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Abstract: We derive a Riesz-Frechet representation for bounded linear functionals defined on the p-
adic Hilbert spaces introduced by Kalisch [Ann. of Math. (2), 1947]. We also notice the surprising
difference between the Archimedean case and the non-Archimedean case (exact non-Archimedean version
of Riesz-Frechet representation fails).
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1. INTRODUCTION

The century-old Riesz-Frechet representation (theorem) states that every bounded linear functional on a

real/complex Hilbert space is completely determined by a single element in that Hilbert space.

Theorem 1.1. [1,|2,|4,|8-14,/18,/19,19+21,25,|26,28,31+36,|39,|45,144,/46] (Riesz-Frechet Represen-
tation) Let H be a complex Hilbert space. Let f : H — C be a bounded linear functional. Then there is

a unique element T € H satisfying the following conditions.
(i) f(h) = (h,7) for allh € H.
@ 1A=l

Over time, Riesz-Frechet representation has been extended to Lebesgue spaces [30437,42] and spaces of
continuous functionals on compact Hausdorff spaces (celebrated Riesz-Markov-Kakutani representation)
[2,[3L/7,/84{15L24)129,[35L(38},145]. Tt is known that Riesz-Frechet representation also holds for quaternionic
Hilbert spaces |16]. Riesz-Frechet representation has also been derived for certain classes of Banach
spaces by Giles [17] and James [22]. The traditional proof of the Riesz-Frechet representation uses
the orthogonal decomposition theorem, which rests on the parallelogram law [19/32]. If the Hilbert
space is separable, then one can also give a proof of the Riesz-Frechet representation for Hilbert spaces
using orthonormal bases, which relies on the Gram-Schmidt orthonormalization process [20]. We are

fundamentally motivated by the following question.
Question 1.2. What is the non-Archimedean Riesz-Frechet representation?
We begin by recalling the definition of non-Archimedean Banach and p-adic Hilbert spaces.

Definition 1.3. [/0] Let K be a field. A map || : K — [0,00) is said to be a non-Archimedean

valuation if the following conditions hold:

(i) If X € K satisfies |A\| = 0, then A =0.
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(i) Dl = Nl for all A, o € K.
(i) (Ultratriangle inequality) |A + p| < max{A|, |u|} for all A, p € K.

We say K is non-Archimedean complete valued field if it is complete w.r.t. the ultrametric
d()‘a:u) = |)‘_M|7 V/\MU/EK

Definition 1.4. [/1|] Let K be a non-Archimedean complete valued field. A wvector space X over K is
said to be non-Archimedean Banach space if there is a map (called as ultra-norm) || -] : X — [0, 00)
satisfying the following conditions:
(i) If x € X is such that ||x|| = 0, then z = 0.
(i) ||Az|| = [M||lz|| for all X € K, for all x € X.
(iii) (Ultranorm inequality) ||z + y|| < max{||z], |y[|} for all z,y € X.
)

(iv) X is complete w.r.t. the ultrametric
d(.’E,y) = ||.’E—y||, vxaye')('

Definition 1.5. [25] Let K be a non-Archimedean valued field (with valuation | -|) and X be a non-
Archimedean Banach space (with norm || - ||) over K. We say that X is a p-adic Hilbert space if there
is a map (called as p-adic inner product) (-, ) : X x X — K satisfying the following conditions:

(i) If x € X is such that (x,y) =0 for ally € X, then z = 0.

(ii) {(x,y) = (y,x) for all x,y € X.
(il) {(ax,y) = alz,y) for all a €K, for all z,y € X.
(iv) (x4y,2) = (x,2) + (y,2) for all z,y,z € X.

) |

) [z, 9| < l=llllyll for all z,y € X.

Definition is more general than the definition of p-adic Hilbert spaces used by Kalisch, which imposes
further conditions [25]. We note that the Definition [I.5]is different than the p-adic Hilbert spaces defined
recently by Claussnitzer and Thom [6] where an exact Riesz-Frechet representation is known [5]. We
derive two different versions of non-Archimedean Riesz-Frechet representation with different assumptions

and different conclusions.

2. NON-ARCHIMEDEAN RIESZ-FRECHET REPRESENTATION

In the paper, we use the following notion of Schauder basis for non-Archimedean Banach spaces and

orthonormal basis for p-adic Hilbert spaces.

Definition 2.1. Let X be a non-Archimedean Banach space over K. A collection {7, }n in X is said to

be a Schauder basis for X if for every x € X, there is a unique sequence {a,(x)}, in K such that

o0
x = Z an ()T,
n=1

series converges in the ultra-norm on X.

Definition 2.2. Let X be a p-adic Hilbert space over K. A Schauder basis {7, }n for X is said to be a
p-adic orthonormal basis for X if the following conditions hold:

(i) [[Tall £1 for alln € N,

(i) (Tn,Tm) = On,m for all n,m € N.
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Note that given a p-adic orthonormal basis {7, }, for X, condition (ii) in Definition says that
L= [{7n, 7o) < |ITnll®, V€N

By using condition (i) in Definition we then get ||7,]| = 1 for all n € N. Thus all elements of p-adic
orthonormal basis lie in the unit sphere. Following is the standard example of p-adic Hilbert space we

keep in mind.
Example 2.3. Let K be a non-Archimedean valued field. Define
co(N,K) = {{an}n tan €K, ¥n €N, lim a, = o} .
We define
Han}all = maxlanl,  V{an}n € co(N,K)

and
<{an}na {bn}n> = Z a/nbny v{an}’ru {bn}n S CO(N7 K)
n=1
Then ¢o(N,K) is a p-adic Hilbert space. The canonical Schauder basis {e,}n is a p-adic orthonormal

basis for co(N, K).

Gram-Schmidt orthonormalization says that every separable Hilbert space has an orthonormal basis [27].
Eventhough we know from Example 2.3] that we have examples of p-adic orthonormal bases, we don’t
know existence result of p-adic orthonormal basis in every p-adic Hilbert space.

Following is our first version of Riesz-Frechet representation.

Theorem 2.4. (Non-Archimedean Riesz-Frechet Representation) Let X be a p-adic Hilbert space
over a complete non-Archimedean valued field K. Let f : X — K be a bounded linear functional. Assume

that there is a p-adic orthonormal basis {wy }n for X such that
lim f(wp)w, = 0.
n—oo
Then there is a unique element T € X satisfying the following conditions:

(i) f(z) = (x,7) forallz e X.
@) 1A=l

Proof. Since {wy, }r, is orthonormal,

D flon)wr
k=1

Since X is complete and lim,, o f(wp)wy, = 0, the series 270:;1 f(wn)wy, converges in X. Now define

= nax |f(we)], VneN.

‘We then have

f(l‘) = f <Z<x7wn>wn> = Z<$awn>f(wn)
n=1 n=1
= <x, Zf(wn)wn> = (x,7), VreX
n=1
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Now

|f ()]
]|

11l = sup {

‘We now observe that

werazof—sp{Elocna o} <.

o0
17 = |32 nn | = a7 < 7l = 1
n—
Uniqueness easily follows using the definition of p-adic inner product. O

Example 2.5. Let p be a prime number. Define
freoN,Qp) 3 {an}tn — f{an}n) Zp an € Q.
Let {an}n € co(N,Qp). Then
[p"an|, = z%mn\p — 0 as n — oo.

Hence

lim p"an = O, V{an}n S CO(N7 @p)

n—oQ

So the map f is well-defined. Define

7:={p"}, € co(N,Qp).
Then

1 1
f(@) = {w,7), Vo € co(N.Q,) and |[f]| = ||| = max|p" 'p‘m?§{p }:p'

In the next example we show that every bounded linear functional on a p-adic Hilbert space cannot be

represented by an element in the space.

Example 2.6. Let p be a prime number. Define
feo(N, Qp) S {antn = f({an}n) Znan € Qp.

Let {an}n € co(N,Q,). Then
|nan|p |n||a/n|p < ‘an‘p_>0 as n — oo.
Hence

lim na, =0, Y{an,}n € co(N,Q,).

n—oo
So the map f is well-defined. We claim that there is no 7 € ¢o(N,Qp) such that f(z) = (x,T) for
all € ¢o(N,Qp). Let us suppose that this claim fails. Then thee exists a 7 € co(N,Qp) such that
f(x) = (x,7) for all x € co(N,Qp). Set 7 = {an}n € co(N,Qp). Let {e,} be the standard p-adic

orthonormal basis for ¢o(N,Qp). Now we see that
n= f(en) = (en,7) = an, YneN.

But then 7 = {n}, ¢ co(N,Q,) because |n|, - 0 as n — co. Hence Riesz-Frechet representation fails.
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Let X be a p-adic Hilbert space. A closed subspace ) of X is said to be orthogonally complementable if
there exists a unique closed subspace Z of X satisfying the following: for every x € &', there exist unique
y € Y and z € Z such that

(i) z=y+ =

(ii) (y,z) =0.
(i) [lz|| = max{{ly[], [|=[|}.
In this case, we write x =y ® z, Z = YViand X =ye y+.

Following is our second version of Riesz-Frechet representation.

Theorem 2.7. (Non-Archimedean Riesz-Frechet Representation) Let X be a p-adic Hilbert space

over a complete non-Archimedean valued field K. Let f : X — K be a non-zero bounded linear functional.

Assume that Ker(f) is orthogonally complementable in X and there exists a (nonzero) vector w € Ker(f)*
such that (w,w) # 0. Then there is a unique element T € X satisfying the following conditions:
(i) f(z) = (x,7) forallz e X.
(ii)
o< <
Moreover,
_ fw) I llwl?
7= Tl = o
Proof. Define
_ fWw)
T = <w,w>w'
Let x € X. Then
_f@) ) — f(a) — f(x) =
(- H5w) = 160 - @) =0,
Hence
f(x)
xr — mw S Ker(f)
We then have
e TNy (T
0= (o= fegem) = tm = (Fge
_ _ @) _ _f(I)< f(w) >
- <.13,T> f(w) <waT> <$,7’> f(LU) w, <w7w>w
= (z,7) — f().
Note that
() = 1@ < Al
([

We next extend the non-Archimedean Riesz-Frechet representation to non-Archimedean fields admitting

conjugation (involution). We use the following definition of conjugation.
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Definition 2.8. Let K be a non-Archimedean complete valued field (with valuation |-|). A map o : K — K

is said to be a conjugation or involution if the following conditions hold:

(i) o(a+p) =0(a)+a(B) for all a, B € K.
(i) 0(0B) = o(a)o(B) for all ) f € K.

(iii) o(o(@)) = « for all « € K.

(iv) |o(a)| = |a] for all o € K.

In this case, we say that K is o-conjugated.

Definition 2.9. Let K be a o-conjugated non-Archimedean complete valued field (with valuation |-|) and
X be a non-Archimedean Banach space (with norm || -||) over K. We say that X is a p-adic o-Hilbert
space if there is a map (called as p-adic o-inner product) (-, ) : X x X — K satisfying the following:

(i) If x € X is such that (x,y) =0 for ally € X, then x = 0.

(ii) {x,y) = oc({y,x)) for all z,y € X.

(il) {(ax,y) = alz,y) for all a € K, for all z,y € X.

(x+y,2) = (x,2) + (y,2) for all z,y,z € X.

[z, )| < ll=l[llyll for all z,y € X.

(iv

)
)
)
(v)
We now have p-adic versions of Theorem [2.4] and Theorem [2.7]

Theorem 2.10. (Non-Archimedean Riesz-Frechet Representation) Let X be a p-adic o-Hilbert
space over a o-conjugated complete non-Archimedean valued field K. Let f : X — K be a bounded linear

functional. Assume that there is a p-adic orthonormal basis {wy}n for X such that
lim f(wp)w, = 0.
n—oo

Then there is a unique element T € X satisfying the following conditions:

(i) f(x) = (x,7) for allxz € X.
@) [If1F = NIl

Proof. Define

=Y o(f(wa)w

The other arguments are similar to those used in the proof of Theorem O

Theorem 2.11. (Non-Archimedean Riesz-Frechet Representation) Let X be a p-adic o-Hilbert
space over a o-conjugated complete non-Archimedean valued field K. Let f : X — K be a non-zero
bounded linear functional. Assume that Ker(f) is orthogonally complementable in X and there exists a
(nonzero) vector w € Ker(f)* such that (w,w) # 0. Then there is a unique element 7 € X satisfying the

following conditions:
(i) f(x) = (x,7) for allz € X.
(ii)
[(m )l
Il

<A< Ai=ll-

Moreover,

[/ (W)
[{w; W)

[

[{w,w)| -

lwl] <
6

Il =
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Proof. Define

o(f@)

T ww)

The other arguments are similar to those used in the proof of Theorem 0

~

SEEN

ot

(24]

25]

3. CONCLUSIONS

(1) In 1907, Riesz |34] and Frechet |13] independently showed that every continuous linear functional
on a Hilbert space is completely determined by a single element in that Hilbert space [4].

(2) In 1938, Markov [29] and in 1941, Kakutani [24] extended the Riesz-Frechet representation to
function spaces.

(3) In 1947, James [22] and 1967, Giles [17] extended the Riesz-Frechet representation to certain
classes of Banach spaces.

(4) In this article, we derived two non-Archimedean Riesz representation theorems under certain

conditions for p-adic Hilbert spaces.
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