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Abstract

We transpose to the p-adic case the kit of Mignotte and Voutier for linear forms in three
logarithms. The new tool is a lower bound for the p-adic valuation of interpolation determinants
with no factorial loss: it is obtained by expanding the powers 8% as binomial series in § —1, and
then transporting an order of vanishing that we compute optimally for generic points, by means
of the initial forms of the space of exponential polynomials involved. It holds for every prime
p. Combined with a rearrangement bound for the spread of the exponents and with Gouillon’s
zero lemma applied within a Teichmiiller class, it gives a criterion of the form of criterion (2.8)
of Mignotte—Voutier, in which log p is replaced by log p and the height term contains no analytic
contribution. For two logarithms, in Q, with p odd, it improves Lemma 8 of Bugeaud-Laurent.
A change of basis in the multiplicative group reduces to the case of principal units: the factor
g = p — 1 leaves the volumes and moves into the heights. On examples, with exponents up
to 101 or 103Y, the complete bounds (degenerate cases included) are 154 to 667 times smaller
than those of Yu’s explicit theorem for p € {5,13}, 608 to 1980 times for p € {7,11} (where
the explicit form of Yu goes through Q(4)), and 73 to 105 times for p = 101.

1 Results

Explicit lower bounds for linear forms in logarithms come in two forms: general theorems, in log B
(Matveev in the complex case, Yu in the p-adic case), and methods of interpolation determinants, in
(log B)? but with much smaller constants, which serve to reduce a first bound. For two logarithms,
the latter exist in both cases (Laurent [6]; Bugeaud-Laurent [2], then Chim [3] with a dependence
in log B). For three logarithms, Mignotte and Voutier [7] gave a kit for the complex case. To our
knowledge there was none for the p-adic case; we give one here.

Setting

Let p be a prime, a1, oo, a3 > 2 integers prime to p, multiplicatively independent, and b1, ba, b3 > 1
integers with ged(by,b2,b3) = 1 and p t bs. Put

by

b1 b b
A:Cklloé22—04337é0, /81:%7

by _Jp—1 p#2,
/82*1)77 g=
3

1 p=2.

Write d1 = ng(bl,bg), d2 = ng(bQ,bg), bg = bg/dl, bll = bl/dl, bg = bg/dg, b/2/ = bg/dz. For p Odd,
write a; = ("6;, where ( is a primitive (p — 1)-th root of unity in Z,, n; € Z and 6; € 1+ pZy; for
p=2, taken; =0and 0; = a; € 1+ 2%Zo.

Let K, L > 1 be integers, N = K(K+1)L/2, and consider the family of the N indices (k;, m;, ¢;)
with k; + m; < K —1and 0 < ¢; < L — 1; each value of ¢ is taken K(K + 1)/2 times. For N
distinct triples (75, s5,t;) of non-negative integers, put

N B Nl BN Cir: b:s: L:t;
A = det((r7b32;t]b1) (sﬂb:‘sr";tij) allrj OéQZsJOé '

5 €z,

) 1<i,j<N
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which is the determinant (2.6) of [7]. Let Dy be the multiset {a +c:0<a < K -1, 0<¢ <
(K —a)L — 1}, of cardinality N, and, for 0 < I < N, let ©y(I) be the sum of the I smallest
elements of Dy . This number is at least the quantity ©(K —1,1) of [7, (3.1)] used in Waldschmidt’s
multiplicity lemma.

Theorem 1 (analytic upper bound with no loss). Assume nir;+nas;+nst; = ¢ (mod g) for one
c and every j. Then

N
vp(A) > OénlignN<(N — I)vy(A) + @V(I)> - Z;(k: +my).

If moreover v,(A) > KL — 1, then

N (2K +1)(L-1)
vp(A) > 5

3

With Waldschmidt’s bound, the main term would be %, that of Proposition 3.7 of [7]; here it

is asymptotically % . %. No loss of the type v,(n!) occurs, and no hypothesis on the size of K or
L relative to p is required.
Put
(2K +1)(L —1) \ 2| L% /4]
L pu—

E(K,L)= 2= 7
(7) 3 ’ L7

and, as in (2.5) of [7],

b

K—1
R—1)bs+ (T —1)by ' (S —=1)bs+ (T — 1)by ‘ (H (k!)K_k) *12/(K(K*1)(K+1)).
2d1 2d2
k=1
Theorem 2 (criterion for three p-adic logarithms). Let K > 2, L > 2, R;,S;,T; > 1 (j =
1,2,3) be integers, R > Ry + Ry + R3, S > S1+S2+ 53, T >T1 +To+ T3, x >0,V =
VR + DS+ )T +1) and M =max{R; + 51+ 1,81 +T1 +1,R +T1 + 1,xV}. Assume

(Zl) (Rl + 1)(51 + 1)(T1 + 1) > gKM and (Rl + 1)(51 + 1)(T1 + 1) > gL,
(Z2) (Ry+1)(Sy+1)(Ty +1) > gmax{2KL, K?},

(Z3) (Rs+1)(S5+1)(T5+1) > 3g K°L,

2(K —1

E(K,L)logp > logN+(3)
Then vy(A) < KL — 2, unless one of the conditions (2.14), (2.15) of [7] holds.

logb+ AL ((R—1)logas + (S —1)logas + (T —1)log o). (1)

Recall that (2.14) is by < max{Ri, Ra}, ba < max{Si,S2}, bs < max{T1,T»}; in that case
vp(A) <log|A|/logp < (bylogai + by log as + bz log ag) / log p. Condition (2.15) is the existence of
coprime integers (u1, ug, uz) # 0 with u1by + ugbs + uzbs = 0 and |ui| < Uy, |ug| < Us, |us| < Us,
where Uy = %, etc. [7, (2.15)]; it reduces to two logarithms (Section 6).

Compared with (2.8) of [7], criterion (1) replaces log p by log p, and the term gL(a1 R + a2S +
asT), where a; > p|log ;| +1og «; in the real case, by Ap > (R—1)loga; ~ % Y>> R-2logay: there

is no analytic term in p|log o;|; moreover, the main term of the left-hand side is 2% instead of

3
%. The price is the factor g in the volumes of the boxes. The hypothesis p { b3 concerns the

exponent of the isolated term; Yu’s theorem does not require it.

Corollary 3 (two logarithms). Let p be a prime, v1 = a1/c1, 2 = az/ca two multiplicatively
independent rationals with p t ajciasce, h; > logmax{|a;|,|c;|}, and by,ba > 1 integers with
p 1 ba. Put Ay = ’yll’l — 712’2 and v; = ("6; as above (n; = 0 if p = 2). Let A* C Z? be
a sublattice of index g contained in {(r,s) : nir + naos = 0 (mod g)} (one always exists). Let



K>3 L>2 R,R,5,5>1, R=R +Ry—1,S=51+5—-1, N =KL and b =
2
W(Hﬁf k!)_2/(K ~K) " Assume that there are translates C1,Cy of A* such that

#{v{vs :r < Ry, s < 5, (r,s) € C1} > L,
#{bar + b1s:r < Rg, s < S, (r,s) € Ca} > (K — 1)L,

and that
K(L—1)logp >log N + (K — 1)logb+ k1h1 + K2ha,
where k1 = min{Ar(R—1), L(Rzgfl) - G(gi\;L_l)} and kg = min{Ar(S—1), (Sgg L ]ging 1)}

Then v,(A2) < KL—2. In particular, the bound v,(zP~1 —1) < 69(p— 1)% +4 of [9], which
lowers Yamada’s constant 283 [10], holds with 3 instead of 4.

2 Analytic bound (Theorem 1)

2.1 Setting up

Assume v,(A) > 1, otherwise there is nothing to prove. Then (nabs = (mbitnaba gpd 933 =
051052(1 4 ¢) with 1 4+e =1 — A/(a?a?), so v,(e) = vp(A). Since p 1 b, raising to the power bs
is a bijection of 1 + pZ, (of 1+ 2Zy if p =2), and 03 = 9{31 952(1 + €)Y/ powers with exponent in
Zp) being defined by the binomial series. Put z1; = r; +1;51, 225 = s; +t;82 € Ly, X;j = bsz1 4,
Y; = b4z ; € Z. All columns being in the class ¢, row 4 contains the common factor ¢tic, of
valuation zero, and

0p(8) = vy (det (1) ()02 057 (1 + ) t5/%2) ).

Write (1 + ¢)%%/% = 1 4 ¢8;;; since (1 +¢)° — 1 = D>t (S)e™ for e € Zp, we have b;; € Zy.
By multilinearity in the rows, the determinant equals Zlc{l,...,N} eN=UFr(0; — 1,05 — 1), where

Fr(uqy,uz) is the determinant whose row i is ()k(J ) (:;JZ) (1+uq1)%%13 (1 + ug)%#24 multiplied entry by
entry by d;; if i ¢ I.

2.2 Integrality

For z € Z,, (1 +u)* = Za>0( ) @ has its coefficients in Z,. Hence F; € Zp[lu1,ug]]. If Fy
has order at least A at the origin, the series converges at u = 6 — 1, since v,(6; — 1) > 1, and
vp(Fr(6 — 1)) > A: each monomial of total degree d > A has valuation at least d.

2.3 Order of vanishing
Let ¥ € C2\{0}, Ao, ..., A\;_1 pairwise distinct, and V = Span{zf20"eM?% . k+m < K—1, { < L}.

Proposition 4 (multiplicity [8]). Let I C {1,...,N}, &,...,éxy € C%, and ¥(z) an N x N
determinant whose rows of index i € I are (p;(x;)); with ¢; € V', the other rows having entries
analytic in x. Then ordg ¥ > Oy (|I|).

Proof. Let w = ¥ - z and v a complementary linear form. Then V = @,y u*W, with W, =
Span{wbe*® : b < K —1—a}, the solution space of He(% — )K= =0, of order n, = (K —a)L:
a non-zero element of W, has order at most n, —1 at w = 0 (uniqueness for the Cauchy problem).
The initial form of a non-zero f =) u®f, € V is therefore a combination of monomials u*w® with
¢ < ng — 1, with no cancellation between distinct indices a. For a subspace W C V of dimension
I, a basis of W with independent initial forms has initial degrees forming a sub-multiset of Dy;
for arbitrary points, the corresponding determinant has order at least the sum of these degrees,
hence at least Oy (I’). We conclude by a Laplace expansion of ¥ along the rows with index in T

(the complementary minors are analytic). O



Lemma 5. F; has order at least Oy (|1|) — SN | (ki +m;) at the origin.

Proof. Put Gr(wy,wz) = Fr(e*t — 1,2 — 1) € Qp[[w]]. Since (1 + u)* = exp(zlog(l + u)) in
Qp[[u]], row i of Gy is ()kif) (n}%) exp(€i(w121,; +waz27)), multiplied by &;; if i ¢ I. The polynomial
(b3,: 1) (b%Q) is a combination of monomials 24" 25? with p; + 2 < k + m. By multilinearity, G is
a combination of determinants G, whose row i is zf}lzgf exp(l;w - z;) (times 05 if @ ¢ I), with
di = pin+ pi2 < ki+m; < K —1. For such a determinant and ¢ = (V1,72) € C2\ {0}, the

function
U(z) = det((xz DHit (229 5)M02 exp (£;(9 4 NIS:1) = 22 G -
b7 2J p( i(V1221 2552271))[ ijl) == ru(zdr, z02)

vanishes at = 0 to order at least ©y (|I|), by Proposition 4 (A = ¢; the rows of index i € I lie
in V, the others are multiplied by constants). The z; ; are rational and the d;; enter polynomially:
the identity, true for arbitrary complex d;;, holds formally. The homogeneous components of Gy,
of degree < Oy (|I]) — >_ d; therefore vanish at every 9 # 0, hence identically. Thus G has order
at least Oy (|I]) — > (ki+m;). Finally Fr(u) = Gr(log(1+ u1),log(1+us2)), and substituting series
with no constant term and with linear part the identity does not decrease the order. O

End of the proof. We obtain v,(A) > min; (N —|I|)vp(A)+Ov (|1])) — > (ki+m;), for all K, L > 1.
If vp(A) > KL — 1, since every element of Dy is at most KL — 1, the minimum is attained at
I = N, and Oy (N) — > (ki + m;) = WK+1)(L_1) by a direct computation (> ,(k; + m;) =
LK(K +1)(K —1)/3). O

Remark 6. The first inequality of Theorem 1 is attained in many small configurations: the verifier
finds equality there. For generic points and I = N, Proposition 4 is optimal [8].

3 Arithmetic bound

Lemma 7 (rearrangement). Let {1,..., ¢y take each value 0, ..., L—1 ezxactly Q times (N :2QL)
— R—1)Q|L?/4
S liro(ny — L2 | < EDGLEAL

and let ry,...,rny € [0, R — 1]. For every permutation o,

Proof. Since Y.(¢; — £51) = 0, the difference equals Y, (¢; — %)(ra(i) — £-1) whose absolute
value is at most £1 szz_ol 0 — L = BLQ|L2/4). O

Proposition 8. If A # 0, then

2(K —1)

2
—vp(A)logp < log N + 3

N logh+ AL ((R—1)logas + (S —1)logas + (T — 1)log a3),

where R, S, T are strict upper bounds for the coordinates of the points.

Proof. As in Proposition 3.9 of [7], A = P(aq, a2, a3) with P € Z[X;, X2, X3], whose monomi-
als have exponents (D liTg(), 2. liSa(i), 2 Litos)), and |P| < NNZHE-DN/3 for the sup norm
on the torus. Lemma 7, with Q = K(K + 1)/2, places these exponents in intervals of lengths
2G1,2Go, 2G3, where G = (Rfl)K(ﬁH)LLQ/M, etc. Write A = aUﬁ(a), where U; is the least
exponent of X; among the monomials with non-zero coefficient; Pe Z[X] has degrees at most 2G;

and |P| = |P|. The integer P(a) is non-zero, with the same valuation as A. By the maximum
principle on the polydisc applied to X2¢P(1/X), with a; > 1, |P(a)| < |P| ] 2. We conclude
with p*»(®) < |P(a)| and 4G1/N = A (R — 1). O



4 Zero lemma within a class

Proposition 9. Under (Z1)-(Z3), and if neither (2.14) nor (2.15) of [7] holds, there is a class c
modulo g such that the matriz formed by the columns (r,s,t), 0 <r < R, 0<s< S, 0<t<T,
nr + nes + ngt = ¢, has rank N.

Proof. For j =1,2,3, let B; = [0, R;] x [0,5;] x [0,T}] and let ¢; be a class containing the largest
number C; > |Bj|/g of points of B;j. Let 3; be the image of the points of B; of class ¢; under
Y(r, s,t) = (r+tP1,s +tfa, afasal), and ¢ = ¢1 + ca + ¢3. Since R > Ry + R + R3 (and likewise
for S,T), 31 + Xo + X3 is contained in the image of the points of class ¢ of the large box. A linear
relation between the rows gives a non-zero polynomial P(X1, X2,Y), of total degree at most K — 1
in (X1, X2) and of degree at most L — 1 in Y, vanishing on this image. We check the hypotheses
(3.17)—(3.19) of Proposition 3.11 of [7] (Gouillon’s lemma [4]; the matrix is integral, and we work
over C) exactly as in Section 4 of [7], replacing the cardinalities of the boxes by the Cj.

e 1) is injective: a collision would give ag"b3 = o/lnbl a?bQ for some m > 0, whence A = 0.

e The values a{agag are pairwise distinct, by multiplicative independence. Hence #{y} = Cj,

and (4.2), (4.3) of [7] follow from C > L and Cy > 2K L, guaranteed by (Z1), (22).

e Outside (2.14), (r,s,t) — (r +t51, s + tfB2) is injective on By and By (Lemma 3.17 of [7]),
whence (4.4) by Cy > K2.

e Outside (2.15), each fibre of (z1,22) — Ax1 + pxe on the whole box By has fewer than M
elements (Lemma 3.21 of [7]), a fortiori on its points of class ¢1; whence #{Ax1 + pxa} >
Ci/M > K by (71).

o #%35=C3 > 3K2L by (Z3).

Hence P = 0, a contradiction. ]

5 Proofs of Theorem 2 and Corollary 3

Theorem 2. By Proposition 9, one can choose N columns of class ¢ forming a minor A # 0. If
vp(A) > KL — 1, Theorem 1 gives £v,(A) > E(K, L), and Proposition 8 contradicts (1). Hence
vp(A) < KL —2.

Corollary 3. We follow the proof of Theorem 1 of [2] with the powers 7] themselves (without
raising to the power p'), the matrix ((TbﬁSbl)'yf’”ygs) (rows (k,¢), k < K, ¢ < L; columns in the
translate C1 + Cy of A*, which is contained in one class), and the zero lemma of Lemmas 6-7
of [2], which gives rank N (it only requires E; + Eo C C; 4+ C3). For the analytic bound, we
proceed as in Theorem 1, with one variable z; = r; + s;b1/ba (p t b2), with 6 = 011)1/b2(1 + g)l/b2,
vp(e) = vp(Ag). We expand each binomial into monomials 2z, p; < k;, and pass as in Lemma 5
to U(x) = a2"iGy ,(x0), whose row i is a series »., Ci,qx®z] (times d;5 if @ ¢ I). Expanding
by multilinearity, two rows of I assigned the same exponent a are proportional; the non-zero
terms therefore have distinct exponents on I, and the order is at least |I|(|I| — 1)/2. We obtain
Up(A) = ming (N — I)vy(A2) + I(I —1)/2) — LK(K —1)/2, which equals NK (L —1)/2 as soon as
vp(A2) > N — 1. For p odd, this replaces the bound NK(L —1)/2 — Nlog N/logp of Lemma 8 of
[2]. For the arithmetic bound, we use the bound |P| < NN/2p(E=DN/2 of Lemma 6 of [5] (used in
Lemma 11 of [2]), and we bound the spread of the exponents in two ways. Lemma 7 with Q@ = K
gives 4G1/N = A (R—1). On the other hand, let ¢’ be the index of the projection of A* on the first
coordinate and ¢” that of A*N({0} xZ); then ¢'¢g” = g. The first coordinates of the points of C;+C5
lie in a progression of difference ¢’, and each is taken at most [(S — 1)/¢”| + 1 times. The proof
of Lemma 10 of [2] then applies word for word (it uses the hypothesis ged(m1, mo,g) = 1 only to

obtain this structure) and gives 4G /N < L(Rzg =1 _ 5 ng-ng—l)' We take the minimum, and likewise




for Go. If A = ch_UchZ_Uzﬁ('yl,*yg) € Z (U;, V; the least and largest exponents, V; — U; < 2G;),
the maximum principle applied to the homogenised polynomial gives |A| < |P|e2G1hi+2G2h2 - and
vp(A) = vp(A). If vp(A2) > N — 1, we obtain the negation of the criterion; hence v,(A2) < N — 2.

In the bound for v,(zP~1 — 1) of [9], the chain is the same with log N instead of 3log N (which
only helps) and the conclusion KL — 2 instead of KL —1. With L =5 and K = |69LI'/25] 4 1,
we obtain KL —2 < 69T + 3. O

6 Degenerate cases

Assume (2.15), with ug # 0. Put z = a53a; " ay 2, so that v,(A) = v,(z — 1) < v,(2"8 —1). Since
uzby = —u1b1 — uzby,

=7 " m=aital, e =ajlal?,

with h(v1) < Uslogag + Uplogas and h(v2) < Uslogag + Uslogas; v1,72 are multiplicatively
independent. If ug = 0, then wjus # 0 and z% = (aj?a;"")"(ay")?. In both cases we are
reduced to a form in two logarithms of rationals, to which we apply the better of the two results
listed below. Corollary 3 requires that p does not divide the second exponent; if p divides the
second but not the first, we exchange the roles of 1 and 2 as well as those of the R; and the Sj,
which leaves the criterion unchanged. If p divides both remaining exponents, we write the form as
y?" — 1 with vp(ypk —1) <wy(y — 1)+ k (p odd), which costs at most log B/ log p; Theorem 3 of
[2] does not need this. The two results are:

e Theorem 3 of [2];

e Corollary 3, with boxes R;S1 > gL, ReSo > g(K — 1)L and translates of A* chosen by
pigeonhole. If bar+b; s is not injective on the box Rox.Sa, then by /d < Ro—1 and ba/d < Sa—1
with d = ged (b1, ba), and As is, up to a unit, ¥ — 1 with h(y) < (Rg — 1)hy + (S2 — 1)ha.
For p odd, if go is the order of 4 modulo p, then v,(7% — 1) = 0 if go { d, and otherwise
vp(v4 = 1) = vp(790 — 1) + v,(d) < ((p — 1)h(y) + log 2 + log B)/logp.

7 Change of basis: reduction to g =1

Restricting to Teichmiiller classes puts the factor ¢ into the volumes of the boxes (Z1)—(Z3), and
(Z1) combines it with x. It can be avoided by a change of basis in the multiplicative group, at the
price of larger heights.

Write w for the Teichmiiller character: w(a;) = (™.

Proposition 10. Let p be odd, and let ni,ns,n3 be the Teichmiiller indices of aq, a9, as. Let

Ao = {x € Z3 : nixy + noxo + n3xs = 0 (mod g)}, let e1, ez, e3 be a basis of Ag, and put v =
€j1 €52 €53 X

o oy oy € QF.

1. The v; are multiplicatively independent and v; =1 (mod p).

2. If vp(A) > 1, the vector B = (b1, bg, —bs) lies in Ao; write f =3, bie; with b; € Z. Then
0% < kB, where B = maxb; and k; =3, [(E~Y) |, E being the matriz with rows e;.

b b, b /
3. vp(A) = vp('yll'yf’y?f’ — 1). If § = ged(b), b5, b5), then vy(A) = vp(q/b /5 — 1) + vp(0).

Proof. (1) E is invertible; w(y;) = ("% = 1,50 v; € 1 +pZp. (2) A = ag‘?’(aﬁ —1), and vp(A) > 1
gives w(a?) = ¢"F =1. (3) o =¥, and for y € 1+pZ,, p odd, v,(y° —1) = vp(y—1) +v,(5). O

Theorem 11 (version with g = 1). Let v1,v2,73 be multiplicatively independent rationals u;/w;
with v; = 1 (mod p) (p any prime), h; > logmax{|u;|,|w;|}, and A’ = 7{317262 - 753 # 0 with



B; > 1, ged(Bi,B2,03) = 1, p t B3. Then the conclusion of Theorem 2 holds for A’ when one
takes ny = 0 and g = 1 in (Z1)-(Z3), and h; instead of logcj in (1); in case (2.14), vp(A') <
(log2 + 37, Bjh;)/ log p.

Proof. Theorem 1 only uses ; = ~; € 1+ pZ,; all columns are in a single class. The zero
lemma (Proposition 9) only uses multiplicative independence and combinatorial properties of the
exponents. In Proposition 8, A € Z,), and the integer A = Hj w;/j*Ujﬁ(’y) satisfies v,(A4) >
vp(A); the maximum principle on the polydisc, applied to the homogenised polynomial, gives
|A| < |P|e%i2Cihi | as in Corollary 3. O

Corollary 3 holds likewise with g replaced by the index of A*; for principal units one takes
A* = 72 (index 1), its proof using only ¢'¢” = [Z? : A*].

We apply Theorem 11 to the form 4¥/% — 1. Since b’ /0 is primitive, one of its coordinates, say
Jo, is prime to p. For j # jo, replace 7; by ’yj_l if b, < 0; replace vj, by *yj_ol if b7, > 0. Up to a unit,

/ / v. |8
the form becomes m'lb“‘/ 57}){)” 5 _ 7|- iol/ . If one b;- vanishes, it has two logarithms and falls under

Corollary 3 (index 1) or [2, Théoreme 3]; if two vanish, vy(7]"* — 1) < (h; +log?2 + logm)/logp.
Since we do not know which coordinate is isolated, we take the maximum of the three bounds,
and add log(max; x7B)/ logp for v,(0). This method requires neither p { b3 nor ged(b1, bg, b3) = 1.

We choose the basis minimising the product of the heights h; among combinations of short
vectors of Ag. The factor g then moves into the heights, whereas the method of classes pays it
in the volumes, and squared in (Z1) (Vi > (gKx)? roughly). It cannot disappear: if the a; are
pairwise coprime and v; = u;/w; is written in lowest terms, then u;wj is the product of the aieﬂl,
so h(vj) > 337, leji|log o, and Hadamard’s inequality (in the form | det M| < [1; 22 [Mjil) gives

[Z3 : Ao

h(y1)h(y2)h(vs) > log a1 log ae log ag.

This lower bound needs the coprimality: when the «; share prime factors, cancellations in v; can
make the heights smaller. In the examples below, where the «; are distinct primes, the product of
the heights is 1.2 to 1.4 times g log a1 log ais log as.

p B heights h; classes (Section 6) change of basis  Yu [11, 1] ratio

5 10  1.79 1.95 2.08 1.04 - 107 4.62-10°  3.08-10° 667

5 10%°  1.791.95 2.08 9.26 - 107 3.98-107  9.24-10° 232

7 10%°  2.08 2.20 2.30 6.37 - 10° 2.68-10° 4.27-10° 1592

7 10%°  2.08 2.20 2.30 5.54 - 107 2.11-10" 1.28-10'° 608
11 10°  2.48 2.64 3.30 9.10 - 108 2.10-10%  4.16-10° 1980
11 10%°  2.48 2.64 3.30 6.72-107 1.60-10" 1.25-10° 780
13 10'° 2.64 2.77 3.30 9.62 - 10° 1.75-10  6.37-10° 364
13 1030  2.64 2.77 3.30 7.02 - 107 1.24-107 1.91-10° 154
101 10'° 4.68 4.85 8.88 5.27 - 108 2.33-10° 2.43-10% 105
101 10%°  4.68 4.85 8.88 1.25-10° 9.98-10°  7.29-108 73

Table 1: Complete upper bounds for v,(A) for A = 041{10/52 — ag3, bi < B (a=(2,3,5)if p=171,
(2,3,7) otherwise), degenerate cases included; the column “classes” assumes p { b3, the column
“change of basis” does not. Column “classes”: restriction to Teichmiiller classes (Section 6).
Column “change of basis”: Proposition 10, then Theorem 11, maximum over the three choices of
the isolated coordinate. The bases, the B’ = max; n;-B and the parameters are in the verifier;
for instance, for p = 101, e; = (—2,-3,1), e2 = (=7,3,0), e3 = (—=5,1,4), of index 100, v =
(7/108, 27/128, 7203/32) and B’ = 0.48 B. The ratio is that of Yu to the change of basis. Yu’s
theorem is taken in the explicit form of [1, Theorem 3.1, Corollary 3.3] (n = 3; field Q for p =1
(mod 4), Q(¢) for p =3 (mod 4), which penalises Yu by a factor of order p/2 for p =7 and 11).



8 Scope

Proved here: Theorem 1, Lemma 7, Propositions 4, 8, 9 and 10, Corollary 3, Theorem 11 and their
assembly. The change of basis of Proposition 10 is an elementary reduction, probably known; we
have not seen it used with p-adic interpolation determinants, where one usually restricts the points
to a class [2]. Used as they stand: Gouillon’s zero lemma [4], in the form of Proposition 3.11 of
[7]; Lemmas 3.5, 3.17, 3.21 and the bound for |P| (Proposition 3.9) of [7]; Lemmas 6-7, 9-10 (in
the form adapted to translates of A*) and Theorem 3 of [2]; Lemma 4 and the bound for |P| of
Lemma 6 of [5] (two logarithms). The refinement —N/(12RST) of the spread (the g of [7]) is not
used.

Verification

The ancillary file VERIF KIT3P.py (Python and numpy, no argument, about 15 seconds) checks:

e Proposition 4: exact order, computed in Fy[[z]], of determinants at generic points and at
points of the lattice of the kit; closed formulas;

e Theorem 1 for three logarithms, on integer determinants computed exactly, for p = 2, 3, 5,
7,11 and 13, with an exact relation and with v,(¢) =1, 2, 4 or 7;

e the analytic bound for two logarithms, on integer determinants computed exactly, for p = 2,
3,5, 7 and 11 with an exact relation, and for p = 2, 3, 5 and 7 with v,(¢) =1, 2, 3 or 5;

e Proposition 9: rank N of the matrices restricted to each class, for minimal boxes satisfying
(21)~(Z3);

e the bound for the spread in Corollary 3 drawn from Lemma 10 of [2], on translates of all
sublattices of index g < 12 (Hermite normal form), with an adversarial choice of the points;

e for the change of basis, in exact arithmetic: the basis, its index, 7; = 1 (mod p), the heights,

the ﬁ;, then the criterion and the degenerate cases for the three isolated coordinates, and

the cases where one b;- vanishes;

e cach row of the method of classes: (Z1)—(Z3) and (1) at the parameters indicated, the bounds
Ui, both cases of (2.15) by the better of [2, Theorem 3] and Corollary 3, the case (2.14), and
Yu’s constant.

The verifier prints its messages in French.
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