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Abstract

We deduce from the p-adic kit for three logarithms of [4] a fully explicit bound in closed
form. If 71, v2, 3 are multiplicatively independent rationals, congruent to 1 modulo p (modulo
4 if p = 2), of heights at most a; logp with a; > 1, and if |b;| < B, then

log B
vp(’yi’lwé”’yg?’ - 1) < ajasas B> max{27 711, Cs(p) mjaxaj}, B= max{loogﬁ, 10},

with Ca(p) = 11 107%(1 + 100;]10)2, as soon as 70'v52~53 £ 1. By a change of basis in the

multiplicative group, the result applies to arbitrary rationals prime to p. On the examples of
[4], the bound is 42 to 956 times smaller than that of Yu’s explicit theorem, and stays within
a factor between 1.2 and 2.5 of the numerical optimisation of the parameters of the kit.

1 Statements

For a non-zero rational v = u/w written in lowest terms, put h(y) = log max{|ul, |w|}. We call
principal unit a rational  prime to p with v = 1 (mod p) if p is odd, and vy =1 (mod 4) if p = 2.

Theorem 1. Let p be a prime, v1,v2,v3 multiplicatively independent principal units, and h1, he, hs
real numbers with h; > max{h(vy;),logp}. Put a; = h;j/logp (> 1). Let b € Z*, B >
max{1, |b1], |b2],|b3]} and B = max{log B/logp,10}. If A = 7?1732723 —1+#0, then

vp(A) < ajagas B? maX{Cl, Cy(p) max{ay, ag, CL3}},

. 2
with C1 = 27711 and Ca(p) = 11107 ;25 (1 + 22)°.

Numerically, C2(2) < 46528, C2(3) < 27390, Co(5) < 19748, Co(7) < 17416, C2(101) <
12776, and Ca(p) — 11107. The term C comes from the main case, the term Cy(p) maxa; from
the degenerate cases.

For arbitrary rationals, one reduces to the theorem by a change of basis. Let oy, ag, s be non-
zero rationals prime to p, multiplicatively independent. For p odd, let ¢ be a primitive (p — 1)-th
root of unity in Z, and n; the Teichmiiller index of o; (o; = (™ (mod p)); put g = p — 1. For
p=2,put g=2,n; =0if a; =1 (mod 4) and n; = 1 otherwise. Let

Ap={z € Z3 : myxy + nozs + naxrs = 0 (mod g)},
e1,e2,e3 a basis of Ag, E the matrix with rows e;, 7; = o’ g’ ag’ and ¢; = 3, [(E~ ;.

Corollary 2. With these notations, let h; > max{h(vy;),logp}, a; = h;j/logp, b € Z> with
|bi| < B and o/{lagQagf # 1. Put B’ = max{log(B max; cj)/logp,10}. Then

vp(o/ilagzagf — 1) < ayazas B? maX{Cl, C(p) max aj}.
J
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Since A = ag‘"’ (all”agz oz?:b?’ — 1), the corollary also applies to A = 0411’10/52 — 0423.

Remark 3. The bound is in (log B)?, whereas that of Yu [5] is in log B; like the kit, it is therefore
meant for the reduction of bounds. In the example p = 7, o = (2, 3,5) of Section 6, it remains
better than the explicit form of Yu given in [1] as long as log B < 1.77-10%, that is B < 107!, It
contains no factor p: for principal units, none appears in Corollary 2 of [2] either. For arbitrary
rationals, it moves into the heights. For instance, if the numerators and denominators of the «;
are pairwise coprime, then h(af) > %EZ les|h(ci) for e € Z3, and Hadamard’s inequality gives

hihghg > [ZEAO} h(a1)h(ag)h(as); without this coprimality hypothesis, this lower bound may fail.

Remark 4. The constants are dictated by the case B = 10. For large B, if £ is allowed to depend
on B (instead of being fixed at 7.2), the same construction gives, in the main case, a constant
tending to 520 /2, ~ 1.39 - 104, where /o, = 2/(1 — 0) and O is the limit of §(L) defined in
Section 3.

2 Results used

The kit with g =1

The following result is Theorem 11 of [4], that is, its Theorem 2 with g = 1; the exceptional
cases (2.14) and (2.15) are those of Mignotte and Voutier [3]. Let v1,72,73 be multiplicatively
independent principal units, h; > h(y;), and A’ = 71'817262 —753 # 0 with 8; > 1, ged (51, B2, B3) =
1, pf B and B; < B. Write di = ged(B, f3), d2 = ged(B, B3),
K-1
o\ 12/(KP-K) R-1 +(T'—-1 S—1 + (T -1
Fr = (H (k)5 k) ( )Bs + ( )8 ( )Bs + ( )B2

b= F
’ 2d, 2ds K

k=1

E(K,L)= (2K +1)(L —1)/3, \p, =2|L?/4]/L and N = K(K + 1)L/2.
Theorem 5 ([4]). Let K > 2, L > 2, R;,S;,T; > 1 (i =1,2,3) be integers, R = R+ Ry +R3+1,
S=854+85%+S+1,T=T1+Te+Ts5+1, x >0, Vi = (R +1)(S1+1)(T1 +1) and
M=max{R;1+S1+1,S1+T1 +1,R +T1 + 1,xv/V1}. Assume

(Z1) Vi > KM and Vi > L,

(Z2) (Ry+1)(Sy +1)(Ty +1) > max{2K L, K*},

(Z3) (R3+1)(S3+1)(T5 + 1) > 3K°L,

K—1)

E(K,L)logp > log N + 2<3 logb+ AL ((R—1)h1 + (S — 1)hg + (T — 1)hs). (1)

Then vy(A') < KL — 2, except in one of the following two cases:

(214) 61 < maX{Rl,RQ}, By < maX{Sl,SQ}, By < maX{Tl,TQ}; then ’Up(A/) < (log2 + Bih1 +
B2ha + Bshs)/ log p;
(2.15) there are coprime integers (uy, ug, us) # 0 with w11 +uzfe +uzfBs = 0 and |u;| < U;, where

(S1+ )T +1) U, — (B +1)(Th +1) U — (B +1)(S1+1)
M —max{S,T1}’ 2T M —max{Ry,T1}’ ST M —max{Ry, 51}

Uy =

Two logarithms
Theorem 6 ([2, Corollaire 2]). Let v,~" be multiplicatively independent principal units, ¢, > 1
integers, H > max{h(v),logp}, H > max{h(v'),logp} and b* = ¢/H' + ' /H. Then

/ 24p 2
/ !/
vp (v —=7¢) < = 1)(logp)t (max{log b* + loglog p + 0.4, 10log p, 10}) HH'.

For p = 2, the integer t of [2] equals 1 and the hypothesis v, € U} is satisfied.



A lemma on factorials

4log K
T -

Lemma 7. For every integer K > 2, log Fix < —2log K + % +

Proof. We have ZkK:_ll(K — k)logk! = Z]K:1 wjlogj with w; = ([(71)(2#4@ Let w(x) =
w. For2<j<K-landz € [j—1,j], we have 0 < w(z) < wj and 0 < logz < log j;
on [0,1], w > 0 and logz < 0; on [K — 1, K|, w < 0 and log 2 > 0, while w; log1 = wg log K = 0.
Hence

K K 3 2

K 11 K
g wjlogj > / w(:v)loga:dxz—(logl{——)——<logK—§>,
= 0 6 6/ 4 2

using fol(l —t)"logtdt = —Hpy1/(n+1), where Hy1; is the harmonic number. Thus —log F >
Gk = (2K%log K — Y K3 - 3K?log K + §K?)/(K? — K), and

0

11 4logK K2?logK + 2K? 4+ 2Klog K — LK —4log K
~ (2108 K — = — ): 2 3
Gr (Og 3 K K3—K o

for K > 2. O

3 Choice of the parameters
We fix m = 520, k = 0.65, £ = 7.2. Let a1,a2,a3 > 1, A = ajaqas, P =logp, B > 10, and put
L=T[(B], K=|mLA|, x=xrVL, ¢ =mr)?*°L, c;=mL)*? c5=(3m*L,

Rz’ = \_Ciaza:gj, SZ = Lcialagj, TZ = ch’alagJ (2 = 1, 2, 3).
We have L > Lo =72 and K > Ko = |[mLg| = 37440. Put 0 = ¢; + c2 + ¢3 = 7(L) mL, where

1
H(L) = R2Pm 3 4 (mL)y B £ (3/m)V3, 0L K) = %T(L)Q )
These quantities decrease in L and K; we have 7(Lgy) < 0.30256 and 0(L, K) < 0y = 0(Lg, Ko) <

0.68078. Finally R; + 1 > c;asas, so that
(Ri + 1)(Sz + 1)(Tz + 1) > C§A2, R, < c;a20as3, Sz < ¢;ayas, T, < c¢aias. (2)
Lemma 8. We have K > 2, L > 2, R;,S;,T; > 1, and conditions (Z1), (Z2), (Z3) hold.

Proof. The ¢; are > 1 and a; > 1. Since K < mLA and A > 1, (2) gives Vi > c?/QA =
kVL-mLA > xK, hence Vi > Kxv/Vi. Next R + 51+ 1 < (2¢; + 1)A < 3¢1A, and V; >
A% > 3mLci A2 > K(Ry + S1 + 1) because ¢ = (m/i)4/3L2 > 3mL, which is equivalent to
ml/B3EABL >3 (the left-hand side is at least 326); likewise for S1+ 71 + 1 and Ry + 77 + 1. Hence
Vi > KM, and Vi > ¢} > L. For (22), c3A? = m?2L2A%? > K? and m2L2A% > 2mL2A% > 2K L.
For (Z3), c3A? = 3m2L3A% > 3K*L. O

Lemma 9. Let hj = a; P and B; < B with log B < BP. Criterion (1) holds.

Proof. Height term. By (2), R —1 = R; + Ry + R3 < oagas, whence (R — 1)h; < 0AP, and
likewise for S, T'. Since \;, < L/2 and A < (K +1)/(mL),

AL((R = 1)hy + (S — 1)ho + (T — 1)hs) < ngAp < gT(L)L(K +1)P.

Term logb. We have (R —1)83+ (T'— 1)1 < (R+ T — 2)B < o(aza3 + a1a2)B < 20 AB, and

likewise for the second factor; with Lemma 7, logh < 2log B + 2log(c A/K) + & + 41(}§K. Since

K >mLA(1 — ), we have 0 A/K < 7(L)/(1 — -1-), hence logb < 2log B + (8 with

3+K

1 11 4log K
) 98 < By < 1.27688,

— 2log (L) — 21 (1——
5 og (L) 0g s



Bo being the value at (Lo, K¢) (each term decreases). Thus @ logh < %(2 log B + fy), since

Bo > 0.
Term log N. log N <log K + log(K + 1) +log L < 3log(K + 1).
Conclusion. Since E(K, L) > %(L — 1), it suffices, after division by %P, that

210 B 1 9log(K + 1
g (50+ g( )>.

L(1-60(L,K)) >1+ 7 5 Ve

We have L(1 — (L, K)) > (B(1 - 6,), 2log B/P < 2B, P > log2 and 28U < dlog(Rotl) 4

therefore suffices that B(¢(1 — 69) —2) > 1+ (8o + %ﬁgm)/log 2, that is 0.2983 B > 2.8440,

which holds for B > 10. L]

Lemma 10. We have M > max{R1,S1,T1} and U; < puna; for j =1,2,3, where

(1+1/c1(Lo))”

=m!'P7?? < 10.7167 =
pemeE = ’ 1— 1/(x¥3m1/3Ly)

< 1.00366.

Proof. Put x1 = ciasas, xo = ciajas, r3 = ciaias, so that Ry < 1 < Ry 4+ 1, etc. We have
M > xvViL > Xci’/QA and max{S1,T1} < cia; max{az,as} < c1A, hence M — max{Sy,T1} >
c1A(xy/e1 — 1) > 0. Next (S + 1)(T1 + 1) < xows(1 +1/c1)? = 3a1 A(1 + 1/e1)?. Hence

cai(1+1/¢1)? e (1+1/e1)?

U1 S == aj )
xver—1 x  1-1/(xy/a)
with \/c1/x = p, x\/c1 = KYBMABL > k43m/3 Ly and ¢; > c1(Lg). Likewise for Uy, Us. O

4 Proof of Theorem 1

Reduction. Let 6 = ged(by,ba,b3) and y = 711)1/5732/5733/6. It is a principal unit, y # 1, and
vp(A) = vp(y°® — 1) = vy(y — 1) + v,(8) (for p = 2, one uses y = 1 (mod 4)). We have v,(5) <
log B/P < B < AB?/10. Since b/ is primitive, one of its coordinates, say jg, is prime to p.
Replacing some vy; by Vj_l (which does not change h(v;)) and multiplying by a unit, v,(y — 1)

is the valuation of ~;” fi/ - yjﬁojo, with {i,7,j0} = {1,2,3}, B; = |bj|/0 < B and p t 5;,. We
renumber so that jo = 3; the statements being symmetric in a1, as, as, this does not change the
bound.

One or two zero exponents. If two of the 3; vanish, v,(y—1) = fup('yf—l) = vp(y5—1)+vp(B) <
(hj +1log2+log B)/P < aj + 1+ B. If only one vanishes, Theorem 6, applied to the two units
Vi, 7k whose exponents do not vanish, with H = h; and H' = hy, gives the bound of case (2.15)
below with 24 instead of 96u%n? and aja), < A instead of Amaxa;. In both cases we stay below
the stated bound.

Three non-zero exponents. We apply Theorem 5 with the parameters of Section 3 and h; =
a; P; its hypotheses hold (Lemmas 8 and 9). Outside cases (2.14), (2.15), vp(y — 1) < KL —2 <
mL?A, and L < (B +1 < ({ + 75)B, whence

0p(8) < (m(€+ 1) + 15 ) AB® < 27711 AB2

Case (2.14). Since ca < ¢1 (as L > 3), B1hi+Paho+F3hs < 3c1 AP, and vp(y—1) < 1431 A <
1+3-48.53-7.3AB < 107 AB%.

Case (2.15). Put x = 75371_’3172_62, so that vy(y — 1) = vp(x — 1). We have x # +£1, since
A’ # 0 and z is a product of powers of the 7;, which are multiplicatively independent. For every
integer u # 0, therefore, 2" # 1 and v,(z — 1) < vp(z* — 1). If ug # 0, then |us| > 1, hence
Us > 1, and

29 = PN gl = i ) = e

4



where 7}, ~4 are multiplicatively independent principal units with h(y]) < Hy; = Ushy + Urhs
and h(v,) < Hy = Ushg + Ushs; we have H; > P. If ug = 0, then wjug # 0 and 2" =
(7?275“1)52 (75“)&‘, with heights Hy = Ushq + Uyhy and Hy = Ujhg, both > P. In both cases,
up to a unit and after possibly inverting +/ or 74, we are reduced to 4¢ —4"¢ with ¢,¢’ < B. By
Lemma 10, Hy Ho < 41%n?A max; ajPQ. In Theorem 6, b* < 2B/ P, hence log b* +1loglog p+0.4 <
log B+1.1 < BP+1.1; moreover 10logp < BP and 10 < BP + 3.1. Since B > 10, the maximum
is at most BP + 0.318 = BP(1 + 0.31/P). Hence

24p  popaf, 03INZ o o 2 2.2 P 0.31\2 2
1)< hdiatal T . — v B2
vp(y—1) < o 1)P4B P (1—1— fz ) 4p*n Amjaxa]P 96u“n - 1<1+logp) Am]aanB
With 964277 < 11106 and v,(8) < AB%/10, we obtain v,(A) < Ca(p) A max; a; B2.
In all cases, v,(A) < AB? max{C}, C2(p) max; a;}. O

5 Proof of Corollary 2

If v,(a® — 1) = 0, there is nothing to prove; for p = 2, neither if va(a® — 1) = 1. Otherwise a® = 1
(mod p) (modulo 4 if p = 2), so the Teichmiiller component of a®, equal to ¢"* (to (—1)"? if
p =2),is 1, and b € Ag. The 7; have trivial Teichmiiller component; they are principal units,
multiplicatively independent since E is invertible. Write b = 37 biej with b = bE~ € 73,
whence [0} < ¢;B and a® = 4¥. Apply Theorem 1 to ¥ — 1 with B’ = Bmax; c¢j; we have
B’ > 1, since b # 0 (because o’ # 1), so 1 < max; 0% < B’ O

6 Examples

The table takes up the examples of [4, Section 7], with o = (2,3,5) if p = 7 and o = (2,3,7)
otherwise, and bases of Ay with the same heights and the same c¢;. The column “kit” is the
numerical optimisation of the parameters of [4]; the column “Yu” is the explicit form of [1],
applied to the same «;.

For instance, for p = 7 and o =
gives v = (1/8,9/2,3/10), ¢ = (2/3,1,
whence vy < 4.99 - 107.

The bounds in the table are rounded up; the ratio is their integer part.

(2,3,5), the basis (—3,0,0), (—1,2,0), (—=1,1,—1) of Ay
1), a = (1.069; 1.129; 1.183), and for B = 1030, B’ = 35.5,

p B heights h; Corollary 2 kit [4] Yu Yu / Cor. 2
5 1019 1.791.952.08 1.01-107 4.62-10° 3.08-10° 306

5 10%° 1.791.952.08 894-107 3.98-107 9.24-10° 103

7 10 208220230 554-10° 2.68-10° 4.27-10° 771

7 10%° 2.082.20230 4.99-107 2.11-107 1.28-10%° 257
11 109 248 2.643.30 4.35-106 2.10-10 4.16-10° 956
11 10 2482643.30 3.61-10" 1.60-107 1.25-10' 345
13 10 264277330 3.97-10° 1.75-10°% 6.37-10% 160
13 103 264277330 290-10° 1.24-10° 1.91-10° 66
101 10 4.68 4.858.88  5.69-10° 2.33-10° 2.43-10°% 42
101 10%° 4.684.85888 1.25-107 9.98-10 7.29-108 58

Table 1: Upper bounds for vp(o/ila?a? —1) for |b;| < B.

Verification

The ancillary file VERIF_FERME3P.py (plain Python, no argument, a few seconds; messages in
French) checks Lemma 7 for 2 < K < 3000 and two large values; checks the numerical values



quoted (7(Lg), 0o, Bo, i, 1, 961%n?, C1, Ca(p)); and checks directly, on a grid of 27440 points (p
up to 10° + 7, a; up to 77 in all orders, log B/logp up to 10°), conditions (Z1)—(Z3), criterion
(1), the inequality M > max{R;,S1,T1}, the bounds for the U; and those of all branches. It
recomputes the ten rows of the table (bases, indices, congruences v; = 1 (mod p), ¢;j, bounds,
ratios).
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