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Abstract

For a non-relativistic atom with Z protons and N bound electrons, Lieb proved in 1984
that N < 27 + 1. Several improved bounds have been developed, but they all leave open
the question of whether a bound helium dianion can exist. We prove that the answer is
no. The ground-state energies of the four- and three-electron helium Hamiltonians coin-
cide, F4(Z=2) = FE3(Z=2), so a helium nucleus binds at most three electrons. A weighted
form of Lieb’s identity reduces the problem to the nonnegativity of an explicit two-electron
Schrodinger operator m, and Barta’s inequality further reduces it to the pointwise nonnega-
tivity of an explicit function of three variables. We prove the nonnegativity of this function
by a combination of analytic estimates and a computer-assisted certification in interval arith-
metic, and we publish the certificate with the paper.

1 Introduction and main result

Let Hy(Z) be the nonrelativistic Hamiltonian of N electrons and a fixed nucleus of charge Z,
acting on antisymmetric functions of N position—spin variables with two spin states, in atomic
units:

Hn(Z)

(-0 ¥ L nmbr=wewnl O
i=1 v 1<i<j<N Y
Let En(Z) = infoHn(Z). By the HVZ theorem [1] Exy < En_1, and Hy has a bound state
(an eigenvalue below its essential spectrum) if and only if Ex < En_1. The ionization problem
asks for the critical number N.(Z), the largest N with Ex < Exn_1. Physically, no atom binds
more than one extra electron [8, 9]. Mathematically, a classic result of Lieb [2] shows that a
bound state requires N < 2Z + 1, so N.(Z) < 2Z; for hydrogen this gives N.(1) < 2, which
is sharp. Lieb’s bound has since been improved to N.(Z) < 1.22Z + 3Z'/3 by Nam [3], to
Ne(Z) < 1.5211Z+1+0.294Z"'/3 for Z > 6 by Benguria, Gonzélez-Brantes and Tubino [4], and,
for Z >4, to N.(Z) < 1.1185Z + 4Z'/? by Hundertmark, Pattakos and Schulz [5]. Recently an
unrefereed, Al-generated manuscript released by OpenAl [6] has claimed a proof of the ionization
conjecture, that is that there exists a universal constant C' so that N.(Z) < Z + C, however
their constant is not explicit. None of these results improves the Z = 2 case, where it has been
open for forty years whether or not bound dianionic helium exists. We prove that it does not:

Theorem 1.1. E4(2) = E3(2). Consequently N.(2) < 3: a helium nucleus binds at most three
electrons.
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Our proof is computer-assisted. Its mathematical part (Sections 2—6) reduces the theorem to
the nonnegativity of one explicit elementary function ¢ of three real variables on an explicit closed
region, and establishes analytically the regularity needed to certify that nonnegativity by Taylor
bounds. In Section 7 we prove that ¢ > 0 on that region in interval arithmetic with outward
rounding. We follow the standards of computer-assisted proofs in analysis [14, 15]. Rigorous
computer-assisted lower bounds for atomic and ionic ground-state energies have recently been
obtained by Hofacker [7]; the question here is of a different kind, since no energy bound decides
whether an eigenvalue exists. All floating-point operations that enter the proof are enclosed
rigorously, the certificate is published, and the parts that cannot be certified by a computer are
proved by hand.

Strategy. Three ideas carry the proof.

(i) A reduction to a two-electron operator. Lieb’s argument multiplies the eigenvalue equation
by i and sums over k; the resulting identity has a pair term E » 3, (r; +7;)/ri; that is bounded
below by N — 1 pointwise, and Z > N — 1 follows. With a one-body weight w(r) growing
linearly at infinity in place of r, the same identity acquires a kinetic term, and the pointwise
bound on the pair term fails (a regular tetrahedron gives 1.837 < 2, Section 2); but combined
with the energy constraint through a Lagrange multiplier 3, the identity becomes the statement
that an explicit four-electron operator M is nonnegative. M contains one- and two-body terms
only, so M = ZKj m;; for a two-electron operator m, and m > 0 suffices. The choice of w
matters: with w = r? or with weights flat in the core, m has a negative “core-pair” eigenvalue,
because on L?(R®) nothing prevents both electrons of a pair from occupying the 1s shell. With
w(r) =r*/(r3 4 8) and B = 0.9 the operator m has a single bound state at +0.0355, below its
thresholds 0.0468 and 0.1022.

(ii) A supersolution. Barta’s inequality (the ground-state transform) gives m > inf ¢ for the
local energy ¢ = mep/p of any positive ¢. The exact ground state has ¢ = 0.0355; an explicit
¢ with exact nuclear and electron—electron cusps, /7 tails, three exponential terms and 400
coefficients has ¢ > 0.0102 on 1.3 x 10° test points. Nonnegativity of ¢, a function of (r1,r2,712),
is then the whole problem; no spectral computation is involved.

(iii) Certification. The cusps cancel the Coulomb singularities of ¢ exactly, and we remove
them analytically before evaluation. Barta’s inequality is used only on the bounded region
max(r1,7r2) < 240: outside it, m is bounded below by elementary operator inequalities (one
electron far from the nucleus sees the one-body ground-state energy plus the asymptotic pair
term), and an IMS localization glues the two regions at the price of an explicit error 0.0145,
which the certification absorbs by proving ¢ > 0.0145 on 120 < max(ry,r2) < 240. On the
bounded region, in three coordinate charts (interior, scaled coalescence, and a cone chart at the
triple coalescence point) ¢ is smooth up to the boundary, and second-order Taylor bounds with
interval-evaluated Hessians certify the required lower bound on boxes; branch-and-bound covers
each chart.

Theorem 1.1 excludes eigenvalues of H4(2) below the bottom E3(2) of its essential spectrum.
It does not exclude eigenvalues embedded in the continuum and protected by symmetry (the
four-electron analogues of the He™ 1s52s2p+P° state), since the reduction of Theorem 2.2 uses
FE < Fs5; we return to this and to the other atoms in Section 9.

Organization. Section 2 proves the reduction theorem. Section 3 studies the two-electron
operator m and fixes the parameters. Section 4 proves Barta’s inequality in the form we need,



with cusps. Section 5 defines ¢ and derives the singularity-free form of its local energy. Section 6
proves the far-field theorem, which confines the pointwise problem to a bounded region, then
defines the charts on that region and proves the regularity of ¢ in each. Section 7 describes
the certified evaluation and states its result; Section 8 assembles the proof; Section 9 discusses
extensions. Appendix A lists the basis and the coefficients of ¢; Appendix B records the non-
rigorous numerical computations that guided the choices (they are not part of the proof).

2 Lieb’s identity with a one-body weight, and the reduction

Throughout, Ef = (¥, f¥) for a normalized V. Let w : [0,00) — [0,00) be C? with w(r) <
C(l1+r), w and Aw := w” 4 2w'/r bounded, and write wy = w(ry).

Lemma 2.1 (Weighted Lieb inequality). Let ¥ be a normalized eigenfunction of Hyn(Z) with
eigenvalue E < Ex_1(Z). Then

7y > EY U S  [ VPt [(@u)elwP]+ By B w2

i<j B k

Proof. Since F < En_1 < infoesHy, ¥ decays exponentially [10], so wi ¥ and w;/Q\If lie in the
form domain of Hy and (wi ¥, (Hy —E)V) = 0. Split Hy = H® 4 hy with hy, = —IN—Z [+
> jzk 1/Tkj and H® the Hamiltonian of the other N — 1 electrons. As wy, commutes with H(®
and w,lg/2\11 is antisymmetric in the other electrons, Re(wk\I/,H(’%)\IQ = (wiﬂ\ll,H(’;)w,lgﬂ\IJ) >
En_1 [wg|V]?. For the kinetic term Re(w¥, —AU) = [w|VP|? — 3 [ Aw|¥|? by integration
by parts, so Re(w, V¥, — Ak\I/ fwk|Vk\I/|2 - l (Aw)|¥|2. Collecting,

0 = Re(w, ¥, (Hy—E)¥) > (EN_l—E)Ewar;/wk\vk\If2—}1/(Aw)k|\p|2 ZIE ZET
kJ

and summing over k gives (2). O

With w = r (or Lieb’s w = r/(1 + er), ¢ — 0) the kinetic term is nonnegative [2], and
(ri +rj)/ri; > 1 pointwise, so (2) gives ZN = ZE) ", ri/ri > (g), ie. N <2Z+1 [2]. No
pointwise bound of this type can reach N — 1 < Z for a dianion: for any weight, the ratio
>icy(wi+ w;)/rij | >k we/Tk equals 31/3/8 = 1.837 < 2 on a regular tetrahedron centered at
the nucleus, for N = 4. The energy constraint is what closes the gap.

Fix Z =2, N =4, a number § > 0 and a weight w as above, and define, on antisymmetric
four-electron functions,

4
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where £ > 0 is any number with F»(2) < —€. The kinetic term is the quadratic form 1 >, [(8+
wy)|ViP|?, so M is the self-adjoint operator of a closed, bounded-below quadratic form on
{03, [(B+w)|Vi¥[? < 0o} (the Coulomb terms are form-bounded relative to the kinetic

term with relative bound zero, by Hardy’s inequality); only the quadratic form is used below.

Theorem 2.2 (Reduction). If M > 0 as a quadratic form on antisymmetric four-electron
functions, then E4(2) = E3(2).



Proof. Suppose E4 < E3 and let ¥ be a normalized ground state, so (V, H4¥) = F,. Expanding

(3),
(v M) = 50, How) + ) + { 3[4 [anlviwp - [(awyjup]

k
w; + w; Wy,
PEYT U gy

1<j

By Lemma 2.1 with Z = 2, the curly bracket is < —(E3 — E4)E ), w, < 0. Since F4 < E3 by
hypothesis, F3 < Ey by HVZ and Ey < =&, f(E4 + &) < 0. Hence (¥, M) < 0, contradicting
M >0. O

We take & = 2.9037: the Rayleigh-Ritz value —2.903724377 of [11] is an upper bound on
Es(2), so By < —2.9037. (Any cruder variational bound below —2.9037 would do, for instance
Pekeris’ [12].)

Remark 2.3. The multiplier can be split: since any eigenstate satisfies the virial relation (27" +
V) =0, one may replace 3(Hy+ &) by BrT + By V + (28y — fr)E with fr > 0, 28y > Bp. Our
final choice has 87 = By, and we do not use this freedom; it was useful in the search.

3 The two-electron operator

Since M contains one- and two-body terms only, it decomposes exactly into six two-electron

operators:
2
M = me m = %(h1+h2)+7ﬁ i Qﬁl ki wg—i—%ﬁ& h = —%V—(ﬁ—i—w)V—w: w) —1Aw
— 12
1<)

(4)
where m;; acts on the variables x;,z;. Each m;; is unitarily equivalent to m on L?(R%), so
M > 6inf o(m) and

m>0 on L>(R) — M>o0. (5)

No symmetry restriction is imposed on m: the decomposition is used only as an inequality.
From now on

4

= = 1 _
=3y £=29037,  C:=ghE = 0435555, (6)

B=15  wlr)
Then w is smooth, w(r) = r*/8 + O(r") at the origin, w(r) = r — 8/r? + O(r~>) at infinity,
0<w <3, and Aw = (w” + 2w'/r) is a bounded rational function, Aw(0) = 0, Aw(r) ~ 2/r.
Writing a(r) = S + w(r),

n B+ w(ry) + w(ra)

+C. 7
T12 @)



Why these parameters. The thresholds of m are explicit. With one electron in the ground
state of %h (radial eigenvalue %eo) and the other at infinity, where 2a(r)/(3r) — % and wa /r19 —
1, the energy is t, = %eo + % + C'; with both at infinity it is at least t;, = —% + C (attained for
antipodal electrons, where (w; + we)/r12 — 1). Numerically eg = —2.16619, t, = 0.0468, ¢, =
0.1022, and m has exactly one eigenvalue below t,, at +0.0355 (Appendix B). The parameters
were chosen, among the family w = 7971/(r% 4+ %), to maximize info(m) subject to both
thresholds being comfortably positive; weights that stay flat in the core (¢ > 4, ¢ > 2.5) produce
a negative core-pair eigenvalue and are unusable. None of these numerical facts enters the proof;
they explain why the supersolution of Section 5 can exist.

Remark 3.1 (Perron—Frobenius). m is a Schrodinger operator with a scalar, strictly positive
diffusion coefficient; its semigroup is positivity improving, so if inf o(m) < inf oegs(m) the ground
state is unique, positive, and therefore rotation-invariant and exchange-symmetric. This is why
the numerics of Appendix B need only the L = 0 symmetric sector, and why a supersolution of
the symmetric form (10) is natural. The proof below does not use it.

4 Barta’s inequality with cusps

Let X ={z € RS : riroris = 0}, a closed set of codimension three. Let ¢ > 0 be continuous on
RS C? on RO\ 3, locally Lipschitz on RS, and such that ¢ := m¢p/p (computed on R°\ ¥) is
locally bounded on R,

Lemma 4.1 (Ground-state transform). For every 1 € C°(RS), writing ¢ = pv,

2
(¥, mip) = & a(ry) &*[Viol* + [ q|vf*. (8)
6;/ k) 9% Vi /q

Consequently m > infge\y; q.

Proof. Let 3. be the e-neighbourhood of ¥ and Q, = R \Xe. On Q, p € C? and the pointwise
identity a|Vi(pv)|? = ap?|Viv|? + a Vi(p?) - vV + av?|Vipl? = a@?|Vio|? + %avk(ch) .
Vi (v?) + av?|Vi0|? holds; integrating by parts the middle term over €,

1
3 —5 21 Vi (aVip)
éZ/ a‘vw}‘? :% / (w?’VW'Q—F/ 22t ’1/1\24-1122/ av? Vk(<P2)‘n.
k QE k QE QC (p k 696

| 2

The boundary term is bounded by Ce? sup|V?|sup|v|? — 0 since ¢ is Lipschitz and 9Q.Nsupp 1
has area O(e?). Adding the potential terms, which are locally integrable (Hardy), and letting
€ — 0 (dominated convergence, using that ¢ is locally bounded and |V¢| is bounded on compacts)
gives (8) for the quadratic form of m on C2°, which is a form core. The first term in (8) is
nonnegative, so (1, my) > inf ¢ ||¢||%. O

The hypotheses are exactly what cusps provide: a function of the form e~ with S Lipschitz,
smooth off ¥, has bounded ¢ near ¥ if and only if the Coulomb singularities of m are cancelled
by the 1/r singularities of AS, which is the Kato cusp condition. For (7) these conditions are

3(B+2w(r))
T 2 ) T - 9 = = ) = )
O, S — 2 (ry, — 0) OpyS — —k(r) (r12 =0, 11 =19 =7) K(r) 3t w(r) 9)
the first because —#a- (—28,5/r) must cancel —2a/r, the second because §(a1+az)- (—20,5/u)

must cancel (3 + 2w)/u. Note £(0) = 3, k(c0) = 3.



5 The supersolution and its local energy

5.1 Definition

Set u = ri9, t = cosbio = &1 - To, p = (r% —i—r%)/Q and b = 2. Let foy,..., fo; be the radial
functions
2 r2 2 r2 2
f0—1+r7 fl—ma f2—m> f3_4+ra f4_(4+7")2’
2
fs=V1+r2 -1, fo= 1+ -1 fr=1+r216)Y — 1, fy=
(0.3 +1)?2
2 2 2 2
9 _p r r r r
=TrTe y = y :7’ = 5 = 5
fo fio CERSP fi T2 fi2 TEasE fi3 CERSE
7 r? r? 2 _—2r
f14—ma f15—ma f16_m7 fir=r%e ",
2 4
= 2_T/2 :77” :77' = 1 24_1/2_1
fis=r"e""", fig =R J20 15125 fa=1+7r7/4) ;

all with f;(0) = fj’ (0) = 0; fo, f3, f5 grow linearly, fg, f7 like \/7, the others are bounded. Let
B ={1,2,4,8,10,11,12,13,15,17,18}. The basis Bj, ..., B consists of the even functions

Py = fi(r1) + fi(r2) (0 <j <21), PPy, = fi(r1) fe(r2) + fu(r1) fi(re) (5 < k €B),

’LL2
U= g F=234)
u? _ w2 '
U‘P] - W‘PJ (j € {172747 11,12,13, 15})7 VP] = W-P] (] S {1,2,4}),
2
u .

UPP; = mfj(ﬁ)fj(r?) (J €{1,2,4}),

2

u .
D, = e Dy

) Dy = T .
(14+72)(1+r3) 2T A
and the odd functions (antisymmetric under zq <> x2)

Qj = fi(r1) — fi(r2), QQjx = fi(r1) fu(r2) — fu(r1) fi(r2) (7 < k € B),

u? u?

UQj = m@ja VQj = WQ%
o , _ (wrem)(rf —13)
UQQjk = m@@m D3 = 012205 12)

with the same index sets, and x1 - 29 = (72 4+ 73 — u?)/2. The supersolution is

200

s | g™ | _g® . K(p)u ,
p=e" 4% 45, S()=2(r1+r2)—1(+)bu+zc,§)3k, (10)
k=1
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where c,(f) = ic,(cl) with the minus sign on odd functions (so e

(3)

and ¢ is exchange-symmetric), ¢, = 0 for odd k, and the two independent coefficient vectors
M, ) e R20 gre listed in Appendix A. They satisfy the tail constraints

is the exchange of e

T T T 1
CEDO) + CEDS) + Cg:') = -2 (T = 1,3), C(ng + C(sz —+ C(ng =0, (11)

which remove the linear growth of every S(7) in both electrons, leaving /1 tails. (Why this is
essential: if one electron of a term decays like e~*" while the other decays like e~®V", that term
still carries half the weight of ¢ at the crossover radius (a/s)?, where its local energy is about
—a?/6; the effect is invisible below r ~ 103.)

Lemma 5.1. ¢ is continuous and positive on RS, real-analytic on RS\ Y except for the factors
rze*’”k, which are C°, locally Lipschitz, and satisfies the cusp conditions (9) for each term. Its
local energy q = my /¢ is locally bounded on RS.

Proof. In the variables (ri,ra,u), every By and k(p)u/(1 + bu) has 0,, By — 0 as 11 — 0: the
radial functions satisfy f;(0) = f]’-(O) = 0, the u-factors do not depend on r1, p depends on 7
through 2, and the dipole functions are D = X g(rq,72) with X = x1-29 = (r? +r2 — u?)/2,
so that 0,,D = rg + Xgr, with X = rirycosfi2 — 0 (this matters for Do, whose factor
1/(1 + 71 + 72) has nonzero slope at r; = 0). Hence 9,,5(7) — 2; likewise at 7, = 0. Near

u = 0 every By, is O(u?) or smooth in zy - 29, s0 3,87 = —k(p) = —k(r) on r| = ry = 7.
Boundedness of ¢ then follows from the explicit regularized form (15) below, whose every term
is locally bounded; the weighted mean of bounded terms is bounded. O

5.2 The local energy in Hylleraas coordinates

For a single term e~ with S = S(r, 72, u), subscripts denoting partial derivatives, and

. X1 — X2 r1 — 1rot 1"% + u? — 7‘% R e ] ro — 11t
coSy 1= &7 - = = , COSy 1= g - = , (12)
U U 2riu U u

one has |[V1S|? = S2 + 52 + 2515, cos1, A1S = S11 + 251/r1 + Suu + 2Su/u + 251, cosy,
#1-V1S = S1 + Sy, cosy, and from —V - (aVe™)/e ¥ = a(]VS|? — AS) — Va - VS,

2
Awy + Aws ay 9 wy . 2ay, B+ w1 + ws
_o_ 2t Aot _ % N U v D) e e
g5 = C = +k§_1[ (VS = ApS) + k81 VeS 3%} n - (13)

For o =5 ¢S the local energy is the weighted mean

—g(m)
_2.e qge)

DR .

q

5.3 Removing the singularities

The terms of (13) with 1/r; and 1/u are individually singular; the cusps make their sums
regular, and for a certified evaluation the cancellation must be performed symbolically. Write
J = —k(p)u/(1+bu) and X, = >, ¢, By, (for the term under consideration).



Proposition 5.2 (Regularized local energy). For each term, with

Ek — Sk -2 _ a’/‘k(J+ Zc) Eb e @ g = /8 (w1 + wy — Qw(p))
Tk Tk ’ w T 2(6+W(P)) s
2
Aw1+Aw2 a‘k‘ f w;g al a2
=0~ B g —10) + S| + Cp 4 CE
qgs =C 15 +kz_:1[ G(Qk k)+6 k}+3 1+ S B
ar +az [k(p) b (2 + bu) b1 g
Byl +~ 1
T3 | CrbuE u}+u7 (15)

where g, = S,%+S§+2Sk5u cos, 1, = Skr+Suu+2Sky cosy, di, = Sk+Sy cosy. Each of Ey, Es, EY
is a finite sum of explicit functions that are real-analytic (resp. C*° for the e=" terms) in the
variables (r1,r2,cos012) on i > 0 including r, = 0, and in u > 0 including u = 0 (for the dipole
terms D = Xg one has O, D/r1 = g + rocos 612 g, , which is regular in (r1,r9,cosf12) but not
in (ri,ra,u); for J, the quotients u/p and ry/p that appear are bounded on the region but not
continuous at the triple point 1y = ro = w = 0, and are reqular functions of the chart coordinates
of Section 6); and g vanishes to second order on r1 = rq, with

BMu
16 (8 +w(p))’

Proof. The 1/r), terms of (13) are %Sy, /ry, — 2ax/r, = % (Sk —2)/rk, and S —2 = Oy, (J + Ze);
since every By and J depends on 7 only through r? near r, = 0 (Lemma 5.1), 8, (-)/rk is
regular, and the explicit expressions are obtained by dividing each term’s derivative by r; and
cancelling. The 1/u terms are “£92S, /u+ (8 + w1 +wg)/u; with S, = —k(p) /(14 bu)? + 9,2,

/
)g‘ < M = 4sup|w”| + 2sup ‘w(w)” I = [min(ry,r2), max(r1,r2)]. (16)
u I I T

a;+ay Sy,+rk(p)  ar+as 1—(1+0bu)?

3 U T3 [H(p)

and the remainder is [B + wy + wy —
k= 3(8+2w)/(2(8 + w)), w = w(p),

(26 4+ w1 + w2) (B + 2w) _ 28+ w1 + we) (B +w) — (26 4+ wi + wa) (B + 2w)
2(8 + w) B 2(8 + w)
_ B(wi + wy — 2w)
2(8 + w)

ay + az [Fd(p)b(Q + bu)

Eb| =
+ 5] 3 (1 + bu)?

+ B,

(a1 + a2)k(p)] /u = g/u, because with aj, = B+ wy, and

B+wi 4+ ws —

For (16): put 7 = (r1 +12)/2, d = (r1 — 1r9)/2, F(d) = w(r + d) + w(r — d) — 2w(\/r? + d?).
F is even, F(0) = 0, so |F(d)| < 3d? supjo q| |, and F"(d) = w"(r + d) + w"(r — d) —
2[w” (pa)d?/p2 + w'(pa)r?/p3] with pg = V2 +d2 > r, so |[F"| < M on I. Since |ry — 1| < u,
9] < BuM/(16(5 + w)). O

Away from coalescence g/u is evaluated directly; the bound (16) is used on boxes that
approach u = 0.



6 The far field, and charts on a bounded region

Since ¢ depends on (z1,z2) only through (r1,r2,u) and is symmetric under r1 <> 79, every
pointwise statement about ¢ is made on the closed region {0 < r; <19, |r1 —7ro| <u < ri+ra}.
Barta’s inequality is applied only on the bounded set {pmax < R'}, pmax := max(rq, r2); outside
it m is bounded below by elementary operator inequalities, and the two are glued by an IMS
localization. Throughout,

R =120, R = 2R = 240.

6.1 The far field

Write m = $hy + 2hy + Viz + C with Vip = (8 4+ wy + w2)/r12, and thy, = 2Ty + pi, Ty =
—%Vk- aVyi > 0, pp = —%ak/rk — %Awk (multiplication operators). We use the following
elementary properties of w(r) = r/(r* +8): w < r,s0 a(r)/r <1+ B/r;r—w = 8r/(r* +8) <
1.0583 (maximum at r = 4Y3) and r — w < 8/r? and Aw = 2/r — 16/r* + O(r~7) with
rAw(r) < 2 for r > 5. Finally, the one-body operator £h on L?(R?) satisfies 3h > %ep® =
—0.7291 (Remark 7.2(iv): Barta’s inequality with a certified radial supersolution; no symmetry
assumption is needed, since the ground-state transform holds for every positive supersolution),
hence $hy > —0.7291 on L*(R®).

Lemma 6.1 (One electron far). Let the . — %egg + % + C > 0.0398. For o > 60 and every 1 in
the form domain of m supported in {ry > o} (any ri),

(W,my) > (tg® —0.93/0)|¥|,

and symmetrically for 1 supported in {r1 > o}. In particular the constant is > 0.0243 for
o = 60.

Proof. Dropping T> > 0 and using $hy > %egg, m > %egig + C + pa + Vio as quadratic forms.
On {ry > p}: —%CLQ/TQ > —% —0.6/79, —%sz > —0.167/r9, and, since r13 < r1 + 79,

Vi > B4 w1 + wo _ 1 (Tl—wl)—l-(TQ—wg)—ﬂ
T+ T2 T1+ T2
1.0583 + 8/r2 — 0.9 0.161
> 1- +8/r3 > 1- (ra > 60),
72 T2
for every r1 > 0. Hence py 4 Vi > % —0.93/0 on the support of 1. O

The partition of unity. Let A = In(r1/r2). Let A(p) be the ramp equal to 0 for p < R,
to 1 for p > R’ and linear in Inp in between (slope 1/1n2), and D()\) the ramp equal to 0 for
A< —In2, to 1 for A > 1In2 and linear in between (slope 1/1n4). Define the Lipschitz functions

XN = Cos (gA(pmaX)), X2 = sin (gA(pmaX)) coS (gD()\)),
x1 = sin (5 A(pmax)) sin (3D(N)),

so that X%\f + X% + X% = 17 supp Xy C {Pmax < R,}, supp x2 C {pmax > R, T < 2T2} C {7'2 >
R/2} and supp x1 C {r1 > R/2}.



Theorem 6.2 (Far field). Suppose that the local energy q of a function ¢ satisfying the hypothe-
ses of Lemma 4.1 obeys

qg>0 on {pmax < R}\ 2, q>0.0145 on {R < ppax < R'}\ Z.
Then m >0 on L*(RS).

Proof. For Lipschitz cutoffs x; with ), X? = 1 and the divergence-form kinetic term, the IMS
identity holds for every ¥ in the form domain:

(Tm¥) = > (G mxT) — (B,WE),  W=2%> alrm)d Vil
i€{N,1,2} k=1,2 i

(the cross terms cancel because ), X? = 1; no smoothness beyond Lipschitz is needed). We
bound W. A direct computation gives .|Vixi|* = (2)?[|ViA|? +sin?(3A)|V,D|?] (the mixed
terms cancel). Since |Vipmax| < 1 a.e. and only the electron with rp = ppax contributes,
the A-ramp contributes at most Fa(pmax)(353) mex < (1 + B/R)5.136/R = 0.0072, for
pmax € [R, R'] and zero elsewhere. The D-ramp has |[ViA| = 1/r, so it contributes at most
LGE) Y palrk)/rE < 0.2143°,(1/r, + 0.9/r7), and on its support (where [A| < In2 and
Pmax > R) both 1, > R/2 = 60, giving at most 0.0073. Hence W is supported in {pmax > R}
and sup W < 0.0145.

For xnV, supported in {pmax < R'}, Lemma 4.1 gives (xnV,mxn¥) > [qx3%|¥[%. For

X2V, supported in {rs > 60}, Lemma 6.1 gives (x2¥, mx2¥) > 0.0243|x2¥||?, and likewise for
x1¥. Inserting into the IMS identity,

(W, m¥) > / (33 +0.0243 ¢+ x3) — W][wP > 0,

since the bracket equals ¢ > 0 where ppax < R (there W = 0 and x; = x2 = 0), is at least
min(q,0.0243) — W > 0.0145 — 0.0145 = 0 where R < ppax < R, and equals 0.0243 — W >
0.0243 — 0.0073 > 0 where ppmax > R’ (xny = 0 there, and only the D-ramp contributes to
w). O

The choice R = 100, R’ = 200 also works (t5% — 0.93/50 = 0.0212 against sup W < 0.0179)
with a thinner margin. Note that the theorem uses nothing about the far field of ¢: the tail
constraints (11) are still what keeps ¢ bounded below at large r on the bounded region, but no
limit » — oo of ¢ enters the proof, and the near-tie of the /r coefficients of the three terms is
irrelevant.

6.2 Charts on the bounded region

Fix g = 0.07 and ¢y = 2 x 10~%. Write 21 = Z + §n, r2 = T — gn with [n| =1, R, =
X =Z-n € [-1,1], and let v = u/R. be the scaled separation. On the region {r; < ry < R’}
three charts are used; the coalescence set u = 0 lies in the second only.

Interior chart Ciy: (r1,72,t). Domain 0 < r; < ry < R, 19 > €9, —1 <t < 1, restricted to
v > 1. Here u = \/(rl —1r9)2 4+ 2r1ra(1 —t), cosy = (r1 — rot)/u, cosy = (r9 — rit)/u, and

ou ou ou 7179
o = cosq, oy = Cos9, % . Uy,
dcos; 11— COS% dcos;  —t — cosy cosy dcosy  —rg — cosy Uy (17)
or, u ory U ’ ot u ’
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and symmetrically for coss; Owu; = —T‘%’F%/US. On the domain v > 0: if u = 0 then z1 = z9,
so R. =719 > ¢ >0and v = 0 < vg. In this chart v = 2u/\/(7“1 —1r9)2 4+ 2riro(1 4+ t), an
expression without cancellation that is used to decide, box by box, whether a box lies in the
domain.

Scaled coalescence chart Cepa: (R, v, x). Domain 0 < R, < R, 0<v <y -1<yxy<1

Then
TIZRC ]-+UI2+VX7 ’I"QZRC\/]-_’_%i—V)O UZRCV’

2x +v v—2x (18)

0s] = ) COS2 = )
2¢/1+v2/4+ vy 2y/1+0v2/4—vx

and p = Re\/1+12/4, 2129 = RE(1 — 12/4), cos 012 = (1 — v2/4)//(1 +v2/4)2 — 12x2. The
radicands are > (1 —1p/2)% > 0, so all of these are real-analytic on the closed domain, including
v =0 (where r; = ry = R.) and R, = 0 (the triple point). The chart is not injective at R, = 0
and not symmetric under r; <> ro (which is x — —x); both are harmless, since the certification
covers the whole domain. The domain contains the set {v < 1y, pmax < R'}, and in particular
every point with t = cos 12 > 0.999 and r; = ro (there u? = 2r2(1 — t) < 0.002r2%, v < 0.045).

Cone chart Ceone: (R, S,t)y R=19, s=11/r2. Domain 0 < R<¢), 0<s<1, —-1<t<1,
restricted to v > vg. Here 7; = sR, 7o = R, u = Rd(s,t) with d = /(1 — 5)2 + 2s(1 — t), cos; =
(s —t)/d, cosg = (1 —st)/d, p = R\/(1 + 52)/2, cos 12 = t, and v = 2d/+/(1 — 5)2 + 2s(1 + 1)
(independent of R). The direction cosines are singular only where d = 0, i.e. on the coalescence
line s = t = 1, which v > vy excludes: v > v forces d > 2/(1 — )2 +2s(1 +t), which
vanishes only at s = 1,¢ = —1 where d = 2. This chart is needed because the triple point
r1 =19 = u = 0 is not a regular point of (r1,72,t) (there p, u and the quotients ri/p, u/p are
not smooth functions of (r1,72,t)), whereas in (R, s,t) every one of them is R times an analytic
function of (s, t).

Lemma 6.3 (Regularity in the charts). In each of the three charts, q (defined by (14), (15)) ez-
tends to a C°° function on the closed chart domain, real-analytic except for the terms containing
e~ "k which are C*° with all derivatives bounded.

Proof. By Proposition 5.2, gg is a rational-exponential expression in the quantities S, Sy, Skk,
Suus Sku (regular wherever the basis functions are), Ey, Ea, E2, the cusp term (p)b(2+4bu)/(1+
bu)?, g/u, cosy, wg, Wy, Awg, ag, and the weights e*(S(T)*S(ﬁ) are smooth wherever the S(7)
are. The radial functions f;, w, w’, Aw, k are real-analytic on [0, c0) (rational, or algebraic with
positive radicands; e~", e~ %", e~"/? are entire), and fi(r) = rzfj(r) with fj analytic.

Cint- On the domain u > 0, so u, cosy and the chain rule (17) are real-analytic in (ry,r2,t),
including at r; = 0 (where u = r3). The quotients Ey, = 0, (J + X.)/r are analytic in
(r1,79,c08612) by Proposition 5.2 (8, fj(r1)/r1 = 2f; + rlfj’-; for D = Xg, 0,,D/r1 = g+
o cos 012 gy ; for J, p > ra/+/2 > 0 on the domain), Eg is analytic in u > 0 (every u-dependent
basis function is u? times an analytic function of u, or depends on u through x1-x5), and g/u is
analytic where u > 0.

Ceoal- By (18) all of r1, 72, u, p, cosy, cosa, cos O19, x1-x2 are real-analytic in (R, v, x) on the
closed domain, and r, = R. ok (v, x), p = Reo(v) with o, 0 > 1—14/2 > 0. Hence every quotient
in Proposition 5.2 is regular: 0y, f;(r%)/rr = 2]5]-(7“143) + rkfj{(rk) is analytic in rp = R.oy; the
D-terms give g7 cos 012 gr, ; the derivatives of J = —k(p)u/(1+bu) are polynomials in x(™ (p),
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re/p = or/o, u/p = v/o and 1/(1 + bu), all analytic; u/(1 + bu), u?/(1 + u)* are analytic in
u = R.v; and k(p)b(2 + bu)/(1 + bu)? is analytic. The term g/u: g is a real-analytic function of
(r1,72) vanishing to second order on the diagonal 71 = ry, and in the chart 7y —ry = R.vé(v, x)
with § analytic (6 = 2x /(01 +02)), so g = u? G(R., v, x) with G analytic and g/u = u G extends
analytically to u = 0 and to R, = 0. (The certification bounds g/u on boxes by (16) rather than
by Taylor expansion.) The weights e~ @
analytic in r.

Ceone- On the domain d > 0 (shown above), so cosy and cosfi2 = ¢ are analytic in (s,t),
and r;1 = sR, ro = R, u = Rd, p = R\/(1 + s2)/2 are R times analytic functions of (s,t) with
ra/p, u/p, r1/p = $/2/v/1 + s2 analytic. The same term-by-term inspection as for Ceoa applies,
now including s =0 (ry = 0: 0y, f;/r1 and g + 72 cos 612g,, are analytic in r; = sR) and R = 0.
The chain rule from (r1,72,u) to (R, s,t) has the analytic Jacobian 0(r1,r2,u)/0(R, s,t) and
Hessian, and g/u = u G as before with u = Rd > 0. O

are analytic as compositions. Finally Awy, w), aj are

Remark 6.4. In Ciy and Ceope the condition v > vg is imposed box by box: a box whose enclosure
of v (by the cancellation-free expressions above) lies entirely in [0, 1] is deferred to Ceoa and
recorded, not evaluated; every other box is evaluated and must be accepted. The coverage
statement of Theorem 7.1 is that the accepted boxes and the deferred boxes together tile the
chart domains, and that every deferred box lies in the domain of C.y,1, which is certified entirely.

7 The certified evaluation

7.1 Rigorous enclosures

All arithmetic in this section is interval arithmetic on IEEE double precision with outward
rounding [16, 15]: each elementary operation +, —, X, =+, va is correctly rounded by the IEEE
standard, and exp, log in the libraries used are accurate to less than one ulp; we round every
result outward by two ulps, so that every computed interval encloses the exact real value for
all inputs in the input intervals (the evaluator is a vectorized interval library on IEEE doubles
written for this purpose; no multiprecision arithmetic is used). One step is not outward-rounded:
the combination of the enclosures into the right side of (19) below (the products of the gradient
and Hessian bounds with the half-widths, and the final sum of at most twelve terms) is carried out
in ordinary double precision. Each of these operations has relative error 2753, so the computed
value b of the right side differs from its exact value b by at most 24 - 2753(|g(m)| + L) <
3 x 107 (]g(m)| + L), where L > 0 is the subtracted loss term; and on an accepted box
L = q(m)—0b < q(m), so |b—b| < 6x10""%¢(m). A box is therefore correctly accepted
whenever b exceeds its threshold by more than 6 x 1071%¢g(m); the coverage audit recomputed
g(m) on the thousand boxes of smallest excess in each piece: the largest value among them is
5.0 in the interior, 14.4 in the shell, 1.1 in the gap, 0.71 in the sliver, 12.9 in the ball and 245 in
the strip, so on these boxes the rounding error is at most 1.5 x 10712, against minimum excesses
of 9.4 x 10719, 9.5 x 1078, 5.6 x 1078, 4.9 x 10~%, 0.57 and 3.9 x 10~ respectively (at least four
orders of magnitude in every piece). On every other box the excess is at least as large, and since
q < 3.6x 103 on the region (its maximum is on the coalescence line at R, = 240, Appendix B) the
rounding error is below 2.2 x 107!, (A later version of the evaluator rounds this step outward
as well.) The coefficients c,(CT) are the exact double-precision numbers of Appendix A (printed
to 17 significant digits); the function ¢ is the function with those coefficients, so no rounding of
coefficients is involved.
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7.2 The bound on a box

Let y = (y1,%2,y3) be the coordinates of a chart and @ = [[;[m; — hs, m; + h;] a box in the
chart domain. By Taylor’s theorem with Lagrange remainder along the segment from m to y,
for every y € Q,

g(y) > q(m) =Y _[Big(m)| hi — 5 Y sup|9;d;q| hih;. (19)

7 2,7

The value ¢(m) and the gradient Vq(m) are enclosed by evaluating exact expressions at the
point m (degenerate intervals), the Hessian by evaluating exact expressions on the interval box
Q. The expressions are generated symbolically: with S(™) and the quantities Si, S, Su, Si1,
S22, Suu, Stu, Sou, E1, B2, EY of each term, and u, treated as formal functions of y, ¢ is the
rational-exponential expression (14)-(15) (with the weights written as e~(* M =S:et) for a per-box
constant Sier), and 09;q, 0;0;q are computed by symbolic differentiation; the formal derivatives
of the S-quantities are supplied from tables of all (1, ry, u)-derivatives of J and of the 200 basis
functions up to fourth order (and of the regularized E-forms up to second order), converted
to chart coordinates by the chain rule (17) (resp. by the interval Jacobian and Hessian of the
chart maps (18) and of Ccone, generated symbolically); the dipole terms Dy, Do, D3 and the cusp
function J are differentiated directly in the chart variables, where they are regular (Lemma 6.3).
Every table expression is evaluated in two algebraically equivalent forms (a partial-fraction form,
tight at large r and u, and the original product form, tight on intervals that are wide relative
to their distance from 0) and the two enclosures are intersected. Two devices are essential for
the enclosures to be useful: the order-zero and order-one quantities are themselves enclosed in
centered form, D(Q) C D(m)+)_;supg|9;D| [—h;, h;], intersected with the naive enclosure (the
coefficients ¢;, cancel strongly, and a naive enclosure of S over a box of relative size 1073 is a
hundred times too wide); and the weights are referenced to Syef = min, S(T)(m) (otherwise the
symbolic Hessian of the softmax ratio contains astronomically cancelling terms). With these,
the right side of (19) is within a few 10™% of g(m) for boxes of relative size 102 in the interior,
so boxes can be taken of the size q/|Vq|, which is the optimum of any first-order method.

7.3 Branch and bound

Each chart domain is partitioned into cells (logarithmically in the radial coordinates), each cell
into boxes; a box is accepted when the right side of (19) exceeds the cell’s threshold (0 for cells
inside {pmax < R}, 0.0145 for cells meeting {pmax > R}, as required by Theorem 6.2), deferred
when it lies in {v < 1y} (Remark after Lemma 6.3; only in Ciy; and Ceone ), and otherwise bisected
in the coordinate direction with the largest loss term in (19), down to a minimal relative size
Omin = 107°. The procedure terminates with every box accepted or deferred; the set of boxes
with their bounds is the certificate.

Theorem 7.1 (Certified lower bounds). For the function ¢ of (10) with the coefficients of
Appendiz A, ¢ > 0 on {pmax < 120} \ ¥ and ¢ > 0.0145 on {120 < pmax < 240} \ . More
precisely, the branch-and-bound procedure terminated on each of the following pieces with every
boz accepted or deferred, the pieces cover {r1 < ro < 240}, and every deferred box lies in the
domain of Ceoal:
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piece chart domain (r1 < ro throughout) thr. bozes evaluations min. bound

interior Cine 1074 < 71,72 < 10, t < 0.999 0 49024580 98040712 9.4 x 10710

shell  Cine 10 <13 <240, 1y > 107% 0/0.0145 1034744 1844706 1.8 x 1077

gap Cint  2x1071 <73 <10, 71 > 1074, ¢>0.999 0 231288 454293 5.6 x 1078

sliver  Cine 71 <107%, 2x107* < 7y < 240 0 /0.0145 4730 6772 4.9 x107* /0.062
ball Ceone T2 < 2x107%, all s,t 0 1694 2470 0.57

strip Ceonl Re <240, v < 0.07, all x 0/0.0145 126932 218024 3.9 x 10™* /0.029

(“thr.” is the threshold; where two values are given, the second refers to the cells meeting
{pmax = R}, and “all t” is understood where no restriction on t is shown.) In the shell, the
gap and the ball, 21517, 18889 and 569 boxes respectively were deferred to the strip; the sliver
and the strip deferred none. No box failed in any piece; in the cells with threshold 0.0145 the
minimum certified bound exceeds the threshold by 9.5 x 1078 (shell), which is how branch-and-
bound terminates. Three successive versions of the evaluator were used (for the interior, for the
shell, and for the four remaining pieces), differing in the tightness of the table enclosures and in
the charts supported, each validated by the tests of Remark 7.2 before use; every certificate file
records the version that produced it. The computation took about 560 core-hours on Stanford’s
Sherlock cluster (interior =~ 520, shell 20, the four remaining pieces 16); the certificate (570 MB:
every box with its bound, the deferred boxes, the evaluators, the drivers, the logs and the coverage
audit) and the code are archived at Zenodo, DOIs 10.5281/zenodo.23753889 (certificate) and
10.5281/zenodo. 23754394 (code).

Remark 7.2 (Checks on the evaluator). (i) On degenerate boxes the enclosure of ¢ agrees with
an independent floating-point implementation of (13)—(14) (which does not use the regularized
form) to a relative 6 x 107! in Cipy (3.4 x 10712 for the evaluator version used on the interior) and
10719 through Ceoar and Ceone, at all test points with 71, u > 10~* (at points with 7 or u ~ 1076
the unregularized reference itself loses accuracy by cancellation, and the agreement is 1076). (ii)
On boxes of relative size 1073 the right side of (19) is within 0.2% of q(m) at all regular test
points, and on boxes touching r; = 0, R = 0 or v = 0 the bounds are finite and positive (e.g. the
whole neighbourhood R < 2 x 1074, s < 0.05 of the triple point in one box of Ceone gives 12.3,
against ¢ ~ 13.4). (iii) An earlier supersolution ¢q in the sub-basis fy,..., f11 (74 functions,
148 coefficients, floating-point minimum ¢ ~ 0.0047 at (r1,r2,u) ~ (0.75,3.4,2.6)), from which
 was obtained by re-optimizing the short-range coefficients with the tail-active ones fixed, was
certified independently on the whole interior chart r; < ro < 10, cosf < 0.999: 46 434 464 boxes,
92 860 480 evaluations, no failed box. T'wo different supersolutions certified on the same region
is a check of the entire pipeline that does not depend on either function. (iv) The one-body
analogue: for the radial operator %h the same construction with ten radial functions gives a
supersolution whose local energy is certified to be > —0.729046 on [0, 105] (mean-value interval
bounds on 117820 adaptive segments) and > —0.680636 on [10% co) (interval evaluation in
the variable s = r—1/2 ¢ [0,107%] on 2000 segments, the exponentially decaying basis function
bounded separately), hence > —0.7291 on [0, 00), against the numerical %eo = —0.7221; this is
the constant %egg of Lemma 6.1. (v) Re-evaluating random samples of certified boxes on other
CPU models reproduces the recorded bounds to a relative 6 x 107'3 but not bit for bit (the last
bits of the vectorized exp and log differ between CPU models); this is covered by the two-ulp
outward rounding, and it is why the certificate is a set of boxes with bounds rather than a hash.
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8 Proof of Theorem 1.1

By Lemma 5.1, ¢ satisfies the hypotheses of Lemma 4.1. By Theorem 7.1, ¢ > 0 on {pmax <
120} \ ¥ and ¢ > 0.0145 on {120 < ppax < 240} \ X, so Theorem 6.2 gives m > 0 on L*(R%). By
(5), M > 0 on antisymmetric four-electron functions. By Theorem 2.2, F4(2) = E3(2). Since
Lieb’s bound [2] gives Ey = En_1 for N >5=2Z+1, N.(2) < 3. O

9 Discussion

Margins. The numbers behind the proof are not tight: inf o(m) = 0.0355 while the superso-
lution reaches 0.0102 pointwise, and M > 6inf o(m) loses the Pauli principle entirely (Yang’s
bound on the two-body density matrix [13] would give M > 2(uo + p1 + p2) =~ 0.26 instead of
0.21, but requires certifying three eigenvalues). The reduction itself is far from sharp: on the
trial states we examined, (¥, M) is of order one. A better w or a configuration-dependent
decomposition of M would widen every margin.

He~. For N = 3 the mechanism gives no margin: the pair term tends to 2 = Z as the outer
electron recedes, consistent with He™ being nearly bound. Proving E3(2) = E2(2) would need
an argument that sees the exchange correlation of the 1s? core, which the one-body weight does
not.

Heavier dianions. Theorem 2.2 and the pair decomposition hold for every (Z, N); for Li*~
(Z = 3, N = 5) the pair operator has %(hl + hg) and ten pairs, and the core-pair obstruction
is more severe because two electrons genuinely occupy the core. Whether a supersolution ex-
ists there is a numerical question of the same kind; the certification cost is unchanged (three
variables). A uniform treatment of all Z would need the pair decomposition to be replaced by

something that respects the shell structure.

Resonances. The theorem leaves open symmetry-protected embedded eigenvalues. Excluding
them in a given symmetry sector would require Lemma 2.1 with £ _1 replaced by the bottom of
the spectrum of Hy_1 in the sector reached by removing one electron, and a separate operator
M for each sector.
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A Basis and coefficients

The coefficients are the exact double-precision numbers of the file bartab_coefficients_£f2.pkl
(printed to 17 significant digits, which determines a double uniquely); the basis is indexed
as in Section 5 in the order Fy,..., P2, Qo,...,Q21, PP/QQ, U, UP/UQ, VP/VQ/UPP,
UPP/UQQ, D. SHA-256 of bartab_coefficients_f2.pkl:

ee729d93e7e0017780e354c5f2fe1b8c0797adf280c6c16837dd00e78464d3d7. Term 2 has C](CQ) =
—c,(:) for odd B; and c,(f) = c,(:) otherwise. Coefficients that vanish in both terms are omitted.

Cg) C](Cg)

(even) 2.3100529188058805 4.6955220612147386
( ) 6.4301016804328066 5.6547223984178441
( ) -2.7723173966579568 -4.7798833385286557
( ) -1.4876455556495476 -5.7030610011314575
( ) 2.8653464408348102 0.4266183420715407
(even) -2.8224073631563327  -0.99246106008328105
( ) 0.27093152505253282 2.1994928863108556
(even)
(even)
(even)

O J O U i W N = |
B

Pr (even -0.053467331918170352 -4.3793203067714614
9 Py (even 1.4824155589570402 -1.7128426150875156

-0.33880766070859392 3.3193455327972181
0.94422615715339031 5.4802970869476244
-2.0748476138530263 -8.1841725865938901
0.67983535871904988 -1.126325147671601
0.41708576100960781  -0.83872914472775373
0.20433905616613071  -0.01562069366630418

== = =
T W N+ O
SIS
=W N = O
N N N NN O
oo oo o 2
< < < 2 < 4
33 3 3 3B B
s B B B B

— N N

18 Py (even -3.9144658678195747 1.326786083531371
20  Pyg (even 1.3660357247264829 2.1743282769948702
21 Py (even -0.13613782442759381 2.5302562238692463
23 Qo (odd) -8.8228537263571702 0
24 Q1 (odd) -4.5686355008041453 0
25 Q2 (odd) -11.392719831481426 0
26 Q3 (odd) -1.7032984847544537 0
27 Q4 (odd) -3.8820860526634493 0
28 Qs (odd) 10.526152211111624 0
29 Qe (odd) 0.88633701448147284 0
30 Q7 (odd) -1.3032800758864829 0
31 Qs (odd) 2.6904304447325109 0
32 Qo (odd) -0.59727033143419639 0
33 Qo (odd) -1.318232008792674 0
34 Q1 (odd) 6.9797168592743501 0
35 Q12 (odd) 1.7289132024309426 0
36 Q13 (odd) 0.46326188208887314 0
37 Q14 (odd) 0.12052547482016683 0
40 Q17 (odd) 2.3770871344908366 0
42 Q19 (odd) -1.6654039799727445 0
43 Q2 (0odd) -1.1216450226462233 0
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D

(3)

k By, (parity) c

45 PPy, (even) 3.9998795396707822 -1.7532447430699978
46 PP (even) 5.0751606815125658 1.5988869286827689
47 QQ12 (odd) -4.4787339808673883 0
48 PP 4 (even) 1.8200545113810938 2.781022509265838
49  QQ14 (odd) 0.86004424874869678 0
50  PP;g (even) 1.6718892215852463 1.3751472346222602
51 QQ1g (odd) 2.5035513979580362 0
52 PP (even) -3.059127965963496 -2.5396520172887227
53 QQ110 (odd) 7.5363527800375261 0
54  PPi 11 (even) 5.1071957046408789 0.76718955216614426
55 QQ1 11 (odd) 2.099555467223682 0
56  PPj 12 (even) -0.15120362606390347 -1.1295447804694576
57  QQ112 (odd) -0.26293781986942494 0
58  PPji3 (even) -0.086211102149564928  -0.36182195534538947
59  QQ113 (odd) 0.41173830900240821 0
62 PP 17 (even) 0.21804684908433711 1.3141449149020079
63  QQ1,17 (odd) 0.67652599668462909 0
66  PPys (even) 0.65190790354050854 0.1674193779719301
67 PPy (even) -4.4865270674231974 -3.9961092812773655
68  QQ24 (0odd) -5.0875005619517735 0
69 PPyg (even) 3.8144087658797909 1.2768270904039691
70 QQ2g (odd) -0.18637701053468336 0
71 PPy (even) 2.7632309547136669 -0.3179601525261424
72 QQ210 (0odd) 2.3276959156502657 0
73 PPy (even) 2.4702196061551502 -1.368384295977199
74 QQan (odd) 4.958227705236121 0
75 PPy 12 (even) 0.20910090006004892 0.94934686986389527
76 QQ212 (odd) 0.74827678328487668 0
77 PPy;3 (even) 0.025070191239666102 -0.013778966182771907
78 QQ213 (odd)  -0.042998993613820091 0
81 PP 17 (even) 0.94640877458045092 0.36085881552921445
82  QQ2,17 (odd) 0.82900427636967888 0
85  PPy4 (even) 1.0869886285028239 -2.1950873757208695
86  PPyg (even) -0.4613850656718807 -1.0416555004640711
87  (QQug (odd) -1.0380365486196566 0
88 PPy (even) -0.88214955604101086 2.0372377907819437
89  QQ4,10 (odd) 1.0174802765136564 0
90 PPy (even) 3.1935923363161121 7.1726432421115227
91  QQ411 (odd) 4.7063158756478956 0
92  PPy2 (even) 1.1274535892343149 0.79488037243877796
93 QQ4,12 (odd) 0.68784556941040431 0
94  PPy3 (even) -0.14134404239520756 0.14266278741967045
95  QQ4,3 (odd) 0.42501989167545684 0
98  PPyi7 (even) -2.3642270098604135  0.095714000821395584
99  QQ4,17 (odd) -1.710421406211925 0
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B

k By, (parity) cg) c

102 PPgg (even) -2.8777865281144588 2.2935259413638036
103 PPg o (even) -3.3178883060630944 -2.1851325235816059
104 QQs,10 (0odd) 4.9984772324801536 0
105 PPgq1 (even) -0.79469731205919958 -2.254202794352699
106 QQsz,11 (odd) 1.391819325181491 0
107 PPg ;2 (even) -0.73083182723739837 0.12035134857207706
108  QQs,12 (0odd) 0.29396684796507655 0
109 PPg ;3 (even) 0.21435376499362452  -0.15358565072784752
110 QQsz,13 (odd) 0.32507065396821644 0
113 PPs 17 (even) -1.1683283339089814 -1.8681695291791554
114 QQsz,17 (0odd) -1.081029296908667 0
117 PPig,10 (even) -8.4250772914361622 -2.1115652628866122
118 PPig11 (even)  -0.25353527548992427 0.51549456654571379
119 QQi0,11 (odd) -4.2476668355632041 0
120 PPig12 (even)  -0.31949610395147837 -1.5503290281768976
121 QQ10,12 (odd) -0.53607059987011829 0
122 PPig13 (even)  -0.12311974744664671  -0.22405977221195916
123 QQ10,13 (odd) 0.42492229304614443 0
126 PPio,17 (even) -1.3665875209398799 0.6371950341517032
127 QQ10,17 (odd) -0.71430032932047638 0
130  PPi1,11 (even) -2.3889298082575894 0.89872160671301071
131 PPy 12 (even) 0.012910750731159952  0.064786761027456272
132 QQ11,12 (odd) 1.2536381604426494 0
133  PPiy13 (even) 0.11662151966754318 -0.5828304002890613
134 QQ11,13 (odd) 0.61708380999599832 0
137 PPi117 (even) 2.8037420623319336 0.31092484100840545
138 QQ11,17 (odd) 3.558248258399928 0
141 PPia12 (even)  -0.85199482929962611  -0.71348088396584375
142 PPigj3 (even) -0.10173658224716514  -0.36672258028785298
143 QQ12,13 (odd) 0.2208320338551612 0
146 PPi217 (even) 0.33288494964448745 0.59800227885169444
147 QQ12,17 (odd) 0.57872198662291607 0
150 PPi313 (even) 0.011766186371567998  -0.10151890714518894
153  PPi3,17 (even) 0.55776785147079733 0.24985449581158997
154 QQ13,17 (odd) 0.48309079518696885 0
162 PPi717 (even)  -0.23297979626165638 -1.7763634797938783
166  Us (even) -6.2959507626551563 -2.6134385788997161
167 Us (even) 14.67416550717841°7 0.14807427354991784
168 Uy (even) -8.9886395773579491  -0.55647604213360857
169 UP; (even) -6.906718160542356 -3.4183358517820812
170 UQ; (odd) -7.386497181246928 0
171 UP; (even) 12.802653302912114 10.517219830498354
172 UQ2 (odd) -11.692375634866039 0
173 UPy (even) 9.2902323948959857 4.0770263488843153
174 UQ4 (odd) 2.8699047354068248 0
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(3)

k By, (parity) cg) c

175 UP;; (even) -0.46269202709512519  -0.91795136626027896
176 UQ11 (odd) -0.50870179640080715 0
198 D; (even) 0.80470730010001956 0.18002184067329768
199 D (even) -1.5177488662957304  -0.56798336160310492
200 D3 (odd) 0.49336381190861472 0

B Numerical computations (not part of the proof)

Spectrum of m. The L = 0 sector of m was discretized on a cell-centered radial grid r; 1/, =
R(i/n)? with a finite-volume form of the variable-mass kinetic energy, partial waves P;(cos f12),
I < lmax, coupled through the multipole expansion of (54w +ws)/r12, and the lowest eigenvalues
found by shift-invert Lanczos with the shift below the spectrum. On helium (5 = 1, w = 0) the
scheme converges from below to the | < 2 configuration-interaction limit —2.9005 with errors
19,10,6,4 mHa at n = 60,90,130,180. For (6): o = 0.0336,0.0344,0.0350,0.0352,0.0354
at n = 90,120, 170,240,320 (R = 40, lnax = 3), extrapolating like n=2 to 0.0355; lpax = 5
changes the value by —107%. A general-(L, , exchange) solver in the coupled basis, validated
on the helium 115,238, 23 P, 2! P levels, finds no state below t, in any other sector (the L = 0
antisymmetric sector starts at 0.113, L =1 at 0.134, L = 2 at 0.17).

Construction of ¢. The coefficients were found in two stages. First, in the sub-basis fy, ..., fi1
(74 basis functions), by maximizing a soft minimum of g over a grid of 14 225 points in (71, r2, u)
reaching r = 10° and resolving u down to 10737 at coalescence, by L-BFGS with analytic co-
efficient gradients, in stages of decreasing temperature; the two-term in—out ansatz saturates
at ming ~ —0.012, and the third, exchange-symmetric term removes the obstruction at the
equal-radius crossing, giving ¢g with min ¢ = 40.0047 on independent fine grids. Second, in the
full basis, by re-optimizing with the tail-active coefficients (P;, Q; for j € {5,6,7,15,16,18,21},
products involving fis, f1s, and all UP,UQ,VP,VQ,UPP,UQQ, D terms) held at their ¢
values, over 38000 grid points including collinear and both-far configurations. Freezing the
tails is what makes the far field of ¢ provably that of g (same 4/r coefficients «, and the
same large-r behaviour of ¢, which keeps the margin on 120 < ppax < 240 required by The-
orem 6.2); unconstrained re-optimization in the richer basis produced functions with larger
interior margin and negative local energy at collinear configurations with r ~ 10-40, unde-
tected by the optimization grid. The result has ming = 40.0209 on the optimization grid
and, on independent fine grids (651700 interior points with r < 60, u resolved to 10~*r at
coalescence and to 1079 of its range at the collinear limits; 644 000 points to 7 = 10* including
cosf) = £(1—107%)), min ¢ = +0.0102 with first percentile +0.025, the minimum at the compact
configuration (r1,72,u) =~ (0.15,0.37,0.52); for r1,79 > 10 the local energy rises from 0.02 to
0.10 = t. The maximum of g on the region pmax < 240 is on the coalescence line v = 0, where
q ~ 5w(R.) grows with the distance of the pair from the nucleus; at R. = 240 it is 3.5 x 10.
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