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RECYCLED ROOTS UNDER REDUCTION AND DESCENT
IN THE CASAS-ALVERO PROBLEM

DAVID NIEDBALA GIRAUDIN

ABSTRACT. For a Casas-Alvero polynomial f, the type of f is one less than the minimal number
of roots of f needed to meet every Hasse derivative Hif,..., Ha—1f. We show that the type
does not increase under reduction modulo a prime and under the descent from degree np® to
degree n in characteristic p. Consequently, if no Casas-Alvero polynomial of degree n and type

at most k exists over F,,, then none of degree np® and type at most k exists in characteristic 0,
for every e > 0. For k = 2 the hypothesis is equivalent to p { N,, for an explicit integer N,,, and
we show by a finite computation that N, # 0 for 3 < n < 22 and n = 24. In particular there
is no counterexample of type at most 2 in degree 24. This gives infinite families of degrees for
which the conjecture is not known and every counterexample has type at least 3: the degrees
5 - 8009, the degrees 6p° for 21 primes p that are bad for degree 6, the degrees 7p°, 8p°, 9p°©
and 10p°® for 13, 17, 16 and 103 explicit primes p that are bad for these degrees, and the degrees
20p° and 24p° for all primes p outside a finite set (for 20p°, including p = 23* —1). For k = 3 we
obtain the first degrees in which every counterexample has type at least 4: the degrees 6p° for
p € {983,1901, 51313000813080529}, the degrees 8 - 397°, the degrees 9p° for p € {613,757} and
the degrees 10p° for 13 primes p.

1. INTRODUCTION

Let K be a field and f € K[z] monic of degree d > 2. Write H; f for the i-th Hasse derivative,
so that f(z +1t) =Y ,~0(Hif)(z) t'. Following [2], we call f a CA-polynomial if ged(f, H;f) # 1
for 1 <i<d—1and f is not of the form (x — a)? over K. The Casas-Alvero conjecture asserts
that there are no CA-polynomials in characteristic 0. It is known in degrees p* and 2pF [1], in
degrees 3p”, 4p* for most p [4], in degrees 5p¥, 6p*, 7p* for p outside the finite sets of bad primes
B(5),B(6), B(7) [3, 2], where B(n) is the set of primes p such that a CA-polynomial of degree n
exists over E,, and in degree 12 [2]. The smallest open degree is 20. A proof of the conjecture in
all degrees has been announced in [5]; in this note a degree is called open when it is not covered
by the results listed above, and nothing below depends on [5].

Definition 1.1. A recycling set of a CA-polynomial f is a set R of roots of f in K such that for
every 1 <1i < d—1some 6 € R satisfies H;f(#) = 0. The type of f is type(f) = min|R| — 1 |2,
§1.2).

If R= {0} then H;f(f) =0 for0<i<d—1and f = (x — 0)% hence type(f) > 1 always. In
characteristic 0 one has type(f) > 2 [2, §2.2]; the type-one values are identified with MacMahon’s
descent numbers in [6]. Counterexamples of type 2 were excluded in degree 12 [2| and in degree
20 |7, Thm. 7.10] (see Remark 4.4).

Our main tool is the following transfer statement.

Theorem 1.2. Let p be a prime, e > 0, n > 2, d = np® and k > 1. If there is no CA-polynomial
of degree n and type at most k over Iy, then there is no CA-polynomial of degree d and type at
most k over any field of characteristic 0.
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For k = 2 we make the hypothesis effective (Proposition 4.2) and verify it (Proposition 4.3).

Theorem 1.3. Let 3 < n <22 orn = 24. There is an explicit nonzero integer N, such that for
every prime p 1 N,, and every e > 0, every CA-polynomial of degree np® in characteristic 0 has
type at least 3. For n < 20 moreover 231 — 14 N,,. In particular, every CA-polynomial of degree
24 in characteristic 0 has type at least 3.

Remark 1.4. For n < 19 the conjecture holds in degree n, so B(n) is finite [1] and the conjecture
itself holds in degree np® for every p ¢ B(n). The sets B(n) are known for n < 7 [1, 3, 2|, and
an upper bound for B(n) is given in [8]; for 8 < n < 10, |2, Table 2| gives the smallest prime
po(n) 1 n outside B(n), so that every prime p < pg(n) with p { n lies in B(n), and for 11 <n < 19
we are not aware of a published prime outside B(n). Theorem 1.3 gives information for all p { N,,,
without determining B(n); it is new where p € B(n) or where B(n) is not determined, and in the
cases n = 20 and n = 24, where the conjecture is open. Table 1 lists the cases in which p € B(n)
is established.

2. THREE LEMMAS

Lemma 2.1 (affine change). Let A € K*, u € K and g(x) = \"9f(Ax + ). Then Hig(x) =
N=(H; YAz + ). In particular g is a CA-polynomial if and only if f is, R+ (R — pu)/\ maps
recycling sets of f to recycling sets of g, and type(g) = type(f).

Proof. g(x +1t) = A" f (A + p+ M) =S ANTUH; f)( Az + p) . O

Lemma 2.2 (triangular form). Let f = Z;'lzo a;x?7 with ag = 1 and f(0) = 0, and let p :
{1,...,d — 1} — R be a map into a set of roots of f with H;f(p(i)) = 0. Then ag = 0 and, for
1<m<d-1,

m—1 .
d— .
am:—z ( ‘7,>aj0m3, 0 = p(d—m).

=0 N
In particular every coefficient of f lies in Z[R]. This holds in every characteristic.

Proof. Hy—m f(0) = 311, (j__gl) a;j0™~7 and the coefficient of a, is 1. O

Lemma 2.3 (descent). Let K be a perfect field of characteristic p, let p® | d, and let P € K|x] be
monic of degree d with ged(P, H; P) # 1 for every i with p®{i. Then:

(1) P = Q" for a unique monic Q € K|[x] of degree d/p°;

(2) Hppe P = (HxQ)?" for all k, and H;P =0 if p°{1;

(3) if P is a CA-polynomial, then @ is a CA-polynomial, every recycling set of P is a recycling
set of Q, and type(Q) < type(P).

Proof. (1) This is the argument of [1, Prop. 2.6]. Write P =3, a;x?~7 and assume a; = 0 for all
Jj < m with p® 1 j, where p€ t m. Then Hy_,,P = ngm (i__jj)ajxm_j. For j < m with a; # 0 we
have p¢ | d—j and p® t m—j,sop | (frl;jj

m—j sits in a position below e, where d—j has digit 0, so adding m—j and d—m produces a carry).
Hence Hy_,, P = ayy, is constant, and ged(P, ay,) # 1 forces a,, = 0. Thus P is a polynomial
in ¥, and P = QF since K is perfect. (2) P(z +1t) = Q(z + )" = (X2, HkQ(aj)tk)pe =
S (HpQ(2))P t°. (3) By (2), P(0) = HppeP(0) = 0 if and only if Q(0) = HyQ(0) = 0. If
Q= (z — )" then P = (z — a)® O

) by Kummer’s theorem (the lowest nonzero base-p digit of
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3. PROOF OF THEOREM 1.2

Let f be a CA-polynomial of degree d and type < k over a field of characteristic 0, with recycling
set R, 2 < |R| <k + 1, and assignment p as in Lemma 2.2.

Step 1: algebraic coefficients. Fix two distinct elements 6y, 0’ of R. The coefficients of f, the
elements of R and (6p—6")~! generate a nonzero finitely generated Q-algebra A, and the conditions
f(0)=0(0 € R), Hif(p(i)) = 0 are polynomial identities in A. A maximal ideal of A has residue
field a number field; the induced specialization preserves these identities and 6y # 6. We may
therefore assume that f and R are defined over a number field L.

Step 2: integral model. Let p be a prime of L above p, with valuation v and valuation ring
O. Choose 6 € R\ {6y} minimizing v(§ — ), put A = 6; — 0y and g(x) = A" f(\z + ). By
Lemma 2.1, g is a CA-polynomial with recycling set R’ = (R — 6p)/X € O, and 0,1 € R'. By
Lemma 2.2, applied to g, R and the transported assignment, all coefficients of g lie in Z[R'] C O.

Step 3: reduction. Let g € F,[z] be the reduction. For each i, g and H;§ = H;g vanish at the
reduction of p'(i). Since g(0) = g(1) = 0, g is not a power of a linear polynomial. Thus g is a
CA-polynomial of degree d over F, with a recycling set of at most k + 1 elements.

Step 4: descent. By Lemma 2.3 with p° | d, § = Q" with @Q a CA-polynomial of degree n and
type(Q) < type(g) < k, contrary to the hypothesis. O

4. TYPE AT MOST TWO: THE INTEGER IV,

Fixn > 3. Foro: {1,...,n—1} = {0,1,2} witho(n—1) = 0, let F, =>." _ anz™ ™ € Zly||z]

m=0
be defined by ag = 1, a, = 0 and the recursion of Lemma 2.2 with § = 0,1,y according as

o(m) =0,1,2. Put

E?(y) :Fa(l)v Eg(y) :Fo(y)'
For ) #S C {1,...,n—2} let ¢,(S) € Z be the value F,(1) for o = 1g (no label 2). By induction
deg, am < m, so deg EJ < n.

Lemma 4.1. The coefficient of y™ in ES is ch(071(2)), and E(0) = c,(c71(1)). If o’ is obtained
from o by exchanging the labels 1 and 2, then ES(y) = y"Eg (1/y) and ES(y) = y"EJ (1/y).

Proof. Put by, (u) = u"ap,(1/u) € Z[u]. Multiplying the recursion for a,, at y = 1/u by u™ gives
by = — Zj<m (::_g)bj (uf)™7 with uf = 0,u,1 for the labels 0,1,2 of o; this is the recursion
of F, at parameter u. Hence EJ(y) = 3, am(y)y"™™ = y* >, bm(1/y) = y"E{ (1/y) and
Ef(y) =3, am(y) = y* >, bm(1/y)y™ " = y"ES (1/y). At u = 0 the positions labelled 1 in o
are served by 0 and those labelled 2 by 1, so [y"|ES = >, by (0) = ¢, (071(2)). Similarly EY(0)
is the value at = = 1 of the recursion in which label 2 is served by 0, that is ¢, (o =1(1)). O

Since ¢, (S) # 0 for all S (|2, §2.2], [6]), ES has degree exactly n. Let ¥,, be the set of o using
both labels 1 and 2, and define

N, = H cn(S) - H Res, (E{, E3) € Z.

0£SC{1,...,n—2} 0ES,

Proposition 4.2. Let p be a prime. There is a CA-polynomial of degree n and type at most 2
over I, if and only if p | N,,.

Proof. Let P be such a polynomial with a minimal recycling set R and assignment p. Since
P(6y) = P'(6y) = 0 for 6y = p(1), choose 0; € R\ {6y} and apply Lemma 2.1 with pu = 6y,
A=601 — 0. Now R={0,1} or R ={0,1, 2z} with z ¢ {0,1}, and p(1) = 0. Let o(m) € {0, 1,2}
be the label of p(n — m) (with 0,1, z labelled 0,1,2); then o(n — 1) = 0 and, by Lemma 2.2,
P = F, mod p evaluated at y = z.
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If p divides some ¢, (S), then p | N,; assume not. If R = {0,1}, then S = o~ 1(1) # 0
(otherwise P = z™) and 0 = P(1) = ¢,(S), a contradiction. If R = {0, 1, z}, minimality gives
o € 3, and 2 is a common root of EY, ES. Since p { c,(c71(2)) = Ic(EY), we have Res(E{, EJ) =
+1c(E)° Res(EY, E) = 0 (mod p) for some § > 0 (and Res(E{, Eg) = 0 directly if £ = 0).
Hence p | N,.

Conversely, if p | ¢,(S5) for some S, then F;, mod p satisfies all the conditions with recycling
set {0,1} and has the roots 0 # 1, so it is a CA-polynomial of type 1. If p | Res(EY, EJ) and
p | 1c(EY) = ¢,(071(2)), the previous case applies. If p | Res(E{, EJ) and p { lc(ES), then
EY, Eg have a common root z € F,, (or EY = 0 and z is any root of EJ), and Fy(z) mod p is a
CA-polynomial with recycling set {0, 1, z}. O

Proposition 4.3. For 3 <n <20, N,, # 0 and ¢ = 23! — 1 does not divide N,,. Moreover Noj,
Noo and Noy are nonzero.

Verification. For n < 20 and all S, ¢,(S) was computed exactly; none is 0 or divisible by ¢ (for
n = 20 these are 2'® — 1 values). For every n one has ¢, (S) # 0 [2, §2.2], [6], which is all that
is used below for n = 21,22,24. For every o € ¥,, whose first nonzero label is 1, it was checked
that ged(EY, ES) = 1 in Fylyl; as q 1 1c(Eg) = cp(071(2)) (by the values above for n < 20,
and checked for each such o for n > 21), this gives q t Res(E{, E). Every o € ¥, is of this
form or is 7/ for such a 7. In the latter case, a common root ¢ of EY, ES would satisfy ¢ # 0,
since E¢(0) = ¢,(071(1)) # 0, and then 1/¢ would be a common root for 7 by Lemma 4.1; so
again ¢ f Res(E{, EJ). The number of such o is (3772 — 27! 4+ 1)/2; for n = 20, 21,22, 24 it is
193448 101, 580 606 446, 1742 343 625 and 15686 335 501. For n = 21 the ged condition modulo ¢
holds for all of them; for n = 22 and n = 24 it holds except for three and five maps o respectively,
listed in the ancillary files; for each of these, ged(EY, ES) = 1 modulo 10° + 7, which does not
divide lc(Eg), so again Res(EY,EJ) # 0; for n = 21,22,24 the reflected maps are handled as
above with C in place of F,, using only ¢, (S) # 0 for all S. The computation was done with two
implementations of the same algorithm, in Python and in C; the ancillary file verify_ca_type.py
repeats it for n < 12 together with all checks of Section 5, and run_t2f.py, which compiles and
runs a C program, covers n < 22 and n = 24. O

Remark 4.4. For n = 20 and n = 24 the certificate covers all 3"~2 maps o (half of ,, directly, the
other half by Lemma 4.1, and the maps without label 2 through the values ¢, (.5)), including those
with o(1) = 0, i.e. those where the root of H,_1f (the barycentre of the roots) is the multiple
root. The enumeration of [7, Thm. 7.10] is carried out with y,,—; = 1.

5. PROOF OF THEOREM 1.3 AND EXPLICIT FAMILIES

Theorem 1.3 follows from Theorem 1.2 with k = 2, Proposition 4.2 and Proposition 4.3.

For a given prime p, deciding whether p | N,, is a computation over Fj: one checks p { ¢, (S)
for all S and ged(EY, E) = 1 for all ¢ € %,,. By Proposition 4.2 every prime divisor of N, lies in
B(n); for n = 5,6 the prime divisors of N,, up to 3-10% are indeed elements of the published lists,
and the primes po(7),po(8),p0(9),po(10) = 127,419,941, 3803 of [2, Table 2|, which lie outside
B(n), do not divide N, as they must. Running the test on the known elements of B(n) gives
Table 1; for n = 8,9, 10 these are the primes n < p < pg(n), and the witnesses of Table 2. The
row n = 7, and the part of the row n = 8 beyond py(8), contain only primes for which Table 2
gives a witness; they are not exhaustive.

Each polynomial f € Fp[z] of Table 2 (degree n = 7 or 8) shares a root with H;f for 1 <
i <n —1 and has at least four distinct roots in [F,, so it is a CA-polynomial and p € B(n). By
Proposition 4.2 and Table 1, none of these primes admits a CA-polynomial of degree n and type
at most 2; the witnesses have recycling sets {0, 1, y, w} with y, w € F,,.
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n primes p € B(n) with p{ N, source of p € B(n)
5 8009 [3, 2]
6 983,1087,1187,1901, 2287, 3877, 4943, 6983, 15131, 150203, 266587, 2]

547061, 685177, 885061, 17250187, 9348983563, 70016757407,
2610767527031, 225833117528659, 7390044713023799, 51313000813080529

7 53,101,131, 163,191,229, 317, 331, 359, 419, 433, 509, 569 Table 2

8 167,211,251,281, 293, 347, 373, 397 [2, Table 2]
421,433,439, 509, 541, 571,587,593, 599 Table 2

9 439,463,521,557,593, 613, 661, 677, 709, 739, 757, [2, Table 2|
769,787,811, 887,919

10 103 primes 919 < p < 3761, listed in the ancillary files [2, Table 2]

20 all pf 20Ny, e.g. p =231 — 1 (20 is open)

24 all pt24Nyy (24 is open)

TABLE 1. Degrees np® (e > 1) in which every characteristic-0 CA-polynomial has
type > 3.

For the degrees in Table 1 the conjecture is not covered by the method of [1, 4|, which needs
a prime 7 with d = n/r¢, r { n/, and no CA-polynomial of degree n’ over F,. If r { n/ and
n’ > r, there is such a CA-polynomial: write n’ =} i n;rj in base r, let m = n;lrh be its leading
term, so that 1 < n/ — m because njy # 0, and put f = 2 ~™(z™ — 1) = 2 — 2" ~™. Then
H,f = (72,)37"/4— ("I;m)m"/_m_i vanishes at 0 for ¢ # n’—m, while H,;/_,,,f = (?;)xm—l =zm-1
by Lucas’ theorem vanishes at the root 1 of f. In every row p > n: for n € {20,24} this holds
because a prime p < n with p { n divides N,, by the construction just given and Proposition 4.2.
If r 1 d (that is, ¢ = 0 and n’ = d), the same construction applies when r < d, while a prime
r > d would require deciding the absence of CA-polynomials of degree d itself over F,., which we
are not aware of for these degrees. For d = np® (e > 1) as in the table, every prime r # p dividing
d divides n < p, so its cofactor n’ satisfies r f n’ and n’ > p® > r; and for r = p the cofactor is n
with p € B(n), or n € {20, 24}, where the absence of CA-polynomials of degree n in characteristic
p is not known.

6. TYPE AT LEAST FOUR

Theorem 1.2 holds for every k. For k = 3 its hypothesis in degree n and characteristic p, with
pt Ny, reduces to the absence of CA-polynomials of type exactly 3. As in Proposition 4.2, such
a polynomial can be normalized to have the recycling set {0, 1, y,w}, with 0 serving H; and with
the labels 1,2, 3 of the roots 1, y, w in order of first appearance along m = 1,...,n—2. Lemma 2.2
gives F, € Z[y, w]|[z] for each such labelling o, and the polynomial exists if and only if, for some
o, the three polynomials

A, = F,(1), B, = F,(y), Cy = Fy(w)

have a common zero in EQD; any such zero gives a CA-polynomial of type at most 3, since its roots
0,1 are distinct. The number of maps ¢ is 10, 350, 1701 and 7770 for n = 6, 8,9, 10.

Proposition 6.1. For the pairs (n,p) with n = 6, p € {983,1901, 51313000813080529}; n = 8,
p=397;n =09, p € {613,757}, n = 10, p € {1667, 1933, 2053, 2549, 2621, 2683, 2957, 3167, 3221,
3229,3313, 3449, 3697}, there is no CA-polynomial of degree n and type at most 3 over Fy,.
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p CA-polynomial of degree n over F,

53 7 + 462 + 51a* + 152 + 4622
101 27 4+ 9425 + 122° + 5x* + 2323 + 6722
131 27 + 1102® + 43z* + 11123 + 12822
163 27 + 15625 + 4125 + 282* + 7223 + 2822
191 27 + 18425 + 242° + 1642* + 18923 + 1122
229 27 4 22220 + 1532* + 8223
317 a7 + 31025 + 1432 + 140z* + 4022
331 27 4 3242% + 1682° + 16922
359 27 4 35225 + 7525 + 331z* + 31823
419 7 + 398z° 4+ 137z* + 27223 + 3022
433 27 + 42625 + 22625 + 21324
509 27 4 5022% + 1912* + 14523 + 17922
569 27 4 5622° + 56825 + 13524 + 44122
167 28 4+ 15927 + 4825 + 1212° + 58z + 1142
211 28 4+ 20327 + 11225 + 1552* + 7922 + 8322
251 28 + 24327 + 18625 + 1812* + 4723 + 9522
281 28 4+ 27327 + 852° + 38z* + 15122 + 1422
203 28 4+ 28527 + 18325 + 2012° + 1242* + 21123 + 16722
347 28 + 33927 + 24125 + T4x® + 422* + 34423
373 28 4 365z7 + 462° + 300zt + 3422
421 28 + 41327 + 282° + 3142° + 403z* + 21223 + 31322
433 % + 42527 4 432° + 12225 + 4423 + 23122
439 28 + 43127 4 25425 + 2572 + 16823 + 20622
509 z® + 50127 + 23725 + 6523 + 214422
541 28 + 485x5 + 174z + 422422
571 % + 56327 + 5462° 4 3732* + 1242 + 10622
587 28 4+ 57927 + 16725 + 3552 + T4zt + 49923 + 8622
593 2% + 58527 + 40225 4 19824
599 28 4+ 59127 + 42925 + 4402° + 16823 + 16822

TABLE 2. Witnesses for p € B(7) and p € B(8).

00 00 00 Q0 00 00 00 00 00 0O 00 Q0 Q0 00 00 00 =J =~J ~J ~J ~J ~J ~J ~J ~J ~J ~J ~J ~J | 3

Verification. Type at most 2 is excluded by p 1 N,, (Section 5). For every o,
gcd(Resw(AU, Cys), Resy(Bs, C’o)) =1inF,ly] or
ged(Resy(Ag, By),Resy(Cy, By)) =1 in Fplw];

since a common zero (Yo, wo) makes yp a common root of the first two resultants and wq of the last
two, no o admits a common zero. Independently, for n < 9 and for n = 10 with p € {1667, 3697},
a Grobner basis of (A, By, C,) over F), was computed for every o and found to be {1}. For the
other primes of the row n = 10 only the resultant certificate was computed; the same program,
run on the 90 other primes of that row, found the common zeros confirmed by Grobner bases.
For n = 6 and n = 8 the resultant certificate is repeated by the ancillary file verify_type4.py,
and for n = 9,10 by type3_check.py, which requires sympy. ]

Corollary 6.2. For the pairs (n,p) of Proposition 6.1 and every e > 0, every CA-polynomial of
degree np® in characteristic 0 has type at least 4, that is, at least five recycled roots.

All these primes lie in B(n) (|2, Table 1| for n = 6, [2, Table 2| for n = 8,9,10), so CA-
polynomials of type at least 4 exist in these characteristics. For n = 6 this is confirmed directly:
a CA-polynomial of degree 6 and type 4 has a double root and four simple roots, each serving
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exactly one of Hs,..., Hs, and Table 3 gives one for each of the three primes, with five distinct
recycled roots in [Fy,.

p CA-polynomial of degree 6 and type 4 over F,, (recycled roots)

983 20 4 9772° 4 804x* 4 24123 4+ 92622 (0, 1,13, 549,426)
1901 26 4 18952° 4 17822* + 169822 + 32722 (0,1, 564, 428, 914)
51313000813080529 2% + 513130008130805232° + 487125994200795892:*
+35570669974212077x3 + 18342732231869397x>
(0, 1, 14982068566704741, 28063784095573572, 8267148150802221)

TABLE 3. CA-polynomials of type 4 in degree 6.

For the 18 other primes of the row n = 6 of Table 1 (by Grobner bases) and for the other primes
of the rows n = 7,8 (Table 2), CA-polynomials of type 3 exist over F,. For the other 14 primes
of the row n = 9 the resultant certificate fails; we have not decided whether CA-polynomials of
type 3 exist there. For the other 90 primes of the row n = 10 a common zero exists for some o,
so CA-polynomials of type 3 exist.
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