fixed j and using density gives

Ou+ A= f inD(0,T;V'), (A, w) = ar(v,w).

Boundedness of a; gives v’ = f — Ayu € L?V'. Lemma 2.3 then gives a continuous H trace.
Keeping the initial boundary term in the Galerkin equations yields u(0) = ug. Pairing the
limit equation with v and using skew-symmetry proves (2.6).

If a function in X7 satisfies the distributional equation, boundedness of A; implies v’ =
f — Aju € L?V'. Density extends the equation to all V tests and identifies its trace.
The difference of two solutions satisfies (2.6) with zero data. Both terms on its left are
nonnegative, so the difference vanishes. O

2.3. Renormalized transport and convex tests.

Lemma 2.5 (Composition and localized chain rules). Let 0 < s < 1. A Lipschitz function
B with (0) = 0 maps H® continuously into H®. Multiplication by a bounded Lipschitz
function is continuous on H®. If, in addition, s > 1/2, v € H*(R"), n € Wh>, and 3 is
Lipschitz without a restriction on (3(0), then

2.9 Bu(w B)") == [T V) ds, 1=
For a global test with 3(0) = 0 one has By(v, f(v)) = 0.

Proof. Let v; — v in H®. From any subsequence we may extract one with v; — v almost
everywhere and -, [[v; — v|[gs < oo. Its increments vj(z) — v;(y) then have a common
majorant in L?(|z — y| " 2*dxdy). The Lipschitz bound for $ and dominated conver-
gence give convergence of the increments of 5(v;) in this space. The same bound gives
|8(vj) — B(v)||2 < Lip(B)||v; —v||2. The subsequence criterion proves continuity on H*. For
multiplication, expand

n(z)v(z) —n(y)o(y) = n(z)(v(z) —v(y)) +vy) (@) —n(y))
and estimate the second summand using the Lipschitz bound on [z—y| < 1 and boundedness
of non |x —y| > 1.

Approximate v strongly in H*® by smooth compactly supported v;. For v;, the ordinary
chain rule and divb = 0 give (2.8). The left side passes to the limit by Lemma 2.1 and the
preceding composition result, applied after subtracting 3(0). The right side converges in
L' on the cutoff support because I' has at most quadratic growth and v; — v locally in L2
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For a global test, the same approximation gives By(vj, 5(v;)) = 0 and hence the claimed
identity. O

Lemma 2.6 (Chain rule with an absolutely continuous shift). Let J be a compact interval
in the local time domain, let n € WY°(D), and suppose that u € L?(J; H (D)) and
xu € L2(J; VYN HY(J; V') for every smooth cutoff x supported in D. Let h € WH(J) and
let T € CY(R) have a globally Lipschitz derivative. Then

t— /F(u(t,x) + h(t))n(z)? da
is absolutely continuous, and
(2.9) % /F(u + h)n?de = (Opu, T/ (u + h)n?) + ' (t) /I"(u +h)n?dx
for almost every t € J. The time pairing is localized by a cutoff equal to one on suppn.

Proof. Choose x € CZ°(D) equal to one near suppn, and put U = yu. Lemma 2.3 gives
U € C(J; H). Reflecting U across the endpoints of J and mollifying in time gives functions
Uj smooth in time with

U; — U in L*(J; V)N C(J; H), Uj — U in L*(J; V).

Choose smooth h; converging to h in WH1(J) and uniformly. A smooth Lipschitz approx-
imation to I" first proves the classical identity for these functions; convergence of that
approximation gives the identity for the stated I'.

The functions IV(U; + h;)n? converge to I'(U + h)n? in L?(J; V). To see this, subtract
the value at zero, use Lemma 2.5 after a further spatial localization of the scalar shift, and
apply its dominated-subsequence argument also in time. They are uniformly bounded in

C(J; L?), and

sup <C (”Uj = Ullogrm + by = hHC(‘])> =0

teJ

/(F/(Uj + hj) — F/(U + h))772 dz

The two terms on the right of the regularized identity therefore converge in L!(.J), the
first by V',V duality and the second by the uniform convergence above and h}; — h' in
LY(J). The integrals of T'(U; + h;)n? converge uniformly in time. Indeed, I grows at most
linearly, so the mean value theorem and Cauchy—Schwarz bound the difference by the local
L? difference of the arguments times a uniformly bounded factor. Passing to the integrated
identity proves (2.9) and absolute continuity. O

For a global function v € L?(J; V)N H'(J; V'), the same proof with h = 0 gives

(2.10) % /R" [(u)dz = (W', T (u))

whenever I'(0) = I''(0) = 0 and I" is globally Lipschitz. The bounds |'(u)| < C|u|?* and
IT'(u)| < C|u| ensure integrability, and convergence in C(J; H) gives uniform convergence
of the integrals of I'.

If u4+h > e > 0 on the test support, it suffices that I be Lipschitz on [e, 00), since it
can then be extended to a Lipschitz function on R. This applies to I'(r) = logr and to
I(r)=rP/pfor p<1, p+#0. Taking I'(r) =r%/2 and h = —k gives

1d
(211) G (= k) = 1< [ (w2 d R () /(u CR)Pde, ke WUL(),
Thus k' € L'(J) suffices for testing the equation for u at a moving level. A spatially

constant shift cancels from the nonlocal differences and, by divb = 0, from the transport
term.
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3. STRONG APPROXIMATION AND POSITIVE-TIME SMOOTHING
3.1. Strong vanishing-viscosity convergence.
Proposition 3.1. The convergence in (1.13) holds for the entire family as € | 0.

Proof. For fixed € > 0, use the form
a; (v, w) = ag(v,w) + a/Vv -Vwdz on H'(R").

The construction of Proposition 2.4 applies on this space. Its energy identity is

1 t t 1 t
31 g+ [ Eluudr e [ Vulfar = Slulf+ [ (o dr

Consequently u. is bounded in L H N L?V and /eVu, is bounded in L?. Moreover,
leAue|[p2g-1 < ]| Vel 2 = O(Ve).

The equation gives a uniform bound for u’. in L? H~!. Pairing with a countable dense set in
H' and applying the scalar Arzela—Ascoli theorem gives convergence along a subsequence
in C([0,T]; Hyeak). Weak convergence in L?V and the preceding bound on the viscous
term identify the limit equation. Proposition 2.4 identifies its solution as u, so these weak
convergences hold for the full family.

At t = T, weak convergence in L?V gives convergence of the forcing integral in (3.1).
The terminal squared norm and the integrated form energy have lower limits at least as
large as their values for u. By (2.6), those two values already account for the limit of the
whole left-hand side of (3.1). Hence

T T
(3.2) / St(ug,ua)dt—>/ Er(u,w)dt,
0 0
T
5/ V|2 dt — 0.
0

Weak convergence in L2V gives fOT Ei(ug,u) dt — fOT Ei(u,u) dt. Expanding the form energy
of u. —u and using (3.2) and (2.1), we obtain

(3.3) /OT[ua — 2 dt — 0.

Cauchy—Schwarz for the forms now gives convergence of & (ue,u.) to & (u,u) in L*(0,T).
The functions t — fg (f,us — u)dr converge pointwise to zero. They are uniformly
equicontinuous, since their increment on (r,t) is at most

Il 22 resvny e — ull L2070y -

The convergence is therefore uniform. Since the form energies converge in L'(0,T) and the
total viscous dissipation tends to zero, subtraction of the two energy identities gives uniform
convergence of |Juz(t)||% to [|u(t)||%. The range u([0,7]) is compact in H. Approximating
it by a finite net and using convergence in CyHyeax gives
sup |(ue(t) —u(t),u(t))] — 0.
te[0,7T
The polarization identity proves convergence in CyH. Combining it with (3.3) proves con-
vergence in L?V. g

Corollary 3.2 (Stability of the viscous approximation under changes in the data). Suppose
u§ — ug in L? and f- — f in L?(0,T;V"). With these data, the viscous solutions still satisfy
(1.13).
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Proof. Let u. be the viscous solution with the fixed data wug, f, and put z. = u. —u.. Testing
its equation by z., then using Young’s inequality and Gronwall’s inequality, gives
HZSH%’([O,T];H) + ”ZEH%?(O,T;V) + 5||VZ€H%2((O,T)><R")
< Or (Jlug — wol3 + 1/ = FI320m0)) -
The constant is independent of €. The right-hand side tends to zero, so Proposition 3.1 and

the triangle inequality give both assertions in (1.13). O

3.2. Contractions and the evolution family.

Proposition 3.3 (Comparison and contraction). The homogeneous evolution preserves
nonnegativity and is contractive in L', L?, and L™ on the intersections of these spaces with
L2 Ifug € L>N L™ and f € L2L2 N LIL, then

(3.4) HMWMEWMW+A|ﬂﬂM&-

Proof. For every increasing Lipschitz g with 5(0) = 0,
gt(u75(u)) > 07 Bb(t) (’U,, B(’U,)) =0.

Testing the homogeneous equation for a difference v with —v_ proves comparison. Testing
the equations for v and —v with (v — M)y and (—v — M)4, respectively, at the level
M = ||v(0)||s, proves L contraction. For L' contraction, take

Ls(r) = V2 +02=6,  f(r) = r(r® + %)%,

The integral of T's(u) is finite for u € L?, since I's(r) < r%/(25). Its derivative is nonpositive
by (2.10). Monotone convergence as § | 0 gives L' contraction. The L? assertion is (2.6).
For (3.4), use the moving level

t
muwwWﬂm+a+A\uwmmm:

The forcing and level terms combine to [(f — k§)(u — ks)+ < 0. These integrals are finite
because ks > § and ||(u — ks) 1|l < 07 ||ul|3. Time regularization as in Lemma 2.6 gives
the global moving-level identity. Indeed,

[(u—=k)s = (0= k)]l <0 (lullz + [oll2)llu = vl

for k > 4. For two levels k, ¢ > 6, the corresponding L' difference is at most |k — £]672||ul|3,
since the truncations agree on {u < §}. These bounds give uniform convergence in time
of the integrals paired with k5 € L'. The nonlocal term is nonnegative, so the initially
vanishing truncation remains zero. Applying the same argument to —u and letting § | 0
proves (3.4). O

Let U(t,r) denote the homogeneous evolution from time 7 to time ¢. Uniqueness gives

U(t,r)U(r,q) = U(t,q).
Lemma 3.4 (Fractional Nash inequality). For g € L' N H5(R"),
242 2
(3.5) lglly ™" < Clglllgli™"™.
Proof. By the Fourier characterization of H?®, splitting at frequency p gives
lgll3 < Cp"llgll + Cp~[gl3-

For g # 0, choose p to equate the two terms. This gives (3.5) in every dimension, and the
inequality is immediate for g = 0. O
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Proposition 3.5 (Positive-time smoothing). For 0 <r <t <T,
(3:6) Ut )l < CE—r) ™ U )| 2 < C—r) /Y,
The constants depend on n, s, A and are independent of ||b]|oo-

Proof. For nonzero initial data in L' N L%, set y(t) = ||u(#)||3 and P = ||u(r)|1. Energy
dissipation, L' contraction, and (3.5) give

y/(t) < _CP72a/ny(t)1+a/n'

Integration gives y(t) < CP%(t — r)~"/®. Density gives the first bound.

The adjoint evolution is the backward problem with form & — By;). Time reversal
converts it to a forward problem satisfying the same assumptions. Lemma 2.3, applied to a
forward and a backward solution, proves the adjoint relation. The first estimate therefore
applies to U(t,r)*. For g € L' N L2

(U(t,r)v,9)] = [(0,U(t,r)*9)| < Ct — 1)~ C |lu]la]lg]1.

Duality proves the second estimate. In particular, |[u(t)||eo < Ct~/*4)||ug]|. O

4. LOCALIZED ENERGY AND BOUNDEDNESS
4.1. Cutoffs and local solution spaces.

Lemma 4.1 (Cutoff bounds). Assumption (1.5) implies

2A
(4.1) ess sup/ |z —y|PK (t;2,y) dy < —— 272,
z lz—y|<r 2-a

If 0 <n <1 andLip(n) < L, then
(4.2) Gyt z) = / (n(x) — n(y))2K (t; 2, y) dy < CAL®.

Proof. Layer integration and (1.5) give

T T
/ |z — y|*K dy —/ 2p/ Kdydp < QA/ ot dp.
lz—yl<r 0 p<|z—y|<r 0

For (4.2), split at L ™!, using the Lipschitz bound in the inner region and |n(z) — n(y)| < 1
in the outer region. Constant cutoffs follow directly. O

Definition 4.2 (Local variational inequalities). Let f € L (I x D). A function u = w +
c(t), where w € X and ¢ € H} (I) is spatially constant, is a local variational supersolution

on I x D if, for each x € C2°(D), one has yu € H, (I; H*(R")) and

(4.3) (Brtu, &) + Bogoy(u, 6) + Ex(u 8) > / Foda

for almost every ¢ and all nonnegative ¢ € H®(R™) compactly supported in D. Here
Et(u, @) = E(w, @) and Byy(u,¢) = Byyy(w,¢). The time pairing includes ¢/(¢) and is
defined using a cutoff equal to one near supp ¢. These expressions are independent of the
representation of u. The reversed inequality defines a subsolution, and equality defines a
solution.

If u € Xr satisfies the distributional equation on I x D with f € L2 (I x D), then

loc
(2.1) and (2.3) give O¢(xu) € L& .(I; H ¥(R")) for every such cutoff. Density of smooth
tests gives (4.3) with equality. Adding c € Hlloc(l ) preserves this regularity and replaces f
by f + ¢. For levels with only an L' time derivative, Lemma 2.6 applies to the original

equation.
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Lemma 4.3 (Local parabolic Sobolev inequality). Put k = 14+ a/n. For a ball Br and an
interval J, write || - |2 for the spatial norm on L?(Bg). Then

a/n
2K 2 2 —« 2
an [ [ dxdtsc<ests€s}lpuw<t>rb> | (0 5, + R ote)13) a

Proof. On R™, apply the homogeneous Sobolev inequality at the order o = s/k < n/2,
followed by Fourier interpolation between orders 0 and s. Since 2n/(n — 20) = 2k, this
gives
lwll3s < Clwlfllw]3.

On the unit ball, reflection across the sphere in a boundary annulus followed by multi-
plication by a fixed cutoff gives an extension bounded in both L? and H*®. The reflec-
tion is bi-Lipschitz on the annulus. Scaling to Bpr replaces [w]? on the right by [w]f Br T
R*O‘HwHQLQ( Br)- Sce [8] for the fractional Sobolev and extension theorems. Integrating in
time proves (4.4), including the case n < 2s. O

4.2. Truncation inequalities. For a bounded domain D containing the compact support
of n, write

O ulta) = [ (ult.g) ~ k() 2K (ti2.9)dy.

Proposition 4.4 (Local truncation inequality). Let u be a subsolution, w = (u — k(t))4,
and k absolutely continuous. Let 0 < n <1 be a compactly supported Lipschitz spatial cutoff
in D. Then

1d

2 dt
1
(45) <3 / w?Gyda + / w’nlb - V| dz + / (f+ — K)wn?dz + / WO da.
D D D D

The inequality holds after integration against nonnegative time cutoffs. Applying it to —u
gives the lower truncation inequality for supersolutions.

w? n 2dx + &D(wn,wn) +/ wn261_37k dz
D

Proof. The admissibility of wn? follows from Lemma 2.5, local time regularity, and (2.11).
The transport term is exactly

B¢ (u, wn?) = /w277b -Vndz.
For the interior form, monotonicity of the truncation and the identity
(w(z) = w(y)(w(z)n(z)* —wly)n(y)?)
= (w(z)n(z) — w(y)n(y))® — w(z)w(y)(n(z) —n(y))?
% w?G,,. For the cross interaction, w(x) > 0 implies
(u(z) — u(y))w(z) = w(z)* +w(z)(k - uy))s — wlz)(uy) - k).
Discard the nonnegative term w(z)2. By symmetry, the two cross integrals in & agree and
cancel its factor 1/2. This proves (4.5).

All separated cross terms are finite before any tail supremum is taken. Indeed, if A =
suppn and d = dist(A, D) > 0, Cauchy—Schwarz for K dx dy, symmetry, and (1. 5) give

J [ @i dyde < ol ol

For an affine shift u = u, + ¢(t), apply this estimate to u, € Xp and use the row bound
and the local boundedness in time of ¢. The terms involving |k| are also finite by the
row bound. The time integrals are finite by the energy bounds and boundedness of k£ on
compact intervals. O

give a lower bound & p(wn,wn) —
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4.3. A separated-tail local bound. On Qr = (t. — R, t.) X Br(x,), define

(4.6) Df(u) = esssup sup  (p—7r)*O(uy;t,r, p).
te(t«—R>tx) R/2<r<p<R

By (1.11), Df(u) < Allul| poc((t. — Rot.) xRy Whenever u is bounded on the full spatial slab.

Proposition 4.5 (Local boundedness with separated tails). For a subsolution in Qg,

1/2
(7[ ui) R f o + D ()
Qr

whenever the quantities on the right are finite.

(4.7) esssupuy < C
QRr/2

Proof. Subtract || f||eo(t —t«+ R*) from u. The shifted subsolution has nonpositive source,
and its positive part and positive tail can only decrease. Rescale to R = 1, t, = 0 and
continue to write  for the shifted function. Set D = D (u), B = [|b]|(q,), and

ri=3+27"7% Q= (-0 x By, ki=k(1-27"Y, wj=(u—kj).

Choose a spatial cutoff ; equal to one on By, ,,, supported in B, (. )2, With |V, < C2.
Split the form at B,,. Choose a time cutoff that vanishes at —rf, equals one on (_7"?+1a 0),
and has derivative bounded by C2%. Define

A_IZ/ ua_, AJ:/ w]2 (]ZO)
(—1,0)x B1 Q

J

For every j > 0, including 7 = 0 with A_; as defined above,

(4.8) {w; >0} NQ;| < C2%k2A; 4, / w; < C2ETTA; .
Qj
The first estimate follows from the gap between consecutive levels (from 0 to kg when j = 0).
Cauchy—Schwarz and A; < A;_; give the second.
For x € suppn;, the exterior integral in (4.5) is bounded by C2% D. The cutoff estimates,
(4.8), and a > 1 therefore give

0
Sj = esssup /wjznjz —i—/ Et,B,,j (wjnj, wyn;) dt
te(—re,1,0) —r%

(4.9) < C20tVi(1+ B+ D/Ek)A;_,.

The Sobolev estimate (4.4) applied on this inner time interval yields fQj+1 wjz” < CSY.
Since w; > k27772 on {w;41 > 0},

(4.10) Aji1 < C2NIE2D(1 4+ B+ D/k)FAS . (j > 0).

Here one may take N = (o + 3)k — 2. In later estimates N denotes a finite structural
exponent that may increase from line to line. Set Y; = A,/ k? and Z,, = max(Yam,_1, Yom).
Applying (4.10) separately to the even and odd indices gives Z,+1 < C1C5'Z);,. Lemma A.1
applies if k = C, (Al_/ 12 + D) > 0 with C, sufficiently large in terms of B and the structural
constants. Thus A; — 0. If A_; = 0, the shifted function is already nonpositive on Q.
Restoring the scale and source proves (4.7). O

Lemma 4.6 (Initial local boundedness under a pointwise upper bound). Assume, in addi-
tion,

(4.11) K(tz,y) < Lo —y| .

A local variational subsolution with bounded source is locally bounded above.
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Proof. Use the preceding iteration in a unit cylinder compactly contained in the equation
domain. Split its exterior integral into B; \ B,; and Bf. For x in the cutoff support,

/ i (t,y) K (t2,y) dy < 02("+a)j/ up(t,y) dy.
Bl\Brj Bl
Write u = w + ¢(t) as in Definition 4.2. On the compact time interval under consideration,
the quantity
By = esssup [w(®)] + sup |e(t)

is finite and controls the last local integral. For x € B34 and y ¢ B, Cauchy-Schwarz and
(4.11) give

o

1

1/2
lw(t, y)| K (t; 2, y)dy < Lilw(t)]2 (/ |2 722 dZ> < Cllw(®)]2-

[>1/4
Assumption (1.5) controls the contribution of ¢(t). The exterior coefficient at step j is
therefore at most C'2("+®)J B, Inserting this bound into (4.5) and using (4.8) gives

Sj < C20e NI (1 4 |b]| oo + Ba/k)Aj 1.
The recurrence (4.10) follows with a larger finite exponent. Taking k to be a sufficiently

large multiple of Al_/f + B makes the initial normalized energies small, and Lemma A.1

gives the local upper bound. ]
5. THE WEAK HARNACK INEQUALITY
We work first in C; = (—4, 1) x By, with center (0,0). Set
t
(5.1)  h(t) e +/ (Il +Ouim,3,9) dr. v=u+h(t), >0,
4

The shift satisfies h € VVLI(—ZL7 1) and v > € on C;. Values of u outside By enter through
the cross interactions. We apply Lemma 2.6 to w with the shift A. The shift cancels in
spatial differences and in the transport pairing, while its derivative compensates for the
negative exterior values and the negative part of the source.

5.1. Power inequalities and moment iteration.

Lemma 5.1 (A weighted power inequality). Fiz p. € (0,1). There are c,,Cy > 0, depend-
ing only on p., such that, for p € (—00,0) U (0,ps], a,b >0, and A, B >0,

(a — b)(Aza,p_1 — szp_l)

X 1
(5.2) < _’i‘(Aap/? — BW?)? 4 C, Hp’
b p

Proof. By symmetry and homogeneity, assume b =1 and a =t > 1. Put¢g=1—-p > 0,
d=A-B,

(A — B)2(aP + bP).

D=(t-1)(1-t19), E=(t-1)t1
For t > 1, expansion and Young’s inequality give
(5.3) (t —1)(A%*t™9 — B*) = —B?D + 2BdE + d°E < —3B*D + d*(E + 2E* /D).
Since 1 —t79 = qflt rmldr > q(t — 1)t
E <t, E?/D < q 't
Cauchy-Schwarz applied to t?/2 — 1 = (p/2) flt P21 dr gives

D> @(ﬂ’/? —1)2.
p2
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Throughout the stated range of p, we have q/|p| > ¢« == 1 —px and ¢ > 1 — p,.. The
right-hand side of (5.3) is therefore at most

2 2
o pre/2 12y <1 + > 4>t
p| 1—p.
The bound (AtP/2 — B)? < 2B2(tP/2 — 1)2 + 2d2tP gives (5.2) after increasing C,. The case
t = 1 follows by continuity. O

Consider cylinders J' x B, C J x B, C (—4,1) x Bz with radii between fixed positive
bounds. Set d = p —r. Let § > 0 be the distance from J’ to the initial endpoint of J for
p < 0, or to its terminal endpoint for p > 0.

Proposition 5.2 (Power energy estimates). Let n = 1 on B,, with support in By )2 and
|Vn| < C/d. For the function in (5.1),

esssup/ vpdx—i—/ Et,Bp(nvp/Q,nvpp)dt
teJ’ . J’

(5.4) §0(1+p|)<d°‘+]bHood1+51)// o dz dt,
JJB,

The constant is uniform as p — 0 within (—o0,0) U (0, ps].

Proof. Test by n*vP~!. On B, x B,, apply Lemma 5.1 and then (4.2). For = € suppn and
y ¢ By,

(u(z) —u(y))o(@)P ™! < (@) +u(y)v(z)P "
By (1.5), the first term contributes at most Cd~* [, B, vP. The second vanishes for y € By
because u > 0 there. For y ¢ By, its contribution is bounded by @(u_;t,3,4)f7]211p_1.

The choice of A’ in (5.1) absorbs this term and the negative part of the source. For the
drift, Lemma 2.5 gives

(5.5) By (u, n*vP™ ) = —; /vpb -V(n?) d.

Its absolute value is at most C|p|~!|b]|cod~* pr vP.
Write Y (t) = [ n?vP. Multiplication by |p| gives

Y'(8) + &, (m??, o) < C(1+ [p|)(d™* + IIbllood_l)/ vP
BP

when p < 0. For p > 0 the same inequality holds with —Y” in place of Y. Integrate forward
for p < 0, using a time cutoff that vanishes at the initial endpoint of J. For p > 0, integrate
backward from the terminal endpoint with the corresponding cutoff. In either case the
endpoint term has the required sign, and the derivative of the cutoff contributes at most
Co1 / J i) B, vP. Taking the supremum in time and bounding the integrated energy gives
(5.4).

To justify the test, extend rP~! from [g,00) to a globally Lipschitz function and apply
Lemma 2.6 to its primitive, which agrees with 7P /p on this interval up to a constant. The
factor vP~! < eP~! on the test support makes the term containing b’ € L' integrable. The
constants in (5.4) are independent of the regularization. O

Define, for 0 < a <1,
(56) Ea = (—3 — a/4, -1+ CL/4) X B2+a/4, Ga = (—a/4, 1) X Bl+a/4'

Thus Ey = P, and Gy = F;. All constants below include the fixed volume normalizations
for these sets.
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Lemma 5.3 (Moment estimates). Put pg =1/4. For0 <a<c<1 and 0<p <py/2,

C 1/p
(5.7 follome < (=) Il
C 1/p
-1 -1
5.9 o mn < (=) I v
Moreover,
(5.9) [0l L1 () < Cllvllzro(s, )
(5.10) [v ™ oo oy < Cllv™ I Lro(ay 0)-

Proof. Choose p, = (1 +1/k)/2 < 1 in Lemma 5.1. Combining (5.4) with (4.4) gives the
single-step bound

C(1+p)\ /P
65.11) ollzoniz < (T ) Mollsy, 0<p<pe

On G, C G., taking the power p = —f3 in (5.4) gives the corresponding estimate for v—*
with input exponent 3 and output exponent Sk, for every 5 > 0. The time gap in (5.6) is
at the initial endpoint for G, C G, and at the terminal endpoint for E, C E..

For the inverse iteration use 8; = r/p and gaps proportional to (¢ — a)277=!. The
logarithm of the product of constants is bounded by

i log C' + log(1 + x/p) + Njlog2 + Nlog(1/(c — a)) < C+ N'log(1/(c — a))
=0 KIp B P

for p < pg. Letting the exponents tend to infinity bounds the L> norm of v~! on the
smaller cylinder by its LP norm on the larger one, with the factor estimated above. This
gives (5.8) and (5.10).

For (5.7), stop when the exponent first reaches or exceeds py and use Holder’s inequality
on the smaller cylinder. The finite product satisfies the same bound as above. For (5.9),
start at po, iterate to 1/k, and reduce the last exponent to 1/k by Holder’s inequality if
necessary. One more application of (5.11) reaches 1. All input exponents are at most
max(pg, 1/k) < px«, and the product of constants in this last iteration depends only on the
fixed exponents and the structural data. U

5.2. A weighted logarithmic inequality. Choose a radial Lipschitz cutoff n equal to
one on By s, zero outside Bj, and nonincreasing in the radius. Put 6 = n%, me = /6, and

Dy(w) = ;//B3><B3 min(8(z), 8(y))|w(z) — w(y)*K(t; z,y) dz dy, wy = my* /Hw.

Dyda and Kassmann [9] use radial level sets to derive weighted Poincaré inequalities from
unweighted estimates. Here the level sets of § are balls on which (1.3) applies directly.

Lemma 5.4 (Weighted Poincaré inequality). For this cutoff,
(5.12) /H\w—w9\2dm < CDp(w).
At scale R the right side is C R* Dg(w).

Proof. Use

1
win(0().00)) = [ Lo (@)L g020) () da
The superlevel sets are balls. Applying (1.3) on each such ball and integrating in ¢ gives

w(z) — w(y)|?
Dy(w) > /\//B . min(@(w),@(y))Mdacdy.

|z — y|te
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Restrict y to B/ and z to Bs. On this set the minimum is 6(x) and |z —y| < 6. Jensen’s
inequality yields a lower bound ¢ [ fjw—wp, /2 |2. The weighted mean minimizes the integral
among constants, giving (5.12). Truncation of w and monotone limiting arguments cover
every finite-energy w. Scaling gives the last assertion. O

Lemma 5.5 (Weighted logarithmic mean). For v in (5.1), let
W(t) =my,* /0(1‘) logv(t, x) dx.
Then W is locally absolutely continuous and
(5.13)  W'(t) > ¢Dg(logv) — C(1 + ||b]|%) > c’/@\ logv — W (t)[2dz — C(1 + ||b]|%).

Proof. For a,b >0 and A,B >0,
(5.14) (a —b)(A?/a — B?/b) < —% min(A, B)?|log(a/b)|> + 3(A — B)%.

By symmetry we may assume A > B. Write d = A — B and t = a/b. The left-hand side of
(5.14) equals
—B*(t+t'—2)+ (2Bd+d*)(1 -t 7).

Write Z = \/t — 1/v/t, so that Z2 =t +t' —2 > |logt|>. For t < 1 the second term is
nonpositive. For t > 1 use 1 — ¢t~ < min(Z, 1) and 2BdZ < B*Z?/2 + 2d*. These bounds
give (5.14).

Test the supersolution by n?/v. Integrating (5.14) over By x By bounds the interior form
above by —cDy(logv) + C. The cross interaction is bounded above by

C +0O(u_;t,3,4) /7]21)_1 dz.
The shift A’ absorbs this last term and f_. The transport contribution is
—/logvb -Vodx = —2/(logv —W)nb- Vndz.
The equality uses [b- V68 = 0. By (5.12), its absolute value is at most

O[]l Dy (log v)'/? < § Dy(logv) + C|b|2-

Lemma 2.6 with a Lipschitz extension of 7 — 7~! from [, c0) gives local absolute continuity
of W and identifies the time derivative as mgW’ after the h’ term is included. Dividing by
myg and applying (5.12) gives (5.13). O

Lemma 5.6 (One-sided logarithmic distribution estimates). There is a € R such that, for
every £ > 0,
(5.15) {E1 :logv>a+ L} + |{G1:1logv <a—(}] <CJ/L.
Proof. Let cy = C(1+ ||b]|%,) be the constant in (5.13), and put
z(t,x) =logv(t,x) + cot, Z(t) = W(t) + cot.
Then Z' > ¢ [0z — Z|*> > 0. Choose 7, = —1/2 and set a = Z(7,), using the continuous

representative of Z. For t < 7., put H(t) = a — Z(t) > 0. On the set {z € By : 2(t,x) >
a+ ¢} one has z — Z > { + H. Thus

—H'(t)
Byt 2(t < —~te.
’{IIZ‘G 5/2 Z(,.’E)>CL+ }|— C(€+H(t))2
Since —H'/(¢ + H)? is the derivative of (¢ + H)™!, integration over the past interval gives
at most 1/(cf). On the future interval take H = Z —a. The set {x € By 5 : 2(t,x) < a —(}

has measure at most H'/(c(¢ + H)?) for almost every time, which gives the same integral
bound. The spatial sections of 1 and G lie in Bs/,, and their time intervals lie on opposite
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sides of 7. To pass from z to logwv, use |cot| < 4¢g on Cy. For £ > 8¢y apply the bounds at
level £/2. For smaller ¢, the cylinder volumes give (5.15) after increasing C'. O

5.3. Proof of weak Harnack.

Proof of Theorem 1.2. At unit scale, let ayp be the level given by Lemma 5.6. Apply
Lemma A.3 to e %v on (E,) and to e*v~! on (G,). The moment hypotheses follow
from (5.7) and (5.8), respectively. The two level-set bounds in (5.15) give the logarithmic
hypotheses. Hence

[0llzro(m, ) < Ce®, [o™ ooy ) < Cem .

Equations (5.9) and (5.10) imply
][ v < Ce™ < Cessinfo.
Py

Fy
Since u < v in C; and h(t) < € + 5|/ f-||oc + T} (u), letting € | O proves the unit-scale
assertion. The transformation
U(r,€) = u(to + R®r, 0 + RE), K =R""K, b=R*"'p, f=R"f
preserves (1.3)—(1.5), with the coefficients on the right evaluated at the transformed ar-
guments. Since [©_d7r = Tx(u) and [|b][z=(c,) = Mg, the unit-scale estimate gives

(1.14). O

Corollary 5.7 (Growth from a positive-measure set). In the setting of Theorem 1.2, if
{u >k} N Pg| > v|Pr|, k>0, 0<v<l,

then

(5.16) eslspli{nfuz cuk—C’(Ro‘Hf_Hoo—i-Tg(u)) .

Proof. The average on the left of (1.14) is at least vk. O

6. OSCILLATION DECAY AND HOLDER CONTINUITY

Proof of Theorem 1.3. Translate and scale to Q1 = (—1,0) x By. Write
O(t) = O(u;t,1/2,1),  F=|fllre@),  A=2U+0O]Ls-10) + F

When A = 0 the assertion is immediate. Let ¢ be the growth constant in Corollary 5.7,
reduced so that ¢ < 1. Set

ag = ¢/16, 0=1—ag.
We choose a radius ratio p € (0,1/8) below. Put r; = p/ and w; = A67. We construct
nested intervals [m;, M;] C [-U, U] such that

(61) mj SUSMJ on er, Mj—mj Sw]',

and such that each endpoint changes by at most agw; in passing from j to j+1. Start with
mo = —U and My =U.

Suppose (6.1) holds through scale j. If M; —m; < fw;, retain both endpoints. Otherwise
set dj = M; —mj > fw; and apply Corollary 5.7 at scale r» = r;y; with time center —r.
The outer cylinder is

(=57%,0) x Byr C Qp,,
provided 5p® < 1. Its future cylinder is precisely @,. On its past cylinder, at least one of
the sets
{u—m; >d;/2},  {M;—u=d;/2}
has relative measure at least 1/2. For the corresponding function, the lower bound in (5.16)
contains the term cd;j/4 > 2aow;. We estimate the negative exterior tail for either choice
of function.
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Both functions have zero negative part on @Q,;. Decompose Bﬁj as Bf and the annuli

By, \ Br,.,, 0 <i < j. On the ith annulus, throughout (—=5r%,0), the negative part is at
most
j—1
max(m; — m;, M; — M;) < ag Zwk < w;.
k=i

For z € B3, and y on this annulus, |z — y| > r;4+1 — 3r > r;41/2. The row bound therefore
gives the annular contribution

j—1

T < O (r/ris1) wi
i=0

(67

j

o p

(6.2) < Cw; > (p"/0)" < Cujg™ e
/=1

All time intervals used here are contained in the earlier @),,, by the choice 5p* < 1.
For y ¢ By, the negative part is at most U + |u(t,y)|, because every endpoint stays in
[—U, U]. Consequently Holder’s inequality in time gives

(6.3) Thr < CUT™ + C||0|| pa(—1,07* 2.
The source contributes at most Cr®F. Let f = a(1 —1/q) > 0. Choose p so small that

(0%
p* <0, p° <9, C( P +pa+pﬁ>§a0-
0 — p
Since U, ||©||q, F' < A, (6.2)-(6.3) and the source bound give a total error of at most agw; in
(5.16). On @, the chosen function is therefore at least agw;. We can move the corresponding
endpoint inward by d; — 6w; < apw;. This gives (6.1) at scale j + 1.
Let
—log 6

77 log(1/p)”

Decreasing p once more gives 0 < v < min(1, ). For 741 <7 <rj, (6.1) implies

(6.4) essoscu < w; < CAr7.
The constants in (5.16) are uniform in j because rjo.‘_leHOO < ||b|oo for every a > 1.
Repeat the argument on a backward cylinder of radius 1/8 centered at any point of Q; /4
The part of its exterior tail inside Bj is bounded by CU by (1.5). The part outside Bj is
bounded by ©(t) since the points at which the kernel is evaluated lie in By /5. Thus the time
L9 norm of this tail is at most C(U + ||©||,), and (6.4) holds uniformly at these centers.
The oscillation bound makes averages on shrinking backward cylinders converge at each
center. Their limits agree with u at Lebesgue points and hence define a representative. For
two such points at parabolic distance 0 < d < 1/64, let z be the later point (either point
if their times agree). The cylinder QQ24(z) contains all sufficiently small backward cylinders
ending at either point. Its essential oscillation therefore bounds the difference between their
limiting averages by C'Ad”. For larger distances use the bound 2U. The same argument
applies to the limiting averages at every center in ()1/4. Rescaling gives (1.15). g

Corollary 6.1 (Globally bounded solutions and positive times). If u is bounded on the
full spatial slab underlying Qr, the tail term in (1.15) is bounded by C|lul|poo(rxgrny- For
the homogeneous Cauchy problem with uy € L?, the solution is locally Holder continuous in

(0,T) x R™.

Proof. The first assertion is (1.11). For every 7 > 0, Proposition 3.5 bounds the solution on
[7,T] x R™. Apply Theorem 1.3 on cylinders with lower time endpoint greater than 7. [J
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7. POSITIVE TAILS AND THE PARABOLIC HARNACK INEQUALITY
7.1. The kernel upper bound and an earlier-tail estimate.

Lemma 7.1. Symmetry, (1.5), and (1.16) imply (4.11), with L depending only on
n,a, A, Cy.

Proof. For d = |z — y|, apply (1.16) with r = d/4. By symmetry,

K(t:2,y) < Cs|Baya| ™! /

K(t;y,z)dz < Cd_”/ K(t;y,z)dz < Cd™"" .
Bgya(z)

ly—=2|>3d/4
O
Work at unit scale and let u solve (1.1) in C;, with u > 0 on (—4,1) x R". Lemma 7.1

gives the pointwise upper bound needed in Lemma 4.6, so u is locally bounded in C;. Set
F = |fllze,) and, for ¢ > 0, define

v=u+F(t+4)+e¢, H:es%infu+5F+5.
1

Since f+F > 0, v is a positive supersolution with zero negative tail. Applying Theorem 1.2
and using essinfp, v < H, we obtain

(7.1) /P v < CH.

For 0 < a < 1, define nested past cylinders
U, = Jy X Bgr,, Jo=(=5/2—a/2,-2+4a/2), R,=1+4a/2, M (a) = esssupw.

a

These cylinders lie in P;, with Uy = Hj. Local boundedness and nesting imply that M is
bounded and nondecreasing on [0,1]. For 0 < a < ¢ <1, define R,,, = (R, + R¢)/2 and

Sae = O(u;t, Ry, Re) dt.
Je

The spatial gap and (4.11) make this quantity finite by Cauchy—Schwarz and the global
L°L? bound on u.

Lemma 7.2 (Control of an earlier positive tail). For 0 < a < { < ¢ < 1 and each fized
q€(0,1),

(7.2) Sag < C((€—a)(c—€) " M(c)tH'".
Consequently, for every § > 0,
(73) Sae < OM(c) + C5((€ — a)(c— &) HL.

Proof. Put d = (R¢ — Ry;,)/4. Choose 0 <7 < 1in Cg’l(BRé_d), equal to one on Bpr, 14,
with |Vn| < C/d. Testing the supersolution with n?v=%, we keep the exterior contribution
10 = [ n@Pota) [ ut)K (o) dyde

Br, B,

The weighted power inequality with exponent 1 — ¢ and (5.5) give, after discarding a non-
negative energy term,

1 d
(7.4) [ *de + I(t) < Cyd™ + Hb]oodl)/ vl dz.

1-— q dt BR5
In the cross interaction, (1.5) bounds the term containing v(x) by Cd~¢ fBR v'74. The term
¢

containing v(y) controls I(t) because v(y) > u(y). The shifted source f + F is nonnegative.
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Let t_ = inf J¢, t4 = sup J., and choose a nonincreasing time cutoff ¢ equal to one on Jg,
vanishing at ¢, with |[¢'| < C/(c —&). Write Y (¢) = [ n?v!79. Integration by parts gives

123

/ Y v =vie+ [ Ymce .

t_

The initial term Y (¢_) is nonnegative, and the integral containing ¢’ is bounded below by
—C(c— &)1 fttj Y (t)dt. The same bound follows by taking the initial trace from inside
the interval. Integrating (7.4) against ¢ and using I > 0, we obtain

(7.5) /J I(t)dt < Cy((§ —a)(c— s))‘N/ v179dz dt.
3 c

For z € Bg,, and y ¢ Bp,, the radius d satisfies d < |z — y[/4 and n = 1 on By(z). Upper
jumping smoothness gives

I(t) ZM(C)_Q/B ( )/C u(t,y)K(t;z,y) dy dzx
a(2) J B,

>l [t K 6z
g
Taking the essential supremum over z, integrating over J¢, and applying (7.5) give S, ¢ <
C((¢ —a)(c— &) NM(c )9 Ju. v!=9. Since U. C P;, Hélder’s inequality and (7.1) bound
the integral by |U.|9([p P v)l- a < CH'74. This gives (7.2), and Young’s inequality yields
(7.3). O

7.2. Interpolation for the local supremum.

Lemma 7.3 (Local interpolation with an integrated tail). For 0 < a < £ < 1 and every
0€(0,1),

(7.6) esssupu < M (&) + Cs(& — a)_N5Hu||L2(U§) +CS, ¢+ CF.
Ua

Proof. On J¢, put

t
ot) = / (F +O(u; 7, Ry, Re)) dr, z=u—L(t).
inf Jg

By Lemma 2.6, we may test u at the moving levels ¢(t) + k; to estimate the positive
truncations of z. The derivative ¢’ absorbs the source term and the tail from Bf%g in (4.5).
Apply the iteration of Proposition 4.5 between R,, and R,, shrinking the time intervals from
J¢ to J,. Split the form at each outer radius and keep the cutoff support a fixed fraction of
the radial gap inside it. On the remaining annulus inside Bg,, we have u < M(§), so (1.5)

bounds its contribution by C2% (¢ — a)~*M (€). Since z4 < u, the integrals A; satisfy
Ajr1 < O(& —a) V2R 01 4 M(€) k)"
The initial integral is at most [|ul|%. (Ue)" Choose
k=M (&) + Cs(€ — )~ |lull p2ur)-

Then M (¢)/k < 6L Increasing Cs and Ns makes A_1/k? small enough for Lemma A.1,
and hence z < k on U,. Since 0 < {(t) < S, ¢ + CF on J,, adding ¢ gives (7.6) with a tail
coefficient independent of k. O
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7.3. Absorption on nested cylinders.

Proof of Theorem 1.5. At unit scale fix 0 < a < ¢ < 1 and set £ = (a + ¢)/2. Because
u < v < M(c) on Ug, equation (7.1) gives

1/2
ull 2w < (M(c)/ u) < OM(c)2HY2.
Ue

Apply Lemma 7.3 and estimate S, ¢ by Lemma 7.2 with ¢ = 1/2. The L? term and the tail
term are then each bounded by a power of (¢ — a)~! times C5M (c)'/2H'/?. Take § = 1/4,
so 6M (&) < M(c)/4. Apply Young’s inequality to each of the two terms, allowing M(c)/8
for each. Since v —u < 5F + ¢ < H, we obtain

(7.7) M(a) <iM(c)+C(c—a)™H 0<a<e<l).

By Lemma A.2, applied to the bounded function M on [0, 1], (7.7) implies M (0) < CH.
Letting € | 0 proves

esssupu < C (ess inf u + HfHoo> .
Hy 131

Rescaling as in the proof of Theorem 1.2 gives (1.17). The dependence on C; enters through
the pointwise upper bound in Lemma 7.1 and the lower bound for I(¢) in Lemma 7.2. O
8. KERNEL EXAMPLES AND EXTERIOR TIME DEPENDENCE

8.1. A kernel supported on alternating annuli.

Example 8.1. Let
'A: U[2]7%2j]7 KA(xay) = 1A(|x_y|)‘x_y‘7nia'
JEZL
This kernel satisfies (1.3)—(1.5) and (1.16). For every j € Z it vanishes on the annulus
32 <|w—y| < 27FL

Proof. Symmetry, the upper form bound, and the row bound follow from 0 < K 4(z,y) <

|x —y|™""* and
/ |z| " %dz = 7|Sn_1‘r*°‘.
|z|>r «

For the lower form bound on a ball D, write
[v(z) — v(y)l?
Qa(v; D :// 1a(|lx —y|) —————dzdy.
( ) DxD { ) |z — y[rt
Suppose x,y € D and r = |y — x| € (3a/2,2a), with a = 27. Set z = y—x and w = z+22/3.
The ball D is convex, so w € D. The two segments have lengths
|lw— x| =2r/3 € (a,4a/3) C A, ly —w| =r/3 € (a/2,2a/3) C A.

By |v(z) — v(y)]? < 2Jv(z) — v(w)|* + 2[v(w) — v(y)[?, the missing pairs contribute at most
the sum of two integrals. In the first, change (x, 2) to (x, 21) with z; = 22/3. In the second,
use (w, z2) with zo = z/3. The Jacobian and the kernel weight give the factors (2/3)® and
(1/3)“, respectively. Each map is injective on the union of the missing annuli, and its image
consists of pairs in D x D with separation in A. Enlarging the two integration domains to
all such pairs gives

(8.1) [0 < (1+2(2/3)% +2(1/3)*) Q(v; D).
Since €k ,,p(v,v) = Qa(v; D)/2, (1.3) holds with
A=[2(142(2/3)* +2(1/3)*)] ",
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To verify (1.16), fix h with d = |h| € [a,3a/2] and let 0 < r < d/4. Write e = h/d. Take
he =h+ (r/4)e if d < 5a/4, and h, = h — (r/4)e otherwise. In either case
(8.2) B, g(hi) C Br(h) N{z:a < |z| < 3a/2}.

The shift moves h away from the nearer of the two annular boundaries by r/4. The distance
from h. to the other boundary is at least a/4—r/4 > 5a/32, since r < 3a/8. Both distances
exceed /8, and |hs — h| + /8 = 3r/8 < r. Thus (8.2) holds. On B, g(h:) we have
|z| <d+r < 5d/4, so

][ L2z dz > 87(5/4) "o
Ba(h)

For d ¢ A the kernel vanishes. Together these cases give (1.16) with C; = 8"(5/4)"+t*. [

Corollary 8.2 (Measurable coefficients on the annular kernel). Let a(t;z,y) = a(t;y, x) be
jointly measurable and satisfy 0 < ag < a(t;z,y) < a1 < co. The kernel

K(t;x,y) = a(t;z,y) Ka(x, y)

satisfies the hypotheses of Theorem 1.5. The constants in the kernel bounds depend only on
n,s,aop,a.

Proof. Multiplication by a preserves the lower form bound with constant agA and the upper
form and row bounds with constant a;A. For the radii in (1.16),
K(thay) < ach KA(Z7y) dz < (al/a())CJ K(t7zay) dz.
By (z) By (z)

Thus (a1/ap)Cy is an upper jumping smoothness constant. O

8.2. Concentrated jumps. The next kernel satisfies the form and row bounds but fails
upper jumping smoothness. Its added jumps have bounded total intensity at each point
and connect pairs of balls of shrinking radius.

Example 8.3. There is a time-independent symmetric kernel satisfying (1.3)-(1.5) for
which (1.16) fails for every finite constant C';.

Proof. Let e be a unit vector, put z; = 20je, and choose 0 < €; < 1/32 with €; | 0. Define
Aj=Be;(z),  Dj=B(z+e),  mj=|4;=|Djl,

and set
(83) K(JE, y) = ’:E - y|7nia + i mj_l(lAj ('r)le (y) + 1Dj ('I)]'Aj (y))
j=1

The added kernel is nonnegative and symmetric. The first term gives (1.3). Each row of
the added kernel has total mass at most one, and all its jumps have length in [15/16,17/16].
Consequently its contribution to (1.5) is bounded by Cr~*.

For the upper form bound, let V; = B3(z;) and write ¢; = fvj v. The added energy is

Zm_l// ) —u( ]2dydx<22/ v — ¢;j|* dz

A;UD;

< C’Z vfiy, < Cv]?.
J

Here the fractional Poincaré inequality on the fixed-radius balls follows directly from

1
/ lv — Cj\Q dx = : // lv(z) — v(y)*dzdy < C’[v]g’vj.

Disjointness of the V; gives 3 ;[v]2 v, <o ]2, proving (1.4).
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Fix 19 = 1/8. For almost every x € A; and y € Dj, we have ro < |z — y|/4 and
K(z,y) > m}l. The average over By, (x) satisfies

][ K(z,y)dz < C +|By| "
BTO(:D)

The stable part is uniformly bounded on By, (x) for these y, and the integral of the added
kernel over the ball is at most mj_llAj\ =1. As mj; — 0, the ratio of K(z,y) to its average
is unbounded. U

The kernel in (8.3) defines a regular symmetric Dirichlet form on H®(R"™) with core
C>(R™), since the added finite-rate form is bounded on L?. For such autonomous forms on
Euclidean space, a uniform parabolic Harnack inequality with time scale r® implies upper
jumping smoothness [5, Proposition 3.3]. The kernel in Example 8.3 therefore rules out a
uniform full Harnack inequality under (1.3)—(1.5) alone, even for b = 0.

8.3. Time separation for exterior contributions. In Lemma 7.2, the tail is integrated
before the cylinder F} on which the infimum is taken. An exterior datum supported at later
times shows why the order of these intervals matters.

Example 8.4. Even for b = 0 and K(z,y) = |z — y|~"" %, an exterior tail integrated over
a later time interval cannot be bounded by the average of a nonnegative local solution on
an earlier cylinder alone.

Proof. Let D = Bg and choose a smooth nonnegative function g(t,y), nonzero and com-
pactly supported in (7,7 4+ 1) x (B11 \ Big). Let Lp denote the nonnegative Dirichlet
realization of the stable form on the subspace

Vp ={w e H*(R") : w=0 a.e. on D}.
For x € D, set

t
Fg(t,w)z/ g(t,y)|z —y| " dy, w(t)Z/ e Lo Fo(r) dr

for t > 7, and set w(t) = 0 for t < 7. Extend w by zero outside D. The Dirichlet semigroup
preserves positivity, so w > 0. The energy estimate for the equation with source F, gives
w € LY°L2 N L7H$ on finite time intervals. Since g is smooth, nonnegative, and compactly
supported, u = w + ¢ is nonnegative and belongs to the same energy space.

For a test function ¢ supported in D, the cross interaction is &/(g,¢) = — f p Fyodz.
This cancels the source in the equation for w, so u satisfies yu+ Lu = 0 in D. The solution
vanishes before 7, whereas

T+1
/ ess sup/ u(t,y)|le —y|” " *dydt > 0,
T € B2 R7\ By

because u = g on the support of the nonzero exterior datum. O
APPENDIX A. ITERATION LEMMAS
A.1l. Superlinear and interpolation iterations.
Lemma A.1 (Geometric convergence). Suppose that z; > 0 and
zj41 < ABIZIT, j >0, A>0, B>1, §>0.
If zp < A_l/‘;B_l/‘p, then
2 < Afl/zSij/éfl/&z (j > O).

In particular z; — 0. A recurrence Yj41 < ABijlfl‘s for 5 > 0 has the same conclusion
when Y_1 and Yy are sufficiently small.
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Proof. Substituting the proposed bound for z; into the recurrence gives
AR (Afl/éij/671/62>l+5 _ A-1/0 g-(i+1)/6-1/8%
Induction proves the first assertion. For the two-step recurrence set Z,,, = max{Y2m—1, Yom }.
The inequalities at j = 2m and j = 2m + 1 imply
Timi1 < AB2m+1Z71n+6.
Apply the first assertion with constants AB and B2. d

Lemma A.2 (Absorption on nested sets). Let F' be a bounded nonnegative function on
[a,b]. Suppose that

F(r) < qF(R)+ A(R—r)™N, a<r<R<b,
where 0 < qg<1, A>0, and N > 0. Then
F(a) < C(q, N)A(b—a)™V.
Proof. Choose 9 € (¢"/V,1) and put r;i =a+ (b—a)(1 —¥7). Repeated substitution gives

m—1
F(a) < q"F(rm) + A(b —a) M (1 =0)™" Y (g0~ V).
7=0

The first term tends to zero because F' is bounded. The geometric series converges by the
choice of 9. 0

A.2. The logarithmic iteration. The following form of the Bombieri—-Giusti argument
[3] combines a moment inequality with a bound on the upper level sets of the logarithm.
Section 5 applies it separately to a positive function and its reciprocal.

Lemma A.3 (Moment control from logarithmic level sets). Let (Uy);/2<y<1 be an increas-
ing family of measurable sets in a finite measure space. Normalize the ambient measure
so that u(Uy) < 1, and suppose that inf, p(U,) > 0. Let g > 0 and g € LP°(Uy) for some
po > 0. Assume that, for constants A > 1 and v > 0,

A 1/p
A el < (o) lolown  3Sr<R<L 0<p<m/2

NS

(A.2) uf{x € Uy :logg(x) > 0} < —, > 0.

Then ||g||Lp0(U1/2) é C(A7 V7p0)'
Proof. Put
F(r) = max {1,log g o) } -

This is a bounded nondecreasing function. Fix r < R and write J = log||g]|zro (7). When
J is larger than a constant depending on A, pg, choose

b= log J <po

2J — 27
Split the integral of ¢g” at logg = J/2. By (A.2) and Hélder’s inequality,

p/po 1—
/ gpdugepJ/z+< [ o du) () o
UR UR J
1—
= JV4 4 g2 (2}4) o < 2JY4,

Indeed, the second term equals 24712 exp((p/po)log(J/(24))). The exponential factor
stays bounded for large J because (log J)?/J — 0.
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Let D =log A+ vlog(1l/(R —r)). Taking logarithms in (A.1) now gives
log [lg]l oo o) < D +plog2 n lo4ng _ % N 2J(?O;—}0g 2)'
If log J > 8(D +log 2), the right-hand side is at most 3.J/4. In the remaining case, or when
J is below the fixed lower threshold, monotonicity gives
F(r) < F(R) < Cexp(8D) < C(R —r)~%.
Combining the two cases, and increasing C' to cover F(r) = 1, yields
F(r)<3F(R)+C(R—1)"%.

Since g € LPO(Uy), the function F' is bounded and Lemma A.2 applies. Exponentiating the
resulting bound on F(1/2) proves the claim. O
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