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1. MODULAR DVORETZKY PROBLEM

Let X and Y be finite dimensional Banach spaces such that dim(X) = dim())). Remember that the

Banach-Mazur distance between X and Y is defined as
dpy (X, Y) = inf{||T|||T~ Y| : T : X — Y is invertible linear operator}.
For n € N, let (R™, (-,-)) be the standard Euclidean Hilbert space.

Theorem 1.1. [1,|18] (John Theorem) If X is any n-dimensional real Banach space, then
dBM(Xv (Rna <'a >)) < \/ﬁ

Theorem 1.2. [1}6] (Dvoretzky Theorem) There is a universal constant C > 0 satisfying the following
property: If X is any n-dimensional real Banach space and 0 < & < %, then for every natural number

2

k< Co—S
|log €|

logn,
there exists a k-dimensional Banach subspace Y of X such that

dBA{(y, (Rk, <-, >)) <l+4e.

We refer |7H10,(13}/14,26(132,/35.|36] for more information on Dvoretzky theorem. Let A be a unital C*-
algebra with invariant basis number property (see [12] for a study on such C*-algebras) and &£, F be
finite rank Banach modules over A such that rank(€) = rank(F). Modular Banach-Mazur distance
between £ and F is defined as

dypy(E,F) = inf{||T|||T| : T : &€ — F is invertible module homomorphism}.
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Given a unital C*-algebra A and n € N, by A" we mean the standard (right) module over A. We equip
A" with the C*-valued inner product (-,-) : A" x A" — A defined by

<(aj)§‘l:1a (bj)?:ﬁ = Za;bj, V(Gj)?’:p (bj)?:l eA"
j=1

Hence the norm on A" is given by
1
2

n
Iap)jmall = > afag|| . Vlay)j— € A™
j=1

Then it is well-known that A™ is a Hilbert C*-module. We denote this Hilbert C*-module by (A", (-, }).

Problem 1.3. (Modular John Problem) Let A be the set of all unital C*-algebras with invariant
basis number property. What is the best function ® : A x N — (0, 00) satisfying the following property: If
& 1is any n-rank Banach module over a unital C*-algebra A with IBN property, then

dyusm(E, (A", () < ®(A,n).

Problem 1.4. (Modular Dvoretzky Problem) Let A be the set of all unital C*-algebras with invariant
basis number property. What is the best function ¥ : AxRxN — (0, 00) satisfying the following property:
If € is any n-rank Banach module over a unital C*-algebra A with IBN property and 0 < ¢, then for

every natural number
k<U(A e mn),
there exists a k-rank Banach submodule F of € such that
dyrpar(Fy (AF () < 1+e.
2. MoDpULAR TYPE-COTYPE AND KHINCHIN-KAHANE PROBLEMS

Let H be a Hilbert space, n € N. Recall that for any n points hq,..., h, € H, we have

2
) s X e =
j=1

€1,..,en€{—1,1} ||7=1

It is Equality which motivated the definition of type and cotype for Banach spaces.

Definition 2.1. [1] Let 1 < p < 2. A Banach space X is said to be of (Rademacher) type p if there
exists T,(X) > 0 such that
1
on Z Zajxj < T,(X) ZijHp , Vzi,...,x, € X, VneN.
€1,..,en€{—1,1} ||7=1 j=1

Definition 2.2. [1] Let 2 < ¢ < co. A Banach space X is said to be of (Rademacher) cotype q if
there exists Cq(X) > 0 such that
: N
n 1 n
Z||xj||q < Cy(X) on Z Zsjmj , Vi, € X, VneN.
j=1 €1,..,en€{—1,1} ||7=1

We refer [1}[5/191/20,/22H24L[37] for more information on type-cotype for Banach spaces. Let £ be a (right)

Hilbert C*-module over a unital C*-algebra A, n € N. We see that for any n points x1,...,z, € £, we
2
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have

(2) 2% > <Z6j%‘,zskxk> = (@), 25).
k=1 j=1

€1,...,en€{—1,1} \j=1 =

Problem 2.3. (Modular Type-Cotype Problems) Whether there is a way to define type (we call
modular-type) and cotype (we call modular-cotype) for Banach modules over C*-algebras which reduces
to Equality (@ for Hilbert C*-modules?

Problem 2.4. Whether there is a notion of type and cotype for Banach modules over C*-algebras such

that Kwapien theorems hold?, In other words, whether following statements hold?

(i) A Banach module M over a unital C*-algebra A has modular-type 2 and modular-cotype 2 if and
only if M is isomorphic to a Hilbert C*-module over A.

(ii) If M and N are Banach modules over a unital C*-algebra A of modular-type 2 and modular-cotype
2, respectively, then a bounded module morphism T : M — N factors through a Hilbert C*-module

over A.

Problem 2.5. (Modular Khinchin-Kahane Inequalities Problems) Whether there is a Khinchin-
Kahane inequalities for Banach modules over C*-algebras which reduce to Equality (@ for Hilbert C*-

modules?
3. MODULAR GROTHENDIECK INEQUALITY PROBLEM
In 1968, Lindenstrauss and Pelczynski derived the following form of Grothendieck inequality [25].

Theorem 3.1. [1,|5,4,111,|15,(25,|34] (Grothendieck Inequality) There is a universal constant K¢
satisfying the following: For any Hilbert space H and any m,n € N, if a scalar matriz [a; kl1<j<m,1<k<n

satisfies

m n
Zzazké’jtk < (131].a§m3j|) (élggnltkl) o Vs tk € K,

then
m

. . < . ) .
> airlusvn)| < Ko (@aggnllugII) (g,ggnllvkll), Vu;,vp € H

We refer [1H4l|11,/15H17121}33}/34] for more information on Grothendieck inequality.

Problem 3.2. (Modular Grothendieck Inequality Problem - 1) Let A be a unital C*-algebra.
Whether there is a universal real constant R4 > 0 (which can depend upon A) satisfying the following:
Let & be a Hilbert C*-module over A. If [aj k)1<j<m,i<k<n € Mumxn(A) satisfies

*

m n m n
Zzs%ﬁtk (ZZs;aP’qtq> <1, Vsjtp €A sis; =1V1<j<mtity =1,V1 <k <n,
Jj=1k=1 p=1qg=1

then

n

=1 q:l

S|

Zz<ujvaj,kvk> (Z Z<Up,(lp’q’0q>> < R.Aa vujvvk S ga <uj7uj> = 17V1 S .7 S m, <vk7vk> = 13V1 S k S n.
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Problem 3.3. (Modular Grothendieck Inequality Problem - 2) Let A be a unital C*-algebra.
Whether there is a universal real constant R4 > 0 (which can depend upon A) satisfying the following:
Let € be a Hilbert C*-module over A. If [a; kli<j<mi<k<n € Mipmxn(A) satisfies

m n
>3 iante| < (s, 1ol (s Il oot € 4
2.2
then
m n
>3 agure)| < R N ) B
]: =
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