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Abstract: In 1829, Cauchy derived an upper bound for every root of a complex polynomial using the

maximum of the absolute values of the coefficients. In 1931, Montel derived an upper bound using the

sum of the absolute values of the coefficients. We derive noncommutative versions of the Cauchy and

Montel bounds.
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1. Introduction

In 1829, Cauchy derived the following very important upper bound for every root of a complex polynomial

using the maximum of the absolute values of the coefficients [1].

Theorem 1.1. [2, 3, 5] (Cauchy Upper Bound) Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + zn ∈ C[z].

If λ ∈ C satisfies p(λ) = 0, then

|λ| < 1 + max
0≤j≤n−1

|aj |.

Corollary 1.2. [2, 3, 5] (Cauchy Upper Bound) Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + anz

n ∈ C[z], an ̸= 0.

If λ ∈ C satisfies p(λ) = 0, then

|λ| < 1 + max
0≤j≤n−1

∣∣∣∣ ajan
∣∣∣∣ = 1 +

1

|an|
max

0≤j≤n−1
|aj |.

By a suitable modification, Corollary 1.2 gives the following result.

Theorem 1.3. [2, 3, 5] (Cauchy Lower Bound) Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + anz

n ∈ C[z], a0 ̸= 0, an ̸= 0.
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If λ ∈ C satisfies p(λ) = 0, then

|λ| > 1

1 + max1≤j≤n

∣∣∣aj

a0

∣∣∣ = 1

1 + 1
|a0| max1≤j≤n |aj |

=
|a0|

|a0|+max1≤j≤n |aj |
.

In 1931, Montel derived another bound for every root of a complex polynomial using the sum of the

absolute values of the coefficients [4].

Theorem 1.4. [2, 3, 5] (Montel Upper Bound) Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + zn ∈ C[z].

If λ ∈ C satisfies p(λ) = 0, then

|λ| ≤ max

1,

n−1∑
j=0

|aj |

 .

Corollary 1.5. [2, 3, 5] (Montel Upper Bound) Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + anz

n ∈ C[z], an ̸= 0.

If λ ∈ C satisfies p(λ) = 0, then

|λ| ≤ max

1,

n−1∑
j=0

∣∣∣∣ ajan
∣∣∣∣
 = max

1,
1

|an|

n−1∑
j=0

|aj |

 .

Theorem 1.6. [2, 3, 5] (Montel Lower Bound) Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + anz

n ∈ C[z], a0 ̸= 0, an ̸= 0.

If λ ∈ C satisfies p(λ) = 0, then

|λ| ≥ 1

max
{
1,
∑n

j=1

∣∣∣aj

a0

∣∣∣} =
1

max
{
1, 1

|a0|
∑n

j=1 |aj |
}

=
|a0|

max
{
|a0|,

∑n
j=1 |aj |

} .

We naturally ask for versions of Theorems 1.1, 1.3, 1.4 and 1.6 for polynomials over Banach algebras

(particularly, over C*-algebras). In this article, we derive them.

2. Noncommutative Cauchy and Noncommutative Montel Bounds

Let A be a unital Banach algebra and A[z] be the set of all polynomials over A. We derive a non-

commutative version of Theorem 1.1 as follows.

Theorem 2.1. (Noncommutative Cauchy Upper Bound) Let A be a unital Banach algebra. Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + zn ∈ A[z].

Let u ∈ A be such that p(u) = 0 and

∥un∥ = ∥u∥n.(1)
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Then

∥u∥ < 1 + max
0≤j≤n−1

∥aj∥.

Proof. Define M := max0≤j≤n−1 ∥aj∥. Let u ∈ A satisfies p(u) = 0 and ∥un∥ = ∥u∥n. We claim that

∥u∥ < 1 +M . Let us suppose that the claim fails. Then

∥u∥ ≥ 1 +M > 1.

Since p(u) = 0, we have

un = −(a0 + a1u+ · · ·+ an−1u
n−1).

By taking the norm and using Equation (1), we get

∥u∥n = ∥un∥ = ∥ − (a0 + a1u+ · · ·+ an−1u
n−1)∥

= ∥a0 + a1u+ · · ·+ an−1u
n−1∥

≤ ∥a0∥+ ∥a1u∥+ · · ·+ ∥an−1u
n−1∥

≤ ∥a0∥+ ∥a1∥∥u∥+ · · ·+ ∥an−1∥∥un−1∥

≤ ∥a0∥+ ∥a1∥∥u∥+ · · ·+ ∥an−1∥∥u∥n−1

≤ M(1 + ∥u∥+ · · ·+ ∥u∥n−1)∥

= M
∥u∥n − 1

∥u∥ − 1
.

Hence

∥u∥n ≤ M
∥u∥n − 1

∥u∥ − 1
.

Rearranging,

∥u∥ − 1 ≤ M
∥u∥n − 1

∥u∥n
= M

(
1− 1

∥u∥n

)
< M.

Therefore

1 +M ≤ ∥u∥ < 1 +M

which is a contraction. Hence claim holds which completes the proof. □

Corollary 2.2. (Noncommutative Cauchy Upper Bound) Let A be a unital Banach algebra. Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + anz

n ∈ A[z], an is invertible.

Let u ∈ A be such that p(u) = 0 and

∥un∥ = ∥u∥n.

Then

∥u∥ < 1 + max
0≤j≤n−1

∥a−1
n aj∥ ≤ 1 + ∥a−1

n ∥ max
0≤j≤n−1

∥aj∥.

Note that we used condition (1) in the proof of Theorem 2.1. We are unable to derive the result without

this assumption. We now derive noncommutative version of Theorem 1.3.
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Theorem 2.3. (Noncommutative Cauchy Lower Bound) Let A be a unital Banach algebra. Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + anz

n ∈ A[z], a0 and an are invertible.

Let u ∈ A be such that p(u) = 0, u is invertible and

∥(u−1)n∥ = ∥u−1∥n.

Then

1

∥u−1∥
>

1

1 + max1≤j≤n ∥a−1
0 aj∥

≥ 1

1 + ∥a−1
0 ∥max1≤j≤n ∥aj∥

.

Proof. Since u invertible, we have

0 = an + an−1u
−1 + · · ·+ a1u

−(n−1) + a0u
−n.

Define v := u−1. Then

0 = an + an−1v + · · ·+ a1v
n−1 + a0v

n.

Result follows by applying Corollary 2.2 to v. □

Corollary 2.4. Let A be a unital C*-algebra. Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + anz

n ∈ A[z], an is invertible.

Let u ∈ A be such that p(u) = 0 and u is normal or self-adjoint. Then

∥u∥ < 1 + max
0≤j≤n−1

∥a−1
n aj∥.

Proof. Since u is a normal element in a C*-algebra, it is known that ∥u2k∥ = ∥u∥2k for all k ∈ N [6] We

claim that ∥un∥ = ∥u∥n for all k ∈ N. Let us suppose that this fails for a nonzero normal element u. Let

n ∈ N be such that ∥un∥ < ∥u∥n. Choose m such that n+m = 2k for some k ∈ N. Then

∥u2k∥ = ∥un+m∥ = ∥unum∥ ≤ ∥un∥∥um∥ < ∥u∥n∥u∥m = ∥u∥n+m = ∥u∥2
k

,

which is a contradiction. □

Following the proof of Theorem 2.1 we easily get following results.

Theorem 2.5. (Noncommutative Cauchy Upper Bound) Let A be a unital Banach algebra. Let

p(z) = a0 + za1 + · · ·+ zn−1an−1 + znan ∈ A[z], an is invertible.

Let u ∈ A be such that p(u) = 0 and

∥un∥ = ∥u∥n.

Then

∥u∥ < 1 + max
0≤j≤n−1

∥aja−1
n ∥ ≤ 1 + ∥a−1

n ∥ max
0≤j≤n−1

∥aj∥.

Theorem 2.6. (Noncommutative Cauchy Lower Bound) Let A be a unital Banach algebra. Let

p(z) = a0 + za1 + · · ·+ zn−1an−1 + znan ∈ A[z], a0 and an are invertible.

Let u ∈ A be such that p(u) = 0, u is invertible and

∥(u−1)n∥ = ∥u−1∥n.
4
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Then

1

∥u−1∥
>

1

1 + max1≤j≤n ∥aja−1
0 ∥

≥ 1

1 + ∥a−1
0 ∥max1≤j≤n ∥aj∥

.

Corollary 2.7. Let A be a unital C*-algebra. Let

p(z) = a0 + a1z + · · ·+ zn−1an−1 + znan ∈ A[z], an is invertible.

Let u ∈ A be such that p(u) = 0 and u is normal or self-adjoint. Then

∥u∥ < 1 + max
0≤j≤n−1

∥aja−1
n ∥ ≤ 1 + ∥a−1

n ∥ max
0≤j≤n−1

∥aj∥.

We now derive noncommutative version of Theorem 1.4.

Theorem 2.8. (Noncommutative Montel Upper Bound) Let A be a unital Banach algebra. Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + zn ∈ A[z].

Let u ∈ A be such that p(u) = 0 and

∥un∥ = ∥u∥n.(2)

Then

∥u∥ ≤ max

1,

n−1∑
j=0

∥aj∥

 .

Proof. Let u ∈ A be such that p(u) = 0 and ∥un∥ = ∥u∥n. If ∥u∥ ≤ 1, then the conclusion holds. We

therefore assume that ∥u∥ > 1. Since p(u) = 0, we have

un = −(a0 + a1u+ · · ·+ an−1u
n−1).

By taking norm and using Equation (2), we get

∥u∥n = ∥un∥ = ∥ − (a0 + a1u+ · · ·+ an−1u
n−1)∥

= ∥a0 + a1u+ · · ·+ an−1u
n−1∥

≤ ∥a0∥+ ∥a1u∥+ · · ·+ ∥an−1u
n−1∥

≤ ∥a0∥+ ∥a1∥∥u∥+ · · ·+ ∥an−1∥∥un−1∥

≤ ∥a0∥+ ∥a1∥∥u∥+ · · ·+ ∥an−1∥∥u∥n−1

≤ ∥a0∥∥u∥n−1 + ∥a1∥∥u∥n−1 + · · ·+ ∥an−1∥∥u∥n−1

= ∥u∥n−1
n−1∑
j=0

∥aj∥.

Therefore

∥u∥n ≤ ∥u∥n−1
n−1∑
j=0

∥aj∥.

Cancellation of ∥u∥n−1 gives the result. □

Note that we used Equation (2) in the proof of Theorem 2.8. We are unable to derive without it.
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Corollary 2.9. Let A be a unital Banach algebra. Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + anz

n ∈ A[z], an is invertible.

Let u ∈ A be such that p(u) = 0 and

∥un∥ = ∥u∥n.

Then

∥u∥ < max

1,

n−1∑
j=0

∥a−1
n aj∥

 ≤ max

1, ∥a−1
n ∥

n−1∑
j=0

∥aj∥

 .

We now derive another noncommutative Montel upper bound with different assumption.

Theorem 2.10. (Noncommutative Montel Upper Bound) Let A be a unital Banach algebra. Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + zn ∈ A[z].

Let u ∈ A be such that p(u) = 0 and u is invertible. Then

1

∥u−1∥
≤ max

1,

n−1∑
j=0

∥aj∥

 .

Proof. Let u ∈ A satisfies p(u) = 0 and is invertible. If

1

∥u−1∥
≤ 1,

then the conclusion holds. Let us therefore assume that

1

∥u−1∥
> 1.

Now we need to show that

1

∥u−1∥
≤

n−1∑
j=0

∥aj∥.

Since p(u) = 0 and u is invertible, we have

1 = −(an−1u
−1 + · · ·+ a1u

−(n−1) + a0u
−n).

By taking the norm, we get

1 = ∥ − (an−1u
−1 + · · ·+ a1u

−(n−1) + a0u
−n)∥

= ∥an−1u
−1 + · · ·+ a1u

−(n−1) + a0u
−n∥

≤ ∥an−1u
−1∥+ · · ·+ ∥a1u−(n−1)∥+ ∥a0u−n∥

≤ ∥an−1∥∥u−1∥+ · · ·+ ∥a1∥∥u−(n−1)∥+ ∥a0∥∥u−n∥

≤ ∥an−1∥∥u−1∥+ · · ·+ ∥a1∥∥u−1∥n−1 + ∥a0∥∥u−1∥n

≤ ∥an−1∥∥u−1∥+ · · ·+ ∥a1∥∥u−1∥+ ∥a0∥∥u−1∥

= ∥u−1∥

n−1∑
j=0

∥aj∥

 .
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Therefore

1

∥u−1∥
≤

n−1∑
j=0

∥aj∥.

□

Note that we used the invertibility of u in the proof of Theorem 2.10. We are unable to derive the result

without this assumption.

Corollary 2.11. (Noncommutative Montel Upper Bound) Let A be a unital Banach algebra. Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + anz

n ∈ A[z], an is invertible.

Let u ∈ A be such that p(u) = 0 and u is invertible. Then

1

∥u−1∥
≤ max

1,

n−1∑
j=0

∥a−1
n aj∥

 ≤ max

1, ∥a−1
n ∥

n−1∑
j=0

∥aj∥

 .

By doing a similar procedure as in the proof of noncommutative Cauchy lower bounds, we get following

result.

Theorem 2.12. (Noncommutative Montel Lower Bound) Let A be a unital Banach algebra. Let

p(z) = a0 + a1z + · · ·+ an−1z
n−1 + anz

n ∈ A[z], a0 and an are invertible.

Let u ∈ A be such that p(u) = 0 and u is invertible. Then

∥u∥ ≥ 1

max
{
1,
∑n

j=1 ∥a
−1
0 aj∥

} ≥ 1

max
{
1, ∥a−1

0 ∥
(∑n

j=1 ∥aj∥
)} .

3. Conclusions

(1) In 1829, Cauchy derived an upper bound for the zeros of complex polynomials using the maximum

of the absolute values of the coefficients [1].

(2) In 1931, Montel derived an upper bound for the zeros of complex polynomials using the sum of

the absolute values of the coefficients [4].

(3) In this article, we derived noncommutative versions of Cauchy and Montel bounds.
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