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Abstract. Rational Fourier lattice certificates, inserted into the existing local-degree recurrence,
give C44 ≤ 4.1225323803 for the number of relevant variables of a Boolean function. The finite
packet contains 37 block-sensitivity exclusions through degree 40. We explain the certificate crite-
rion and its passage to a bound valid in every degree, and identify the inherited analytic inputs.
Neither the small-degree bounds B4 ≤ 9, B5 ≤ 14 nor Fourier granularity is new. This note is
unrefereed, with no independent human review or formalization.

1. Statement and scope

For a Boolean function f , write r(f) for its number of relevant variables, deg f for its real
multilinear degree, and bs(f) for its block sensitivity: the maximum, over inputs, of the number of
disjoint coordinate sets whose individual flips change the output. Define

C44 = sup
deg f≥1

r(f)2− deg f .

Theorem 1.
C44 ≤ 163310332697516761417555720251

39614081257132168796771975168 < 4.1225323803.

The contribution is the rational lattice criterion below and its finite certificates within the
Chiarelli–Hatami–Saks/Wellens weighted method [1, 2]. The final degree-31–40 certificates change
numerical inputs to the same criterion; they require no further universal lemma. The released Épi
degree-48 certificates are unchanged [3]. Koshta’s PR 283 already gives B4 ≤ 9 after sensitive-block
compression [4]. Stepanovs’s 2012 exclusion of a fully sensitive degree-five function on 15 inputs
already implies B5 ≤ 14 [5]. Here Bd denotes an upper bound for block sensitivity at degree at most
d. The packet reproves these two inequalities. Granularity is standard, and Towell’s conditional
degree-five work already uses integer Fourier energy [6, 7]. No broad priority or optimality claim
is made.

2. The rational exclusion

Sensitive-block compression turns bs(f) ≥ n into a sign Boolean function g on n bits with
g(0) = 1, g(ej) = −1, and degree at most d = deg f . Indeed, fix unused coordinates and substitute
one bit, or its complement, for each coordinate in a block. Multilinear reduction cannot increase
degree.

Write g =
∑

S aSχS , with χS(x) = (−1)
∑

i∈S
xi . Put M = 2d−1. Then aS ∈ M−1Z: the

bit polynomial of (1 − g)/2 has integer coefficients by inclusion–exclusion, and substitution xi =
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(1 − χ{i})/2 proves the assertion. Parseval gives
∑

S a2
S = 1. If Al =

∑
|S|=l aS , averaging over

weight-k inputs gives

q(k) =
min(d,n)∑

l=0
AlQl(k), Ql(k) =

∑
j(−1)j

(k
j

)(n−k
l−j

)(n
l

) .

Thus q(0) = 1, q(1) = −1, and |q(k)| ≤ 1. For rational α0, . . . , αn, put

cl =
∑

k

αkQl(k), L = α0 − α1 −
n∑

k=2
|αk|, h(c) = max

z∈Z
(cz − z2).

The two integers adjacent to c/2 suffice to evaluate h(c) exactly. Since aS = zS/M and
∑

S z2
S = M2,

L ≤
∑

k

αkq(k) =
∑

l

clAl ≤ M + 1
M

min(d,n)∑
l=0

(
n

l

)
h(cl).

A strict reverse inequality is therefore a finite rational certificate that bs(f) ≤ n − 1. All mul-
tiplicities count the original Fourier subsets. No lattice assumption is made about the averaged
function.

3. The potential, recurrence, and infinite tail

Let di(f) be the largest monomial degree involving relevant coordinate i, and put D(f) =∑
i 2−di(f). The standard support bound for a nonzero degree-k multilinear polynomial is 2−k,

by induction on a variable. Applied to each derivative, it gives D(f) ≤ I(f)/2 ≤ deg(f)/2. The
restriction inequality is

D(f) ≤
∑
i∈H

2−di(f) + EαD(fα).

For each coordinate outside H, survival in both branches cannot increase its local degree; survival in
just one branch lowers its local degree by exactly one. Averaging and iterating proves the inequality.

Take H to be a maximum-degree monomial of size d. Its cost is d2−d. For every outside
assignment its full coefficient remains nonzero. Hence at a point witnessing a child’s block sensitivity,
an additional sensitive block inside H is available. Thus bs(fα) ≤ bs(f) − 1. With U(0, d) = 0,
define, for 1 ≤ b ≤ Bd,

U(b, d) = min
(

cd, d2−d + max
1≤k≤d

U(b − 1, k)
)

, U(b, d) = U(Bd, d) (b > Bd).

Induction on b bounds D(f) for degree exactly d and block sensitivity at most b. Freezing is valid
because the function class stops growing. Constants have potential zero.

The caps are c3 = 5/4, c4 = 31/16, c7 = 447/128, and cd = d/2 otherwise. The complete
inherited cap proofs are supplied in fourier-granularity/baseline/PROOF.md, Sections 1–8, in
[9] and the source archive. The cubic cap uses the published R3 ≤ 10 theorem of Tarannikov–
Kirienko, as stated by Krotov–Valyuzhenich [8]. The other two caps follow from the strict influence
equality exclusion proved there. They are sufficient caps, not asserted sharp values.

For Bd take the minimum of the lattice exclusions, the unchanged Épi bounds through degree
48, and the largest integer b satisfying Wellens’s theorem 3b(b − 1) ≤ 2(d4 − d2) [2]. For clarity,
each Épi certificate has positive integer nodes x0 = 1 < · · · < xd and rational weights with∑

i

wix
j
i = 0 (1 ≤ j ≤ d), w0 > 0, w0 +

∑
i≥1:wi<0

wi > 0.

The compressed bit-valued symmetrization p has p(0) = 0, p(1) = 1, 0 ≤ p(k) ≤ 1; the displayed
conditions force both

∑
i wip(xi) = 0 and

∑
i wip(xi) > 0. Thus Bd ≤ xd − 1.
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Wellens’s inequality implies bs(f) ≤ d2. Above any horizon H, restriction of maximum-degree
monomials therefore costs at most e3/2e before degree e drops. Consequently

D(f) ≤ max
1≤d≤H

U(Bd, d) +
∑
e>H

e3

2e
= max

1≤d≤H
U(Bd, d) + H3 + 6H2 + 18H + 26

2H
.

The retained exact row-checker result at H = 96 is the rational in the theorem; the column checker
at H = 72 proves the same printed decimal bound. Finally r(f)2− deg f ≤ D(f) proves the claim.

4. Finite evidence and review status

The exact public pointer is repository revision 0104c95dd218b6cb39625345a12cd7915dc14001,
directory fourier-granularity [9]. Its candidate.json fixes the file spectral_certificate_
round3.json, containing 37 rational functionals for degrees 4–40. The latter has SHA-256

1020ed20d078ec1fece41c643007426bc452fc3aeafc81761901b32ded4495ed.

verify_spectral.py, verify_bound.py, and verify_column.py give the finite checks without
search code. Stored receipts, rather than a new run for this note, supply the arithmetic results.
The separate AI review covered the criterion and the earlier round-two endpoint 4.1225332506; the
final degree-31–40 extension is supported by its stored exact-checker results, not a claimed fresh
review.

This is an unrefereed preprint. There has been no independent human review and no formaliza-
tion. The programs check finite arithmetic, not all prose or the cited external theorems.

Analysis and proof drafting by AI agents under my direction; I reviewed the results at summary
level. AI agents also prepared certificates, checking software, and publication materials. No line-
by-line human verification is claimed.
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