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Abstract. Let sn = n(n + 1)/2. We prove that every smooth parallelizable Riemannian n-
manifold, n ≥ 3, admits a smooth isometric embedding into Rsn+1 whose image lies in an arbi-
trarily small ball. For closed stably parallelizable manifolds, each of whose connected components
has vanishing Euler characteristic, we obtain small-image isometric embeddings into Rsn+5. The
proof combines explicit partial isometries along commuting Hopf flows, an iterative scheme for ex-
act metric correction using oscillatory perturbations constructed from the second fundamental form,
and a transversality argument for metric-preserving perturbations.
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1. Introduction

1.1. Background. A smooth map F : M → RN induces the symmetric tensor F ∗δ, where δ is the
Euclidean metric; in local coordinates

(1.1) (F ∗δ)ij = ⟨∂iF, ∂jF ⟩.

The isometric embedding problem asks for F with F ∗δ = g for a prescribed Riemannian metric g.
Throughout we write

sn = n(n+ 1)
2 , qn = sn−1 = n(n− 1)

2 .

The system (1.1) consists of sn equations, so N = sn is the determined dimension. By the Cartan–
Janet theorem [J26, C27], real-analytic metrics are locally induced by analytic embeddings into
Rsn . Globally, Nash [N56, Theorem 2] showed that every closed Riemannian n-manifold embeds
isometrically into an arbitrarily small ball of Rn(3n+11)/2. Nash’s argument perturbs free maps, i.e.
maps whose first and second derivatives are linearly independent; this already requires N ≥ sn +n.
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Günther [Gün91] (see also [Yan98]) recast the perturbation step as a contraction and obtained the
dimension

N = max
{n(n+ 5)

2 ,
n(n+ 3)

2 + 5
}

= sn + max{2n, n+ 5}.
In this paper we show that, for manifolds with trivial tangent bundle, one extra dimension beyond

the determined case suffices.

1.2. Main results. Manifolds are smooth, Hausdorff and second countable, and have no boundary
unless stated otherwise; a closed manifold is compact without boundary. Write Rj for the trivial
real vector bundle of rank j and Br(p) for the open Euclidean ball.

An immersion F : M → RN is phase regular if at every point x there is a tangent hyperplane P ⊂
TxM such that the normal second fundamental form of F is injective on Sym2 P ; see Theorem 2.1.

Theorem A. Let M be a parallelizable n-manifold, n ≥ 3, possibly noncompact, disconnected, or
with smooth boundary, and let g be a smooth Riemannian metric on M , smooth up to the boundary.
For every p ∈ Rsn+1 and r > 0 there is a smooth phase-regular embedding

F : M −→ Rsn+1, F ∗δ = g, F (M) ⊂ Br(p).
If M is noncompact and has no boundary, F can moreover be chosen so that F (x) ̸= p for all x,
F (x) → p as x leaves every compact set, and F is a proper embedding into Rsn+1 \ {p}.

For instance, every closed orientable 3-manifold is parallelizable (Stiefel [Sti35]; see also [Kir89]),
so every closed orientable Riemannian 3-manifold embeds isometrically into an arbitrarily small
ball of R7. Products S1 ×N with N stably parallelizable, and all Lie groups, are further examples.

For tangent bundles that are only stably trivial we obtain:

Theorem B. Let M be a closed n-manifold, n ≥ 3, with TM ⊕ Rk ∼= Rn+k for some k ≥ 0, and
assume that every component of M has Euler characteristic zero. Then every smooth Riemannian
metric on M is induced by a smooth phase-regular embedding into an arbitrarily small ball of Rsn+5.

For example, the spheres S2m+1, m ≥ 1, and the products S2m+1 ×N with N closed and stably
parallelizable satisfy the hypotheses of Theorem B. On manifolds all of whose components are
noncompact, stable triviality of the tangent bundle already implies triviality (Theorem 8.7), so
Theorem A applies:

Corollary C. Let M be an n-manifold without boundary, n ≥ 3, all of whose components are
noncompact, and suppose TM ⊕ Rk ∼= Rn+k for some k ≥ 0. Then the conclusions of Theorem A,
including the properness statement, hold for every smooth Riemannian metric on M .

No completeness, finite topology, or bounded geometry is assumed in the noncompact case.

1.3. Phase regularity. Let F be an immersion and x ∈ M . The normal second fundamental form
is a linear map BF (x) : Sym2 TxM → νx into the normal space, of dimension N − n. A nonzero
covector ξ is good if BF (x) is injective on Sym2 ker ξ, a space of dimension qn. A good covector can
exist only if N ≥ sn, and when it exists, the space of admissible normals

Eξ = νx ⊖BF (x)
(
Sym2 ker ξ

)
has dimension N − sn. In the dimension N = sn + 1 of Theorem A, Eξ is a line. Freeness, by
contrast, is the injectivity of BF on all of Sym2 TxM , which needs N ≥ sn + n.

Admissible normals are what make metric correction possible. Let ψ be a local function with
dψ good, let ν ∈ Edψ be a unit normal field, and add the oscillation U = τδb ν cos(ψ/τ) with
0 < δ ≤ τ ≪ 1. The quadratic part of the change of metric has mean 1

2δ
2b2 dψ2, which is the

increment we want. The linear part, −2⟨BF , U⟩ to leading order, vanishes on ker dψ × ker dψ
precisely because ν is admissible. The components that do involve the direction dψ are absorbed
by tangential corrections, because conjugation by eiψ/τ turns the operator u 7→ dψ ⊙ u into a
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dominant term of size τ−1; a finite Neumann series cancels them to any prescribed order in τ
divided by the scale of the data. Iterating such explicit increments, with smoothing, produces
exact solutions. The method needs Eξ ̸= 0, hence N ≥ sn + 1.

1.4. Strategy. The proof of Theorem A for closed M has four steps.
Step 1: model partial isometries (Section 3). On a product X =

∏n
i=1 S

2C−1 of Hopf spheres with
commuting period-one Hopf fields Y1, . . . , Yn, we construct maps Sk : X → Rsn+1, k → ∞, with

⟨YiSk, YjSk⟩ = δij +O(k−∞), ∥Sk∥Cj ≲ kmax(j−1,0),

whose normal second form along Sym2 span(Y1, . . . , Yn−1) has smallest singular value ≳ k−1/2. They
are obtained from explicit curves on Hopf spheres, matrix-valued primitives with vanishing mean,
formal power-series corrections, a normal collar, and a final wrapping along the last factor.
Step 2: exact metric correction (Section 4). If an immersion into RN , N ≥ sn+1, has uniformly ellip-
tic induced metric, C119 norm O(ϵ−A) and phase margin ≳ ϵκ, then for small ϵ every metric within
O(ϵK) of its induced metric in C117, with K = K(A, κ, b), is realized exactly by a C2-perturbation
of size ϵb. All estimates are uniform over atlases of bounded overlap, with no dependence on the
number of charts.
Step 3: local phases (Section 5). Given an orthonormal coframe α1, . . . , αn of (M, g), we build maps
zℓ : M → S2C−1 which near each point of a fine net look like e2πiTλ(x) with dλ ≈ αℓ, glued by a
colouring argument. Then Sk(z1, . . . , zn) has induced metric T 2g up to a polynomially small error;
Step 2 makes it exact, and division by T gives a phase-regular isometric immersion into a small
ball. The coframe need not be closed.
Step 4: separation of points (Section 6). Exact-metric perturbations with prescribed first variations
of values and second forms (probes) are produced by the iteration of Step 2. A dimension estimate
for spaces of quadratic forms shows that at least n + 1 admissible normal value directions exist,
except along a rank stratum and an exceptional locus of second forms, which are removed by adding
their defining equations. Sard’s theorem and a Baire argument then give an embedding with the
same metric.

For Theorem B (Section 7), a nonvanishing vector field splits TM = H ⊕ R1 with H ⊕ Sym2H
trivial; the model map of Step 1 is replaced by a partially free map produced from this bundle data
by an h-principle for open ample relations and by Günther-type local metric additions, which cost
the four extra dimensions. For noncompact manifolds (Section 8), a conformal change h = a−2g to
bounded geometry (Müller–Nardmann) and the weighted derivative d+d log a make every estimate
uniform; the decay a → 0 gives properness.

1.5. Organization. Section 2 fixes notation for second forms, partial geometry, Hopf actions and
uniform atlases. Sections 3 to 6 carry out Steps 1–4 and prove Theorem A for closed manifolds.
Section 7 proves Theorem B, and Section 8 treats noncompact manifolds and boundary, completing
Theorem A and Theorem C.

2. Preliminaries

2.1. Second forms and phase regularity. For a map F : M → RN we write γ(F ) = F ∗δ. If F is
an immersion, ΠF denotes the orthogonal projection of RN onto the normal space νF = dF (TM)⊥;
in coordinates ΠF = I − dF γ(F )−1dFT.

Definition 2.1 (Second form, phase regularity). The normal second form of an immersion F is
BF (v, w) = ΠF

(
∇2F (v, w)

)
, where ∇ is any torsion-free connection on TM ; changing ∇ adds a

tangent vector to ∇2F , so BF is well defined, and in coordinates Bij = ΠF∂i∂jF . We regard BF (x)
as a linear map Sym2 TxM → νx.
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(i) A nonzero ξ ∈ T ∗
xM is good for F if BF (x)|Sym2 ker ξ is injective. The immersion is phase

regular if every point has a good covector.
(ii) For a good ξ, the space of admissible normals is Eξ = Eξ(F, x) = νx ∩BF (x)(Sym2 ker ξ)⊥;

it has dimension N − sn.
(iii) Given an auxiliary norm on TM , the phase margin is

µ(F, x) = max
|ξ|=1

σmin
(
BF (x)|Sym2 ker ξ

)
,

where σmin is the smallest singular value.

If γ(F ) = h, the Gauss formula identifies BF with the full Hessian of F for the Levi-Civita
connection of h:

(2.1) Bij = ∂i∂jF − Γ(h)kij∂kF.

Lemma 2.2 (Stability of second forms). Let F be an immersion of a coordinate ball with cI ≤ γ(F )
and ∥F∥C2 ≤ C. There are ρ,C ′ > 0, depending only on c, C,N , such that ∥V ∥C1 ≤ ρ implies that
F + V is an immersion and

|BF+V −BF | ≤ C ′(∥V ∥C2 + ∥V ∥C1∥F∥C2
)
.

In particular good covectors, phase regularity, and lower bounds on the phase margin persist under
C2-small perturbations, with explicit loss.

Proof. The formula Π = I − dFγ−1dFT shows |ΠF+V − ΠF | ≤ C ′∥V ∥C1 once γ(F + V ) ≥ cI/2.
Write BF+V −BF = ΠF+V ∂

2V + (ΠF+V − ΠF )∂2F . □

Remark 2.3 (Dimensions). A good covector forces N − n ≥ qn, that is N ≥ sn. The constructions
of this paper add oscillations along admissible normals, so they need N ≥ sn + 1. In the dimension
N = sn + 1, a good covector ξ determines the admissible normal line Eξ, and BF (x) has rank qn
or qn + 1.

2.2. Partial geometry. Let D ⊂ TX be an integrable distribution of rank m. A flat structure on
D is a covering of X by open sets carrying frames (Y1, . . . , Ym) of D by commuting vector fields,
such that on overlaps the transition matrices are constant along the leaves of D. A partial metric
hD is flat if these frames can be chosen hD-orthonormal.

Definition 2.4 (Partial jets). Let D carry a flat structure and let H : X → RN be smooth.
(i) The partial metric is γD(H) = (dH|D)∗δ, so γD(H)αβ = ⟨YαH,YβH⟩.
(ii) The partial Hessian ∇2

DH ∈ Γ(Sym2D∗ ⊗ RN ) is ∇2
DH(Yα, Yβ) = YαYβH; this is indepen-

dent of the flat frame since transition matrices are constant along leaves.
(iii) The partial jet is the bundle map

JD(H) : D ⊕ Sym2D → X × RN , (v,A) 7→ dH(v) + ∇2
DH(A).

H is D-free if JD(H) is injective. Its adjoint TH : RN → D∗ ⊕ Sym2D∗ is the pairing map;
given a partial metric, CH = JD(H)(JD(H)∗JD(H))−1 is the minimum-norm right inverse
of TH .

(iv) If γD(H) > 0, the partial normal second form is BD
H = ΠD

H∇2
DH, where ΠD

H is the orthogonal
projection off dH(D).

Freeness does not depend on the choice of torsion-free partial connection: another choice adds
a dH(D)-valued term to the Hessian. If γD(H) is constant in a flat orthonormal frame, then
⟨YαYβH,YγH⟩ = 0: the coefficients are symmetric in (α, β) and, by differentiating the constant
Gram matrix, antisymmetric in (β, γ), hence zero.

The main example is the following.
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Definition 2.5 (Coefficient distributions). Let Z =
∏p
ℓ=1 S

2Cℓ−1 carry the Hopf actions of Sec-
tion 2.3, with commuting generators X1, . . . , Xp. For a manifold B and a subbundle W ⊂ B × Rp
of rank m, the coefficient distribution on B × Z is

DW =
{
Yw =

p∑
ℓ=1

wℓXℓ : w ∈ Wb

}
, hW (Yw, Yw′) = ⟨w,w′⟩.

For a local orthonormal frame (wα) of W , the fields Ywα commute, because their coefficients
depend only on b and the Xℓ commute and are tangent to Z. Their transition matrices depend
only on b. Hence DW is integrable, it carries a canonical flat structure, and the coefficient metric
hW is flat. When W = B × Rp we recover the span of all Hopf generators.

2.3. Hopf actions, averages and primitives. On S2C−1 ⊂ CC we use the period-one circle
action Rtz = e2πitz with generator X, and on products the corresponding commuting actions. For
a smooth function h (scalar, vector or matrix valued) put

av(h)(z) =
∫ 1

0
h(Rtz) dt, IXh(z) =

∫ 1

0
t h(Rtz) dt.

Lemma 2.6. av(h) is R-invariant, and X av(h) = 0. If av(h) = 0, then XIXh = h and av(IXh) =
0, and IXh is the unique primitive of h along X with zero mean. Consequently, if Φ commutes
with the action and av(h) = 0, then IX(h ◦ Φ) = (IXh) ◦ Φ; in particular, if h ◦ R1/2 = ±h then
IXh ◦ R1/2 = ±IXh. These operations are smooth, continuous in every Cj norm, and commute
with derivatives in parameters on which the action does not depend.

Proof. Along an orbit, XIXh =
∫ 1

0 t ∂t[h(Rtz)] dt = h(z) − av(h)(z) by parts, and av(IXh) =∫ 1
0 t av(h) dt = 0. Two primitives differ by an invariant function, which equals its own mean. The

equivariance statements follow from uniqueness. □

We repeatedly use the antipodal map z 7→ −z = R1/2z; a function is even or odd if it is invariant
or anti-invariant under it. The mean of an odd function vanishes.

2.4. Uniform atlases and weighted norms.

Setup 2.7 (Uniform atlases). A uniform atlas on an n-manifold is a finite or countable, locally
finite family of charts ϕi : Ûi → B3(0) ⊂ Rn whose cores ϕ−1

i (B1(0)) cover the manifold, such that
each Ûi meets at most Λ others and all transition maps satisfy uniform bounds at every order.
The Cj norm of a map or tensor is the supremum over charts of its coordinate Cj norm on B3(0);
ellipticity cI ≤ γ ≤ CI and singular values refer to coordinate norms. When the atlas is countable
we only consider maps and tensors all of whose Cj norms are finite. A compact parameter space
is included by using product charts and full derivative norms in source and parameter; only source
derivatives enter metrics and second forms.

All constants below depend on the atlas only through n, N , Λ and the transition bounds, never
on the number of charts. For 0 < a ≤ 1 and integers m ≥ 0 we use the weighted norms

|u|m,a =
m∑
j=0

aj∥u∥Cj , |u|(2)
m,a =

m∑
j=0

aj∥u∥Cj+2 .

A function oscillating at frequency a−1 with slowly varying amplitude has |·|m,a comparable to its
supremum, which is why these norms are adapted to the oscillatory constructions.

A family eϵ depending smoothly on ϵ near 0 is flat at ϵ = 0 if ∥eϵ∥Cj = O(|ϵ|R) for every j and
every R.
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3. Model partial isometries on products of Hopf spheres

In this section all distributions are spanned by Hopf generators, with the flat structure of Theo-
rem 2.5. The goal is Theorem 3.10: approximately isometric maps of

∏n
i=1 S

2Ci−1, along the Hopf
generators, into Rsn+1.

3.1. Curves on Hopf spheres.

Lemma 3.1 (Orbit reparametrization). Let a > 0 be smooth on S2C−1, put L = av(a), h =
IX(a/L − 1) and Φ(z) = Rh(z)z. Then Φ is a diffeomorphism mapping each orbit onto itself. If
p is smooth with |Xp| = a, then p̃ = (p ◦ Φ−1)/L satisfies |Xp̃| = 1, and at corresponding points
span(Xp̃,X2p̃) = span(Xp,X2p). If a is even, Φ commutes with z 7→ −z.

Proof. On the orbit t 7→ Rtz0 the map Φ is t 7→ ϕ(t) = t + h(Rtz0), with ϕ′ = 1 + Xh = a/L > 0
and ϕ(t + 1) = ϕ(t) + 1; so it is a diffeomorphism of the orbit. Since dΦ(X) = (a/L)X and dΦ
induces the differential of Rh(z) transversally to the orbits, dΦ is invertible, and Φ is a bijective
local diffeomorphism. Differentiating p̃(Rϕ(t)z0) = p(Rtz0)/L gives ϕ′Xp̃ = Xp/L, hence |Xp̃| = 1,
and a second derivative gives the statement about spans. If a is even, so is h (Theorem 2.6), and
Φ(−z) = Rh(z)(−z) = −Φ(z). □

Lemma 3.2 (Curves on Hopf spheres). Let C ≥ 1.
(a) There is a smooth f : S2C−1 → R2 with

|Xf | = 1, f(−z) = diag(1,−1)f(z), av
(
f1Xf2 − f2Xf1

)
= 0.

(b) There is a smooth c : S2C−1 → R3 with |Xc| = 1 such that Xc and X2c are linearly inde-
pendent everywhere. Then b = Xc × X2c/|Xc × X2c| is a smooth unit field perpendicular
to Xc and X2c.

Proof. (a) Let kj = 2j−1 and u(z) =
∑C
j=1 Re(zkj

j ). Along an orbit u is a trigonometric polynomial
with distinct frequencies kj , so

A = av
(
(Xu)2)

= 2π2
C∑
j=1

k2
j |zj |2kj > 0,

and A is invariant. Put v = u/
√
A and q = Xv, so av(q2) = 1, and

p =
(
IX(1 − q2), v

)
, Xp = (1 − q2, q), |Xp|2 =

(
q2 − 1

2
)2 + 3

4 .

Since the kj are odd, v and q are odd, so p1 is even and p2 is odd. Apply Theorem 3.1 with
a = |Xp|, which is even, and put f = p̃. Then |Xf | = 1; the antipodal map commutes with Φ, so
f(−z) = diag(1,−1)f(z). The integrand f1Xf2 − f2Xf1 is odd, so its mean vanishes.

(b) Let w = Xf and c0 = (f, |f |2/2). Then
Xc0 =

(
w, ⟨f, w⟩

)
, X2c0 =

(
Xw, 1 + ⟨f,Xw⟩

)
,

using |w| = 1. If Xw ̸= 0, the planar parts w ⊥ Xw are independent; if Xw = 0, the second vector
is (0, 1) while w ̸= 0. Hence Xc0, X

2c0 are independent everywhere. Theorem 3.1, applied with
a = |Xc0|, gives c. □

Lemma 3.3 (Partial immersions). For Xm =
∏m
i=1 S

2Ci−1 with Hopf generators Y1, . . . , Ym, there
is a smooth Am : Xm → Rm+1 such that Y1Am, . . . , YmAm are linearly independent everywhere.

Proof. For m = 1 take f from Theorem 3.2(a). Given Am, let νm be the unit normal in Rm+1 to
Y1Am, . . . , YmAm (the normalized generalized cross product). With (a, b) = f on the new factor,
set

Am+1(x, z) =
(
Am(x) + ϵa(z)νm(x), ϵb(z)

)
.
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The old columns are (YiAm + ϵaYiνm, 0) and the new one is ϵ
(
(Xa)νm, Xb

)
, of length ϵ. They

are orthogonal, since ⟨YiAm, νm⟩ = ⟨Yiνm, νm⟩ = 0. By compactness the old columns remain
independent for small ϵ > 0. □

3.2. Matrix primitives. The next proposition provides the displacement used in the inductive
step of Theorem 3.8. Its essential property is that the mixed metric terms it creates have zero mean
along the new orbit.

Lemma 3.4 (Uniform oscillatory decay). Let η(z) =
∑C
j=1 Re(z2j−1

j ) on S2C−1. For every smooth
function a there is Ca with

∥av(a eiTη)∥C0 ≤ CaT
−1/(2C) (T ≥ 1).

Proof. Along an orbit, ∂jt η(Rtz) =
∑C
l=1 Re

(
(2πikl)jzkl

l e
2πiklt

)
with kl = 2l − 1. If these vanished

for j = 1, . . . , 2C at some t, then, writing the real parts as sums over the 2C distinct nonzero nodes
±2πikl, the invertibility of the Vandermonde matrix would force all zl = 0. By compactness there
is c > 0 with max1≤j≤2C |Xjη| ≥ c on the sphere. Cover (R/Z) × S2C−1 by finitely many sets
Iα × Uα, Iα an interval, on which a fixed derivative ∂jαt η(Rtz) has absolute value at least c/2, and
take a subordinate smooth partition of unity ρα(t, z). By van der Corput’s lemma with amplitude
[Ste93, Chapter VIII, Section 1.2, Corollary], for jα ≥ 2,∣∣∣∫

Iα

ρα(t, z) a(Rtz) eiTη(Rtz) dt
∣∣∣ ≤ Cjα(cT )−1/jα

∫
Iα

|∂t(ραa)| dt,

the amplitude vanishing at the endpoints. For jα = 1, one integration by parts using |∂tη| ≥ c/2
and the bound on ∂2

t η gives O(T−1). The constants are uniform in z, and jα ≤ 2C. □

Proposition 3.5 (Matrix primitives). For all C ≥ 1 and d ≥ 2 there is a smooth P : S2C−1 →
Matd×d(R) such that

(3.1) Q = XP is invertible everywhere, av(PTQ) = 0.

Proof. Block-diagonal matrices inherit both properties from their blocks, and every d ≥ 2 is a sum
of 2’s and at most one 3. Let f be as in Theorem 3.2(a), v = Xf = (s, t) and u = J2v = (−t, s).
d = 2. Put P2 = f1I+f2J2, soQ2 = sI+tJ2 ∈ SO(2) and PT

2 Q2 = ⟨f,Xf⟩ I+(f1Xf2−f2Xf1) J2.
The first coefficient is 1

2X|f |2 and the second has zero mean by Theorem 3.2(a).
d = 3. Regard f, v, u as vectors in the first two coordinates of R3, let η be as in Theorem 3.4,

and for T ≥ 1 set
Q0 =

[
v, e3 cos(Tη) − u sin(Tη), −e3 sin(Tη) − u cos(Tη)

]
.

Its columns are orthonormal and detQ0 = det[v, u, e3] = 1, so Q0 ∈ SO(3). Let MT = av(Q0). Its
first column is av(Xf) = 0 and, by Theorem 3.4, ∥MT ∥C0 → 0 as T → ∞. Put Q1 = Q0 − MT

and P1 = IXQ1, so XP1 = Q1 and the first column of P1 is p1 = f − av(f).
Let R = diag(1,−1, 1) and D = diag(1, 1,−1). Under z 7→ −z we have v 7→ Rv, u 7→ −Ru

and η 7→ −η, hence Q0(−z) = RQ0(z)D. Since MT is invariant, MT = RMTD, so Q1(−z) =
RQ1(z)D and, by Theorem 2.6, P1(−z) = RP1(z)D. The matrix Ω = av(PT

1 Q1) is skew, because
avX(PT

1 P1) = 0, and satisfies Ω = DΩD. Therefore only ω = Ω12 = −Ω21 can be nonzero. Since
p1 ⊥ e3 and av(p1) = 0,

ω = av⟨p1, e3 cos(Tη) − u sin(Tη) −MT e2⟩ = − av
(
⟨p1, u⟩ sin(Tη)

)
,

which tends to 0 uniformly by Theorem 3.4. Let P be P1 with its second column replaced by
p2 +ωv. As ω is invariant, XP = Q1 +ω (Xv)eT

2 . Again av(PTXP ) is skew and D-symmetric, and
its (1, 2) entry is

ω + ω av⟨p1, Xv⟩ = ω − ω av⟨Xp1, v⟩ = ω − ω av|v|2 = 0.
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Hence av(PTXP ) = 0. Finally ∥XP −Q0∥C0 ≤ ∥MT ∥C0 + ∥ω∥C0∥Xv∥C0 < 1 for T large, so XP
is invertible. □

3.3. Formal corrections.

Lemma 3.6 (Borel lemma with parameters). Let P be a compact manifold, possibly with boundary
or corners, and let aj ∈ C∞(P,RN ), j ≥ 0. There is a ∈ C∞((−1, 1) × P,RN ) whose Taylor
series at ϵ = 0 is

∑
j ϵ
jaj. If Λ is a continuous linear map from C∞(P,RN ) to a Fréchet space (for

instance, restriction of some derivatives to a submanifold) with Λaj = 0 for all j, then a can be
chosen with Λa(ϵ, ·) = 0 for every ϵ.

Proof. Fix χ ∈ C∞
c (−1, 1) equal to 1 near 0. For j ≥ 2 choose λj ≥ 1 so large that all derivatives of

order at most j−1 of χ(λjϵ)ϵjaj(x) are bounded by 2−j ; this is possible because each such derivative
carries a factor ϵi with i ≥ 1 on the support |ϵ| ≤ λ−1

j . Then a = a0+ϵa1+
∑
j≥2 χ(λjϵ)ϵjaj converges

in C∞ and has the required Taylor series. The cutoffs do not depend on x, so Λ passes through
the sum. □

For a family of maps P and a displacement U , in a flat frame of D,

(3.2) γD(P + U)αβ = γD(P )αβ + Yα⟨YβP,U⟩ + Yβ⟨YαP,U⟩ − 2⟨YαYβP,U⟩ + γD(U)αβ.

In particular, if ⟨dDP,U⟩ = 0, the linear part of the change of partial metric is −2⟨∇2
DP,U⟩.

Lemma 3.7 (Formal correction of partial metrics). Let X be compact, D an integrable distribution
with a flat structure, and hD a partial metric. Let Pϵ be a smooth family with

γD(Pϵ) − hD = ϵ2L+1Sϵ, L ≥ 1,

and suppose the pairing map TPϵ has, for ϵ ̸= 0, a right inverse Cϵ such that C̃ϵ = ϵLCϵ extends
smoothly through ϵ = 0. Then there is a smooth family Ûϵ such that, with Uϵ = ϵL+1Ûϵ, the error
γD(Pϵ + Uϵ) − hD is flat at ϵ = 0.

Proof. By continuity TPϵC̃ϵ = ϵL Id for all ϵ. Write U = ϵLv and consider

(3.3) v = C̃ϵ
(
0, 1

2(ϵSϵ + γD(v))
)
.

Seek v =
∑
j≥1 ϵ

jvj . Since γD(v) is quadratic and v = O(ϵ), the coefficient of ϵj on the right depends
only on v1, . . . , vj−1, through finitely many derivatives and products. Hence all vj are determined
and smooth, and Theorem 3.6 gives a smooth v = ϵv̂ satisfying (3.3) up to a flat error. Applying
TPϵ , we obtain modulo flat terms ⟨dDP,U⟩ = 0 and 2⟨∇2

DP,U⟩ = ϵ2L+1S + γD(U). Inserting this
in (3.2) shows that γD(P + U) − hD is flat. □

3.4. Free families with flat metric error. Let Xa =
∏a
i=1 S

2Ci−1 with Hopf generators
Y1, . . . , Ya and D their span. The partial jet of H : Xa → RN has the a + sa columns YiH and
YiYjH (i ≤ j). Give the columns YiH and YiYiH weight 0, and YiYjH with i < j weight j − 1.

Theorem 3.8 (Free families). For a ≥ 1 and C1, . . . , Ca ≥ 1 there are ϵa > 0 and smooth families
Hϵ : Xa → Rsa+a+1, |ϵ| < ϵa, such that:

(i) γD(Hϵ) − Ia is flat at ϵ = 0;
(ii) each column divided by ϵweight extends smoothly to ϵ = 0, and these normalized columns are

linearly independent for all |ϵ| < ϵa.
Consequently, for ϵ ̸= 0, Hϵ is D-free; the unit normal νϵ to the normalized columns is smooth
through 0 and perpendicular to the partial jet; and the minimum-norm right inverse CH,ϵ of the
pairing map is such that ϵa−1CH,ϵ extends smoothly through 0.
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Proof. The consequences follow from (ii): the number of columns is a+sa = N−1, and if Mϵ is the
matrix of normalized columns and ∆ϵ the diagonal matrix of the powers ϵweight, then THϵ = ∆ϵM

T
ϵ

and CH,ϵ = Mϵ(MT
ϵ Mϵ)−1∆−1

ϵ ; the largest weight is a− 1.
For a = 1 take H = c from Theorem 3.2(b), independent of ϵ, with ν = b. Assume the statement

for a = m and put L = m. Let c, b be the curve and binormal of Theorem 3.2(b) on the new factor
S2Cm+1−1, with generator X = Ym+1. In RN = Rsm+m+1 × R3 × Rm−1, N = sm+1 +m+ 2, set

F0,ϵ = (Hϵ, c, 0), Tϵ =
[
(νϵ, 0, 0), (0, b, 0), (0, 0, e1), . . . , (0, 0, em−1)

]
,

an orthonormal N × (m + 1) frame. Choose A = Am : Xm → Rm+1 from Theorem 3.3, P and
Q = XP from Theorem 3.5 with d = m+ 1, and define the displacement

Zϵ = Tϵ P A.

Each column of T depends on one factor and the columns lie in orthogonal blocks; hence

(3.4) TTT = I, TTYiT = 0, TTXT = 0, (YiT )TXT = 0, YiXT = 0.

The columns of T are perpendicular to all first and second columns of F0, and the mixed columns
YiXF0 vanish. By (3.2) the linearization of γD at F0 kills Z, and (3.4) gives

(3.5) ⟨YiZ,XZ⟩ = ⟨PYiA,QA⟩, TTYiXZ = QYiA.

The first expression has zero mean along X by (3.1), because A does not depend on the new factor;
the vectors QYiA are linearly independent.

Second-order cancellation. Put eij = ⟨YiZ, YjZ⟩, e = |XZ|2 and wi = −IX⟨YiZ,XZ⟩. For ϵ ̸= 0
use CH,ϵ to choose WH with

⟨YiH,WH⟩ = wi, 2⟨YiYjH,WH⟩ = Yiwj + Yjwi + eij ,

and set W =
(
WH ,

e
2|X2c|2X

2c, 0
)
. Since ⟨Xc,X2c⟩ = 0, a direct computation with (3.2) shows

that the linearization of γD at F0 maps W to −γD(Z): the (ij), (iX) and (XX) entries are −eij ,
Xwi = −⟨YiZ,XZ⟩ and −e. By the inductive hypothesis W̃ϵ = ϵm−1Wϵ is smooth through 0. The
family

Pϵ = F0,ϵ + ϵLZϵ + ϵL+1W̃ϵ

therefore satisfies

γD(Pϵ) − Im+1 = diag
(
γD(Hϵ) − Im, 0

)
+ ϵ2L+1S3 + ϵ2L+2S4

with S3, S4 smooth, and the first term is flat.
Independence. Keep the old weights and give the new mixed columns YiXPϵ weight L. At ϵ = 0

the normalized columns of Pϵ are the old normalized columns (in the first block), Xc and X2c
(in the second block), and YiXZ0. The orthogonal complement of the first two groups is spanned
by the columns of T0, and by (3.5) the projection of YiXZ0 onto it is T0QYiA. Hence all N − 1
normalized columns are independent at ϵ = 0, so on an interval, and as in the first paragraph the
pairing map of Pϵ has a right inverse Cϵ with ϵLCϵ smooth. Theorem 3.7 (the flat error is divisible
by ϵ2L+1) gives Uϵ = O(ϵL+1) with flat metric error. Since all weights are at most L, adding Uϵ
changes the normalized columns by O(ϵ). Thus Hm+1,ϵ = Pϵ +Uϵ satisfies (i) and (ii) on a smaller
interval. □

3.5. Normal collars and wrapping.

Proposition 3.9 (Wrapping). Let X be compact, D an integrable distribution of rank m ≥ 1 with
a flat structure and a flat partial metric hD. Let Hϵ : X → Rq and νϵ be smooth through ϵ = 0,
with γD(Hϵ) − hD flat at 0, and assume that for ϵ ̸= 0 the map Hϵ is D-free, νϵ is a unit vector
perpendicular to its partial jet, and ϵKCH,ϵ extends smoothly through 0 for some integer K ≥ 0. On
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X̂ = X ×S2C−1 let D̂ = D⊕RXnew and ĥ = hD + (X∗
new)2. Then for all large integers k there are

maps Sk : X̂ → Rq+1 such that, for all j and R,

∥Sk∥Cj ≤ Cjk
max(j−1,0),(3.6)

∥γ
D̂

(Sk) − ĥ∥Cj ≤ Cj,R k
−R,(3.7)

and the partial normal second form of Sk along D̂, restricted to Sym2D, has smallest singular value
at least c k−K/(2K+1) ≥ ck−1/2.

Proof. Let M = 2K + 1, let (a, b) = f be the planar curve of Theorem 3.2(a) on S2C−1, and fix ā
with |a| ≤ ā. Work in flat orthonormal frames Yα of D.

Step 1: a normal collar. On X × [−ā, ā] we seek

Gϵ(x, s) = Hϵ(x) + ϵMs νϵ(x) + ϵ2M−KW (ϵ, x, s), W |s=0 = ∂sW |s=0 = 0.

In the variable t = ϵMs we have Gt = νϵ + ϵM−KWs and Gtt = ϵ−KWss. Let TGv =
(⟨v,Gt⟩, ⟨v,dDG⟩, ⟨v,∇2

DG⟩) and RH(r, y) = rνϵ + CH,ϵy. Since CH,ϵ takes values in the
span of the partial jet, RH is a right inverse of TG at (G,Gt) = (Hϵ, νϵ). The differences
of the entries of TG from these values are O(ϵM−K) and O(ϵM ), while RH = O(ϵ−K); hence
AG = TGRH = I + ϵM−2KΘ = I + ϵΘ, with Θ smooth in ϵ, x, s and the 2-jet of W . Consider

(3.8) Wss = ϵKRHA
−1
G

(
0, 0, ⟨dDGt, dDGt⟩

)
.

Every occurrence of W on the right carries a positive power of ϵ, so the coefficient of ϵj determines
∂2
sWj from W0, . . . ,Wj−1; integrating twice with zero initial data gives smooth coefficients, and

Theorem 3.6 realizes them by a smooth W with both initial conditions. Then (3.8) holds up to a
flat error, so the physical residual R = Gtt −RHA

−1
G (0, 0, ⟨dDGt, dDGt⟩) is flat.

Let Ett = |Gt|2 − 1, Eαt = ⟨YαG,Gt⟩, Eαβ = ⟨YαG, YβG⟩ − hαβ and θα = ⟨R, YαG⟩. The three
components of TGGtt = (0, 0, ⟨dDGt, dDGt⟩) + TGR give

∂tEtt = 2⟨Gt, R⟩, ∂tEαt = 1
2YαEtt + θα, ∂2

tEαβ = Yαθβ + Yβθα − 2⟨R, YαYβG⟩.

At s = 0 we have Ett = Eαt = 0, ∂tEαβ = −2⟨νϵ, YαYβHϵ⟩ = 0, and Eαβ is flat. Since ∂s = ϵM∂t
and s ranges over a fixed interval, integration shows that all three errors are flat, with all derivatives
in x and s.

Step 2: power maps. Let Pk(z) = (zkℓ )ℓ
/(∑

ℓ|zℓ|2k
)1/2. Then Pk(Rtz) = RktPk(z), so X(ϕ◦Pk) =

k(Xϕ) ◦ Pk. Moreover ∥Pk∥Cj ≤ Cjk
j : at a point where mz = maxℓ|zℓ| ≥ C−1/2, the numerator

has norm at least mk
z and its derivatives of order j are at most Cjkjmk−j

z .
Step 3: wrapping. Let ϵ = k−1/M , so ϵM = k−1, and

Sk(x, z) =
(
Gϵ(x, a(Pkz)), k−1b(Pkz)

)
.

Every derivative of Gϵ in s carries the factor ϵM = k−1, while j derivatives of a◦Pk or b◦Pk cost kj ;
this gives (3.6). With ϱ = (Xa) ◦ Pk and ς = (Xb) ◦ Pk we have ϱ2 + ς2 = 1, YαSk = (YαG, 0) and
XnewSk = (ϱGt, ς), so the entries of γ

D̂
(Sk) − ĥ are Eαβ, ϱEαt and ϱ2Ett evaluated at s = a(Pkz).

Flatness in ϵ absorbs every power of k produced by the chain rule, proving (3.7).
Margin. Compare the first columns (YαG, 0), (ϱGt, ς) and the second columns (YαYβG, 0) with

(YαHϵ, 0), (ϱνϵ, ς) and (YαYβHϵ, 0); the differences are O(ϵM−K) and O(ϵM ). The comparison
second columns are perpendicular to (ϱνϵ, ς), so their projection off the comparison first columns
is (ΠD

Hϵ
∇2
DHϵ, 0). For unit Ξ ∈ Sym2D, |ΠD

H∇2
DH(Ξ)| = minv|JD(H)(−v,Ξ)| ≥ σmin(JD(H)) =

∥CH,ϵ∥−1 ≥ cϵK . The comparison Gram matrices are uniformly positive and all second jets are
bounded, so the projector formula changes the normal second form by O(ϵM−K) = O(ϵK+1). Hence
the margin is at least c

2ϵ
K = c

2k
−K/(2K+1). □
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Corollary 3.10 (Model maps). Let n ≥ 2, C1, . . . , Cn ≥ 1, and let Y1, . . . , Yn be the Hopf generators
of Xn =

∏n
i=1 S

2Ci−1. For all large k there are maps Sk : Xn → Rsn+1 satisfying (3.6), (3.7)
with ĥ = In, whose partial normal second form has smallest singular value at least ck−1/2 on
Sym2 span(Y1, . . . , Yn−1).

Proof. Theorem 3.8 with a = n − 1 gives families into Rsn−1+n = Rsn with K = n − 2; apply
Theorem 3.9. □

4. Exact metric correction

This section proves Theorem 4.7: an immersion with polynomially controlled jets and phase
margin, whose metric error is polynomially small of sufficiently high order, can be corrected to an
exact isometric immersion. The basic step (Theorem 4.4) adds a prescribed positive tensor to the
metric by explicit oscillations along admissible normals; an iteration with smoothing (Theorem 4.5)
produces exact solutions. Throughout, norms refer to a uniform atlas as in Theorem 2.7, and C
denotes constants depending only on the indicated data.

4.1. Smoothing.

Lemma 4.1 (Smoothing operators). For every integer r ≥ 1 there are linear operators Sℓ, 0 < ℓ ≤
ℓ0, acting on maps and on tensors through their chart components, such that for all m:

(i) |Sℓu|m,ℓ ≤ Cm,r∥u∥C0 and |SℓG|(2)
m,ℓ ≤ Cm,r∥G∥C2;

(ii) if τ ≤ ℓ ≤ t ≤ 1 and |u|r,t ≤ Λ0, then |u− Sℓu|m,τ ≤ Cm,r
[
Λ0(ℓ/t)r + (τ/t)r|u|m,t

]
, and the

same holds for |·|(2) in place of |·|.

Proof. Let κ be an even bump supported in the unit ball and κλ(x) = λ−nκ(x/λ). Choose r + 1
distinct λa ∈ [1

2 , 1] and solve the Vandermonde system
∑
a ca = 1,

∑
a caλ

p
a = 0 (1 ≤ p ≤ r); then

ρ =
∑
a caκλa has

∫
ρ = 1 and vanishing moments of orders 1, . . . , r. Let {ζi} be a partition of unity

subordinate to the charts, with supp ζi ⊂ B2 and uniform bounds, and put Sℓu =
∑
i ζi (ρℓ ∗ ui),

where ui is the chart representative and ρℓ(x) = ℓ−nρ(x/ℓ). Differentiating the kernel gives (i). For
(ii), the vanishing moments and Taylor’s formula give ∥u − Sℓu∥Cj ≤ Cℓr−j∥u∥Cr ≤ CΛ0ℓ

r−jt−r

for j ≤ r, while for j > r we use ∥u− Sℓu∥Cj ≤ C∥u∥Cj and τ j ≤ (τ/t)rtj . Only suprema and the
bounded overlap of the charts enter. □

4.2. Oscillatory modes. For an immersion F let LF (V ) = ⟨dF,dV ⟩ + ⟨dV,dF ⟩ be the linearized
metric, so that

(4.1) γ(F + V ) = γ(F ) + LF (V ) + γ(V ).

For a covector field ξ = dψ that is good for F , let βψ : νF → Sym2(ker dψ)∗, v 7→ ⟨BF , v⟩|ker dψ; it
is onto, its kernel is Edψ, and we write Jψ = β∗

ψ(βψβ∗
ψ)−1.

Lemma 4.2 (Oscillatory modes). Let F be an immersion of B3 with cI ≤ γ(F ), let ψ be a function
with |dψ| ≥ c such that dψ is good for F with margin at least c, and let 0 < τ ≤ ℓ ≤ 1. Assume
|F |(2)

m,ℓ + |ψ|m+2,ℓ ≤ Km for all m. For each integer p ≥ 1 there is a linear differential operator
Zp,τ , whose coefficients are polynomials in τ with coefficients depending smoothly on finitely many
derivatives of F and ψ (and on a fixed partition of unity), such that for a complex symmetric tensor
h and a complex section vf of Edψ, both supported in a set S ⊂ B2, the field Z = Zp,τ (h, vf ) is
supported in S and

LF
(
Zeiψ/τ )

= (h+ e) eiψ/τ ,
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where, with |(h, vf )|m = |h|m,ℓ + |vf |m,ℓ,

|Z|m,ℓ ≤ Cm|(h, vf )|m+p, |e|m,ℓ ≤ Cm
(τ
ℓ

)p
|(h, vf )|m+p,∣∣Z − vf + 1

2Jψ(h|ker dψ)
∣∣
m,ℓ

≤ Cm
τ

ℓ
|(h, vf )|m+p.

The constants depend on m, p, c and finitely many Kj.

Proof. By linearity and a fixed partition of unity we may assume that S lies in a ball of fixed radius
carrying coordinates with x1 = ψ; their bounds depend only on c and the Kj . Write g = γ(F ),
Z = dF (g−1u) + v with ui = ⟨∂iF,Z⟩ and v normal. Then

LF (Z)ij = ∂iuj + ∂jui − 2Γkijuk − 2⟨Bij , v⟩,

and conjugation by eiψ/τ adds (i/τ)(δi1uj + δj1ui). Indices a, b run from 2 to n. Put T (u)ab =
1
2(∂aub + ∂bua) − Γkabuk and v = vf + Jψ

(
T (u) − 1

2hH
)
, hH = (hab); then the (ab) equations hold

exactly. The remaining equations become (i/τ + L)u = k, where

(4.2)
(Lu)1 = ∂1u1 − Γk11uk − ⟨B11, JψT (u)⟩, k1 = 1

2h11 + ⟨B11, vf ⟩ − 1
2⟨B11, JψhH⟩,

(Lu)a = ∂1ua + ∂au1 − 2Γk1auk − 2⟨B1a, JψT (u)⟩, ka = h1a + 2⟨B1a, vf ⟩ − ⟨B1a, JψhH⟩.

A residual e in this system produces the metric residual 2e1 in the (11) entry, ea in the (1a) entries,
and 0 in the (ab) entries. Set

u = τ

i

p−1∑
l=0

(
−τ

i L
)l
k,

whose residual is (−1)p−1(τ/i)pLpk. Each application of the first-order operator L costs one deriv-
ative, i.e. a factor ℓ−1 in the slow norms; this gives all three estimates. □

4.3. Phase data. The increments need phases that are good, together with all the phases created
by quadratic interactions.

Definition 4.3 (Phase data). Let F0 be an immersion and h0 a positive tensor. Phase data for
(F0, h0) with constant c∗ > 0 consist of:

(a) functions χi, i ∈ I, with
∑
i χ

2
i = 1 and uniform bounds, each supported in a ball B2 of

some chart, and a colouring of I by at most Λ′ colours such that equally coloured supports
are disjoint;

(b) for each i, functions ϕi,1, . . . , ϕi,sn with uniform bounds whose differentials are constant
in the chart of χi and form a rank-one basis: every symmetric matrix is uniquely A =∑
rϖi,r(A) dϕ2

i,r, with linear functionals ϖi,r satisfying ϖi,r(h0) ≥ c∗ on suppχi;
(c) for every label λ = (i, r), and every pair of distinct labels λ, λ′ whose supports meet, the

covectors dϕλ, 2dϕλ and dϕλ±dϕλ′ have length at least c∗ and are good for F0 with margin
at least c∗ on the corresponding supports;

(d) for each label a constant seed vector aλ ∈ RN whose orthogonal projection onto Edϕλ
(F0)

has length at least c∗ on suppχi.

By Theorem 2.2, conditions (c) and (d) persist, with c∗/2, for all immersions F with ∥F−F0∥C2 ≤
ρ0, where ρ0 > 0 depends on c∗ and ∥F0∥C2 ; for such F we use the unit normals nλ(F ) obtained by
projecting aλ onto Edϕλ

(F ) and normalizing. Likewise (b) persists, with c∗/2, for tensors A with
∥A− h0∥C0 ≤ η0.

Lemma 4.4 (Finite positive increments). Fix phase data for (F0, h0) and ρ0, η0 as above, and an
integer q ≥ 1. Let F and H satisfy ∥F − F0∥C2 ≤ ρ0, ∥H − h0∥C0 ≤ η0/2 and, for some 0 < ℓ ≤ 1,
|F |(2)

m,ℓ + |H|m,ℓ ≤ Km for all m. If 0 < δ ≤ τ ≤ ℓ and τ/ℓ ≤ θ, where θ > 0 depends on q, the
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phase data and finitely many Kj, then an explicit finite differential construction gives U with, for
every m,

(4.3) |U |m,τ ≤ Cm δτ,
∣∣γ(F + U) − γ(F ) − δ2H

∣∣
m,τ

≤ Cm
[
δ
(τ
ℓ

)q
+ δ3

τ

]
.

The constants depend on m, q, the phase data and finitely many Kj. Each summand of U is
supported in the support of one χi, and U depends smoothly on additional parameters on which F
and H depend smoothly, with the same estimates in full norms.

Proof. Put p = q + 2 and bλ(A) = χiϖi,r(A)1/2 for λ = (i, r), so that A =
∑
λ bλ(A)2dϕ2

λ whenever
∥A− h0∥C0 ≤ η0.

Primary oscillations. For such A, let Zλ = Zp,τ
(
0,

√
2 δτ bλ(A)nλ(F )

)
be given by Theorem 4.2

with phase ϕλ, and U1(A) = Re
∑
λ Zλe

iϕλ/τ . Then |U1|m,τ ≤ Cδτ and |LF (U1)|m,τ ≤ Cδτ(τ/ℓ)p.
The product γ(U1) = dU1 · dU1 is a finite sum of terms with phases 0, ±2ϕλ and ±ϕλ ± ϕλ′ for
interacting labels. The phase-zero terms pair each label with its conjugate; their sum is

δ2(
A+ T (A)

)
, |T (A)|m,ℓ ≤ C τ

ℓ ,

since the leading part of Zλ is
√

2δτbλnλ, |nλ| = 1, and every other contribution involves a slow
derivative or a correction from Theorem 4.2. The map T is smooth, and for some fixed loss l0,
|T (A) − T (Ā)|m,ℓ ≤ C(τ/ℓ)|A − Ā|m+l0,ℓ. Let A0 = H and Al+1 = H − T (Al) for l < q. For τ/ℓ
small all Al stay within η0 of h0, and by induction |Al+1 −Al|m,ℓ ≤ C(τ/ℓ)l+1. With A = Aq,∣∣A+ T (A) −H

∣∣
m,ℓ

= |T (Aq) − T (Aq−1)|m,ℓ ≤ C(τ/ℓ)q+1.

Secondary oscillations. Write the nonzero-phase part of γ(U1) as Re
∑

ΨQΨe
iΨ/τ , where Ψ runs

over the doubled and interacting phases and |QΨ|m,ℓ ≤ Cδ2. By phase data (c), Theorem 4.2
applies to each Ψ; let U2 = Re

∑
Ψ Zp,τ (−QΨ, 0)eiΨ/τ . Then |U2|m,τ ≤ Cδ2 ≤ Cδτ and LF (U2)

cancels the nonzero-phase part of γ(U1) up to Cδ2(τ/ℓ)p.
Conclusion. Let U = U1 +U2. By (4.1), γ(F +U) − γ(F ) − δ2H consists of the linear residuals,

the mean error δ2(A + T (A) − H), and 2 sym(dU1 · dU2) + γ(U2). Since |dV |m,τ ≤ τ−1|V |m+1,τ
and the weighted norms are submultiplicative, the last terms are O(δ3/τ + δ4/τ2) = O(δ3/τ), and
(4.3) follows. All operations are derivatives, products, matrix inverses and square roots of functions
bounded below, applied in locally finite sums of bounded multiplicity. □

4.4. The iteration. Fix phase data for (F0, h0) with ρ0, η0 as in Theorem 4.4, and put

Wm(t;G,H) = |G|(2)
m,t + |H|m,t, rk = 13(k + 1),

and fix Λ1 ≥ 4
(
∥F0∥C2 + ρ0 + ∥h0∥C0

)
.

Lemma 4.5 (Iteration with smoothing). Let k0 ≥ 8 and 0 < ρ1 ≤ ρ0/4. There is t∗ > 0, depending
on k0, ρ1, Λ1, the phase data and finitely many norms of h0, with the following property. Suppose
0 < t0 ≤ t∗ and G0, H0 are smooth with
γ(G0) + t2k0

0 H0 = h, ∥G0 − F0∥C2 ≤ ρ0/2, ∥H0 − h0∥C0 ≤ η0/4, Wrk0
(t0;G0, H0) ≤ Λ1.

Then a sequence of increments Uj given by Theorem 4.4 converges in every Cm to a smooth G∞ with
γ(G∞) = h and ∥G∞ − G0∥C2 ≤ ρ1. More precisely, the j-th step has a scale tj, with tj+1 = t

5/4
j ,

and a stage kj ≥ k0, nondecreasing and tending to infinity, and

(4.4) ∥Uj∥Cm ≤ Cm(kj) t
kj+ 5

4 (1−m)
j (m ≥ 0),

where Cm(k) depends only on m, k and the data above. Each transition from one stage to the next
may be postponed by any finite number of steps without changing the constants Cm(k); hence any
prescribed conditions of the form tj ≤ ϑk at the entrance of stage k can be imposed. The same
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holds for countable uniform atlases and, with full norms and one common schedule, for families
depending on a compact parameter; then (4.4) holds in full source and parameter norms.

Proof. One step. Suppose at scale t and stage k ≥ k0 we have γ(G) + δ2H = h with δ = tk,
∥G− F0∥C2 ≤ 3ρ0/4, ∥H − h0∥C0 ≤ η0/4 and Wrk

(t;G,H) ≤ Λ1. Set

(4.5) ℓ = t9/8, τ = t5/4, q = r = rk, δ′ ∈ {τk, τk+1},

let Sℓ be the smoothing of Theorem 4.1 of order r, and apply Theorem 4.4 to
Ḡ = SℓG, H̄ = Sℓ

(
H − (δ′/δ)2h0

)
.

By Theorem 4.1(i) all slow norms of Ḡ, H̄ at scale ℓ are bounded in terms of Λ1, so the constants
of Theorem 4.4 at stage k are fixed; by (ii) and (δ′/δ)2 ≤ tk/2, the data stay in the neighbourhoods
required there when t is small. Put G′ = G + U and H ′ = (δ′)−2(h − γ(G′)). By (4.1), with
E = γ(Ḡ+ U) − γ(Ḡ) − δ2H̄ and Cross(V,U)ij = ⟨∂iV, ∂jU⟩ + ⟨∂jV, ∂iU⟩,

(4.6) (δ′)2(
H ′ − Sℓh0

)
= δ2(

H − SℓH
)

− E − Cross(G− Ḡ, U).
No replacement of G by its smoothing occurs in this identity.

Estimates. We have (τ/ℓ)q = (ℓ/t)r = t13(k+1)/8 and δ′ ≥ τk+1. Using (4.3), Theorem 4.1(ii)
and |dU |m,τ ≤ Cδ, the terms on the right of (4.6), divided by (δ′)2, are bounded in |·|m,τ by
Cm(k)

(
1 + Wm(t;G,H)

)
times

δ(τ/ℓ)q

τ2(k+1) = t
k−7

8 ,
δ3/τ

τ2(k+1) = t
2k−15

4 ,
δ(ℓ/t)r + δ(τ/t)r

τ2(k+1) ≤ t
k−7

8 .

For k ≥ 8 all exponents are at least 1/8, so

(4.7) |H ′ − Sℓh0|m,τ ≤ Cm(k) t1/8(
1 + Wm(t;G,H)

)
.

Moreover |G|(2)
m,τ ≤ ∥G∥C2 + (τ/t)|G|(2)

m,t, |U |(2)
m,τ ≤ Cδ/τ , ∥Sℓh0 − h0∥C0 ≤ Cℓ and |Sℓh0|m,τ ≤

∥h0∥C0 + Ct1/8. Hence

(4.8) Wm(τ ;G′, H ′) ≤ Λ1
4 + Cm(k) t1/8(

1 + Wm(t;G,H)
)
.

At the controlled order m = rk, a finite smallness condition on t preserves Wrk
≤ Λ1 and the neigh-

bourhood conditions, for either choice of δ′. From |U |m,τ ≤ Cδτ we get ∥U∥Cm ≤ Cm(k) tk+ 5
4 (1−m).

The schedule. Start with (t0, k0, G0, H0), take δ′ = τk and replace t by τ = t5/4 after each
step; the scales tj decrease super-exponentially. While k is fixed, for each m the quantities xj =
Wm(tj ;Gj , Hj) are finite and satisfy xj+1 ≤ Λ1/4 + cj(1 + xj) with cj → 0, so lim supj xj ≤ Λ1/4.
Hence after finitely many steps Wrk+1 ≤ Λ1/2 and the stage-(k + 1) smallness conditions hold; we
then take δ′ = τk+1 once, which moves to stage k + 1 with Wrk+1 ≤ Λ1. We also require at stage
k that ∥Uj∥C⌊k/2⌋ ≤ ρ1tj/8; this is a finite condition on tj because k + 5

4
(
1 − ⌊k/2⌋

)
> 1. Every

stage ends, so k → ∞; for each m, all but finitely many increments satisfy ∥Uj∥Cm ≤ ρ1tj/8, and∑
j tj < 1 when t∗ is small. Thus Gj converges in every Cm, the total C2 displacement is at most

ρ1, and γ(G∞) = lim(h− δ2
jHj) = h since the Hj are bounded.

For compact parameters we smooth in source and parameter variables and use full norms; only
source derivatives enter the metric, and all thresholds are suprema over the parameter space. For
countable atlases only suprema and bounded overlap were used. □

Remark 4.6 (The choice of scales). The reserve (δ′)2Sℓh0 kept in the defect is what keeps the
normalized defect H ′ close to the positive tensor h0, so that every step adds a positive tensor.
The exponents in (4.5) make both small ratios equal, τ/ℓ = ℓ/t = t1/8, so that the accuracy
q = r = 13(k + 1) of the increments and of the smoothing gains t13(k+1)/8, which beats the
normalization loss δ/τ2(k+1) = t−(3k+5)/2 with the margin t(k−7)/8; the quadratic error δ3/τ is
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harmless once k ≥ 8. Increasing the stage k is needed for convergence in high norms, since
∥U∥Cm ≲ tk+ 5

4 (1−m).

4.5. Polynomial entrance estimates.

Proposition 4.7 (Polynomial metric repair). Fix n ≥ 2, N ≥ sn + 1, the data of a uniform atlas
on an n-manifold, ellipticity constants 0 < c < C, and A, κ ≥ 0, b > 0. There is an integer
Krep = Krep(A, κ, b) with the following property. Let 0 < ϵ < 1 and let Fϵ be immersions into RN
and hϵ positive tensors with

cI ≤ γ(Fϵ) ≤ CI, ∥Fϵ∥C119 ≤ Cref ϵ
−A, µ(Fϵ, x) ≥ cph ϵ

κ ∀x,

∥hϵ − γ(Fϵ)∥C117 ≤ Cerr ϵ
Krep .

Then for all sufficiently small ϵ there is a smooth F ∗
ϵ with

γ(F ∗
ϵ ) = hϵ, ∥F ∗

ϵ − Fϵ∥C2 ≤ ϵb, µ(F ∗
ϵ , x) ≥ 1

2cph ϵ
κ.

Krep depends only on A, κ, b and the atlas data; the prefactors affect only how small ϵ must be, and
higher norms of Fϵ, hϵ affect only the length of the iteration. The statement holds for countable
uniform atlases and, with full norms, for families depending on a compact parameter. No regularity
in ϵ is claimed.

We say that a quantity is polynomial if it is bounded by Cϵ−p, or below by c ϵp, where p depends
only on A, κ and the atlas data.

Proof. Good root directions. For a second form B at a point let DB(ξ) be the sum of squares of the
qn × qn minors of B ◦ Sym2(|ξ|2I − ξξT). It is a nonnegative homogeneous polynomial of degree
8qn, positive exactly at good covectors, and by Cauchy–Binet DB(ξ) is the product of the squared
singular values of B|Sym2 ker ξ for unit ξ. Hence the phase margin gives ∥DB∥ ≥ c ϵ2qnκ for the
coefficient norm. On the zero-sum hyperplane of Rn+1, the sn squares of (ei−ej)/

√
n+ 1, i < j, sum

to the identity and are linearly independent: a relation
∑
cij(xi −xj)2 = 0 on the hyperplane gives

a graph Laplacian vanishing on the hyperplane and on (1, . . . , 1), hence all cij = 0. Transport these
covectors to T ∗

x by a γ(Fϵ)-isometry and a rotation O. For every nonzero nonnegative polynomial
the set of rotations for which some transported root is a zero is a proper analytic subset; so
maxO minrootsD/∥D∥ is a positive lower semicontinuous function on the compact set of normalized
polynomials and uniformly elliptic metrics, hence bounded below. The selected root covectors ξr
have DB(ξr) ≥ c ϵ2qnκ, and since ∥B∥ ≤ Cϵ−A, σmin(B|Sym2 ker ξr

) ≥ c ϵqnκ+(qn−1)A. The metric
γ(Fϵ) has positive coefficients 1 in this basis.

Refinement and colours. The C3 bound controls the variation of γ(Fϵ) and BFϵ . Cover the
manifold by balls of radius ϵg0 in the given charts, with g0 fixed and large, freeze the root covectors
at the centres, and use them as constant differentials on each ball; this preserves the goodness
margins and the positivity of the coefficients up to factors 1

2 . The overlap of the refined cover is
bounded, cutoff derivatives are polynomial, and the refined supports are coloured by a bounded
number of colours. Normalize the cutoffs so that

∑
i χ

2
i = 1.

Weights. Order the finitely many pairs (colour, root) and multiply the phase with index l by
ϵ−Wl, dividing its coefficient by ϵ−2Wl. For W fixed and large, every interacting sum or difference,
divided by its dominant weight, is polynomially close to a good primary covector, hence good with
polynomial margin; doubled phases are good trivially. Since N ≥ sn + 1, the admissible line or
space Eξ is nonzero, and at each centre some coordinate vector projects onto it with length at least
N−1/2; a further polynomial refinement keeps half of this. This gives phase data for (Fϵ, γ(Fϵ)) with
polynomial constant c∗, and all constants in Theorems 4.4 and 4.5 at stage k0 = 8 are polynomial.

Entrance. By Theorem 2.2, a protected C2 radius ρ0 = cϵR with R > A + κ + 1 (enlarged for
the finitely many geometric conditions above) preserves half the phase margin. Let ρ1 = ϵR+b+2

and Λ1 = Cϵ−(2A+1). Every smallness condition on t at stage 8 has the form Ciϵ
−aitfi ≤ ciϵ

di with
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fi > 0; choose ς with ςfi > ai + di + 1 for all i, ς > 2A+ 2 and 16ς − A > R + b+ 3. Put t0 = ϵς ,
h0 = γ(Fϵ) and

δ0 = t80, G0 =
√

1 − δ2
0 Fϵ, H0 = h0 + δ−2

0
(
hϵ − h0

)
,

so that γ(G0) + δ2
0H0 = hϵ. For 1 ≤ j ≤ 117, tj0∥Fϵ∥Cj+2 ≤ Cϵςj−A and tj0∥h0∥Cj ≤ Cϵςj−2A. If

P0 bounds the remaining polynomial losses, choose Krep > 16ς + P0 + 2; then |H0 − h0|117,t0 =
O(ϵKrep−16ς−P0), so W117(t0;G0, H0) ≤ Λ1 and H0 lies in the required neighbourhood. The rescaling
costs ∥G0 −Fϵ∥C2 = O(ϵ16ς−A) = o(ρ1). Theorem 4.5 gives the exact solution within the remaining
budget, and Theorem 2.2 gives the phase margin. Only suprema, bounded overlap and a fixed
number of labels entered, so nothing depends on the number of charts; for compact parameters we
refine product charts and freeze source covectors only. □

5. Isometric immersions into small balls

5.1. Composition with local phases. Let (M, g) be a closed Riemannian n-manifold and
L : TM → M × Rp an isometric bundle monomorphism with component one-forms α1, . . . , αp, so
that g =

∑
ℓ α

2
ℓ . For an integer C ≥ 1 consider M × (S2C−1)p with the coefficient distribution

D = DL(TM) of Theorem 2.5 and its coefficient metric hL(TM). For a subbundle E ⊂ TM we write
DL(E) ⊂ D for the corresponding subdistribution.

Proposition 5.1 (Local phases). Let n ≥ 2, N ≥ sn + 1, and let E ⊂ TM be a hyperplane
subbundle. Assume that for every C ≥ 1 and all large k there are maps Sk : M × (S2C−1)p → RN
such that, for all j, R,

(a) ∥Sk∥Cj ≤ Cjk
max(j−1,0) for derivatives in all variables;

(b) ∥γD(Sk) − hL(TM)∥Cj ≤ Cj,Rk
−R;

(c) the partial normal second form of Sk along D has smallest singular value at least ck−1/2 on
Sym2DL(E).

Then for every r > 0 there is a smooth isometric immersion F : (M, g) → Br(0) ⊂ RN for which
every nonzero covector annihilating E is good. In particular F is phase regular.

Proof. Nets and colours. For K ≥ 1 choose a maximal K−1-separated set {pi} in (M, g). For K
large, volume comparison in normal coordinates bounds the number of balls B(pi, 4K−1) meeting
a given one, uniformly in K. Take bumps supported in B(pi, 2K−1), positive on B(pi,K−1), and
normalize them by the square root of their sum of squares to get

∑
i χ

2
i = 1 with |∂jχi| ≤ CjK

j .
Colour the supports with a fixed number C of colours so that equally coloured supports are disjoint.
We fix this C, and with it the maps Sk, before choosing k, K and T .

Phase maps. In normal coordinates at pi let φℓi be the linear function with dφℓi(pi) = αℓ(pi).
For T ≥ K define zℓ : M → CC by

(5.1) (zℓ)c(x) =
∑

colour(i)=c
χi(x) e2πiTφℓi(x), H(x) = Sk

(
x, z1(x), . . . , zp(x)

)
.

Each summand extends by zero, and disjointness within a colour gives |zℓ|2 =
∑
i χ

2
i = 1; thus zℓ

is a smooth map into S2C−1. The phases are local functions; the forms αℓ need not be closed.
Rescaled charts. Use normal charts of radius 3T−1, with coordinates y ∈ B3 equal to T times

normal coordinates. They form a uniform atlas, uniformly in T , and T 2g is uniformly elliptic in
y. Put eK,T = K−1 +K/T and Cℓa = Tαℓ(∂ya). In these charts every derivative of zℓ is bounded:
derivatives of cutoffs cost K/T ≤ 1, and the phase rates Tdφℓi(∂ya) are bounded. Base derivatives
of Sk cost T−1. By the chain rule and (a),

(5.2) ∥H∥Cj ≤ Cjk
max(j−1,0).
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First columns and metric error. With Xℓ the Hopf generators, the comparison first columns are
Ξa =

∑
ℓCℓaXℓSk, evaluated at the same arguments. Replacing dφℓi by αℓ costs O(K−1) on suppχi,

differentiating cutoffs costs K/T , and base derivatives cost T−1; hence ∂yaH−Ξa = O(eK,T ), and j
further derivatives cost at most Cjkj . Since (Cℓa)ℓ = L(T∂ya) and L is isometric, the Gram matrix
of the Ξa is T 2g up to the partial metric error of Sk. Hence, for all j, R,

(5.3) ∥γ(H) − T 2g∥Cj ≤ Cjk
jeK,T + Cj,Rk

−R.

Second form. The comparison second columns
∑
ℓ,r CℓaCrbXℓXrSk differ from ∂ya∂yb

H by
O(keK,T ): derivatives of the coefficients and base derivatives cost T−1, and differentiating a first-
column error uses at most the O(k) second derivatives of Sk. For v, w ∈ TxM the comparison
second form is T 2∇2

DSk(Lv,Lw), and its projection off span(Ξa) = dSk(D) is the partial normal
second form pulled back by the isometry TL : (TM, T 2g) → L(TM). By (c) it has margin ≥ ck−1/2

on Sym2E. The first-jet projectors differ by O(eK,T ) and the second jet is O(k), so the second
form of H has margin at least c

2k
−1/2 on Sym2E provided k3/2eK,T → 0.

Correction. Apply Theorem 4.7 in the rescaled atlas with ϵ = k−1, A = 118, κ = 1/2 and b = 2,
and let K0 = Krep. Choose

a > K0 + 119, K = ka, T = k2a.

Then eK,T = 2k−a, so (5.3) at order 117 is o(k−K0) (taking R > K0), and k3/2eK,T → 0. All
exponents are chosen before k, and the constants of the fixed families Sk only affect how large k
must be. For large k we obtain H∗ with

γ(H∗) = T 2g, ∥H∗ −H∥C2 ≤ k−2

in the rescaled atlas. By Theorem 2.2 this changes the second form by O(k−1) = o(k−1/2), so
the covectors annihilating E remain good. Finally F = H∗/T satisfies γ(F ) = g and sup|F | ≤
(∥Sk∥C0 + 1)/T → 0. □

5.2. Parallelizable sources.

Corollary 5.2. Every smooth metric on a closed parallelizable n-manifold, n ≥ 2, is induced by a
phase-regular immersion into an arbitrarily small ball of Rsn+1.

Proof. Orthonormalize a global frame and let L = (α1, . . . , αn) be the dual coframe, an isometric
isomorphism TM → M × Rn. Then DL(TM) is spanned by all Hopf generators of (S2C−1)n, and
the maps of Theorem 3.10 (independent of x) satisfy (a)–(c) of Theorem 5.1 with E = kerαn. □

6. Exact-metric perturbations and embeddings

In this section M is closed. We show that a phase-regular isometric immersion can be perturbed,
keeping the metric, into an embedding (Theorem 6.10). The perturbations are produced by the
iteration of Section 4; their first variations are computed in Theorem 6.2, and the linear algebra of
Section 6.2 shows that they span enough directions to separate points.

6.1. Probes.

Definition 6.1 (Normal oscillations). Let F0 be a phase-regular immersion. A normal oscillation
is a section A = χν ⊗ dψ2 of Sym2 T ∗M ⊗ νF0 , where χ is a cutoff supported in a chart, dψ is
nonzero and good near suppχ, and ν is a normal field with ν ∈ Edψ there; ν may vanish.

Proposition 6.2 (Probes). Let F0 : M → RN be a smooth phase-regular immersion of a closed
n-manifold, n ≥ 2, N ≥ sn+1, and h0 = γ(F0). Fix normal oscillations Al = χlνl⊗dψ2

l , 1 ≤ l ≤ L
(repetitions allowed), and integers r ≥ 2, k ≥ max(8, 2r). There are weights wl > 0, distinct for
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distinct list entries, a radius ρp > 0, and for every sufficiently small t > 0 a jointly smooth family
Ft,u, u = (ul,1, ul,2)l, |u| < ρp, with γ(Ft,u) = h0, such that the following holds. Put

τ = t5/4, σ = tk−5/4, a = tk+5/4, cl = cos(wlψl/τ), sl = sin(wlψl/τ).

After a smooth orthogonal identification of νFt,u with νF0, the identified second form B̃ satisfies

(6.1)
∂ul,1B̃ = σAlcl +RB,l1, ∂ul,1Ft,u = −aw−2

l χlνlcl +RV,l1,

∂ul,2B̃ = σAlsl +RB,l2, ∂ul,2Ft,u = −aw−2
l χlνlsl +RV,l2,

and, uniformly for |u| < ρp, with functions ηB, ηV → 0 as t → 0,

(6.2)
∥Ft,u − F0∥Cr ≤ C tk+ 5

4 (1−r), ∥∂uFt,u∥C1 ≤ Ctk, ∥Ft,u∥C3 ≤ C,

|RB,li| ≤ σ
(
ηB(t) + C|u|

)
, |RV,li| ≤ a

(
ηV (t) + C|u|

)
.

Proof. Phase data. Construct phase data for (F0, h0) as in the proof of Theorem 4.7 (at one
fixed ϵ), and add one label for each list entry, with phase wlψl and support suppχl. The weights
wl are inserted into the weight hierarchy, so that all doubled and interacting phases, including
those between probe and background labels, are good. All choices are made before t. Extend the
parameter ball to a torus by a smooth map that equals the coordinates on a smaller ball and takes
values in a small ball, so that Theorem 4.5 applies with a compact parameter space.

First step. Let δ = tk, ℓ = t9/8, δ1 = τk, and G0 =
√

1 − δ2F0, which has the same normal spaces
as F0. Run the construction of Theorem 4.4 with q = 13(k+ 1), where the probe labels receive the
prescribed free amplitudes

(6.3) vf,l = −δτ χl w−2
l νl (ul,1 − iul,2),

and the background labels receive
√

2δτbλ(A)nλ as before. The real part of the leading probe
mode is the value term in (6.1). Its mean contribution to the metric is δ2Hprobe(u), Hprobe =∑
l χ

2
l |νl|2|ul|2dψ2

l /(2w2
l ) to leading order. The background tensor is A = Aq, obtained from A0 =(

1 − (δ1/δ)2)
h0 −Hprobe(u) by the q substitutions

Aj+1 =
(
1 − (δ1/δ)2)

h0 −Hprobe(u) − T (Aj , u),

where T now includes the corrections of the probe modes. A small parameter ball keeps the Aj in
the positive neighbourhood. Distinct labels have no phase-zero cross terms, so all phase-zero terms
are sesquilinear in the amplitude of a single label; hence the probe contributions, and inductively the
Aj , are even in u. Their second u-derivatives are bounded independently of t, because only source
variables are differentiated and the square roots have uniform reserves; so ∂uAj = O(|u|). Then
correct the nonzero-phase quadratic terms as in Theorem 4.4, and let U0 be the resulting increment,
G1 = G0 + U0 and H1 = δ−2

1 (h0 − γ(G1)). The normalized errors are O
(
t(k+13)/8 + t(2k−5)/4)

, so
G1, H1 satisfy the entrance conditions of Theorem 4.5 at scale t1 = τ and stage k, with the weighted
bound Wrk

(t1;G1, H1) ≤ Λ1.
First variations. Two derivatives of (6.3) times eiwlψl/τ give σAl times cl or sl. Slow deriva-

tives and the corrections of Theorem 4.2 contribute O(στ/ℓ) to the second-derivative columns and
O(aτ/ℓ) to the values; the u-dependence of the background contributes O(σ|u|) and O(a|u|); the
secondary increment contributes O(σ2) in C2 and O(δ2) = O(aσ) in C0.

Tail. Let C∗ ≥ Cm(k) for m ∈ {1, 2, 3, r}, where Cm(k) are the constants of (4.4) in full norms.
At the entrance of every later stage k′ > k we impose Cm(k′) tk′−k

j ≤ C∗ at these orders, as

Theorem 4.5 permits. Then every later increment satisfies ∥Uj∥Cm ≤ C∗ t
k+ 5

4 (1−m)
j for these m,

and since tj+1 = t
5/4
j the sums are dominated by their first terms. Summing from t1 = t5/4, the
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tail satisfies
∥Tail∥C2

xC
1
u

≤ 2C∗t
5k
4 − 25

8 = o(σ),

∥Tail∥C1
xC

1
u

≤ 2C∗t
5k
4 − 25

16 = o(tk),

∥∂uTail∥C0 ≤ 2C∗t
5k
4 = o(a),

with gaps (2k − 15)/8, (4k − 25)/16 and (k − 5)/4, positive for k ≥ 8. At order r the same sum
is o(tk+ 5

4 (1−r)) because k ≥ 2r, and at order 3 the first increment is O(tk−5/2). This gives the first
line of (6.2).

Second forms. Since γ(Ft,u) = h0, (2.1) gives B = ∂2F − Γ(h0)∂F ; the u-derivative of the
connection term is O(tk) = o(σ). If Πt,u is the normal projection of Ft,u and ι the inclusion of
νF0 , then Πt,uι(ι∗Πt,uι)−1/2 is an orthogonal isomorphism νF0 → νFt,u whose distance to ι and
whose u-derivative are O(tk). The resulting errors are o(σ), which completes the proof of (6.1) and
(6.2). □

6.2. Admissible normal directions.

Lemma 6.3 (Spaces of quadratic forms). Let V be a Euclidean space, P ⊂ Sym2 V a linear
subspace, and d = maxξ dim Pξ, where Pξ = {Qξ : Q ∈ P}. Then dim P ≤ d(d+1)/2, and if d ≥ 2
equality holds only if P = Sym2 U for a d-dimensional subspace U .

Proof. The case d = 0 is trivial. Choose ξ0 with dim Pξ0 = d and ξ0 ̸⊥ Pξ0; such points form
a nonempty Zariski-open set, since a nonzero quadratic form cannot vanish on a nonempty open
set. Put U0 = Pξ0 and E = U0 ∩ ξ⊥

0 , so dimE = d − 1. Choose Q1, . . . , Qd ∈ P with Qiξ0
independent and let A(ξ) have columns Qiξ. Near ξ0 every Q ∈ P satisfies Qξ = A(ξ)cQ(ξ)
with cQ = (A∗A)−1A∗Qξ smooth. If Qξ0 = 0, then cQ(ξ0) = 0, and differentiating gives Qv =
A(ξ0) dcQ(ξ0)v ∈ U0 for all v. Thus imQ ⊂ U0 ∩ ξ⊥

0 = E, i.e. Q ∈ Sym2E. Hence dim P ≤
d+ dim Sym2E = d(d+ 1)/2.

Suppose equality and d ≥ 2. Then Sym2E ⊂ P is the kernel of evaluation at ξ0. Let π be the
projection onto E⊥ and L = πP ⊂ Hom(V,E⊥); then dim L = d. If ξ has nonzero component in
E, then (Sym2E)ξ = E, so dim Lξ ≤ 1; the corresponding 2 × 2 minors are polynomials in ξ, so
dim Lξ ≤ 1 for all ξ. If some A ∈ L had rank at least two, pick x, y with Ax,Ay independent. For
A′ ∈ L, pointwise dependence at x, y, x + y gives A′x = cAx and A′y = cAy with one scalar c. If
Az ̸= 0, then Az is independent of Ax or of Ay, and comparing at x+ z or y + z gives A′z = cAz;
if Az = 0, both comparisons give A′z ∈ RAx ∩ RAy = 0. So A′ = cA, contradicting dim L ≥ 2.
Hence every nonzero member of L has rank one, and two members with different image lines would
give independent values at a vector outside both kernels, contradicting dim Lξ ≤ 1. So all images
lie in one line Rf . Every Q ∈ P then has image in U = E ⊕ Rf , so Q ∈ Sym2 U , and P = Sym2 U
by dimension. □

Proposition 6.4 (Admissible value directions). Let dimV = n, let B : Sym2 V → W be phase regu-
lar (some ξ ∈ V ∗ has B injective on Sym2 ker ξ), K = kerB, d = dimK, and Eξ = B(Sym2 ker ξ)⊥

for good ξ. Let
R(K) = {P ∈ Sym2 V : Pξ ∈ Kξ for every good ξ}.

Then dim R(K) ≤ d(d+ 1)/2, (spanξ Eξ)⊥ = B(R(K)), and

(6.4) dim spanξ Eξ = dimW − dim R(K) + d ≥ dimW − d(d− 1)
2 .

If moreover n ≥ 3, B is onto and dimW = qn + 1, then dim spanξ Eξ ≥ n+ 1 unless

(6.5) K ⊂ Sym2 U for a hyperplane U ⊂ V,

in which case U is unique, R(K) = Sym2 U , and the span has dimension n.
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Proof. Goodness of ξ means that Q 7→ Qξ is injective on K. For a basis Q1, . . . , Qd of K, the
condition P ∈ R(K) is the polynomial identity Q1ξ ∧ · · · ∧Qdξ ∧Pξ = 0 on the open cone of good
covectors, so R(K) is a linear space whose evaluation rank equals d on that cone and is at most d
everywhere. Theorem 6.3 gives the dimension bound. A vector orthogonal to all Eξ lies in every
B(Sym2 ker ξ) ⊂ imB; write it as B(P ). For good ξ it equals B(Pξ) with Pξξ = 0, so (P −Pξ) ∈ K

and Pξ ∈ Kξ; conversely P ∈ R(K) gives B(P ) ∈ B(Sym2 ker ξ) for each good ξ. This proves the
second identity, and (6.4) follows from K ⊂ R(K).

In the onto case d = sn − qn − 1 = n − 1 ≥ 2 and the lower bound in (6.4) is n. Equality
means dim R(K) = d(d + 1)/2, i.e. R(K) = Sym2 U for a hyperplane U by Theorem 6.3, and
then K ⊂ Sym2 U . Conversely, if K ⊂ Sym2 U then Kξ = U for good ξ, so Sym2 U ⊂ R(K) and
equality holds; U = Kξ is unique. □

Proposition 6.5 (The exceptional locus). Let n ≥ 3, dimW = qn + 1, and let O ⊂
Hom(Sym2 V,W ) be the open set of onto, phase-regular maps. The set E ⊂ O defined by (6.5) is a
smooth, relatively closed submanifold. At every B ∈ E there are a good ξ and ν ∈ Eξ such that the
variation Ḃ = ν ⊗ ξ2, i.e. P 7→ P (ξ, ξ)ν, is not tangent to E.

Proof. For B ∈ E write K = kerB ⊂ Sym2 U , U = e⊥, |e| = 1. For good ξ the map Q 7→ Qξ =
Q(ξ − ⟨ξ, e⟩e) is injective on K with image U ; in particular no nonzero ζ ∈ U satisfies Kζ = 0, for
otherwise Kξ would lie in a subspace of dimension n− 2.

Submanifold. The map B 7→ kerB is a submersion from onto maps to Grn−1(Sym2 V ), so it
suffices to treat the set of kernels. These are parametrized by pairs (U,K) with K ∈ Grn−1(Sym2 U),
a Grassmann bundle over the space of hyperplanes. An infinitesimal rotation u 7→ ⟨u, ζ⟩e (ζ ∈ U)
of U moves Q ∈ K by 2e⊙ (Qζ), which lies in the complement e⊙U of Sym2 U ; it vanishes for all
Q ∈ K only if ζ = 0. Variations within Sym2 U are the usual Grassmannian tangent vectors. Hence
the parametrization is an immersion. It is injective, since U = Kξ for any good ξ, and U depends
continuously on K; so it is an embedding. Limits of exceptional kernels in O are exceptional by
compactness of the space of hyperplanes.

Transversality. Let A = B|K⊥ and G = (A∗A)−1. For a variation Ḃ, the kernel, written as a
graph over K in K⊥, has derivative K̇ = −A−1Ḃ|K . If the variation is tangent to E , differentiating
Qs(es, es) = 0 for Qs ∈ Ks and using Qe = 0 gives K̇(Q)(e, e) = 0 for all Q ∈ K. Take a
good covector, project it along e to get a good z ∈ U , and choose Q0 ∈ K with Q0z = z, so
Q0(z, z) = |z|2 > 0. Each ξt = z + te is good. Let νt = (A∗)−1(e ⊙ ξt); since e ⊙ ξt ⊥ K
we have B∗νt = e ⊙ ξt, which vanishes on Sym2 ker ξt, so νt ∈ Eξt . For Ḃ = νt ⊗ ξ2

t we get
K̇(Q) = −Q(z, z)G(e⊙ ξt) and

K̇(Q0)(e, e) = −|z|2
(
⟨G(e⊙ z), e⊙ e⟩ + t⟨G(e⊙ e), e⊙ e⟩

)
.

The coefficient of t is nonzero because G is positive and e⊙ e ∈ K⊥. For all but one value of t the
variation is not tangent to E . □

Lemma 6.6 (Parametric avoidance). Let P ⊂ Rp be open, Y a second-countable manifold of
dimension m, and Φ: P × Y → Rb smooth. If the derivative of Φ has rank greater than m at every
point of a set Z ⊂ Φ−1(0), then the projection of Z to P has measure zero.

Proof. Near each point of Z, m+ 1 suitable components of Φ cut out a submanifold of dimension
p − 1 containing Z locally; its projection to P is null by Sard’s theorem. Countably many such
neighbourhoods cover Z. □

6.3. Separation of points. For a compact P ⊂ (M × M) \ ∆, a map separates P if it takes
different values at the two points of every pair in P .

Lemma 6.7 (Separation on compact pair sets). Let n ≥ 3, N = sn+c with c ≥ 1, and let F : M →
RN be a smooth phase-regular immersion of a closed manifold. For every compact P ⊂ (M×M)\∆,
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r ≥ 2 and ϵ > 0 there is a smooth phase-regular immersion G with γ(G) = γ(F ), ∥G − F∥Cr < ϵ,
which separates P .

Proof. Replace P by P ∪PT and let C0 be the union of its two projections. Put q = qn; the normal
spaces have dimension q + c, and phase regularity gives rankB ≥ q. Second forms are written in
local orthonormal frames of TM and of νF , transported to nearby maps by the identification of
Theorem 6.2.

Removal principle. Let G be a smooth phase-regular immersion with γ(G) = γ(F ), and let
Q ⊂ P be compact. Let U be an open set of second forms (invariant under the frame changes)
containing BG(x) for all first points x of pairs in Q, and let Σ ⊂ U be a submanifold, closed in U ,
with local defining maps ΦΣ (or Σ = U , with no equations). Suppose that at every (x, y) ∈ Q with
G(x) = G(y) and BG(x) ∈ Σ there are normal oscillations Al = χlνl ⊗ dψ2

l , supported near x and
away from y, such that the vectors

(6.6)
(
dΦΣ(Al(x)), 0

)
,

(
0, χlνl(x)

)
,

(
0, dG(v)

)
(v ∈ TxM)

span a space of dimension greater than 2n. Then arbitrarily Cr-small exact-metric perturbations
of G have no such pairs in Q. Indeed, since Σ is closed in U , the set of such pairs is compact, and
by compactness finitely many oscillations work on a neighbourhood N of it. Apply Theorem 6.2 to
the list in which every oscillation appears twice, with weights wl,1 ̸= wl,2. At a point (x, y), combine
each cosine and sine column with the coefficients (cl, sl) of its own weight: the normalized second-
form and value columns become (Al,−w−2

l,j χlνl) up to o(1) + O(|u|), uniformly, and the response
at y is controlled by the global error. Since

( 1 1
−w−2

l,1 −w−2
l,2

)
is invertible, bounded combinations

isolate both kinds of columns. Divide the ΦΣ-rows by σ, the value rows by a, and multiply the
derivatives in x by a; their ΦΣ-entries become (a/σ)∂xΦΣ(B) = O(τ2) by the C3 bound, and
their value entries converge to dG. Hence for |u| and then t small the derivative of (x, y, u) 7→(
ΦΣ(Bt,u(x)), Gt,u(x)−Gt,u(y)

)
has rank greater than 2n on N , and C2-convergence excludes such

pairs outside N . Theorem 6.6 gives a parameter u for which none remain. By (6.2) the perturbation
is Cr-small, and it can be chosen to preserve any previously established positive separation margin
on a compact set of pairs, and the phase regularity.

Rank q. Let U be the open set of matrices of rank at least q, which contains all phase-regular
second forms, and Σq ⊂ U the closed submanifold of matrices of rank q, of codimension nc. At
B ∈ Σq with kernel K (dimK = n) and cokernel L = (imB)⊥ (dimL = c), the normal space
of Σq is Hom(K,L), via Ḃ 7→ πLḂ|K . Every good ξ has Eξ = L, and the variations ν ⊗ ξ2

project to Q 7→ Q(ξ, ξ)ν; as ξ ranges over the open cone of good covectors and ν over L, these
span Hom(K,L), since a quadratic form vanishing on an open cone is zero. The span in (6.6) has
dimension nc+ c+ n > 2n. The set of pairs with rankB(x) = q is compact, because lower rank is
excluded. The removal principle gives G1 without coincidences at rank-q points. Choose an open
O ⊃ {x ∈ C0 : rankBG1(x) = q} such that G1 separates every pair of P meeting O with a positive
margin, which we protect from now on. On C0 \O the rank is at least q+ 1 with a uniform margin.

The case c ≥ 2. On C0 \ O we have d = dim kerB ≤ n − 1, and Theorem 6.4 gives at least
q + c − (n−1)(n−2)

2 = n − 1 + c ≥ n + 1 admissible value directions; with the n tangent directions
the span in (6.6) (with Σ = U and Q the pairs of P with first point in C0 \ O) has dimension at
least 2n+ 1. One more application of the removal principle separates P .

The case c = 1. On C0 \O the second form is onto. At exceptional points, Theorem 6.4 gives n
admissible value directions and Theorem 6.5 an admissible variation transverse to Σ = E , which is
closed in U = O; for the pairs of P with first point in C0 \O the span in (6.6) has dimension at least
1 + n+ n. The removal principle eliminates the exceptional coincidences; protect a neighbourhood
OE of the exceptional points as before. On C0 \ (O∪OE), Theorem 6.4 gives n+ 1 admissible value
directions, and a final application of the removal principle separates P . □
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Remark 6.8. The proof uses the probe families only through: membership in a class of phase-regular
immersions with the same metric that is closed under the construction; the leading columns in (6.1),
possibly multiplied by one fixed smooth positive function; a/σ → 0; the error bounds (6.2) on a
compact neighbourhood of C0, with global control of the responses away from the supports; and
smallness in a prescribed norm. It therefore applies to any class with such families.

Lemma 6.9 (Baire separation). Let M be a second-countable manifold, X a Baire space, and
v 7→ Fv : M → RN a family of maps such that v 7→ Fv|K is continuous in the uniform norm for
every compact K ⊂ M . If for every compact P ⊂ (M×M)\∆ the parameters whose maps separate
P are dense, then the parameters giving injective maps are dense.

Proof. Let Kj be a compact exhaustion, d a metric for the topology, and Pj = {(x, y) ∈ K2
j :

d(x, y) ≥ 1/j}. Separating Pj is an open condition (the minimum of |Fv(x) − Fv(y)| over Pj is
positive, or Pj = ∅) and dense by hypothesis. The intersection over j is dense, and its maps are
injective. □

6.4. Embeddings with the same metric.

Theorem 6.10. Let n ≥ 3, N ≥ sn+1, and let F : M → RN be a smooth phase-regular immersion
of a closed n-manifold. For every ϵ > 0 there is a smooth phase-regular embedding G with γ(G) =
γ(F ) and ∥G− F∥C2 < ϵ.

Proof. C∞(M,RN ) is a Fréchet space and γ is continuous, so Y = {G : γ(G) = γ(F )} is closed,
hence completely metrizable. By Theorem 2.2 there is 0 < ρ < ϵ such that every map in the
nonempty open set X = {G ∈ Y : ∥G−F∥C2 < ρ} is phase regular; X is a Baire space. Every basic
neighbourhood in X contains a small ball for some Cr norm, r ≥ 2, within which Theorem 6.7
separates any compact off-diagonal pair set. By Theorem 6.9 some G ∈ X is injective; being an
injective immersion of a compact manifold, it is an embedding. □

Proof of Theorem A for closed manifolds. By Theorem 5.2 there is a phase-regular isometric im-
mersion into Br/2(p). Theorem 6.10 with N = sn + 1 gives an isometric embedding within C0-
distance r/2, hence into Br(p). Connectedness is not used. □

7. Stably parallelizable closed manifolds

For Theorem B the explicit model maps of Section 3 are replaced by a partially free map produced
from bundle data. We use the notation of Section 2.2; all distributions are integrable and carry flat
structures. A foliation box is a chart Ω ∼= Bm × Bd in which the flat frame is ∂θ1 , . . . , ∂θm for the
leaf coordinates θ; a linear leaf coordinate is ϕ =

∑
α cαθα with constant c ̸= 0.

7.1. Bundle-theoretic input.

Lemma 7.1 (Orthogonal transport and cancellation). (a) A smooth homotopy Pt of orthogo-
nal projections in a trivial bundle is covered by a smooth homotopy of orthogonal automor-
phisms Ot with O0 = Id and PtOt = OtP0.

(b) If a manifold has the homotopy type of a CW complex of dimension d, every stably trivial
bundle of rank greater than d over it is trivial.

Proof. (a) Solve ∂tOt = [∂tPt, Pt]Ot, O0 = Id. The coefficient is skew, so Ot is orthogonal. Differen-
tiating P 2

t = Pt gives ∂tPt = [[∂tPt, Pt], Pt], so PtOt and OtP0 solve the same linear equation. No
compactness is needed.

(b) It suffices to cancel one trivial line. If E ⊕ R1 ∼= Rr+1 with r = rankE > d, the image of
the last line gives u : M → Sr with E ∼= u⊥. By cellular approximation [Hat02, Theorem 4.8], u
is nullhomotopic, since Sr has no cells in dimensions 1, . . . , d. Make the homotopy smooth relative
to its ends (approximate in the ambient space and normalize) and apply (a) to Id −utu∗

t . □
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Proposition 7.2 (The hyperplane bundle). Under the hypotheses of Theorem B there is a unit
vector field e such that, with H = e⊥,

TM = H ⊕ Re, H ⊕ Sym2H ∼= Rsn−1.

Proof. Stable triviality orients every component P , and χ(P ) = 0, so the Euler class vanishes
[MS74, Corollary 11.12]; it is the only obstruction to a section of the unit sphere bundle of TP over
the n-dimensional base [Hat17, Proposition 3.22]. Symmetric squares preserve stable triviality: if
E ⊕ Ra is trivial, then Sym2(E ⊕ Ra) ∼= Sym2E ⊕ aE ⊕ Rsa is trivial, and adding Ra2 trivializes
aE. Hence Sym2 TM ∼= Sym2H ⊕H ⊕R1 is stably trivial, so H ⊕ Sym2H is stably trivial of rank
sn − 1 > n, and trivial by Theorem 7.1(b). □

7.2. An h-principle for partially free maps.

Lemma 7.3 (Relative realization of partial jets). Let D be an integrable distribution of rank m on
a compact manifold X, and Q ≥ m+ sm + 1. Let J : D ⊕ Sym2D → X × RQ be a monomorphism
and f : X → RQ a smooth map with J = JD(f) near a closed set K ⊃ ∂X. Then there are a
smooth D-free map F , equal to f near K and arbitrarily C0-close to f , and a smooth homotopy of
monomorphisms from J to JD(F ), fixed near K. If the first component of J is dDf , then F can be
chosen arbitrarily C1-close to f .

Proof. Full jets. There is a torsion-free connection ∇ on TX with ∇YαYβ = 0 for all flat frames:
locally take the coordinate connection of a foliation box, and patch with a partition of unity.
Both conditions are affine and, because transition matrices of flat frames are constant along leaves,
independent of the frame. Then JD(f) is the restriction of the full 2-jet (df,∇2f) to D and Sym2D.
Fix a complement TX = D ⊕ C. If J = (j1, j2), the full formal jet (f, L, Σ) with L = j1 ⊕ df |C
and Σ = j2 on Sym2D, Σ = ∇2f on the components involving C, equals j2f near K.

Ampleness. Let R1 ⊂ J1(X,RQ) be defined by injectivity of L|D and R2 ⊂ J2(X,RQ) by
injectivity of the partial jet; both are open. Consider a principal direction given by a covector
ζ. If ζ|D = 0, the variations ζ ⊗ u and ζ2 ⊗ u do not change the partial jet, so the principal
slices are empty or full. Otherwise choose a basis v1, . . . , vm of Dx with ζ(vi) = 0 for i < m and
ζ(vm) = 1. The variation ζ⊗u changes only L(vm), and its forbidden values form an affine subspace
of codimension Q−m+ 1 (or everything); the variation ζ2 ⊗u changes only the column Σ(vm, vm),
with forbidden set of codimension Q−m− sm + 1 (or everything). Both codimensions are at least
two. The complement of an affine subspace of codimension at least two is connected and its convex
hull is the whole space; hence R1 and R2 are ample in the sense of convex integration [Spr98,
Chapter VIII]; see also [MA26, Definition 2.9 and Theorem 2.10].

Realization. Open subsets of jet spaces satisfy the microfibration hypotheses trivially. By the
h-principle for open ample relations [Spr98, Theorem 8.12, Lemma 8.13 and Proposition 8.20],
applied first to R1, there is a homotopy (ft, Lt) in R1, fixed near K, from (f, L) to (f1, df1) with
f1 C

0-close to f ; by openness it can be taken smooth in t. Let jt = Lt|D, j+
t = (j∗

t jt)−1j∗
t , and

solve

(7.1) ∂tTt = (∂tjt) j+
t Tt, T0 = Id .

Then Tt is invertible and Ttj0 = jt, since both sides solve the same linear equation (j+
t jt = Id);

hence TtJ = (jt, Ttj2) is a monomorphism, and Tt = Id near K. At t = 1 the formal 2-jet with
lower part j1f1, partial second part T1j2, and the actual Hessian on the remaining components lies
in R2 and is holonomic near K. The second-order h-principle with holonomic lower jet gives F ,
C1-close to f1 and equal to f near K, together with a homotopy in R2; concatenation gives the
asserted homotopy of monomorphisms. If j1 = dDf from the start, only this last step is needed.
On a manifold with boundary all steps take place in the interior, fixing a collar. □
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7.3. Supported metric additions. The following local step is a leafwise, parametric version
of the Günther–Zergaenge construction for free maps; it is the only place where the four extra
dimensions are used.

Lemma 7.4 (Supported partial metric addition). Let D have rank m, let F be a smooth D-free
map into RQ with Q ≥ m + sm + 5, let Ω be a foliation box, a a smooth function with compact
support in Ω, and ϕ a linear leaf coordinate on Ω. Then there is a smooth D-free map G, equal to
F outside Ω and arbitrarily C0-close to F , with

γD(G) = γD(F ) + a4(dDϕ)2.

Moreover G = F on every plaque of Ω on which a vanishes identically.

Proof. Take ϕ = θ1 and write Ω as a leaf ball times a transverse ball, with slightly larger nested
boxes; p denotes the transverse coordinates, and all norms and operators below act on the leaf
variables, uniformly in p. Fix 0 < α < 1.

Normal frame. The orthogonal complement of the partial jet of F has rank at least 5 on the
closed box. Its orthogonal projection defines a metric connection; parallel transport along the radial
contraction of the box gives five smooth orthonormal sections.

Approximate solutions. The static finite formulas of [Zer16, Sections 4.1–4.3, Satz 4.1, equa-
tions (4.5)–(4.35) and (4.40)–(4.83), Satz 4.4(i); Section 6.1, equations (6.5)–(6.9)] give, for every
precision k and small ϵ > 0, free maps Pϵ,k, equal to F outside an inner leaf support, with displace-
ment O(ϵ) and

e = γD(F ) + a4dθ2
1 − γD(Pϵ,k), ∥e∥C2,α ≤ Ckϵ

k−2.

These formulas consist of pairing systems, solved with the canonical inverse A(A∗A)−1, and periodic
integrations, solved with the zero-mean primitive, applied to a fixed periodic auxiliary map and a
fixed plane oscillator; the fast substitution z = ρ(θ1/ϵ) does not depend on p. Hence all coefficients
depend smoothly on p, and the rank and Gram margins of the auxiliary periodic configurations are
uniform by compactness. The formulas remain smooth across zeros of a: the first correction factors
as ũ2 = aR, because its pairing right sides contain the factor a and the canonical inverse is linear,
so the apparent quotient |∂zũ2|2/(2a2) equals |∂zR|2/2; the later systems use a fixed partition in a2,
dividing by a only where |a| is bounded below. If a(p, ·) ≡ 0, all oscillators, corrections, residuals
and right sides vanish by induction, and the canonical inverses map 0 to 0.

Exact correction. The pairing inverse E[P ] is rational in the first and second partial derivatives
of P ; the free Gram determinant of Pϵ,k is bounded below independently of small ϵ, while leaf
derivatives of order j cost Cj,kϵ−j . Hence ∥E[Pϵ,k]∥C2,α ≤ Ckϵ

−b with b independent of k. Let
χ be a leaf cutoff equal to 1 on the support of e. By the supported correction theorem [Zer17,
Theorem 2.12 and Sections 3.1–3.3, (3.23)–(3.28)], e is removed by χ2v, where v is the unique small
fixed point of a map Φ[P, χ, e] on the leaf space C2,α, provided

(7.2) ∥E[P ]∥2,α∥E[P ](0, e)∥2,α ≤ Ckϵ
k−2−2b, ∥χ2v∥2,α ≤ Ckϵ

k−2−b

are small. Choose k with k − 2 − 2b > 0 and k − 2 − b larger than the loss in the freeness stability
estimate [Zer16, Satz 4.4(i)], then one ϵ giving a strict contraction, uniformly in p, that preserves
freeness and meets the C0 tolerance.

Parameter dependence. Write the fixed-point equation as v(p) = Φ(p, v(p)) with common contrac-
tion constant q < 1 on a convex invariant ball. Then ∥v(p+h) − v(p)∥ ≤ (1 − q)−1∥Φ(p+h, v(p)) −
Φ(p, v(p))∥, and the difference quotients wh satisfy wh = Ahwh+ bh with Ah =

∫ 1
0 DvΦ

(
p+h, v(p)+

s(v(p+h)−v(p))
)

ds, ∥Ah∥ ≤ q, and bh → ∂pΦ. Neumann series give ∂pv = (I−DvΦ)−1∂pΦ, contin-
uously in p. At every higher order the top derivative of v appears only through DvΦ, so induction
gives smooth dependence on p with values in leaf C2,α; higher leaf regularity follows inductively
from the Schauder and product estimates [Zer17, Sections 3.2–3.3, (3.12)–(3.13) and (3.27)–(3.28)],
in which the highest leaf derivative again has the small coefficient. Hence G = Pϵ,k + χ2v is jointly
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smooth with the asserted metric. On a plaque where a ≡ 0 we have P = F and e = 0, so uniqueness
gives v = 0; the nested supports allow extension by F outside Ω. □

7.4. Relative partial metric realization.

Proposition 7.5. Let π : X → B be a surjective submersion of compact manifolds, either both
closed or with ∂X = π−1(∂B), and let D ⊂ ker dπ be an integrable distribution of rank m ≥ 1 with
a flat structure. Let Q ≥ m+ sm + 5, A ⊂ B closed with ∂B ⊂ A, and h a positive partial metric
on D. Let FA be a smooth D-free map defined above a neighbourhood of A with γD(FA) = h. The
following are equivalent:

(i) there is a monomorphism D ⊕ Sym2D → X × RQ equal to JD(FA) above a neighbourhood
of A;

(ii) there is a smooth D-free map F : X → RQ with γD(F ) = h, equal to FA above a neighbour-
hood of A.

Proof. (ii)⇒(i) is clear. For the converse assume first ∅ ̸= A ̸= B. Choose neighbourhoods V0 ⋐
V1 ⋐ V2 ⋐ V3 of A with V 3 inside the region where the monomorphism equals JD(FA); cut FA off
by a base function equal to 1 near V 3 to get a global f , and apply Theorem 7.3 relative to π−1(V 3).
The result is a free H with γD(H) = h over π−1(V 3).

Positive deficit. Choose M0 ≥ 1 with γD(H) ≤ M0h, 0 < λ0 < 1 with λ2
0M0 < 1

2 , and
β0 = (1−λ2

0)1/4. Let β : B → [0, β0] vanish near V 1 and equal β0 outside V2, and put λ = (1−β4)1/2,
both pulled back to X. Since D is vertical, λ is constant along leaves, so Hs = λH is free with
γD(Hs) = λ2γD(H). Let

(7.3) ∆ = h− λ2γD(H)
β4 on {β ̸= 0}, ∆ = h on {β = 0}.

Where β ̸= β0 we are inside V2, where γD(H) = h, so the numerator equals β4h; thus ∆ is smooth.
Where β = β0 the numerator is at least h/2. Hence ∆ > 0 and h− γD(Hs) = β4∆.

Fourth-power decomposition. In a small foliation box choose constant leaf covectors ϑi with
∑
i ϑ

2
i

equal to ∆ at the centre. The forms ϑ2
i , (ϑi ± ϑj)2 span the symmetric forms; giving weight η > 0

to each (ϑi ± ϑj)2 and 1 − 2η(m− 1) > 0 to each ϑ2
i represents the centre value, and a fixed linear

right inverse of the spanning map represents nearby values with smooth positive coefficients cℓj
after shrinking the box. These covectors are dDϕℓj for linear leaf coordinates. With finitely many
bumps ψℓ in such boxes and S =

∑
ℓ ψ

4
ℓ > 0,

h− γD(Hs) =
∑
ℓ,j

a4
ℓj(dDϕℓj)2, aℓj = βψℓS

−1/4c
1/4
ℓj .

The amplitudes are smooth and vanish on π−1(V 1). Apply Theorem 7.4 successively to these
summands, each time to the free output of the previous step. Every plaque lies in a fibre of π, so
plaques over {β = 0} are fixed; the final map is free, has partial metric h, and equals FA over V0.

If A = ∅, the source is closed; apply Theorem 7.3 to any f , shrink the result by a constant so
that h− γD(H) > 0, and decompose and add as above. If A = B there is nothing to prove. □

Proposition 7.6 (A free normal). In the setting of Theorem 7.5 with X,B closed, a monomorphism
(D ⊕ Sym2D) ⊕ R1 → X × RQ yields a smooth D-free map F with γD(F ) = h for any prescribed
positive h, together with a smooth unit vector field ν ⊥ im JD(F ).

Proof. Let J be the restriction to D⊕Sym2D; the projection of the last column off im J is nowhere
zero. Theorem 7.3 gives a free F0 and a homotopy of monomorphisms from J to JD(F0), and
Theorem 7.1(a), applied to the complementary projections, gives a unit normal for F0. To reach
the metric h through free maps, work on S1 × X → S1 × B with the pulled-back distribution.
Let χ : S1 → [0, 1] vanish near a closed arc and equal 1 near a point θ∗, and prescribe hθ =
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(1 − χ(θ))γD(F0) + χ(θ)h. The constant family F0 realizes hθ near the arc, and JD(F0) is a global
formal extension. By Theorem 7.5 there is a jointly smooth free family Fθ with γD(Fθ) = hθ, equal
to F0 near the arc. Along an arc from the protected region to θ∗, orthogonal transport of the
complements of the partial jets carries the unit normal of F0 to one of F = Fθ∗ . □

7.5. Proof of Theorem B. Let e and H be as in Theorem 7.2. Finitely many orthonormal
local frames of H and a partition

∑
χ2
i = 1 give an isometric monomorphism IH : H → Ra; put

W = IH(H) and L(u+ te) = (IHu, t) ∈ Ra+1, an isometric monomorphism of TM .
Fix C ≥ 1 and let XH = M × (S2C−1)a → M carry the coefficient distribution DW of rank n−1,

with coefficient metric hW . Then DW ⊕Sym2DW is the pullback of W ⊕Sym2W ∼= H⊕Sym2H ∼=
Rsn−1, so (DW ⊕ Sym2DW ) ⊕R1 embeds in Rsn+4. Since sn + 4 = (n− 1) + sn−1 + 5, Theorem 7.6
gives a DW -free map FH : XH → Rsn+4 with γDW

(FH) = hW and a unit free normal ν.
Apply Theorem 3.9 to the constant family (FH , ν), with K = 0, and one more Hopf sphere

for the line Re. The resulting maps Sk : M × (S2C−1)a+1 → Rsn+5 satisfy (a)–(c) of Theorem 5.1
for L and E = H, because DW ⊕ RXa+1 = DL(TM) and hW + 1 = hL(TM); the margin is even
bounded below. Hence Theorem 5.1 gives a phase-regular isometric immersion into an arbitrarily
small ball of Rsn+5, and Theorem 6.10 with N = sn + 5 turns it into an embedding, as in the proof
of Theorem A. □

8. Noncompact manifolds and boundary

8.1. Weighted maps. Let M carry a countable uniform atlas, write Cjb for the supremum of chart
derivatives through order j and C∞

b =
⋂
j C

j
b , and let β be a closed one-form with all Cjb norms

finite. For V : M → RN put

DiV = ∂iV + βiV, γβ(V )ij = ⟨DiV,DjV ⟩, Bβ
V = Π (DiDjV ),

where Π projects off span(DiV ) when γβ(V ) > 0; since β is closed, DiDjV is symmetric. Weighted
phase regularity and margins are defined with Bβ in place of B.

Proposition 8.1 (Weighted correction and probes). (a) If a > 0 satisfies d log a = β on an
open set, then there

(8.1) d(aV ) = aDV, γ(aV ) = a2γβ(V ), BaV = aBβ
V .

(b) Theorems 4.4 and 4.5 and Theorem 4.7 hold for γβ, Bβ in place of γ,B, with constants
depending in addition on finitely many Cjb norms of β.

(c) Theorem 6.2 holds for γβ, Bβ, for finite lists of compactly supported normal oscillations,
with all estimates in global Cb norms; for prescribed Crb -closeness the iteration starts at a
stage k ≥ max(8, 2r).

Proof. (a) is the product rule d(aV ) = a(dV +V d log a) applied once and twice; the tangent spaces
of aV are spanned by the DiV .

(b) On each chart ball choose ai > 0 with d log ai = β and ai = 1 at the centre; the bounds on
β give uniform bounds on a±1

i and all their derivatives. By (a), V 7→ aiV transforms all weighted
quantities on the chart into unweighted ones with uniformly comparable norms, ellipticity constants
and margins. Alternatively, with ui = ⟨DiV,Z⟩, Z = DV (γ−1

β u) + v and DiDjV = Γ̃kijDkV +Bβ
ij ,

γβ(V +Z) = γβ(V )+Lβ,V Z+γβ(Z), (Lβ,V Z)ij = ∂iuj+∂jui+2(βiuj+βjui)−2Γ̃kijuk−2⟨Bβ
ij , v⟩,

which differs from the unweighted operator only by terms of order zero in u. Hence Theorems 4.2
and 4.4 hold verbatim. In the iteration we use the true weighted defect,

(δ′)2(H ′ − Sℓh0) = δ2(H − SℓH) − E − Crossβ(V − SℓV,U),
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with Crossβ(A,U)ij = ⟨DiA,DjU⟩ + ⟨DjA,DiU⟩; the bounded coefficients of β leave all exponents
unchanged, and no commutation of D with smoothing is needed. All constructions are local, so
their locally finite sums define global maps.

(c) The probe construction has the same even mean, since β does not depend on u. For solutions
with fixed γβ(V ) = h, the identity ⟨DiDjV,DlV ⟩ = 1

2(∂ihjl + ∂jhil − ∂lhij) + βihjl + βjhil − βlhij
shows that Γ̃ depends only on h and β, so the weighted Gauss formula Bβ = D2V − Γ̃DV holds
and the u-derivatives of all terms of first order in V are O(tk) = o(σ). The remaining estimates are
those of Theorem 6.2 in global seminorms. □

8.2. Conformal normalization.

Proposition 8.2. Let M be a parallelizable manifold without boundary and g a smooth metric.
There is a : M → (0, 1), tending to 0 off compact sets, such that h = a−2g and β = d log a satisfy: h
is complete with positive injectivity radius and bounded covariant derivatives of its curvature; h has
a global orthonormal coframe with bounded covariant derivatives of all orders; and β has bounded
covariant derivatives of all orders.

Proof. Normalize a global coframe to a g-orthonormal one, ω, and write h = e2ug, a = e−u,
θ = euω. The scaling theorem [MN15, Theorem 4.1, Definitions 2.2 and 2.9] controls any countable
list of quantities bounded by expressions e−αu(x)Px(u, |∇gu|, . . . , |∇k

gu|) with α > 0, together with
their versions on neighbouring annuli of an exhaustion; each is controlled off a compact set and
bounded on it by continuity. Curvature quantities are of this form [MN15, Example 2.3], and
placing the inverse convexity radius first gives completeness and positive injectivity radius [MN15,
Theorem 3.8 and the proof of Theorem 1.8]. For the coframe, the conformal formula ∇h

XY =
∇g
XY + du(X)Y + du(Y )X − g(X,Y ) gradg u gives (∇h

i θ)j = eu
(
(∇g

iω)j − ujωi + gij⟨du, ω⟩g
)
, and

by induction
|(∇h)rθ|h ≤ e−ruPr,x(jrgu) (r ≥ 1), |(∇h)rdu|h ≤ e−(r+1)uQr,x(jr+1

g u),
so these quantities are admissible as well. Choosing u above a positive proper exhaustion gives
a < 1 and a → 0 at infinity. □

8.3. Bounded initial realizations.

Proposition 8.3. In the situation of Theorem 8.2, let the uniform atlases be built from normal
charts of h. There are arbitrarily large T and maps V0 ∈ C∞

b (M,Rsn+1), with respect to the atlas
of h-radius T−1, such that

γβ(V0) = T 2h, 2 < |V0| < CV ,

with CV independent of T , and for each such T the weighted second form of V0 has a positive
uniform phase margin in these charts.

Proof. Bounded geometry gives normal charts with uniform metric and transition bounds, and
covers of bounded overlap at every small scale [Sch01, Theorem 2.5 and Propositions 3.2–3.3];
the bounded covariant derivatives of θ and β give coordinate bounds. Run the construction of
Theorem 5.1 with the coframe θ and the maps Sk of Theorem 3.10; local finiteness keeps the
coloured sums smooth, and the colouring number is uniform. Translate by a fixed v0 with |v0| >
supk∥Sk∥C0 + 3, so that H = v0 +Sk(z1, . . . , zn) has 3 < |H| < C0 independently of k,K, T . In the
charts of radius T−1 all coefficients of β and their derivatives are O(T−1), so the extra terms βH
in the first columns, and the corresponding second-column terms, satisfy the bounds of that proof:

∥γβ(H) − T 2h∥
Cj

b
≤ Cjk

j(K−1 +K/T ) + Cj,Rk
−R,

and the second-form comparison error is O(k(K−1 + K/T )). With the same choices K = ka,
T = k2a, Theorem 8.1(b) gives an exact V0 within k−2 of H in C2

b , preserving the margin and the
value bounds. For fixed k all global norms are finite, and T → ∞ as k → ∞. □
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8.4. Separation and properness.
Lemma 8.4. Let n ≥ 3, N ≥ sn + 1, let V ∈ C∞

b have uniformly positive weighted metric and
weighted phase margin, and let a1 > 0 be smooth and bounded with d log a1 = β. For every compact
P ⊂ (M × M) \ ∆, r ≥ 2 and ϵ > 0 there is V ′ ∈ C∞

b with γβ(V ′) = γβ(V ) and ∥V ′ − V ∥Cr
b
< ϵ

such that a1V
′ separates P ; for small ϵ the uniform weighted phase margin persists.

Proof. Consider the class of maps a1V
′′ with V ′′ ∈ C∞

b , γβ(V ′′) = γβ(V ) and a positive uniform
weighted margin. By (8.1), weighted probe families (Theorem 8.1(c)) for V ′′ give exact-metric
families for a1V

′′ whose leading second-form and value columns are multiplied by the same positive
factor a1(x); on a compact neighbourhood of the projections of P , a1 is bounded above and below
with bounded derivatives, and responses away from the supports are bounded by the global errors
times sup a1. By Theorem 6.8 the proof of Theorem 6.7 applies, with closeness order at least
max(r, 3). □

Theorem 8.5. Let M be a parallelizable n-manifold without boundary, n ≥ 3, and g any smooth
metric. For every p ∈ Rsn+1 and R > 0 there is a smooth phase-regular isometric embedding
F : (M, g) → BR(p). If M is noncompact, F can be chosen with F (x) ̸= p, F (x) → p as x leaves
compact sets, and F proper into Rsn+1 \ {p}.
Proof. We may take p = 0 and M ̸= ∅. Let a, h, β be as in Theorem 8.2 and V0, T , CV as in
Theorem 8.3, with T chosen so that (CV + 1)/T < R. Put a1 = a/T ; then d log a1 = β and
γ(a1V0) = g by (8.1).

On the fixed atlas, F = C∞
b (M,Rsn+1) is a Fréchet space: a sequence that is Cauchy in every

Cjb has uniform chartwise limits of all derivatives, defining a smooth map with finite norms. Since
γβ is continuous, Y = {V : γβ(V ) = T 2h} is closed. Choose ϵ0 > 0 such that X = {V ∈ Y :
∥V −V0∥C2

b
< ϵ0} consists of maps with a uniform positive weighted margin and 1 < |V | < CV + 1;

X is a Baire space. Every basic neighbourhood in X contains a small Crb ball, within which
Theorem 8.4 separates any compact off-diagonal pair set. Multiplication by a1 is continuous in the
uniform norm on compacts, so Theorem 6.9 gives V∞ ∈ X with F = a1V∞ injective. Then F is an
isometric immersion, phase regular since BF = a1B

β
V∞

, and
a(x)/T < |F (x)| < (CV + 1) a(x)/T < R.

Thus F avoids 0 and tends to 0 at infinity. The preimage of a compact set at distance η > 0 from 0
is closed in the compact set {a ≥ Tη/(CV + 1)}, so F is proper into Rsn+1 \ {0}; a proper injective
immersion is an embedding. If M is compact, injectivity suffices. Pairs on different components
are included throughout. □

8.5. Boundary and stable triviality.
Corollary 8.6. Theorem A holds for parallelizable manifolds with smooth boundary and metrics
smooth up to the boundary; the embedding extends isometrically across an exterior collar.
Proof. In a collar of ∂M inside the double, extend the frame and the metric locally and patch
with a locally finite partition of unity; independence and positivity persist near each boundary
point. Choose a locally finite cover Ui and widths wi > 0 on which both hold for −2wi < t ≤ 0,
and set w =

∑
i ηiwi for a subordinate partition ηi; at each point w is at most the largest active

wi. Adjoining {(x, t) : −w(x) < t < 0} gives a parallelizable manifold without boundary with an
extended metric. Apply Theorem 8.5 and restrict. □

Proposition 8.7. If every component of an n-manifold is noncompact, every stably trivial bundle
of rank at least n over it is trivial. In particular stable parallelizability implies parallelizability.
Proof. A connected noncompact n-manifold deformation retracts onto an (n− 1)-dimensional CW
complex [Put, Theorem 0.1]. Apply Theorem 7.1(b) on each component; components are open. □
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Completion of the proofs of Theorem A and Theorem C. Theorem A follows from Theorem 8.5 for
manifolds without boundary and from Theorem 8.6 in general. Under the hypotheses of Theorem C,
Theorem 8.7 shows that TM is trivial, and Theorem 8.5 applies. □
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