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Abstract

Evans and Gannon showed that a positive vertex operator algebra of central charge
eight whose representation category is the Drinfeld center Z(H3) of the Haagerup fusion
category has one of two character vectors, with six or nineteen currents. Call such an
algebra, if strongly rational, a Haagerup algebra. We prove that a Haagerup algebra U
has six currents, that U1 ∼= sl2 ⊕ sl2 embeds into VE6⊕A2 in one of two explicit ways, with
levels (1, 39) or (3, 13), and we determine the lowest weight spaces of its modules and U2
as U1-modules. For the levels (3, 13), U2 is one of four Galois conjugate subspaces, and
the algebra it generates is unitary, C2-cofinite and isomorphic to the algebra constructed
by Jiao; for the levels (1, 39), U contains the algebra announced by Riesen. The associated
lattice of U is that of the form x2 +xy+ 10y2, resp. 3x2 + 3xy+ 4y2, the two classes of the
principal genus of discriminant −39. Exchanging them in the decomposition of U over its
Heisenberg commutant gives a Haagerup algebra U ♮ of the other levels, and U 7→ U ♮ is a
bijection between the isomorphism classes of the two cases. Consequently, if either explicit
algebra of Jiao or Riesen is positive and strongly rational with representation category
braided equivalent to Z(H3), there are exactly two Haagerup algebras up to isomorphism,
forming a single hyperbolic genus. The explicit algebras of Jiao and Riesen have rational
forms. The proofs combine exact trace relations given by vector-valued modular forms,
exact computations in a model of VE6⊕A2 , and genera of vertex operator algebras.
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1 Introduction
The Haagerup subfactor of index 5+

√
13

2 [AsH99] gives rise to three Morita equivalent fusion
categories H1, H2 and H3 [GrS12]. The category H3 has six simple objects 1, a, a2, ρ, aρ, a2ρ
with fusion rules

(1.1) a3 ∼= 1, aρ ∼= ρa2, ρ2 ∼= 1 ⊕ ρ⊕ aρ⊕ a2ρ.

The Frobenius–Perron dimension of ρ is

(1.2) d
def= 3 +

√
13

2 .

Whether the Haagerup categories, which do not come from finite groups or quantum groups, are
realized in conformal field theory is a long-standing question. Numerically, Huang, Lin, Ohmori,
Tachikawa and Tezuka [HL+22] and Vanhove and collaborators [V+22] found evidence for a
Haagerup symmetric conformal field theory with c ≈ 2; no construction is known. At central
charge eight, Evans and Gannon [EvG11] showed that a positive vertex operator algebra whose
representation category has the modular data of the Drinfeld center Z(H3) has one of two
character vectors, indexed by γ ∈ {0, 1}, with 6 + 13γ currents; they observed that such an
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algebra should lie in VE6⊕A2 [EvG11, Section 2.4], and Gannon [Gan19] began the analysis
of its currents. Albert, Honda, Kaidi and Zheng [AHKZ26] suggested that the chiral (e8)1
theory carries Haagerup symmetries. Möller and Rayhaun sketched [MoR24b], and Gannon
and Rayhaun proposed [GaR26], a correspondence between finite non-invertible symmetries
and conformal subalgebras of finite index; for the Haagerup categories, Gannon and Rayhaun
predicted that a chiral algebra of central charge eight with representation category Z(H3) arises
inside VE6⊕A2 [GaR26, Section 4.3]. Recently, Jiao [Jia26] gave an explicit vertex operator
algebra of central charge eight inside VE6⊕A2 , with currents sl2 ⊕ sl2 of levels (3, 13), together
with a computer-assisted proof that its representation category is Z(H3) (preprint of October
4, 2026, which we have not checked in full). Riesen [Rie26a] and Huang [Hua26] subsequently
each announced such an algebra, with currents of levels (1, 39). Evans and Riesen [EvR26] have
since announced realizations of the centers of the untwisted Haagerup–Izumi categories of every
odd order by non-unitary algebras of negative central charge.

In this paper we determine all such algebras, up to the existence results of [Jia26, Rie26a],
which we use only as hypotheses, and we explain why there are two of them. We call Haagerup
algebra a positive strongly rational vertex operator algebra U of central charge eight with a
braided equivalence Rep(U) ∼= Z(H3); positive means that the irreducible modules other than U
have positive lowest conformal weights. Let us say that a vector-valued function is an admissible
character vector for given modular data if it transforms according to that data, has nonnegative
integral Fourier coefficients, has vacuum component q− c

24 (1 +O(q)) and has positive conformal
weights in all other components (Definition 2.2). The characters of a Haagerup algebra form
such a vector by [Zhu96, Hua08]. Both vectors of [EvG11] pass the tests of character theory
known to us (their coefficients are nonnegative integers up to q60), so that character theory
alone does not seem to decide which of them occurs.

Theorem 1.1 Let U be a Haagerup algebra. Then the character vector of U is the Evans–
Gannon vector γ = 0. In particular, U has exactly six currents.

The proof has three steps. First, U extends to VE8 through a Lagrangian algebra of Z(H3),
and the subalgebra of this extension attached to the subcategory VecZ3 ⊂ H3 is the fixed point
algebra of an element of order three of E8; a dimension count identifies it with V ′ = VE6⊕A2

(Proposition 4.1). Second, the restrictions of the V ′-modules to U show that the representations
3 of sl3 and 27 of e6 are self-dual when restricted to U1 (Proposition 4.4). Third, for h in a
Cartan subalgebra of U1, the one-point functions of h[−1]h form a weight-two vector-valued
modular form whose low-order coefficients are traces of h2

(0) on lowest weight spaces; this is
the Killing vector of [Gan19, Section 2.4]. We determine the space of such forms exactly: the
relations between its coefficients are produced by pairing with weakly holomorphic forms of
weight zero for the dual representation and applying the residue theorem, in the spirit of the
Serre duality of Borcherds [Bor99, Theorem 3.1], and their completeness is proved by exhibiting
exact elements (Proposition 5.4). For γ = 1, the module d3 has a one-dimensional lowest
weight space, which forces strong inequalities on every simple ideal of U1 and is incompatible
with dimU1 = 19 (Section 7). For γ = 0, a Heisenberg recursion (Lemma 6.1) gives relations of
weights four and six, which, together with the integrality of the weights of sl2, a bound coming
from integrability and an explicit construction of e8, lead to the following classification.

Theorem 1.2 Let U be a Haagerup algebra. Then U1 ∼= sl2 ⊕ sl2, and the inclusion U1 ⊂
e6 ⊕ sl3 of Proposition 4.1 is, up to conjugation, one of two explicit embeddings, with levels
(k′, k′′) = (1, 39), case (I), or (3, 13), case (II). In each case the lowest weight spaces of the
twelve simple modules and the weight-two space U2 are uniquely determined as U1-modules.
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The precise statement is Theorem 8.5 with Table 2. In case (I) the table reproduces the
data listed in the working manuscript [Rie26b] of Riesen, which are therefore forced by the
representation category once the levels are (1, 39). Gannon [Gan19, Section 3.3] began the
analysis of the six-dimensional case and treated the level one factor; the levels 13 and 39
come from diagonal embeddings into e6 ⊕ sl3. We then implement V ′ in exact arithmetic over
K = Q(

√
13,

√
−3) and study the Griess algebra of the commutant C = ComU (A) of the affine

subalgebra A generated by U1 (Section 10).

Theorem 1.3 Let U be a Haagerup algebra in case (II). After an automorphism of V ′, C2
is spanned by two commuting Virasoro vectors of central charges 182

95 and 32
19 , and U2 is one

of four explicit subspaces of V ′
2 , defined over K, which form one orbit under Gal(K/Q) and

generate isomorphic vertex algebras. The vertex algebra S generated by U1 ⊕ U2 is unitary,
simple and self-contragredient, strongly generated in weights at most three and C2-cofinite; its
graded dimension agrees with the Haagerup vacuum character up to q11/3, so that Un = Sn for
n ⩽ 4; and S is isomorphic to the algebra constructed by Jiao [Jia26].

These are Theorems 10.5, 10.9, 10.10, 10.21 and 10.24, and Propositions 10.12 and 10.27.
The finite weight-four condition (F4) used for strong generation is stated in Definition 10.16
and established by the exact certificate of Proposition 10.17. In the setting of Theorem 1.3,
the inclusion S ⊂ U and the Haagerup character give a second proof by a dimension bound
(Corollary 10.22). The proof of identification with Jiao uses only weight-two membership and
generation, and is independent of (F4). In case (I), we exclude the last spurious candidate for C2
by a certified computation (Proposition 10.35), identify the three weight-two generators e, f , v
of the algebra UR = ⟨A, e, f, v⟩ of [Rie26a] with our data (Proposition 10.36), and exchange the
remaining choices by automorphisms of V ′ (Proposition 10.37). Hence every Haagerup algebra
contains S or ψR(UR) after an automorphism of V ′, where ψR identifies the lattice algebra of
[Rie26a] with V ′; Theorems 10.38 and 10.29 give equality, granting the corresponding existence
result.

Our main new result explains the two cases. A strongly rational vertex operator algebra
decomposes over the dual pair formed by its Heisenberg commutant ΩU = ComU (M(h)), h a
Cartan subalgebra of U1, and the lattice algebra VL of its associated lattice L [Mas14, MoR24a].
This decomposition was used by Höhn [Hoh17] to study the genus of [Hoh03], and it leads to
the hyperbolic genus of Moriwaki [Mor21] and Möller–Rayhaun [MoR24a].

Theorem 1.4 Let U be a Haagerup algebra, with currents of levels (k′, k′′).

1. The associated lattice of U is the even binary lattice with Gram matrix [ 2 1
1 20 ] in case

(I) and [ 6 3
3 8 ] in case (II), that is, the lattice of the binary form x2 + xy + 10y2, resp.

3x2 + 3xy + 4y2. These are the two classes of the principal genus of binary forms of
discriminant −39. The Heisenberg commutant ΩU is a strongly rational vertex operator
algebra of central charge six without currents, Rep(ΩU ) ∼= Z(H3) ⊠ C(L′/L), and all its
irreducible modules have nonnegative conformal weights. Moreover U contains the simple
current Lsl2(k′, k′) ⊗ Lsl2(k′′, k′′) of its affine subalgebra.

2. Replacing L by the other lattice of the genus in the decomposition of U over ΩU ⊗ VL
gives a Haagerup algebra U ♮ of the other case, with Heisenberg commutant ΩU . The map
U 7→ U ♮ is a bijection between the isomorphism classes of Haagerup algebras of the two
cases, and U , U ♮ are the only strongly rational vertex operator algebras in the hyperbolic
genus of U .
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The precise statements are Proposition 12.2 and Theorem 12.3. Part 1 combines [MoR24a,
Proposition 2.14] and the proof of [MoR24a, Corollary 4.10] with the weight decomposition in
Table 2 and a growth estimate for characters. In part 2, U ♮ is defined by the image of the algebra
object defining U under a ribbon equivalence Rep(ΩU ) ⊠ C(L′/L) → Rep(ΩU ) ⊠ C(L♮′/L♮)
induced by an isometry of discriminant forms; positivity of U ♮ comes from that of U . The
independence of the choices is not automatic: the orthogonal group of the lattice of case (I)
acts on its discriminant group only by ±1, and we use instead the Weyl group of the currents
of the algebra of case (II), which acts through the whole orthogonal group of the discriminant
form. The exchange of lattices is the analogue of the construction of [MoR24a, Proposition 5.3]
for holomorphic algebras; what is specific here is its computation for Z(H3).

External existence hypotheses. We write (HJ) for the assertion that the explicit conformal
algebra V of [Jia26] is positive and strongly rational, with a braided equivalence Rep(V ) ∼=
Z(H3). We write (HR) for the same assertion for the explicit conformal algebra UR of [Rie26a].
Here positivity means that every irreducible ordinary module other than the vacuum has strictly
positive lowest conformal weight. In particular, it is a separate part of these hypotheses, not a
consequence drawn from unitarity of the vacuum algebra alone. Corollary 6.8 of [Jia26] asserts
this positivity, and the working manuscript [Rie26b, Section 11.1] asserts it for UR. We use
these assertions as external hypotheses. The finite constructions and identifications in this
paper do not prove (HJ) or (HR).

Theorem 1.5 1. Assuming (HJ) or (HR), there are exactly two Haagerup algebras up to
isomorphism, one in each case, exchanged by U 7→ U ♮; they form a single hyperbolic
genus, and their Heisenberg commutants are isomorphic.

2. Assuming (HJ), these algebras are Jiao’s algebra S and its twin S♮, and S♮ has an em-
bedding into V ′ whose image contains ψR(UR), with equality in weights at most four. In
particular, the existence of a Haagerup algebra with currents of levels (1, 39) follows from
[Jia26].

3. Assuming (HR) and (HJ), the two Haagerup algebras are UR and Jiao’s algebra, S♮ ∼= UR

and (UR)♮ ∼= S; if the algebra announced in [Hua26] is a Haagerup algebra, it is isomorphic
to UR.

These are Theorems 10.40 and 12.4. Without [Jia26, Rie26a], the number of isomorphism
classes of Haagerup algebras in each case equals the number of hyperbolic genera of Haagerup
algebras, and uniqueness in one case implies uniqueness in the other. Table 1 summarizes what
depends on which announcement.

We also prove that the explicit algebras S and ψR(UR) have rational forms, given by explicit
Galois descent data with values in the centralizer of U1 in Aut(V ′) (Proposition 10.41), and that
in case (II) the commutant C is not a tensor product of two nontrivial vertex operator algebras
of CFT type, although its graded dimensions suggest a coset description (Corollary 10.32).
Section 11 outlines an independent route to the rationality of S: the simple current J lies in
S, which reduces the Zhu algebra to a full Morita corner, and the selected identities of weights
three and four define, modulo the stated primes, a semisimple algebra of dimension 762 whose
twelve blocks have the dimensions predicted by Table 2. This is an upper presentation. The
computation is Theorem 11.6. Identifying this presentation with the Zhu corner in characteristic
zero and proving that all twelve blocks survive remain separate steps. Theorem 11.1 gives a
criterion for strong rationality. The further categorical recognition is separated in Remark 11.2:
the proposed branching data do not, by themselves, establish the fusion rules, the pointed
associator or the required Morita class.
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Statement Status
γ = 0; U1, the two embeddings, lowest weight spaces,
U2 as a U1-module (Theorems 1.1, 1.2)

exact computations and the modularity
theorem of [EvG11]

Case (II): C2, U2, S unitary, strongly generated, C2-
cofinite, S ∼= Jiao’s algebra (Theorem 1.3)

exact computations, certified exclusions
and Proposition 10.17

Case (I): identification of e, f , v; U ⊃ ψR(UR) exact and certified computations
Dimensions of ψR(UR) at least 120, 956, 6010 in
weights 2, 3, 4 (Proposition 10.39)

ranks modulo primes of p-integral data
(rigorous lower bounds)

Associated lattice, ΩU , J ⊂ U , twin, bijection, hy-
perbolic genus of U (Theorem 1.4)

no external existence hypothesis, using the
preceding classification of currents

Rational forms of S and ψR(UR) (Proposition 10.41) exact computations
Strong generation and C2-cofiniteness of the explicit
S, without an ambient Haagerup algebra

exact certificate over K (Proposition 10.17)

Exactly two Haagerup algebras; isomorphic Heisen-
berg commutants (Theorem 1.5, part 1)

assuming (HR) or (HJ)

The twin of S embeds into V ′ with image containing
ψR(UR), with equality in weights at most four (part
2)

assuming (HJ); uses Proposition 10.39

Identification of both algebras with those of [Rie26a]
and [Jia26] (part 3)

assuming (HR) and (HJ)

Strong rationality of S without [Jia26] (Theorem
11.1)

conditional on (Z); categorical recognition
remains a programme (Remark 11.2)

Semisimple algebra defined by selected Zhu relations
modulo two primes (Theorem 11.6)

an upper presentation modulo primes, not
a proof of (Z)

Table 1: Dependence of the main statements on [Jia26, Rie26a] and on computations.

Computations. Many proofs rest on finite computations: exact rational arithmetic for the
vector-valued modular forms and the relations between traces, exact arithmetic over K in a
model of V ′, Gröbner bases over Q or Q(

√
13), after a Galois descent when needed, certified

interval arithmetic for a few exclusions, and exact integer computations for lattices. Computa-
tions modulo primes are used as evidence, as controls, to choose pivots which are then checked
exactly, or as rigorous lower bounds for ranks of matrices with p-integral entries, since the rank
of such a matrix is at least that of its reduction; each use is labelled. Appendix A distinguishes
the mathematical role of each computation from the verification status of the accompanying
files. A stored output is not a substitute for an independently checkable certificate. The sup-
plementary material provides a statement-by-statement index of the computational sources and
certificates.

Relation to central charge two. The results of this paper are used in a companion paper
[Arh26] to exclude rational Haagerup symmetric theories of product type at central charge two,
by gluing and through dual pairs inside Haagerup algebras; the twin algebra U ♮ plays a role
there, since the parafermion subalgebras of U ♮ lie in ΩU . The central-charge-eight results do
not construct the proposed central-charge-two scaling limit of the Haagerup chain or identify
its defect spectra.

Notation. Throughout, V ′ = VE6⊕A2 ; U ⊂ V ′ is a Haagerup algebra with U1 = g′ ⊕ g′′,
of levels (k′, k′′); A = Lg′(k′, 0) ⊗ Lg′′(k′′, 0) is its affine subalgebra and C = ComU (A); K =
Q(

√
13,

√
−3); S is the algebra of Theorem 1.3 and UR = ⟨A, e, f, v⟩ that of [Rie26a]; in Section

12, h is a Cartan subalgebra of U1, ΩU the Heisenberg commutant, L the associated lattice and
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L♮ the other lattice of its genus.

Structure of the paper. Section 2 fixes the modular data of Z(H3) and the notion of
admissible character vector. Section 3 treats the character vectors at central charge eight, and
Section 4 establishes the chain U ⊂ VE6⊕A2 ⊂ VE8 and the self-duality constraints. Section
5 derives the weight-two relations in exact arithmetic and Section 6 the relations of higher
weight. Section 7 proves Theorem 1.1 and Section 8 proves Theorem 1.2. Section 9 discusses
the generation problem. Section 10 determines the commutant of the currents and U2, identifies
the algebras of [Jia26] and [Rie26a], and proves the uniqueness theorems and the rational forms.
Section 11 outlines an independent route to the rationality of S. Section 12 determines the
associated lattices and constructs the twin algebras. Appendix A describes the computations.

2 Preliminaries
2.1 The modular data of the Drinfeld center
We use the modular data of Z(H3) in the simplified form of [EvG11, equations (2.5a) and (2.5b)
p. 20]. The simple objects are labelled

0, b, a, c0, c1, c2, d1, . . . , d6,

with 0 the unit. Their quantum dimensions are

(2.1) 1, 3d+ 1, 3d+ 2, 3d+ 2, 3d+ 2, 3d+ 2, 3d, . . . , 3d,

and their categorical twists are

(2.2) 1, 1, 1, 1, e 2πi
3 , e− 2πi

3 , e 2πi6l2
13 (1 ⩽ l ⩽ 6).

Put x = 13−3
√

13
26 , y = 3√

13 and c(j) = −2y cos
( 2πj

13
)
. The S matrix is 1

3M , where the first two
rows of M are (x, 1 −x, 1, 1, 1, 1, y, . . . , y) and (1 −x, x, 1, 1, 1, 1,−y, . . . ,−y), the block indexed
by (a, c0, c1, c2) is 

2 −1 −1 −1
−1 2 −1 −1
−1 −1 −1 2
−1 −1 2 −1

 ,
the entries Ma,0,Ma,b, . . . ,Mc2,b are equal to 1, the entries Mdl,0 = −Mdl,b are equal to y, the
entries between {a, c0, c1, c2} and {d1, . . . , d6} vanish, and Mdl,dl′ = c(ll′). The global dimension
is D2 = 9(3d+ 2)2, since S0,0 = x

3 = 1
3(3d+2) .

The modular data of Z(H3) were computed by Izumi from the tube algebra [Izu01]; the
form above is that of [EvG11], and its identification with the Drinfeld center of the Haagerup
category is established in [GSY26]. The charge conjugation is trivial by an exact calculation.
Indeed, for 1 ⩽ a, b ⩽ 6, the geometric sum of the thirteenth roots of unity gives

6∑
l=1

cos
(2πal

13

)
= −1

2 ,
6∑
l=1

cos
(2πal

13

)
cos

(2πbl
13

)
= 13δa,b − 2

4 .

Together with 2x−1 = −y, x(1−x) = 1/13 and y2 = 9/13, these identities give M2 = 9Id, hence
S2 = Id. The displayed matrix is real and symmetric, so it is also unitary. An independent
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numerical calculation verifies these identities and (ST )3 = S2 with sixty significant digits; the
exact modular relations also follow from the categorical origin of the data. The only invertible
simple object is 0, by (2.1).

Remark 2.1 The labels 0, b, a and c0 of [EvG11] correspond respectively to the labels 1, π1,
π2 and σ1 of [AHKZ26, BoS25], as stated in [Hua26, p. 2]. The induction of the unit of H3
to the center is I(1) ∼= 0 ⊕ b ⊕ 2a [EvG11, Section 2.2]. On the multiplicity spaces of 0, b
and a in a Haagerup symmetric theory, the line ρ acts by d, by d−

def= 3−
√

13
2 and through the

two-dimensional irreducible representation of the fusion ring, respectively.

2.2 Vertex operator algebras and character vectors
A vertex operator algebra V is called strongly rational if it is simple, of CFT type, self-
contragredient, rational and C2-cofinite. We call it positive if, in addition, every irreducible
V -module M ̸∼= V has a positive conformal weight hM > 0. For a positive strongly rational V
the effective central charge equals the central charge. By [Hua08], Rep(V ) is a modular tensor
category. We denote by C(K) the pointed modular category of the discriminant form of an even
positive-definite lattice K; it is equivalent to Rep(VK).

In the case considered here, a braided equivalence Rep(U) ∼= Z(H3) preserves the ribbon
structure. Indeed, this nondegenerate braided category has no nontrivial invertible simple
objects, so its universal grading group is trivial [GeN08, Theorem 6.3]. Pivotal structures differ
by a tensor automorphism of the identity [ENO05]; hence the pivotal structure is unique. We
use this structure and the normalization S0,0 > 0 throughout.

Let (S, T ) be the modular data of a modular tensor category with simple objects Irr = {0 =
i0, i1, . . .} and conformal weights hi ∈ [0, 1) defined modulo one by the twists. For c ∈ Q, put
Tc

def= e− 2πic
24 T . We write q = e2πiτ for τ in the upper half-plane H.

Definition 2.2 An admissible character vector at central charge c for (S, T ) is a family X =
(Xi)i∈Irr of holomorphic functions on H such that:

1. X(− 1
τ ) = SX(τ) and X(τ + 1) = TcX(τ) for any τ ∈ H;

2. for any i ∈ Irr, we have Xi(τ) =
∑
n⩾0 ai,nq

hi+ni+n− c
24 with ai,n ∈ Z⩾0 and integers

ni ⩾ 0, the series converging on H;

3. X0(τ) = q− c
24 (1 +O(q));

4. for any i ̸= 0, the leading exponent of Xi is strictly larger than − c
24 .

Condition 4 is the positivity of the conformal weights of the nonvacuum components. By
Zhu’s modular invariance theorem [Zhu96] and the identification of the modular transformation
of the characters with the categorical S matrix [Hua08], the following holds.

Lemma 2.3 Let V be a positive strongly rational vertex operator algebra of central charge c.
Then the family

(
TrM qL0− c

24
)
M∈Irr(Rep(V )) is an admissible character vector at central charge

c for the modular data of Rep(V ).

Proof : The convergence and the transformation law are [Zhu96], with the S matrix identified
with the categorical one in [Hua08]. The coefficients are dimensions of graded pieces. The
vacuum component starts with q− c

24 since V is of CFT type, and positivity gives condition 4.
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2.3 Lattice character vectors
Let L be an even positive-definite lattice of rank n, with dual L∗ and discriminant form
qL : L∗/L → Q/Z, qL(λ) = ⟨λ,λ⟩

2 . The functions

(2.3) ΘL,λ(τ) def= 1
η(τ)n

∑
v∈L+λ

q
⟨v,v⟩

2 , λ ∈ L∗/L,

are the characters of the irreducible VL-modules. They satisfy ΘL(− 1
τ ) = SLΘL(τ) with SLλ,µ =

|L∗/L|− 1
2 e−2πi⟨λ,µ⟩. The vacuum component is

(2.4) ΘL,0(τ) = q− n
24

(
1 + (n+ |R(L)|)q +O(q2)

)
,

where R(L) is the set of roots, namely vectors of norm two, of L. Indeed, the coefficient of q
counts the n oscillators h(−1)1 and the exponentials ev with ⟨v, v⟩ = 2.

Let K and K ′ be even positive-definite lattices of ranks r and 8 − r, and let φ : K∗/K →
K ′∗/K ′ be an isomorphism of groups with qK′ ◦ φ = −qK . Then the graph of φ glues K ⊕K ′

to an even unimodular lattice of rank eight, which is isometric to E8 since E8 is the unique
even unimodular positive-definite lattice of rank eight, and K, K ′ are primitive sublattices with
K⊥ = K ′ [Nik80, Propositions 1.4.1 and 1.6.1]. Conversely, a primitive embedding K ⊂ E8
gives such a pair with K ′ = K⊥. Moreover,

(2.5) SK
′

φ(λ),φ(µ) = SKλ,µ, TK
′

φ(λ) = TKλ ,

since the bilinear form of K ′∗/K ′ is the opposite of that of K∗/K under φ.

3 Character vectors of the Haagerup double at central
charge eight

Let ϱ be the representation of SL2(Z) on C12 defined by ϱ
( [

0 −1
1 0

] )
= S and ϱ

( [
1 1
0 1

] )
= T8,

where (S, T ) are the modular data of Z(H3). Denote by M(ϱ) the space of holomorphic
functions X : H → C12 with X(γτ) = ϱ(γ)X(τ) for any γ ∈ SL2(Z), which are meromorphic at
the cusp. It is a module over the polynomial ring C[J ], where J(τ) = q−1 + 196884q + · · · .

Following [EvG11, equation (2.7) pp. 21–22], put

(3.1) Λ def= diag
(2

3 ,
2
3 ,

2
3 ,

2
3 , 0,

1
3 ,

5
39 ,

20
39 ,

32
39 ,

2
39 ,

8
39 ,

11
39

)
,

in the order of the labels, and let χ be the integral 12 × 12 matrix of [EvG11, equation (2.7)].
Note that e2πiΛ = T8. Let F = (J − 240) ∆

E10
=

∑
k⩾0 fkq

k and G = ∆
E10

=
∑
k⩾1 gkq

k, where
∆ is the discriminant and E10 = E4E6. One has f0 = 1, f1 = 0 and g1 = 1. Define rational
matrices Ξn, n ⩾ −1, by Ξ−1 = Id, Ξ0 = χ and, for any n ⩾ 1, by the entrywise formula

(3.2) (Λii − Λjj + n+ 1)(Ξn)ij =
( n−1∑
l=−1

Ξl
(
fn−l(Λ − Id) + gn−l(χ+ [Λ, χ])

))
ij

.

The coefficient on the left is nonzero since |Λii − Λjj | < 1. Put

(3.3) Ξ(τ) def= qΛ
(
q−1Id +

∑
n⩾0

Ξnqn
)
.

9



The recursion (3.2) expresses the differential equation q dΞ
dq = Ξ

(
(Λ − Id)F + (χ + [Λ, χ])G

)
coefficientwise. Indeed, the coefficient of qΛ+n on the left is (Λ + n)Ξn, and the term l = n on
the right is Ξn(Λ − Id) since f0 = 1 and g0 = 0. This is the differential equation of [BaG07,
Section 3]; the conditions f1 = 0 and g1 = 1 show that the case n = 0 is automatically satisfied.

Theorem 3.1 The following hold.
1. The columns of Ξ belong to M(ϱ) and form a basis of M(ϱ) over C[J ].

2. Every admissible character vector at central charge eight for the modular data of Z(H3)
is one of the two vectors

(3.4) X(γ) = Ξ•,0 + γΞ•,d3 , γ ∈ {0, 1},

where Ξ•,j denotes the column of index j. In particular, any admissible character vector
satisfies

(3.5) X0(τ) = q− 1
3
(
1+(6+13γ)q+(120+78γ)q2 +(956+351γ)q3 +O(q4)

)
, γ ∈ {0, 1}.

The second assertion is contained in [EvG11, Section 2.4 p. 22]. We give the argument in
the form needed below, together with an independent verification of the data. We do not use,
and do not prove, the converse: the coefficients of X(0) and X(1) are nonnegative integers up
to q60, but we have no proof that all of them are.
Proof : 1. Assume that the columns of Ξ are vector-valued modular functions. Since Ξ−1 = Id,
they are linearly independent over C(J). By [BaG07, equation (2.22) p. 6], the C[J ]-span of
the columns of such a matrix is the whole module M(ϱ) if and only if

(3.6) Tr(Λ) = 5 · 12
12 + 1

4 Tr(S) + 2
3
√

3
Re

(
e− πi

6 Tr(ST−1
8 )

)
.

The left-hand side is 8
3 + 1

3 + 78
39 = 5. On the right-hand side, Tr(S) = 0 and Tr(ST−1

8 ) =
− 3

2 + 3
√

3
2 i, so that Re

(
e− πi

6 Tr(ST−1
8 )

)
= − 3

√
3

4 + 3
√

3
4 = 0. For Tr(S), the diagonal entries give

1
3
(
2x + 2 +

∑6
l=1 c(l2)

)
, and the quadratic Gauss sum

∑12
l=0 e 2πil2

13 =
√

13 gives
∑6
l=1 c(l2) =

−3 + 3√
13 = −(2x+ 2). Hence the right-hand side of (3.6) equals 5.

The modularity of the columns is the content of [EvG11, Section 2.4]. Together with (3.6),
it proves the assertion.

2. Let X be an admissible character vector. By 1, we can write X =
∑
j Ξ•,jPj(J) with

polynomials Pj . Let m be the maximal degree of the Pj and suppose that m ⩾ 1. Choose j
with degPj = m. The component Xj contains the term λmq

Λjj−1−m, where λm ̸= 0 is the
leading coefficient of Pj , and no other term of X has this exponent in the component j: the
other columns contribute exponents at least Λjj −m. Since Λjj ⩽ 32

39 , we obtain the exponent
Λjj−1−m ⩽ 32

39 −2 < − 1
3 , which contradicts conditions 3 and 4 of Definition 2.2. Consequently,

the Pj are constants vj .
Now, the column j contributes the exponent Λjj − 1 to the component j, and the other

columns contribute exponents at least Λjj . Condition 3 forces v0 = 1, since Λ00 − 1 = − 1
3 . For

j ̸= 0, condition 4 forces vj = 0 whenever Λjj − 1 ⩽ − 1
3 , that is, whenever Λjj ⩽ 2

3 . Among
the indices j ̸= 0, only j = d3 satisfies Λjj > 2

3 . Hence X = Ξ•,0 + γΞ•,d3 with γ = vd3 . The
leading coefficient of Xd3 is γ, so that γ ∈ Z⩾0. The leading coefficient of Xd4 is

(Ξ0)d4,0 + γ(Ξ0)d4,d3 = χd4,0 + γχd4,d3 = 5 − 3γ,

which is nonnegative only for γ ⩽ 1. The expansion (3.5) is read from the matrices Ξ0 = χ, Ξ1
and Ξ2 computed by this recurrence. This proves 2.
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Remark 3.2 The first coefficients of all components produced by our recursion coincide with
those printed in [EvG11, p. 22]. For instance, the components d1, d4, d5 and d6 start with 7−γ,
5 − 3γ, 13 − 5γ and 14 + 7γ. The vector γ = 0 has dimU1 = 6, dimU2 = 120 and dimU3 = 956
for a realizing algebra U . These numbers agree with the algebra announced in [Rie26a, Hua26].
The vector γ = 1 has 19 currents. By Theorem 7.1, it is not the character vector of a positive
strongly rational vertex operator algebra U with Rep(U) ∼= Z(H3) as braided categories.

Remark 3.3 The modularity of Ξ is imported from [EvG11, Section 2.4]. As independent
controls, we compute its first 60 coefficients in rational arithmetic, check their integrality and
test Ξ(−1/τ) = SΞ(τ) at five points with fifty-digit precision. The largest recorded relative
residual is 1.4×10−50; the discarded tails are not certified. An exact rational calculation checks
(3.6). The floating-point tests do not enter the proof.

4 The chain U ⊂ VE6⊕A2 ⊂ VE8

Throughout this section, U is a positive strongly rational vertex operator algebra of central
charge eight together with a braided equivalence Rep(U) ∼= Z(H3). For z ∈ Irr(Z(H3)) we
denote by Mz the corresponding simple U -module and by Rz its lowest weight space. By
Lemma 2.3 and Theorem 3.1, the character vector of U is X(γ) for some γ ∈ {0, 1}. Reading
Theorem 3.1, the lowest conformal weights and the dimensions of the lowest weight spaces are

(4.1)

z 0 b a c0 c1 c2
hz 0 1 1 1 1

3
2
3

dimRz 1 80 − 13γ 81 81 3 27
z d1 d2 d3 d4 d5 d6
hz

6
13

11
13

2
13 + ε 5

13
7

13
8

13
dimRz 7 − γ 42 + 16γ γ + 119(1 − γ) 5 − 3γ 13 − 5γ 14 + 7γ

where ε = 0 if γ = 1 and ε = 1 if γ = 0. Moreover dimU1 = 6 + 13γ, dimU2 = 120 + 78γ and
dimU3 = 956 + 351γ.

4.1 The holomorphic extension and the Z3-orbifold
Proposition 4.1 Let U be as above.

1. The Lagrangian algebra I(1) ∼= 0 ⊕ b⊕ 2a defines a holomorphic extension H = U ⊕Mb ⊕
Ma ⊕Ma of U , and H ∼= VE8 .

2. The subspace V ′ def= U ⊕Mb is a vertex subalgebra of H, and there is an automorphism g
of order three of H with Hg = V ′. The two other eigenspaces of g are isomorphic to Ma

as U -modules.

3. There is an isomorphism V ′ ∼= VE6⊕A2 which maps V ′
1 onto e6 ⊕ sl3.

Proof : 1. The Lagrangian algebra I(1) is a connected étale algebra of Rep(U) with trivial
category of local modules. By [HKL15, CKM22], it defines a strongly rational extension H of
U with Rep(H) ∼= Vec. Its nonvacuum summands have lowest weight one by (4.1), so that H is
of CFT type and positive. A strongly rational holomorphic vertex operator algebra of central
charge eight is isomorphic to VE8 [DoM04b, Theorem 1 p. 2].

2. By [DMNO13, Theorem 4.10 p. 18], the subalgebras of I(1) correspond to the fusion
subcategories of H3, and the subcategory VecZ3 generated by the invertible objects of H3
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corresponds to a connected étale subalgebra A of Frobenius–Perron dimension 9d+6
3 = 3d + 2.

The only subobject of 0⊕b⊕2a containing 0 with this dimension is 0⊕b, by (2.1). By [HKL15],
V ′ = U ⊕Mb is a vertex subalgebra of H with Rep(V ′) ∼= Z(H3)0

A. The latter has Frobenius–
Perron dimension 9(3d+2)2

(3d+2)2 = 9 [DMNO13, Corollary 3.32 p. 15]. It is Witt equivalent to Z(H3)
[DMNO13, Proposition 5.4 p. 22], hence of the form Z(D) for a fusion category D [DMNO13,
Proposition 5.8 p. 23], with FPdim(D) = 3. A fusion category of prime Frobenius–Perron
dimension is pointed [ENO05, Corollary 8.30]. Here D ∼= VecωZ3

for some 3-cocycle ω. Its center
is pointed: every centralizer is cyclic, and every irreducible projective representation of Z3 is
one-dimensional, since H2(Z3,C×) = 0. Thus Rep(V ′) is pointed with nine simple objects, all
simple currents.

For every nonvacuum simple V ′-module N , its restriction R(N) has Frobenius–Perron di-
mension 3d+ 2. Free-module adjunction gives

HomU (U,R(N)) ∼= HomV ′(V ′, N) = 0.

The list (2.1) therefore forces R(N) to be simple. As a U -module, the complement of V ′ in H
is Ma ⊕Ma. Its decomposition into simple V ′-modules consequently gives H = V ′ ⊕N1 ⊕N2
with simple currents N1, N2 of V ′, both isomorphic to Ma as U -modules. These simple currents
are distinct and, together with the vacuum, form a group of order three under fusion. To see
this directly, regard H as a connected commutative separable algebra in the pointed category
Rep(V ′). Its regular right module is simple, since EndH(H) ∼= Hom(1, H) = C. For an
invertible simple object J , the right module J ⊗ H is also simple, and free-module adjunction
gives Hom(J,H) ∼= HomH(J ⊗ H,H). Thus the multiplicity of J in H is either zero or one.
The objects for which this multiplicity is one form the stabilizer of the simple right module H
under the action J 7→ J ⊗ H, hence a subgroup. Since FPdimRep(V ′)(H) = 3, this subgroup
has order three. The operator acting by e

2πik
3 on Nk is therefore an automorphism g of order

three with Hg = V ′.
3. The automorphism group of VE8 is the complex Lie group of type E8 [DoN99, Theorem

2.1]. An element of order three is conjugate to e2πiβ(0) with β in the Cartan subalgebra, and
its conjugacy class is given by Kac coordinates [Kac90, Chapter 8]. There are four classes
of elements of order three, whose centralizers in e8 have dimensions 80, 86, 92 and 134, of
types A8, E6 ⊕ A2, D7 ⊕ C and E7 ⊕ C, as follows by enumerating the Kac coordinates. Now
dimV ′

1 = (6 + 13γ) + (80 − 13γ) = 86 by (4.1), so that g is of type E6 ⊕ A2. For g = e2πiβ(0),
the fixed point algebra is the lattice vertex operator algebra of {α ∈ E8 : ⟨α, β⟩ ∈ Z}. This
sublattice contains the root lattice E6 ⊕ A2, which has index three in E8, and is a proper
sublattice. Hence it equals E6 ⊕A2.

Remark 4.2 The realization of VE6⊕A2 as a Z3-orbifold of VE8 , and the expectation that a
Haagerup vertex operator algebra lies inside it, go back to [EvG11, Section 2.4 p. 22]. The
physical picture of a hypergroup acting on the Z3-invariant algebra is in [GaR26, Section 4.3
pp. 83–88], and the announced algebra of [Rie26a, Hua26] is constructed inside VE6⊕A2 . Propo-
sition 4.1 shows that every positive strongly rational realization, for either value of γ, sits in
this chain.

4.2 Restriction of the lattice modules
The discriminant group of E6 ⊕ A2 is Z3 × Z3, with quadratic form q(i, j) = 2i2+j2

3 mod 1.
We denote by V(i,j) the corresponding simple VE6⊕A2 -modules. Both lines {(0, 0), (1, 1), (2, 2)}
and {(0, 0), (1, 2), (2, 1)} are isotropic; we choose the identification so that E8/(E6 ⊕ A2) =
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{(0, 0), (1, 1), (2, 2)}, the other choice differing by the diagram automorphism of A2. The lowest
weight space of V(i,j) is, as a module over e6 ⊕ sl3, the representation (27i,3j), where 270 = 30

is the trivial module, 271 = 27, 272 = 27, and similarly for 3.

Lemma 4.3 Let (i, j) ̸= (0, 0). The restriction of V(i,j) to U is simple. It is isomorphic to Mc1

if i = 0, to Mc2 if j = 0, to Ma for the two nonzero classes (1, 1), (2, 2) of E8/(E6 ⊕ A2), and
to Mc0 for the two remaining classes (1, 2), (2, 1).

Proof : The Frobenius–Perron dimension and free-module adjunction argument in the proof of
Proposition 4.1, part 2, shows that the restriction R(w) of any nonvacuum simple V ′-module is
one of a, c0, c1, c2. The twist of R(w) equals e2πiq(i,j). The twists of a and c0 are one, those of
c1 and c2 are e 2πi

3 and e− 2πi
3 by (2.2), while q(0,±1) = 1

3 , q(±1, 0) = 2
3 and q(±1,±1) = 0. The

classes of E8 give Ma by Proposition 4.1. It remains to show that the classes (1, 2) and (2, 1)
give Mc0 . For a simple object z of Z(H3) and w ∈ Z3 ×Z3, let nz,w ∈ {0, 1} be the multiplicity
of Mz in the restriction of Vw. For v ∈ U we have ZVw (v, τ) =

∑
z nz,wZMz

(v, τ). The one-
point functions of pairwise non-isomorphic irreducible modules are linearly independent, and
they transform under τ 7→ − 1

τ through the S matrix of the representation category [Zhu96,
Section 5], [Hua08]. Applying this to U and to V ′, which have the same conformal vector, and
comparing gives Sn = nSL, where SL is the S matrix of V ′ = VL, L = E6 ⊕ A2, given after
(2.3); all the entries SLw,(0,0) equal 1

3 . Since V(0,0) = V ′ restricts to U ⊕ Mb (Proposition 4.1),
the entry (c0, (0, 0)) of this identity reads Sc0,0 +Sc0,b = 1

3 #{w : nc0,w = 1}. The left-hand side
is 1

3 + 1
3 = 2

3 by the formula for S in Section 2. Hence exactly two classes restrict to Mc0 , and
these are (1, 2) and (2, 1).

We have checked Lemma 4.3 on characters: for both values of γ, Θ(0,0) = X0+Xb, Θ(±1,±1) =
Xa = Xc0 , Θ(0,±1) = Xc1 and Θ(±1,0) = Xc2 up to order q4. The characters do not distinguish
a from c0; the one-point functions do, as in the proof above.

4.3 Self-duality constraints on the currents

Let s def= U1 ⊂ e6 ⊕ sl3, and let p1 and p2 be the projections onto e6 and sl3. The Lie algebra s is
reductive [DoM04, Theorem 1 p. 2]. For a simple ideal g of s we denote by i1(g) and i2(g) the
Dynkin indices of p1|g and p2|g (zero if the projection vanishes). Since e6 and sl3 have index
one in e8, the level of the affine algebra generated by g in U is k(g) = i1(g) + i2(g).

Proposition 4.4 1. The representations 3 and 3 of p2(s) are isomorphic, and the represen-
tations 27 and 27 of p1(s) are isomorphic.

2. The Lie algebra p2(s) is zero, a one-dimensional torus with weights (t,−t, 0) on 3, a
regular sl2 or the principal so3. In particular, a simple ideal g of s with p2(g) ̸= 0 is
isomorphic to sl2 and i2(g) ∈ {1, 4}.

3. The rank of p1(s) is at most four.

Proof : 1. By Lemma 4.3, V(0,1) and V(0,2) are isomorphic U -modules. An isomorphism maps
lowest weight spaces to lowest weight spaces and commutes with the zero modes x(0), x ∈ U1.
The lowest weight spaces are (1,3) and (1,3), on which x ∈ s acts through p2(x). The same
argument with V(1,0) and V(2,0) gives the second assertion.

2. The action of s on an ordinary U -module is completely reducible [DoM04, Theorem 1
p. 2]. By Lemma 4.3, this applies in particular to 3 and 27. Thus the centers of p2(s) and p1(s)
act semisimply, and their Cartan subalgebras are toral in the ambient simple Lie algebras. The

13



reductive subalgebras of sl3 are 0, tori, sl2 (regular, 3 = 2⊕1), gl2, so3 (principal, 3 irreducible)
and sl3. Self-duality of 3 excludes gl2, sl3 and every torus whose weights on 3 do not form a
symmetric set, which leaves the tori with weights (t,−t, 0). The regular sl2 and the principal
so3 have Dynkin indices one and four.

3. Choose a Cartan subalgebra h of e6 containing a Cartan subalgebra of p1(s), and denote
by Ω the set of weights of 27. This representation is minuscule: its 27 weights form the Weyl
orbit of the fundamental weight ω1, each with multiplicity one. We first give a proof without
enumeration. If the rank were at least five, choose a five-dimensional subspace t of the Cartan
subalgebra of p1(s). By 1, the multiset of restrictions of Ω to t is invariant under negation. Its
cardinality is odd, so at least one weight λ ∈ Ω vanishes on t. Since no weight in Ω is zero, the
annihilator of t in h∗ is Cλ. After applying a Weyl transformation, we may assume λ = ω1.

Let P and Q be the weight and root lattices of E6, respectively. In the Bourbaki numbering,
the Cartan matrix gives

ω1 = 4α1 + 3α2 + 5α3 + 6α4 + 4α5 + 2α6

3 , ⟨ω1, ω1⟩ = 4
3 , ⟨ω1, α1⟩ = 1.

The weight µ = sα1(ω1) = ω1 − α1 belongs to Ω. Symmetry of the restrictions gives ν ∈ Ω and
c ∈ C with µ+ ν = cω1. All weights in Ω have squared norm 4/3, while ⟨µ, ω1⟩ = 1/3. Hence

0 = ⟨cω1 − µ, cω1 − µ⟩ − ⟨µ, µ⟩ = 4
3c

2 − 2
3c,

so c = 0 or c = 1/2. The first case is impossible because every weight in Ω lies in ω1 + Q,
whereas 2ω1 /∈ Q. The second case is impossible because µ + ν ∈ P and ω1/2 /∈ P . This
contradiction proves the rank bound.

For comparison, the finite calculation can be retained independently. If two multisets of
ambient weights coincide modulo a line while differing before restriction, that line is spanned
by a nonzero sum w+w′ of weights in Ω. In fundamental-weight coordinates, clear denominators,
divide by the greatest common divisor and choose the first nonzero coordinate positive. This
gives 243 lines. For each representative v, an exact comparison of the multisets modulo Qv
shows that none is symmetric under negation. This calculation is not needed for the preceding
proof.

Remark 4.5 The announced algebra of [Rie26a, Hua26] has U1 ∼= sl2 ⊕ sl2 at levels 1 and 39.
This is compatible with Proposition 4.4: e6 ⊃ sl6 ⊕ sl2 with 27 = (6,2) ⊕ (15,1); the factor sl2
has index one, and the diagonal of the principal sl2 of sl6 (index 35) and the principal so3 of
sl3 (index 4) has level 39. All the restrictions are self-dual. This is case (I) of Theorem 8.5; we
do not use this description before Section 8.

5 Weight-two relations
We now combine the modularity of one-point functions with the explicit lowest weight spaces
given by the chain. This is a vector-valued version of the trace identities of Schellekens [Sch93]
and Dong–Mason [DoM04b]. In the context of the Haagerup modular data, the weight-two
one-point functions of currents were introduced by Gannon [Gan19, Section 2.4], who called
them the Killing vector and used them, under the assumptions that U is unitary and contained
in VE6⊕A2 , to begin the analysis of the case of six currents [Gan19, Section 3.3]. The novelty
below is that the relations are obtained in exact arithmetic, for both character vectors, without
unitarity.
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Lemma 5.1 Let V be a strongly rational vertex operator algebra of central charge c and let
h ∈ V1 with L(1)h = 0, contained in a Cartan subalgebra of V1. For every ordinary V -module
M we have

(5.1) ZM (h[−1]h, τ) = TrM h(0)2qL(0)− c
24 − ⟨h, h⟩

12 E2(τ) TrM qL(0)− c
24 ,

where h(1)h = ⟨h, h⟩1. The vector (ZMz (h[−1]h, τ))z, indexed by the simple modules, is a
weakly holomorphic vector-valued modular form of weight two for the representation of SL2(Z)
on the characters.

Proof : From Y [h, z] = Y (h, ez − 1)ez and the expansions ez

ez−1 = 1
z + 1

2 + O(z), ez

(ez−1)2 =
1
z2 − 1

12 +O(z), we obtain h[−1]h = h(−1)h+ 1
2h(0)h− 1

12h(1)h = h(−1)h− ⟨h,h⟩
12 1, since h(0)h = 0

and h(n)h = 0 for n ⩾ 2. The zero mode of h(−1)h is h(0)2+2
∑
n⩾1 h(−n)h(n). Put κ = ⟨h, h⟩

and Q = qL(0)−c/24. For m ⩾ 1, graded cyclicity of the trace and [h(m), h(−m)] = mκId give

Am
def= TrM h(−m)h(m)Q = qm

(
Am +mκTrM Q

)
.

Thus Am = mκqm

1−qm TrM Q. Substituting into the zero-mode formula and using
∑
m⩾1 mq

m/(1 −
qm) = (1 −E2)/24 proves (5.1). This is first an identity of graded series and then of convergent
functions; it also covers κ = 0. The vector h[−1]h has weight two for L[0], and the last assertion
is Zhu’s theorem [Zhu96] together with the identification of the representation [Hua08].

5.1 The obstruction principle

We denote by ϱ∗ def= (ϱT)−1 the dual representation. For the matrices of Section 2, we have
ST = S, S2 = Id and T ∗

8 = T−1
8 . Since T8 is diagonal, it follows that ϱ∗(S) = S and

ϱ∗(T ) = T8. If W is a function on H with values in C12 and G is another such function,
we write W · G =

∑
zWzGz. We write D = q d

dq , and ϑk = D − k
12E2 for the Serre derivative

in weight k. Recall that ϑk maps weakly holomorphic vector-valued modular forms of weight
k for ϱ to weakly holomorphic forms of weight k + 2 for ϱ, and that DJ = −E2

4E6
∆ is a weakly

holomorphic modular form of weight two.

Lemma 5.2 Let k ∈ 2Z. Let W be a weakly holomorphic vector-valued modular form of weight
k for ϱ, and let G be a weakly holomorphic vector-valued modular form of weight 2 − k for ϱ∗.
Then the constant term of the q-expansion of W ·G vanishes.

Proof : For γ =
[
a b
c d

]
∈ SL2(Z), we have

(W ·G)(γτ) = (cτ + d)k(cτ + d)2−k(
ϱ(γ)W (τ)

)T
ϱ(γ)−TG(τ) = (cτ + d)2(W ·G)(τ).

Hence f = W · G is a weakly holomorphic modular form of weight two for SL2(Z), and the
differential f(τ) dτ descends to a meromorphic differential on the compactified modular curve,
holomorphic outside the cusp. At the elliptic points this uses the invariance of f(τ) dτ : in
a local coordinate s at τ = i with τ 7→ − 1

τ acting by s 7→ −s, write the differential as
F (s) ds. Invariance gives F (−s) = −F (s), hence F (s) = sG(s2) with G holomorphic and
F (s) ds = G(t) dt/2 for t = s2; the point e 2πi

3 is treated in the same way. At the cusp, with the
local coordinate q, we have f(τ) dτ = 1

2πif
dq
q , whose residue is the constant term of f divided
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by 2πi. By the residue theorem, this residue vanishes. This is the elementary half of the Serre
duality statement of Borcherds [Bor99, Theorem 3.1 p. 5].

We now produce forms for ϱ∗ from forms for ϱ. Let π be the permutation of the labels which
exchanges c1 and c2 and maps dl to dl′ , where l′ ≡ ±5l mod 13, that is

(5.2) π = (c1 c2)(d1 d5)(d2 d3)(d4 d6).

Lemma 5.3 Let Y be a weakly holomorphic vector-valued modular form of weight k for ϱ.
Then the function G defined by Gz = η−8Yπ(z) is a weakly holomorphic vector-valued modular
form of weight k − 4 for ϱ∗.

Proof : We first check that Sπ(z),π(w) = Sz,w for any labels z, w. The block indexed by
(a, c0, c1, c2) is invariant under the exchange of c1 and c2, and the rows of 0 and b are constant
on {a, c0, c1, c2} and on {d1, . . . , d6}. Finally c(ll′) depends only on ll′ mod 13 up to sign,
and 25 ≡ −1 mod 13, so that c(5l · 5l′) = c(−ll′) = c(ll′). Next, we have Λπ(z) − 1

3 ≡ −Λz
mod 1 for every label z. For z ∈ {0, b, a, c0} this reads 2

3 − 1
3 ≡ − 2

3 , and for z ∈ {c1, c2} it
reads Λc2 − 1

3 = 0 = −Λc1 and Λc1 − 1
3 = − 1

3 = −Λc2 . For z = dl we have Λdl
≡ 6l2

13 − 1
3

mod 1, hence Λπ(dl) − 1
3 ≡ 150l2

13 − 2
3 ≡ − 6l2

13 + 1
3 ≡ −Λdl

mod 1, since 150 ≡ −6 mod 13.
Since η(τ + 1)−8 = e− 2πi

3 η(τ)−8, we obtain Gz(τ + 1) = e2πi(Λπ(z)− 1
3 )Gz(τ) = e−2πiΛzGz(τ) =

(T8G(τ))z. Since η(− 1
τ )−8 = τ−4η(τ)−8, we have

Gz
(

− 1
τ

)
= τk−4η(τ)−8

∑
w

Sπ(z),wYw(τ) = τk−4
∑
w

Sπ(z),π(w)Gw(τ) = τk−4(SG(τ))z.

Since η does not vanish on H, G is holomorphic on H, and it is meromorphic at the cusp. This
proves the lemma.

The π-invariance of S and the congruences are also checked in exact arithmetic.

5.2 The relations
Let X = X(γ) and let µz be the exponent of the leading term of Xz; thus µz = hz − 1

3 by (4.1).
For k ∈ 2Z⩾0, let Mk(µ) be the space of weakly holomorphic vector-valued modular forms W
of weight k for ϱ such that Wz ∈ qµzC[[q]] for every z. For W ∈ Mk(µ) we put

(5.3) w0 = [q− 1
3 ]W0, w′

0 = [q 2
3 ]W0, wz = [qµz ]Wz (z ̸= 0).

Proposition 5.4 For γ = 1 we have dim M2(µ) = 5, and the thirteen coefficients (5.3) satisfy
exactly eight linearly independent relations, among which

wd3 − 5
21wd4 − 1

21wd5 + 1
21wd6 = 0, wc1 + 1

6wc2 − 3
52wd2 − 317

364wd4 − 55
364wd5 + 17

182wd6 = 0,
wd1 − 1

6wd2 − 209
126wd4 + 17

126wd5 + 44
63wd6 = 0, w0 + 1

78wd2 + 317
1638wd4 + 55

1638wd5 − 17
819wd6 = 0.

(5.4)

For γ = 0 we have dim M2(µ) = 4 and the coefficients satisfy exactly nine linearly independent
relations. The complete lists of relations are included in the supplementary data.

Proof : Let P = {0, d3} if γ = 1 and P = {0} if γ = 0; these are the coordinates z with
µz = Λz − 1. Let Ξ•,j be the columns of the fundamental matrix of Theorem 3.1.

Step 1: the relations. Consider the 4 · 12 · 2 = 96 weakly holomorphic forms of weight four

E4Ξ•,jJ
m, ϑ2D(Ξ•,jJ

m), DJ ·D(Ξ•,jJ
m), (DJ)2Ξ•,jJ

m, 0 ⩽ j ⩽ 11, m ∈ {0, 1},
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and, for each linear combination Y of them, the form G of weight zero for ϱ∗ given by Lemma
5.3. The exponents of Gz are congruent to −Λz modulo one, so that the constant term of
W · G is a finite sum

∑
z

∑
m[qΛz+m]Wz · [q−Λz−m]Gz. We impose that the coefficients of G

which pair with [qΛz+m]Wz vanish whenever this coefficient of W is not one of (5.3); since G
has a bounded principal part, these are finitely many linear conditions on the coefficients of the
combination. By Lemma 5.2, every solution gives a linear relation, with rational coefficients,
between the coefficients (5.3) of every W ∈ M2(µ). All the q-expansions involved are computed
in exact rational arithmetic from the matrices Ξn, and only finitely many coefficients enter.
The vanishing-constraint matrices have dimensions 43 × 96 for γ = 1 and 42 × 96 for γ = 0,
with full row rank. Their kernels have dimensions 53 and 54, respectively. We obtain a space
of relations of dimension eight for γ = 1 and nine for γ = 0; in reduced echelon form, it is the
space displayed in (5.4) and in the files above. Using m ⩽ 2 gives the same space.

Step 2: exact elements. The forms D(Ξ•,jJ
m) and DJ · Ξ•,jJ

m, m ∈ {0, 1}, are weakly
holomorphic of weight two and holomorphic on H. The linear combinations whose components
satisfy Wz ∈ qµzC[[q]] form a subspace of M2(µ), determined by finitely many exact linear
conditions. The values of (5.3) on this subspace span a space of dimension five for γ = 1 and
four for γ = 0. Since 13 − 8 = 5 and 13 − 9 = 4, the image of M2(µ) under the thirteen
coefficients has dimension exactly five, respectively four, and the relations of Step 1 are all the
relations.

Step 3: injectivity. Let W ∈ M2(µ) with vanishing coefficients (5.3). As in the proof of
Theorem 3.1, F = W E10

∆ can be written F = Ξ(a + Jb) with a ∈ C12 and b supported on
P . Since ∆

E10
= q + O(q2), the coefficient [qΛz−1]Wz equals bz for z ∈ P . Hence b = 0, then

[qΛz ]Wz = az, and az = 0 for z ̸= d3, and also for z = d3 if γ = 0. For γ = 1, we obtain
W = ad3Ξ•,d3

∆
E10

, with [qΛd3 ]Wd3 = ad3 , W0 ∈ q
5
3 C[[q]] and Wz ∈ qΛz+1C[[q]] for z /∈ {0, d3}.

An explicit dual form is Gz = η−8E4Ξπ(z),d2 , which has weight zero by Lemma 5.3. Put
kz = Λz + Λπ(z) − 1/3 ∈ {0, 1}. The leading term of Ξ gives Gd3 = q−Λd3 (1 + O(q)) and
Gz ∈ q−Λz+kzC[[q]] for z ̸= d3. Therefore [q0](W · G) = ad3 , which vanishes by Lemma 5.2.
Hence the thirteen coefficients are injective on M2(µ), and dim M2(µ) equals five, respectively
four. The coefficient vectors of a basis of dual forms are included in the supplementary data.
A separate rational-matrix calculation checks the ranks, the vanishing of every relation on the
constructed forms, and the explicit injectivity witness above.

Remark 5.5 Proposition 5.4 is a computer-assisted result using exact rational linear algebra.
The modularity of Ξ is supplied by Theorem 3.1; the floating-point checks do not enter the
proof.

We now insert the explicit data. Let h be a real element of a Cartan subalgebra of s, that
is, an element on which h(0) has real eigenvalues on every ordinary U -module; such elements
span the Cartan subalgebra since its weights on U -modules lie in a positive-definite lattice
[Mas14, Theorem 1 p. 3]. Normalize ⟨h, h⟩ = 1, where ⟨·, ·⟩ is the normalized invariant form
of e8, and write h = (h1, h2) ∈ e6 ⊕ sl3. The eigenvalues of h1 on 27 and of h2 on 3 are real
by Lemma 4.3. These faithful weight systems span the respective Cartan duals, so h1 and h2
lie in the real Cartan spaces on which the normalized forms are positive definite. In particular
0 ⩽ ⟨h1, h1⟩ ⩽ 1. Put

u
def= ⟨h1, h1⟩ ∈ [0, 1], T

def= Trs(adh)2, τj
def= TrRdj

h(0)2 ⩾ 0.

By Proposition 4.1 and Lemma 4.3, the lowest weight spaces of Mb, Ma, Mc0 , Mc1 , Mc2 are
(e6 ⊕sl3)⊖s, (27,3), (27,3), (1,3), (27,1). With Tre6(adh1)2 = 24u, Trsl3(adh2)2 = 6(1−u),
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Tr27 h
2
1 = 6u and Tr3 h

2
2 = 1 − u, the traces of h(0)2 on these spaces are 6 + 18u− T , 27 − 9u,

27 − 9u, 1 − u and 6u. The conformal inclusion U ⊂ VE8 gives L(1)U1 = 0. By Lemma
5.1, W = (ZMz

(h[−1]h, τ))z belongs to M2(µ), with w0 = − 1
12 , w′

0 = T + 18−13γ
12 and wz =

TrRz h(0)2 − dimRz

12 .

Corollary 5.6 For γ = 1, the relations of Proposition 5.4 are equivalent to

τ1 = T
15 − 7τ5

15 − 3τ6
5 − 3u

5 + 17
5 , τ2 = 317T

270 − 209τ5
270 − 7τ6

5 − 317u
30 + 2009

90 ,

τ3 = − T
54 + τ5

54 + u
6 − 1

18 , τ4 = − 7T
90 − 11τ5

90 + τ6
5 + 7u

10 − 19
30 .

For γ = 0, they are equivalent to

τ1 = −2T−3τ6+18u−4
5 , τ2 = 2T−7τ6−18u+74

5 , τ3 = 3(−3T+3τ6+27u+29)
5 ,

τ4 = −T+τ6+9u−7
5 , τ5 = T − 9u+ 9.

Proof : This is exact linear algebra on the relations. All relations are satisfied identically after
substitution.

Remark 5.7 For γ = 0 the formulas can be tested against the announced algebra. The working
manuscript [Rie26b] lists the lowest weight spaces of the twelve simple modules as sums of
modules V (a, b) over sl2 ⊕ sl2 at levels 1 and 39. For h in the level one factor, u = 1 and
T = 4; the inequalities τ1, τ4 ⩾ 0 force τ6 = 2 and then (τ1, . . . , τ6) = (0, 10, 30, 0, 4, 2). For the
level 39 factor, u = 35

39 and T = 4
39 . In both cases the values computed from the announced

decompositions agree exactly with Corollary 5.6. This is a consistency check of the announced
data; it is not used in the proofs.

6 One-point functions of higher weight
Lemma 6.1 Let V be a strongly rational vertex operator algebra of central charge c and let
h ∈ V1 with L(1)h = 0 and ⟨h, h⟩ ̸= 0, contained in a Cartan subalgebra of V1. For n ⩾ 0, put
vn

def= h[−1]n1. Then vn has weight n for L[0], and for every ordinary V -module M we have

(6.1) ZM (vn, τ) =
⌊n/2⌋∑
k=0

(
n

2k

)
(2k − 1)!!

(
− ⟨h, h⟩E2(τ)

12

)k
TrM h(0)n−2kqL(0)− c

24 ,

with the convention (−1)!! = 1. Consequently, the vector (ZMz
(vn, τ))z is a weakly holomorphic

vector-valued modular form of weight n for the representation on the characters.

Proof : Since h is a primary vector of weight one, the square bracket modes satisfy [L[0], h[m]] =
−mh[m] and the commutation relations [h[m], h[m′]] = m⟨h, h⟩δm+m′,0 [Zhu96, Section 4].
Hence vn has weight n for L[0], h[2j− 1]vn = 0 for j ⩾ 2, and h[1]vn = n⟨h, h⟩vn−1. Since h(0)
acts semisimply and ⟨h, h⟩ ̸= 0, the lower-bounded grading gives the Heisenberg decomposition
M =

⊕
λ Fλ ⊗ Ωλ, where Fλ is the Fock module on which h(0) acts by λ, and the vertex

subalgebra generated by h acts on the first factor. Its conformal vector ωh = 1
2⟨h,h⟩h(−1)h

satisfies L(0) = Lh(0) + L′(0) with L′(0) commuting with the Heisenberg algebra; the vectors
vn belong to the Heisenberg subalgebra, on which L′(0) = 0, so that their square bracket struc-
tures in V and in the Heisenberg vertex operator algebra coincide. Consequently ZM (vn, τ) =
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∑
λ ZFλ

(vn, τ) TrΩλ
qL

′(0)− c−1
24 . On Fλ, Zhu’s recursion [Zhu96, Proposition 4.3.5] gives

ZFλ
(vn+1, τ) = λZFλ

(vn, τ) +
∑
j⩾1

Ê2j(τ)ZFλ
(h[2j − 1]vn, τ)

= λZFλ
(vn, τ) − n⟨h, h⟩E2(τ)

12 ZFλ
(vn−1, τ),

where we used that o(h) = h(0) acts by the scalar λ and that only j = 1 contributes; the
normalization Ê2 = −E2

12 is the one for which the step from n = 1 to n = 2 reproduces
Lemma 5.1. The polynomials Pn defined by P0 = 1, P1 = λ and Pn+1 = λPn + nePn−1 are
Pn =

∑
k

(
n
2k

)
(2k− 1)!!ekλn−2k, as one checks by induction using

(
n
2k

)
(2k− 1)!! +n

(
n−1
2k−2

)
(2k−

3)!! =
(
n+1
2k

)
(2k− 1)!!. Summing over λ gives (6.1). The last assertion is Zhu’s theorem [Zhu96]

with [Hua08].
As a numerical check, we test (6.1) in weights four and six for VA2 and V√

6Z. At thirty-
digit working precision, the recorded relative errors are at most 5.1 × 10−30. Perturbing the
weight-six coefficients gives errors of order one. These tests are not used in the proof.

By Lemma 6.1, for every real h in a Cartan subalgebra of s with ⟨h, h⟩ = 1 and for n ∈ {4, 6},
the vector Wn(h) = (ZMz (vn, τ))z belongs to Mn(µ). Its coefficients (5.3) are

(6.2) wz =
∑
k

cn,k TrRz
h(0)n−2k, cn,k =

(
n

2k

)
(2k − 1)!!

(
− 1

12

)k
,

with Trh(0)0 = dim, and similar expressions for w0 and w′
0 involving Trs(adh)m and the

coefficients of Ek2 . More generally, for two commuting real elements h′ and h′′ with ⟨h′, h′′⟩ = 0
and ⟨h′, h′⟩ = ⟨h′′, h′′⟩ = 1, the map (x, y) 7→ Wn(xh′ + yh′′) is a homogeneous polynomial
of degree n with values in Mn(µ), so that each of its coefficients belongs to Mn(µ). Since
⟨xh′ + yh′′, xh′ + yh′′⟩ = x2 + y2, the coefficient of xpyq has leading coefficients which are
explicit linear combinations of the mixed traces TrRz h

′(0)ih′′(0)j , i ⩽ p, j ⩽ q.

Proposition 6.2 Assume γ = 0.

1. The coefficients (5.3) of the elements of M4(µ) satisfy exactly nine linearly independent
relations, and those of M6(µ) exactly six.

2. For h as above, put T4 = Trs(adh)4 and Qj = TrRdj
h(0)4. The relations of weight four

are equivalent to the expression of Q1, . . . , Q5 as affine functions of (T, T4, τ6, Q6) with
coefficients polynomial in u; in particular

(6.3) Q5 = 12T + 2T4 − 27u2 − 90u+ 105
26 .

Proof : The relations are obtained as in Step 1 of the proof of Proposition 5.4, with the forms
of weight 6 − n listed in the supplementary data in place of the forms of weight four. Their
number is exact by the argument of Step 2, using the exact elements E4Ξ•,jJ

m, ϑ2D(Ξ•,jJ
m),

DJ · D(Ξ•,jJ
m), (DJ)2Ξ•,jJ

m of weight four, and their analogues of weight six. For 2, the
traces on the explicit lowest weight spaces are computed from the invariant theory of e6 and sl3:
since e6 has no invariant polynomial of degree three or four other than powers of the quadratic
one, we have Tr27 h

3
1 = 0, Tr27 h

4
1 = 3u2 and Tre6(adh1)4 = 18u2. The constants may be

determined without a weight enumeration as follows. For the regular subalgebra sl6 ⊕ sl2 ⊂ e6,
one has 27 = (15,1) ⊕ (6,2) and e6 = (35,1) ⊕ (1,3) ⊕ (20,2). Let H be the neutral element
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of this index-one sl2, so that ⟨H,H⟩ = 2. Its eigenvalues on 27 are 1 and −1, each six times,
together with fifteen zeros; on e6 they are 2 and −2 once, 1 and −1 each twenty times, together
with thirty-six zeros. Thus the fourth traces are 12 = 3 · 22 and 72 = 18 · 22. A separate
enumeration of weights gives the same traces exactly. For sl3 we have Tr3 h

4
2 = (1−u)2

2 and
Trsl3(adh2)4 = 9(1 − u)2. Substituting these traces and (6.2) into the nine rational relations
determines Q1, . . . , Q5 uniquely in terms of T , T4, u, τ6 and Q6; eliminating Q1, . . . , Q4 gives
(6.3). We perform the elimination in rational arithmetic and independently check all nine
equations after substitution and the polarization used below.

For the announced algebra, the fourth power traces computed from the announced lowest
weight spaces satisfy the nine relations of weight four for both factors; the same holds for
the mixed and sextic relations used below. The supplementary data include these exact trace
comparisons.

7 The vector γ = 1 is not realized
Theorem 7.1 Let U be a positive strongly rational vertex operator algebra of central charge
eight with a braided equivalence Rep(U) ∼= Z(H3). Then the character vector of U is the
Evans–Gannon vector with γ = 0. In particular dimU1 = 6, dimU2 = 120 and dimU3 = 956.

The proof uses two lemmas. Suppose γ = 1. Then Rd3 is one-dimensional, so that s acts on
it through a character; hence τ3 = 0 for h in the derived algebra [s, s].

Lemma 7.2 Assume γ = 1. Let g be a simple ideal of s, with indices i1 = i1(g), i2 = i2(g) and
level k = i1 + i2. Then (g, i1, i2) is one of (sl3, 1, 0), (sp4, 1, 0), (g2, 1, 0), (sl4, 1, 0), (sl2, 1, 1),
(sl2, 1, 4) and (sl2, 2, 4). In particular i1 ⩾ 1.

Proof : For h in a Cartan subalgebra of g, we have u = i1
k and T = 2h∨

k , where h∨ is the dual
Coxeter number. Since τ3 = 0, Corollary 5.6 gives τ5 = T − 9u+ 3, and then τ4 ⩾ 0 and τ1 ⩾ 0
read T − 9u+ 5 ⩽ τ6 ⩽ −2T+18u+10

3 . Together with τ5 ⩾ 0, this gives

9u− 3 ⩽ T ⩽ 9u− 1.

In particular u > 0, so i1 ⩾ 1, and 2h∨ ⩾ 6k − 9i2, so that k ⩽ 2h∨+9i2
6 . Since dim g ⩽ 19, the

algebra g is of type A1, A2, B2, G2 or A3, and i2 = 0 unless g ∼= sl2, in which case i2 ∈ {0, 1, 4}
by Proposition 4.4. Multiplying 9u− 3 ⩽ T ⩽ 9u− 1 by k gives 6i1 − 3i2 ⩽ 2h∨ ⩽ 8i1 − i2. If
i2 = 0, this excludes A1 and forces i1 = 1 for A2, B2, G2 and A3. For g ∼= sl2 and i2 = 1, it
forces i1 = 1; for i2 = 4, it forces i1 ∈ {1, 2}. This is exactly the stated list.

Lemma 7.3 Assume γ = 1. Every nonzero real element h of the center of s, normalized by
⟨h, h⟩ = 1, satisfies u ⩾ 1

9 . In particular p1 is injective on the center of s.

Proof : Here T = 0. By Corollary 5.6, τ3 ⩾ 0 gives τ5 ⩾ 3 − 9u, and the inequalities τ4 ⩾ 0
and τ1 ⩾ 0 read 11τ5

18 − 7u
2 + 19

6 ⩽ τ6 ⩽ 17
3 − u− 7τ5

9 . Eliminating τ6 gives τ5 ⩽ 9
5 (1 + u). Hence

3 − 9u ⩽ 9
5 (1 + u), that is u ⩾ 1

9 .
We now prove Theorem 7.1.

Proof : Suppose γ = 1 and write s = g1 ⊕ · · · ⊕ gm ⊕ z with simple ideals gi and center z. The
images under p1 of the summands are pairwise orthogonal for the invariant form of e6. Indeed,
distinct summands are orthogonal for ⟨·, ·⟩, and at most one of them has a nonzero image under
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p2 by Proposition 4.4. The form is positive definite on the real span of a Cartan subalgebra.
By Lemmas 7.2 and 7.3, p1 is injective on each summand. Hence

rank p1(s) =
∑
i

rank gi + dim z ⩽ 4

by Proposition 4.4. By Lemma 7.2, each gi is sl3, sp4, g2 (rank two, dimensions 8, 10, 14), sl4
(rank three, dimension 15) or an sl2 with i2 ̸= 0, of which there is at most one. We list the
possible values of dim s. Two summands of rank two exhaust the rank and give dimensions 16,
18, 20, 22, 24 or 28. A summand sl4 leaves rank one and gives 15, 16 or 18. One summand of
rank two and summands of rank one give at most 14 + 3 + 1 = 18. Summands of rank one only
give at most 3 + 3 = 6. None of these equals 19 = dimU1, a contradiction. Hence γ = 0, and
the dimensions follow from Theorem 3.1.

Remark 7.4 Theorem 7.1 does not use unitarity or the announcements [Rie26a, Hua26, Jia26].
It uses the classification of holomorphic vertex operator algebras of central charge eight, the
theory of extensions [HKL15, CKM22], the Witt group [DMNO13], the classification of the
elements of order three of E8 [Kac90], the results of [DoN99, DoM04, Mas14, ENO05] used
in Section 4, Zhu’s theorem, the Bantay–Gannon description of vector-valued modular forms,
and Proposition 5.4, which rests on finitely many rational computations and on the modularity
theorem used in Theorem 3.1. The vector γ = 1 passes the tests of character theory known to
us (its coefficients are nonnegative integers up to q60); it is not the character vector of a positive
strongly rational vertex operator algebra with the braided category Z(H3).

Remark 7.5 For γ = 0, the same method gives necessary conditions on U1. Corollary 5.6 and
τj ⩾ 0 give T ⩽ 9u − 5 for every real h; thus a simple ideal of U1 with indices (i1, i2) satisfies
2h∨ ⩽ 9i1 − 5k, and every real central element satisfies u ⩾ 5

9 . For a level one sl2 in e6, the
traces τj are determined, as in Remark 5.7. These conditions are the starting point of Section
8, where U1 is determined up to two cases.

8 The weight-one Lie algebra
Throughout this section, U is a positive strongly rational vertex operator algebra of central
charge eight with a braided equivalence Rep(U) ∼= Z(H3). By Theorem 7.1, its character vector
is X(0), and s = U1 ⊂ e6 ⊕ sl3 has dimension six. We use the notation of Section 5. For a
simple ideal g ∼= sl2 of s of level k, we denote by H the element of a Cartan subalgebra of g
with eigenvalues ±2 on g; thus ⟨H,H⟩ = 2k and h = H√

2k is normalized. We denote by V (a)
the irreducible sl2-module of highest weight a and by V (a, b) = V (a) ⊗ V (b) the irreducible
modules of sl2 ⊕ sl2.

8.1 Three general facts
Lemma 8.1 Let g ∼= sl2 be a simple ideal of s of level k. For every label z, every irreducible
g-submodule of Rz is isomorphic to V (a) with a ⩽ k.

Proof : By [DoM06, Theorem 3.1 p. 4], the vertex subalgebra of U generated by g is iso-
morphic to the simple affine vertex operator algebra Lsl2(k, 0) and k is a positive integer. By
[DLM97, Theorem 3.7 p. 7], every weak Lsl2(k, 0)-module, in particular Mz, is a direct sum⊕

j L(k, j) ⊗ Nj of the integrable highest weight modules L(k, j), 0 ⩽ j ⩽ k [FrZ92], tensored
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with multiplicity spaces. Let v ∈ Rz be a highest weight vector of weight a for g. Since Rz is
the lowest weight space of Mz and x(n) lowers the conformal weight by n, we have x(n)v = 0
for x ∈ g and n ⩾ 1. In the irreducible module L(k, j), the vectors annihilated by x(n), n ⩾ 1,
form the top level V (j). Hence v ∈

⊕
j V (j) ⊗ Nj , and since e(0)v = 0 and H(0)v = av, the

vector v lies in the sum of the components with j = a. Thus a ⩽ k.

Proposition 8.2 The Lie algebra s is isomorphic to sl2 ⊕ sl2.

Proof : The Lie algebra s is reductive of dimension six. Its semisimple part has dimension at
most six, hence is 0, sl2 or sl2 ⊕ sl2. Suppose that s is not semisimple; then its center z has
dimension three or six. The image p2(z) is contained in the center of the reductive Lie algebra
p2(s), which is 0 or a line by Proposition 4.4. The kernel of p2|z is defined on the real form used
above: its equations are the weights of Rc1

∼= 3, which are real on that form. Since this kernel
has positive dimension, there is a nonzero real element h ∈ z with p2(h) = 0 and ⟨h, h⟩ = 1.
For this element u = 1 and T = T4 = 0, and (6.3) gives Q5 = TrRd5

h(0)4 = − 6
13 < 0, which is

impossible since h(0) has real eigenvalues.

Lemma 8.3 Let a ⊂ e6 be a subalgebra isomorphic to sl2, with neutral element Ha.

1. After conjugation, Ha is dominant with αi(Ha) ∈ {0, 1, 2}. Among the 36 − 1 such la-
bellings, exactly 27 give eigenvalues of adHa on e6 and of Ha on 27 which form the weights
of sl2-modules. The corresponding 27 numbers ⟨Ha,Ha⟩

2 are pairwise distinct and form a
superset of the possible Dynkin indices. The 20 indices actually realized by subalgebras sl2
of e6 are 1–6, 8–12, 20, 21, 28, 30, 35, 36, 60, 84, 156.

2. If a has index 35, its centralizer in e6 is a subalgebra isomorphic to sl2 of index 1. If a
has index 9, its centralizer is a subalgebra isomorphic to sl2 of index 3.

Proof : 1. The first assertion is the theorem of Dynkin and Kostant on the characteristics of
nilpotent orbits [CoM93, Chapter 3]. The second one is an exact computation on the weights;
we only use the resulting list as a set containing the possible indices, which is enough for the
exclusion arguments below. The list of indices of the subalgebras sl2 is [Dyn52, Table 18]; see
also [Gan19, p. 16].

2. We construct e6 explicitly by the Frenkel–Kac formula on its root lattice [FrK80], with
a bimultiplicative cocycle, and check the Jacobi identity. For the labellings (2, 1, 1, 0, 1, 2) and
(1, 0, 0, 1, 0, 1) in the Bourbaki numbering, of indices 35 and 9, we choose e in the eigenspace
of adHa for the eigenvalue 2 with integral coefficients, solve [e, f ] = Ha exactly, and compute
the centralizer of the triple. In both cases it is three-dimensional and perfect, hence isomorphic
to sl2, and its index is the ratio of the normalized form of e6 to the normalized form of sl2 on
any element with nonzero norm; we obtain 1 and 3. The two labellings are the characteristics
of the nilpotent orbits A5 and 2A2 + A1: the dimensions dim g0 + dim g1 of the centralizers of
e are 14 and 24, so that the orbits have dimensions 64 and 54, in agreement with the tables
of [CoM93, Chapter 8]. Since two subalgebras sl2 with the same characteristic are conjugate
[CoM93, Chapter 3], the result does not depend on the choice of e.

8.2 Simple ideals
Proposition 8.4 Let g be a simple ideal of s, with indices (i1, i2) and level k = i1 + i2. Then
(i1, i2) ∈ {(1, 0), (3, 0), (9, 4), (35, 4)}. Moreover, in each case the g-module structures of Rd1 ,
Rd4 , Rd5 and Rd6 are uniquely determined, and the traces TrRz

H(0)p, p ∈ {2, 4, 6}, are deter-
mined for all labels z.
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Proof : For h = H√
2k we have u = i1

k , T = 4
k and T4 = 8

k2 . By Remark 7.5, 4 ⩽ 9i1 − 5k,
so that i1 ⩾ 1, and i1 is the Dynkin index of p1(g), which belongs to the 27-element superset
computed in Lemma 8.3; by Proposition 4.4, i2 ∈ {0, 1, 4}. For each of the finitely many
pairs (i1, i2), we enumerate all 135 isomorphism classes of fourteen-dimensional sl2-modules
and retain those whose highest weights do not exceed k, by Lemma 8.1. Each structure gives τ6
and Q6; Corollary 5.6 and Proposition 6.2 then give τj and Qj for all j, and we decide exactly,
by a finite search, whether there is a structure of sl2-module on Rdj of the right dimension, with
highest weights at most k, such that TrH(0)2 = 2kτj and TrH(0)4 = 4k2Qj . We also check,
using the decompositions of 27 and e6 attached to i1 by Lemma 8.3, that the highest weights
occurring in Rb, Ra, Rc0 , Rc1 and Rc2 are at most k. Only the four pairs of the statement
survive, each with a unique structure on Rd6 (without the level bound the same four pairs
survive).

For these four pairs, the relations of weight six of Proposition 6.2, with the sextic traces on
Rb, . . . , Rc2 computed from the explicit weights, express TrRdj

H(0)6, j ∈ {1, 2, 3}, in terms of
the corresponding traces on Rd4 , Rd5 , Rd6 . The structures of Rd4 and Rd5 are unique, and the
structure of Rd1 is then unique. Thus the traces of degrees two, four and six used below are
determined.

8.3 The classification
Theorem 8.5 Let U be a positive strongly rational vertex operator algebra of central charge
eight with a braided equivalence Rep(U) ∼= Z(H3), and let U ⊂ VE6⊕A2 be the inclusion of
Proposition 4.1. Then U1 = g′ ⊕ g′′ with g′ ∼= g′′ ∼= sl2, and, up to an inner automorphism of
VE6⊕A2 , one of the following holds.

(I) The levels are 1 and 39. The subalgebra g′′ is the diagonal of a principal sl2 of a subalgebra
sl6 of e6 (index 35) and of the principal so3 of sl3 (index 4), and g′ ⊂ e6 is the centralizer
in e6 of p1(g′′) (index 1).

(II) The levels are 3 and 13. The subalgebra g′′ is the diagonal of a subalgebra sl2 of e6 of
index 9, attached to the nilpotent orbit 2A2 + A1, and of the principal so3 of sl3, and
g′ ⊂ e6 is the centralizer in e6 of p1(g′′) (index 3).

In both cases, the lowest weight spaces of the twelve simple U -modules and the space U2 are
determined as g′ ⊕ g′′-modules; they are given in Table 2.

Proof : By Proposition 8.2, U1 = g′ ⊕ g′′. By Proposition 4.4, at most one of the two ideals
has a nonzero projection to sl3, and the projections to e6 of the two ideals commute and are
orthogonal. By Proposition 8.4, the pair of indices is one of {(1, 0), (1, 0)}, {(1, 0), (3, 0)},
{(3, 0), (3, 0)}, {(1, 0), (9, 4)}, {(1, 0), (35, 4)}, {(3, 0), (9, 4)}, {(3, 0), (35, 4)}.

If an ideal has nonzero projection to sl3, its projection to e6 has index 9 or 35. Its centralizer
is an sl2 of index 3 or 1, respectively, by Lemma 8.3. The other ideal is three-dimensional
and contained in this centralizer, hence equals it. This excludes the pairs {(1, 0), (9, 4)} and
{(3, 0), (35, 4)}. It remains to exclude the three pairs with zero projection to sl3. This follows
directly from (6.3). Let H ′ and H ′′ be their neutral elements and let k′, k′′ ∈ {1, 3} be their
levels. Put h = xH ′ + yH ′′. The two ideals commute and are orthogonal, so that

⟨h, h⟩ = 2k′x2 + 2k′′y2, Trs(adh)2 = 8(x2 + y2), Trs(adh)4 = 32(x4 + y4).

Since p2(h) = 0, homogeneity and polynomiality extend (6.3) from normalized elements to

26 TrRd5
h(0)4 = 12⟨h, h⟩ Trs(adh)2 + 2 Trs(adh)4 − 12⟨h, h⟩2.
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Case (I), levels (1, 39) Case (II), levels (3, 13)
Rb (0, 2) + 2(0, 4) + (0, 6) + (0, 8) + (0, 10) 2(0, 2) + 2(0, 4) + (1, 1) + 2(1, 3) + (1, 5)

+(1, 3) + (1, 5) + (1, 9) +(2, 2) + (2, 4) + (3, 1)
Ra, Rc0 2(0, 2) + (0, 4) + 2(0, 6) + (0, 8) + (0, 10) 2(0, 2) + (0, 4) + (0, 6) + 2(1, 1) + 2(1, 3)

+(1, 3) + (1, 5) + (1, 7) +(1, 5) + (2, 0) + (2, 2) + (2, 4)
Rc1 (0, 2) (0, 2)
Rc2 (0, 0) + (0, 4) + (0, 8) + (1, 5) (0, 0) + (0, 4) + (1, 1) + (1, 3) + (2, 2)
Rd1 (0, 6) (0, 2) + (1, 1)
Rd2 (0, 0) + (0, 4) + (0, 6) + (0, 8) + (1, 1) + (1, 7) (0, 0) + (0, 2) + (0, 4) + (1, 1) + (1, 3)

+(1, 5) + (2, 2)
Rd3 (0, 0) + (0, 2) + 2(0, 4) + 2(0, 6) + 2(0, 8) + (0, 12) 2(0, 0) + (0, 2) + 2(0, 4) + (0, 6) + 2(1, 1) + 2(1, 3)

+(1, 1) + (1, 3) + (1, 5) + (1, 7) + (1, 9) +2(1, 5) + 2(2, 2) + (2, 4) + (3, 3)
Rd4 (0, 4) (0, 0) + (1, 1)
Rd5 (0, 4) + (1, 3) (0, 4) + (1, 3)
Rd6 (0, 2) + (0, 6) + (1, 1) (0, 2) + (1, 3) + (2, 0)
U2 4(0, 0) + (0, 2) + 2(0, 4) + 2(0, 8) + (0, 12) 4(0, 0) + (0, 2) + 2(0, 4) + (1, 1) + (1, 3) + (1, 5)

+(1, 1) + (1, 5) + (1, 7) + (1, 13) +(1, 7) + (2, 0) + 2(2, 2) + (2, 6)
+(2, 0) + (2, 2) +(3, 3) + (4, 0)

Table 2: Lowest weight spaces and U2 as modules over g′ ⊕ g′′; (a, b) stands for V (a, b), where
a refers to g′ and b to g′′. The labels of the rows Rz are bounded by the levels (Lemma
8.1); those of the row U2 are not, since U2 contains descendants, for instance the component
V (4, 0) ⊂ S2(g′) of the weight-two space of Lsl2(3, 0) in case (II).

Comparing the coefficients of x2y2 gives

(8.1) TrRd5
H ′(0)2H ′′(0)2 =

8
(
2(k′ + k′′) − k′k′′)

13 .

The left-hand side is an integer, because H ′(0) and H ′′(0) have simultaneous integral eigenvalues
on the finite-dimensional sl2 ⊕ sl2-module Rd5 . For (k′, k′′) = (1, 1), (1, 3), (3, 3), the right-hand
side is 24/13, 40/13 and 24/13, respectively. This excludes all three pairs. An independent
finite search gives the same exclusions. It enumerates the structures of Rd6 compatible with the
two marginal structures, then substitutes their mixed fourth-order traces into the weight-four
relations. For the pair (1, 1) there are two possibilities, giving TrRd4

H ′(0)2H ′′(0)2 = −40/39
and −44/195; for (1, 3) and (3, 3) there is one possibility, giving −36/65 and 124/65, respectively.
Each value fails to be a nonnegative integer. This provides a separate finite verification of the
three exclusions.

For the two remaining pairs, the projection p1(g′′) has index 35, respectively 9, and p2(g′′) is
the principal so3. The ideal g′ is contained in e6 and commutes with p1(g′′), hence is contained
in, and by dimension equal to, the centralizer of p1(g′′) in e6, which is three-dimensional of
index 1, respectively 3, by Lemma 8.3. Since the subalgebras sl2 of e6 with a given index
are conjugate under the adjoint group, by Lemma 8.3 and the bijection between conjugacy
classes and nilpotent orbits [CoM93, Chapter 3], and the same holds for the principal so3 of
sl3, the subalgebra U1 is determined up to the inner automorphisms of VE6⊕A2 generated by
the zero modes of e6 ⊕ sl3; an isomorphism between p1(g′′) and p2(g′′) is unique up to an inner
automorphism of sl2, which is induced by the adjoint group of sl3 on its principal so3. This
gives cases (I) and (II).

Now we determine the lowest weight spaces. For Rb, . . . , Rc2 this follows from the explicit
embedding: we construct e8 ⊃ e6⊕sl3 by the Frenkel–Kac formula and compute exactly the joint
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eigenvalues of commuting neutral elements of g′ and g′′ on e6, on 27 and on sl3. For the labels
dj , we use in addition the coefficients of x4y2 and x2y4 in W6(xh′ + yh′′). The relations then
determine, once the structures of Rd4 , Rd5 , Rd6 are fixed, the traces TrRdj

H ′(0)pH ′′(0)q for
p+q ⩽ 6. The structures of Rd4 , Rd5 , Rd6 are unique, and an exhaustive enumeration shows that
the structures of Rd1 , Rd2 and Rd3 with these traces and with highest weights bounded by the
levels are unique. More explicitly, writing a lowest weight space R as

⊕k′

a=0
⊕k′′

b=0 mabV (a, b),
the variables satisfy 0 ⩽ mab ⩽ ⌊dimR/((a + 1)(b + 1))⌋ and

∑
a,b(a + 1)(b + 1)mab = dimR.

The marginal decompositions and the nine even joint moments of positive degree at most six
impose further necessary linear constraints. These inequalities specify the finite domain of the
search. A partial multiplicity assignment can be discarded only when no completion satisfies
these necessary constraints; the uniqueness assertion concerns the entire domain.

Finally, augment the coefficient map (5.3) by the fourteenth functional w′′
0 = [q5/3]W0.

The same residue construction, with this enlarged list of allowed coefficients, gives relations
on the image of Mn(µ) in C14, for n ∈ {2, 4, 6}. For W = Wn(xh′ + yh′′), the functional w′′

0
is an affine function of the traces TrU2 H

′(0)pH ′′(0)q; all lower-weight terms are fixed by U0
and U1. Solving these enlarged rational systems and extracting the monomials xpyq, with p, q
even and 2 ⩽ p + q ⩽ 6, determines the nine joint traces. With powers Jm for 0 ⩽ m ⩽ 2,
the vanishing-constraint matrices have dimensions 53 × 144, 41 × 72 and 29 × 36 in weights
two, four and six, respectively, and have full row rank. The resulting relation spaces on the
fourteen functionals have dimensions 10, 10 and 7; exact forms attain the complementary image
dimensions 4, 4 and 7. In each weight a relation has nonzero coefficient at w′′

0 , so the previously
determined thirteen coefficients fix it uniquely. The supplementary data contain these matrices,
their exact rank checks and the resulting nine unnormalized traces in each case. The space U2
contains the weight-two subspace of the affine vertex algebra generated by U1 and the conformal
vector of U , and it is contained in (VE6⊕A2)2 ∼= (27 ⊗ 27,1) ⊕ (78,8) ⊕ (1,1 ⊕ 8 ⊕ 8), the
decomposition of the weight-two space of the level one affine algebras Le6(1, 0) and Lsl3(1, 0).
Write the displayed ambient module as

⊕
a,bMabV (a, b) and the known affine and conformal

subspace as
⊕

a,b labV (a, b). The remaining multiplicities of U2 satisfy lab ⩽ mab ⩽ Mab,∑
a,b(a + 1)(b + 1)mab = 120, and the nine joint trace equations. An exhaustive search over

these finite ranges gives a unique solution in each case. The highest weights in this search are
bounded by V ′

2 , not by the affine levels.

Remark 8.6 Case (I) is the structure announced in [Rie26a, Hua26]: the level one factor comes
from a root sl2 of e6 and the level 39 factor from the diagonal of the principal triples of A5
and A2 [Rie26b, Section 1]. The lowest weight spaces of Table 2 in case (I) coincide with those
listed in the working manuscript [Rie26b], and the decomposition of U2 coincides with [Rie26b,
Appendix H.1]. In the present work these data are consequences of the hypotheses of Theorem
8.5, and the announced data serve only as a test.

Remark 8.7 The relations of this section do not exclude case (II), which is realized assuming
(HJ) (Section 10). The remaining arguments determine its weight-two generating space and
identify the resulting algebra; finite-degree consistency checks alone do not establish existence.
The lowest weight spaces of Table 2 are also compatible with the bound ∆a+∆b ⩽ hz, where ∆a

is the Sugawara weight; this bound holds for z ∈ {0, b, a, c0, c1, c2} because the corresponding U -
modules occur in unitary lattice modules by Lemma 4.3. Choose the compact form for the affine
embedding; its Sugawara operators and those of the coset are then unitary on these modules,
and the coset conformal weights are nonnegative. The central charge of the commutant of the
affine subalgebra would be 8 − 9

5 − 13
5 = 18

5 , and U2 would contain a two-dimensional space of
invariant vectors in this commutant. Note that the products of the levels are equal in the two
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cases, 1 · 39 = 3 · 13. Section 10 pushes the analysis of case (II) to the space U2 and to weight
three (Theorem 10.5 and Proposition 10.7).

9 The generation problem
We keep the hypotheses of Theorem 8.5, we write A ⊂ U for the affine vertex algebra generated
by U1, and set V ′ = VE6⊕A2 .

Proposition 9.1 In both cases of Theorem 8.5, U2 is a U1-submodule of V ′
2 of the type given

in Table 2, containing (A)2 and the conformal vector of V ′. The set of such submodules is a
product of Grassmannians of the multiplicity spaces of V ′

2 , of dimension 70 in case (I) and 87
in case (II).

Proof : The first assertion is Theorem 8.5. A U1-submodule of V ′
2 with prescribed multiplicities

uab is given by the choice, for each (a, b), of a uab-dimensional subspace of the multiplicity space
of V (a, b) in V ′

2 , of dimension vab, containing the lab-dimensional subspace coming from (A)2
and Cω. This is a Grassmannian of dimension (uab − lab)(vab − uab). The multiplicities vab are
computed from the lattice, and we evaluate the resulting finite sum.

Proposition 9.1 turns the determination of U2 into a finite-dimensional algebraic problem:
the subspace must satisfy x(1)y ∈ U2 and x(2)y ∈ U1 for x, y ∈ U2, and V ′

2 ⊖ U2 must be
the weight-two space of the U -module Mb. If one knew that U is generated by U1 ⊕ U2, each
algebra U would be determined by its solution U2. We do not know a general argument for
this generation property. In case (I), the strong generation of the announced algebra by U1,
three weight-two vectors and finitely many vectors of weights at most four is one of the main
results announced in [Rie26a]; it concerns a specific algebra and does not give the generation
of an arbitrary U . Section 10 carries out this computation in case (II), and in case (I) as far as
needed for uniqueness, after a reduction through the commutant of the currents; the generation
property is then replaced by a comparison of characters (Theorems 10.29 and 10.38).

Corollary 9.2 In both cases, A ∼= Lsl2(k′, 0) ⊗Lsl2(k′′, 0) with (k′, k′′) = (1, 39) or (3, 13), the
commutant ComU (A) has central charge 170

41 or 18
5 , and its weight-two space is two-dimensional

and contains its conformal vector ω − ωk′ − ωk′′ .

Proof : The first assertion follows from Theorem 8.5 and [DoM06, Theorem 3.1 p. 4]. The
weight-two space of ComU (A) consists of the vectors of U2 annihilated by the modes x(n),
n ⩾ 0, of x ∈ U1; such vectors span trivial U1-submodules. By Table 2, the trivial isotypic
component of U2 is four-dimensional, and it contains the Sugawara vectors ωk′ and ωk′′ , which
are not annihilated by x(1) for suitable x. Since (A)2 contains exactly two invariant vectors,
the U1-invariant vectors of U2 are Cωk′ ⊕ Cωk′′ plus a two-dimensional complement, which is
the set of invariant vectors annihilated by all x(1), x ∈ U1. Indeed, for an invariant vector
w of U2, we have x(n)w = 0 for n ⩾ 3 by the grading. The map x 7→ x(2)w is a U1-
module homomorphism from the adjoint module U1 to U0 = C1; it vanishes because U1 is
semisimple. Also x(0)w = 0 by invariance, and x(1)w ∈ U1 depends U1-equivariantly on x, so
that x 7→ x(1)w is an endomorphism of U1 commuting with g′ ⊕ g′′; it is a combination of the
projections onto g′ and g′′, and subtracting the corresponding combination of Sugawara vectors
gives an element of the commutant. The central charges are 8 − 1 − 117

41 and 8 − 9
5 − 13

5 .
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10 The commutant of the currents and the space U2

We keep the hypotheses of Theorem 8.5. We write V ′ = VE6⊕A2 , so that V ′ = U ⊕ Mb by
Proposition 4.1, A ⊂ U for the affine vertex algebra generated by U1 = g′ ⊕ g′′, Ĉ = ComV ′(A)
and C = ComU (A) ⊂ Ĉ. The conformal vector of Ĉ and of C is ωC

def= ω−ωk′ −ωk′′ , of central
charge cC = 170

41 in case (I) and 18
5 in case (II) (Corollary 9.2). In this section we determine, by

exact computations in V ′, the weight-two space of C and then the space U2. In case (II), the
four candidate spaces give isomorphic vertex algebras, identified with the algebra of [Jia26] in
Theorem 10.24. We denote the normalized invariant bilinear form on V ′ by β, with β(1,1) = 1;
it is distinct from the positive Hermitian form Hχ introduced below. On lattice vectors, ⟨·, ·⟩L
denotes the lattice form.

10.1 An exact model of the lattice algebra
We use the construction of [FLM88, Chapter 8]. The lattice L = E6 ⊕ A2 has the basis of
simple roots α1, . . . , α8, with Gram matrix the Cartan matrix of E6 ⊕A2 (Bourbaki numbering
for E6). The space V ′ has the basis of the vectors αi1(−n1) · · ·αik (−nk)eβ , β ∈ L, with
n1 ⩾ · · · ⩾ nk ⩾ 1 and ij ⩽ ij+1 whenever nj = nj+1. The cocycle is the bimultiplicative map
with ε(αi, αj) = (−1)⟨αi,αj⟩L for i < j, ε(αi, αi) = −1 and ε(αi, αj) = 1 for i > j, and

(10.1) Y (eα, z) = exp
( ∑
n>0

α(−n)
n

zn
)

exp
(

−
∑
n>0

α(n)
n

z−n
)
eαz

α(0).

The modes of a general basis vector are obtained from those of eα and of the Heisenberg fields
by the iterate formula (a(−m)w)(k) =

∑
j⩾0

(
m+j−1

j

)(
a(−m−j)w(k+j) − (−1)mw(k−m−j)a(j)

)
for

a = αi(−1)1. Our implementation evaluates these formulas in the specified monomial basis
and cocycle, using exact arithmetic for the weight-four membership calculations. The con-
struction of the vertex algebra is the standard lattice construction. The following finite im-
plementation checks, performed through weight three, are separate from that construction:
the graded dimensions 1, 86, 1370, 11586; the relation L(0) = weight on random basis vec-
tors; the Virasoro relations with c = 8; the translation property; the commutator formula
[u(m), v(n)] =

∑
j

(
m
j

)
(u(j)v)(m+n−j) on random triples; the equality of ω with the Sugawara

vector of e6 ⊕ sl3 at level one; β(ω, ω) = 4. These are sample checks, not proofs of the identities
for all states.

The enumeration of lattice momenta in a ball may be justified independently of the imple-
mentation. In a simply laced root lattice, write a nonzero vector v = r1 + · · · + rm as a sum
of roots with m minimal. Two summands cannot have negative inner product: if their inner
product is −1, their sum is a root, and if it is −2, they are opposite, in either case contradicting
minimality. Hence ⟨v, r1⟩L ⩾ 2, and ∥v − r1∥2

L = ∥v∥2
L − 2⟨v, r1⟩L + 2 ⩽ ∥v∥2

L − 2. Induc-
tion gives a path from v to zero by subtracting roots, with strictly decreasing squared norm.
Consequently the search starting at zero and adding every root while retaining only vectors of
squared norm at most R visits every lattice vector in that ball. This applies to E6 ⊕ A2, and
in particular to the momentum enumeration through conformal weight four, where R = 8. An
independent enumeration using a rational LDLT decomposition instead of root additions gives
respectively 1, 78, 702, 2346 and 5694 vectors of squared norms 0, 2, 4, 6 and 8.

In both cases of Theorem 8.5 we realize U1 inside V ′
1 with the neutral elements H ′ and H ′′ in

the Cartan subalgebra h = L⊗ C, so that every basis vector is a joint weight vector. We check
exactly the relations of sl2 ⊕ sl2, the levels through H(1)H = 2k1 and e(1)f = k1, and the
commutation of the two ideals. As an independent test of Table 2, the weight-one A-primary
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vectors of V ′, which form Rb, have the g′ ⊕ g′′-structure of the row Rb of that table in both
cases.

Weight window of the lattice calculation. The mode implementation stores lattice mo-
menta of squared norm at most 8. We use it for homogeneous inputs of weights at most four
and only when the output weight d = wtu + wt v − n − 1 is at most four. Indeed, a state of
momentum γ has weight at least |γ|2/2, so a momentum outside the stored ball cannot con-
tribute to such an output. This remains true in the recursive evaluation. If u = h(−m)u

′ with
m ⩾ 1, the two inner mode evaluations in the iterate formula have output weights d − m − j
and d, respectively, for j ⩾ 0; the input weights also do not increase. Induction on the number
of oscillators therefore keeps every recursive call inside the same window. All products defining
the weight-three and weight-four certificates satisfy these bounds. Outside this window this
implementation is not asserted to evaluate the full lattice vertex operator algebra.

10.2 The Griess algebra of the commutant
Lemma 10.1 Let B = Ĉ2. Then Ĉ1 = 0, dimB = 4 in case (I) and dimB = 5 in case (II).
The product a · b def= a(1)b is commutative on B, with unit e def= 1

2ωC , and the form β(·, ·) is
invariant: β(a ·b, c) = β(a, b ·c). Moreover B = C2 ⊕Y with Y = B∩Mb, the sum is orthogonal,
and C2 is a two-dimensional subalgebra of B containing e.

Proof : The space Ĉ1 is the centralizer of U1 in e6 ⊕ sl3, which is zero by the proof of Theorem
8.5. The dimensions are computed by solving exactly x(n)v = 0, n ∈ {0, 1, 2}, x ∈ U1, on the
joint weight space of weight zero of V ′

2 ; they agree with the count of g′ ⊕ g′′-invariant vectors of
V ′

2 (7, respectively 9) minus the invariant A-descendants (2 Sugawara vectors and 1, respectively
2, vectors

∑
a x

a(−1)wa attached to the components of type V (0, 2) of Rb). Commutativity
follows from skew symmetry since Ĉ1 = 0, and e is a unit since L(0) −LA(0) = (ωC)(1) acts by
2 on B. Invariance of the form holds for quasi-primary vectors of weight two, and the vectors
of B are quasi-primary since L(1)B ⊂ Ĉ1 = 0. Since Mb is a U -module not isomorphic to
the contragredient of U , the form vanishes on U × Mb. The decomposition V ′ = U ⊕ Mb is a
decomposition of A-modules, hence B = (B∩U)⊕(B∩Mb), and B∩U = C2 is two-dimensional
by Corollary 9.2.

Lemma 10.2 Let D ⊂ B be a two-dimensional subalgebra containing e, and write D = Ce ⊕
CxC with β(xC , e) = 0. Then xC ·xC = λxC +µe with µ = β(xC ,xC )

β(e,e) . If ∆ def= λ2 + 4µ ̸= 0, then

D is spanned by two orthogonal idempotents f and e− f , and ω1
def= 2f and ω2

def= 2(e− f) are
commuting Virasoro vectors with ω1 + ω2 = ωC and central charges

(10.2) c1,2 = cC
2

(
1 ∓ λ√

∆

)
.

Conversely, xC ∈ e⊥ spans with e a subalgebra if and only if xC is an eigenvector of the quadratic
map q(xC) = (xC · xC)⊥ of e⊥.

Proof : Since e is a unit and D is a subalgebra, xC · xC = λxC + µe, and β(xC · xC , e) =
β(xC , xC · e) = β(xC , xC) gives µ. The element f = ae + bxC is idempotent if and only if
2a + bλ = 1 and a2 + b2µ = a, that is b2∆ = 1 and a = 1−bλ

2 ; then (e − f) · (e − f) = e − f

and f · (e − f) = 0. Since Ĉ1 = 0, a vector ω1 of weight two with (ω1)(1)ω1 = 2ω1 is a
Virasoro vector of central charge 2β(ω1, ω1). Put v = 2f and w = ωC − v. Skew symmetry

28



and Ĉ1 = 0 give v(0)v = L(−1)v and v(0)ωC = L(−1)v, so v(0)w = 0. The products v(1)w,
v(2)w and v(3)w vanish by the idempotent relation, the grading and orthogonality, respectively;
all higher products vanish by the grading. Thus the two Virasoro fields commute. Finally
c1 = 2β(2f, 2f) = 8

(
a2β(e, e) + b2µβ(e, e)

)
= cC

(
a2 + b2µ

)
= cCa, since β(e, e) = cC

8 . The last
assertion is a reformulation.

Proposition 10.3 The two-dimensional subalgebras of B containing e are exactly 7 in case (I)
and 15 in case (II); for all of them ∆ ̸= 0. The central charges (c1, c2) of (10.2) are listed in
Table 3. In case (I), the subalgebras 5 and 6 give the central charges 2400

1271 and 70
31 ; in case (II),

the subalgebras 9 and 10 give 182
95 and 32

19 . Within each pair, the two subalgebras are exchanged
by the automorphism

√
13 7→ −

√
13 of Q(

√
13).

Proof : We compute the structure constants of B exactly in a basis e, x1, . . . , xn−1 with xi ⊥ e,
and solve q(x) = λx on the affine charts of P(e⊥) by Gröbner bases over Q; the solution sets
are finite and explicit. By [CaS13, Theorem 1.2 p. 2] a quadratic map of Cn with finitely many
classes of eigenvectors has exactly 2n−1 of them, counted with multiplicity; our counts 7 = 23−1
and 15 = 24 −1 show that all of them are simple and that the lists are complete. Independently,
we compute the dimensions of the coordinate algebras of the disjoint projective charts: they are
(7, 0, 0) in case (I) and (11, 2, 1, 1) in case (II). It also checks that the listed points are distinct
and satisfy the equations. Their number equals the sum of the chart dimensions, which proves
exhaustiveness and simplicity directly from the finite polynomial systems.

Case (I), cC = 170
41 Case (II), cC = 18

5
0, 3: 85

41 ∓ 31
√

385
2255 (excluded) 0, 14: 6

5 ,
12
5 (excluded)

1: 3010
1517 ,

80
37 (excluded) 1, 8: 10

7 ,
76
35 (excluded)

2: 4
5 ,

686
205 (excluded) 2: 62

35 ,
64
35 ; 3: 58

35 ,
68
35 (excluded)

4: 252
185 ,

21118
7585 (excluded) 4, 5: 9

5 ∓ 31
√

409
2045 (excluded)

5, 6: 2400
1271 ,

70
31 (survive) 6: 6

7 ,
96
35 ; 7: 34

35 ,
92
35 (excluded)

9, 10: 182
95 ,

32
19 (survive)

11: 52
55 ,

146
55 ; 12: 96

55 ,
102
55 ; 13: 4

5 ,
14
5 (excluded)

Table 3: The two-dimensional subalgebras of B containing e, with the central charges of the
two Virasoro vectors and their fate under Theorem 10.5 and Propositions 10.34 and 10.35. The
supplementary data use the same numbering.

10.3 Linear and quadratic conditions on the primary lines
For a pair (a, b), let Πab ⊂ V ′

2 be the space of A-primary highest weight vectors of type V (a, b),
that is, vectors v of joint weight (a, b) with e′(0)v = e′′(0)v = 0 and x(n)v = 0 for x ∈ U1
and n ⩾ 1. The primary types of U2 are the types of Table 2 not accounted for by (A)2 ⊕ C2:
in case (I) the types (0, 4), (0, 8) (twice), (0, 12), (1, 1), (1, 5), (1, 7), (1, 13); in case (II) the
types (0, 4), (1, 1), (1, 3), (1, 5), (1, 7), (2, 2), (2, 6), (3, 3). Indeed U =

⊕
λ LA(λ) ⊗ Cλ, the

weight-two vectors coming from λ ̸= 0 are lowest weight vectors of LA(λ) since U1 = A1, and
the descendant part is (A)2 ⊕C2. We put pab = U2 ∩Πab, whose dimension is the multiplicity of
the type. On Πab we use the bilinear pairing Pab(u, v) = β(u, θabv), where θabv = f ′(0)af ′′(0)bv.

Lemma 10.4 Let C2 = Ce ⊕ CxC and Y = B ∩ C⊥
2 . For every primary type (a, b) and

u, u′ ∈ pab:

1. e(2)u = (xC)(2)u = 0, that is, u is quasi-primary for ω1 and ω2;
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2. (xC)(1)pab ⊂ pab; in particular, if pab is a line, it is spanned by an eigenvector of (xC)(1),
and the eigenvalues of (ω1)(1), (ω2)(1) on it are the weights h1, h2 of u for the two Virasoro
algebras, with h1 + h2 = 2 − hab, where hab is the Sugawara weight;

3. Pab(u, y(1)u
′) = 0 for every y ∈ Y , and the pairing is nondegenerate on pab;

4. for every primary type (c, d) and every w in the g′⊕g′′-module generated by pcd, u(1)w ∈ U2
and u(2)w ∈ U1.

Proof : 1. The vectors e(2)u and (xC)(2)u belong to U1, are annihilated by the modes z(n),
z ∈ U1, n ⩾ 1, since e and xC commute with A, and are highest weight vectors of type
(a, b) ̸= (0, 0); since U1 = A1 has no nonzero A-primary vector, they vanish. 2. The operator
(xC)(1) preserves U2, the A-primary vectors and the joint weights. 3. Since y ∈ Mb and
Mb is a U -module, skew symmetry gives y(1)u

′ ∈ Mb, and the form vanishes on U × Mb;
θab commutes with y(1). The invariant form β is contravariant for the affine algebra A, so
pairings between nonisomorphic irreducible integrable A-modules vanish. In weight two, the
affine-primary summands are orthogonal to the vacuum descendants (A)2. Every irreducible
integrable module for the two affine sl2 factors is self-contragredient. Nondegeneracy on U2
therefore gives nondegeneracy on each primary multiplicity space. The map θab identifies its
highest and lowest weight spaces up to a nonzero scalar, which proves the assertion. 4. This is
the closure of U .

10.4 Case (II)
Theorem 10.5 Assume the hypotheses of Theorem 8.5 in case (II). Then C2 is one of the
subalgebras 9, 10 of Table 3, so that ωC is the sum of two commuting Virasoro vectors of central
charges 182

95 and 32
19 . For each of these two subalgebras, U2 is one of two explicit subspaces of

V ′
2 , exchanged by complex conjugation, and defined over Q(

√
13,

√
−3). The weights of the two

Virasoro algebras on the primary lines are

(a, b) (0, 4) (1, 1) (1, 3) (1, 5) (1, 7) (2, 2) (2, 6) (3, 3)
h1 (c = 182

95 ) 112
95

111
95

147
95

7
95

56
95

56
95

56
95

7
19

h2 (c = 32
19 ) 8

19
12
19

1
19

68
57

4
19

50
57

4
19

12
19

Proof : The proof consists of four finite steps. Exact linear algebra and Gröbner bases construct
the admissible spaces; certified interval evaluations are used only for exclusions.

Step 1: exclusion of thirteen subalgebras. It suffices to use the primary type (3, 3), whose
multiplicity in U2 is one. The space Π33 has dimension three. For each of the candidates 0–8
and 11–14, the coordinates of xC in the fixed basis of B are rational. Let X be the matrix of
(xC)(1) on Π33, P the matrix of P33, and Y1, Y2, Y3 the matrices of y(1) for a rational basis of
B ∩ C⊥

2 . All these matrices are rational. A primary line with coordinate vector u ∈ C3 must
satisfy

rank[u,Xu] = 1, uTPYju = 0 (j = 1, 2, 3), uTPu ̸= 0.

These are only some of the necessary conditions in Lemma 10.4; their inconsistency is enough.
On the projective chart whose first nonzero coordinate is uk, put u0 = · · · = uk−1 = 0 and
uk = 1. Adjoin a variable z and the equation zuTPu−1 = 0, and express the rank condition by
the 2 by 2 minors of [u,Xu]. For each of the thirteen candidates and each of the three charts,
the resulting ideal over Q has Gröbner basis {1}. The supplementary data contain the matrices,
chart polynomials and all 39 unit bases. Hence none of these thirteen candidates admits the
required primary line. No eigenvalue approximation is used in this step.
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Step 2: the admissible spaces. For the subalgebra 9, every primary type has exactly one
admissible space Eξ, of dimension two, and the eigenvalues ξ give the weights of the statement.
We treat all characteristic-polynomial factors, including the nonlinear ones, and exclude the
remaining eigenspaces by exact equations or certified enclosures. We then construct the surviv-
ing spaces and lines. A separate verification checks both the exclusions and the eight displayed
weights exactly. Nonlinear factors with multiplicity greater than one, or an eigenspace for which
the adjugate test is inconclusive, are retained rather than discarded; none remains among the
exclusions used here.

Step 3: the lines. In each two-dimensional Eξ, the isotropic lines are the common roots of
the binary forms Pab(u, y(1)u), y ∈ Y ; their greatest common divisor over Q(

√
13) has degree

two, and both roots satisfy Pab(u, u) ̸= 0. This leaves 28 = 256 choices of U2. The coefficients
lie in Q(

√
13,

√
−3); note that

√
6
√

−7 +
√

13 =
√

−3(
√

13 − 1).
Step 4: pairwise closure. For two lines of types (a, b) and (c, d), condition 4 of Lemma

10.4 implies that u(2)w ∈ U1 and that u(1)w lies in the span of (A)2, C2 and the modules
generated by all the admissible spaces. When one of these conditions fails, we exhibit a rational
linear form vanishing on U1, or on a rational space containing the latter span, whose value
on u(1)w or u(2)w is an algebraic number enclosed by rational operations and certified radical
evaluations in Arb. For each exclusion, the certificate records the rational annihilator, the
product tested and a nonzero interval, giving 62 certified rejections. The algebraic inputs
are evaluated directly, without an intermediate rounded decimal approximation. The finite
coverage check uses only the 62 pairs marked as certified; the ten inconclusive pairs are not
used. In the order of primary types displayed in the theorem, the two remaining choices are
(0, 1, 1, 0, 0, 1, 0, 1) and (1, 0, 0, 1, 1, 0, 1, 0), where the bits index the two lines with the ordering
specified in the supplementary data. They are complex conjugate. By the Galois symmetry√

13 7→ −
√

13, which fixes all the rational data, the same holds for the subalgebra 10.

Remark 10.6 Theorem 10.5 is a computer-assisted result. Step 1 uses the exact rational
equations displayed above. In Step 2, characteristic-polynomial factors and their multiplicities
are retained in the eigenspace computation; a multiple nonlinear factor or an inconclusive
enclosure cannot be discarded. The stored calculation for subalgebra 9 leaves exactly the
displayed two-dimensional space for each type. The generators xC of candidates 4 and 5 are
rational:

√
409 occurs only in their normalized Virasoro vectors and is irrelevant to Step 1.

Step 4 uses exact algebraic inputs in the interval calculation. Its 62 certified pair exclusions
cover 254 configurations; the ten inconclusive pairs are not used. These are separate checks of
nonvanishing and of finite coverage.

Reduction conventions. For a prime p used below, let p be the prime of OK specified by the
chosen images of

√
13 and

√
−3 in Fp. Reduction is the residue map redp : (OK)p → Fp. Only

coefficients integral at p are reduced; in particular, every rational denominator in a matrix or
a generating word must be invertible modulo p. For such a matrix M , a nonzero minor of its
reduction lifts to a nonzero minor, so rankFp(M) ⩽ rankK(M). A modular rank can therefore
prove a lower bound in characteristic zero. A modular membership identity alone cannot prove
the corresponding identity over K.

Proposition 10.7 Let U2 be one of the four subspaces of Theorem 10.5, and let S ⊂ V ′ be
the vertex subalgebra generated by U1 ⊕ U2. The following statements hold modulo the primes
p1 = 134217613 and p2 = 133217647, for the residue maps at the primes pi above pi specified
in the supplementary data. All dimensions, decompositions and inclusions in this proposition
refer to the reduced spaces.
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1. dimU2 = 120, and U2 is closed in weight two: u(1)w ∈ U2 and u(2)w ∈ U1 for all
u,w ∈ U2.

2. The vectors x(−3)1, x(−2)y, x(−1)u, L(−1)u and u(0)w (x, y ∈ U1; u,w ∈ U2, u a
highest weight vector), together with their images under g′ ⊕ g′′, span a subspace denoted
by Sgen

3 , of dimension 956 = dimU3, isomorphic as a g′ ⊕ g′′-module to

4V (0, 0) + 11V (0, 2) + 4V (0, 4) + 6V (0, 6) + V (0, 10) + 6V (1, 1) + 8V (1, 3) + 7V (1, 5)
+ 5V (1, 7) + V (1, 9) + 8V (2, 0) + 6V (2, 2) + 7V (2, 4) + 4V (2, 6) + 2V (2, 8) + 2V (3, 1)
+ 5V (3, 3) + 2V (3, 5) + V (3, 7) + V (4, 0) + 2V (4, 2) + V (4, 6) + V (6, 0).

Its nine joint traces TrH ′(0)pH ′′(0)q, with p, q even and 2 ⩽ p+ q ⩽ 6, are exactly those
of U3 determined by the relations of Proposition 6.2.

3. For every u ∈ U2 and every w in this subspace, u(2)w ∈ U2 and u(3)w ∈ U1; for every
y ∈ U1, y(1)w ∈ U2 and y(2)w ∈ U1.

Proof : Exact computations in Fpi
: ranks of matrices over Fpi

, the closure under the zero
modes of e′, f ′, e′′, f ′′ being reached after three iterations. In part 3 we test u = e, u = xC , the
highest weight vectors of the eight primary types and the elements y of a basis of U1 (modulo
p1); the other elements of U2 follow by g′ ⊕g′′-equivariance, the subspace being stable under the
zero modes, and, for (A)2, by expanding the modes of x(−1)y and x(−2)1 as normally ordered
products of modes of currents.

Remark 10.8 The modular ranks give lower bounds for the characteristic-zero ranks under
the reduction conventions above. The membership tests and the reduced module decomposition
are statements over the residue fields. Theorems 10.9 and 10.19 establish the corresponding
characteristic-zero closure and dimensions. Proposition 10.7 by itself does not prove that S is
a Haagerup algebra.

10.5 Case (II): exact weight-two closure, unitarity and symmetries
Let K = Q(

√
13,

√
−3). Let V ′

K be the K-span of the fixed monomial basis, and write Uj,K =
Uj ∩ V ′

K for the forms specified by the rational currents and the displayed primary generators.
Statements about ranks, bases and closure over K refer to these forms; their extensions of
scalars to C recover the corresponding complex spaces. We suppress the subscript K in the
finite computations. The four subspaces of Theorem 10.5 are spanned by vectors of V ′

2 whose
coordinates in the monomial basis lie in K. We write c 7→ c for the complex conjugation of K
(
√

−3 7→ −
√

−3), v 7→ v for the antilinear map of V ′ which conjugates the coordinates in the
monomial basis, and σ for the automorphism

√
13 7→ −

√
13 of K fixing

√
−3.

Theorem 10.9 Each of the four subspaces U2 of Theorem 10.5 has dimension 120 and is closed
in weight two over K: for all u,w ∈ U2 we have u(1)w ∈ U2 and u(2)w ∈ U1.

Proof : We work in exact arithmetic in K, an element being a quadruple of rationals in
the basis 1,

√
13,

√
−3,

√
−39. Through the restriction of scalars K ∼= Q4, every K-subspace

becomes a Q-subspace of four times its dimension, and membership is decided by ranks of
rational matrices, computed weight space by weight space for the Cartan subalgebra of g′ ⊕ g′′.
The rank of U2 is 480 = 4 · 120. We test the 681 nonzero products u(n)w, n ∈ {1, 2}, where
u runs over e, xC and the highest weight vectors of the eight primary types, and w over
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e, xC and the eight modules: none increases the rank. The general case follows: the zero
modes of g′ ⊕ g′′ satisfy [y(0), u(n)] = (y(0)u)(n) and preserve U1 and U2, which transports the
statement from highest weight vectors to the whole modules; for z ∈ U1, the construction gives
z(n)U2 ⊂ U2−n for n ⩾ 0, with U0 = C1 and Uj = 0 for j < 0. This follows separately on
the affine descendants and on the affine-primary summands. The normal-order formula then
gives ((A)2)(1)U2 ⊂ U2 and ((A)2)(2)U2 ⊂ U1: the negative-mode terms in the first inclusion
belong to U1(−1)U1 + U1(−2)U0 ⊂ (A)2. Finally (x(−2)1)(n) = −nx(n−1), and skew symmetry
exchanges the two arguments. We have done this for the two choices attached to the subalgebra
9; the other two are their images under σ, which acts on coefficients and commutes with all the
rational structure constants of V ′.

This proves part 1 of Proposition 10.7 over K.
We now show that the algebra generated is unitary, in the sense of Dong and Lin [DoL14]

and Carpi, Kawahigashi, Longo and Weiner [CKLW18, Section 5]. Recall that V ′ has a rational
form, spanned by the states h1(−n1) · · ·hk(−nk)eλ with hi in the root lattice, since our cocycle
takes the values ±1. For a character χ : L → R>0 of the root lattice L = E6 ⊕A2, let ϕχ be the
antilinear map defined on this basis by

(10.3) ϕχ
(
ch1(−n1) · · ·hk(−nk)eλ

)
= (−1)kχ(λ)ch1(−n1) · · ·hk(−nk)e−λ, c ∈ C.

Theorem 10.10 Let χ be the character taking the values 2
15 , 1, 1,

5
3 ,

9
25 ,

5
24 on the simple roots

α1, . . . , α6 of E6 (Bourbaki numbering) and 2, 2 on the simple roots of A2, in the simple-root
coordinates fixed above.

1. ϕχ is an antilinear involutive automorphism of V ′, and Hχ(u, v) = β(u, ϕχ(v)) is a positive
definite invariant Hermitian form: (V ′, ϕχ) is a unitary vertex operator algebra.

2. ϕχ(e′) = −f ′, ϕχ(f ′) = −e′, ϕχ(H ′) = −H ′, and similarly for g′′; in particular ϕχ(U1) =
U1.

3. ϕχ(U2) = U2 for each of the four subspaces of Theorem 10.5.

Consequently, the vertex subalgebra S ⊂ V ′ generated by U1 ⊕ U2 is a unitary vertex operator
algebra of central charge 8; it is simple, of CFT type and self-contragredient (S ∼= S′).

Proof : 1. Let ϕ1 be the map (10.3) for the trivial character. With a bimultiplicative cocycle we
have ε(−α,−β) = ε(α, β), and ϕ1 is the antilinear involution for which lattice vertex operator
algebras are unitary [DoL14, Theorem 4.12], [CKLW18, Example 5.9]. We have checked our
sign conventions directly: ϕ1(u(n)v) = ϕ1(u)(n)ϕ1(v) for 5050 products of basis states of weights
at most two, and the Gram matrix of H1(u, v) = β(u, ϕ1(v)) is positive definite on each lattice
sector of V ′

1 , V ′
2 and V ′

3 . Write χ(λ) = e⟨hχ,λ⟩L with hχ in the real Cartan subalgebra, and
g = exp(hχ(0)), an automorphism of V ′ acting by χ(λ) on M(1) ⊗ eλ. Then ϕχ = ϕ1 ◦ g =
g−1/2 ◦ ϕ1 ◦ g1/2, so that (V ′, ϕχ) is the transport of (V ′, ϕ1) by the automorphism g−1/2, with
Hermitian form Hχ(u, v) = H1(g1/2u, g1/2v).

2. Direct computation. The character χ was found by solving the ten equations χ(α) =
−κdα/cα with κ > 0 (κ′ for the roots of g′, κ′′ for those of g′′), where cα and dα are the
coefficients of eα in e′ (or e′′) and of e−α in f ′ (or f ′′); all the ratios dα/cα are negative, so that
the right-hand sides are positive, and the solutions form a two-parameter family; the statement
holds for the member displayed.

3. Exact computation over K: for each of the 120 spanning vectors v of U2 constructed in
the proof of Theorem 10.9, the restriction of scalars of ϕχ(v) lies in that of U2. This is done for
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the two choices attached to the subalgebra 9; since χ is rational, ϕχ commutes with σ, and the
statement for the subalgebra 10 follows.

Finally, S is stable under ϕχ, and contains the conformal vector ω = ωA + 2e of V ′, so
that L(1)S ⊂ S. By [CKLW18, Proposition 5.23], S is a unitary subalgebra of (V ′, ϕχ). Since
S0 = C1, it is simple by [CKLW18, Proposition 5.3]. The bilinear form β is nondegenerate on
S, because β(s, ϕχ(s)) > 0 for s ̸= 0 and ϕχ(s) ∈ S; hence S ∼= S′ [FHL93].

Remark 10.11 Theorem 10.10 does not use any information on S beyond its generators: it
holds whatever the dimensions of the homogeneous components of S are. It is the analogue of
[Rie26b, Section 3] for case (I). The trivial character does not work: ϕ1(e′) is not proportional
to f ′, and a positive rescaling of the lattice exponentials is needed. All four subspaces give
unitary algebras. In particular, the sign of

√
13 in the choice of C2 (subalgebras 9 and 10) has

nothing to do with the sign of the quantum dimension d = 3±
√

13
2 : S and σ(S) have the same

graded dimensions, and the non-unitary Galois conjugates of Z(H3) [EvG17] cannot be the
representation category of a strongly rational algebra of CFT type whose nonvacuum simple
modules have positive lowest weights, since its categorical dimensions are then positive [DJX13,
Lemma 4.2], [Hua08].

Proposition 10.12 1. The two subspaces U2 attached to the subalgebra 9 are exchanged
by complex conjugation, and by the linear automorphism θχ : v 7→ ϕχ(v) of V ′, which
normalizes U1. Hence they generate isomorphic vertex operator algebras; the same holds
for the subalgebra 10.

2. The group of automorphisms of the algebra B fixing e and preserving the form has order
two. Its nontrivial element is an orthogonal reflection s; it exchanges the subalgebras 9
and 10 of Table 3, as well as 0 and 14, 1 and 8, 4 and 5, and fixes the seven others.

Consequently the four subspaces give at most two isomorphism classes of vertex operator
algebras, and exactly one if s is induced by an automorphism of V ′ normalizing U1; this is the
case by Proposition 10.27.

Proof : 1. Exact computation: the conjugate of each spanning vector of the first subspace
lies in the second. Since χ is rational, ϕχ commutes with coefficient conjugation. For either
subspace W , Theorem 10.10 gives θχ(W ) = ϕχ(W ) = ϕχ(W ) = W .

2. An automorphism g of B fixing e permutes the fifteen two-dimensional subalgebras
of Proposition 10.3 and preserves their central charges. The pairs of central charges of the
subalgebras 2, 3, 6, 7, 11, 12, 13 occur only once, so g maps each corresponding line CxC to
itself, and g(xC) = xC since g(xC · xC) = g(xC) · g(xC) and λ ̸= 0 since c1 ̸= c2 by (10.2).
These seven vectors span the hyperplane H = span{x1, x2, x3} of e⊥ in the fixed basis. The
restriction of β to H is nondegenerate: its Gram determinant is 147968

2025 , by direct evaluation.
The form on B is nondegenerate because B is stable under ϕχ and Hχ is positive definite. Thus
N = H⊥ ∩ e⊥ is one-dimensional and e⊥ = H ⊕ N . An orthogonal map fixing H pointwise
acts by 1 or −1 on N . Therefore g is the identity or the orthogonal reflection s in H. A direct
computation shows that s is an automorphism, with the stated action. An automorphism of
V ′ normalizing U1 preserves B, e, the product and the form.

Proposition 10.27 constructs an automorphism of V ′ fixing U1 whose restriction to B is s.

Proposition 10.13 Let U2 be the first subspace attached to the subalgebra 9. The following
statements hold modulo the prime p3 = 8388571, for the residue map at the prime above p3
specified in the supplementary data.
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1. The space Sgen
3 of Proposition 10.7 has dimension 956 and u(1)S

gen
3 ⊂ Sgen

3 for all u ∈ U2.
Together with Proposition 10.7, this gives the finite mode closure y(n)Si ⊂ Si−n (n ⩾ 0)
and u(n)Si ⊂ Si+1−n (n ⩾ 1) for y ∈ U1, u ∈ U2, i ∈ {2, 3}, where S2 = U2 and S3 = Sgen

3 ;
this is the analogue of [Rie26b, Proposition 4.1].

2. Let Rb ⊂ V ′
1 be the orthogonal of U1, of dimension 80, and M the subspace generated

from Rb by the modes of U1, L(−1) and the modes u(0), u(−1) (u ∈ U2), as in part
2 of Proposition 10.7. Then dimM2 = 1250, dimM3 = 10630, and U2 + M2 = V ′

2 ,
Sgen

3 +M3 = V ′
3 . These are the dimensions of the module Mb of Section 4, and the sums

are direct by dimension count.

3. The space Sgen
4 spanned by y(−1)S3, L(−1)S3, y(−2)U2, y(−3)U1, u(−1)U2, u(−2)U1 and

u(0)S3 (y ∈ U1; u = e, u = xC or a highest weight vector of one of the eight types),
closed under g′ ⊕g′′, has dimension 6010, the coefficient of q11/3 in the Haagerup vacuum
character, and decomposes as

24V (0, 0) + 27V (0, 2) + 35V (0, 4) + 18V (0, 6) + 11V (0, 8) + 3V (0, 10) + V (0, 12)
+ 28V (1, 1) + 43V (1, 3) + 37V (1, 5) + 24V (1, 7) + 9V (1, 9) + 2V (1, 11) + 17V (2, 0)
+ 39V (2, 2) + 31V (2, 4) + 28V (2, 6) + 10V (2, 8) + 4V (2, 10) + 15V (3, 1) + 23V (3, 3)
+ 16V (3, 5) + 10V (3, 7) + 2V (3, 9) + V (3, 13) + 9V (4, 0) + 7V (4, 2) + 7V (4, 4)
+ 5V (4, 6) + 2V (4, 8) + V (5, 1) + 2V (5, 3) + V (5, 5) + V (5, 7) + V (6, 0)
+ V (6, 2).

In particular it contains the g′ ⊕ g′′-module V (3, 13) once.

4. For y ∈ U1, y(1)S
gen
4 ⊂ Sgen

3 and y(2)S
gen
4 ⊂ U2. For u the highest weight vector of the

types (0, 4), (1, 1), (1, 3), (1, 5), (1, 7), (2, 2), (2, 6), (3, 3) and for u = e, u = xC , we have
u(1)S

gen
4 ⊂ Sgen

4 , u(2)S
gen
4 ⊂ Sgen

3 and u(3)S
gen
4 ⊂ U2.

5. The subspace N ′
4 spanned by L(−1)S3, y(−1)S3, y(−2)U2, y(−3)U1 and u(−1)U2, for u

in the eight primary modules, closed under g′ ⊕ g′′, has dimension 6010 and contains
e(−1)e, xC(−1)xC and e(−1)xC . The corresponding characteristic-zero consequence for
the reduced C2 Poisson algebra is proved in Theorem 10.21.

Remark 10.14 The ranks modulo p3 are lower bounds for the ranks over K; the membership
statements are statements in characteristic p3 and are not proofs over K. Part 2 is a modular
check of the decomposition V ′ = S ⊕ Mb required by Proposition 4.1: by unitarity, V ′ =
S ⊕ S⊥, and the space M is orthogonal to S as soon as S1 = U1, since Hχ(a(n)r, s) is the
Hermitian pairing of r ∈ Rb with a vector of S1. The occurrence over K of the simple current
L(3, 3)⊗L(13, 13), whose affine conformal weight is 3

4 + 13
4 = 4, is proved directly in Proposition

11.4: an explicit weight-four vector is shown to be affine-primary. Thus no inference from the
modular module decomposition to characteristic-zero occurrence or affine primarity is needed.

10.6 Case (II): strong generation and C2-cofiniteness
In this subsection U2 is the first subspace attached to the subalgebra 9; by Proposition 10.12
and the Galois symmetry σ, the results hold for the four subspaces. We write (A)2 ⊂ U2 for
the span of the vectors x(−1)y and x(−2)1 (x, y ∈ U1), of dimension 27, and we put

N3 = L(−1)U2 + U1(−1)U2 ⊂ V ′
3 , S3 = N3 + (U2)(0)U2,

N ′
4 = L(−1)S3 + U1(−1)S3 + U1(−2)U2 + U1(−3)U1 +

∑
τ Mτ (−1)U2 ⊂ V ′

4 ,
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where Mτ ⊂ U2 is the g′ ⊕ g′′-module generated by the primary line of type τ , and Z(n)W
denotes the span of the z(n)w. These spaces are defined over K, stable under the zero modes of
g′ ⊕ g′′, and contained in S. Note that x(−2)y and x(−3)1 lie in N3.

Lemma 10.15 For each of the four choices of U2, we have dimN3 = 725.

Proof : We use the positive Hermitian form of Theorem 10.10 and the decomposition into
integrable modules for A = Lsl2(3, 0) ⊗ Lsl2(13, 0). The regularity of A identifies the module
generated by each nontrivial affine-primary summand with the corresponding simple integrable
module. Write LA(−1) and LC(−1) for the translation operators of the affine and commutant
Virasoro algebras, so that L(−1) = LA(−1) + LC(−1). The affine vacuum module has no
integrability relation before degree four. Its degree-three subspace therefore has dimension
6 + 62 +

(8
3
)

= 98, by ordering the six currents according to their negative modes.
The two vectors of C2 contribute 6 · 2 current descendants and two independent vectors

LC(−1)C2. The eight nontrivial affine-primary summands have total dimension 5 + 4 + 8 +
12 + 16 + 9 + 21 + 16 = 91. For an affine module of highest weight (a, b), its degree-one piece
is the quotient of (g′ ⊕ g′′) ⊗ V (a, b) by the integrability relations in that degree. Among these
eight types, only (3, 3) has such a relation: the highest vector e′(−1)v generates the submodule
V (5, 3), of dimension 24. Indeed the first integrability relations in the two affine factors occur
in degrees 4 − a and 14 − b, respectively. Thus the current descendants of the eight primary
summands have total dimension 6 · 91 − 24.

The Sugawara formula gives LA(−1)Mτ ⊂ U1(−1)Mτ . Thus the remaining derivatives are
the vectors LC(−1)v, with v ∈ Mτ . The vector v has commutant weight hC = 2 − hab > 0.
Since the commutant Virasoro modes satisfy (LC(n))∗ = LC(−n), we have

∥LC(−1)v∥2
Hχ

= ∥LC(1)v∥2
Hχ

+ 2hC∥v∥2
Hχ
.

Consequently LC(−1) is injective on each such summand and on C2, where hC = 2. Its im-
ages are independent of the current descendants: within an affine isotypic component they
have different LA(0)-eigenvalues. Distinct affine highest weights give independent isotypic
components. In the vacuum component the contributions from A3, U1(−1)C2 and LC(−1)C2
have commutant weights 0, 2 and 3, respectively. These account for all terms of N3. Hence
dimN3 = 98 + 14 + (6 · 91 − 24) + 91 = 725.

Definition 10.16 (weight-four certificate condition) Fix the specified bases of U1, U2 and
S3, and the ten vectors consisting of e, xC and one highest weight vector of each primary type.
Condition (F4) asserts that there is a family B4 of 6010 words from the five families defining N ′

4
with the following properties. Proposition 10.17 verifies the complete condition by reconstructing
the words and their memberships.

1. the vectors in B4 are integral at the chosen prime above p3, and their reduced coordinate
matrix has rank 6010;

2. every u(0)s, for the ten specified u and all basis vectors s of S3, and every e(−1)w and
(xC)(−1)w, for basis vectors w of U2, belongs to the K-span of B4;

3. every word of the five defining families of N ′
4, with each argument ranging over the full

specified basis, belongs to that span.

The membership assertions mean the exact coordinate identities Bc = v on all rows after
restriction of scalars. They include zero products and require a complete list of input words;
successfully testing a subset is insufficient. The complete block data, their input labels and the
exhaustive verification are supplied with Proposition 10.17.
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Proposition 10.17 Condition (F4) holds for the first subspace attached to the subalgebra 9 of
Table 3. The characteristic-zero identities and dimensions are transported to the other three
subspaces by coefficient conjugation and the Galois automorphism σ.

Proof : We use the exact lattice model over K = Q(
√

13,
√

−3). The weight-three basis
is regenerated from U1 and U2 and checked to agree exactly with the basis used below. Its
certification, also described in parts 1 and 2 of Theorem 10.19, does not use any weight-four
assertion. The verification of weight four is independent of any identification with an externally
constructed algebra.

All mode evaluations below have homogeneous inputs and outputs of weights at most four,
so the weight-window argument in Section 10 applies. There are 956 basis vectors in S3 and
120 in U2, and the eight primary modules have total dimension 91. The five defining families
of N ′

4 therefore have

956 + 6 · 956 + 6 · 120 + 62 + 91 · 120 = 18368

labelled input words. All of them are evaluated from the lattice mode formulas, including the
zero products. Among the nonzero values, the calculation selects 6010 words with independent
reductions at the chosen prime above p3 = 8388571, with

√
13 7→ 1649360 and

√
−3 7→ 2036966.

Every denominator inverted in the reduction is checked to be nonzero modulo p3. These labelled
words form B4.

The remaining membership assertions have 10 · 956 + 2 · 120 = 9800 labelled inputs. They
too are all evaluated. The verifier checks the complete input domains, the equality of each pivot
with its labelled family word, and every coordinate of each membership identity. In a Cartan
block with r pivots, restriction of scalars gives 4r rational columns. A nonzero 4r× 4r minor is
selected modulo p3, the corresponding square system is solved over Q, and the resulting equality
is checked on every row in exact integer arithmetic. Thus every tested vector lies in the K-span
of the pivots.

The complete verification covers all 131 Cartan blocks carrying nonzero input vectors. The
families contain 18194 nonzero words and 174 zero words, and the additional products contain
9088 nonzero values and 712 zero values. All 886 zero inputs are independently checked from
the mode formulas or from the Cartan energy bound in the lattice. An absent record is never
treated as a zero vector. The complete verification reports no failure, and the exact coordinate
data and verification results are included in the supplementary material. Missing or truncated
blocks, duplicate labels, a failed minor or a nonzero residual cause failure. Consequently all
three requirements in Definition 10.16 hold.

Finally, coefficient conjugation and σ commute with the rational lattice products and fix the
current algebra. They transport U2, the five defining families, the exact coordinate identities
and linear independence over K to the other three choices. For the reduction statement one
transports the chosen prime as well as the bases, rather than imposing the same residue values
on the conjugate coefficients. The resulting characteristic-zero statements therefore hold for all
four choices. This argument does not use Theorem 10.24.

Remark 10.18 The exact membership assertions in (F4) admit a representation-theoretic re-
duction. The values of H ′ +H ′′ on the eight simple roots are (0,−2, 2, 0, 2, 0, 2, 2). Thus every
Cartan weight (a, b) of V ′ satisfies a ≡ b (mod 2). Each irreducible g′ ⊕ g′′-module in V ′

4 there-
fore contains either weight (0, 0) or weight (1, 1). For two stable subspaces W,X ⊂ V ′

4 , complete
reducibility of (W +X)/W gives

X ⊂ W ⇐⇒ X(0,0) ⊂ W(0,0) and X(1,1) ⊂ W(1,1).
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This applies to W = N ′
4 and X = (U2)(0)S3 + (U2)(−1)U2, since zero modes of currents act as

derivations and all their argument spaces are stable. Here the subscripts denote Cartan weight
spaces. Applying this criterion requires the full spaces W and X, or generators of them with
their full current orbits. Restricting the ten highest weight inputs alone to these two blocks
would not suffice. This reduction is not used to replace the membership calculations reported
here, and it does not establish the dimension or integrality assertions of (F4).

Theorem 10.19 The following statements hold over K.

1. dimS3 = 956, and S3 is stable under the zero modes of g′ ⊕ g′′.

2. L(1)S3 ⊂ U2, L(2)S3 ⊂ U1, and y(1)S3 ⊂ U2, y(2)S3 ⊂ U1 for y ∈ U1.

3. u(0)S3 ⊂ N ′
4 for all u ∈ U2, and e(−1)U2 + xC(−1)U2 ⊂ N ′

4. Consequently (U2)(0)S3 +
(U2)(−1)U2 ⊂ N ′

4.

4. dimN ′
4 = 6010; hence N ′

4 = L(−1)S3 +U1(−1)S3 +U1(−2)U2 +U1(−3)U1 +(U2)(−1)U2 +
(U2)(0)S3 has dimension 6010.

Proof : All vectors are represented as K-linear combinations of monomial states using the
lattice formulas of Section 10. Membership of a vector v in the span of vectors b1, . . . , br is
decided in the weight space of v for the Cartan subalgebra of g′ ⊕ g′′, through the restriction
of scalars K ∼= Q4: the vectors bi,

√
13bi,

√
−3bi,

√
−39bi give 4r rational columns; a set of 4r

rows on which they are independent modulo p3 = 8388571 is found, so that the corresponding
square minor is nonzero over Q; the square system is solved exactly over Q; and the solution
is checked on all rows in exact integer arithmetic. A vector passes only if the identity Bc = v
holds exactly.

1. We choose 956 vectors among the generating words x(−1)w, L(−1)w, x(−2)y, x(−3)1
(x, y in a basis of U1, w in a basis of U2), u(0)w (u = e, xC or a highest weight vector of
one of the eight types) and their images under the zero modes e′

(0), f
′
(0), e

′′
(0), f

′′
(0), independent

modulo p3, hence over K. All the 1871 nonzero generating words and the 2862 nonzero images
of the chosen vectors under these four zero modes lie in their span, exactly. Hence the span
Σ of the chosen vectors is stable under g′ ⊕ g′′ and contains N3 and u(0)U2 for the ten vectors
u above. The zero mode identity [y(0), u(0)] = (y(0)u)(0) then gives Mτ (0)U2 ⊂ Σ for each
type; for u ∈ (A)2, the modes u(0) are normally ordered products of modes of currents, and
u(0)U2 ⊂ U1(−1)U2 + U1(−2)U1 + L(−1)U2 ⊂ N3. Thus Σ = S3.

2. These inclusions also follow without a matrix computation. Put T = L(−1). Theorem
10.9, applied to the conformal vector ω ∈ U2, gives L(1)U2 ⊂ U1, while L(2)U2 ⊂ C1 by
the grading. The Virasoro relation [L(j), T ] = (j + 1)L(j − 1), the current relations and the
translation identity give the required inclusions on N3 = TU2 + U1(−1)U2. More explicitly,
for y, z ∈ U1 and u ∈ U2, use [L(j), y(−1)] = y(j−1), [z(j), T ] = jz(j−1) and [z(j), y(−1)] =
[z, y](j−1) + δj,1κ(z, y) Id, for j = 1, 2, where z(1)y = κ(z, y)1.

For u, v ∈ U2, the Virasoro commutator formula gives

L(1)(u(0)v) = 2u(1)v + (L(1)u)(0)v + u(0)L(1)v,
L(2)(u(0)v) = 3u(2)v + 3(L(1)u)(1)v.

The terms involving L(2)u or L(2)v vanish because the zero mode of the vacuum is zero and
u(0)1 = 0. Similarly, for y ∈ U1,

y(1)(u(0)v) = (y(0)u)(1)v + (y(1)u)(0)v + u(0)y(1)v,

y(2)(u(0)v) = (y(0)u)(2)v + 2(y(1)u)(1)v.
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All the terms belong to the spaces asserted in part 2, by weight-two closure and skew symmetry.
This proves the inclusions on S3 = N3 + (U2)(0)U2. Independent matrix checks on the 956 basis
vectors give the same inclusions: they record 772, 60, 2116 and 129 nonzero tests, respectively,
with no failure.

3. For the ten vectors u of part 1 and the 956 basis vectors s of S3, and for u ∈ {e, xC} and
w in a basis of U2, the vectors u(0)s and u(−1)w lie in the span of 6010 words of N ′

4, chosen
independent modulo p3, by Proposition 10.17. Its complete verification covers 9088 nonzero
tests and 712 zero tests, with no failure. The extension to all u ∈ U2 follows as in part 1: N ′

4
is stable under g′ ⊕ g′′, since it is spanned by stable families, S3 is stable by part 1, and for
u ∈ (A)2 the modes u(0), u(−1) are normally ordered products of modes of currents, which map
S3 and U2 into N ′

4 by part 2. Finally Mτ (−1)U2 ⊂ N ′
4 by definition.

4. Proposition 10.17 gives membership for all 18368 words of the five defining families and
independence of the 6010 pivots, hence dimN ′

4 = 6010.
The next lemma gives the passage from these finite identities to all conformal weights.
The next lemma is a variant of [Rie26b, Lemma 4.3], where N(G) is the span of all parenthe-

sized normal products; with right-nested monomials the proof has to be organized differently,
and we give it in full. We know of no published statement containing hypothesis 2; the case
A = G is classical.

Lemma 10.20 (triangular strong generation) Let W =
⊕

n⩾0 Wn be a vertex algebra with
a grading such that wt(a(n)b) = wt a + wt b − n − 1 and W0 = C1; let A ⊂ G be finite
sets of homogeneous vectors of positive weight. Let N(G) be the span of 1 and of the vectors
g1

(−n1) · · · gk(−nk)1 with gi ∈ G and ni ⩾ 1. Assume:

1. a(n)g ∈ N(G) for all a ∈ A, g ∈ G and n ⩾ 0;

2. every g ∈ G \A of weight d is the sum of an element of N(G<d) and of vectors a(0)b with
a ∈ A, wt a ⩾ 2, and b ∈ N(G<d) of weight d− wt a+ 1, where G<d is the set of elements
of G of weight less than d.

Then N(G) is a vertex subalgebra of W , strongly generated by G.

Proof : All vectors are homogeneous, and a monomial is a word g1
(−n1) · · · gk(−nk)1 as above, of

length k. For T ⩾ 0 consider the statements

P (T ): g(n)w ∈ N(G) for all g ∈ G, n ⩾ 0 and w ∈ N(G) with wt g + wtw ⩽ T ;

Q(T ): z(s)w ∈ N(G) for all z, w ∈ N(G) and s ∈ Z with wt z + wtw ⩽ T ,

and P<d(T ), Q<d(T ) the same statements with g ∈ G<d, respectively z ∈ N(G<d).
Step 1: if P (T ) holds for the elements of G′ ∈ {G,G<d}, then Q(T ) holds for all z ∈ N(G′).

By induction on the length of z, the case z = 1 being trivial. If z = k(−p)z
′, the iterate formula

gives

z(s)v =
∑
i⩾0

(
p+ i− 1

i

)(
k(−p−i)

(
z′

(s+i)v
)

− (−1)pz′
(s−p−i)

(
k(i)v

))
,

a finite sum. Here z′
(s+i)v ∈ N(G) since z′ is shorter, and k(−p−i) preserves N(G) by definition;

k(i)v ∈ N(G) by P (T ); and z′
(s−p−i)(k(i)v) ∈ N(G) since z′ is shorter and wt z′ + wt(k(i)v) =

wt z + wt v − p− i ⩽ T .
Step 2: Q(T −1) implies P (T ) for g ∈ A. Write w = h(−m)w

′. By the commutator formula,

g(n)h(−m)w
′ = h(−m)g(n)w

′ +
∑
j⩾0

(
n

j

)
(g(j)h)(n−m−j)w

′.
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The first term lies in N(G) by P (T − 1), which follows from Q(T − 1). In the second, z =
g(j)h ∈ N(G) by hypothesis 1, and wt z + wtw′ ⩽ T −m− j ⩽ T − 1, so z(n−m−j)w

′ ∈ N(G)
by Q(T − 1), whatever the sign of n−m− j.

Step 3: Q(T − 1), and P (T ) for A and for G<d, imply P (T ) for the elements of G \ A
of weight d. By Step 1, Q<d(T ) holds. Write g = ν +

∑
a(0)b as in hypothesis 2, with

ν, b ∈ N(G<d). If b has weight zero, then a(0)b = 0; we may therefore assume wt b ⩾ 1
and wt a ⩽ d. Then ν(n)w ∈ N(G) by Q<d(T ), and (a(0)b)(n)w = a(0)(b(n)w) − b(n)(a(0)w),
where b(n)w ∈ N(G) by Q<d(T ), a(0)(b(n)w) ∈ N(G) and a(0)w ∈ N(G) by P (T ) for A, and
b(n)(a(0)w) ∈ N(G) by Q<d(T ), since wt b+ wt(a(0)w) = wt g + wtw ⩽ T . For the first nested
term, wt a + wt(b(n)w) = wt g + wtw − n ⩽ T . Thus neither use increases the induction
parameter.

Step 4. Q(0) holds since N(G)0 = C1. Given Q(T − 1), Step 2, then Step 3 by increasing
d, give P (T ), and Step 1 gives Q(T ). Hence N(G)(s)N(G) ⊂ N(G) for all s; since 1 ∈ N(G),
N(G) is a vertex subalgebra, strongly generated by G by definition.

Theorem 10.21 Let S ⊂ V ′ be the vertex subalgebra generated by U1 ⊕U2, for any of the four
subspaces U2 of Theorem 10.5.

1. S is strongly generated by U1 ⊕U2 ⊕D3, where D3 is a complement of N3 in S3; one may
take 6 + 93 generators in weights one and two and at most 231 in weight three.

2. S1 = U1, S2 = U2, dimS3 = 956 and dimS4 = 6010: the graded dimension of S agrees
with the vacuum character X(0)

0 of Section 3 up to q11/3.

3. S is C2-cofinite.

Proof : 1–2. Apply Lemma 10.20 in W = S with A a basis of U1 ⊕U2 and G the union of this
finite basis with a basis of D3 chosen among representatives u(0)w modulo N3, where u,w ∈ U2.
Hypothesis 2 holds by construction. Hypothesis 1: for a ∈ U1 and g ∈ U1 ⊕ U2, by the affine
structure and the construction of U2 ((A)2 consists of affine descendants, y(n)e = y(n)xC = 0
for y ∈ U1, n ⩾ 0, and the Mτ are A-primary); for a, g ∈ U2, a(0)g ∈ S3 = N3 + D3 ⊂ N(G),
a(1)g ∈ U2, a(2)g ∈ U1 (Theorem 10.9); for a ∈ U2, g ∈ U1, by skew symmetry; for g ∈ D3
and a ∈ U1, by part 2 of Theorem 10.19 and the stability of S3 under zero modes; for g ∈ D3
and a ∈ U2: a(0)g ∈ N ′

4 ⊂ N(G) by part 3 of Theorem 10.19, every term of N ′
4 being a

normal product of generators and of their derivatives; and a(n)g for n = 1, 2, 3 follow from
the commutation relations [L(1), a(n)] = (2 − n)a(n+1) and [L(2), a(1)] = 2a(3), valid for a
quasi-primary of weight two, which give

2a(1)g = L(1)a(0)g−a(0)L(1)g, a(2)g = L(1)a(1)g−a(1)L(1)g, 2a(3)g = L(2)a(1)g−a(1)L(2)g.

Since L(1)N ′
4 ⊂ S3 (a direct check on each family, using [L(1), y(n)] = −ny(n+1) for currents,

[L(1),m(−1)] = 3m(0) for quasi-primary m of weight two, L(1)L(−1) = L(−1)L(1) + 2L(0) and
part 2 of Theorem 10.19), L(1)S3 ⊂ U2, L(2)S3 ⊂ U1 and (U2)(n)Uk ⊂ Uk+1−n for k = 1, 2 and
n ⩾ 1, together with (U2)(0)U2 ⊂ S3 and (U2)(0)U1 ⊂ U2, we get a(1)g ∈ S3, a(2)g ∈ U2 and
a(3)g ∈ U1. Moreover U2 = (U2 ∩ KerL(1)) + L(−1)U1, since L(1)U2 ⊂ U1 and L(1)L(−1) = 2
on U1; for a = L(−1)y, y ∈ U1, we have a(n) = −ny(n−1), which reduces this case to a ∈ U1.
For n ⩾ 4, a(n)g lies in S4−n ⊂ C1. In these checks, Mτ (−1)U1 and the weight-four monomials
D3(−1)U1, U2(−2)U1 are brought to the listed families by skew symmetry. Therefore N(G)
is a vertex subalgebra containing U1 ⊕ U2, so N(G) = S. Its homogeneous components are
spanned by normally ordered monomials: S1 = U1, S2 = U2, S3 = N3 + D3, and S4 is
spanned by L(−1)S3, U1(−1)S3, U1(−2)U2, U1(−3)U1 and U2(−1)U2, which lie in N ′

4 by part
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3 of Theorem 10.19. Since (A)2 ⊂ N(U1), its basis vectors may be removed from the strong
generating set, leaving 120 − 27 = 93 weight-two generators. Lemma 10.15 gives dimN3 = 725,
so a complement D3 has dimension 956 − 725 = 231. The independently computed nonzero
minor modulo the chosen prime above p3 also gives the lower bound dimN3 ⩾ 725.

The initial choice of representatives does not restrict the complement in the statement.
Indeed, for any other complementD′

3 ofN3 in S3, every basis vector ofD′
3 is a linear combination

of the chosen vectors u(0)w, modulo N3. Since N3 ⊂ N(U1 ⊕U2), hypothesis 2 of Lemma 10.20
still holds. The verification of hypothesis 1 above uses inclusions on the whole space S3 and
applies without change. Hence the lemma also applies to this complement.

3. We follow [Rie26b, Section 5]. Let R = S/C2(S) be the C2 Poisson algebra, [a][b] =
[a(−1)b], {[a], [b]} = [a(0)b], and R its quotient by the nilradical n, a Poisson ideal [Ara12,
Corollary 2.4.2]. By part 1, R is generated by the classes of G [Ara12, Corollary 2.6.2] (only the
elementary direction is used: C2(S) contains the a(−n)b, n ⩾ 2, and is an ideal for the product
[a][b] = [a(−1)b]), so it suffices to show that these classes vanish in R. The currents vanish.
Indeed v = e′(−1)41 satisfies f ′(1)v = 0, as the image of the singular vector of the universal
affine algebra of level 3, and ϕχ(e′) = −f ′ gives Hχ(e′

(m)u, u
′) = Hχ(u, f ′

(−m)u
′) for the positive

definite form of Theorem 10.10; hence Hχ(v, v) = Hχ(e′(−1)31, f ′(1)v) = 0 and v = 0. Likewise
e′′(−1)141 = 0. Thus [e′]4 = [e′′]14 = 0, and the Poisson brackets with f ′, f ′′ give the other
currents. A nontrivial irreducible g′ ⊕ g′′-module M satisfies M = (g′ ⊕ g′′) · M , and the zero
modes of currents act on R by Poisson brackets with classes that vanish; hence the nontrivial
isotypic components of U2 vanish in R, as well as (A)2. The invariant vectors of U2 modulo (A)2
are e and xC . By part 3 of Theorem 10.19, e(−1)e and xC(−1)xC lie in N ′

4, whose classes lie
in n: L(−1)S3, U1(−2)U2 and U1(−3)U1 lie in C2(S), and U1(−1)S3, Mτ (−1)U2 are products
with nilpotent classes. Thus [e]2 = [xC ]2 = 0 in R, which is reduced, so [e] = [xC ] = 0. Finally
D3 ⊂ N3 + (U2)(0)U2 consists of products and Poisson brackets of vanishing classes. Hence all
generators of R are nilpotent, and R, finitely generated and commutative, is finite-dimensional.

Corollary 10.22 Independently of the membership verification in Proposition 10.17, condition
(F4) follows from a dimension argument in either of the following situations:

1. the subspace U2 is the weight-two space of a Haagerup algebra U ⊂ V ′ containing the fixed
currents;

2. the existence and character assertion of [Jia26] is granted, and S is identified with Jiao’s
algebra by Theorem 10.24.

Consequently the conclusions of Theorem 10.21 hold in either situation without a separate
weight-four membership certificate.

Proof : The rank computation of Proposition 10.13, part 5, supplies 6010 words of N ′
4 with

independent reductions. They are integral at the chosen prime above p3, so dimKN
′
4 ⩾ 6010.

In the first situation, S ⊂ U by construction and dimU4 = 6010, hence N ′
4 ⊂ S4 ⊂ U4

forces equality throughout. In the second situation, identification with Jiao’s algebra gives
dimS4 = 6010, with the same consequence. In both cases the chosen words form a basis of S4.
Every mode product in (F4) belongs to S4 by the grading, and all five defining families of N ′

4 lie
there. Thus all the required membership identities follow. All the chosen words, input vectors
and coordinate matrices are defined over the fixed K-forms. Membership after extension to C
therefore implies membership over K: the rank of a matrix with entries in K is unchanged by
extension of scalars. The proof of Theorem 10.24 uses weight-two closure and generation, not
Theorem 10.21, so the second argument is not circular.
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Remark 10.23 For S, no analogue of the weight-five obstruction calculation of [Rie26b, Propo-
sition 4.2] is needed. In case (I), the space S4 contains up to three vectors that are not normal
products of lower generators, and they require a weight-five check; in case (II), N ′

4 = S4 and
no generator of weight four is needed. Theorem 10.21 uses the finite input of Theorems 10.9
and 10.19, whose weight-four identities are established over K in Proposition 10.17. Corol-
lary 10.22 gives an alternative dimension argument when an ambient Haagerup algebra or the
stated external existence result is available. Modular computations select pivots. The dimen-
sion dimN3 = 725 is proved without a matrix computation in Lemma 10.15, and the modular
minor supplies an independent lower-bound check.

10.7 Case (II): identification with Jiao’s algebra and uniqueness
Jiao [Jia26] defines a vertex subalgebra V = ⟨ω, PE , PF , PH , BE , BF , BH , u26, u17⟩ of the lattice
algebra of E6 ⊕ A2, generated by the conformal vector, two sl2-triples of levels 3 and 13 and
two explicit weight-two vectors of types [2, 6] and [1, 7] with coefficients in K [Jia26, Section 3].
He gives a computer-assisted proof, which we have not checked in full, that V is unitary and
strongly rational with Rep(V ) ≃ Z(H3) as braided categories [Jia26, Theorem 1.1], and that
every simple V -module other than V has a positive lowest weight [Jia26, Corollary 6.8]. His
construction is dated October 4, 2026; it precedes the present work and the announcements
[Rie26a, Hua26], and it makes no uniqueness assertion [Jia26, Section 1.2]. Below, “assuming
(HJ)” means granting these two statements.

Theorem 10.24 Let S be the vertex subalgebra generated by U1 ⊕ U2, where U2 is the first
subspace of the subalgebra 9 in Theorem 10.9. There is an isomorphism of vertex operator
algebras ψ from the lattice algebra of [Jia26] onto V ′ = VE6⊕A2 such that ψ(V ) = S. It maps
the triples (PE , PF , PH) and (BE , BF , BH) onto (e′, f ′, H ′) and (e′′, f ′′, H ′′).

Proof : We compute the transport, membership and generation in exact arithmetic with the
normalized coefficients described below. Both models use the convention

Y (ep, x)eq = ε(p, q)x(p,q)(ep+q +O(x)
)
,

with bimultiplicative cocycles with values ±1 and commutator (−1)(p,q); Jiao’s cocycle is given
on pairs (αi, αj) with i > j [Jia26, Section 3.1].

The isometry. Let φ be the isometry of root lattices given by the isomorphism of Dynkin
diagrams sending the simple roots 1, . . . , 8 of [Jia26] (edges 12, 23, 34, 45, 36, 78) to our simple
roots 1, 3, 4, 5, 6, 2, 7, 8, and let w = s6s1s3s2s4s5s4s3s2s4 in the Weyl group of E6 (found by an
orbit search). Then ψ0 = w ◦ φ sends the Cartan elements PH , BH to H ′, H ′′.

The cocycle. Put r(p, q) = ε(ψ0p, ψ0q)εJiao(p, q). It is bimultiplicative, and symmetric since
ψ0 is an isometry, so that r(p, q)r(q, p) = (−1)(ψ0p,ψ0q)+(p,q) = 1; moreover r(αi, αi) = 1 since
both cocycles satisfy ε(α, α) = (−1)(α,α)/2. With rij = r(αi, αj), the function η(p) =

∏
i<j r

pipj

ij

satisfies η(p + q) = η(p)η(q)r(p, q). Hence ep 7→ η(p)eψ0p, h(−n) 7→ (ψ0h)(−n) defines an
isomorphism of vertex operator algebras, which maps the conformal vector to the conformal
vector.

The torus. The images of PE and BE have the same supports as e′ and e′′, and the ratios
of the coefficients are positive rational numbers. The ten resulting conditions on a character
t of the root lattice (3 roots for PE , 7 for BE) are consistent; a solution is t(αi) = 2ai3bi5ci

with half-integral exponents. Composing with the automorphism exp(ht(0)), which acts on
M(1) ⊗ eλ by t(λ), we obtain ψ with ψ(PE) = e′, ψ(BE) = e′′, ψ(PH) = H ′, ψ(BH) = H ′′,
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hence ψ(PF ) = f ′ and ψ(BF ) = f ′′ (the element f of an sl2-triple is determined by e and H;
this is also checked directly). The isomorphism ψ is not defined over K.

Inclusion. The vectors ψ(u26) and (−5)−1/2ψ(u17) have coefficients in K, and they lie in
the first subspace U2 of the subalgebra 9 (exact membership over K). Hence ψ(V ) ⊂ S.

Equality. Put û26 = ψ(u26) and û17 = (−5)−1/2ψ(u17), and put U2,K = U2 ∩ V ′
K and

A2,K = A2 ∩ V ′
K for the fixed K-form of V ′. We use these two normalized vectors, whose

coefficients are obtained by exact simplification of the radicals in the torus transport. Let WK
be the smallest K-subspace of U2,K containing A2,K, ω, û26 and û17, stable under the zero
modes of the six rational currents and under first products of its elements. Theorem 10.9 gives
WK ⊂ U2,K, and every generating word lies in ψ(V ).

At p3 = 8388571, take the residue map specified by
√

13 7→ 1649360 and
√

−3 7→ 2036966.
The finite family computed by the generation script consists of words in the normalized gener-
ators and has coordinates integral at this prime. Its reduction has rank 120.

A nonzero 120 × 120 minor of the reduced matrix lifts to a nonzero minor over K. Thus
dimKWK ⩾ 120 = dimK U2,K, and WK = U2,K. Complexification gives U2 ⊂ ψ(V ); together
with U1 ⊂ ψ(V ), this proves S ⊂ ψ(V ).

For this ψ, the vectors ψ(u26) and ψ(u17) lie in none of the three other subspaces of Theorem
10.5. This depends on the choice of ψ, which may be composed with automorphisms of V ′

normalizing U1.

Corollary 10.25 Assuming (HJ), the algebras attached to the two subspaces of the subalgebra
9 (isomorphic by Proposition 10.12) are positive strongly rational, with Rep(S) ≃ Z(H3) as
braided categories; case (II) of Theorem 8.5 is realized.

Proof : A vertex operator algebra isomorphism induces a braided equivalence of the module
categories and preserves the lowest weights; apply Theorem 10.24 and Proposition 10.12.

The six currents e′, f ′, H ′, e′′, f ′′, H ′′ have rational coordinates in the Q-form V ′
Q spanned

by the lattice monomials, and the four subspaces U2 are defined over K. Let σ ∈ Gal(K/Q)
satisfy σ(

√
13) = −

√
13 and σ(

√
−3) =

√
−3. On V ′

K = V ′
Q ⊗Q K, the σ-semilinear bijection

σ̃ = id ⊗ σ preserves all products and fixes ω and the six rational currents. It maps the K-form
of the generating space of S(9,c) onto that of S(10,c), for c ∈ {0, 1}. We call the complexification
of the image algebra the Galois conjugate of S(9,c). This construction requires no extension of
σ to C. Any such extension gives the same image subalgebra, although the induced semilinear
map on all of V ′ depends on the extension. The linear automorphism θχ of Proposition 10.12
exchanges S(9,0) and S(9,1).

Lemma 10.26 In either case of Theorem 8.5, let Z be the pointwise stabilizer of U1 in Aut(V ′),
and let h be the Cartan subalgebra spanned by the simple roots of E6 ⊕A2. Then every element
of Z preserves h, its kernel on h has order two, and |Z| ⩽ 8. The nonidentity element of this
kernel is the torus automorphism ρ associated with the character χ0 whose values are

(
χ0(α1), . . . , χ0(α8)

)
=

{
(1,−1,−1, 1,−1, 1, 1, 1) in case (I),
(−1, 1, 1,−1, 1,−1, 1, 1) in case (II).

Thus ρ(eλ) = χ0(λ)eλ, and ρ fixes the oscillators.

Proof : We give an argument using the roots and the supports of the currents. An automorphism
of V ′ restricts to an automorphism of V ′

1 = e6 ⊕ sl3, and this restriction is injective since
V ′

1 generates V ′. The labels of the E6 component of H ′′ are (2, 1, 1, 0, 1, 2) in case (I) and
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(1, 0, 0, 1, 0, 1) in case (II). The roots vanishing on this element form respectively the systems
generated by α4 and by α2, α3, α5. In case (I), H ′ = α4; in case (II), H ′ = −α2 +α3 +α5, whose
labels on these three pairwise orthogonal roots are −2, 2, 2. The A2 component of H ′′ has labels
(2, 2). Consequently no root vanishes on both H ′ and H ′′, and their common centralizer in V ′

1
is exactly h. Thus Z preserves h.

An element of Z acts on the roots by an isometry fixing H ′ and H ′′. The subgroup of
the Weyl group with this property is trivial: a generic real linear combination of H ′ and H ′′ is
regular, and a Weyl group acts freely on the chambers of the complement of the root hyperplanes.
Since the two irreducible factors are not isomorphic and their diagram automorphism groups
both have order two, at most four root isometries can occur.

For completeness, the raising currents of the chosen rational triples are, in case (I),

(10.4)
e′ = eα4 ,

e′′ = 5eα1 + 4eα6 + 3eα2+α3+α4 + eα2+α4+α5

+ 4eα3+α4+α5 + eα7 + eα8 ,

and in case (II),

(10.5)
e′ = e−α2 + eα3 − 5

3e
α5 ,

e′′ = 4eα4+α5+α6 + 4eα2+α3+α4+α5+α6 + eα2+α3+2α4+α5

+ 3eα1+α3+α4 + 5eα1+α2+α3+α4+α5 + eα7 + eα8 .

An automorphism acting trivially on h scales the root vectors by a character t of the root
lattice. Write ti = t(αi). Fixing the raising currents requires t(β) = 1 for each root in their
supports. Formula (10.4) gives t1 = t4 = t6 = t7 = t8 = 1 and t2t3 = t2t5 = t3t5 = 1, hence
t2 = t3 = t5 ∈ {1,−1}. Formula (10.5) gives t2 = t3 = t5 = t7 = t8 = 1, t4t6 = t24 = t1t4 = 1,
hence t1 = t4 = t6 ∈ {1,−1}. In both cases the displayed nontrivial character fixes the raising
currents and the Cartan elements, and hence the lowering currents. Indeed the lowering element
of an sl2-triple is determined by its raising and Cartan elements: their difference would be a
weight −2 vector annihilated by the raising operator, which is impossible in a finite-dimensional
sl2-module. Thus this character fixes U1. This proves that the torus kernel has order two, and
|Z| ⩽ 2 · 4 = 8.

Proposition 10.27 In case (II), let Z be the group of automorphisms of V ′ which fix U1
pointwise.

1. Z ∼= (Z2)3, and every element of Z is the lift of an isometry of E6 ⊕ A2, equal to the
identity or a diagram automorphism on each factor, composed with an element of the
torus.

2. Four elements of Z act on the Griess algebra B by the reflection s of Proposition 10.12,
and the four others act trivially.

3. Let g be the automorphism of the Dynkin diagram of E6 (α1 ↔ α6, α3 ↔ α5), extended by
the identity on A2, and let z be the automorphism of V ′ with z(h(−n)) = (gh)(−n) and
z(eλ) = c(λ)egλ, where c(λ) =

∏
i c
λi
i

∏
i<j δ

λiλj

ij for λ =
∑
i λiαi (simple roots α1, . . . , α6

of E6 in Bourbaki’s numbering, then α7, α8 of A2), δij = ε(αi, αj)ε(gαi, gαj) (so that
δii = 1 and c(αi) = ci), and (c1, . . . , c8) = ( 4

5 , 1,−
5
3 ,−1,− 3

5 ,
5
4 , 1, 1). Then z ∈ Z, and z

maps the subspace U2 of S(9,c) onto that of S(10,c), for c = 0, 1.
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In particular the four algebras S(9,0), S(9,1), S(10,0), S(10,1) are isomorphic; the Galois conjugate
of S(9,0) = ψ(V ) is isomorphic to it.

Proof : First we prove part 1 without solving polynomial equations. Let z be the lift in part
3, let z′ be the lift of the diagram automorphism of A2 with all ci = 1, and let ρ be the torus
automorphism of Lemma 10.26. The cocycle identity displayed below constructs z and z′ on
the whole lattice algebra. Substitution in (10.5) and the Cartan elements gives z, z′ ∈ Z; the
lowering currents are then fixed by the uniqueness just used. Their actions on the simple-root
exponentials and on h give

z2 = z′2 = ρ2 = 1, zz′ = z′z, zρ = ρz, z′ρ = ρz′.

They generate eight distinct automorphisms: the isometry parts of z and z′ are independent
diagram automorphisms, and ρ is a nontrivial torus automorphism. Lemma 10.26 proves that
these are all the elements of Z.

The action on B is also determined by these three generators. In the basis b0 = e, b1, . . . , b4
used above, direct application of the lifts gives z(bi) = z′(bi) = bi for 0 ⩽ i ⩽ 3 and

z(b4) = z′(b4) = −b4 − 1
12b1 + 5

24b2 + 1
16b3, ρ(bi) = bi (0 ⩽ i ⩽ 4).

Thus z|B = z′|B = s and ρ|B = 1, proving part 2. The supplementary material contains exact
checks of these formulas, the group relations and the currents; the argument for the upper
bound uses only the root systems and the character equations of Lemma 10.26.

An independent polynomial computation gives the same centralizer. An automorphism of
V ′ is determined by its restriction to V ′

1 = e6 ⊕ sl3, and conversely every automorphism of this
Lie algebra preserves the normalized invariant forms of the two simple ideals, hence extends
to the affine Lie algebra and lifts to its irreducible vacuum module V ′ ∼= Le6(1, 0) ⊗ Lsl3(1, 0)
[Kac90]. Under U1, the space V ′

1 decomposes as
⊕

τ V (τ) ⊗ Mτ , with multiplicity spaces Mτ

of dimension 3 for τ = (0, 2), 2 for τ = (0, 4), (1, 3), and 1 for (2, 0), (1, 1), (1, 5), (2, 2),
(2, 4), (3, 1). An element of Z acts by id ⊗ zτ , with zτ fixing the highest weight vectors e′, e′′,
and it is a Lie algebra automorphism if and only if zad(mk) =

∑
l(zτ )lkad(ml)z for a basis

(mk) of the highest weight vectors; by equivariance the other brackets follow. This is a system
of 184 distinct equations of degree at most two (4 of them linear) with rational coefficients
in 19 unknowns; its Gröbner basis over Q shows that it has exactly 8 solutions, which form
a group (Z2)3, all monomial on the root vectors. On B ⊂ V ′

2 , a vector b is determined by
the map x 7→ x(1)b on V ′

1 : if x(1)b = 0 for all x, then [x, y](2)b = x(1)y(1)b − y(1)x(1)b = 0 and
V ′

1 = [V ′
1 , V

′
1 ], and all modes x(n), n > 2, annihilate b by weight. The subspace of V ′

2 annihilated
by the positive current modes is a finite-dimensional V ′

1 -module. If it were nonzero, a highest
weight vector in this subspace would generate a proper affine submodule, since negative current
modes increase weight. This contradicts the irreducibility of the vacuum module V ′, so b = 0;
hence z(b) is determined by x(1)z(b) = z((z−1x)(1)b), a linear system with a unique solution in
B. This gives part 2: the nontrivial action fixes the hyperplane spanned by the seven fixed lines
of Proposition 10.12, so it is s. For part 3, c is the unique lift compatible with the cocycle: it
satisfies c(λ+ µ) = c(λ)c(µ)ε(λ, µ)ε(gλ, gµ) and agrees with the values on the 78 roots read off
from the solution. The cocycle identity proves that the lift preserves all vertex products, and
its values on the six currents show that it fixes U1 pointwise. Finally, z maps a spanning set of
the first, respectively second, subspace U2 of the subalgebra 9 into the corresponding subspace
of the subalgebra 10, by exact membership over K, and into none of the other three. Since both
have dimension 120, these are equalities. An automorphism of V ′ fixing U1 maps the algebra
generated by U1 ⊕ U2 onto the algebra generated by U1 ⊕ z(U2).
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Lemma 10.28 Let S ⊂ U be an inclusion of positive strongly rational vertex operator algebras
with the same conformal vector. If dim Rep(S) = dim Rep(U), then S = U .

Proof : Let M0 = S,M1, . . . ,Mr be the simple ordinary S-modules, with lowest weights hi and
quantum dimensions di. Rationality gives a decomposition U =

⊕
imiMi as an S-module. It

is finite: there are finitely many isomorphism classes, and the multiplicity of Mi is bounded by
dimUhi

when hi is a nonnegative integer, and is zero otherwise, since the conformal vector is
the same. In particular m0 = 1 because U0 = C1, and di > 0 by positivity.

Write SS , SU for the normalized modular S-matrices. In the modular transformation of the
characters at τ = i/y, positivity of the lowest nonvacuum weights makes the vacuum term the
unique dominant term as y ↓ 0. Consequently

r∑
i=0

midi = lim
y↓0

chU(iy)
chS(iy) = SU00

SS00
=

√
dim Rep(S)
dim Rep(U) = 1.

Here di = SSi0/S
S
00 and the positive normalization gives SS00 = (dim Rep(S))−1/2, and similarly

for U ; these are the usual character formulas [Hua08, DJX13]. Since m0d0 = 1 and every
remaining term is nonnegative, with di > 0, all mi for i > 0 vanish. The inclusion S ⊂ U is
therefore an equality.

Theorem 10.29 (uniqueness in case (II)) Let U be a positive strongly rational vertex op-
erator algebra of central charge eight with a braided equivalence Rep(U) ≃ Z(H3), in case (II)
of Theorem 8.5. Assuming (HJ), U is isomorphic to Jiao’s algebra V .

Proof : By Proposition 4.1, U ⊂ V ′ with the same conformal vector. By Theorem 8.5, an
inner automorphism h of V ′ maps U1 onto g′ ⊕ g′′; it fixes ω, extends to VE8 since V ′

1 ⊂ (VE8)1,
and maps the decomposition V ′ = U ⊕ Mb to V ′ = h(U) ⊕ h(Mb), so that the hypotheses
of Theorem 10.5 hold for h(U). Replacing U by h(U), U2 is one of the four subspaces, so U
contains the algebra S generated by U1 ⊕ U2. The inclusions U2 ⊂ S2 ⊂ U2 give S2 = U2, and
ω ∈ U2. By Theorem 7.1, the vacuum character of U is the vacuum component X(0)

0 of the
Evans–Gannon vector with γ = 0. By Proposition 10.27, S ∼= S(9,0) = ψ(V ) (Theorem 10.24),
and, assuming (HJ), S(9,0) is positive strongly rational with Rep(S(9,0)) ≃ Z(H3) (Corollary
10.25), so its vacuum character is also X(0)

0 by Theorem 7.1. Hence chS = chU , and S ⊂ U
gives U = S ∼= V .

Remark 10.30 By Proposition 10.27, the Galois conjugate is not a new algebra. The isomor-
phism is the lift of the outer automorphism of e6, adjusted by a torus element; the lift of the
diagram automorphism of A2, with trivial torus part, gives another one, which maps S(9,c) onto
S(10,1−c). The isometry part of an element of Z is the identity, the diagram automorphism of
E6, that of A2, or both, and the element acts on B by s exactly when one of the two diagram
automorphisms occurs; in particular the inner automorphisms fixing U1 act trivially on B, and
s is induced only by outer automorphisms. Together with θχ, it shows that S(9,0) is isomorphic
to its conjugates under Gal(K/Q); it has a rational form (Proposition 10.41). Lemma 10.28
gives a second, analytic proof of the equality U = S in Theorem 10.29. Once the inclusion
and the positive strong rationality of S are known, the equivalences of both module categories
with Z(H3) give equality of their global dimensions. This proof does not require the explicit
Evans–Gannon vacuum character. The same argument applies to the final equality in Theorem
10.38.
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Proposition 10.31 Let S = S(9,0) and C = ComS(A). Let f1, f2 be the two orthogonal
idempotents of the subalgebra 9 with f1 + f2 = e, numbered so that ω1 = 2f1 and ω2 = 2f2 have
central charges 182

95 and 32
19 as in Theorem 10.5; in the basis b0 = e, b1, . . . , b4 of B specified in

the supplementary data,

f2 = 80
171b0 +

√
13−13
114 b1 − 25+5

√
13

228 b2 + 7−
√

13
152 b3 + 4

√
13

19 b4, f1 = e− f2.

Write Li(n) = (ωi)(n+1).

1. dimC1 = 0, dimC2 = dimC3 = 2 and dimC4 = 7.

2. On C4, the operators L1(0) and L2(0) commute, L1(0) + L2(0) = 4, and C4 is the direct
sum of their joint eigenspaces. The joint eigenvalues (h1, h2), with multiplicities, are

(4, 0)2, (0, 4)2, (2, 2),
( 51

19 ,
25
19

)
,

( 26
19 ,

50
19

)
.

The first five eigenvectors can be taken to be L1(−4)1, L1(−2)21, L2(−4)1, L2(−2)21
and L1(−2)L2(−2)1.

3. The two eigenvectors of non-integral bi-weights are primary for Vir1 ⊗ Vir2: they are
annihilated by Li(1) and Li(2), i = 1, 2.

Proof : We have Ĉ1 = 0 (Lemma 10.1) and C2 is the subalgebra 9 (Theorem 10.5). Proposition
10.17 establishes the finite certificate condition, so Theorem 10.21 gives N ′

4 = S4. The remaining
assertions use exact arithmetic over K and a rank bound after reduction at the chosen prime
above p3, starting from the exact basis of S4 of Theorem 10.21. Since C is fixed by the zero
modes of U1, C4 lies in the block of g′ ⊕ g′′-weight (0, 0) of S4, of dimension 280; it is the
common kernel of the operators y(k), y ∈ U1, 0 ⩽ k ⩽ 4. Its matrix has entries in the local
ring at that prime, and its reduction has rank 273. Since reduction cannot increase rank,
dimC4 ⩽ 280 − 273 = 7. Solving exactly the square system of size 1092 given by the restriction
of scalars on pivot rows, we obtain seven vectors w1, . . . , w7; the identities y(k)wj = 0 are then
checked exactly on all coordinates, and the reductions of the wj are linearly independent, so
dimC4 = 7. Modulo p3, dimC3 ⩽ 2, and L1(−3)1, L2(−3)1 are linearly independent elements
of C3, so dimC3 = 2.

The images Li(0)wj are computed exactly and expressed exactly in the basis (wj), with
a check on all coordinates. The resulting 7 × 7 matrices over K satisfy exactly L1(0)L2(0) =
L2(0)L1(0), L1(0) + L2(0) = 4 and

∏
λ(L2(0) − λ) = 0 for λ ∈ {0, 2, 4, 25

19 ,
50
19 }. Hence L2(0)

is diagonalizable with eigenvalues in this set. The eigenvectors for 25
19 and 50

19 are computed
exactly. The five Virasoro descendants of assertion 2 lie in C, have the stated bi-weights, and
are linearly independent: the vectors L(−4)1 and L(−2)21 of a vacuum module of central
charge c /∈ {0,− 22

5 } are independent in its simple quotient (the Gram determinant at level
four is c2(5c+22)

2 ), and L1(−2)L2(−2)1 has bi-weight (2, 2). These seven joint eigenvectors are
linearly independent, hence a basis of C4; this proves assertion 2. Assertion 3 is checked exactly
on the two eigenvectors, which have 3036 terms; it also follows from assertion 2, since Li(n),
n ⩾ 1, would map them to vectors of non-integral bi-weights in C4−n, whose bi-weights are
integral.

The 280 independent words in the Cartan block (0, 0) are computed directly from the families
defining N ′

4 and agree, entry by entry, with the corresponding block of the certificate of Proposi-
tion 10.17. The supplementary material contains the seven kernel vectors, all 210 current-mode
annihilations, the two Virasoro matrices and both primary vectors. A separate rational-matrix
verification checks the matrix identities, spectral multiplicities and independence of the seven
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vectors without using the vertex-algebra implementation. The vertex-product identities are ver-
ified from the lattice formulas. The computational data order the Virasoro vectors by increasing
central charge, so their indices are opposite to those of this proposition.

Corollary 10.32 There are no two nontrivial vertex operator algebras V 1, V 2 of CFT type
such that C ∼= V 1 ⊗ V 2 with ωC = ω1 ⊗ 1 + 1 ⊗ ω2. In particular C is not isomorphic to
K(sl2, 17)Z2 ⊗Com(Lsl2(17, 0), Lsl2(4, 0)⊗Lsl2(13, 0)). Moreover, the commutants ComC(⟨ω2⟩)
and ComC(⟨ω1⟩) coincide in weights at most four with the Virasoro vertex operator algebras
generated by ω1 and ω2, of graded dimensions 1, 0, 1, 1, 2.

Proof : Suppose C ∼= V 1 ⊗ V 2. Since C1 = 0, we have V 1
1 = V 2

1 = 0, so that C2 =
Cω1 ⊗ 1 ⊕ C1 ⊗ ω2, the vectors ω1, ω2 being nonzero: if the conformal vector of a CFT-type
vertex operator algebra were zero, then L(0) = 0 and the whole algebra would equal its one-
dimensional weight-zero space. Then 1

2ω
1 ⊗ 1 and 1

2 1 ⊗ ω2 are orthogonal idempotents of the
algebra C2 with sum e. The only idempotents of C2 = Cf1 ⊕ Cf2 are 0, f1, f2 and e, so
{ω1 ⊗1,1⊗ω2} = {ω1, ω2}. But LV 1(0)⊗1 has integral eigenvalues on V 1 ⊗V 2, whereas L1(0)
has the eigenvalue 51

19 on C4, a contradiction. For the last assertion, a vector of Cn commuting
with ω2 is annihilated by L2(0); by Proposition 10.31 and C3 = CL1(−3)1 ⊕ CL2(−3)1, the
kernel of L2(0) on Cn, n ⩽ 4, is spanned by the Virasoro descendants of 1 for ω1.

Remark 10.33 The central charges 182
95 and 32

19 are those of the coset

D = Com(Lsl2(17, 0), Lsl2(4, 0) ⊗ Lsl2(13, 0))

and of the parafermion algebra K(sl2, 17). The dimensions 1, 0, 2, 2, 7 of C agree with those
of K(sl2, 17)Z2 ⊗D, whose weight-four space contains a primary vector of bi-weight (4, 0) and
one of bi-weight (0, 4). Corollary 10.32 shows that this agreement does not come from an
isomorphism of the two algebras. Modulo Z, the weights 25

19 and 50
19 are the conformal weights

hλ = λ(λ+2)
76 of SU(2)17 for λ = 4, 6; but eight of the eighteen nonzero classes x

19 modulo Z are
of this form, and the weights 8

19 and 68
57 of Vir2 in Theorem 10.5 are not, so we do not draw

any conclusion from it. We do not know an identification of C. Its weight-five space would
require the invariant part of S5 (assuming (HJ), dimS5 = dimU5 = 29512), which is beyond
the computations of this paper.

10.8 Case (I): uniqueness
Proposition 10.34 Assume the hypotheses of Theorem 8.5 in case (I). Then C2 is one of the
subalgebras 2, 5, 6 of Table 3. The subalgebras 5 and 6 give the central charges 2400

1271 and 70
31 of

the two Virasoro vectors announced in [Rie26b, Section 1].

Proof : There is a direct exact exclusion that avoids choosing eigenvectors. For candidates 0,
3 and 4, use the primary space of type (1, 13), of dimension three; for candidate 1, use the type
(1, 1), of dimension four. In a rational basis write X for the action of (xC)(1), P for the primary
pairing, and Yj for the actions of a basis of B ∩ C⊥

2 . A possible line, spanned by u, satisfies

(Xu)iuj − (Xu)jui = 0, uTPYju = 0, e(2)u = (xC)(2)u = 0, uTPu ̸= 0.

In each projective chart set the first nonzero coordinate of u to one, set the preceding coordinates
to zero, and add zuTPu−1 = 0. The resulting thirteen ideals over Q are all the unit ideal. The
supplementary data contain the systems and their unit bases. An independent calculation with
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lexicographic order gives the same unit ideals without using the vertex-algebra implementation.
Thus none of the four candidates admits the required line.

A separate verification follows from Step 1 of the proof of Theorem 10.5, applied in case (I):
the subalgebras 0 and 3 are excluded by certified enclosures, 1 by the type (1, 1) and 4 by the
types (0, 12), (1, 1), (1, 7) and (1, 13), exactly.

Proposition 10.35 In case (I), C2 is not the subalgebra 2.

Proof : Suppose that C2 is the subalgebra 2, with central charges 4
5 and 686

205 . The space Π1,13
has dimension three; the eigenvalues of (xC)(1) on Π1,13 ∩ Ker e(2) ∩ Ker(xC)(2) are 496

425 , with
a one-dimensional eigenspace on which some primary pairing P1,13(u, y(1)u) does not vanish,
and − 184

425 , with a two-dimensional eigenspace E1,13 (weight h1 = 0 for the Virasoro vector of
central charge 4

5 ). Similarly, Π1,1 has dimension four, the eigenvalue − 568
425 (two-dimensional

eigenspace) is excluded by a Gröbner basis, and the admissible space E1,1 is two-dimensional
(h1 = 2

5 ). By Lemma 10.4, the lines p1,13 and p1,1 are isotropic lines of E1,13 and E1,1; there
are exactly two in each, defined over Q(

√
−19758) and Q(

√
−4403) respectively. Let u span

p1,13 and w span p1,1. By Lemma 10.4(4), u(1)w
′ ∈ U2 for every w′ in the g′ ⊕ g′′-module

generated by w. The map x⊗ y 7→ x(1)y is U1-equivariant, so the U1-types of these vectors lie
in V (1, 13) ⊗ V (1, 1) = V (0, 12) ⊕ V (0, 14) ⊕ V (2, 12) ⊕ V (2, 14), and among these types only
(0, 12) occurs in U2 (Theorem 8.5). Hence C ′z = 0 and C ′′z = 84z for z = u(1)w

′, where C ′, C ′′

are the Casimir operators of g′ and g′′ normalized by C = h2

2 +h+2fe, with eigenvalue a(a+2)
2 on

V (a). Normalize the spanning vectors by taking first coordinate 1 in the two ordered eigenspace
bases specified in the supplementary data; their second coordinates are ±3

√
−19758/148 and

±2
√

−4403/37, respectively. For each of the four choices, take w′ = f ′(0)w, the lowering
vector of index 2 in the order w, f ′′(0)w, f ′(0)w, f ′(0)f ′′(0)w. For this choice there is an even
simpler obstruction: z has Cartan weight (0, 14), which does not occur in U2, so z = 0 is
required. Moreover e′′(0)z = 0, hence C ′′z = 112z and the recorded Casimir test (C ′′ − 84)z
is exactly 28z. The coefficient of (C ′′ − 84)u(1)w

′ on eα, where α = (1, 2, 3, 4, 3, 2, 0, 0), is
one of ± 224i

925 (5
√

4403 −
√

19758) and ± 224i
925 (5

√
4403 +

√
19758). These coefficients are nonzero:

the sum of the positive radicals is positive, and 25 · 4403 − 19758 = 90317 > 0 proves that
5
√

4403 −
√

19758 > 0. Certified Arb enclosures give an independent check of nonvanishing.
This contradicts Lemma 10.4.

The same test applied to the subalgebra 5 excludes, with certified nonzero coefficients, the
two crossed pairs of lines of types (1, 13) and (1, 1), and the two other pairs, those of the two
choices of U2 found by a numerical exploration, are not excluded (the exclusions are certified
by interval arithmetic); this is a control of the method, not used below.

We now compare with the data of [Rie26a]. There, UR = ⟨A, e, f, v⟩ ⊂ VE6⊕A2 is defined
as the vertex subalgebra generated by the currents, two commuting Virasoro vectors e, f ∈
Com(A)2 of central charges 70

31 , 2400
1271 , and a highest weight vector v of type (1, 13) [Rie26b,

Section 1]; the coordinates are specified in the certificates accompanying [Rie26b], and the same
vectors are given in [Rie26a, Section “The explicit candidate”], in the bases fixed in [Rie26b].

Proposition 10.36 There is an isomorphism of vertex operator algebras ψR from the lattice
algebra of [Rie26a] onto V ′ which maps the currents of [Rie26a] onto e′, f ′, H ′, e′′, f ′′, H ′′ (levels
1 and 39). It maps e and f into the subalgebra 5 of Table 3, which they span, and v to a spanning
vector of one of the two isotropic lines of the admissible space of type (1, 13) of the subalgebra
5.

Proof : Exact computation, as for Theorem 10.24. In [Rie26b] the coordinates 1, 2 are those of
A2 and 3, . . . , 8 those of E6 in Bourbaki’s numbering, with the cocycle ε(αi, αj) given for i > j
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and the same field K. The coordinate isometry, followed by w = s3s4s1s3 ∈ W (E6), sends the
Cartan elements of [Rie26b] onto H ′, H ′′; the cocycle correction is given by the same formula as
in the proof of Theorem 10.24; and the torus character with values 5,−

√
3

2 ,−2
√

3, 1,− 2
√

3
3 , 4, 1, 1

on our simple roots matches the six currents exactly. The images of ωV ′ and of the Sugawara
vector of A are ours. In the basis of B specified in the supplementary data, ψR(e) and ψR(f)
have coordinates in Q(

√
13) and lie in the subalgebra 5. In the case (I) analogue of the proof

of Theorem 10.5, the type (1, 13) has, for the subalgebra 5, a single admissible space E, of
dimension two (the other eigenvalue − 254

1445 + 508
1445

√
13 of (xC)(1) on Π1,13 is excluded exactly),

and E contains exactly two isotropic lines, of slopes 1
30 ∓

√
−39

130 in a basis of E over Q(
√

13),
complex conjugate; ψR(v) lies in E and spans the second one (exact verification).

Proposition 10.37 In case (I), the group Z of automorphisms of V ′ fixing U1 pointwise is
again isomorphic to (Z2)3, and its elements are lifts of isometries composed with torus elements.
Its elements act on B either trivially or by a reflection which exchanges the subalgebras 5 and 6
(and 0 and 3); the lift zA of the diagram automorphism of A2, with trivial signs, is of the second
kind. The element z1, lift of the product of the diagram automorphisms of E6 and A2 with the
values (c1, . . . , c8) = ( 4

5 ,−1, 1
3 , 1, 3,

5
4 , 1, 1) on the simple roots (with the cocycle correction of

Proposition 10.27), acts trivially on B and exchanges the two isotropic lines of type (1, 13) of
the subalgebra 5.

Proof : The upper bound |Z| ⩽ 8 follows analytically from Lemma 10.26. The explicitly
given lifts z1, zA and the torus automorphism ρ of that lemma fix the currents, are commuting
involutions, and generate eight elements. Indeed their isometry parts generate the two diagram
automorphisms and ρ is nontrivial. The formulas can be checked on the simple roots and the
currents in (10.4); the supplementary material includes the exact verification. Thus Z ∼= (Z2)3

without using a polynomial-system solver.
An independent polynomial computation gives the same centralizer, and its action on B

and on the isotropic lines supplies the remaining assertions. The computation is the same as
for Proposition 10.27. The multiplicity spaces have dimension 2 for the types (0, 2), (0, 4) and
1 otherwise; the 88 distinct bracket equations, of degree at most two, in 12 unknowns have
exactly 8 solutions. The action on the lines is computed by applying the lifts to ψR(v) and
locating the image in E, exactly.

Theorem 10.38 (uniqueness in case (I)) Let U be a Haagerup algebra in case (I) of The-
orem 8.5. Assuming (HR), U is isomorphic to UR.

Proof : As in the proof of Theorem 10.29, we may assume U ⊂ V ′, with the same conformal
vector, and U1 = g′ ⊕g′′. By Propositions 10.34 and 10.35, C2 = U2 ∩Com(A) is the subalgebra
5 or 6; replacing U by zA(U) if necessary (Proposition 10.37), it is the subalgebra 5. Then
ψR(e), ψR(f) ∈ C2 ⊂ U by Proposition 10.36. By Lemma 10.4 and the proof of Proposition
10.36, the line p1,13 of U2 is one of the two isotropic lines of E; replacing U by z1(U) if necessary,
which fixes U1 and C2 pointwise, it is spanned by ψR(v). Hence U ⊃ ψR(UR). By Theorem 7.1,
applied to U and, assuming (HR), to UR, both vacuum characters are X(0)

0 . Hence U = ψR(UR).

Once C2 is fixed, only the type (1, 13) is used: the generation of UR by A, e, f and v makes
it sufficient. The exclusion of the subalgebras 1, 2, 4 also uses the types (1, 1), (0, 12) and (1, 7).

Proposition 10.39 The algebra ψR(UR) ⊂ V ′ has dimension at least 120, 956 and 6010 in
weights two, three and four.
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Proof : The coordinates of ψR(e), ψR(f) and ψR(v) in the monomial basis of V ′ lie in
Q(

√
13,

√
3, i), and the structure constants of V ′ in this basis are rational. Let p be one of

the primes 8388409 and 7999993. Then −1, 3 and 13 are squares modulo p, and a choice of
square roots defines a prime p of Q(

√
13,

√
3, i) above p and a reduction map from the local ring

at p onto Fp. All these numbers are p-integral: every denominator occurring in the reduction
is checked to be nonzero modulo p. The rank of a matrix with p-integral entries is at least
the rank of its reduction modulo p. The following computations take place modulo p, for the
reductions of e, f , v. The smallest U1-stable subspace W2 ⊂ V ′

2 containing A2, e, f and v and
stable under the products b(1)w has dimension 120; its U1-types are those of the row U2 of Table
2, and W2 ∩ Ĉ = span(e, f). The families of Proposition 10.13, built from W2 and from its ten
highest weight vectors outside A2, span spaces of dimensions 956 and 6010 in weights three and
four, and y(1)S4 ⊂ S3, y(2)S4 ⊂ W2 for y ∈ U1. As a consistency check, forced by the symmetry
z1, the other isotropic line of type (1, 13) gives the same dimensions in weights two and three;
as a discriminating control, a non-isotropic vector of the admissible plane generates V ′

2 and V ′
3 .

Hence the subspaces of ψR(UR) spanned by these families, which consist of iterated products
of the generators, have dimensions at least 120, 956 and 6010. These are the coefficients of
X

(0)
0 , so that a rank larger than 6010 would have contradicted [Rie26a]. This is an independent

check of the graded dimensions announced in [Rie26a] up to q11/3; by itself it does not prove
chψR(UR) = X

(0)
0 in these weights, which needs an upper bound (Theorem 12.4).

10.9 Classification
Theorem 10.40 Let U be a Haagerup algebra. Assuming (HR) and (HJ), U is isomorphic to
exactly one of the following two algebras: the algebra UR of Riesen, with U1 of levels (1, 39),
and the algebra V of Jiao, with U1 of levels (3, 13).

Proof : By Theorem 8.5, U is in case (I) or (II); apply Theorems 10.38 and 10.29. The two
algebras are not isomorphic, since the levels of the simple ideals of the weight-one Lie algebra
are invariants.

The algebra announced by Huang [Hua26] has currents of levels (1, 39); if it is a Haagerup
algebra, it is isomorphic to UR by Theorem 10.38, assuming (HR).

The remaining inputs are the following results of this paper, with the computational de-
pendencies recorded in Appendix A: Theorems 7.1 and 8.5, the determination of C2 and of the
relevant lines (Theorem 10.5, Propositions 10.34 and 10.35), and the explicit automorphisms
and identifications (Theorem 10.24, Propositions 10.12, 10.27, 10.36 and 10.37). The existence
statements of [Rie26a, Jia26] identify the two candidates as positive strongly rational Haagerup
algebras. They supply their vacuum characters in the first proofs of uniqueness, and also give
the equality of global dimensions needed for the alternative proof in Lemma 10.28. Without
them, the same arguments show that a Haagerup algebra of central charge eight contains, after
an automorphism of VE6⊕A2 , the algebra ψR(UR) or ψ(V ), with equality if and only if this
algebra has the vacuum character X(0)

0 .

Proposition 10.41 The algebras S(9,0) and ψR(UR) = ⟨A, e, f, v⟩ have rational forms: each
contains a vertex subalgebra UQ over Q with 1, ω ∈ UQ and UQ ⊗Q C = U . In this proposition,
e, f , v denote the vectors ψR(e), ψR(f), ψR(v) of V ′ (Proposition 10.36); the coordinates of
v lie in Q(

√
13,

√
3, i), and the currents are rational in both cases. More precisely, let G =

Gal(K/Q) = {1, σ, τ, στ}, τ the complex conjugation, and g̃ = id ⊗ g on V ′
K = V ′

Q ⊗ K.
1. Case (II). Let z be the automorphism of Proposition 10.27, part 3, and z′ the lift of the

diagram automorphism of A2 with trivial torus part (Remark 10.30). Then z, z′ ∈ Z are
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defined over Q, z2 = z′2 = 1, zz′ = z′z, and ψσ = zσ̃, ψτ = zz′τ̃ map U2,K = U2 ∩ V ′
K

onto itself. The idempotents f1, f2 of C2 are fixed by ψσ and ψτ .

2. Case (I). Let z1 and zA be the elements of the centralizer of U1 of Proposition 10.37; their
product z1zA is the lift of the diagram automorphism of E6 with suitable signs. These
elements are defined over Q and commute, z2

1 = z2
A = 1, and ψτ = z1τ̃ , ψσ = z1zAσ̃ fix

e and f (the Virasoro vectors of [Rie26a]). The vector v′ = iv has coordinates in K, and
ψτ (v′) = ψσ(v′) = −v′; with zA in place of z1zA, ψσ(v′) is not proportional to v′.

Put U1,K = U1 ∩ V ′
K. Let UK ⊂ V ′

K be the K-span of the iterated products a1
(n1) · · · ar(nr)1 of the

generators (a K-basis of U1,K ⊕ U2,K in case (II), the six rational currents and e, f , v′ in case
(I)), so that U = UK ⊗K C. In both cases g 7→ ψg, ψστ = ψσψτ , is an action of G by semilinear
automorphisms of UK, and UQ = {u ∈ UK : ψg(u) = u, g ∈ G} is a rational form. In case (I),
UQ is generated by the rational currents, e, f and

√
−39v′ = −

√
39v.

Proof : All the identities are exact: the rationality and the group relations of z, z′, z1, zA
(and of the whole groups Z) are checked on V ′

1 , which determines the automorphisms of V ′; in
case (II), the images of the chosen K-basis of U2,K = U2(9, 0) ∩ V ′

K under ψσ, ψτ and ψσψτ lie
in U2,K by exact membership over K; equivalently, one restricts the identities of Propositions
10.12 and 10.27 and Remark 10.30 to the chosen K-forms; in case (I), the identities on e,
f , v′ are checked in exact arithmetic. The automorphisms z, z′, z1, zA are defined over Q,
hence commute with σ̃ and τ̃ , and the groups they generate are elementary abelian. Hence
ψ2
σ = ψ2

τ = 1 and ψσψτ = ψτψσ, so g 7→ ψg is a homomorphism. Each ψg is g-semilinear and
preserves the products u(n)v of V ′

K, it fixes the six chosen rational currents, and it preserves
the generating space U2,K in case (II), and the generators e, f , v′ up to sign in case (I); hence
it preserves UK. By Speiser’s lemma, equivalently H1(G,GLn(K)) = 1 [Ser79, Chapter X,
Proposition 3], each UK,n is spanned over K by its fixed points, and UK,n = (UK,n)G ⊗Q K. The
fixed points form a vertex subalgebra over Q, which contains 1 and ω. In case (I),

√
−39v′ is

fixed since σ(
√

−39) = τ(
√

−39) = −
√

−39, and the vertex algebra over Q generated by the
fixed generators spans UK over K, hence equals UQ.

In case (II) we have also checked that the traces
∑
g ψg(au), a ∈ {1,

√
13,

√
−3,

√
−39}, u

ranging over a fixed K-basis of U2,K, span a Q-form of U2 of dimension 120. The rational form
is not contained in V ′

Q: the coordinates of f1 in V ′ lie in Q(
√

13). We have not studied integral
forms, nor the classification of the rational forms; those split by K are governed by the Galois
cohomology of the infinite group Aut(UK).

11 An independent route to rationality: partial results
In this section, S ⊂ V ′ = VE6⊕A2 denotes the vertex subalgebra generated by U1 = g′⊕g′′ (levels
3 and 13) and one of the four subspaces U2 of Theorem 10.5. For coordinate computations we
fix S = S(9,0). The abstract conclusions for the other three choices follow from Proposition
10.27. We write L = E6 ⊕A2 throughout this section. By Theorem 10.10, S is a simple unitary
self-contragredient vertex operator algebra of CFT type with c = 8.

Proposition 10.17 verifies the finite condition (F4) of Definition 10.16. Theorem 10.21 there-
fore gives strong generation in weights at most three and C2-cofiniteness, independently of an
ambient Haagerup algebra or an external existence result. The independent route below still re-
quires a characteristic-zero proof of semisimplicity of the Zhu algebra, an exhaustive branching
argument and the categorical identification.
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We compare what remains to be done with the proof of [Rie26b] for case (I), which we use
as a model of proof. The categorical steps not proved here are listed in Remark 11.2. The
algebraic steps used below are identified where they enter. Section and page numbers refer to
the working manuscript [Rie26b] and its package of computational certificates. Evans [Eva26,
p. 3] cites the three constructions [Hua26, Jia26, Rie26a]; that of Jiao is the case (II) algebra
(Theorem 10.24).

11.1 The structure of the proof in case (I)
The proof strategy of [Rie26b] separates the construction, strong generation, C2-cofiniteness,
rationality and categorical identification. Construction, positivity, strong generation and C2-
cofiniteness have counterparts for S established above, with the finite condition (F4) verified by
Proposition 10.17. Rationality still requires a characteristic-zero argument for its Zhu algebra,
and the categorical identification retains the unresolved steps of Remark 11.2.

1. Construction and positivity [Rie26b, Sections 2–3, pp. 16–19]. The algebra is generated by
the currents and three weight-two vectors; a positive rescaling of the standard antilinear
involution of the lattice algebra preserves the generators, which gives unitarity, simplicity
and self-contragredience. For S, this is Theorem 10.10.

2. Strong generation [Rie26b, Section 4, pp. 20–24]. The finite mode closure in weights 2 and
3 [Rie26b, Proposition 4.1]; two obstruction calculations, in weights four and five, showing
that at most three new generators appear in weight four and none in weight five [Rie26b,
Proposition 4.2]; and a general lemma, triangular strong generation [Rie26b, Lemma 4.3]
(Lemma 10.20). Proposition 10.17 supplies the finite weight-four condition (F4), so the
lemma applies to S in Theorem 10.21. No generator of weight four is needed, hence no
weight-five calculation either (Remark 10.23).

3. C2-cofiniteness [Rie26b, Section 5, pp. 24–25]. For S, Proposition 10.17 supplies the
square identities in (F4), and part 3 of Theorem 10.21 gives the conclusion.

4. Rationality [Rie26b, Part III, pp. 25–55]. Semisimplicity of the Zhu algebra is proved
through an extension of the affine subalgebra by its simple current, a Morita corner, a finite
presentation by a quiver with relations, and an integral descent; the rationality criterion
for C2-cofinite algebras then applies. The method requires a new finite presentation and
descent calculation for S. For S, Theorems 10.10 and 10.21 show that S is simple, self-
contragredient, of CFT type and C2-cofinite; by [McR21, Main Theorem 3 (Corollary
5.19)], S is then rational as soon as its Zhu algebra A(S) is semisimple, and conversely
[Zhu96]. Alternatively, since V ′ contains S as a direct summand (V ′ = S ⊕ S⊥ by
unitarity), [McR22] shows that S is strongly rational if the category of S-modules is
rigid and V ′ has nonzero categorical dimension in it; rigidity is not known for C2-cofinite
algebras in general, and the converse criteria of [CMSY25] require that every simple V ′-
module object be local, which would fail if Rep(S) ≃ Z(H3). For S, the simple current
of Lsl2(3, 0) ⊗ Lsl2(13, 0) is J = L(3, 3) ⊗ L(13, 13), of conformal weight 3

4 + 13
4 = 4,

whereas in case (I) it is L(1, 1) ⊗L(39, 39), of weight 1
4 + 39

4 = 10. The weight-four space
of S contains the lowest weight space V (3, 13) of J , exactly (Proposition 11.4), so that S
contains the simple current extension A⊕ J , the analogue of the algebra A+ of [Rie26b,
Section 7]; in case (I) the current appears only in weight ten.

5. Modules and the categorical identification [Rie26b, Parts IV–V, pp. 56–70]. Six simple
modules come from the nine V ′-modules We,a, (e, a) ∈ L∗/L ∼= Z2

3; traces of the confor-
mal weights, positivity of the categorical dimensions and a Galois orbit argument force
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exactly six more [Rie26b, Section 11]. Then the two even unimodular overlattices of L
give two copies of VE8 , hence Lagrangian algebras A± = 1 ⊕ Mb ⊕ 2X± in Rep(U), and
Rep(U) ≃ Z(D±) with D± = Rep(U)A± [Rie26b, Lemma 12.2] [DMNO13]. The categori-
cal argument uses the full branching of the lattice modules, dimension constraints and an
exhaustion statement for fusion categories with the required fusion rules and untwisted
pointed part. Here that exhaustion statement is hypothesis (C) of Remark 11.2. The
classification within the family of [EvG17, Theorems 2 and 3] is distinct from proving this
exhaustion. The dimension comparison used to select the relevant categories, followed by
the Morita equivalence of H2 and H3 [GrS12, Theorem 1.4], is among the categorical steps
to be transferred. For S, the branching and exhaustion of modules remain to be proved;
the transfer of the categorical argument remains to be justified as specified in Remark
11.2.

The changes in the explicit calculations include the affine levels, the weight of the simple
current and the commutant, whose two commuting Virasoro vectors have central charges 182

95
and 32

19 instead of 2400
1271 and 70

31 . These calculations do not remove the categorical assumptions.

11.2 The categorical route
Proposition 4.1 suggests using a holomorphic extension to identify Rep(S) as the center of a
fusion category. The decomposition VE8 = S ⊕Mb ⊕ 2Ma alone does not establish the required
fusion rules or classify the resulting category. The argument needs the following additional
information.

1. There are two even unimodular overlattices of L, given by the two isotropic lines of
L∗/L ∼= Z2

3 for the form q(e, a) = 2e2+a2

3 . Once rationality and the proposed branching
are established, the corresponding holomorphic extensions give two Lagrangian algebras
A±, distinguished by X±; either yields a center equivalence.

2. The exhaustion statement (C) of Remark 11.2 is an assumption: every fusion category
with the specified fusion rules and untwisted pointed part must belong to the listed family.
The classification within that family [EvG17] does not by itself prove this statement.

3. The fusion rules of D± are not given by the decomposition of VE8 alone; [Rie26b, Section
12] uses the full branching of the nine lattice modules and one dimension computed from
the modular matrix, hence the twelve-module list.

Part 2 of Proposition 10.13 gives a finite-degree check modulo p3 of the proposed branching
W0,0|S = S ⊕ Mb in weights at most three: modulo the prime p3, the subspace generated by
Rb has the graded dimensions 80, 1250, 10630 of Mb and is complementary to S. By unitarity,
V ′ = S ⊕ S⊥ as S-modules, and S⊥ contains the S-module generated by Rb since S1 = U1
(Theorem 10.21).

11.3 A conditional theorem
Theorem 11.1 Assume the hypothesis (Z) that the Zhu algebra A(S) is semisimple. Then S
is strongly rational. Independently of this hypothesis, S is not isomorphic to the algebras of
[Rie26a, Hua26].

Proof : Proposition 10.17 and Theorem 10.21 give C2-cofiniteness. Theorem 10.10 gives sim-
plicity, self-contragredience and CFT type. Thus [McR21, Main Theorem 3 (Corollary 5.19)]
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applies under (Z) and proves strong rationality. For the last assertion, an isomorphism with
an algebra of [Rie26a, Hua26] would force dimS1 = 6. Since S1 contains the six-dimensional
subalgebra U1, it would then equal U1. Such an isomorphism would preserve the levels of its
simple ideals, whereas these are 3, 13 for U1 and 1, 39 for the announced algebras.

Remark 11.2 The identification of Rep(S) with Z(H3) is a further step. The following two
hypotheses record the proposed branching and categorical exhaustion:
(M) S has exactly twelve simple modules, those other than S have positive lowest conformal

weights, and the nine V ′-modules restrict as W0,0|S = S⊕Mb, W0,±1|S ∼= P , W±1,0|S ∼= Q,
W1,1|S ∼= W−1,−1|S ∼= X+, W1,−1|S ∼= W−1,1|S ∼= X−, with Mb, P,Q,X+, X− simple and
pairwise non-isomorphic, and the six other simple modules have lowest weights congruent
to 2

13 ,
5

13 ,
6

13 ,
7

13 ,
8

13 ,
11
13 modulo Z;

(C) every fusion category with the fusion rules of H3 (for the group Z3) whose pointed part
is an untwisted VecZ3 is equivalent to one of the categories C(Z3; ±, ω,A) of [EvG17,
Theorem 2].

Under the hypotheses of Theorem 11.1 and (M), Rep(S) is a modular tensor category [Hua08].
The nonvacuum lowest weights are positive, so the quantum dimensions are positive [DJX13,
Lemma 4.2] and equal the categorical dimensions [Hua08]. Unitarity of S alone is not used
to infer unitarity of its modules. Every simple module is self-contragredient. Indeed, the six
residues in 1

13Z \ Z are distinct, whereas (We,a)′ ∼= W−e,−a and (M) give the assertion for the
remaining six modules.

The two even unimodular overlattices of L give holomorphic extensions with underlying
S-modules 1 ⊕ Mb ⊕ 2X±. They define Lagrangian algebras A±, hence center equivalences
Rep(S) ≃ Z(D±) with D± = Rep(S)A± [DMNO13]. To identify this center with Z(H3) by
the route of [Rie26b, Sections 11.3 and 12–13], one must still establish the fusion rules of D±,
triviality of the associator on their pointed parts, and the selection, using categorical dimensions,
of the Morita class with center Z(H3) among the categories in (C). The branching in (M) alone
is not a proof of these assertions. We do not claim that the transfer of those steps to the present
levels follows from (M) and (C) without further verification.

Hypothesis (C) is the exhaustion statement formulated in [Rie26b, Proposition 12.5]; clas-
sification within the family of [EvG17, Theorem 2] does not itself prove it. Assuming (HJ), the
desired identification is already supplied by Corollary 10.25. The programme here seeks a proof
independent of that existence result. The computation below concerns (Z) only and does not
establish the branching or this categorical transfer.

11.4 The Zhu algebra of S

We now adapt to S the method of [Rie26b, Part III] for the hypothesis (Z). We recall that the
Zhu algebra is A(V ) = V/O(V ) with the product a ∗ b =

∑
j⩾0

(wt a
j

)
a(j−1)b [Zhu96, Definition

2.1.2 and Theorem 2.1.1]. For h of weight one, a of weight two and homogeneous x, we have
[L(−1)x] = − wt(x)[x] [Zhu96, Lemma 2.1.1] and, by [Zhu96, Lemma 2.1.3],

(11.1) [h(−1)x] = [x] ∗ [h], [h(0)x] = [h] ∗ [x] − [x] ∗ [h], [a(0)x] = [a] ∗ [x] − [x] ∗ [a] − [a(1)x].

Proposition 11.3 The algebra A(S) is generated by the classes of the six currents and of the
seventeen highest weight vectors of U2 for g′ ⊕ g′′: the vectors e′

(−2)1, e′
(−1)e

′, e′′
(−2)1, e′′

(−1)e
′′,

e′
(−1)e

′′, the two Casimir vectors of (A)2, the vectors e, xC , and the highest weight vectors of
the eight primary types (0, 4), (1, 1), (1, 3), (1, 5), (1, 7), (2, 2), (2, 6), (3, 3). The classes of the
first seven are polynomials in the classes of the currents.
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Proof : By (11.1), the classes of L(−1)U2, U1(−1)U2 and (U2)(0)U2 lie in the subalgebra
generated by [U1] and [U2], since (U2)(1)U2 ⊂ U2. Hence so does [S3], because S3 = N3 +
(U2)(0)U2. By Theorem 10.21, S is strongly generated by U1 ⊕ U2 ⊕ D3, and the classes of a
strong generating set generate A(S): replacing a derivative by [L(−1)x] = − wt(x)[x] and a
normal product g(−1)y by [g] ∗ [y] minus classes of vectors of smaller weight, induction on the
weight writes every class as a polynomial in the classes of the generators. Finally, for f = f ′

or f = f ′′, the identity [f(0)z] = [f ] ∗ [z] − [z] ∗ [f ] reduces [U2] to the highest weight vectors,
which are those listed (Table 2); the first seven are L(−1)e′, e′

(−1)e
′, L(−1)e′′, e′′

(−1)e
′′, e′

(−1)e
′′

and the Casimir vectors, whose classes are given by (11.1).
Unlike in case (I), no strong generator of weight four is involved.

Proposition 11.4 Let A = Lsl2(3, 0) ⊗ Lsl2(13, 0) ⊂ S be the affine subalgebra and C =
ComS(A).

1. The Cartan weight space of weight (3, 13) of V ′
4 is spanned by a single lattice exponential

ew, with w = (2, 2, 4, 5, 4, 2, 1, 1) in the simple-root coordinates fixed above and (w,w) = 8.
One has ew ∈ S, and it is an affine highest weight vector generating J = Lsl2(3, 3) ⊗
Lsl2(13, 13). The subspace A+ = A ⊕ J is a rational simple current extension of order
two contained in S.

2. ComS(C) = A⊕ J .

3. The inclusion A+ ⊂ S induces a unital homomorphism A(A+) → A(S).

Proof : We first identify the kernel of the coset grading. Write ω = ωA + ωC , where ωC =
2e ∈ C. The unitary involution fixes both conformal vectors, so (LCn )∗ = LC−n. For the positive
Hermitian form Hχ of Theorem 10.10, the Virasoro relation gives

(11.2) ∥LC−1x∥2
χ = ∥LC1 x∥2

χ + 2Hχ(LC0 x, x).

The regularity of A decomposes S into integrable A-modules. On the multiplicity space of
affine highest weight (i, j), LC0 = L(0) − hA(i, j) has discrete spectrum bounded below, where
hA(i, j) = i(i+2)

20 + j(j+2)
60 . The operators LCn preserve this space. If x has its least eigenvalue λ,

then LC1 x = 0, and (11.2) gives ∥LC−1x∥2
χ = 2λ∥x∥2

χ. Thus λ ⩾ 0. Since LC0 commutes with the
action of A, it has nonnegative spectrum on all of S.

For x ∈ KerLC0 , nonnegativity first gives LC1 x = 0, and then (11.2) gives LC−1x = 0. If c ∈ C,
truncation gives c(n)x = 0 for sufficiently large n. The translation identity [LC−1, c(n+1)] =
−(n + 1)c(n) then gives c(n)x = 0 for every n ⩾ 0, by downward induction. Conversely, the
commutant condition applied to ωC implies LC0 x = 0. Consequently KerLC0 = ComS(C).

1. The lattice realization gives the following lower bound: if the Cartan weight space of
weight (a, b) in V ′

m is nonzero, then

(11.3) m ⩾
a2

12 + b2

52 .

Indeed, the two Cartan vectors are orthogonal, of squared norms 6 and 26. A lattice vector
of weight (a, b) therefore has squared norm at least a2/6 + b2/26, and the oscillators have
nonnegative integral degree and do not change this weight. A lattice vector of Cartan weight
(3, 13) has orthogonal projection 1

2 (H ′ +H ′′) onto the plane of the two currents. This projection
has squared norm 32

6 + 132

26 = 8. The displayed vector w has this Cartan weight and squared
norm 8, hence equals this projection. Therefore it is the only lattice vector of that Cartan
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weight with squared norm at most 8, and no oscillator can occur at conformal weight four. This
proves that the indicated weight space of V ′

4 is one-dimensional.
Let u(1,7) and u(2,6) denote the primary highest weight vectors with the coefficients of Table

4. A direct exact product gives

(11.4) (u(1,7))(−1)u(2,6) =
(

507
5

√
13 + 3549

5
√

−3
)
ew.

Here is also a direct verification of this product. Put r =
√

13 and s =
√

−3. The two generators
have the form u(1,7) =

∑7
i=1 aie

αi and u(2,6) =
∑7
i=1 bie

w−αi , with the coefficients in Table 4.
Each of αi and w − αi has squared norm 4, and ⟨αi, w − αi⟩L = 0. For different indices,
αi + w − αj ̸= w, so the one-dimensional weight space just proved shows that its contribution
to the product is zero. The lattice formula (10.1) therefore gives

(11.5)
(u(1,7))(−1)u(2,6) =

7∑
i=1

ε(αi, w − αi)aibiew

= 26 + 104 + 26 + 104 + 65 + 65 + 117
5 (r + 7s)ew.

This proves (11.4) by arithmetic in Q(r, s), without a weight-four membership calculation. Its
coefficient is nonzero, so ew ∈ S.

αi ai bi ε(αi, w − αi)

(1, 1, 2, 3, 2, 1, 1, 0) 39+r−13s+rs
5

−13+3r+13s+rs
4 1

(1, 2, 3, 4, 3, 2, 0, 0) −104−56rs
5 r −1

(1, 1, 2, 3, 2, 1, 0, 1) 39−r+13s+rs
5

−13−3r−13s+rs
4 −1

(2, 2, 3, 4, 3, 1, 0, 0) −52 + 12rs −5r+13s
10 −1

(0, 1, 1, 2, 2, 1, 1, 1) −19r−13s
15

39+9rs
2 −1

(1, 1, 2, 2, 1, 0, 1, 1) r 13 + 7rs 1
(1, 0, 1, 1, 1, 1, 1, 1) 3r−39s

5
39−3rs

2 −1

Table 4: The seven pairs in the product (11.4), in the simple-root coordinates of E6 ⊕A2.

The highest weight conditions also follow from (11.3). The vectors e′
(0)e

w and e′′
(0)e

w would
have degree 4 and Cartan weights (5, 13) and (3, 15), whose lower bounds are 16/3 and 66/13.
Hence both vanish. For a current y of Cartan weight (0, 0), (±2, 0) or (0,±2), the vector y(n)e

w,
n ⩾ 1, has degree at most 3, whereas the least of the five bounds for its possible Cartan weights
is 40/13 > 3. Thus every positive current mode annihilates ew. It generates the irreducible
integrable A-module J .

An independent exact calculation reconstructs the product and verifies the 26 annihilation
identities for e′

(0), e′′
(0) and the six currents in modes 1 to 4. It uses no weight-four pivot

data. A separate arithmetic check verifies the arithmetic and cocycle signs of Table 4. These
computational checks supplement the preceding analytic calculation.

Its affine conformal weight is 4, so LC0 e
w = 0; since LC0 commutes with A, both A and J

lie in KerLC0 = ComS(C). In this commutant the multiplicities of A and J are one: their
affine highest spaces occur in total weights zero and four, respectively, where S0 = C1 and the
Cartan weight space (3, 13) is one-dimensional. The restrictions of the vertex operators to these
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summands are A-intertwining operators. The affine fusion rules A ⊠ A = A, A ⊠ J = J and
J⊠J = A therefore imply that A⊕J is closed under all products. We equip A+ with conformal
vector ωA. Since LC0 and LC−1 vanish on A+, its grading and translation are those induced from
S. The unitary involution preserves these two isotypic summands, so this subalgebra inherits
the unitary form, is simple, and is rational by [DLM96, Theorem 4.5].

2. By Proposition 10.17, Theorem 10.21 gives S1 = U1 and S2 = U2. As an A-module the
kernel is the direct sum of the integrable modules generated by affine highest weight vectors of
type (i, j) in weight hA(i, j), which must be an integer. The types with 0 ⩽ i ⩽ 3, 0 ⩽ j ⩽ 13
and hA(i, j) ∈ Z are (0, 0), (3, 3), (0, 10) and (3, 13), of weights 0, 1, 2 and 4. Now S0 = C1,
S1 = U1 has no component of type (3, 3), U2 has no component of type (0, 10) (Table 2), and
the Cartan weight space (3, 13) of S4 has dimension one by part 1. Hence ComS(C) = A⊕ J .

3. On A+, LC0 and LC−1 vanish, so the grading and the translation of A+ are those of S;
hence the products ∗ and ◦ of A+ are the restrictions of those of S, and O(A+) ⊂ O(S).

The simple A-modules are L(i, j) = Lsl2(3, i) ⊗Lsl2(13, j), with lowest weight space V (i, j).
The monodromy of L(i, j) with J is (−1)i+j and J ⊠L(i, j) ∼= L(3 − i, 13 − j); hence the simple
A+-modules correspond [DLM96, HKL15] to the fourteen orbits {(i, j), (3− i, 13−j)} with i+j
even, and there is no fixed point. Since hA(3 − i, 13 − j) − hA(i, j) = 4 − i+j

2 , the lowest weight
space Tt of the module Mt attached to an orbit is V (i, j) with i + j < 8, except for the two
orbits with i+ j = 8:

(11.6)
T0, . . . , T5 = V (0, 0), V (0, 2), V (1, 1), V (2, 0), V (0, 4), V (1, 3),
T6, . . . , T11 = V (2, 2), V (3, 1), V (0, 6), V (1, 5), V (2, 4), V (3, 3),
T12 = V (1, 7) ⊕ V (2, 6) (h = 6

5 ), T13 = V (0, 8) ⊕ V (3, 5) (h = 4
3 ).

Thus A(A+) ∼=
⊕13

t=0 End(Tt). Let et ∈ A(S) be the image of a rank one idempotent of End(Tt)
(the highest line of the first constituent) and eZ =

∑
t et. The sum of one rank one idempotent

in every matrix block is full in A(A+). Indeed, for matrix units E(t)
ij with the chosen idempotent

E
(t)
11 , one has 1 =

∑
t,iE

(t)
i1 E

(t)
11 E

(t)
1i . Applying the unital homomorphism of Proposition 11.4

proves that eZ is full in A(S), even if some blocks have zero image, and A(S) is Morita equivalent
to the corner D = eZA(S)eZ [Rie26b, Lemma 8.2]; in particular A(S) is semisimple if and only
if D is.

Remark 11.5 Every g′ ⊕g′′-type of the lowest weight spaces in Table 2 is local and of the form
(i, j) with i+j < 8, as it must be: a constituent of type (3−i, 13−j) in the lowest weight space of
an S-module M would force, through J , a vector of M of smaller weight. If A(S) is semisimple
and its simple modules have the lowest weight spaces of Table 2, then D ∼=

⊕
zMnz (C), where

nz is the number of irreducible constituents of the lowest weight space of z: the block sizes are
1, 1, 2, 2, 2, 3, 5, 7, 11, 12, 12, 16 (for 0, c1, d1, d4, d5, d6, c2, d2, b, a, c0, d3), so that dimD = 762,
and the two exceptional blocks T12, T13 do not occur. In case (I) the corresponding dimension
is 546 [Rie26b, Proposition 9.5].

To obtain an upper bound for D, we follow [Rie26b, Section 9]. Put g = g′ ⊕ g′′, and let ΓZ
be the quiver with vertices 0, . . . , 13 and, for each of the ten non-affine highest weight vectors
z of Proposition 11.3 and each pair of constituents λ ⊂ Tt, µ ⊂ Tv such that Hom(V (λ), V (µ))
contains a highest weight vector of the weight of z, an arrow t → v; there are 515 arrows.
Sending a formal arrow to the corresponding coefficient of [z] in the matrix realization of A(S)
given by the matrix units of A(A+) defines a surjection CΓZ → D [Rie26b, Propositions 8.3
and 8.6]. The relations are the projections of the Zhu images of three families of identities in S:
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1. the kernel of U2⊕(g⊗U2)⊕Λ2U2 → S3, (v, h⊗w, a∧b) 7→ L(−1)v+h(−1)w+ 1
2 (a(0)b−b(0)a);

2. the kernel of S2U2 → S4, a · b 7→ 1
2 (a(−1)b+ b(−1)a);

3. the kernel of S3 ⊕ (g⊗ S3) ⊕ S2U2 → S4, (u, h⊗ v, a · b) 7→ L(−1)u+ h(−1)v+ 1
2 (a(−1)b+

b(−1)a),

together with the centrality of [ω] = [ωA]+2[e]. The kernels are g-modules; their highest weight
vectors suffice. The Zhu images are obtained from (11.1) and from [ 1

2 (a(−1)b + b(−1)a)] =
1
2 ([a] ∗ [b] + [b] ∗ [a]) + [c+(a, b)], [ 1

2 (a(0)b − b(0)a)] = [a] ∗ [b] − [b] ∗ [a] − [c−(a, b)], where
c±(a, b) = 1

2 (a(1)b± b(1)a) ∈ U2.

Theorem 11.6 (computation modulo a prime) Let p = p3 = 8388571, and use the residue
map (OK)p → Fp at the chosen prime p above p, with the images of

√
13 and

√
−3 fixed by the

computational data. The matrices below have entries integral at p. Modulo p:

1. the three families have 458, 70 and 532 highest weight relations, and S3 has 95 highest
weight vectors;

2. the projected relations, 19981 rows in the path algebra FpΓZ, kill the two exceptional
vertices 12 and 13, hence the 230 arrows incident to them, eliminate 46 further arrows
linearly, and leave a rewriting system on 239 arrows whose ambiguities all resolve after
one round of completion;

3. the resulting algebra Dp has a basis of 762 irreducible paths (12 vertices, 239 arrows, 506
paths of length two and 5 of length three); its regular trace form is nondegenerate, so Dp

is semisimple; its center has dimension 12, and Dp
∼=

⊕
zMnz

(Fp) with the block sizes of
Remark 11.5;

4. for each block, the ranks of the vertex idempotents et are the multiplicities of the con-
stituents Tt in the lowest weight space of the corresponding module in Table 2, for all
twelve modules.

Proof : All products a(n)b, a, b ∈ U2, −1 ⩽ n ⩽ 3, and h(−1)s, L(−1)s, s ∈ S3, are computed
exactly over K and then reduced modulo p. The kernels, projections, elimination, completion,
trace form and central idempotents are computed over Fp. The calculation at 8388571 uses
19981 projected relations. The corresponding calculation at 4194277 gives the same dimensions,
blocks and vertex ranks. For the final rewriting rules, a separate verifier checks that they
decrease the degree-lexicographic order with the alphabet reversed and resolves all 131698
overlap ambiguities and all 151 inclusion ambiguities, as required by [Ber78, Theorem 1.2]. The
inclusion ambiguities are needed because the system has cubic as well as quadratic leading words.
These checks concern the projected presentation. The verification record in the supplementary
material specifies which stages were independently checked.

For completeness, the algebraic consequences of the last checks require no further VOA
computation. If x lies in the Jacobson radical of Dp, then xy is nilpotent for every y ∈ Dp.
Thus left multiplication by xy has trace zero. Nondegeneracy of the regular trace form forces
x = 0, proving semisimplicity. The computed central element has twelve distinct eigenvalues in
Fp, so the center is split. Each simple factor is a matrix algebra over Fp, since a finite division
ring is a field; its dimension determines its matrix size. The ranks of the vertex corners give the
displayed multiplicities. These conclusions concern the finite-field algebra Dp; their descent to
a characteristic-zero upper presentation is not supplied by this calculation.
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Remark 11.7 Theorem 11.6 does not prove (Z). A kernel computed modulo p may be larger
than the reduction of the kernel over K. The agreement at two primes is a consistency check;
it does not exclude a rank drop at both primes. Thus Dp is not yet identified with the special
fibre of an integral form of a characteristic-zero upper presentation of D.

To obtain such a presentation one must compute the three families of relations over K, check
the integrality of the eliminations and rewriting rules at a chosen prime, and prove a spanning
bound over the resulting local ring. With these data, a descent argument of the form [Rie26b,
Lemma 9.6] would give semisimplicity of the upper presentation and hence of its quotient D,
proving (Z). These are the characteristic-zero and integral steps supplied for case (I) by [Rie26b,
Sections 9.8–9.10].

The block sizes and vertex ranks computed here agree with the lowest weight spaces of
Theorem 8.5 and Table 2. An exact version would bound the number of simple S-modules
by twelve and determine the A+-structure of the lowest spaces of the blocks that survive in
the quotient onto D. A quotient of a semisimple algebra may annihilate whole simple blocks;
proving that all twelve blocks survive is a separate step.

Lemma 11.8 The nine V ′-modules We,a are unitary S-modules. Consequently each restriction
We,a|S is an orthogonal direct sum of simple S-modules, and the S-submodule generated by an
irreducible A(S)-submodule of the lowest weight space of We,a is simple.

Proof : By [DoL14, Theorem 4.12], VL+λ is a unitary module of (VL, ϕ1) for the Fock space
Hermitian form H1. With g = exp(hχ(0)) as in the proof of Theorem 10.10, g1/2 acts on VL+λ
by the positive numbers e 1

2 (hχ,µ) on M(1) ⊗ eµ, and Hχ(u, v) = H1(g1/2u, g1/2v) is positive
definite and invariant for (V ′, ϕχ); its restriction to S is invariant since ϕχ(S) = S. The
orthogonal complement of a submodule is a submodule, and the homogeneous components
are finite-dimensional, which gives the decomposition. If X is an irreducible A(S)-submodule
of the lowest weight space and N a proper submodule of the module ⟨X⟩ it generates, then
⟨X⟩ = N ⊕ N⊥ and X = (N ∩ X) ⊕ (N⊥ ∩ X) in the lowest degree, so N ∩ X = 0, X ⊂ N⊥

and N = 0.

11.5 What remains
The following unresolved steps would produce a proof independent of the existence results
granted above.

1. The exact version of Theorem 11.6: the three families of relations over K (by pivots
modulo p and exact membership, as in Theorem 10.19), the eliminations and quadratic
rules over K and their integrality at a prime of K above p, the shortening of the cubic
paths over the local ring, and the descent lemma [Rie26b, Lemma 9.6]. This would prove
(Z), hence the rationality of S.

2. Determine the restrictions in (M). The zero-mode action on a lattice module’s lowest
weight space identifies the simple submodules generated by that space, by Lemma 11.8.
It does not exclude additional simple summands beginning in higher degrees. In particular,
the lowest weight space of W0,0 generates S, whereas its orthogonal complement has its
first nonzero degree at weight one. A complete branching proof must establish generation
by all the proposed lowest spaces, or combine an exhaustive list of simple S-modules with
their lowest weights and a character identity. This requires extending the exact lattice
computations to the cosets of L in L∗.
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3. Establish that the six additional blocks, with lowest weights 5
13 , 6

13 , 7
13 , 8

13 , 11
13 and 15

13 ,
survive in the quotient onto D. An exact upper presentation gives at most twelve simple
modules, but does not prove their existence. One possible approach is the trace and Galois
argument of [Rie26b, Section 11]; its hypotheses and conclusion must be verified for S.

After these steps, Theorem 11.1 gives strong rationality. The categorical transfer listed in
Remark 11.2 remains a separate task, including the exhaustion statement (C).

12 The associated lattice and the twin algebra
In this section we describe the Haagerup algebras through the decomposition of a strongly
rational vertex operator algebra into its Heisenberg commutant and its associated lattice [Mas14,
Hoh17, MoR24a], and we use the notions of genus of Höhn [Hoh03] (the bulk genus, given by the
representation category and the central charge) and of Moriwaki [Mor21] and Möller–Rayhaun
[MoR24a] (the hyperbolic genus). We call a Haagerup algebra a positive strongly rational vertex
operator algebra U of central charge eight with a braided equivalence Rep(U) ∼= Z(H3). By
Proposition 4.1 and Theorem 8.5, after an automorphism of V ′, U ⊂ V ′ with U1 = g′ ⊕ g′′,
of levels (k′, k′′) = (1, 39) in case (I) and (3, 13) in case (II), and the Cartan subalgebra h =
Ch′ ⊕Ch′′ of U1 is contained in the Cartan subalgebra of V ′

1 spanned by the lattice; here h′ ∈ g′

and h′′ ∈ g′′ are coroots, so that ⟨h′, h′⟩ = 2k′, ⟨h′′, h′′⟩ = 2k′′ and ⟨h′, h′′⟩ = 0. We identify
h with its dual through ⟨·, ·⟩ and write a vector λ ∈ h as the pair (m′,m′′) = (⟨h′, λ⟩, ⟨h′′, λ⟩);
thus λ is the h-weight of a vector v with h′

(0)v = m′v and h′′
(0)v = m′′v, and

|λ|2 = m′2

2k′ + m′′2

2k′′ .

We denote by Γ(U) ⊂ h the set of h-weights of U , by

ΩU
def= ComU (M(h))

the Heisenberg commutant of U , and by L the associated lattice, defined by ComU (ΩU ) ∼= VL
[MoR24a, Definition 2.12]. Throughout this section L denotes this rank-two lattice; we continue
to write E6⊕A2 for the ambient lattice. These objects do not depend, up to isomorphism, on the
choice of the Cartan subalgebra [MoR24a, Remark 2.13]. For an even lattice L we write C(L′/L)
for the pointed ribbon category of the discriminant form (L′/L, qL), qL(λ+L) = |λ|2

2 mod 1, so
that Rep(VL) ∼= C(L′/L), and B for the ribbon reverse of a ribbon category B.

12.1 Two binary lattices
Put Γ0 = {(m′,m′′) ∈ Z2 : m′ ≡ m′′ mod 2} and, for (k′, k′′) ∈ {(1, 39), (3, 13)},

Lk′,k′′
def= Γ∗

0 = {(k′a, k′′c) : a, c ∈ Z, a ≡ c mod 2},

the dual being taken for the form above; it has the basis (2k′, 0), (k′, k′′). We write LI = L1,39
and LII = L3,13.

Lemma 12.1 1. The Gram matrices of LI and LII in these bases are [ 2 1
1 20 ] and [ 6 3

3 8 ], of
determinant 39 and minimal norms 2 and 6; they correspond to the binary quadratic forms
x2 + xy+ 10y2 and 3x2 + 3xy+ 4y2. In both cases L′ = Γ0 and L′/L ∼= Z/39 is generated
by (1, 1), with qLI(1, 1) = 10

39 and qLII(1, 1) = 4
39 .

61



2. The even positive-definite lattices of rank two whose discriminant form is isometric to
that of LI are, up to isometry, exactly LI and LII. More precisely, the reduced forms of
discriminant −39 are (1, 1, 10), (2,±1, 5) and (3, 3, 4); the class group of discriminant −39
is cyclic of order four and has two genera, the principal genus {(1, 1, 10), (3, 3, 4)}, which
is the set of squares, and {(2, 1, 5), (2,−1, 5)}, whose discriminant form is not isometric
to that of LI.

3. The isometries L′
II/LII → L′

I/LI are the maps (1, 1) 7→ u(1, 1) with u ∈ {4, 17, 22, 35},
and O(L′/L) = {±1,±14} in both cases.

4. The image of the orthogonal group O(LII), of order four, in O(L′
II/LII) is the whole group;

the reflections w′ = diag(−1, 1) and w′′ = diag(1,−1), which are the actions on h of the
Weyl group elements of g′ and g′′, act by 14 and 25. The image of O(LI), of order four,
in O(L′

I/LI) is {±1}: w′ acts trivially and w′′ by −1.

Proof : We give a proof with integer arithmetic, independently of the computational verification.
For part 1, the form m′2

2k′ + m′′2

2k′′ on the basis (2k′, 0), (k′, k′′) has Gram matrix Mk′,k′′ with
entries M11 = 2k′, M12 = M21 = k′ and M22 = k′+k′′

2 . Its determinant is k′k′′ = 39. An integer
multiple n(1, 1) belongs to Lk′,k′′ exactly when 39 divides n, so (1, 1) generates the discriminant
group. Its quadratic value is 1

4k′ + 1
4k′′ , giving the asserted values. The expressions

x2 + xy + 10y2 =
(
x+ y

2

)2
+ 39

4 y
2, 3x2 + 3xy + 4y2 = 3

(
x+ y

2

)2
+ 13

4 y
2

show that the shortest vectors are precisely the two vectors ±(2k′, 0), of squared norms 2 and
6, respectively.

2. An even positive-definite binary lattice of determinant 39 corresponds to a primitive form
ax2 + bxy + cy2 of discriminant −39. Choose a reduced representative, so |b| ⩽ a ⩽ c, with the
usual boundary convention b ⩾ 0 when |b| = a or a = c. Since 39 = 4ac − b2 ⩾ 3a2, we have
1 ⩽ a ⩽ 3. Moreover b is odd and c = 39+b2

4a is an integer. For a = 1, 2, 3 this gives exactly
(1, 1, 10), (2,±1, 5) and (3, 3, 4). The two middle forms are improperly equivalent. Their lattice
has Gram matrix [ 4 1

1 10 ] and discriminant form generated by an element of quadratic value 5
39 .

An isometry with the discriminant form of LI would require 5u2 ≡ 10 (mod 39) for a unit u,
which is impossible modulo 3. In contrast, 10 · 42 ≡ 4 (mod 39) identifies the discriminant
forms of LI and LII. This proves the lattice classification. It also gives the two genera, since the
genus is determined by the rank, signature and discriminant form [Nik80, Corollary 1.9.4]. The
four reduced forms are the four proper classes. Inversion interchanges the two distinct classes
(2, 1, 5) and (2,−1, 5), so the class group of order four is cyclic. Its squares are the principal
class and the class (3, 3, 4), proving the remaining assertion [Cox13].

3. An isometry between the discriminant forms is multiplication by a unit u satisfying
10u2 ≡ 4 (mod 39), equivalently u2 ≡ 16 (mod 39). The Chinese remainder theorem gives the
four solutions 4, 17, 22, 35. In the same way, u2 ≡ 1 (mod 39) gives O(L′/L) = {1, 14, 25, 38}.

4. An orthogonal transformation preserving either lattice preserves its unique shortest line,
so its orthogonal group has at most four elements. The four sign changes in the two coordi-
nates (m′,m′′) preserve Lk′,k′′ , so they give the whole group. To compute their action on the
discriminant group, reduce (−1, 1) and (1,−1) modulo Lk′,k′′ . In case (II),

(−1, 1) − 14(1, 1) = (−15,−13) ∈ LII, (1,−1) − 25(1, 1) = (−24,−26) ∈ LII.

In case (I), (−1, 1) − (1, 1) = (−2, 0) ∈ LI and (1,−1) + (1, 1) = (2, 0) ∈ LI. This gives the
stated images.
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The supplementary material includes independent integer-arithmetic checks of these lattice
calculations. They are not needed for the preceding proof.

12.2 The Heisenberg commutant and the associated lattice
For a simple vertex operator algebra Ω and an Ω-module M , put

VacΩ(M) def= {v ∈ M : a(n)v = 0 for every a ∈ Ω and n ⩾ 0}.

A nonzero vector in this space is called vacuum-like. If M is irreducible and v is vacuum-like,
the map a 7→ a(−1)v is a nonzero Ω-module homomorphism Ω → M , and hence M ∼= Ω [LL04,
Section 4.7].

Proposition 12.2 Let U be a Haagerup algebra, with the notation above.

1. The Heisenberg commutant ΩU is a strongly rational vertex operator algebra of central
charge six with (ΩU )1 = 0. There is a ribbon-reversing equivalence τ from C(L′/L) onto
the full pointed fusion subcategory generated by the invertible objects of Rep(ΩU ). Writing
τ also for the induced map on isomorphism classes of simple objects, we have

U =
⊕

α∈L′/L

Ωτ(α)
U ⊗ Vα+L

as an ΩU ⊗ VL-module, and Rep(ΩU ) ∼= Z(H3) ⊠ C(L′/L).

2. Every irreducible ΩU -module has a nonnegative conformal weight, and for α ̸= 0 the
module Ωτ(α)

U contains no vacuum-like vector. Consequently, a vector of U of h-weight λ
has conformal weight at least |λ|2

2 .

3. Γ(U) = Γ0, and the associated lattice is L = Lk′,k′′ : it is LI in case (I) and LII in case
(II).

4. For λ = (k′, k′′), the vector eλ of VL ⊂ U is a highest weight vector of weight (k′, k′′) for the
affine subalgebra A = Lg′(k′, 0) ⊗Lg′′(k′′, 0), of conformal weight k′+k′′

4 , and it generates
an A-submodule of U isomorphic to the simple current J = Lsl2(k′, k′) ⊗ Lsl2(k′′, k′′), of
conformal weight 10 in case (I) and 4 in case (II).

Proof : 1. By [MoR24a, Definition 2.12, Proposition 2.14], which rest on [Mas14], ΩU and VL
form a dual pair in U , ΩU is strongly rational [CKLR19], and U is a simple current extension
of ΩU ⊗ VL of the stated form for some subgroup AU ⊂ L′/L in place of L′/L. The category
Rep(U) ∼= Z(H3) has no invertible object except the unit, by (2.1). It is pseudo-unitary for the
ribbon structure of U : since U is positive, the quantum dimensions qdimU (X) = SX,U/SU,U
are positive and equal the Frobenius–Perron dimensions [DJX13], and they are the categorical
dimensions of Rep(U) for its ribbon structure [Hua08]; alternatively, Z(H3) has a unique pivotal
structure (Remark 12.6). The proof of [MoR24a, Corollary 4.10], applied with V = W = U ,
then gives AU = L′/L, the description of τ , and Rep(ΩU ) ∼= Rep(U) ⊠ C(L′/L). The central
charge of ΩU is 8 − rankL = 6. A vector of (ΩU )1 commutes with h, hence lies in the subspace
of h-weight zero of U1 = sl2 ⊕ sl2, which is h; it is then orthogonal to h, hence zero.

2. Let µ be an irreducible ΩU -module. The monodromy of µ with the invertible objects
τ(α) is a scalar χµ(α), and α 7→ χµ(α) is a character of L′/L; since the bilinear form of L′/L
is nondegenerate, there is β ∈ L′/L such that the monodromy of µ ⊠ β with every summand
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τ(α)⊠α of the algebra U is trivial. The induced moduleX =
⊕

α(τ(α)µ)⊗Vα+β+L, where τ(α)µ
denotes the fusion product, is then a U -module [HKL15, CKM22], a finite sum of irreducible
U -modules, and it contains µ⊗Vβ+L. For y > 0 we have, coefficientwise and hence numerically,

chX(iy) ⩾ chµ(iy)θβ+L(iy)
η(iy)2 .

As y → 0+, θβ+L(iy) ∼ (detL)− 1
2 y−1 by the Poisson summation formula and η(iy)−2 =

yη(i/y)−2 ∼ ye
2π

12y , so that the last quotient is equivalent to (detL)− 1
2 e

2π·2
24y . On the other hand

chX(iy) =
∑
Y SX,Y chY (i/y) over the irreducible U -modules Y , by Zhu’s theorem [Zhu96] at

the point i/y, extended additively to the finite sum X; and chY (i/y) = O(e
2π·8
24y ) since the confor-

mal weights of the U -modules are nonnegative. Hence chµ(iy) = O(e
2π·6
24y ) for every irreducible

ΩU -module µ. For an irreducible ΩU -module ν of conformal weight hν , Zhu’s theorem for ΩU
gives chν(i/y) =

∑
µ S

Ω
ν,µ chµ(iy) = O(e

2π·6
24y ), while chν(i/y) ⩾ dim(νhν

)e
2π
y ( 6

24 −hν ). Therefore
hν ⩾ 0. For α ̸= 0, the simple module Ωτ(α)

U is not isomorphic to ΩU , so VacΩU
(Ωτ(α)

U ) = 0.
Finally a vector of h-weight λ ∈ α+ L lies in Ωτ(α)

U ⊗M(h, λ), whose conformal weights are at
least hτ(α) + |λ|2

2 ⩾ |λ|2

2 .
3. The h-weights of Ωτ(α)

U ⊗ Vα+L form the coset α + L, so part 1 gives Γ(U) = L′ and
L = Γ(U)∗. We have V ′

1 = U1 ⊕ Rb. By Table 2, every irreducible U1-summand of V ′
1 has

highest weight (a, b) with a ≡ b mod 2. All weights of such a summand belong to Γ0. Since
V ′ is generated by V ′

1 , every h-weight of V ′ belongs to Γ0, and hence Γ(U) ⊂ Γ0. Conversely,
the root vectors of U1 give the weights (2, 0) and (0, 2), while the summand V (1, 1) ⊂ U2 in
both columns of Table 2 gives (1, 1). These vectors generate Γ0. Since Γ(U) = L′ is a group,
Γ(U) = Γ0 and L = Lk′,k′′ .

4. Since λ = (k′, k′′) ∈ L, eλ ∈ VL ⊂ U , of conformal weight |λ|2

2 = k′+k′′

4 . Let x be a root
vector of U1, of weight µ ∈ {(±2, 0), (0,±2)}, or x ∈ h, µ = 0, and n ⩾ 0. The vector x(n)e

λ has
h-weight λ+µ and conformal weight k′+k′′

4 −n. For n = 0 and µ ∈ {(2, 0), (0, 2)}, |λ+µ|2

2 − k′+k′′

4
is 1+ 1

k′ or 1+ 1
k′′ ; for n ⩾ 1, |λ+µ|2

2 −(k
′+k′′

4 −n) ⩾ min(0,−1+ 1
k′ ,−1+ 1

k′′ )+n > 0. By part 2,
x(n)e

λ = 0 in all these cases. Thus eλ is annihilated by the positive part of the affine Lie algebra
and by e′

(0), e′′
(0), and h′

(0), h′′
(0) act by k′, k′′: it is a highest weight vector of weight (k′, k′′) for A.

The regularity of A decomposes U into irreducible integrable A-modules. In this decomposition
eλ is a sum of affine highest weight vectors of type (k′, k′′), hence generates one diagonal copy
of the irreducible module J , whose conformal weight is k′(k′+2)

4(k′+2) + k′′(k′′+2)
4(k′′+2) = k′+k′′

4 .
In case (II), part 4 is Proposition 11.4, proved there for S by an explicit lattice word and an

energy bound, with exact computational checks; in case (I), it is the inclusion A⊕J(1, 39) ⊂ UR

of [Rie26b, Proposition 7.1], obtained there from the explicit vector ew, (w,w) = 20. Here both
statements hold for every Haagerup algebra. The associated lattice is determined by the weight-
one decomposition of V ′ and the occurrence of V (1, 1) in U2; the lattices LI and LII are thus
the overlattices of index two of

√
2k′Z ⊕

√
2k′′Z given by the simple current J .

12.3 The lattice exchange
Let U be a Haagerup algebra in case (I) or (II), with associated lattice L, and let L♮ be the
lattice of the other case, so that {L,L♮} = {LI, LII}. By Lemma 12.1 there is an isometry
ψ : L′/L → (L♮)′/L♮. We use the equivalences Rep(ΩU ⊗ VL) ∼= Rep(ΩU ) ⊠ C(L′/L) and
Rep(ΩU ⊗ VL♮) ∼= Rep(ΩU ) ⊠ C((L♮)′/L♮) [FHL93, CKM22]. The isometry ψ is induced by
a ribbon equivalence Φψ : C(L′/L) → C((L♮)′/L♮), since a pointed braided fusion category is
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determined by its metric group up to braided equivalence inducing any given isometry [EGNO15,
Section 8.4], and the twists e2πiq are preserved. Put Φ = id⊠Φψ. By [HKL15], U corresponds to
the connected étale algebra AU =

⊕
α τ(α)⊠ α of Rep(ΩU )⊠ C(L′/L), and we define U ♮ = U ♮ψ

as the vertex algebra extension of ΩU ⊗VL♮ corresponding to the connected étale algebra Φ(AU )
[HKL15, CKM22]. As an ΩU ⊗ VL♮ -module,

U ♮ =
⊕

α∈L′/L

Ωτ(α)
U ⊗ Vψ(α)+L♮ .

Theorem 12.3 Let U be a Haagerup algebra, L♮ and ψ as above.

1. U ♮ is a Haagerup algebra, in the other case of Theorem 8.5. For the Cartan subalgebra
L♮ ⊗ C of U ♮1, its Heisenberg commutant is ΩU and its associated lattice is L♮.

2. Let P be the group of invertible objects of Rep(ΩU ), with the quadratic form given by the
twists. The image of Aut(ΩU ) in O(P ) is the whole group O(P ). Consequently, for a
strongly rational vertex operator algebra Ω and N ∈ {LI, LII}, all the Haagerup algebras
with Heisenberg commutant isomorphic to Ω and associated lattice isometric to N are
isomorphic.

3. Up to isomorphism, U ♮ does not depend on ψ, (U ♮)♮ ∼= U , and U 7→ U ♮ induces a bijection
between the isomorphism classes of Haagerup algebras in case (I) and in case (II). The
Haagerup algebras with Heisenberg commutant isomorphic to ΩU are, up to isomorphism,
exactly U and U ♮.

4. U and U ♮ belong to the same hyperbolic genus, and every strongly rational vertex operator
algebra in this hyperbolic genus is isomorphic to U or to U ♮. In particular it is a Haagerup
algebra.

Proof : 1. Extension and representation category. Put B = ΩU ⊗ VL♮ and A = Φ(AU ). The
strongly rational algebra B has its vertex tensor category of ordinary modules. We use the
extension correspondence in the generality of [HKL15, Theorem 3.2 and Remark 3.3]; strict
positivity of the nonvacuum B-modules is not assumed. The connected étale algebra A has
trivial twist and defines the extension W . It is simple: separability makes the category of
A-modules semisimple, and EndA(A) ∼= Hom(1,A) = C by connectedness. Thus the regular
A-module has no proper subobject, and neither does W as a module over itself. Initially, the
extension correspondence identifies local A-modules with those W -modules whose restrictions
belong to Rep(B) [HKL15, CKM22]. Their category is ribbon equivalent, through Φ, to the
category of local AU -modules. After the rationality argument below, this is the ordinary module
category Rep(W ) ∼= Rep(U).

CFT type. For α ̸= 0, the conformal weights of Ωτ(α)
U ⊗Vψ(α)+L♮ lie in hτ(α)+qL♮(ψ(α))+Z =

hτ(α) + qL(α) +Z = Z, and they are at least hτ(α) + minγ∈ψ(α)+L♮
|γ|2

2 > 0 by Proposition 12.2,
part 2; hence they are at least 1. The summand α = 0 is ΩU ⊗VL♮ , which is of CFT type. Thus
W is of CFT type.

Self-contragredience. Since (ΩU )1 = 0, W1 = 1 ⊗ (VL♮)1 ⊕
⊕

α̸=0(Ωτ(α)
U ⊗ Vψ(α)+L♮)1, and

the Virasoro modes preserve each summand. The operator L(1) maps W1 into W0 = C1, which
lies in the summand α = 0, while L(1)(VL♮)1 = 0; hence L(1)W1 = 0 and the simple algebra W
of CFT type is self-contragredient [Li94].

C2-cofiniteness. The algebra W is C2-cofinite, since it is a finite sum of irreducible modules
for the C2-cofinite algebra ΩU ⊗ VL♮ , which are C2-cofinite [Buh02], and C2 of each summand
is contained in C2(W ).
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Rationality. Let M be a weak W -module. By [ABD04], M is a direct sum of irreducible
ordinary ΩU ⊗ VL♮-modules. Put B = ΩU ⊗ VL♮ , and let M ′ be the W -submodule generated
by an irreducible B-submodule N of M . By weak associativity, M ′ is spanned by the vectors
w(n)x, with w ∈ W , x ∈ N and n ∈ Z. For every irreducible B-module K, composition with
these vertex operators gives an injective linear map

HomB(M ′,K) → IB

(
K

W N

)
.

It is injective because a map in its kernel vanishes on this spanning set. The target is finite
dimensional and is zero for all but finitely many K. In a decomposition of the semisimple
B-module M ′ into simple summands, the coordinate projections onto distinct copies of K are
linearly independent elements of HomB(M ′,K). Hence each multiplicity is finite, and only
finitely many simple types occur. Thus M ′ has finite length and is an object of Rep(B).
By [HKL15, CKM22], it is a local module for the connected étale algebra Φ(AU ), and such
modules form a semisimple category [DMNO13]. Hence this submodule is a finite direct sum
of irreducible W -modules, and M , a sum of such submodules, is a direct sum of irreducible
W -modules. Compare the proof of [MoR24a, Proposition 5.3], which is the same construction
in the holomorphic case.

Positivity. Let X be an irreducible W -module. Its restriction is a sum of modules ΩνU ⊗
Vγ+L♮ , whose conformal weights are at least hν ⩾ 0 (Proposition 12.2, part 2), so that hX ⩾ 0.
If hX = 0, some summand has hν = 0 and γ ∈ L♮, so that X contains ΩνU ⊗ VL♮ with hν = 0.
The local AU -module X♭ = Φ−1(X) is an irreducible U -module whose restriction contains
Φ−1(ν ⊠ 0) = ν ⊠ 0, that is, ΩνU ⊗ VL; hence hX♭ ⩽ hν = 0, and X♭ ∼= U since U is positive.
Thus X ∼= Φ(AU ) = W . Hence W is a Haagerup algebra, and by Theorem 8.5 it is in case (I)
or (II).

Heisenberg commutant. Put h♮ = 1 ⊗ (L♮ ⊗ C)(−1)1 ⊂ W1. The vectors of W1 of h♮-weight
zero lie in (ΩU )1⊗1+1⊗h♮ = h♮, since (ΩU )1 = 0. Thus h♮ is a self-centralizing subalgebra of the
reductive Lie algebra W1 [DoM04] acting semisimply on W , that is, a Cartan subalgebra. The
commutant of M(h♮) in Vγ+L♮ is Ce0 if γ ∈ L♮ and zero otherwise, so ComW (M(h♮)) = ΩU ⊗ 1;
and ComW (ΩU ) =

⊕
α VacΩU

(Ωτ(α)
U ) ⊗ Vψ(α)+L♮ = VL♮ by Proposition 12.2, part 2. So the

Heisenberg commutant of W is ΩU and its associated lattice is L♮. By Proposition 12.2, part 3,
applied to W , its associated lattice is LI or LII according to its case; since L♮ is not isometric
to L (Lemma 12.1), W is in the other case.

2. The map τ : L′/L → P is an anti-isometry. Let UII be the one of U , U ♮ which is in
case (II), LII its associated lattice and τII : L′

II/LII → P its gluing map (part 1). The Weyl
group elements of the two ideals of (UII)1 are inner automorphisms of UII which normalize
the Cartan subalgebra; they preserve ΩU = Com(M(h)) and VLII = Com(ΩU ), and restrict to
θ ∈ Aut(ΩU ) and to an automorphism of VLII inducing w′ or w′′ on L′

II/LII. Since they permute
the summands ΩτII(α)

U ⊗Vα+LII , the induced autoequivalence θ̄ satisfies θ̄τII = τIIw̄. By Lemma
12.1, part 4, w̄′ = 14 and w̄′′ = 25, which generate O(L′

II/LII); hence the θ̄|P exhaust O(P ) =
τIIO(L′

II/LII)τ−1
II . Now let Y1, Y2 be Haagerup algebras with Heisenberg commutants identified

with Ω and associated lattices identified with N , with gluing maps σ1, σ2 : N ′/N → P (Ω).
Since both are anti-isometries, σ2 = θ̄σ1 for some θ ∈ Aut(Ω), by the first assertion applied to
Y1. The automorphism θ ⊗ id of Ω ⊗ VN transforms Y1 into a simple current extension with
the summands Ωσ2(α) ⊗ Vα+N of Y2. The summands are pairwise non-isomorphic invertible
Ω ⊗ VN -modules, indexed by N ′/N , and their fusion satisfies

Mα ⊠Mβ
∼= Mα+β .
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All summands are nonzero, both extensions are simple, and the fusion multiplicities are one.
Thus [DoM04, Proposition 5.3] applies to their common graded module decomposition. Hence
Y1 ∼= Y2.

3. The algebra U ♮ψ has Heisenberg commutant ΩU and associated lattice L♮, so it does not
depend on ψ by part 2. Applying the construction to U ♮ with ψ−1 gives back the summands of
U , so (U ♮)♮ ∼= U by [DoM04, Proposition 5.3]. If Y ∼= Y ′ are Haagerup algebras, an isomorphism
maps a Cartan subalgebra to a Cartan subalgebra and identifies the Heisenberg commutants,
so Y ♮ ∼= Y ′♮ by part 2. Hence ♮ is well defined on isomorphism classes and is an involution
exchanging the two cases. If W is a Haagerup algebra with ΩW ∼= ΩU , its associated lattice is
L or L♮ according to its case, and W ∼= U or W ∼= U ♮ by part 2.

4. By [MoR24a, Corollary 4.10], two strongly rational vertex operator algebras with equiv-
alent unpointed pseudo-unitary representation categories belong to the same hyperbolic genus
if and only if they have the same central charge and isomorphic Heisenberg commutants; this
applies to U and U ♮. If V is strongly rational and in this hyperbolic genus, then by [MoR24a,
Theorems 4.7 and 4.8] Rep(V ) is ribbon equivalent to Rep(U), the Heisenberg commutant of
V is isomorphic to ΩU , and its associated lattice is in the genus of L, hence isometric to LI or
LII (Lemma 12.1). By the proof of [MoR24a, Corollary 4.10], V =

⊕
α Ωσ(α)

U ⊗ Vα+N with N
its associated lattice and σ an anti-isometry onto P . The argument of part 2, with Y1 the one
of U , U ♮ whose associated lattice is isometric to N and Y2 = V , uses only the decomposition of
Y2 and shows that V ∼= Y1.

Theorem 12.4 1. Assuming (HJ), there are exactly two Haagerup algebras up to isomor-
phism: Jiao’s algebra V ∼= S, in case (II), and its twin S♮, in case (I). There is an
embedding of S♮ into V ′ whose image contains the algebra ψR(UR) generated by A, e, f ,
v (Proposition 10.36), with equality in weights at most four.

2. Assuming (HR), there are exactly two Haagerup algebras up to isomorphism: Riesen’s
algebra UR, in case (I), and its twin (UR)♮, in case (II). There is an embedding of (UR)♮
into V ′ whose image contains S, with equality in weights at most four.

3. Assuming (HR) and (HJ), S♮ ∼= UR and (UR)♮ ∼= V .

4. Assuming (HR) or (HJ), all Haagerup algebras have isomorphic Heisenberg commutants
and they form a single hyperbolic genus.

Proof : 1. By Theorem 10.29, every Haagerup algebra in case (II) is isomorphic to V ∼= S;
by Theorem 12.3, part 3, every Haagerup algebra in case (I) is isomorphic to S♮, which is one.
The proof of Theorem 10.38 shows, without using [Rie26a], that a Haagerup algebra in case
(I) contains ψR(UR) after an automorphism of V ′; by Proposition 10.39, the weight spaces of
ψR(UR) of weights two, three and four have dimensions at least 120, 956 and 6010, which are
those of the Haagerup vacuum character (Theorem 7.1). 2. The same argument with Theorem
10.38; the proof of Theorem 10.29 shows, without [Jia26], that a Haagerup algebra in case (II)
contains S after an automorphism of V ′, and Theorem 10.21, using the independent certificate
of Proposition 10.17, gives the dimensions 1, 6, 120, 956, 6010 of S in weights at most four. 3
follows from 1 and 2, and 4 from Theorem 12.3, parts 3 and 4.

Thus the existence of a Haagerup algebra in one case implies its existence in the other case,
and its uniqueness in one case implies its uniqueness in the other case. Each of the announce-
ments [Rie26a] and [Jia26] separately gives exactly two Haagerup algebras; the identification
of both of them with the algebras of Riesen and of Jiao (part 3, and Theorem 10.40) still
uses both. In particular, assuming (HJ), there is a Haagerup algebra with currents of levels
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(1, 39), independently of [Rie26a], and the main theorem of [Rie26a] becomes equivalent to the
equality of ψR(UR) with the image of S♮ in V ′, that is, to the equality of the vacuum charac-
ter of ⟨A, e, f, v⟩ with X

(0)
0 .Without the announcements, the number of isomorphism classes of

Haagerup algebras in each case equals the number of hyperbolic genera of Haagerup algebras,
each of which consists of exactly two algebras, one in each case.

Remark 12.5 The decomposition of Proposition 12.2 can be tested on the graded dimensions.
For µ ∈ Γ0, the generating series of the dimensions of the subspaces of h-weight µ of Un,
multiplied by

∏
m⩾1(1 − qm)2 and by q−|µ|2/2, is the graded dimension fα of Ωτ(α)

U , α = µ+L.
From the blocks of U2 and U3 (exact in case (II), from the spans of Proposition 10.39 modulo
7999993 in case (I)), a finite calculation shows that different weights µ in the same coset give
the same coefficients (39 cosets occur in case (II) and 35 in case (I) in these weights), and that
for each of the four isometries ψ of Lemma 12.1, part 3, the 88 coefficients of fα in case (II)
which can be compared with those of fψ(α) in case (I) agree. This is consistent with Theorem
12.4, part 4: it is a test, in low weights, of the isomorphism of the Heisenberg commutants of
any two Haagerup algebras of the two cases, which Theorem 12.3 proves for U and U ♮.

Remark 12.6 Let V be any strongly rational vertex operator algebra of central charge eight
with a braided equivalence Rep(V ) ∼= Z(H3), not assumed positive. Since Z(H3) has no
nontrivial invertible object, its universal grading group is trivial [GeN08, Theorem 6.3]; since
pivotal structures differ by tensor automorphisms of the identity functor, which are characters
of this group, Z(H3) has a unique pivotal structure, the pseudo-unitary one [ENO05]; since
c(V ) ≡ 0 ≡ c(Z(H3)) mod 8, the S-matrix of the characters of V is the normalized S-matrix
s of Section 2 [MoR24a, Lemma 3.6]. Suppose that the minimal conformal weight hmin of the
irreducible V -modules is negative, and let J be the set of simple objects with conformal weight
hmin; it does not contain 0, and its elements have the same twist. The possible nonempty sets
J are the nonempty subsets of {b, a, c0}, the singletons {c1} and {c2}, and the singletons {dl}.
The following choices of i give sij ⩽ 0 for every j ∈ J , with strict inequality for at least one j:

condition on J i
b ∈ J d1

∅ ̸= J ⊂ {a, c0} c1
J = {c1} or J = {c2} a

J = {dl} b

The signs follow directly from the entries −y/3, −1/3 and 0 of the S-matrix. Then chi(iy) ∼( ∑
j∈J sij dimV jhmin

)
e

2π
y ( c

24 −hmin) would be negative for small y > 0, a contradiction. This is the
argument of [MoR24a, Proposition 3.10] with a weaker sign condition: Z(H3) is not essentially
positive in the sense of [MoR24a] (for J = {b, a} no row i has sib < 0 and sia < 0, and a set
J containing 0 never satisfies their condition), but our condition suffices to exclude hmin < 0.
Hence all conformal weights of the irreducible V -modules are nonnegative, and they are positive
for the eight simple objects with nontrivial twist. Therefore the positivity hypothesis in our
results can be replaced by the condition that none of the modules b, a, c0 has conformal weight
zero.

A Computational methods and certificates
The proofs distinguish exact calculations, certified exclusions, calculations modulo primes and
numerical checks. Exact calculations use rational arithmetic, arithmetic in K = Q(

√
13,

√
−3)
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in the basis 1,
√

13,
√

−3,
√

−39, Gröbner bases over Q or Q(
√

13), and integer arithmetic.
Certified interval calculations are used only to exclude a candidate by a nonzero value. An
interval containing zero gives no exclusion.

For a matrix integral at a prime p of K, its rank over K is at least the rank of its reduction.
This justifies the rank lower bounds and the selection of pivots modulo primes. Membership over
K is checked separately by exact coordinate identities on all rows after restriction of scalars.
Membership after reduction alone is not used as a characteristic-zero assertion. Numerical
calculations serve only as consistency checks and do not enter the proofs.

The supplementary material indexes the source code, coordinates, exact witnesses and ver-
ification results by the numbered statements. It specifies the computational environments and
commands. The lattice construction gives the vertex algebra identities in arbitrary weights,
while Section 10 justifies the momentum truncation used in the certificates.

The following table identifies the scripts associated with numbered statements and the nature
of their computations. It distinguishes exact verification, certified exclusions, reductions modulo
primes and auxiliary numerical tests. An entry does not assert more than the precise statement
and its proof establish; in particular, modular calculations are not treated as characteristic-zero
lifts.

Table 5: Correspondence between numbered statements and computa-
tional scripts.

Statement Scripts Nature
Theorem 3.1 eg c8 verification.py,

bg trace criterion.py
exact recursion;
numerical modularity
check

Proposition 4.1 kac order3.py exact (finite check)
Proposition 4.4 e6 rank bound.py analytic proof and

exact check
Proposition 5.4 vvmf exact.py,

weight2 obstruction exact.py,
dump relations.py

exact (rational)

Corollary 5.6 weight2 solve.py,
gamma1 exclusion exact.py

exact (rational)

Proposition 6.2 obstruction.py, e6 tools.py,
weight4 solve.py

exact (rational)

Lemma 7.2 direct inequalities in the proof no computation
required

Proposition 8.2 centre gamma0.py exact
Lemma 8.3 sl2 e6 superset.py, e6 centralizers.py,

e6 orbit labels.py
exact

Proposition 8.4 sl2 ideal feasibility.py,
weight6 single.py

exact

Theorem 8.5 sl2 pair exact.py, e8 joint.py,
sextic joint.py, joint uniqueness.py,
known sectors table.py, u2 moments.py,
u2 embedding test.py

exact

Proposition 9.1 lattice branching.py,
u2 parameter count.py

exact

Lemma 10.1 commutant griess.py exact over K
Proposition 10.3 griess subalgebras.py exact; Gröbner over Q
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Statement Scripts Nature (continued)
Theorem 10.5 primaries.py, isotropic lines.py,

isotropy test.py,
check_primary33_exclusions.py,
closure_certify_exact_intervals.py,
check_closure_coverage.py

exact rational
exclusions and certified
Arb witnesses

Proposition 10.7 closure modp.py, modp.py, u3 moments.py modulo p (superseded
by Theorem 10.19)

Theorem 10.9 exact weight2 K.py, Kfield.py exact over K
Theorem 10.10 unitary character.py,

phi automorphism check.py,
unitarity test.py, lattice voa.py

exact

Proposition 10.12 a3 griess automorphisms.py,
choice conjugation.py

exact

Proposition 10.13 closure w4 modp.py, modp.py modulo p
Theorem 10.21 verify_f4_strict.py, aggregate_f4.py,

check_zero_products.py
exact over K;
Proposition 10.17 and
alternative dimension
proof

Theorem 10.19 exact engine.py, certify w3.py,
certify w4b.py

all parts exact over K

Theorem 10.24 i2 weyl.py, i4 torus.py,
i5_membership_exact.py,
i6_generation_certificate.py

exact membership and
rank lower bound
modulo p3

Proposition 10.27 j1 centralizer.py,
j5 explicit automorphism.py

root-theoretic proof
and exact polynomial
check

Proposition 10.31 c2 exact C4.py, commutant dims.py,
griess subalgebras.py

exact over K

Proposition 10.34 exact isotropy.py, isotropy test.py exact; certified (Arb)
Proposition 10.35 isotropic lines.py, r6 certify sub2.py,

r5 sub2 testb.py
exact; certified (Arb)

Proposition 10.36 r1 identify riesen.py,
r2 locate riesen.py,
griess subalgebras.py

exact

Proposition 10.37 j1 centralizer.py, j2 solve.py,
j6 caseI action.py, r3 lines and Z.py

root-theoretic proof
and exact check

Proposition 10.39 b1 UR closure modp.py modulo p (rigorous
lower bounds)

Proposition 10.41 d1 rational forms.py,
j6 caseI action.py

exact

Proposition 11.4 check_simple_current_word.py analytic word and
energy proof; exact
checks

Theorem 11.6 z0 highest.py, z1 products.py,
z2 relations modp.py,
z3 corner modp.py,
z4 upper algebra modp.py

modulo p

Theorem 12.4 b1 UR closure modp.py modulo p (rigorous
lower bounds)

Lemma 12.1 s20 genus check.py,
s22 lattice weights.py

exact (integers)
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Statement Scripts Nature (continued)
Proposition 12.2 Table 2 and the proof no separate

lattice-weight
computation

A.1 Coverage of the certificates
The trace certificates give the dual forms, vanishing relations, matrix ranks and eighteen mo-
ments of U2. The module searches enumerate the entire finite domain specified in the proof of
Theorem 8.5.

For Theorem 10.5, the thirteen excluded commutant candidates give thirty-nine rational
projective charts with unit Gröbner bases. The pairwise closure calculation gives 62 certified
nonzero interval witnesses, which exclude 254 of the 256 choices. The coverage check uses only
these certified witnesses. The primary-space computations retain all characteristic-polynomial
factors and do not discard an inconclusive eigenspace.

The weight-four certificate of Proposition 10.17 checks the complete input domains, the
identity of each pivot word, integrality at the chosen prime, full rank and every coordinate
of each membership identity. It covers all 131 nonzero Cartan blocks and checks the 886 zero
inputs separately. Missing or truncated data, duplicate labels and nonzero residuals are rejected.
This establishes (F4) without an external existence theorem. Corollary 10.22 gives a separate
dimension proof when an ambient Haagerup algebra is available.

For Proposition 10.31, the supplementary data give the seven exact commutant vectors,
the two Virasoro matrices and the primary vectors. Their matrix identities and ranks admit a
separate verification in rational arithmetic. This verification is distinct from the lattice-mode
checks of the vertex-product identities.

Independent mode comparisons. A second evaluator, using simultaneous normal ordering
and direct exponential coefficients, agrees with the iterate-formula implementation on 24643
basis-state products in the stated weight window and 310 generator products. The coefficient-
field multiplication and three Virasoro identities are checked separately. These comparisons use
the supplied generator coordinates. They do not independently reconstruct those coordinates
from the printed definitions, or regenerate every coordinate of (F4) by a second method.

The modular Zhu calculation. All 131698 overlap ambiguities and 151 inclusion ambigu-
ities of the final presentation are checked. At 8388571, the algebra defined by the projected
relations has dimension 762, nondegenerate trace form and the twelve stated blocks. These
checks concern that presentation. They do not prove a characteristic-zero lift, recompute the
vertex-algebra origin of every relation or show that every block survives in the Zhu corner. The
agreement with the calculation at a second prime has the status specified in Remark 11.7.

AI statement. The author acknowledges the use of AI tools for language polishing, ex-
ploratory mathematical discussions, the writing of the verification scripts and feedback during
the development and preparation of this manuscript. The author takes full responsibility for
the mathematical content of the manuscript.
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Data availability. The source code, certificates and reproduction instructions are available
at https://github.com/cedricarhancet/haagerup-c8. The two complete weight-four
coordinate archives are distributed as release assets. Table 5 relates the computational scripts
to the numbered statements.
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[Mas14] G. Mason. Lattice subalgebras of strongly regular vertex operator algebras. In: Con-
formal field theory, automorphic forms and related topics, Contrib. Math. Comput.
Sci. 8, Springer, Heidelberg, 2014, 31–53. Page references are to arXiv:1110.0544. 4,
17, 21, 61, 63

[McR21] R. McRae. On rationality for C2-cofinite vertex operator algebras. Camb. J. Math. 14
(2026), 1–115. Numbering of arXiv:2108.01898v3, where Main Theorem 3 is Corol-
lary 5.19. 53, 54

74

https://www.researchgate.net/publication/415561299_An_explicit_lattice_construction_for_the_Haagerup_center
https://www.researchgate.net/publication/415561299_An_explicit_lattice_construction_for_the_Haagerup_center


[McR22] R. McRae. On semisimplicity of module categories for finite non-zero index vertex
operator subalgebras. Lett. Math. Phys. 112 (2022), Paper No. 25. 53

[Miy96] M. Miyamoto. Griess algebras and conformal vectors in vertex operator algebras. J.
Algebra 179 (1996), no. 2, 523–548.

[Mor21] Y. Moriwaki. Genus of vertex algebras and mass formula. Math. Z. 299 (2021), no.
3–4, 1473–1505. 4, 61
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