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Haagerup vertex operator algebras at central
charge eight

Cédric Arhancet

Abstract

Evans and Gannon showed that a positive vertex operator algebra of central charge
eight whose representation category is the Drinfeld center Z(#s3) of the Haagerup fusion
category has one of two character vectors, with six or nineteen currents. Call such an
algebra, if strongly rational, a Haagerup algebra. We prove that a Haagerup algebra U
has six currents, that U; = sly @ slz embeds into Vggga, in one of two explicit ways, with
levels (1,39) or (3,13), and we determine the lowest weight spaces of its modules and Uz
as U;-modules. For the levels (3,13), Uz is one of four Galois conjugate subspaces, and
the algebra it generates is unitary, Ca-cofinite and isomorphic to the algebra constructed
by Jiao; for the levels (1,39), U contains the algebra announced by Riesen. The associated
lattice of U is that of the form 2 + zy + 10y?, resp. 3z + 3zy + 4y, the two classes of the
principal genus of discriminant —39. Exchanging them in the decomposition of U over its
Heisenberg commutant gives a Haagerup algebra U’ of the other levels, and U — U? is a
bijection between the isomorphism classes of the two cases. Consequently, if either explicit
algebra of Jiao or Riesen is positive and strongly rational with representation category
braided equivalent to Z(#3), there are exactly two Haagerup algebras up to isomorphism,
forming a single hyperbolic genus. The explicit algebras of Jiao and Riesen have rational
forms. The proofs combine exact trace relations given by vector-valued modular forms,
exact computations in a model of Vggg4,, and genera of vertex operator algebras.
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1 Introduction

The Haagerup subfactor of index Lg/ﬁ [AsTT99] gives rise to three Morita equivalent fusion
categories Hy, Ho and Hz [(rS12]. The category Hs has six simple objects 1,a,a?, p, ap,a’p
with fusion rules

(1.1) a® =1, ap=pa®, pPPE1®p®ap®a’p.
The Frobenius—Perron dimension of p is

def 3+ V13
1.2 d= ————.
(1:2) -

Whether the Haagerup categories, which do not come from finite groups or quantum groups, are
realized in conformal field theory is a long-standing question. Numerically, Huang, Lin, Ohmori,
Tachikawa and Tezuka [[T1.+22] and Vanhove and collaborators [V-+22] found evidence for a
Haagerup symmetric conformal field theory with ¢ & 2; no construction is known. At central
charge eight, Evans and Gannon [Ev(i11] showed that a positive vertex operator algebra whose
representation category has the modular data of the Drinfeld center Z(#H3) has one of two
character vectors, indexed by v € {0, 1}, with 6 + 13+ currents; they observed that such an



algebra should lie in Vg,ga, | , Section 2.4], and Gannon | ] began the analysis

of its currents. Albert, Honda, Kaidi and Zheng [ ] suggested that the chiral (eg);
theory carries Haagerup symmetries. Moller and Rayhaun sketched | ], and Gannon
and Rayhaun proposed | ], a correspondence between finite non-invertible symmetries

and conformal subalgebras of finite index; for the Haagerup categories, Gannon and Rayhaun
predicted that a chiral algebra of central charge eight with representation category Z(H3) arises
inside Vesga, [ , Section 4.3]. Recently, Jiao | ] gave an explicit vertex operator
algebra of central charge eight inside Vg, a,, with currents sl & sly of levels (3,13), together
with a computer-assisted proof that its representation category is Z(Hs) (preprint of October
4, 2026, which we have not checked in full). Riesen [ | and Huang [ ] subsequently
each announced such an algebra, with currents of levels (1,39). Evans and Riesen | ] have
since announced realizations of the centers of the untwisted Haagerup—Izumi categories of every
odd order by non-unitary algebras of negative central charge.

In this paper we determine all such algebras, up to the existence results of | , 1,
which we use only as hypotheses, and we explain why there are two of them. We call Haagerup
algebra a positive strongly rational vertex operator algebra U of central charge eight with a
braided equivalence Rep(U) = Z(Hs3); positive means that the irreducible modules other than U
have positive lowest conformal weights. Let us say that a vector-valued function is an admissible
character vector for given modular data if it transforms according to that data, has nonnegative
integral Fourier coefficients, has vacuum component ¢~ 31 (14 O(g)) and has positive conformal
weights in all other components (Definition 2.2). The characters of a Haagerup algebra form
such a vector by | , ]. Both vectors of | | pass the tests of character theory
known to us (their coefficients are nonnegative integers up to ¢°°), so that character theory
alone does not seem to decide which of them occurs.

Theorem 1.1 Let U be a Haagerup algebra. Then the character vector of U is the Fvans—
Gannon vector v = 0. In particular, U has exactly six currents.

The proof has three steps. First, U extends to Vg, through a Lagrangian algebra of Z(H3),
and the subalgebra of this extension attached to the subcategory Vecz, C H3z is the fixed point
algebra of an element of order three of Eg; a dimension count identifies it with V' = Vg, ga,
(Proposition 4.1). Second, the restrictions of the V/-modules to U show that the representations
3 of sl3 and 27 of ¢ are self-dual when restricted to Uy (Proposition 4.4). Third, for h in a
Cartan subalgebra of Uy, the one-point functions of h[—1]h form a weight-two vector-valued
modular form whose low-order coefficients are traces of h(zo) on lowest weight spaces; this is
the Killing vector of | , Section 2.4]. We determine the space of such forms exactly: the
relations between its coefficients are produced by pairing with weakly holomorphic forms of
weight zero for the dual representation and applying the residue theorem, in the spirit of the
Serre duality of Borcherds [ , Theorem 3.1], and their completeness is proved by exhibiting
exact elements (Proposition 5.4). For 4 = 1, the module d3 has a one-dimensional lowest
weight space, which forces strong inequalities on every simple ideal of U; and is incompatible
with dim U; = 19 (Section 7). For v = 0, a Heisenberg recursion (Lemma 6.1) gives relations of
weights four and six, which, together with the integrality of the weights of sly, a bound coming
from integrability and an explicit construction of eg, lead to the following classification.

Theorem 1.2 Let U be a Haagerup algebra. Then Uy = sly @ sls, and the inclusion Uy C
e P sls of Proposition 4.1 is, up to comjugation, one of two explicit embeddings, with levels
(K, k") = (1,39), case (I), or (3,13), case (II). In each case the lowest weight spaces of the
twelve simple modules and the weight-two space Us are uniquely determined as Uy-modules.



The precise statement is Theorem 8.5 with Table 2. In case (I) the table reproduces the
data listed in the working manuscript [ | of Riesen, which are therefore forced by the
representation category once the levels are (1,39). Gannon | , Section 3.3] began the
analysis of the six-dimensional case and treated the level one factor; the levels 13 and 39
come from diagonal embeddings into eg @ sl3. We then implement V' in exact arithmetic over
K = Q(v/13,+/=3) and study the Griess algebra of the commutant C' = Comy (A) of the affine
subalgebra A generated by U; (Section 10).

Theorem 1.3 Let U be a Haagerup algebra in case (II). After an automorphism of V', Co

is spanned by two commuting Virasoro vectors of central charges 32 and %, and Us is one

of four explicit subspaces of V3, defined over K, which form one gibit under Gal(K/Q) and
generate isomorphic vertex algebras. The vertex algebra S generated by Uy @ Us is unitary,
simple and self-contragredient, strongly generated in weights at most three and Cs-cofinite; its
graded dimension agrees with the Haagerup vacuum character up to ¢*'/3, so that U, = S, for

n < 4; and S is isomorphic to the algebra constructed by Jiao [ .

These are Theorems 10.5, 10.9, 10.10, 10.21 and 10.24, and Propositions 10.12 and 10.27.
The finite weight-four condition (F4) used for strong generation is stated in Definition 10.16
and established by the exact certificate of Proposition 10.17. In the setting of Theorem 1.3,
the inclusion S C U and the Haagerup character give a second proof by a dimension bound
(Corollary 10.22). The proof of identification with Jiao uses only weight-two membership and
generation, and is independent of (F4). In case (I), we exclude the last spurious candidate for Co
by a certified computation (Proposition 10.35), identify the three weight-two generators e, f, v
of the algebra UR = (A, e, f,v) of | | with our data (Proposition 10.36), and exchange the
remaining choices by automorphisms of V/ (Proposition 10.37). Hence every Haagerup algebra
contains S or g (UR) after an automorphism of V', where ¢r identifies the lattice algebra of
[ | with V’; Theorems 10.38 and 10.29 give equality, granting the corresponding existence
result.

Our main new result explains the two cases. A strongly rational vertex operator algebra
decomposes over the dual pair formed by its Heisenberg commutant Qy = Comy (M(h)), b a
Cartan subalgebra of Uy, and the lattice algebra Vi, of its associated lattice L | , ]
This decomposition was used by Héhn | ] to study the genus of | ], and it leads to
the hyperbolic genus of Moriwaki [ ] and Méller-Rayhaun | ]

Theorem 1.4 Let U be a Haagerup algebra, with currents of levels (k'  k").

1. The associated lattice of U is the even binary lattice with Gram matriz [3 5] in case

(I) and [§32] in case (II), that is, the lattice of the binary form x? + zy + 10y?, resp.
322 + 3xy + 4y®. These are the two classes of the principal genus of binary forms of
discriminant —39. The Heisenberg commutant Qy is a strongly rational vertexr operator
algebra of central charge siz without currents, Rep(Qu) = Z(Hs) KC(L'/L), and all its
irreducible modules have nonnegative conformal weights. Moreover U contains the simple

current Lgr, (K', k') ® Lo, (K", E") of its affine subalgebra.

2. Replacing L by the other lattice of the genus in the decomposition of U over Quy ® Vi,
gives a Haagerup algebra U of the other case, with Heisenberg commutant Qy. The map
U — U is a bijection between the isomorphism classes of Haagerup algebras of the two
cases, and U, U are the only strongly rational vertex operator algebras in the hyperbolic
genus of U.



The precise statements are Proposition 12.2 and Theorem 12.3. Part 1 combines [ ,
Proposition 2.14] and the proof of | , Corollary 4.10] with the weight decomposition in
Table 2 and a growth estimate for characters. In part 2, U? is defined by the image of the algebra
object defining U under a ribbon equivalence Rep(Qy) X C(L'/L) — Rep(Qu) X C(L¥/LF)
induced by an isometry of discriminant forms; positivity of U? comes from that of U. The
independence of the choices is not automatic: the orthogonal group of the lattice of case (I)
acts on its discriminant group only by +1, and we use instead the Weyl group of the currents
of the algebra of case (II), which acts through the whole orthogonal group of the discriminant
form. The exchange of lattices is the analogue of the construction of | , Proposition 5.3]
for holomorphic algebras; what is specific here is its computation for Z(Hs).

External existence hypotheses. We write (H;) for the assertion that the explicit conformal
algebra V of | ] is positive and strongly rational, with a braided equivalence Rep(V) =
Z(H3). We write (Hg) for the same assertion for the explicit conformal algebra UR of | ].
Here positivity means that every irreducible ordinary module other than the vacuum has strictly
positive lowest conformal weight. In particular, it is a separate part of these hypotheses, not a
consequence drawn from unitarity of the vacuum algebra alone. Corollary 6.8 of | ] asserts
this positivity, and the working manuscript | , Section 11.1] asserts it for UR. We use
these assertions as external hypotheses. The finite constructions and identifications in this
paper do not prove (Hj) or (Hg).

Theorem 1.5 1. Assuming (Hy) or (Hg), there are exactly two Haagerup algebras up to
isomorphism, one in each case, exchanged by U — U?; they form a single hyperbolic
genus, and their Heisenberg commutants are isomorphic.

2. Assuming (Hy), these algebras are Jiao’s algebra S and its twin S®, and S® has an em-
bedding into V' whose image contains ¥r(UR), with equality in weights at most four. In
particular, the existence of a Haagerup algebra with currents of levels (1,39) follows from

[Jia26].

3. Assuming (Hg) and (Hy), the two Haagerup algebras are UR and Jiao’s algebra, S% = UR

and (UR)8 =2 S; if the algebra announced in [ ] is a Haagerup algebra, it is isomorphic
to UR.
These are Theorems 10.40 and 12.4. Without | , ], the number of isomorphism

classes of Haagerup algebras in each case equals the number of hyperbolic genera of Haagerup
algebras, and uniqueness in one case implies uniqueness in the other. Table 1 summarizes what
depends on which announcement.

We also prove that the explicit algebras S and ¥r (U®) have rational forms, given by explicit
Galois descent data with values in the centralizer of U; in Aut(V”’) (Proposition 10.41), and that
in case (II) the commutant C' is not a tensor product of two nontrivial vertex operator algebras
of CFT type, although its graded dimensions suggest a coset description (Corollary 10.32).
Section 11 outlines an independent route to the rationality of S: the simple current J lies in
S, which reduces the Zhu algebra to a full Morita corner, and the selected identities of weights
three and four define, modulo the stated primes, a semisimple algebra of dimension 762 whose
twelve blocks have the dimensions predicted by Table 2. This is an upper presentation. The
computation is Theorem 11.6. Identifying this presentation with the Zhu corner in characteristic
zero and proving that all twelve blocks survive remain separate steps. Theorem 11.1 gives a
criterion for strong rationality. The further categorical recognition is separated in Remark 11.2:
the proposed branching data do not, by themselves, establish the fusion rules, the pointed
associator or the required Morita class.



Statement

Status

v = 0; U1, the two embeddings, lowest weight spaces,
U, as a Ui-module (Theorems 1.1, 1.2)

Case (II): Cy, Us, S unitary, strongly generated, Ca-
cofinite, S & Jiao’s algebra (Theorem 1.3)

Case (I): identification of e, f, v; U D ¢r(UR)
Dimensions of ¢gr(U®) at least 120, 956, 6010 in
weights 2, 3, 4 (Proposition 10.39)

Associated lattice, Qu, J C U, twin, bijection, hy-
perbolic genus of U (Theorem 1.4)

Rational forms of S and ¢r (U™) (Proposition 10.41)
Strong generation and Ca-cofiniteness of the explicit
S, without an ambient Haagerup algebra

Exactly two Haagerup algebras; isomorphic Heisen-
berg commutants (Theorem 1.5, part 1)

The twin of S embeds into V' with image containing
Yr(UR), with equality in weights at most four (part

2)

Identification of both algebras with those of | ]
and | ] (part 3)

Strong rationality of S without [ ] (Theorem
11.1)

Semisimple algebra defined by selected Zhu relations
modulo two primes (Theorem 11.6)

exact computations and the modularity
theorem of [ ]
exact computations,
and Proposition 10.17
exact and certified computations

ranks modulo primes of p-integral data
(rigorous lower bounds)

no external existence hypothesis, using the
preceding classification of currents

exact computations

exact certificate over K (Proposition 10.17)

certified exclusions

assuming (Hg) or (Hy)

assuming (Hy); uses Proposition 10.39

assuming (Hgr) and (Hjy)

conditional on (Z); categorical recognition
remains a programme (Remark 11.2)

an upper presentation modulo primes, not
a proof of (Z)

Table 1: Dependence of the main statements on | , ] and on computations.

Computations. Many proofs rest on finite computations: exact rational arithmetic for the
vector-valued modular forms and the relations between traces, exact arithmetic over K in a
model of V', Grébner bases over Q or Q(v/13), after a Galois descent when needed, certified
interval arithmetic for a few exclusions, and exact integer computations for lattices. Computa-
tions modulo primes are used as evidence, as controls, to choose pivots which are then checked
exactly, or as rigorous lower bounds for ranks of matrices with p-integral entries, since the rank
of such a matrix is at least that of its reduction; each use is labelled. Appendix A distinguishes
the mathematical role of each computation from the verification status of the accompanying
files. A stored output is not a substitute for an independently checkable certificate. The sup-
plementary material provides a statement-by-statement index of the computational sources and
certificates.

Relation to central charge two. The results of this paper are used in a companion paper
[ ] to exclude rational Haagerup symmetric theories of product type at central charge two,
by gluing and through dual pairs inside Haagerup algebras; the twin algebra U? plays a role
there, since the parafermion subalgebras of U® lie in Q. The central-charge-eight results do
not construct the proposed central-charge-two scaling limit of the Haagerup chain or identify
its defect spectra.

Notation. Throughout, V' = Vg,ga,; U C V' is a Haagerup algebra with U; = ¢’ @ g”,
of levels (k',k"); A = Ly (K',0) ® Lgv(k"”,0) is its affine subalgebra and C' = Comy(A4); K =
Q(v/13,4/=3); S is the algebra of Theorem 1.3 and UR = (A, e, f,v) that of | ]; in Section
12, b is a Cartan subalgebra of Uy, Qy the Heisenberg commutant, L the associated lattice and



L the other lattice of its genus.

Structure of the paper. Section 2 fixes the modular data of Z(Hs3) and the notion of
admissible character vector. Section 3 treats the character vectors at central charge eight, and
Section 4 establishes the chain U C Vg g4, C Vg, and the self-duality constraints. Section
5 derives the weight-two relations in exact arithmetic and Section 6 the relations of higher
weight. Section 7 proves Theorem 1.1 and Section 8 proves Theorem 1.2. Section 9 discusses
the generation problem. Section 10 determines the commutant of the currents and Us, identifies
the algebras of | ] and | ], and proves the uniqueness theorems and the rational forms.
Section 11 outlines an independent route to the rationality of S. Section 12 determines the
associated lattices and constructs the twin algebras. Appendix A describes the computations.

2 Preliminaries

2.1 The modular data of the Drinfeld center

We use the modular data of Z(H3) in the simplified form of | , equations (2.5a) and (2.5b)
p. 20]. The simple objects are labelled

Oa ba a, Cop, C1, C2, dl)"'adﬁa
with 0 the unit. Their quantum dimensions are
(2.1) 1, 3d+1, 3d+2, 3d+2, 3d+2, 3d+2, 3d,...,3d,

and their categorical twists are

(2.2) 1, 1,1, 1, e5, e %, ™5 (1<1<6).

13
rows of M are (z,1—x,1,1,1,1,y,...,y) and (1 —z,z,1,1,1,1,—y, ..., —y), the block indexed
by (a,co,c1,c2) is

Put z = 13= 3\ﬁ’ y= \/% and ¢(j) = —2y cos (27”) The S matrix is %M, where the first two

2 -1 -1 -1
-1 2 -1 -1
-1 -1 -1 2|’
-1 -1 2 -1

the entries M, 0, Map, ..., M., are equal to 1, the entries My, o = —Myg, 5 are equal to y, the
entries between {a, o, c1,co} and {d, ..., ds} vanish, and My, 4, = c(Il'). The global dimension
1

is D? = 9(3d + 2)?, since Sp0 = £ = 3GET)-

The modular data of Z(H3) were computed by Izumi from the tube algebra | |; the
form above is that of | ], and its identification with the Drinfeld center of the Haagerup
category is established in | ]. The charge conjugation is trivial by an exact calculation.

Indeed, for 1 < a,b < 6, the geometric sum of the thirteenth roots of unity gives

Z cos (27ml) Z cos (27ral ) (ZE)Z) 13(5(1;

Together with 2r—1 = —y, #(1—x) = 1/13 and y? = 9/13, these identities give M? = 91d, hence
S2 = Id. The displayed matrix is real and symmetric, so it is also unitary. An independent




numerical calculation verifies these identities and (ST)3 = S? with sixty significant digits; the
exact modular relations also follow from the categorical origin of the data. The only invertible
simple object is 0, by (2.1).

Remark 2.1 The labels 0, b, a and ¢ of | | correspond respectively to the labels 1, 7,
7o and o7 of | , ], as stated in [ , P- 2]. The induction of the unit of Hs
to the center is I(1) 2 0D b D 2a | , Section 2.2]. On the multiplicity spaces of 0, b

and a in a Haagerup symmetric theory, the line p acts by d, by d_ def % and through the
two-dimensional irreducible representation of the fusion ring, respectively.

2.2 Vertex operator algebras and character vectors

A vertex operator algebra V is called strongly rational if it is simple, of CFT type, self-
contragredient, rational and Cs-cofinite. We call it positive if, in addition, every irreducible
V-module M 2V has a positive conformal weight hy; > 0. For a positive strongly rational V'
the effective central charge equals the central charge. By | |, Rep(V) is a modular tensor
category. We denote by C(K) the pointed modular category of the discriminant form of an even
positive-definite lattice K; it is equivalent to Rep(Vk).

In the case considered here, a braided equivalence Rep(U) & Z(H3) preserves the ribbon
structure. Indeed, this nondegenerate braided category has no nontrivial invertible simple
objects, so its universal grading group is trivial | , Theorem 6.3]. Pivotal structures differ
by a tensor automorphism of the identity | ]; hence the pivotal structure is unique. We
use this structure and the normalization Sy ¢ > 0 throughout.

Let (S, T) be the modular data of a modular tensor category with simple objects Irr = {0 =
10,41, ...} and conformal weights h; € [0,1) defined modulo one by the twists. For ¢ € Q, put

def _ 2ric

T. = e~ %1 T. We write ¢ = ™7 for 7 in the upper half-plane H.

Definition 2.2 An admissible character vector at central charge ¢ for (S,T) is a family X =
(X:)iemr of holomorphic functions on H such that:

1. X(-1)=8X(7) and X(7 +1) = T.X(7) for any T € H;

2. for any i € Trr, we have X;(1) = Zn>0 i@ T3 with a;, € Zso and integers
n; = 0, the series converging on H;

3. Xo(r) = ¢~ %1 (14 O(q));

4. for any i # 0, the leading exponent of X; is strictly larger than —57.

Condition 4 is the positivity of the conformal weights of the nonvacuum components. By
Zhu’s modular invariance theorem | ] and the identification of the modular transformation
of the characters with the categorical S matrix | ], the following holds.

Lemma 2.3 Let V' be a positive strongly rational vertex operator algebra of central charge c.
Then the family (TTM qLO_i)Melrr(Rep(V)) is an admissible character vector at central charge

¢ for the modular data of Rep(V).

Proof : The convergence and the transformation law are [ ], with the S matrix identified
with the categorical one in | ]. The coefficients are dimensions of graded pieces. The
vacuum component starts with ¢~27 since V is of CFT type, and positivity gives condition 4.

|



2.3 Lattice character vectors

Let L be an even positive-definite lattice of rank m, with dual L* and discriminant form
qr: L*/L = Q/Z, qr.(\) = <’\2—/\> The functions

1 v,
(2.3) Opa(r) & %, NeL/L,

n(m)™ L

are the characters of the irreducible Vz-modules. They satisfy O (—21) = S*O1(7) with Sf,# =
|L*/L|~2e~ 2} 4) | The vacuum component is

(2.4) Or0(7) =4 # (1+ (n+[R(L)))g + O(¢%),

where R(L) is the set of roots, namely vectors of norm two, of L. Indeed, the coefficient of ¢
counts the n oscillators A(—1)1 and the exponentials e with (v, v) = 2.

Let K and K’ be even positive-definite lattices of ranks r and 8 — r, and let ¢: K*/K —
K™ /K’ be an isomorphism of groups with gx/ o ¢ = —qx. Then the graph of ¢ glues K & K’
to an even unimodular lattice of rank eight, which is isometric to Fg since Eg is the unique
even unimodular positive-definite lattice of rank eight, and K, K’ are primitive sublattices with
K+ =K' | , Propositions 1.4.1 and 1.6.1]. Conversely, a primitive embedding K C Fg
gives such a pair with K/ = K. Moreover,

K’ _ oK K' _ 7K
(2.5) Seetw) = N Loy =T

since the bilinear form of K'*/K’ is the opposite of that of K*/K under ¢

3 Character vectors of the Haagerup double at central
charge eight

Let o be the representation of SLy(Z) on C'? defined by g( [ 1] =S and g( [(1) ﬂ ) =Tg,

where (S,T) are the modular data of Z(#3). Denote by M(p) the space of holomorphic

functions X : H — C'2 with X (y7) = o(y)X (7) for any v € SLy(Z), which are meromorphlc at

the cusp. It is a module over the polynomial ring C[J], where J(7) = ¢~ + 196884q + -
Following | , equation (2.7) pp. 21-22], put

e 2222 1 20 32 2 11
(3.1) Ad:fdiag( ,0, =, 5 20322 8 —)
373737377737397397397 39739’ 39
in the order of the labels, and let x be the mtegral 12 x 12 matrix of [ , equation (2.7)].
Note that e*™A = Ty, Let F = (J — 240) 4 =2 k>0 frg® and G = ETo =D 1 grq", where

A is the discriminant and F1g = FE4Fg. One has fo =1, f{ = 0 and g; = 1. Define rational
matrices =,, n > —1, by Z_; = 1d, g = x and, for any n > 1, by the entrywise formula

n—1

(32 (Au— Ay tnt D(E), = ( S S (i 1) + g i+ [A,xm)

I=—1 ij
The coefficient on the left is nonzero since |[A;; — Aj;| < 1. Put

(1) < g (g7 + Y Zag")

n>0

(3.3)

[1]



The recursion (3.2) expresses the differential equation q‘i—? = EZ((A = Id)F + (x + [A,x])G)

coefficientwise. Indeed, the coefficient of ¢®*" on the left is (A 4+ n)Z,, and the term [ = n on
the right is =, (A — Id) since fy = 1 and go = 0. This is the differential equation of | )
Section 3]; the conditions f; = 0 and g1 = 1 show that the case n = 0 is automatically satisfied.

Theorem 3.1 The following hold.
1. The columns of = belong to M(p) and form a basis of M(p) over C[J].

2. Every admissible character vector at central charge eight for the modular data of Z(H3)
is one of the two vectors

(3.4) XD =240 +Z04, 7€ {01},

where Z, ;5 denotes the column of index j. In particular, any admissible character vector
satisfies

(3.5) Xo(r) = ¢~ 3 (1+ (64 137)g+ (1204 787)¢* + (956 +3517)¢* + O(¢*)), ~ € {0,1}.

The second assertion is contained in | , Section 2.4 p. 22]. We give the argument in
the form needed below, together with an independent verification of the data. We do not use,
and do not prove, the converse: the coefficients of X(® and X are nonnegative integers up
to g%, but we have no proof that all of them are.

Proof : 1. Assume that the columns of = are vector-valued modular functions. Since =_; = Id,

they are linearly independent over C(J). By | , equation (2.22) p. 6], the C[J]-span of
the columns of such a matrix is the whole module /\/l( ) if and only if

5-12 1 _1
(3.6) Tr(A) = -t Tr(S) + ——= Re (e~ % Tr(ST3 1)).

3\f
The left-hand side is § + £ + I8 = 5. On the right-hand side, Tr(S) = 0 and Tr(STg ') =
-34 3‘[1 so that Re (e~ 5 Te(STy ') = ,M + % =0. For T1r(S)7 the diagonal entries give

(22 + 24+ Zl L c(1?)), and the quadratic Gauss sum Ez OeQTSI = /13 gives Z?Zl c(l?) =
—3 + f —(2z + 2). Hence the right-hand side of (3.6) equals 5.

The modularity of the columns is the content of | , Section 2.4]. Together with (3.6),
it proves the assertion.

2. Let X be an admissible character vector. By 1, we can write X = Zj Ze,; P;(J) with
polynomials P;. Let m be the maximal degree of the P; and suppose that m > 1. Choose j
with deg P; = m. The component X, contains the term Am@i 717" where \,, # 0 is the
leading coefficient of P;, and no other term of X has this exponent in the component j: the
other columns contribute exponents at least Aj; —m. Since Aj; <3 39, we obtain the exponent
Ajj—1—-m < 22 —2 < —%, which contradicts conditions 3 and 4 of Definition 2.2. Consequently,
the P; are constants vj.

Novv7 the column j contributes the exponent A;; — 1 to the component j, and the other
columns contribute exponents at least A;;. Condition 3 forces vg = 1, since Agg — 1 = —%. For
J # 0, condition 4 forces v; = 0 whenever A;; — i, —1 < —=, that is, whenever Ajj < 2 5. Among
the indices j # 0, only j = ds satisfies Aj; > 2. Hence X He,0 + 7Z0e,q; With v = vg,. The
leading coefficient of X4, is v, so that v € Z;o The leading coeflicient of Xg4, is

(Z0)ds,0 +7(E0)ds,ds = Xda,0 + VXdards =5 — 37,

which is nonnegative only for v < 1. The expansion (3.5) is read from the matrices Zg = x, E1
and =5 computed by this recurrence. This proves 2. [ |
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Remark 3.2 The first coefficients of all components produced by our recursion coincide with
those printed in | , P- 22]. For instance, the components dy, dy, d5 and dg start with 7—+,
5—3v, 13 =5y and 14+ 7. The vector v = 0 has dim U; = 6, dim Us = 120 and dim Us = 956
for a realizing algebra U. These numbers agree with the algebra announced in [ , ].
The vector v = 1 has 19 currents. By Theorem 7.1, it is not the character vector of a positive
strongly rational vertex operator algebra U with Rep(U) = Z(#H3) as braided categories.

Remark 3.3 The modularity of Z is imported from | , Section 2.4]. As independent
controls, we compute its first 60 coefficients in rational arithmetic, check their integrality and
test 2(—1/7) = SE(7) at five points with fifty-digit precision. The largest recorded relative
residual is 1.4 x 107°9; the discarded tails are not certified. An exact rational calculation checks
(3.6). The floating-point tests do not enter the proof.

4 The chain U C Vgga, C Vi,

Throughout this section, U is a positive strongly rational vertex operator algebra of central
charge eight together with a braided equivalence Rep(U) & Z(H3). For z € Irr(Z(H3)) we
denote by M, the corresponding simple U-module and by R, its lowest weight space. By
Lemma 2.3 and Theorem 3.1, the character vector of U is X(¥) for some v € {0,1}. Reading
Theorem 3.1, the lowest conformal weights and the dimensions of the lowest weight spaces are

z ‘ 0 b a ¢y €1 Co
h. |0 1 1 1 3 2
(4.1) dimR, |1 80—-13y 81 81 3 27
’ z ‘ d1 dQ d3 d4 d5 d6
he | 13 i i +e i3 13 15
dmR, | T—v 42416y ~v+119(1—v) 5—3y 13—-5y 14+ 7y

where e =0 if y=1and € =1 if vy = 0. Moreover dimU; = 6 + 137, dim Uy = 120 4 78y and
dim Us = 956 + 3511.

4.1 The holomorphic extension and the Zs-orbifold
Proposition 4.1 Let U be as above.

1. The Lagrangian algebra I(1) =2 0& b® 2a defines a holomorphic extension H = U & M), ®
M, ® M, of U, and H = Vg,.

2. The subspace V' ey @® M,y is a verter subalgebra of H, and there is an automorphism g
of order three of H with H9 = V'. The two other eigenspaces of g are isomorphic to M,
as U-modules.

3. There is an isomorphism V' = Vg, a4, which maps V] onto es @ sls.

Proof : 1. The Lagrangian algebra I(1) is a connected étale algebra of Rep(U) with trivial
category of local modules. By | , ], it defines a strongly rational extension H of
U with Rep(H) = Vec. Its nonvacuum summands have lowest weight one by (4.1), so that H is
of CFT type and positive. A strongly rational holomorphic vertex operator algebra of central
charge eight is isomorphic to Vg, [ , Theorem 1 p. 2].

2. By | , Theorem 4.10 p. 18], the subalgebras of I(1) correspond to the fusion
subcategories of #3, and the subcategory Vecyz, generated by the invertible objects of 3
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corresponds to a connected étale subalgebra A of Frobenius—Perron dimension 9‘1%6 =3d+ 2.
The only subobject of 060 2a containing 0 with this dimension is 0 b, by (2.1). By | l,
V! =U @& M, is a vertex subalgebra of H with Rep(V’) & Z(H3)%. The latter has Frobenius—

Perron dimension %ﬁ;ﬁf =9] , Corollary 3.32 p. 15]. It is Witt equivalent to Z(H3)
[ , Proposition 5.4 p. 22], hence of the form Z(D) for a fusion category D [ ,
Proposition 5.8 p. 23], with FPdim(D) = 3. A fusion category of prime Frobenius—Perron
dimension is pointed | , Corollary 8.30]. Here D = Vecy, for some 3-cocycle w. Its center
is pointed: every centralizer is cyclic, and every irreducible projective representation of Zj is
one-dimensional, since H?(Z3,C*) = 0. Thus Rep(V") is pointed with nine simple objects, all
simple currents.

For every nonvacuum simple V/-module N, its restriction R(NN) has Frobenius—Perron di-

mension 3d + 2. Free-module adjunction gives

Homy (U, R(N)) = Homy/(V',N) = 0.

The list (2.1) therefore forces R(N) to be simple. As a U-module, the complement of V' in H
is M, ® M,. Its decomposition into simple V’-modules consequently gives H = V' & N; & N-
with simple currents Ny, No of V', both isomorphic to M, as U-modules. These simple currents
are distinct and, together with the vacuum, form a group of order three under fusion. To see
this directly, regard H as a connected commutative separable algebra in the pointed category
Rep(V'). Tts regular right module is simple, since Endy(H) = Hom(1,H) = C. For an
invertible simple object J, the right module J ® H is also simple, and free-module adjunction
gives Hom(J, H) = Hompy (J ® H, H). Thus the multiplicity of J in H is either zero or one.
The objects for which this multiplicity is one form the stabilizer of the simple right module H
under the action J +— J ® H, hence a subgroup. Since FPdimgepv)(H) = 3, this subgroup

has order three. The operator acting by 5" on Ny, is therefore an automorphism g of order
three with H9 = V.

3. The automorphism group of Vg, is the complex Lie group of type Es | , Theorem
2.1]. An element of order three is conjugate to €249 with § in the Cartan subalgebra, and
its conjugacy class is given by Kac coordinates [ , Chapter 8]. There are four classes
of elements of order three, whose centralizers in e¢gs have dimensions 80, 86, 92 and 134, of
types Ag, Eg @ Az, D7 & C and E7 @ C, as follows by enumerating the Kac coordinates. Now
dim V] = (6 + 137) + (80 — 137) = 86 by (4.1), so that g is of type Es @ As. For g = £2™8(0),
the fixed point algebra is the lattice vertex operator algebra of {« € Es : (a,3) € Z}. This
sublattice contains the root lattice Eg @ Ao, which has index three in FEg, and is a proper
sublattice. Hence it equals Eg & As. [ |

Remark 4.2 The realization of Vg gpa, as a Zs-orbifold of Vg, and the expectation that a

Haagerup vertex operator algebra lies inside it, go back to | , Section 2.4 p. 22]. The
physical picture of a hypergroup acting on the Zs-invariant algebra is in | , Section 4.3
pp- 83-88], and the announced algebra of | ) ] is constructed inside Vg, ga,. Propo-

sition 4.1 shows that every positive strongly rational realization, for either value of ~, sits in
this chain.

4.2 Restriction of the lattice modules

The discriminant group of Eg @ As is Zs X Zs, with quadratic form ¢(i,j) = # mod 1.

We denote by V{; ;) the corresponding simple Vg, a,-modules. Both lines {(0,0), (1,1),(2,2)
and {(0,0),(1,2),(2,1)} are isotropic; we choose the identification so that Eg/(Es @ As) =
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{(0,0),(1,1),(2,2)}, the other choice differing by the diagram automorphism of Ay. The lowest
weight space of V{; ;) is, as a module over ¢s @ sl3, the representation (27", 37), where 270 = 30
is the trivial module, 271 = 27, 272 = 27, and similarly for 3.

Lemma 4.3 Let (i,7) # (0,0). The restriction of V{; jy to U is simple. It is isomorphic to M.,
if i =0, to M, if j =0, to M, for the two nonzero classes (1,1), (2,2) of Es/(Es @ A2), and
to M., for the two remaining classes (1,2), (2,1).

Proof : The Frobenius—Perron dimension and free-module adjunction argument in the proof of
Proposition 4.1, part 2, shows that the restriction R(w) of any nonvacuum simple V’-module is
one of a, co, c1, Co- The tw1st of R(w) equals e2™4(i7)  The twists of a and ¢ are one, those of
¢; and ¢y are e 5 and e~ 5 by (2.2), while ¢(0, £1) = %, q(£1,0) = 2 and ¢(£1,+1) = 0. The
classes of Fg give M, by Proposition 4.1. It remains to show that the classes (1,2) and (2,1)
give M,,. For a simple object z of Z(H3) and w € Z3 X Z3, let n, ,, € {0,1} be the multiplicity
of M, in the restriction of V,,. For v € U we have Zy, (v,7) = >, n.wZum_ (v, 7). The one-
point functions of pairwise non isomorphic irreducible modules are linearly independent, and
they transform under 7 — —= through the S matrix of the representation category | ,
Section 5], | ]. Applying thls to U and to V', which have the same conformal vector, and
comparing gives Sn = nS*, where S” is the S matrlx of V! =V, L = Eg & As, given after
(2.3); all the entries 557(070) equal . Since V(o) = V' restricts to U & M, (Proposition 4.1),
the entry (co, (0,0)) of this identity reads Sey,0 + Seo,p = 5#{W : Ney,w = 1}. The left-hand side
is % + z = :2,) by the formula for S in Section 2. Hence exactly two classes restrict to M., and
these are (1,2) and (2,1). [ |

We have checked Lemma 4.3 on characters: for both values of v, ©(g,0) = Xo+Xp, O(41,41) =
Xo = X¢y, ©O0,41) = X, and O(41,0) = X, up to order q*. The characters do not distinguish
a from cg; the one-point functions do, as in the proof above.

4.3 Self-duality constraints on the currents

Let s def Ui C ¢gDsls, and let p; and po be the projections onto ¢g and sl3. The Lie algebra s is
reductive | , Theorem 1 p. 2]. For a simple ideal g of s we denote by i1(g) and ix(g) the
Dynkin indices of p1|g and pa|g (zero if the projection vanishes). Since e and slg have index
one in eg, the level of the affine algebra generated by g in U is k(g) = i1(g) + i2(g).

Proposition 4.4 1. The representations 3 and 3 of pa(s) are isomorphic, and the represen-
tations 27 and 27 of p1(s) are isomorphic.

2. The Lie algebra pa(s) is zero, a one-dimensional torus with weights (t,—t,0) on 3, a
reqular sl or the principal sos. In particular, a simple ideal g of § with pa(g) # 0 is
isomorphic to sly and i2(g) € {1,4}.

3. The rank of p1(s) is at most four.

Proof : 1. By Lemma 4.3, V(g 1) and V(g 2) are isomorphic U-modules. An isomorphism maps
lowest weight spaces to lowest weight spaces and commutes with the zero modes z(0), x € U;.
The lowest weight spaces are (1,3) and (1,3), on which € s acts through ps(x). The same
argument with V{1 gy and V(3 o) gives the second assertion.

2. The action of s on an ordinary U-module is completely reducible | , Theorem 1
p. 2]. By Lemma 4.3, this applies in particular to 3 and 27. Thus the centers of pa(s) and p; (s)
act semisimply, and their Cartan subalgebras are toral in the ambient simple Lie algebras. The
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reductive subalgebras of sl3 are 0, tori, sly (regular, 3 = 2@ 1), gl,, so3 (principal, 3 irreducible)
and sl3. Self-duality of 3 excludes gl,, sl3 and every torus whose weights on 3 do not form a
symmetric set, which leaves the tori with weights (¢, —¢,0). The regular sly and the principal
503 have Dynkin indices one and four.

3. Choose a Cartan subalgebra b of eg containing a Cartan subalgebra of p;(s), and denote
by €2 the set of weights of 27. This representation is minuscule: its 27 weights form the Weyl
orbit of the fundamental weight w;, each with multiplicity one. We first give a proof without
enumeration. If the rank were at least five, choose a five-dimensional subspace t of the Cartan
subalgebra of p;(s). By 1, the multiset of restrictions of  to t is invariant under negation. Its
cardinality is odd, so at least one weight A € ) vanishes on t. Since no weight in 2 is zero, the
annihilator of t in h* is CA. After applying a Weyl transformation, we may assume A = wy.

Let P and @ be the weight and root lattices of Eg, respectively. In the Bourbaki numbering,
the Cartan matrix gives

4oy + 3 + Sag + 6ay + das + 206 4
= 3 9 <W1,W1> = §7 <W1,0[1> =1

w1

The weight = s, (w1) = w1 — a7 belongs to Q. Symmetry of the restrictions gives v € © and
¢ € C with g+ v = cwy. All weights in Q have squared norm 4/3, while (u,w;) = 1/3. Hence

0= {ewy — p, cwn — p) = (p, 1) = 3¢” = 3¢,
so ¢ = 0 or ¢ = 1/2. The first case is impossible because every weight in Q lies in wy + Q,
whereas 2w, ¢ ). The second case is impossible because p + v € P and wy/2 ¢ P. This
contradiction proves the rank bound.

For comparison, the finite calculation can be retained independently. If two multisets of
ambient weights coincide modulo a line while differing before restriction, that line is spanned
by a nonzero sum w+w'’ of weights in 2. In fundamental-weight coordinates, clear denominators,
divide by the greatest common divisor and choose the first nonzero coordinate positive. This
gives 243 lines. For each representative v, an exact comparison of the multisets modulo Qu
shows that none is symmetric under negation. This calculation is not needed for the preceding
proof. [ ]

Remark 4.5 The announced algebra of | , ] has Uy 2 sly @ sly at levels 1 and 39.
This is compatible with Proposition 4.4: eg D slg @ sl with 27 = (6,2) @ (15, 1); the factor sl,
has index one, and the diagonal of the principal sls of slg (index 35) and the principal sos of
sl3 (index 4) has level 39. All the restrictions are self-dual. This is case (I) of Theorem 8.5; we
do not use this description before Section 8.

5 Weight-two relations

We now combine the modularity of one-point functions with the explicit lowest weight spaces
given by the chain. This is a vector-valued version of the trace identities of Schellekens | ]
and Dong-Mason | ]. In the context of the Haagerup modular data, the weight-two
one-point functions of currents were introduced by Gannon | , Section 2.4], who called
them the Killing vector and used them, under the assumptions that U is unitary and contained
in Vgsea,, to begin the analysis of the case of six currents [ , Section 3.3]. The novelty
below is that the relations are obtained in exact arithmetic, for both character vectors, without
unitarity.
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Lemma 5.1 Let V be a strongly rational vertex operator algebra of central charge ¢ and let
h € Vi with L(1)h = 0, contained in a Cartan subalgebra of V1. For every ordinary V-module
M we have

_ _ 2,L0)-% _ (hh) L)~ %
(5.1) Zy(h[=1]h, ) = Tras h(0)%g 21 13 Es(1) Trar g 24
where h(1)h = (h,h)1. The vector (Zpr (h[—1]h,T))., indezed by the simple modules, is a
weakly holomorphic vector-valued modular form of weight two for the representation of SLo(Z)
on the characters.
Proof : From Y[h,z] = Y (h,e* — 1)e* and the expansions —“~ = 1 + 1 + 0(z), ﬁ =
L — L 40(2), we obtain h[—1]h = h(—1)h+1h(0)h—5h(1)h = h(~1)h— L1 since h(0)h = 0
and h(n)h = 0 for n > 2. The zero mode of h(—1)h is h(0)2+2 > ns1 h(=n)h(n). Put k = (h, h)
and Q = ¢“(0=¢/24 For m > 1, graded cyclicity of the trace and [h(m), h(—m)] = mxId give

A & Tepr h(=m)h(m)Q = ¢ (A + me Try Q).

Thus A,, = ng: Tras Q. Substituting into the zero-mode formula and using >°, -, mg™ /(1 —
q™) = (1 — E3)/24 proves (5.1). This is first an identity of graded series and then of convergent
functions; it also covers £ = 0. The vector h[—1]h has weight two for L[0], and the last assertion

is Zhu’s theorem | ] together with the identification of the representation | ] [

5.1 The obstruction principle

We denote by o* def (o)~ the dual representation. For the matrices of Section 2, we have

ST = S,Ez = Id and Ty = Ty '. Since Ty is diagonal, it follows that ¢*(S) = S and
o*(T) = Tg. If W is a function on H with values in C'? and G is another such function,
we write W -G = )", W.G,. We write D = qdiq7 and ¥, = D — T’;EQ for the Serre derivative

in weight k. Recall that 9, maps weakly holomorphic vector-valued modular forms of weight
E3Es

)

k for o to weakly holomorphic forms of weight k£ + 2 for g, and that DJ = — is a weakly

holomorphic modular form of weight two.

Lemma 5.2 Let k € 27Z. Let W be a weakly holomorphic vector-valued modular form of weight
k for o, and let G be a weakly holomorphic vector-valued modular form of weight 2 — k for o*.
Then the constant term of the q-expansion of W - G vanishes.

b

Proof : For v = {CCL d

] € SLo(Z), we have

(W - G)(37) = (e + d)¥(er + d)* F (o(n)W (r)) "

0()TTG(1) = (e + d)*(W - G)(7).

Hence f = W - G is a weakly holomorphic modular form of weight two for SLa(Z), and the
differential f(7)dr descends to a meromorphic differential on the compactified modular curve,
holomorphic outside the cusp. At the elliptic points this uses the invariance of f(7)dr: in
a local coordinate s at 7 = i with 7 — f% acting by s +— —s, write the differential as
F(s)ds. Invariance gives F(—s) = —F(s), hence F(s) = sG(s?) with G holomorphic and
F(s)ds = G(t)dt/2 for t = s%; the point e’ is treated in the same way. At the cusp, with the

local coordinate g, we have f(7)dr = 5= 49 " whose residue is the constant term of f divided

ol ¢
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by 27i. By the residue theorem, this residue vanishes. This is the elementary half of the Serre
duality statement of Borcherds | , Theorem 3.1 p. 5]. [ |

We now produce forms for ¢o* from forms for p. Let 7 be the permutation of the labels which
exchanges ¢; and ¢y and maps d; to dy, where I’ = &5/ mod 13, that is

(52) ™ = (01 Cg)(dl d5)(d2 d3)(d4 dﬁ)

Lemma 5.3 Let Y be a weakly holomorphic vector-valued modular form of weight k for o.
Then the function G defined by G, = n_SY,r(z) is a weakly holomorphic vector-valued modular
form of weight k — 4 for o*.

Proof : We first check that Sy rw) = S:w for any labels z,w. The block indexed by
(a,co, 1, c2) is invariant under the exchange of ¢; and cq, and the rows of 0 and b are constant
on {a,cy,c1,co} and on {dj,...,dg}. Finally c¢(ll’) depends only on I’ mod 13 up to sign,
and 25 = —1 mod 13, so that c(50 - 5I') = c¢(—1l') = c(ll'). Next, we have A,y — & = —A,

3 =
mod 1 for every label z. For z € {0,b,a,cy} this reads % - % = —%, and for z € {01,202} it
reads A, — % =0=—-A, and2ACl — % = 2—% = —A.,. For z = d; we have Ay, = % — %
mod 1, hence Ay (g, —2%‘ = 1800 2= _60 41 =_Ay mod 1, since 150 = —6 mod 13.

Since (T +1)7% = e~ 5 ()78, we obtain G, (1 4+ 1) = 2" A=) ~3)G, (1) = e 20 G, (1) =
(TyG(7)).. Since n(—21)=8 = 7=4n(7)~8, we have

T

Gz( - %) = 7']%477(7')78 Z Sﬂ'(z),wa(T) = Tk74 Z Sfr(z),w(w)Gw(T) = Tk74(SG(T))Z'

Since 17 does not vanish on H, G is holomorphic on H, and it is meromorphic at the cusp. This
proves the lemma. [ |

The m-invariance of S and the congruences are also checked in exact arithmetic.

5.2 The relations

Let X = X and let p, be the exponent of the leading term of X; thus pu, = h, — % by (4.1).
For k € 2Z>, let My (1) be the space of weakly holomorphic vector-valued modular forms W
of weight k for g such that W, € ¢*=C|[q]] for every z. For W € My (u) we put

(5.3) wo = [q75]Wo, wh=[af]Wo, w.=[¢"]W. (2+#0).

Proposition 5.4 Fory =1 we have dim Ma(u) = 5, and the thirteen coefficients (5.3) satisfy
exactly eight linearly independent relations, among which

(5.4)

Wy 1 317

5 1 _ 1 3 55 17 _
s — orWdy — 37Wds T 37Wdg = 0, Wey + gWey, — 55Wdy — 55, Wdy — 357 Wds + 753 Wds = 0,

1 209 44 =0
— Y

1,209 a7 44 1 317 55 At
Wdy — §Wdy — To6Wds 1 726 Wds T 53 Wde Wo + 7gWdy T 1638 Wds T Te33Wds — g19Wds = 0-

For v =0 we have dim Ma(u) = 4 and the coefficients satisfy exactly nine linearly independent
relations. The complete lists of relations are included in the supplementary data.

Proof : Let P = {0,ds3} if vy =1 and P = {0} if v = 0; these are the coordinates z with
p> = A, — 1. Let Z, ; be the columns of the fundamental matrix of Theorem 3.1.
Step 1: the relations. Consider the 4 - 12 - 2 = 96 weakly holomorphic forms of weight four

EyZejJ™, 99D(Ze;J™), DJ-D(Z.;J™), (DJ)?Z.;J™, 0<j<11, me{0,1},
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and, for each linear combination Y of them, the form G of weight zero for p* given by Lemma
5.3. The exponents of GG, are congruent to —A, modulo one, so that the constant term of
W -G is a finite sum YY" [¢"=T™|W, - [¢~*7™]G,. We impose that the coefficients of G
which pair with [¢**™]W, vanish whenever this coefficient of W is not one of (5.3); since G
has a bounded principal part, these are finitely many linear conditions on the coefficients of the
combination. By Lemma 5.2, every solution gives a linear relation, with rational coefficients,
between the coefficients (5.3) of every W € My(p). All the g-expansions involved are computed
in exact rational arithmetic from the matrices =,, and only finitely many coefficients enter.
The vanishing-constraint matrices have dimensions 43 x 96 for v = 1 and 42 x 96 for v = 0,
with full row rank. Their kernels have dimensions 53 and 54, respectively. We obtain a space
of relations of dimension eight for v = 1 and nine for v = 0; in reduced echelon form, it is the
space displayed in (5.4) and in the files above. Using m < 2 gives the same space.

Step 2: exact elements. The forms D(Z, ;J™) and DJ - Z, ;J™, m € {0,1}, are weakly
holomorphic of weight two and holomorphic on H. The linear combinations whose components
satisty W, € ¢"=C|[[q]] form a subspace of Mas(u), determined by finitely many exact linear
conditions. The values of (5.3) on this subspace span a space of dimension five for v = 1 and
four for v = 0. Since 13 — 8 = 5 and 13 — 9 = 4, the image of My(p) under the thirteen
coefficients has dimension exactly five, respectively four, and the relations of Step 1 are all the
relations.

Step 3: injectivity. Let W € Mao(p) with vanishing coefficients (5.3). As in the proof of
Theorem 3.1, F = W£L can be written F = Z(a + Jb) with a € C'2 and b supported on
P. Since EAm = g+ O(¢?), the coefficient [¢*=~]W, equals b, for = € P. Hence b = 0, then
[¢®W, = a., and a, = 0 for z # ds, and also for z = d3 if ¥ = 0. For v = 1, we obtain
W = adsE.dsEAm, with [¢2 Wy, = ag,, Wo € ¢3C[[q]] and W, € ¢+1C][q]] for z ¢ {0,ds}.
An explicit dual form is G, = 77_8E4E7r(z)’d2, which has weight zero by Lemma 5.3. Put
k: = A, + Aq.) — 1/3 € {0,1}. The leading term of Z gives Gq, = ¢ *(1 + O(q)) and
G. € ¢~ A=*F=C[[q]] for z # d3. Therefore [¢°](W - G) = aq,, which vanishes by Lemma 5.2.
Hence the thirteen coefficients are injective on Ms(u), and dim Mo (u) equals five, respectively
four. The coefficient vectors of a basis of dual forms are included in the supplementary data.
A separate rational-matrix calculation checks the ranks, the vanishing of every relation on the
constructed forms, and the explicit injectivity witness above. [ |

Remark 5.5 Proposition 5.4 is a computer-assisted result using exact rational linear algebra.
The modularity of = is supplied by Theorem 3.1; the floating-point checks do not enter the
proof.

We now insert the explicit data. Let h be a real element of a Cartan subalgebra of s, that
is, an element on which h(0) has real eigenvalues on every ordinary U-module; such elements
span the Cartan subalgebra since its weights on U-modules lie in a positive-definite lattice
[ , Theorem 1 p. 3]. Normalize (h,h) = 1, where (-,+) is the normalized invariant form
of eg, and write h = (h1, ha) € ¢ @ sl3. The eigenvalues of hy on 27 and of hy on 3 are real
by Lemma 4.3. These faithful weight systems span the respective Cartan duals, so h; and ho
lie in the real Cartan spaces on which the normalized forms are positive definite. In particular
0< <h1,h1> < 1. Put

W b h) € 0,1, T Trg(adh)?, 75 % Teg, h(0)” > 0.

By Proposition 4.1 and Lemma 4.3, the lowest weight spaces of My, M,, M.,, M., M., are
(e D sl3) O, (27,3), (27,3), (1,3), (27,1). With Tr,.,(ad hy)? = 24u, Tre, (ad he)? = 6(1 —u),
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Tra7 h? = 6u and Trz h3 = 1 — u, the traces of h(0)? on these spaces are 6 + 18u — T, 27 — 9u,
27 — 9u, 1 — u and 6u. The conformal inclusion U C Vg, gives L(1)U; = 0. By Lemma
5.1, W = (Zu. (h[-1]h,7)). belongs to Ma(u), with wg = —5, wh = T + 2727 and w, =
Trg, h(0)? — 40t

Corollary 5.6 For v =1, the relations of Proposition 5.4 are equivalent to

_ T _ Trs _ 31 _ 3u , 17 _ 317T _ 20975 _ 7re _ 31Tu , 2009
=1~ 15 5 5 5 T2 = 70 270 5 30 T o0 ¢
_ T 4 75 4, u_ 1 _ _ 1T _ 1ll7g Te 4 Tu _ 19
3=—"51t5T6 18 T4 = —790 0 T35 1t1 30

For v =0, they are equivalent to

_ —2T-375+18u—4 _ 2T —Trg—18u+74 _
T = 5 ) Ty = 5 ) T3 =

Ty = —LETeusT 75 =T —9u+9.

3(—3T+376+27u+29)
=4

5 )

Proof : This is exact linear algebra on the relations. All relations are satisfied identically after
substitution. [ ]

Remark 5.7 For «y = 0 the formulas can be tested against the announced algebra. The working
manuscript | ] lists the lowest weight spaces of the twelve simple modules as sums of
modules V(a,b) over sly @ sly at levels 1 and 39. For h in the level one factor, v = 1 and
T = 4; the inequalities 7,74 > 0 force 7 = 2 and then (11, ...,76) = (0,10, 30,0, 4, 2). For the
level 39 factor, u = % and T = %. In both cases the values computed from the announced
decompositions agree exactly with Corollary 5.6. This is a consistency check of the announced

data; it is not used in the proofs.

6 One-point functions of higher weight

Lemma 6.1 Let V be a strongly rational vertexr operator algebra of central charge ¢ and let

h € Vi with L(1)h = 0 and (h,h) # 0, contained in a Cartan subalgebra of Vy. For n > 0, put

Up def h[=1]"1. Then v, has weight n for L[0], and for every ordinary V-module M we have

Ln/2]
n (h, h)Ea(T)\* n—2k L(0)— <
(6.1)  Zy(vn,7) = ;;) <2k> (2k — 1)!!( - T) Trag h(0)" 2k g0 =51
with the convention (—1)!! = 1. Consequently, the vector (Zyr, (vn,T)), is a weakly holomorphic

vector-valued modular form of weight n for the representation on the characters.

Proof : Since h is a primary vector of weight one, the square bracket modes satisfy [L[0], h[m]] =
—mh[m] and the commutation relations [h[m], h[m']] = m{h, AY0m+m o | , Section 4].
Hence v,, has weight n for L[0], h[2j — 1]v, = 0 for j > 2, and h[1]v, = n{h, h)v,_1. Since h(0)
acts semisimply and (h, h) # 0, the lower-bounded grading gives the Heisenberg decomposition
M = @, F\ ® Qy, where F) is the Fock module on which h(0) acts by A, and the vertex
subalgebra generated by h acts on the first factor. Its conformal vector wy = ﬁh(fl)h
satisfies L(0) = Lj(0) + L'(0) with L'(0) commuting with the Heisenberg algebra; the vectors
v, belong to the Heisenberg subalgebra, on which L’(0) = 0, so that their square bracket struc-
tures in V' and in the Heisenberg vertex operator algebra coincide. Consequently Zs(vy,,7) =
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S\ Zr, (Un, T) Tro, ¢ (O~ . On Fy, Zhu's recursion | , Proposition 4.3.5] gives

Zp, (Un41,7) = AZp, (Un, T +ZE23 7)Zry, (h[2) — 1o, T)
7>1
n{h, h)FEs(T
= Mg, (U, T) — MZFA (vn—-1,7),

12

where we used that o(h) = h(0) acts by the scalar X\ and that only j = 1 contributes; the
normalization Eg = —% is the one for which the step from n = 1 to n = 2 reproduces
Lemma 5.1. The polynomials P, defined by Py = 1, P, = A and P,y = AP, + neP,_; are
Py =% (57) (2k — 1)11e" A"k "as one checks by mductlon using () (2k — D! +n (4~ 12) (2k —
I = (”+1) (2k — 1IN Summmg over A gives (6.1). The last assertion is Zhu’s theorem | ]
with | ]. |
As a numerical check, we test (6.1) in weights four and six for Va, and V g5,. At thirty-
digit working precision, the recorded relative errors are at most 5.1 x 1073°. Perturbing the
weight-six coeflicients gives errors of order one. These tests are not used in the proof.
By Lemma 6.1, for every real h in a Cartan subalgebra of s with (h, h) = 1 and for n € {4, 6},
the vector W, (h) = (Zas, (vn, 7)). belongs to M, (). Its coefficients (5.3) are

1\%k
— n—2k 1\
(6.2) w, zk:cn,kTrth(O) L enn = (%)(% o(-55) -

with Trh(0)° = dim, and similar expressions for wy and wj, involving Trs(ad h)™ and the
coefficients of E§¥. More generally, for two commuting real elements h’ and h” with (h', ") =0
and (') = (h",h") = 1, the map (z,y) — W, (zh’ + yh”) is a homogeneous polynomial
of degree n with values in M, (1), so that each of its coefficients belongs to M, (u). Since
(xh’ + yh", zh’ + yh") = 2% + y?, the coefficient of zPy? has leading coefficients which are
explicit linear combinations of the mixed traces Trg, h'(0)*h”(0)7, i < p, j < q.

Proposition 6.2 Assume v = 0.

1. The coefficients (5.3) of the elements of My(p) satisfy exactly nine linearly independent
relations, and those of Mg(u) exactly siz.

2. For h as above, put Ty = Trs(ad h)* and Q; = Terj h(0)*. The relations of weight four

are equivalent to the expression of Q1,...,Qs as affine functions of (T, Ty, 16, Qs) with
coefficients polynomial in u; in particular

12T + 2Ty — 27u? — 90u + 105
26 '

(6.3) Qs =

Proof : The relations are obtained as in Step 1 of the proof of Proposition 5.4, with the forms
of weight 6 — n listed in the supplementary data in place of the forms of weight four. Their
number is exact by the argument of Step 2, using the exact elements Es=, ;J™, Y2 D(=Z, ;J™),
DJ - D(Z,;J™), (DJ)?Z, ;J™ of weight four, and their analogues of weight six. For 2, the
traces on the explicit lowest weight spaces are computed from the invariant theory of eg and sls:
since ¢g has no invariant polynomial of degree three or four other than powers of the quadratic
one, we have Tra7 b} = 0, Traz hi = 3u? and Tr.,(adhi)* = 18u2. The constants may be
determined without a weight enumeration as follows. For the regular subalgebra slg & sly C ¢,
one has 27 = (15,1) & (6,2) and ¢ = (35,1) & (1,3) & (20,2). Let H be the neutral element
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of this index-one sly, so that (H, H) = 2. Its eigenvalues on 27 are 1 and —1, each six times,
together with fifteen zeros; on eg they are 2 and —2 once, 1 and —1 each twenty times, together
with thirty-six zeros. Thus the fourth traces are 12 = 3 - 22 and 72 = 18- 22. A separate
enumeration of weights gives the same traces exactly. For sl3 we have Trz hj = % and
Trer, (ad ho)* = 9(1 — u)?. Substituting these traces and (6.2) into the nine rational relations

determines @1, ..., Qs uniquely in terms of T, Ty, u, 76 and Qg; eliminating @1, ..., Q4 gives
(6.3). We perform the elimination in rational arithmetic and independently check all nine
equations after substitution and the polarization used below. [ ]

For the announced algebra, the fourth power traces computed from the announced lowest
weight spaces satisfy the nine relations of weight four for both factors; the same holds for
the mixed and sextic relations used below. The supplementary data include these exact trace
comparisons.

7 The vector v =1 is not realized

Theorem 7.1 Let U be a positive strongly rational vertex operator algebra of central charge
eight with a braided equivalence Rep(U) = Z(Hs3). Then the character vector of U is the
Evans—Gannon vector with v = 0. In particular dim Uy = 6, dim Us = 120 and dim Uz = 956.

The proof uses two lemmas. Suppose v = 1. Then Ry, is one-dimensional, so that s acts on
it through a character; hence 73 = 0 for h in the derived algebra [s, 5].

Lemma 7.2 Assumey = 1. Let g be a simple ideal of s, with indices i1 = i1(g), i2 = i2(g) and
level k = i1 +1i3. Then (g,41,i2) is one of (sl3,1,0), (spy, 1,0), (g2,1,0), (sly,1,0), (sls,1,1),
(sla,1,4) and (sl2,2,4). In particular iy > 1.

Proof : For h in a Cartan subalgebra of g, we have u = % and T = %, where h" is the dual
Coxeter number. Since 73 = 0, Corollary 5.6 gives 75 =T — 9u + 3, and then 74 > 0 and 71 > 0
read T —9u + 5 < 76 < w. Together with 75 > 0, this gives

Ju —-3<T <9%u—1.

In particular u > 0, so 41 > 1, and 2hY > 6k — 9is, so that k < %VTJF%. Since dim g < 19, the
algebra g is of type A1, Aa, B, G5 or As, and io = 0 unless g = sly, in which case is € {0,1,4}
by Proposition 4.4. Multiplying 9u — 3 < T < 9u — 1 by k gives 6i7 — 3ia < 2hY < 8i1 —4o. If
15 = 0, this excludes A; and forces iy = 1 for As, By, G5 and Az. For g = sl and i3 = 1, it
forces iy = 1; for io = 4, it forces i1 € {1,2}. This is exactly the stated list. [ |

Lemma 7.3 Assume v = 1. Ewvery nonzero real element h of the center of s, normalized by
(h,h) =1, satisfies u > %. In particular py is injective on the center of s.

Proof : Here T'= 0. By Corollary 5.6, 73 > 0 gives 75 > 3 — 9u, and the inequalities 74 > 0

and 71 > 0 read % — % + 1—69 <76 < % —u— %. Eliminating 74 gives 75 < %(1 + u). Hence

379u<%(1+u),thatisu>%. [ |
We now prove Theorem 7.1.

Proof : Suppose v = 1 and write s = g1 @ - - - © gy, ® 3 with simple ideals g; and center 3. The

images under p; of the summands are pairwise orthogonal for the invariant form of eg. Indeed,

distinct summands are orthogonal for (-, -), and at most one of them has a nonzero image under

20



p2 by Proposition 4.4. The form is positive definite on the real span of a Cartan subalgebra.
By Lemmas 7.2 and 7.3, p; is injective on each summand. Hence

rank p; (s) = Z rank g, + dimj < 4

g

by Proposition 4.4. By Lemma 7.2, each g; is sl3, sp,, go (rank two, dimensions 8, 10, 14), sl
(rank three, dimension 15) or an sly with i3 # 0, of which there is at most one. We list the
possible values of dims. Two summands of rank two exhaust the rank and give dimensions 16,
18, 20, 22, 24 or 28. A summand sl leaves rank one and gives 15, 16 or 18. One summand of
rank two and summands of rank one give at most 14 + 3+ 1 = 18. Summands of rank one only
give at most 3 + 3 = 6. None of these equals 19 = dim Uy, a contradiction. Hence v = 0, and
the dimensions follow from Theorem 3.1. [ ]

Remark 7.4 Theorem 7.1 does not use unitarity or the announcements | , , ].
It uses the classification of holomorphic vertex operator algebras of central charge eight, the
theory of extensions | ) ], the Witt group | ], the classification of the
elements of order three of Eg | ], the results of | , , , ] used
in Section 4, Zhu’s theorem, the Bantay—Gannon description of vector-valued modular forms,
and Proposition 5.4, which rests on finitely many rational computations and on the modularity
theorem used in Theorem 3.1. The vector v = 1 passes the tests of character theory known to
us (its coefficients are nonnegative integers up to qﬁo); it is not the character vector of a positive
strongly rational vertex operator algebra with the braided category Z(H3).

Remark 7.5 For v = 0, the same method gives necessary conditions on U;. Corollary 5.6 and
7; 2 0 give T < 9u — 5 for every real h; thus a simple ideal of Uy with indices (i1,42) satisfies
2hY < 911 — 5k, and every real central element satisfies u > 8. For a level one sl in e¢g, the
traces 7; are determined, as in Remark 5.7. These conditions are the starting point of Section
8, where U; is determined up to two cases.

8 The weight-one Lie algebra

Throughout this section, U is a positive strongly rational vertex operator algebra of central
charge eight with a braided equivalence Rep(U) = Z(H3). By Theorem 7.1, its character vector
is X and s = U; C ¢ @ sl3 has dimension six. We use the notation of Section 5. For a
simple ideal g = sls of s of level k, we denote by H the element of a Cartan subalgebra of g
with eigenvalues £2 on g; thus (H, H) = 2k and h = \/% is normalized. We denote by V(a)
the irreducible slp-module of highest weight a and by V'(a,b) = V(a) ® V(b) the irreducible
modules of sly @ sls.

8.1 Three general facts

Lemma 8.1 Let g = sly be a simple ideal of s of level k. For every label z, every irreducible
g-submodule of R, is isomorphic to V(a) with a < k.

Proof : By | , Theorem 3.1 p. 4], the vertex subalgebra of U generated by g is iso-
morphic to the simple affine vertex operator algebra Lgy, (k,0) and k is a positive integer. By
[ , Theorem 3.7 p. 7], every weak Lg,(k,0)-module, in particular M., is a direct sum
@, L(k,j) ® N; of the integrable highest weight modules L(k, j), 0 < j < k | ], tensored
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with multiplicity spaces. Let v € R, be a highest weight vector of weight a for g. Since R, is
the lowest weight space of M, and x(n) lowers the conformal weight by n, we have z(n)v = 0
for x € g and n > 1. In the irreducible module L(k, j), the vectors annihilated by x(n), n > 1,
form the top level V/(j). Hence v € p, V(j) ® N;, and since e(0)v = 0 and H(0)v = av, the
vector v lies in the sum of the components with j = a. Thus a < k. [ ]

Proposition 8.2 The Lie algebra s is isomorphic to sly @ slsy.

Proof : The Lie algebra s is reductive of dimension six. Its semisimple part has dimension at
most six, hence is 0, sly or sly @ sls. Suppose that s is not semisimple; then its center 3 has
dimension three or six. The image p»(3) is contained in the center of the reductive Lie algebra
p2(s), which is 0 or a line by Proposition 4.4. The kernel of ps|; is defined on the real form used
above: its equations are the weights of R., = 3, which are real on that form. Since this kernel
has positive dimension, there is a nonzero real element h € 3 with pa(h) = 0 and (h, h) = 1.
For this element u = 1 and T' =Ty = 0, and (6.3) gives @5 = Trp,_ h(0)* = =& < 0, which is
impossible since h(0) has real eigenvalues. ]

Lemma 8.3 Let a C ¢s be a subalgebra isomorphic to sly, with neutral element Hy.

1. After conjugation, Hy is dominant with o;(Hg) € {0,1,2}. Among the 3¢ — 1 such la-
bellings, exactly 27 give eigenvalues of ad Hy on eg and of Hy on 27 which form the weights
of sla-modules. The corresponding 27 numbers % are pairwise distinct and form a
superset of the possible Dynkin indices. The 20 indices actually realized by subalgebras sly

of g are 1-6, 8-12, 20, 21, 28, 30, 35, 36, 60, 84, 156.

2. If a has index 35, its centralizer in eg is a subalgebra isomorphic to sly of index 1. If a
has index 9, its centralizer is a subalgebra isomorphic to sly of index 3.

Proof : 1. The first assertion is the theorem of Dynkin and Kostant on the characteristics of
nilpotent orbits | , Chapter 3]. The second one is an exact computation on the weights;
we only use the resulting list as a set containing the possible indices, which is enough for the
exclusion arguments below. The list of indices of the subalgebras sl is [ , Table 18]; see
also | , p. 16].

2. We construct eg explicitly by the Frenkel-Kac formula on its root lattice | ], with
a bimultiplicative cocycle, and check the Jacobi identity. For the labellings (2,1,1,0, 1,2) and
(1,0,0,1,0,1) in the Bourbaki numbering, of indices 35 and 9, we choose e in the eigenspace
of ad H, for the eigenvalue 2 with integral coefficients, solve [e, f] = H, exactly, and compute
the centralizer of the triple. In both cases it is three-dimensional and perfect, hence isomorphic
to slo, and its index is the ratio of the normalized form of ¢g to the normalized form of sl; on
any element with nonzero norm; we obtain 1 and 3. The two labellings are the characteristics
of the nilpotent orbits A5 and 245 + A;: the dimensions dim gy + dim g; of the centralizers of
e are 14 and 24, so that the orbits have dimensions 64 and 54, in agreement with the tables
of | , Chapter 8]. Since two subalgebras sly with the same characteristic are conjugate
[ , Chapter 3], the result does not depend on the choice of e. [ |

8.2 Simple ideals

Proposition 8.4 Let g be a simple ideal of s, with indices (i1,i2) and level k =iy + 3. Then
(i1,12) € {(1,0),(3,0),(9,4),(35,4)}. Moreover, in each case the g-module structures of Rq,,
Rg,, Ra, and Ry, are uniquely determined, and the traces Trg, H(0)P, p € {2,4,6}, are deter-
mined for all labels z.
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Proof : For h = \/% we have u = %, T = % and Ty = %. By Remark 7.5, 4 < 9¢; — 5k,
so that ¢; > 1, and 4y is the Dynkin index of p;(g), which belongs to the 27-element superset
computed in Lemma 8.3; by Proposition 4.4, i € {0,1,4}. For each of the finitely many
pairs (i1,i2), we enumerate all 135 isomorphism classes of fourteen-dimensional sly-modules
and retain those whose highest weights do not exceed k, by Lemma 8.1. Each structure gives 74
and Qg; Corollary 5.6 and Proposition 6.2 then give 7; and @; for all j, and we decide exactly,
by a finite search, whether there is a structure of slo-module on Rg; of the right dimension, with
highest weights at most k, such that Tr H(0)? = 2k7; and Tr H(0)* = 4k?Q;. We also check,
using the decompositions of 27 and eg attached to i; by Lemma 8.3, that the highest weights
occurring in Ry, Ry, R.,, R., and R., are at most k. Only the four pairs of the statement
survive, each with a unique structure on Ry, (without the level bound the same four pairs
survive).

For these four pairs, the relations of weight six of Proposition 6.2, with the sextic traces on
Ry, ..., R, computed from the explicit weights, express ’I‘erj H(0)°, j € {1,2,3}, in terms of
the corresponding traces on Rgq,, Rq,, Rq,. The structures of Ry, and R4, are unique, and the
structure of Ry, is then unique. Thus the traces of degrees two, four and six used below are
determined. ]

8.3 The classification

Theorem 8.5 Let U be a positive strongly rational vertex operator algebra of central charge
eight with a braided equivalence Rep(U) = Z(Hgz), and let U C Vg,ga, be the inclusion of
"N~

Proposition 4.1. Then Uy = ¢’ ® ¢"” with g’ = g"” = sly, and, up to an inner automorphism of
VEspa,, one of the following holds.

(I) The levels are 1 and 39. The subalgebra g is the diagonal of a principal sly of a subalgebra
slg of eg (index 35) and of the principal so3 of slg (index 4), and g’ C eg is the centralizer
in eg of p1(g”) (index 1).

(IT) The levels are 3 and 13. The subalgebra g” is the diagonal of a subalgebra sly of eg of
index 9, attached to the nilpotent orbit 2As + Ay, and of the principal sos of sls, and
g’ C ¢g is the centralizer in eg of p1(g”) (index 3).

In both cases, the lowest weight spaces of the twelve simple U-modules and the space Uy are
determined as g ® g”-modules; they are given in Table 2.

Proof : By Proposition 8.2, Uy = ¢’ @ g”. By Proposition 4.4, at most one of the two ideals
has a nonzero projection to sl3, and the projections to eg of the two ideals commute and are
orthogonal. By Proposition 8.4, the pair of indices is one of {(1,0),(1,0)}, {(1,0),(3,0)},
{(3,0),(3,0)}, {(1,0),(9,4)}, {(1,0),(35,4)}, {(3,0), (9,4)}, {(3,0), (35,4)}.

If an ideal has nonzero projection to sl3, its projection to e has index 9 or 35. Its centralizer
is an sly of index 3 or 1, respectively, by Lemma 8.3. The other ideal is three-dimensional
and contained in this centralizer, hence equals it. This excludes the pairs {(1,0),(9,4)} and
{(3,0),(35,4)}. It remains to exclude the three pairs with zero projection to sl3. This follows
directly from (6.3). Let H’ and H” be their neutral elements and let k', k" € {1,3} be their
levels. Put h = 2H’ + yH". The two ideals commute and are orthogonal, so that

(h,h) = 2K'x? + 2k"y?, Trs(adh)? = 8(x +y?), Trs(adh)* =32(z* +¢*).
Since p2(h) = 0, homogeneity and polynomiality extend (6.3) from normalized elements to

26 Trg,, h(0)* = 12(h, h) Trs(ad h)* 4+ 2 Trs(ad h)* — 12(h, h)*.
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Case (I), levels (1,39) Case (II), levels (3,13)
Ry, |(0,2) +2(0,4) + (0,6) + (0,8) + (0, 10) 2(0,2) +2(0,4) + (1, 1) + 2(1,3) + (1,5)
+(1,3) + (1,5) + (1,9) +(2,2) +(2,4)+ (3,1)
Ra, Reg | 2(0,2) + (0,4) + 2(0,6) + (0,8) + (0, 10) 2(0,2) + (0,4) + (0,6) +2(1,1) + 2(1, 3)
+(1,3) + (1,5) + (1,7) +(1,5) + (2,0) + (2,2) + (2,4)
Rey (0,2) (0,2)
Rey  (0,0) +(0,4) +(0,8) + (1,5) (0,0) +(0,4) + (1, 1) + (1,3) + (2,2)
Rdl (076) ( ) )+(1 1)
Rg, (0,0) 4+ (0,4) + (0,6) 4+ (0,8) + (1,1) + (1,7) (0,0) + (0,2) + (0,4) + (1,1) + (1, 3)
+(1,5) + (2,2)
R, (0,0) + (0,2) +2(0,4) + 2(0,6) + 2(0,8) + (0,12) | 2(0,0) + (0,2) +2(0,4) + (0,6) +2(1,1) + 2(1,3)
+(1,1) 4+ (1,3) + (1,5) + (1,7) + (1,9) +2(1,5) +2(2,2) 4+ (2,4) + (3,3)
Ra, |(0,4) (0,0) +(1,1)
Ras | (0,4) +(1,3) (0,4) +(1,3)
Rag|(0,2)+(0,6) + (1,1) (0,2) + (1,3) +(2,0)
Uz 4(0,0) + (0,2) +2(0,4) + 2(0,8) + (0,12) 4(0,0) + (0,2) +2(0,4) + (1,1) + (1,3) + (1,5)
+(1,1) 4+ (1,5) + (1,7) + (1,13) +(1,7) + (2,0) +2(2,2) + (2,6)
+(2,0) +(2,2) +(3,3) + (4,0)

Table 2: Lowest weight spaces and Us as modules over g’ @ ¢”; (a,b) stands for V(a,b), where
a refers to g’ and b to g”. The labels of the rows R, are bounded by the levels (Lemma
8.1); those of the row Us are not, since Us contains descendants, for instance the component
V(4,0) C S?(g') of the weight-two space of Ler,(3,0) in case (II).

Comparing the coefficients of 22y? gives

8(2(k + k") — k'K
(8.1) Ter5 H/(O)QHH(O)Z _ ( (k" + 13) )

The left-hand side is an integer, because H'(0) and H”(0) have simultaneous integral eigenvalues
on the finite-dimensional sls @ slp-module Ry,. For (K, k") = (1,1), (1, 3), (3,3), the right-hand
side is 24/13, 40/13 and 24/13, respectively. This excludes all three pairs. An independent
finite search gives the same exclusions. It enumerates the structures of R4, compatible with the
two marginal structures, then substitutes their mixed fourth-order traces into the weight-four
relations. For the pair (1,1) there are two possibilities, giving Trg, H'(0)2H"(0)> = —40/39
and —44/195; for (1,3) and (3, 3) there is one possibility, giving —36/65 and 124/65, respectively.
Each value fails to be a nonnegative integer. This provides a separate finite verification of the
three exclusions.

For the two remaining pairs, the projection p;(g”’) has index 35, respectively 9, and po(g”) is
the principal so3. The ideal g’ is contained in ¢g and commutes with p;(g”), hence is contained
in, and by dimension equal to, the centralizer of pi(g”) in ¢, which is three-dimensional of
index 1, respectively 3, by Lemma 8.3. Since the subalgebras sl of ¢ with a given index
are conjugate under the adjoint group, by Lemma 8.3 and the bijection between conjugacy
classes and nilpotent orbits | , Chapter 3], and the same holds for the principal so3 of
sls, the subalgebra U, is determined up to the inner automorphisms of Vg,ga, generated by
the zero modes of ¢g @ sl3; an isomorphism between p;(g”) and pa(g”) is unique up to an inner
automorphism of sly, which is induced by the adjoint group of sl3 on its principal sos. This
gives cases (I) and (II).

Now we determine the lowest weight spaces. For Ry, ..., R., this follows from the explicit
embedding: we construct eg D e¢gPsls by the Frenkel-Kac formula and compute exactly the joint

24



eigenvalues of commuting neutral elements of g’ and g” on eg, on 27 and on sl3. For the labels
dj, we use in addition the coefficients of z'y? and x?y* in Wes(zh' + yh"”). The relations then
determine, once the structures of Rq,, Ras, Ra, are fixed, the traces Trg, H'(0)?H"(0)? for
p+q < 6. The structures of Ry,, Ry, , R4, are unique, and an exhaustive enumeration shows that
the structures of Ry, R4, and R4, with these traces and with highest weights bounded by the

levels are unique. More explicitly, writing a lowest weight space R as @I::O @f;o mapV (a,b),
the variables satisfy 0 < mgp < [dimR/((a +1)(b+1))] and Y, ,(a + 1)(b+ 1)mg, = dim R.
The marginal decompositions and the nine even joint moments of positive degree at most six
impose further necessary linear constraints. These inequalities specify the finite domain of the
search. A partial multiplicity assignment can be discarded only when no completion satisfies
these necessary constraints; the uniqueness assertion concerns the entire domain.

Finally, augment the coefficient map (5.3) by the fourteenth functional wf = [¢°/%]Wp.
The same residue construction, with this enlarged list of allowed coefficients, gives relations
on the image of M,, () in C!, for n € {2,4,6}. For W = W, (xh’ + yh"), the functional w{
is an affine function of the traces Try, H'(0)? H"(0)?; all lower-weight terms are fixed by Up
and U;. Solving these enlarged rational systems and extracting the monomials zPy?, with p, g
even and 2 < p + g < 6, determines the nine joint traces. With powers J™ for 0 < m < 2,
the vanishing-constraint matrices have dimensions 53 x 144, 41 x 72 and 29 x 36 in weights
two, four and six, respectively, and have full row rank. The resulting relation spaces on the
fourteen functionals have dimensions 10, 10 and 7; exact forms attain the complementary image
dimensions 4, 4 and 7. In each weight a relation has nonzero coefficient at wy, so the previously
determined thirteen coefficients fix it uniquely. The supplementary data contain these matrices,
their exact rank checks and the resulting nine unnormalized traces in each case. The space U,
contains the weight-two subspace of the affine vertex algebra generated by U; and the conformal
vector of U, and it is contained in (Vg,pa,)2 = (27 ® 27,1) @ (78,8) © (1,1 & 8 @ 8), the
decomposition of the weight-two space of the level one affine algebras L., (1,0) and Lg,(1,0).
Write the displayed ambient module as €, , MabV (a,b) and the known affine and conformal
subspace as @mblabV(a,b). The remaining multiplicities of Us satisfy l,, < mgep < Myp,
Yoapla+1)(b+ 1)mgy = 120, and the nine joint trace equations. An exhaustive search over
these finite ranges gives a unique solution in each case. The highest weights in this search are
bounded by Vj, not by the affine levels. [ |

Remark 8.6 Case (I) is the structure announced in | , ]: the level one factor comes
from a root sly of eg and the level 39 factor from the diagonal of the principal triples of As
and A | , Section 1]. The lowest weight spaces of Table 2 in case (I) coincide with those
listed in the working manuscript | ], and the decomposition of Uy coincides with [ ,
Appendix H.1]. In the present work these data are consequences of the hypotheses of Theorem
8.5, and the announced data serve only as a test.

Remark 8.7 The relations of this section do not exclude case (II), which is realized assuming
(Hj) (Section 10). The remaining arguments determine its weight-two generating space and
identify the resulting algebra; finite-degree consistency checks alone do not establish existence.
The lowest weight spaces of Table 2 are also compatible with the bound A, 4+ Ay < h,, where A,
is the Sugawara weight; this bound holds for z € {0,b, a, co, ¢1, c2} because the corresponding U-
modules occur in unitary lattice modules by Lemma 4.3. Choose the compact form for the affine
embedding; its Sugawara operators and those of the coset are then unitary on these modules,
and the coset conformal weights are nonnegative. The central charge of the commutant of the

13 — 18 "and U, would contain a two-dimensional space of

affine subalgebra would be 8 — % -F =3,
invariant vectors in this commutant. Note that the products of the levels are equal in the two
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cases, 1 -39 = 3-13. Section 10 pushes the analysis of case (II) to the space Us and to weight
three (Theorem 10.5 and Proposition 10.7).

9 The generation problem

We keep the hypotheses of Theorem 8.5, we write A C U for the affine vertex algebra generated
by U, and set V' = Vg ga,.

Proposition 9.1 In both cases of Theorem 8.5, Us is a Uy-submodule of Vi of the type given
in Table 2, containing (A)2 and the conformal vector of V'. The set of such submodules is a
product of Grassmannians of the multiplicity spaces of V3, of dimension 70 in case (I) and 87
in case (II).

Proof : The first assertion is Theorem 8.5. A Uj-submodule of V4 with prescribed multiplicities
uqp is given by the choice, for each (a, b), of a u,,-dimensional subspace of the multiplicity space
of V(a,b) in V3, of dimension v,p, containing the l,,-dimensional subspace coming from (A)s
and Cw. This is a Grassmannian of dimension (uqp — lap) (Vap — Uap)- The multiplicities vg, are
computed from the lattice, and we evaluate the resulting finite sum. [ ]

Proposition 9.1 turns the determination of Us into a finite-dimensional algebraic problem:
the subspace must satisfy z(;)y € Uz and z9yy € Uy for 2,y € Us, and V3 © Uy must be
the weight-two space of the U-module Mj. If one knew that U is generated by U; @ Us, each
algebra U would be determined by its solution Us;. We do not know a general argument for
this generation property. In case (I), the strong generation of the announced algebra by Uy,
three weight-two vectors and finitely many vectors of weights at most four is one of the main
results announced in [ ]; it concerns a specific algebra and does not give the generation
of an arbitrary U. Section 10 carries out this computation in case (II), and in case (I) as far as
needed for uniqueness, after a reduction through the commutant of the currents; the generation
property is then replaced by a comparison of characters (Theorems 10.29 and 10.38).

Corollary 9.2 In both cases, A= Lg, (k',0) ® Lg, (k”,0) with (K', k") = (1,39) or (3,13), the

commutant Comy (A) has central charge % or 15—8, and its weight-two space is two-dimensional

and contains its conformal vector w — wyr — Wi .

Proof : The first assertion follows from Theorem 8.5 and | , Theorem 3.1 p. 4]. The
weight-two space of Comy(A) consists of the vectors of U, annihilated by the modes z(n),
n > 0, of z € Uy; such vectors span trivial Uj-submodules. By Table 2, the trivial isotypic
component of U, is four-dimensional, and it contains the Sugawara vectors wy and wg, which
are not annihilated by x(1) for suitable z. Since (A)s contains exactly two invariant vectors,
the Ui-invariant vectors of Uy are Cwys @ Cwyr plus a two-dimensional complement, which is
the set of invariant vectors annihilated by all 2(1), € U;. Indeed, for an invariant vector
w of Uz, we have z(n)w = 0 for n > 3 by the grading. The map z — z(2)w is a U;-
module homomorphism from the adjoint module U; to Uy = C1; it vanishes because U is
semisimple. Also z(0)w = 0 by invariance, and z(1)w € U; depends Uj-equivariantly on x, so
that  — 2(1)w is an endomorphism of U; commuting with g’ @ g”; it is a combination of the
projections onto g’ and g, and subtracting the corresponding combination of Sugawara vectors
117 13

gives an element of the commutant. The central charges are 8 — 1 — <5~ and 8 — % - = [ ]
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10 The commutant of the currents and the space U,

We keep the hypotheses of Theorem 8.5. We write V' = Vg ga,, so that V' = U & M, by
Proposition 4.1, A C U for the affine vertex algebra generated by Uy = g’ @ g”, C = Comy(A)

and C = Comy (A4) C C. The conformal vector of C and of C' is w¢ - wyg — wyr, of central

charge cc = 1 in case (I) and 22 in case (II) (Corollary 9.2). In this section we determine, by
exact computations in V', the weight-two space of C' and then the space Us. In case (II), the
four candidate spaces give isomorphic vertex algebras, identified with the algebra of | ] in

Theorem 10.24. We denote the normalized invariant bilinear form on V' by 8, with 5(1,1) = 1;
it is distinct from the positive Hermitian form H, introduced below. On lattice vectors, (-,-)r,
denotes the lattice form.

10.1 An exact model of the lattice algebra

We use the construction of [ , Chapter 8]. The lattice L = Eg @ Ay has the basis of
simple roots aj, . .., ag, with Gram matrix the Cartan matrix of Fg @ Ay (Bourbaki numbering
for Eg). The space V' has the basis of the vectors a;, (—ni)--- oy, (—ng)e”, B € L, with
ny = --- =2 n, 2> 1and i; <i;41 whenever n; = n;11. The cocycle is the bimultiplicative map
with e(a;, o) = (=1)$%02 for i < j, e(ay, ;) = —1 and e(a;, ;) = 1 for i > j, and

(10.1) Y(e®, z) =exp (Z @z") exp ( - Z @z*”) eqz™0),

n>0 n>0

The modes of a general basis vector are obtained from those of e* and of the Heisenberg fields
by the iterate formula (a(—myw)x) = 2,50 (m+jj_1) (a(cm—pyWkts) — (1) ™ W(k—m—j)ya() for
a = a;(—1)1. Our implementation evaluates these formulas in the specified monomial basis
and cocycle, using exact arithmetic for the weight-four membership calculations. The con-
struction of the vertex algebra is the standard lattice construction. The following finite im-
plementation checks, performed through weight three, are separate from that construction:
the graded dimensions 1,86,1370,11586; the relation L(0) = weight on random basis vec-
tors; the Virasoro relations with ¢ = 8; the translation property; the commutator formula
[U(m), V()] = Zj (Zn) (U(j)V) (m+4n—j) on random triples; the equality of w with the Sugawara
vector of eg @ sl at level one; B(w,w) = 4. These are sample checks, not proofs of the identities
for all states.

The enumeration of lattice momenta in a ball may be justified independently of the imple-
mentation. In a simply laced root lattice, write a nonzero vector v = ry 4+ --- + r,;, as a sum
of roots with m minimal. Two summands cannot have negative inner product: if their inner
product is —1, their sum is a root, and if it is —2, they are opposite, in either case contradicting
minimality. Hence (v,r1)r > 2, and ||v — r1||2 = ||v]|2 — 2(v,71)r + 2 < ||v]|2 — 2. Induc-
tion gives a path from v to zero by subtracting roots, with strictly decreasing squared norm.
Consequently the search starting at zero and adding every root while retaining only vectors of
squared norm at most R visits every lattice vector in that ball. This applies to Fg ® Az, and
in particular to the momentum enumeration through conformal weight four, where R = 8. An
independent enumeration using a rational LDLT decomposition instead of root additions gives
respectively 1, 78, 702, 2346 and 5694 vectors of squared norms 0, 2, 4, 6 and 8.

In both cases of Theorem 8.5 we realize Uy inside V{ with the neutral elements H' and H” in
the Cartan subalgebra h = L ® C, so that every basis vector is a joint weight vector. We check
exactly the relations of sl @ sla, the levels through H(1)H = 2k1 and e(1)f = k1, and the
commutation of the two ideals. As an independent test of Table 2, the weight-one A-primary
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vectors of V', which form Ry, have the g’ @ g”-structure of the row R} of that table in both
cases.

Weight window of the lattice calculation. The mode implementation stores lattice mo-
menta of squared norm at most 8. We use it for homogeneous inputs of weights at most four
and only when the output weight d = wtu + wtv —n — 1 is at most four. Indeed, a state of
momentum v has weight at least |y|?/2, so a momentum outside the stored ball cannot con-
tribute to such an output. This remains true in the recursive evaluation. If u = h(_,)u’ with
m > 1, the two inner mode evaluations in the iterate formula have output weights d — m — j
and d, respectively, for j > 0; the input weights also do not increase. Induction on the number
of oscillators therefore keeps every recursive call inside the same window. All products defining
the weight-three and weight-four certificates satisfy these bounds. Outside this window this
implementation is not asserted to evaluate the full lattice vertex operator algebra.

10.2 The Griess algebra of the commutant

Lemma 10.1 Let B = Cy. Then Cy = 0, dim B = 4 in case (I) and dim B = 5 in case (II).

The product a - b def ayb is commutative on B, with unit e def %wc, and the form B(-,-) is

invariant: f(a-b,c) = B(a,b-c). Moreover B = Co@®Y withY = BNM,, the sum is orthogonal,
and Cs is a two-dimensional subalgebra of B containing e.

Proof : The space 6’1 is the centralizer of Uy in eg @ sl3, which is zero by the proof of Theorem
8.5. The dimensions are computed by solving exactly x(,yv = 0, n € {0,1,2}, x € Uy, on the
joint weight space of weight zero of VJ; they agree with the count of g’ @ g”’-invariant vectors of
Vs (7, respectively 9) minus the invariant A-descendants (2 Sugawara vectors and 1, respectively
2, vectors ) x*(—1)w, attached to the components of type V(0,2) of R;). Commutativity
follows from skew symmetry since Cy = 0, and e is a unit since L(0) — La(0) = (wc)q) acts by
2 on B. Invariance of the form holds for quasi-primary vectors of weight two, and the vectors
of B are quasi-primary since L(1)B C C; = 0. Since M, is a U-module not isomorphic to
the contragredient of U, the form vanishes on U x M. The decomposition V' = U & M, is a
decomposition of A-modules, hence B = (BNU) & (BN My), and BNU = Cy is two-dimensional
by Corollary 9.2. [ |

Lemma 10.2 Let D C B be a two-dimensional subalgebra containing e, and write D = Ce ®
Cxc with B(xc,e) = 0. Then x¢-xc = Axe + pe with p = % If A def \2 +4p # 0, then
D is spanned by two orthogonal idempotents f and e — f, and w; def 2f and wo def 2(e — f) are

commuting Virasoro vectors with wy + wy = we and central charges

(10.2) Cro = %C (1 ¥ \/AZ)

Conversely, x¢ € et spans with e a subalgebra if and only if xc is an eigenvector of the quadratic
map q(zc) = (zc - zo)*" of e*.

Proof : Since e is a unit and D is a subalgebra, z¢ - ¢ = Aro + pe, and S(z¢ - x¢,€) =
Blxc,zc - e) = B(xre,xzc) gives u. The element f = ae + bxe is idempotent if and only if
2a + b\ = 1 and a® + b*u = a, that is ¥?’A =1 and a = 352 then (e — f) - (e — f) =e— f
and f-(e— f) = 0. Since CA'l = 0, a vector wy of weight two with (wi)myw1 = 2w is a
Virasoro vector of central charge 25(wy,w1). Put v = 2f and w = we — v. Skew symmetry
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and C; = 0 give vyv = L(—1)v and vgwe = L(—1)v, so vyw = 0. The products v(1yw,
v(2)yw and v(zyw vanish by the idempotent relation, the grading and orthogonality, respectively;
all higher products vanish by the grading. Thus the two Virasoro fields commute. Finally
c1 =28(2f,2f) = 8(a25(e,e) +b2up (e, e)) =cc (a2 + b2,u) = cca, since B(e,e) = <. The last
assertion is a reformulation. ]

Proposition 10.3 The two-dimensional subalgebras of B containing e are exactly 7 in case (1)
and 15 in case (II); for all of them A # 0. The central charges (c1,c2) of (10.2) are listed in
Table 3. In case (I), the subalgebras 5 and 6 give the central charges 2320 and 19; in case (II),

the subalgebras 9 and 10 give & and 32 Within each pair, the two subalgebras are exchanged

by the automorphism /13 \/§ of Q(\/ﬁ)

Proof : We compute the structure constants of B exactly in a basis e, x1,...,x,—1 with z; L e,
and solve ¢(z) = Az on the affine charts of P(e®) by Grébner bases over Q; the solution sets
are finite and explicit. By | , Theorem 1.2 p. 2] a quadratic map of C" with finitely many
classes of eigenvectors has exactly 2" —1 of them, counted with multiplicity; our counts 7 = 23—1
and 15 = 2% —1 show that all of them are simple and that the lists are complete. Independently,
we compute the dimensions of the coordinate algebras of the disjoint projective charts: they are
(7,0,0) in case (I) and (11,2,1,1) in case (II). It also checks that the listed points are distinct
and satisfy the equations. Their number equals the sum of the chart dimensions, which proves

exhaustiveness and simplicity directly from the finite polynomial systems. [ ]
Case ( )7 co =10 Case (H) =12
0,3: 23335 (excluded) | 0, 14: g % (excluded)
1: i’g}‘;, 89 (excluded) 1,8 L 2 (excluded)
2: 2,558 (excluded) 2: 82 823 38 88 (excluded)
4: 282 2715181; (excluded) 4,5 2 F 309 (excluded)
5, 6: ?421(7)1 , 3—(1) (survive) 6: g, %; 7:[%, % (excluded)
9,10: 8,32 (survive)
11 22,55, 12: 88, 192:13: 3,2 (excluded)

Table 3: The two-dimensional subalgebras of B containing e, with the central charges of the
two Virasoro vectors and their fate under Theorem 10.5 and Propositions 10.34 and 10.35. The
supplementary data use the same numbering.

10.3 Linear and quadratic conditions on the primary lines

For a pair (a,b), let II,, C V4 be the space of A-primary highest weight vectors of type V(a,b),
that is, vectors v of joint weight (a,b) with €'(0)v = ¢”(0)v = 0 and z(n)v = 0 for € U
and n > 1. The primary types of Uy are the types of Table 2 not accounted for by (A)s @ Cs:
in case (I) the types (0,4), (0,8) (twice), (0,12), (1,1), (1,5), (1,7), (1,13); in case (II) the
types (0,4), (1,1), (1,3), (1,5), (1,7), (2,2), (2,6), (3,3). Indeed U = @, La(A) @ C*, the
weight-two vectors coming from A\ # 0 are lowest weight vectors of L4(\) since Uy = Aj, and
the descendant part is (A)s @ Cy. We put pap = Us NIl,,, whose dimension is the multiplicity of
the type. On I1,;, we use the bilinear pairing P, (u,v) = B(u, 044v), where v = f/(0)% £ (0)bv

Lemma 10.4 Let Co = Ce @ Cxc and Y = BN Cy. For every primary type (a,b) and
u,u’ € pap:

1. e@yu = (zc)(2yu = 0, that is, u is quasi-primary for w1 and wy;
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2. (xc)(1)Pab C Pab; 0 particular, if pay s a line, it is spanned by an eigenvector of (xc) (1),
and the eigenvalues of (w1) 1y, (w2) 1) on it are the weights hi, hy of u for the two Virasoro
algebras, with hi 4+ ho = 2 — hqp, where hqy is the Sugawara weight;

8. Pap(u,yyu') = 0 for every y € Y, and the pairing is nondegenerate on pap;

4. for every primary type (c,d) and every w in the g’ ®g"-module generated by pea, uyw € Uz
and uiyw € Uy.

Proof : 1. The vectors eyu and (x¢)2)u belong to Uy, are annihilated by the modes z(n),
z € Uy, n > 1, since e and x¢ commute with A, and are highest weight vectors of type
(a,b) # (0,0); since U; = A; has no nonzero A-primary vector, they vanish. 2. The operator
(zc)@a) preserves U, the A-primary vectors and the joint weights. 3. Since y € M; and
M, is a U-module, skew symmetry gives y1yu’ € Mj, and the form vanishes on U x Mj;
45 commutes with y(;). The invariant form 3 is contravariant for the affine algebra A, so
pairings between nonisomorphic irreducible integrable A-modules vanish. In weight two, the
affine-primary summands are orthogonal to the vacuum descendants (A)y. Every irreducible
integrable module for the two affine sly factors is self-contragredient. Nondegeneracy on Us
therefore gives nondegeneracy on each primary multiplicity space. The map 6,, identifies its
highest and lowest weight spaces up to a nonzero scalar, which proves the assertion. 4. This is
the closure of U. ]

10.4 Case (II)

Theorem 10.5 Assume the hypotheses of Theorem 8.5 in case (II). Then Co is one of the
subalgebras 9, 10 of Table 3, so that we is the sum of two commuting Virasoro vectors of central
charges % and % For each of these two subalgebras, Us is one of two explicit subspaces of

Vs, exchanged by complex conjugation, and defined over Q(v/13,+/—3). The weights of the two
Virasoro algebras on the primary lines are

(ab) [ (04) (L1 (1,3) (1,5) (L7) (22) (26) (3,3
i (c= &2 2 I by T 5 36 5 T
e BT o®mo® B % % % X

19 1 19 19 5 19 57 19 19

Proof : The proof consists of four finite steps. Exact linear algebra and Grébner bases construct
the admissible spaces; certified interval evaluations are used only for exclusions.

Step 1: exclusion of thirteen subalgebras. It suffices to use the primary type (3,3), whose
multiplicity in Us is one. The space II33 has dimension three. For each of the candidates 0-8
and 11-14, the coordinates of z¢ in the fixed basis of B are rational. Let X be the matrix of
(rc¢)(1) on Il33, P the matrix of P33, and Y1, Y2, Y3 the matrices of y(;) for a rational basis of
BN Cy. All these matrices are rational. A primary line with coordinate vector u € C3 must
satisfy

rank[u, Xu] =1, w PYju=0(j=1,2,3), u'Pu##0.

These are only some of the necessary conditions in Lemma 10.4; their inconsistency is enough.
On the projective chart whose first nonzero coordinate is uy, put ug = -+ = ug_1 = 0 and
up = 1. Adjoin a variable z and the equation zu™Pu—1 = 0, and express the rank condition by
the 2 by 2 minors of [u, Xu]. For each of the thirteen candidates and each of the three charts,
the resulting ideal over Q has Grébner basis {1}. The supplementary data contain the matrices,
chart polynomials and all 39 unit bases. Hence none of these thirteen candidates admits the
required primary line. No eigenvalue approximation is used in this step.
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Step 2: the admissible spaces. For the subalgebra 9, every primary type has exactly one
admissible space E¢, of dimension two, and the eigenvalues & give the weights of the statement.
We treat all characteristic-polynomial factors, including the nonlinear ones, and exclude the
remaining eigenspaces by exact equations or certified enclosures. We then construct the surviv-
ing spaces and lines. A separate verification checks both the exclusions and the eight displayed
weights exactly. Nonlinear factors with multiplicity greater than one, or an eigenspace for which
the adjugate test is inconclusive, are retained rather than discarded; none remains among the
exclusions used here.

Step 3: the lines. In each two-dimensional E, the isotropic lines are the common roots of
the binary forms Pyp(u,yyu), y € Y; their greatest common divisor over Q(v/13) has degree
two, and both roots satisfy Pup(u,u) # 0. This leaves 2% = 256 choices of Us. The coefficients
lie in Q(v/13, v/—3); note that v/61/—7 + /13 = /=3(v/13 — 1).

Step 4: pairwise closure. For two lines of types (a,b) and (¢, d), condition 4 of Lemma
10.4 implies that upyw € Uy and that uyw lies in the span of (A)2, Cy and the modules
generated by all the admissible spaces. When one of these conditions fails, we exhibit a rational
linear form vanishing on U, or on a rational space containing the latter span, whose value
on u()w or uyw is an algebraic number enclosed by rational operations and certified radical
evaluations in Arb. For each exclusion, the certificate records the rational annihilator, the
product tested and a nonzero interval, giving 62 certified rejections. The algebraic inputs
are evaluated directly, without an intermediate rounded decimal approximation. The finite
coverage check uses only the 62 pairs marked as certified; the ten inconclusive pairs are not
used. In the order of primary types displayed in the theorem, the two remaining choices are
(0,1,1,0,0,1,0,1) and (1,0,0,1,1,0,1,0), where the bits index the two lines with the ordering
specified in the supplementary data. They are complex conjugate. By the Galois symmetry
V13 — —/13, which fixes all the rational data, the same holds for the subalgebra 10. [ ]

Remark 10.6 Theorem 10.5 is a computer-assisted result. Step 1 uses the exact rational
equations displayed above. In Step 2, characteristic-polynomial factors and their multiplicities
are retained in the eigenspace computation; a multiple nonlinear factor or an inconclusive
enclosure cannot be discarded. The stored calculation for subalgebra 9 leaves exactly the
displayed two-dimensional space for each type. The generators x¢ of candidates 4 and 5 are
rational: /409 occurs only in their normalized Virasoro vectors and is irrelevant to Step 1.
Step 4 uses exact algebraic inputs in the interval calculation. Its 62 certified pair exclusions
cover 254 configurations; the ten inconclusive pairs are not used. These are separate checks of
nonvanishing and of finite coverage.

Reduction conventions. For a prime p used below, let p be the prime of Ok specified by the
chosen images of v/13 and /=3 in F,. Reduction is the residue map redy: (Ok)p — Fp. Only
coefficients integral at p are reduced; in particular, every rational denominator in a matrix or
a generating word must be invertible modulo p. For such a matrix M, a nonzero minor of its
reduction lifts to a nonzero minor, so ranky, (M) < rankg(M). A modular rank can therefore
prove a lower bound in characteristic zero. A modular membership identity alone cannot prove

the corresponding identity over K.

Proposition 10.7 Let Uy be one of the four subspaces of Theorem 10.5, and let S C V' be
the vertex subalgebra generated by Uy @ Us. The following statements hold modulo the primes
p1 = 134217613 and py = 133217647, for the residue maps at the primes p; above p; specified
in the supplementary data. All dimensions, decompositions and inclusions in this proposition
refer to the reduced spaces.
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1. dimUy = 120, and Uy is closed in weight two: umyw € U and upyw € Uy for all
u,w € Us.

2. The vectors x(—3)1, z(—2)y, x(~1)u, L(-1)u and ugyw (z,y € Ur; u,w € Uz, u a
highest weight vector), together with their images under ¢’ @ ¢”, span a subspace denoted
by S§°", of dimension 956 = dim Us, isomorphic as a g’ @ g’ -module to

4V(0,0) + 11V/(0,2) + 4V(0,4) + 6V (0,6) 4+ V(0,10) + 6V (1,1) + 8V/(1,3) + 7V (1,5)
+5V(1,7) + V(1,9) + 8V(2,0) 4+ 6V (2,2) + TV (2,4) + 4V (2,6) + 2V (2,8) + 2V (3,1)
+5V(3,3) +2V(3,5) + V(3,7) + V(4,0) + 2V (4,2) + V(4,6) + V(6,0).

Its nine joint traces Tr H'(0)PH" (0)?, with p,q even and 2 < p+ q < 6, are exactly those
of Us determined by the relations of Proposition 6.2.

3. For every u € Uy and every w in this subspace, uiyw € Uz and uzyw € Uy; for every
y € Uy, yoyw € Uz and yyw € Uy.

Proof : Exact computations in Fp,: ranks of matrices over I, the closure under the zero
modes of ¢/, f',e”, f” being reached after three iterations. In part 3 we test u = e, u = ¢, the
highest weight vectors of the eight primary types and the elements y of a basis of U; (modulo
p1); the other elements of Us follow by g’ @ g”’-equivariance, the subspace being stable under the
zero modes, and, for (A)s, by expanding the modes of z(—1)y and 2(—2)1 as normally ordered
products of modes of currents. [ |

Remark 10.8 The modular ranks give lower bounds for the characteristic-zero ranks under
the reduction conventions above. The membership tests and the reduced module decomposition
are statements over the residue fields. Theorems 10.9 and 10.19 establish the corresponding
characteristic-zero closure and dimensions. Proposition 10.7 by itself does not prove that S is
a Haagerup algebra.

10.5 Case (II): exact weight-two closure, unitarity and symmetries

Let K = Q(v/13,v/=3). Let Vi, be the K-span of the fixed monomial basis, and write U; x =
U; N Vg for the forms specified by the rational currents and the displayed primary generators.
Statements about ranks, bases and closure over K refer to these forms; their extensions of
scalars to C recover the corresponding complex spaces. We suppress the subscript K in the
finite computations. The four subspaces of Theorem 10.5 are spanned by vectors of Vi whose
coordinates in the monomial basis lie in K. We write ¢ + ¢ for the complex conjugation of K
(V=3 + —/=3), v = © for the antilinear map of V’ which conjugates the coordinates in the
monomial basis, and o for the automorphism /13 — —+/13 of K fixing v/—3.

Theorem 10.9 Fach of the four subspaces Us of Theorem 10.5 has dimension 120 and is closed
in weight two over K: for all u,w € Uz we have uqyw € Uz and u@pyw € Us.

Proof : We work in exact arithmetic in K, an element being a quadruple of rationals in
the basis 1,v/13,v/—3,v/—39. Through the restriction of scalars K = Q*, every K-subspace
becomes a Q-subspace of four times its dimension, and membership is decided by ranks of
rational matrices, computed weight space by weight space for the Cartan subalgebra of g’ @ g”.
The rank of Us is 480 = 4 - 120. We test the 681 nonzero products u,)w, n € {1,2}, where
u runs over e, r¢ and the highest weight vectors of the eight primary types, and w over
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e, x¢c and the eight modules: none increases the rank. The general case follows: the zero
modes of g’ @ g” satisfy [y(0),%mn)] = (Y(0)u)(n) and preserve Uy and Uy, which transports the
statement from highest weight vectors to the whole modules; for z € U;, the construction gives
2myU2 C Uz—yp, for n > 0, with Uy = C1 and U; = 0 for j < 0. This follows separately on
the affine descendants and on the affine-primary summands. The normal-order formula then
gives ((A)2)1yUz C Uz and ((A)2)(2)U2 C Ui: the negative-mode terms in the first inclusion
belong to Uy (—1)Uy + U1(=2)Uy C (A)2. Finally (z(_2)1)(,) = —na(,—1), and skew symmetry
exchanges the two arguments. We have done this for the two choices attached to the subalgebra
9; the other two are their images under o, which acts on coefficients and commutes with all the
rational structure constants of V. [ ]

This proves part 1 of Proposition 10.7 over K.

We now show that the algebra generated is unitary, in the sense of Dong and Lin | ]
and Carpi, Kawahigashi, Longo and Weiner [ , Section 5]. Recall that V' has a rational
form, spanned by the states hy(—n1) - - - hx(—ns)e* with h; in the root lattice, since our cocycle
takes the values £1. For a character x: L — Ry of the root lattice L = Eg @ Aj, let ¢, be the
antilinear map defined on this basis by

(10.3) ¢y (chy(—nq) - hk(fnk)e’\) = (=D x(Nehi(—=n1) - - hp(—ng)e >, ceC.

Theorem 10.10 Let x be the character taking the values 12—5, 1,1, %, %, 2% on the simple roots
a1,...,ag of Eg (Bourbaki numbering) and 2,2 on the simple roots of A, in the simple-root
coordinates fized above.

1. ¢y is an antilinear involutive automorphism of V', and H, (u,v) = (u, ¢, (v)) is a positive
definite invariant Hermitian form: (V',¢,) is a unitary vertex operator algebra.

2. Oy (e)=—f, o (f") = —€, & (H') = —H', and similarly for g"; in particular ¢ (U1) =
U,.

3. ¢y (Uz) = Uy for each of the four subspaces of Theorem 10.5.

Consequently, the vertex subalgebra S C V' generated by Uy ® Us is a unitary vertex operator
algebra of central charge 8; it is simple, of CFT type and self-contragredient (S = S").

Proof : 1. Let ¢1 be the map (10.3) for the trivial character. With a bimultiplicative cocycle we
have e(—a, —f) = e(a, 8), and ¢; is the antilinear involution for which lattice vertex operator
algebras are unitary | , Theorem 4.12], | , Example 5.9]. We have checked our
sign conventions directly: ¢1(u(n)v) = ¢1(u)mn)¢1(v) for 5050 products of basis states of weights
at most two, and the Gram matrix of Hy(u,v) = S(u, ¢1(v)) is positive definite on each lattice
sector of V{, VJ and V4. Write x(\) = eVt with h, in the real Cartan subalgebra, and
g = exp(hy(0)), an automorphism of V' acting by x(A) on M(1) ® e*. Then ¢, = ¢10g =
g %0 ¢10g'2, so that (V’, ¢, ) is the transport of (V’,$1) by the automorphism ¢g~*/2, with
Hermitian form H, (u,v) = Hy(g"/?u, g'/?v).

2. Direct computation. The character x was found by solving the ten equations x(«) =
—kdy/co with K > 0 (k' for the roots of g’, k" for those of g”), where ¢, and d, are the
coefficients of e® in e’ (or €”) and of e=® in f’ (or f”); all the ratios d,/c, are negative, so that
the right-hand sides are positive, and the solutions form a two-parameter family; the statement
holds for the member displayed.

3. Exact computation over K: for each of the 120 spanning vectors v of Us constructed in
the proof of Theorem 10.9, the restriction of scalars of ¢, (v) lies in that of U,. This is done for

33



the two choices attached to the subalgebra 9; since  is rational, ¢, commutes with o, and the
statement for the subalgebra 10 follows.
Finally, S is stable under ¢,, and contains the conformal vector w = w4 + 2e of V', so

that L(1)S C S. By | , Proposition 5.23], S is a unitary subalgebra of (V’, ¢,). Since
So = C1, it is simple by | , Proposition 5.3]. The bilinear form § is nondegenerate on
S, because B(s, ¢, (s)) > 0 for s # 0 and ¢,(s) € S; hence S = 5’ | ] [ |

Remark 10.11 Theorem 10.10 does not use any information on S beyond its generators: it
holds whatever the dimensions of the homogeneous components of S are. It is the analogue of
[ , Section 3] for case (I). The trivial character does not work: ¢1(e’) is not proportional
to f’, and a positive rescaling of the lattice exponentials is needed. All four subspaces give
unitary algebras. In particular, the sign of /13 in the choice of C5 (subalgebras 9 and 10) has

nothing to do with the sign of the quantum dimension d = ﬁT‘/ﬁz S and o(S) have the same
graded dimensions, and the non-unitary Galois conjugates of Z(H3) | ] cannot be the
representation category of a strongly rational algebra of CFT type whose nonvacuum simple
modules have positive lowest weights, since its categorical dimensions are then positive | ,
Lemma 4.2], ].

Proposition 10.12 1. The two subspaces Us attached to the subalgebra 9 are exchanged
by complex conjugation, and by the linear automorphism 0y : v — ¢\ (V) of V', which
normalizes Uy. Hence they generate isomorphic vertexr operator algebras; the same holds
for the subalgebra 10.

2. The group of automorphisms of the algebra B fizing e and preserving the form has order
two. Its nontrivial element is an orthogonal reflection s; it exchanges the subalgebras 9
and 10 of Table 3, as well as 0 and 14, 1 and 8, 4 and 5, and fizes the seven others.

Consequently the four subspaces give at most two isomorphism classes of vertexr operator

algebras, and exactly one if s is induced by an automorphism of V' normalizing Uy ; this is the
case by Proposition 10.27.

Proof : 1. Exact computation: the conjugate of each spanning vector of the first subspace
lies in the second. Since x is rational, ¢, commutes with coeflicient conjugation. For either
subspace W, Theorem 10.10 gives 0, (W) = ¢, (W) = ¢, (W) = W.

2. An automorphism g of B fixing e permutes the fifteen two-dimensional subalgebras
of Proposition 10.3 and preserves their central charges. The pairs of central charges of the
subalgebras 2, 3, 6, 7, 11, 12, 13 occur only once, so g maps each corresponding line Cz¢ to
itself, and g(xzc) = x¢ since g(ze - o) = g(ze) - g(ze) and A # 0 since ¢; # 3 by (10.2).
These seven vectors span the hyperplane H = span{z1,z2, 23} of e® in the fixed basis. The
restriction of B to H is nondegenerate: its Gram determinant is 138228, by direct evaluation.
The form on B is nondegenerate because B is stable under ¢, and H, is positive definite. Thus
N = H' net is one-dimensional and e = H @ N. An orthogonal map fixing H pointwise
acts by 1 or —1 on N. Therefore g is the identity or the orthogonal reflection s in H. A direct
computation shows that s is an automorphism, with the stated action. An automorphism of

V' normalizing U; preserves B, e, the product and the form. [ ]

Proposition 10.27 constructs an automorphism of V' fixing U; whose restriction to B is s.

Proposition 10.13 Let Uy be the first subspace attached to the subalgebra 9. The following
statements hold modulo the prime ps = 8388571, for the residue map at the prime above ps
specified in the supplementary data.
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1. The space S5 of Proposition 10.7 has dimension 956 and u(1)S5°" C S5 for allu € Us.
Together with Proposition 10.7, this gives the finite mode closure y(,)S; C Si—n (n = 0)
and u()S; C Siv1—n (n 2 1) fory € Uy, u € Uy, i € {2,3}, where Sy = Uy and S3 = S§7;
this is the analogue of [ , Proposition 4.1].

2. Let Ry, C V] be the orthogonal of Uy, of dimension 80, and M the subspace generated
from Ry by the modes of Uy, L(—1) and the modes uy, u—1y (v € Us), as in part
2 of Proposition 10.7. Then dim My = 1250, dim M35 = 10630, and Us + My = V5,
S5 + Ms = V4. These are the dimensions of the module M, of Section 4, and the sums
are direct by dimension count.

3. The space S§™ spanned by y(—1)Ss, L(—1)Ss, y(—2)Uz, y(=3)U1, u—1yUz, u—2yUr and
wySs (y € Ur; u = e, u = xc or a highest weight vector of one of the eight types),

closed under ¢ ®g", has dimension 6010, the coefficient of ¢*'/3

character, and decomposes as
24V (0,0) 4+ 27V (0,2) + 35V (0,4) + 18V (0,6) + 11V(0, 8) 4+ 3V (0,10) + V(0,12)
+ 28V (1,1) + 43V (1,3) + 37V (1,5) + 24V (1,7) + 9V (1,9) + 2V (1,11) + 17V (2,0)
+39V(2,2) + 31V (2,4) + 28V (2,6) + 10V (2,8) + 4V (2,10) + 15V (3,1) + 23V (3, 3)
+ 16V (3,5) + 10V (3,7) + 2V (3,9) + V(3,13) + 9V (4,0) + 7V (4,2) + TV (4,4)
+5V(4,6) +2V(4,8) + V(5,1) + 2V (5,3) + V(5,5) + V(5,7) + V(6,0)
+V(6,2).

in the Haagerup vacuum

In particular it contains the ¢’ ® g''-module V(3,13) once.

4. Fory € Up, yyS§™ C S5 and y2)S5™ C Us. For u the highest weight vector of the
types (054)7 (171)7 (173)7 (175)7 (177)7 (272)7 (276)7 (373) andforu =e, u=wc, we have
U(l)Sfcn C Sfcn, U(Q)Si;cn C Sg;cn and U(3)S§CH C Us.

5. The subspace Ny spanned by L(—1)S3, y(—1)Ss, y(—=2)Us, y(=3)Ur and u_1Us, for u
in the eight primary modules, closed under g’ @ g, has dimension 6010 and contains
e(—1)e, zo(—1)xc and e(—1)xc. The corresponding characteristic-zero consequence for
the reduced Coy Poisson algebra is proved in Theorem 10.21.

Remark 10.14 The ranks modulo p3 are lower bounds for the ranks over K; the membership
statements are statements in characteristic p3 and are not proofs over K. Part 2 is a modular
check of the decomposition V' = S & M, required by Proposition 4.1: by unitarity, V' =
S @ S+, and the space M is orthogonal to S as soon as S; = Uj, since Hy(a(yr,s) is the
Hermitian pairing of r € Ry, with a vector of S;. The occurrence over K of the simple current
L(3,3)®L(13,13), whose affine conformal weight is 2 4+ 12 = 4, is proved directly in Proposition
11.4: an explicit weight-four vector is shown to be affine-primary. Thus no inference from the
modular module decomposition to characteristic-zero occurrence or affine primarity is needed.

10.6 Case (II): strong generation and C-cofiniteness

In this subsection U, is the first subspace attached to the subalgebra 9; by Proposition 10.12
and the Galois symmetry o, the results hold for the four subspaces. We write (A)y C U, for
the span of the vectors z(—1)y and x(—2)1 (z,y € Uy), of dimension 27, and we put

N3 = L(-1)Uy + Uy (—1)Us C V3/, 53=N3+(U2)(0)U27

Ni = L(*l)Sg + Ul(—l)Sg + U1(72)UQ + Ul(*g)Ul + ZT MT(f].)UQ - ‘/4/,
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where M, C Us is the g’ ® g”’-module generated by the primary line of type 7, and Z(n)W
denotes the span of the z(,yw. These spaces are defined over KK, stable under the zero modes of
g’ @ g”, and contained in S. Note that z(—2)y and x(—3)1 lie in N3.

Lemma 10.15 For each of the four choices of Us, we have dim N3 = 725.

Proof : We use the positive Hermitian form of Theorem 10.10 and the decomposition into
integrable modules for A = L, (3,0) ® Lg,(13,0). The regularity of A identifies the module
generated by each nontrivial affine-primary summand with the corresponding simple integrable
module. Write L4(—1) and Lo (—1) for the translation operators of the affine and commutant
Virasoro algebras, so that L(—1) = La(—1) + Lo(—1). The affine vacuum module has no
integrability relation before degree four. Its degree-three subspace therefore has dimension
6+ 6% + (2) = 98, by ordering the six currents according to their negative modes.

The two vectors of Cy contribute 6 - 2 current descendants and two independent vectors
Le(—1)Cy. The eight nontrivial affine-primary summands have total dimension 5+ 4 + 8 +
12416 +9 + 21 + 16 = 91. For an affine module of highest weight (a,b), its degree-one piece
is the quotient of (g’ ® g”) ® V(a,b) by the integrability relations in that degree. Among these
eight types, only (3,3) has such a relation: the highest vector e’(—1)v generates the submodule
V(5,3), of dimension 24. Indeed the first integrability relations in the two affine factors occur
in degrees 4 — a and 14 — b, respectively. Thus the current descendants of the eight primary
summands have total dimension 6 - 91 — 24.

The Sugawara formula gives La(—1)M, C U;(—1)M,. Thus the remaining derivatives are
the vectors Lo(—1)v, with v € M. The vector v has commutant weight he = 2 — hg, > 0.
Since the commutant Virasoro modes satisfy (Lo (n))* = Lo(—n), we have

ILo(=1)ollr, = ILe vl + 2hellvllF, -

Consequently Le(—1) is injective on each such summand and on Cy, where ho = 2. Its im-
ages are independent of the current descendants: within an affine isotypic component they
have different L 4(0)-eigenvalues. Distinct affine highest weights give independent isotypic
components. In the vacuum component the contributions from As, U;(—1)Cy and Lo (—1)Co
have commutant weights 0, 2 and 3, respectively. These account for all terms of Ns. Hence
dim N3 = 98 + 14 + (6 - 91 — 24) + 91 = 725. ]

Definition 10.16 (weight-four certificate condition) Fix the specified bases of Uy, Us and
S3, and the ten vectors consisting of e, xc and one highest weight vector of each primary type.
Condition (F4) asserts that there is a family By of 6010 words from the five families defining N}
with the following properties. Proposition 10.17 verifies the complete condition by reconstructing
the words and their memberships.

1. the vectors in By are integral at the chosen prime above ps, and their reduced coordinate
matriz has rank 6010,

2. every ws, for the ten specified u and all basis vectors s of Sz, and every e_yyw and
(rc)(—1yw, for basis vectors w of Uz, belongs to the K-span of By;

3. every word of the five defining families of N}, with each argument ranging over the full
specified basis, belongs to that span.

The membership assertions mean the exact coordinate identities Bc = v on all rows after
restriction of scalars. They include zero products and require a complete list of input words;
successfully testing a subset is insufficient. The complete block data, their input labels and the
exhaustive verification are supplied with Proposition 10.17.
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Proposition 10.17 Condition (F4) holds for the first subspace attached to the subalgebra 9 of
Table 3. The characteristic-zero identities and dimensions are transported to the other three
subspaces by coefficient conjugation and the Galois automorphism o.

Proof : We use the exact lattice model over K = Q(v/13,1/—3). The weight-three basis
is regenerated from U; and U, and checked to agree exactly with the basis used below. Its
certification, also described in parts 1 and 2 of Theorem 10.19, does not use any weight-four
assertion. The verification of weight four is independent of any identification with an externally
constructed algebra.

All mode evaluations below have homogeneous inputs and outputs of weights at most four,
so the weight-window argument in Section 10 applies. There are 956 basis vectors in S3 and
120 in Us, and the eight primary modules have total dimension 91. The five defining families
of N} therefore have

956 + 6 - 956 + 6 - 120 + 6% + 91 - 120 = 18368

labelled input words. All of them are evaluated from the lattice mode formulas, including the
zero products. Among the nonzero values, the calculation selects 6010 words with independent
reductions at the chosen prime above p3 = 8388571, with v/13 — 1649360 and v/—3 — 2036966.
Every denominator inverted in the reduction is checked to be nonzero modulo p3. These labelled
words form By.

The remaining membership assertions have 10 - 956 + 2 - 120 = 9800 labelled inputs. They
too are all evaluated. The verifier checks the complete input domains, the equality of each pivot
with its labelled family word, and every coordinate of each membership identity. In a Cartan
block with r pivots, restriction of scalars gives 4r rational columns. A nonzero 4r X 4r minor is
selected modulo p3, the corresponding square system is solved over Q, and the resulting equality
is checked on every row in exact integer arithmetic. Thus every tested vector lies in the K-span
of the pivots.

The complete verification covers all 131 Cartan blocks carrying nonzero input vectors. The
families contain 18194 nonzero words and 174 zero words, and the additional products contain
9088 nonzero values and 712 zero values. All 886 zero inputs are independently checked from
the mode formulas or from the Cartan energy bound in the lattice. An absent record is never
treated as a zero vector. The complete verification reports no failure, and the exact coordinate
data and verification results are included in the supplementary material. Missing or truncated
blocks, duplicate labels, a failed minor or a nonzero residual cause failure. Consequently all
three requirements in Definition 10.16 hold.

Finally, coefficient conjugation and ¢ commute with the rational lattice products and fix the
current algebra. They transport Us, the five defining families, the exact coordinate identities
and linear independence over K to the other three choices. For the reduction statement one
transports the chosen prime as well as the bases, rather than imposing the same residue values
on the conjugate coeflicients. The resulting characteristic-zero statements therefore hold for all
four choices. This argument does not use Theorem 10.24. [ ]

Remark 10.18 The exact membership assertions in (F4) admit a representation-theoretic re-
duction. The values of H' + H" on the eight simple roots are (0,—2,2,0,2,0,2,2). Thus every
Cartan weight (a,b) of V' satisfies a = b (mod 2). Each irreducible g’ & g’-module in V] there-
fore contains either weight (0, 0) or weight (1, 1). For two stable subspaces W, X C V}, complete
reducibility of (W + X)/W gives

XcW <«— X(070) C W(0,0) and X(l,l) C W(1,1)~
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This applies to W = Nj and X = (Uz)(0)S3 + (Uz)(~1)Ua, since zero modes of currents act as
derivations and all their argument spaces are stable. Here the subscripts denote Cartan weight
spaces. Applying this criterion requires the full spaces W and X, or generators of them with
their full current orbits. Restricting the ten highest weight inputs alone to these two blocks
would not suffice. This reduction is not used to replace the membership calculations reported
here, and it does not establish the dimension or integrality assertions of (F4).

Theorem 10.19 The following statements hold over K.
1. dim S3 = 956, and Ss is stable under the zero modes of g’ ® g”.
2. L(].)Sg C Us, L(Q)Sg c Uy, and y(1)53 C Us, y(g)Sg c Uy fory e U;.

3. uySs C Ny for all u € Uz, and e(—1)Us + xc(—1)Us C Nj. Consequently (Uz)0)S3 +
(UQ)(*:[)UQ (- Ni

4. dlmNzi = 6010; hence Ni = L(—l)Sg+U1(—1)5’3+U1(—2)U2+U1(—3)U1+(U2)(—1)U2+
(U2)(0)S3 has dimension 6010.

Proof : All vectors are represented as K-linear combinations of monomial states using the
lattice formulas of Section 10. Membership of a vector v in the span of vectors by,...,b, is
decided in the weight space of v for the Cartan subalgebra of g’ @ g”, through the restriction
of scalars K =2 Q%*: the vectors b;, v/13b;, /—3b;,/—39b; give 4r rational columns; a set of 4r
rows on which they are independent modulo p; = 8388571 is found, so that the corresponding
square minor is nonzero over QQ; the square system is solved exactly over Q; and the solution
is checked on all rows in exact integer arithmetic. A vector passes only if the identity Bc = v
holds exactly.

1. We choose 956 vectors among the generating words z(—1)w, L(—1)w, z(—2)y, (—3)1
(z,y in a basis of Uy, w in a basis of Us), u@yw (u = e, xc or a highest weight vector of
one of the eight types) and their images under the zero modes 6/(0)’ f(lo)’ 62’0), f(’é), independent
modulo ps, hence over K. All the 1871 nonzero generating words and the 2862 nonzero images
of the chosen vectors under these four zero modes lie in their span, exactly. Hence the span
¥ of the chosen vectors is stable under g’ @ g” and contains N3 and ug) U, for the ten vectors
u above. The zero mode identity [y, u)] = (¥o)u)) then gives M;yUs C ¥ for each
type; for u € (A)z2, the modes u( are normally ordered products of modes of currents, and
U(O)UQ - Ul(*l)UQ + U1(72)U1 + L(*].)UQ C N3. Thus ¥ = S;s.

2. These inclusions also follow without a matrix computation. Put 7' = L(—1). Theorem
10.9, applied to the conformal vector w € Us, gives L(1)Uy C Uy, while L(2)Uy C C1 by
the grading. The Virasoro relation [L(j),T] = (j + 1)L(j — 1), the current relations and the
translation identity give the required inclusions on N3 = TU; + Uy (—1)Us. More explicitly,
for y,z € Ur and u € U, use [L(j),y-1)] = yi-1): [24),T] = j2g-1) and [2),y1)] =
[2,9](j—1) + 0j,16(2,y) Id, for j = 1,2, where z(1)y = £(z,y)1.

For u,v € U,, the Virasoro commutator formula gives

L(1)(u(oyv) = 2uyv + (L(1)u)o)v + wo)L(1)v,
L(2)(uyv) = 3uyv + 3(L(1)u)qyv.

The terms involving L(2)u or L(2)v vanish because the zero mode of the vacuum is zero and
ugyl = 0. Similarly, for y € Uy,

Yy (uoyv) = (Yoyu) v + (Yayw) o) v + wo)ya)v,
Y2)(uyv) = (Yoyw)(2)v + 2(yayu)a)v-
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All the terms belong to the spaces asserted in part 2, by weight-two closure and skew symmetry.
This proves the inclusions on Sz = N3+ (Uz)(0)U2. Independent matrix checks on the 956 basis
vectors give the same inclusions: they record 772, 60, 2116 and 129 nonzero tests, respectively,
with no failure.

3. For the ten vectors u of part 1 and the 956 basis vectors s of S3, and for u € {e,z¢} and
w in a basis of Uy, the vectors ugys and u(—1)w lie in the span of 6010 words of Ny, chosen
independent modulo ps, by Proposition 10.17. Its complete verification covers 9088 nonzero
tests and 712 zero tests, with no failure. The extension to all u € U follows as in part 1: Ny
is stable under g’ & g”, since it is spanned by stable families, Ss is stable by part 1, and for
u € (A)2 the modes u(g), u(—1) are normally ordered products of modes of currents, which map
S3 and Us into N by part 2. Finally M, (—1)Us C N by definition.

4. Proposition 10.17 gives membership for all 18368 words of the five defining families and

independence of the 6010 pivots, hence dim N; = 6010. [ |
The next lemma gives the passage from these finite identities to all conformal weights.
The next lemma is a variant of | , Lemma 4.3], where N(G) is the span of all parenthe-

sized normal products; with right-nested monomials the proof has to be organized differently,
and we give it in full. We know of no published statement containing hypothesis 2; the case
A = G is classical.

Lemma 10.20 (triangular strong generation) Let W = @n>0 W, be a vertex algebra with
a grading such that wt(a,,)b) = wta + wtb —n — 1 and Wy = C1; let A C G be finite
sets of homogeneous vectors of positive weight. Let N(G) be the span of 1 and of the vectors
g(lfnl) . ~géink)1 with ¢ € G and n; > 1. Assume:

1. amyg € N(G) foralla € A, g€ G and n > 0;

2. every g € G\ A of weight d is the sum of an element of N(G<q) and of vectors a(gyb with
a€ A wta>2, andb € N(G<y) of weight d—wta+ 1, where G4 is the set of elements
of G of weight less than d.

Then N(Q) is a vertex subalgebra of W, strongly generated by G.

Proof : All vectors are homogeneous, and a monomial is a word 9(1—n1) = ~gé“_nk)1 as above, of
length k. For T' > 0 consider the statements

P(T): gmyw € N(G) for all g€ G, n >0 and w € N(G) with wt g +wtw < T}
Q(T): zw € N(G) for all z,w € N(G) and s € Z with wt z + wtw < T,

and P.4(T'), Q<4(T) the same statements with g € G4, respectively z € N(G<4).
Step 1: if P(T') holds for the elements of G' € {G, G<q}, then Q(T') holds for all z € N(G').
By induction on the length of z, the case z = 1 being trivial. If z = k(_p)2’, the iterate formula

gives
pt+i—1
Zav =) ( ; ) (’%pﬂ-) (2srayv) = (P2 ps) (’f(nv)),
20

a finite sum. Here zESM)’u € N(G) since 2’ is shorter, and k(_,_;) preserves N(G) by definition;
kv € N(G) by P(T); and z(,_, ,(kuv) € N(G) since 2’ is shorter and wt 2" + wt(k(;yv) =
wtz+wtv—p—1<T.

Step 2: Q(T —1) implies P(T) for g € A. Write w = h(_,yw’. By the commutator formula,

n
Imyh(—mw' = h_mygmw’ + Y < j) (9GP (n=m—iyw".
>0
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The first term lies in N(G) by P(T — 1), which follows from Q(7 — 1). In the second, z =
gi)h € N(G) by hypothesis 1, and wtz + wtw’ <T —m — j < T — 1, 50 2(n—p—jjw’ € N(G)
by Q(T — 1), whatever the sign of n —m — j.

Step 3: Q(T — 1), and P(T) for A and for G<q, imply P(T) for the elements of G \ A
of weight d. By Step 1, Q<q(T) holds. Write g = v + Y a(b as in hypothesis 2, with
v,b € N(G<g). If b has weight zero, then a(yb = 0; we may therefore assume wtb > 1
and wta < d. Then v,yw € N(G) by Q<a(T), and (a()b)myw = a)(bmnyw) — bu)(apyw),
where b, yw € N(G) by Q<a(T), aw)(bpyw) € N(G) and ayw € N(G) by P(T) for A, and
by (ayw) € N(G) by Q<q(T), since wtb + wt(ayw) = wt g +wtw < T. For the first nested
term, wta + wt(b,yw) = wtg + wtw —n < T. Thus neither use increases the induction
parameter.

Step 4. Q(0) holds since N(G)o = C1. Given Q(T — 1), Step 2, then Step 3 by increasing
d, give P(T), and Step 1 gives Q(T'). Hence N(G)N(G) C N(G) for all s; since 1 € N(G),
N(G) is a vertex subalgebra, strongly generated by G by definition. [ ]

Theorem 10.21 Let S C V' be the vertex subalgebra generated by Uy & Us, for any of the four
subspaces Uy of Theorem 10.5.

1. S is strongly generated by Uy @ Uy @ D3, where D3 is a complement of N3 in Ss3; one may
take 6 + 93 generators in weights one and two and at most 231 in weight three.

2. 51 =U, Sy = Uy, dim S35 = 956 and dim Sy = 6010: the graded dimension of S agrees
with the vacuum character X(go) of Section 3 up to q*'/3.

8. S is Cy-cofinite.

Proof : 1-2. Apply Lemma 10.20 in W = S with A a basis of U; @ U, and G the union of this
finite basis with a basis of D3 chosen among representatives ugyw modulo N3, where u, w € Us.
Hypothesis 2 holds by construction. Hypothesis 1: for a € U; and g € U; @ Uz, by the affine
structure and the construction of Uy ((A)2 consists of affine descendants, y(, e = ymyzc = 0
for y € Uy, n > 0, and the M, are A-primary); for a,g € Us, ayg € S3 = N3+ D3 C N(G),
ayg € Us, azyg € Uy (Theorem 10.9); for a € Uy, g € Uy, by skew symmetry; for g € Dj
and a € Uy, by part 2 of Theorem 10.19 and the stability of S3 under zero modes; for g € D3
and a € Us: a@yg € Ny C N(G) by part 3 of Theorem 10.19, every term of Nj being a
normal product of generators and of their derivatives; and a(,)g for n = 1,2,3 follow from
the commutation relations [L(1),a(,)] = (2 — n)a,41) and [L(2),an)] = 2a(), valid for a
quasi-primary of weight two, which give

2a(1)9 = L(1)ayg—awyL(1l)g, a@g=L(1)anyg—an)L(l)g, 2as)g= L(2)ap)g—an)L(2)g.

Since L(1)Nj C S3 (a direct check on each family, using [L(1),y(,)] = —nyn41) for currents,
[L(1),m(—1)] = 3mg) for quasi-primary m of weight two, L(1)L(—1) = L(—1)L(1)+2L(0) and
part 2 of Theorem 10.19), L(1)S3 C Uy, L(2)S3 C Uy and (Uz)n)Ux C Upy1-n for k=1,2 and
n = 1, together with (Us)yUs C S3 and (Us)0)Ur C Uz, we get a(1)g € S3, a2yg € Us and
aez)g € Ur. Moreover Uy = (U NKer L(1)) + L(—1)Uy, since L(1)Uy C Uy and L(1)L(—1) =2
on Uy; for a = L(—1)y, y € U1, we have a(,) = —ny(,—1), which reduces this case to a € U;.
For n > 4, a(,)g lies in S4_,, C C1. In these checks, M, (—1)U; and the weight-four monomials
D3(—1)Uy, Ua(—2)Uy are brought to the listed families by skew symmetry. Therefore N(G)
is a vertex subalgebra containing Uy @ Us, so N(G) = S. Its homogeneous components are
spanned by normally ordered monomials: S; = Uy, So = Us, S3 = N3 + D3, and Sy is
spanned by L(—1)Ss, U1 (—1)Ss, U1 (—2)Us, U1(—3)U; and Ua(—1)Us, which lie in Nj by part
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3 of Theorem 10.19. Since (A)y C N(Uy), its basis vectors may be removed from the strong
generating set, leaving 120 — 27 = 93 weight-two generators. Lemma 10.15 gives dim N3 = 725,
so a complement D3 has dimension 956 — 725 = 231. The independently computed nonzero
minor modulo the chosen prime above p3 also gives the lower bound dim N3 > 725.

The initial choice of representatives does not restrict the complement in the statement.
Indeed, for any other complement D of N3 in S, every basis vector of Dj is a linear combination
of the chosen vectors ugyw, modulo N3. Since N3 C N(U; @ Us), hypothesis 2 of Lemma 10.20
still holds. The verification of hypothesis 1 above uses inclusions on the whole space S3 and
applies without change. Hence the lemma also applies to this complement.

3. We follow | , Section 5]. Let R = S/C3(S) be the Cy Poisson algebra, [a][b] =
la—1y0], {[a],[b]} = [aq)b], and R its quotient by the nilradical n, a Poisson ideal [ ,
Corollary 2.4.2]. By part 1, R is generated by the classes of G | , Corollary 2.6.2] (only the

elementary direction is used: Co(S) contains the a(_,)b, n > 2, and is an ideal for the product
[a][b] = [a(—1)b]), so it suffices to show that these classes vanish in R. The currents vanish.
Indeed v = €/(—1)*1 satisfies f/(1)v = 0, as the image of the singular vector of the universal
affine algebra of level 3, and ¢, (e') = —f' gives H, (e’(m)u, u') = Hy(u, f(’_m)u’) for the positive
definite form of Theorem 10.10; hence H, (v,v) = H, (¢/(=1)31, f'(1)v) = 0 and v = 0. Likewise
e’(=1)'1 = 0. Thus [¢/]* = [¢”]'"* = 0, and the Poisson brackets with f’, f” give the other
currents. A nontrivial irreducible g’ ¢ g”-module M satisfies M = (g’ ® ¢g”’) - M, and the zero
modes of currents act on R by Poisson brackets with classes that vanish; hence the nontrivial
isotypic components of U, vanish in R, as well as (A)2. The invariant vectors of Us modulo (A)2
are e and z¢. By part 3 of Theorem 10.19, e(—1)e and xc(—1)z¢ lie in Ny, whose classes lie
in n: L(—1)S3, U1 (—2)Uz and Uy (=3)U; lie in Co(S), and Uy (—1)Ss, M, (—1)Us are products
with nilpotent classes. Thus [e]? = [z¢]? = 0 in R, which is reduced, so [e] = [z¢] = 0. Finally
D3 C N3+ (Uz)(0)Usz consists of products and Poisson brackets of vanishing classes. Hence all
generators of R are nilpotent, and R, finitely generated and commutative, is finite-dimensional.

|

Corollary 10.22 Independently of the membership verification in Proposition 10.17, condition
(F4) follows from a dimension argument in either of the following situations:

1. the subspace Uy is the weight-two space of a Haagerup algebra U C V' containing the fized
currents;

2. the existence and character assertion of /. | is granted, and S is identified with Jiao’s
algebra by Theorem 10.24.

Consequently the conclusions of Theorem 10.21 hold in either situation without a separate
weight-four membership certificate.

Proof : The rank computation of Proposition 10.13, part 5, supplies 6010 words of N; with
independent reductions. They are integral at the chosen prime above ps, so dimg N; > 6010.
In the first situation, S C U by construction and dim Uy = 6010, hence Ny C Sy C Uy
forces equality throughout. In the second situation, identification with Jiao’s algebra gives
dim S4; = 6010, with the same consequence. In both cases the chosen words form a basis of Sy.
Every mode product in (F4) belongs to Sy by the grading, and all five defining families of N} lie
there. Thus all the required membership identities follow. All the chosen words, input vectors
and coordinate matrices are defined over the fixed K-forms. Membership after extension to C
therefore implies membership over K: the rank of a matrix with entries in K is unchanged by
extension of scalars. The proof of Theorem 10.24 uses weight-two closure and generation, not
Theorem 10.21, so the second argument is not circular. [ ]
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Remark 10.23 For S, no analogue of the weight-five obstruction calculation of | , Propo-
sition 4.2] is needed. In case (I), the space Sy contains up to three vectors that are not normal
products of lower generators, and they require a weight-five check; in case (I), Nj = Sy and
no generator of weight four is needed. Theorem 10.21 uses the finite input of Theorems 10.9
and 10.19, whose weight-four identities are established over K in Proposition 10.17. Corol-
lary 10.22 gives an alternative dimension argument when an ambient Haagerup algebra or the
stated external existence result is available. Modular computations select pivots. The dimen-
sion dim N3 = 725 is proved without a matrix computation in Lemma 10.15, and the modular
minor supplies an independent lower-bound check.

10.7 Case (II): identification with Jiao’s algebra and uniqueness

Jiao | ] defines a vertex subalgebra V = (w, Pg, Pr, Py, Bg, B, B, uss, u17) of the lattice
algebra of Fg @ As, generated by the conformal vector, two sly-triples of levels 3 and 13 and
two explicit weight-two vectors of types [2,6] and [1, 7] with coefficients in K [ , Section 3].
He gives a computer-assisted proof, which we have not checked in full, that V' is unitary and
strongly rational with Rep(V) ~ Z(Hj3) as braided categories | , Theorem 1.1], and that
every simple V-module other than V has a positive lowest weight [ , Corollary 6.8]. His
construction is dated October 4, 2026; it precedes the present work and the announcements
[ , ], and it makes no uniqueness assertion | , Section 1.2]. Below, “assuming
(H;)” means granting these two statements.

Theorem 10.24 Let S be the vertex subalgebra generated by Uy @& Ua, where Us is the first
subspace of the subalgebra 9 in Theorem 10.9. There is an isomorphism of vertexr operator
algebras 1 from the lattice algebra of | ] onto V' = Vgsga, such that v(V) = S. It maps
the triples (Pg, Pr, Py) and (Bg, Br, By) onto (¢/, f', H') and (e”, f”, H").

Proof : We compute the transport, membership and generation in exact arithmetic with the
normalized coefficients described below. Both models use the convention

V(e x)et = e(p, q)z'"? ("t + O(a)),

with bimultiplicative cocycles with values £1 and commutator (71)(”*‘1); Jiao’s cocycle is given

on pairs (v, o) with ¢ > j | , Section 3.1].
The isometry. Let ¢ be the isometry of root lattices given by the isomorphism of Dynkin
diagrams sending the simple roots 1,...,8 of | ] (edges 12,23,34,45,36,78) to our simple

roots 1,3,4,5,6,2,7,8, and let w = $6515352548554838284 in the Weyl group of Fg (found by an
orbit search). Then 1y = w o ¢ sends the Cartan elements Py, By to H', H".

The cocycle. Put r(p, q) = e(¥op, Y0q)€ Jiao(p, q). It is bimultiplicative, and symmetric since
1o is an isometry, so that r(p, q)r(q,p) = (—1)¥oP»o)+(P.9) = 1; moreover r(a;, ;) = 1 since
both cocycles satisfy e(a, a) = (—1)(®*)/2. With r;; = (a, a;), the function n(p) = [T, rf;pj
satisfies n(p + q) = n(p)n(q)r(p,q). Hence eP > n(p)e?°P, h(—n) + (Yoh)(—n) defines an
isomorphism of vertex operator algebras, which maps the conformal vector to the conformal
vector.

The torus. The images of Pr and Bg have the same supports as €’ and e”, and the ratios
of the coefficients are positive rational numbers. The ten resulting conditions on a character
t of the root lattice (3 roots for Pg, 7 for Bg) are consistent; a solution is t(a;) = 2% 3% 5¢
with half-integral exponents. Composing with the automorphism exp(h;(0)), which acts on
M(1) ® e* by t(\), we obtain 1 with ¢(Pg) = €', ¢(Bg) = ¢", ¥(Pg) = H', ¢(Bg) = H",
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hence ¥(Pr) = [ and ¥(Br) = f” (the element f of an sly-triple is determined by e and H;
this is also checked directly). The isomorphism % is not defined over K.

Inclusion. The vectors ¢(ug) and (—5)~1/24)(uy7) have coefficients in K, and they lie in
the first subspace Us of the subalgebra 9 (exact membership over K). Hence (V) C S.

Equality. Put uys = ¥(uge) and uyy = (—5)_1/2¢(u17), and put Usx = Us N Vg and
Asx = Ay N Vg for the fixed K-form of V'. We use these two normalized vectors, whose
coefficients are obtained by exact simplification of the radicals in the torus transport. Let Wk
be the smallest K-subspace of Uz x containing Asx, w, Ugs and Uiz, stable under the zero
modes of the six rational currents and under first products of its elements. Theorem 10.9 gives
Wk C Uk, and every generating word lies in (V).

At p3 = 8388571, take the residue map specified by v/13 — 1649360 and /—3 — 2036966.
The finite family computed by the generation script consists of words in the normalized gener-
ators and has coordinates integral at this prime. Its reduction has rank 120.

A nonzero 120 x 120 minor of the reduced matrix lifts to a nonzero minor over K. Thus
dimg Wi > 120 = dimg Us g, and Wx = Uz x. Complexification gives Uy C ¥(V); together
with Uy C ¢(V), this proves S C (V). [ |

For this v, the vectors 1 (us6) and 1 (u17) lie in none of the three other subspaces of Theorem
10.5. This depends on the choice of 1, which may be composed with automorphisms of V’
normalizing Uj.

Corollary 10.25 Assuming (Hy), the algebras attached to the two subspaces of the subalgebra
9 (isomorphic by Proposition 10.12) are positive strongly rational, with Rep(S) ~ Z(H3) as
braided categories; case (II) of Theorem 8.5 is realized.

Proof : A vertex operator algebra isomorphism induces a braided equivalence of the module
categories and preserves the lowest weights; apply Theorem 10.24 and Proposition 10.12. [ ]

The six currents €', f', H',e”, f”/, H” have rational coordinates in the Q-form Vé spanned
by the lattice monomials, and the four subspaces Us are defined over K. Let o € Gal(K/Q)
satisfy o(v/13) = —V/13 and o(v—=3) = v=3. On Vg = V{, ®q K, the o-semilinear bijection
0 = id ® o preserves all products and fixes w and the six rational currents. It maps the K-form
of the generating space of S(%°) onto that of S1%9) for ¢ € {0,1}. We call the complexification
of the image algebra the Galois conjugate of S(®¢). This construction requires no extension of
o to C. Any such extension gives the same image subalgebra, although the induced semilinear
map on all of V’ depends on the extension. The linear automorphism 6,, of Proposition 10.12
exchanges S and §©1).

Lemma 10.26 In either case of Theorem 8.5, let Z be the pointwise stabilizer of Uy in Aut(V'),
and let b be the Cartan subalgebra spanned by the simple roots of Eg @ As. Then every element
of Z preserves by, its kernel on b has order two, and |Z| < 8. The nonidentity element of this
kernel is the torus automorphism p associated with the character xo whose values are

), -1,-1,1,-1,1,1,1) in case (1),
(xo(an). .- xols)) = {(—1,171,—1,1,—1,1,1) in case (II).

Thus p(e*) = xo(A)e*, and p fives the oscillators.

Proof : We give an argument using the roots and the supports of the currents. An automorphism
of V' restricts to an automorphism of V/ = eg @ sls, and this restriction is injective since
V{ generates V’. The labels of the Fg component of H” are (2,1,1,0,1,2) in case (I) and
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(1,0,0,1,0,1) in case (II). The roots vanishing on this element form respectively the systems
generated by ay and by ag, az, as. In case (I), H = ay; in case (II), H' = —as+ a3+ a5, whose
labels on these three pairwise orthogonal roots are —2,2,2. The As component of H” has labels
(2,2). Consequently no root vanishes on both H' and H”, and their common centralizer in V{
is exactly h. Thus Z preserves .

An element of Z acts on the roots by an isometry fixing H' and H”. The subgroup of
the Weyl group with this property is trivial: a generic real linear combination of H' and H" is
regular, and a Weyl group acts freely on the chambers of the complement of the root hyperplanes.
Since the two irreducible factors are not isomorphic and their diagram automorphism groups
both have order two, at most four root isometries can occur.

For completeness, the raising currents of the chosen rational triples are, in case (I),

! oy
e =e™,
(10.4) e = 5e + 4e™ 4 Jer2tostas | gootasitas

+ Jetstasatas + e 4 o8,
and in case (II),

e =e e — e,
(10.5) ¢/ = detatastas | fooretastastastas | partazt2aitas

+ e tastaq + Fed1taztastastas + %7 4 98,

An automorphism acting trivially on b scales the root vectors by a character ¢ of the root
lattice. Write t; = t(a;). Fixing the raising currents requires ¢(8) = 1 for each root in their
supports. Formula (10.4) gives t; = t4 = tg = t7 = tg = 1 and tat3 = tots = t3t5 = 1, hence
to = t3 = t5 € {1, 71} Formula (105) giVGS to = tg = t5 = t7 = tg = 1, t4t6 = ti =11ty = 1,
hence t; =ty = tg € {1,—1}. In both cases the displayed nontrivial character fixes the raising
currents and the Cartan elements, and hence the lowering currents. Indeed the lowering element
of an sly-triple is determined by its raising and Cartan elements: their difference would be a
weight —2 vector annihilated by the raising operator, which is impossible in a finite-dimensional
slo-module. Thus this character fixes U;. This proves that the torus kernel has order two, and
|Z]| <2-4=8. ]

Proposition 10.27 In case (II), let Z be the group of automorphisms of V' which fix Uy
pointwise.

1. Z = (Z)?, and every element of Z is the lift of an isometry of Es © Az, equal to the
identity or a diagram automorphism on each factor, composed with an element of the
torus.

2. Four elements of Z act on the Griess algebra B by the reflection s of Proposition 10.12,
and the four others act trivially.

3. Let g be the automorphism of the Dynkin diagram of Eg (1 <> g, a3 <> a5), extended by
the identity on Aa, and let z be the automorphism of V' with z(h(—n)) = (gh)(—n) and
z(e*) = c(N)ed*, where c¢()\) = IL cf‘i HKj 6;\ji>‘j for X =37, Nioy (simple roots o, . .., o
of Eg in Bourbaki’s numbering, then ar,ag of As), §;; = e(a,, aj)e(gay, gaj) (so that
0ii =1 and c(ay) = ¢;), and (cy,...,c8) = (? 1, —%, —17—%, %, 1,1). Then z € Z, and z
maps the subspace Uy of S onto that of S0 for ¢ =0,1.
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In particular the four algebras §(9:0) §©1) = §(10,0) "g(0.1) gre jsomorphic; the Galois conjugate
of S0 = (V) is isomorphic to it.

Proof : First we prove part 1 without solving polynomial equations. Let z be the lift in part
3, let 2’ be the lift of the diagram automorphism of As with all ¢; = 1, and let p be the torus
automorphism of Lemma 10.26. The cocycle identity displayed below constructs z and 2’ on
the whole lattice algebra. Substitution in (10.5) and the Cartan elements gives z,z’ € Z; the
lowering currents are then fixed by the uniqueness just used. Their actions on the simple-root
exponentials and on h give

2

/
z 222

=p>=1, z =22 z2p=pz, Zp=p2.
They generate eight distinct automorphisms: the isometry parts of z and 2’ are independent
diagram automorphisms, and p is a nontrivial torus automorphism. Lemma 10.26 proves that
these are all the elements of Z.

The action on B is also determined by these three generators. In the basis by = e,b1,...,by
used above, direct application of the lifts gives z(b;) = 2'(b;) = b; for 0 < i < 3 and

2(by) = 2'(bs) = —by — by + Zba+ bs, p(b) =b; (0<i<4).

Thus z|g = 2| = s and p|p = 1, proving part 2. The supplementary material contains exact
checks of these formulas, the group relations and the currents; the argument for the upper
bound uses only the root systems and the character equations of Lemma 10.26.

An independent polynomial computation gives the same centralizer. An automorphism of
V' is determined by its restriction to V{ = eg @ sl3, and conversely every automorphism of this
Lie algebra preserves the normalized invariant forms of the two simple ideals, hence extends
to the affine Lie algebra and lifts to its irreducible vacuum module V'’ & L, (1,0) ® Lqi,(1,0)
[ ]. Under U, the space V| decomposes as @, V(1) ® M., with multiplicity spaces M,
of dimension 3 for 7 = (0,2), 2 for 7 = (0,4), (1,3), and 1 for (2,0), (1,1), (1,5), (2,2),
(2,4), (3,1). An element of Z acts by id ® z,, with z, fixing the highest weight vectors €, e”,
and it is a Lie algebra automorphism if and only if zad(my) = >_,(27)iwad(m;)z for a basis
(my) of the highest weight vectors; by equivariance the other brackets follow. This is a system
of 184 distinct equations of degree at most two (4 of them linear) with rational coefficients
in 19 unknowns; its Grobner basis over Q shows that it has exactly 8 solutions, which form
a group (Z3)3, all monomial on the root vectors. On B C Vg, a vector b is determined by
the map x +— ()b on V{: if 2(1)b = 0 for all x, then [z,y](2)b = 21)y1)b — y1)T1)b = 0 and
Vi = [V{,V{], and all modes x(,), n > 2, annihilate b by weight. The subspace of V5 annihilated
by the positive current modes is a finite-dimensional V/-module. If it were nonzero, a highest
weight vector in this subspace would generate a proper affine submodule, since negative current
modes increase weight. This contradicts the irreducibility of the vacuum module V', so b = 0;
hence z(b) is determined by x(1)z(b) = z((2~'2)(1)b), a linear system with a unique solution in
B. This gives part 2: the nontrivial action fixes the hyperplane spanned by the seven fixed lines
of Proposition 10.12, so it is s. For part 3, ¢ is the unique lift compatible with the cocycle: it
satisfies c¢(A + p) = c(N)c(pn)e(A, p)e(gA, gp) and agrees with the values on the 78 roots read off
from the solution. The cocycle identity proves that the lift preserves all vertex products, and
its values on the six currents show that it fixes U; pointwise. Finally, z maps a spanning set of
the first, respectively second, subspace Us of the subalgebra 9 into the corresponding subspace
of the subalgebra 10, by exact membership over K, and into none of the other three. Since both
have dimension 120, these are equalities. An automorphism of V' fixing U; maps the algebra
generated by Uy @ Us onto the algebra generated by Uy @ z(Us). ]
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Lemma 10.28 Let S C U be an inclusion of positive strongly rational vertex operator algebras
with the same conformal vector. If dim Rep(S) = dim Rep(U), then S =U.

Proof : Let My =S, M, ..., M, be the simple ordinary S-modules, with lowest weights h; and
quantum dimensions d;. Rationality gives a decomposition U = €, m;M; as an S-module. It
is finite: there are finitely many isomorphism classes, and the multiplicity of M; is bounded by
dim Uy, when h; is a nonnegative integer, and is zero otherwise, since the conformal vector is
the same. In particular my = 1 because Uy = C1, and d; > 0 by positivity.

Write §°, SU for the normalized modular S-matrices. In the modular transformation of the
characters at 7 = i/y, positivity of the lowest nonvacuum weights makes the vacuum term the
unique dominant term as y | 0. Consequently

. . chU(@y) S§ dim Rep(9)
idi =1 =— =\ T——= =1L
; " 410 ch S(y) S5, dim Rep(U)

Here d; = S5,/Sg, and the positive normalization gives Sy, = (dim Rep(S))~'/2, and similarly
for U; these are the usual character formulas | , ]. Since mody = 1 and every
remaining term is nonnegative, with d; > 0, all m; for ¢ > 0 vanish. The inclusion S C U is
therefore an equality. [ ]

Theorem 10.29 (uniqueness in case (II)) Let U be a positive strongly rational vertex op-
erator algebra of central charge eight with a braided equivalence Rep(U) ~ Z(H3), in case (II)
of Theorem 8.5. Assuming (Hy), U is isomorphic to Jiao’s algebra V.

Proof : By Proposition 4.1, U C V'’ with the same conformal vector. By Theorem 8.5, an
inner automorphism h of V/ maps U; onto g’ @ ¢”; it fixes w, extends to Vg, since V] C (Vi )1,
and maps the decomposition V' = U & M, to V' = h(U) @ h(M,), so that the hypotheses
of Theorem 10.5 hold for h(U). Replacing U by h(U), U, is one of the four subspaces, so U
contains the algebra S generated by U; @ Us. The inclusions Us C Sy C Us give So = Us, and
w € Us. By Theorem 7.1, the vacuum character of U is the vacuum component Xéo) of the
Evans-Gannon vector with v = 0. By Proposition 10.27, S 22 §(%0) = (V') (Theorem 10.24),
and, assuming (Hy), S©9 is positive strongly rational with Rep(S*?)) ~ Z(H3) (Corollary
10.25), so its vacuum character is also X(()O) by Theorem 7.1. Hence ch S = chU, and S C U
givesU=52V. [ |

Remark 10.30 By Proposition 10.27, the Galois conjugate is not a new algebra. The isomor-
phism is the lift of the outer automorphism of ¢g, adjusted by a torus element; the lift of the
diagram automorphism of Ay, with trivial torus part, gives another one, which maps S¢ onto
S§(10.1=¢) " The isometry part of an element of Z is the identity, the diagram automorphism of
FEg, that of As, or both, and the element acts on B by s exactly when one of the two diagram
automorphisms occurs; in particular the inner automorphisms fixing Uy act trivially on B, and
s is induced only by outer automorphisms. Together with 6., it shows that S is isomorphic
to its conjugates under Gal(K/Q); it has a rational form (Proposition 10.41). Lemma 10.28
gives a second, analytic proof of the equality U = S in Theorem 10.29. Once the inclusion
and the positive strong rationality of S are known, the equivalences of both module categories
with Z(H3) give equality of their global dimensions. This proof does not require the explicit
Evans—Gannon vacuum character. The same argument applies to the final equality in Theorem
10.38.
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Proposition 10.31 Let S = S0 and C = Comg(A). Let fi, fo be the two orthogonal
idempotents of the subalgebra 9 with f1 + fo = e, numbered so that wi = 2f1 and wy = 2fs have
central charges <5 @ and 39 as in Theorem 10.5; in the basis by = e,b1,...,by of B specified in

the supplementary data,
9bo + ‘ﬁ 13, — 25+5‘ﬁb + = rb + 4rb4, fi=e—fa

fa= 171
Write Li(n) = (wW;) (n+1)-
1. dimCy =0,dimCy; =dimC3 =2 and dimCy = 7.

2. On Cy, the operators L1(0) and Ly(0) commute, L1(0) + L2(0) = 4, and Cy is the direct
sum of their joint eigenspaces. The joint eigenvalues (hy, ha), with multiplicities, are

(470)27 (074)27 (2?2)7 (%7%) (% 7)

The first five eigenvectors can be taken to be Li(—4)1, L1(—2)?1, La(—4)1, Lo(—2)%1
and L1(—2)Ly(—2)1.

3. The two eigenvectors of non-integral bi-weights are primary for Vir; ® Virg: they are

annihilated by L;(1) and L;(2), i =1,2.

Proof : We have Cy = 0 (Lemma 10.1) and Cs is the subalgebra 9 (Theorem 10.5). Proposition
10.17 establishes the finite certificate condition, so Theorem 10.21 gives N; = S;. The remaining
assertions use exact arithmetic over K and a rank bound after reduction at the chosen prime
above ps, starting from the exact basis of S; of Theorem 10.21. Since C' is fixed by the zero
modes of Uy, Cy lies in the block of g’ @ g”-weight (0,0) of Sy, of dimension 280; it is the
common kernel of the operators y), ¥ € U1, 0 < k < 4. Its matrix has entries in the local
ring at that prime, and its reduction has rank 273. Since reduction cannot increase rank,
dim C4 < 280 — 273 = 7. Solving exactly the square system of size 1092 given by the restriction
of scalars on pivot rows, we obtain seven vectors ws, ..., wr; the identities yxyw; = 0 are then
checked exactly on all coordinates, and the reductions of the w; are linearly independent, so
dim Cy = 7. Modulo p3, dim C3 < 2, and L1(—3)1, La(—3)1 are linearly independent elements
of Cs, so dim C3 = 2.

The images L;(0)w; are computed exactly and expressed exactly in the basis (w;), with
a check on all coordinates. The resulting 7 x 7 matrices over K satisfy exactly L;1(0)L2(0) =
L2(0)L1(0), L1(0) 4+ L2(0) = 4 and J[,(L2(0) — A) = 0 for A € {0,2,4,22 33}, Hence Ls(0)
is diagonalizable with eigenvalues in this set. The eigenvectors for %g and 0 are computed
exactly. The five Virasoro descendants of assertion 2 lie in C', have the stated b1 weights, and
are linearly independent: the vectors L(—4)1 and L(—2)%1 of a vacuum module of central

charge ¢ ¢ {0,—22} are independent in its simple quotient (the Gram determinant at level

four is 02(‘%72"’22))7 and Lq(—2)L2(—2)1 has bi-weight (2,2). These seven joint eigenvectors are
linearly independent, hence a basis of Cy; this proves assertion 2. Assertion 3 is checked exactly
on the two eigenvectors, which have 3036 terms; it also follows from assertion 2, since L;(n),
n > 1, would map them to vectors of non-integral bi-weights in Cy_,,, whose bi-weights are
integral.

The 280 independent words in the Cartan block (0, 0) are computed directly from the families
defining Nj and agree, entry by entry, with the corresponding block of the certificate of Proposi-
tion 10.17. The supplementary material contains the seven kernel vectors, all 210 current-mode
annihilations, the two Virasoro matrices and both primary vectors. A separate rational-matrix
verification checks the matrix identities, spectral multiplicities and independence of the seven

47



vectors without using the vertex-algebra implementation. The vertex-product identities are ver-
ified from the lattice formulas. The computational data order the Virasoro vectors by increasing
central charge, so their indices are opposite to those of this proposition. [ ]

Corollary 10.32 There are no two nontrivial vertex operator algebras V', V2 of CFT type
such that C = V! @ V2 with wg = w!' ® 1 + 1 ® w?. In particular C is not isomorphic to
K (sl3,17)%2 @ Com(Lgt, (17,0), Ler, (4,0) ® L, (13,0)). Moreover, the commutants Come ((w2))
and Come ({w1)) coincide in weights at most four with the Virasoro vertex operator algebras
generated by wi and wo, of graded dimensions 1,0,1,1,2.

Proof : Suppose C = V! ® V2. Since C; = 0, we have V! = V2 = 0, so that Cy =
Cw! ® 1 @ C1 ® w?, the vectors w', w? being nonzero: if the conformal vector of a CFT-type
vertex operator algebra were zero, then L(0) = 0 and the whole algebra would equal its one-
dimensional weight-zero space. Then 1w! ® 1 and 11 ® w? are orthogonal idempotents of the
algebra Cy with sum e. The only idempotents of Co = Cf; & Cfy are 0, f1, fo and e, so
{w'®1,1®w?} = {w;,ws}. But Ly1(0)®1 has integral eigenvalues on V! ® V2, whereas L;(0)
has the eigenvalue % on (4, a contradiction. For the last assertion, a vector of C,, commuting
with we is annihilated by L2(0); by Proposition 10.31 and C3 = CL1(—3)1 @& CLy(—3)1, the
kernel of Ls(0) on Cp,, n < 4, is spanned by the Virasoro descendants of 1 for wy. [ ]

Remark 10.33 The central charges % and ‘;’—3 are those of the coset

D = Com(Lg,(17,0), Lsr, (4,0) ® Lgi, (13,0))

and of the parafermion algebra K(sly,17). The dimensions 1,0,2,2,7 of C agree with those
of K(sly,17)?2 ® D, whose weight-four space contains a primary vector of bi-weight (4,0) and
one of bi-weight (0,4). Corollary 10.32 shows that this agreement does not come from an
isomorphism of the two algebras. Modulo Z, the weights % and % are the conformal weights

hy = % of SU(2)17 for A = 4,6; but eight of the eighteen nonzero classes {5 modulo Z are
of this form, and the weights 1% and % of Virg in Theorem 10.5 are not, so we do not draw

any conclusion from it. We do not know an identification of C. Its weight-five space would
require the invariant part of Ss (assuming (Hj), dim S5 = dim Us = 29512), which is beyond
the computations of this paper.

10.8 Case (I): uniqueness

Proposition 10.34 Assume the hypotheses of Theorem 8.5 in case (I). Then Cy is one of the
subalgebras 2, 5, 6 of Table 3. The subalgebras 5 and 6 give the central charges 229 and g—? of

1271
the two Virasoro vectors announced in [ , Section 1].

Proof : There is a direct exact exclusion that avoids choosing eigenvectors. For candidates 0,
3 and 4, use the primary space of type (1,13), of dimension three; for candidate 1, use the type
(1,1), of dimension four. In a rational basis write X for the action of (z¢)(1), P for the primary
pairing, and Y; for the actions of a basis of BN Cs . A possible line, spanned by u, satisfies

(Xu)iu; — (Xu)ju; =0, u' PYju=0, epgu= (zc)@)u =0, u' Pu # 0.

In each projective chart set the first nonzero coordinate of u to one, set the preceding coordinates
to zero, and add zu' Pu—1 = 0. The resulting thirteen ideals over Q are all the unit ideal. The
supplementary data contain the systems and their unit bases. An independent calculation with
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lexicographic order gives the same unit ideals without using the vertex-algebra implementation.
Thus none of the four candidates admits the required line.

A separate verification follows from Step 1 of the proof of Theorem 10.5, applied in case (I):
the subalgebras 0 and 3 are excluded by certified enclosures, 1 by the type (1,1) and 4 by the
types (0,12), (1,1), (1,7) and (1,13), exactly. [ |

Proposition 10.35 In case (I), Cy is not the subalgebra 2.

Proof : Suppose that C5 is the subalgebra 2, with central charges % and ggg. The space ITj 13

has dimension three; the eigenvalues of (z¢)(1y on Iy 13 N Ker ey N Ker(zc) (o) are %, with
a one-dimensional eigenspace on which some primary pairing Py 13(u, y(1yu) does not vanish,

and —15%, with a two-dimensional eigenspace Ej,13 (weight hy = 0 for the Virasoro vector of
central charge %) Similarly, II; ; has dimension four, the eigenvalue f% (two-dimensional

eigenspace) is excluded by a Grobner basis, and the admissible space E ; is two-dimensional
(hy = %) By Lemma 10.4, the lines p; 13 and p;; are isotropic lines of E; ;3 and Ej p; there
are exactly two in each, defined over Q(1/—19758) and Q(v/—4403) respectively. Let u span
p1,13 and w span py ;. By Lemma 10.4(4), uyw’ € Us for every w’ in the g’ @ g”-module
generated by w. The map z ® y — x(1)y is Ur-equivariant, so the Uj-types of these vectors lie
in V(1,13) ® V(1,1) = V(0,12) & V(0,14) & V(2,12) & V(2,14), and among these types only
(0,12) occurs in Uy (Theorem 8.5). Hence C'z = 0 and C"'z = 84z for z = u(yw’, where C’, C"

are the Casimir operators of g’ and g” normalized by C = h; +h+2fe, with eigenvalue % on

V(a). Normalize the spanning vectors by taking first coordinate 1 in the two ordered eigenspace
bases specified in the supplementary data; their second coordinates are +3+/—19758/148 and
+2./—4403/37, respectively. For each of the four choices, take w’ = f/(0)w, the lowering
vector of index 2 in the order w, f”(0)w, f'(0)w, f'(0)f”(0)w. For this choice there is an even
simpler obstruction: z has Cartan weight (0,14), which does not occur in Us, so z = 0 is
required. Moreover e¢”(0)z = 0, hence C”'z = 112z and the recorded Casimir test (C” — 84)z
is exactly 28z. The coefficient of (C” — 84)uyw’ on e*, where a = (1,2,3,4,3,2,0,0), is
one of +22(51/4403 — v/19758) and +%2 (5v/4403 + v/19758). These coefficients are nonzero:
the sum of the positive radicals is positive, and 25 - 4403 — 19758 = 90317 > 0 proves that
514403 — /19758 > 0. Certified Arb enclosures give an independent check of nonvanishing.
This contradicts Lemma 10.4. ]

The same test applied to the subalgebra 5 excludes, with certified nonzero coefficients, the
two crossed pairs of lines of types (1,13) and (1,1), and the two other pairs, those of the two
choices of Us found by a numerical exploration, are not excluded (the exclusions are certified
by interval arithmetic); this is a control of the method, not used below.

We now compare with the data of | ]. There, UR = (A,e, f,v) C Vi,@a, is defined
as the vertex subalgebra generated by the currents, two commuting Virasoro vectors e, f €
Com(A)y of central charges g—?, %, and a highest weight vector v of type (1,13) [ ,
Section 1]; the coordinates are specified in the certificates accompanying | ], and the same
vectors are given in | , Section “The explicit candidate”], in the bases fixed in | ].

Proposition 10.36 There is an isomorphism of vertex operator algebras g from the lattice
algebra of [ ] onto V' which maps the currents of [ Jontoe, f'H ", f" H" (levels
1 and 39). It maps e and f into the subalgebra 5 of Table 3, which they span, and v to a spanning
vector of one of the two isotropic lines of the admissible space of type (1,13) of the subalgebra
5.

Proof : Exact computation, as for Theorem 10.24. In [ | the coordinates 1,2 are those of
As and 3,...,8 those of Es in Bourbaki’s numbering, with the cocycle (e, a;) given for i > j
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and the same field K. The coordinate isometry, followed by w = s3s4s183 € W(Eg), sends the
Cartan elements of | | onto H', H"; the cocycle correction is given by the same formula as

in the proof of Theorem 10.24; and the torus character with values 5, —@, -2V/3,1, —%, 41,1
on our simple roots matches the six currents exactly. The images of wy and of the Sugawara
vector of A are ours. In the basis of B specified in the supplementary data, ¥r(e) and ¥gr(f)
have coordinates in Q(v/13) and lie in the subalgebra 5. In the case (I) analogue of the proof
of Theorem 10.5, the type (1,13) has, for the subalgebra 5, a single admissible space E, of

dimension two (the other eigenvalue — 2% + 221/13 of (z¢)(1) on II1 13 is excluded exactly),

and F contains exactly two isotropic lines, of slopes % F v1§39 in a basis of E over Q(v/13),

complex conjugate; ¥g (v) lies in E and spans the second one (exact verification). ]

Proposition 10.37 In case (I), the group Z of automorphisms of V' fixing Uy pointwise is
again isomorphic to (Z3)3, and its elements are lifts of isometries composed with torus elements.
Its elements act on B either trivially or by a reflection which exchanges the subalgebras 5 and 6
(and 0 and 3); the lift z4 of the diagram automorphism of As, with trivial signs, is of the second
kind. The element z1, lift of the product of the diagram automorphisms of Eg and As with the
values (c1,...,c8) = (%,—1, %, 1,3, g,l, 1) on the simple roots (with the cocycle correction of
Proposition 10.27), acts trivially on B and exchanges the two isotropic lines of type (1,13) of
the subalgebra 5.

Proof : The upper bound |Z| < 8 follows analytically from Lemma 10.26. The explicitly
given lifts 21, z4 and the torus automorphism p of that lemma fix the currents, are commuting
involutions, and generate eight elements. Indeed their isometry parts generate the two diagram
automorphisms and p is nontrivial. The formulas can be checked on the simple roots and the
currents in (10.4); the supplementary material includes the exact verification. Thus Z 2 (Zy)3
without using a polynomial-system solver.

An independent polynomial computation gives the same centralizer, and its action on B
and on the isotropic lines supplies the remaining assertions. The computation is the same as
for Proposition 10.27. The multiplicity spaces have dimension 2 for the types (0,2), (0,4) and
1 otherwise; the 88 distinct bracket equations, of degree at most two, in 12 unknowns have
exactly 8 solutions. The action on the lines is computed by applying the lifts to ¥gr(v) and
locating the image in F, exactly. ]

Theorem 10.38 (uniqueness in case (I)) Let U be a Haagerup algebra in case (I) of The-
orem 8.5. Assuming (Hg), U is isomorphic to UR.

Proof : As in the proof of Theorem 10.29, we may assume U C V', with the same conformal
vector, and Uy = g’ @g”. By Propositions 10.34 and 10.35, Cy = U;NCom(A) is the subalgebra
5 or 6; replacing U by z4(U) if necessary (Proposition 10.37), it is the subalgebra 5. Then
Yr(e),Yr(f) € C2 C U by Proposition 10.36. By Lemma 10.4 and the proof of Proposition
10.36, the line p; 13 of Us is one of the two isotropic lines of E; replacing U by 21 (U) if necessary,
which fixes U; and Cy pointwise, it is spanned by g (v). Hence U D g (UR). By Theorem 7.1,
applied to U and, assuming (Hg), to UR, both vacuum characters are X(()O). Hence U = ¢ (UR).
|

Once Cs is fixed, only the type (1,13) is used: the generation of UR by A, e, f and v makes

it sufficient. The exclusion of the subalgebras 1, 2, 4 also uses the types (1,1), (0,12) and (1,7).

Proposition 10.39 The algebra ¢y (UR) C V' has dimension at least 120, 956 and 6010 in
weights two, three and four.
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Proof : The coordinates of ir(e), ¥r(f) and ¥r(v) in the monomial basis of V' lie in
Q(+/13,/3,1), and the structure constants of V' in this basis are rational. Let p be one of
the primes 8388409 and 7999993. Then —1, 3 and 13 are squares modulo p, and a choice of
square roots defines a prime p of Q(1/13, V3, i) above p and a reduction map from the local ring
at p onto F,. All these numbers are p-integral: every denominator occurring in the reduction
is checked to be nonzero modulo p. The rank of a matrix with p-integral entries is at least
the rank of its reduction modulo p. The following computations take place modulo p, for the
reductions of e, f, v. The smallest U;-stable subspace Wy C V3 containing As, e, f and v and
stable under the products b(;)w has dimension 120; its U;-types are those of the row U, of Table

2, and Wy N C = span(e, f). The families of Proposition 10.13, built from W5 and from its ten
highest weight vectors outside Az, span spaces of dimensions 956 and 6010 in weights three and
four, and y(1)Ss C S3, y(2)S4 C Wy for y € Uy. As a consistency check, forced by the symmetry
21, the other isotropic line of type (1,13) gives the same dimensions in weights two and three;
as a discriminating control, a non-isotropic vector of the admissible plane generates V3 and V3.
Hence the subspaces of ¢r(UR) spanned by these families, which consist of iterated products
of the generators, have dimensions at least 120, 956 and 6010. These are the coefficients of
Xéo), so that a rank larger than 6010 would have contradicted | ]. This is an independent
check of the graded dimensions announced in | ] up to ¢''/3; by itself it does not prove

chygr(UR) = Xéo) in these weights, which needs an upper bound (Theorem 12.4). [ ]

10.9 Classification

Theorem 10.40 Let U be a Haagerup algebra. Assuming (Hg) and (Hy), U is isomorphic to
ezxactly one of the following two algebras: the algebra UR of Riesen, with Uy of levels (1,39),
and the algebra V' of Jiao, with Uy of levels (3,13).

Proof : By Theorem 8.5, U is in case (I) or (II); apply Theorems 10.38 and 10.29. The two
algebras are not isomorphic, since the levels of the simple ideals of the weight-one Lie algebra
are invariants. ]

The algebra announced by Huang | ] has currents of levels (1,39); if it is a Haagerup
algebra, it is isomorphic to UR by Theorem 10.38, assuming (Hg).

The remaining inputs are the following results of this paper, with the computational de-

pendencies recorded in Appendix A: Theorems 7.1 and 8.5, the determination of Cy and of the
relevant lines (Theorem 10.5, Propositions 10.34 and 10.35), and the explicit automorphisms
and identifications (Theorem 10.24, Propositions 10.12, 10.27, 10.36 and 10.37). The existence
statements of | , ] identify the two candidates as positive strongly rational Haagerup
algebras. They supply their vacuum characters in the first proofs of uniqueness, and also give
the equality of global dimensions needed for the alternative proof in Lemma 10.28. Without
them, the same arguments show that a Haagerup algebra of central charge eight contains, after
an automorphism of Vg, g a,, the algebra ¢g(UR) or 4(V), with equality if and only if this
algebra has the vacuum character Xéo).
Proposition 10.41 The algebras S and ¢Yr(UR) = (A, e, f,v) have rational forms: each
contains a vertex subalgebra Uq over Q with 1,w € Ug and Ug ®q C = U. In this proposition,
e, f, v denote the vectors ¥r(e), Yr(f), Yr(v) of V' (Proposition 10.36); the coordinates of
v lie in Q(v/13,v/3,1), and the currents are rational in both cases. More precisely, let G =
Gal(K/Q) = {1,0,7,07}, 7 the complex conjugation, and g =id® g on Vg = Vi @ K.

1. Case (II). Let z be the automorphism of Proposition 10.27, part 3, and z' the lift of the
diagram automorphism of As with trivial torus part (Remark 10.30). Then z,2' € Z are
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defined over Q, 22 = 22 =1, 22/ = 7'z, and ¥, = 26, ¥, = 22'F map Usx = Uy NV}
onto itself. The idempotents f1, fo of Co are fixed by ¥, and .

2. Case (I). Let z1 and z4 be the elements of the centralizer of Uy of Proposition 10.37; their
product z1za s the lift of the diagram automorphism of Eg with suitable signs. These
elements are defined over Q and commute, 22 = 2% =1, and 1, = 217, Y, = 21247 fix
e and [ (the Virasoro vectors of [ /). The vector v' = iv has coordinates in K, and
Uy (V') =1, (V') = —v'; with z4 in place of 2124, ¥, (v') is not proportional to v'.

Put Uy g = Ur N V. Let Ux C Vi be the K-span of the iterated products a%m) e afnr)l of the
generators (a K-basis of Ui x ® Uax in case (II), the six rational currents and e, f, v’ in case
(1)), so that U = Ug @k C. In both cases g — g, Yor = Yotbr, is an action of G by semilinear
automorphisms of Ug, and Ug = {u € Uk : Y4(u) = u, g € G} is a rational form. In case (I),
Uq is generated by the rational currents, e, f and /—39v' = —V/39.

Proof : All the identities are exact: the rationality and the group relations of 2, 2/, z1, z4
(and of the whole groups Z) are checked on V}, which determines the automorphisms of V’; in
case (II), the images of the chosen K-basis of Us x = U2(9,0) N Vi under ¢, ¥, and 9,1, lie
in Uy x by exact membership over K; equivalently, one restricts the identities of Propositions
10.12 and 10.27 and Remark 10.30 to the chosen K-forms; in case (I), the identities on e,
f, v" are checked in exact arithmetic. The automorphisms z, 2/, 21, 24 are defined over Q,
hence commute with & and 7, and the groups they generate are elementary abelian. Hence
Y2 =2 =1 and Yy, = Pr1y, S0 g — 1, is a homomorphism. Each v, is g-semilinear and
preserves the products u(,)v of Vg, it fixes the six chosen rational currents, and it preserves
the generating space Us k in case (II), and the generators e, f, v' up to sign in case (I); hence
it preserves Ug. By Speiser’s lemma, equivalently H'(G,GL,(K)) = 1 | , Chapter X,
Proposition 3], each Uk, is spanned over K by its fixed points, and Uk ,, = (UKyn)G ®q K. The
fixed points form a vertex subalgebra over Q, which contains 1 and w. In case (I), v/—39v is
fixed since o(v/—39) = 7(v/—39) = —v/=39, and the vertex algebra over Q generated by the
fixed generators spans Uk over K, hence equals Ugq. [ |

In case (II) we have also checked that the traces > g(au), a € {1, V13,v/=3,v/=39}, u
ranging over a fixed K-basis of Us i, span a Q-form of U of dimension 120. The rational form
is not contained in V(): the coordinates of fi in V' lie in Q(+/13). We have not studied integral
forms, nor the classification of the rational forms; those split by K are governed by the Galois
cohomology of the infinite group Aut(Uk).

11 An independent route to rationality: partial results

In this section, S C V' = Vg, g4, denotes the vertex subalgebra generated by U; = g’@g” (levels
3 and 13) and one of the four subspaces Us of Theorem 10.5. For coordinate computations we
fix S = S99, The abstract conclusions for the other three choices follow from Proposition
10.27. We write L = Eg® A throughout this section. By Theorem 10.10, S is a simple unitary
self-contragredient vertex operator algebra of CFT type with ¢ = 8.

Proposition 10.17 verifies the finite condition (F4) of Definition 10.16. Theorem 10.21 there-
fore gives strong generation in weights at most three and Cs-cofiniteness, independently of an
ambient Haagerup algebra or an external existence result. The independent route below still re-
quires a characteristic-zero proof of semisimplicity of the Zhu algebra, an exhaustive branching
argument and the categorical identification.
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We compare what remains to be done with the proof of | ] for case (I), which we use
as a model of proof. The categorical steps not proved here are listed in Remark 11.2. The
algebraic steps used below are identified where they enter. Section and page numbers refer to
the working manuscript | ] and its package of computational certificates. Evans | ,
p. 3] cites the three constructions | , , ]; that of Jiao is the case (II) algebra
(Theorem 10.24).

11.1 The structure of the proof in case (I)

The proof strategy of | | separates the construction, strong generation, Cs-cofiniteness,
rationality and categorical identification. Construction, positivity, strong generation and Cs-
cofiniteness have counterparts for S established above, with the finite condition (F4) verified by
Proposition 10.17. Rationality still requires a characteristic-zero argument for its Zhu algebra,
and the categorical identification retains the unresolved steps of Remark 11.2.

1. Construction and positivity | , Sections 2-3, pp. 16-19]. The algebra is generated by
the currents and three weight-two vectors; a positive rescaling of the standard antilinear
involution of the lattice algebra preserves the generators, which gives unitarity, simplicity
and self-contragredience. For S, this is Theorem 10.10.

2. Strong generation | , Section 4, pp. 20-24]. The finite mode closure in weights 2 and
3 , Proposition 4.1]; two obstruction calculations, in weights four and five, showing
that at most three new generators appear in weight four and none in weight five | ,
Proposition 4.2]; and a general lemma, triangular strong generation | , Lemma 4.3]
(Lemma 10.20). Proposition 10.17 supplies the finite weight-four condition (F4), so the
lemma applies to S in Theorem 10.21. No generator of weight four is needed, hence no
weight-five calculation either (Remark 10.23).

3. Cs-cofiniteness | , Section 5, pp. 24-25]. For S, Proposition 10.17 supplies the
square identities in (F4), and part 3 of Theorem 10.21 gives the conclusion.

4. Rationality | , Part III, pp. 25-55]. Semisimplicity of the Zhu algebra is proved
through an extension of the affine subalgebra by its simple current, a Morita corner, a finite
presentation by a quiver with relations, and an integral descent; the rationality criterion
for Cs-cofinite algebras then applies. The method requires a new finite presentation and
descent calculation for S. For S, Theorems 10.10 and 10.21 show that S is simple, self-
contragredient, of CFT type and Ch-cofinite; by | , Main Theorem 3 (Corollary
5.19)], S is then rational as soon as its Zhu algebra A(S) is semisimple, and conversely
[ ].  Alternatively, since V' contains S as a direct summand (V' = S @ S+ by
unitarity), [ | shows that S is strongly rational if the category of S-modules is
rigid and V"’ has nonzero categorical dimension in it; rigidity is not known for Cs-cofinite
algebras in general, and the converse criteria of | | require that every simple V-
module object be local, which would fail if Rep(S) ~ Z(H3). For S, the simple current
of Lgi,(3,0) ® Lg,(13,0) is J = L(3,3) ® L(13,13), of conformal weight 2 4+ 13 = 4,
whereas in case (I) it is L(1,1) ® L(39, 39), of weight § + 22 = 10. The weight-four space
of S contains the lowest weight space V' (3,13) of J, exactly (Proposition 11.4), so that S
contains the simple current extension A @ J, the analogue of the algebra AT of | ,
Section 7]; in case (I) the current appears only in weight ten.

5. Modules and the categorical identification | , Parts IV-V, pp. 56-70]. Six simple
modules come from the nine V’-modules W, ., (e,a) € L*/L = Z3; traces of the confor-
mal weights, positivity of the categorical dimensions and a Galois orbit argument force
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exactly six more | , Section 11]. Then the two even unimodular overlattices of L
give two copies of Vg, hence Lagrangian algebras Ay =1 @& M; ® 2X4 in Rep(U), and
Rep(U) ~ Z(D4) with Dy = Rep(U) 4, | , Lemma 12.2] | ]. The categori-
cal argument uses the full branching of the lattice modules, dimension constraints and an
exhaustion statement for fusion categories with the required fusion rules and untwisted
pointed part. Here that exhaustion statement is hypothesis (C) of Remark 11.2. The

classification within the family of | , Theorems 2 and 3] is distinct from proving this
exhaustion. The dimension comparison used to select the relevant categories, followed by
the Morita equivalence of Hs and Hs | , Theorem 1.4], is among the categorical steps

to be transferred. For .S, the branching and exhaustion of modules remain to be proved;
the transfer of the categorical argument remains to be justified as specified in Remark
11.2.

The changes in the explicit calculations include the affine levels, the weight of the simple

current and the commutant, whose two commuting Virasoro vectors have central charges %
and % instead of % and g—(l). These calculations do not remove the categorical assumptions.

11.2 The categorical route

Proposition 4.1 suggests using a holomorphic extension to identify Rep(S) as the center of a
fusion category. The decomposition Vg, = S ® M, @ 2M,, alone does not establish the required
fusion rules or classify the resulting category. The argument needs the following additional
information.

1. There are two even unimodular overlattices of L, given by the two isotropic lines of
L*/L = 72 for the form ¢(e,a) = # Once rationality and the proposed branching
are established, the corresponding holomorphic extensions give two Lagrangian algebras
A, distinguished by X4 ; either yields a center equivalence.

2. The exhaustion statement (C) of Remark 11.2 is an assumption: every fusion category
with the specified fusion rules and untwisted pointed part must belong to the listed family.
The classification within that family [ ] does not by itself prove this statement.

3. The fusion rules of Dy are not given by the decomposition of Vg, alone; | , Section
12] uses the full branching of the nine lattice modules and one dimension computed from
the modular matrix, hence the twelve-module list.

Part 2 of Proposition 10.13 gives a finite-degree check modulo p3 of the proposed branching
Wools = S & M, in weights at most three: modulo the prime ps, the subspace generated by
Ry has the graded dimensions 80, 1250, 10630 of M;, and is complementary to S. By unitarity,
V' = 8@ St as S-modules, and S+ contains the S-module generated by R; since S; = U,
(Theorem 10.21).

11.3 A conditional theorem

Theorem 11.1 Assume the hypothesis (Z) that the Zhu algebra A(S) is semisimple. Then S
is strongly rational. Independently of this hypothesis, S is not isomorphic to the algebras of

[ ; J

Proof : Proposition 10.17 and Theorem 10.21 give Cs-cofiniteness. Theorem 10.10 gives sim-
plicity, self-contragredience and CFT type. Thus | , Main Theorem 3 (Corollary 5.19)]
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applies under (Z) and proves strong rationality. For the last assertion, an isomorphism with

an algebra of | , ] would force dimS; = 6. Since S; contains the six-dimensional
subalgebra Uj, it would then equal U;. Such an isomorphism would preserve the levels of its
simple ideals, whereas these are 3,13 for U; and 1,39 for the announced algebras. [ |

Remark 11.2 The identification of Rep(S) with Z(Hg3) is a further step. The following two
hypotheses record the proposed branching and categorical exhaustion:

(M) S has exactly twelve simple modules, those other than S have positive lowest conformal
weights, and the nine V’/-modules restrict as Wy ol = S®&My, Wo.+1|s = P, Wi10ls = Q,
Wials 2 W_oi _1]s = X4, Wi _i|s =2 W_y1|s = X_, with My, P,Q, X4, X_ simple and
pairwise non-isomorphic, and the six other simple modules have lowest weights congruent

2 5 6 7 8 11

to 13,13 13> 130 137 13 modulo Z;

(C) every fusion category with the fusion rules of Hs (for the group Zs3) whose pointed part

is an untwisted Vecz, is equivalent to one of the categories C(Zs;+,w, A) of | ,
Theorem 2].

Under the hypotheses of Theorem 11.1 and (M), Rep(S) is a modular tensor category [ ].
The nonvacuum lowest weights are positive, so the quantum dimensions are positive | ,
Lemma 4.2] and equal the categorical dimensions | ]. Unitarity of S alone is not used
to infer unitarity of its modules. Every simple module is self-contragredient. Indeed, the six
residues in 157 \ Z are distinct, whereas (W ,)’ = W_. _, and (M) give the assertion for the
remaining six modules.

The two even unimodular overlattices of L give holomorphic extensions with underlying
S-modules 1 & M, @ 2X4. They define Lagrangian algebras AL, hence center equivalences
Rep(S) ~ Z(D+) with Dy = Rep(S)a, | ]. To identify this center with Z(H3) by
the route of | , Sections 11.3 and 12-13], one must still establish the fusion rules of Dy,
triviality of the associator on their pointed parts, and the selection, using categorical dimensions,
of the Morita class with center Z(#3) among the categories in (C). The branching in (M) alone
is not a proof of these assertions. We do not claim that the transfer of those steps to the present
levels follows from (M) and (C) without further verification.

Hypothesis (C) is the exhaustion statement formulated in | , Proposition 12.5]; clas-
sification within the family of | , Theorem 2| does not itself prove it. Assuming (Hjy), the
desired identification is already supplied by Corollary 10.25. The programme here seeks a proof
independent of that existence result. The computation below concerns (Z) only and does not
establish the branching or this categorical transfer.

11.4 The Zhu algebra of S

We now adapt to S the method of | , Part III] for the hypothesis (Z). We recall that the
Zhu algebra is A(V') = V/O(V)) with the product axb =3, (W; Yag—1b | , Definition
2.1.2 and Theorem 2.1.1]. For h of weight one, a of weight two and homogeneous z, we have
[L(-1)z] = — wt(z)[z] | , Lemma 2.1.1] and, by [ , Lemma 2.1.3],

(IL.1) [hyya] = [a]«[h],  [hoyz] = [A]* [z] = [z}« [h],  a)2] = [a] * [2] = [2]  [a] = [aq)z].

Proposition 11.3 The algebra A(S) is generated by the classes of the six currents and of the
seventeen highest weight vectors of Uy for g’ & g”: the vectors e’(_2)1, 62—1)6/7 62’_2)1, ez’_l)e”,
e’(_l)e”, the two Casimir vectors of (A)a, the vectors e, xc, and the highest weight vectors of
the eight primary types (0,4), (1,1), (1,3), (1,5), (1,7), (2,2), (2,6), (3,3). The classes of the
first seven are polynomials in the classes of the currents.
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Proof : By (11.1), the classes of L(—1)Uz, Ui(—1)Uz and (Uz)()Us2 lie in the subalgebra
generated by [U;] and [Us], since (Uz)1yUz C Uz. Hence so does [Ss], because S3 = N3 +
(U2)(0yU2. By Theorem 10.21, S is strongly generated by U; @ Us @ D3, and the classes of a
strong generating set generate A(S): replacing a derivative by [L(—1)z] = — wt(z)[z] and a
normal product g(_1yy by [g] * [y] minus classes of vectors of smaller weight, induction on the
weight writes every class as a polynomial in the classes of the generators. Finally, for f = f’
or f = f", the identity [f(o)z] = [f] * [2] — [2] * [f] reduces [Us] to the highest weight vectors,
which are those listed (Table 2); the first seven are L(—1)e’, e{_,ye’, L(=1)e", e{_;)e”, e[_;)e”
and the Casimir vectors, whose classes are given by (11.1). ]

Unlike in case (I), no strong generator of weight four is involved.

Proposition 11.4 Let A = Lg,(3,0) ® Lq,(13,0) C S be the affine subalgebra and C' =
Comg(A).

1. The Cartan weight space of weight (3,13) of V/ is spanned by a single lattice exponential
ev, withw = (2,2,4,5,4,2,1,1) in the simple-root coordinates fixed above and (w,w) = 8.
One has ¥ € S, and it is an affine highest weight vector generating J = Lg,(3,3) ®
Lo, (13,13). The subspace AT = A @ J is a rational simple current extension of order
two contained in S.

2. Comg(C)=AaJ.

3. The inclusion AT C S induces a unital homomorphism A(AT) — A(S).

Proof : We first identify the kernel of the coset grading. Write w = w4 + we, where we =
2e € C. The unitary involution fixes both conformal vectors, so (L$)* = LY, . For the positive
Hermitian form H, of Theorem 10.10, the Virasoro relation gives

(112) 12 212 = LS ]2 + 2Hy (L, ).

The regularity of A decomposes S into integrable A-modules. On the multiplicity space of
affine highest weight (4,7), LS = L(0) — ha(i,j) has discrete spectrum bounded below, where

ha(i,j) = i(i202) + %. The operators LS preserve this space. If x has its least eigenvalue ),
then LYz = 0, and (11.2) gives |\L€1x||§< = 2A[|z[|3. Thus A > 0. Since L§ commutes with the
action of A, it has nonnegative spectrum on all of S.

For z € Ker LS, nonnegativity first gives L'z = 0, and then (11.2) gives LY ;2 = 0. If ¢ € C,
truncation gives c(,yz = 0 for sufficiently large n. The translation identity [LY}, c(ni1)] =
—(n + 1)c(y,) then gives c¢yz = 0 for every n > 0, by downward induction. Conversely, the
commutant condition applied to we implies L§x = 0. Consequently Ker L§ = Comg(C).

1. The lattice realization gives the following lower bound: if the Cartan weight space of

weight (a,b) in V!, is nonzero, then

a? b

11. > — 4 —.
(11.3) 12 + 52

Indeed, the two Cartan vectors are orthogonal, of squared norms 6 and 26. A lattice vector
of weight (a,b) therefore has squared norm at least a?/6 + b%/26, and the oscillators have
nonnegative integral degree and do not change this weight. A lattice vector of Cartan weight
(3,13) has orthogonal projection 3 (H’+ H") onto the plane of the two currents. This projection
has squared norm % + % = 8. The displayed vector w has this Cartan weight and squared
norm 8, hence equals this projection. Therefore it is the only lattice vector of that Cartan
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weight with squared norm at most 8, and no oscillator can occur at conformal weight four. This
proves that the indicated weight space of V/ is one-dimensional.

Let u(y,7y and u(z6) denote the primary highest weight vectors with the coefficients of Table
4. A direct exact product gives

(11.4) (U(1’7))(,1)U(2,6) = (527\/ﬁ+ 35;19\/—73> eV,

Here is also a direct verification of this product. Put 7 = /13 and s = v/—3. The two generators
have the form ug 7 = 23:1 a;e® and u(g g = 23:1 b;e® ™% with the coefficients in Table 4.
Each of «; and w — a; has squared norm 4, and (a;,w — «;), = 0. For different indices,
o; +w — a; # w, so the one-dimensional weight space just proved shows that its contribution
to the product is zero. The lattice formula (10.1) therefore gives

7
(W@, 7)) (1) U2,6) = Z e(ai, w — a;)abe”
(11.5) i=1
26+ 104 + 26 + 104 + 65 + 65 + 117

7 (r+7s)e”.

This proves (11.4) by arithmetic in Q(r, s), without a weight-four membership calculation. Its
coefficient is nonzero, so e¥ € S.

Qi a; bi E(Oéi, w — Oti)
(17 17 2’ 37 27 17 1’ 0) 39+r—513s+'r5 —13+3r2—13s+rs 1
1,2,3,4,3,2,0,0 —104-56rs r -1
( ) ) ) ) ) 5
(17 17 27 3, 27 17 0’ 1) 39—”‘+513S+TS —13—37‘4—13S+TS -1
2,2,3,4,3,1,0,0) —52+4 12rs —Srilds -1
10
—19r—13s 39+49rs
(0,1,1,2,2,1,1,1) ~ =lor=13s a0+ _1
(1,1,2,2,1,0,1,1) r 13 + 7rs 1
3r—39s 39—3rs
(1707171,1717171) 5 2 -1

Table 4: The seven pairs in the product (11.4), in the simple-root coordinates of Fg @ As.

The highest weight conditions also follow from (11.3). The vectors €y e and e{j e® would
have degree 4 and Cartan weights (5, 13) and (3, 15), whose lower bounds are 16/3 and 66/13.
Hence both vanish. For a current y of Cartan weight (0,0), (£2,0) or (0, £2), the vector y,)e",
n > 1, has degree at most 3, whereas the least of the five bounds for its possible Cartan weights
is 40/13 > 3. Thus every positive current mode annihilates e. It generates the irreducible
integrable A-module J.

An independent exact calculation reconstructs the product and verifies the 26 annihilation
identities for 620)7 e'(’o) and the six currents in modes 1 to 4. It uses no weight-four pivot
data. A separate arithmetic check verifies the arithmetic and cocycle signs of Table 4. These
computational checks supplement the preceding analytic calculation.

Its affine conformal weight is 4, so L§'e®” = 0; since L§ commutes with A, both A and J
lie in Ker L§ = Comg(C). In this commutant the multiplicities of A and J are one: their
affine highest spaces occur in total weights zero and four, respectively, where Sy = C1 and the
Cartan weight space (3, 13) is one-dimensional. The restrictions of the vertex operators to these
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summands are A-intertwining operators. The affine fusion rules AKX A = A, AK J = J and
JXJ = A therefore imply that A® J is closed under all products. We equip AT with conformal
vector wa. Since L§ and LY, vanish on A% its grading and translation are those induced from
S. The unitary involution preserves these two isotypic summands, so this subalgebra inherits
the unitary form, is simple, and is rational by [ , Theorem 4.5].

2. By Proposition 10.17, Theorem 10.21 gives S; = U; and Sy = U;. As an A-module the
kernel is the direct sum of the integrable modules generated by affine highest weight vectors of
type (4,7) in weight h4(i,7), which must be an integer. The types with 0 < < 3,0 < j < 13
and ha(i,j) € Z are (0,0), (3,3), (0,10) and (3,13), of weights 0, 1, 2 and 4. Now Sy = C1,
S1 = Uy has no component of type (3,3), Us has no component of type (0,10) (Table 2), and
the Cartan weight space (3,13) of Sy has dimension one by part 1. Hence Comg(C) = A& J.

3. On AT, L§ and LY, vanish, so the grading and the translation of A* are those of S;
hence the products * and o of AT are the restrictions of those of S, and O(A™) C O(S). |

The simple A-modules are L(i,j) = L, (3,7) ® L, (13, ), with lowest weight space V (i, j).
The monodromy of L(i, j) with J is (—1)*7 and JX L(i, j) = L(3 —1,13 — 5); hence the simple
AT-modules correspond | , ] to the fourteen orbits {(i,5), (3 —14,13—3)} with i+
even, and there is no fixed point. Since h4(3 —i,13 —j) —ha(i,j) =4 — #, the lowest weight
space T3 of the module M; attached to an orbit is V(4,5) with i + j < 8, except for the two
orbits with ¢ + 7 = 8:

To,...,T5 =V(0,0), V(0,2), V(1,1), V(2,0), V(0,4), V(1,3),
(116) T67~'~7Tll :V(2a2)7 V(3a1)7 V(O,G), V(1,5), V(2,4), V(3,3),
T, =V(1,7eV(26) (h=2%), Ti3=V(0,_8)@V(3,5 (h=32).

Thus A(A1) & iio End(T}). Let e; € A(S) be the image of a rank one idempotent of End(7})
(the highest line of the first constituent) and ez = >, ;. The sum of one rank one idempotent
)

in every matrix block is full in A(A™). Indeed, for matrix units E;;’ with the chosen idempotent

ij
Eﬁ), one has 1 =}, El(f)Eﬁ)ES) Applying the unital homomorphism of Proposition 11.4
proves that ez is full in A(S), even if some blocks have zero image, and A(S) is Morita equivalent
to the corner D = ez A(S)ez | , Lemma 8.2]; in particular A(S) is semisimple if and only
it D is.

Remark 11.5 Every g’ & g”-type of the lowest weight spaces in Table 2 is local and of the form
(i,4) with i+7 < 8, as it must be: a constituent of type (3—1, 13—) in the lowest weight space of
an S-module M would force, through J, a vector of M of smaller weight. If A(S) is semisimple
and its simple modules have the lowest weight spaces of Table 2, then D = @, M, (C), where
n, is the number of irreducible constituents of the lowest weight space of z: the block sizes are
1, 17 2, 2, 2, 3, 57 7, 11, 12, 127 16 (fOI‘ O, Ci, dl, d4, d5, dﬁ, Co, dg, b, a, Co, dg), so that dim D = 762,
and the two exceptional blocks T72, T13 do not occur. In case (I) the corresponding dimension
is 546 | , Proposition 9.5].

To obtain an upper bound for D, we follow | , Section 9]. Put g =g’ ®¢”, and let I',
be the quiver with vertices 0,...,13 and, for each of the ten non-affine highest weight vectors
z of Proposition 11.3 and each pair of constituents A C T3, u C T, such that Hom(V (X), V(u))
contains a highest weight vector of the weight of z, an arrow ¢ — v; there are 515 arrows.
Sending a formal arrow to the corresponding coefficient of [z] in the matrix realization of A(S)
given by the matrix units of A(A™) defines a surjection CT'z — D | , Propositions 8.3
and 8.6]. The relations are the projections of the Zhu images of three families of identities in S:
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1. the kernel of Uy ®(g®@Us) ®A?Uz — Ss, (v, h@w, anb) — L(—1)v+h_1w+ i (a@)b—b)a);
2. the kernel of S?Us — Sy, a - b +— %(a(_l)b +b—1ya);

3. the kernel of S3® (g® S3) ® S?Us — S4, (u, h®v,a-b) — L(—1)u+ h(_1yv + (a1)b+
b—1ya),

together with the centrality of [w] = [wa]+2[e]. The kernels are g-modules; their highest weight
vectors suffice. The Zhu images are obtained from (11.1) and from [(a_1)b + b_1)a)] =
3([a] * [b] + [0] * [a]) + [c4(a,b)], [5(a)b — boya)] = [a] * [b] — [b] * [a] — [c—(a,D)], where
ci(a,b) = %(a(l)b:t b(l)a) e U,.

Theorem 11.6 (computation modulo a prime) Letp = p3 = 8388571, and use the residue
map (Ok), — F,, at the chosen prime p above p, with the images of V13 and v/—3 fized by the
computational data. The matrices below have entries integral at p. Modulo p:

1. the three families have 458, 70 and 532 highest weight relations, and Ss has 95 highest
weight vectors;

2. the projected relations, 19981 rows in the path algebra F,I'z, kill the two exceptional
vertices 12 and 13, hence the 230 arrows incident to them, eliminate 46 further arrows
linearly, and leave a rewriting system on 239 arrows whose ambiguities all resolve after
one round of completion;

3. the resulting algebra D, has a basis of 762 irreducible paths (12 vertices, 239 arrows, 506
paths of length two and 5 of length three); its regular trace form is nondegenerate, so D,
is semisimple; its center has dimension 12, and D, = @, M, _(IF,) with the block sizes of
Remark 11.5;

4. for each block, the ranks of the vertex idempotents e; are the multiplicities of the con-
stituents Ty in the lowest weight space of the corresponding module in Table 2, for all
twelve modules.

Proof : All products a,)b, a,b € Uz, =1 <n < 3, and h(_y)s, L(—1)s, s € S3, are computed
exactly over K and then reduced modulo p. The kernels, projections, elimination, completion,
trace form and central idempotents are computed over F,. The calculation at 8388571 uses
19981 projected relations. The corresponding calculation at 4194277 gives the same dimensions,
blocks and vertex ranks. For the final rewriting rules, a separate verifier checks that they
decrease the degree-lexicographic order with the alphabet reversed and resolves all 131698
overlap ambiguities and all 151 inclusion ambiguities, as required by [ , Theorem 1.2]. The
inclusion ambiguities are needed because the system has cubic as well as quadratic leading words.
These checks concern the projected presentation. The verification record in the supplementary
material specifies which stages were independently checked.

For completeness, the algebraic consequences of the last checks require no further VOA
computation. If x lies in the Jacobson radical of D), then zy is nilpotent for every y € D).
Thus left multiplication by xy has trace zero. Nondegeneracy of the regular trace form forces
x = 0, proving semisimplicity. The computed central element has twelve distinct eigenvalues in
), so the center is split. Each simple factor is a matrix algebra over F,,, since a finite division
ring is a field; its dimension determines its matrix size. The ranks of the vertex corners give the
displayed multiplicities. These conclusions concern the finite-field algebra D,; their descent to
a characteristic-zero upper presentation is not supplied by this calculation. |
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Remark 11.7 Theorem 11.6 does not prove (Z). A kernel computed modulo p may be larger
than the reduction of the kernel over K. The agreement at two primes is a consistency check;
it does not exclude a rank drop at both primes. Thus D, is not yet identified with the special
fibre of an integral form of a characteristic-zero upper presentation of D.

To obtain such a presentation one must compute the three families of relations over K, check
the integrality of the eliminations and rewriting rules at a chosen prime, and prove a spanning
bound over the resulting local ring. With these data, a descent argument of the form [ ,
Lemma 9.6] would give semisimplicity of the upper presentation and hence of its quotient D,
proving (Z). These are the characteristic-zero and integral steps supplied for case (I) by | ,
Sections 9.8-9.10].

The block sizes and vertex ranks computed here agree with the lowest weight spaces of
Theorem 8.5 and Table 2. An exact version would bound the number of simple S-modules
by twelve and determine the AT-structure of the lowest spaces of the blocks that survive in
the quotient onto D. A quotient of a semisimple algebra may annihilate whole simple blocks;
proving that all twelve blocks survive is a separate step.

Lemma 11.8 The nine V'-modules W, , are unitary S-modules. Consequently each restriction
We.als is an orthogonal direct sum of simple S-modules, and the S-submodule generated by an
irreducible A(S)-submodule of the lowest weight space of W, , is simple.

Proof : By | , Theorem 4.12], V. is a unitary module of (V7 ¢1) for the Fock space
Hermitian form H;. With g = exp(h,(0)) as in the proof of Theorem 10.10, g*/2 acts on V4
by the positive numbers ez("#) on M(1) ® e*, and H,(u,v) = Hyi(g"?u,g"/?v) is positive
definite and invariant for (V’,¢,); its restriction to S is invariant since ¢, (S) = S. The
orthogonal complement of a submodule is a submodule, and the homogeneous components
are finite-dimensional, which gives the decomposition. If X is an irreducible A(S)-submodule
of the lowest weight space and N a proper submodule of the module (X) it generates, then
(X)=N@® N+ and X = (NNX)@ (Nt NX) in the lowest degree, so NN X =0, X C N*
and N = 0. [ ]

11.5 What remains

The following unresolved steps would produce a proof independent of the existence results
granted above.

1. The exact version of Theorem 11.6: the three families of relations over K (by pivots
modulo p and exact membership, as in Theorem 10.19), the eliminations and quadratic
rules over K and their integrality at a prime of K above p, the shortening of the cubic
paths over the local ring, and the descent lemma [ , Lemma 9.6]. This would prove
(Z), hence the rationality of S.

2. Determine the restrictions in (M). The zero-mode action on a lattice module’s lowest
weight space identifies the simple submodules generated by that space, by Lemma 11.8.
It does not exclude additional simple summands beginning in higher degrees. In particular,
the lowest weight space of Wy o generates S, whereas its orthogonal complement has its
first nonzero degree at weight one. A complete branching proof must establish generation
by all the proposed lowest spaces, or combine an exhaustive list of simple S-modules with
their lowest weights and a character identity. This requires extending the exact lattice
computations to the cosets of L in L*.
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3. Establish that the six additional blocks, with lowest weights 1—53, %, 1—73, 1%, % and %,
survive in the quotient onto D. An exact upper presentation gives at most twelve simple
modules, but does not prove their existence. One possible approach is the trace and Galois

argument of | , Section 11]; its hypotheses and conclusion must be verified for S.

After these steps, Theorem 11.1 gives strong rationality. The categorical transfer listed in
Remark 11.2 remains a separate task, including the exhaustion statement (C).

12 The associated lattice and the twin algebra

In this section we describe the Haagerup algebras through the decomposition of a strongly
rational vertex operator algebra into its Heisenberg commutant and its associated lattice | ,

, ], and we use the notions of genus of Hohn | | (the bulk genus, given by the
representation category and the central charge) and of Moriwaki [ ] and Moller-Rayhaun
[ | (the hyperbolic genus). We call a Haagerup algebra a positive strongly rational vertex
operator algebra U of central charge eight with a braided equivalence Rep(U) = Z(H3). By
Proposition 4.1 and Theorem 8.5, after an automorphism of V', U C V' with U; = ¢’ & ¢”,
of levels (k', k") = (1,39) in case (I) and (3,13) in case (II), and the Cartan subalgebra h =
Ch' ®Ch” of Uy is contained in the Cartan subalgebra of V} spanned by the lattice; here b’ € ¢’
and h” € g’ are coroots, so that (k',h') = 2k, (W, k") = 2k" and (R',h") = 0. We identify
h with its dual through (-,-) and write a vector A € h as the pair (m/,m”) = ((b/, A), (K", \));
thus A is the h-weight of a vector v with h’(o)v = m/v and hé’o)v =m/'"v, and

le m/12

2
A= o o

We denote by T'(U) C b the set of h-weights of U, by

Qu & Comy (M(p))

the Heisenberg commutant of U, and by L the associated lattice, defined by Comy (Qy) = Vi,
[ , Definition 2.12]. Throughout this section L denotes this rank-two lattice; we continue
to write Fg® Ay for the ambient lattice. These objects do not depend, up to isomorphism, on the
choice of the Cartan subalgebra | , Remark 2.13]. For an even lattice L we write C(L'/L)

for the pointed ribbon category of the discriminant form (L'/L,qr), q.(A+ L) = @ mod 1, so
that Rep(Vz) = C(L'/L), and B for the ribbon reverse of a ribbon category B.

12.1 Two binary lattices
Put Ty = {(m/,m") € Z% : m' = m” mod 2} and, for (k¥', k") € {(1,39),(3,13)},

L o def ry={(a,k"c):a,c€Z, a=cmod 2},

the dual being taken for the form above; it has the basis (2k',0), (', k”). We write Ly = L1 39
and LH = L3,13.

Lemma 12.1 1. The Gram matrices of L1 and Ly in these bases are [? 5] and [§ 2], of

determinant 39 and minimal norms 2 and 6; they correspond to the binary quadratic forms
%+ 2y +10y? and 322 + 3zy +4y?. In both cases L' =Ty and L'/L = 7/39 is generated

by (1,1), with qr,(1,1) = &2 and qr,,(1,1) = 5.
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2. The even positive-definite lattices of rank two whose discriminant form is isometric to
that of Ly are, up to isometry, exactly Ly and Ly;. More precisely, the reduced forms of
discriminant —39 are (1,1,10), (2,£1,5) and (3, 3,4); the class group of discriminant —39
is cyclic of order four and has two genera, the principal genus {(1,1,10), (3,3,4)}, which
is the set of squares, and {(2,1,5),(2,—1,5)}, whose discriminant form is not isometric
to that of Ly.

3. The isometries Lj;/Lyy — Li/L1 are the maps (1,1) — w(1,1) with u € {4,17,22,35},
and O(L'/L) = {£1,£14} in both cases.

4. The image of the orthogonal group O(Ly), of order four, in O(L{;/Ln) is the whole group;
the reflections w' = diag(—1,1) and w” = diag(1, —1), which are the actions on b of the
Weyl group elements of g’ and g”, act by 14 and 25. The image of O(Ly), of order four,
in O(Ly/Ly) is {£1}: w’ acts trivially and w" by —1

Proof : We give a proof with integer arithmetic, independently of the computational verification.
For part 1, the form T;—; + ’;T'f on the basis (2k,0), (k',k”) has Gram matrix My, with
entries My, = 2Kk', M3 = My = k' and Moy = # Its determinant is k'k” = 39. An integer
multiple n(1, 1) belongs to Ly exactly when 39 divides n, so (1, 1) generates the discriminant
group. Its quadratic value is i + ﬁ7 giving the asserted values. The expressions

2 2
22 +ay +10y% = (CE-F%) —&-%y% 322 + 3xy + 49> :3(x+ %) + % 2
show that the shortest vectors are precisely the two vectors +(2k’,0), of squared norms 2 and
6, respectively.

2. An even positive-definite binary lattice of determinant 39 corresponds to a primitive form
ax? + bry + cy? of discriminant —39. Choose a reduced representative, so |b| < a < ¢, with the
usual boundary convention b > 0 when |b| = a or a = c. Since 39 = 4ac — b? > 3a?, we have
1 < a < 3. Moreover b is odd and ¢ = % is an integer. For a = 1,2,3 this gives exactly
(1,1,10), (2,£1,5) and (3, 3,4). The two middle forms are improperly equivalent. Their lattice
has Gram matrix [{ 1] and discriminant form generated by an element of quadratic value .
An isometry with the discriminant form of L; would require 5u? = 10 (mod 39) for a unit u,
which is impossible modulo 3. In contrast, 10 - 42 = 4 (mod 39) identifies the discriminant
forms of Ly and L. This proves the lattice classification. It also gives the two genera, since the
genus is determined by the rank, signature and discriminant form | , Corollary 1.9.4]. The
four reduced forms are the four proper classes. Inversion interchanges the two distinct classes
(2,1,5) and (2,—1,5), so the class group of order four is cyclic. Its squares are the principal
class and the class (3, 3,4), proving the remaining assertion [ ]

3. An isometry between the dlscrlmlnant forms is multiplication by a unit u satisfying
10u? = 4 (mod 39), equivalently u? = 16 (mod 39). The Chinese remainder theorem gives the
four solutions 4,17,22,35. In the same way, u? = 1 (mod 39) gives O(L'/L) = {1, 14, 25, 38}.

4. An orthogonal transformation preserving either lattice preserves its unique shortest line,
so its orthogonal group has at most four elements. The four sign changes in the two coordi-
nates (m',m’) preserve Ly j, so they give the whole group. To compute their action on the
discriminant group, reduce (—1,1) and (1, —1) modulo Ly . In case (II),

(=1,1) = 14(1,1) = (=15, —13) € Ly, (1,—1) —25(1,1) = (=24, —26) € Ly1.

In case (I), (—1,1) — (1,1) = (—2,0) € Ly and (1,—1) + (1,1) = (2,0) € Ly. This gives the
stated images.
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The supplementary material includes independent integer-arithmetic checks of these lattice
calculations. They are not needed for the preceding proof. [ ]

12.2 The Heisenberg commutant and the associated lattice

For a simple vertex operator algebra 2 and an (2-module M, put

Vacq (M) o {ve M :agpyv =0 for every a € Q and n > 0}.

A nonzero vector in this space is called vacuum-like. If M is irreducible and v is vacuum-like,
the map a — a(_1yv is a nonzero Q-module homomorphism € — M, and hence M = Q | ,
Section 4.7].

Proposition 12.2 Let U be a Haagerup algebra, with the notation above.

1. The Heisenberg commutant Qg is a strongly rational vertex operator algebra of central
charge siz with (Qy)1 = 0. There is a ribbon-reversing equivalence T from C(L'/L) onto
the full pointed fusion subcategory generated by the invertible objects of Rep(Qy). Writing
T also for the induced map on isomorphism classes of simple objects, we have

U= P o0 @Vass
a€L’/L
as an Qy @ Vi-module, and Rep(Qu) = Z(H3)XC(L'/L).
2. Every irreducible Qy-module has a nonnegative conformal weight, and for a # 0 the
module QL(Q) contains no vacuum-like vector. Consequently, a vector of U of h-weight A

: A2
has conformal weight at least 5.

3. T(U) =Ty, and the associated lattice is L = Ly g : it is Ly in case (I) and Ly in case
(1I).

4. For A= (K' k"), the vector e of Vi, C U is a highest weight vector of weight (k' k") for the
affine subalgebra A = Ly (K',0) ® Ly (K", 0), of conformal weight k/zk/,, and it generates
an A-submodule of U isomorphic to the simple current J = Lgi, (K', k') @ Lg, (K", k"), of
conformal weight 10 in case (I) and 4 in case (II).

Proof : 1. By | , Definition 2.12, Proposition 2.14], which rest on | ], Qu and V,
form a dual pair in U, Qp is strongly rational [ ], and U is a simple current extension
of Qpy ® Vi, of the stated form for some subgroup Ay C L'/L in place of L' /L. The category
Rep(U) = Z(#H3) has no invertible object except the unit, by (2.1). It is pseudo-unitary for the
ribbon structure of U: since U is positive, the quantum dimensions qdimg (X) = Sx v /Sv.v

are positive and equal the Frobenius—Perron dimensions | ], and they are the categorical
dimensions of Rep(U) for its ribbon structure | ]; alternatively, Z(H3) has a unique pivotal
structure (Remark 12.6). The proof of | , Corollary 4.10], applied with V. =W = U,

then gives Ay = L'/L, the description of 7, and Rep(Qy) = Rep(U) ®C(L’/L). The central
charge of Qp is 8 —rank L = 6. A vector of (7)1 commutes with b, hence lies in the subspace
of h-weight zero of Uy = sly @ sly, which is h; it is then orthogonal to h, hence zero.

2. Let p be an irreducible Qy-module. The monodromy of p with the invertible objects
7(a) is a scalar x,(c), and a — x, () is a character of L'/L; since the bilinear form of L'/L
is nondegenerate, there is 8 € L’/L such that the monodromy of u X 3 with every summand
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7(a)Ma of the algebra U is trivial. The induced module X = @ (7(a) ) ®Viaq-g+1, where 7(a)p
denotes the fusion product, is then a U-module | , ], a finite sum of irreducible
U-modules, and it contains @ ® Vg . For y > 0 we have, coefficientwise and hence numerically,

041 (1y)

As y — 0T, 0s,1(iy) ~ (det L)"2y~' by the Poisson summation formula and n(iy)~2 =
yn(i/y)=2 ~ yel%, so that the last quotient is equivalent to (det L)_%e%. On the other hand
chx (iy) = >°y Sx,v chy (i/y) over the irreducible U-modules Y, by Zhu’s theorem | | at
the point i/y, extended additively to the finite sum X; and chy (i/y) = O(e%) since the confor-
mal weights of the U-modules are nonnegative. Hence ch,,(iy) = O(e%) for every irreducible
Qu-module p. For an irreducible Qy-module v of conformal weight h,, Zhu’s theorem for Q
gives ch, (i/y) = 3_, S5, chy(iy) = O(e%), while ch, (i/y) > dim(l/hu)e%r(%_h”). Therefore

h, > 0. For a # 0, the simple module QTU(O‘) is not isomorphic to €7, so Vacq,, (Q[T](a)) =0.

Finally a vector of h-weight A € a + L lies in QTU(a) ® M (b, \), whose conformal weights are at

2 2
least hr(q) + % > %
3. The bh-weights of Q[T](a) ® Vair form the coset o + L, so part 1 gives T'(U) = L' and
L =T(U)*. We have V|{ = U; & R,. By Table 2, every irreducible U;-summand of V{ has
highest weight (a,b) with @ = b mod 2. All weights of such a summand belong to T'y. Since
V' is generated by V/, every h-weight of V'’ belongs to I'y, and hence T'(U) C T'g. Conversely,
the root vectors of Uy give the weights (2,0) and (0,2), while the summand V(1,1) C Uz in
both columns of Table 2 gives (1,1). These vectors generate I'y. Since I'(U) = L’ is a group,
F(U) = FO and L = Lk’,k”-
4. Since A\ = (k',k") € L, e € Vi, C U, of conformal weight DE _ %. Let x be a root

2
vector of Uy, of weight p € {(£2,0),(0,£2)}, or z € h, p =0, and n > 0. The vector ;v(n)eA has

h-weight A+ and conformal weight k/zk” —n. Forn=0and u € {(2,0),(0,2)}, % - %

is 1—&—% or 1+%; forn > 1, %—(%—n) > min(0, —1+%, —1+ﬁ)+n > (0. By part 2,
x(n)e)‘ = 0 in all these cases. Thus e” is annihilated by the positive part of the affine Lie algebra
and by e’(o), 62/0)’ and hl(o)v hE,O) act by k', k": it is a highest weight vector of weight (k' k") for A.
The regularity of A decomposes U into irreducible integrable A-modules. In this decomposition

e is a sum of affine highest weight vectors of type (k’, k"), hence generates one diagonal copy
of the irreducible module .J, whose conformal weight is IZ((:,:;)) k4(55,++22)) = k"zk’”, m

In case (I), part 4 is Proposition 11.4, proved there for S by an explicit lattice word and an
energy bound, with exact computational checks; in case (I), it is the inclusion A®J(1,39) c UR
of | , Proposition 7.1], obtained there from the explicit vector ¢, (w,w) = 20. Here both
statements hold for every Haagerup algebra. The associated lattice is determined by the weight-
one decomposition of V' and the occurrence of V(1,1) in Us; the lattices Ly and Ly are thus
the overlattices of index two of v/2k'Z @ v/2k"Z given by the simple current .J.

12.3 The lattice exchange

Let U be a Haagerup algebra in case (I) or (IT), with associated lattice L, and let L* be the
lattice of the other case, so that {L,Lf} = {L;,Lyi}. By Lemma 12.1 there is an isometry
¢: L'JL — (LF)'/L%. We use the equivalences Rep(Qy ® Vi) = Rep(Qy) X C(L'/L) and
Rep(Qy @ Vip) = Rep(Qu) K C((LF)'/LF) | , ]. The isometry ® is induced by
a ribbon equivalence ®y: C(L'/L) — C((L?)’'/L%), since a pointed braided fusion category is
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determined by its metric group up to braided equivalence inducing any given isometry | ,
Section 8.4], and the twists e*™7 are preserved. Put ® = idX®,,. By | ], U corresponds to
the connected étale algebra Ay = @, 7(o) Mo of Rep(Qy) KC(L'/L), and we define U? = Ui
as the vertex algebra extension of Qy ® Vi corresponding to the connected étale algebra ®(.Ay)
[ , ]. As an Qp ® Vps-module,

U= D 0 Vi
aEL’/L

Theorem 12.3 Let U be a Haagerup algebra, L' and 1 as above.

1. U' is a Haagerup algebra, in the other case of Theorem 8.5. For the Cartan subalgebra
L' ®C of Ulh, its Heisenberg commutant is Qu and its associated lattice is LP.

2. Let P be the group of invertible objects of Rep(Qy), with the quadratic form given by the
twists. The image of Aut(Qu) in O(P) is the whole group O(P). Consequently, for a
strongly rational vertex operator algebra Q@ and N € {Ly, L1}, all the Haagerup algebras
with Heisenberg commutant isomorphic to Q) and associated lattice isometric to N are
isomorphic.

3. Up to isomorphism, U% does not depend on v, (U 2 U, and U + U? induces a bijection
between the isomorphism classes of Haagerup algebras in case (I) and in case (II). The
Haagerup algebras with Heisenberg commutant isomorphic to Qy are, up to isomorphism,
ezactly U and UY.

4. U and U? belong to the same hyperbolic genus, and every strongly rational vertex operator
algebra in this hyperbolic genus is isomorphic to U or to U, In particular it is a Haagerup
algebra.

Proof : 1. Extension and representation category. Put B = Quy ® Vs and A = ®(Ay). The
strongly rational algebra B has its vertex tensor category of ordinary modules. We use the
extension correspondence in the generality of [ , Theorem 3.2 and Remark 3.3|; strict
positivity of the nonvacuum B-modules is not assumed. The connected étale algebra A4 has
trivial twist and defines the extension W. It is simple: separability makes the category of
A-modules semisimple, and End 4(A) = Hom(1,.A) = C by connectedness. Thus the regular
A-module has no proper subobject, and neither does W as a module over itself. Initially, the
extension correspondence identifies local A-modules with those W-modules whose restrictions
belong to Rep(B) | , ]. Their category is ribbon equivalent, through ®, to the
category of local Ay-modules. After the rationality argument below, this is the ordinary module
category Rep(W) = Rep(U).

CFT type. For o # 0, the conformal weights of Q7' @Vy () 4 s lie in Ay (o) +qp: (¥(e) +2Z =

hr(a) +qr(a) +Z = Z, and they are at least hr (o) +Miny ey (o) +L8 @ > 0 by Proposition 12.2,
part 2; hence they are at least 1. The summand a = 0 is Qy ® Vi, which is of CFT type. Thus
W is of CFT type.

Self-contragredience. Since (Qu)1 =0, W1 =1Q (V)1 & @WAO(QTU((X) ® Vip(a)Le)1, and
the Virasoro modes preserve each summand. The operator L(1) maps Wi into Wy = C1, which
lies in the summand « = 0, while L(1)(Vys)1 = 0; hence L(1)W; = 0 and the simple algebra W
of CFT type is self-contragredient [Li94].

Cs-cofiniteness. The algebra W is Cs-cofinite, since it is a finite sum of irreducible modules
for the Co-cofinite algebra Qpy ® Vi, which are Co-cofinite | ], and Cs of each summand

is contained in Co(W).
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Rationality. Let M be a weak W-module. By [ ], M is a direct sum of irreducible
ordinary Qp ® Vys-modules. Put B = Qp ® Vi1, and let M’ be the W-submodule generated
by an irreducible B-submodule N of M. By weak associativity, M’ is spanned by the vectors
Wn)T, with w € W, x € N and n € Z. For every irreducible B-module K, composition with
these vertex operators gives an injective linear map

, K

HOHlB(M ,K) — IB<W N)

It is injective because a map in its kernel vanishes on this spanning set. The target is finite
dimensional and is zero for all but finitely many K. In a decomposition of the semisimple
B-module M’ into simple summands, the coordinate projections onto distinct copies of K are
linearly independent elements of Homp(M', K). Hence each multiplicity is finite, and only
finitely many simple types occur. Thus M’ has finite length and is an object of Rep(B).
By [ , ], it is a local module for the connected étale algebra ®(Ay ), and such
modules form a semisimple category | ]. Hence this submodule is a finite direct sum
of irreducible W-modules, and M, a sum of such submodules, is a direct sum of irreducible
W-modules. Compare the proof of | , Proposition 5.3], which is the same construction
in the holomorphic case.

Positivity. Let X be an irreducible W-module. Its restriction is a sum of modules Qf, ®
V4 s, whose conformal weights are at least h,, > 0 (Proposition 12.2, part 2), so that hx > 0.
If hx = 0, some summand has h, = 0 and v € L, so that X contains Qf ® Vg with hy, = 0.
The local Ap-module X” = ®~!(X) is an irreducible U-module whose restriction contains
P~ (v X0) = v KO0, that is, Q% @ VL; hence hy» < h, = 0, and X" > U since U is positive.
Thus X = &(Ay) = W. Hence W is a Haagerup algebra, and by Theorem 8.5 it is in case (I)
or (II).

Heisenberg commutant. Put h? = 1 ® (LF @ C)(~1)1 € Wy. The vectors of Wy of hi-weight
zero lie in (Qy)1®1+1®h% = b, since ()1 = 0. Thus h? is a self-centralizing subalgebra of the
reductive Lie algebra W7 | | acting semisimply on W, that is, a Cartan subalgebra. The
commutant of M (h¥) in V., ;. is Ce® if v € L* and zero otherwise, so Comy (M (h?)) = Qu ®1;
and Comw (Qu) = @, Vacq, (QTU(a)) ® Viy(ay+r: = Ve by Proposition 12.2, part 2. So the
Heisenberg commutant of W is Q; and its associated lattice is Lf. By Proposition 12.2, part 3,
applied to W, its associated lattice is Ly or Ly according to its case; since LY is not isometric
to L (Lemma 12.1), W is in the other case.

2. The map 7: L'/L — P is an anti-isometry. Let U be the one of U, U% which is in
case (II), Ly its associated lattice and my1: Li;/Liy — P its gluing map (part 1). The Weyl
group elements of the two ideals of (Urp); are inner automorphisms of Uy which normalize
the Cartan subalgebra; they preserve Qy = Com(M(h)) and Vi, = Com({y), and restrict to
6 € Aut(Qy) and to an automorphism of V7, inducing w’ or w” on Li;/Ly. Since they permute
the summands le(a) ® Vg Ly, the induced autoequivalence 0 satisfies 977117: mrrw. By Lemma
12.1, part 4, @' = 14 and w” = 25, which generate O(L{;/Li1); hence the 0|p exhaust O(P) =
mO(Lyy/ LH)Tﬁl. Now let Y7, Y5 be Haagerup algebras with Heisenberg commutants identified
with © and associated lattices identified with N, with gluing maps o1,09: N'/N — P(Q).
Since both are anti-isometries, oo = 6oy for some § € Aut(f2), by the first assertion applied to
Y1. The automorphism 0 ® id of 2 ® Vi transforms Y; into a simple current extension with
the summands Q72(®) g Vayn of Ya. The summands are pairwise non-isomorphic invertible
Q ® Vy-modules, indexed by N’/N, and their fusion satisfies

My R Mg = My p.
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All summands are nonzero, both extensions are simple, and the fusion multiplicities are one.
Thus | , Proposition 5.3] applies to their common graded module decomposition. Hence
Y1 =Y.

3. The algebra Ui has Heisenberg commutant Q; and associated lattice Lf, so it does not
depend on v by part 2. Applying the construction to U? with ¢)~! gives back the summands of
U,so (UHF U by | , Proposition 5.3]. If Y 2 Y’ are Haagerup algebras, an isomorphism
maps a Cartan subalgebra to a Cartan subalgebra and identifies the Heisenberg commutants,
so Y! = Y’ by part 2. Hence f is well defined on isomorphism classes and is an involution
exchanging the two cases. If W is a Haagerup algebra with Qy = Qp, its associated lattice is
L or L* according to its case, and W 22 U or W = U% by part 2.

4. By | , Corollary 4.10], two strongly rational vertex operator algebras with equiv-
alent unpointed pseudo-unitary representation categories belong to the same hyperbolic genus
if and only if they have the same central charge and isomorphic Heisenberg commutants; this
applies to U and U®. If V is strongly rational and in this hyperbolic genus, then by [ ,
Theorems 4.7 and 4.8] Rep(V) is ribbon equivalent to Rep(U), the Heisenberg commutant of
V' is isomorphic to Qy, and its associated lattice is in the genus of L, hence isometric to Ly or
Ly (Lemma 12.1). By the proof of | , Corollary 4.10], V =@, Q?](a) ® Vaan with N
its associated lattice and o an anti-isometry onto P. The argument of part 2, with Y7 the one
of U, U whose associated lattice is isometric to N and Y5 = V, uses only the decomposition of
Y5 and shows that V 2 Y;. |

Theorem 12.4 1. Assuming (Hy), there are exactly two Haagerup algebras up to isomor-
phism: Jiao’s algebra V = S, in case (II), and its twin S%, in case (I). There is an
embedding of S* into V' whose image contains the algebra 1r(UR) generated by A, e, f,
v (Proposition 10.36), with equality in weights at most four.

2. Assuming (HR), there are exactly two Haagerup algebras up to isomorphism: Riesen’s
algebra U, in case (I), and its twin (UR)?, in case (II). There is an embedding of (UR)®
into V' whose image contains S, with equality in weights at most four.

3. Assuming (HR) and (Hy), S* = UR and (UR)? 2 V.

4. Assuming (Hg) or (Hj), all Haagerup algebras have isomorphic Heisenberg commutants
and they form a single hyperbolic genus.

Proof : 1. By Theorem 10.29, every Haagerup algebra in case (II) is isomorphic to V = S;
by Theorem 12.3, part 3, every Haagerup algebra in case (I) is isomorphic to S, which is one.
The proof of Theorem 10.38 shows, without using | ], that a Haagerup algebra in case
(I) contains ¥ (UR) after an automorphism of V'; by Proposition 10.39, the weight spaces of
Yr(UR) of weights two, three and four have dimensions at least 120, 956 and 6010, which are
those of the Haagerup vacuum character (Theorem 7.1). 2. The same argument with Theorem
10.38; the proof of Theorem 10.29 shows, without | ], that a Haagerup algebra in case (II)
contains S after an automorphism of V', and Theorem 10.21, using the independent certificate
of Proposition 10.17, gives the dimensions 1, 6, 120, 956, 6010 of S in weights at most four. 3
follows from 1 and 2, and 4 from Theorem 12.3, parts 3 and 4. [ |

Thus the existence of a Haagerup algebra in one case implies its existence in the other case,
and its uniqueness in one case implies its uniqueness in the other case. Each of the announce-
ments | ] and [ ] separately gives exactly two Haagerup algebras; the identification
of both of them with the algebras of Riesen and of Jiao (part 3, and Theorem 10.40) still
uses both. In particular, assuming (Hj), there is a Haagerup algebra with currents of levels
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(1,39), independently of | ], and the main theorem of [ | becomes equivalent to the
equality of ¢¥r(UR) with the image of S% in V', that is, to the equality of the vacuum charac-
ter of (A, e, f,v) with X(go).Without the announcements, the number of isomorphism classes of
Haagerup algebras in each case equals the number of hyperbolic genera of Haagerup algebras,
each of which consists of exactly two algebras, one in each case.

Remark 12.5 The decomposition of Proposition 12.2 can be tested on the graded dimensions.
For p € Ty, the generating series of the dimensions of the subspaces of h-weight u of U,,
multiplied by Hm>1(1 —¢q™)? and by q"”‘Q/Q, is the graded dimension f, of Qz(a), a=pu+ L.
From the blocks of Uy and Us (exact in case (II), from the spans of Proposition 10.39 modulo
7999993 in case (I)), a finite calculation shows that different weights p in the same coset give
the same coefficients (39 cosets occur in case (II) and 35 in case (I) in these weights), and that
for each of the four isometries ¢ of Lemma 12.1, part 3, the 88 coefficients of f, in case (II)
which can be compared with those of fy(q) in case (I) agree. This is consistent with Theorem
12.4, part 4: it is a test, in low weights, of the isomorphism of the Heisenberg commutants of
any two Haagerup algebras of the two cases, which Theorem 12.3 proves for U and U?.

Remark 12.6 Let V' be any strongly rational vertex operator algebra of central charge eight
with a braided equivalence Rep(V) = Z(H3), not assumed positive. Since Z(Hg) has no
nontrivial invertible object, its universal grading group is trivial | , Theorem 6.3]; since
pivotal structures differ by tensor automorphisms of the identity functor, which are characters
of this group, Z(Hs) has a unique pivotal structure, the pseudo-unitary one | ]; since
(V) =0 = ¢(Z(Hs)) mod 8, the S-matrix of the characters of V is the normalized S-matrix
s of Section 2 | , Lemma 3.6]. Suppose that the minimal conformal weight A, of the
irreducible V-modules is negative, and let J be the set of simple objects with conformal weight
hmin; it does not contain 0, and its elements have the same twist. The possible nonempty sets
J are the nonempty subsets of {b,a, co}, the singletons {¢1} and {cz2}, and the singletons {d;}.
The following choices of i give s;; < 0 for every j € J, with strict inequality for at least one j:

condition on J ‘ 1
beldJ dq

@ #J C{a,co} c1
J={ci}orJ={c2} | a
J=A{d} b

The signs follow directly from the entries —y/3, —1/3 and 0 of the S-matrix. Then ch;(iy) ~
( ZjeJ 55 dim V,{min)e%ﬂ(ifh“““) would be negative for small y > 0, a contradiction. This is the
argument of | , Proposition 3.10] with a weaker sign condition: Z(#3) is not essentially
positive in the sense of [ ] (for J = {b,a} no row i has s;; < 0 and s;, < 0, and a set
J containing 0 never satisfies their condition), but our condition suffices to exclude Ay, < 0.
Hence all conformal weights of the irreducible V-modules are nonnegative, and they are positive
for the eight simple objects with nontrivial twist. Therefore the positivity hypothesis in our
results can be replaced by the condition that none of the modules b, a, ¢y has conformal weight
zZero.

A Computational methods and certificates

The proofs distinguish exact calculations, certified exclusions, calculations modulo primes and
numerical checks. Exact calculations use rational arithmetic, arithmetic in K = Q(+/13,/—3)
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in the basis 1,v/13,v/—3,v/—39, Grobner bases over Q or Q(v/13), and integer arithmetic.
Certified interval calculations are used only to exclude a candidate by a nonzero value. An
interval containing zero gives no exclusion.

For a matrix integral at a prime p of K, its rank over K is at least the rank of its reduction.
This justifies the rank lower bounds and the selection of pivots modulo primes. Membership over
K is checked separately by exact coordinate identities on all rows after restriction of scalars.
Membership after reduction alone is not used as a characteristic-zero assertion. Numerical
calculations serve only as consistency checks and do not enter the proofs.

The supplementary material indexes the source code, coordinates, exact witnesses and ver-
ification results by the numbered statements. It specifies the computational environments and
commands. The lattice construction gives the vertex algebra identities in arbitrary weights,
while Section 10 justifies the momentum truncation used in the certificates.

The following table identifies the scripts associated with numbered statements and the nature
of their computations. It distinguishes exact verification, certified exclusions, reductions modulo
primes and auxiliary numerical tests. An entry does not assert more than the precise statement
and its proof establish; in particular, modular calculations are not treated as characteristic-zero
lifts.

Table 5: Correspondence between numbered statements and computa-
tional scripts.

Statement Scripts Nature
Theorem 3.1 eg_c8_verification.py, exact recursion;
bg_-trace_criterion.py numerical modularity

check

Proposition 4.1 kac_order3.py exact (finite check)

Proposition 4.4 e6_rank_bound.py analytic proof and
exact check

Proposition 5.4 vvmf_exact.py, exact (rational)

weight2_obstruction_exact.py,
dump_relations.py

Corollary 5.6 weight2_solve.py, exact (rational)
gammal_exclusion_exact.py

Proposition 6.2 obstruction.py, e6_tools.py, exact (rational)
weight4_solve.py

Lemma 7.2 direct inequalities in the proof no computation

required

Proposition 8.2 centre_gammaO.py exact

Lemma 8.3 sl2_e6_superset.py, e6_centralizers.py, exact
e6_orbit_labels.py

Proposition 8.4 s12_ideal feasibility.py, exact
weight6_single.py

Theorem 8.5 sl2_pair_exact.py, e8_joint.py, exact

sextic_joint.py, joint_uniqueness.py,
known_sectors_table.py, u2_moments.py,
u2_embedding test.py

Proposition 9.1 lattice_branching.py, exact
u2_parameter_count.py

Lemma 10.1 commutant_griess.py exact over K

Proposition 10.3 griess_subalgebras.py exact; Grobner over Q
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Statement

Scripts

Nature (continued)

Theorem 10.5

Proposition 10.7
Theorem 10.9
Theorem 10.10
Proposition 10.12

Proposition 10.13
Theorem 10.21

Theorem 10.19

Theorem 10.24

Proposition 10.27

Proposition 10.31

Proposition 10.34
Proposition 10.35

Proposition 10.36

Proposition 10.37
Proposition 10.39
Proposition 10.41

Proposition 11.4

Theorem 11.6

Theorem 12.4

Lemma 12.1

primaries.py, isotropic_lines.py,
isotropy_-test.py,
check_primary33_exclusions.py,
closure_certify_exact_intervals.py,
check_closure_coverage.py
closure_modp.py, modp.py, u3_moments.py

exact_weight2 K.py, Kfield.py
unitary_character.py,
phi_automorphism_check.py,
unitarity_test.py, lattice_voa.py
a3_griess_automorphisms.py,
choice_conjugation.py
closure_w4_modp.py, modp.py
verify_f4_strict.py, aggregate_£f4.py,
check_zero_products.py

exact_engine.py, certify w3.py,
certify_wéb.py

i2_weyl.py, i4_torus.py,
i5_membership_exact.py,
16_generation_certificate.py
jl_centralizer.py,
j5-explicit_automorphism.py

c2_exact_C4.py, commutant_dims.py,
griess_subalgebras.py
exact_isotropy.py, isotropy-test.py
isotropic_lines.py, r6_certify_sub2.py,
r5_sub2_testb.py

rl_identify riesen.py,
r2_locate_riesen.py,
griess_subalgebras.py
jl_centralizer.py, j2_solve.py,
j6_casel_action.py, r3_lines_and_Z.py
b1_UR_closure_modp.py

dl_rational_forms.py,
j6_casel_action.py
check_simple_current_word.py

z0_highest.py, z1_products.py,
z2_relations_modp.py,
z3_corner_modp.py,
z4_upper_algebra_modp.py

bl _UR_closure_modp.py

s20_genus_check.py,
s22_lattice_weights.py
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exact rational
exclusions and certified
Arb witnesses

modulo p (superseded
by Theorem 10.19)
exact over K

exact

exact

modulo p

exact over K;
Proposition 10.17 and
alternative dimension
proof

all parts exact over K

exact membership and
rank lower bound
modulo p3
root-theoretic proof
and exact polynomial
check

exact over K

exact; certified (Arb)
exact; certified (Arb)

exact

root-theoretic proof
and exact check
modulo p (rigorous
lower bounds)
exact

analytic word and
energy proof; exact
checks

modulo p

modulo p (rigorous
lower bounds)
exact (integers)



Statement Scripts Nature (continued)

Proposition 12.2 Table 2 and the proof no separate
lattice-weight
computation

A.1 Coverage of the certificates

The trace certificates give the dual forms, vanishing relations, matrix ranks and eighteen mo-
ments of Us. The module searches enumerate the entire finite domain specified in the proof of
Theorem 8.5.

For Theorem 10.5, the thirteen excluded commutant candidates give thirty-nine rational
projective charts with unit Grébner bases. The pairwise closure calculation gives 62 certified
nonzero interval witnesses, which exclude 254 of the 256 choices. The coverage check uses only
these certified witnesses. The primary-space computations retain all characteristic-polynomial
factors and do not discard an inconclusive eigenspace.

The weight-four certificate of Proposition 10.17 checks the complete input domains, the
identity of each pivot word, integrality at the chosen prime, full rank and every coordinate
of each membership identity. It covers all 131 nonzero Cartan blocks and checks the 886 zero
inputs separately. Missing or truncated data, duplicate labels and nonzero residuals are rejected.
This establishes (F4) without an external existence theorem. Corollary 10.22 gives a separate
dimension proof when an ambient Haagerup algebra is available.

For Proposition 10.31, the supplementary data give the seven exact commutant vectors,
the two Virasoro matrices and the primary vectors. Their matrix identities and ranks admit a
separate verification in rational arithmetic. This verification is distinct from the lattice-mode
checks of the vertex-product identities.

Independent mode comparisons. A second evaluator, using simultaneous normal ordering
and direct exponential coefficients, agrees with the iterate-formula implementation on 24643
basis-state products in the stated weight window and 310 generator products. The coefficient-
field multiplication and three Virasoro identities are checked separately. These comparisons use
the supplied generator coordinates. They do not independently reconstruct those coordinates
from the printed definitions, or regenerate every coordinate of (F4) by a second method.

The modular Zhu calculation. All 131698 overlap ambiguities and 151 inclusion ambigu-
ities of the final presentation are checked. At 8388571, the algebra defined by the projected
relations has dimension 762, nondegenerate trace form and the twelve stated blocks. These
checks concern that presentation. They do not prove a characteristic-zero lift, recompute the
vertex-algebra origin of every relation or show that every block survives in the Zhu corner. The
agreement with the calculation at a second prime has the status specified in Remark 11.7.
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ploratory mathematical discussions, the writing of the verification scripts and feedback during
the development and preparation of this manuscript. The author takes full responsibility for
the mathematical content of the manuscript.
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Data availability. The source code, certificates and reproduction instructions are available
at https://github.com/cedricarhancet/haagerup-c8. The two complete weight-four
coordinate archives are distributed as release assets. Table 5 relates the computational scripts
to the numbered statements.
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