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ABSTRACT. We develop a density-functional theory for the Pauli-Fierz Hamil-
tonian of nonrelativistic quantum electrodynamics in the spirit of the convex-
analytic formulation of Lieb. We consider finitely many electrons, subject to
external scalar and vector potentials, coupled to the full continuum of mass-
less transverse photons with an ultraviolet cutoff. The natural basic variables
are the standard electron density and a combined current density, the sum of
the paramagnetic current density and a field-induced current density gener-
ated by the quantized vector potential. We prove representability results for
these density—current pairs and show that the mixed-state constrained-search
functional attains its infimum and coincides with the Lieb functional obtained
by convex conjugation. Since arbitrarily soft photons purify mixed states at
a negligible energy cost without changing their density and combined current
density, the pure-state Levy—Lieb functional equals the Lieb functional and is
therefore convex, even though its infimum need not be attained. In addition,
we establish the zero-coupling limit, which recovers the mixed-state Vignale—
Rasolt functional of current-density-functional theory. Finally, we consider the
long-wavelength (dipole) limit and show that the limiting functional can be
written as a constrained search for the well-known length-gauge dipole Hamil-
tonian.
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1. INTRODUCTION

Strong coupling of molecules and solids to the quantized electromagnetic field
of an optical cavity has been reported to modify chemical and material proper-
ties [12, 5, 15, 6]. At the energy scales of chemistry and condensed-matter physics,
such effects are described by nonrelativistic quantum electrodynamics (QED) in
the form of the Pauli-Fierz Hamiltonian [40, 54], in which electrons are minimally
coupled to the quantized transverse vector potential. To treat realistic systems,
density-functional theory (DFT) has been extended to this setting as quantum-
electrodynamical DFT (QEDFT) [57, 46, 45]. See [13, 49] for approximate func-
tionals and [48, 47] for reviews. While the Pauli-Fierz Hamiltonian itself is well
understood mathematically [22, 21, 2, 19, 34|, the density-functional side has been
analyzed in mathematical detail only for quantum-optical model systems such as
the Rabi and Dicke models [39, 3, 4], in which the system is reduced to two-level
systems coupled to finitely many field modes.

The mathematical structure of DFT was clarified by Lieb [33], who placed Levy’s
constrained search [28] into the framework of convex analysis (see [32, 41] for re-
cent accounts). In the presence of magnetic fields, the density is supplemented by
the paramagnetic current density jP, which couples linearly to the external vec-
tor potential A in the current-density-functional theory (CDFT) of Vignale and
Rasolt [58, 59]. Absorbing the diamagnetic term |A|? into the scalar potential
makes the ground-state energy jointly concave in the potentials [56], which also
leads to a convex formulation of CDFT [42]. Several cornerstones of DFT are more
delicate here: the density—current pair does not in general determine the poten-
tials uniquely [8, 26]. Furthermore, only sufficient conditions for N-representability
are known, and it is open whether pure- and mixed-state N-representability coin-
cide [35, 55, 10]. Lower semicontinuity of the (mixed-state) Vignale-Rasolt func-
tional was proved only recently [24].

In this article, we develop density-functional theory for the Pauli-Fierz Hamil-
tonian itself, in the spirit of Lieb’s analysis. We consider N spinless electrons in R?
coupled to the full continuum of massless transverse photons, with a fixed ultravi-
olet cutoff but no infrared cutoff, in an external scalar potential v and an external
classical vector potential A. The photon mode k couples proportionally to ex(k),
where e > 0 is the coupling constant and the form factor Yy is any function satisfying
(9), such as the hard cutoff 1</ /Jk|. We indicate these choices by the super-
scripts e, x. A new feature compared with CDFT is that a finite-energy state may
contain arbitrarily many photons of arbitrarily small energy. This infrared freedom
causes the main technical difficulties, but it is also behind some of the most striking
results.

The combined current density. For a finite-energy state ¥,

(U, H*A ) = (U, H*OU) + (v + LA, po) + (AL JS), 3% =35 +3%,

where H%? is the Pauli-Fierz Hamiltonian without external potentials (26), py is
the electronic density, and jg,h(x) = —eN Re(V, A(x) W)y is the field-induced cur-
rent density, that is, —e times the density-weighted mean of the quantized vector
potential 2 at the position x of an electron, the partial inner product being taken in
all other variables. Thus the external potentials see a state only through py and the
combined current density jy,, and these are our basic variables. The combined cur-
rent density obeys a kinetic-energy bound similar to that for j° (Proposition 4.1),
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but although div®2f = 0, its field-induced part need not be divergence-free for
entangled electron—photon states (Proposition 4.2). Ground states carry the mag-
netostatic fields of their own physical current density j¢ + pA (Proposition 4.3).

Representability. The photon field purifies the electrons: the pairs (pw,jy,) of
pure electron—photon states with finite energy are exactly those of electronic mized
states with finite kinetic energy (Theorem 4.4). For e > 0, coherent photon displace-
ments depending on the electron positions produce field-induced currents —epa,
where the vector field a need not be transverse. Hence, every (p, pv) with fR3 p=N,
VP € HY(R?) and [s p(|v]* +|VV|?) < 00 is a pure-state N-representable density—
combined-current pair (Theorem 4.6 and Corollary 4.7).

Universal functionals. The Pauli-Fierz Levy—Lieb (PFLL) functional is the pure-
state constrained search

FS’I;CLL(p,jC) = inf:1<‘1’a HO’O‘I’>7

and the Pauli-Fierz Lieb (PFL) functional F5p (p,j¢) is the convex conjugate of
the ground-state energy, reparametrized as in [56]. As in Lieb’s theory, it is the
lower semicontinuous convex envelope of Fii 1 (p,j¢). Our first main result (Theo-
rem 4.8) is the counterpart of [33, 24]: the mixed-state constrained-search functional
is lower semicontinuous, equals F5 (p,j), and attains its infimum at a density ma-
trix of finite mean photon number. Since an energy bound does not control the
photon number, the proof removes soft photons and restores the combined current
density exactly, at a controlled energy cost. Our second main result (Theorem 4.10)
points in the opposite direction and sets QEDFT apart from DFT or CDFT: soft
photons purify any finite-energy mixed state at arbitrarily small energy cost without
changing (p, j¢), so that

Frin(p,39) = Fppy(p,3°)-

Hence, unlike the Levy-Lieb functional of electronic DFT, which is not convex [33],
the PFLL functional is convex and lower semicontinuous, and pure- and mixed-state
N-representability coincide (Corollary 4.11). The price to pay is that the pure-state
infimum is in general not attained. This is true already for one electron and at every
coupling (Proposition 4.9). Optimizers need not be ground states, and in Section 4.6
we discuss which ground-state properties carry over to optimizers. Mixed-state
optimizers contain few soft photons: for the hard cutoff, the expected number and
energy of photons with frequency below x are O(k) and O(k?), respectively, so the
probability of finding any such photon vanishes as x | 0 (Proposition 4.16).

Zero-coupling and dipole limits. At e = 0, the photons still purify electronic
mixed states, so that Fop | (p,i°) = Fop (p,3°) = Fvr(p,jP), the mixed-state
Vignale-Rasolt functional (Theorem 4.17), and Fpp; converges to Fyg pointwise
and in the sense of Mosco as e | 0 (Theorem 4.18). The long-wavelength (dipole)
approximation, ubiquitous in practical QEDFT [13, 44, 50], applies when the system
size is small compared to the wavelength of the relevant photon modes, so that the
vector potential is effectively uniform across the system. We realize this limit by
instead rescaling the system: let Fpyr, . be the PFL functional of the model in which
2A(x) is replaced by 2((ex), so that € = 1 is the original model and ¢ plays the role
of the ratio of system size to wavelength. As e | 0, these functionals converge in the
sense of Mosco to the dipole functional Fyq (Theorem 4.19), whose current argument
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j©4 is the combined current density formed with the spatially uniform field 21(0).
In the length gauge, Fy is the constrained search for the usual dipole Hamiltonian
(Corollary 4.22), and Proposition 4.20 gives Fy — Fygr as e | 0. For fixed N and
form factor, these relations are summarized in the diagram

, . , . j°=0 ; ,
F;FXLL(PaJC) = FlgFXL(PaJC) E— F;FXLL(/% 0) = F;%L(IO’ 0)

Jdipolc, el0

0l Fa(p,j*?) el0
Je\LO
. . ji*=0
FX (p,3°) = Fyr(p,§P) ——— FoiX.(p,0) = F1.(p)

where F1, is the Lieb functional [33]. The arrow € | 0 denotes Mosco convergence,
and the arrows e | 0 denote pointwise convergence, which for the curved arrow also
holds in the Mosco sense.

Organization of the paper. Sections 2 and 3 introduce the Fock-space setting and
the Pauli-Fierz Hamiltonian. The main results are stated in Section 4 and proved in
Section 5. The appendices collect transformation properties of the model (dilations,
gauge covariance, Weyl displacements, and the length-gauge transformation, among
others) and further technical tools.
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2. PRELIMINARY NOTIONS

2.1. N-particle spaces and the bosonic Fock space. Let d € N be the number
of spatial dimensions, N € N the number of particles, and ¢ € N, ¢ > 1, the number
of internal states (for example, ¢ = 2 for spin-1/2 particles or for the two transverse
polarizations of a photon). We denote the fermionic (a) or bosonic (s) N-particle
spaces by

izv/s = i/s((Rd X {17 s 7Q})N)7

where L2 (resp. L?) is the Hilbert space of totally antisymmetric (resp. symmetric)
square-integrable complex-valued functions both equipped with the inner product

<g071/)>f)N = Z / @(Xlagla"'va’UN)
) RAN

15,0 NE{L,.000q
X Y(X1,01,...,XN,0n)dx7 ... dxpN.

Total antisymmetry (resp. symmetry) is understood with respect to simultaneous
permutations of the spatial and spin variables. In what follows, we will often
aggregate the spatial variables as X = (x3,...,Xyn), and the spin variables as
o = (01,...,0n) and the spatial-spin variables as Z = (z1,...,2n), where z; =
(xj,0;). By abuse of notation, we write ¢(X, o) = ¢(Z). Whenever necessary, we
distinguish the number of particles N in the aggregate vectors as X(V) (V) and
Z(N) . We equip R? x {1,...,q} with the product of Lebesgue and counting measure
and use the shorthand

/Rdx{1,.u,q}h(z) dz:= Xq:/ h(x, o) dx.

Accordingly, for z = (x,0) and 2z’ = (x/,0'),
8(z—17")=086(x—x)0y0.
Electrons will be described by the antisymmetric space £ with fixed N, and

photons by the bosonic Fock space built from the symmetric spaces.
The bosonic Fock space is defined as the infinite direct sum

Fs=9'@9'@H2a ..., with the convention $H°=C,
consisting of infinite tuples ¥ = (09,41, 92,...), where ¥V € H¥ such that
1) = > N < o
N>0

This space is separable, since ! is. Equipped with the corresponding inner product,
i.e.,
N N
(@)=Y (", ") gn,
N>0

the space F, is a Hilbert space. Instead of the tuple notation, ¥ = ¢* @yl @2 a®. ..
is used sometimes. The canonically embedded subspaces ¥ C F, are called the
N-particle sectors. For any N € N, the truncated Fock spaces are given by

FN=—g'onlone...onl.
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Moreover, the finite-particle vectors form the dense subspace
Fiv=J FN
N>1

We denote by ) the canonical vacuum vector Q =1®00 0@ ... of F;.
It is possible to symmetrically compose two elements 1, € $M and 1, € HN2
and obtain an element in $™ V2 namely the symmetric tensor product

Y1 Vg = (NIIN2!(Ny + No)D) ™2 ™ b (2e1y, -0 2
TESN|+N,
X 7/)2(Z-,—(N1+1), s 7ZT(N1+N2))7

where Sy denotes the symmetric group on {1,..., N}.
Next, we define the creation and annihilation operators [7, Section 5.2]. For any
f €% := 9", define the creation operator al(f) : Fi* — Fln gectorwise by

a'(fyo=fve
for ¢ € HY, and extend the definition linearly to Fin. Thus a'(f)HY c HNFL
On the same finite-particle space, define the annihilation operator by

(a(f)¢)(zl7"'7ZN—1):W mw(zﬁzlr"vzl\f—l)dza ¢€'s73é\]7

and extend it linearly to Fi". We set a(f)Q = 0, while a'(f)Q = f. Moreover,
(@,a' (V)7 = (a())®, V)7, @ WeF™
The canonical commutation relations (CCR)
[a(g),a’(f)] = (g9, N)olz.,
[a(9), a(f)] = [a' (9),a’(f)] = 0

hold for any f,g € $ on Fi. These operators are closable, and we use the same
symbols for their closures, which are mutual Hilbert-space adjoints. The Segal field
operator

B(f) = a'(f) +alf)

is essentially self-adjoint on FI" and we denote its closure by the same symbol.
The conjugate Segal field operator, also called the field-momentum operator, is

1(f) = (if) = i(a'(f) - a(f))- (1)

n

It is likewise essentially self-adjoint on F;™, and the same symbol denotes its clo-
sure. For the vacuum, ||@(f)Q| = [[II(f)Q = ||f]]. For f # 0, the creation and
annihilation operators are unbounded on Fj, but their restrictions to truncated
Fock spaces are bounded. More precisely, for N € N,

a(f) : FEN — FENT, la() 2l < VN[ £]11ell,
al(f) : FEN — FENT la (F)T] < VN + T fl1w]].

In contrast, the symbols a(z) and af(z) are operator-valued distributions, not
operators defined at each fixed z. If ¥ € H, then z — a(z)y" denotes the
HN=1valued L? function defined, for almost every z, by

(a(2)y™)(z1, ..., 2n_1) = VNN (21,...,2n_1,2).
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In particular,
/ Ja(2)o | dz = N v~
Rax{1,...,q}
Then, the creation operator is defined by the weak adjoint relation
(®,a"(2)0) 7 := (a(z)®, V)7, &, Uc Fin,
Let Sy 41 denote the normalized symmetrization operator,

1
(8N+1F)(Z1,...,ZN+1) = m Z F(ZT(l))"'7ZT(N+1))'
T TESN41

Then, as an identity of distributions,

(a'(2)YN)(z1,...,2841) = VN + 1S8n41 (VN (z1,....28)0(2N41 — 2)] .

The smeared identities

aT = ZGTZ VA
=, S

)= [, T

hold as quadratic forms on Ff". In the same sense, without smearing, the point-
field CCR are

[a(z),a"(2)] = 6(z — 2')1£.,
[a¥(2), a'(2')] = la(2), a(2)] = 0.
Smearing the first identity against g(z)f(z') recovers the first CCR above.

2.2. Partial traces and reduced states. Let H; and Ho be separable Hilbert
spaces and let I' € &1(H1 @ Ha) be trace class. Here, &, is the Banach space
of p-Schatten-class operators. The partial trace of I" over the second factor is the
unique trace-class operator Tro I' on ‘H; characterized by

TI‘;.[l ((Trg F)B) = Trq.[l@yz (F(B ® 17.[2))7 for all B € B(Hl) (2)

Here B(#H;) denotes the bounded operators on H;. Similarly, Trq T" is characterized
by testing against 1y, ® C, with C' € B(H2). If (e;);>1 is any orthonormal basis
of Hs, then
TroI' = Z 17'11 (17{1 ® |6]>)
>1

where 1y, ® |ej) : H1 — H1 ® Ha maps ¢ to ¢ ® e;, and 1y, ® (e;] is its adjoint.
The sum converges in trace norm and is independent of the chosen basis. Partial
trace preserves positivity and the trace. Thus, if I' > 0 and TrI" = 1, then both
partial traces are again density matrices.

In the electron—photon system below, H; = S’Jel and Ho = Fpn. We denote
density matrices on the full composite space by I, retaining unbolded symbols for
reduced density matrices. The states

Fel = Trph F, th = Trel T

are called the electronic and photon reduced states. When the total state is a
wavefunction ¥, the phrase trace out the photons means first forming the rank-one
density matrix [¥)(¥| and then taking Trp, |¥)(¥].
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For a normalized pure state, its Schmidt decomposition has the form
T ks
W:Z\/pj(bj@)Eja p; >0, ijZL (3)
j=1 j=1

where 7 € N U {oco} is the Schmidt rank, with r < min{dim#*;,dim#>}, and
(®;)j—1 and (Z;)j_; are orthonormal families in H; and Hz, respectively. The two
reduced states are then

T [U) (¥ = ZPJM) (@51, Try [U)(¥] = Zp]|‘—’] (5. (4)

Thus they have the same nonzero eigenvalues, and either reduced state is pure
exactly when r = 1, equivalently when ¥ is a product vector. More precisely, a
pure marginal is itself a tensor factor of ¥: for a unit vector = € Hs,

Try [ON(U| = 2)(E] = T =P®E for a unit vector & € H;. (5)

Indeed, (4) then forces r = 1 and |Z1)(Z;| = |E)(Z], so Z; = €= for some 0 € R
and ¥ = (I)]_ & El = (eieél) & =.
More generally, a normalized vector ¥ € H; ® Ho is called a purification of a
density matrix v on H; if
Try [9)(0] = .

Such a purification in the fixed auxiliary space Hso exists exactly when rank~y <
dim Hs. Indeed, if v = Z;lej|<1>j><<bj|, one may choose an orthonormal family
(Ej)j=1 in Ha and use (3). Since Fpy is infinite dimensional, every electronic
density matrix admits such an abstract Hilbert-space purification. However, the
purification might have infinite photon energy.

For a positive trace-class T', the defining identity (2) also applies to positive
unbounded observables by monotone approximation. In particular,

Tr((A®1,)T) = Tr (A TroT),  A>0, (6)

where both sides are form traces. In particular, the left-hand side means
Tr((\/Z ® 13, T(VA® 1H2)) .

The analogous identity holds for an observable acting only on Hs. This is the
sense in which finite electronic kinetic energy and finite photon energy pass to the
corresponding reduced states.

The electronic density and paramagnetic current density used below depend
only on I'¢j, while the free-field energy depends only on I',,. By contrast, the field-
induced current density contains a joint electron-position—photon observable and is
generally not determined by either reduced state separately. The pair of reduced
states retains all expectations of observables acting on only one factor, but does not
in general determine the electron—photon correlations needed for the field-induced
current density.

2.3. Second quantization of operators. We briefly recall the second quanti-
zation of one-particle operators and refer to [53, Section 7] for details. Let A be
a self-adjoint operator on $). Its N-particle lift AXY) is the closure of Z;Vd Az,
initially defined on the algebraic symmetric tensor product of N copies of D(A),
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where A, acts on the jth variable. It is self-adjoint on ﬁév , and we set A0 = 0.
The second quantization of A is the self-adjoint operator

dr(4) = g a™
N>0
on Fs, with domain consisting of all ¥ = @, ¥ such that ¥ € D(A®)) and
S n IAMYN|2 < 0o, I (f;);51 € D(A) is an orthonormal basis of $), then
dr(A) = > (i, Afe) al (£)a(fr)
Jk=>1

in the sense of quadratic forms on finite-particle vectors [53, Lemma 7.8]. In
particular, the number operator N' = dI'(lg) = >, a'(f;)a(fj) acts as mul-
tiplication by N on $H¥. For a tuple A = (Ay,...,4,,) of strongly commuting
self-adjoint operators and a € R™, we write dI'(A) = (dI'(44),...,dI'(As,)) and
a-dI'A) =dl'(a- A).

The multiplicative second quantization of a unitary U on $) is the unitary oper-
ator I'(U) = @ y»o UV [gx on Fy, with U®0 =1 [53, Remark 7.10]. It satisfies

rU)a*(HrU) =a#Uf),  LU)ANALU) =dr(UAUY),
F(e—itA) — mitdr(4)

where a# stands for either af or a. When no confusion can arise, we use the same
symbol U for I'(U).

3. NONRELATIVISTIC QUANTUM ELECTRODYNAMICS

For the remainder of the paper we take d = 3 and ¢ = 1 (spinless electrons), and

write
ﬁé\lr = ﬁzjzv? ]:ph = ]:S(ﬁph)u Hy == f)é\{ (9 ]:ph,

where the one-photon space $p1 is defined in Section 3.1 below. The restriction
to spinless electrons is for notational simplicity only, and all results extend to the
spinful case with the appropriate modifications. Writing ﬁ?ﬁM for the M-photon
sector of Fpp, with .ﬁfgo = C and jﬁf’lj’l = $ph, every ¥ € Hy has the unique
decomposition into M-photon components

v=@P ™M, pMengfoaiM D M) < o (7)
M=0 M=0

We often view the elements of H as Fock-space-valued functions of the electronic
positions. The canonical unitary identification L*(R3Y) @ Fpn = L*(R3N; Fon)
maps Hy onto the functions X — ¥(X) € F,, that are antisymmetric under
permutations of x1,...,xy, and

P = [ 1), dX.

Derivatives in the electronic positions are weak derivatives of such functions. For
Ve L2(R¥Y; Fon), 1 <n < N and p=1,2,3, we say that 9, ¥ € L2(R3N; F,y) if
there is an element 9,1 W of L2(R3N; F,;,) such that

/ 0pn ®(X) ¥(X)dX = — / ®(X) 9 (X)dX  for every ® € C°(R*N),
R3N R

3N
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where the integrals are Bochner integrals in Fpp. Pairing with a fixed 2 € Fpp
shows that this holds if and only if, for every E € Fpy, the scalar function X —
(E,¥(X))r,, has weak derivative X + (Z,0,#¥(X))z,,. In terms of (7), the
M-photon component of d,+W is the weak partial derivative of »M) | viewed as
a function of the electronic and photon variables, with respect to z#. We write
Vi, U = (0510, 0,2 W, 0,5 0) and |V, U||2 = Y0, [0, 0],

3.1. One-photon space. Photons have two physical polarizations. One may ei-
ther use the polarization representation

Hpn = L*(R® x {1,2})
or, without choosing a polarization frame, the solenoidal representation
N0l = {f € L*(R3,C3) : k - f(k) = 0 for a.a. k}.

Choose measurable, real, orthonormal polarization vectors €1, €5 such that e (k) -
k = 0 and use the identity

2
D enk)@erk) =1- % =: Pyoi(k) (8)
A=1

to define the solenoidal projector Py, . All identities involving Py, are understood
almost everywhere, and its value at k = 0 may be fixed arbitrarily. Pointwise
multiplication by P, is an orthogonal projection on L?(R?,C3), and

f)sol = Ran Psol

is therefore closed. Under the inverse Fourier transform it is the space of square-
integrable vector fields that are divergence-free in the sense of distributions.
More explicitly, the map

2
te : Hph — Deols tef = Y Fren, (llf)n =ex-f,
A1

is unitary. If €’ is another measurable polarization frame, then Ll,LE is unitary on
$Hph, and its second quantization satisfies

Febi)a? (D) b))t =a#(Le), e Hun

Thus the creation and annihilation operators of a solenoidal mode f, and all oper-
ators built from them below, are unitarily equivalent in the two frames.

3.2. The vector potential operator. The photon dispersion relation, or simply
the dispersion, is w(k) = |k|. The free-field Hamiltonian is Hy,q = dI'(w), discussed
further in Section 3.3. We fix a momentum-space coupling profile, or form factor,
X, incorporating the ultraviolet cutoff, and assume that it satisfies

~

~ X 2/p3
k), e L*(R? = e L*(R%). 9
(—k) X € L°(R%), e (R%) (9)
Such a form factor is necessary to obtain a well-defined Hamiltonian [36, Chap-
ter 11]. The L? condition controls, in particular, the vacuum term in the creation-
operator estimate. The weighted condition gives relative bounds with respect to

=)

=
Il

=)
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v H.q and also imposes an infrared condition at k = 0. The hard ultraviolet cutoff
used in the examples is

_ 1\k\§A(k)'

V1Kl

For 0 < A < oo this satisfies (9), with the value at k = 0 again irrelevant, and

Xa (k) (10)

oy
Vw
The assumptions and representability constructions below apply to a general fixed
X. For p=1,2,3, define the coupling function

L OR(—K)e

2
Xl = 2wA?, = 4mA. (11)

Gh(k,\) = 12
Lk, A) 7 (12)
and, equivalently in the solenoidal representation,
Pi(k)e, x(—k)e kx
Gl (o) = Dokl (LGl = G (13)

NG )
where e, is the uth coordinate vector. The identity for the solenoidal projector (8)
gives the exact, uniform relations
3 3
doleslP =1z >
p=1

p=1

2 2

GH

X

(S .
Vel ~lve

Dominated convergence also shows that x — G¥ is continuous both in ), and in

the norm f — || f/v/w].

On the finite-particle core }‘Sﬁ, define the quantized vector potential, compo-
nentwise, by the Segal field

W (x) = P(GL) = a (GL) + a(GL). (15)

(14)

It is symmetric and essentially self-adjoint there, and the same notation will denote
its self-adjoint closure. We suppress the dependence of G¥ and 2A*(x) on the fixed
form factor ¥. A superscript x on the representability sets and universal functionals
records this choice. The field 2(#(x) maps each M-photon sector into the direct sum
of the (M —1)- and (M + 1)-photon sectors (with the negative sector omitted when
M =0).

In the point-field notation of Section 2.1, with z = (k, A), in the weak smeared
sense on J ! fin

Z F0eNal (e Ak, a()) :Z/R3 7k, Na(k, \)dk
A=1

We may write (15) as

2A(x) \[Z/RS ex(k —k)e —ik-x T(k A+ x(k)e ik.xa(k7 )\)]dk. (16)

The integral in (16) is an operator-valued distribution. On the electron-photon
space the notation 20*(x,,) means operator-valued multiplication:

(A (%)) (X) = A* (%) ¥ (X), X = (X1,...,XN),
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initially on the natural finite-particle form core. The continuity and uniform bounds
above make this multiplication strongly measurable and extend it to the domain
used in the Pauli-Fierz form. In the sense of operator-valued distributions we have

the Coulomb gauge

More explicitly, for every n € C°(R?),
3
> [ @meatxax=o. (17)
p=17R?

This is first an identity on f&? and, by (18) and (19) below, also a form identity
on D(v/H;aq). It follows directly from k - €5 (k) = 0.

3.3. The free field and field bounds. The free-field Hamiltonian is the second
quantization of the dispersion,

2
Hysa = d0(w) = 3 /R Ik i, Al Ak
A=1

On the M-photon sector, H.,q is multiplication by Zf‘le |k;,|. It is positive and
self-adjoint,
0(Hyaq) = [0, 00), ker Hyaq = Span{Q},
and its restriction to Q' has purely absolutely continuous spectrum.
The standard creation—annihilation estimates imply, uniformly in x,

la(GR)¥| < |GL/Vwll IV Hraa ¥, (18)
la" (G| < (IGL/ VIl |V Hraa | + I GE] 2] (19)

The same estimates hold with G¥ replaced by any f € $,, such that f/y/w € Hpn,
for every ¥ € D(y/H,aq). Consequently, for a constant C, < oo depending only on
the form factor,
[2A(x) ) < Co (Iv Hraa ¥ + [ ¥]1%). (20)
These standard field estimates and the associated Pauli-Fierz form construction
are discussed, for example, in [34].
The transverse electric and magnetic fields are

€ (x) = —i[Hrad, A(x)], B(x) =V x A(x), (21)

where the commutator and the curl are understood in the sense of operator-valued
distributions, that is, after smearing with test fields as in (17). The subscript records
that & is only the divergence-free part of the electric field. In Coulomb gauge the
longitudinal part is the instantaneous Coulomb field of the charges, which manifests
itself as the Coulomb interaction in the Hamiltonian [54]. More explicitly, let
ue C>®(R%R?) and g, = Zi:l Jrs ut(x)Ghdx, so that [os u-2A = al(gu) + a(gu).
The Fourier transform of u decays rapidly, hence wgy € $pn, and

/'u~€L:fi(aT(wgu)fa(wgu)), /’u~%: (V xu)-2Adx
R3 R3

R3
are self-adjoint Segal fields. For a general form factor the fields need not be defined
pointwise. If \/wX € L?(R?), the estimates (18) and (19) define €, (x) and B(x)
as forms on D(y/H,,q) for every x.
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Let us summarize the basic properties of these fields. Identities between fields at
points are understood after smearing with test fields u, v € C°(R?; R?), as operator
identities on ]—'If)i}?. Both fields are transverse, div €&, = div®8 = 0. In fact, for &
the vector gy, vanishes for every n € C°(R?), exactly as in (17), and for 9 this
follows from V x V7 = 0. The components of 2I commute, as do those of & , and
the two fields form a canonical pair:

2 (x), 2 ()] = [ (x), € (3)] = 0.
90 (0) €2 (¥)] = =i [ k)[R0 Par e )k

Indeed, [a'(f) +a(f),a’(h) + a(h)] = 2iIm(f, h). The scalar products (g, gv) and
(wgu, wgy) are real, since u, v are real and |X|, w and Py, are even in k, while

[/ u- A, V- QEJ_] = —2iRe(gu, wyv)-
R3 R3

Commutators involving 8 follow by taking the curl in the corresponding variable.
In particular, the components of 28 commute with those of 2( and with each other.
For the hard cutoff (10), w|Xa|? is the indicator function of the ball of radius A, so

[ (), € (y)] = i /| P ()" -k, (22)

The right-hand side is —i(27)3 times the transverse delta function with momenta
cut off at A. The factor (27)2 reflects the normalization of Y.

Since € and B carry the form factor, H,,q is not their field energy. Write : - :
for normal ordering, which places all creation operators to the left of all annihilation
operators. Inserting (16), the terms with two creation or two annihilation operators
cancel between the electric and magnetic parts, and a formal computation gives

1

5/ €L+ B2 = 2n)°dl (W?[X17).
R3

This equals Hy.q exactly when |Y| = (27)~%/2w=1/2, that is, without cutoff.

3.4. The Pauli—Fierz Hamiltonian. We first construct the internal Hamilton-
ian. Put

Opp = {\If EHy Vo, U e L2RN; Fp)? (1<n<N), Haal € HN}
(23)
and equip it with the reference norm

N
1900 = 1917 + D IV, O + [V Heaa |1 (24)
n=1

Thus Qpy is the antisymmetric, Fock-space-valued electronic H! space intersected
with the form domain of the radiation energy. The algebraic tensor product

@or = (CZ(RPY) N HY) @ FLE(C (RPN {0}) x {1,2})) (25)

is dense in Qpp for || - ||gpp. Here F218(D) is the algebraic symmetric Fock space
over a space D of one-photon functions, that is, the finite linear combinations of
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the vacuum and of symmetric tensor products of finitely many elements of D. Fix
e > 02 and set

\Dn = —iV,, — eA(x,). \

The internal Pauli-Fierz Hamiltonian is

N
1 1
HOO — 3 Y D2+ Y ———— + Hua (26)
n=1

1<n<m<N [Xn — X

on %pr. Expanding the square, the weak Coulomb gauge (17) gives D2¥ =
—Ax, U + 2ieA(x,) - Vi, ¥ + €%|2(x,)|?V, so (26) is a nonnegative symmetric
operator on pr. The field bound (20) and —iVy, = D, + e2((x,) control the or-
dinary and covariant derivatives in terms of each other, and the Coulomb repulsion
is infinitesimally form bounded with respect to the electronic kinetic energy [43,
Theorem X.16]. Hence there are constants 0 < ¢ < C' < oo, depending on N, e and
the cutoff, such that on épp,

ol PlIG,, < (¥, (H +1)¥) < C|[ ¥, (27)

From now on, H%? denotes the Friedrichs extension [31, Chapter 3] of (26). Since
épr is dense in Qpr, (27) identifies its form domain:

Q(H*?) = Qpr. (28)
For a semibounded self-adjoint operator H and ¥ € Q(H), we write (¥, HU) for
the value of its closed form at U, even if ¥ ¢ D(H). Operator cores and operator
domains are studied in [22, 21, 38], but only the form domain will be of relevance
here.
For real external potentials satisfying
ve LP?R% +L2R%),  AecL?RR% + L™R3R?), (29)

the Hamiltonian is formally

oA _ ﬁ: [;(Dn + Ax)) + v(xn)] D

n=1 1<n<m<N

1

T + Hrad'
[Xn — Xom|

By the Sobolev inequality, |A(x,)|? and v(x,) are infinitesimally form bounded
with respect to —A,, , hence by (27) also with respect to H*Y. Cauchy—Schwarz
controls the cross term Re(D,, ¥, A(x,,)¥). The KLMN theorem [43, Theorem X.17]

therefore defines H"# as a semibounded self-adjoint operator with

Q(H"*) = Qpr (30)
and shifted form norm equivalent to | - || gpp-
The bottom of the spectrum is
E(v,A) =info(H"®) = inf (¥, H"AT), (31)
VeQpr
he=1
2The photon parity (—1)V = I'(—1) satisfies (—1)Va#(f)(—=1)N = —a#(f), so it reverses

the sign of 2A(x), commutes with H,,q and acts trivially on the electrons. It therefore maps the
Hamiltonians below at coupling e to those at —e and preserves py and the combined current
density j§, of (36). Hence the representability sets and universal functionals are the same for e
and —e.
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which is greater than —oo by the KLMN theorem. We call F(v, A) the ground-
state energy even when the infimum is not attained. A ground state is a normalized
minimizer, equivalently an eigenvector at the bottom of the spectrum.

Mixed states of the electron—photon system are the density matrices on Hy,
that is, the operators I' € &1 (Hy) with T' > 0 and TrT' = 1. Among these, the
finite-energy ones form the class

D={T €6 (Hy): T >0, TrT =1, Tr(H"'T) < o0}. (32)

Here the energy trace is understood in the form sense: for a spectral decomposition
L'=> p|¥,.)(¥,| over the positive eigenvalues we take

Te(H™T) Zprllv HOOW, |1? € [0, o0,

where the rth term is 400 unless ¥,. € Qpp. In particular, every eigenvector of a
T' € D with positive eigenvalue lies in Qpgr. The elements of D are the finite-energy
density matrices, often called ensembles in DFT.

Ground-state existence is a separate compactness and infrared question and does
not follow from self-adjointness. For atoms and molecules satisfying appropriate
binding conditions, existence with massless photons, arbitrary coupling, and a finite
ultraviolet cutoff was established in [19, 34]. Abstract existence criteria for mass-
less Pauli-Fierz Hamiltonians were given in [17]. Conversely, translation-invariant
models with nonzero net charge can have no Fock-space ground state [20]. Ioniza-
tion thresholds and exponential localization below them are analyzed in [18]. For
particles bound by external potentials with a spatially cut off interaction, ground
states, localization, and resonance phenomena were studied in [1]. Finally, for ab-
stract massless, linearly coupled Pauli-Fierz models, local finiteness of the point
spectrum and a limiting absorption principle away from eigenvalues are among the
results of [16].

4. MAIN RESULTS

In this section, we present our main results, which are proved in Section 5.

4.1. The combined current density. For ®, ¥ € Hy, let (®, ), denote the
partial inner product in every variable (including the photon inner product) except
the first electronic position x = x31, and ||®|x = <<I>,<I)>,1</2 the corresponding
partial norm. For W € Opp, define the electron density py, the paramagnetic
current density jy,, the field-induced current density jg,h, and the combined current
density jg by

pu(x) = N(¥, W)y, (33)
i (%) = NI (W, Vi), (34)
3% (x) = —eN Re(¥, A(x) V), (35)

(x) = (36)

§5 (%) = NRe(T, (— iV — e2A(x)) )y = j5 (x) + i3 (x).

If ¥ is normalized, then ng pw = N. From the quadratic-form identity
1

1 1 1
(D, +A?=-D?+-(D,-A+A-D,)+ -|AJ?
2( +A) 2 n+2( + )+2\ |
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we obtain the decomposition

(U, HA) = (U, HOOU) + (v + 5]A]%, po) + (A, j§). (37)

Equation (37) shows that the external potentials couple to the state through the
density and combined current density. We therefore choose these as the basic
variables of our density-functional formulation.

The following bounds show how finite energy controls the density and current
densities and determine the function spaces used below. Recall from Section 3.4
that D,, = —1Vy, — e2A(x,,) is the covariant momentum of the nth electron. The
constant C), is from the field bound (20).

Proposition 4.1 (A priori density—current bounds). In the following estimates,
quotients are defined to be zero wherever the density vanishes. For every normalized
WU € Opr, we have py >0, [os puw =N, /pv € H'(R?), and

N
§g ?

/ (IV\@F +n) = 2 D (3

R3 pw n=1

Moreover,
+ph|2
/ h;p < N AV < E2NC (I Hraa ¥ + 1) (39)
R3 '

In particular, py € LY(R®) N L3(R?) and j5,i5, %" € LY(R?) N L3/2(R?).

The same conclusions hold for every normalized finite-energy density matrix
L=>, p|Y.)(¥,| € D, with pr = ) prpw, and similarly for all three current
densities. Each squared norm on the right-hand sides of the estimates is replaced
by the corresponding nonnegative form trace, defined by spectral averaging, e.g.,
Tr(D%I‘) =3 p DT,

The Coulomb-gauge relation div2 = 0 does not imply that the field-induced
current density of an electron-photon entangled state is solenoidal.

Proposition 4.2 (Divergence of the field-induced current density). For every ¥ €
Opr, in the sense of distributions,
3
divj5'(x) = —2eNRe Y (9, ¥, A" (x)V)x. (40)
pn=1

The right-hand side is integrable, and
I igh] < 26NV v [2100) ¥ < oc. (41)
R3

Neither jf’l,h nor jf’l,h/p\p is divergence-free in general.

For a concrete one-electron example, let ¢g, o1 € HY(R?), let £ € D(y/w) be
normalized, assume [|@o|2 + [[¢1]|> = 1, and set U(x) = o (x)Q + ©1(x)al(£)Q.
Then py = |po|? + |p1]? and with ge(x) = (2, 2A(x)a’ (£)RQ) it holds

5" = —2¢ Re(Fow18e)- (42)

Although div ge = 0, the right-hand side of (42) has nonzero divergence in general.
Recall the definition jy = j§ + pwA of the physical current density.
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Proposition 4.3 (Fields in a ground state). Let ¥ be a ground state of HUA.
Then jy € L'(R*R3) N L3/?(R3;R3), and the following hold.
(i) The current density is divergence-free: divjy = 0 in the sense of distributions.
(i) The transverse electric field vanishes: (¥, € (x)¥) = 0.
(iii) The magnetic field satisfies the Ampére law

V x (T, B(x)T) = e / 3 / QIR Par (K™ 5y (3 )k y.

(iv) If A = 0 and the ground state is nondegenerate, then ju = 0 and (U, A(x)¥) =
(U, B (x)¥) = 0.

Thus, the ground state carries the static field generated by its own current den-
sity. The transverse electric field vanishes, and the magnetic field obeys the mag-
netostatic Ampere law, with the divergence-free current density jg as its source
and the kernel of the commutator [2(, & ] in place of the transverse delta function
(compare (22)).

Items (i)—(iii) are well known at the formal level. Since time derivatives of
expectation values vanish in an eigenstate, they are the stationary forms of the
continuity equation and of the Ehrenfest—-Maxwell equation for the vector potential,
whose source is the current density (see [46, Eq. (49), Sec. IV.A and App. C]).
Item (iv) is the usual time-reversal argument. We record Proposition 4.3, with
a variational proof under the present hypotheses, for later comparison with the
optimizers of the constrained search in Section 4.6.1.

4.2. N-representability. A density—current pair consists of a density and a cur-
rent density. The main density variable is the pair (p, j¢) formed with the combined
current density, rather than a fixed decomposition of j¢ into electronic and photonic
pieces. The pure-state N-representability class is then

j](if}x — {(qujj%}) U e QPFv ||lI}|| = 1}

The photon variables also turn a pure total state into a purification of a mixed
electronic state. To make this precise, denote the finite-kinetic-energy electronic
mixed-state class by

Timix = {(pr,iR) : T€&(HY), ' >0, TrT' =1, Tr(—A) <oo }. (43)

N,mix

Here A is the Laplacian in all IV electronic coordinates. Equivalently, by the mixed-
state one-body density-matrix theorem [9] (see [36, Chapter 3| for an elementary
proof), a pair (p,j) is in I%l,mix if and only if there is a one-particle density matrix
v on L?(R?) such that

0<y<1, Try =N, Tr(—A7) < oo, (py:30) = (p,3)-  (44)

Equation (44) is an exact operator characterization, although it is not yet an in-
trinsic characterization solely by elementary conditions on (p,j).

Theorem 4.4 (Photon purification and exact electronic projection). For every
e>0,
More sharply, the zero-field-current slice of the pure-state triple class is exactly

{(pw,35.35) 1 W € Qo 1] =1, 35" = 0} = {(5.3.0): (p,3) € T in} - (46)
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Thus the photon space allows one to purify every finite-energy electronic density
matrix.

For the mixed-state statement below, recall the class D of finite-energy density
matrices from (32). For I' € D with spectral decomposition I' = } p,|¥, ) (.|
over the positive eigenvalues, set

pr=> pepu,, 3= pid, (47)
T T

Theorem 4.5 (Equivalence of pure and mixed N-representability). Suppose that
X = 0 almost everywhere on a measurable set S C R3 of positive measure. Then
pure and mized N -representability coincide:

I =A(pr,jr) : T € D}. (48)
In particular, Ty~ is convex.

Clearly, for the hard cutoff (10) with 0 < A < oo, the hypothesis holds.

When an electronic representative can itself be chosen pure, no photon purifi-
cation is needed. If (p,pv) is represented in ordinary paramagnetic CDFT by a
finite-kinetic-energy state ® € $HY, then (p,pv) € Ty for every e > 0. Indeed,
we can simply take ¥ = ® ® . Since (2, 2(x)2) = 0, one has py = p, jg,h =0,
and j§ = j5 = pv. The field bound implies (¥, H%%W) < oo, since the ultraviolet
cutoff makes the vacuum fluctuation in |2|? finite.

An intrinsic sufficient condition follows from a coherent displacement that de-
pends on the electronic positions. The resulting conditional field can be nontrans-
verse even though the field operator is transverse.

Theorem 4.6 (Photonic representability). Let N € N and e > 0, and suppose
X Z0. Let

p >0, /szN7 ﬁeHl(Rg),
and let a,b € H! (R3R3) and SRG H} (R3;R) satisfy
[ pllal? + 1Vl + [bf + VB + [VSP) < .
where Va and Vb are weak Jacobians. Then there is a normalized pure state
U € Qpr such that
py=p, 5 =p(VS+b), iy =—epa, (49)

and

N
Z ||VXn\II||2 + <\II7 Hrad‘l/>
n=1

<O (14 [ 19VAP+ [ ollal + [VaP + b+ [P + [757)).

(50)
with a constant independent of p, a, b and S.

In particular, every a € W1>°(R3; R3) is allowed for every density in the theorem.
The paramagnetic velocity b is subject only to the same weighted Sobolev condition
and need be neither bounded nor curl-free. For instance, the rigid rotation b = wxx
is allowed whenever [ p|x|?> < co. The local Sobolev condition asks for a velocity
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defined on the whole space, but no positive lower bound on p is required. Form
equivalence (27) also bounds the internal energy by the right-hand side of (50),
with a constant depending additionally on e.

Corollary 4.7 (A Sobolev class of combined current densities). Suppose e > 0 and
X #0. For every N € N,

p =0, fRL’»p:Na \/ﬁEHl,

: X
(p,pv) : v e HL (R3;R%), / p(\v|2—|— |Vv|2) coo [ C IN"-
R3

loc

The same conclusion holds for velocities V.S + w with S € HL_(R%R), w €
H} (R%R?), and

/ p(IVSP + [wl + [Vw]?) < oc.
R3

Proof. Apply Theorem 4.6 with a = —v/e, S = 0 and b = 0. For the second
assertion use a = —w/e, the given S, and b = 0. Then (36) gives the prescribed
combined current density. ]

4.3. Universal density functionals. By Proposition 4.1, every N-representable
pair (p, j°) belongs to the Banach space X x Y, where

X =L'R)NL3R®, Y =L'R®R}NLY?R3RY, (51)

with the max norms ||pl|x = max{|[p[l1, [[olls} and [|jly = max{[|j(|1, [J[l5/2}-
Their duals are X* = L>®(R3) 4+ L3/2(R?) and Y* = L>(R?,R?) 4+ L3(R3,R?), with
dual norms given by |jv||x- = infy—y. +us (H’UOOHOO + ||v3/2|\3/2) and |[A|ly- =
infa—a.+a; ([[Asc/lo + [|Asll3), where the infima run over decompositions in the
respective summand spaces. The same spaces were considered for CDFT in [27].

For (p,j°) € X x Y, define the Pauli-Fierz Levy—Lieb universal functional

Fox i°) = inf U, HOOp 52

PFLL(paJ) \IferlFr}HlI/||:1< ) >a ( )
Lw=p
Jo=lJ

with value 4+oc if the constraint set is empty. The variational principle implies

E(w,A)= inf [F5X0(p.3%) + (v + 1A% p) + (A, j%)]. 53
()= [FE )+ 0+ HAR A - (AL (59
The quadratic diamagnetic term 1(|A|?, p) means that E(v, A) need not be jointly
concave in (v, A). To obtain a jointly concave energy, we follow [56] and absorb
this term into the scalar potential by setting u = v + %|A|2, and define

— 1
E(u,A)=E(u— §\A|2,A).

For each fixed N-representable pair (p,j¢), the expression inside the infimum in
(53) is then affine in (u, A). Thus F is a pointwise infimum of affine functions and
is jointly concave, providing the basis for the following convex-duality construction.
The Pauli-Fierz Lieb universal functional is then defined as the convex conjugate

F;F)‘(L(phjc) = Sup [E(U7A) - <u’p> - <A’jc>] (54)
(u,A)eX* XY *
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It is thus convex and lower semicontinuous in the norm topology of X x Y, and
biconjugation gives
FppL = convippyy, < Fpppr- (55)

Here conv denotes the norm-lower-semicontinuous convex envelope. Equivalently, it
is the weak-lower-semicontinuous convex envelope. For comparison, recall the class
D of finite-energy density matrices from (32) and define the mixed-state functional

Fe (.3 = jnf Tr(HO°T) | (56)

=
Jr=J

Directly from the variational principle we have

Fppy, < Fpiy < Fpives (57)
As in the case of ordinary DFT and CDFT, equality of the first two functionals
requires a separate lower-semicontinuity and compactness argument, supplied by
Theorem 4.8 below. A closely related result is attainment of the defining infimum
of F5iX , also called expectation-valuedness of the functional.

4.4. Existence and nonexistence of optimizers. We now establish attainment
of the mixed-state constrained search and identify it with the Lieb functional. The
main difficulty comes from the possible occurrence of soft photons: an energy bound
alone does not control photon number, since a minimizing sequence may contain
arbitrarily many photons of arbitrarily small frequency.

Theorem 4.8 (Existence of a PFL optimizer). Whenever finite, the mized-state
functional F535 (p,J¢) has an optimizer. Every optimizer T' has finite mean photon
number, namely

Tr(NT) < Cnen (14 FE,(p,59)).

with a constant Cn e depending only on N, e and x. The functional ﬁli’FXL(p,jC)
is norm lower semicontinuous on X XY, and

FI?F)‘(L(pij) = F;LKL(PJC) (58)

for all (p,j¢) € X x Y.

The proof removes soft photons and restores the combined current density ex-
actly, at a controlled energy cost. The electronic current shift of Appendix C
preserves the density, fermionic antisymmetry, and the remaining photon marginal.
Applied to a minimizing sequence, it yields a uniform bound on mean photon num-
ber. Photon localization and passage to the limit then give a mixed-state minimizer.
The same estimates establish norm lower semicontinuity and hence equality with
the Lieb functional.

However, pure-state attainment fails in general even for N = 1.

Proposition 4.9 (Nonexistence of a PFLL optimizer). Let N = 1 and fix the form
factor. For every e > 0, there is a density—current pair (pe,je) € Ji~° such that
FS 1 (pesJe) < 00 and its infimum is not attained. The pair may depend on both e
and the fized form factor. In particular, this holds for the standard hard ultraviolet
cutoff (10) at every e > 0 and every finite A.
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The density p. is supported in a thin solid torus around a long, narrow ellipse,
and the velocity j./pe has circulation 7 around each loop of the torus, half the
circulation quantum. A single orbital cannot carry this velocity, since the phase of
a nonvanishing wavefunction winds by a multiple of 27, but the equal mixture of
two orbitals with winding numbers 0 and 1 can. Attaching orthogonal soft-photon
states to the two orbitals turns this mixture into a pure state with the same density
and combined current density, at an energy cost that can be made arbitrarily small
but not zero. To exclude a pure minimizer, we compare a lower bound for pure
states with an upper bound from mixed states. As the ellipse is narrow, the field
has small circulation around the loops, and the two bounds force a pure minimizer
to be almost photon-free. Its vacuum component is then bounded away from zero
along some loop, so its phase winds by a multiple of 27, which contradicts the
circulation 7.

An obvious sufficient condition for pure-state attainment is the existence of a
pure ground state with the prescribed density-current pair (v-representability). In
fact, a pure ground state of HV-#, with potentials in (29), minimizes the PFLL
constrained search at its own density—current pair: the external terms in (37) are the
same for all states with that pair, so lowering the internal energy would contradict
the ground-state property. In particular, the PFLL infimum at the density—current
pair of a ground-state density matrix is attained whenever the corresponding ground
state is non-degenerate, since every ground-state density matrix is then the rank-
one projector onto that ground state.

4.5. Soft-photon purification. Arbitrarily soft photons allow a mixture to be
represented by a pure electron—photon state at arbitrarily small energy cost, while
the density and combined current density remain unchanged.

Theorem 4.10 (Soft-photon purification and equality of functionals). Fiz N € N
and e > 0. For every I' € D and every 6 > 0, there is a normalized ¥ € Qpg with
finite mean photon number such that

(pw.i%) = (pr.jf), (U, H*OW) < Tr(HT) +4. (59)

Consequently,

| FSL(pd) = P | (60)
for all (p,j°) € X x Y. If this value is finite at (p,j°), the pure-state infimum is

attained if and only if the total Pauli—Fierz mized-state minimization has a rank-one
minimizer.

This does not contradict Levy’s and Lieb’s nonconvexity result for the electronic
Levy-Lieb functional [29, 33], since a pure electron—photon state can have a mixed
electronic marginal and, already at zero coupling, arbitrarily soft photons purify
electronic mixed states at arbitrarily small energy cost.

Corollary 4.11 (Convexity, N-representability, and pure minimizing sequences).
For every N € N and e > 0, F5pyy, is proper, convez, and norm lower semicontin-
uous on X x Y. Moreover,

‘jj‘?xz{(pr’j%) FGD}:domFS’%L‘ (61)

In particular, the pure-state N-representability class is convex. Let (p,j°) € X xY
with F (p,J°) < 0o, and let T'y € D be a minimizer in (56), so that (pr.,jf ) =
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(p,J°). Then there are normalized ¥; € Qpp with

(p\I}jhi(\:I/j) = (pvjc)v <\Ilj7HO)0\IIj> — Flg’FXLL(pajC);
and
sup(U;, NU;) <1+ Tr(NT.) <1+ Chnex (14 FEpy(p,39))- (62)
J

This result extends Theorem 4.5 to general form factors. Equality of the infima
and the bound (62) do not imply pure-state attainment: the soft photons can still
prevent the necessary compactness. The construction uses the infinitely many con-
tinuum modes of arbitrarily small positive frequency. In contrast to Theorem 4.5,
it requires no region on which the coupling vanishes, so it also strengthens the
representability conclusion of that previous result.

At zero combined current density, both functionals reduce to searches constrained
by the density alone.

Proposition 4.12 (Vanishing combined current density). For /p € H*(R®) with
p >0 and fRS p = N, the following relations hold true:

F;%LL([% 0) = \Pegpi‘nﬂl\y“:1<W7HO70W>7 (63)
P\I;:P
Fi (p.0) = min Tr(HO0T) (64)
pT=p
= sup [E(v,0) — (v,p)]. (65)
veX*

Using Theorem 4.10, the above two zero-current functionals coincide. Note that
the current constraint can be dropped from both constrained searches.

These functionals still include the quantized field and its coupling to the elec-
trons. At nonzero coupling, their common value generally differs from the purely
electronic Lieb functional F,(p) = Fyr(p,0) recalled below in Section 4.7. The dif-
ference is a nontrivial variational contribution arising from electronic and photonic
relaxation and their correlations at fixed density. The vacuum shift e?N|x||?/2
gives an upper bound on this difference (Theorem 4.18).

4.6. Properties of optimizers. By Theorem 4.8, the constrained search has an
optimizer whenever its value is finite. In this section we describe such optimizers:
their fields, their symmetries and dark modes, and how many soft photons they
contain. By dark modes we mean photon modes on which X vanishes; these do not
couple to the electrons. In each proof we compare an optimizer with other states
that have the same density and combined current density, so we never assume that
the optimizer is a ground state of some H*A.

4.6.1. Fields of constrained optimizers. We now ask which conclusions of Proposi-
tion 4.3 require a ground state, and which follow from constrained minimization
alone. Here an optimizer means any I' € D satisfying

pr=p, Jr=i%  Tr(H"’T) = Fepy(p,J°) < oo
There need not be supporting external potentials (no v-representability required).
In their absence, the prescribed current is j°, whereas a physical current j = j°+ pA

requires a specified external vector potential. All traces below are understood in
the form sense, with the fields smeared as in Section 3.3.
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Proposition 4.13 (Fields of optimizers). Let I be a PFL optimizer at (p,j¢). The
following properties hold true.

(i) For real uy,...,u, € C*(R3;R?) and every real ¢ € S(R"),

iReTr([(aw)(/Rsul-21,...,/R3un.21>}[/Rsufel}r) —0.  (66)

(i) In particular, the transverse electric field vanishes, Tr(€ T') = 0 in the sense
of distributions. This means that

Tr([/ u-@@l") =0 for every u € C°(R?;R?). (67)
RS

(iii) If the prescribed current has the form
j©=pVS, SeWl'(R%R), VSeL)R%R% +L®R%RY),

loc

then every coherent photon amplitude vanishes: Tr(a(h)T') =0 for all h € Hpn
with h/\/w € Hpn. In particular, the vector potential vanishes pointwise and
the magnetic field vanishes in the sense of distributions:

Tr(Ax)T) =0 (x € R?), Tr(BT) = 0.

Item (i) extends (67), its limiting linear case, from the expectation value to all
equal-time statistics of the smeared transverse field. The kinetic, Coulomb, and
external terms of H"A commute with ¢([u; -2, ..., [u, - A). Formally, the
left-hand side of (66) is therefore minus the time derivative at t = 0 of Tr (¢( [ uy -
A,..., [u, A) e‘itHU’AI‘eitHU’A): under the full dynamics, every such expectation
value is stationary to first order at an optimizer. In a Schrodinger representation
of the field, in which the smeared fields act as coordinates (Appendix D with h =
$Hph), (66) says that the probability current in field configuration space is weakly
divergence-free. It is thus the field-space counterpart of Proposition 4.3(i).

The field variations in the proof of Proposition 4.13 preserve both constraints
on the density and the combined current density. By contrast, an electronic phase
changes j° by pV 9, and a general photon displacement changes it by —epcy, with cy
as in (218). Consequently, the variations proving continuity and the Ampere law for
ground states are not generally available at a fixed pair. The next proposition shows
that a constrained optimizer can have a combined current density with nonzero
divergence at positive coupling. It also shows that even a unique optimizer need
not be a ground state for any external potentials in (29).

Proposition 4.14 (Ground-state conclusions that fail for optimizers). Let N =1,
and set

2 .
p(x) =7 M (x) = p(x)a,  0#qeR

(i) Let e > 0, and let X satisfy (9). The pair (p,j°) has a PFL optimizer, and
every such optimizer satisfies

Tr(AT) = Tr(BT) = Te(€,T) =0,  divj® = —2(q-x)p # 0.

The vector-potential identity holds pointwise, and the magnetic and electric
field expectation values hold in the sense of distributions.
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(i) Let e = 0. The unique PFL optimizer at (p,j°) is

Lq = [Wq)(¥ql, Uqy(x) = elaxg=3/4o=Ix*/2q)
3 laf? (68)
0,
It is not a ground state, or even an eigenstate, of any H"* with potentials in

(29).

Part (i) shows that continuity and Ampere’s law are not consequences of con-
strained optimality. Indeed, since it involves the physical current j°+ pA, Ampere’s
law is most natural in a situation where the external potential A is given. By part
(ii), uniqueness of a constrained optimizer cannot replace the ground-state assump-
tions in Proposition 4.3(iv): the unique constrained optimizer can have nonzero
current.

As is made clearer in the proof below (in Section 5.10), the restriction on the
potentials in (29) plays an essential role. For example, in the case e = 0, the given
density-current pair does come from the ground state of an H"A with v(x) =
3% ¢ L3/2(R3) 4+ L>®(R%) and A(x) = —q.

4.6.2. Symmetry and dark modes. For R € O(3), define in the solenoidal represen-
tation of the one-photon space the rotation (Yrf)(k) = Rf(R"k), and put

(UR\P)(X) = TR\IJ(RTXM R RTXN)
on Hy, as in Proposition A.2. Let © be the time reversal (190). For g = (R, s) €

O(3) x {1, -1}, put
=1
Vtg _ UR7 S 5
Ur®, s=-1.

Proposition 4.15 (Symmetry and dark modes of optimizers). Let F53 (p,j¢) <
00.

(i) Use the hard cutoff (10), and let G C O(3) x {1, -1} be a closed subgroup
such that

p(R'x)=p(x),  sRIFR'x)=j(x) ((R,5)€q).

Then T’ — VgI‘ngl, g € G, maps the set of PFL optimizers at (p,j°) onto
itself, and this set contains a G-invariant optimizer.

(ii) Suppose that X = 0 almost everywhere on a measurable set S C R3. Let
Hs C Hpn consist of the one-photon states supported in S, and factor Fpn ~
Fs(H%) ® Fs(Hs). Then every PFL optimizer at (p,j) has the form I ®
|Qs){(Qg|, where Qg is the vacuum of the second factor.

For instance, if p is radial and j° = 0, part (i) with G = O(3) x {1, —1} gives an
optimizer invariant under all rotations, reflections, and time reversal. The group
G = {(1,£1)} requires only j¢ = 0, with no symmetry of p. Its Haar average is
1(T'+ ©r'©~1), so every optimizer T at (p,0) yields a time-reversal-invariant one.
If p and j° are invariant under rotations about an axis, as for a circulating current,
there is an optimizer invariant under these rotations even though time reversal is
broken. For the hard cutoff, part (ii) applies with S = {|k| > A}: optimizers carry
no photons above the cutoff.
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4.6.3. Soft-photon energy distributions and infrared laws. We describe photon en-
ergy distributions of constrained optimizers and their infrared behavior. Here pho-
ton energy and frequency are identified by w(k) = |k|, in the units i = ¢ = 1 used
above.

Fix a density—current pair (p, j) with F5p (p,j°) < oo, and let T', be any mixed-
state optimizer supplied by Theorem 4.8. For a Borel set B C (0, 00), define the
photon-number and photon-energy measures

V*(B) = TI‘(dF(l{‘HeB})F*) 3
i+ (B) = Tr(dI([k|1gkepy)Ts) = /Bav*(ds).

Both are finite. They describe expected photon counts and expected energy in
frequency bands, but neither is a probability measure in general. The total mass of
s« is the expected total radiation energy, 1.((0,00)) = Tr(Hyaal'x). By contrast,
Tr(1p(Hyaa)T4) is the probability that the total photon energy lies in B.

There is also a density formula. Let 79) be the one-photon reduced density
operator, characterized by

Tr(T%El)) = Tv(d(T)T,)

for bounded one-photon operators T'. It is positive semidefinite and since its trace
gives the mean photon number, it is also trace class. Write %(}) = 22 sil f (Sl
with s; > 0 and (f;) orthonormal. The momentum-space photon-number density
is defined almost everywhere by

n*(k» /\) = Zsjlfj(k7 )‘)|2'

Polar coordinates give absolutely continuous measures
2

vo(de) = N (e)de, Ni(e) =¢€? Z/ n«(£6,)d0,

A=1"101=1
pi(de) = U (e)de,  U(e) = eNi(e).

Summing over polarizations makes these distributions independent of the polariza-
tion frame.

Proposition 4.16 (Infrared distribution bounds for optimizers). There are C' < oo
and 0 < kg < 1, depending only on N, e, x, such that every PFL optimizer satisfies,
for 0 < Kk < Ko,

B(w) = [ Uh(e)de < Cls2 +12), (69)
0
N, (k) := /K N (e)de < C(k + a?), (70)
0
where
L <x}X

A, =

; be = | L1kj<ry XII- (71)

VK|

For the hard cutoff (10), with A > 0 and x < min{ko, A}, these reduce to
E.(k) < CK?, N.(k) < Ck. (72)



DENSITY FUNCTIONALS FOR THE PAULI-FIERZ HAMILTONIAN 27

By evaluating the constants a, and b, explicitly, the hard cutoff gives the

frequency-bin estimates

2 (" 2 ("

f/ U.(g)de < Ck, - N (e)de < C.

K Jk/2 K Jk/2
One cannot differentiate (72) to deduce the corresponding pointwise inequalities, so
these must be seen as cumulative bounds, not as an assured soft-photon spectrum or
a proved leading asymptotic. In particular, neither a Planck law nor a temperature
follows only from these estimates. If PY%° is the projection onto the vacuum in the
soft Fock factor, tensored with the identity on the other factors, then

Tr((1 — P2)T,) < N, (k) — 0.

Thus the probability of any photon below x tends to zero in an exact optimizer,
with rate O(x) for the hard cutoff.

4.7. Zero coupling and soft-photon relaxation. At e = 0, the combined cur-
rent density reduces to the paramagnetic current density and the internal Pauli—
Fierz Hamiltonian separates into electronic and photon parts:

iv =3%
HY| =HX®1lz, +1v @ H
e=0 ‘el Fph R rad»
N

e ca s Y

n=1 1<n<m<N ‘Xn B Xm'

Thus the density and current constraints depend only on the electronic reduced
state. However, the photon factor can be used to purify a mixed electronic state, and
the massless dispersion permits the orthogonal photon states in that purification
to have arbitrarily small, though nonzero, energy.
We define the mixed-state Vignale-Rasolt functional of CDFT by
FVR(pvjp) = inf TI‘(HSI )7
re&.(H)
>0, Tri=1
pr=p
jp=iP
with the value +oco when the constraint set is empty. As elsewhere, the trace
involving HY is a form trace.

Theorem 4.17 (Soft-photon relaxation at zero coupling). For every (p,jP) €
‘-7]%1 mix’

FR(p.3°) = FRRL(p.3°) = Fyr(p,3°). (73)

The infimum defining FPO’FXLL(p,jp) 1s attained if and only if the electronic mized-
state minimization has a rank-one minimizer. Equivalently, attainment holds if and
only if there is a normalized ® € Q(HY) such that

(P<I>7j§>) = (Ioajp)v <(I)a Hg]q)> = FVR(pvjp)'

The proof purifies a fixed mixed electronic state using orthogonal one-photon
states whose energies tend to zero. These purifications have no strongly convergent
subsequence: any limit would be a product with the photon vacuum and therefore
have a pure electronic reduced state, contradicting the fixed mixed one.
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The next theorem treats the limit e | 0 at fixed form factor.?

Theorem 4.18 (Zero-coupling limit). As extended-real functionals on X x Y, the
pure Pauli-Fierz universal functionals have the following sequential limit as e | 0.

(i) If ex, > 0, e, = 0, and (pk,jr) — (p,j) weakly in X XY, then
Fyr(p,J) < lim inf Ferrs (Prs i)

(i) If Fyr(p,j) < oo, then the constant sequence of constraints is a recovery
sequence. More precisely,

e ) . N
Feivn(p,d) < Fvm(p.d) + 5 X117, e>0.

Moreover, (p,j) € T~ for every e > 0.
Consequently, for every (p,j) € X x Y,

leiﬁ)lF}C;i;‘(LL(paj) = FggLL(p,_j) = Fyr(p,j).

In particular, the convergence holds in the sequential Mosco sense on X XY, hence
also in the norm-Gamma sense, and every point in the effective domain has a
constant recovery sequence.

Part (i) holds along arbitrary weakly convergent constraints, while part (ii) uses
only the constant recovery sequence, which suffices for Mosco convergence. An
upper bound along every norm-convergent sequence (pg,jir) — (p,j) would fail in
general, since norm convergence in X x Y does not control fR3 lixl?/ o

4.8. The long-wavelength (dipole) limit. We next keep N, e, the form factor,
and the photon dispersion fixed. For 0 < ¢ < 1, introduce a parameter in the
spatial dependence of the quantized field:

A (ex) = P(GE,), D, = —iVy, —eA(ex,).

The original model corresponds to e = 1. At £ = 0, the field is the spatially uniform
operator 24(0), giving the velocity-gauge dipole approximation.

A photon dilation shows that € | 0 is a long-wavelength limit at fixed system
size: rescaling x — ex is equivalent to keeping the electrons fixed while stretching
the relevant photon wavelengths by a factor 1/e. For € > 0, the scaling 6‘3/2f(-/a)
is unitary on $)501. As in Proposition A.3, conjugation by its second quantization
maps A(ex) to the field at x built with e=3/2%(-/¢) in place of X, and maps Hyaq
to e ' H,aq. The model at ¢ is therefore unitarily equivalent to one with photon
dispersion |k|/e, that is, with the speed of light formally set to 1/e while the system
size is kept fixed. In that picture the frequencies and ||]|?, the vacuum expectation
of |24(0)|?, are unchanged, while for the hard cutoff the coupled wave numbers sat-
isfy |k| < €A, so all coupled wavelengths diverge as ¢ | 0, becoming large compared
to any fixed system size. Correspondingly, with the fields (21), the electrons in the

3Let Fy,F: V — (—o00, o0] be functionals on a Banach space V. A recovery sequence for u € V
is a sequence ur — w in norm with limsupy_, o Fr(ur) < F(u). The F} converge to F' in the
norm-Gamma sense if F(u) < liminfy_, o Fk(ur) whenever up — w in norm, and every u € V
has a recovery sequence. They converge in the Mosco sense if, in addition, this lim inf inequality
holds whenever uj — u weakly. Mosco convergence therefore implies norm-Gamma convergence.
We use the sequential versions of these notions, and a limit e | 0 means convergence along every
sequence ey | 0.
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model at € feel the transverse electric field —i[H;aq, A(ex)] = € (ex) at unchanged
strength, whereas the magnetic field Vi x 2(ex) = eB(ex) carries a factor .

Let H>? be the internal Hamiltonian obtained from H%° by replacing D,, with
D,... As in Section 3.4, (¥, H*OW) denotes its form value for ¥ € QOpp, and
energies of density matrices are written as Tr(Hg’OI‘) in the form sense. The
combined current density changes with the field:

Jg7 (%) := NRe(U,Dq U)x = ji,(x) — eN Re(¥, A(ex)¥)x.

The mixed-state current density is defined by affine extension. The bounds in
Proposition 4.1 hold uniformly in £ on sets of bounded form energy.
Using the same spaces X x Y and external potentials as in (51), set

E(u,A) = inf (U, H2OW) + (u, p) + (A, j5)]
hvi=1

FprLe(p,J°) == sup [Es(uv A) —(u,p) — <A,jc>]-
(u,A)EX* XY™

Let Fpprr, be the pure-state constrained search for H, with (pw,j3°) = (p,j°).
As in (55),

Fpp1,c = convEprLL . (74)
The fixed parameters N, e, x are suppressed in this notation. We use the label

d for the endpoint € = 0 throughout, keeping the coupling e fixed, and write

.o and jod .= jor ._o- The external classical vector potential A (x)

Fy := FprL,
is unchanged.

Theorem 4.19 (Dipole limit of the PFL functional). Fiz N € N, e > 0, and the

form factor. The functionals Fpyr, . converge to Fy in the sequential Mosco sense
on X xXY:

(i) If e, > 0, e, = 0, and (pk,j%) = (p,J°) weakly in X XY, then
Fd(pa.jc) S hklgg.}f FPFL,Ek (pkaji) (75)

(ii) For every (p,j°) € X xY, there are pairs (pe,jS) — (p,j°) in the norm of
X XY such that

limisoup FrrL,e(pe,iS) < Fa(p, %) (76)
£

The dipole functional can be compared directly with the electronic mixed-state
functional defined above. In this comparison, the same current density j*¢ is used
as the paramagnetic-current argument of Fyg.

Proposition 4.20 (Electronic comparison for the dipole functional). For every
NeN,e>0, and (p,j*Y) € X x Y,

. . . Ne?
Fyr(p, i) < Fa(p, i) < Fyr(p, i) + ——[IXII*. (77)
Consequently,
dom Fd = dom FVR- (78)
For the standard hard cutoff (10), the upper correction in (77) is Nme?AZ.
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At the dipole endpoint € = 0, with e fixed, the internal Hamiltonian is

1 N

2 1
Hy= - —iVy, —e2A(0 — + H, 79
d 22( 1Vx, (& ( )) + Z |Xn—Xm|+ rads ( )

n=1 1<n<m<N
understood as the positive self-adjoint operator associated with the corresponding
closed form on Qpp. The dipole PFLL functional is its pure-state constrained
search, that iS, FPFLL,d = FPFLL,5|E:07

F joY) = inf U, HyU), 80
prLL,d (2, J7) qlegpffu\y”ﬂ( a¥) (80)
Py =p
sc,d__.c,d
Jy =J

and its mixed-state constrained search is

Fa(p,j©%) = inf Tr(HgT). 81
a(p ) reel(HN)l,nrzo,Trr:1 r(Hall) (81)
TI’(HdP)<OO

.c,d .
pr=p, jgi=j>1

The expectation and the trace are taken in the form sense, and an empty admissible
set has infimum +oo. The following theorem consistently identifies the pure-state
and mixed-state searches with the dipole PFL functional for every finite N.

Theorem 4.21 (Equality of dipole functionals). We have

Ferra(p, i) = Fa(p,j?) = Fa(p,3°?) (82)

for all (p,j%) € X x Y. Every finite mived-state infimum is attained by a density
matriz of finite mean photon number.

As a preparation for passing to the length gauge, put R = 25:1 Xp, SO that
eR is the dipole moment of the electrons. If \/wX € L?, define the real symmetric
positive semidefinite 3 x 3 matrix M = (M*)3  _; by

1 ~
M" =Re(vwGh, VwGg) = 5/ w(k) | (k) [? Poor (k) dk; (83)
R3
for the hard cutoff (10), M = %1 (Appendix A.6). Under the same assumption,
the transverse electric field (21) at the origin is a form on D(v/Hyaq) (Section 3.3),
namely
¢ (0) = —I(wGy), (84)

where wGY/v/w € Hpn and IT is the extension of the conjugate Segal field (1) to
such arguments (Proposition A.10(iv)).

Corollary 4.22 (Length-gauge form of the dipole functional). Suppose that \/w X €
L2, For all (p,j*%) € X x Y with [, |x|*p < oo,

Fa(p.j*") = jmf T (HQ1 + Hipg — eR- €L (0) + e2RTMR)I‘. (85)
pr=p, jp=j"1

Here D is the class (32) of finite-energy density matrices, the trace is taken in the
form sense and converges absolutely, and every finite infimum is attained.



DENSITY FUNCTIONALS FOR THE PAULI-FIERZ HAMILTONIAN 31

This is the mixed-state constrained search for the usual length-gauge dipole
Hamiltonian [44]. By (82), the same identity holds for the pure-state search over
normalized ¥ € Qpy, but that infimum need not be attained: at e = 0, where
the dipole model coincides with the Pauli-Fierz model, Proposition 4.9 provides
an example. The constant field has disappeared from the kinetic energy and from
the constraint, which becomes the paramagnetic current density as in Fygr. It
enters only through the last three terms, which add up to the radiation energy

Tr (Hrad U :{ ) > 0 of the transformed density matrix, with Uy the unitary (228).
Dropping them gives the lower bound in (77).
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5. PROOFS
The rest of the paper is devoted to proofs.
5.1. A priori bounds.

Proof of Proposition 4.1. For u = 1,2,3, write d,, for differentiation with respect
to the pth component of x = x;, and DY for the corresponding component of Dj.
By (28), the state ¥ has square-integrable weak electronic derivatives and finite
photon form energy. The field bound (20) also shows that ||2(x,)¥]| and |D,¥||
are finite for every n. We may therefore regard x + W¥(x,-) as an H' function
taking values in the Hilbert space of the remaining electronic and photon variables.
In terms of the partial norm || - ||x, the definition of the density gives

[V]lx = v/ pu(x)/N.

In particular, py > 0, and Fubini’s theorem and normalization give
/ py(x)dx = N||¥||? = N.
R3

We next prove the joint density—current bound (38). The Sobolev chain rule for
the Hilbert-space norm gives \/pgy € H' and, almost everywhere on {py > 0},

Dr/PE = NRe<\II,8#\IJ>x.

Ve

One can obtain this formula by first differentiating (||[¥||2 + £2)'/? — ¢ and then
letting € | 0. The derivatives are dominated by ||0,¥[x. On {py = 0}, the
weak gradient of /py vanishes almost everywhere. Since 2*(x) is self-adjoint, the
partial inner product (¥, (x)W¥)y is real. Set (*(x) := (¥, DI'¥)x. The identity
0,9 = iD'¥ + ieA#(x)¥ and the definition of the combined current density then

give
NN i)
Im¢H = — P‘l/]\;; P\I/’ ReC“:(J\IZ(]) .

These identities express the gradient of |/pg and the combined current through the
imaginary and real parts of the same partial inner product. Cauchy—-Schwarz in the
remaining variables gives, on {py > 0},

2 |j‘\31!|2 N2 . w2 ap
Vypel® + = = =% (|Tm ¢ + [Re (")
pw Py =

N2 &
= > [¢"* < N[Dy w3
\II
p=1

On {py = 0} we have ||¥||x = 0, so all three current densities vanish there. With the
stated convention for the quotient, both terms on the left vanish almost everywhere
on this set, and the inequality holds there as well. Exchanging electronic coordinates
sends D; to the corresponding D,,, and the sign from antisymmetry disappears
upon taking squared norms. Consequently,

N
N|D¥|? =) (D, .
n=1

Integrating the pointwise joint bound proves (38).
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We now prove the bound (39) on the field-induced current density. Applying
conditional Cauchy—Schwarz to the definition of jgh and then integrating gives

sph|2
0P < NpeolueonE [ B < evjap) e,

For almost every electronic configuration X, apply (20) to the Fock-space vector
¥(X) at the position x;. Its constant is independent of that position, so integration
in X gives

126(x1)W]* < Co (IV Hraa Pl + 19]%) = Cy (I Hraa ¥ +1).

This proves (39).

It remains to prove the integrability of the density and the current densities. The
following integrability argument extends the estimates for electronic paramagnetic
currents in [25, 27] to the combined and field-induced current densities, using the
bounds established above. Since \/py € H'(R?), the Sobolev embedding gives
Vow € L* N L%, hence py € L* N L3 For either j = j§ or j = j*", the bounds
just proved show that j/\/pw € L2, with value zero where the density vanishes.

Factoring j = /pv (j/+/pv) and applying Hélder’s inequality gives
. J
il < IVpwllz-

N

J

N

Finally, j5, = jS — j%" belongs to the same two spaces.

For a density matrix I' = > p,|V,)(¥,| € D, apply the preceding argument to
the auxiliary vector (/p,¥,),, taking the Hilbert direct sum over r as part of the
space of remaining variables. This vector is normalized and has finite form energy.
Its partial density and currents are the ensemble averages, and the operators act
componentwise in r. Their squared norms are therefore the corresponding form
traces, which proves the mixed-state extension. ([l

o illpsre < liVewllze

L2

L2

Proof of Proposition 4.2. Let ¥ € Qpy, write J,, for the derivative with respect to
the pth component of x = x1, and denote the right-hand side of (40) by

3
fo(x) == —2eNRe > (9,0, A" (x)T)x.

pn=1
Let || -]|gpr be the reference norm (24). As in the proof of Proposition 4.1, applying
(20) to ®(X) for almost every X gives
I2A(x1) @] < CY2|®llgpe, € Qpr. (86)

We first show that fg is integrable. The conditional Cauchy—Schwarz inequality
(0,0, A (x)U) x| < |0, T ||x||2A"(x)¥|/x, followed by Cauchy—Schwarz in x and in
1, gives

3
/Rs [fol < 26N Y (10,9 | (x1) U] < 2eN [ Vo, U |120(x0) ¥ (87)

p=1

Both factors are finite by (23) and (86).
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We now prove (40) in the sense of distributions. Let v € C2°(R?) be real. For
®, 9" € Qpp put

o(®, ) := Z( 0,0) (x1)2AH (x1) @) + (9, P, v(x1) A (x1) D)

p=1

+ (o(x) 20 (x,) D, aucp'>).

Since (¥, 2" (x)W)x is real, Fubini’s theorem and the definitions give

3
;/Rg(aﬂv)(j\%h)u —’-/R3 Uf‘p = —eNSv(\I/7\I]),

0 (40) holds in the sense of distributions once s,(¥,¥) = 0. The form s, is
sesquilinear, and Cauchy—Schwarz together with (86) gives

|50(, ®)| < C* (V3] Vllos + 2[[0lloc) 1Pl e 19| 0re-

By (27) and (28), the algebraic core pr of (25) is dense in Qpp for || - ||gpp- It
therefore suffices to show s,(®,®’) = 0 for the product vectors & = ¢ ® ¥ and
@' = ¢’ ® X' spanning €pr, where ¢,¢’ € CX(R*N) N HY and X, % are finite-
particle vectors in D(v/Hyaq). Since ¥ (x) is symmetric on D(\/Hmd) the three
terms of s, combine by the product rule into

(D, D) Z/RN L (v(x1) 9(X) ¢ (X)) (2, 20 (x1)E)dX.

The function x +— (3,2#(x)%’) is bounded and continuous by (20) and the con-
tinuity of x — G¥. For fixed xa,...,xy, the function x; — v(x1)p(X)¢'(X) lies
in C2°(R?). By Fubini’s theorem we may first integrate in x;, and that integral
vanishes by the weak Coulomb gauge (17), applied to the real and imaginary parts
of this test function. Hence s, = 0 on Qpy, which proves (40). Now ding,h = fu,
and (87) is (41).

Finally, the right-hand side of (40) contains no derivative of the field and need
not vanish. In the one-electron example following Proposition 4.2, with j%h given by
(42), it equals —2¢ Re (g¢ - V(@o¢1)), which is nonzero for e > 0 and generic ¢, ¢1.
Choosing o, 1 such that pg = |po|? + |p1/|* is constant on an open set where this
expression does not vanish shows that jg,h /pw is not divergence-free either. O

5.2. Proof of Proposition 4.3. Let ¥ be a ground state of H"#. Ttems (i)—(iii)
are first-order conditions of the variational principle (31): a one-parameter family
of trial states through ¥ has energy at least E(v, A), with equality at ¢ = 0. Item
(iv) follows from time-reversal symmetry. By Proposition 4.1, j$, € L' N L?/? and
pw € L' N L3, so Holder’s inequality gives pg A € L' N L3/2 for A € L? + L™,

We first prove (i). For real ¢ € C2°(R%) and t € R, the gauge unitary Uy, of
(195) preserves Qpr, and by (37) and (196)

(U, U, H” UW, y=FE(v,A) +t/ V- qu+7/ |V90\ PU-

The minimum at ¢ = 0 gives [ Vo - jg = 0, which is (i).
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We next derive an identity for the mean photon amplitude, with

3
G =3 / 71 () Glidx.
p=1"R?

Let f € D(w). By Corollary A.8, applied to T' = |U)(W|, W (¢f) preserves Qpr, and
the energy of W (tf)¥ is the quadratic polynomial (220) in ¢. Its linear coefficient
is

2R, 0l )W) — ¢ [ 5o = 2Re(V.alwf) V) — 2 el g5,),
with ¢y as in (218). This coefficient vanishes, and applying this also to if in place
of f gives
(U, a(wf)¥) =e(f,g5,)  forall fe Dw).
We next prove (ii) and (iii). For test fields u,v € C2°(R%;R3), the kernels of
Ju-€ andof [(Vxv) B =[(VXxVxv) Aare —iwgy and g_ay = w?gy,

since V x V x v = —Av 4+ Vdivv and gradients have zero kernel. The choices
f = g4 and f = wgy in this identity therefore give

(v, (/u (€L )W) = ~2¢Tm{gu, g5) = 0,
<\I/, (/(V X V) - %)\Il> = 2e Re(wgv, Gjq )-
The first scalar product is real as in Section 3.3, which proves (ii). Since
2Re(wGk, Gy) = /R3 w(k)|R(K)|2 Paot (k)" e %) dk,

the second identity is (iii) paired with v.

We finally prove (iv). By Proposition A.4, the time reversal © of (190) reverses
A, B, and D,, and commutes with H?. Hence OV is a ground state, and by
nondegeneracy a multiple of ¥. On the other hand, j§ g = —j§ and (0¥, AO¥) =
— (U, AT), and likewise for 2. All three quantities therefore vanish.

5.3. Representability results.

Proof of Theorem 4.4. Let I' = ", p;j|®;)(®;| be an electronic mixed state in
(43), written in its spectral decomposition. For € > 0, choose an orthonormal
family

fi € *({0 < |k| < ¢} x {1,2})

and put Z; = af( [3)Q. All Z; are normalized and lie in the one-photon sector. The
vector

V.=> /5% ®F; (88)

i>1
is normalized and Trpy, [¥.)(U.| =T It therefore has density pr and paramagnetic
current density jh. Moreover, 2((x) changes photon number by exactly one, whence

(B, A(x)Zx) =0 for all j,k,

and consequently jfl’,i =0.



36 M. A. CSIRIK, A. LAESTADIUS, M. PENZ, AND E.I. TELLGREN

It remains to check that ¥, € Opp. Orthonormality of the photon vectors Z;
eliminates the cross terms in the electronic kinetic energy, so

N N
DIV P =D p ) IVx, ®5)1 = Tr(~AT) < oo
n=1 i n=1

Likewise, orthonormality of the electronic vectors ®; eliminates the cross terms in
the photon energy, and H,,q acts as multiplication by w(k) = |k| on the one-photon
sector. Hence

<\IJ€7Hrad\I]a> = ij<Ej7HradEj>
J
=Y piIVWhIP <edopllfil* =,
J J

where the inequality uses the support condition |k| < €, and the last equality uses
[fill =1and 3°;p; = 1. Thus V. € Qpr, proving the reverse inclusion in (45) as
well as the reverse inclusion in (46).
Conversely, let ¥ € Qpp be normalized and define its electronic reduced state
by
I = Trp, |[P)(T].

Partial trace preserves positivity and the trace, so I' > 0 and TrI' = 1. We must
check that this electronic density matrix has finite kinetic energy and reproduces
the pair (pw,jy ).

The positive-observable partial-trace identity (6) gives, in the quadratic-form
sense,

N
Te(-AD) =) || Vx, ¥
n=1

N N
<2 [DuY? +2¢ ) [[2A(x) | < oo.

n=1 n=1

The equality follows by applying the definition (2) of the partial trace first to
bounded spectral truncations of —A and then using monotone convergence. The
inequality uses —iVy, ¥ = D, U+ e2(x,,)¥. Both sums are finite by (20) and (28).
Thus T satisfies all the state conditions in (43).

To see explicitly why the electronic density and paramagnetic current density
are preserved, we use a Schmidt decomposition as in (3) and (4),

U= % ®5;, T=> pid) e > pi=1
j j J

The electronic vectors ®; and the photon vectors Z; form orthonormal families.
The finite kinetic trace implies that each ®; with p; > 0 has finite kinetic energy
and that the Schmidt series also converges in the electronic H! norm. Inserting
this series into (33) and (34), the photon inner products (Z;, =) = J,5 remove all
cross terms, giving

pu =Y pipe, =pr, 5= ijjélj =Jp-
J J
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The density series converges in L' by normalization, and the current series by
Cauchy—Schwarz and the finite kinetic trace. These identities therefore hold almost
everywhere, and prove the forward inclusion in (45).

If the original state additionally satisfies jg,h = 0, its triple is (pr,jp,0) with

(pr,3f) € TN mix- This proves the forward inclusion in (46). The reverse inclusion
was supplied by the one-photon purification above. (I

Proof of Theorem 4.5. Step 1. Splitting off the uncoupled photon modes.
Replacing S by SN B, for sufficiently large r, we may assume that S is bounded. By

the symmetry x(k) = x(—k) in (9), X(—k) = 0 for almost every k € S, so by (12)
every G vanishes almost everywhere on S x {1,2}. The orthogonal decomposition

Sjph :hR@h57 hR:L2<SC X {172})a hS:L2(S>< {172})a
induces the canonical factorization Fs($)pn) =~ Fs(hr) ® Fs(hs), and hence
Hy ~Kr ® Fs, Kr =9 @ Fs(br), Fs = Fs(bs).

Under this identification 2A(x) = Ar(x) @ 1x,, where g is the field on F,(bg)
with the same kernels G, and Hyaqg = Hyaq,r ® 17, + 1 ® Hyaq,s, where Hiog.r
and H,,q s are the second quantizations of the restrictions of w to S and S. For
real v € C°(R3) and A € C°(R3;R3), let HZ;A be the Hamiltonian on g defined

like HVA | with 25 and Hiaq,r in place of A and Hy,q. Then, as closed forms,
H*A = Hjy® @ 1r, + 1k, © Hraa,s, (89)

and in particular Q(H"Y) = Q(H%O ®1r)NQ(Lk, ® Hrad,s)-

Step 2. The density and current density depend only on the coupled
marginal. Let I' € D, and put I'p = Trr, I’ and I's = Trg, I'. Both terms in
(89) are nonnegative after N||v||s is added to the first. The positive-observable
identity (6) therefore gives

fI\r(H'UvAI‘) = ’I‘r(H}gAPR) + Tr(Hrad,SFS)7 (90)

where all terms are finite by (30). Subtracting the case v = 0, A = 0 removes the
last term. Applying (37) to the spectral decomposition of I', we obtain

/ (v+ 5IA[")pr + / A-jp = T(HRATR) - Tr (HRTr).
R3 R3

The right-hand side depends on I' only through I'r. Taking first A = 0 and then
general A shows that two density matrices in D with the same marginal on g
have the same density and the same combined current density.

Step 3. Purification by uncoupled one-photon states. Fix I € D and write
I'r =), pr|®:){(®,| with p, > 0 and orthonormal ®,., the index r ranging over a
finite or countable set. Since S has positive measure, hg is infinite dimensional and
contains an orthonormal family (f,) indexed by the same set. Put =, = aif,g( 1r)Qs
and Rg = esssupycg |k| < 0o. The =, are orthonormal, so by (3) and (4) the unit
vector

V=Y /p & ®E,

satisfies
Trrg [U) (U] =Tr,  Trx, [U)(F] =D p[E)(Ex].
T



38 M. A. CSIRIK, A. LAESTADIUS, M. PENZ, AND E.I. TELLGREN

Applying (6) to the two terms of (89) with v =0 and A = 0, and using (90) for T,
we get

115 @ 15 V2W|* = Te (HG°TR) < Te(HOOT),

I(1ky ® Hyaa,s) /2O =" polfr,wfr) < Rs.

Thus ¥ € Qpr, and |V)(¥| € D has the same marginal I'r on K as T'. By Step
2, (pw,j%) = (pr,j%). This proves that the right-hand side of (48) is contained in
the left-hand side.

Conversely, if U € Qpy is normalized, then |¥)(¥| € D, which proves the reverse
inclusion. Finally, D is convex, its form energy is affine, and the map I' — (pr, j§)
is affine by the weak trace interpretation of (47). Its image is therefore convex, and
the equality (48) proves the last assertion. (I

5.4. Proof of Theorem 4.6. The idea is to distribute the electrons independently,
with the real amplitude HT]:I:1 Vp(x)/N, and to let the photon state depend on
their positions. The electronic amplitude gives density p and no paramagnetic
current density, but it is symmetric, so antisymmetry is supplied by a real unit
vector built from the pair directions x; — x; and placed in a few auxiliary photon
modes. This factor contributes neither current density nor field expectation. The
field-induced current density comes from a coherent state in a separate band of
modes, displaced along the coupling functions at the electron positions with weights
u(x,). Its conditional field expectation at x is (Tu)(x) for a positive operator
T, and solving Tu = a gives j?I,h = —epa. All photon factors are real, so no
paramagnetic current density is created. The paramagnetic current density p(V.S+
b) is produced by a further factor in the tag: a phase times a coherent state whose
Berry connection is VS + b (Lemma C.3), made permutation invariant by the lift
of Lemma B.2.

Step 1. An antisymmetric unit vector. Let m = N(N — 1)/2 and let
V = V™R? be the mth symmetric power of R3, with its Hilbert tensor norm
and dimension d = (m;z)_ If N =1, then V =R and we take n = 1. For N > 1,
let

Oy ={X = (x1,....xy) ER*™ :x; #£x; for all i # j}

be the complement of the collision diagonals, and define 7,77 : Oy — V by

T(X) X; — X 2
fX)=VeuX),  nX) =T, ep(X) = e s
i\</j ! I (X)|lv J Ix; — %]
where V denotes the symmetric tensor product. For vi,...,v,, € S? the product

v1 V- -+ V Uy, is nonzero: its pairing with y®™ is a positive multiple of [T, (v - ),

which does not vanish for ¢ € R3 outside the finitely many planes v,ﬂ-. By continuity
and compactness of (S?)™, |||y > exy > 0 on Oy, so 7 is well defined. Since
Vi = |7l (1= |n){n|) VT, 7 is multilinear in the €;;, and |V, ;5] < C|x; —x;| 7!
for n € {3, 7}, we obtain

N
Xl =1 3 VOl < O 3 o1

_x.|2
i<j X]‘
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Permuting the electronic positions permutes the unordered pair factors and re-
verses their orientations once for every inversion. Thus n(7X) = sgn(m)n(X). Its
coordinates in a real orthonormal basis of V are real antisymmetric functions.*
The singularities in (91) are locally integrable in three relative dimensions, and
it is easy to see that n € HL _(R*N; V).
Step 2. Photon modes and their real structure. Work in the solenoidal
one-photon representation (13), using the unitary identification with the original
Fock space. Define the conjugation by (Jf)(k) = f(—k). A vector f is called J-real
if Jf = f. Every coupling function satisfies JGY = G¥ for all x and u. Indeed,
Pioi(—k) = Pioi(k) is real and X(k) = X(—k) by (9), so

Pyoi(k)e, X (k)e ik
V2
Since the form factor is nonzero, there is a bounded annulus A = {k : r < k| < R},

with 0 < 7 < R < oo, such that [, || > 0. Define the translation-invariant matrix
kernel K = (K")3 _; by

K" (x,y) = 2Re(1aGy,14Gy), M = K(x, x).

The function 1 4G is J-real. All its spatial derivatives are uniformly bounded both
in the one-photon norm and after multiplication by +/w, since their momentum
supports are bounded. The real matrix M is independent of x, and

(VG (k) = = Gi(k).

c"Mc = /A IX(k)[}| Per(k)c|?dk >0 (c € R*\ {0}).

Indeed, Ps,1(k)c = 0 only when k is parallel to ¢, which has measure zero. Thus
M is positive definite. The kernel K is smooth with bounded derivatives and
K(y,x) =K(x,y)".
Write 4 = 14901 and Hrs\ 4 = Lrs\ 4Hso1- Under the Fock factorization
]:s(f)sol) ~ ]:s(f)A) ® fs(ﬁR3\A)7

choose orthonormal &1, ...,&; € Hrs\ 4, supported in the annulus {k : r/2 < k| <
r}, which is disjoint from A, and put Z, = a' (§a)R3\ 4, where Qgs 4 is the vacuum
of the second factor. The free photon energy is bounded on the span of the =,,.
Writing 7, for the coordinates of 7 in a real orthonormal basis of V', set

d d
((X) = Z Na(X)Ea = al ( Z No (X)§a> QR3\A-

This is a unit antisymmetric vector and, forn =1,..., N,

(€ Vx,0) =0, ((,Ars\a(x)¢) = 0. (92)

The first equality follows from > 74 Vx, 70 = 3Vx,|[n]l3 = 0, and the second
because all =, have the same photon number and the field changes photon num-
ber by one. Here RAgs\ 4 denotes the field with coupling functions projected onto
$Hrs\a. The auxiliary modes need not be decoupled from the electrons, since Y may

4A vector-valued tag is necessary. For N > 2 the configuration space of distinct points in R3
is connected, so a continuous real antisymmetric function must vanish somewhere. Rotating a
pair x;,x; about its midpoint traces a sphere of directions &;; on which the transposition (ij)
acts antipodally, so by the Borsuk—Ulam theorem a complex-valued one must vanish as well. For
N = 2, the tag n = €12 with dim V' = 3 is therefore of minimal dimension.
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be nonzero on their support; the second identity ensures that they nevertheless
contribute nothing to the field expectation.
Step 3. The displacement profile. On the real Hilbert space L?(pdx;R?)
(weighted L? space), define
N -1
(Kou)(x) = | Kxyuy)py)dy, T=M+—7F—K,
R
The integral operator K, is bounded and self-adjoint. It is positive, since
2

>0,

3
o) Y w1406 Cay

p=1

<ll, Kpu>L2(pdx;R3) =2

where the norm is that of the one-photon space $)¢o1. If A > 0 is the smallest
eigenvalue of M, then T > A\1. Hence for u = T 'a,

IvVeul <X~ vpall. (93)

Because K has bounded derivatives and [, plu] < V' N||\/pul|, the function K,u
is smooth with bounded derivatives. The solution u is determined only p-almost
everywhere. The equation Tu = a is equivalent to Mu = a — %Kpu p-almost

everywhere, and the right-hand side is defined almost everywhere on R3, we fix u
on all of R? by

u(x) = M (a(x) - %(Kpu)(x)).

Then u is in H_ and satisfies

[ ol VaP) < Cu [ plal +[9aP). (09
R3 R3

Indeed, the zeroth-order part is (93). For the gradient, Cauchy—Schwarz with
Jgs p = N gives

sup [V (K,u)(x)| < HVKHoo/RS plul < VNATYVK|wllv/pall,

and Vu = M~}(Va— Y=L VK, u). Only the bounded first derivatives of K are
used here, and no derivative of the density is taken.

Step 4. The representing vector and its energy. Let W(f) be the Weyl
operator (200) on Fy($4), and let 4 be the vacuum of this factor. Let B(X) =
Hiv:l v/ p(x,)/N be the electronic amplitude. It has norm one and Y, ||V, B||? =
|V /pl|?. Define the displacement

N 3
fx =) ut(x,)1aGl,
and the state
[¥(X) = B)W (fx)24 © ((X). (95)

The displacement fx is symmetric in the electronic positions and J-real. Thus ¥
is antisymmetric and

p(xn).

I
=
=

e (X)|* = B(X)*
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Here ||¥(X)]| is the norm in the photon Fock space. The state ¥ is normalized and
has density p. Since X + fx is J-real and lies in H (R*;§ 4), Proposition A.9(iv)
shows that W (fx)Q4 is a unit H._ vector and gives, forn=1,..., N,

(W (fx)Q4, Vx, (W(fx)Q24)) = 0,
[V, (W (Ex)Q4)[1” = [ Vi, x|

Together with (92), these identities make the three terms obtained by differentiating
(95) pairwise orthogonal. Hence

S IV ¥ = S IV B + [ B Y Vs (X
b [ B Y [V BxaX
R3N n

< C'NHV\/EH2 +Cny /R3 p(|a|2 + |Va\2).

(96)

To justify the last inequality, first consider the term involving Vy, (. The identity
Vx.Cll = [[Vx,nllv and (91) reduce it to C [ B? Dic |x; —x;| 2. For each pair,
integrating out the other positions and applying Hardy’s inequality

[ 2 ax<awvelt, yer
R

s [x -yl

gives

B(X) / / 2
2 dX = PEIPWY) ydy < 2wyl 97
/R3N \xz—ng N Jps Jes \X |2 V= H VA 7

For the last term, differentiation in x,, acts only on the nth summand of fx, so the
uniform bounds on 14G# and its derivatives and (94) apply.

The auxiliary modes &, in Step 2 are supported where |k| < r < R. On the
one-photon sector the free photon energy acts as multiplication by w(k) = |k|, so

2
d
<RY ma(X)P=R
a=1

Here we used orthonormality of the &, and ||7(X)||y = 1. Since [qsy B(X)?dX =1,
the integrated contribution of this term is also at most R. The factorization (208)
and the coherent-vector energy (216) give

I/ Hraa¥|* = / B(X)? ([vVwtx|* + (¢(X), Hraara\a¢(X))) dX

2
dx+ R

(¢(X), Haa ro\aC(X)) = ||V Zna fa

<N
RS

x)14GE

SCN,X/ p|u|2—|—R
R3
—2 2
< OnxA /p|a\ +R
R3

< CN,X/ pla® + Cn -
R3
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The first inequality uses || > gnl|* < N, [lgn||?, the one-particle marginal p/N
of B(X)?, and the photon energy bound above. The second uses the uniform bounds
on /w1l G¥, and the third is (93) squared. Fixing A once for the given form factor
allows A™2 and R to be absorbed into Cy  in the last inequality, independently of
p and a. This proves (50) for S =0 and b = 0. By (28), ¥ lies in the Pauli-Fierz
form domain, including the Coulomb form.

For completeness, these derivative computations are valid for the stated weak

regularity. Since W (fx)Q4 is a unit H. . vector, so is

UX) = W(fx)Q4 ® ((X).

The estimates above give BVU € L?. Truncating B at height L, applying the local
Sobolev product rule, and passing to the limit proves V(BU) = (VB)U + BVU
in L?. No boundedness or strict positivity of p is required.

Step 5. The prescribed current densities. By (92) and (96), the photon scalar
product satisfies (U(X), Vy, U(X)) = 0 for almost every electronic configuration
X. Hence (¥(X), Vx, ¥(X)) = B(X)Vx, B(X), which is real, so ji, = 0.

To compute the field-induced current density, we first evaluate the field expec-
tation in the photon state U(X) at fixed electronic configuration X. By (205), the
pth component of the field expectation in the coherent state W (fx)Q4 of the first
photon factor is 2 Re(G¥, fx), and the second factor contributes zero. Expanding
fx € H 4 and using the definition of K therefore gives

N
(UX), AU (X)) = Y K(x,x,)u(xp).

For x; = x, the n = 1 term in this field expectation is K(x,x)u(x) = Mu(x).
Moreover, for p-almost every x,

NB(x,X3,...,Xn)? N o(xn)
p(x) _,g N

Thus, conditional on x; = x, the other positions have independent density p/N.
Averaging leaves the n = 1 contribution unchanged, while each of the remaining
N — 1 contributions gives the same integral. Consequently,

AR ELIx e + 2 [ K(xoyu)pdy

= (Tu)(x) = a(x),

and (35) gives jlfl,h = —epa. Both current densities vanish on {p = 0}, which proves
(49) for S =0 and b = 0.

Step 6. The paramagnetic current density. Let ¢ be the tag of Lemma C.3
with w = b and A = 1, with values in F4(C3). Thus ||| = 1, Im(¢, Vt) = VS + b,
and

3

5

Let L be its symmetric lift from Lemma B.2, fix an orthonormal basis (eg) of the
separable Hilbert space K in which L takes its values, and put Lg = (eg, L). By

1
|Vt? = |VS +b]*+ 5\Vb|2 +
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(237) and (238),

DoILsP =1, Y LsVi,Ls =i(VS+b)(xn),
8
1
> IV, Lsl* < Z IVt(xa) 2+ x> ot
n,p i<j J

Choose orthonormal £,5 € $rs\a, 1 < a < d, f > 1, supported in the annulus of
Step 2, and replace ¢ by

Z na (gaB)QR?’\A

By orthonormality of the .4, ¢(X) has unit norm,

IEX)|1* = Z\na PILs(X)? = 1.

It is again an antisymmetric one-photon vector, so (57 Qle\A(x)@ = 0, and its
photon energy is bounded as before. Since > 7, V1, = %V||n||%, =0,

((,Vx, Q) = (VS +Db)(xa), [V, Sl = IVl + ) [V, Lol
5

In Step 4, each new cross term contains either the real factor BV B or the
vanishing coherent-state pairing in (96), so it does not contribute. Under B? each
X, has density p/N, so by (97) the kinetic energy increases by at most

L PIVHE +2 = i |V 1
2 2 1 2 3 2
< 3p(2|VS| +2[bf* + 5| Vb )+§N+2(N—1)bNHV\/ﬁ|| .
R

Since L € HL ., the regularity argument of Step 4 applies verbatim. Step 5 now
gives j = p(VS +b) and still j»" = —epa. This proves (49) and (50).

5.5. Proof of Proposition 4.9. Fix e > 0 and the form factor. On thin elliptic
loops we prescribe a velocity with circulation 7, half the circulation quantum of a
pure electronic state. A pure minimizer has few soft photons by Proposition 4.16
and, by matching energy bounds, few hard photons. The phase of its vacuum
component would then wind by 7 around a loop, which is impossible.

Step 1. The pairs (p,,j,). Let 0 < a, < b, and 0 < r,, < a2 /b, be scales to
be chosen later. Let 7, : R/L,Z — R3 parametrize the ellipse {2?/a2 + 23/b? =
1, 3 = 0} by arclength, with inward unit normal v, and curvature &,. Then

4b, < Ly, < 27by,, kp < Rp = by /a2, and fOL” knds = 2. The coordinates
X (8,t) = Yn(8) + t1vn(s) + toes, t € (—rp,mn)?,

parametrize an open solid torus 7, (Fig. 1), since the ellipse is convex and r, <
1/R,. By the Frenet equations, 9;X,, = J,%¥, with J,, =1 — k,t1, and (Y, s, €3)
is orthonormal. Hence dx = J,dsdt, Vs = J, 14,, and

|Jn — 1] < é&p i=rpky < 1.
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With w(z) = cos?(mz1/2) cos?(r22/2) on (—1,1)2, define, on 7,, and by zero outside,

w(t/rn)
Lar3Jn(s,t)’

In the variables = s/L,, € T:=R/Z and z = t/r,, € (—1,1)2,
prdx = w(z)dbdz. (99)

Hence f pn =1, and \/p,, is Lipschitz with compact support, as \/w is Lipschitz and
vanishes on the boundary of (—1,1)2. The equal mixture of the normalized orbitals
@0 = /Pn and p1 = \/pn e?™3/En in HY(R®) has density p, and paramagnetic
current density j,. A single orbital cannot do the same, because its velocity has
quantized circulation.

Claim. Let ¢ € HY(R3) with |1|> = p,,. Then, for almost every t € (—r,, )2,
the velocity Im () V) /||? has circulation

_ L. —
j{ M .dl = / M(Xn(s,t)) - 05X, (s,t)ds € 21Z
oo VI 0 Pn

around the loop C,, ; parametrized by s — X, (s, t).

Proof of the claim. On T,, where p, is smooth and positive, u = 1/\/p, € HE (Tn)
satisfies [u| = 1. As ¥V = /p,V/pn + puuVu, the velocity is Im(wVu). For
almost every t, the function wut(s) = u(X,, (s, t)) is absolutely continuous on R/L,Z
with values in the unit circle. Hence uy = €'V for an absolutely continuous 9 :
[0, L] — R with ¢(L,) — 9(0) € 2rZ. The integrand above equals Im(ug Osug) =
059, so the circulation is (L, ) — ¥(0). This proves the claim.

Since Vs - 95X, = 1, the velocity j,/pn = (7/L,)Vs has circulation

. Ln
j'{ L"-dezl/ Vs-0,X,ds =
Cn,t p'fb Ln 0

around every loop C, ¢, half the circulation quantum 27. Hence no ¢ € H'(R?)
satisfies |¢|2 = p, and Im()V4) = j,. Consequently, for every e > 0, no photon-
free state ¢ ® Q has the pair (pp,Jjn), since (Q,2A(x)Q) = 0 makes its combined
current density equal to Im(1h) V).

. 7r
pn(Xn(s,t)) = jn = L—ans. (98)

FIGURE 1. The solid torus 7, around the ellipse v,, (dashed), with
the orthonormal frame (%,,v,,es) and the square cross-section
X, (8, (=70, 70)?) at ¥,(s). Not to scale: in the proof, a, < b2
and r, = a2b3 /10.



DENSITY FUNCTIONALS FOR THE PAULI-FIERZ HAMILTONIAN 45

The claim does not yet prove the proposition, because a minimizer need not be
photon-free. Photons can carry the missing half quantum: by Theorem 4.10, there
are pure states with the pair (p,,j,) whose energies approach the infimum. For
e > 0, the field also enters the combined current, and its circulation around a loop
could make up the difference. The remaining steps rule this out for a minimizer.
Step 2 shows that the field has small circulation around thin loops. Steps 3 and 4
give matching lower and upper energy bounds, from which Step 5 deduces that a
pure minimizer is almost photon-free. Step 6 then applies the winding argument of
the claim to its vacuum component.

Step 2. The flux through the loops. For t € (—r,,7,)?, let

3 Ly
In,s,t = Z G%ﬂ(&t) 8SX5(S7t)) ]:n,t = / gn,s,tds-
pu=1 0

Thus &(gn st) = A(X,) - 0sX,,, and @(F,¢) is the circulation of the field around
the loop s — X, (s,t).

For v = 0,1, put M, = [|w™*/2%| and d,(¢) = | min{l,lw}w™"/?%||, with
the norm of L*(R®). By (9), M, < oo and d,(¢) | 0 as ¢ | 0. By (14) and
lelt — 1] < 2min{1, [t|},

3 3
Sl PGP = M2 Y G~ G < du(x -y (100)
p=1 pu=1

We now choose a,,. As d,(¢) | 0, we may take a,, so small that

an < b3, do(2ay,) + di(2a,) < b2. (101)
We claim that, with C depending only on the form factor,
sup w2 Fuell < Cb, L2, v =0,1. (102)
te(—rp,rn)?

All norms in this step are [|w™"/2 .|| on $p,. Parametrize the central ellipse by

@ — (an cosp, by sing,0). Since x; has total variation 4a,, the p =1 part of F, o
is at most 4a,, M,,. In the u = 2 part, ¢ — m— pairs points with equal x5, opposite
orientation, and distance at most 2ay,, so (100) bounds it by 4b,d, (2a,). Off the
central ellipse, 0sX,, = (1 — knt1)yn With |gnt1] < K, and X, (s,t) — ya(s)] <
V2r,. Since [} knds = 2m, this gives ||Fpt — Froll < 2Lnd, (2r,) + 277, M,
By (101) and r,, < a2 /b, < ay, all four terms are at most C'(1 + M, )b3 < C(1 +
M,)b, L2.

Step 3. A lower bound for pure representatives. Let ¥ € Qpr be normalized
with (pw, %) = (pn,dn). For N =1, py(x) = ||¥(x)]|? in the norm of F,,. Hence
¥ = 0 outside 7,. On 7,, where p, is smooth and positive, ¥ = ,/p, u with
€ HL (To; Fon), llull = 1, and u(x) € D(y/Hyaq) for almost every x. Since
Re(u, Vu) = 1V|ul|*> = 0 and (u, A u) is real, differentiating \/p, produces no
cross terms, and

% = pn Re(u, (—1V — e)u),
| 1 |
100 = 5 [ E 2/T pull(—1V — e)ulPdx + (U, Hypq ).
R3 n

In the coordinates (s,t) of Step 1, put A, = &(gns¢) = A(X,,) - 9:X,, and Dy =
—i0s —eA,,. By the chain rule, (—iV —e2)u-9,X,, = Dsu. Taking the dot product



46 M. A. CSIRIK, A. LAESTADIUS, M. PENZ, AND E.I. TELLGREN

of j§ = jn with 0,X,, and using Vs - 0;X,, =1, we get

Pn Re<u7 Dsu> :j?IJ -0:Xp, :jn -0s X, = Lpn Vs-0,X, = lpn
L7l L"L
Dividing by p,, > 0 gives
Re{u, Dsu) = LL almost everywhere on 7,,. (103)

As ||u|| = 1, this gives ||[Dsul|?> = |[(Ds — 7/Lyn)ul|?> + 7%/L2. Keeping only the
“An-component of the covariant gradient and using J,, < 1+ ¢,,, we obtain

@ 109) =5 [Vl
1 2 (104)
P — W(Ds — 7/ Ly )ul|d U, HyaqU).
= 2(1+e,)? {L%"’/PH( 7/ Lp)udx| + ( a¥)
To bound the last integral, we represent Fpn by the Wiener—Ité6—Segal isomor-
phism of Appendix D with h = $pn. Then A,, becomes multiplication by a real
function A, (s,t;q) of the Gaussian point ¢, square integrable in s for almost
every ¢, and @(F, ) becomes multiplication by its integral over s. On R/LZ,
a real potential B € L? is gauge equivalent to its mean, so Fourier series give
(-5 + B)* > L2 dist(fOL B,27Z)? as forms on H'(R/LZ). For almost every t,
the map s — u(X,(s,t)) lies in H'(R/L,Z; Fpp). For such t and almost every g,
apply this with 3 = —7/L,, — eA,(-,t;q), and use dist(r + z,27Z)% > 72 — 27|z|.
Integrating over ¢, and then over t by (99), gives

2 me
[ o0z Ty = [ ot 07 ol

By (18) and (19), (u, [@(Fn ) [u) < [|(Fn.e)ull < 2[Fn.¢/ vl [V Hraqull + | Fn.ell,
and [ ppl|[vVHraaul| < ||VHraa?||. Inserting these bounds and (102) into (104)
proves

n

(U, H*0W) — / IV /pnl?
: (105)
+ (0, Hyaa®) — 6, (1 + ||/ Hraa ),

m

Z UreD2
where §,, = 2weChb,,.
Step 4. A mixed-state upper bound. For K > 0, let 2.k be the field with
coupling functions 1y, GE, and put

3
Uk (x) = <O =W (ify),  fu=e) "l,ex)Gh,
p=1

where W is the Weyl displacement operator (200) of Appendix A.5. By the symme-
try of the form factor in (9), all scalar products among the coupling functions G%
and 1y, kG, for x € R3 and p,v = 1,2,3, are real. By Proposition A.6(iii), the
field components 4 (x) and A~ ;- (0) therefore strongly commute with each other.
Hence, for ¢ = ©n.0,¥n 1,

(—1V — eA(x))Uk (¢ @ Q) = U [(=iV) © — e (A(x) — A<k (0))0].

In the bracket, a zero-photon vector is added to a one-photon vector, since (2*(x)—
AL 1(0))Q = al (GE— 1, < k3 GE)S2. Hence the equal mixture I',, x of the two states
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Uk (¢ ® Q) has the pair (p,,jn). By |Vs| = J, ! and the coherent-state radiation
energy (216),

’/T
()~ 5 [ 19V = Ty [ Ghaxs / pu9) V& Pl

+—/pn ZHG” Liw<re)Gh[%dx.

p=1

Take K = b;'. Since |x| < b, + V2r, < 3b, on suppp, and [|[Vwfx|? <
e? K|x|?|X]|?, (100) bounds the last two integrals by

T = € (4do(3b0)* + 15y I + 90 [IR2).

By Theorems 4.8 and 4.10, Fppi; = ﬁ;ﬁ. Together with J,, > 1 — ¢, this proves

71_2

e . 1
FPE‘(LL(pnaJn) - 5 /R3 |V\/Pn|2 < m + - (106)

In particular, F5i 1 (Pn,Jn) < 00, 80 (pn,jn) € J1 X
Step 5. Pure minimizers are almost photon-free. We now choose the re-
maining scales. Let b, | 0 with b, < 1, and take r,, = a2b? /10, so that 7, < a2 /b,
as required in Step 1. Then ¢, = b2 /10, and L, > 4b, gives ¢,/L% < b2 /160.
Since moreover do(¢) | 0 as £ 0 and Y € L*(R®),
En
L
Suppose, for contradiction, that pure minimizers V¥, exist for infinitely many n.
Pass to that subsequence, and let u,, be as in Step 3. By (105) to (107),

IV Heaa¥n | = 60 (1 + |V Heaa ¥ ||) < 7( —en) 2= (1+ey) ) +7 — 0,

80 ||V Hraa%Ps|| — 0. By Theorems 4.8 and 4.10, |¥,,)(¥,| is a mixed-state op-
timizer. For 0 < k < kg, Proposition 4.16 therefore bounds its mean number of
photons of frequency below x by the right-hand side ¢, of (70), independently of n.
The mean number of photons of frequency at least & is at most k= 1(W,,, HraqV,,).
With Py = [Q)(Q] on Fpn and 1 — Py < W,

— 0, 0n — 0, Tn — 0. (107)

\II’I’L7HI'3. \IITL
/ pull (L = Pa)un]Pdx = [[(1 — Po)Wo[]? < (W, NT,.) < 4 (e Fleaa W)

K
Since ¢, — 0 as k | 0, letting n — oo and then « | 0 proves

/ pnll(1 — Po)uy|/*dx — 0. (108)
Moreover, [Anull < Jo||2(Xp)ul| with J, so (20) gives [ p,|Anun|? <

4C, ((V,,, HraaVy,) + 1), while (104) and (10 ) ound [ pull(Ds = @/ Lyp)uy||* by
C’/L2 Writing Osu,, = i(Ds — 7/ Ly )uy, + i(7/ Ly )uy, + ieA,u,, we obtain

C
/ Pl Ostin||?dx < Iz eLn/ PnllAntn||dx — 0. (109)

n n n
Step 6. A pure minimizer cannot carry circulation 7. We keep the as-
sumption of Step 5 and the notation introduced there. For z € (—1,1)%, let
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Uz (0) = un(Xp(Lyp8,72)) on T. Let || - || be the norm of Fpn and || - |2 that
of L?(T; Fpn), and put

() = Outalfie, pale) = (L= Pdualfs + cLo [ [[Avua]d6.
T
By (99), (108) and (109) give [_, ;. wkn < C and py == [, ;12 wp, — 0. Since
wdz is a probability measure, Markov’s inequality gives a z with k,(z) < 3C and
pn(z) < 3p, for which u = u, € H'(T; Fon), |lull = 1, and (103) holds along u.
Multiplying (103) by L,, and integrating over T gives

‘ /Im(u, Opu)dl — 71" =eL,
.

/(u,Anu>d9‘ < 3pn.
.

Let o = (Q,u) and u; = (1 — Po)u. Since ||Gpuy|| < ||Ogu||, the one-dimensional
Sobolev inequality gives

sup (1 laf?) = sup lurl® < furlze + 2llurllzz9pull 2 < 3pn +61/Cha.
For large n the right-hand side is at most . Then |a|? > 1 on T, and the winding

number m = (27) 7! fT Im(dpar/a)dO is an integer. As u; and dpu, are orthogonal
to £,

Im(u, Ggu) = |a* Tm(dpar/a) 4+ Im(u , Dgu, ).

Integrating over T and using |Opa| < ||Opul| and the two preceding bounds, we find
that [ Im(u, dpu)df differs from 27m by at most

ﬁsgp (1= lal)l9pull Lz + l[urllz29pull L2 — 0,

and from 7 by at most 3p, — 0. This contradicts |7 — 27rm| > 7 for large n, so
the assumption of Step 5 is false. Hence pure minimizers exist for at most finitely
many n, and any larger n in (98) gives the asserted pair at the fixed coupling and
cutoff.

5.6. Lower semicontinuity with photon loss. The pure-state infimum need not
be attained, as the explicit one-electron examples above show. Along a minimizing
sequence, photons may escape to infinity, so a limit state must be allowed to lose
photons. We implement photon loss by localizing the photons at a scale R and
tracing out the rest. For every R, localization followed by partial trace preserves the
normalization and the electronic reduced state exactly, and hence also the electron
density and the paramagnetic current density. It does not preserve the combined
current density at fixed R, because the field-induced current density depends on
the field expectation, which loses the contribution of the traced-out photons. The
combined current density is preserved only in the limit R — oo: the proof of
Lemma 5.7 bounds the change in f ¢-j¢, for each smooth compactly supported ¢, by
a constant depending on the internal energy times a factor that vanishes as R — oo.
The partial trace can also turn a pure state into a mixed state, which motivates the
mixed-state compactness arguments here. We first record an abstract trace-norm
bound and its compactness consequence. We then prove lower semicontinuity of
the energy and passage to the constraints under trace-norm convergence. Photon
localization gives compactness under a condition on photon number.
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Lemma 5.1. Let 8 be a Hilbert space. A positive trace-class operator I' on & with
TrT' <1 and an orthogonal projection S on K satisfy

1/2

ID - STS|le, < 2(Tr((1 - S)I)) (110)

Moreover, a sequence (I';) of positive trace-class operators on K, with TrT'; < 1
for every j, is precompact in trace norm if, for every e > 0, there is a finite-rank
orthogonal projection S with sup; Tr((1 — S)[';) <e.

Proof. Writing I' — ST'S = (1 — S)I' + ST'(1 — S) and factoring through vT, the
Hilbert—Schmidt ideal inequality gives
1/2
T — 8T8, < 2[VTe,I(1 = $)VT]ls, < 2(Ta((1 - S)D) "~
To prove precompactness, let § > 0 and choose a finite-rank orthogonal projec-
tion S with sup,; Tr((1 — S)I';) < 6°/16. The bound (110) then gives the uniform
approximation

5
sup [Ij — ST;5]s, < 5.
J

Each compression is positive and satisfies
Tr(ST;S) = Tr(ST;) < TrT'; < 1.
Thus all the compressions belong to
Ks:={Ae€61(R): A=S5AS, A>0, TrA<1}.

This set is closed in trace norm: the map A — SAS and the trace are continuous,
and positivity is preserved under trace-norm limits. It is bounded because || A|ls, =
Tr A <1 for A € Kg. Moreover, the condition A = SAS identifies these operators
with operators on the finite-dimensional space ran S. Hence Kg is compact in trace
norm.

Choose a finite §/2-net Aq,..., A, for Ks. For each j, some k € {1,...,m}
therefore satisfies ||ST';S — Ail|le, < /2, and the triangle inequality gives

ITj = Alle, <IIT; = ST;Slle, + (ST — Axlle, <.

The sequence is thus covered by finitely many trace-norm balls of radius §. Since
§ > 0 was arbitrary, the set {I'; : j > 1} is totally bounded. The trace class &1 (R)
is complete, so the closure of this set is compact, which proves precompactness in
trace norm. ([l

For a positive trace-class operator I on Hy with TrIT' < 1, not necessarily equal
to one, define the internal energy Tr (H O’OI‘) € [0, o0] by the spectral sum following
(32), and similarly the trace of I' against any nonnegative quadratic form in place
of H%°, When the internal energy is finite, define the density pr and the combined
current density ji by (47). These definitions are linear in I' and agree with the
earlier ones on D.

Lemma 5.2 (Lower semicontinuity and passage to the constraints). Let I'; be
positive trace-class operators on Hy with TrI'; < 1 and uniformly bounded internal
energies,
supTr(HO’Ol"j) < 00,
J
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and suppose that I'; — I in trace norm. Then I is positive, TrI' = lim; TrI';, and

Tr(H*T) < lim inf Tr(H*T). (111)
J
In particular, T' has finite internal energy, so pr and ji. are defined. The same

liminf inequality holds for every nonnegative quadratic form on Q(H%?) bounded
relative to H® + 1. For bounded scalar f and real { € C>°(R3,R?),

/Rgfprj —>/R$fpr, (112)
i, — [ ¢ (113

Proof. Positivity and convergence of the traces follow from trace-norm convergence.
The Powers—Stgrmer inequality gives

IVT; = VTI&, < |IT; — Tlls, — 0.

Equip the form domain Q(H%°) with the energy norm u — (u, (H%° + 1)u)'/2,
making it a Hilbert space continuously embedded in Hy. Let Ga(Hy, Q(H™))
be the Hilbert—Schmidt operators from #Hy into this space. Thus an operator T
on Hy belongs to it when its range lies in the form domain and (H%° 4 1)'/2T is
Hilbert—Schmidt, and then ||T'||e,xy.q(mo0y) = [[(H*? + 1)'Y?T||s,. Evaluating
this norm on an eigenbasis of I'; gives

VT &, 3n0(ro0y) = Tr T + Tr(H™T),

which is uniformly bounded. The continuous embedding into &5 and the strong
convergence there identify every weak subsequential limit in this stronger Hilbert
space with vI'. Thus T belongs to that space and \/T; — T there. Weak lower
semicontinuity proves (111). A nonnegative form bounded relative to H%? + 1 is
u + ||Bul|? for some operator B bounded from Q(H%°) into a Hilbert space.
Composition with B preserves weak Hilbert—Schmidt convergence, so weak lower
semicontinuity applies to it as well.

For the density, test the trace-norm convergence I'; — I' against the multipli-
cation operator My := Zf\;l f(x;), acting as the identity on the photon factor. It
preserves electronic antisymmetry and satisfies ||My|lop < N||f|loo. Hence

[ 500w, = o) = 1 (a1, - )

< N[ flloeTj = Llle, — 0,

which proves (112).

For the current density, recall from Section 3.4 that Dy = —iVy, — e2A(x;) is
the covariant momentum of the first electron. Every term in (26) is nonnegative,
so |[Dyul? < 2(u, H%%u) for u € Q(H®P). Hence D; is bounded from Q(H®?),
with its energy norm, to the ambient vector-valued electron-photon L? space. We
therefore also have Dl\/lTj — D;VT in the corresponding Hilbert—Schmidt class.
As operators into this vector-valued space, the factors ¢ (xl)\/ﬂ and D, \/ITJ con-
verge strongly and weakly in &g, respectively. The product of the adjoint of the
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first factor with the second is trace class, and

[ ¢ i, = NReTr [(¢x) V) Dy VT
— NReTr |(¢(x1)VT) DiVT| = /R ¢ g
This proves (113). O

Remark 1 (Continuum compactness obstruction). Uniform energy bounds and a
fixed electronic density do not ensure trace-norm compactness in the continuum.
Choose an orthonormal sequence &, € $pn in a bounded momentum shell and
a normalized smooth compactly supported electronic state ®. Then ¥,, = & ®
at(£,)2 has fixed density, one photon, and bounded energy, while |, )(¥, | has
no trace-norm convergent subsequence. Photon loss must therefore be allowed in
constructing limits. Lemma 5.7 implements this using localization and partial trace,
and Section 4.4 supplies its photon-number condition by modifying minimizing
sequences at fixed density and combined current density.

Photon loss can be measured by localization, which preserves normalization but
can turn a pure state into a mixed state. We use geometric localization in Fock
space, as developed in [30, Section 3].

We first recall the notation of Sections 2.1 and 2.3, specialized to the photon
Fock space Fpn = Fs(Hpn). For f € Hpn, the Segal field @(f) is the self-adjoint
closure of a'(f)+a(f), initially defined on the finite-particle space ]-'gfl‘ It depends
real-linearly on f, the conjugate field is IT(f) = @(if), and the vector potential (15)
is A*(x) = ¢(GE). In the vacuum, (Q,&(f)Q) =0 and ||P(f) = ||f||. For a self-
adjoint operator b on $ph, its second quantization dI"(b) = @, b(M) acts on the

M-photon sector as the closure of Z;Vil bj, where b; acts on the jth photon vari-
able. For nonnegative b, the same symbol denotes the corresponding nonnegative
quadratic form. For a unitary 7" on $pn, or on Hpn @ Hpn as below, the multiplica-
tive second quantization I'(T') = @5, T®M, restricted to symmetric tensors, is

unitary on the corresponding bosonic Fock space and satisfies I'(T)®(f)[(T)" =
®(Tf). Finally, the Weyl operator (200) is W(f) = exp(a'(f) —a(f)), so that
W(if) = '),

Fix the polarization representation L?(R3 x {1,2}) and Fourier transform each
photon momentum to a position variable y. Then H,,q = dF(M), and N =
dI'(1) denotes photon number. Here v/—A is the Fourier multiplier |k|. The vari-
able y is a technical device rather than a physical photon position.> Fix smooth
real functions 61, ¢; on R® with 0 < 61,901 < 1, 62 + ¢? =1, 6; = 1 on By, and
61 = 0 outside Bs. For R > 0, set Or(y) := 61(y/R) and ¢gr(y) := ¢1(y/R). Thus
0% +¢% =1, g = 1 on Bg, and 0z = 0 outside Bar. The one-photon isometry

5Tt is the Fourier dual of k in the fixed polarization frame ), which cannot be continuous
on spheres {|k| = r} by the hairy ball theorem, so the localization below depends on this frame.
We use the polarization representation because its one-photon space is all of LQ(R3; Cz)7 so mul-
tiplication by functions of y is available; in the solenoidal representation it would not preserve
the divergence-free constraint. Only the photon-number hypothesis (122) of Lemma 5.7 refers to
the frame; its conclusion involves only the density, the combined current density, and the internal
energy.
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f— O0rf ® prf induces a Fock-space isometry Ur. With the electronic identity
suppressed, set

Lr(T) := Trou (UrTUL).
Thus Lg retains nearby photons and traces out the second photon factor.
Lemma 5.3 (Photon localization and field identities). For every R > 0, the map

Lr is positive and trace preserving, and leaves the electronic reduced state un-
changed. For f € $pn, its adjoint with respect to the trace pairing satisfies

LL(®(f)) = (O ), (114)
LL@()?) = DO0r)* + |orf]*1. (115)

These identities are understood as quadratic-form identities on D(®(0rf)), with
the electronic identity suppressed.

Proof. Since L{IT%L{ r = 1, conjugation by Ug followed by partial trace is positive and
trace preserving. For every bounded electronic operator A,
UNA21® 1)Uz = A® 1.

Thus the electronic reduced state is unchanged. By monotone spectral truncation,
this also preserves the expectations of nonnegative unbounded electronic observ-
ables, including the ordinary kinetic energy and the Coulomb interaction.

To prove the field identities, complete the one-photon isometry jru = (Ogu, pru)
to the unitary

Yr Or
Unitarity follows from 6% + ¢% = 1 and commutation of these multiplication op-
erators. Under the canonical identification Fy($pn ® Hpn) =~ Fpn @ Fph, write
Vg = I'(Tg) for its second quantization. Then
UpT =VR(T®Q),  VEHO(f) ® 1)V =(0rf) ®1— 10 S(prf).
For the second identity, (207) and (208) give, for s € R,
VE(E "N @ 1)V = W (isT)(f @ 0)) = ")) @ e7istlon),
and the generators of the two sides agree. Since

(Q,8(0rNA) =0, [B(erH)QI* = llorfI?,

vacuum compression gives (114) and
I(@(f) ® DURT|* = [|2OrN TN + lor |7 2],

This proves (115) by polarization. The two fields on the separate factors strongly
commute. Their joint spectral calculus, and the finite second moment of the vacuum
in the second factor, show that the norm on the left is finite exactly when ¥ €
D(®(0rf)). Thus these are identities on the stated form domain, without a mean-
photon-number assumption. The extra scalar term is the vacuum fluctuation in the
discarded modes. O

TR = (93 _SDR) on ﬁph S5 ‘6ph.

Lemma 5.4 (Localization of one-photon forms). For every R > 0 and nonnegative
self-adjoint one-photon operator b, the corresponding nonnegative forms obey

L0 (b)) = A (0rbIR), (116)
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where OpbOr denotes the form u — ||[vVbOgu||*>. Moreover, with C depending only

on 01,
0%, < CRV-A, OrV—AOr < CV—A (117)

as forms on H'Y?(R3;C?), uniformly for R > 0.

Proof. Write jru = (0ru, pru) for the one-photon localization isometry. For (116),
observe that dI'(b) ® 1 corresponds to dI'(b® 0) and

Jh(b@0)jr = Orblg.

Since Ug is induced by jg, it preserves the total photon number and acts on the m-
photon sector as jgm, followed by the canonical identification. On this sector, write
By, for the operator b @ 0 acting on the kth photon variable, so that dI'(b® 0) =
>, By, there. Each term factors over the m photon variables, and since j; jr =1,

GE™ B g™ = jhir® @ jEb®0)jr® - @jhin =10 @0 ® - @1,

with the nontrivial factor in the kth position. Summing over k gives dI"(0rb0R)
on the m-photon sector, and summing over m gives the asserted identity. The
argument first applies to bounded b on finitely many sectors. Spectral truncation
of b and monotone convergence over the sectors give the identity for arbitrary
nonnegative b, with possibly infinite form values.

We next prove (117). Work first with « € C2°(R?; C?), with the two components
corresponding to the photon polarizations. The fractional Hardy inequality, applied
to each component, gives

2
u(y
[0y < cul-ay

see [14, Section 2]. Since 0 < fr < 1 and 0z = 0 outside Bag, we have Op(y)? <
2R/|y| almost everywhere. Thus

2

u

10gul® < 2R / | (;)' dy < 2CuR||(—A) 4P,
R3

which proves the first inequality.
For the second inequality, use the integral representation

2
H( 1/4uH2 // |U (4 )‘ d dZ, ¢y > 0.
R3 xR3 |y —Z\

Expanding the difference as
Or(y)u(y) — Or(z)u(z) = 0r(y) (u(y) — u(z)) + (Or(y) — Or(z))u(2)

and using |a + b|? < 2|a|? + 2[b]? yields

I(=2)4(0ru)||> < 2/|(=A)*ul]? + 2¢5 /RB Kr(2)|u(z)]*dz,

KR(Z) = Ag |9R(y) - 9R<Z)|2dy

ly —2|*
We claim that Kr(z) < C/|z| for z # 0. Indeed, since Or(y) = 61(y/R), smooth-
ness and boundedness of 6, give

0r(y) — Or(z)| < Cmin{ly —z|/R,1}.
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Splitting the integral at |y — z| = R and using spherical coordinates therefore gives,

for every z,
R 0o C
Kpr(z) <C sz/ dr +/ r2dr | < =
0 R R

For 0 < |z| < 4R this is at most 4C/|z|. If |z| > 4R, then Or(z) = 0, and on the
support of r we have |y — z| > |z|/2. Hence

Or(y)2 CR* _C
- < R
Ka() /B y -2 Y S T S

which proves the claim. Applying the Hardy inequality once more, we obtain

-2 Gl < 20-a) ¢ [ M

< CO(~A) a2,

By density of C°(R?;C?) in H'/2(R3;C?) and boundedness of multiplication by 6
on L?, these estimates extend to all of H1/2(R3; C?). In particular, fp preserves
this form domain. This proves both form inequalities with constants depending
only on 6. O

Lemma 5.5 (Photon-number and energy bounds). There is a constant C, depend-
ing only on 01, such that for every R > 0 and every positive trace-class operator

T,
Tr(NLRT) = Tr (dI'(6%)T) < Tr(NT), (118)
Tr(NLgT) < ORTr(HaaT), (119)
Tr(HradﬁRI‘) § CTI‘(HradF). (120)

The nonnegative traces may take the value +o0o. In particular, Lr maps D into D,
and

Tr(H%°LgT) < C(Tr(H™T) + TrT) (121)
for positive T' of finite internal energy, with C independent of R (but also depending
on N, e, and the form factor).

Proof. Second quantization preserves nonnegative form inequalities by summing
them over the photons in each sector. Taking b = 1 in (116) and using 0 <
02, < 1 therefore proves (118). Taking b = 1,4/—A and applying (117) gives
(119) and (120). The trace assertions follow by summing the vector identities
and inequalities over a spectral decomposition of I'; using monotone convergence.
In particular, the localized mean photon number is finite whenever the original
radiation energy is finite, even if Tr(NT) = co.

By Lemma 5.3, the ordinary electronic kinetic energy is unchanged, while (120)
bounds the radiation energy uniformly in R. Applying the form-norm equivalence
(27) before and after localization proves (121). Positivity and preservation of the
trace then show that Lr(D) C D. O

Lemma 5.6 (Trace-norm bound for photon localization). Let 0 < n < 1 be an
operator on $pn, and let U, be the Fock-space localization isometry induced by
u = nud /1 —n2u. With the electronic identity suppressed, define

L(1) = Trous (L{nﬂ/{;).
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Then
T = Ly7lle, <2VE+t,
t:="Tr((1-I'(n*)7) <Tr(d'(1 —n*)7)
for every positive trace-one operator T on Hy.

Here
— ®m ®0 _
I'(n) ~—§277 ‘ﬁf}f’"’ ne =1,
is the multiplicative second quantization, extending the earlier I'(U) construction
from unitaries to contractions. The additive lift dI'(b) acts on the m-photon sector
as Z;n:l b; and vanishes on the vacuum.

Proof. Projecting the discarded factor onto its vacuum gives
Ko := (1@ ()t = I'(n).

Indeed, on the m-photon sector this projection retains precisely the term n®™.
Splitting the partial trace into the discarded vacuum and its orthogonal complement
yields
L,m=KorKo+ 0, o >0, Tro=Tr ((1 — Kg)r) =1,

where K3 = I'(n?). Thus t € [0,1] is the probability that the discarded factor
contains at least one photon. Since Ky is a positive contraction and (1 — Kp)? <
1 — K2, Hilbert-Schmidt factorization gives |7 — Ko7 Kyl|le, < 2v/t. The triangle
inequality and ||o||lg, = ¢ prove the trace-norm bound. Finally, on each photon
sector the commuting contractions (n°); satisfy 1 —J[;(n*); < >2,(1 — (n%);).
Summing over sectors gives 1 — I'(n?) < dI'(1 —n?) and hence the bound on t. [

We now combine Lemma 5.2 with the localization bounds of Lemmas 5.3 to 5.6
to construct a limit state that has the limiting density and current, and whose
internal energy is at most the liminf of the internal energies along the sequence.
Photons are localized at the scales R = 3™, and those that escape to infinity are
discarded.

Lemma 5.7 (Lower semicontinuity with photon loss). Let (I';) C D have uniformly
bounded internal energies and uniformly tight electronic densities:

sup Tr(HO’OI‘j) < 00,

J

lim sup/ pr; (x)dx = 0.
Roeo i Jix|>R

Suppose also that the photon-number distributions of the localized states L3nT'; are
asymptotically tight, uniformly in m:

lim sup limsup Tr (1p> a3 L3mT;) = 0. (122)

M—0ocom>1 jooo

If (ppj,j%j) — (p,J°) in the sense of distributions, then there is a T' € D such that
pr=p, ix=3%  Tr(H®T) <liminf Tr(H"°T;). (123)
j—o0
A sufficient condition for (122) is
li Tr(1 ;) =0;
s sup Tr(Lev>an ) =0;
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in particular, a uniform bound on Tr(NT;) suffices.

Note that neither a bound on mean photon number nor photon-position tightness
is assumed, and the original sequence need not converge in trace norm.

The order of limits in (122) matters. For each fixed localization scale 3™, the
limit superior as j — oo is taken first, so only the eventual behavior of the localized
states at that scale enters. The resulting photon-number tails, one for each m, are
then required to vanish uniformly in m as M — oo. Explicitly, for every ¢ > 0
there is an M such that, for every m > 1, some jj satisfies

Tr (l{N>M},C3m1"j) <e for all 7 > jo.
The threshold j, may depend on m, as well as on €. A uniform bound on the
original mean photon number is much stronger. By (118) and 1y~ ay < N /M, it
gives

1
Tr (LinsaryLsnTj) < qupTr(NI‘i)

for all j and m at once, with no threshold. In contrast, (122) constrains only the
photons retained at each fixed scale, and only for large j. This permits the removal
of arbitrarily many soft photons.

For example, let £ be a normalized smooth one-photon function supported in
{0 < || < 1}, put &(k, A) = j€(%k, A), and set Z; = (j1)~Y/2al (&)1 Then

<Ej7NEj>:ja <EjaHradEj> :j71<§7w§>'
Write € for the inverse Fourier transform of { in k, taken separately for each polar-
ization A, so that £ is £ in the photon position variable y. Then &;(y) = 7 3¢(y/j%),
so for each fixed R,
Tr (NLr(|Z5)(E50)) = jllré]* < CR?™° — 0.
Thus the localized states converge to the vacuum and satisfy (122), although their
original photon-number distributions are not uniformly tight.

Now fix a normalized ® € Q(HY) and set ¥; = ® @ Z;. We compare ¥; with
the vacuum product ® ® . Since Z; is normalized, py;, = ps and j%j = j3.
Since Z; has exactly j photons and 2¥(x) changes the photon number by one,
(2;,A4"(x)E;) = 0. Hence _]ﬁ,}; = 0, and ¥; has the same density and combined
current density j§, = jh as PN,

The internal energies differ only through the radiation energy and the field fluc-
tuations. The cross terms in ||D,,¥;||*> vanish because the field expectation in Z;
is zero, and the canonical commutation relations give

120 ()= = IGXI1” + 24[{G%, &) %,

whose first term is the vacuum value. The Cauchy—Schwarz inequality, (14), and
the identity ||v/w&;||? = j72(,wE) bound the sum over p of the second term by
257X/ Vw||?(€,wE). Integrating against |®|?, summing over the electrons, and
using fRS p» = N, we find that the additional internal energy obeys

X

2
e ) (€, wé).

Thus the states |¥;) (V| satisfy all hypotheses of Lemma 5.7, with constant density
and current, although (¥;, N¥;) = j — co. By the photon-number computation

~

0<(;, HU;) — (2@ Q, H**(®®Q)) < ! (1 + 2N
J
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above, their localized states converge in trace norm to |[® ® Q)(® ® QJ, so all j
photons are lost in the limit. The limit state I' = |® @ Q)(® @ Q| satisfies (123)
with equality.

Proof of Lemma 5.7. Write H = H%? and first pass to a subsequence realizing the
energy liminf. The form-norm equivalence controls the ordinary electronic kinetic
energy and H,,q uniformly.

By Lemmas 5.3 and 5.5, the localized states have the same electronic reduced
state, their radiation energies are uniformly bounded, and

TI"(./\/',CRFJ‘) S CR Tr(HradI‘j).

Their full internal energies are uniformly bounded in both j and R > 0 by (121).
Step 1. Local trace-norm compactness. Fix R > 0. Set

N
—A = Z(—Ax”), E=1+ supT‘r(HFj) < 00.
n=1 J

The form-norm equivalence and the preceding estimates give

sup Tr ((1 — A+ Hrad)ﬁRI‘j) <CE, sup Tr(NLgT;) < CRE.
J J

All constants in the estimates below are independent of j, R, M, L, s. We construct
finite-rank orthogonal projections whose complements have uniformly small expec-
tation in LgrI';.

First, denote the photon number cutoff by

Py =<y,

for integers M > 0. The electron—photon interaction terms in the internal Hamil-
tonian H = H%9 can change photon number, so Pj; need not commute with H.
We deal with these terms later.

Since 1 — Pyy < N/(M + 1),

1 CRE
SLJl_pTI' (1 = Py)LgT;) < W1 SLJl_pTr(NERFj) < Ml

Next choose a fixed ¢ € C°(R3) with 0 < ¢ < 1, equal to one on B; and zero
outside By, and define the symmetric electronic cutoff

N
Cr(x1,...,XN) ::HC(Xn/L), L>1.
n=1

Thus 0 < ¢z, <1, ¢ =1on (B)Y, and supp(z, C (Bar)V: the cutoff localizes all
N electrons in the ball Byy,. Electronic tightness is used through the quantity

ca(L) := sup/ pr, (x)dx,
J |x|>L

which tends to zero as L — oo by the assumed uniform tightness of the electronic

densities. Using the elementary fact that

N
(]- - CL)2 < 1{maxn |%n|>L} < Z 1{‘xn‘>L}

n=1
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and taking expectations and suprema of both sides yields
sup Tr((1 — CL)2£RI‘j) < sup/ pryr; (X)dx = ea(L).
J J |x|>L

Indeed, photon localization leaves the electronic reduced state, and hence the den-
sity, unchanged: pz,r; = pr, by Lemma 5.3.
Further, the positive contractions Py; and (7, commute. Thus

(1= CPu)? = (1= Par) + Pu(1— ()3,

and hence
sup [|(1 = ¢o.Par) V/LRT &, < supTr (1= Par)LrE;) +sup Tr (1 = ¢2)*LrT;)
J j J
CRE
M1 L). 124
< g1 e (124)
The cutoff also preserves the required regularity with an explicit bound. We have
N N
! 2 _ NVCIL
SV, G < 55 Y (VO /D) <
n=1 n=1

Let ¥ € Q(—A) and put ¢ = Pytp. Since Py acts only on the photon factor, it
commutes with the electronic derivatives, so ||V, ¢l < [|[Vx, ¥ and ||¢] < |9
The product rule and 0 < (;, <1 give

N N N
S IV, (P <20 19,002 +2(i0, > 1V, G0
n=1 n=1

n=1
N
CN
<23 || Va, ¥l* + ﬁWHQ-
n=1

Applying this to the vectors in a spectral decomposition of LrI'; and summing,
with Tr LgI'; = 1, gives

CN

Tr ((—A)CPu(LrT;)PuCr) < 2Tr ((—A)LgL;) + =5

Moreover, (5, Py; commutes with H,..4 and is a contraction, so
Tr (HyaaCrPrr(LRT;)PrCr) < Tr(Hraa £rT),
Tr (1 — A+ Hyaa)Co Py (LrTj)Pu(r) < C(E + N/L?).
We now apply Rellich compactness after both cutoffs. In the m-photon sector

of LRI';, every retained photon is supported in Byg, because its localization factor
is Or. Consequently, (rPar+/LRT'; takes values in the closed subspace

M
AL M= @ {w(m) e HN @ L2((R® x {1,2})™) : (™ = 0 a.e. outside QL Rom }s

m=0
where
Qr rm = (Bar)™ x (Bag)™.

Here the photon variables (y;, A;) are in the position representation, and the support
condition is imposed for every value of the polarization indices \;. On this subspace
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we restrict the closed form of 1 — A+ H,,4, computing all derivatives after extension
by zero to the full configuration space. This gives the form

M M
ki ra[Y] = Z km[lﬁ(m)}» Y= @ P € JL,RM,
m=0 m=0

whose value in the m-photon sector is

N m
Fn[0] = [ )2 + 37 W0, 0™ 2 4+ 3 [[(~Ay,) V4|2,
n=1

=1

Its domain Q(kr, g ar) consists of those ¢ € 7, g p for which every ki, [zb(m)] is
finite. The form kr g as is closed because 7, g, ar is closed in H . It is densely de-
fined because smooth functions compactly supported in Q, g ,,, with the prescribed
symmetries, are dense in the corresponding L? space. The form k,,[-] controls the
H'/2 norm in all 3(N + m) variables jointly. Indeed, by Plancherel’s theorem, with
€, dual to x,, and k; dual to y;, the Fourier symbol of kp,,[] is 1+, €12+, ki
Using Y, [ki|? < (X, |kl|)2, Vs+t<ys++tfors,t>0,and V1+5<1+s,

we obtain

1

N m 1/2 N /2 m
(1+Z|£n|2+2|kz|2> < <1+Z£n|2> +> [l
n=1 =1 n=1 =1

N m
ST+ &P+ ki,
n=1 =1

and hence ||u||§{1/2(R3(N+m)) < kplu]. Since Qp g is a bounded convex domain

and hence a Lipschitz domain, the Rellich-Kondrashov theorem for H'/? gives a
compact embedding of the m-photon component of Q(kr, g as) into L2(Qr, g.m) [11,
Theorem 7.1]: the Gagliardo seminorm on 7, g, is bounded by the H'/2(R3(N+m))
norm [11, Proposition 3.4], and Lipschitz domains are extension domains [11, The-
orem 5.4]. There are only finitely many sectors and finitely many polarization
components in each. Therefore Q (kL g ar), normed by kL$R’M[~]1/2, embeds com-
pactly into J27, g ar.

Let K1 rm > 1 be the self-adjoint operator on J¢7 g i associated with the
closed form kp g a[-]. It has compact resolvent, so for each s > 1 its spectral
projection

S = 1j0.5)(KL,Rr,M),

extended by zero on %J,'R, > 18 a finite-rank orthogonal projection on Hy. The
spectral theorem gives

(1 = 8)CoPruv/LrT; &, = Tr (1 — S)¢LPr(LeT;) PrdL)

_ C(E+ N/L?
< s Tr (Kp,r,mCPr(LRT ;) Padr) < M

S
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Combining this with the preceding cutoff error (124), we obtain
Tr (1 - S)LrL;) = [[(1 — )V LrT;llE,

<2||(1 = L Pu) VLRI, + 2011 = S)CePar/LrTl,
2CRE C(E+ N/L?

S M+]_ +2€el(L)+ (%/)

For fixed R, first choose M, then L, and finally s sufficiently large to make this

bound arbitrarily small, uniformly in j. The states LgI'; are positive with unit

trace, so the compactness part of Lemma 5.1 shows that the sequence (LgI';); is

precompact in trace norm.

Step 2. A trace-norm limit of the retained states. A diagonal extraction

gives a subsequence, still denoted (T';), such that

LamD; — '™ in trace norm as j — oo, for every m > 1.

Localization maps compose according to multiplication of their one-photon con-
tractions. For [ > m, the function f3m vanishes outside Bg.3m, while 651 = 1 on
B3t D B3m+1 D Ba.gm. Hence 03mfs = f3m, and therefore

Egml"(l) — 7m
Since photon-sector projections are bounded, the hypothesis implies

0(M) :=sup Tr(l{N>M}I‘(m)) — 0.

We next show that (I'™) is Cauchy in trace norm, using Lemma 5.6 with
7 =TW and 5 = 3 for I > m. For this, the probability that passing from T'¥) to
(™) discards at least one photon must be small. The bound on this probability in
Lemma 5.6 involves the mean photon number, which need not be finite here. We
therefore track instead the expectation of the bounded function n — 27" of the
photon number,

b 1= Te(27T0 ) € [0,1),

which is finite for every state. We show below that discarding photons can only
increase this expectation, so (by,) is nonincreasing and converges. Its decrease b, —
by, together with the photon-number tightness §(M), then controls the probability
of discarding a photon.

For | > m, the localization isometry Us~ underlying L3 takes values in ﬁé\{ ®
]-"Iij}ll ®.7-"§}‘jt, where the two Fock factors contain the retained and discarded photons,
respectively. In photon position, the retained photons carry the factor #3m and are
supported in the ball Bs.3m, while the discarded photons carry the factor zm,

which vanishes on Bsm. Define their number operators by
-A/in = 1f)é\lf ®N® 1_7:3]1]1” Nout = 1f)i\1r X 1]::;]1] ®N

Thus on the sector with p retained and ¢ discarded photons they act as multiplica-
tion by p and g, respectively, and strongly commute. Recall that Usm = I'(jgm) is
the second quantization of the one-photon isometry jgm f = (05m f, p3m f), followed

by the identification Fy($pn © Hpn) =~ ;fl‘] ® fgﬁt, with the electronic identity

suppressed, and that L3m (T') = Trout(ung‘L{gm). In the joint state ugmr(”ugm,
their sum has the number distribution of T'® and the first has that of T'(™). In-

)

deed, Usm maps the n-photon sector into the sum of the sectors with p + g = n,
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SO Z/{;rmf(/\/in + Nout )Uzm = f(N) for every bounded function f on {0,1,2,...}.
Moreover, f(Ni,) acts trivially on the discarded factor, and the partial trace over
that factor is L3mT'® = T'(™) Hence

Tr (f(Nm + Nout)ugmr“)ugm) = Tr (f(M)TD),

Tr( f(/\/m)ugmr“)ugm) = Tr (F(N)T™).
Take f(n) = 27". The operators N, and N,y strongly commute, so 2~ WintNouwe) —

2~ Ning=Nouw and the two identities give
b = H(Q—M,,Q—Nmuwr(z)ugm) ’
by, = Tr (2—eru3mr<”u§m) .
Subtracting, we obtain
by, — b = Tr (2—Mn(1 _ o mw)ugmr”)u;m) >0,

where the inequality holds because 27P(1 — 279) > 0 for all integers p,q > 0. In
particular, the sequence (b,,) is nonincreasing. Let

tm,g = Tr(l{NoutZI}u?ﬁ’"F(l)u;f’”)

denote the probability that at least one photon is discarded. Splitting according to
Niw > M and N;, < M gives

bl < Tr(l{Mn>M}U3mI‘(l)U§m)

+ Tr(l{MnSM}1{Nout21}1/{3mr(l)ugm)
< (5(M) + 2M+1(bm — bl).

For the first term, we take f = 1(37,o0) in the second trace identity above. This
shows that the first term equals Tr(l{N>M}1"(m)), which is at most 6(M). For
the second term, the operator 2=V (1 — 27Newr) ig at least 2=M~1 on the joint
spectral subspace Vi, < M, Ny > 1, so the formula for b,, — b; bounds this term
by 2M+1(b,, — b;). Finally, t,,; is the quantity ¢ of Lemma 5.6 for 7 = T'() and
N =fgm, and LynTH =T 50

[TO -1, < 2y/fmt + tma-
The nonincreasing sequence b, has a limit. First choose M so that §(M) is small,
then m so that by, — b; is small uniformly for [ > m. Hence I'™) is Cauchy in trace
norm and converges to a density matrix I' on the original space H y, possibly with
infinite mean photon number. The rough energy bound (121) gives
sup Tr(HL3nT';) < CE.

J,m

Applying Lemma 5.2 first to L3mT'; — '™ and then to T'™ — T yields
sup Tr(Hl"(m)) <CE, Tr(HT) < CE < oo,

and hence I' € D. We next prove the sharp energy inequality.
Step 3. The energy inequality. The argument involves an electronic cutoff at
scale L, the photon localization scale R = 3™, and a truncation of H,,q by second
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quantizations of one-photon operators of rank K, all introduced below. We pass
to the limits in a fixed order: first j — oo, then R = 3™ — oo with L and K
fixed, then K — oo, and finally L — oco. The order matters because the bound
on the localized truncated radiation energy below carries an error dx(R) that is
established only for fixed K, and tends to zero as R — oo but not uniformly in K.

To control the interaction error, we first choose a symmetric electronic cutoff
7, equal to one when max; |x;| < L and zero when max; |x;| > 2L, together with
a smooth complementary cutoff 77;. For example, using the electronic cutoff
constructed above, take

. ™ ~ ™
np = sm(ECL) , np = cos<§§L) .
Then 7% + 72 =1 and

2

2 Y C
ZZ‘V’“CL =L

i=1

N
Z(lvxlnLl +‘Vx177L|
i=1

Both cutoffs preserve Q(H): their bounded gradients preserve the electronic H*
regularity, and they commute with /H,.q4.
For either cutoff f € {nr, 7L}, the covariant derivative obeys

D;(f¥) = fD;¥ —i(Vx, /)¥,  Di=—-iVy, — eA(x;),
because f commutes with the field operator 2A(x;). Since n; and 7 are real,
expanding gives
D (2 ®)|* + [[Di (7 ®) |12
= (D, (nf, + 77)Di¥) + (V) Y17 + (Vi 72) ¥
+2Re(D;V, —i(n Vi, + 1L Vx,772) ¥)
= DY + [[( Vo) ¥ 1* + (Vo 772) ||
In the last step we used n? + 7% = 1, and the cross terms cancel because
NLVx, N + MLV, = %in (2 +72) = 0.

The Coulomb interaction is an electronic multiplication operator, and H,.q acts
only on the photon factor. Their localized forms therefore sum exactly to their
original forms, using 7% + 772 = 1. With the factor 1/2 in the kinetic energy, the
resulting covariant IMS identity is

(N, Hnp W) + <77L\If Hnpw)
(U, HV) + - Z Vi) ) + [[(V, 72) V)
=1

< (V,HV) +§||\P||2-

The computation first holds on the form core and extends to Q(H) by continuity.
Applying it to the vectors in a spectral decomposition of I'; and summing, with
TrT'; =1, gives

C

TI‘(HT]L]__‘J"I]L) + TI‘(HﬁLI‘jﬁL) < Tr(HI‘j) + ﬁ
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Since H > 0, the second term on the left is nonnegative and can be dropped. Thus
Tr(HnTjnr) < Tr(HT,) + C/L2.

Let T' be a positive trace-class operator with Tr(HT') < oco. Every term in (26)
is nonnegative, so Tr(HyaqI') < Tr(HT') < oo, and we may define

E(T) = Te(HT) — Tr(Hyoal),

the internal energy with the free-photon contribution removed. It still contains
the electron—photon coupling through the covariant kinetic energy, as well as the
Coulomb repulsion. The field identities (114) and (115), the annihilation—creation
bounds (18) and (19) relative to v/ Hyad, and Cauchy—Schwarz give

E(Lr(nTymr)) < EmrTyme) + Cer(R) + CeL(R)?,

where
er(R) = max sup, (I = OR) Gl + [1(=2) 41 = 6R) G4 + | orGE).-
Here the negative Sobolev norm is ||f| ;-1 = |[(=A)~Y/4f|| in photon position

representation. The Coulomb term is unchanged and the quadratic-field identity
includes the vacuum fluctuations. The constants are uniform in j for fixed L.

We now show that e, (R) — 0 as R — oo for fixed L. Since 0 <1 —0g,pr <1
and both vanish on Bg, dominated convergence gives (1 —0g)f — 0 and prf — 0
in Hpn for every f € $Hpn. Smooth multiplication by 6r is uniformly bounded
on H'Y2, and therefore by duality on H-Y2, Density of compactly supported
smooth functions shows that 6z — 1 strongly in both spaces. The map x — G¥ is
continuous into $Hpn and into H~1/2 as noted after (14). Hence the form factors
GH with |x| < 2L and p = 1,2,3 form a compact family in both norms. The
operators 1 — 0r on both spaces and ¢r on $Hpn are uniformly bounded in R and
converge strongly to zero, and strong convergence of uniformly bounded operators
is uniform on compact sets. The supremum over |x| < 2L in the definition of e1,(R)
is therefore harmless, and

li = 0.
A, o () =0

The rough bound (120) only controls the localized radiation energy up to a
constant factor. To obtain it with coefficient one, we truncate H,,q from below by
second quantizations of finite-rank one-photon operators: choose an orthonormal
basis (ex,) whose finite span is a core for (—A)'/4, and set

K
fo= (=) e, e = 1) {ful < V=4,
k=1

K

Tk = dF(tK) = ZGT(fk)a(fk)«

k=1

Then Tk T H;aq in the form sense.
Claim. For fixed K there are numbers dx (R) — 0 as R — oo such that

OrtrOr < (14 0x(R))V-A

in the sense of quadratic forms.
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Proof of the claim. Since ||(—A)~Y4f|| = |lex|| = 1, each fj lies in H~'/2, and the
strong convergence 0z — 1 on H~'/2 established above gives

€k,R ‘= (_A)_1/40Rfk —> e in f_)ph, k‘Zl,...,K.

Let IIx be the orthogonal projection onto the span of ey, ..., ek, and put
K K
o (R) == H > lexr){ennl - HKH <Y (llew,rll + 1) llex, r — ex]] — 0.
k=1 k=1

Let 1 be in the form domain of v/—A. Since 0 is real, moving (—A)*/4 across
the inner product gives

K K
(W, 0rticOrt) = > [(Orfr )2 =D [{ex.r, (—2)49)*
k=1

k=1

K
= (=249, 3" lex,r)er.rl (~2) )
k=1
< (Il + Sk (R)I(=2) V40l = (14 0k (R)) (¥, V=A0).

This proves the claim.
The convergence dx(R) — 0 is not uniform in K. Since second quantization
preserves form inequalities, (116) and the claim give

TI‘ (TK‘CR(nLI‘]nL)) = TI' (dF(GRtKGR)nLI‘JnL) S (1 + (SK(R)) Tr(HradnLanL)-
Combining the last two estimates before taking any limits yields
g(cR(nLanL)) + Tr (TK‘CR(ULI‘jnL)) < TI‘(HI‘j) + C/L2 + OR(l). (125)

Here or(1) denotes an error that tends to zero as R — oo, uniformly in j, for fixed
L and K. Tt collects the term Cer(R) + Cer(R)? from the first estimate and the
term &5 (R) Tr(HpaanrTjnr) < 6k (R)(E + C/L?) from the second, and both are
bounded independently of j. We justify the two limit passages for fixed L, K in
detail. Since photon localization commutes with the electronic multiplier 7z, the
positive, possibly subnormalized operators

0jm = Lam (T inr) = no(Lsm )01, Om 1= nLI‘(m)nL, o:=nTng

satisfy o, — o, in trace norm as j — oo for each m, and o, — o in trace norm
as m — oo. Indeed, multiplication on both sides by 7 is a contraction in trace
norm. The rough energy bound (121) for L3nI';, followed by the covariant IMS
estimate, gives

sup (Tr Ojm + Tr(HCTj,m)) <Cp < o0.

Jjm
By Lemma 5.2, the same bound holds for o,,, uniformly in m, and for o.

Write W =" |Xp — Xm| L. Since Tk < Hyag, for ¥ € Q(H)

n<m

1 N

3 DD + VWP + ||V TR P < VY.
=1

Thus &(-) + Tr(Tk-) is the trace of a nonnegative form bounded relative to H + 1,
and the final assertion of Lemma 5.2 applies to it along trace-norm convergent
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sequences with uniformly bounded energy. Apply it first to ¢, — o, with m
fixed. The combined energy estimate (125) yields

E(om) + Te(Tk o) < liminf [E(0)m) + Tr(Ticojm)]
J

< liminf Tr(HT;) + C/L? + 0,,,(1),
J

where 0,,(1) is the error og(1) at R = 3™. Applying the same assertion to o, = o
and then letting m — oo gives

E(mrTnr) + Tr(TxnrTn) < liminf Tr(HT,) + C/L2.
j

For fixed L, the nonnegative forms Tk increase to H;,q. Monotone convergence of
their traces and the definition of £ therefore give

Tr(HnrT'nz) < liminf Tr(HT;) + C/L2.
J

Next, (; — 1 pointwise as L — oo, so i, — 1 pointwise with 0 < iy < 1. By
dominated convergence, 1, — 1 strongly as multiplication operators on Hpy. Since
VT is Hilbert-Schmidt, dominated convergence over an orthonormal basis gives
(1 —n2)VT|s, — 0. Factoring through vT and using TrT' = 1, we obtain

T — Tls, < 2/(1 —n)VT s, — 0.

The preceding energy bound allows us to apply Lemma 5.2 to this trace-norm
convergence. Hence

Tr(HT) < liminf Tr(HnrT'ng) < liminf Tr(HT;).
L—oo J

Step 4. The constraints. We first pass the density through the two successive
limits. For f € C2°(R®) and fixed m, invariance of the electronic reduced state
under photon localization and (112) give

/ Fopon = lim / foeumr, = lim / for, = / .

Since '™ — T in trace norm, a second application of (112) gives [ for = [ fp.
Thus pr = p in distributions.

For the current density, fix real ¢ € C2°(R3,R3) and choose L with supp ¢ C Bay.
Put

Wy = (1 —0r)GY, Ape¢ = eZZC“ xi)P (Wi ,)-

i=1 p=1

Photon localization preserves the paramagnetic current density, since it depends
only on the electronic reduced state. Using j¢ = jP +jP" and (114), we consequently
have the form identity

[ ¢ lizar, = it,) = TAncT)).
The definition of ey, (R) and the field bounds (18) and (19) imply
[ARcP|l < Ceer(R)(IIV Heaa Pl + [ ®]), ¥ € Q(H).
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Thus the trace pairing is well defined without a mean-photon-number bound.
Hilbert—Schmidt Cauchy—-Schwarz yields

Tr(ArcTH) < IVTjlle.ArcvTjle,
< Ceep(R)(1 + Tr(HyaT;))"? < Ceen(R)EV2,
where £/ = 1 + sup; Tr(HT;) was fixed above.
Now fix m and take R = 3™. The states L3=I'; converge in trace norm to rom
and have uniformly bounded internal energies. Hence (113) passes their tested

current densities to the limit as j — co. Combining this with the assumed distri-
butional convergence of j%j gives

[ ¢ G 39 < CesnamE

The energies of T'™) are bounded uniformly in m, so (113) also applies to '™ — T,
Letting m — oo in the last inequality, and using e7,(3™) — 0 for this fixed L, proves
J ¢-j% = [¢-j°. This identifies the combined current density in distributions. Since
I € D, Proposition 4.1 and the mixed-state series (47), which converge in L' by
normalization and finite energy, show that both pr and j% lie in L'. Hence these
distributional identities hold almost everywhere, and in particular p and j°¢ are
integrable functions. This completes (123).
Step 5. Sufficient photon-number conditions. On the input k-photon sector,
URr takes values in the sum of retained/discarded sectors with p + ¢ = k. Since
p<k,
UL (Lia=ary @ DUr < Liasan-
Taking the trace against I'; and then the indicated limits gives
sup lim sup Tr (l{N>M}£3mI‘j) <supTr (l{N>M}I‘j).
m>1 j—oo J
Uniform tails on the right therefore imply (122). If the mean photon numbers
are uniformly bounded, the spectral inequality 1ix~ary < N/(M + 1) for integers
M > 0 gives
sup; Tr(N'T;)
M+1 ’
which proves the final assertion. ([

sup Tr (Lnsan L) <
J

5.7. Soft photon removal lemma. In this section, we prove Lemma 5.8, which is
a central technical ingredient in the proofs of mixed-state attainment, soft-photon
purification, and infrared bounds on optimizers.

First, we split the photon space into soft- and hard-photon parts. For x > 0, let

ijm = 1{w2m}~6phv Ner = 1{w<fc}ﬁph

be the hard and soft one-photon spaces, so that H,n = H>. S Ny, and let F>,o =
Fs(H>k) and Fep, = Fs(H<r). The exponential law for Fock spaces gives the
factorization

Hy =) @ For ® Fep
Accordingly, (x) = A% (x)+AL . (x), where AL (x) = P(1,>,) GY) acts on Fx,,
and AL, (x) = D(1(, <y GY) acts on Fo.. Similarly, Hiaq = Hrad, >k + Hrad,<x With

Hrad,Zn = dF(W:I-{wZn})v Hrad,</1 = dF(Wl{w<V»})'
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The hard model is the internal Pauli-Fierz Hamiltonian HY? on HY ® Fs, with
field RA>, and radiation energy Hyaq,>,. The restricted form factor still satisfies
(9), so the form construction above applies to it. The notation Tre <, I' denotes
the partial trace over the electronic and soft-photon factors, leaving the reduced
state on F>,. Similarly, Tr., denotes the partial trace over F., alone, leaving an
operator on ﬁé\{ ® F>,. We write Q0 for the normalized vacuum in F,, so that
|20<:) (<] is the state with no photons in the modes w < k.
We are now in a position to state and prove the main result of this section.

Lemma 5.8 (Exact soft-photon removal). Fix N € N. For every I' € D and
0 <k <1, there is a I'yy € D with pr, = pr and j;., = jp, and with photon
marginal
Trel I‘H = (Tre]7<,§ F) ® ‘Q<K><Q<I§|' (126)
Put B« = Tr(Hyaq,<xT). There exists a constant C, independent of T' and x (but
allowed to depend on N ), such that
Tr(H'T,) < Tr(H*'T) — E.
127
+ C(/{2 + b2 + eny/a2E< + b2 + e’k (aZE< + bﬁ)) (127)
In particular, Te(NT,) < k71 Tr(HpaqlD).
The quantities a, b, defined in (71) both tend to zero as & | 0.

Proof. Replacing the soft photons by the vacuum removes their radiation energy
FE_, but it also removes the contribution of the soft field to the combined current
density, so by itself it would violate the current constraint. We compensate for this
loss by converting the field-induced current density carried by the soft photons into
an equal paramagnetic current density. The components of the soft field commute,
so we can condition on their values u. For each u, the soft field becomes a classical
vector potential a, that varies on the scale k~'. After the electrons are localized
into clusters of diameter O(R), the field a, is nearly constant on each cluster. Its
constant part is removed exactly by a suitable gauge transformation in the electronic
variables. The small remainder is removed by the current shift of Lemma C.2, at a
kinetic cost controlled by xR and the infrared quantities a, by.

Step 1. Electronic localization. Fix a cluster scale 1 < R < k™!, to be
chosen in Step 6. Choose a locally finite smooth partition (74)een on R® with
>.m? =1, suppn, C B(cq,coR), and Y, |Vn,|? < C/R?. For each multi-index
a = (ag,...,ay) € NN with a; < -+ < ay, let #ya be the set of its distinct
rearrangements (vr(1), - -, Qr(ny), T € /N, and put

Ca(X) = Z H Na; (Xi)2

(a1,..,an)ESNai=1

1/2

These are real symmetric W1 multipliers. Since N¥ is the disjoint union of the
sets Sy a, expanding Hf\il > ma(x:)? =1 gives > (2 = 1. Moreover, (, is the
Euclidean norm of the vector ([, 7a, (Xi))(alpu,UzN)ezyNOl’ and the gradient of a
norm is bounded by the norm of the gradient. Hence

N N N 9 N CN
PP MNEDS Vo T 00)| = 203 I9malxo) 2 < S5
7j=1 =1 a

a =1 i=1 (a1,...,an)ENN
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Set

'y = (I, Ey = Tr(Hrad,<xTa)-
All these operators act within the antisymmetric space. Real multiplication and
the covariant IMS identity give

Z(pl‘a’j;‘a) = (pr,j%), ZTI‘I‘CM =1, ZEa =FE,

[

> Tr(HT,) < Tr(H™'T) + C/R?. (128)

Here densities, current densities, and form traces are extended linearly to positive
trace-class operators of arbitrary finite trace. Whenever current densities are used,
the operator is assumed to have finite energy in the relevant model.

Step 2. Conditioning on the soft field. We use the Gaussian representation
and the unnormalized conditional operators constructed in Appendix D, with the
soft space h = <, and K = HY @ F>,.. Under 1®G, the soft field A, (x) becomes
multiplication by the real random field a,(x) with components

CLZ(X) = Z@m 1{w<n}Gﬁ> Un,,
n>1

where (£,)n>1 is a J-real orthonormal basis of <, and v = (up)p>1 € Q =
RN carries independent standard Gaussian coordinates. Let O, (u) be the family
O(u) of Lemma D.1 for T',,. These are unnormalized conditional operators for the
electrons and hard photons at the soft-field value u. They satisfy

/ Tr O, (u)du(u) =TrT, <1,
Q

but their individual traces can exceed one. More precisely, for every bounded
operator B on ) @ F>,, and every bounded measurable function f on Q,

Tr (To (B® G~ M;G)) :/Qf(u)’H(B(aa(u))d,u(u), (129)

where M is multiplication by f on L?*(Q, u). Explicitly, if (¥;);>1 is an orthonor-
mal basis of Hy, then

Oalu) = 3 [(1©9)vTal;) ) (1 G)vTal;)(u)

where (1® G)v/T,V; is regarded as an element of L?*(Q, u; HY ® F>,). The series
converges in trace norm for p-almost every u, and by Lemma D.1(iii) the result
does not depend on the choice of the basis, up to a p-null set.

The electronic coordinates remain in the union of support balls selected by (,,
without assigning fixed particle labels. The unitary 1 ® G acts only on the soft
factor. It therefore commutes with electronic differentiation and with hard-photon
operators, and it maps 2. (x;) to multiplication by a,(x;). Writing

Di,ZH = _ivxi - emZn(Xi)7 Dz = Di,ZH - 62[<H(Xi)7
we obtain, for p-almost every u,
(10§D () = (D2 — cau(x,)) ((1© G)¥) (),

first for ¥ in the finite-particle core and then, by the field bounds, for every ¥ in
the form domain. Apply this to ¥ = /', ¥;, where (¥;);>1 is the orthonormal

9
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basis used in the series representation of ©, above. For © =~ |v;)(v;| one has

> 1 X, | = ||X\f|\6 , so Tonelli’s theorem shows that the kinetic energy of T,
is exactly

N N

1 1

5 2 IDivTallE, =5 D> IDiV/Ta |
i=1 i=1j>1

(130)

N
_ ;/Qi;l(Di,zn—eau(xi))\/mnézdu(u)

We next derive the corresponding formula for the current density. For a positive
trace-class operator © on Y ® F>, with Tr(Hg’lSG)) < 00, let j§ >, denote the
combined current density of © in the hard model, defined by (36) with 2( replaced
by As.. Fix ¢ € C®(R3,R?), let ¥ be in the form domain, and write 1, =
(1 ® G)¥)(u) for its fibers. Integrating (36) against ¢ turns the partial inner
product into a full one, and —iVy, — e2A(x1) = D1 >, — e (x1). Hence

€00 Ju0a)dx = N Re(W, ¢ (x1) - (D 21 — (1)) ¥)
_ NRe / (i C(x1) - (Drx — ean(x1)) ) dps(ur)

= [ [ €00 (55, 500 — ean()pu, () o).

The second line uses the unitarity of 1 ® G, which commutes with {(x1), and
the fiberwise identity for D; above. In the third line, the hard part is the hard-
model current density of 1, tested against {. For the soft part, a,(x1) is real,
50 NRe(y,((x1) - au(x1)tu) = [gs € - aupy, by (33). Densities and current
densities are linear in the state. Apply the last identity to ¥ = /T, ¥; and sum
over j. By (20), applied to 2>, and A, the resulting integrand jceu(u)?,i(x) —
epe.,, (u) (X)a,(x) is integrable over R3 x Q, which justifies exchanging the sum with
the integrals. Since ¢ is arbitrary, Fubini’s theorem and the fundamental lemma of
the calculus of variations give

jr, (x) = /Q (j%a(u)’zﬁ(x) — epo,, (u)(x)ay(x))du(u) for a.e. x € R, (131)

Since 1(,<.} G4 has norms at most those of G¥, the estimates (18) and (19) and
hence (20) also hold for the removed field 2., (x). As D; >, = D; + e (x;) and
Tr(HT,) < oo, this gives

N N
D Do VTalls, <2 IDiVTalE, + 26> NCy (Tr(Hyaala) + TrTy) < 00
i=1 =1

The computation leading to (130), with D; replaced by D; >, and the fact that
H,a4,>, acts only on F>,, therefore give

N
[ (1P VBT, + T 200 ) () < o0
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The Coulomb interaction W = > _ |x, — Xm,| ™' acts only on the electronic
variables and hence commutes with 1®G. The argument leading to (130) therefore
gives

Tr(WT,,) = /Q Tr (W04 (u))du(u).

Together, these estimates show that Tr (Hg’,g@a (u)) < oo for almost every u. For

Tr©4(u) > 0, the density matrix O,(u)/ Tr O (u) has finite hard-model energy.
The operations applied to O, (u) in Step 4, namely multiplication by a phase of
modulus one and the current shift of Lemma C.2, leave Tr(WW 0, (u)) unchanged.
Hence only the kinetic and radiation energies change in the remaining steps.

Step 3. Local bounds on the measured field. Fix a multi-index 3 and x € R3.
The differentiated soft field OZAZ . (x) is the Segal field with kernel 92 (1, <., G&) =
(—ik)ﬁl{w@g}Gﬁ. Since |k| < k on the soft region, the projector identity behind
(14) gives

" 3
2 < 1212, 3 H(_ik)Bl{w<n}GﬁH2 < k2012,
p=1

with ay, b, as in (71). These kernels are soft, that is, they vanish for w > k, so (18)
and (19) hold with H,,q <, in place of Hyaq and give

3
Dol (x)¥|* < Ok (af]ly/ Hraa <V [1* + 0212 ]%).

p=1

Apply this to ¥ = /T',¥; and sum over j. Then use (129) with B = 1 and the
unbounded function f(u) = |0%a,(x)|?, to which the identity extends by monotone
convergence. As Fy = Tr(H;aq,<xI'), we obtain

/ Tr O (u)|0Pa, (x)2du(u) < Cpr?Pl (aZEq + b2 TrTy,), (132)
Q

uniformly in x and «. The fields have smooth versions locally: this follows from
these Gaussian derivative moments and local Sobolev embedding, and remains true
under the measures Tr O, (u)dp(u).

For a fixed a, every electron in T’y lies in one of the balls B(c,,;,coR). Consider
the graph whose vertices are the distinct centers among cq,, ..., cq,, two centers
being joined by an edge if their distance is at most 4coR. We call the vertex sets
of its connected components the clusters of a and index them by s. A cluster has
at most N centers, so its diameter is at most 4(N — 1)coR < Cn R, while centers
in different clusters are more than 4cyR apart. The measured soft field varies on
the scale k~! > R, so in Step 4 it will be replaced on each cluster by a constant.
Choose one center of each cluster as its anchor ¢, s. The construction is illustrated
in Fig. 2. Let 6, = 1 on a neighborhood of B(c,, ¢gR), with supp 8, C B(cq,3coR/2)
and |V0,| < C/R, and define the cluster cutoff

Oos=1- ] (1-06a)

a in cluster s
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Then
Oas =1 on U B(ca,coR), supp 0n,s C U B(ca,3coR/2),
a in cluster s a in cluster s
C
[Vbas| < -

Since centers in different clusters are more than 4co R apart, the supports of 6, 5 for
different s are disjoint. Let B, s be a ball centered at ¢, s of radius C'y R containing
supp 0q,s. All constants are independent of the separation between clusters. Put
Zo(u) = maxgsupg_ _ |Va,|. For a ball B C R® of radius r and f € H?(B), the
Sobolev inequality ’

sup|f|* < C Z 7"2‘5‘*3/ 107 f|?dx
b 1B1<2 B

holds with C' independent of r. Apply it with » = C'y R to the components of Va,,
on each B, s, multiply by Tr ©,(u), and integrate over u. By (132) for multi-indices
of order 3] + 1, and since |B, 5| < CR3, this yields

T U u)? U 2181-3 T u)|0PVa,|? u)dx
[ eumzewiantn < 03 S R [ 100,010 au Pauia

s |Bl<2
< Ck*(aiEq + b2 TrTy),

because kR < 1 and there are at most N clusters (the constant may depend on N).
No global supremum of the random field is used.

FIGURE 2. The clusters of a multi-index a@ (N = 7, a1 = az2).
Centers at distance at most 4coR are joined. Anchors are ringed
and the balls B, s are dashed.

Step 4. Current shift on each conditional state. For almost every u, define
the one-body phase and residual velocity

Pa,u(x) = —e€ Z Oa,s(x)au(ca,s) - (X = cas),
Vou(x) = —e Z Oa,s(x) (au(x) — ay(ca,s))-
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In the electronic variables, let U, ,, be multiplication by the permutation-symmetric
phase

N
exp (i Z wa,u(xi)).
i=1

First replace O4(u) by Ua,u®a(u)UJ,. This leaves the density and the photon
marginal unchanged and adds pe, (u) V¥a,u to the current density. Where 0, s = 1,
the velocity Vi, = —eay(cq,s) is constant, and Vi, , + Ve, = —ea,. Next
apply Lemma C.2 with velocity v, , to the hard model Hg’g instead of H%0. TIts
proof applies verbatim, since the multipliers act only on the electronic variables.
If TrO,(u) = 0, set On(u) = 0. Positivity gives On(u) = 0 in this case. If
Tr Oy (u) > 0, apply it to the normalized state Uq, O (u)U],,,/ Tr Oq (1), multiply
the result by Tr©, (u), and call the resulting operator O (u). Its current density
is j‘éa(u)zﬁ — €po,, (u)au, the integrand in (131), while

Hvoc.,ulloo < CeRZy(u), HVVa,uHoc < CeZy(u).

The wavenumber chosen in the proof of Lemma C.2 depends measurably on v 4.
When the velocity vanishes, use the identity channel. The tensor lift is fixed in-
dependently of the velocity, so this defines a measurable family of channels. The
kinetic remainder on an unnormalized conditional operator is bounded by

CTr 04 (u)([|Varul )

We now compare the hard-model kinetic energy of the output with the integrand
of (130), that is, we estimate

ZHDmv Wl - H b2 = eau(x:)VOa(u)| &,

The phase is exact: since D; >, Uqy . = Ua,u( i>k + Voo u(x;)), it replaces D; >,
by D; >x + V. (x:). By (241), the current shift then adds

:C
/JUa,u@a(u)Ui,u,zn Veou,

the hard-model current density of U, O (u)U} o paired with v, ,,, plus the kinetic
remainder. For the square completion, abbreviate © = ©4(u), g = Vg4, v =
Vau, and D! = D; .. The phase-transformed current is j§ -, + peg, so

fZH (D! + e)VOI, + [ (b + pog) v

1
+g(x;) + v(x;) \/>H62—7/ po|v/|?
R3

w\»—*

N\H

N
>_llo?
; 1

Z Dh — ea, (x;) \/;H62 7/3 ,0@|v|2~
= R

The last equality uses g + v = —ea, on the electronic support. Dropping this
nonpositive term and using the bounds on v 4,

Sa(u) € CTrO4 () (|[VaulZ + [[VVa,ulloc) < CTrOf(u) (2 R*Zo (u)? + eZo (u)).
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Integrate over u. The first term is controlled by the Step 3 bound on the integral
of Tr©,(u)Z,(u)?. For the second, the Cauchy-Schwarz inequality, together with
fg TrO,dp = Tr T, gives the same bound under a square root. Hence

/ do(u)dp(u) < Ce®k2R*(a2Eq + b2 TrT,) + Ce/i\/(aiEa +02TrT,) TrT,.
Q

Thus constant measured fields on each cluster are compensated without a kinetic
remainder depending on their magnitude.
Step 5. Assembly. Using Hy ~ HY ® Fs, ® F,, define

Pun=3 / ) @ Q) (Qeldpi(u)

The map v — éa(u) is measurable by Step 4, and the integral converges in
trace norm because the conditional operations preserve traces, so that Tr O, (u) =
Tr O, (u). They also preserve photon marginals. By (129) with f =1, fg O,dp =
Tr<. Ty, and T’ g is therefore a positive trace-class operator with

Tl p= ZTr(Tr@ra) = ZTrI‘

and its photon marginal is

ZTrel (Tr<n Fa) & |Q<n><Q<m| = (Trel,</i F) ® ‘Q<n><Q<n|a

since Y ¢2 = 1. This is (126). Preparing the soft vacuum adds only its covariant-
kinetic contribution e?Nb2 /2, and the soft radiation energy E. is removed. For
the constraints, let © be a positive trace-class operator on ﬁé\{ ® F>, with finite

hard-model energy, Tr (Hgg@) < o0. Since (Qcy, AL, (x)Q< ) = 0, the definitions
(33) and (36) give

_ sC __sC
PO®IN<) (Q<n] = PO; Jowlac.)(Qcnl = 10,25

By linearity in the state, Step 4, (131), and (128), for almost every x,
6,000 = 2 [ 35, 02,0000
- / (6. 120 05) — €90, 0 ()2 () )
= ZJI‘ =Jr(x).

The phase and the current shift leave the density unchanged, and the density de-
pends only on the electronic reduced state. Hence (129) with f = 1 and (128)

give
Pr. = Z/ PO, (u)dp(u Zpr

Since Y (a2Eq + b2 TrTy) = a2E< + b2 and, by the Cauchy—Schwarz inequality,

S/ (@2Ea + 02 TiT0) YT, < V2B 112,
[e3
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we obtain

Tx(HOT ) < Te(HOT) = B + C(R™2 + 22 + k2R (a2 Be +12)

+exva2E. + bi),

with C independent of ', k and R. It also proves finite form energy of the output.
Only the output is asserted to have finite full form energy, so no soft-radiation
regularity of an intermediate measured state is needed. The marginal identity
proves the photon-number bound.

Step 6. Choice of the cluster scale. Only the terms R~ and e?k? R%(a2 E<+b2)
in (133) depend on R. Put q = ek\/a2E. +b2 > 0. If k? < ¢ < 1, then ¢ > 0,
and we choose R = ¢~/ € [1,s7']. The two terms then balance and both equal
q. If ¢ < k2, including ¢ = 0, take R = k~1. Then e?(a2E. +b2) < k2, so the two
terms add up to less than 2x2. If ¢ > 1, take R = 1. Then the two terms add up
to less than 2¢* = 2e?k%(a2E< + b2). In each case, T',, = T, g satisfies (127) after
changing C. The constant C' in (133) does not depend on I', so R may depend on
E.. O

(133)

5.8. The proof of Theorem 4.8. We remove the soft photons of near-minimizers
using Lemma 5.8, which keeps p and j° fixed at a small energy cost and bounds the
mean photon number. Lemma 5.7 then gives a minimizer and lower semicontinuity,
and convex conjugation identifies the functional with Fg .

Step 1. Soft energy of near-minimizers. Apply Lemma 5.8, with Hyaq <,
as defined above. The resulting state I'; replaces photons with w < k by the
vacuum and adjusts the electronic current density so that its density and combined
current density agree exactly with those of I'. The estimate (127), together with

Vs+1</s++tand k <1, gives
Tr(H"T,) — Tr(H'T) + Tr(Hyad,<xT)

< C{KQ + ezbi + €2H2ai Tr(Hyad,<xT) + esany/ Tr(Hrad,<xI') + e/fb,i} .

Since ka, — 0, choose kg9 < 1, depending only on N,e and ¥, so the term pro-
portional to £2a2 Tr(Hyaa,<xI') can be absorbed by the term Tr(Hyaq,<,I') on the
left-hand side for 0 < k < Kkg. Young’s inequality absorbs the square-root term as
well, giving

Tr(H™T,) < Tr(H"T) — & Tr(Hyad, <) + O ey (K2 + b2). (134)

For an exact feasible T, set dp = Tr(H%T) — Fi52 (p, ). The competitor T, has
exactly the same constraints. Consequently

Tr(Hyad,<xT) < 2dr 4 Cne (K2 + b2), 0< k< Ko. (135)

Step 2. A uniformly number-bounded minimizing sequence. For 0 < k <
Ko, the pointwise inequality

Ko 1
Liusny < H% +w/ e

K

and (126) imply

Tr(HO’OI‘) n "0 Tr(Hyad,<:T)

T I, <
Y(N ) - Ko P 12

dt.
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The weighted condition Y/y/w € L? in (9) gives, by Tonelli’s theorem,

/HO bgdt / |A(k)|2( 1 1)dk< 2 <
—dt = —_— = — a Q.
0 t2 w<Ko X w(k> Ko -

Thus (135) yields
Tr(HO°T 2d
Te(#T) | 2dr

Tr(NT,) < .

+CnNpe,y- (136)

Now take any minimizing sequence T',, € D with (pr,,jt ) = (p,j), with ex-
cess energies d, — 0, and choose k, — 0 with d,/k, — 0, for example k,, =
max{+/d,,1/n} for all sufficiently large n. Set r, = (Ty)x, , using the output of
Lemma 5.8 with the cluster scale chosen in Step 6 of its proof. These states sat-
isfy (pfn,j%n) = (p,j°) by Lemma 5.8, so Tr(HOfOf‘n) > ﬁgg‘L(p,jC). For n large
enough that s, < kg, dropping the nonpositive term in (134) gives

Te(HOT, ) < By (0,06) + du + O (2 +82).

Since d,, = 0, k, — 0, and b, — 0 as & | 0, their energies converge to ﬁﬁ’ﬁ (p,J°).
Moreover, since d,/k, — 0 and the energies Tr(HO’OFn) are bounded, (136) gives
a uniform bound on the mean photon numbers of fn The fixed density supplies
electronic tightness. Hence Lemma 5.7 applies and produces a minimizer I' € D
with (pr.J§) = (p.J)-

Now let T' be any minimizer at (p,j°), not only the one just constructed. Then
dr = 0. Using the same pointwise inequality and then letting « | 0 in (135) gives

Tr(NT) < Cnen (1 + FE(p.5)- (137)

In particular, every optimizer has finite mean photon number.

Step 3. Lower semicontinuity and identification of the functional. Take
pairs (pg, j$) converging in X x Y along a subsequence on which ﬁ;g‘L(pk,ji) has
finite liminf, and choose the minimizers just constructed. Their energies and mean
photon numbers are uniformly bounded by (137). Convergence of their densities in
L' gives uniform electronic tightness. A further application of Lemma 5.7 preserves
the limiting pair and proves the energy liminf inequality. Finally, we identify the
functional. Fix (u,A) € X* x Y* and put v = u— £|A|?. By linearity in the state,
(37) extends to density matrices:

Tr(H"AT) = Tt (H*°T) + (u, pr) + (A,j§), T eD.
Minimizing first over T' at fixed (p,j°) and then over (p, j°) gives

.f [ﬁevx ,'C 5 A"C:|:'fT H’L),Al-\ :E ’A_
(P,j°§r€lX><Y prL (0 J°) + (u, p) + (A, J°) jnf r( ) (u, A)

The last equality holds because density matrices and pure states have the same
spectral infimum. Indeed, pure states are density matrices, and for a spectral
decomposition T' = 3" p,[¥,) (¥, |,

Tr(H"AT) = p (¥, H*A0,) > E(v, A).

Let (fﬁﬁ‘L)* denote the convex conjugate with respect to the pairing of X x Y with
X* x Y*. The identity for the infimum over X x Y states that (Fpi )*(—u, —A) =
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—E(u, A), so the definition (54) reads F5 = (Fg )**. The functional F5X is
proper, since it is nonnegative and finite at every N-representable pair. It is convex,
since D is convex and pr, jg, and Tr (H O’OI‘) are linear in I'. The Fenchel-Moreau
theorem therefore gives, for any N,

o = lHxer
FppL = FppL )

the norm-lower-semicontinuous hull of F& ; for convex functions it coincides with

the weakly lower semicontinuous hull. Since F53 is norm lower semicontinuous by

the first part of this step, the hull equals F5;% , which establishes (58).

5.9. Soft-photon purification.

Proof of Theorem 4.10. FixI' € D and 0 < k < 1. Apply Lemma 5.8 and let T',; be
its output. This state has exactly the same density and combined current density
as T. Since a,;,b, — 0 and E. < Tr(H*T), (127) gives

lim sup Tr (H*T;) < Tr(H*°T). (138)
k0

Use the Fock factorization into modes with w > k and w < k, and let Q =
1® (1 — |Q<,€><Q<,§|) be the projection onto states with at least one soft photon.
By (126), the soft marginal of Ty is |Q«y)(Q<s|, so Tr(QT,Q) = Tr(T,Q) = 0.
Since T',;, > 0, the operator QT',Q is positive with zero trace, hence zero. Thus
IY/?Q=0,50T.Q=QT, =0and T, = (1 — Q)T,.(1 — Q). This is the product

decomposition

Fn:'Yn®|Q<H><Q<K|7 VKZZPT|(I)7*><(I)T|7 pr >0, Zprzl-

Here (®,) is orthonormal in .V)é\{ ® F>x, and each @, is antisymmetric in the elec-
tronic coordinates. Let H 2’2 be the hard model introduced before Lemma 5.8, and
put D, > = —iVy, — eA>.(x,). The soft-vacuum expectation and (14) give the
exact identity

N 2
Te(H*'T,) = p, (@, H2®,) + Tebi. (139)
T

In particular, every @, is in the hard-model form domain and the displayed sum of
nonnegative form energies is finite.

The soft one-photon space ) is infinite dimensional. Choose an orthonormal
family (f,) in it, write 7, = a'(f,)Q<., and consider

U, = qu)r@nw (140)
™
The vectors @, ® 7, are orthonormal, so the series (140) converges in norm to a
unit vector. We show that it also converges in the form norm of H%9, so that ¥,
lies in its form domain QOpp.

Each term of the series has exactly one soft photon. Identify ., with the
one-photon sector of F., and let ¥ € ﬁé\{ ® F>r ® H<p. For almost every X =
(x1,...,Xn), the value ¥(X) lies in F>,, ® H<,, and AL, (x,,) acts on it as al(g) +
a(g) on the soft factor, with g = 1y,<.3G% . The vector af(g)¥(X) has two soft
photons and a(g)¥(X) has none, so these two vectors are orthogonal. Together
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with the CCR [laf (9)¥(X)||* = [|gl* [ (X)[* + la(9) ¥ (X)|[* and [la(g)¥(X)
Igll[Me(X)]], this gives

lla*(9) + alg)] T X)I* = lgl* T XN + 2[lalg) ¥ (X)|* < 3llgl|*[1¥ (X))

By (14) restricted to {w < s}, the sum of ||g||* over p is b2. Summing over u and
n and integrating over X therefore gives

| <

N

D IRk (xa)W|* < 3N W%, (141)

n=1
Consider a finite partial sum V; = > _;\/p, &, ® .. Both ¥y and D,, >,V
have exactly one soft photon, while 2., (x,)¥; has zero or two. Since D,, =
D, >r — eA . (x,), it follows that

(Dron¥r, Acw(x,)¥7) =0, [Dp¥s]* = Dy >nWr* + €| (x) W1
Since the tags n, are orthonormal, tracing out the soft photons gives
Trey V) (U] = Zpr|¢’r><¢)r|~ (142)
rel

The hard model Hg’g acts only on HY ® F>,, so

(U, HEWp) = > po(®,, H2D,).
rel

By the identity for ||D,,¥;||?, the rest of (¥, H%'W;) is —Z 126« (%)Y 1%,
which (141) bounds, plus the soft radiation energy. Since w < k on )<, the latter
satisfies (W1, Hraa,<x V1) < K[| ¥/]|? = K e Pr- Hence

<\III; HOVO\I/I> < Zpr<q)ra H%;S(I)r> + ( + b2) Zpr (143)

rel rel
Applying this bound to tails, together with (139), proves convergence of (140) in the
full form norm. Hence ¥, € Qpy is normalized and retains electronic antisymmetry.

Letting I increase to all indices in (142), by continuity of the partial trace in
trace norm, gives

Trep | V) (Us| =7 = Trep T
So ¥, and I'; have the same reduced state on electrons and hard photons.

We next prove that ¥, and I', have the same density and combined cur-
rent density. Put U2 = @&, @ Q,, so that T,y = > p,[P2)(¥?], and let T =
> rer P U (WY Let v € C°(R?) and A € C2°(R*;R?). Integrating (33) and (36)
against v and A gives, for every ¥ € Qpy,

/ vpy = N{¥,v(x1)¥), A -ji, = NRe(¥,A(x1)-D17). (144)
R3 R3
Write D1 = D1 >, — e (x1). The operators v(x1) and A(x1) - D1 >, act only
on f_)é\l’ ® F>,. Since the tags are orthonormal and ., is normalized,

(Yr,v(x1)¥p) = Zpr v(x1)PY),
rel
(U1, A(x1) -D1>:Vp) = Zpr Dy >, V0.

rel



78 M. A. CSIRIK, A. LAESTADIUS, M. PENZ, AND E.I. TELLGREN

The soft field contributes to neither state. The vector 2., (x1)¥; has zero or two
soft photons while ¥ has one, and 2, (x1)¥? has one soft photon while ¥¥ has
none. Hence

(Wr, A(xr) - Ao (x1)Wr) = (V7 A(xr) - Ay (x1)W7) = 0.
By (144) and linearity in the state, the last three displays give

/ qu,[:/ vpr,, / A-ij,I:/ A-jr,. (145)
R3 R3 R3 R3

Now let I increase to all indices. Then |U;)(U;| — |¥,)(¥,| and I'; — T in trace
norm. All these operators have trace at most one, and their energies are bounded
uniformly in I, by (143) and by Tr(H*°T';) < Tr(H°°T). Hence (112) and (113)
of Lemma 5.2 pass both sides of (145) to the limit. Since v and A are arbitrary,
¥, and I';, have the same density and combined current density. Together with
Lemma 5.8, this gives

(pv,.,iv,) = (pr..ir,) = (pr,ir)- (146)
Passing to the limit in (143) and subtracting the vacuum contribution in (139) gives
(U, HOU, ) < Tr(H"'T,) + K + NebZ. (147)

The last two terms tend to zero as x | 0, since b, — 0 for every form factor.

Finally, let N> = dI'(1{,>x}). The soft tags have exactly one photon, so
(U, NU,.) =14 Tr(N>x7,). Tracing (126) over Fo,, gives Trep < 'y = Trel < T,
50 Tr(N>,vi) = Tr(N>,I'). Thus

(U, N, =1+ Tr(Ns,T) <1+ & Tr(Hpaql') < oo (148)

Together, (138), (146) and (147) prove (59) by choosing x sufficiently small.

Fix (p,j°) € X x Y, and let I € D satisfy (pr,jt) = (p,j°). The pure states
in (59) are admissible in (52), so F5¥ 1 (p,j) < Tr(H"T) + § for every § > 0.
Taking the infimum over I' and using (57) proves Fpii 1 (p,j¢) = ﬁgiﬁ‘L(p,jc). If
no such I' exists, then no admissible pure state exists either, since |¥)(¥| € D for
every normalized ¥ € Qpp. Then F5i 1 (p,J¢) = ﬁ;’ﬁi (p,j°) = +oo. The equality
with F5py(p,j€) follows from Theorem 4.8. If F5i 1 (p,J°) < oo, equality of the
two searches identifies a pure minimizer at (p,j°) with a rank-one minimizer of the
total mixed-state problem, in both directions. O

Proof of Corollary 4.11. Properness, convexity, and norm lower semicontinuity fol-
low from (60) and the corresponding properties of Fg5i (p,j¢). Every pure state
defines a rank-one density matrix, and (59) provides, for every mixed state, a finite-
energy pure state with the same density and combined current density. This proves
the first equality in (61). Since Tr(HO’OI‘) < oo for every IT' € D, the middle set
in (61) is the domain of FEX , and (58) identifies F5X with FSX . This proves
the second equality. The pure-state class is therefore the domain of the convex
functional Fg5y , hence convex.

Fix any mixed-state minimizer T, at (p,j). By Theorem 4.8, it has finite mean
photon number. For 0 < k < 1, let U, be the pure state (140) built from T',
in the proof of Theorem 4.10. That is, first remove the soft photons from I', by
Lemma 5.8, then attach orthonormal one-photon soft tags to the eigenvectors of
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the result. Choose a sequence x; | 0 and put ¥; = ¥,... By (146), (pq,j,jfpj) =
(pr.,it.) = (p,j°) for every j. By (138) and (147) and b,; — 0,

limsup(¥;, H*00,;) < Tr(H"'T.) = Fe (0, 5%),
Jj—oo
where the equality holds because I', is a minimizer, by (58) and (60). Each ¥;
is admissible in (52), so (¥;, H*OW,) > F5X 1 (p,j°), and hence (¥;, H*OU,) —
Fepin(p,3€). Since N>, <N, (148) and the photon-number bound in Theorem 4.8
give (62). O

Proof of Proposition 4.12. Let © be the time reversal (190), with the properties in
Proposition A4, and let Zy :={p>0: [os p=N, \/p € H'(R*)}. We first show
that, for either F' € {FprLL, FprL}, every p € Iy, and every j° € Y,

FX(p, ) = F%(p, =§%),  F*X(p,0) < F*X(p,§°). (149)

Evenness of both functionals in the current density is (194). For the PFL func-
tional, convexity then gives

FERL(0.0) < 5 [FERL(05%) + B (0 —39)] = FERL (0.5
This is (149) for Fppr. By (193), E(u,A) = E(u,—A), and concavity of E gives
E(u,A) < E(u,0) = E(u,0), proving (65) directly from (54). For the mixed-
state search, replace any I' by %(1" + OI'e©~1). This preserves its density and
energy and sets its combined current density to zero. Theorem 4.8 then gives (64),
including the mixed-state minimum. The minimizing density matrix can be chosen
time-reversal invariant. The density bound makes p € Zn necessary for finiteness.
Conversely, every p € Iy has a finite-kinetic-energy electronic representative [33].
Vacuum embedding and the same averaging then give a finite-energy density matrix
at (p,0).

For the PFLL functional, to prove minimality at zero current density, take any
normalized ¥ € Qpp with pair (p,j°) and form

I'y = %(|\I/>(\IJ| + |0v)(0Y|).

This density matrix has pair (p,0) and energy (¥, H*OW). For every § > 0, the
approximation statement (59) supplies a normalized pure state &5 with the exact
pair (p,0) and

(s, HODs) < (U, HOOW) + 6.

Letting ¢ | 0 and taking the infimum over ¥ proves (149) for Fpgry, without using
its convexity or its equality with Fpgr,. Taking the infimum over all pure states of
density p gives (63). The density bound and the same construction applied to a
vacuum-embedded electronic representative give the finite domain Zy .

Finally, apply (59) to a PFL optimizer at (p,0). Letting the energy error tend
to zero gives Fppiy(p,0) < FgiX (p,0). The reverse inequality follows from (57).
Only the constructive approximation is used here, not the general equality of the
two functionals. O
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5.10. Properties of optimizers.

Proof of Proposition 4.13. For h € $,, with h/\/w € $Hpn, the annihilation esti-
mate and Cauchy—Schwarz in a spectral decomposition of I" give

| Tr(a(h)D)] < A/ V& (Tr(HaaD)) 2. (150)
Thus all linear traces below are well defined, even without finite mean photon
number.

For (i), put g; = >°, J uf (x)Gidx and A = (Jur-2A,..., [u, - A), so that
Ju; - A = &(g;) and, as in Section 3.3, g; € D(w). By the symmetry of the
form factor, all scalar products among the kernels g;, wg;, and G% are real. By
Proposition A.6(iii), the components of 2 therefore strongly commute with each
other and with every 2*(x), so

Ut = eit@(ﬁ)’ t G R7
is a photon unitary commuting with every 2A*(x). It commutes with each D,
and leaves the density, the paramagnetic current density, and the conditional field
expectations unchanged, hence also j¢. For £ € R, €% = W (i Zj &595), and the
pointwise shift (217) gives

a(k, N)els ¥y = % (a(k7 Mn+1Y &gk, A)n)7 1 € D(v/Hraa)-
j=1

Since e*¢ — 1 € S(R™), integrating this identity against its Fourier transform, and
using closedness of the annihilation map, gives

all, U = U (al, N + i8S 0506 ) (@50) (20)n).
j=1

As g; € D(w), U, preserves D(y/Hyaq), hence Qpp, and only the radiation energy
changes. Recall that [u; - €, = —i(al(wg;) — a(wg,)). Squaring and integrating
against w gives the expansion below. In its linear term we used that the commutator

[a(wg), (0;) ()] = > (wgs, 91) (019, 0)(A)
1=1
is self-adjoint:

Tr(HO’OUtI‘UD Te(H°°T) tZReTr( 5[)/uj.eL r)

83 (Vg T (0,9)()(01) (BT,
jl=1
Optimality at ¢ = 0 proves (66).

For (ii), apply (i) with n» = 1, u; = u, and ¢(q) = my(q/m), where ¢ €
S(R) is real with ¢'(0) = 1. Then ¢ fu A) = ¢'(m~! [u-A) is bounded
uniformly in m and converges strongly to 1 as m — oo. Since I has ﬁnlte radiation
energy, dominated convergence over a spectral decomposition of T" gives Re Tr ( Ju
&) 1") = 0. This trace is real, because [u- & is self-adjoint, which proves (67).

For (iii), suppose first that j = 0. By (64), T also minimizes the internal energy
among all density matrices with density p. For any f € D(w), Corollary A.8 shows
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that W (tf)TW (tf)! has density p, and that its internal energy is the quadratic
polynomial (220) in ¢, with linear coefficient 2Re Tr(a(wf)T') — e [ ¢y - j°. This
coefficient vanishes. Since j¢ = 0, using both f and if gives Tr(a(wf)I') = 0. For
any h as in (150), set

hm = 1{m*1§w§m}ha fm = hm/w € D(w)

Then ||(hp — h)/v/w| — 0, so (150) shows that Tr(a(h)T') = 0. Taking h = G%
proves the pointwise assertion for A, and taking h = gy xy proves it for 2.
Finally, if j = pV.S, the gauge covariance identities (197) to (199), applied
to spectral decompositions, show that U,SI‘Uis is an optimizer at (p,0). The
electronic unitary U_g leaves the photon reduced state unchanged. All coherent
photon amplitudes therefore agree with those of this zero-current optimizer. O

Proof of Proposition 4.14. (i) The vacuum product \/p ® €2 has finite energy and
pair (p,0). By Theorem 4.8 an optimizer I'y at this pair exists. Gauge covariance
with S(x) = q - x maps it to an optimizer at (p, pq). Proposition 4.13 gives the
claimed fields for every optimizer there, and direct differentiation gives the diver-
gence.

(ii) Write ¢ = |/p. For any finite-energy density matrix I' = ) _p,|¥,.)(¥,| with
density p, integration by parts gives

3 1
Te(HOF) = 2+ 3 3 prll @ + )0, |2 + Tr(Hyaa).
T

Indeed, [ |x|?p = 3/2. The identity follows first on smooth vectors and then by
approximation in H!ND(|x|). The state ¢ ®( attains 3/4 at (p,0). Equality forces
each occupied vector to be ¢ ® &, and ker Hy,q = Span{Q} then forces the density
matrix to be |¢ ® Q) (p @ Q]. Gauge covariance is a bijection of the optimizer sets
and proves (68) and its uniqueness.

Suppose that Uy were an eigenvector of some admissible H vA with eigenvalue
E. Removing its electronic phase makes ¢ ® €2 an eigenvector with vector potential
A = A+q€ L34+ L>® At e = 0 the photon vacuum decouples. Taking the
real part of the weak electronic eigenvalue equation, tested against real compactly
supported functions, gives

1 1
—5A8p+ v+ AP ) ¢ = By
2 2
Since ¢ > 0, this implies

x[* -3
2

1 A
v+ CAP=E+ -2 =E+
2 2¢

The left-hand side belongs to L3/2 + L>°, whereas the quadratically growing right-
hand side does not. This is a contradiction. Finally, time reversal maps the con-
straint (p, pq) to (p, —pq), so uniqueness at (p, pq) does not imply time-reversal
invariance. g

Proof of Proposition 4.15. (i) By Proposition A.4, © commutes with every Ugr, and
©% = 1. Thus g — V, is a strongly continuous representation of G' by unitary and
antiunitary operators. By (180) to (182) and (193), each V, preserves Qpp and the
energy, and maps a density matrix with pair (p’,j’) to one with pair (p'ocRT, sRj’ o
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RT). For g € G the pair (p, j°) is fixed, so V, maps optimizers to optimizers, with
inverse given by V,-1.

Let T be an optimizer, and let dg be the normalized Haar measure on G. Since
Vy commutes with HO%9 the map

g VH + 1V, DV, IHOO +1 =V /HOO + 1TV/HO0 + 1V,

is continuous in trace norm. Hence

er/ V,T'V, 'dg
G

is a density matrix with vVH99 + 1TgvVHO0 + 1 trace class. As in the proof of
Corollary A.8, the energy and the pairings of the density and of the combined
current density with bounded test functions are continuous linear functionals of
VHO9 +1TvHO%0 +1 in trace norm. They are constant along the orbit, so they
pass to the average, and T'¢ is an optimizer at (p,j°). Invariance of Haar measure
makes it G-invariant.

(ii) Every G4 lies in 3. By (208), the field acts only on the first factor, and
H,,q is the sum of the radiation energies of the two factors. Replacing an optimizer
T by the partial trace of I" over the second factor, tensored with |Qg)(Qg|, therefore
preserves the density, the combined current density, and every term of the energy
except the radiation energy of the second factor, which it removes. Optimality
forces that term to vanish. Since w > 0 almost everywhere, the radiation energy of
the second factor has kernel spanned by g, so every eigenvector of I' with positive
eigenvalue has Qg as its second factor. [

Proof of Proposition 4.16. The competitor in (134) has exactly the same density
and combined current density as I'y. Optimality therefore gives

0< Tr(H*)T,, —T.)) < —1E.(k) + C(k* +1}),

which proves (69) after changing C. No supporting external potential is needed.
Tonelli’s theorem and U, (¢) = eN. () give the exact identity

Na(r) = B0 /OR E;(t) dt.

K

The form factor contribution obeys a second Tonelli identity,
bi-ﬁ-/ﬁbgdt:/ W(k)‘zdk:ag.
K 0 t2 w<k w(k) "

Together these prove (70). Finally, for the hard cutoff and x < A, b2 = 27x? and
a? = 4nk. ]

5.11. Zero coupling.

Proof of Theorem 4.17. Throughout the proof, H*? is evaluated at ¢ = 0. The
equality Fop | = FpiX follows from Theorem 4.10. It remains to prove Fop =
Fygr and the attainment criterion.

Step 1. The lower bound FP(’)’FXLL > Fyr. Let ¥ € Qpr be normalized and
suppose that (pw,jy) = (p,j?). Its electronic and photon reduced states are

Fcl = TI'ph |\I/><\I/|, th = TI‘CI |\I/><\I/|
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The partial-trace identity for positive observables (6), first for bounded spectral
truncations and then by monotone convergence, gives

(U, H*°U) = Tr(H)Te1) + Tr(Hyaalpn).

In particular, I's; has finite electronic energy. It has the same density as W: for
v € C°(R?) and the bounded operator V = > v(x,) on HY

el
[ v = 0. @ 15,00 = Te(vTa) = [
R R

VPT; -
3
It also has the same paramagnetic current density. Indeed, insert a Schmidt de-
composition ¥ =}, /p; ®; ® E;, for which I'es = 3~ p;j|®;)(®;| by (4), into (34).
The gradient acts only on the electronic factor, and (Z;, Zx) = J,5 removes all cross
terms, so

%= pih =it
J

The convergence of these series is checked in the proof of Theorem 4.4, which holds
for every e > 0. Consequently, (pr,,,jp_ ) = (p,J?), and

(W, H*°W) > Tr(HOTa) > Fyr(p,iP).

Taking the infimum over admissible ¥ gives FS’FXLL(p,jp) > Fyr(p,jP).
Step 2. The upper bound FS%XLL < Fyr. We purify an arbitrary admissible
electronic density matrix with soft photons. Each of its eigenvectors is paired with
its own one-photon state, the photon states being orthonormal and supported at
momenta below €. The resulting pure state has this density matrix as its electronic
reduced state, and hence the prescribed density and current density. Its energy
exceeds the electronic energy only by the photon energy, which is at most € and
can therefore be made arbitrarily small. This is the one-photon purification (88)
used in the proof of Theorem 4.4 to prove the reverse inclusions in (45) and (46).
There the purification only had to realize the prescribed pair with vanishing field-
induced current density. Here, at e = 0, the energy form factorizes, so we can also
compute the energy of the purified state exactly.

More precisely, let I' be any admissible electronic density matrix of finite energy.
Writing only its nonzero eigenvalues, its spectral decomposition is

F:ij|‘1)j><¢’j|a pj >0, ijzl, r € NU {oo}.
Jj=1 j=1
The vectors ®; are orthonormal, belong to Q(HY), and satisfy
> pi(@;, HY®;) = Tr(HQT) < oo.
j=1

Fix € > 0. The one-photon space over the region {0 < |k| < e} is infinite dimen-
sional, so it contains an orthonormal family { f5}i=1- Put

25 =al(f5).

Then the Ef are orthonormal one-photon vectors and

(55, HradZ5) = (f5, [K|f}) < e
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When r = oo, consider first the finite sums

M
on =Y b @
j=1

For L > M, orthogonality in both tensor factors and the form factorization at e = 0
give

1We = Cen||?+ (Per — o, HOO(W. = We ap))
= Z Pj (1 + <(I)j7 Hgl(bj> + <E§7 HradE§>) :

M<j<L
The series on the right is summable. Hence the partial sums converge in the form

norm to a normalized vector. When r < oo, this vector is simply the corresponding
finite sum. In either case,

T
U, = Z’/pj(pj ® Ej € Qpr.
j=1
Hilbert-space convergence implies trace-norm convergence of the corresponding
rank-one density matrices, and the partial trace is trace-norm continuous. Tak-
ing the partial trace first for the finite sums and then passing to the limit therefore
yields

T
Tron [We)(Ue| =) pj|®;)(@;| =T
j=1
Thus ¥, has precisely the prescribed density and paramagnetic current density. Its
energy is

(U, HOOW,) = )+ ij [klIf5)

< Tr(H F)

Since W, is admissible for FPO?LL(p, jP), taking the infimum first over admissible T’
and then letting € | 0 gives FPFLL(p i?) < Fyr(p,j®).

Step 3. Characterization of attainment. Suppose that a normalized ¥, attains
the infimum on the left-hand side of (73). Its electronic marginal is admissible for
the electronic minimization, and hence

0= (0., H"%W,) — Fygr(p,j")
= [Tr(H Celw, ) - FVR(ijp)] + Tr(Hraal'pn,v. )-

Both terms on the last line are nonnegative, so they vanish separately. Thus I'c; v,
is an electronic minimizer and

Tr(Hraalph,w.) = [V Hraay/Tpn v, &, = 0

It follows that the range of \/I'ph w, lies in ker Hy,q. Sector by sector, H,aq is
multiplication on the m-photon sector by Z;”:l |k;|, which is strictly positive almost
everywhere for every m > 1. Therefore ker Hyaq = CQ and T'pp, 0, = |Q)(€].

Since a pure state with a pure marginal is a product state, (5) gives U, = d®
for a normalized ® € Q(HY), and its electronic marginal |®)(®| is a rank-one
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minimizer. Conversely, if |®)(®| is a rank-one electronic minimizer, then ® ® Q is
admissible and attains Fpps | (p,jP)- O

Proof of Theorem 4.18. Throughout the proof, the coupling and form factor are
displayed in the notation H, g;g.

Step 1. Comparison of the forms at couplings ¢ and 0. By (28), all these
forms have the same domain when the form factor is fixed. Expanding the covariant
kinetic energy on this domain gives

<\Ija HS;)?\I/> - <\Ila H872W>

N 2
=—e) Re((—iVy, )V, A(x,)T) + 5 > (126 (x|

For normalized ¥, positivity of the zero-coupling form and (20) imply

N
D=1V, ) WP < 2(0, Hy ) 0),
n=1

and

N
3 (%) T2 < NC, (<\11,H3;§\1/> + 1) .
n=1

Cauchy—Schwarz therefore gives a constant C', depending on N and the fixed form
factor but not on e or ¥, such that

(W, HEOW) — (W, HYOW)| < Cle+¢) ({0, HQW) + 1)

For all sufficiently small e, the same estimate can be rearranged as
(U, Hy VW) +1 < C (U, HOOU) +1).

It follows in particular that a sequence with bounded Hg};?x energy has bounded
zero-coupling energy and that the difference of the two form expectations tends to
zero along that sequence.

Step 2. The lower bound (i): electronic marginals. It suffices to consider a
subsequence on which the liminf in (i) is finite. Choose normalized ¥}, satisfying

e . ek, . ]-
(p‘l/kv.]‘l!k) = (pka.]k)7 <\Ijk7Hg;;(,)X\IIk> < FPIIEIi(L(pkaJk) + E

The preceding comparison gives a uniform zero-coupling energy bound. Set
L = Trpn [Wg) (Wl
The zero-coupling factorization used in Theorem 4.17 yields
(U, Hyv W) = Tr(HOTk) + (Ui, Hrag ).
In particular, the electronic form traces and the photon energies are uniformly
bounded.

The electronic marginal has density pi. Its paramagnetic current density is not
exactly ji, but (36) gives

. . . «ph
ir, =%, =Jr — iy,

-ph

i, [? )

——— S Cek.
R3 Pk

By (39),
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Since [gs pr = N and the weakly convergent sequence (py) is bounded in X, hence
in L3, Holder’s inequality gives

.ph 1/2 oh 1/2
35y < N2 / B, I 52 a2 < o]l / B
el = RS Pk ’ e l13/2 = NPkl R: Pk

Consequently,

5 —0 inY, j2 —j weaklyin.

Step 3. The lower bound (i): compactness of the marginals. We now use
compactness only on the electronic space. The densities are uniformly tight: with
Br = {x: |x|] < R},

lim sup/ pr = 0.

R—oo Bg,

Indeed, since L>° C X*, testing pr — p against the indicator of B gives

/ Pk — P
B BS,

R
for each fixed R. Choose R first to make the latter integral small, and then enlarge

it to handle the finitely many initial indices; the integrals on the left decrease as R
grows. As in the proof of Lemma 5.7, the elementary inequality

N N
1- H 1BR(Xn) = 1{max,,, |xn|>R} < Z 1B§(Xn)v

n=1 n=1

tested against I'y, converts this into a bound on the probability that some electron

lies outside Bg:
N
(1 - H 1BR(Xn)> Fk] < / Pk-
n=1 B

R
Equip Q(HY) with the Hilbert norm generated by ® — (®, (HY + 1)®). The

uniform electronic form bound means that, for every orthonormal basis (1;) of H,

> H\/sz/)jlle(Hgl) =1+ Tr(Hgls) < C. (151)

J

Tr

Choose 0 < nr < 1 smooth, equal to one on Br and supported in Byg, and put
Xr(X1,...,Xy) = ngl Nr(Xn). Then

I = x VIR, < T (=) < [

B

For fixed R, local Rellich compactness makes multiplication by xr a compact map
from Q(HY) to HY. Hence, for every § > 0, there is a finite-rank orthogonal
projection S such that

11 = S)xrllgagy—oy < 6
Now split

(1-8)VTr = (1—S)(1—xr)VTk + (1 - S)xrVTs.
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Since |1 — S|| < 1, the Hilbert—Schmidt norm of the first term is at most |[(1 —
Xr)VTk|ls,. For the second term, each /T'x1; lies in Q(HY) by (151), so the
operator-norm bound on (1 — S)yr gives

— ) xrVTrllE, = D 101 = S)xrvV/Tity* < 83 VTRl ) < €8
J J

Together,
SUPH (1=5)VTkles, SSUPH 1—xr)VTk|e, +C%6.

First choosing R large and then § small makes the right-hand side arbitrarily small.
Since 1 — S is an orthogonal projection,

Tr((1 - S)T%) = (1 = S)VTil,,

so for every € > 0 there is a single finite-rank orthogonal projection S with
supy, Tr((1 — S)T'x) < e. This is the hypothesis of Lemma 5.1. By the compression
estimate (110), every Iy lies within 24/ in trace norm of its compression ST'\S.
These compressions are positive and have trace at most one, and each A = ST.S
satisfies A = SAS, that is, it vanishes on (ranS)* and maps into ran S. They are
therefore operators on the fixed finite-dimensional space ran S, extended by zero,
and so lie in a compact set. Since ¢ is arbitrary, (I'y) is precompact in trace norm.
After passing to a subsequence,

I, — T in&(HY), T>o, Tl =1.

Step 4. The lower bound (i): passage to the limit. We pass both the full
electronic form and the constraints to this limit. The Powers—Stgrmer inequality
gives VT, — VT in Gy(HY). By (151), Tk, regarded as a Hilbert-Schmidt
operator with values in the form domain, has a weakly convergent subsequence.
The continuous embedding Q(HY) — ﬁé\{ and the strong G5 convergence identify
its weak limit with v/T. Weak lower semicontinuity therefore yields

Tr(HJT) < likrgi;éfﬁ(Hgle).

This applies to the full electronic form, including the Coulomb many-body interac-
tion.
Moreover, —iVy, is a bounded map from Q(HY) to (HX)3. Hence

(=iVy, )V Tk — (—iVy, )VT in the corresponding Hilbert-Schmidt space.

Trace-norm convergence passes the density against every bounded multiplication
operator. For every real A € C°(R3 R?), strong convergence of A(x;)y/T and
the preceding weak convergence give

/RS AP = NRe(A(x1)VTk, (-iVi, )VTk) o,
— NRe (A(x:)VT, (-iVy )W) g, = [ A-jR.
R3

Since L™ C X* and C°(R3,R3) C Y*, the weak convergences pr — p in X and
j?k — jin Y also hold against these test functions. Since p; = pr,, uniqueness of
limits therefore gives

(pr,dr) = (p,J)-
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Using the approximate minimality, the form comparison, and the nonnegativity of
the photon energy, we conclude that

hkfgg.}f Foiis (pr,di) > hkrgloréf <<‘I’k7 HS{,?X‘I’H - k)

= lim inf (¥, Hy0W})
k—o0 X
> Tr(Hgl') > Fyr(p.j)-
This proves (i).
Step 5. The recovery bound (ii). Suppose Fyr(p,j) < oo and fix § > 0.
Choose an admissible electronic density matrix I's with
Tr(HTs) < Fyr(p,j) + 6.

Apply the construction in (88) as detailed in Step 2 of the proof of Theorem 4.17,
choosing all photon tags in {0 < |k| < §}. The resulting normalized vector Uy
has electronic marginal I's; and photon energy at most 0. It lies entirely in the
one-photon sector: for an infinite-rank I's, this follows because every partial sum
has that property and the one-photon sector is closed. Since 2((x) maps this sector
into the orthogonal sum of the vacuum and two-photon sectors, (¥, A(x)¥s)x = 0
almost everywhere. Thus

pu,=p By, =0 G =00 (Vs Huals) <4

It therefore represents the same combined-current pair (p,j) at every coupling and
belongs to Q(HY») for every e > 0 by the common form-domain identity. The
electronic derivative preserves photon number, whereas 24(x,,) changes it by one,
and hence

Re((=iVx, )Us, A(xp)¥s) = 0.
For almost every X, the photon factor is ¥5(X) = af(1)Q for a one-photon vector n
supported in {w < d}, with ||n|| = ||¥5(X)]|]. The canonical commutation relations
give
12 (x)a" (m)QU* = IGLIInll* + 21 (G m* < (IGEIP + 20|12 <5y GEI1?) Il

Summing over p by (14), applied also to 1¢, s} X, and integrating over the electronic
variables gives

126(¢n) s |* < IR + 2011 <oy X1
Expanding the positive-coupling form now gives

Fotn(pd) < <‘I’6,H£,’2‘1’5>

2 N
e
= Tr(HglI‘(s) + (W5, HraaVs) + 5 Z 120 () Ws 2

n=1
. e’N _
< Fyr(p,j) +26 + T(HX||2 + 2| 1<y XI1%)-
Since X € L?(R?), letting 6 | 0 at fixed e gives explicitly
e . o, N
FiRip(p:3) < Fur(p.d) + 5 IX)1%e%,

which is the quantitative estimate in (ii). The same construction proves (p,j) €
TN~ for every e > 0.
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Step 6. The zero-coupling limit. Applying (i) to the constant constraints and
combining it with (ii) gives the asserted pointwise limit on the effective domain. If
Fyr(p,j) = +oo, (i) applied to the constant sequence shows that the limit is +oc.
Finally, since j¢ = jP at e = 0, (45) gives jo X = jN mixs and (73) identifies the
limit with FOi . . 0
5.12. The long-wavelength (dipole) limit.

Proof of Theorem 4.19. For a finite-rank positive operator I' whose range lies in
Opr, the density pr and the current densities jp:° and j%"d are defined as for density
matrices, also when TrT' < 1. All constants below may depend on N, e, and the
fixed form factor, but not on € € [0, 1].
Step 1. Uniform bounds and fixed-state convergence. The field bounds
(14) and (20) are uniform in the spatial argument. The proof of (27) therefore
gives

W, < (0, HOOW) + 9] < Clu),, . (152)
In particular, the form-domain identification is uniform in €.

Define the modulus
3

a0 =Y sup (IIG’; —ol+

nwo_ H
H G§ — Gy
=1 lyl<r

e

The continuity following (14) implies d(r) — 0 as r | 0. If ¥ is supported where
|x,,| < 2L for all n, then

) . (153)

Zn (%) — () V|2 < Cd(2eL) (| Hraa?]® + ¥]).  (154)

Indeed, for almost every X in the support of ¥, we have ¥(X) € D(v/H;aq) and
\{—:xn| < 2¢L for every n. Fix such X, an index n, and a component p, and put
= GY, — G} Since the Segal field is real-linear in its argument,
(A (ex) — A(0)) ¥(X) = (a¥(9) + alg)) ¥(X),

and the definition (153) gives ||g|| + [lg/v/w|| < d(2¢L). The bounds (18) and (19),
applied with g in place of G¥%, therefore yield

| (2 (ex,) — 24(0)) ¥ (X) || < 2ll9/ Vel || v/ Hrad ¥ (X)]| + [|g]| [|¥(X)]|
<2d(2EL)<H Hiaq¥V( )H“‘H‘II(X)H)

Integrating over X, and using ||vHaa¥|? = [ ||V Hraa¥(X)[|?dX because Hyaq
acts only on the photon variables, gives (154) with C' = 24N. Expanding the
differences of the squared covariant-derivative norms, and using (152), gives

(W, HOOW) — (0, Hy®)| < C(d(22L) + d(2 L)) (0, HOOW) + [W]|?).  (155)
The same estimates hold after summing over any finite-rank positive operator with
this electronic support.

For a fixed ¥ € Qpy, the field difference instead converges without a support
assumption:

[(A(exp) — AONT| — 0, (¥, HIOW) — (U, Hq ). (156)

Indeed, for almost every electronic configuration X, ¥(X) € D(v/Hyaq).- The esti-
mates (18) and (19) and the continuity of the kernels give pointwise convergence
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on these fibers, dominated in squared norm by C(||v/Hyaq ¥ (X)]|? + ||[¥(X)|?). In-
tegration and then expansion of the kinetic form prove (156).
The current convergence is in the full space Y. For a normalized pure state, put

be,w (x) = N||(A(ex) — A(0)) %,

where the partial norm || - ||x is summed over the three field components. Pointwise
Cauchy—Schwarz and Hélder’s inequality give

ie" 3wl < evpuv/bew,
cce scd
135" =35 lly < e(VN +[IvVpulle)llv/bwll- (157)
For a density matrix, define b, r by linear extension. Cauchy-Schwarz over the state
labels proves the same estimates with W replaced by I'. The Hilbert-space-valued

Sobolev inequality bounds ||\/pr|l¢ by the square root of the ordinary electronic
kinetic energy. Consequently

ot — it my,  Tr(HYT) — Tr(H4T) (158)

for every fixed finite-rank density matrix of finite form energy. Moreover, by (154),
the current difference in (157) tends to zero uniformly on electronically supported
density matrices of bounded energy whenever eL — 0.

We will also use the uniform bound

lprlls + 138" lla/2 + I3Elh < C(1 + Te(H2T)) (159)

for every density matrix T with Tr(H2°T') < co. To see this, regard the weighted
state vectors of a density matrix as a single vector in a Hilbert-space direct sum.
Its electronic derivative is controlled by (152), and its covariant derivative by
Tr(H£7OI‘). Sobolev and Holder then give (159), exactly as for pure states in
Proposition 4.1.

Step 2. Finite-rank approximation of the convex relaxation. By (74), the
epigraph of Fppr, . is the norm-closed convex hull of the epigraph of Fprr1, .. Thus,
whenever Fprr,<(p,j°) < oo and § > 0, there is a finite-rank density matrix T,
made from states in Qpy, such that

lor — pllx + 1565 iy <8, Te(H'T) < Forve(pj9) +5. (160)

To obtain this, approximate an epigraph point by a finite convex combination of
epigraph points of Fprrr, ., and choose an almost minimizer in each of the finitely
many pure-state searches. No attainment of either search is used. Conversely,
convexity and Fprr,. < FprrL,c give

FprL,e(pr,jp°) < Tr(H2T) (161)

for every such finite-rank density matrix.

Step 3. Lower bound along weakly convergent sequences. Suppose € — 0
and (px,j5) — (p,j°) weakly in X x Y. If the energy liminf is infinite, there is
nothing to prove. Otherwise pass to a subsequence on which the liminf is a finite
limit and all the functional values are finite. The case of infinitely many ¢, = 0
follows directly from weak lower semicontinuity of Fy, so we may assume & > 0.
By (160), choose finite-rank density matrices I'y, such that

lor, —prllx + I —iilly <&7',  Te(HYTk) < FerLe, (pr,Jf) +k " (162)
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Their energies are uniformly bounded. Since L>*° C X*, pr, converges weakly in
L' to p. Positivity and the test function 1 show p > 0 and [p; p = N. Testing
against the indicator of the complement of a fixed ball gives

/ pl"k — 14
|x|>R |x|>R

for every fixed R > 0. Now let > 0. Since p € L', there is Ry with fIX\>Ro p <,
and the convergence just displayed, with R = Ry, gives an index K such that
f‘x|>RO pr, < n for all k > K. Each of the finitely many densities pr,, ..., pre_,

is integrable, so there is R; > Ry such that fIX\>R1 pr, < n also for k < K. Since

these tail integrals do not increase with the radius, sup, fl g T, < 1 for every

x|>
R > Ry. As n > 0 was arbitrary, this proves

lim sup/ pr, = 0. (163)
R—oo |x[>R

Choose a smooth real h : [0,00) — [0, 7/2], equal to zero on [0, 1] and to 7/2 on
[2,00). With |X]? = ij:l |x,,|?, define, for & > 0,

0=(X) = cosh(VE|X]),  0(X) = sin h(VE [X]).
Both multipliers are smooth and permutation invariant, and 6. equals 1 where
|X| < e71/2 and vanishes where |X| > 2¢71/2. They satisfy

N
2+02=1, Y (Ve 0P + |V, b%) < Ce.

n=1
Since the multipliers commute with the field and the interaction, the covariant IMS
localization formula gives, for every ¥ € Qpp,
(0, H200. ) + (0.9, H20. )

N
— (0, g0 4 Vo 0.2 + |V, 0.12)||¥(X)]|2dX (164
= (¥, H, >+2 R3N2(| 2 0c)? + [V, 0c°) [ 0(X)]2dX.
n=1

The identity follows first on a form core and then by form-norm approximation.
We now show that the T'y, may be assumed to be supported where every |x,| <

2¢,. /2. By (162),
(prdy") = (pJ°) in X <Y, Tr(HGTr) < Ferve, (pr,Ji) +o(1), (165)
and we check that both properties survive localization by 6., followed by normal-

ization. If |X| > 6,;1/2, then |x,| > (Neg)~'/2 for some n. Hence (163) gives

0<Tr (gfkf‘k) < / pr, (x)dx — 0.
|x|>(Neg)=1/2
In particular, Tr(ﬁgk I‘k) =1-Tr <§§kI‘k> is positive for all large k, and we discard
the remaining indices. Positivity of the complementary localized form in (164)
yields
Tr(H00.,Tk0.,)  Tr(HYOT:) + Cep
Tr(ngI‘k) B Tr(@?kI‘k)

= Tr(H2'T}) + o(1),
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since the energies are uniformly bounded. Combined with the energy bound in
(165), this shows that the normalized localized density matrices satisfy that energy
bound as well.

For the constraints, the density difference pr, — pp. r,6., is nonnegative and has

mass N Tr (ggk I‘k). For the current density, differentiation of the real multiplier

0, contributes a purely imaginary term, which disappears from its defining real
part. Cauchy—Schwarz, including the state labels, thus gives

g = 35,0, I

N 1/2
< (N (1)) <Z TI‘(DIL’Ean,skI‘k)> —0.
n=1

The trace in this display denotes the squared-derivative form trace. Division by
Tr(HZkI‘k) changes the density by another N Tr(@?kI‘k) in L' and the current

density by o(1) in L', by the energy bounds. The original and localized densities
are uniformly bounded in L3, and the corresponding current densities in L3/2, by
(159).

If fx — 0in L' and (fx) is bounded in LP, 1 < p < oo, then f — 0in L' N LP.
Indeed, the L™ part of a dual test is controlled by L' convergence. For the L part,
approximate it in that norm by bounded functions and use the uniform L? bound.
Applying this observation to the localization errors proves that they tend weakly to

zero in X x Y. Thus the normalized localized density matrices 0., T'x0., / Tr(@?}c I‘k)
also satisfy (165), and they are supported where every |x,| < 25;1/ 2, Replacing
T’y by them, we may assume that I'y has this support.

Apply (155) with L = 5,:1/2, so that e L = /ey — 0. Since the energies are

uniformly bounded, this gives
Tr(HaT'y) < Tr(H2OT}) + o(1). (166)

Similarly, (154) and (157) give
i —Jey

Together with (165), this establishes

|y—)0.

.c,d . .
(pry,dr;) = (p,J°) in X x V.
The convex norm-lower-semicontinuous functional Fy is weakly lower semicontinu-
ous. Hence, using (166) and the energy bound in (165),
Fy(p.j°) < liminf Fy(pr,. v < lim inf Tr(HqL's)
< lim inf Tr(H2'T),) < lim inf e, (0, 35

This proves (75).
Step 4. Recovery sequences converging in norm. Let Fy(p,j°) < oo. By
(160), choose finite-rank density matrices T'™ such that

lprm = pllx + ligm =iy <m™,  Tr(HaT™) < Fa(p, i) +m ",

Using (158), choose a strictly decreasing sequence d,, | 0 such that, for 0 < & < d,,,,
y <m™h | T (HP°T™) — Tr(HaI'™)| < m™ 1.

«C,E .c,d
ligm — Jpm
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For 6,1 < € < Om, put (pe,j¢) = (prm,jgm). Define (pe,jS) arbitrarily for the
remaining, larger parameters. Then (p.,j¢) — (p,j°) in X x Y, and (161) gives

lim sup Frrr, ¢ (pe, jo) < limsup Tr (Hg’orm(€)> < Fa(p,j°).
0 el0
If Fy(p,j¢) = +oo, the constant sequence is a recovery sequence for the stated upper
inequality. This proves (76). The lower bound of Step 3 applies in particular to

norm-convergent sequences, so the result also implies norm-Gamma convergence.
O

Proof of Proposition 4.20. Let ¥ € Qpp be normalized, with Uy defined in (228).
By Proposition A.10, UJ;\II has finite electronic kinetic energy, p,ty, = pw, and
d

j}[}fq; = ij;d. The Coulomb multiplication form is unchanged. Hence the electronic
d

marginal v = Trpy |U§\I/><U£\I/| satisfies

Fyr(pe,igt) < Te(HYy)

N 167
= 3 S IDaa WP+ (8, W) < (1, Haw), e

where W = Y |%, — X[ 7!, The equality uses (229), and the last inequality
drops the nonnegative radiation energy ||v/Hyaq¥||?.

Taking the pure constrained-search infimum in (167) gives Fyr < Fpprr,a. The
electronic mixed-state functional is convex by mixing, and norm lower semicon-
tinuous by the electronic compactness argument in the proof of Theorem 4.18. Tt
is therefore bounded above by the norm-lower-semicontinuous convex envelope of
Fpyrr,a- By (74), this proves Fyr < Fy.

For the upper bound, take any finite-energy electronic density matrix 7y repre-
senting (p,j*4) and tensor it with the photon vacuum:

T'=~®|Q2){Q.

The vacuum field expectation vanishes, so (pr, jg d)

(p 7.]C’ ). The cross terms in
the covariant kinetic form also vanish. Since 2A*(0)Q = a

d
T(GH)Q, (14) gives exactly

Ne?
(D) = T () + 2 S a1 = () + XS o)

p=1

In particular, T' has finite energy, so it is a competitor in the mixed-state search
(81) at (p,j>9). Hence Theorem 4.21 gives

Fa(p, i) = Fa(p,j*9) < Te(HyT).

Taking the infimum over v in (168) proves the upper inequality in (77). The two
inequalities imply (78), and the hard-cutoff value follows from (11). O

Proof of Theorem 4.21. Fix a finite particle number N € N. First consider the
mixed-state search (81). Factor the photon Fock space at w = k, and write

9«[(0) = Q[ZK(O) + Q’l<l~t(0)7 Hyaqa = Hrad,Zn + Hrad,<n-
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As in the paragraph preceding (228), Proposition A.6(iii) shows that the three
components of each constant field strongly commute, and fields acting on the low-
and high-frequency factors also commute. With R = Zgﬂ Xp, put

Ve = eXp(—ieR ' m<m(0))a r,= (Tr<n VRI‘VJ) ® |Q<H><Q<N“ (169)

This is unitary conjugation followed by a partial trace and vacuum preparation, and
hence defines a positive trace-preserving channel. The multiplier Vj is permutation
invariant, so this channel preserves the antisymmetric electronic space.

The weak-derivative argument used for (232) gives

(—iVx, — eA5.(0)V, ¥ =V, D, 47, 1<n<N.

The high-mode radiation energy commutes with V. Pointwise unitarity preserves
the full electronic configuration density and hence the Coulomb energy. Taking the
low-mode partial trace preserves the density and combined current density, while
vacuum preparation adds the low-mode vacuum variance to each of the N kinetic
terms. Writing b, = [|1{w<p}X|| and E<.(T) = Tr(Hyad,<«I'), we obtain the exact
identities

.c,d .c,d
AT, = Pr Jr, =Jr >
Ne2 (170)
Tr(HyT,) = Tr(HyT') — E..(T) + 5 b2

In particular the output has finite form energy. No low-mode radiation form bound
on V, W is needed, since that factor is traced out. This observation avoids imposing
any electronic position moment.

Let m = Fy(p,j©%) < oo, and let T' represent (p,j¢4) with Tr(H4T) < m + 0.
Since the channel preserves the density and combined current density, (170) implies,
for every t > 0,

Ne?
2
The high-mode photon marginal is unchanged by the channel. Thus, for 0 < k < 1,

integration of the one-photon energy measure against w_ll{wz,i} gives

Tr(NFK) = Tr(dF(l{wZK})F)

1
E_.(T
< Tr(HyuaT) + / <l
K

5§  Ne*|[lp<nX|”
< Tr(H4T' -+ — || —===| .
<mon + 4 5 [

E.(T)<d+ b

dt

5 (171)
For the last step use Tonelli’s theorem on fol b2t—2dt.

Choose k; J 0 and almost minimizers with §; < k;. Their images under (169)
have the prescribed density and combined current density, uniformly bounded mean
photon number, and energies at most m + & 4+ (Ne?/2)b% — m. The photon-loss
compactness argument of Lemma 5.7 applies also to the constant coupling ker-
nels Gf. To check this directly, its form bounds and electronic localization are
unchanged, and the kernel compactness step uses the singleton {G/} in place of
{G% : |x| < 2L}, so the same photon-localization error tends to zero. The uniform
mean-number bound supplies its local-sector tightness condition. The fixed elec-
tronic density supplies electronic tightness. Consequently it produces a normalized
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finite-energy density matrix with density p, combined current density j><, and en-
ergy at most m. This proves attainment. The retained limit also has finite mean
photon number by lower semicontinuity through the localized trace-norm limits.

The same argument proves norm lower semicontinuity. Given pairs (p;, jlc’d)
converging in X x Y with bounded mixed-state infima, choose an almost minimizer
at each of them with error §; < k; — 0 and apply the channel at x;. The output
constraints are unchanged, the energies increase by at most (Ne?/ 2)bil — 0, and
(171) is uniform. Norm convergence of the densities gives electronic tightness, so
the same compactness argument produces a density matrix at the limiting pair with
energy at most the original liminf. Thus Fjy is norm lower semicontinuous. It is
convex by mixing, and

Fy < Fy < FprLLa-

The closed-convex-envelope identity (74) now gives Fy=Fy.

It remains to compare pure-state and mixed-state infima. The dipole field leaves
enough photon modes uncoupled to purify a density matrix at arbitrarily small
energy. Indeed, in radial coordinates write

Hph = L*((0,00), r%dr; L*(S% x {1,2})).

Let py,(r) be the measurable orthogonal projection onto Span{G{(r,-) : p = 1,2, 3},
and set $, = Ranp, and $Hg4 = ﬁﬁ;. Both spaces reduce multiplication by w = r,
and every coupling kernel belongs to $);,. Consequently, in the Fock factorization
over $, O Hq, the field acts only on the first factor. Each angular fiber of $4 is
infinite dimensional, because pp(r) has rank at most three. Thus, for every a > 0,
the dark subspace with 0 < w < a contains an orthonormal sequence ().

Given a finite-energy density matrix, trace out its dark factor. This preserves its
density and combined current density and can only decrease its energy. Write the re-
sulting electronic-bright density matrix on HY @ Fs () spectrally as >, pi|®;) (®,|
and purify it by

V=Y Vo P @al(§)Q.
1

Each ®; is antisymmetric in the electronic variables, and so is ¥,. Orthogonality
of the photon tags preserves the density, the combined current density, and the
electronic interaction energy exactly. Their energies are at most a, so ¥, has form
energy at most the original energy plus a. Letting a | 0 gives Fppry,a < Fq, and
the reverse inequality follows by including rank-one density matrices. Therefore
Frrira = ﬁd = Fy. The construction proves equality of the infima, without
asserting that a pure minimizer exists. |

Proof of Corollary 4.22. Step 1. The radiation-energy form. Let Uy be the
unitary (228). By Proposition A.10, & — ¥ = Uqu) maps Qpr bijectively onto the
vectors ¥ with Uq¥ € Qpp, with py = ps, j§ = ij;d, and, by (229) and invariance
of the Coulomb form, (®, Hq®) = (U, HQV) + ||[v/HraaUa¥||?. The forms of Hq,
H9%0 and Hgl + H,nq are all equivalent to the norm of Qpp ((27)), so the admissible
set of (81) consists of the I' € D with the prescribed density and combined current
density. Applied to the eigenvectors of a density matrix, the above shows that
I'— U:{I‘Ud maps D bijectively onto the density matrices I' with Udl"Ug eD. It
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preserves the density, takes j9 to jP, and
Tr(HdUdrUdT> = Tr(HIT) + TY(HradUdI‘Ug). (172)

By Theorem 4.21, ﬁd = Fy, and every finite infimum in (81) is attained. Hence,
for all (p,j*9) € X x Y,

Fd(pajc’d) = in£ [Tr(Hglr) + Tr (HradUdFUglL)} ] (173)
UdI‘UdeD
pr=p, j2=j!

and every finite infimum here is attained. This step uses neither v/wy € L? nor
the moment assumption.

Step 2. Expansion of the radiation energy. Let I' = >, A;[¥;)(¥;|, with
A; > 0 and orthonormal U;, have density p. Since [R|? < N Y |x,|?,

S R < N [ <.
- R3
J

At each electronic configuration take h = e 3, R'G{; then |lvwh|? = 2RTMR <

e?||M|||R|?. The bound (212), applied with +ih and integrated, gives, for every ¥
with (¥, |RJ2¥) < oo,

IV HraaUg 0I1* < 2|/ Hraa V)| + 2¢*[M|( T, [R]*W).

Applying this to ¥; and to Uq¥; shows that Ug¥; € D(y/H;aqa) if and only if
U; € D(v/Hyaqa). By Proposition A.10, applied also with —e in place of e, Uq¥,
and ¥; have finite electronic kinetic energy together, so Ug¥; € Qpp if and only
if ¥; € Qpp. Summing the displayed bound over j and using (172) and the form-
norm equivalence of Step 1 then shows that UgT'U g € Dif and only if I" € D. Thus
the admissible sets in (173) and (85) coincide. For each j, the Weyl shift (233) with
n = ¥;(X), integrated over X, gives
IV HeaaUa ¥ ||* = (U, [Hyaa — eR - € 1 (0) + 2 RTMR]|T;),

where €37 RMIT(wGy) = —eR - € (0) by (84). The bound on a, following (211)
gives |IT(wh)[n,n]| < 2||v/wh]| [V Hraan|l ||nll, so by the Cauchy—Schwarz inequality
the weighted sums over j of the three terms converge absolutely. Summing over

j turns (173) into (85), and the attainment statement carries over. Restricting to
rank-one I' and using Fprrr,qa = Fy from (82) gives the pure-state version. O

APPENDIX A. TRANSFORMATION PROPERTIES

We work in the solenoidal one-photon representation and, unless stated other-
wise, specialize to the hard cutoff (10). Second quantization is understood when-
ever a one-photon unitary is applied to a Fock-space state. The displayed e, A
labels on 21y, HS’R, (%), and F? record parameter dependence that was sup-
pressed earlier. Here A abbreviates the form-factor label XA, So that, for instance,
FeA = Fexa  An unsuperscripted F carries the parameters shown in the surround-
ing formula. All state identities below apply to normalized vectors in the indicated
form domains, and Hamiltonian identities are identities of self-adjoint operators
established through their closed quadratic forms, unless explicitly stated only as
form identities.
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A.1l. Isometries. The field momentum is the second quantization
2
Py =dl(k) =) / ka'(k, Na(k, \)dk.
A=1/R?

For b € R3, define the photon translation
(o)1) = e PXEK),  Ty(b) = I(ty) = PP,
and the electron translation
(Ta(b)®)(x1,...,xn) = P(x1 — b,...,xy — b).

The composite system is translated by

T'(b) = Tei(b) ® Tpn(b).
Proposition A.1. T'(b) is a unitary preserving Qpr, and

Ton(b)T2A5 (%) Tyn(b) = A (x — b). (174)

The internal Hamiltonian, density, and combined current density satisfy

T(L) H*'T(b) = H*O,

e o (175)
prvyw(X) = pu(x —b), .]T(b)\Il(X) =ju(x—b).
Consequently, for every (p,j°) € X xY and F € {FprLL, FprL},
F(p(-=b),j(- = b)) = F(p,j°). (176)

m
x

Proof. The solenoidal coupling functions in (13) obey tLG
ance of creation and annihilation operators under second quantization gives (174).
Moreover, t, commutes with w, so T, (b) commutes with H,,q. Electronic transla-
tion preserves weak derivatives and all interparticle distances. Thus T'(b) preserves
Opr, and the electronic and photon translations cancel in the field term:

T(b)TmA(Xn)T(b) = An(%n), T(b)TDnT(b) =D,,.

These identities first hold on test vectors and extend by the field bound (20) and
form-norm approximation. The kinetic, Coulomb, and radiation forms are therefore
invariant. Changing the electronic integration variables in (33) and (36) gives the
remaining identities in (175).

The inverse T'(—b) makes this an energy-preserving bijection between the cor-
responding constraint sets, proving (176) for Fprrr, including empty constraint
sets. Translation is a linear homeomorphism of X x Y, so taking the norm-lower-

_ P :
A= Gx_b;A. Covari-

semicontinuous convex envelope in (55) proves the identity for Fpgy,. O
For R € O(3), define on $o)
(Trf)(k) = RERK), (177)

and on Hy define
(UrY)(x1,...,%xn) = TRY(R x1,..., R xp).

Proposition A.2. These maps are unitary, and Ug preserves Qpg. The creation,
annihilation, and field operators transform according to

Tra? (£)T] = ¥ (TrS), (178)
TLEAL(x)Tr = RAL (R X). (179)
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The corresponding state identities are

UL H*Ug = H*, (180)
pUR\I/(X) = p\I/(RTX)v (181)
Jtmw(®) = RiG(R7x). (182)

Consequently, for every (p,j°) € X xY and F € {FprLL, FprL},
F(poRT,RjoR") = F(p,j°). (183)

Proof. Orthogonal changes of variables preserve Lebesgue measure. For solenoidal
f, they also preserve transversality, since

k-Rf(R'k) = (R'k) - f(R'k) = 0.
Thus Tg is unitary on $so with inverse T, and (178) is the second-quantization
identity. By (8),
Pyoi(Rk) = RP (k)R .
Using radiality of the hard cutoff in (13), we obtain

3
T;Gi;A = Z RMVG;{TX;A3
v=1
which proves (179). Radiality of w also gives TRHdeR = H.q.

The electronic chain rule and (179) yield Ul];DnUR = RD,,. Orthogonality pre-
serves the squared covariant-derivative norms and the Coulomb interaction. These
facts prove form-domain preservation and (180), first on test vectors and then by
form approximation. Changing variables in the partial inner products gives (181)
and (182). Finally, Ut is the inverse map on constraint sets, so (183) holds for
Fprrr. The induced map on X x Y is a linear homeomorphism, so (55) proves the
result for Fppr,. O

A.2. Dilations.
Proposition A.3 (Dilation identities). For A\ > 0, define on $gso1
(TAf)(K) = A3/2F (k).

This is unitary, and

Taa# (£)Y] = a¥(15f), (184)
YaHraaYh = Ayaa, (185)
Ta2Aa(x) T = A2y /5 (Ax). (186)

Let
(Sr®)(X) = M*N2p(AX), W =500T,,  ¥,=WU.

The map V) is unitary on Hy and maps Q(Hg’g//\) bijectively onto Q(Hg’g). The
density and current density satisfy

pu, (x) = N py (Ax), (187)
(35,05 (%) = A ([35)M (). (188)
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The internal Hamiltonian satisfies the operator identity

P 2
V/\THS’XV,\ =3 Z (—iVx, — eAn/a(xn))
n=1 . (189)
+ A Z — + AI{rad-
1<n<m<N [Xn = Xim|

The right-hand side denotes the self-adjoint operator associated with the displayed
sum of nonnegative forms on Qpr.

Proof. A change of momentum variables proves unitarity of T, and transversality
is preserved because k - f(Ak) = A7}(\k) - f(A\k). Second quantization gives (184),
while T,\OJT; = Aw gives (185). The hard cutoff obeys

Psol()‘k) = Psol(k)7 X\A(Ak) = A_l/QSC\A/)\(k)'
Consequently, (13) gives TAGY.\ = )\Gﬁfx,A/)\, which proves (186).
The electronic chain rule and (186) imply

DEAVLT = AVADEA A,

The electronic derivatives scale by A, the radiation form by A, and V)\_1 = Vi
Thus the reference domain (23) is preserved in both directions. A change of elec-
tronic variables gives (187) and (188), with the extra factor in the current density
coming from the covariant derivative. The Coulomb interaction scales by A, so the
squared-derivative identity gives equality of the quadratic forms on the two sides of
(189). The calculation extends from test vectors to Qpr by (27). Since A > 0, the
form on the right is closed on this domain, with a norm equivalent to the reference
form norm. Polarization and uniqueness in the representation theorem for closed
forms therefore give the asserted equality of self-adjoint operators. O

The covariant kinetic term scales quadratically. The Coulomb and photon terms
scale linearly.

A.3. Time reversal. Time reversal needs only (9), not the hard cutoff. In the
solenoidal representation, recall the conjugation (Jf)(k) = f(—k). This is an an-
tiunitary involution commuting with w and with the rotations (177), and (9) gives
JGY = GE. Let Cj be the induced antiunitary involution of F;,, characterized by

Cja™(f)Cy = a™(Jf), and define the time reversal

(OU)(X) = (~1)Ves (¥(X)), (190)
where (—1)N = I'(=1) = "™V multiplies the m-photon component by (—1)".
Equivalently, ©® = C ® I'(—J), where C' is complex conjugation of electronic wave
functions.

Proposition A.4 (Time reversal). © is an antiunitary involution of Hy that
preserves Qpp and commutes with every Ur of Proposition A.2. The field and the
covariant derivatives are odd and the radiation enerqy is even:

OAx)0™! = —A(x), 6D, ! =-D,, OH,q0 ' = Hiq.  (191)
Consequently, € is even and B is odd, and for external potentials in (29),

OH"A0 ! = g4, (192)
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The corresponding state identities are

pov =pu,  Jou =3y (09, H*OT) = (T, H*T).  (193)
Consequently, for every (p,j¢) € X XY and F € {FprLL, FprL},

F(p, %) = F(p,J%) (194)

Proof. Second quantization of JG4 = G4 and Jw = wJ gives C;2A(x)C; = A(x)

and CjH,.qCy = Hyag, while (—1)NMa#(f)(—1)N = —a#(f). Applied pointwise

in X, the antilinear map C; also conjugates the electronic dependence, so —iVy,
changes sign. This proves (191) on test vectors. The field bound (20) and form-
norm approximation extend it, and show that © preserves Qpp. Since C2 = 1
and (—1)V commutes with C;, ©2 = 1. The pointwise action preserves fermionic
antisymmetry. Because J commutes with the one-photon rotations, C; and (—1)N
commute with their second quantizations, so OUgr = Ur©O.

As © is antilinear, €| = —i[H;aq,2] is even, and B = V x 2A is odd. The
real multiplication operators v, A(x,,), and the Coulomb interaction commute with
O, which gives (192) as an identity of closed forms. Pointwise antiunitarity gives
pew = py and, by (191),

jou(x) = NRe(OU,D10T)x = —N Re (U, D1¥), = —j3(x).

The energy identity is (192) with v = 0 and A = 0. Finally, © is an energy-
preserving bijection between the pure constraint sets at (p,j¢) and (p, —j¢), which
proves (194) for Fppry. The map (p,j°) — (p, —j°) is a linear homeomorphism of
X x Y, so (55) gives the identity for Fppr,. ]

A.4. Gauge covariance.
Proposition A.5 (Gauge covariance). Let g € WL (R R) satisfy
Vg e L*(R*,R%) + L*(R*,R?%),

and define
(U, 1) (X) = & Zn=1 960§ (X). (195)
Then U, is unitary and preserves Qpr. For external potentials in (29),
HYA~V9 = U, H"AU], (196)
PU,T = PU, Jo,u =Jv +peVy. (197)

In particular, the physical current density jg, + pw A is invariant under the simul-
taneous transformation (¥, A) — (U,¥, A — Vyg). The internal energy satisfies

1
(U, 9, H*U, W) = (\I!,HO’O\II>+/ Vg-jfp+§/ pw|Vgl*. (198)
R3 R3
For every (p,j) € X xY and F € {FprLL, FPrL},
.C sC sC 1
F(p,j°+pVg) = F(p,j )+/RS Vg-j +§/RS plVgl*. (199)

Proof. The Sobolev chain and product rules give
D, U,V = Uy(Dy, + (Vg)(xn)) .
By the vector-valued Sobolev inequality, multiplication by (Vg)(x,) is bounded

from Qpr to Hy, so this identity is valid for every ¥ € Qpr. The phase commutes
with H;aq4, and its inverse is U_g, so it preserves the form domain in both directions.
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Adding A(x,) — (Vg)(x,) to the transformed derivative proves (196) as a closed-
form identity. Pointwise unitarity and the same derivative formula give (197) and
the asserted physical-current invariance.

Expanding the squared covariant-derivative norms, the cross term is

N
D Re(Do¥, (V) (xu)¥) = | V9§,
n=1

and the quadratic term is % fR3 pw|Vg|?. The Coulomb and radiation terms are un-
changed, proving (198). The bijection U, between the two constraint sets therefore
proves (199) for Fprrr,.

For Fppp, the argument is the same, applied to density matrices. By (197)
and (198), applied to spectral decompositions, T' — Ugl"U;r is a bijection of D onto
itself that maps the constraint set of (56) at (p,j°) onto the one at (p,j° + pVyg)
and shifts the energy by the last two terms in (199). This proves (199) for ﬁpFL,
and hence for Fppr, by (58). O

A.5. Weyl displacement operators. We collect the displacement identities used
throughout the paper. The algebraic statements hold on the bosonic Fock space
over any complex one-particle space ). Define the exponential vector and the Weyl
operator by

E(f) = ,
) 6:90 7
The exponential is defined through the self-adjoint Segal field ®(if). This conven-
tion gives W(if) = exp(i®(f))-

Proposition A.6 (Weyl relations and field shifts). For f,g,h € 9, the following
properties hold true.

W (f) = exp(—i®(if)) = exp(a’(f) —a(f)).|  (200)

(i) The Weyl operators act on exponential vectors and compose according to
W(f)E(g) = e W2 Uae(f1g). (200)
W =W,  W(HW(g) =e DWW (f +g). (202)

(i) The map f+— W(f) is strongly continuous. On the linear span of exponential
vectors, W(f) has the normally ordered expression

W(f) = e~ IIFI2/20a™ () g=alf)

Here the two mormally ordered exponentials act by their convergent power
series on exponential vectors.
(iii) The closed creation and annihilation operators and the Segal fields satisfy

W () a(h)W(f) = a(h) + (h, )1, (203)
W(f)fa"(B)W (f) = a'(h) + (f,h)1, (204)
W ()T o(h)W (f) = ®(h) + 2Re(h, f)1, (205)
W ()T IT(R)W (f) = II(R) + 2Im(h, f)1. (206)

Each identity includes invariance of the domain of the operator being conju-
gated. If Im(h, g) =0, then ®(h) and ®(g) strongly commute.
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(iv) For any unitary T on 9,
D(TYW(f)I(T)F = W(Tf). (207)
(v) Under the canonical Fock-space factorization over ) = $1 ® Ha,
W(f1® fa) = W(f1) @ W(f2). (208)

Proof. (i) The defining series gives (£(g),E(h)) = e!9?) and exponential vectors
are eigenvectors of the annihilation operators:

a(f)E(g) = (f,9)€(g)- (209)

Exponential vectors have dense linear span. Indeed, if ¥ = (¢(n))n20 is orthog-
onal to every &£(tg), t € R, then the power series 3. ¢"(g®", (™) /v/n! vanishes
identically, so (¢®™, (™) = 0 for all g and n. The polarization identity

1

ALY

Z €1 <c-Wz(glgl + o+ 5ngn)®n7
ceft1}n

Sym(g1 ® -+ ®@ gn) =

where Sym averages over permutations of the factors, then gives (Sym(g; ® --- ®
gn),z/J(")> = 0. These symmetrizations span a dense subspace of the n-particle
sector, so (™ = 0. The right-hand side of (201) preserves inner products of
exponential vectors. Its inverse is the same formula with — f, so it defines a unitary.
Composing the formulas gives (202), and norm continuity on exponential vectors,
followed by density, gives strong continuity in f. In particular, ¢t — W(tf) is a
strongly continuous one-parameter unitary group. Differentiating at t = 0 gives
at(f) — a(f) = —id(if) as its generator. The exponential span is a core for this
Segal field, so this unitary is precisely (200).

(ii) Strong continuity was shown in (i). The normally ordered formula follows
from (209) and e (NE(g) = E(f + g).

(iii) The eigenvector identity (209) proves (203) on the exponential span. This
span is an operator core for a(h) and af(h): finite symmetric tensors are obtained
by differentiating exponential vectors in their graph norms, and finite-particle trun-
cation gives a core for the closed operators. Since W(f) and W(—f) map the ex-
ponential span onto itself, closure gives (203) with equality of domains. Taking
adjoints gives (204). Applying (202) to W(ith) = ¢**®) and using uniqueness
of the self-adjoint generator proves (205). Replacing h by ih gives (206). When
Im(h,g) = 0, the Weyl relations make the two unitary groups elt?(h) and els?(9)
commute for all s,t € R, which is strong commutation of their generators.

(iv) The identity I'(T)E(g) = £(Tg) and (201) prove (207) on exponential vec-
tors, and density extends it.

(v) The canonical factorization sends £(g1 @ g2) to £(g1) ® £(g2), and applying
(201) proves (208). O

The radiation form is expressed through the annihilation operators. The sector-
wise annihilation formulas define a closed map

(Tn)(kv)‘) = ma(k’ )‘)n’ HTUH = H V HradnH’

from D(v/Hyaa) to L?(R? x {1,2}; Fpopn). It lets us extend the annihilation operator
to kernels that are not square integrable. This is needed below for ¢ = wf with
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only f € D(y/w), in which case g need not lie in $pn and a(g) is not defined. For
a measurable kernel g with ¢g/v/w € Hpn and 7, € D(v/Hyaq), define

e g(k,\)
owlon=3 L g TN i (210)
8o (), €] = {aulg)n, O) + (1, au(9)0)- (211)

The integrand pairs two square-integrable factors, so the Cauchy—Schwarz inequal-

ity gives
law(g)nll < llg/ Vel I/ Hraanll.

Thus a,(g) is a bounded operator from the radiation form domain to Fpy, and
®,,(g) is a continuous symmetric form on that domain. If also g € $pn, then
a,(g) = a(g) on D(v/Hyaq), and @, (g) is the form of $(g) there.

Proposition A.7 (Radiation energy and photon number under displacement). On
Fon, let f € Hpn. The following hold.
(i) If f € D(y/w), then W(f) maps D(v/Hyaa) bijectively onto itself, and

IV HeaaW ()1l < [V Hraan|l + VW £ [I9]]- (212)
(ii) If f € D(y/w), the radiation form shifts exactly: for all n,{ € D(v/Hyad),
(W ()0, HeaaW (£)C) = (0, Heaa) + oo (@ ), <] + V@ £ (0, €), (213)
where (1, HyaaC) = (v Hyaan, VvV HradC) is the radiation form.

(ii3) If f € D(w), then W(f) preserves D(Hyaq), and the operator identity on this
domain is

W(f)THradW(f) = Hrad + ¢(wf) + ||\/(;f||21 (214>
(iv) The photon number satisfies

W(f)D(VN) = D(VN),  [VNW(f)nll < VNl + 11 Inll (215)
(v) The normalized coherent vector W ()2 satisfies
(WNHUNWHD = fIP (WD HeadW (D) = [IVofI*. (216)

The second equality allows the value +oo. Thus f € D(y/w) is also necessary
for preservation of the radiation form domain.

Proof. We use the closed map T defined before the proposition. For h € D(\/w),
(201) gives, first on n = E(h),

TW(f)n= (L& W) (Tn+Vwf@n). (217)

The span of these exponential vectors is a radiation form core. Indeed, finite sym-
metric tensors with factors in D(y/w) form such a core by particle truncation and
one-particle spectral truncation. They are in turn limits, in the form norm, of finite
differences of exponential vectors, obtained by polarizing and differentiating their
defining series.

The triangle inequality in (217) proves (212) on this core. For a form-convergent
sequence, the right-hand side of (217) converges and W (f)n, converges in Fock
space. Closedness of 7 extends the identity and the bound to the full form domain.
Applying the same argument to — f proves invariance in both directions.

Taking the inner product of the two sides of (217), for n and ¢, and using (210)
with g = wf, so that g/v/w = /wf, gives (213). For f € D(w) and ¢ € D(H;aq),
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the right-hand side of (213) is represented by the vector (Hyaq +®(wf)+||vwfl?)¢.
The representation theorem for closed forms therefore gives W (f)¢ € D(H,aq) and
(214). Repeating this with — f proves equality of the operator domains.

The same proof with weight 1 in place of w proves (215). Applying the identi-
ties to ) proves (216) when the right-hand side is finite. In general the coherent
annihilation formula a(k, \)W (f)Q = f(k, YW ()2 gives the energy equality as a
nonnegative integral, including the value +oo. (|

Corollary A.8 (Displacement of density, current, and energy). Assume (9), let

f € D(y/w), and set
ci(x) = 2Re(G%, f). (218)

The field cy is real, bounded, continuous, and divergence-free. The photon unitary
W(tf) preserves Qpr for everyt € R. For T € D, let

L, =Wt/ )TW(tf),

with the electronic identity suppressed. Then the following hold.

(i) Ty € D, its electronic reduced state is unchanged, and
pr, = pr, jp, =it jr, =Jr —etprey. (219)
(i) For admissible external potentials, the exact energy change is

Tr(HAT,) = Tr(H"AT)
t{n{@w@mdr)—«i/Cf-G%-+prAJ} (220)
+t° [I\/Jfll2 +622/PF|Cf|2] '

Here the trace of the weighted field is the sum of its forms over any spectral
decomposition of T'. It is finite, with

| T (o (wT)| < 2] Vo | (Tr(Hiaal))
For f € D(w), this trace equals 2 Re Tr(a(wf)T).

12, (221)

Proof. The continuity and uniform bounds of G¥ give ||cf|lo < 2||X]|[|f]|| and con-
tinuity. The weak Coulomb-gauge identity gives divey = 0. Since W(tf) acts
independently of the electronic positions, it commutes with electronic weak deriva-
tives. Proposition A.7 then gives preservation of Qpg. Partial trace over photons
is unchanged by a photon unitary, so the density and paramagnetic current density
are unchanged. By (205),

W () AW (Lf) = A(x) + tey ().

The definitions of j?" and j¢ now give (219). Expanding the kinetic form replaces
D, +A by D,, +A —etcy. Its linear term is —et [ c;- (jf + prA) and its quadratic
term is 1e?t? [ pr|c|>. The scalar and Coulomb forms are unchanged. Adding
(213) proves (220), first for pure states. The weighted annihilation bound and
Cauchy—Schwarz in a spectral decomposition prove (221) and justify summing the
identities for density matrices. For independence of the spectral decomposition,
put K = (1 + Hyaq)/? and let By be the bounded operator with

(n, B¢) = Pu,(wf)[K ™1, K],
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The form trace equals Tr(B;KTK), where KT'K is the positive trace-class op-
erator defined by the finite radiation energy. Hence it does not depend on the
chosen decomposition. All remaining terms are integrable since cy is bounded and
j%,prA e L. O

In particular, for real u € C2°(R3;R?) and g, = M [ u(x)GLdx, symmetry of
the form factor gives (G¥, g,) € R. Consequently,

Cig, =0, P(lwgy) = —/u~Q3J_.

These are the displacements preserving both constraints in the proof of Proposi-
tion 4.13. General displacements instead give the current change in (219).

Proposition A.9 (Coherent vectors and position-dependent displacements). Let
O C R™ be open. The following hold.

(i) For f,g,h € $, the normalized coherent vectors satisfy
W =e WP, am)W (= (b, HW ()DL, (222)

(W)W (9)2) = exp(~51f — gll* +iTm(,5)). (223)

(i) As a map of real Hilbert spaces, f — W(f)SQ) is smooth. Its derivative at f in
the direction h is

d
LW +sh)9

and this vector satisfies
(W (), (a' (k) = Re(f, h)) W (f)$2) = ilm(f, h),
(" (%) = Re(£, M)W ()R = IIA]]* + (1m(f, 7).

(iii) Let f € HL (0;9) and S € HL_(O;R). Then SW(f)Q € W' and, almost
everywhere,

Im ("W (£)Q, 9; (W (£)Q)) = 9;S + Im(f, 0, f),
105 (ESW(HQ) > = 110, £ + |0, + Im(f, 0, ).
In particular, e SW (f)Q € HY . if VS +Im(f, Vf) € L?

loc*

(i) If J is a conjugation on £, the map f — W(f)Q is globally Lipschitz on
Oy ={f:Jf=[}:
W= W@ =2(1 - W2 <|if —gl”  (fgehy). (227)
Thus for f € HL (O;9,), W(f)Q € H} . and
WHRo;W(HR)) =0, [18;(W(HI* =119, f11*

Proof. (201) applied to the vacuum gives (222), and the exponential-vector inner
product gives (223). The norm-convergent exponential series and its derivatives
converge uniformly on bounded sets of f, so differentiating gives (224). The eigen-
vector identity (209) and the CCR yield

(W(HQal (W)W (HQ) = (f,h),  [la' (W)W (HQI? = [|R]* + (b, ).

Substitution proves (225). Differentiating the scalar phase then proves (226) for
smooth f,S.

= (a¥(h) = Re(f, h))W(f)Q, (224)

s=0

(225)

(226)
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For the stated Sobolev regularity, first compose the map g — W (g)Q2 with
smooth radial truncations of f. On bounded sets its derivative is bounded, and
(225) gives the global estimate

[(a’(h) = Re(£, )W (/)2 < A+ [IF)lIR]-

Since (1 + ||fIDIIV f]] is locally integrable, the truncated chain rules pass to the
limit in VVﬁ)Cl The product rule with e proves the displayed identities almost
everywhere. Their right-hand sides give square-integrable derivatives when V.S +
Im(f, Vf) € L2 .. Finally, scalar products of J-real vectors are real, so (223) gives

(227). In this case Im(f,0;f) = 0, and the last assertions follow from the same
derivative identities with S = 0. g

These formulas imply (96) and apply to the tags in Lemma C.3. The distinction
between I/Vli)cl and H. . matters for complex displacements: f € H._ alone does

not control the square of Im(f, V ).

A.6. Length-gauge transformation. In this subsection the form factor need
only satisfy (9). The additional ultraviolet moment needed to expand the trans-
formed radiation form will be stated separately. Put R = 25:1 Xp, and let Hy be
the dipole Hamiltonian in (79).

Note first that by (8) and (12),

1 ke kY
EQry = Z (k)2 [ s —
(Go. Go) = 5 /R3 IX(k)| (6 PE > dk €R.

Since 2A*(0) = &(GY), Proposition A.6(iii) shows that the components of 2(0)
strongly commute. At each electronic configuration X, the operator eR - 24(0) is
the Segal field 45(6 Zi:l RrGY ) We define the multiplication operator

Ua:=exp(ieR-2A(0),  thatis,  Ua(X) =W (e},

p=1

RrGY).  (228)

Proposition A.10 (Length-gauge transformation). Let Qq := U; Opr be the trans-
ported form domain. The following hold.

(i) Uq is unitary on Hy .
(i) Every VU € Qq has finite ordinary electronic kinetic energy, and on Qq
UlD, qUs = —iVy,, 1<n<N. (229)
(iii) For U € Qq, the density and current density satisfy
py = pugw, 3% =30y (230)
(iv) If JwX € L*(R3), then 6pr C Qq, and on this algebraic test space the fol-

lowing identity holds in the quadratic-form sense:
3
UJHqUq = HY + Heaa + € Y R*II(wG) + e?RTMR, (231)
p=1
where M is the matriz (83). For f/\/w € $pn, H(f) denotes the form ®,,(if)

of (211) on D(\/Hyaq). Since II(f) = ®(if), this extends the conjugate Segal
field (1). An interpretation as a Segal operator requires f € $Hpn.
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Proof. By (228), Uq acts at each electronic configuration by a Weyl operator, which

is unitary and, by Proposition A.6(ii), strongly continuous in X. Its dependence

on X is permutation invariant, and hence it preserves fermionic antisymmetry.
For ¥ € %pr, differentiation of this multiplier gives

iV, U =UID, ¥, 1<n<N. (232)

Here the photon factors in the core belong to the domains of all three field compo-
nents, and their strong commutation justifies differentiation of the corresponding
unitary groups. For general ¥ € Qpy, approximate by épr in the common form
norm. The field bound (20) makes D,, 4 : Opr — ”HSN continuous. Unitarity and
closedness of the electronic weak derivative then extend (232) to the limit. This
proves both the finite kinetic energy of every vector in Qg4 and (229), but not that
Q4 C QpF.

Pointwise unitarity preserves the electronic configuration density, and (232) pre-
serves the local pairings that define the current density. Integrating over the re-
maining electronic variables gives (230).

It remains to prove (iv), so assume /wX € L?(R3). Then G} € D(y/w) by
(12), and the linear term in (231) is defined, since wGl/v/w = /w G € Hpn. For
h € D(y/w), Proposition A.7(i) with f = ih shows that W (ih) maps D(v/Hyad)
bijectively onto itself, and Proposition A.7(ii) gives, for n € D(v/Hyad),

I/ HeaaW (h)nl|* = ||V Hyaan|* + I (wh)[n, 1] + [|Vwhl[||n]]*. (233)

At each electronic configuration take h = e3° , R'Gy, so that Ug(X) = W(ih),
II(wh) = e}, R (wGY), and lvwh||? = e2RTMR. For ® € $pr the electronic
support is compact, so (212) gives finite radiation energy of Uy®. Differentiation of
the unitary multiplier and its commutation with 20(0) give finite electronic kinetic
energy as well. Thus Ug® € Qpp, that is, ® € Q4. By (229) and invariance of
the Coulomb multiplication form, the kinetic and Coulomb parts of (®, U, J HyUy9)
equal (@, H4®). Integrating (233) over X gives the radiation part and proves
(231). O

The integral form of the matrix (83) follows from (8) and (12). For the hard
cutoff (10), the radial weight in this integral is the indicator of the ball of radius

A. Since [g,(6" —0"0")dd = (87/3)6"" and fOA r?dr = A3/3, it follows that

4 A3
9

The last term in (231) is the dipole self-polarization energy and is part of the
unitary transformation. Its role in stability is discussed in [44]. The expanded
formula is asserted on the stated test space. On the full transported domain Qgq,
the radiation energy is ||v/HyaqaUq¥||?, which is nonnegative and requires neither
the separate terms in the expansion to be finite nor an electronic position moment.

Even though 2((0) is spatially uniform, its conditional expectation in an entan-
gled state can depend on x. Thus the field-induced current density need not equal
p(x) times the unconditional field expectation. Moreover, this limit keeps the pho-
ton continuum: the span of the three Gf is generally not invariant under w. The
coupled one-photon space is the closed span of f(w)Gl, with f bounded Borel.
A finite-mode model requires a further approximation. Likewise, fixing photon

M = 1.
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displacement expectations as additional density variables would define a different
constrained-search functional.

APPENDIX B. SYMMETRIC TENSOR LIFTS

In this appendix we construct the permutation-invariant multipliers used in Ap-
pendix C and in the proof of Theorem 4.6. We use the following notation. For a
separable complex Hilbert space V, the permutation group . acts on configura-
tions X = (x1,...,xx) € (R®)N and on VN by

(7X)! = Xrl(i)7 Re(z1 @+ @ 2N) = 2p—1(1) @+ @ Zp—1(n),

and Iy = % D ore oy Bir 18 the projection onto the fully symmetric tensors. Let

Dy C (R*)Y be the open set of configurations with pairwise distinct points. For
t:R® =V put
N

=il

so that T'(7X) = R,T(X). For a map F on Dy, dF =3,  0,uFdz} denotes its
differential in X.

The product T has the connection and derivatives we need, but it is not per-
mutation invariant. The next lemma provides isometries Uy (X) that absorb the
permutations, so that UnT is invariant. The flatness condition U}:,dU ~ = 0 ensures
that composition with Uy leaves the connection of T unchanged. The construc-
tion glues local maps with a partition of unity whose gradients blow up when all
electrons come together. There T is almost fully symmetric, which is why the fully
symmetric part is kept fixed. The resulting derivative bound is uniform when ¢ is
Lipschitz, even when electron coordinates coincide. For general t it is controlled by
the inverse squared pair distances, which are integrable against finite-energy states
by Hardy’s inequality.

Lemma B.1 (Flat symmetric isometries). For every N € N and every separable

complex Hilbert space V, there are a separable complex Hilbert space Ky, finite-

dimensional if V is, a smooth map Uy from Dy to the isometries VON 5 Ky, and

a constant by depending only on N with the following properties. For X € Dy and

T e SN,

Un(mX)R, = Un(X), U}:,dUN =0, Un(X)IIy is independent of X,

(234)

and for every map t : R® — V with |t(x)|| = 1,

33 0. Un(X ><>||2<bNmm{Z| o Vi) o)

i=1 pu=1 1<j

where ||Vt|loo = 0o unless t is Lipschitz.

Proof. We argue by induction on N. For N =1 take £y =V, U; =1, and b; = 0.
Let N > 2 and suppose that Kns, Uyns, and bys have been constructed for all
N’ < N.

Step 1. An invariant partition of unity. Put

1 9\ 1/2 X —X,...,Xy — X
ey T 0= (Shx) s = B,
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Since N > 2, 7 > 0 on Dy, and s is smooth there with values in the compact
centered unit sphere

Sy = {Y e (RHN: Zyi =0, Z|yi\2 = 1}.

Moreover r(7X) = 7(X) and s(7X) = 7s(X). The stabilizer of a point Y € Sy is
the product of the permutation groups of the blocks of indices i with equal y;. Every
block has fewer than N elements, because Sy excludes total coincidence. Choose
a ball O in Sy centered at Y, so small that 1O N O = @ for every 7 outside the
stabilizer. Since permutations act isometrically, O is invariant under the stabilizer,
and any two translates 1O, 'O are either equal or disjoint. By compactness, finitely
many such balls O,, with blocks I, ;, cover Sy. Take smooth bump functions
supported in the O, whose positivity sets still cover Sy, average each over the
stabilizer of O, extend it to the translates 7O, by invariance, and normalize by the
square root of the sum of their squares. This gives smooth permutation-invariant
functions x, on Sy, supported compactly inside |J, 7O,, with >, X2 =1 We
write xq also for x, os. Then ) x.dx, = 0, and since the derivatives of s are
o(r1),

> xa(X)P < Anr(X) 2,

a,i,p
where Ay < oo depends only on the chosen atlas, hence only on N.
Step 2. Local maps. Fix a chart a. For X € Dy with s(X) € O, put

VoX)=QUir,,|(Xr,,), X1 = (X)ier,
J

where VN is identified with @, V%4 by a fixed reordering of the tensor fac-
tors. By the inductive hypothesis, V, is a smooth isometry into the separable space
K@) = &, K1, |, it satisties Vo (rX)R, = V,(X) for 7 in the stabilizer of O,
and V,fdV, = 0 by the product rule. Moreover, V,IIy is constant: a fully sym-
metric tensor is symmetric within each block, so IIy = (®j 7, ;)Iy, and each
Uy, ; )11, ;| is constant. Extend V; to the translates by

VoX) = Vo(r ' X)Ryp-1,  s(X) € 70,.

If 1O, = 7'Og, then 717’ lies in the stabilizer of O,, and the invariance of V,, under
the stabilizer shows that 17,1 does not depend on the choice of 7. By construction,
\~/a(7rX)R,r = VQ(X) The map V., inherits deffa = 0, and V, Iy is constant
because R, 11y =1ly.

Step 3. Definition of Uy. Let Ky = Ranlly ® @, K@ an orthogonal direct
sum, and define

Un(X)u=Txu & €D xa(X)Va(X)(1 - IIy)uy,

where each term is extended by zero outside the support of x,. Since ), X:=1
and each V, is an isometry, ||Uy(X)u|/2 = [[TIyu|? + ||(1 — IIy)ul> = ||u]|?. The
first identity in (234) follows from the invariance of x, and ‘~/a and from R, Iy =
IIyR; = IIy. The third holds because Uy (X)IIyu = IIyu @ 0. For the second,

UldUy = (1 = Tw) (D Xadxa ViVa + 02 VidVa ) (1~ Ty) =0,
a a
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Step 4. The derivative bound. Let ¢ be as in (235), and let m(X) denote the
minimum on its right-hand side, without the factor by. Since T is a unit vector,
(1 —Tn)T|| < 1. If t is Lipschitz, then, since ¢(X)®" € RanIly and all ¢(x;) are
unit vectors, telescoping the tensor product gives

I =TT < T = (=) < Z It(x:) = t(®)]| < VN 1 (X) ||V e

Moreover, r? = N~1 Dicy X — x,;|%, so r’z < N|xi — x;| 72 for every pair k < [.
Using [|(1 — T xN)T|| < 1 with this for the first entry of the minimum, and the
telescoping bound for the second,

r(X) 7211 - V) T(X)|* < Nm(X). (236)

Since V, Iy is constant, (OV,)(1 — N )T = (8V,)T for 0 = O,», and therefore

(6UN —0@@(8)@1 1 HN)T+Xa(aV) )

The cross terms in the squared norm vanish by K~/T8{~/a =0, so

D @ UNTIP = 100 xal (1 = Ty T||2+Z><azll e Vo) T

(Y @,
By Step 1 and (236), the first sum is at most NAxm(X). For the second, let
5(X) € 10, and Y = 771X, Since R, 1T (X) = T(Y) and the sum over i,y is
invariant under relabeling the particles

Z 10, V) (X)T(X)|* = ZH )T(Y)]*.

The vector V,(Y)T(Y) is the tensor product over j of the unit vectors
UUa.j\(Yla,j) T(Yla,j)a

and a derivative in a coordinate from block I, ; acts only on the jth factor. The
inductive bound therefore estimates the right-hand side by 3, b7, ;jm(X), since the
pairs within a block are among all pairs and the sum over all pairs is permutation
invariant. Hence (235) holds with

by = NAn +maXZb|1a7J‘,
J
which depends only on N. This completes the induction. ([l

Lemma B.2 (A symmetric tensor lift with controlled derivatives). Let N € N, let
V be a separable complex Hilbert space, and let K and by be as in Lemma B.1.

Ift € HL (R%V) and |[t(x)|| = 1, there is a permutation-invariant map K €
HE ((RH)N;Kn) such that, almost everywhere,
IEX)P =1,  (K(X),0,»K(X)) = <t(xz‘),3ut(xi)>, (237)
N 3 N
SN 10 KX < S IViea) | + by Inin{z ot 19|, } (238)
i=1 p=1 i=1 i<j

Ift e Wh(R3; V), then K € WhH((R®)N; Ky ), and the right-hand side of (238)
is at most Cn||Vt||%, with Cy = N +by. Here X = (x1,...,xy) and the inner
product is linear in its second argument.



DENSITY FUNCTIONALS FOR THE PAULI-FIERZ HAMILTONIAN 111

Proof. Let Uy be as in Lemma B.1, take the Lipschitz representative of ¢ if ¢ is
Lipschitz, and set K (X) = Uy (X)T(X) on Dy. Because ¢ is bounded and in H}} ,
so is T'. Since T'(7X) = R,.T(X), the first identity in (234) makes K permutation
invariant, and |[K|| = [|T']| = 1. For 0 = O,

OK = (OUN)T + UnOT

almost everywhere. Flatness gives (K, (OUN)T) = (T, U}:,(@UN)T> = 0. Since Uy
is an isometry and the other factors of T' are unit vectors,

(K, 0K) = (T,9T) = (t(x:), 0ut(x:)),

which is (237). Flatness also removes the cross term in [|0K||?, so
D0 KIP =Y (IVexll® + > 10,6 Un)T 1%,
Dy % A

and (235) gives (238) on Dy. The collision diagonals have codimension three, so
|x; —x;| =2 is locally integrable and the right-hand side of (238) lies in L{ _((R®)Y).
Almost every line parallel to a coordinate axis misses the diagonals, so the absolute-
continuity criterion on coordinate lines extends K to H..((R*)";Ky), and to
WL ((R*)N; ) when t is Lipschitz, since the bound is then uniform. The exten-
sion remains permutation invariant and has norm one. In the Lipschitz case, the

right-hand side of (238) is at most (N + by )|| V|2 O

APPENDIX C. PARAMAGNETIC CURRENT DENSITY SHIFT

The next lemma shifts the paramagnetic (and hence the combined) current den-
sity by combining six contributions to the mixed state, corresponding to momentum
kicks in the positive and negative coordinate directions. Their position-dependent
weights make the average kick equal to the prescribed velocity shift v, while pre-
serving the electronic density and photon reduced state.

Lemma C.1 (Exact current shift for one electron). Let N = 1, T' € D, and
v € WH(R3 R3) with v # 0. There is a finite mizture T'y € D with

AT, = P j%v = j% +prv, Tro 'y = Tre Fa (239)

and

1/2
Tr(H™°T,) < Tr(H™°T) +/ i$ v+ 36| v||A + </ perF) .
R3 R3

Proof. For g > 3||v||, let K, » be electronic multiplication by

1 3ovH
Kuo(x) = —=/1+ 3ovk(x)

eio’qw“7 = 1,2,3, o€ {_Ll}a
V6 q

and set

Ty,=> K..TK}, — Ty,xx)=)Y K,,(x)T(x,x)K,(x)
Mo

o
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These multipliers are bounded with bounded weak derivatives and hence act bound-
edly on Qpr. In particular, I'y 4 has finite form energy. Directly from their defini-
tion,

> 1Ko P = g3 (14 B oy,

o
= 1 . .
> KoM VK, (%) = 5V Y 1Ko (x) +ig Y 0lKpuo(x)Pe, = iv(x),
e s n,o

where e, is the uth coordinate unit vector. The above scalar relation means that
o K);,UK 1,0 = 1 as an operator. Each summand defining I'y 4 is positive and
trace class, and cyclicity of the trace gives

Trl"qu = Tr<FZKlt70'K#-,U> =TrT = 1.

o

Consequently, I'y , € D.

For the density, write a spectral decomposition I' = >~ p,|¥,.)(¥,| with p, > 0.
We use the density and current formulas also for unnormalized vectors, with their
usual quadratic scaling. Since N = 1 and each multiplier is scalar in the photon
variables, pr, v, = |K, 0|*pw,. Hence, almost everywhere,

pr,., = Zpr Z |K ol pu, = Zprp% = pr.
r w,o r

To check the photon reduced state, let B € B(Fpn). Each K, , acts only on the
electronic factor and therefore commutes with 1¢ ® B. By the definition (2) of the
partial trace and cyclicity of the trace,

Tr((Tra Ty,g)B) = Y Tr(TK] ,(1a @ B)K,,)

o

- T[T(I‘(lel ® B) ZKL,UKW>
= Tr((Trq T)B). |

Since this holds for every bounded B, it proves Trq I'y g = Tro I
For the current density, fix one multiplier K = K, ;. The field operator com-
mutes with electronic scalar multiplication, so the weak product rule gives

D, (K¥) = KD,V — i(VK)V.
Using j§ = Re(¥, D)y for N =1, we obtain
i%¢ = Re(KU, KD ¥ —i(VEK)¥), = |K[*)j$ + Im(KVK)py.
Summing over the six multipliers therefore yields

S o =S+ pu (zm,am,,,) it v,

w,o ;o

Since the multipliers commute with 24(x), the field-induced current density is un-
changed and the shift is entirely paramagnetic. Apply this to each ¥, and sum
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with weights p, to conclude

i, = > _pr(3%, + pu,v) =it + prv.
T
The density series converges in L! by positivity and normalization, and the current
series by Cauchy—-Schwarz and the finite mean form energy. Thus the identities
hold also for an infinite-rank T'.
Expanding the squared norm in the same product rule gives

2
Tr(H*Ty ) — Tr(H*'T) = / v+ %
R3

3 | V|2
— _ 24
+8q2;/m T gz )

The radiation energy is unchanged. These identities extend by form approximation,
or termwise in a spectral decomposition of I'. Choose

1/2
¢ = max{36||v|io, (/ pFVvF) } ,
RS

so that ¢ > 6||v|lcc > 3||V|leo since v # 0. The denominators in (240) are at least
3/4, and the last two terms are at most

q2 1 1/2
— 4+ j/ pr|Vv|? < ¢ < 36|v|% + / pr|Vv|? )
2 2q R3 R3

Set I'y = I'y 4 with this choice of g. Photon localization acts only on the photon
factor, so equality of photon marginals also preserves the localized photon-number
distributions. O

To lift this construction to the antisymmetric N-electron space, we replace tensor
products of the one-electron multipliers by symmetric multipliers with the same
connection. These are constructed in Appendix B, and only Lemma B.2 is used
below. The lift applies to any unit-vector field with connection iv, not only to
the six multipliers above. Part (ii) of the next lemma uses this to remove the
boundedness assumptions on v.

Lemma C.2 (Exact current shift for arbitrary particle number). Let N € N and
reD.

(i) If v.e WH°(R3 R3) and v # 0, there is a finite electronic multiplication
mizture Ty, € D satisfying (239) and

T(HOO0) < Te(HOT) + [ oo On(Ivi + [Vvlla). (211
R3

(ii) LetV be a separable complex Hilbert space, let t € HL (R3;V) satisfy ||t|]| =1
and [qs pr||VE|? < oo, and put v = Im(t, Vt). Then there is a countable
electronic multiplication mizture T'y € D satisfying (239) and

1
Tr(H™T,) < (1+ON)Tr(HO’OI‘)+/ j;.v+§/ pr|| V2. (242)
R3 R3

Here Cn depends only on N. In both cases, I'y and T' have the same Coulomb
energy.
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Proof. (i) Let K, , be the six multipliers from the proof of Lemma C.1, with ¢? =
max{36||v||%,, ||VV||OO} and collect them in the unit vector #(x) = (Kﬂ (X)) po €
CS. By the identities established there, (t, Vt) = iv and

3
3 (Vo |? IVvlls || 2
< o < 2 co-
a3 e < I <oz 2w

pn=1

Vi =¢* + —

Apply Lemma B.2 with V = C® to t, fix an orthonormal basis (e )2~ of Ky, and
let K, = (eq, K). These are finitely many permutation-invariant scalar multipliers
with

SN IKaP =1, Y KoV Ko =iv(x;),
« @

DIV Kal? < On (V)% + 1V V]loo)-

i,
Define I'y, = ) K.,TK, I, Symmetry and bounded weak derivatives preserve the
fermionic form domain. Since the K, act by multiplication in X and ) [Ka|* =
1, the first identity preserves the density, the Coulomb energy, and the photon
marginal. The second identity gives the current shift, and the third bounds the
kinetic remainder after expanding each covariant derivative. The radiation energy
is unchanged.

(#) Apply Lemma B.2 to ¢, fix an orthonormal basis (e,) of Ky, and let K, =
(e, K). These are countably many permutation-invariant scalar multipliers with

Z|K 2 =1, ZF Vi, Ko = iv(x;),
Z\VX1K |2<Z||Vt X; \|2+bNZ| xJIQ

1<J

Since ), Tr(KaI‘K:L) =1, the series T'y = > K,TK! converges in trace norm.
The multipliers need not have bounded derivatives. Still, for every eigenvector ¥
of T' with positive eigenvalue, the last bound keeps Y, || Vx, (K, ¥)|? finite. Its
first part contributes [ py||V¢t[|?, which is finite because [ pr|V¢||* < oo, and its
second part is controlled by the Hardy bound below. Hence each K,V lies in the
form domain, and the density, the Coulomb energy, the photon marginal, and the
current shift follow as in (i). Expanding each covariant derivative gives exactly

Tr(H™°Ty) = Tr (H™°T) + / v+ I (FZ |inKa\2>,
R3 2 7,0
where the middle integral converges absolutely by (38) and the Cauchy—Schwarz
inequality, since |v| < ||Vt||. The first part of the multiplier bound contributes
1 [ prl[Vt||>. For the second, we use the diamagnetic inequality |V, [[¥(X)||| <
(D, ¥)(X)|| and Hardy’s inequality in the relative coordinate x; — x;. They give

/”‘I’(de <2(|D;¥|* + D ¥?),

|Xz X |
and hence

N
Tr (FZ Ix; _X]|2) <2(N - 1)2:1Tr(DfLF) <4(N - 1) Tr(H"'T).

i<j
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This proves (242) with C](\i,i) = 2(N — 1)by. Taking the maximum of this constant
and the constant obtained in part (i) gives a common Cy for both estimates. O

Part (ii) needs a unit-vector field with prescribed connection. For connections
of the form V.S + w with w in a weighted Sobolev space, coherent states provide
one.

Lemma C.3 (Coherent-state tags). Let V = F,(C3), with vacuum Qy and Weyl
operators W (z), z € C3, as in (200). Let S € HL_(R%R), w € H! _(R*R?) and
A >0, and put

3 .

1 . ,

h(x) = G 3 (x\wk(x) + MT’f)% H(x) = S BRw0) T () 2,
k=1

where (ey,) is the standard basis of C3. Then t € HL _(R3;V), ||lt| =1, and almost
everywhere

1
Im(t, Vt) = VS + w, [Vt)|* = VS +w|? + §(A2|Vw|2 +3X7%).  (243)

Proof. The phase S+ $x-w lies in H}!

e and h € HE (R*C?). Since Y, x10;wy =
0j(x-w) — wj,

1 1
Im(h,d;h) = 3 Z (widji — zROjwr) = wj — §8j(x -w),

k
> 10;h? =
j

Hence 0;(S + 4x-w)+1Im(h, 0;h) = 9;S + w;, and Proposition A.9(iii) gives (243).
Unitarity of W (h) gives ||t|| = 1. The right-hand side of the second identity in (243)
is locally integrable, so t € H[ . by the same proposition. ([l

(N Vw|* +3X72).

N |

With this tag, the last term in (242) is 3 [ pr|V¢||?, which involves only the
weighted norms [ pr(|VS + w|? + [Vw|?) and N. For instance, the rigid rotation
w = w x x is allowed for every T' with [ pr|x|? < cc.

APPENDIX D. (GAUSSIAN REPRESENTATION OF THE FIELD

In this appendix we represent the field in a subspace of the photon modes by
multiplication operators and condition states on its values.

In the solenoidal representation, recall the conjugation (Jf)(k) = f(—k). The
symmetry X(k) = X(=k) in (9) gives JG4 = G¥%. Fix an infinite-dimensional
closed subspace h C $pn with Jh C b, and let Py be the orthogonal projection
onto it. Since J is an antiunitary involution, also Jht C b+, so Py commutes
with J and every P,G¥% is J-real. The exponential law for Fock spaces gives Fppn ~
Fs(hH)@Fs(h). Put K = HY @F(h1), so that Hy ~ K@F;(h), and let Ay (x) have
components 2 (x) = O(P,G%). We use two cases. For the whole field, h = Hp
and K = ﬁé\{ . For the soft field, fix x > 0 and use the notation introduced before
Lemma 5.8: then h = H,, Py = 1i,ck), and £ = 5’)9{ ® F>g. This subspace is
J-invariant because w(—k) = w(k).
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Scalar products of J-real vectors are real, so all components of 2, commute
strongly by Proposition A.6(iii). Let ({,)n>1 be a J-real orthonormal basis of b,
equip @ = RN with its product o-algebra and the product measure

w= ®’y, dvy(t) = (27T)_1/26_t2/2dt,

n>1

and write u = (un)n>1 € Q. Mapping the occupation basis associated with (&)
to products of normalized Hermite polynomials in the variables u,, gives a unitary
G : Fs(h) — L*(Q,pn), the Wiener—Ito-Segal isomorphism [51, 52, 23]. For its
use with the Pauli-Fierz model, see [37]. Under G, the field ¢(g) with g € b
and Jg = g becomes multiplication by the real Gaussian variable ) (&, g)u, of
variance ||g||?. In particular, ¢(¢,) becomes multiplication by wu,. Hence 2Ay(x)
becomes multiplication by the real random field a, (x) with components

ay(x) = Z@m PyGL) un,
n>1
the series converging in L?(Q, ).

Now let T" be a positive trace-class operator on Hy. We write G also for 1 ® G,
which maps Hy unitarily onto L?(Q, y; K). If (¥;);>1 is any orthonormal basis of
Hn, put

O(u) = Y [(GVTW;) () (GVTV,)(u)].

j>1
Lemma D.1 (Disintegration over the field). Let I' and O be as above.

(i) For u-almost every u, the series defining ©(u) converges in trace norm to a
positive trace-class operator on K.

(i1) The family (©(u))ucg disintegrates T' over the values of Ay for every bounded
operator B on KC and every bounded measurable function f on Q,

Tr (T (B® G ' M;G)) :/Qf(u)Tf(BG(u))du(u), (244)

where My is multiplication by f on L*(Q, pn). In particular, fQ O(u)dp(u) is
the partial trace of T' over Fs(h).

(iii) Every family of trace-class operators on IC satisfying (244) for all such B and
f agrees with ©(u) for u-almost every u. In particular, © does not depend on
the choice of the basis (¥;);>1, up to a p-null set.

Proof. (i) Each term of the series is positive and of rank one, and its trace is the
squared norm of its vector. By Tonelli’s theorem and unitarity of G,

[ S UGV )0 Paut) = 57 VIR =TT < o

Hence the traces are summable for p-almost every w.
(i) Expanding the trace in the basis (¥;), the left-hand side of (244) equals

> (VT (B2 G MG)VT ;)

J

—Z/Qf(U)<(g\/1:‘1’j)(U),B(Q\/f\l/j)(U)>du(U)~



DENSITY FUNCTIONALS FOR THE PAULI-FIERZ HAMILTONIAN 117

The integrands are bounded by || B|||| f|| s ||(GVT¥;)(w)]?, so the bound in (i) allows
the sum and the integral to be exchanged, which gives (244). For f = 1, the
definition (2) of the partial trace yields the last identity, the integral converging in
trace norm by the same bound.

(iii) Let (©'(u))yeco be another family of trace-class operators satisfying (244).
Its left-hand side does not involve the family, so for every bounded B,

/Q F() Tx (B(O(w) — ©'(w))dpa(u) = 0

for all bounded measurable f. Hence Tr(B(0(u) — ©'(u))) = 0 outside a p-null set
depending on B. Since K is separable, there is a countable family of finite-rank
operators that is norm dense in the compact operators on K. Outside the union
of the corresponding null sets, Tr(B(0(u) — ©'(u))) = 0 for every compact B, and
since the trace class is the dual of the compact operators, ©(u) = 0’ (u). O
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