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Abstract: Two centuries ago, Lagrange derived an upper bound for every root of a complex polynomial
using the maximum of powers of coefficients. In 1916, Fujiwara independently found the Lagrange
bound. In 1914, Carmichael and Mason derived an upper bound using the sum of squares of the absolute
values of the coefficients of a polynomial. This bound was extended by Kuniyeda in 1916. We derive
noncommutative versions of the Lagrange-Fujiwara, Carmichael-Mason and Kuniyeda bounds.
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1. INTRODUCTION

More than 200 years ago, Lagrange derived an upper bound for the zeros of complex polynomials [10}/13].

This bound was later found independently by Fujiwara [5] in 1916.
Theorem 1.1. [5,6,10,/15] (Lagrange-Fujiwara Upper Bound) Let
p(z)=ap+arz+ - +a,_12"t + 2" € C[z].
If A € C satisfies p(A) =0, then
Al <2 max k=
Corollary 1.2. [5,|0,|10,13] (Lagrange-Fujiwara Upper Bound) Let
p(z)=ap+arz+ -+ ap_12""" +a,2" €Clz], a, #0.
If X € C satisfies p(A) = 0, then
1

aj

Qn

|A| <2 max
0<j<n—1

Corollary [1.2] gives the following result.
Theorem 1.3. [5/6,10,/15] (Lagrange- Fujiwara Lower Bound)

p(z) =ao+arz+ - +ap 12" +anz" €Clzl,  ag #0,a, #0.
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If X € C satisfies p(A) =0, then

1
Al >

7

a.

aq
2 maxi<;<n o

In 1914, Carmichael and Mason derived the following beautiful upper bound (using Hadamard theorem
for determinants) for every root of a complex polynomial using the sum of the squares of the absolute

values of the coefficients [3].
Theorem 1.4. [5,4,8,|11] (Carmichael-Mason Upper Bound) Let
p(z) =ap+arz+ - +a, 12" + 2" € Clz.

If X € C satisfies p(A) =0, then

n—1
A< {14+ oyl

j=0
In 1916, Kuniyeda improved Theorem using the Holder inequality [7].
Theorem 1.5. [1,|2,7H9,/11,|12] (Kuniyeda Upper Bound) Let
p(z) =ap+arz+ - +ap_12""' + 2" € C[z].

If X € C satisfies p(A) =0, then

1
n—1 ST
A< [T+ D lagl® , Vs e (1,00).
j=0

Corollary 1.6. [1}2,|7H9,11,|12] (Kuniyeda Upper Bound) Let
p(z) =ap+arz+- +a,_ 12" +a,2" €Cl2], an#O0.

If A € C satisfies p(A) =0, then

1
s—1

n—1 s - n—1
; 1
(079 n|” £
=0 =0

Corollary gives the following result.
Theorem 1.7. [1|2,7H9,|11.|12] (Kuniyeda Lower Bound) Let

p(z) =ap+arz+ -+ a,_ 12"+ a2 €Clz], ag#0,a, #0.
If A € C satisfies p(A) =0, then

1
Al > . Vse(1,00).

(1 + (ﬁ Zj:l |aj|s> )

We naturally ask for versions of Theorems and for polynomials over Banach algebras (particularly,

over C*-algebras). In this article, we derive them.
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2. NONCOMMUTATIVE LAGRANGE-FUJIWARA, CARMICHAEL-MASON AND KUNIYEDA BOUNDS

Let A be a unital Banach algebra and A[z] be the set of all polynomials over A. We derive a noncom-

mutative version of Theorem [[L1] as follows.

Theorem 2.1. (Noncommutative Lagrange-Fujiwara Upper Bound) Let A be a unital Banach

algebra. Let
p(z) =ao+arz+ - +a, 12"+ 2" € Alz].
Let u € A be such that p(u) =0 and
(1) [l = flull™.
Then

lull <2 max a7
0<j<n—1

Proof. Let u € A satisfies p(u) = 0 and ||u™|| = ||u||". Define

M= max |a;|77.
0<j<n—1

Then we have
(2) M"7 > |lasll, Y0<j<n-—1.

If ||u|| < M, then the conclusion holds. Hence we assume that ||u|| > M. Since p(u) = 0, we have

u" = —(ag + ayu+ -+ ap_u"h).

By taking the norm and using Equation , we get
ul™ = Ju]| = || — (a0 + a1t + - - + an_1u""Y)||
= llag+au+---+ an_lun—ln
< lao|| + larul| + - - + [|@n—1u™Y|
< laoll + llawllljull + - - - + llan—|l]u”|

< llaoll + llaxllllull + -+ + lan—1 | [ul"~".
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Dividing by ||u||™ and by using Equation we get

laoll , llaal lan—2l | llan—1]|
B T T R T ER P B
<4§{z,+ Mt 4+ 4 A12.+ M
=l fufm lJull?  Jlul*
M [((MN\"" M\ M
= — — + | +o = +1
[ <<IIUII> (IUII> [ )
v (1= ()
Sl 1- A
i ()
lull \ 1= {5
B M
 full =M
Hence
P
[ul] — M
Rearranging completes the proof. (I

Note that we used the condition in the proof of Theorem We are unable to derive the result

without this assumption.

Corollary 2.2. (Noncommutative Lagrange-Fujiwara Upper Bound) Let A be a unital Banach

algebra. Let
p(z) =ag+arz+ -+ a,_ 12"t +an2" € Alz],  a, is invertible.
Let u € A be such that p(u) =0 and
™[l = flul".
Then

1, w57
Jull <2, max | flay"a |77,

Corollary 2.3. Let A be a unital C*-algebra. Let
p(z) =ap+arz+ -+ an_ 12"+ an2" € Al2], a, is invertible.
Let u € A be such that p(u) = 0 and u is normal or self-adjoint. Then
lufl <2 max (lag a;] 7.
0<j<n-1
Corollary 2.4. (Noncommutative Lagrange-Fujiwara Lower Bound) Let A be a unital Banach
algebra. Let
p(z) =ap+arz+ -+ a,_ 12"+ an2" € Al2], ao and a,, are invertible.
Let u € A be such that p(u) = 0, u is invertible and
=y =

4
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Then

1 1

[[u=]] g 2maxi<j<n ||aalajH% .

Proof. Since u is invertible, we have

0=ay+an_1u '+ +au "V +au™.
Define v := u~'. Then

0=an+ apn_10+ -+ av" " + agv™.

Result follows by applying Corollary to v. O
We derive a noncommutative version of Theorem [[.5] as follows.
Theorem 2.5. (Noncommutative Kuniyeda Upper Bound) Let A be a unital Banach algebra. Let

p(z) =ap+arz+ - +a,_12" "+ 2" € Alz].
Let u € A be such that p(u) =0 and
®3) ™[l = flul]".

Then

s—1

1
s—1

n—1
ull < L1+ D llasl® , Vs e(l,00).

Jj=0

Proof. Let s € (1,00). Define

n—1
M= (> la]°
7=0

Let u € A satisfies p(u) = 0 and ||u™|| = |Ju||". We claim that
s—1
flull < (14 M)~ .
Let us suppose that the claim fails. Then
Jul > (1+ M)~ >1.

Since p(u) = 0, we have

u" = —(ap + aru 4+ ap,_u™t).
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By taking the norm, using the Holder inequality and using Equation , we get

[ul™ = lu"| = || = (a0 + a1+ - + an_1u" )|
=|lap + aqu+---+ an—1un71||

< lao|| + larul| + - - + [|@n—1u™"Y|

< laoll + larllllell + - - + lan_i | luY|

< llaoll + llaxllllull + -+ + llan—1 [ [[ul"~"

n—1
= > sl
=0
1 s—1
n—1 S [fn—1 . s
< (Sl (ufl?) =
j=0 J=0
so1
1 n—1 s
o= s \J
= [ 3 (Jul =)
7=0

Hence
2 < =1
Tl -1
Rearranging,
s e 1 1
||u|”_1§MH’ILm:M<1—M> < M
75 =
Therefore
s—1 s—1
A+M) = <|ul|<A+M)-=
which is a contraction. Hence claim holds which completes the proof. ([

Note that we used the condition in the proof of Theorem We are unable to derive the result

without this assumption.

Corollary 2.6. (Noncommutative Kuniyeda Upper Bound) Let A be a unital Banach algebra. Let
p(z) =ap+arz+ -+ an_12" 4 an2" € Al2], a, is invertible.

Let u € A be such that p(u) =0 and

[ = flull™
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i 1 =2
s =T s

n—1
<14 { a1 D2 llagl® , Vs e (l,00).
7=0

_1_
s—1

n—1
< | 1+ D llag agll®
7=0

Corollary 2.7. (Noncommutative Kuniyeda Lower Bound) Let A be a unital Banach algebra. Let
p(z) =ap+arz+ -+ a,_ 12"+ an2" € Al2], ao and a,, are invertible.
Let u € A be such that p(u) = 0, u is invertible and
™)™l = ™™

Then
1 1 1
>

-y 1 = 1
] T G
(14 (S e al) ) T (1 (a1 S hall) )

Corollary 2.8. (Noncommutative Carmichael-Mason Upper Bound) Let A be a unital Banach

algebra. Let
p(z) =ap+arz+ - +an 12"+ a,z" € Al2], a, is invertible.
Let u € A be such that p(u) =0 and
[[u™ || = [l
Then
1

1
n—1 2

n—1
< {1+ Mo a* ) < |1+ llag 1P llasl®
7=0 j=0

Corollary 2.9. (Noncommutative Carmichael-Mason Lower Bound) Let A be a unital Banach

algebra. Let
p(z) =ao+arz+---+ Un_12""t +apz" € Alz], aop and a, are invertible.
Let u € A be such that p(u) = 0, u is invertible and
™)™ = Jlu™ ™
Then
1 - 1 S 1
[l

1 =
n — 2 — n
(15 llagtasl2) " (1 g 12 52 llasl)

3. CONCLUSIONS

1
2

(1) Over two centuries ago, Lagrange established an upper bound for the zeros of complex polynomials
[10,/13]. In 1916, Fujiwara found this bound independently [5].

(2) In 1914, Carmichael and Mason derived an upper bound for the zeros of complex polynomials [3].

(3) In 1916, Kuniyeda improved Carmichael-Mason bound [7].

(4) In this article, we derived noncommutative versions of Lagrange-Fujiwara and Kuniyeda bounds.
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