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Abstract

Let f(s) =1—3"°+5"°— ... denote the Dirichlet beta function. For all sufficiently
large even integers s, we prove

dimQ SpanQ{5(2)a ﬁ(4)a s 7ﬁ(s)} 2 0'21@'

1 Introduction

The Dirichlet beta function is
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Its values at positive odd integers are nonzero rational multiples of powers of . The arithmetic
of its even values is much less understood. One way to measure progress without settling an
individual value is to bound the dimension

D(s) = dimg spang{5(2), 8(4),...,B(s)}, s > 2 even. (1.1)

A lower bound D(s) > d means that at least d values in this finite list are linearly independent
over the rationals. It implies that at least d — 1 of them are irrational, but does not identify
those values.

Rivoal and Zudilin [7, Theorem 1] proved a logarithmic lower bound with leading constant
1/(2 4 log2) for the span after adjoining 1. Fischler [2, Theorem 1] subsequently obtained

D(s) > Lo(l)

= 17102 log s (s — 00, s even), (1.2)

as a special case of his result for periodic Dirichlet series. His later use of Siegel’s lemma to
construct rational functions with small coefficients gives a bound of order /s/log s for odd
zeta values [3].

Mistiaen [5, Theorem 1.0.5 and Remark 3] extends that method to Dirichlet characters
whose conductors are not divisible by 4. The restriction excludes the character of conductor
4 associated with 3, so that theorem does not cover the even beta values. We obtain the
following bound for the beta function.

Theorem 1.1. For every sufficiently large even integer s,

S
D(s) > 0.21,/ .
(s) = log s
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The theorem concerns linear independence in a growing family. It does not, in particular,
establish the irrationality of 3(4). A recent preprint of Kumar and Tosi [4] claims a bound
of square-root order for the number of irrational values of real Dirichlet L-functions. The
proof contains unresolved arithmetic errors,! so we do not regard that version as establishing
the claimed bound. Our proof is independent of theirs. Theorem 1.1 concerns the stronger
quantity (1.1): irrational numbers can still satisfy many rational linear relations.

Specializing general results on polylogarithms with periodic coefficients [6] gives bounds
involving both even and odd beta values. However, the odd values (1), 5(3), ... are already
linearly independent over the rationals: they are nonzero rational multiples of distinct powers
of 7w, and 7 is transcendental. The lower bound supplied by those results can therefore be
met by the odd values alone, without establishing the desired independence among the even
values. Our construction avoids this issue by producing linear forms involving only 1 and the
even beta values.

1.1 How the proof works

For a fixed even cutoff s = 2v, the proof constructs integer linear forms in 1 and the even
beta values:
Ao+ MB2) + - 4+ AB(20), AD,y -3 Ay € Z.

If all these beta values were rational, any nonzero such form would have absolute value
bounded below by the reciprocal of a common denominator. Linear-independence criteria
refine this observation to give a lower bound on the dimension of their span.

With this set of beta values fixed, we use a criterion of Fischler, stated in Proposition 2.1.
It requires a family of forms at each large index n, with controlled growth of their integer
coefficients and exponential decay of their values. It also requires a rank condition on the
coefficient matrix, which prevents the whole family from vanishing. Writing these bounds as
B"to() for the coefficients and o™ for the values, with B > 1 and 0 < o < 1, the criterion
gives D(s) > —log o/ log B after removing the adjoined number 1. Thus constructing a small
expression is only the first step: we must control its size after clearing denominators and
establish the required rank condition.

The starting point is Fischler’s rational function

a n
— Ci,j o
=Y 3 e ey

i=1j=0

whose coefficients have controlled size and whose many initial zero Laurent coefficients make
it decay rapidly far from its poles [3, Theorem 4]. The coefficients are supplied by an existence
theorem; no explicit formula for them is needed. We sum this rational function and its first
h derivatives over half-integers. These give h + 1 families of forms. The additional families
provide the independent functions needed in the rank argument; their cost is to raise the
largest possible beta argument from a to a + h.

Half-integer arguments already occur in classical approximations to beta values, including
the hypergeometric construction of Rivoal and Zudilin [7, Section 2]. They are natural here
because powers of t + % are proportional to powers of the odd integers 2t + 1 in the beta
series. Alternating sums therefore produce beta values. Combining the positive and negative
half-integer sums removes the odd beta values. Section 3 carries this out using generating
functions evaluated at z = —1.

!For example, in the notation of [4, Section 3.3], take a =b =1 and h = y = £ = 0. For sufficiently large
admissible n, Ko(0) = HEQZTJT)H(l —rn+j) =0, because the factor j = rn — 1 vanishes, whereas go,1,1(0) =1
by the empty-product convention. This contradicts the finite p,-adic valuation asserted in Lemma 18. This
objection concerns the proof as written and does not disprove the main theorem.



These generating functions satisfy a rational differential system whose coefficients have no
pole at —1: it is an ordinary point of the system. This avoids the singular evaluation point
identified in [5, Section 2]. At an ordinary point, the initial values determine an analytic
solution, and its Taylor coefficients express derivatives in terms of those initial values. This
is useful for the arithmetic of our linear forms. The sums first produce finite correction
terms with rational coeflicients. We remove those terms by differentiation before clearing
denominators. Section 4 then bounds the denominators through the local differential system,
and Section 5 compares the resulting coefficient growth and decay.

The remaining task is the rank condition. Section 6 follows Fischler’s multiplicity method
[3, Section 4.5]: failure of the rank condition would force certain polynomial combinations
of solutions to have more vanishing than their degrees permit. Each of the h 4+ 1 families
contributes one such combination, and the final count requires h to grow proportionally to a.
Our system has an extra diagonal term, so we first make the change z = w? and rescale some
components of the solution. This removes that term and allows the independence argument
to work. The substitution doubles the relevant polynomial degrees, but the evaluation point
now has two preimages, i and —i. Counting the vanishing at both recovers the required
inequality.

The size of the final bound comes from balancing two costs. The rational-function
construction has a parameter €) that improves the decay exponent by a term proportional to
), but increases the coefficient-growth exponent by a term of order Q?/a. With the other
auxiliary parameters fixed and h proportional to a, the denominator estimate contributes
only a term of order loga. Choosing € of order v/alog a therefore keeps log B of order loga
and makes — log a of order y/aloga. Their quotient has order /a/loga; the largest beta
argument a + h is proportional to a. Section 7 makes this balance precise and uses Fischler’s
numerical parameter choice to obtain the constant 0.21.

Section 2 states the criterion and the rational-function input precisely. The multiplicity
estimate is stated in Section 6.1, alongside the rank argument that uses it.

1.2 Conventions

All logarithms are natural. We write (i), = i(i +1)--- (i + p — 1), with ()9 = 1, and
Hy = Z?:l 1/j for the dth harmonic number. The symbol i denotes the imaginary unit.
The auxiliary parameters of the construction are fixed while n tends to infinity through an
indicated infinite set of integers. Every o(n) in that stage of the proof is uniform in the finite
indices and in the specified derivative range. Only in the last section do we let the parameter
controlling the largest beta argument tend to infinity.

2 The criterion and the rational-function input

We first state the criterion that turns linear forms into a dimension bound, then the rational-
function construction from which the forms are built. Both are due to Fischler. His third
input, a multiplicity estimate, will be stated in Section 6.1 when the rank proof calls for it.

2.1 A refined linear-independence criterion

The rows of the matrix below are the coefficients of integer linear forms in the target numbers.
The two size bounds measure the growth of those coefficients and the decay of the forms
when evaluated at the target vector. The rank condition is the third hypothesis to be proved.

Proposition 2.1 ([3, Proposition 1], over Q). Let § = (6o, ...,0,)T be a real vector with
0o # 0. For each n in an infinite set, let L, be an integer matriz with v+ 1 columns and any



finite number of rows. Suppose that, for fired B > 1 and o < 1 with a > 0,
max |(Ln)is| < B, max |(Lf)i| < o™t
Suppose also that, for sufficiently large n,
Lyx=0, ze€Q™' — z7=0. (2.1)

Then

dimg spang{fo,...,0,} > 1 — llsgg'

Condition (2.1) says that the first column is not a rational linear combination of the
other columns. Full column rank is not required. This distinction is useful here because the
rational function in Proposition 2.2 is obtained by an existence argument, and its coefficients
need not give full rank. In our application, 6y = 1 and the other coordinates are even beta
values. We will bound the coefficients and values of the forms in Section 5, then prove (2.1)
in Section 6. No lower bound on the value of each individual form is required.

2.2 A rational function with small coefficients

The construction supplies three properties: integer partial-fraction coefficients of controlled
size, exact vanishing of the first Laurent coefficients at infinity, and extra smallness of
subsequent Laurent coefficients. The first property controls the coefficients of our forms. The
other two have different roles: the vanishing order, governed by w, leaves enough decay to
differentiate the sums and supplies zeros for the rank argument; the additional smallness,
governed by €2, makes the resulting forms exponentially small.

Proposition 2.2 ([3, Theorem 4]). Let a be a positive integer and let w,$),r be rational
numbers with
a>0>w>1, r>1.

For every sufficiently large integer n such that rn,wn, Qn are integers, there are integers c; j,
not all zero, for 1 <i<a and 0 < j <mn, with the following properties. Set

R0 =33 Tj)z =S A

i=1j=0 v>1

Then A, =0 for v < wn,

wlog2 + 3w? + w?log(a + 1) + 392 logr

|cijl < exp(nlogx +o(n)), logx = — (2.2)
and, uniformly in v,
v—Qn
9y < Q )
|Ay| < exp(nlogx + o(n))n"v? " g " (2.3)
1, v > Qn.

Here a bounds the pole orders, and wn is a lower bound for the order of vanishing at
infinity. The parameter r will determine the summation cutoff rn. The larger threshold
Qn gives the stronger estimate in the first line of (2.3); it does not assert additional exact
vanishing. In the tail estimate it will supply a factor r—¥", separate from the power decay
controlled by wn. All parameters are fixed as n grows. When we later increase a in Section 7,
w will remain fixed while £ grows on the scale \/aloga.



Group the coefficients with the same pole order into polynomials
n .
Pi(z) = cij7, b= max{i: P; # 0}.
j=0

The P; will multiply the special functions obtained by summing F,,. We retain the actual
largest index b, rather than replacing it by a, because the rank proof needs a nonzero highest
coefficient P,. The integer b may depend on n, but always satisfies 1 < b < a.

3 Half-integer sums and their differential system

We now turn the rational function of Proposition 2.2 into linear forms in beta values. First we
identify the functions whose values at —1 give the required even arguments. We then express
the sums of F}, in terms of those functions and remove the finite corrections by differentiation.

3.1 Parameters and the two differentiations

From now on r > 2 and M = rn. Choose an integer h with 0 < h < a, and put d = a + h.
We use F,, F),..., éh) to obtain A + 1 families for the rank argument. Differentiating a
pole of order ¢ raises its order, so these extra families require beta arguments up to d. The

parameters and indices used in the construction have the following roles.

Symbol Role

n Index tending to infinity to produce increasingly small forms.

a,b Allowed and actual largest pole orders of Fj,; 1 < b < a.

h,d=a+h Largest derivative order of F),, and upper bound for the beta arguments.

r,M =rmrn The sums start at the cutoff M, beyond the poles of Fi,.

w, (2 Control exact Laurent vanishing and additional exponential smallness,
respectively.

K Controls the upper limit k£ < xkn on the derivative rows; its constraints
are imposed in Section 5.

D Order of differentiation of F,(t) with respect to ¢, with 0 < p < h.

k—1 Order of differentiation of a generating function with respect to z; k =1

means no differentiation.

Thus p selects a family, whereas k selects a derivative row within that family. The derivatives in
z remove finite polynomial corrections and provide the rows needed for the linear-independence
criterion. We keep the upper bound d fixed while n tends to infinity; the number of beta
values is increased only in Section 7.

3.2 The functions at the evaluation point

The half-integer denominators are chosen so that alternating signs give the beta series:
(t+3)77 =2(2t+1)7. For j > 1, put

z
Qi(2) =) ——— (2] <1).
’ ; (t+3)
The integral R -
1 x4 (—logx)I~
2(2) = 5o /0 4 (3.1)



continues it to C\ [1,00). In particular, the series or its Abel limit gives ®;(—1) = 275(j),
including j = 1.

We still need to remove the odd arguments j. The positive and negative half-integer sums
lead to functions at z and 1/z; we combine them as

Hj(z) = 27'@;5(1/2) = (1) ®;(2).

Both terms are analytic near —1 by (3.1). At that point the combination supplies the factor
1+ (=1):
Hj(=1) = =(1+ (=1)")25(j). (3.2)
Thus H;(—1) is zero for odd j and is —2/15(j) for even j.
Their derivatives are rational-function combinations of the same functions and the constant
function. Let ®o(2) = 1/(1 — z). For any positive integer d, the identity z®’(2) = ®;_1(2) —
®;(z)/2 implies that (1, Hy,...,Hy) is a solution of

Yo =0,
2 1
I -, 3.3
h z2(1—z) Yo (3:3)
.1 1 ‘
Vi= Y1 50 (2<j<d).

The coordinate gy represents the constant function 1, which appears in the derivative of H;.
Since the coefficients have no pole at —1, arbitrary initial values there determine an analytic
solution. We will use the beta-valued initial vector for the linear forms, and arbitrary initial
vectors for the rank proof.

Although the odd-indexed functions vanish at —1, their derivatives need not: the system
gives H1(—1) = 0 but H{(—1) = —1. We therefore keep all components during differentiation
and use the zero odd values only when evaluating the resulting forms at —1.

3.3 Summation and finite tails

The sums start beyond the cutoff M = rn so that the decay estimates for F;, apply. Since we
use derivatives of F), of orders 0 < p < h, we take the system (3.3) with d = a + h.

The powers of z in the following definition align the two reflected sums with H;. The
factor 2™ makes the finite corrections polynomial, as the next lemma shows. For 0 < p < h
define, on the unit circle,

(e.0)

Snp(z) = =M S {FEP(E+3)27 7 = B (—t = 1)1 (3.4)
t=M

Here F7(Lp ) is differentiated with respect to its argument. Near —1 we continue the two tails
separately, using the identity below.

Lemma 3.1. Near —1 there is an identity
b
Snp(2) = Vap(2) + 2 (=1)P(i), Py(2) Hisp(2),  degVpp <2M —1.  (3.5)
i=1
Proof. Differentiate the partial fractions of F;,. For a fixed pair ¢, j write s = ¢+ p and change

the summation index to [ = t+ j in the positive tail, and to [ = ¢ — j in the negative tail. The
infinite parts give the corresponding term of (3.5). The finite correction is (—1)?(i),c; ; times

Mi_l S MAj—1-1 M=j=1  M+j+i
- —— + (—1)° —_ (3.6)
=0 (+ %)s 1=0 (+ %)S



Since 0 < j < n < M, all exponents are nonnegative and at most 2M — 1. Summing these
corrections proves the assertion.

The positive and negative infinite tails are initially analytic on opposite sides of the
circle. Each has the displayed continuation near —1 by (3.1). For the derivative orders used
below, the differentiated series converge absolutely on the circle; their values agree with the
derivatives of the continuations by Abel limits. O

3.4 Rows representing derivatives

Write the nonpolynomial part of (3.5) as ), C’Z-[p] H;. Its coefficient polynomials are

(_1)17(1' - p)pZMPi—p(Z)a p+1<i<p+b,

(3.7)
0, otherwise.

c=o, P = {

These polynomials have integer coefficients and degree at most M + n. To track derivatives,
write the system as v’ = Ay and temporarily suppress p in the row C. The product rule reads

(Cy)' = (C"+ CA)y.

Differentiation replaces the coefficient row and keeps the same vector of functions. The
new row depends only on C' and the system, so it works for every solution y. Starting with

Q[fj ]l = Cl-[p ], iteration gives

[p]
Bl _ ) 5!
Qo = @)+ S
[l 7] El Q;[f]-1
Q= QL) -4 -——  (<i<d), (3.8)

where Q,[g]d 41 = 0. The index k =1 corresponds to no differentiation; hence Q,Ep} represents
the derivative of order k — 1. For every solution of (3.3), differentiation gives

(k—=1)

d d
(Z C?’}yi> =Y Q. (3.9)
i=1 i=0
Since deg V), , < 2M — 1, differentiation of order 2M already kills this correction. We use

k> 2M + 2, hence order k — 1 > 2M + 1: the extra derivative gives a convenient range for
the estimates and the degree-2M Taylor correction in the rank proof. In this range,

$EVC) Q- & QP(-1)
e (k(11)! +; k—1)!

Hy(-1). (3.10)

Equation (3.2) makes the right side a rational linear form in 1 and the even beta values.
Dividing by (k — 1)! turns the derivatives into Taylor coefficients, whose denominators we
can control in the next section. The finite correction V,, , has disappeared, so its coefficient
denominators do not have to be cleared. The same rows will connect the size estimates to
the rank proof. For the solution (1, Hy,..., Hy), they represent the derivatives that become
small integer forms after factorial normalization and denominator clearing. For a solution
whose initial vector lies in a putative rational kernel of these rows, identity (3.9) makes those
derivatives vanish. This is the source of the high-order zeros used in Section 6.



4 Denominators of the local solution

Our aim is to turn the rational linear forms in (3.10) into integer linear forms without losing
their smallness. Put w = z 4+ 1 and let U(u) be the fundamental matrix of (3.3), normalized
by U(0) = I. Thus the solution with initial column x at —1 is U(u)x. The Taylor coefficients
of U record how the derivatives of a solution depend on its initial values. Since the polynomial
row C!?! has integer coefficients, denominators for these Taylor coefficients will suffice for our
forms.

An integrating factor will turn the system into successive integrations. The essential
denominator saving is already visible in two integrations: for nonnegative integers mq, ms,

u x ymitma—+2
/ x™? </ tmldt> dx = .
0 0 (m1+1)(m1+m2+2)
The denominator factors are the degrees reached at the two integration steps. The second is
strictly larger than the first. Further integrations give a strictly increasing list of degrees, all
at most the final degree. This motivates the distinct-product least common multiple from [3,

Lemma 2]; here positive indices suffice.
For integers d > 1 and k > 0, define

Agy = lem {Ht cIC{1,... .k}, |1 < d} , Dy = 45 Ay . (4.1)
tel

Empty products and lem(1,...,0) are taken to be 1.

Lemma 4.1. One has ;
Agie = []lem(1,. .. [k/5]). (4.2)
j=1
In particular, Dqy, divides Dg 1, and for fized d,

log Dy, = (log4 + Hy)k + o(k). (4.3)

Proof. For a prime p, the maximum valuation of a product of at most d distinct integers in
{1,...,k} is the sum of the min{d, k} largest valuations in that set. It equals

>_min{d, |k/p°|}.

e>1

The product on the right of (4.2) has the same valuation: for each e, there are exactly
min{d, |k/p°|} indices j with p® < |k/j|. Divisibility follows either from the definition or
from this formula. Finally, the prime number theorem gives loglem(1,..., K) = K + o(K).
Sum this estimate over the fixed set 1 < j < d to obtain (4.3). O

The dependence on d is important. Allowing d arbitrary factors from {1,...,k} would
give the larger multiplier lem(1, ..., k)%, with logarithm asymptotic to dk. Distinct factors
give Hyk instead. In our application d is proportional to a and k is of order n. First let n
grow with a fixed, then compare the resulting exponential rates as a increases. The naive
multiplier would cost an exponent of order an, overwhelming the intended decay on the scale
ny/aloga. The distinct factors reduce this cost to order nloga, which leaves that decay
available for the dimension bound.

Lemma 4.2. For the normalized fundamental matrix U defined above,

Dy [uf|U(u) € Myy1(Z) (k> 0).



Proof. The common diagonal term in the equations is removed by an integrating factor. Put
n(u) = (1 —u)~Y2, set y; = n(u)v; for i > 1, and leave o = vy unchanged. Since 7(0) = 1,
this does not change initial values. The transformed equations are

/ / 77(”) / Vi—1 .
UU Ul 1_u/2vo UZ 1_u (Z— ) ( )
Both 7(u) and —n(u)/(1 — u/2) have their degree-j coefficient in 47Z. For 7, this follows
from .
27\ u?
n(u) = ( : >-;
o\ ¥
multiplication by (1 — u/2)~! preserves the asserted denominator bound. The coefficients of
(1 —u)~! are integers.

Each entry of the normalized solution of (4.4) is a finite sum of iterated integrals of depth
at most d, and multiplication by n restores U. Expand one contribution to a coefficient of
degree k. At each integration, the degree increases strictly. Its integration denominators are
therefore distinct integers

1<ti < <te <k, e <d.

Their product divides Ay . The total degrees supplied by coefficients of the multiplied series,
including the final factor 7, are at most k; their powers of 4 divide 4*. This controls each
contribution and hence their sum. The argument includes the column with vy(0) = 1, whose
first integration uses the inhomogeneous term displayed in (4.4). O

Corollary 4.3. For every p, k,i in the construction,

bl (—1)

Ty €2

Dy -1

For k > 2M + 2 this gives an integer linear form in 1,3(2),...,5(2|d/2]|) whose value is

k—1
N b (1)

Proof. The row C[p](—l + u) has integral Taylor coefficients. The coefficient of u*~1 in
CPl(—14u)U(u) is the row Q,[f}(—l)/(k —1)!, by (3.9). Use Lemma 4.2 and Dy ; | Dg —1 for
j < k—1. Substitution of (3.2) multiplies even columns by integers and sets odd contributions
to zero. O

5 Sizes of coefficients and of linear forms

We now supply the two size bounds in Proposition 2.1. Both include the multiplier from
Section 4: the forms must remain small after their coefficients have been made integral. We
use derivatives of order exceeding the degree of the finite correction, while leaving enough
decay in the tail for its sum to converge. Accordingly, assume

2r < Kk < w, 2M + 2 < k < kn, 0<p<h. (5.1)

In addition to the integer conditions in Proposition 2.2, we require xn to be integral. We call
such n admissible: rn, wn, On and xn are all integers. We prove bounds uniform throughout
the displayed range.



Proposition 5.1. Every coefficient of the integer form A, p 1 is at most Bto() in absolute
value, where

log B =1log x + (r + 1)log(3/2) + r(log 8 + Hat1)- (5.2)

The values satisfy |Anp 1| < a"T0M)  where
loga =logx — Qlogr + k(1 +1log4 + Hyin). (5.3)

The term —Q log r in (5.3) supplies the decay; the other terms are costs from the coefficient
bound, differentiation and denominators. Section 7 chooses the parameters so that loga < 0
and compares this decay with log B.

Coefficient bound. On the disk |z + 1| < 1/2, the row-sum norm of the matrix in (3.3) is at
most 11/3, since |z| > 1/2 and |1 — z| > 3/2. Integrating along a straight segment from —1
gives |U(z + 1) < /6. Equations (2.2) and (3.7) give

max | O (2)] < exp(nlog x + o(n))(3/2)" "

on the same disk. The factors (i), depend only on the fixed parameters, and the number of
coefficients is polynomial in n. Cauchy’s coefficient estimate therefore bounds Q,[f}z( —1)/(k—=1)!

by this expression times 2¥~1 and a fixed constant. Multiply by Dy —1. By monotonicity it
is enough to bound Dy ., and (4.3) yields (5.2). The factors 27! in (3.2) are fixed while n
tends to infinity. O

Value bound. For real x > M +1/2 and 0 < p < h, we first claim
|F{P) ()| < exp(nlog x + o(n)) r™ " (M /)" (5.4)

Here exp(nlogx + o(n)) is the coefficient cost and r—*" is the extra smallness supplied by
the Laurent bounds. The remaining factor (M/x)“"™ controls decay as x grows; it leaves
enough power decay to sum after up to kn — 1 derivatives because k < w. The Laurent series
converges for |t| > n, because all poles lie among 0, —1,...,—n. Differentiation adds the
factor (v),x™P to the bound for the vth term. For wn < v < Qn, combine (2.3) as

M/ z) = (M z)".

There are O(n) terms, with remaining factors bounded by a fixed power of n. For v > Qn,

write (n/x)” = r~/(M/z)". The remaining tail is bounded by a polynomial in n times r—"

because r > 2 and a, p are fixed. This proves (5.4), uniformly in z and p.
Write £ = k — 1. After division by £!, the absolute derivatives at —1 of the monomials in

(3.4) are
t—M+¢ M+t
1 ’ ¢ )

where the second is zero if M+t < {. For x =t+1/2 and £ > 2M + 1, both upper arguments
are at most (¢/M)z. The elementary bound (}) < (ev/f)* gives

Shop(=1) —Qn ¢ wont
n, < n .
| exp(nlogx + o(n E ( ran 1/2>

14
The exponent E = wn — ¢ satisfies £ — 1 > (w — k)n. The sum is at most 1 + M/(E — 1) by
comparison with an integral, so it is uniformly bounded. We obtain

l
‘S&%(—w

7 < exp(n(logx — Qlogr + k) + o(n)).

These bounds also justify the absolute convergence of the differentiated series used in
Lemma 3.1. Multiplication by Dy < Dy, proves (5.3). d
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6 The weak rank condition

The size estimates are now available, but Proposition 2.1 also requires the weak rank condition
(2.1). We prove it first for the derivative rows Q,[f](—l), before removing the odd columns.
Section 7 then passes it to the integer forms in even beta values. The rows have zero entries
for i > b+ h: this holds for C!? and is preserved by (3.8). We can therefore work with the
system truncated at component b + h.

The proof adapts [3, Section 4.5]. A forbidden kernel vector would give solutions whose
polynomial combinations have many vanishing derivatives at —1. We convert these into
remainders for a single polynomial row, prove that the remainders are independent, and apply
Proposition 6.2 to contradict their total vanishing. The inequality below is the one obtained
from that final count.

Proposition 6.1. Assume
(h+1)(k —2r)+w > a. (6.1)

For all sufficiently large admissible n, if xo, ..., zprn € Q satisfy

b+h
=0

then xg = 0.

The factor h + 1 records the gain from using all the derivative families: each will supply
an independent remainder at each point above —1. For fixed r, k,w, condition (6.1) forces h
to grow proportionally to a. This is why the extra families, and their larger beta cutoff a + h,
were introduced.

6.1 The multiplicity estimate and the six points

The multiplicity estimate bounds the total vanishing of polynomial combinations of solutions
in terms of the polynomial degrees. We first state it, then describe the contributions we will
need from the six points in our application.

Let Y/ = A(w)Y be a fixed rational differential system of size ¢. For polynomials
S0, ..,5¢—1 of degree at most m, write

q—1
R(Y) =5,V
j=0

We call this scalar function the remainder associated with the solution Y and the fixed
polynomial row (Sp,...,S;—1). The selected remainders must satisfy a common scalar linear
differential equation of some order p, with rational coefficients. In our application such an
equation will follow from the finite dimension of the system.

At a point o, the Nilsson class consists of finite sums of holomorphic functions multiplied
by complex powers and nonnegative integer powers of a logarithm of the local coordinate. At
infinity the local coordinate is 1/w. The order is the least real part of a power that occurs
after expanding the holomorphic factors; logarithmic factors do not change it. For example,
ordg(w®(logw)?) = Ree. In particular, w" has order —N at infinity. Negative orders will
therefore occur when we apply the theorem.

Proposition 6.2 ([3, Theorem 3J; see also [1, Theorem 3.1]). Let ¥ be a fized finite set of
points of the Riemann sphere containing infinity. At each o € X, choose a family of local
solutions Yy ;, indexed by j € J, whose remainders are in the Nilsson class and are linearly
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independent over C. If a nonzero rational differential operator of order u annihilates all these
remainders, then

Z Z ordy R(Ys;) < (m+1)(p — [Jool) + C.
ceX jeds

The constant C' depends only on the differential system and on X.

The solution families at different points need not agree by analytic continuation, and
no independence between different families is required. These features are explicit in [1,
Section 3.1]. We use the formulation in [3], which also allows negative orders at infinity, as in
its proof of Proposition 3. The constant is uniform in the polynomial row and in the selected
solutions. This uniformity is essential when that row and the solutions depend on n.

The six points will appear after the substitution z = w?. The assumed kernel equations

produce high-order zeros at the two points w =i and w = —i above z = —1. The decay of
F,, at infinity will supply additional zeros at w = 1 and w = —1. We will also construct b
logarithmic remainders at 0 and infinity, where their orders can be read from the polynomial
degrees.

The remainders at infinity have a second purpose. In our application the common
differential operator has order ;1 < b+ h 4 1. Choosing |Js| = b reduces the factor p — |[Joo|
on the right-hand side of the theorem to at most h + 1. This is essential: the degree cost
then involves the number of derivative families, rather than the full size of the system. The
negative orders at infinity must still be included on the left. Paired with the orders at 0,
their contribution will be —2bn.

We will obtain polynomial degrees at most 4rn and the inequality

2(h + 1)kn + 2wn — 2bn + O(1) < 4rn(h + 1) + O(1).

The first two terms count the zeros at i and =£1; the third is the combined contribution at 0
and infinity. After division by 2n, this contradicts (6.1). The rest of the section constructs
the required remainders, verifies their independence, and justifies this count.

6.2 Taylor corrections and a common polynomial row

Suppose zp # 0, and scale so that g = 1. Let go,...,gp+n solve (3.3) near —1 with
gi(—1) = z;. In particular gy = 1. The kernel equations say that certain high derivatives of
o C’i[p} g; vanish at —1. To turn this into a zero of high order, we must also remove the lower
Taylor coefficients. Choose T, € Q[z] of degree at most 2M to cancel the Taylor polynomial

through degree 2M of >, Ci[p] g; at —1. The universal identity (3.9) and the assumed vanishing
of the higher derivatives give

b+h
fo(2) = Tp(2) + 3 CP(2)gi(2) = O((z + 1)™). (6.2)
=1

The derivatives of orders 0, . . ., 2M vanish by the choice of T}; those of orders 2M+1, ..., kn—1
vanish by hypothesis.

The functions f, still have different coefficient rows. The multiplicity theorem instead
needs one fixed polynomial row applied to several solutions of the same system. Following
Fischler, we arrange this by combining the f, with powers of a local branch L(z) = —logz
near —1. The choice is suggested by L' = —1/z, the same coefficient that links g; to g;_1 for
j > 2in (3.3). Powers of L can therefore provide the additional chain of components needed
to hold the corrections T,
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First take h = 1 and set

po = fo, p1 = Lfo+ fr.
Substituting (3.7) gives

b
po=To+ "> " Py,
j=1

b
pr="Ti+ LTo+ 2" > Pj(Lg; — jgj+1)-
j=1
Both expressions use the same polynomial row
S = (Tl,T(), ZMP1, ceey ZMPb).
Indeed, pg = SYp and p; = SY; for the columns

}/E) = (071,91,-- . 7gb)T1

Yi=(1,L,Lg1 — g2, .., Lgs — bgor1)”
The dependence on the family index is now entirely in Yp, Y7: the multipliers of T3, 7Ty and
each P; change, while S stays fixed. In particular, the logarithm belongs to the solutions, so
it does not spoil the polynomial row.

The same combinations also preserve the differential chain. Put Z; = Lg; — jg;+1 for
1 <j <b. For j > 2, the product rule and (3.3) give

gj gj—1 gj . g;  gj+1
= 2) (%)
J z + z 2z : z 2z

- z 2z
Zj_l Zj

_ Lgi1—(U-1)g; Lgj—ijgjit

z 2z

The term L'g; = —g;/z changes the coefficient j to j — 1, producing the previous component
Zj—1. At the first link, the same calculation gives Z] = 2L/[2(1 — z)] — Z1/(2z). Together
with L' = —1/z and the equations for g, these identities show that both columns solve the
h =1 case of (6.5) below.

For general h, set

pa(2) =) (Z) L(z)"fp(z)  (0<g<h)
p=0

Each p, retains the zero of order at least xn at —1. The common polynomial row will have
h + 1 entries for the corrections 7T}, and b entries for the original polynomials P;:

Ty h—1)!, 0<i<h,
Si(z)=4"" (=2)/ (k=) == (6.3)
2V P _p(2), h+1<i<b+h,
The dependence on ¢ is placed in the solution vectors. Define
0, 1< h-—gq,
q! itq—h :
L) h—q<i<h,
Yig(z) =< (i+q—h)! (6.4)



Then pg = >"; Siyi,q. All columns Yy, = (yoq, - - -, yb+h,q)T solve the same system

yo =0,
Y = —yi—1/z (1<i<h),
2 1
A _ = 6.5
Yh+1 21— 2) Yn QthH, (6.5)
vi = —vi1/z — yi/(22) (i >h+2).

The first h + 1 components are powers of L; the components with ¢ > h contain the original
solution g. On differentiating the latter components, terms from the derivatives of LI7P
combine with those from the derivatives of g;_p,. After reindexing, their coefficients simplify
by the identity

Wy =PUp1=0G—-1)p (G=2p=1).

The p = 0 factor is 1. This gives the equation at index ¢ = h + j. When j = 1, the
corresponding factors vanish for p > 1; the remaining source is 2L9/[z(1 — z)], giving the
equation for yp41. The diagonal term remains —y;/(2z) in every summand. The equations
for ¢ < h follow by differentiating powers of L.

6.3 Quadratic change of variable

The integrating factor in Section 4 removed the diagonal term locally to control Taylor
denominators. Here we need the same cancellation in a form that preserves a polynomial row
and leaves a system suitable for the residue argument. Multiplying the components ¢ > h by
/z removes their common diagonal term —y;/(2z). We introduce w with z = w? so that this
change is rational in the new variable and the row remains polynomial. Set

' wy;(w?), i> h.

The diagonal terms cancel, leaving

vy =0,
Vi = —2v;_1/w (i>1, i#h+1), (6.6)

Vhyr = 4vp /(1 — w?).

The common coefficient polynomials become

9 .

S e R ©.7)
w P, p(w?), i> h.

Their degrees are at most 4M: those with ¢ < h have degree at most 4M, and those with

i > h have degree at most 2(M +n) —1 < 4M — 1. For the solutions obtained from Y, the

remainder ), Siv; equals pq(w?). It vanishes to order at least xn at each of i and —i.

The change of variable increases the polynomial degrees, but it also gives two points at
which to count the high-order zeros. The same polynomials (6.7) are used at both points;
only the local solution families differ. This is why the Taylor corrections were constructed in
z before making the change of variable.
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6.4 Independence by residues

To count these zeros with Proposition 6.2, we must know that no nonzero constant combination
of the h 4+ 1 remainders vanishes identically. Independence of the solution vectors alone
would not suffice: a fixed row can annihilate a nonzero combination of vectors. We must rule
out such annihilation for our row, whose highest coefficient is nonzero because P, % 0. The
triangular form of the new system makes this possible. Each derivative link has a nonzero
residue, whereas the derivative of a rational function has zero residue at every finite point.
The following lemma uses this to rule out rational-function relations between successive
components. It abstracts the argument in [3, Section 4.5, Step 4]. Different links of the
system may use different finite poles.

Lemma 6.3. Suppose vy is a nonzero constant and v} = a;j(w)vj_q for 1 < j <t, where each
rational function a; has a nonzero residue at some finite point. Then vy, ...,v; are linearly
independent over C(w).

Proof. Clear the denominators of a putative rational relation and write it as > i, Ujv; = 0,
with U, # 0 and « > 1. Let D = degU,. Differentiating D + 1 times eliminates v,. The
coefficient of v,_1 is

D
UL 43 (a,U0) P9, (6.8)
i=o

This follows by differentiating U,v, successively and retaining the two highest components.
All summands except 7 = D are derivatives of rational functions; the first term is a polynomial.
They have zero residue at every finite point. The remaining residue is UéD) Res(aq,), nonzero
at a suitable point. Thus (6.8) is not the zero function. Clearing denominators gives a
polynomial relation with nonzero highest coefficient at index o — 1. Descent eventually gives

a nonzero polynomial times the nonzero constant vy equal to zero, a contradiction. O

In (6.6), the link —2/w has residue —2 at 0, and 4/(1 — w?) has residue —2 at 1. Consider
a nonzero constant combination of the solutions Y;. If go is the largest index with nonzero
coefficient, its first nonzero component is at index h — g and is a nonzero constant, by (6.4).
This component remains constant after the change of variable and rescaling. Lemma 6.3,
starting at that index, shows that the remainder cannot vanish identically, because its highest
coefficient gb-s—h = w?M =1 Py(w?) is nonzero. Thus the h+ 1 high-order remainders are linearly
independent at each of i and —i.

6.5 The other local remainders

We also need remainders at 0, infinity and +1. These will come from solutions whose first
h + 1 components vanish. The remaining equations then integrate to powers of a logarithm.
Their combined orders at 0 and infinity will be independent of M, while one of them will
inherit additional zeros at +1 from the decay of F,.

For j =1,...,b, system (6.6) has a solution whose components below h + j vanish and
whose remaining components are

(— log(w?))"~"—
(i—h—J)

Ui,j(w) = (i > h+ 7).

Its remainder is ,
— log(w?))~J
ﬁJ(ZU) — w2M—1 Z PZ(UJQ) ( Og(w )') .
i=j (2 - .7)
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These b remainders are independent. In a nonzero constant relation, the least index j with
nonzero coefficient supplies the unique highest logarithmic degree, with a nonzero coefficient
proportional to P,. This is impossible because log(w?) is transcendental over C(w).
At 0, each remainder has order at least 2M —1; at infinity its order is at least —2(M +n)+1.
For the zeros at £1, consider

’ (—log2)"! 1
Ry(z) == ZR(Z)W =0((z—-1)*"") (6.10)
i=1 '

near 1, on the branch log1 = 0. The asserted order is another form of the exact Laurent
vanishing controlled by w, rather than the additional smallness controlled by €2. Indeed, the
partial fractions give the Laplace-transform identity

i—1

oo b U
Fo(t) :/0 YR oy (0> 0)
i=1 :

Write the factor multiplying e as G(u). The elementary identity

.y u® 1
tu _
explains how Taylor coefficients at © = 0 become Laurent coefficients at infinity. Here G is
a finite sum of polynomials times exponentials e™7* with j > 0, so repeated integration by
parts gives, for fixed n and every fixed integer K > 0,

K

G® (0

Fn(t) = tk+(1 )
k=0

+0(t 572 (t — +o0).

Comparing with the Laurent expansion yields Apy; = G®(0). Thus the exact zeros
Aq,..., A,n—1 in Proposition 2.2 force G to vanish to order at least wn — 1. Finally,
G(u) = Rp(e™) and e * = 1 — u + O(u?), so this change of variable preserves the or-
der of vanishing and proves (6.10). This is the observation used in [3, Sections 3.5 and 4.5].

Now p1(w) = w*™ 1R, (w?). At each of w =1 and w = —1, choose the local branch for
which log(w?) = 0 at that point. The map w + w? has nonzero derivative there, so (6.10)
gives order at least wn — 1 at each point. These two local branches need not be restrictions
of a single global branch; Proposition 6.2 allows the different local solutions.

6.6 Counting the orders
Apply Proposition 6.2 with
Y ={0,00,1,—1,i,—i}, m=4M

to (6.6) and (6.7). The system is regular singular: its matrix has only simple finite poles
and is O(1/w) at infinity. Its solutions therefore have the required Nilsson expansions. The
constructed families give the following bounds.

Point Independent remainders Order of each, at least
Each of i, —i h+1 Kn

0 b 2M —1

00 b —2(M+n)+1
Each of 1, —1 1 wn —1
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There is a common rational differential operator of order ; < b+ h 4 1 annihilating all
remainders. Differentiating a remainder iterates the operation S — S’ + SA on a row of
length b+ h + 1; its first b+ h + 2 iterates are rationally dependent. Since the b remainders
at infinity are independent, p > b. The multiplicity estimate gives

2(h+1)k—2b+2w)n—2< (4rn+1)(p—>b)+C

(4rn+1)(h+ 1)+ C.

VANVAN

The constant depends only on the system and Y. The finitely many possibilities 1 < b < a
allow a uniform constant, even when b varies with n. Dividing the last inequality by 2n would
give

(h+1)(k—2r)+w <b+o(1) <a+o(l).

This contradicts (6.1) for sufficiently large n and proves Proposition 6.1.

7 The dimension estimate and the choice of parameters

We can now assemble the argument. Section 4 made the forms integral, Section 5 bounded
their coefficients and values, and Section 6 supplied the rank statement. We first apply the
criterion with all auxiliary parameters fixed, then choose them as the number of beta values
increases.

For each admissible n, form the integer matrix with rows the coefficients of A, ;, ;. in

1,68(2),...,82[(a+ h)/2]).

It satisfies (2.1). Indeed, a rational vector annihilating all these rows lifts to one for the rows

Egpi(—l) by putting zero in every odd coordinate and multiplying coordinate i/2 by —2¢*!
for even i > 2. Its constant coordinate is unchanged. The row multipliers Dy ;1 /(k — 1)! are
nonzero, so Proposition 6.1 forces that constant coordinate to be zero.

If log o < 0, Proposition 2.1 gives

7 log o
log B’

dimg spang {1, B(2), . ., B(2L(a + h)/2))} > 1

Removing 1 loses at most one dimension. Thus

log
D(2[(a+h)/2]) > _logB’

(7.1)

We choose the parameters in the order of the constraints they must meet. First fix r > 2,
K, w and a proportion 0 < h/a <1 such that

h
2r < Kk < w, —(k—2r)> 1.
a

The first condition gives a nonempty range of derivative rows with summable tails; the second
ensures the rank condition. Next choose {2 so that its coefficient cost 22 /a has the same order
as the denominator cost loga. Thus Q has order v/aloga, and its decay contribution € logr
dominates both costs. These choices leave log B of order loga and — log o of order v/aloga.

For the numerical constants, use the choice of [3, Section 4.6]. Let a tend to infinity
through positive multiples of 25, and set

9a 39 529

h=—, r=—, k=—, w=12 Q:{m/alogaJ. (7.2)

25’ 10’ 50
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For sufficiently large a these satisfy a > Q0 > w > k > 2r and 0 < h < a. The rank condition
has a small strict margin, visible in its slope:

h 9 <529 ) 39) 1251
50 10

") = 5 T 1250
Take n through sufficiently large multiples of 50. For each fixed a, all needed integer conditions
and the weak rank statement then hold.
As a — oo, the Q2 term supplies the leading part of log x, and kHqj, ~ loga supplies
the denominator contribution to log B. The term — logr dominates log . Equations (2.2),
(5.2) and (5.3) therefore give

2 ogr

log x ~ log a,

2]
log B ~ <T ;gr + /<;> log a, (7.3)

log oo ~ —rlogry/aloga.

In particular, log @ < 0 for sufficiently large a. With s = a + h = 34a/25, (7.1) implies

D 1
lminf 2 5. rosr = 0.2174562348 . ... (7.4)

Y Vs/logs — 1 (r2logr/2 + k) \/34/25

The strict inequality ¢, > 0.21 requires little numerical precision: 1.36 < log(3.9) and
V1.36 < 1.167 already suffice, since z/(r?z/2 + k) increases with x > 0.

Finally D(s) is nondecreasing, and successive multiples of 34 have bounded gaps. For an
arbitrary large even s, apply (7.4) to 34|s/34|. The quotient of the corresponding factors
s/ log s tends to 1. The strict slack between ¢, and 0.21 proves Theorem 1.1.

Remark 7.1. The limiting assertion (7.4) extends to all even s in the same way. We retain the
simpler constant 0.21 in the theorem. No explicit threshold for sufficiently large is asserted;
in particular, the multiplicity constant has not been tracked.
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