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ISOMETRIC EMBEDDINGS OF PARALLELIZABLE AND STABLY
PARALLELIZABLE RIEMANNIAN MANIFOLDS

WENCHANG YANG AND YI WANG

ABSTRACT. Let s, = n(n + 1)/2. We prove that every smooth parallelizable Riemannian n-
manifold, n > 3, admits a smooth isometric embedding into R®"*! whose image lies in an arbi-
trarily small ball. For closed stably parallelizable manifolds, each of whose connected components
has vanishing Euler characteristic, we obtain small-image isometric embeddings into R*»*5. The
proof combines explicit partial isometries along commuting Hopf flows, an iterative scheme for ex-
act metric correction using oscillatory perturbations constructed from the second fundamental form,
and a transversality argument for metric-preserving perturbations.
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1. INTRODUCTION

1.1. Background. A smooth map F': M — RY induces the symmetric tensor F*§, where ¢ is the
Euclidean metric; in local coordinates

(1.1) (F0)ij = (O:F, 0;F).

The isometric embedding problem asks for F' with F*§ = g for a prescribed Riemannian metric g.
Throughout we write
5 = n(n2—i- 1), =5, = n(n2 1).

The system (1.1) consists of s,, equations, so N = s, is the determined dimension. By the Cartan—
Janet theorem [J26, C27|, real-analytic metrics are locally induced by analytic embeddings into
R®». Globally, Nash [N56, Theorem 2| showed that every closed Riemannian n-manifold embeds
isometrically into an arbitrarily small ball of R*(37+11)/2 Nash’s argument perturbs free maps, i.e.
maps whose first and second derivatives are linearly independent; this already requires N > s, +n.
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Giinther [Giin91] (see also [Yan98]) recast the perturbation step as a contraction and obtained the
dimension ( 5) 3)
n(n + n(n +
N pr—
max{ 5 5
In this paper we show that, for manifolds with trivial tangent bundle, one extra dimension beyond
the determined case suffices.

+ 5} = Sy, + max{2n, n + 5}.

1.2. Main results. Manifolds are smooth, Hausdorff and second countable, and have no boundary
unless stated otherwise; a closed manifold is compact without boundary. Write R for the trivial
real vector bundle of rank j and B,(p) for the open Euclidean ball.

An immersion F': M — R is phase regular if at every point x there is a tangent hyperplane P C
T, M such that the normal second fundamental form of F is injective on Sym? P; see Theorem 2.1.

Theorem A. Let M be a parallelizable n-manifold, n > 3, possibly noncompact, disconnected, or
with smooth boundary, and let g be a smooth Riemannian metric on M, smooth up to the boundary.
For every p € R*»*1 and r > 0 there is a smooth phase-regular embedding

F: M — RS, F*§ =g, F(M) C B,(p).

If M is noncompact and has no boundary, F can moreover be chosen so that F(x) # p for all x,
F(x) — p as = leaves every compact set, and F is a proper embedding into R+ \ {p}.

For instance, every closed orientable 3-manifold is parallelizable (Stiefel [Sti35]; see also [Kir89]),
so every closed orientable Riemannian 3-manifold embeds isometrically into an arbitrarily small
ball of R”. Products S x N with N stably parallelizable, and all Lie groups, are further examples.

For tangent bundles that are only stably trivial we obtain:

Theorem B. Let M be a closed n-manifold, n > 3, with TM & RF >~ RrtF for some k > 0, and
assume that every component of M has Fuler characteristic zero. Then every smooth Riemannian
metric on M is induced by a smooth phase-reqular embedding into an arbitrarily small ball of R¥»+5 .

For example, the spheres S?™*! m > 1, and the products S?™*! x N with N closed and stably
parallelizable satisfy the hypotheses of Theorem B. On manifolds all of whose components are
noncompact, stable triviality of the tangent bundle already implies triviality (Theorem 8.7), so
Theorem A applies:

Corollary C. Let M be an n-manifold without boundary, n > 3, all of whose components are
noncompact, and suppose TM @& RF = R*F for some k > 0. Then the conclusions of Theorem A,
including the properness statement, hold for every smooth Riemannian metric on M.

No completeness, finite topology, or bounded geometry is assumed in the noncompact case.

1.3. Phase regularity. Let I’ be an immersion and € M. The normal second fundamental form
is a linear map Bp(x): Sym2 T.M — v, into the normal space, of dimension N — n. A nonzero
covector ¢ is good if Bp(x) is injective on Sym? ker &, a space of dimension g,,. A good covector can
exist only if N > s,, and when it exists, the space of admissible normals

E¢ = v, © Bp(z) (Sym? ker )
has dimension N — s,,. In the dimension N = s, + 1 of Theorem A, E¢ is a line. Freeness, by
contrast, is the injectivity of By on all of Sym? T, M, which needs N > s, + n.

Admissible normals are what make metric correction possible. Let ¢ be a local function with
dip good, let v € Eqy be a unit normal field, and add the oscillation U = 76bv cos(z)/7) with
0 < d <7 <« 1. The quadratic part of the change of metric has mean %52192 dw?, which is the
increment we want. The linear part, —2(Bp,U) to leading order, vanishes on kerdy x ker di
precisely because v is admissible. The components that do involve the direction dy are absorbed
by tangential corrections, because conjugation by e¢¥/7 turns the operator u — di) ® u into a
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dominant term of size 771; a finite Neumann series cancels them to any prescribed order in 7
divided by the scale of the data. Iterating such explicit increments, with smoothing, produces
exact solutions. The method needs E¢ # 0, hence N > s,, + 1.

1.4. Strategy. The proof of Theorem A for closed M has four steps.
Step 1: model partial isometries (Section 3). On a product X = [, S2¢~1 of Hopf spheres with

commuting period-one Hopf fields Y7, ...,Y,, we construct maps Si: X — R 1 k — oo, with

(YiSk, YjSk) = 6ij + O(k™), 1Skl cs S kmaxU=10),

~y

whose normal second form along Sym? span(Y7, ..., Y,_1) has smallest singular value > k~/2. They
are obtained from explicit curves on Hopf spheres, matrix-valued primitives with vanishing mean,
formal power-series corrections, a normal collar, and a final wrapping along the last factor.

Step 2: exact metric correction (Section 4). If an immersion into RY, N > s,,+1, has uniformly ellip-
tic induced metric, C'* norm O(e_A) and phase margin = €, then for small € every metric within
O(ef) of its induced metric in C''7, with K = K (A, s, b), is realized exactly by a C2-perturbation
of size €®. All estimates are uniform over atlases of bounded overlap, with no dependence on the
number of charts.

Step 3: local phases (Section 5). Given an orthonormal coframe ay, . .., ay, of (M, g), we build maps
zp: M — S2¢~1 which near each point of a fine net look like e2™72(®) with d\ ~ «y, glued by a
colouring argument. Then Si(z1, ..., z,) has induced metric 72%g up to a polynomially small error;
Step 2 makes it exact, and division by T gives a phase-regular isometric immersion into a small
ball. The coframe need not be closed.

Step 4: separation of points (Section 6). Exact-metric perturbations with prescribed first variations
of values and second forms (probes) are produced by the iteration of Step 2. A dimension estimate
for spaces of quadratic forms shows that at least n + 1 admissible normal value directions exist,
except along a rank stratum and an exceptional locus of second forms, which are removed by adding
their defining equations. Sard’s theorem and a Baire argument then give an embedding with the
same metric.

For Theorem B (Section 7), a nonvanishing vector field splits TM = H @ R! with H @ Sym? H
trivial; the model map of Step 1 is replaced by a partially free map produced from this bundle data
by an h-principle for open ample relations and by Giinther-type local metric additions, which cost
the four extra dimensions. For noncompact manifolds (Section 8), a conformal change h = a~2¢ to
bounded geometry (Miiller—Nardmann) and the weighted derivative d 4+ dlog a make every estimate
uniform; the decay a — 0 gives properness.

1.5. Organization. Section 2 fixes notation for second forms, partial geometry, Hopf actions and
uniform atlases. Sections 3 to 6 carry out Steps 1-4 and prove Theorem A for closed manifolds.
Section 7 proves Theorem B, and Section 8 treats noncompact manifolds and boundary, completing
Theorem A and Theorem C.

2. PRELIMINARIES

2.1. Second forms and phase regularity. For a map F': M — RY we write y(F) = F*6. If F' is
an immersion, I denotes the orthogonal projection of RV onto the normal space vp = dF(TM)*;
in coordinates Iy = I — dF (F) " 'dFT.

Definition 2.1 (Second form, phase regularity). The normal second form of an immersion F is
Br(v,w) = IIp(V2F(v,w)), where V is any torsion-free connection on T'M; changing V adds a
tangent vector to V2F, so By is well defined, and in coordinates B;j = lIp0;0;F. We regard Bp(x)
as a linear map Sym? T, M — v,.
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(i) A nonzero § € T; M is good for F if Br(Z)|gym? kere 1S injective. The immersion is phase
reqular if every point has a good covector.
(ii) For a good &, the space of admissible normals is E¢ = E¢(F,x) = v, N Br(z)(Sym? ker £)*;
it has dimension N — s,,.
(iii) Given an auxiliary norm on T'M, the phase margin is

/J,(F, .’L') = ‘Igl'fi)l(o—min(BF('x)’SymZ kerf)’

where oy, is the smallest singular value.

If v(F) = h, the Gauss formula identifies Br with the full Hessian of F' for the Levi-Civita
connection of h:

(2.1) Bij = 0;0;F —T'(h)};0,F.

Lemma 2.2 (Stability of second forms). Let F' be an immersion of a coordinate ball with cI < ~v(F)
and ||F||c2 < C. There are p,C" > 0, depending only on ¢,C, N, such that ||V ||c1 < p implies that
F 4V is an immersion and

|Briv = Br| < C'([Viiez2 + [[VIler [ Fllc2).

In particular good covectors, phase regularity, and lower bounds on the phase margin persist under
C?-small perturbations, with explicit loss.

Proof. The formula IT = I — dFy~'dFT shows |Ilp1y — p| < C'||V||cr once y(F + V) > ¢l /2.
Write BF+V — Bp = HF+V(92V + (HF—i—V — HF)(?QF ]

Remark 2.3 (Dimensions). A good covector forces N —n > gy, that is N > s,,. The constructions
of this paper add oscillations along admissible normals, so they need N > s,, + 1. In the dimension
N = s, + 1, a good covector £ determines the admissible normal line E¢, and Bp(x) has rank g,
or g, + 1.

2.2. Partial geometry. Let D C T X be an integrable distribution of rank m. A flat structure on
D is a covering of X by open sets carrying frames (Y1,...,Y,,) of D by commuting vector fields,
such that on overlaps the transition matrices are constant along the leaves of D. A partial metric
hp is flat if these frames can be chosen hp-orthonormal.

Definition 2.4 (Partial jets). Let D carry a flat structure and let H: X — RY be smooth.
(i) The partial metric is yp(H) = (dH|p)*0, so yp(H)ap = (Yo H,Y3H).
(ii) The partial Hessian V3 H € T'(Sym? D* @ RY) is V% H (Y,, Ys) = Y,YsH; this is indepen-
dent of the flat frame since transition matrices are constant along leaves.
(iii) The partial jet is the bundle map

Jp(H): D®Sym?D — X xRY,  (v,A) — dH(v) + VLH(A).

H is D-free if Jp(H) is injective. Its adjoint T : RN — D* @ Sym? D* is the pairing map;
given a partial metric, Cy = Jp(H)(Jp(H)*Jp(H))~! is the minimum-norm right inverse
of TH.

(iv) Ifyp(H) > 0, the partial normal second form is B = 112V?2 H, where IT%) is the orthogonal
projection off dH (D).

Freeness does not depend on the choice of torsion-free partial connection: another choice adds
a dH(D)-valued term to the Hessian. If yp(H) is constant in a flat orthonormal frame, then
(YoYgH,Y,H) = 0: the coeflicients are symmetric in (o, 3) and, by differentiating the constant
Gram matrix, antisymmetric in (f3, ), hence zero.

The main example is the following.
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Definition 2.5 (Coefficient distributions). Let Z = [])_, S*“¢~! carry the Hopf actions of Sec-
tion 2.3, with commuting generators X7i,..., X,. For a manifold B and a subbundle W C B x R?
of rank m, the coefficient distribution on B X Z is

p
Dy = {Yw — ;ngg L we Wb}, hw (Y, Yo ) = (w, ).

For a local orthonormal frame (w,) of W, the fields Y,,, commute, because their coefficients
depend only on b and the X, commute and are tangent to Z. Their transition matrices depend
only on b. Hence Dyy is integrable, it carries a canonical flat structure, and the coefficient metric
hw is flat. When W = B x RP we recover the span of all Hopf generators.

2.3. Hopf actions, averages and primitives. On S2¢~! ¢ C® we use the period-one circle
action Ryz = e?™!z with generator X, and on products the corresponding commuting actions. For
a smooth function h (scalar, vector or matrix valued) put

av(h)(z) = /O Ch(Re2)dt, Iyh(z) = /0 Ch(R2) dt.

Lemma 2.6. av(h) is R-invariant, and X av(h) = 0. Ifav(h) =0, then XIxh = h and av(Ixh) =
0, and Ixh is the unique primitive of h along X with zero mean. Consequently, if ® commutes
with the action and av(h) = 0, then Ix(h o ®) = (Ixh) o ®; in particular, if h o R,/ = £h then
Ixho Ry = +Ixh. These operations are smooth, continuous in every C7 norm, and commute
with derivatives in parameters on which the action does not depend.

Proof. Along an orbit, XIxh = folt(?t[h(th)]dt = h(z) — av(h)(z) by parts, and av(Ixh) =
fol t av(h)dt = 0. Two primitives differ by an invariant function, which equals its own mean. The
equivariance statements follow from uniqueness. [l

We repeatedly use the antipodal map z — —2z = Ry 52; a function is even or odd if it is invariant
or anti-invariant under it. The mean of an odd function vanishes.

2.4. Uniform atlases and weighted norms.

Setup 2.7 (Uniform atlases). A wuniform atlas on an n-manifold is a finite or countable, locally
finite family of charts ¢;: U; — B3(0) C R” whose cores ¢; 1 (B1(0)) cover the manifold, such that
each U; meets at most A others and all transition maps satisfy uniform bounds at every order.
The C7 norm of a map or tensor is the supremum over charts of its coordinate C’ norm on B3(0);
ellipticity ¢l <~ < CI and singular values refer to coordinate norms. When the atlas is countable
we only consider maps and tensors all of whose C7 norms are finite. A compact parameter space
is included by using product charts and full derivative norms in source and parameter; only source
derivatives enter metrics and second forms.

All constants below depend on the atlas only through n, N, A and the transition bounds, never
on the number of charts. For 0 < a <1 and integers m > 0 we use the weighted norms

m ) m )
[ulma =Y dllules,  lulfe = ullgise.
j=0 §=0

A function oscillating at frequency a~! with slowly varying amplitude has |-|m,a comparable to its
supremum, which is why these norms are adapted to the oscillatory constructions.

A family e, depending smoothly on € near 0 is flat at € = 0 if |lec||c; = O(|¢|®?) for every j and
every R.
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3. MODEL PARTIAL ISOMETRIES ON PRODUCTS OF HOPF SPHERES

In this section all distributions are spanned by Hopf generators, with the flat structure of Theo-
rem 2.5. The goal is Theorem 3.10: approximately isometric maps of [["; S2¢~! along the Hopf
generators, into R*»+1,

3.1. Curves on Hopf spheres.

Lemma 3.1 (Orbit reparametrization). Let a > 0 be smooth on S?°~' put L = av(a), h =
Ix(a/L —1) and ®(z) = Ry;)z. Then @ is a diffeomorphism mapping each orbit onto itself. If
p is smooth with |Xp| = a, then p = (p o ®~1)/L satisfies |Xp| = 1, and at corresponding points
span(Xp, X2p) = span(Xp, X2p). If a is even, ® commutes with z — —z.

Proof. On the orbit ¢ — Ryzp the map ® is t — ¢(t) = ¢t + h(R¢20), with ¢/ =1+ Xh =a/L >0
and ¢(t + 1) = ¢(t) + 1; so it is a diffeomorphism of the orbit. Since d®(X) = (a/L)X and d®
induces the differential of Ry, (;) transversally to the orbits, d® is invertible, and @ is a bijective
local diffeomorphism. Differentiating p(Rg)20) = p(Riz0)/ L gives ¢’ Xp = Xp/L, hence |Xp| = 1,
and a second derivative gives the statement about spans. If a is even, so is & (Theorem 2.6), and
D(—2) = Ry (—2) = —®(2). O
Lemma 3.2 (Curves on Hopf spheres). Let C' > 1.

(a) There is a smooth f: S?¢~1 — R? with

(XfI=1,  f(=2) =diag(1,-1)f(2),  av(fiXfa— foXf1)=0.

(b) There is a smooth c: S*¢=1 — R3 with |Xc| = 1 such that Xc and X?c are linearly inde-
pendent everywhere. Then b= Xc x X%¢/|Xc x X?c| is a smooth unit field perpendicular
to Xc and X?c.

Proof. (a) Let kj = 2j—1 and u(z) = Z]C:l Re(zfj). Along an orbit u is a trigonometric polynomial
with distinct frequencies k;, so

C
A=av((Xu)?) =2 k|z* >0,

j=1
and A is invariant. Put v = u/vA and ¢ = Xv, so av(¢?) = 1, and
2
p=(Ix(1-¢"),v), Xp=01-d 9, |[Xp=("-3"+%

Since the k; are odd, v and ¢ are odd, so p; is even and py is odd. Apply Theorem 3.1 with
a = | Xp|, which is even, and put f = p. Then |X f| = 1; the antipodal map commutes with ®, so
f(—=z) = diag(1,—1)f(z). The integrand f1 X fo — foX f1 is odd, so its mean vanishes.

(b) Let w = X f and co = (f, |f|?/2). Then

XCO:(wa<f,w>)’ XQCOZ(XW’1+<JC>XU)>)’

using |w| = 1. If Xw # 0, the planar parts w L Xw are independent; if Xw = 0, the second vector
is (0,1) while w # 0. Hence Xcg, X2co are independent everywhere. Theorem 3.1, applied with

a = |Xcol, gives c. O
Lemma 3.3 (Partial immersions). For X, = [[™; S?“~! with Hopf generators Y1, ..., Yy, there
is a smooth Ay : Xy — R™TL such that Y1 An,, ..., YA are linearly independent everywhere.

Proof. For m = 1 take f from Theorem 3.2(a). Given A,,, let v, be the unit normal in R™*! to
YiAm,...,YnAy (the normalized generalized cross product). With (a,b) = f on the new factor,
set

Api1(z,2) = (Am(x) + ea(z)vm (), €b(2)).
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The old columns are (Y;A,, + €aY;vpy,0) and the new one is e((Xa)vy,, Xb), of length e. They
are orthogonal, since (Y;Ap,,vm) = (Yivm,vm) = 0. By compactness the old columns remain
independent for small € > 0. O

3.2. Matrix primitives. The next proposition provides the displacement used in the inductive
step of Theorem 3.8. Its essential property is that the mixed metric terms it creates have zero mean
along the new orbit.

Lemma 3.4 (Uniform oscillatory decay). Let n(z) = Zj(-]:l Re(z?j_l) on S?¢~1. For every smooth
function a there is C, with

lav(aeT)||co < C,T~VCO) (T >1).

Proof. Along an orbit, &/n(R;z) = 3.7, Re((27rikl)jzlkle%iklt) with k; = 21 — 1. If these vanished
for j =1,...,2C at some t, then, writing the real parts as sums over the 2C' distinct nonzero nodes
+27ik;, the invertibility of the Vandermonde matrix would force all z; = 0. By compactness there
is ¢ > 0 with maxj<;j<oc|X7n| > ¢ on the sphere. Cover (R/Z) x 52¢=1 by finitely many sets
I, x Uy, I, an interval, on which a fixed derivative 8/*n(R;z) has absolute value at least ¢/2, and

take a subordinate smooth partition of unity p, (¢, z). By van der Corput’s lemma with amplitude
[Ste93, Chapter VIII, Section 1.2, Corollary], for j, > 2,

[, potteyatRez) T dt] < 05 () [ 1fpaa)]

the amplitude vanishing at the endpoints. For j, = 1, one integration by parts using 0| > ¢/2
and the bound on 0?7 gives O(T~!). The constants are uniform in z, and j, < 2C. u

Proposition 3.5 (Matrix primitives). For all C > 1 and d > 2 there is a smooth P: §20-1
Matgyq(R) such that

(3.1) Q = XP is invertible everywhere, av(PTQ) = 0.

Proof. Block-diagonal matrices inherit both properties from their blocks, and every d > 2 is a sum
of 2’s and at most one 3. Let f be as in Theorem 3.2(a), v = X f = (s,t) and u = Jov = (—t, s).
d=2. Put P2 = f1]+f2<]2, SO QQ = SI—l-tJQ S 80(2) and P2TQ2 = <f,Xf> I+(f1Xf2—f2Xf1) Jg.
The first coefficient is 2 X|f|*> and the second has zero mean by Theorem 3.2(a).
d = 3. Regard f,v,u as vectors in the first two coordinates of R3, let  be as in Theorem 3.4,
and for T > 1 set

Qo = [v, ezcos(Tn) — usin(Tn), —essin(Tn) — ucos(Tn)|.

Its columns are orthonormal and det Qo = det[v,u, e3] =1, so Qo € SO(3). Let My = av(Qo). Its
first column is av(X f) = 0 and, by Theorem 3.4, |Mr|co — 0 as T — oo. Put Q1 = Qo — My
and P, = IxQ1, so XP; = 1 and the first column of P; is py = f — av(f).

Let R = diag(1,—1,1) and D = diag(1,1,—1). Under z — —z we have v — Rv, u — —Ru
and n — —n, hence Qo(—z) = RQoy(z)D. Since My is invariant, My = RM7pD, so Q1(—z) =
RQ1(2)D and, by Theorem 2.6, Py(—z) = RP;(z)D. The matrix 2 = av(P]' Q) is skew, because
av X (P P}) = 0, and satisfies Q = DQD. Therefore only w = Q15 = —Qy; can be nonzero. Since
p1 L ez and av(py) =0,

w = av(p1, ez cos(Tn) — usin(Tn) — Mres) = —av({p1,u) sin(1n)),

which tends to 0 uniformly by Theorem 3.4. Let P be P; with its second column replaced by
p2+wv. As w is invariant, XP = Q; +w (Xv)ed. Again av(PT X P) is skew and D-symmetric, and
its (1,2) entry is

w+w av(py, Xv) = w —w av(Xp1,v) = w —w av|p|? = 0.
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Hence av(PTX P) = 0. Finally | XP — Qollco < [|[Mr]lco + [[wlco|| Xv||co < 1 for T large, so X P
is invertible. O

3.3. Formal corrections.

Lemma 3.6 (Borel lemma with parameters). Let P be a compact manifold, possibly with boundary
or corners, and let a; € C®(P,RY), j > 0. There is a € C*®°((—1,1) x P,RY) whose Taylor
series at € = 0 is }; eaj. If A is a continuous linear map from C*°(P, RN) to a Fréchet space (for
instance, restriction of some derivatives to a submanifold) with Aa; = 0 for all j, then a can be
chosen with Aa(e,-) = 0 for every e.

Proof. Fix x € C°(—1,1) equal to 1 near 0. For j > 2 choose A; > 1 so large that all derivatives of
order at most j—1 of x(\je)e/a;(x) are bounded by 277; this is possible because each such derivative
carries a factor € with 4 > 1 on the support |¢| < )\j_l. Then a = ag+ear+3 ;55 X(Aj€)e a; converges
in C*° and has the required Taylor series. The cutoffs do not depend on z, so A passes through
the sum. t

For a family of maps P and a displacement U, in a flat frame of D,
(3.2) ’yD(P -+ U)aﬁ = ’yD(P)a/g + Ya<Y5P, U) + Y5<Yap, U> — 2<YQY5P, U) + ')’D(U)ag.
In particular, if (dp P, U) = 0, the linear part of the change of partial metric is —2(V%P,U).

Lemma 3.7 (Formal correction of partial metrics). Let X be compact, D an integrable distribution
with a flat structure, and hp a partial metric. Let P. be a smooth family with

Y (Pe) —hp =S, L>1,

and suppose the pairing map Tp. has, for € # 0, a right inverse C¢ such that (1 = L C. extends
smoothly through e = 0. Then there is a smooth family U, such that, with U, = e“T1U,, the error
vp(Pe + Ue) — hp is flat at e = 0.

Proof. By continuity T'p, C. = €-1d for all e. Write U = eLv and consider

(3.3) v =C(0,1(eSc +7p(v))).
Seek v =354 elv;. Since yp(v) is quadratic and v = O(e), the coefficient of €/ on the right depends
only on v1,...,v;_1, through finitely many derivatives and products. Hence all v; are determined

and smooth, and Theorem 3.6 gives a smooth v = €v satisfying (3.3) up to a flat error. Applying
Tp,, we obtain modulo flat terms (dpP,U) = 0 and 2(V% P,U) = LTS + yp(U). Inserting this
in (3.2) shows that yp(P + U) — hp is flat. O

3.4. Free families with flat metric error. Let X, = [[%;S%¢~! with Hopf generators
Y1,...,Y, and D their span. The partial jet of H: X, — RY has the a + s, columns Y;H and
Y;Y;H (i < j). Give the columns Y;H and Y;Y;H weight 0, and Y;Y;H with ¢ < j weight j — 1.

Theorem 3.8 (Free families). Fora > 1 and Cy,...,Cy > 1 there are €, > 0 and smooth families
H.: X, — Ratotl e| < ¢, such that:
(i) yp(He) — 1, is flat at e = 0;
(ii) each column divided by ¢“*9" extends smoothly to € = 0, and these normalized columns are
linearly independent for all |e| < ¢,.

Consequently, for € # 0, H. is D-free; the unit normal ve to the normalized columns is smooth
through 0 and perpendicular to the partial jet; and the minimum-norm right inverse C . of the
pairing map is such that ea_lC’H,e extends smoothly through 0.
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Proof. The consequences follow from (ii): the number of columns is a+s, = N —1, and if M, is the
matrix of normalized columns and A, the diagonal matrix of the powers evelght then Ty = AeMET
and Cpe = M (MJ M.)"1AZL; the largest weight is a — 1.

For a = 1 take H = ¢ from Theorem 3.2(b), independent of ¢, with v = b. Assume the statement
for a = m and put L = m. Let ¢, b be the curve and binormal of Theorem 3.2(b) on the new factor
§2Cm+1-1 with generator X = Yy, 41. In RN = Rsm+mHl ) R3S R N = 5,1 +m + 2, set

FO,E = (HE,C, 0)7 Te = [(V67070)7 (O,b, 0)? (070761)7 R} (anaem—l)}a

an orthonormal N x (m + 1) frame. Choose A = A,,: X,, — R™*! from Theorem 3.3, P and
Q@ = X P from Theorem 3.5 with d = m + 1, and define the displacement

Z. =T, PA.
Each column of T" depends on one factor and the columns lie in orthogonal blocks; hence
(3.4) T'T=1, T'Y,T=0, T'XT=0, (;qT)'XT =0, Y,XT=0.

The columns of T" are perpendicular to all first and second columns of Fj, and the mixed columns
Y; X Fy vanish. By (3.2) the linearization of vp at Fp kills Z, and (3.4) gives

(3.5) (YiZ,XZ) = (PY;A,Q4),  T'Y,XZ = QYA

The first expression has zero mean along X by (3.1), because A does not depend on the new factor;
the vectors QY; A are linearly independent.

Second-order cancellation. Put e;; = (Y;Z,Y;Z), e = | X Z|? and w; = —Ix(Y;Z,X Z). For € # 0
use Cp e to choose Wy with

(YiH, W) = w;, 2(Y,Y;H, Wg) = Yyw; + Yjw; + €55,
and set W = (Wy, MX2C, 0). Since (Xe¢, X2¢) = 0, a direct computation with (3.2) shows
that the linearization of yp at Fy maps W to —yp(Z): the (ij), (iX) and (XX) entries are —e;j,
Xw; = —(Y;Z,X7Z) and —e. By the inductive hypothesis W, = ¢~ 1, is smooth through 0. The
family
P€ = FO,E + GLZE + €L+1WE
therefore satisfies
Yp(P.) = Iny1 = diag(yp(He) — Iy, 0) + €2E7185 + 21425,

with S3, S4 smooth, and the first term is flat.

Independence. Keep the old weights and give the new mixed columns Y; X P. weight L. At e =0
the normalized columns of P. are the old normalized columns (in the first block), Xc¢ and X?c
(in the second block), and Y; X Zj. The orthogonal complement of the first two groups is spanned
by the columns of Ty, and by (3.5) the projection of Y; X Zy onto it is ToQY;A. Hence all N — 1
normalized columns are independent at € = 0, so on an interval, and as in the first paragraph the
pairing map of P. has a right inverse C, with ¢/’C, smooth. Theorem 3.7 (the flat error is divisible
by e2Et1) gives U, = O(eF*!) with flat metric error. Since all weights are at most L, adding U,
changes the normalized columns by O(e). Thus Hy11, = P. + U. satisfies (i) and (ii) on a smaller
interval. O

3.5. Normal collars and wrapping.

Proposition 3.9 (Wrapping). Let X be compact, D an integrable distribution of rank m > 1 with
a flat structure and a flat partial metric hp. Let H.: X — RY and v, be smooth through ¢ = 0,
with yp(He) — hp flat at 0, and assume that for € # 0 the map H. is D-free, v. is a unit vector
perpendicular to its partial jet, and EKCHe extends smoothly through 0 for some integer K > 0. On
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X =X x50V et D=D®RXpew and h = hp + (X}, )2. Then for all large integers k there are
maps S: X — RITY such that, for all j and R,

(3.6) ISklles < CjkmxG=10),
(3.7) Iv5(Sk) = hlles < Cirk™ ",

and the partial normal second form of Sy, along D, restricted to Sym? D, has smallest singular value
at least ¢ k= K/CE+1) > op—1/2

Proof. Let M = 2K + 1, let (a,b) = f be the planar curve of Theorem 3.2(a) on S?¢~! and fix a
with |a| < a. Work in flat orthonormal frames Y, of D.
Step 1: a normal collar. On X X [—a,a] we seek

Ge(x,s) = H(z) + Msv(x) + M EW (e, 2, 5), Wls=0 = 0sWs=0 = 0.

In the variable t = eMs we have Gy = ve + MKW, and Gy = e KW,,. Let Tov =
(v, Gy), (v,dpG), (v, VEG)) and Rpy(r,y) = rve + Cpyey. Since Oy, takes values in the
span of the partial jet, Ry is a right inverse of Ty at (G,G;) = (He,v.). The differences
of the entries of T from these values are O(eM~K) and O(eM), while Ry = O(e ¥); hence
Ag =TgRy =1+ eM72KQ =T + €O, with © smooth in €, z, s and the 2-jet of W. Consider

(3.8) Wss = X Ry AZ' (0,0, (dpGy, dpGy)).

Every occurrence of W on the right carries a positive power of €, so the coefficient of €/ determines
8§Wj from Wy,...,W;_; integrating twice with zero initial data gives smooth coefficients, and
Theorem 3.6 realizes them by a smooth W with both initial conditions. Then (3.8) holds up to a
flat error, so the physical residual R = Gy — RHA@1 (0,0, (dpGy,dpGy)) is flat.

Let By = |Ge|> — 1, Eat = (YaG,Gt), Eag = (YoG,Y5G) — hop and 6, = (R, Y,G). The three
components of TGy = (0,0, (dpGy,dpGy)) + TR give

OiFy = 2(Gy, R), OBt = 1Yo Ey + 0, O} Eop = Yol + Y30a — 2(R, Yo Y5G).

At s =0 we have Eyy = Ep = 0, 0Eop = —2(ve, YaY3H,) = 0, and E,g is flat. Since 95 = M0,
and s ranges over a fixed interval, integration shows that all three errors are flat, with all derivatives
in z and s.

Step 2: power maps. Let Py(z) = (zf)g/(zdzd%)lm. Then Py(R:2) = Rt Pr(2), so X (¢poPy) =
k(X ¢) o P,. Moreover ||Py|lc; < C;k7: at a point where m, = max|z,| > C~'/2 the numerator
has norm at least m* and its derivatives of order j are at most C;k/m%=J.

Step 3: wrapping. Let € = E~YM go M — =1 and
Sk($, Z) = (Gﬁ(xva(PkZ))a k_lb(PkZ))

Every derivative of G, in s carries the factor €™ = k=1, while j derivatives of ao P or bo P}, cost k7;
this gives (3.6). With ¢ = (Xa) o Py and ¢ = (Xb) o P, we have 0° +¢2 = 1, Y5, = (Y,G,0) and
XnewSk = (0G, ), so the entries of ’yﬁ(Sk.) — h are Eop, 0Eqt and 0?Eyy evaluated at s = a(Pyz2).
Flatness in € absorbs every power of k produced by the chain rule, proving (3.7).

Margin. Compare the first columns (Y,G,0), (oG, ) and the second columns (Y, Y3G,0) with
(Yo He,0), (ove,s) and (YoYsH,,0); the differences are O(eM~%) and O(eM). The comparison
second columns are perpendicular to (ov,<), so their projection off the comparison first columns
is (If) V3 H,0). For unit 2 € Sym® D, [II§V%H(Z)| = miny|Jp(H)(—v,E)| > omin(Jp(H)) =
|Crell™t > cef. The comparison Gram matrices are uniformly positive and all second jets are
bounded, so the projector formula changes the normal second form by O(eM =) = O(eX*1). Hence

the margin is at least e/ = %/{:_K/(QKH). O
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Corollary 3.10 (Model maps). Letn > 2, Cy,...,Cy, > 1, and letY1,...,Y, be the Hopf generators
of Xn = [Ii2, S?~1. For all large k there are maps Sy: X,, — R T1 satisfying (3.6), (3.7)
with h = I,,, whose partial normal second form has smallest singular value at least ck=/2 on
Sym?span(Yy,..., Y, 1).

Proof. Theorem 3.8 with a = n — 1 gives families into R*»-17" = R%» with K = n — 2; apply
Theorem 3.9. g

4. EXACT METRIC CORRECTION

This section proves Theorem 4.7: an immersion with polynomially controlled jets and phase
margin, whose metric error is polynomially small of sufficiently high order, can be corrected to an
exact isometric immersion. The basic step (Theorem 4.4) adds a prescribed positive tensor to the
metric by explicit oscillations along admissible normals; an iteration with smoothing (Theorem 4.5)
produces exact solutions. Throughout, norms refer to a uniform atlas as in Theorem 2.7, and C
denotes constants depending only on the indicated data.

4.1. Smoothing.

Lemma 4.1 (Smoothing operators). For every integer r > 1 there are linear operators Sy, 0 < £ <
Ly, acting on maps and on tensors through their chart components, such that for all m:
. 2
(i) Seulme < Cgllullco and |S:GIny < Cong|Gllco;

m,l =

(ii) if T < €<t <1 and |ulyy < Ao, then |u— Spulmr < Cpr[Ao(€/t)" + (T/)" [tlm,], and the

same holds for |-|® in place of |-|.

Proof. Let k be an even bump supported in the unit ball and xy(z) = A™"k(«/A). Choose r + 1
distinct A\, € [%, 1] and solve the Vandermonde system > ,c, =1, >, caA) =0 (1 < p < r); then
P =Y, Cakx, has [ p =1 and vanishing moments of orders 1,...,r. Let {¢;} be a partition of unity
subordinate to the charts, with supp {; C B2 and uniform bounds, and put Spu = >, ¢; (pe * u;),
where u; is the chart representative and py(z) = ¢~ "p(z /). Differentiating the kernel gives (i). For
(i), the vanishing moments and Taylor’s formula give ||u — Spullcs < CO I ||u|cr < CAl™—7t"
for j < r, while for j > r we use ||u — Spul|c; < C||lullc; and 77 < (7/t)"t/. Only suprema and the
bounded overlap of the charts enter. O

4.2. Oscillatory modes. For an immersion F let Lp(V) = (dF,dV) + (dV,dF) be the linearized
metric, so that

(4.1) YE+V)=5F)+ Lp(V)+~(V).

For a covector field £ = di) that is good for F, let By: vp — Sym?(ker di))*, v — (B, V) |ker e it
is onto, its kernel is Fgy, and we write Jy, = 5:;(61/,6;2)*1.

Lemma 4.2 (Oscillatory modes). Let F' be an immersion of Bs with cI < ~(F'), let ¢ be a function
with |dy| > ¢ such that dip is good for F with margin at least ¢, and let 0 < 7 < £ < 1. Assume
\F\g)g + [Y|my2e < Ky for all m. For each integer p > 1 there is a linear differential operator
Zp,T; whose coefficients are polynomials in T with coefficients depending smoothly on finitely many
derivatives of F' and v (and on a fized partition of unity), such that for a complex symmetric tensor
h and a complex section vy of Eqgy, both supported in a set S C Ba, the field Z = Z,-(h,vy) is
supported in S and

Lp(Ze¥™) = (h+¢) ¥/,
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where, with |(h,v¢)|m = |Alme + [Vfm.es

T\P
Zhne < Cunl (B vp)lmnips lelme < Con(5) 100 vp)ls,
T
|Z = vr + 3 (Rleray) | p < Cony [Py 0p) s

The constants depend on m, p, c and finitely many K;.

Proof. By linearity and a fixed partition of unity we may assume that S lies in a ball of fixed radius
carrying coordinates with #! = 1; their bounds depend only on ¢ and the K;. Write g = v(F),
7 = dF(g~'u) + v with u; = (0;F, Z) and v normal. Then

LF(Z)ij = 8in + 8jui - 2Ffjuk - 2<Bij, U>,
and conjugation by /7 adds (i/7)(d;uj + §j1u;). Indices a,b run from 2 to n. Put T(u)ep =

%((%ub + Oyuq) — TR uy and v = vy + Jy(T(u) — 3hu), ha = (hg); then the (ab) equations hold
exactly. The remaining equations become (i/7 + £)u = k, where

(42) (Lu)y = Ovuy — Thyug, — (Buy, JpT(u)), k1= $hi1 + (Bu1,vp) — $(Bi1, Jyhu),
(Eu)a = Glua + &lul — 2F’fauk — 2<Bla7 JwT(u», ka = hla + 2<B1a, ’Uf) — <Bla; thH>'

A residual e in this system produces the metric residual 2e; in the (11) entry, e, in the (1a) entries,
and 0 in the (ab) entries. Set

T N
u=23(-%L)k,
(-
=0
whose residual is (—1)P~1(7/i)PLPk. Each application of the first-order operator £ costs one deriv-
ative, i.e. a factor 7! in the slow norms; this gives all three estimates. O

4.3. Phase data. The increments need phases that are good, together with all the phases created
by quadratic interactions.

Definition 4.3 (Phase data). Let Fy be an immersion and hgy a positive tensor. Phase data for
(Fv, ho) with constant ¢, > 0 consist of:

(a) functions y;, 4 € I, with >, x? = 1 and uniform bounds, each supported in a ball By of
some chart, and a colouring of I by at most A’ colours such that equally coloured supports
are disjoint;

(b) for each 4, functions ¢;1,...,¢is, with uniform bounds whose differentials are constant
in the chart of x; and form a rank-one basis: every symmetric matrix is uniquely A =
> wir(A) dgzb?ﬂ,, with linear functionals w; , satisfying w; ,(ho) > ¢, on supp x;;

(c) for every label A = (i,r), and every pair of distinct labels A, A’ whose supports meet, the
covectors doy, 2d¢, and d¢) +d¢y have length at least ¢, and are good for Fjy with margin
at least ¢, on the corresponding supports;

(d) for each label a constant seed vector a) € RY whose orthogonal projection onto Eqg, (Fp)
has length at least c, on supp x;.

By Theorem 2.2, conditions (c¢) and (d) persist, with ¢, /2, for all immersions F with ||F'— Fp||c2 <
po, where py > 0 depends on ¢, and || Fpl|c2; for such F' we use the unit normals ny(F') obtained by
projecting ay onto Eqg4, (F') and normalizing. Likewise (b) persists, with c,/2, for tensors A with
1A = hollco < 0.

Lemma 4.4 (Finite positive increments). Fix phase data for (Fo, ho) and pg,no as above, and an
integer ¢ > 1. Let F' and H satisfy |[F — Follc2 < po, ||[H — hollco < no/2 and, for some 0 < £ <1,

|F\$3?Z + |H|pmye < Ky for allm. If0 <6 <7 <€ and 7/ < 0, where > 0 depends on q, the
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phase data and finitely many K;, then an explicit finite differential construction gives U with, for
every m,

9 e 63
(4.3) Ul < Cm67,  |W(F+U) =y(F) = 6°H| < Cpn, {5(?) + =
The constants depend on m, q, the phase data and finitely many K;. Each summand of U is
supported in the support of one x;, and U depends smoothly on additional parameters on which F
and H depend smoothly, with the same estimates in full norms.

Proof. Put p = q+ 2 and by(A) = xiw;(A)/? for A = (i,7), so that A =", bx(A)?d¢3 whenever
[|A = hollco < no.

Primary oscillations. For such A, let Zy = Z,,(0,+/2 67 by\(A)ny(F)) be given by Theorem 4.2
with phase ¢y, and U;(A) = Re Y, Zye'®*/7. Then |U|mr < CO7 and |Lp(Uy)|mr < COT(T/E)P.
The product y(U;) = dU; - dUj is a finite sum of terms with phases 0, £2¢) and +¢) + ¢y for
interacting labels. The phase-zero terms pair each label with its conjugate; their sum is

52 (A + T(A))7 |T(A)‘m,€ < sz

since the leading part of Zy is v/267by\ny, |nx| = 1, and every other contribution involves a slow
derivative or a correction from Theorem 4.2. The map 7 is smooth, and for some fixed loss [y,
|T(A) = T(A) e < O(1/0)|A — Alppytge- Let Ag = H and A,y = H — T (4;) for | < q. For 7/¢
small all A; stay within ng of hg, and by induction |A; 41 — Ajfm e < C(r/0)". With A = Ag,

[A+T(A) = H|, , =T (Aq) = T(Ag-1)lm,e < C(r/0)TF.

Secondary oscillations. Write the nonzero-phase part of v(U;) as Re > g QueY/™, where ¥ runs
over the doubled and interacting phases and |Qu/|m, < C42%. By phase data (c), Theorem 4.2
applies to each U; let Uy = Re Yy Z,,(—Qu,0)e!/7. Then |Us|,, < C6% < C37 and Lr(Us)
cancels the nonzero-phase part of v(Uy) up to C6%(7/0)P.

Conclusion. Let U = Uy + Us. By (4.1), ¥(F + U) —v(F) — §?H consists of the linear residuals,
the mean error §2(A + T(A) — H), and 2sym(dU; - dUs) + v(Us). Since |dV | r < 77V ]ms1r
and the weighted norms are submultiplicative, the last terms are O(63/7 + 6*/72) = O(6%/7), and
(4.3) follows. All operations are derivatives, products, matrix inverses and square roots of functions
bounded below, applied in locally finite sums of bounded multiplicity. O

4.4. The iteration. Fix phase data for (Fp, ho) with pg,no as in Theorem 4.4, and put
Win(t; G H) = |GGy + [Hlpg, 7= 13(k + 1),
and fix Ay > 4([|Follcz + po + [|hollco)-

Lemma 4.5 (Iteration with smoothing). Let kg > 8 and 0 < p1 < po/4. There ist. > 0, depending
on ko, p1, A1, the phase data and finitely many norms of hg, with the following property. Suppose
0 <ty <ty and Gy, Hy are smooth with

¥(Go) + tg " Ho = h,  |Go = Follc2 < po/2,  |Ho = hollco < mo/4, Wy, (to; Go, Ho) < Ar.

Then a sequence of increments U; given by Theorem 4.4 converges in every C™ to a smooth G with
Y(Goo) = h and ||Goo — Gollc2 < p1. More precisely, the j-th step has a scale tj, with tj;1 = t?/4,
and a stage kj > ko, nondecreasing and tending to infinity, and

kj+3(1—m)
(4.4) Ujllem < Cr(ky) ;4"
where Cy, (k) depends only on m, k and the data above. Each transition from one stage to the next
may be postponed by any finite number of steps without changing the constants Cp,(k); hence any

prescribed conditions of the form t; < 9 at the entrance of stage k can be imposed. The same

(m 2 0)7



14 WENCHANG YANG AND YI WANG

holds for countable uniform atlases and, with full norms and one common schedule, for families
depending on a compact parameter; then (4.4) holds in full source and parameter norms.

Proof. One step. Suppose at scale t and stage k > ko we have v(G) + 02H = h with § = t*,
HG — F()ch < 3/)0/4, HH — h()”co < 770/4 and er(t; G,H) < Al. Set

(45) (= t9/8’ T = t5/4) q=7r="Tg, 6/ S {Tk77—k+1}7
let Sy be the smoothing of Theorem 4.1 of order r, and apply Theorem 4.4 to
G=SG, H=S,(H~—(8/5)*ho).

By Theorem 4.1(i) all slow norms of G, H at scale £ are bounded in terms of Aj, so the constants
of Theorem 4.4 at stage k are fixed; by (ii) and (8'/8)? < t*/2, the data stay in the neighbourhoods
required there when ¢ is small. Put G’ = G + U and H' = (§')72(h — v(G’")). By (4.1), with
E =~(G+U) —~(G) — 6°H and Cross(V,U);; = (0;V,0;U) + (9;V, 8;U),

(4.6) (6")?(H' — Sgho) = 6*(H — S¢H) — E — Cross(G — G, U).

No replacement of G by its smoothing occurs in this identity.

Estimates. We have (7/0)9 = (£/t)" = tB3F+D/8 and § > 7F+1. Using (4.3), Theorem 4.1(ii)
and |dU|,,» < C6, the terms on the right of (4.6), divided by (¢§')%, are bounded in ||~ by
Cr (k) (1 + Wi (t; G, H)) times

5(T/€)q —t% 53/7' 2k—15 5(€/t)r+5(7'/t)r k=7

22041) , S LT 20k+1) sts.

For k > 8 all exponents are at least 1/8, so
(4.7) |H' — Stholmr < Con(k) Y8 (1 + W (t; G, H)).
Moreover |G|\2y < ||Gllc2 + (r/)IGIZ,, [UIP: < €8/, |Secho — hollco < CC and |Seholmr <

— m,t»

|hollco 4+ CtL/8. Hence
(4.8) Win (73 G/, H') < A0 4 O (k) Y8 (1 4+ Win (G, H)).
At the controlled order m = ry, a finite smallness condition on ¢ preserves WW,, < A; and the neigh-
bourhood conditions, for either choice of ¢’. From |U|y, » < Cd7 we get |U||cm < Cr,(k) ¢ht(l-m)

The schedule. Start with (to, ko, Go, Hp), take &' = 7F and replace t by 7 = t5/4 after each
step; the scales t; decrease super-exponentially. While k is fixed, for each m the quantities x; =
Win(tj; Gj, Hj) are finite and satisfy @411 < A1/4 + ¢;(1 + z;) with ¢; — 0, so limsup; z; < Ay/4.
Hence after finitely many steps W;, ., < A1/2 and the stage-(k + 1) smallness conditions hold; we
then take &/ = 7°*! once, which moves to stage k + 1 with Wi, .1 < A1 We also require at stage
k that ||Uj||cir2) < pit;/8; this is a finite condition on t; because k + 2(1 — [k/2]) > 1. Every
stage ends, so k — oo; for each m, all but finitely many increments satisfy ||Uj|cm < p1t;/8, and
>_jtj <1 when ¢, is small. Thus G; converges in every C"™, the total C? displacement is at most
p1, and v(Go) = lim(h — 5j2-Hj) = h since the H; are bounded.

For compact parameters we smooth in source and parameter variables and use full norms; only

source derivatives enter the metric, and all thresholds are suprema over the parameter space. For
countable atlases only suprema and bounded overlap were used. O

Remark 4.6 (The choice of scales). The reserve (6')2Syhg kept in the defect is what keeps the
normalized defect H' close to the positive tensor hg, so that every step adds a positive tensor.
The exponents in (4.5) make both small ratios equal, 7/¢ = ¢/t = t'/3, so that the accuracy
g = r = 13(k + 1) of the increments and of the smoothing gains t13(k+1)/8 - which beats the
normalization loss 0/72(F+1) = ¢=(3k+5)/2 with the margin t*~7)/8; the quadratic error 6°/7 is
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harmless once k > 8. Increasing the stage k is needed for convergence in high norms, since
[Ullem < ¢+ 50=m.

4.5. Polynomial entrance estimates.

Proposition 4.7 (Polynomial metric repair). Fiz n > 2, N > s, + 1, the data of a uniform atlas
on an n-manifold, ellipticity constants 0 < ¢ < C, and A,k > 0, b > 0. There is an integer
Krep = Krep(A, K, b) with the following property. Let 0 < € < 1 and let F, be immersions into RN
and he positive tensors with

cl <~(F,) <CI, | Fellcrio < Chet 67A, p(Fe,x) > cpn €” Ve,

he = Y(FL)||cir < Clopy €5rep,
Then for all sufficiently small € there is a smooth F} with

V(Fe*) = he, HF: - FGHC2 < Eba /,L(F:,l‘) > %Cph €.

K,ep depends only on A, k,b and the atlas data; the prefactors affect only how small € must be, and
higher norms of F¢, he affect only the length of the iteration. The statement holds for countable
uniform atlases and, with full norms, for families depending on a compact parameter. No reqularity
in € is clatmed.

We say that a quantity is polynomial if it is bounded by C'e P, or below by c€P, where p depends
only on A, x and the atlas data.

Proof. Good root directions. For a second form B at a point let Dp(€) be the sum of squares of the
¢n X Gn minors of B o Sym?(|¢[2T — &€T). Tt is a nonnegative homogeneous polynomial of degree
8¢n, positive exactly at good covectors, and by Cauchy-Binet Dpg(&) is the product of the squared
singular values of Blgy, 2 e ¢ for unit §. Hence the phase margin gives ||Dpl| > ce2i® for the

coefficient norm. On the zero-sum hyperplane of R"*1, the s,, squares of (e;—¢;)/v/n + 1, < j, sum
to the identity and are linearly independent: a relation }_ ¢;j(x; — asj)z = 0 on the hyperplane gives
a graph Laplacian vanishing on the hyperplane and on (1,...,1), hence all ¢;; = 0. Transport these
covectors to T by a (Fe)-isometry and a rotation O. For every nonzero nonnegative polynomial
the set of rotations for which some transported root is a zero is a proper analytic subset; so
maxo Minyeets D/|| D] is a positive lower semicontinuous function on the compact set of normalized
polynomials and uniformly elliptic metrics, hence bounded below. The selected root covectors &,
have Dg(&.) > ce®® and since ||B| < Ce 4, Jmin(B]Symz ker&) > cetntit(an—1A The metric
v(Fe) has positive coefficients 1 in this basis.

Refinement and colours. The C® bound controls the variation of v(F.) and Bf.. Cover the
manifold by balls of radius €%° in the given charts, with gy fixed and large, freeze the root covectors
at the centres, and use them as constant differentials on each ball; this preserves the goodness
margins and the positivity of the coefficients up to factors % The overlap of the refined cover is
bounded, cutoff derivatives are polynomial, and the refined supports are coloured by a bounded
number of colours. Normalize the cutoffs so that >, x? = 1.

Weights. Order the finitely many pairs (colour, root) and multiply the phase with index [ by
e~ dividing its coefficient by e 2W!. For W fixed and large, every interacting sum or difference,
divided by its dominant weight, is polynomially close to a good primary covector, hence good with
polynomial margin; doubled phases are good trivially. Since N > s, + 1, the admissible line or
space E¢ is nonzero, and at each centre some coordinate vector projects onto it with length at least
N~1/2; a further polynomial refinement keeps half of this. This gives phase data for (F,,~v(F.)) with
polynomial constant c,, and all constants in Theorems 4.4 and 4.5 at stage ky = 8 are polynomial.

Entrance. By Theorem 2.2, a protected C? radius pg = ce®® with R > A 4 x + 1 (enlarged for
the finitely many geometric conditions above) preserves half the phase margin. Let p; = 042
and Ay = Ce (24+1), Every smallness condition on ¢ at stage 8 has the form Cie%itli < ¢;e with
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fi > 0; choose ¢ with ¢f; > a; +d; + 1 forall i, ¢ >2A+ 2 and 16 — A > R+ b+ 3. Put tg = ¢°,
ho = vy(F¢) and

5o = t3, Go=+/1- 8 F,, Ho = ho + 052 (he — ho),

so that v(Go) + 68Ho = he. For 1 < j < 117, )||Fel|ci+2 < CesI=4 and #)||hollcy < CesI=24. 1f
Py bounds the remaining polynomial losses, choose Kycp > 16¢ + Py + 2; then [Hy — holi17,4, =
O(Brer=165=10) 50 W 17(to; Go, Hp) < Ay and Hy lies in the required neighbourhood. The rescaling
costs ||Go — Fi||c2 = O(e'%~4) = o(p1). Theorem 4.5 gives the exact solution within the remaining
budget, and Theorem 2.2 gives the phase margin. Only suprema, bounded overlap and a fixed
number of labels entered, so nothing depends on the number of charts; for compact parameters we
refine product charts and freeze source covectors only. O

5. ISOMETRIC IMMERSIONS INTO SMALL BALLS

5.1. Composition with local phases. Let (M,g) be a closed Riemannian n-manifold and
L:TM — M x RP an isometric bundle monomorphism with component one-forms a1, ..., ®,, so
that g = >.ya2. For an integer C' > 1 consider M x (S?°~!)P with the coefficient distribution
D = Dr 7y of Theorem 2.5 and its coefficient metric hprpp). For a subbundle E C T'M we write
Drg) C D for the corresponding subdistribution.

Proposition 5.1 (Local phases). Let n > 2, N > s, + 1, and let E C TM be a hyperplane
subbundle. Assume that for every C > 1 and all large k there are maps Sy: M x (S2¢~1)P — RN
such that, for all j, R,

(a) ||Skllci < Cjk™*U=10) for derivatives in all variables;

(0) 1o (Sk) = hreranlles < Cjrk™";

(c) the partial normal second form of Sy along D has smallest singular value at least ck=1/2 on
Sym2 DL(E) .

Then for every v > 0 there is a smooth isometric immersion F: (M,g) — B,(0) C RN for which
every nonzero covector annihilating E is good. In particular F is phase regular.

Proof. Nets and colours. For K > 1 choose a maximal K ~!-separated set {p;} in (M, g). For K
large, volume comparison in normal coordinates bounds the number of balls B(p;,4K 1) meeting
a given one, uniformly in K. Take bumps supported in B(p;,2K 1), positive on B(p;, K~!), and
normalize them by the square root of their sum of squares to get >, x7 = 1 with |97y;| < C; K.
Colour the supports with a fixed number C' of colours so that equally coloured supports are disjoint.
We fix this C, and with it the maps Si, before choosing k, K and T

Phase maps. In normal coordinates at p; let ¢y be the linear function with dpg;(p;) = ae(p;).
For T > K define z,: M — C¢ by

(5.1) (z)e(@) = > xilz) ™ Teul)  H(z) = Sp(z, 21(2), . .., 2p(2)).

colour(i)=c

Each summand extends by zero, and disjointness within a colour gives |z|? = 3, x? = 1; thus 2
is a smooth map into S2¢~!. The phases are local functions; the forms ay need not be closed.

Rescaled charts. Use normal charts of radius 37!, with coordinates y € Bz equal to T times
normal coordinates. They form a uniform atlas, uniformly in 7', and T2g is uniformly elliptic in
y. Put exr = K~ + K/T and Cy, = Tay(9y,). In these charts every derivative of z is bounded:
derivatives of cutoffs cost K /7" < 1, and the phase rates T'dyy;(0y,) are bounded. Base derivatives
of Sj, cost T~!. By the chain rule and (a),

(5.2) |H|ls < Cjkmex0=10),
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First columns and metric error. With X, the Hopf generators, the comparison first columns are
Za = 3.y Cra XSk, evaluated at the same arguments. Replacing diy; by oy costs O(K 1) on supp x;,
differentiating cutoffs costs K /T, and base derivatives cost T—%; hence 9, H —Z, = O(ek 1), and j
further derivatives cost at most C;k7. Since (Cyq)e = L(T9,,) and L is isometric, the Gram matrix
of the Z, is T%g up to the partial metric error of S;. Hence, for all j, R,

(5.3) Iy(H) = T?glles < Cik ek + Cjrk™".

Second form. The comparison second columns >, . CpCrp X XSy differ from 09y,0,,H by
O(keg r): derivatives of the coefficients and base derivatives cost T~!, and differentiating a first-
column error uses at most the O(k) second derivatives of Si. For v,w € T,M the comparison
second form is T%V% Sy (Lv, Lw), and its projection off span(=Z,) = dSk(D) is the partial normal
second form pulled back by the isometry TL: (TM,T?g) — L(TM). By (c) it has margin > ck~1/?
on Sym? E. The first-jet projectors differ by O(ek,r) and the second jet is O(k), so the second
form of H has margin at least %k‘l/ 2 on Sym? E provided k3/2e k1 — 0.

Correction. Apply Theorem 4.7 in the rescaled atlas with e = k=1, A =118, k = 1/2 and b = 2,
and let Ky = Kicp. Choose

a> Ky + 119, K =k°, T = k%,

Then exr = 2k7% so (5.3) at order 117 is o(k~5°) (taking R > Ky), and k% %exr — 0. All
exponents are chosen before k, and the constants of the fixed families S; only affect how large k
must be. For large & we obtain H, with

v(Ho) =T,  ||He— Hllc> < k72

in the rescaled atlas. By Theorem 2.2 this changes the second form by O(k~!) = o(k~'/2), so
the covectors annihilating E remain good. Finally F' = H, /T satisfies 7(F) = g and sup|F| <
(IISkllco +1)/T — 0. O

5.2. Parallelizable sources.

Corollary 5.2. FEvery smooth metric on a closed parallelizable n-manifold, n > 2, is induced by a
phase-regular immersion into an arbitrarily small ball of RS T1,

Proof. Orthonormalize a global frame and let L = («q,...,ay) be the dual coframe, an isometric
isomorphism T'M — M x R"™. Then Dy is spanned by all Hopf generators of (821" and
the maps of Theorem 3.10 (independent of x) satisfy (a)—(c) of Theorem 5.1 with E = kerav,,. [

6. EXACT-METRIC PERTURBATIONS AND EMBEDDINGS

In this section M is closed. We show that a phase-regular isometric immersion can be perturbed,
keeping the metric, into an embedding (Theorem 6.10). The perturbations are produced by the
iteration of Section 4; their first variations are computed in Theorem 6.2, and the linear algebra of
Section 6.2 shows that they span enough directions to separate points.

6.1. Probes.

Definition 6.1 (Normal oscillations). Let Fj be a phase-regular immersion. A normal oscillation
is a section A = yv @ dy? of Sym? T*M @ vr,, where x is a cutoff supported in a chart, d¢ is
nonzero and good near supp X, and v is a normal field with v € Eq,, there; v may vanish.

Proposition 6.2 (Probes). Let Fo: M — RY be a smooth phase-regular immersion of a closed
n-manifold, n > 2, N > s,+1, and hg = v(Fy). Fiz normal oscillations A; = xjy@dy?, 1 <1< L
(repetitions allowed), and integers r > 2, k > max(8,2r). There are weights w; > 0, distinct for
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distinct list entries, a radius p, > 0, and for every sufficiently small t > 0 a jointly smooth family
Fiu, u= (u1,w2)i, |u| < pp, with v(F.) = ho, such that the following holds. Put

T = /4 o= tk_5/4, a= tk+5/4, ¢ = cos(wyy /1),  s; = sin(wyy /7).

After a smooth orthogonal identification of vg,, with vg,, the identified second form B satisfies

(6.1) 51“,15 =ocAic+ Rppn, Oy Fru= —aw; *xye; + Ry,
(91”,2@ =0oAisi + Rpi2, Ou,Fru= —aw; 2xvs; + Ry,

and, uniformly for |u| < pp, with functions ng,ny — 0 ast — 0,

5(1—
1Fru — Foller < C#H300 0 ouFullon < CF, || Fulles < C,

(6.2)
|Rpi| < o(n(t) + Clul), |Rvil < a(nv(t)+ Clul).

Proof. Phase data. Construct phase data for (Fp,ho) as in the proof of Theorem 4.7 (at one
fixed €), and add one label for each list entry, with phase w;1; and support supp x;. The weights
w; are inserted into the weight hierarchy, so that all doubled and interacting phases, including
those between probe and background labels, are good. All choices are made before t. Extend the
parameter ball to a torus by a smooth map that equals the coordinates on a smaller ball and takes
values in a small ball, so that Theorem 4.5 applies with a compact parameter space.

First step. Let 6 = t*, £ =98, §; = 7% and Gy = /1 — 62F}, which has the same normal spaces
as Fyp. Run the construction of Theorem 4.4 with ¢ = 13(k 4 1), where the probe labels receive the
prescribed free amplitudes

(6.3) v = =0T xqw; vy (ug — fuga),

and the background labels receive v/267by(A)ny as before. The real part of the leading probe
mode is the value term in (6.1). Its mean contribution to the metric is 52Hpr0be(u), Hprobe =
S vl lw]2dy? /(2w?) to leading order. The background tensor is A = A, obtained from Ag =
(1 = (61/6)*)ho — Hprobe(u) by the g substitutions

Ajy1 = (1= (81/6)%)ho — Hprobe (u) — T (4}, u),

where 7 now includes the corrections of the probe modes. A small parameter ball keeps the A; in
the positive neighbourhood. Distinct labels have no phase-zero cross terms, so all phase-zero terms
are sesquilinear in the amplitude of a single label; hence the probe contributions, and inductively the
Aj, are even in u. Their second u-derivatives are bounded independently of ¢, because only source
variables are differentiated and the square roots have uniform reserves; so 9,A4; = O(|u]). Then
correct the nonzero-phase quadratic terms as in Theorem 4.4, and let Uy be the resulting increment,
G1 =Gy + Uy and H; = 61_2(h0 — v(Gy)). The normalized errors are O(t("c“g)/8 + t(2k_5)/4), SO
(G1, H; satisfy the entrance conditions of Theorem 4.5 at scale t; = 7 and stage k, with the weighted
bound er (tl; Gl, Hl) < Al.

First variations. Two derivatives of (6.3) times /T give oA times ¢ or s;. Slow deriva-
tives and the corrections of Theorem 4.2 contribute O(o7/¢) to the second-derivative columns and
O(at /) to the values; the u-dependence of the background contributes O(c|u|) and O(a|ul); the
secondary increment contributes O(0?) in C? and O(6?) = O(ac) in C°.

Tail. Let Cy > Cp,(k) for m € {1,2,3,r}, where Cy, (k) are the constants of (4.4) in full norms.
At the entrance of every later stage k' > k we impose C, (k") t?lfk < C4 at these orders, as

%(l—m)

k
Theorem 4.5 permits. Then every later increment satisfies ||Uj[lcm < Cit; - for these m,

and since tj11 = t?/ % the sums are dominated by their first terms. Summing from ¢; = t°/4, the
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tail satisfies
Tail|| 21 < QC*t%*% = o(0),
CICU
| Tail | caey < 2047516 = o(th),
O, Tail|| o < QC*t% =o(a),
| c
with gaps (2k — 15)/8, (4k — 25)/16 and (k — 5)/4, positive for k > 8. At order r the same sum
is 0(tk+%(1_’”)) because k > 2r, and at order 3 the first increment is O(t*~%/2). This gives the first
line of (6.2).
Second forms. Since v(Fi,) = ho, (2.1) gives B = 9*F — I'(ho)dF; the u-derivative of the
connection term is O(t*) = o(c). If II;, is the normal projection of Fy, and ¢ the inclusion of
VE,, then Ht’uL(L*HmL)*l/Q is an orthogonal isomorphism vp, — v, , whose distance to ¢ and

whose u-derivative are O(t*). The resulting errors are o(c), which completes the proof of (6.1) and
(6.2). O

6.2. Admissible normal directions.

Lemma 6.3 (Spaces of quadratic forms). Let V be a Euclidean space, P C Sym?V a linear
subspace, and d = max¢ dim P&, where PE = {Q& : Q € P}. Then dimP < d(d+1)/2, and ifd > 2
equality holds only if P = Sym? U for a d-dimensional subspace U.

Proof. The case d = 0 is trivial. Choose & with dim P&y = d and & £ P&p; such points form
a nonempty Zariski-open set, since a nonzero quadratic form cannot vanish on a nonempty open
set. Put Uy = P& and E = Uy N &g, so dimE = d — 1. Choose Q1,...,Qq € P with Q;&
independent and let A(§) have columns @Q;§. Near &, every Q € P satisfies Q5 = A(§)cg(§)
with cg = (A*A)71A*Q¢ smooth. If Q& = 0, then cg(&) = 0, and differentiating gives Qu =
A(&) deg(éo)v € Up for all v. Thus imQ C Uy N&G = E, ie. Q € Sym? E. Hence dimP <
d + dim Sym? E = d(d + 1)/2.

Suppose equality and d > 2. Then Sym? E C P is the kernel of evaluation at &. Let 7 be the
projection onto E+ and £ = 7P C Hom(V, E+); then dim £ = d. If ¢ has nonzero component in
E, then (Sym? E)¢ = E, so dim £¢ < 1; the corresponding 2 x 2 minors are polynomials in &, so
dim ££ < 1 for all . If some A € £ had rank at least two, pick x,y with Az, Ay independent. For
A’ € L, pointwise dependence at z,y,x + y gives A’z = cAx and A’y = cAy with one scalar c. If
Az # 0, then Az is independent of Ax or of Ay, and comparing at x + z or y + z gives A’z = cAz;
if Az = 0, both comparisons give A’z € RAz N RAy = 0. So A’ = cA, contradicting dim £ > 2.
Hence every nonzero member of £ has rank one, and two members with different image lines would
give independent values at a vector outside both kernels, contradicting dim £& < 1. So all images
lie in one line Rf. Every Q € P then has image in U = E @ Rf, so Q € Sym? U, and P = Sym? U
by dimension. O

Proposition 6.4 (Admissible value directions). Let dim V = n, let B: Sym?V — W be phase regu-
lar (some & € V* has B injective on Sym?ker &), K = ker B, d = dim K, and Ee = B(Sym? ker &)+
for good £. Let

R(K) ={P € Sym?V : Pt € K¢ for every good £}.
Then dimR(K) < d(d + 1)/2, (spang Ee)" = B(R(K)), and

dd—1
(6.4) dim span B = dim W — dim R(K) + d > dim W — (2>
If moreover n > 3, B is onto and dim W = q,, + 1, then dimspan; E¢ > n + 1 unless
(6.5) K Cc Sym?U  for a hyperplane U C 'V,

in which case U is unique, R(K) = Sym? U, and the span has dimension n.
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Proof. Goodness of & means that Q — Q¢ is injective on K. For a basis Q1,...,Qq of K, the
condition P € R(K) is the polynomial identity Q1€ A --- A Qg€ A P = 0 on the open cone of good
covectors, so R(K) is a linear space whose evaluation rank equals d on that cone and is at most d
everywhere. Theorem 6.3 gives the dimension bound. A vector orthogonal to all E¢ lies in every
B(Sym?ker ) C im B; write it as B(P). For good ¢ it equals B(P) with P:£ =0, s0 (P— %) € K
and P¢ € K¢; conversely P € R(K) gives B(P) € B(Sym?ker &) for each good &. This proves the
second identity, and (6.4) follows from K C R(K).

In the onto case d = s, — g, —1 = n —1 > 2 and the lower bound in (6.4) is n. Equality
means dimR(K) = d(d + 1)/2, i.e. R(K) = Sym?U for a hyperplane U by Theorem 6.3, and
then K C Sym?U. Conversely, if K C Sym?U then K¢ = U for good &, so Sym?U C R(K) and
equality holds; U = K¢ is unique. O

Proposition 6.5 (The exceptional locus). Let n > 3, dimW = ¢, + 1, and let O C
Hom(Sym? V, W) be the open set of onto, phase-reqular maps. The set € C O defined by (6.5) is a
smooth, relatively closed submanifold. At every B € £ there are a good § and v € E¢ such that the
variation B = v ® €2, i.e. P+ P(£,€)v, is not tangent to &.

Proof. For B € £ write K = ker B C Sym?U, U = e, |e| = 1. For good ¢ the map Q — Q¢ =
Q& — (&, e)e) is injective on K with image U; in particular no nonzero ¢ € U satisfies K¢ = 0, for
otherwise K¢ would lie in a subspace of dimension n — 2.

Submanifold. The map B + ker B is a submersion from onto maps to Gr,_1(Sym? V), so it
suffices to treat the set of kernels. These are parametrized by pairs (U, K) with K € Gr,,_1(Sym?U),
a Grassmann bundle over the space of hyperplanes. An infinitesimal rotation u — (u,{)e (¢ € U)
of U moves @ € K by 2e ® (Q(), which lies in the complement e ® U of Sym? U; it vanishes for all
Q € K only if ¢ = 0. Variations within Sym? U are the usual Grassmannian tangent vectors. Hence
the parametrization is an immersion. It is injective, since U = K¢ for any good &, and U depends
continuously on K; so it is an embedding. Limits of exceptional kernels in O are exceptional by
compactness of the space of hyperplanes.

Transversality. Let A = B|y. and G = (A*A)~!. For a variation B, the kernel, written as a
graph over K in K1, has derivative K = —A_IB] - If the variation is tangent to &, differentiating
Qs(es,es) = 0 for Q, € K, and using Qe = 0 gives K(Q)(e,e) = 0 for all Q € K. Take a
good covector, project it along e to get a good z € U, and choose Q¢ € K with Qgz = z, so
Qo(z,2) = |2|> > 0. Each & = z + te is good. Let vy = (A*) e ® &); since e ® & L K
we have B*y; = e ® &, which vanishes on Sym?ker&,, so v, € Eg,. For B = v, @ & we get

K(Q)=—-Q(z,2)G(e ® &) and
K(Qo)(e,e) = —|22((Gle® 2),e @ e) + t{G(e @e), e @ e)).

The coefficient of ¢ is nonzero because G is positive and e ® e € K+. For all but one value of ¢ the
variation is not tangent to £. U

Lemma 6.6 (Parametric avoidance). Let P C RP be open, Y a second-countable manifold of
dimension m, and ®: P x Y — R smooth. If the derivative of ® has rank greater than m at every
point of a set Z C ®~1(0), then the projection of Z to P has measure zero.

Proof. Near each point of Z, m + 1 suitable components of ® cut out a submanifold of dimension
p — 1 containing Z locally; its projection to P is null by Sard’s theorem. Countably many such
neighbourhoods cover Z. O

6.3. Separation of points. For a compact P C (M x M)\ A, a map separates P if it takes
different values at the two points of every pair in P.

Lemma 6.7 (Separation on compact pair sets). Letn >3, N = s, +c withc > 1, and let F': M —
RYN be a smooth phase-regular immersion of a closed manifold. For every compact P C (M x M)\ A,
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r > 2 and € > 0 there is a smooth phase-reqular immersion G with v(G) = v(F), |G — F|lcr < e,
which separates P.

Proof. Replace P by PUPT and let Cy be the union of its two projections. Put ¢ = ¢,,; the normal
spaces have dimension q + ¢, and phase regularity gives rank B > ¢. Second forms are written in
local orthonormal frames of TM and of v, transported to nearby maps by the identification of
Theorem 6.2.

Removal principle. Let G be a smooth phase-regular immersion with v(G) = v(F), and let
@ C P be compact. Let U be an open set of second forms (invariant under the frame changes)
containing Bg(z) for all first points x of pairs in @), and let ¥ C U be a submanifold, closed in U,
with local defining maps ®x (or ¥ = U, with no equations). Suppose that at every (z,y) € @ with
G(z) = G(y) and Bg(z) € ¥ there are normal oscillations A; = y;v ® d¢?, supported near z and
away from y, such that the vectors

(66) (dq)g(Al(l‘)),O), (O,XlVl(l‘)), (O,dG(U)) (U S TxM)

span a space of dimension greater than 2n. Then arbitrarily C”"-small exact-metric perturbations
of G have no such pairs in Q. Indeed, since X is closed in U, the set of such pairs is compact, and
by compactness finitely many oscillations work on a neighbourhood N of it. Apply Theorem 6.2 to
the list in which every oscillation appears twice, with weights w; 1 # w; 2. At a point (x,y), combine
each cosine and sine column with the coefficients (¢, s;) of its own weight: the normalized second-
form and value columns become (A4, —wffxwl) up to o(1) + O(Ju|), uniformly, and the response

at y is controlled by the global error. Since (_Jlf _J;;) is invertible, bounded combinations
isolate both kinds of columns. Divide the @g-rows’by ay, the value rows by a, and multiply the
derivatives in x by a; their ®x-entries become (a/0)0,®x(B) = O(72) by the C?® bound, and
their value entries converge to dG. Hence for |u| and then ¢ small the derivative of (z,y,u) —
(Px(Btu(z)), Gru(r) — Gru(y)) has rank greater than 2n on A, and C%-convergence excludes such
pairs outside N. Theorem 6.6 gives a parameter u for which none remain. By (6.2) the perturbation
is C"-small, and it can be chosen to preserve any previously established positive separation margin
on a compact set of pairs, and the phase regularity.

Rank q. Let U be the open set of matrices of rank at least ¢, which contains all phase-regular
second forms, and ¥, C U the closed submanifold of matrices of rank ¢, of codimension nc. At
B € ¥, with kernel K (dim K = n) and cokernel L = (im B)* (dim L = c¢), the normal space
of ¥, is Hom(K, L), via B — w1 B|g. Every good ¢ has E¢ = L, and the variations v ® &2
project to Q — Q(&,&)v; as £ ranges over the open cone of good covectors and v over L, these
span Hom(K, L), since a quadratic form vanishing on an open cone is zero. The span in (6.6) has
dimension nc + ¢+ n > 2n. The set of pairs with rank B(z) = ¢ is compact, because lower rank is
excluded. The removal principle gives (G; without coincidences at rank-g points. Choose an open
O D {z € Cy : rank Bg, (z) = q} such that G separates every pair of P meeting O with a positive
margin, which we protect from now on. On Cp \ O the rank is at least ¢+ 1 with a uniform margin.

The case ¢ > 2. On Cjy \ O we have d = dimker B < n — 1, and Theorem 6.4 gives at least
q+c— ngﬁ =n—1+c > n+ 1 admissible value directions; with the n tangent directions
the span in (6.6) (with ¥ = U and @ the pairs of P with first point in Cy \ O) has dimension at
least 2n + 1. One more application of the removal principle separates P.

The case ¢ = 1. On Cy \ O the second form is onto. At exceptional points, Theorem 6.4 gives n
admissible value directions and Theorem 6.5 an admissible variation transverse to ¥ = £, which is
closed in U = O; for the pairs of P with first point in Cj\ O the span in (6.6) has dimension at least
1+ n +n. The removal principle eliminates the exceptional coincidences; protect a neighbourhood
Og¢ of the exceptional points as before. On Cj \ (OU Og¢), Theorem 6.4 gives n+ 1 admissible value
directions, and a final application of the removal principle separates P. O
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Remark 6.8. The proof uses the probe families only through: membership in a class of phase-regular
immersions with the same metric that is closed under the construction; the leading columns in (6.1),
possibly multiplied by one fixed smooth positive function; a/oc — 0; the error bounds (6.2) on a
compact neighbourhood of Cy, with global control of the responses away from the supports; and
smallness in a prescribed norm. It therefore applies to any class with such families.

Lemma 6.9 (Baire separation). Let M be a second-countable manifold, X a Baire space, and
v Fy: M — RN a family of maps such that v — Fy|x is continuous in the uniform norm for
every compact K C M. If for every compact P C (M x M)\ A the parameters whose maps separate
P are dense, then the parameters giving injective maps are dense.

Proof. Let K; be a compact exhaustion, d a metric for the topology, and P; = {(z,y) € sz :
d(z,y) > 1/j}. Separating P; is an open condition (the minimum of |F,(z) — F,(y)| over P; is
positive, or P; = () and dense by hypothesis. The intersection over j is dense, and its maps are
injective. [l

6.4. Embeddings with the same metric.

Theorem 6.10. Letn >3, N > s, +1, and let F: M — RY be a smooth phase-reqular immersion
of a closed n-manifold. For every e > 0 there is a smooth phase-regular embedding G with v(G) =
Y(F) and |G — Fl|c2 < €.

Proof. C°(M,R") is a Fréchet space and v is continuous, so Y = {G : 7(G) = v(F)} is closed,
hence completely metrizable. By Theorem 2.2 there is 0 < p < € such that every map in the
nonempty open set X = {G € Y : ||G— F||c2 < p} is phase regular; X is a Baire space. Every basic
neighbourhood in X contains a small ball for some C" norm, r > 2, within which Theorem 6.7
separates any compact off-diagonal pair set. By Theorem 6.9 some G € X is injective; being an
injective immersion of a compact manifold, it is an embedding. O

Proof of Theorem A for closed manifolds. By Theorem 5.2 there is a phase-regular isometric im-
mersion into B, /5(p). Theorem 6.10 with N = s, + 1 gives an isometric embedding within CO-
distance r/2, hence into B,(p). Connectedness is not used. O

7. STABLY PARALLELIZABLE CLOSED MANIFOLDS

For Theorem B the explicit model maps of Section 3 are replaced by a partially free map produced
from bundle data. We use the notation of Section 2.2; all distributions are integrable and carry flat
structures. A foliation box is a chart Q = B™ x B¢ in which the flat frame is 9o, ..,0p,, for the
leaf coordinates 0; a linear leaf coordinate is ¢ = ), cobfq with constant ¢ # 0.

7.1. Bundle-theoretic input.

Lemma 7.1 (Orthogonal transport and cancellation). (a) A smooth homotopy P, of orthogo-
nal projections in a trivial bundle is covered by a smooth homotopy of orthogonal automor-
phisms Oy with Og = 1d and P,O; = O F.

(b) If a manifold has the homotopy type of a CW complex of dimension d, every stably trivial
bundle of rank greater than d over it is trivial.

Proof. (a) Solve 0,0y = [0¢P;, P;]O¢, Og = Id. The coefficient is skew, so O; is orthogonal. Differen-
tiating P? = P, gives O, P, = [[0,P;, Pi], P], so P,O; and O Py solve the same linear equation. No
compactness is needed.

(b) It suffices to cancel one trivial line. If £ @ R! = R™™! with 7 = rank E > d, the image of
the last line gives u: M — S” with £ = u'. By cellular approximation [Hat02, Theorem 4.8], u
is nullhomotopic, since S has no cells in dimensions 1,...,d. Make the homotopy smooth relative
to its ends (approximate in the ambient space and normalize) and apply (a) to Id —usu;. O
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Proposition 7.2 (The hyperplane bundle). Under the hypotheses of Theorem B there is a unit
vector field e such that, with H = e,

TM = H & Re, H @ Sym? H = R~ L,

Proof. Stable triviality orients every component P, and x(P) = 0, so the Euler class vanishes
[MS74, Corollary 11.12]; it is the only obstruction to a section of the unit sphere bundle of T'P over
the n-dimensional base [Hat17, Proposition 3.22]. Symmetric squares preserve stable triviality: if
E @R is trivial, then Sym?(E @ R?) = Sym? E @ aE @ R*® is trivial, and adding R trivializes
aE. Hence Sym? TM = Sym? H & H ® R! is stably trivial, so H @ Sym? H is stably trivial of rank
sp — 1 > n, and trivial by Theorem 7.1(b). O

7.2. An h-principle for partially free maps.

Lemma 7.3 (Relative realization of partial jets). Let D be an integrable distribution of rank m on
a compact manifold X, and Q > m + sy, + 1. Let J: D@ Sym? D — X x R? be a monomorphism
and f: X — RQ a smooth map with J = Jp(f) near a closed set K > 0X. Then there are a
smooth D-free map F, equal to f near K and arbitrarily C°-close to f, and a smooth homotopy of
monomorphisms from J to Jp(F), fized near K. If the first component of J is dpf, then F' can be
chosen arbitrarily C'-close to f.

Proof. Full jets. There is a torsion-free connection V on T'X with Vy, Y = 0 for all flat frames:
locally take the coordinate connection of a foliation box, and patch with a partition of unity.
Both conditions are affine and, because transition matrices of flat frames are constant along leaves,
independent of the frame. Then Jp(f) is the restriction of the full 2-jet (df, V2f) to D and Sym? D.
Fix a complement TX = D @ C. If J = (41, j2), the full formal jet (f, L, ¥) with L = j; & df|c
and ¥ = jp on Sym? D, ¥ = V2f on the components involving C, equals j2f near K.

Ampleness. Let Ry C JY(X,R?9) be defined by injectivity of L|p and Ry C J2(X,R?) by
injectivity of the partial jet; both are open. Consider a principal direction given by a covector
¢. If ¢|p = 0, the variations ¢ ® u and ¢(? ® u do not change the partial jet, so the principal
slices are empty or full. Otherwise choose a basis vy, ..., v, of D, with {(v;) = 0 for i < m and
¢(vy) = 1. The variation ( ®u changes only L(v,,), and its forbidden values form an affine subspace
of codimension Q —m + 1 (or everything); the variation (2 ® u changes only the column (v, v,
with forbidden set of codimension  —m — s,, + 1 (or everything). Both codimensions are at least
two. The complement of an affine subspace of codimension at least two is connected and its convex
hull is the whole space; hence R; and Ry are ample in the sense of convex integration [Spr98,
Chapter VIII]; see also [MA26, Definition 2.9 and Theorem 2.10].

Realization. Open subsets of jet spaces satisfy the microfibration hypotheses trivially. By the
h-principle for open ample relations [Spr98, Theorem 8.12, Lemma 8.13 and Proposition 8.20],
applied first to Rq, there is a homotopy (f;, L) in R1, fixed near K, from (f, L) to (f1,df1) with
fi C%close to f; by openness it can be taken smooth in ¢. Let j, = L¢|p, j;7 = (j/j:) "'}, and
solve

(7.1) 0Ty = (Oje) ji Ty, T =1d.

Then T is invertible and T;jo = j;, since both sides solve the same linear equation (j; j; = Id);
hence T;J = (ji, Ttj2) is a monomorphism, and T3 = Id near K. At t = 1 the formal 2-jet with
lower part j!fi, partial second part 17 j, and the actual Hessian on the remaining components lies
in Ro and is holonomic near K. The second-order h-principle with holonomic lower jet gives F',
C'-close to f; and equal to f near K, together with a homotopy in Rs; concatenation gives the
asserted homotopy of monomorphisms. If j; = dpf from the start, only this last step is needed.
On a manifold with boundary all steps take place in the interior, fixing a collar. O
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7.3. Supported metric additions. The following local step is a leafwise, parametric version
of the Giinther—Zergaenge construction for free maps; it is the only place where the four extra
dimensions are used.

Lemma 7.4 (Supported partial metric addition). Let D have rank m, let F' be a smooth D-free
map into RQ with Q > m + sy, + 5, let Q be a foliation box, a a smooth function with compact
support in 2, and ¢ a linear leaf coordinate on ). Then there is a smooth D-free map G, equal to
F outside Q and arbitrarily C°-close to F, with

p(G) = yp(F) + a*(dp¢)*.

Moreover G = F on every plaque of 0 on which a vanishes identically.

Proof. Take ¢ = 01 and write () as a leaf ball times a transverse ball, with slightly larger nested
boxes; p denotes the transverse coordinates, and all norms and operators below act on the leaf
variables, uniformly in p. Fix 0 < a < 1.

Normal frame. The orthogonal complement of the partial jet of F' has rank at least 5 on the
closed box. Its orthogonal projection defines a metric connection; parallel transport along the radial
contraction of the box gives five smooth orthonormal sections.

Approximate solutions. The static finite formulas of [Zerl6, Sections 4.1-4.3, Satz 4.1, equa-
tions (4.5)—(4.35) and (4.40)—(4.83), Satz 4.4(i); Section 6.1, equations (6.5)—(6.9)] give, for every
precision k and small € > 0, free maps P, j, equal to F' outside an inner leaf support, with displace-
ment O(e) and

e =p(F) + a*dd? — yp(P. ), lel|cz.a < Cret=2.
These formulas consist of pairing systems, solved with the canonical inverse A(A*A)~!, and periodic
integrations, solved with the zero-mean primitive, applied to a fixed periodic auxiliary map and a
fixed plane oscillator; the fast substitution z = p(6;/€) does not depend on p. Hence all coefficients
depend smoothly on p, and the rank and Gram margins of the auxiliary periodic configurations are
uniform by compactness. The formulas remain smooth across zeros of a: the first correction factors
as Uz = aR, because its pairing right sides contain the factor a and the canonical inverse is linear,
so the apparent quotient |0,72|%/(2a?) equals |0, R|?/2; the later systems use a fixed partition in a?,
dividing by a only where |a| is bounded below. If a(p,-) = 0, all oscillators, corrections, residuals
and right sides vanish by induction, and the canonical inverses map 0 to 0.

Ezact correction. The pairing inverse E[P] is rational in the first and second partial derivatives
of P; the free Gram determinant of P, is bounded below independently of small €, while leaf
derivatives of order j cost C;re 7. Hence ||E[P.j]||cze < Cre™® with b independent of k. Let
X be a leaf cutoff equal to 1 on the support of e. By the supported correction theorem [Zerl?7,
Theorem 2.12 and Sections 3.1-3.3, (3.23)(3.28)], e is removed by x?v, where v is the unique small
fixed point of a map ®[P, x, e] on the leaf space C*%, provided

(7.2) IE[P)l|2,a | EIP)(0, )[l2.0 < Cre* 272, Ix*v]l20 < Cre >

are small. Choose k with £ —2 —2b > 0 and k — 2 — b larger than the loss in the freeness stability
estimate [Zerl6, Satz 4.4(i)], then one € giving a strict contraction, uniformly in p, that preserves
freeness and meets the C tolerance.

Parameter dependence. Write the fixed-point equation as v(p) = ®(p, v(p)) with common contrac-
tion constant ¢ < 1 on a convex invariant ball. Then ||[v(p+h) —v(p)|| < (1—¢q)"L|®@(p+h,v(p)) —
®(p,v(p))||, and the difference quotients wy, satisty w, = Apwy, + by, with A = fol Dy®(p+ h,v(p)+
s(v(p+h)—v(p)))ds, |[Ap]| < ¢, and b, — 9,®. Neumann series give d,v = (I —D,®)19,P, contin-
uously in p. At every higher order the top derivative of v appears only through D,®, so induction
gives smooth dependence on p with values in leaf C%; higher leaf regularity follows inductively
from the Schauder and product estimates [Zer17, Sections 3.2-3.3, (3.12)—(3.13) and (3.27)—(3.28)],
in which the highest leaf derivative again has the small coefficient. Hence G = P}, + x2v is jointly
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smooth with the asserted metric. On a plaque where a = 0 we have P = F and e = 0, so uniqueness
gives v = 0; the nested supports allow extension by F' outside €. O

7.4. Relative partial metric realization.

Proposition 7.5. Let m: X — B be a surjective submersion of compact manifolds, either both
closed or with 0X = 7~ Y(0B), and let D C kerdn be an integrable distribution of rank m > 1 with
a flat structure. Let Q > m + s, +5, A C B closed with 0B C A, and h a positive partial metric
on D. Let Fy be a smooth D-free map defined above a neighbourhood of A with vyp(Fa) = h. The
following are equivalent:

(i) there is a monomorphism D @ Sym? D — X x R? equal to Jp(F4) above a neighbourhood
of A;

(ii) there is a smooth D-free map F: X — R? with vp(F) = h, equal to Fy above a neighbour-
hood of A.

Proof. (ii)=(i) is clear. For the converse assume first ) # A # B. Choose neighbourhoods V; &
Vi @ Vo @ V3 of A with V3 inside the region where the monomorphism equals Jp(F4); cut Fq off
by a base function equal to 1 near V3 to get a global f, and apply Theorem 7.3 relative to m=1(V3).
The result is a free H with vp(H) = h over 7~ 1(V3).

Positive deficit. Choose My > 1 with yp(H) < Moh, 0 < X\g < 1 with A3M, < %, and
Bo = (1=M)4. Let B: B — [0, Bo] vanish near V; and equal Sy outside Vo, and put A = (1—34)1/2,
both pulled back to X. Since D is vertical, A is constant along leaves, so H; = AH is free with
yp(Hs) = N2~yp(H). Let

h — N2yp(H)
34
Where 3 # [y we are inside Va, where vp(H) = h, so the numerator equals 34h; thus A is smooth.

Where 3 = 3y the numerator is at least /2. Hence A > 0 and h — yp(Hs) = B*A.

Fourth-power decomposition. In a small foliation box choose constant leaf covectors ¥; with 3, 97
equal to A at the centre. The forms 97, (; =19;)? span the symmetric forms; giving weight 7 > 0
to each (¥; £9;)? and 1 — 2n(m — 1) > 0 to each ¥? represents the centre value, and a fixed linear
right inverse of the spanning map represents nearby values with smooth positive coefficients cy;

after shrinking the box. These covectors are dp¢y; for linear leaf coordinates. With finitely many
bumps 1y in such boxes and S = 3, ¢} > 0,

h—p(Hy) = Y ab(dpen)?,  ay = BueS— /Al
4,5

(7.3) A= on {f # 0}, A =h on {8 =0}

The amplitudes are smooth and vanish on 7='(Vy). Apply Theorem 7.4 successively to these
summands, each time to the free output of the previous step. Every plaque lies in a fibre of 7, so
plaques over {8 = 0} are fixed; the final map is free, has partial metric h, and equals F4 over V.

If A = (), the source is closed; apply Theorem 7.3 to any f, shrink the result by a constant so
that h —yp(H) > 0, and decompose and add as above. If A = B there is nothing to prove. O

Proposition 7.6 (A free normal). In the setting of Theorem 7.5 with X, B closed, a monomorphism
(D ®Sym? D) @ R! — X x R? yields a smooth D-free map F with yp(F) = h for any prescribed
positive h, together with a smooth unit vector field v L im Jp(F).

Proof. Let J be the restriction to D& Sym? D; the projection of the last column off im .J is nowhere
zero. Theorem 7.3 gives a free Fy and a homotopy of monomorphisms from J to Jp(Fp), and
Theorem 7.1(a), applied to the complementary projections, gives a unit normal for Fy. To reach
the metric h through free maps, work on S' x X — S! x B with the pulled-back distribution.
Let x: S' — [0,1] vanish near a closed arc and equal 1 near a point 6, and prescribe hg =
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(1 —x(0))yp(Fo) + x(0)h. The constant family Fy realizes hy near the arc, and Jp(Fp) is a global
formal extension. By Theorem 7.5 there is a jointly smooth free family Fy with vp(Fp) = hg, equal
to Fy near the arc. Along an arc from the protected region to 6., orthogonal transport of the
complements of the partial jets carries the unit normal of Fy to one of F' = Fy,_. ]

7.5. Proof of Theorem B. Let e and H be as in Theorem 7.2. Finitely many orthonormal
local frames of H and a partition ) X? = 1 give an isometric monomorphism Igz: H — R% put
W = Iy(H) and L(u + te) = (Igu,t) € R%"! an isometric monomorphism of T'M.

Fix C > 1and let Xy = M x (S2¢~1)® — M carry the coefficient distribution Dy, of rank n —1,
with coefficient metric hyy. Then Dy ® Sym? Dy is the pullback of W@ Sym? W = H @ Sym? H =
R* 1 so (Dw & Sym? D) @ R! embeds in R*" ™. Since s, +4 = (n—1)4+sp—1+5, Theorem 7.6
gives a Dyy-free map Fy: Xy — R¥* with vp,, (Fy) = hy and a unit free normal v.

Apply Theorem 3.9 to the constant family (Fp,v), with K = 0, and one more Hopf sphere
for the line Re. The resulting maps Si: M x (S2¢~1)etl 5 R +5 gatisfy (a)-(c) of Theorem 5.1
for L and E = H, because Dw & RXq11 = Dprar) and hw + 1 = hyrar); the margin is even
bounded below. Hence Theorem 5.1 gives a phase-regular isometric immersion into an arbitrarily
small ball of R**™5 and Theorem 6.10 with N = s,, + 5 turns it into an embedding, as in the proof
of Theorem A. O

8. NONCOMPACT MANIFOLDS AND BOUNDARY

8.1. Weighted maps. Let M carry a countable uniform atlas, write Cg for the supremum of chart
derivatives through order j and Cp° = ; Cj, and let 8 be a closed one-form with all Cj norms
finite. For V: M — RY put

D,V = 8,V + BV, v5(V)ij = (DiV, D;V'), Bl =T1(D;D;V),

where II projects off span(D;V’) when v5(V) > 0; since f3 is closed, D; D;V is symmetric. Weighted
phase regularity and margins are defined with B? in place of B.

Proposition 8.1 (Weighted correction and probes). (a) If a > 0 satisfies dloga = 5 on an
open set, then there

(8.1) d(aV) = a DV, Y(aV) = a?y5(V), Bav = aBj.

(b) Theorems 4.4 and 4.5 and Theorem 4.7 hold for ’yg,Bﬁ in place of v, B, with constants
depending in addition on finitely many C] norms of 3.
(¢) Theorem 6.2 holds for ’yg,Bﬁ, for finite lists of compactly supported normal oscillations,

with all estimates in global Cy, norms; for prescribed Cy-closeness the iteration starts at a
stage k > max(8, 2r).

Proof. (a) is the product rule d(aV') = a(dV + Vdloga) applied once and twice; the tangent spaces
of aV are spanned by the D;V.

(b) On each chart ball choose a; > 0 with dloga; = § and a; = 1 at the centre; the bounds on
B give uniform bounds on alil and all their derivatives. By (a), V' +— a;V transforms all weighted
quantities on the chart into unweighted ones with uniformly comparable norms, ellipticity constants
and margins. Alternatively, with u; = (D;V, Z), Z = DV(vglu) +v and D;D;V = fijkV + B;-gj,
(V+2) =7(V)+LoyZ+7s(Z), (LavZ)ij = Oiuj+0ju;+2(Biuj+ Bju;) — 2Ty, — 2<BZ, v),

which differs from the unweighted operator only by terms of order zero in u. Hence Theorems 4.2
and 4.4 hold verbatim. In the iteration we use the true weighted defect,

(6"2(H' — Syho) = 0*(H — SyH) — E — Crossg(V — S,V,U),
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with Crossg(A,U)i; = (D;A, D;U) + (DA, D;U); the bounded coefficients of /5 leave all exponents
unchanged, and no commutation of D with smoothing is needed. All constructions are local, so
their locally finite sums define global maps.

(c) The probe construction has the same even mean, since  does not depend on u. For solutions
with fixed ’)/B(V) = h, the identity <D1DJV, D\V) = %(aihjl + 6jhil — alhij) + 5ihjl + thil — Blhij
shows that T depends only on h and 3, so the weighted Gauss formula B? = D?V — DV holds
and the u-derivatives of all terms of first order in V are O(t*) = o(¢). The remaining estimates are
those of Theorem 6.2 in global seminorms. O

8.2. Conformal normalization.

Proposition 8.2. Let M be a parallelizable manifold without boundary and g a smooth metric.
There is a: M — (0,1), tending to 0 off compact sets, such that h = a=2g and B = dloga satisfy: h
s complete with positive injectivity radius and bounded covariant derivatives of its curvature; h has
a global orthonormal coframe with bounded covariant derivatives of all orders; and B has bounded
covariant derivatives of all orders.

Proof. Normalize a global coframe to a g-orthonormal one, w, and write h = e?%g, a = e~ %,

0 = e“w. The scaling theorem [MN15, Theorem 4.1, Definitions 2.2 and 2.9] controls any countable
list of quantities bounded by expressions e~**“®) P, (u, Vgul,..., |V§u|) with a > 0, together with
their versions on neighbouring annuli of an exhaustion; each is controlled off a compact set and
bounded on it by continuity. Curvature quantities are of this form [MN15, Example 2.3], and
placing the inverse convexity radius first gives completeness and positive injectivity radius [MN15,
Theorem 3.8 and the proof of Theorem 1.8]. For the coframe, the conformal formula V%Y =
VLY + du(X)Y + du(Y)X — g(X,Y) grad, u gives (V10); = e*((Viw); — ujwi + gij(du, w),), and
by induction

(V)6 < e ™ Pra(ipu) (r>1), (V") duly < e Q. (7 ),
so these quantities are admissible as well. Choosing u above a positive proper exhaustion gives
a < 1 and a — 0 at infinity. O

8.3. Bounded initial realizations.

Proposition 8.3. In the situation of Theorem 8.2, let the uniform atlases be built from normal
charts of h. There are arbitrarily large T and maps Vo € Cy°(M, Rs» 1) with respect to the atlas
of h-radius T, such that

75(‘/0) = T2h7 2< ’V()’ < Cy,
with Cy independent of T, and for each such T the weighted second form of Vi has a positive
uniform phase margin in these charts.

Proof. Bounded geometry gives normal charts with uniform metric and transition bounds, and
covers of bounded overlap at every small scale [Sch0l, Theorem 2.5 and Propositions 3.2-3.3];
the bounded covariant derivatives of # and 8 give coordinate bounds. Run the construction of
Theorem 5.1 with the coframe 6 and the maps S of Theorem 3.10; local finiteness keeps the
coloured sums smooth, and the colouring number is uniform. Translate by a fixed vy with |vg| >
supy ||Sk|lco + 3, so that H = vg + Sk(z1, ..., 2,) has 3 < |H| < Cy independently of k, K, T. In the
charts of radius T~ all coefficients of 3 and their derivatives are O(T1), so the extra terms SH
in the first columns, and the corresponding second-column terms, satisfy the bounds of that proof:

lva(H) = Thll oy < Cik? (K1 + K/T) + Cj k™",
and the second-form comparison error is O(k(K~! + K/T)). With the same choices K = k¢,

T = k?¢, Theorem 8.1(b) gives an exact Vy within k=2 of H in C'bQ, preserving the margin and the
value bounds. For fixed k all global norms are finite, and T — oo as k — oc. 0
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8.4. Separation and properness.

Lemma 8.4. Letn > 3, N > s, + 1, let V € Cy° have uniformly positive weighted metric and
weighted phase margin, and let a; > 0 be smooth and bounded with dlogay = . For every compact
P C(MxM)\A,r>2ande>0 there is V' € C5° with v5(V') = y5(V) and ||V’ = Vllcr < e
such that a1V’ separates P; for small € the uniform weighted phase margin persists.

Proof. Consider the class of maps a; V" with V" € C¢°, 43(V") = 43(V) and a positive uniform
weighted margin. By (8.1), weighted probe families (Theorem 8.1(c)) for V" give exact-metric
families for a; V" whose leading second-form and value columns are multiplied by the same positive
factor a1 (z); on a compact neighbourhood of the projections of P, a1 is bounded above and below
with bounded derivatives, and responses away from the supports are bounded by the global errors
times supa;. By Theorem 6.8 the proof of Theorem 6.7 applies, with closeness order at least
max(r, 3). O

Theorem 8.5. Let M be a parallelizable n-manifold without boundary, n > 3, and g any smooth
metric. For every p € R and R > 0 there is a smooth phase-regular isometric embedding
F: (M,g) — Bgr(p). If M is noncompact, F can be chosen with F(z) # p, F(z) — p as x leaves
compact sets, and F proper into R*»T1\ {p}.

Proof. We may take p = 0 and M # (). Let a,h, be as in Theorem 8.2 and Vy, T, Cy as in
Theorem 8.3, with T' chosen so that (Cy + 1)/T < R. Put a3 = a/T; then dloga; = 8 and
Y(a1Vo) = g by (8.1).

On the fixed atlas, F = Cy°(M, Rs7+1) is a Fréchet space: a sequence that is Cauchy in every
CZ has uniform chartwise limits of all derivatives, defining a smooth map with finite norms. Since
75 is continuous, Y = {V : v5(V) = T?h} is closed. Choose ¢y > 0 such that X = {V € Y :
|V — V()Hcg < €p} consists of maps with a uniform positive weighted margin and 1 < |V| < Cy + 1;
A is a Baire space. Every basic neighbourhood in X contains a small Cj ball, within which
Theorem 8.4 separates any compact off-diagonal pair set. Multiplication by a; is continuous in the
uniform norm on compacts, so Theorem 6.9 gives V, € X with F = a1V injective. Then F is an
isometric immersion, phase regular since Bp = a,lB‘B/007 and

a(z)/T < |F(x)] < (Cy +1)a(x)/T < R.

Thus F avoids 0 and tends to 0 at infinity. The preimage of a compact set at distance > 0 from 0
is closed in the compact set {a > Tn/(Cy + 1)}, so F is proper into R*»*1\ {0}; a proper injective
immersion is an embedding. If M is compact, injectivity suffices. Pairs on different components
are included throughout. g

8.5. Boundary and stable triviality.

Corollary 8.6. Theorem A holds for parallelizable manifolds with smooth boundary and metrics
smooth up to the boundary; the embedding extends isometrically across an exterior collar.

Proof. In a collar of OM inside the double, extend the frame and the metric locally and patch
with a locally finite partition of unity; independence and positivity persist near each boundary
point. Choose a locally finite cover U; and widths w; > 0 on which both hold for —2w; < ¢t < 0,
and set w = >, n;w; for a subordinate partition n;; at each point w is at most the largest active
wj. Adjoining {(z,t) : —w(x) < t < 0} gives a parallelizable manifold without boundary with an
extended metric. Apply Theorem 8.5 and restrict. ([

Proposition 8.7. If every component of an n-manifold is noncompact, every stably trivial bundle
of rank at least n over it is trivial. In particular stable parallelizability implies parallelizability.

Proof. A connected noncompact n-manifold deformation retracts onto an (n — 1)-dimensional CW
complex [Put, Theorem 0.1]. Apply Theorem 7.1(b) on each component; components are open. [
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Completion of the proofs of Theorem A and Theorem C. Theorem A follows from Theorem 8.5 for
manifolds without boundary and from Theorem 8.6 in general. Under the hypotheses of Theorem C,
Theorem 8.7 shows that T'M is trivial, and Theorem 8.5 applies. [l
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