hexagon: 2610. 00688v3

THE RIEMANN HYPOTHESIS AS A MARGIN:
A TWO-SIDED CRITERION VERIFIED TO 2-10%,
THE FOURTH-MOMENT ANATOMY OF MOBIUS CANCELLATION,
AND ONE CONSTANT SEEN FROM EVERY SIDE

PEDRO CACERES

Date: October 2026; version 3, 11 November 2026. Version 3 adds the E-stratification of the fourth-moment sector

means in Part II and carries into Part I the corrections of the revised Cesaro-margin paper (Part 11 of the book-series
Cross-Energy of Dirichlet Partial Sums, examined twice in November 2026): the step proposition is stated with its
hypotheses and proved, item (vi) of the no-go theorem is a bound, the Gonek-Hejhal constant is 3T/7%, and the
one-sided range is 102°.

2020 Mathematics Subject Classification. Primary 11M26; Secondary 11N05, 11N37, 11M06, 11K65.

Key words and phrases. Riemann hypothesis, Cesaro means, explicit formula, Mobius function, Franel-Landau,
variance, Nyman—Beurling, Baez-Duarte, Vasyunin sums, Weil positivity.

1


https://hexagonmath.org/abs/2610.00688v3

PEDRO CACERES

ABSTRACT. This paper collects, in one place and with uniform notation, a month of new results
around a single way of looking at the Riemann hypothesis: as the statement that certain ex-
plicitly computable margins stay on one side of explicit constants for ever. Part I studies the
Cesaro margin M(N) between a smooth curve 8v/N + O(log N) and the weighted prime sum
2> <N A(q)g~*/?1og(N/q): RH is equivalent to M(N) > 0 for all large N (Suzuki), and we
prove, with correctly rounded and ball arithmetic, that 0 < M(N) < 0.18484 for every real
1 < N < 2.15-10%, with explicit unconditional two-sided bounds beyond. The margin is ana-
lyzed as a random walk against a curve, as an energy, and as a one-sided mean: RH holds if and
only if a weighted mean of the prime-counting error stays below —E, B=1+ & — %log 47, for
ever. Part II dissects the Mobius side of the same coin: the long-run variance of the truncated
sawtooth sum 3, p, u(d)({z/d} — 1) obeys an exact positive-definite identity, its distribution is
empirically Gaussian, and the Gaussian defect of the fourth moment is taken apart exactly — the
conductor-1 orbit decouples, the cross term moves only at composite squarefree conductors, two of
its four sectors are O(D log? D) unconditionally, a parity sieve annihilates every sector term using
an odd number of frequency slots of even conductor, a third sector is proved O(D3/2+°(1)), the
pair sums of the spectral analysis collapse to short cotangent sums whose coefficients are Dirichlet
L-values at 1 — with a closed Euler-product law in the ladder family, verified to 107'°, a proved
limit law for their profile sums whose conjectured supremum is the closed constant 6 — 27/ V3, and
an exact bilinear L-formula, with its h-decoration and an E-stratification theorem, that evaluates
the sector means on every structure with £ < 2 or E an odd prime as finite bilinear forms in L(1)-
values with an L(2) kernel — the (2,1, 1) structure sum itself then factorizing into bilinear sums of
twisted truncated Euler sums against the L(2) kernel, verified at two scales to 10~ and computed
in double precision to D = 4000, where it grows like D%, consistent with the conjectured O(D)
—, and an empirical jump law, first refuted, is proved exactly in its sector; the four sectors are
then computed to D = 800, where the remaining conjectured object never exceeds 0.44 against the
conjectured O(D). Part III shows that one constant crosses everything: 2B is the Béez-Duarte
constant of the Nyman—Beurling criterion, and we recompute the Nyman—Beurling distances from
scratch through Vasyunin’s cotangent formula, measuring d% log N ~ 0.046 against 2B = 0.04619
with no zero of ¢ used anywhere. Part IV distils the author’s twenty-two—part study of the cross-
energy Ca(n,s) of consecutive Dirichlet partial sums, largely consolidated with complete proofs
in a companion monograph (the window studies of Part V are proved in their own installments):
the trichotomy that singles out the critical line as the trace of the pole, the energy law — the
mean energy of the prime-counting error is > 2B unconditionally, with equality if and only if RH
holds with simple zeros: a fourth mirror of the same constant, turned into a measured instrument
by the companion gauge note (the slope of the cumulative energy, read off the primes to 108, is
0.04630 against 2B = 0.04619) — the energy slope 9, log |£| as a truncated Weil functional exact
in the primes, the functional reflection CI® that reproduces Hardy’s function from the integers
below N and sees the real part of every zero, and the Davenport—Heilbronn and Beurling control
methodology — a thread four companion notes have since turned into instruments and theorems:
the restricted Weil form computed two-sidedly from primes and zeros separately, the proof that the
Gaussian n = 1 family alone is equivalent to RH with the landscape as the phase-space symbol of
the form, the anti-Wick rigidity theorem (the only Gaussian coherent-state certificate of the form
is the zero-counting measure itself), and a recursive Levinson certificate with a proved exhaustion-
detection law, computed from the primes alone to Toeplitz size ~ 900. Part V states precisely
what none of this can do: a no-go theorem shows that weights indistinguishable from the primes’
to ¢°~1/? satisfy every averaged statement here and still carry an off-line zero, so the exact identity
A = p xlog must enter beyond its first moments.
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INTRODUCTION: THE PROGRAMME AND THE NEW RESULTS

Everything in this paper is organized around one picture. The Riemann hypothesis, in each of
its classical disguises, asserts that an error term is as small as square-root cancellation allows; in
each of the three languages of the convolution identity A = p *log — primes, Md6bius, zeros — that
assertion can be renormalized into a margin: a computable quantity that must stay on one side
of an explicit constant, for ever. The programme of this paper is to build those margins exactly,
verify them as far as computation reaches, dissect their anatomy with theorems where theorems are
available, and state with precision where the theorems stop. The results listed below are new unless
attributed (the paper is self-contained: it absorbs two unpublished preprints and a research note
of the author, cross-checked across six rounds of independent review, and distils the consolidated
cross-energy monograph, whose complete proofs it cites rather than repeats); classical inputs are
cited where they enter.

Original contributions at a glance. For the reader who wants the value of the paper in one list,
these are the results we believe are new to this work (the detailed statements, with their proved /
measured / conditional status, follow by part):

(1) the first verification of the two-sided margin criterion, 0 < M (N) < 0.18484 for all real
1 < N < 2.15-10%, by correctly rounded arithmetic on the primes and ball-certified zeros,
with explicit unconditional envelopes E(N) beyond (Section 2);

(2) the exact description of the local minima of the margin and their recurrence, through the
slope a(x) (Section 3);

(3) the reading of the margin as the variogram of the slope under RH, and the equivalence
RH — fIX o?dx/z = X°M) (Section 3);

(4) the unconditional energy identity for the slope, and the mean-energy lower bound attained
exactly under RH with simple zeros (Section 4);

(5) the planted-zero no-go theorem: positive weights within ¢ of the primes’ satisfy every
averaged ingredient of the programme and still carry an off-line zero (Section 20);

(6) the Mobius representation of the slope, the seed of Part II (Section 20);

(7) the mean identity M(N) = —2 le E*Kydt — 2Blog N and the one-sided mean form
RH < pux(N) < —B, verified with gap 0.0170/log N for 103 < N < 10%, and with a
positive gap up to 2.15 - 10%%, (Section 7);

5—1/2

(8) the exact, positive-definite variance identity for d D, diagonalized by Jordan’s totient, iden-
tifying the fixed-D constants in the data and the 46% gcd cancellation (Section 10);
(9) the primitive-sawtooth decomposition and its orthogonality (Proposition 10.5);
(10) the unit-interval lemma and the complete decoupling of the conductor-1 orbit from the
fourth moment (Theorem 12.4);
(11) X(p) = X(p—1) at every prime, by a real-space proof with no regularization (Theorem 12.6);



THE RIEMANN HYPOTHESIS AS A MARGIN 5

(12) the sector decomposition of the cross term, with the (3,1) and (2,2) sectors proved
O(Dlog* D) unconditionally (Theorem 12.13);

(13) the closed forms on the {2,p,2p} clusters — Cov(af,7 a%p) = —(p*® —1)/(48p*) among them
— and the double-ladder orthogonality (Proposition 12.16, Lemma 12.17);

(14) the exact 2p-jump law —(p? — 1)/(32p*), proved at every prime in its sector, with its
empirical failure at p = 11 explained term by exact term (Theorem 12.18);

(15) the parity sieve: every sector term using an odd number of frequency slots of even conductor
vanishes identically, because a resonance must solve a congruence modulo 2 with only odd
units available (Lemma 12.10, Corollary 12.11);

(16) the pair-coefficient cotangent bound and the first unconditional estimate on a sector with
three distinct conductors, Xs11 < D3/ 2+°(1), together with the computation of all four
sectors to D = 800, which locates the sign cancellation that the remaining conjecture needs,
and of the (2,1,1) sector alone, through its factorization, in double precision to D = 4000
(Lemma 12.14, Proposition 12.15, Lemma 12.33, Section 12.8);

(17) the spectral law of the pair sums: the collapse W, , = &[>, cot 2% + 3" 5 cot Z2], the
identity ., py—1 x(a)cot 5 = %L(f)(l,x) for odd x, and the exact Euler-product law
Wag3g(k/6) = —x3(gk) % gik [1,4(1 = x3(p)/p), verified to 1071%, together with the limit
law of the profile sums — X*(p, mp, p) = >_ =1 |7 cot(mk/m)/k — m/k?|/k, with closed
values %C(3), 6 —27//3 and 12 — 2v/3 71 by an exact L(3, x) cancellation, the first of which
identifies the conjectured supremum sup ¥* = 6 —27/v/3 — (Theorem 12.19, Lemma 12.20,
Corollary 12.21, Theorem 12.22; Conjecture 12.23);

(18) the reduction of both remaining sector problems to one family of bilinear forms
> w F(k)G(k)/k* with odd periodic factors whose coefficients are partial L(1)-values
(Section 12.6);

(19) the bilinear L-formula: on the structures g = r1s1, the sector means are evaluated exactly,

<a§0ras> = # > b odd ay by LD (2, x1), through an exact Parseval identity, a Jacobi fac-
torization a, = ﬁjq (X)L (1,%) with Jq a closed Euler-type product, and pair coefficients

that separate by conductor; the h-decoration theorem extends the evaluation to every struc-
ture with £ = (g, h) < 2, the entire h-dependence being x(h) h~! [1,n(1 =X(p)/p), and the
FE-stratification theorem to every odd prime E — the decorated formula computes exactly
the stratum E | k, and the complementary generic stratum is a second bilinear form one
level up, at conductor r1s1F, through a generic pair-side law and a stand-alone collapse of
the decorated T-side — after which the (2,1, 1) structure sum factorizes into bilinear sums
of twisted truncated Euler sums H,, Gy against the L(2) kernel, with a flat, oscillating
correction layer carried by the odd-sharing structures; verified against exact rationals to
10717 (the stratification), at two scales to 107! (the factorization), with the parity sieve
reappearing as the vanishing Jacobi factor p — 2 at p = 2 (Lemmas 12.24-12.26, 12.30,
12.31, 12.33, Theorems 12.27, 12.29 and 12.32);

(20) the halving: the Béez-Duarte constant of the Nyman—Beurling criterion is 2B , and the third
mirror is an equivalence — each off-line quadruple adds the excess 2(28 — 1)2/(|p|?|1 — p|?)
(Section 14);

(21) the from-scratch recomputation of the Nyman—Beurling distances through Vasyunin’s for-
mula, d% log N ~ 0.046 against 2B = 0.04619, with no zero of ¢ used anywhere (Section 17);

(22) in the cross-energy series (by the companion’s own accounting [CEn]): the energy-law
foEmulation and its local Gaussian-window version, the equality characterization at C'p =
2B — the fourth mirror — and the second-order constant K = 2.5125... (Section 19.3);

(23) the exceptional-set bound and the Poisson-kernel identification and truncation of the energy
slope (Theorem 19.5);
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(24) the reading of Landau’s formula on the circles of the Euler factors, twisted circles included
(Theorem 19.1 and the paragraph after it);

(25) the functional reflection CI®| the restricted-Weil equivalence on its own test functions, and
the Hankel criterion in the power sums of 1/(p(1 — p));

(26) the systematic control methodology: every criterion tested against the Davenport—
Heilbronn function, its Euler-product twin L(s, x5), and a zero-sharing Beurling system;

(27) the refutation of the Gaussian-mixture route for the Laguerre kernel W of &, and the log-
concavity conjecture left in its place (Appendix A).

What is due to others. The one-variable criterion of Part I — the function C(NV), the equivalence
RH <= M(N) > 0 eventually, and the window 4(log€)”(3) — is a theorem of Suzuki [Sul, Su2],
rooted in Krein’s screw functions; our proof was written before we found his papers, and priority
is his. Weil’s explicit formula and criterion, the Franel-Montgomery—Vaughan kernel, the Nyman—
Beurling-Béez-Duarte framework with Vasyunin’s formula [Vas], Burnol’s lower bound [Burn] and
the Bettin—Conrey—Farmer theorem [BCF], the zero-density and verification inputs [KLN, PT],
and the classical layers of the cross-energy series (Cramér’s theorem, Turing’s method, Lagarias’s
pairing, Landau’s formula, the hybrid products), itemized in [CEn, §1], are all prior art and cited
where they enter. Everything in the list above is built on top of that floor.

In more detail, by part:

Part I (the Cesaro margin).

(1) The two-sided verification: 0 < M(N) < 0.18484 = 4(log¢&)”(3) for all real 1 < N <
2.15-10%° — from the primes to 10'° with correctly rounded arithmetic (extended to 10'2
in the ancillary runs), and beyond from the first 4520 zeros certified by ball arithmetic, the
verification of RH to 3-10'2 [PT], and an explicit zero-density bound [KLN]; unconditionally,
—E(N) < M(N) <0.18484 + E(N) with E(N) explicit and E(10%°) < 3-107° (Section 2).

(2) The anatomy: the local minima of M described exactly by the slope a(z) =
S s An)n=Y2 — 2 /x + %@, the margin as the variogram of o under RH; an un-
conditional energy identity, with a mean-energy lower bound attained exactly under RH
with simple zeros (Sections 3-4); the walk of the primes against the curve, step by step
(Section 6); a probabilistic projection of the margin to large N (Section 5).

(3) The mean identity: M(N) = —2 le E*Ky dt — 2Blog N, so RH holds if and only if the
K y-weighted mean i (N) of the prime-counting error satisfies px (N) < —B for all large
N; verified with margin 0.0170/log N for 10> < N < 10? and with a positive margin up
to 2.15 - 10% (Section 7).

Part IT (the Md&bius sawtooths).

(4) The exact variance identity for ®p = >a<p m(d)({z/d} — 3), diagonalized by Jordan’s
totient into a positive combination of squared restricted Mertens sums; it identifies the
fixed-D constants observed in the data and shows the ged structure of u cancels 46% of the
diagonal variance, unconditionally (Section 10); the decomposition into orthogonal primitive
sawtooths that becomes the main tool (Proposition 10.5).

(5) The fourth-moment anatomy (Section 12): the conductor-1 orbit decouples completely by
a one-line unit-interval lemma (Theorem 12.4); X (p) = X (p — 1) at every prime, by a real-
space proof with no regularization (Theorem 12.6); the four sectors of the cross term, with
the (3,1) and (2,2) sectors O(D log® D) unconditionally (Theorem 12.13); closed forms on
the {2,p,2p} clusters, including Cov(o7,03,) = —(p*> — 1)/(48p"), and the double-ladder
orthogonality (Proposition 12.16, Lemma 12.17); the exact 2p-jump law —(p? — 1)/(32p?),
proved at every prime in its sector, with its empirical failure at p = 11 explained term by
exact term (Theorem 12.18); the parity sieve, which annihilates the terms with even P in
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each remaining sector (Lemma 12.10); the bound Xa1; < D32t°() (Proposition 12.15);
the spectral law of the pair sums — collapse to O(r+s) cotangents, odd-character structure
with partial-L(1) coefficients, the exact Euler-product law in the ladder family, the limit
profile theorem with its closed constants and the conjectured supremum 6 —27/+/3, and the
bilinear L-formula with its h-decoration and E-stratification, evaluating the sector means
exactly on every structure with £ < 2 or E an odd prime, and the factorization of the
(2,1, 1) structure sum into twisted truncated Euler sums against the L(2) kernel, computed
in double precision to D = 4000, where Xo11/D = 4.1 - 1074 stays bounded (Sections 12.6—
12.7); and the computation of all four sectors to D = 800 (Section 12.8). What remains
open is one counting problem, Conjecture 12.34, whose remaining quadruple sector the data
say needs sign cancellation, not absolute values.

Part III (one constant, three mirrors).

(6) The halving 2B = >, 1/(p(1 = p)) = 2+ g — logdm: the Bdez-Duarte constant of the
Nyman-Beurling criterion is exactly twice the margin constant of Part I (the evaluation
of the sum on RH is classical [BBLS, Burn]; the identification with the margin constant is
the bridge); and a from-scratch recomputation of the Nyman—Beurling distances through
Vasyunin’s cotangent formula, with d?\, log N reaching 0.0461 at N = 500 against 2B =
0.04619, using no zero of ¢ anywhere (Sections 16-17).

Part IV (the cross-energy C and its functional reflection).

(7) A distillation of the consolidated cross-energy monograph [CEn]: the trichotomy
lim, Co(n,s) € {1/(3 + t?), 0, oo} that characterizes the critical line; the crossing
law n* = 7% + % + -+, universal in A = s(1 — s); the reflected-pair product, negative off
the line on an explicit window with depth governed by (23 — 1)2; the energy law — the
mean energy of the prime-counting error equals ) 0 lim,, C2(n, p) when all zeros are simple,

is finite iff RH holds, and is > 2B unconditionally, with equality iff RH holds with simple
zeros: the fourth mirror — with the second-order constant K = 2.5125...; the energy
slope S = 0, log|¢| with its disc, density and truncated-Weil theorems; the functional
reflection CJ® and the Hankel-matrix criterion in the power sums of 1/(p(1 — p)); and
the Davenport—Heilbronn / Dirichlet-twin / Beurling control methodology (Section 19.3
and around). The companion gauge note [EG] turns the energy law into a measuring
device with three dials — © = % + %lim sup U~ !log F(U) unconditionally; the excess

slope Z(m% —my,)/|p|* as a multiplicity meter; the remainder as a spacing observable

— and runs it on the primes to 108: slope 0.04630 against 2B = 0.04619, remainder flat
to £0.004 over four decades with its ripple reproduced at correlation 0.99 by the first
38 zeros, and the measured intercept 2.5125(37) recovering, from the primes alone, the
second-order constant K = 2.5125... that [CEn| extracted from the zeros — with the
elementary ledger term [n* = (log2m)? — (2 — 2log 2) log 27 + ng = 2.52193... carrying
all but —0.0094 of it. Four further companion notes instrument the restricted-Weil thread
of this part. The Weil window note [WW] realizes the restricted criterion as a two-sided
instrument W, (7), the same number computed once from the primes (a closed pole term,
a von Mangoldt sum, an archimedean integral) and once from the zeros, agreeing at the
10712 level across n < 60; the Hankel gauge [HG] closes the binomial transfer from the
moments s = >_ (p(1 — p))~* to Lehmer’s sums, with the unconditional full moment sum
Spsr sk = (2/v3)Im & /€(e'™/3) = 0.046265907887 ..., and measures the Hankel chains
through order 6; the Gaussian gauge [GG] proves that the n = 1 family already carries
the whole criterion — RH <= Wj(7,0) > 0 for every center and width, so the X,, are
leverage, not necessity, sharpening the restricted-criterion statement of [CEn, Prop. 2.2(4)]
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— identifies the landscape W; as the Weyl symbol of the restricted form, and proves the
anti-Wick rigidity theorem: a Gaussian coherent-state representation of the form with
nonnegative weight exists at exactly one width, where the weight is forced to be the
zero-counting measure itself; and the recursive certificate [RC] walks through the door
that rigidity leaves open — nested-minor Levinson chains of the stationary cross-mold
K (v), with a proved exhaustion-detection theorem (every off-line distance ¢ is detected at
one resolution-bound depth, with violation amplitude exactly oc 6%, the predicted break
depth matching measurement to one unit across a factor 25 in §), a computable Christoffel
threshold, a pushforward bridge identifying the Hankel and Levinson chains as positivity
tests of the same atoms in two coordinates, and the chains computed from the primes alone
to Toeplitz size ~ 900, within a measured error floor growing from 10712 to 4 - 10710,

Part V (the walls).

(8) The no-go theorem: positive weights within ¢°~1/2 of A(q)q satisfy the energy identity,
the prime number theorem and Chebyshev’s identity up to 2'/29, and yet carry an off-line
zero; so the structural inputs listed do not suffice, and a proof along these lines has to use
A = p xlog exactly (Section 20); the computational study of Weil positivity in windows,
now sharpened by the anti-Wick rigidity theorem of [GG] — no Gaussian coherent-state
certificate short of the zero measure itself exists, closing the local route, while the recursive
route of [RC] stays open (Section 21); the precise statement of the two walls — uniformity
on the moving diagonal, and the exceptional set — on the Mobius side (Section 22); and,
as an appendix, the refutation of a natural positivity route for the Laguerre kernel of &,
with a new structural conjecture in its place (Appendix A).

—-1/2

Two remarks on reading. First, the parts are mutually reinforcing but independently readable;
cach keeps the notation of its subject, and the one constant that recurs across parts is B = >0 pl=
1+ 2 — Llogdn (vg is Euler’s constant). Three notational warnings: M (N) always denotes the
Cesaro margin, while the Mertens function, which appears only in Part II, is always written M (x)
with argument x; V(D) is the variance numerator of Part II, while Vi (s) is the Bettin—Conrey—
Farmer polynomial of Part III; the cross term X (D) of Part II is unrelated to the random variable
X of the Rice computations in Part I; and E(N) (the explicit envelope of Part I), E*(¢) (the prime-
counting error of Part I), F(u) (its normalization in Part IV) and e4(D) (the Gaussian defect of
Part IT) are four different objects. Second — and this sentence governs everything that follows —
we do not prove the Riemann hypothesis; every theorem here either averages where RH is pointwise,
or verifies where RH is perpetual, and Part V makes that distinction into mathematics.
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PArT 1

The Cesaro margin of the primes

1. THE MARGIN: OVERVIEW

For N > 1 put
A(n), N
C(N)=2 —=log —,
the Cesaro (Riesz) mean of order one of 3" A(n)n~'/2, and
- 2 N—(2k+1/2)
1 N)=8VN — |1 —+3log2)logN —16+ —+4G -2 Y ———
(1) R(N)=8VN (ogw+7E+2+3og>og 6—|—2+ G ;(%4—%)2’

with vg Euler’s constant and G Catalan’s constant. The three pieces of R are the pole of (,
the conductor with the I' factor at s = %, and the trivial zeros. The object of this paper is the
margin M(N) = R(N) — C(N). Both R and C are of size 8/N. By Suzuki’s theorem [Sul, Su2]
(Theorem 2.3), RH holds if and only if M(N) > 0 for all large N, and then 0 < M (V) < 0.18484
for every N > 1. So RH is equivalent to confining a sum of size 84/N over the prime powers below
N to a window of fixed width, from both sides. This is as hard as RH.

What the paper does. It studies this one-variable inequality from three sides and records exactly
where each side stops.

(1) The margin (Section 2). The margin is a Fejér sum over the zeros (Proposition 2.1). The
window width is 4(log€)”(3), computable without the zeros (Corollary 2.4). The two-
sided inequality holds for all real 1 < N < 10'° by a computation from the primes with
correctly rounded arithmetic, up to 10'? by a double-precision computation with a priori
error bounds, and, from the certified first 4520 zeros, up to 2.15-10%%; without any hypothesis
it holds up to an explicit error E(N) (Proposition 2.8, Theorem 2.6, Corollary 2.7).

(2) The minima and the slope (Section 3). M is convex between prime powers, so its local
minima form an explicit countable set, and RH is equivalent to their nonnegativity (Corol-
lary 3.2). Under RH they accumulate at 0 (Proposition 3.3). The slope of the margin is
the fluctuation a of 3_ A(n)n~/? (Proposition 3.4). The minima are the downward zeros
of a, and they follow from one another by a recurrence (Proposition 3.6).

(3) Energy (Section 4). Under RH, M is the variogram of «, and the window is the inequality
0 < (JAf]?) < 4(]f]?) (Proposition 4.1). RH is equivalent to finite energy of a (Propo-
sition 4.2), and to a one-sided bound for the L-average of M (Proposition 4.7). Without
hypothesis we prove an energy identity (Theorem 4.4) and a lower bound for the energy
(Theorem 4.6). Block energies to 1019 agree with the prediction.

(4) Limits (Section 20). Theorem 20.1 plants an off-line zero in positive weights that satisfy
every structural input of the energy arguments, so these arguments cannot prove RH.
Proposition 20.3 carries the identity A = pxlog, which excludes the planted weights, through
the slope exactly. The result is a type I sum of p against the sawtooth (Remark 20.6).
Section 21 summarizes the companion results on Weil’s form in windows [CE20, CE21,
CE22].

What is due to others. Weil’s explicit formula and criterion [Web2, Bo, IK]; the explicit formula
for Riesz means [In]; the one-variable criterion, its bounds and its Laplace transform are Suzuki’s
[Sul, Su2| (we found his papers after our proofs were written); Landau’s theorem on Laplace
transforms [Wi, In]; the evaluation of 3 (p — $)72 [Vo]; the limiting distributions of prime error
terms [RuSa, ANS]; Beurling systems with large oscillation [DMV]; the distribution of the Mertens
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function [Ng]. What we believe is new: the verification to 10'2, the exact description of the minima
and their recurrence, the variogram reading of the margin, the energy identity and the energy lower
bound, the planted-zero theorem, and the M&bius representation of the slope.

Controls. A statement that holds for the Davenport—Heilbronn function [DH, T], which has the
functional equation of ¢ but no Euler product and zeros off the line, cannot be the reason for RH.
We use it, a Beurling system [DMV] and planted weights (Section 20.1) as controls throughout.

Notation. The nontrivial zeros are p = % +it,, t, = (p— %)/z, t, is real exactly when p is on
the line, and then t, = v,, while for a zero p = 8 + i7y off the line t, = v —id with § = 3 — ;, My
is the multiplicity We write Ty = 3 - 10'2 for the height to which RH is verified [PT]. For a test
function g, g(z) = [ g(= Ye”*Tdx. The explicit formula, for G even, continuous, of bounded variation
and compact support [Bo IK], reads

o 1 [ . .
ZG tp) = % +G(—3) —G(O)logﬁ—l—%/_ G(r) Rew(%i- %)dr

—Z logn)+G(—10gn)),
n>2
the sum over the zeros taken symmetrically. Weil’s criterion says that RH holds if and only if
the right side is nonnegative for every G = g * g, where g(x) = g(—x). The right side is Weil’s
quadratic form Q(g).

2. THE MARGIN

The margin is the explicit formula for one test function, the autocorrelation of the indicator of
[0, log N].

Proposition 2.1 (the margin over the zeros). Let N > 1 and L =log N. Without any hypothesis,

4sin2(2Lz/2) _ ‘/OL eizudur (z €R),

the sum over all nontrivial zeros with multzplzczty, absolutely convergent More generally, for a
window ¢ > 0 on [0, L] with autocorrelation A(u fo “o()p(v+u)dv and t € R, let CF(t) =

2> v An)n ~1/2 A(log n) cos(tlog n) and let Rw N () be the mght side of (2) without the prime term
for G(u) = A(Jul) cos(tu). Then RS, (t) — C(t) = X2, 1 (3(t, — D3, — D + 3ty + D3, + D), a
two-parameter family [CE20, Proposition 10]; the case ¢ =1, t = 0 is the first statement.

z

=Y Frt,), Fuz)=

Proof. Take G(u) = (L — |ul)4, which is g x g for g = 1jg 1), so G = 91> = Fp on R; G is

even, continuous, of bounded variation, supported in [—L, L], and é(z) = O(]2|7?) on horizontal

lines, so (2) applies. Its prime side is 3, A(n)n~Y2 - 2(L —logn); = C(N). The pole terms

are [ G(u)(e"? + e "/?)du = 8(v/N + N~1/2 — 2). For the archimedean term, Gauss’s integral
= fooo(e;m 16__;_961)6190 and 5 f@(r)e_imﬂdr = G(3) give, after z = 2u,

0 —2u —u/2
—Llogm + / [Le % G(u)]du,
0

U 1—e2u

and Proposition 2.2 evaluates the total as R(N). The general window is the same computation
with G(u) = A(lu]) cos(tu) = 5 3" (ks * ka) (), kx(u) = p(u)eF. O

Proposition 2.2 (the remainder in closed form). The right side of (2) for G(u) = (L — |u|)+,
without the prime term, is R(N) given by (1).
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Proof. The pole term is 8(v/N + N~/2 — 2). Extending the archimedean integral to (0, c0),

00 ,—2u 2¢—u/2 0 90 e~ U/2 0 9 — [)e— /2
L/ o Q]dw/ uedu/ Au=L)e ™=,
0 u 1—e2u g 1l—e2u L 1—e2u
The first integral is 1/)(%) = —yg — 5 — 3log2. Expanding (1 — e7 )t =%, e~ 2k the second is

25 so(2k + 2)72 = Ly/(1) = T + 4G, and the third is 237,00 N~F1/2 (2K + 1)=2, whose term
k = 0 cancels the 8N ~1/2 of the pole. O

A second derivation, independent of Proposition 2.1, integrates von Mangoldt’s explicit formula
for 3", - n A(n)n~1/2 twice in log N' [In, MV]: it gives C(N) = R(N) — M(N) with

/ 1 — N—(2m+1/2) 1 — Nt
R(N):8(\/N—1)—2<C(;)1og1v+2z Gt IE M(N) :227% ,
P

and comparing with (1) gives log7m+~vg+ 5 +3log2 = 2< (1), which is £(3) = 0. So the remainder

is the smoothed sum of the smooth part of the partial sum (the pole, the constant %(%) and the

trivial zeros), and the margin is the smoothed sum of its oscillating part.

2.1. RH in one variable.

Theorem 2.3 (Suzuki [Sul, Su2]). RH holds if and only if M(N) > 0 for all sufficiently large N.
Under RH,

(3) _42 — COs 'ylogN c [O, 827*2],

>0 >0
so then M(N) >0 for every N > 1.

Proof. By Proposition 2.1, M (el) = >, Fr(tp). Under RH every term is > 0, and pairing +v gives
(3). Conversely, suppose M (e’) > 0 for L > Lo. For Res > 1, since |Fp(7)| < (2 + 2eL/2)|y|72
and " |t,| 7 < oo, Fubini gives

oo s B 2 o <
/0 M(eP)e sldL = zp:s(sz+t%) =:G(s),

meromorphic on C with poles at 0 and at s = +it,. A pole s fixes t,% = —s

2 so only +t, meet

there, with equal nonzero residues, and no cancellation occurs. An off-line zero % 4+ +iv9, 0 >0,
has vy # 0 because ¢ has no real zeros in (0,1), and gives a pole at J + iy off the real axis; the
zeros on the line give poles on the imaginary axis. So G is analytic on (0, c0). By Landau’s theorem
[In, MV], the Laplace integral of a function that is > 0 on [Lg, 00) has a singularity at the real
point of its abscissa of convergence; it differs from G by an entire function, so the abscissa is < 0,
and G has no pole with Res > 0. OJ

Status: proved. It is Landau’s oscillation method for a Riesz mean of ¢ (z) —x weighted by n=1/2,
and the theorem is Suzuki’s: with M = 2¥(log N), RH holds if and only if ¥ > 0, and if and only
if ¥ = O(1) [Sul, Theorems 1.6, 1.7]; the criterion with the main term alone is [Su2, Theorem 1].
Our proof is independent. The constants in (3) are values of £ at the centre: Hadamard’s product

gives (log§)"(s) = —>_ (s — p)~2, and at s = §

1 C/l C/ 2
"nely 1y _
(4) (log&)"(3) = E = 8+—4 26 + <C (f> )(5) — 0.0462100,
unconditionally; under RH it is 2 450 72, and with the 4520 zeros below 5000 and the tail the

two agree to 6 - 10719,
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Corollary 2.4 (the sandwich). The following are equivalent: (1) RH; (2) M(N) > 0 for all large
N; (8) M(N) < B for some B and all large N; (4) for every N > 1,

(5) R(N) - 4(log€)"(3) < C(N) < R(N),  4(log€)"(}) = 0.18484.

Proof. (1)=(4) is (3) with (4); (4)=(2),(3) are immediate; (2)=-(1) is Theorem 2.3; for (3)=-(1)
apply the same argument to B — M (eL ) > 0, whose Laplace integral has the same poles off the real
axis. O

Status: proved; the equivalences (1)—(3) and the bounds are in [Sul], and the evaluation (4)
of >, t,? is classical [Vo]. Writing the window this way makes (5) checkable without the zeros,
which is what the verification below uses. The two sides are not redundant in general: a real zero
Be( %, 1) would push M upwards only, and only the upper side sees it. For ¢, which has no such
zeros, either side alone is equivalent to RH; for the Beurling system and the fake curve of [CE20]
the lower side never fails and the upper side fails for all large V.

2.2. What is known unconditionally.

Proposition 2.5 (unconditional bound, crude form). For every N > 1, M(N) > —8(3++/N)S >
—2.29-10" "B+ V/N), with § = Y"1, op, (Imp) ™2 < 2.854 - 10712,

Proof. In Proposition 2.1 the zeros on the line contribute > 0. By Platt and Trudgian [PT] every
zero with 0 < Imp < Tp is on the line, so an off-line zero p = B + iy has t, = v — id with
Iyl > Ty, 0 < [8] < 3. With Fr(z) = (2 — el* — e7L%) /22, |Fr(z)| < (2 + NPl 4+ N=BI) /|22 <
(3 + v/N)/+2, and summing over the off-line zeros, which come in quadruples £ =+ id, gives at
most 8(3 4+ v/N)S (a conservative constant). Stieltjes integration and Trudgian’s bound for N (u)
[Tr] give S < [ 2N (w)u~?du < 2.854 - 10712, O

The factor v/N is the price of a hypothetical zero near Res = 1. A zero-density estimate says
that such zeros are rare, and it improves the bound by many orders of magnitude. Let N(o,T)
be the number of zeros  + iy with 8 > o, 0 < v < T. Kadiri, Lumley and Ng [KLN] prove, for
T > Hy = 3.0610046-10'° and each o in their Table 1 (¢ = 0.60,0.65, . ..,0.85,0.86,...,0.99), with
constants A, B, and k, < 1 listed there,

(6)
N(o,T) < Ay(log ke T)2° (log T)> 4 T51=9) 4 B, (log T)2 < Ay (log T)* 2751~ + B, (log T)2.

Theorem 2.6 (explicit unconditional lower bound). Let Ty = 3 - 10'2, N(t) = 3= log 5=, and let
% =op<01<--<oj<ojr1=1be %, the twenty values of o in [KLN, Table 1], and 1. Put

Sip= [ N@t3d, S;= 2/ min(NKLN(aj,t), %N(t))t*:‘ dt (1<j<.J),
TO TO

with NxpN the right side of (6). Then for every N > 1

J
(1) M(N)>-E(N), E(N)= 4[(3 +NTIT3)S p + Y (NP3 - N%'—%)sj}.

One may take Sy = 1.4822 - 10712, 5; = S /2 to four digits for o; < 0.75, S(0.80) = 4.71 - 10713,
5(0.85) = 8.63 - 10715, $(0.90) = 1.57 - 10716, $(0.95) = 2.85 - 107'%, $(0.99) = 1.14 - 10~'°, and
E(N) takes the values of Table 1. In particular |min(M(N),0)| < 1072 for N < 5-10** and
E(N) < 0.043 for N < 2.3-10%.
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Proof. As in Proposition 2.5, M(N) > — > |FL(t,)|, the sum over the off-line zeros, all of which
have |Im p| > Ty, and |Fy,(y — i0)| < (3 + NIy /4% for t, = v —id. A zero p = S + iy with 8 > 1,
v > Ty, brings the quadruple p,p,1 — p,1 — p, so

B—1/2
Z/|FL| <4 Z 3+]’\y72 '

B>5, v>To
Write ¥(0) = 3252, 1>1 y~2. Since N#~1/2 < N9+171/2 wwhen o; < 8 < 0j41, Abel summation
over the bins gives

NB-1/2
> T SNTTE(R)+

B>5:7>To J

J
(N0j+1—% - N”J'_%)E(oj).

=1

It remains to show E(%) < 812 and X(0;) < S;. Since N(o,Tp) = 0, Stieltjes integration gives
Y(o) = QI;: N (o, t)t‘3dt. By the symmetry 8 <+ 1 — 8, at most half of the zeros up to height
t lie to the right of the line, so N(o,t) < $N(t); and N(t) < N(t) for t > Ty, since N(t) =
o= log 54— + % + 6(0.112log ¢ + 0.278loglogt + 2.51 + 0.2/¢t) with |6 < 1 [Tr], and the term —=
dominates. This gives ¥(3) < S1/2. For o; > 0.6, (6) applies since Ty > Hp, and X(0;) < Sj.
The values used come from adaptive quadrature in u = logt¢ (ebound.py); they are rigorous upper
bounds, because each integrand g(u) is positive and decreasing for ¢t > T (both Nk (o,t)t™2 and
N (t)t~2 decrease), so a left Riemann sum of step 10~* on [log Tp, log T + 120] plus an explicit tail
bounds the integral from above, and every quadrature value exceeds that bound (ebound rig.py;
the ratio is at most 0.9984). For instance Sy, = (log 32 + 1)/(27Tp) = 1.47970 - 10712 exactly, the

Riemann sum gives 1.47977 - 1072 and the value used is 1.48222 - 1012 0
Corollary 2.7 (unconditional two-sided bound). For every N > 1,
—E(N) < M(N) < 4(log&)"(3) + E(N) = 0.18484 + E(N).

Proof. The lower side is Theorem 2.6. For the upper side split M = > Fy(t,) into zeros on and
off the line. A pair v on the line contributes 4(1 — cosyL)/v?* < 8/42, and the off-line zeros
contribute at most E(N) in absolute value, as in the proof of Theorem 2.6. Identity (4) holds
without RH, with ¢, = (p — 3)/i complex for an off-line zero. A quadruple g + id contributes to
it 4(v§ — d*)/ (78 + d?)? > 0, since |d| < 3 < 0. Hence 3, the ine V> < (log€)”(3), and the zeros
on the line contribute at most 4(log€&)”(3). O

So without any hypothesis (5) holds up to E(N) on both sides; RH removes E(N).

TABLE 1. The off-line contribution: crude bound of Proposition 2.5 against E(N) of Theorem 2.6.

N 1010 101 1020 1025 1027 1030
8(3++vN)S 23-107% 7.2-107* 023 72 720  2.3-10%
E(N) 1.0-107% 4.7-1077 24-107% 1.3-107% 6.3-107% 0.072

The crude bound is below the least margin observed (0.0427, Proposition 2.8) as long as N <
3.5 - 10'8; the explicit bound (7) stays below it up to 2.3 - 10%?. Beyond that it grows like N0-35
(the bin 0.80 < 8 < 0.85 dominates) and says nothing. This is the familiar fact that verifying RH
to a height H, together with zero-density estimates, gives bounds of RH quality only in a range
polynomial in H [Jn]; it comes from the zeros, not from the primes. Theorem 2.6 holds whether or
not RH is true, and it is silent for N > 1030,
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2.3. Verification.

Proposition 2.8 (the sandwich verified). (1) For every real N with 1 < N < 10, 0 <
M(N) < 0.14; more precisely M(N) > 0.0148log N for1 < N < e'/1% M(N) > 0.0276 for
e300 < N <100, M(N) > 0.0429 for 10° < N < 10'°, and M(N) < 0.1379 throughout.

(2) For every real N with 1010 < N < 1012, 0.04268 < M(N) < 0.13122. The least value of M
on (103,10'?] is attained near N = 1.056 - 101
(3) M(N) > 0.0415 for every real N with 108 < N < 10'°, M(N) > 0.0481 for 10" < N <
1027, and M(N) > 0 for 10® < N < 2.15-10%; M(N) < 0.1377 for 108 < N < 10%" and
M(N) < 0.18484 for 108 < N < 4.28-10%; so (5) holds on [108,2.15-10%°]. Here the 4520
zeros below 5000 are certified: with ball arithmetic, N (5000) = 4520 and each ordinate used
lies within 9.1 - 10712 of the true one.
Since 0.14 < 0.18484, parts (1) and (3) give the two-sided inequality (5) for every real N with
1 < N <2.15-10%; part (2) checks the range [10'°,10'?] independently of the zeros.

Proof. (1) Write m(L) = M(el) and 7(L) = R(el). Near N = 1, no prime power lies in (1,2)
and M = R; elementary bounds on the series in (1) give 7(L) > 0.01488L for L < - and
r(L) < 0.1016 for L < 55, and on [35,log2] monotonicity of each piece on 3300 intervals gives
0.0670 < M < 0.1282. From 2 to 10'°: between consecutive prime powers ¢ < ¢, m(L) =
r(L) —2AL +2B with A =3 A(n)n~'/? and B = > n<q A(n)n~'/2logn constant, and m” =
" = 2el/2 —2¢7L/2 J(2E —1) > 0 for N > 2, so m is convex there and its minimum on [log g, log ¢]
is bounded below by the tangent lines at the two ends; its maximum is at an end. Arithmetic:
Python’s decimal at 34 digits, whose +, —, X, /, N log, exp are correctly rounded; 7, vg, G entered

to 48 digits; a margin of 10719 is subtracted from every lower bound and added to every upper
bound. The computation ran over all 455062 595 prime powers below 100, from a segmented sieve;
8 intervals below N = 100 needed subdivision. The least lower bound for N > 102 is 0.042997, on
[34 186 367, 34 186 499], where the minimum of M below 10!V is attained; the largest upper bound
is 0.137816 at N = 319439.

(2) Same convexity argument, over all 37607 992 088 prime powers below 102 (the count equals
7(10'2) = 37607912 018 plus the 80 070 powers p¥, k > 2, which checks the sieve). On [log ¢,log ¢'],
minm > max(m(a)— (b—a) max(0, —m/(a)), m(b) — (b—a) max (0, m’(b))). The arithmetic is IEEE
double precision. The operations +, —, x, /, ,/~ are correctly rounded; the library logarithm was
checked at run time to be within 0.5 ulp of the correctly rounded value on 2 - 10* test points, and
an error of 2 ulp is assumed in the bounds. The sums A and B are accumulated in segments of
length 5 - 107, each total exactly rounded (math.fsum) and the totals added exactly in rational
arithmetic. Every lower bound is lowered, and every upper bound raised, by an explicit bound for
all rounding errors (the error in A(101%) = 1999 997.3576058 is at most 2.1-107Y and the error of
one evaluation of m is of order 10~7). The least lower bound is 0.042686, near N = 105 606 345 001;
the largest upper bound on [10'°,10'?] is 0.131211, near N = 742864907 663. The same program
reproduces part (1) on [103,10'%] (0.042997, 0.137816, 455062595 prime powers). The minimum
near 1.056 - 10'! is also visible from the zeros: there the sum over the 4520 zeros below 5000 in
part (3) is 0.041711, and the difference 0.00098 is the mean contribution 4 3. - 50 =2 = 0.00098
of the omitted zeros.

(3) Unconditionally M = > Fy(ty); the zeros up to 3 - 10'2 are on the line and contribute
> 0, so dropping those not in the list and bounding the rest as in Proposition 2.5, M(N) >
437 gy (1 — cos yYL)/v? — 8(3 ++/N)S. The sum is Lipschitz with constant 43~ 1/y = 14.132; on
a grid of 805906 points covering [log 108, log 10'°], the least value of the sum on a cell, minus the
Lipschitz loss and minus 8(3 + v/N)S at the right end of the cell (at most 7.2 - 107%), is 0.04156;
it is attained near N = 1.06 - 10!, where the sum is 0.041711, the Lipschitz loss 1.41 - 10~* and
the tail term 7 -1075. For 10" < N < 10%° the same computation with E(N) of Theorem 2.6 in
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place of 8(3 4+ v/N)S, on a grid of step 2-107° in L (1726 941 points), gives the least lower bound
0.048104 up to 1027, 0.047549 up to 10%® and 0.034188 up to 10%%; the first cell where W — E < 0 is
at N = 2.159-10%°, where E = 0.0418 and the sum is near its least value on the range, 0.038908 at
N = 2.18-10%° (Figure 1). For the upper side, the zeros on the line above 5000 contribute at most
8> ~5000 72, and by Stieltjes integration with N(5000) = 4520 and Trudgian’s bound for N(t)
this is at most 8-2.446-107% = 1.957-1073. (As a check, 2(> ", 472 +4-2.446-107%) = 0.184841,
against 4(log&)”(3) = 0.184840.) So M < W +1.957 - 1073 + E(N). The largest upper bound on
the cells, the maximum of W plus the Lipschitz gain, plus 1.957 - 1073 + E(N), is 0.137298 up to
10%°, 0.137626 up to 1027 and 0.161553 up to 10%%, and it first reaches 0.18484 at N = 4.28 - 10%;
the maximum of the cell upper bounds on [10%,10%9] is 0.135632 (W itself peaks at 0.135491). An
error § in each ordinate changes the sum by at most 40L Y y~2 < 3.26 for N < 103, (I

Status: (1) is computer-assisted, with correctly rounded arithmetic, and was checked in three in-
dependent ways (an extended-precision scan of A and B to 10'°, 45-digit values below 2-10°, and an
independent sieve on three windows). (2) is computer-assisted in double precision with a priori error
bounds; it relies on the stated accuracy of the library logarithm, which was tested but not proved.
(3) uses the zeros below 5000, certified with Arb [Arb] through python-flint: acb.zeta_zeros re-
turns balls guaranteed to contain the n-th zeros, isolated by sign changes of Hardy’s Z with the
count checked by Turing’s method. The 4520-th zero lies in [4999.32968137297,4999.32968137298]
and the 4521-st above 5000.2343169313, so the list is complete, and it is accurate to 9.1 - 10712,
which changes W by less than 3-107''. The grid evaluation of W in double precision has error
below 10719 (each term 4(1 — cosyL)/7? to a few units in the last place of vL < 3.5-10%). Neither
reaches the statement for all large N: the primes cost one evaluation per prime power, and the
zeros stop near 2 - 1022 by Theorem 2.6.

. (a) how far can off-line zeros move M(N)? (b) both sides of the sandwich, 10*®> <N < 103°
10 0.25
—— old: 83+ VN)S W(L): zeros below 5000 — E(N)

WI(L) = E(N): certified lower bound for M W +0.002 + E: certified upper bound for M

102 { = new: E(N) (zero density)

0.20 1

1072 A 0.15 1

0.10

bound on the off-line contribution
3 o
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107‘\0
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F1GURE 1. (a) The bound on how far off-line zeros could move M(N): the crude
bound of Proposition 2.5 and E(N) of Theorem 2.6, which uses the zero density
of [KLN]. (b) For 10 < N < 10%%: the contribution W of the 4520 zeros below
5000 (grey), the bound E(N) (red) the certified lower bound W — E for M (blue),
positive up to 2.16-10?Y (dashed), and the upper bound W +1.96-1073 + E (green),
below 0.18484 up to 4.28 - 10%°.

The wave. Formula (3) says what the primes must produce: an almost periodic function of
log N with mean 427>0 772 = 0.0924, frequencies at the ordinates and amplitudes 4/72%. From
the 5762859 prime powers below 108, at 6000 values of log N, M agrees with the right side of (3)
truncated at the zeros below 5000 to 5.4 - 107°; its spectrum in log IV, from the primes alone, has
peaks at 14.132, 21.023, 25.014, 30.425, . .. with heights agreeing with 4/v% to 10~ (Figure 2). Over
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4 - 10° values of log N in [log 2,log 10%] the mean is 0.092367 (predicted 2(log&)”(3) = 0.092420)
and the standard deviation 0.017219 (predicted /8> ~v~* = 0.017245 for independent phases).

C, t=0: the Fejer margin is an almost periodic function of log N

zeros: 42 y~? — 4% cos(ylog N)/y?

L 'T;}ff"}\}f“n |

0141 P\ —— margin from the primes: Ru(0) = Cw(0)

0121

A
ool L

| ‘\I"Av[l‘
ol | IJ’W VI \ W

0.06 1

0.04 4

0.02 4

0.00

logN
0.0200 1 —— spectrum of the margin (from the primes)
e 4]y’ atthe zeros
0.0175
0.0150
0.0125
0.0100
0.0075 1
0.0050 1
0.0025
0.0000 1
76 Zb 3‘0 4‘0 56 6‘0

frequency in log N

FIGURE 2. Top: the margin M (N) computed from the primes below 10® (black)
and the right side of (3) from the 4520 zeros below 5000 (dashed); mean 0.0924,
least value 0.043. Bottom: its spectrum in the variable log N, from the primes,
against 4/v2 at the zeros.

A least-squares fit of m(L) = M(el) on the first 40 ordinates, from the prime powers below
107, gives cosine amplitudes equal to —4/ fy,z to within 0.4% and sine amplitudes below 107>, as (3)
predicts under RH. The decay 4/+2 is the regularity of m: it is continuous, and its slope jumps by
—2A(q)/+/q at L = log q (Proposition 3.1).

Where the difficulty sits. By blocks at N = 0.999 - 10%: R(N) = 79853.63, the primes give
79665.63, the prime squares 130.68, the higher powers 57.21, and M = 0.114. The squares are con-
trolled without RH; the whole difficulty is in the sum over primes, which has to be known to O(1) out
of 8/N. Without RH the best bound for that sum is of size v/ N exp(—c(log N)3/5(loglog N)~1/%),
and closing the gap to O(1) is RH. For the Davenport—Heilbronn function the same construction
gives its own window wy = 0.78456; its margin computed from its coefficients up to 2 - 107 stays
inside, and the model with its zeros predicts the first exit near N ~ 2.3-10% [CE20]: in one variable
the criterion is the simplest, but the slowest to detect an off-line zero.

3. THE LOCAL MINIMA AND THE SLOPE

The proof of Proposition 2.8 uses that the margin is convex between consecutive prime powers.
This has a sharper consequence: the minima of M are a discrete set, one at most between two prime
powers, with an explicit location and value. The criterion of Theorem 2.3, a statement about every
real N, becomes a statement about countably many points given by sums over primes. We keep
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the notation of the proof of Proposition 2.8: m(L) = M(el), r(L) = R(e’), and for consecutive
prime powers ¢ < ¢’

A(n) A(n)logn ,
Ay = —, B, = —_— m(L) =r(L) —24,L +2B, (logg <L <logq).
’ Z\/ﬁ == (L) = (L) = 24,L + 2B, )

Write ¢g = logm + v + 5 + 3log2 = 5.3721834 and Ko = —16 + %2 + 4G = —7.4013354, so that
by (1)

n<gq

_ 1
(8) r(L) = 8¢X/2 — oL + Ko — 7(L), (L) = ﬂ.
(2k + 3)?

k>1

Proposition 3.1 (the local minima of the margin). (1) On L > L. = 0.2812 (N > 1.3247),
(L) = 2el/2 — 2e=L/2 /(2L — 1) > 0; so m is strictly convex on every interval between
consecutive prime powers.

(2) At a prime power q¢ = pF the derivative of m jumps down: m'(logqt) — m/(logq™) =
—2A(q)/\/q < 0. Hence no prime power is a local minimum of m.

(3) For N > 2, the local minima of M are ezactly the points Ny = eFa with r'(Ly) = 24, and
qg<Ng < q', one at most between two consecutive prime powers; at such a point

24,4+ ¢
(9) M(N}) = 2By + Ko — 8ug(logug — 1) + €, uq:qTO’
with N} = u2(1 + O(u,®)) and e, coming from 7: |eg| < 0.035, and |e;| < 3-107° for
N; > 100.

(4) On 1< N < 2, where M = R, the only local minimum is at N = 1.5904, with M = 0.0793,
and M(N) — 0 as N — 1.

Proof. (1) Differentiating (8), (L) = 2¢4/2 —23", -, e~ (k)L — 9eL/2 _ 2e~L/2 (€2l — 1), which
is positive exactly when e”(e? — 1) > 1, that is for e* > 1.32472 (the real root of z3 — 2 =
1), L > 0.2812. Between prime powers m” = 7. (2) C(e*) = 23, A(n)n=Y2(L — logn)+
gains the slope 2A(q)/,/q at L = loggq, and r is smooth. A local minimum at log g would need
m/(logqg™) < 0 < m/(logg™), which the jump forbids. (3) By (1) and (2), for L > log2 every
local minimum is an interior critical point of a strictly convex piece, so it is the unique solution of
m' =1’ —2A, = 0 in that piece, if it lies there. With /(L) = 4e*/2 — ¢g + 71(L), 1 = —7/, the
equation is 4eX/2 = 2A4,4co—11(L), so e /? = u,—71(L*)/4. Inserting e*"/? = u, and L* = 2logu,
inm =r—2A4,L+ 2B, gives 8uy —2logug (co +2A4,) + Ko+ 2By = 2B, + Ko — 8ug(log ug — 1); the
difference with the exact value comes from 7 and 71, of order N~5/2, and its size is the computed
one. (4) On (1,2) the sum over primes is empty, 7’ < 0 for N < 1.3247 and " > 0 after, 7’ vanishes
once on (1.3247,2), at N = 1.5904, and r(0) = 0 with (L) > 0.0148L near 0 (Proposition 2.8). O

Status: proved; the bounds for ¢, and the values in (4) are numerical, from the exact solution of
(L) = 2A, by Newton’s method. Part (1) is the convexity already used in Proposition 2.8; parts
(2) and (3) are new to this paper as far as we know.

Corollary 3.2 (a discrete criterion). RH holds if and only if M(Ny) > 0 for every prime power q
with ¢ < Ny < ¢', that is, if and only if

(10) 2B, > 8ug(loguq — 1) — Ko — €4 whenever ¢ < N, < ¢'.

Proof. If RH holds, M > 0 everywhere by Theorem 2.3. Conversely, assume (10) and suppose
M(Np) < 0 for some Ny > 2 (M > 0 on (1,2) by Proposition 2.8). Let Ly = log No. If m/(Ly) > 0,

follow m to the left: on the convex piece containing Lg it decreases towards the left end unless it
meets a critical point, which would be a local minimum with value < m(Lg) < 0; at a prime power
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the left derivative is larger than the right one by (2), so m keeps decreasing to the left. Either
we meet a local minimum with negative value, contradicting (10), or we reach L = log2 with
m(log?2) < 0, contradicting Proposition 2.8. If m/(L{) < 0, follow m to the right in the same way:
either a local minimum with negative value appears, or m decreases for all L > Lg; in the second
case M < M(Ny) for all N > Ny, so M is bounded above, and Corollary 2.4(3) gives RH, hence
M > 0, a contradiction. One of the two cases occurs, since m’(Ly) > m'(L§) and they cannot be
both < 0 and > 0 unless Ly is itself a critical point, which is then a local minimum with negative
value. g

So RH is equivalent to countably many inequalities between two explicit sums over the prime
powers below ¢, at the prime powers g for which the stationary point ug falls before the next prime
power. The reduction removes the need to look at every real N; it does not make the inequality
easier. Both sides of (10) are of size 4,/glog ¢, and their difference is M (N;) € [0,0.185] under RH.

Proposition 3.3 (no margin). If RH holds, then liminfy_,oo M(N) = 0, and the local minima of
Proposition 3.1 accumulate at 0: lim infM(N;‘) = 0 over the prime powers q with ¢ < Nj < q.

Proof. Under RH, m(L) =43, (1 — cosyL) /¥% by (3), an absolutely convergent trigonometric
series, so m is uniformly almost periodic with mean 2(log&)”(3) = 0.0924. Given € € (0,0.09),
choose T with 827>T 7~2 < ¢/2. By Dirichlet’s simultaneous approximation theorem there are
arbitrarily large Lo with [|vLo/27|| so small for every 0 <y < T that 4} (1—cos vLo)/v* < €/2;
then m(Lg) < . Since m is almost periodic with mean 0.0924 > ¢, the set {m > &} is relatively
dense, so there are a < Ly < b with m(a), m(b) > . The minimum of m on [a,b] is < ¢, is not
at a or b, and is not at a prime power by Proposition 3.1(2); so it is a local minimum Ny with
M(Nj) < e, and Ny > e is arbitrarily large. O

Status: proved, conditional on RH, and needs no linear independence of the ordinates. So no
proof of M > 0 can rest on a uniform positive lower bound: under RH the margin is positive
without margin, as the least eigenvalues of the windows are in Section 21.

The minima from the primes. Below 107 there are 665134 prime powers and 10341 of the
intervals between them, 1.6%, contain a local minimum. The least is M(N;) = 0.055041 at
Ng = 3099.71, between ¢ = 3089 and q = 3109; the largest is 0.137816 at Ng = 319433.67, next
to the maximum of M found in Proposition 2.8; the mean is 0.091059, against the mean 0.0924 of
M. The first ones are M = 0.0718, 0.0754, 0.0862, 0.0652 at N, = 2.448, 3.598, 4.298, 5.934. The
minimum 0.042997 of M below 10'°, near N = 3.4 - 107, is necessarily one of these points.

Both sides of (10) are of size 4,/glogq, and their difference is at most 0.185. In this subsection
we remove the common smooth part of the two sums A and B and look at what remains. The
criterion becomes a condition on the fluctuation of one weighted Chebyshev sum, B, at the points
where the fluctuation of the other, A, vanishes. The identities below are exact and elementary, and
they contain no information beyond Corollary 3.2. What they do is separate the two roles that the
primes play at a minimum, where it lies and how deep it is, and show the size of the problem.

Forreal 2 > 1let A(z) =Y, ., A(n)n~"? and B(z) = 3, ., A(n)n~/2logn, so that A, = A(q)
and B, = B(q), and define their fluctuations N

(11) afz) = A(z) — (2\/5 - %0) B(z) = B(z) — (2v/zlogz — 4y/7).

The smooth parts are the integrals [ t=Y2dt = 2\/z and Iy t=12logtdt = 2\/zlogx — 4/,
that is, the two sums with di(t) replaced by dt; the constant —cy/2 in « is the one that the
closed form (8) imposes. By the prime number theorem and partial summation, a(xz) = o(y/x)
and B(z) = o(v/xlogz); under RH, ¥(z) — z = O(y/zlog? z) gives a(z) = O(log? z) and B(z) =
O(log3 x). Between two consecutive prime powers A and B are constant, so « decreases, with
do/dlogx = —\/x, and at a prime power ¢ it jumps up by A(q)/\/q. It is a sawtooth (Figure 3(a)).
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Proposition 3.4 (the two sums give the slope and the value of the margin). Let N > 2 not be a
prime power, L =1log N, and 7\ = —7', that is, 71 (L) =23}, 67(2k+%)L/(2k +3). Then
m(L) —m/(L)
2 b
m(L) — Ko + 7(L)
5 .
Equivalently, M(N) = Ko+2(8(N)—a(N)log N)—7(log N) and B(N) = 5 (m—Lm'—Ko+7+Lt1).

(12) a(N) =

(13) BN) = La(N) =

Proof. Let ¢ < N < ¢’ be the consecutive prime powers around N. On (loggq,logq’) we have
A(e) = Ay, B(e*) = B, and m(L) = r(L) — 24,L + 2B,. Differentiating (8), (L) = 4el/? —co +
71(L), so

m/(L) = 4e*? — ¢co + 1 (L) — 24, = (L) — 2a(N),
which is (12). Write 4, = 2el/2 — L +aand By = 2Lel/2 —4el/? 4 B, with o = a(N), B = B(N).
Inserting these and (8) in m =r — 24,L + 2B, gives

m:86L/2—60L+K0—T—2L(26L/2—CEO-FOZ) +2(2L6L/2—46L/2+B) = Ko—7+2(5— La).

The terms in /2, Lel/? and L cancel, and what remains is (13). O

Status: proved, elementary. So « is, up to the factor —% and the trivial-zero term 7, the slope
of the margin in the variable log N. The combination 5 — alog IV is its value, up to the constant
K and the factor 2. The trivial-zero terms are small: 7(log2) = 0.0615 and 71 (log 2) = 0.165, and

both are O(N~%/2).

Corollary 3.5 (the minima as zeros of a). For N > 2, the local minima of M are the points N,
of an interval (q,q') between consecutive prime powers at which the sawtooth « crosses the level
%7‘1 (log N), a quantity below 0.083 that tends to 0. At such a point

(14) M(Ny) = Ko+ 28(Ny) —7(Ly) — Ly 71 (Ly), L, =log Ny.
Consequently RH holds if and only if
K T(LY) 4+ Lim (L}
(15) svy) > B0y o)+ Lanily)
2 2
where —Ko/2 = 8 — 72 /4 — 2G = 3.7006677 and the correction is below 1.8 - 1075 for Ny > 100.

at every local minimum N; ,

Proof. By Proposition 3.1(3) the local minima are the solutions of m/(L) = 0 inside the intervals
(log q,log q'), and by (12) these are the points where ax = %7’1. On L > log 2 the function o — %7'1 is
strictly decreasing between prime powers, since its derivative in L is —e™/2 + Y k>t e~ (k3L < 0;
so there is at most one such point in each interval, and « crosses the level from above. At that
point (13) gives m = Ko — 7+ 28 —2La = Ko — 7+ 2 — L7y, which is (14). The equivalence with
RH is Corollary 3.2. The bound for the correction is the computed maximum of %(T + L7) over
the minima with N7 > 100. O

In words: a minimum of the margin lies where the staircase A comes down to its smooth curve
2y/z — %, inside an interval free of prime powers. Its depth is twice the excess of the staircase
B over its smooth curve at that point, minus 7.40. The large term alog N in (13) is switched off
exactly at the minima, which is why the value of a minimum depends on § alone. One function of
the primes locates the minima and the other measures them.

The numbers. On the 10341 local minima below 107 the identities hold to the precision of
the computation: |a(N,;) — 37| < 5.5-10712, and (14) holds to 2.2 - 107! The values of 3
at the minima lie in [3.72819, 3.79680], with mean 3.74621, against the threshold 3.70067 of (15)
(Figure 3(c)). The least value is at Ny = 3099.71, the least minimum of M below 107, and its
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excess over the threshold, 0.02752, is half of M (N;) = 0.05504. The least value of M below 1019,
0.042997, corresponds to 5 = 3.72217.
The minima one after another. Let N < Nj < --- be the local minima of M on [2,00), and

write Lj =log N7, uj =, /N} and j3; = B(N}).

Proposition 3.6 (the recurrence of the minima). The first minimum is N{ = 2.44777, with
B1 = (log2)?/v/2 — 4ui(loguy — 1) = 3.796801 and M(N;) = 0.071795. For j > 1, N, is the
stationary point u?, 4u = 2A, + co — 11(2logu), of the first interval (q,q') after N} that contains
it. With dA the measure of mass A(n)/\/n at each prime power n,

Nis d L;
(16) Biv1 = Bj = /N 10g% (dA(x) - 72) + 5 (n(Tjen) = mi(Ly)),
j J

and the two measures have equal mass on (N7, N7, ) up to 5(t1(Lj41) — 71(L;)). RH holds if and
only if the running sum By never falls below the threshold of (15).

Proof. The position follows from Proposition 3.1(3) and Corollary 3.5. Subtracting a(N;) =
371 (Lj) from a(N7, ) = §71(Lj) gives A(NF, ) — A(N) = 2(ujp1 —uy) = 5(n(Lj1) — 1 (Ly)),
which is the statement about the masses. With S(u) = 4u(logu — 1) we have fj11 — f5; =
(B(Njyq) — B(N7)) — (S(ujp1) — S(uy)). Write logn = log(n/N7) + L; in the first difference
and [z 2logzdr = [271/? log(z/N})dr + L; [272dz in the second. The terms in L; com-
bine to L; times the mass difference, which gives (16). The last statement is Corollary 3.5. O

Status: proved, elementary. Between two minima, the primes and the smooth density Y24y
contribute the same mass, and 8 changes by the difference of their first moments in log(z/N7).
RH says that, starting from §; = 3.796801, these mass-balanced moments never lose more than
b1+ Kop/2 = 0.0961. Run forward with the prime powers alone, the recurrence finds the same
10 341 minima below 107, with 3 correct to 1.7 - 10~!; 5258 steps go up and 5082 go down. Like
Corollary 3.2, it is exact but contains no information beyond Landau’s form of the criterion [In].

4. THE MARGIN AS AN ENERGY

By Proposition 3.4, « is, up to the factor —% and the term 71, the slope of the margin. Under
RH, « is almost periodic in log N, and the margin turns out to be the mean square of its increments.
This makes both sides of the sandwich of Corollary 2.4 visible: M > 0 because it is a mean of
squares, and M < 4(log€&)”(1) because the variance of « is (log€)”(3). The same identity turns
RH into a statement about energy: « has finite mean square in log .

Write (f) = limy_ye0 & fOU f(u) du when the limit exists. B? is the Besicovitch space of almost
periodic functions, the closure of trigonometric polynomials in the seminorm (| f|?)/2. For f € B?
with Fourier series Y a,e™", Parseval’s identity (|f|*) = > |a|? holds [Bes].

Proposition 4.1 (the margin is the variogram of «). Assume RH. Then u +— a(e*) belongs to B2,
has mean 0, and has the Fourier series

a(e") ~ Z Py givu — g Z My sin(yu),
y >0 7



THE RIEMANN HYPOTHESIS AS A MARGIN 21

(a) a=A— (2VX — co/2): a sawtooth; minima at its downward zeros (b) @ = —m’/2: the slope of the margin (zeros: under RH)
0.6
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(c) M(Nq*) =Ko+ ZB(N;): RH & B=3.70067 at every minimum (d) the depth of the minima is set by the first zeros (under RH)
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FIGURE 3. The minima read from the slope. (a) The sawtooth a(x) on [2950, 3250];
its downward zeros (red) are the local minima N, among them the least minimum

below 107. (b) a(e’) from the primes and —2 2y <oprage SIR(YL) /v from the zeros.

(c) B(NF) at the 10341 minima below 107; the red line is M = 0 by (14). (d) Share
of the variance of the minima reproduced by the first K zeros.

where vy runs over the distinct ordinates of the zeros (both signs in the first sum) and m., is the
multiplicity. Consequently, for every L > 0,

17) V()= (o) —a(en) = 430 " e
>0
(18) _22 > (log€)"(3) = 0.046210.. .,

with equality in both, for all L, if and only if all zeros are simple. In that case M(e") = V(L) is a
mean of squares, and the sandwich 0 < M < 4(log 5)“(%) is the elementary inequality

0 < (|f(u+L) = f)?) < 2(f(u+ L))+ 2(1f (W) = 4( f1*).
Proof. Let ¢(u) = e “/?(1p(e*) — ). Under RH, ¢ € B? with Fourier series — > e'tr" /p [RuSa,
ANS]. This is the explicit formula ¢(z) = x — > 2/p — log2m — +log(1 — z72), with the series
converging in B? because >0 Ip| 72 < 0.
Partial summation with A(x) =D n<a A(n)n~1/? gives, for & = e not a prime power,

Az) = Zb\;? + - 2/, fg(/g dt, ale") = / o(v + — -1
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Integrating the explicit formula termwise, which is justified as in [In, Ch. IV], gives

itou _ 1

;/0 ¢:—;zp:€+n+o(1)

ity p

for a constant k. Here the series converges absolutely and uniformly, since > |yp|~! < co. Hence
a(e*) € B?, and its coefficient at 7" is

1 1 21y +1 My Ty
() o, 2L iy
p o 2iyp 2iyp Y g
The mean is 0. Indeed, for Rs > 1, the Laplace transform of a/(e") is
! 1 2 Co
L =—= H=- - —.
[a](s) C(S+2)s 87%+25

By the Abelian theorem [Wi], the mean equals lim,_,g+ o L[a](0) = —%(%) + 9, which is 0 by the
identity ¢y = 2%(%) of Section 2. |
Translation and difference preserve B2. So a(e***) — a(e") has coefficients mﬁ(e”L —1), and

Parseval gives (17), because |¢?7* — 1|2 = 2(1 — cosyL) and each v > 0 appears with its negative.
Parseval for « itself gives (18).

For the comparisons, (3) counts zeros with multiplicity, so M (el) = 4% ~0my(1—cosyL) /Y2
Similarly (log&)"(3) = — Zp(% —p) %= 23 50 m~ /2. Since m? > m, with equality iff m = 1,
both inequalities and the equality cases follow, because 1 — cosyL does not vanish identically in
L. g

Proposition 4.2 (RH as finite energy). The following are equivalent:
(i) the Riemann hypothesis;
(i) a has bounded mean energy inlogz: & fOU a(e*)?du = O(1);
(iii) fOU ale)? du = e®WU) | that is, flx a($)2% = Xx°),

N . o - X
Proof. (i)=(ii) is Proposition 4.1. In substance it is Cramér’s theorem that, under RH, [ (¢/(x) —
r)%r 2dz ~ clog X [In].

(il)=-(iii) is trivial.

(iii)=(): let I(U) = fOU a(e®)?du = e®Y) and o > 0. Integration by parts against dI shows that
fooo afe®)2e27"Udy < oo for every o’ > 0. By Cauchy-Schwarz with 0 < ¢’ < o,

/OOO la(e")|e™ 7 du < (/OOO a26_201udu> 1/2(/000 6—2(0—0’)udu) 1/2 .

So L]a](s) converges absolutely in Rs > 0 and is holomorphic there. For Rs > 3 it equals —%(5 +
L 8_2; + 52, by partial summation from } A(n)n=1/?2=5 = —%(s +3).
2

By analytic continuation, —%(w)/(w — %) = 2/(w — 1) is holomorphic in Rw > 3. The pole of

—% at w = 1 is cancelled, since its residue 1 divided by w — % = % gives % So ¢ has no zeros in
Rw > % O

Remark 4.3 (what Proposition 4.2 changes, and what it does not). Proposition 4.2 replaces the
positivity M > 0 by an energy bound for the slope, flx a(az)Qd% = X°(1) Positivity is then
automatic: under (ii), Proposition 4.1 applies and M is a mean of squares. The bound in (iii) is
weak: it allows sub-exponential growth in log X. Yet it is equivalent to RH.
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Unconditionally, a(z) < 2£971/2%¢ where O is the supremum of the real parts of the zeros. This
gives only fIX a2df < X20-1%¢ and the gap between X291 and X°() is exactly the gap between
the known zero-free regions and RH.

By the Paley-Wiener theorem, (ii) says that L[a] belongs to the Hardy space H? of every half-
plane ®s > o > 0. Its holomorphy there is the content of RH. Its L? size on vertical lines is a
mean-square bound for % to the right of the critical line, which is known under RH [MV]. So an

unconditional proof of (iii) would have to control % in mean square on every line Rw = % + o0 and
show that it extends holomorphically. No method we know does the first without the second. We
do not claim progress on it.

Numerically, with the prime powers below 10%, M (e!") and the variogram of o agree to three digits
at L =0.2,0.6,...,3, and the empirical variance of a(e") is 0.04625, against (log&)”(3) = 0.04621.

4.1. The energy programme: dyadic blocks and averages in L. Proposition 4.2 reduces RH
to an energy bound for «. This subsection follows the two natural ways of attacking that bound: in
dyadic blocks, using the recurrence of the minima, and by averaging the margin in L. Each route
gives exact statements and a clear account of where it stops. Neither route proves RH.

An exact identity: the energy of the slope is a C-transform of the margin. Write m(L) = M (el),
so that m’ = 71 — 2« by Proposition 3.4.

Theorem 4.4 (energy identity). For 1 < X <Y, neither of them a prime power, and without any
hypothesis,

[ wtwra-2 ¥ W) - | (@ 0z + ]

og X X<q<Y og X

logY

10gX7

where q runs over prime powers and (L) = 2eX/? — 2 D k1 e~ (2k+3)L

Proof. Between consecutive prime powers, m = r —2A,L+2B, is smooth with m” = r”. At a prime
power ¢, m is continuous, and m’ =1/ — 2A jumps by —2A(q)//g. On each gap, [ m'? = [mm/] —
Jmr". Summing over the gaps, the interior boundary terms combine into 3 m(logq) (m/(logq™)—

m'(logg™)) =252, M (q). O
The prime measure %(ﬁogq and its smooth density el/2dL = 2r"dL + O(e~5%/?) both look at

the margin. Theorem 4.4 says that the energy of the slope is twice the difference between what the
primes see and what the continuum sees, which is the C-transform of M with the weight A(n)/y/n.

Corollary 4.5 (the rate is the window width). Assume RH and that the zeros are simple. Then

Ag) s
2 Z ——=M(q) — / mr” dL = 4(a*)logY + o(logY) + O(1 + |a(Y)]),
Va4 0
q<Y
with 4{a?) = 4(log f)”(%) = 0.18484 ... In particular, the left side divided by logY tends to 0.18484
along every sequence with a(Y') = o(logY"), and so on a set of Y of logarithmic density 1. In words:

per unit of log N, the primes see the margin more than the continuum does by exactly the width of
the window of Corollary 2.4.

Proof. Under RH, 0 < m < 0.18484 (Corollary 2.4), and m’' = 7 — 2 with 7 (L) = O(e ?L/2).
So the boundary term of Theorem 4.4 is O(1 + |a(Y)]), and f(}ogym’2 = 4fé°gyo<2 +0(1) =
4(a?)logY + o(log Y) by Proposition 4.1. For simple zeros, (18) gives the value. Finally, a(e*) has
a limiting distribution under RH [ANS], so |a(Y')| < K on a set of logarithmic density tending to 1
as K — oo. (The boundary term cannot be dropped altogether: « is unbounded, by Littlewood’s

theorem.) ]
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Theorem 4.6 (a lower bound for the energy, without hypothesis). Unconditionally,

lim sup > (log€)"(3) = 0.046210. . .,

X =00 lOgX
and the limit exists and equals (log 5) (%) if and only if RH holds and all zeros are simple.

Proof. 1f RH fails, Proposition 4.2 shows that le a2d7z is not X°M| so the lim sup is infinite. If RH
holds, Proposition 4.1 gives the limit (a?) = 2 > >0 mZ /v*. This is > 2 > >0 my /7% = (log€)"(3),
with equality iff every m, = 1. O

So the energy of the slope is a computable test of “RH and simple zeros” together, with an excess
2> (m2 — my)/~* for multiple zeros. The empirical value is 0.04625 up to 10%, and 0.0465 from
the block energies to 10'° below.

Dyadic blocks. Let Ej = fk(’f;;g log2 (e*)2du be the energy in the block [2¥, 28+1); by Proposi-

tion 4.2, RH is equivalent to Fy = 20(]“) We computed Ej, and Wy, = [ m/ 2 for every block below
10%0, exactly between consecutive prime powers, from all 455062595 prime powers (Figure 4(a)).
The block energies do not grow: the mean of Fj/log2 over 6 < k < 32 is 0.0465, against 0.0462,
and Wy /log 2 has mean 0.1858, against the rate 0.1848 of Corollary 4.5. Theorem 4.4 holds block
by block to 4 - 10~ for k > 15.

Why this does not give a proof: on a block, a(z) = «(2¥) + Dy(x), where D}, depends only on
the prime powers of the block. Its energy is the energy of the normalized error (w(x) —p(2F) —
(x — 2”“))/2’7“/2 of the prime number theorem on an interval as long as its position. A bound 2°(%)
for it is already RH. The recurrence of Proposition 3.6 moves « exactly from one prime power to
the next and reproduces Dy, so it gives nothing more. Finally, no computation can see an off-line
zero. Such a zero has v > Tp, so its term in « is at most 10~ 2z8~1/2 which reaches the size 0.2 of
a only beyond z = e®* even for = 1.

(a) the energy of the slope does not grow (b) positive weights with a planted off-line zero
0.10
—o— Ellog2 = k5 [ 0qa? du —e—  (true weights)
5 W(4log2), W= Im kmzdL —e— planted (A): 6=0.15, yp =10
0.08 1 —e— planted (B): 6 =0.25, yo = 1000
10° 3
0.06 1 ~
NA AR
M i L V. s =
0.04 - \/'/ v \/ V w
107!
0.02 A
dashed: (log )"(3) = 0.0462 (RH, simple zeros)
0.00 - T T T T T T T T T T T T T
5 10 15 20 25 30 75 10.0 12.5 15.0 17.5 20.0 22.5 25.0

dyadic block [2%, 2K+ 1), all prime powers below 10*° dyadic block [2%, 2K+ 1), prime powers below 22¢

FIGURE 4. (a) Energy per dyadic block of the slope, E}/log2, and of the margin’s
derivative, Wy, /(41og2), from all prime powers below 1010, against (log&)”(3). (b)
The same block energy, below 225, for the true weights and for the weights (43) with
a planted zero: (A) § = 0.15, 79 = 10; (B) § = 0.25, 9 = 1000 (Theorem 20.1).

Averages in L. Averaging the margin in L is a second-order Riesz mean:

log N log N
My(N) ;:/0 ) M(e")dL = Ry(N) = > A\(}:logQZ, RQ(N):/O ) R(e")dL.
n<N
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Under RH and simple zeros, Ma(N) =43 v 2log N — 4 > >0 sin(ylog N)/v% =2(a?)log N +
O(1), which is the identity (M) = 2(a?).

Proposition 4.7 (averaging in L). The following are equivalent:
(i) RE;
(ii) for everye >0, My(N) > —C.N°¢;
(i) [Ma(N)| = N,

Proof. (1)=(ii),(iii): under RH, 0 < M < 0.18484 by Corollary 2.4, so 0 < M>(N) < 0.18484 log N.

(iii)=>(i): integrating by parts, [;° M(el)e™FdL = s [ Ma(e")e*FdL converges for Rs > 0,
so the function G of the proof of Theorem 2.3 is holomorphic in s > 0. But each zero p = %+5 +it
with 6 > 0 gives G a pole at s = § + it.

(ii))=(i): apply Landau’s theorem [Wi] to Ma(e”)+ C.es” > 0. Its Laplace transform is G(s)/s+
C./(s — €), which is holomorphic at every real point s > ¢, because zeros of  are not real and
C(o) # 0 for % < 0 < 1. So the integral converges in fs > ¢, and G has no pole there. O

Proposition 4.7 is weaker than Theorem 2.3 in its hypothesis, since it needs only a one-sided
bound on an average and allows N¢. It is equivalent all the same, and it is the same statement
as Proposition 4.2, because My = 2(a?)log N + O(1) under RH. The least eigenvalue of a window
(Section 21) is an infimum of such energies over test functions, so it enters through the same door.

Remark 4.8 (where both routes stop). Every statement in this subsection that is equivalent to RH is
equivalent through a Landau-type argument. The analytic content is always the same: the Laplace
transform of m, of «, or of the kernel’s remainder is —%l shifted by %, divided by a polynomial in s,
plus explicit terms. Each bound in the programme (energy, average, one-sided bound) is equivalent
to the holomorphy of %l in Rw > %

The two routes make this concrete. The block computation shows that “local” in log x means
a prime number theorem on intervals as long as their position. Averaging shows that averaging
changes the order of the Riesz mean but not the abscissa. Theorem 4.4 is the one exact link
between the energy and the primes. To be useful it would need an independent lower bound for
the continuum term or an upper bound for the prime term, and each of these is again a statement
about % to the right of the line.

We record the programme as a reformulation with exact identities and verified numerics.

5. THE MARGIN AT LARGE N: A PROBABILISTIC PROJECTION

Proposition 3.3 says that under RH the margin comes arbitrarily close to 0. This section asks
how fast. The answer is a projection, not a theorem: it assumes RH and the linear independence of
the ordinates (LI), as in the work of Rubinstein and Sarnak [RuSa] and of Akbary, Ng and Shahabi
[ANS] on limiting distributions.

The limiting distribution. Under RH, (3) writes M (e¥) = > =0 @y(1 — cosyL) with ay = 4/2.
Under LI, by the Kronecker—Weyl theorem the phases 7L modulo 27 become equidistributed on
the infinite torus as L — oo, so the proportion of L € [0,T] with M (e*) < z tends to P(X < z),
where

(19) X = Z a(1 —cosb,), E et = H "' Jo(ta),
v>0 >0
with independent 6., uniform on [0, 27r). Its mean is 2(log £)"(3) = 0.0924 and its standard deviation

(83 4~H)1/2 = 0.01724. Fourier inversion of (19) with the 4520 certified zeros (the rest contribute
their mean 0.00098 and a variance below 3-107'1) gives its density, a smooth bump on [0.04, 0.145]
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with two shallow maxima. For the lower tail we use the saddle point: with K(s) = logEesX =
> (say +log Ip(say)) and K'(5) = z, the Lugannani-Rice formula gives

P(X <0.04) =3.7-107% P(X <0.03) =1.0- 1071,
P(X <0.02)=4.2-107%", P(X <0.01) =1.7-107",

in agreement with Fourier inversion to 0.6% where both apply (z > 0.03). Numerically log P(X <
r) &~ —C/z?: halving x multiplies the exponent by about 3.7.

How often the margin dips. The rate of downcrossings of a level x, per unit of L = log N, is
given by Rice’s formula v(z) = fx(z) E[|X'| | X = z]/2, with X' = >, vaysin6,. Conditioning on
X = z by exponential tilting turns each 6, into a von Mises variable of concentration k., = |5|a,
for which Esin? § = I1(x)/(klIo(k)); taking X’ conditionally Gaussian,

V$:fX($) EM 12 x%ei
(20) () V2r (;} Y2 K/'YIO(K/’}/)> 7 fx(@) V2rK"(3)

We tested the model against the function itself, computed from the zeros on 7 < L < 3000: for
z = 0.060,0.055,0.050,0.045 the observed proportion of time below z is 2.12 - 1072, 6.1 - 1073,
1.17-1073, 1.2- 10~ against 2.14-1072, 6.3-1073, 1.16 - 1073, 1.1 - 10~%, and the observed number
of excursions per unit of L on [1000, 3000] is 0.686, 0.259, 0.068, 0.0085 against 0.683, 0.262, 0.065,
0.0083 from (20).

The record low. If dips below z arrive as a Poisson process of rate v(z), then P(miny <y M (N') >

z) ~ e v(@1gN The median value of log N at which M first drops below x is log 2/v(x):

K(8)—3x

T 0.040 0.035 0.030 0.025 0.020 0.015 0.010

1/x 25 28.6 33.3 40 50 66.7 100
median log,, N 7.5-10° 7.9-10* 1.3-10% 2.7-10" 1.2-10* 5.8-10* 6.4-10"

Since log P(X < x) ~ —C/x?, the record low decreases like (loglog N)~1/2. Fitting the median
gives

1
(21) o R 10.4y/logiglog N (N — o),

which reproduces the median to within 3% for log;;log N > 13; for smaller N the median lies
above the law (Figure 5(b)).

The actual record, under RH only. Under RH alone, M (e*) = W(L) + T(L), where W is the
sum (3) over the 4520 certified zeros and 0 < T' < 2-0.00098, 7" having mean 0.00098. We followed
the record low of W +0.00098 for 7 < L < 10°: a coarse pass with the first 100 zeros, whose partial
sum is a pointwise lower bound for W, selects the candidates, which are then refined with all 4520
zeros. The records are

0.0430 (N =3.4-107), 0.04269 (1.06 - 10''), 0.0399 (2.2 - 10%%),
0.0385 (10'21), 0.0369 (10%2™), 0.0362 (10%*41),

the first two agreeing with the primes (Proposition 2.8) to 107°. The last three fall inside the
10-90% band of the model; the first three come early (each had probability 2-6% of arriving so
soon), so the region N < 10%° is somewhat atypically low.

Remark 5.1 (status). Formula (19) for the limiting distribution is a theorem under RH and LI;
the saddle-point values are numerical approximations checked against Fourier inversion; the rate
(20), the Poisson approximation and the law (21) are heuristics, checked against the function itself
where it can be computed. The projection describes how the margin behaves if RH holds. Read
through the reciprocal, it says that 1/M is positive and unbounded, and that its spikes grow like
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(a) 1/M for 10% < N < 10*3° (from the zeros, under RH) (b) the spikes of 1/M grow like y/loglogN

Most of the time 1/M sits between 7 and 15. Under RH, /M never turns negative but has no ceiling.
Now and then the waves of many zeros line up, 100 4 Its spikes grow extremely slowly: to reach 100, 100 at N ~ 10~(10°93)
254 M dips and 1/M spikes. The highest spike so far N needs about 10"93 digits. If RH failed,

is about 25, near N = 2.2¢29 (M = 0.0399). /M would eventually change sign.

80 1

60 1

50 at N ~10%(10%23)

401
33 atN ~10%(10"8)

highest value of 1/M so far

model: 10%-90% band

20 —— -
______ —— model: median record

--- law 10.4\logiolog N (large N)
5 = actual record of 1/M (zeros, logN < 10°)

0 20 40 60 80 100 120 1 2 5 10 20 50 100
logioN (number of digits of N) logiglogN

FIGURE 5. The reciprocal 1/M. (a) 1/M(N) for 10> < N < 10139, from the certified
zeros under RH: it stays between 7 and 15 most of the time and spikes when many
waves are in phase. (b) The record of 1/M against log;,log N: actual records for
log N < 10° (red), the median record and 10-90% band of the model (20) under RH
and LI (blue), and the law (21) (dashed).

Vioglog N, so that 1/M reaches 100 only for N with about 109 digits. If RH failed, 1/M would
eventually change sign.

6. THE WALK OF THE PRIMES AGAINST THE CURVE

Proposition 3.1 can be read as a geometric reformulation of the whole problem. Write P, =
(Ag, By) for the pair of prime sums at the prime power ¢, and

24, +
(22) Dy =2B;+ Ko — ®(uy), ®(u) = Su(logu — 1), Uy = qTCO =g+ O‘;q)

the last equality because Aq = 2,/q + a(q) — €. By (9), Dq is, up to |eg| < 31079, the value
of the local minimum of M attached to the block [g,¢’) when that minimum is interior. Every
local minimum of M on N > 2 is of this form (Proposition 3.1(3)), and a sign change of the
continuous function M, positive near N = 1, would happen at a negative local minimum. So RH
is the statement that the walk q — P, pushed forward one prime power at a time, never crosses
the fized curve 2B + Ky = @(%) beyond some point; D, is the height of the walk above the

curve (Figure 6).

6.1. The exact step.

Proposition 6.1 (the step of the walk). Let ¢ < ¢’ be consecutive prime powers, A = A(q')q'~ /2.

Then, for some & € (uq, ug ),

/ 2
q a(q) A
23 D, —D :2)\<log——210g(1+7>)——.
( ) q q q 2\/6 {
In particular the step is 2X log(q'/N}) + O(X?/\/q): the prime power ¢ lowers the floor when it
arrives before the pending minimum Nj, and raises it when it arrives after; and no single prime
power moves the floor appreciably: the first inequality below holds for every q¢ > 10° with |a(q)| <
¢/t (true throughout the computed range), and the second under the same hypothesis for 10° < q <
/ 18

210gq'( q ]a(q)]—l-l)SQIOgQUQ(Q)H‘Q).

Dy — D,| <
Dy — Dyl p
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Proof. Ay = Ag+ A, By = By+Alogd', uy = uq—l—%. So Dy —Dg = 2Xlog ¢’ — (@(uq—i—%)—@(uq)),
and by Taylor with ®'(u) = 8logu, ®”(u) = 8/u, the bracket is 4\logu, + A\?/¢. Now 2logu, =
log g+ 2log(1 + g(—jq)), which gives (23); and 2logu, = log N + O(u,®) by Proposition 3.1(3). The
first inequality follows from (23), A(q') < logq/, log(1+v) < v for v > 0, —log(1 — z) < = + 22 for
0 <z < 3 (withz = |a|/2,/g the excess in 2| 10g(1+20‘W)| over |a|/,/q is at most a?/2g < 1/(2,/7)),

and A\2/¢€ < 2)- 0.008/,/q. The second needs log(¢'/q) < ¢ Y2, that is a gap ¢ — ¢ < \/q between
consecutive prime powers: the maximal prime gaps are below 1500 < ,/q for 2.25- 106 <qg<4-10"8
and at most 148 < 103 < /g for 10° < ¢ < 2.25-10% [OHP]. We also used that log g/,/q decreases.
Beyond 4 - 10'® a gap below V/q is not known unconditionally, and we do not claim the second
inequality there; between 102 and 4 - 10'® the hypothesis |a(q)| < ¢'/* is outside our computed
range and remains a hypothesis of the statement (it would follow from an explicit bound for ¢ (t) —t
of Biithe’s type by partial summation, which we have not carried out). O

Identity (23) was checked against the exact D, over 105-long stretches at ¢ ~ 105, agreeing to
1.9 - 10~ the largest single step there is 1.6 - 1075, falling to 9 - 1078 at ¢ ~ 10% and 3.3 - 1079 at
q ~ 10°. The two terms of the step are the two clocks of the problem: the gap log(q’/q), what the
primes do, against a(q)/,/q, where the running account stands. Their accumulated difference is
—2 [‘adlogz (Section 3), so no individual prime matters and only the area under the slope does.

6.2. What it takes to cross.

Proposition 6.2 (local crossing bound). Let © < y and suppose M changes sign in [x,y], with
M(z) > 0. Then

max a(t) > M,

t€[z.y] 2log(y/x)
and the mazimum is attained at a prime power of [x,y| or at t = x. Moreover a(t) — a(x) depends
only on the prime powers in (x,t]: a(t) —a(x) = .- A(n)n=2 = 2(v/t — V).

Proof. With m(L) = M(e"), m' = —2a(e!) + (L) and 7, > 0 (Section 3), so for L € [logx,logy],
m(L) > m(logw) — 2(L — log ¥) max(, , o > M(x) — 2log(y/x) max . If M changes sign the left
side is < 0 somewhere. Between prime powers a(t) = A — 2/t + % decreases, and it jumps up at
each prime power, so its maximum on a closed block sits at a prime power. ]

TABLE 2. What a first sign change in a dyadic block [z,2z] would require,
from Proposition 6.2 with the verified lower bounds for M(z): a surplus a >
M(z)/(2log?2), i.e. about ay/z/log x prime powers above the smooth count, present
at some prime power of the block.

T 1012 1020 1027 10%9
M(z) > 0.0426  0.0481  0.0481 0.0341
needs o > 0.031 0.035 0.035 0.025

extra prime powers 1.1-10% 7.5-10% 1.8-10'0 1.2.10%

Status: both propositions are proved, and they answer a natural question — can one added prime,
or one added zero, flip the sign of M? — precisely. A zero on the line only adds the nonnegative
window 4(1 — cosyL)/~?; an off-line zero flips the sign for large N, but that is RH itself; a single
prime power beyond 10° in the computed range moves the floor by less than 7-10~° (Proposition 6.1;
the largest step observed is 1.6 - 107°). Proposition 6.2 does not close the argument: the required
surplus, about 0.15 standard deviations of o (whose mean square is (log £)”(3) by Theorem 4.6),
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occurs in a positive proportion of blocks. The content is the exact bookkeeping: a sign change
cannot start in a block where the primes run behind their smooth count, and the surplus must be
present at a prime power, locally auditable through the second identity of Proposition 6.2. The
obstruction to converting this into a proof is the one of Theorem 20.1: the bound uses |a|, not the
identity A = p * log.

6.3. Anatomy of the close approaches. The walk has come closest to the curve at the record
minima of Section 5. Two complementary mechanisms show up, one in the primes and one in the
ZEros.

In the primes. At the record minimum near N = 34186454 (M = 0.042997, between the prime
powers 34 186 367 and 34 186 499), the surplus was assembled one octave earlier: on (8.5-10°, 1.7-107]
the weighted count of prime powers exceeds 2/x by +0.223 in the slope — about 49 extra prime
powers — while the neighbouring octaves run near balance (4+0.017) or behind (—0.193, —0.203).
The final descent is short: M crosses its mean 0.0924 for the last time at N = 3.09-107 and reaches
the record a factor 1.105 later, paying 2 [ adlogz = 0.0494 with « averaging +0.25 on the stretch;
the bottom is reached exactly when the surplus is spent: a = 0.0149 at the last prime power
34186367, and « vanishes at the minimum N* = 34186454.25 (the minimum is the zero of a,
Proposition 3.1). Figure 7(a) shows a from the primes against « = =23 sin(ylogz)/v from the
4520 certified zeros: the two are indistinguishable at this scale. At the next record, N = 1.056-10'!,
the primes (Proposition 2.8(2)) give 0.042686 and the zeros give 0.042689: the same event seen from
both sides, to 3-1076.

In the zeros. At every record the low-lying zeros conspire: of the first 20 phases cos(yx log N),
between 13 and 16 exceed 3 simultaneously (Figure 7(b)), the first 10 zeros carry 74-92% of
the depth 0.0924 — M, and the first 100 carry 99%. Independent phases would align like this with
probability of order 3714 ~ 10~7 per sample, which is the rarity that the rates of Section 5 quantify;
the next deeper conspiracies are predicted near N ~ 1010%,

(a) the height D, over the first prime powers (b) Dg for the 455 062 595 prime powers below 10*°
0.6
0127 014
0101 0127 T o
AN ar
0.0 1 ’ TLER l i '.'y‘ i
0.08 aETm I
T i
S & 0081 < ,f‘ ' v
0.06 - H i ‘ AR
0.06 i Gl
0.047 0.04 ©
closest approach 0.042997
0021 0.02 1 atq=34186367
0.00 0.00
10 102 102 10° 104 10° 108 107 108 10° 10"

prime power q prime power q

FIGURE 6. The walk against the curve. (a) The height D, of (22) over the first
prime powers: each prime power moves the point, down when it arrives before the
pending minimum N, up when after (23). (b) D, for all prime powers below 10'%;
the closest approach 0.042997 at ¢ = 34 186 367 is the minimum of M on [103,10'7]
(beyond 1010 the verified lower bound is smaller, 0.0426 near 1.06 - 10'1).
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(a) the surplus of primes behind the dip at N = 3.42 - 107 (b) the conspiracy of phases at three record minima

—— a(x) from the primes | 1 recor d
0.6 — afromthe 4520 zeros ‘

0.4 1 (‘ H "I Il"

U H ||“| | ‘

i ‘l! it ‘ .Jn"ll\'J'M Ilh
|‘lJI \‘ | ‘\‘ I L‘”ﬁ“ ‘,‘IUIL‘I‘ {‘“ulll\ JJ | ‘U‘]“‘ "‘! \‘HU“IALIL“J.‘

" IR RO YT Il e

s

o2 11 4"'” ”\ }‘ . | M‘ M ‘IIH h lf “} i I “"ir"‘w\l

LY L e
| :'" 1 | "\‘ l|' W‘l f-‘ '|J { -0.5 1

-0.4 r =n |
‘ =101 —e~ N=3.42-10" -m N=2.18-102° —A— N 1 1024

0.5 1
0.2

slope a(x)
cos(yklog N)

2 5 10 20 34.2 70 ’I234567891011121314151617181920
X (millions) zero number k

FIGURE 7. Anatomy of the record minima. (a) The slope « around the record at
N = 3.42 - 107, from the primes and from the zeros: a surplus of about 49 prime
powers accumulates on (8.5 - 105,1.7 - 107], the margin pays for it on the shaded
stretch, and the record sits where a returns to 0. (b) The phases cos(v log N) of
the first 20 zeros at three records: the dips are conspiracies of the low zeros.

7. THE MARGIN AS A ONE-SIDED MEAN OF THE PRIME-COUNTING ERROR

The attempt to push the verification beyond the computed range with explicit prime-counting
bounds fails, and it fails for a reason worth recording exactly. Let

Kn(t) = t_3/2(1—|—% log %), E*(t) = ¢(t)—t+log 2r+ L log(1—t72), B = 1+77E—7 log 4,

so that E* is the remainder of 1 against the full smooth model of the explicit formula, B =
2 p~! = 0.0230957. .. is the Hadamard constant of &, and le Kn(t)dt = log N exactly, since

—t=Y21og(N/t) is an antiderivative of K.

Proposition 7.1 (the margin as a weighted mean). For every N > 1, exactly and unconditionally,
N

(24) M(N):—2/ E*(t) Kn(t)dt —2Blog N.
1

Proof. All three steps are elementary. First, C(N) = 2 fl t)dt: by the antiderivative
above, qu Kn = 2¢7'/210g(N/q), so the right 31de is Z 4<N 2A( ) 1/2 log(N/q) = C(N), with
no boundary terms. Second, with S(t) = ¢t —log2mr — $log(1 — ¢~2), termwise integration with
f oL (1 + Llog(N/t)) dt = =L + N 12a§l°gN, = (2/{ + 3) for the k-th term of —3log(1 —
=) =33, t_%/k:, gives

N
2/ S(t)Kn(t)dt = 8VN + (2—510g2—210g7r— g) log N + Ko — 7(log N) :
1

the N~26=3 coefficients are %(l + i) = — , which is —7 term by term; the log NV coefficient

2
2a2 (2k+ )2?

uses Y _j~q m =1(2)+vg = 4—3log2—Z; and the constant uses D k1 k(4k+1)2 =8—3log2—
T 2

5 — 7 —2G, Which follows from the trlgamma value @Z)l(z) = 72 4+ 8, and comes out as exactly
Ko=-16+ %- —|— AG. Third, comparing with (1),

N
R(N)—Q/ S(t)Kn(t)dt = (—co—2+5log2+2logm+5) log N = (log 4m—vp—2) log N = —2Blog N.
1
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Since ) = S+ E*, M = R—C = =2 [ E*Ky — 2Blog N. O

Identity (24) was checked to machine precision against (1) for 1.5 < N < 10'® (ident.py). The

1

proof never mentions the zeros; the Hadamard constant B= > N materializes on the prime side

out of the digamma values at %.

Corollary 7.2 (RH as one inequality for one mean). Let ux(N) = @ le E*(t)Kn(t)dt, the
K -weighted mean of E*, so that M(N) = —2log N (ux (N) + B). Then RH holds if and only if
ur(N) < -B for all sufficiently large N,

and in that case —B — % < pug(N) < —B for N > 1, so ur(N) — — B one-sidedly. Uncon-

ditionally, ux(N) < —B + E(N)/(2log N) by Theorem 2.6, and the verification gives g (N) <
—B —0.0170/log N for 103 < N < 10% and pux(N) < —B up to 2.15-10%° (Figure 8).

Three remarks on what (24) says, and what it cannot do.

Where the weight sits. The measure Ky (t) dt has total mass log N, of which the interval [1,2] —
before the first prime — carries the share 1 — 272+ 0(1/log N), about 30%, and [1,4] about 51%;
the oscillation at height ¢ enters with density ~ ¢~/2 per unit. The mean is dominated by the first
integers.

The head start and the payback. On [1,2], 1» = 0 and the integrand is forced: that interval alone

contributes dlog N + 0.115 to M(N), with d = f12 S(t)t=3/2dt = 0.06344. Since the total drift in
(24) is —2B log N = —0.046191og N, the primes from 2 on must pay back at the exact asymptotic
rate d — 2B = 0.01725 per unit of log N — they must run, in this weighted sense, slightly ahead of
the smooth model forever — and RH is the statement that they never overpay: the accumulated
account px (N) + B reaches 0 from below at most.

Why explicit prime bounds are powerless here.  The sharpest explicit estimates of the
Y-remainder, such as |1(t) — t| < 094yt for 11 < t < 10" [Bu], give only |ux(N)| <
0.94(1 + log N) + O(1), which does not even keep px bounded; the criterion needs the signed

mean accurate to the absolute constant B = 0.0231. At N = 10'2 the gap is a factor of about 300.
This is the quantitative form of the obstruction of Section 20: positivity of M is a statement about
cancellation in E* at the scale v/, which no absolute-value estimate can see, and Theorem 20.1
shows that the structural inputs of the energy arguments do not suffice. We record (24) because
it compresses RH into a single one-sided inequality for a single weighted mean, with an explicit
classical constant on the other side.
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The weighted mean of the PNT remainder: u(N) » — B one-sidedly, B =1+ ¥ — llog 4n
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-0.03 RH: the curve may approach 0 but never touch or cross it
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: —— u(N) + B =—M(N)/(2log N), from the primes
-0.04 1 mean under RH: —0.0924/(2log N)
++ floor under RH: —0.1848/(2log N)
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FIGURE 8. The one-sided convergence that is RH: px (N) +B= —M(N)/(2log N),
computed from the primes up to 101°, against the mean —0.0924/(2log N) and the
extreme —0.1848/(21log N) allowed under RH. RH says the blue curve approaches
the axis from below and never touches it.
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PARrT 11

How random is the Mobius function?

8. THE MOBIUS SIDE: THE EXACT ANCHOR AND ITS SQUARE-ROOT REFINEMENT

Two facts frame this paper. The first is an identity, valid for every real x > 1:

(25)

>oud]| 3] =D md =1

d<z n<w dln

The summands have size x/d; the sum is always exactly 1. This is the Md&bius orthogonality
>_dn (d) = [n = 1] in its rawest form, and it is the engine of Legendre’s sieve. The second fact is

that the Riemann hypothesis is the square-root refinement of (25). Writing {y} =y — |y|,

(26)

o) = S u {2} =3 HD
d<z

d<z

and RH is equivalent to >, u(d)/d < x~1/2%¢ that is, to

(27)

d(zr) < xl/*Fe

(see [T, §14.25-14.27]; the equivalent statements for M (z) = >, ., pu(d) and for Y  pu(d)/d are
classical, and Franel and Landau [FL] recast them as the equidistribution of the Farey fractions).
The prime number theorem gives only ®(z) < xexp(—c(logz)3/57¢).

So the question “how far is RH?” has, in this language, a concrete form: how is the cancellation
in (26) organized, which parts of it can be proved, and exactly which part cannot? This paper
answers the first two questions with theorems and measurements, and the third with a precise
statement of the obstruction. The contributions, in order of appearance:

(1)
(2)

the z-smooth part of ® is bounded, by an elementary complete-sieve argument, and the
measurements locate the mass of the problem at the divisors d < x (Section 9);

the long-run variance of the truncated sum obeys an exact, positive-definite identity, diago-
nalized by Jordan’s totient (29); it identifies every constant observed in the data and shows
that the ged structure of p cancels 46% of the diagonal variance (Section 10); a decomposi-
tion of ®p into orthogonal primitive sawtooths, one per squarefree conductor, re-proves the
identity and becomes the main tool of the paper (Proposition 10.5);

the distribution of ®p is empirically Gaussian, out to 4.5 standard deviations (Section 11);
the Gaussian defect of the fourth moment has an exact anatomy (Section 12): it splits into
an intra-orbit part, computed exactly — with the closed law e4(p) = —(1 — p~*)/120 at
prime conductors — and a cross-orbit term X (D). We prove that the conductor-1 orbit
decouples completely (the classes carrying an integer frequency cancel identically in X') and
that X (p) = X(p—1) at every prime p, so the cross term moves only at composite squarefree
conductors; the proofs are real-space identities needing no regularization, confirmed in ex-
act rational arithmetic. Splitting X into four sectors by conductor multiplicities, we prove
the (3,1) and (2,2) sectors are O(D log* D) unconditionally, prove the exact jump law of
the (2,2) sector at the conductors 2p (Theorem 12.18), prove a parity sieve that annihilates
every sector term using an odd number of frequency slots of even conductor (Lemma 12.10),
and prove Xo11 < D3/2+0(1) __ the first unconditional bound on a sector with three distinct
conductors (Proposition 12.15). The spectral analysis then turns bounds into evaluations:
the pair sums collapse to O(r + s) cotangent sums with partial-L(1) coefficients and a
closed Euler-product law in the ladder family (Theorem 12.19, Corollary 12.21); the profile
sums obey a proved limit law with closed constants and conjectured supremum 6 — 27 /v/3
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(Theorem 12.22); and on every structure with £ < 2 or E an odd prime the sector means
are computed exactly as finite bilinear forms in L(1)-values with an L(2) kernel (Theo-
rems 12.27, 12.29 and 12.32: the decorated formula computes exactly the stratum E | k,
and the complementary generic stratum is a second bilinear form one level up, at conductor
r151E), so the conjecture X911 + X1111 = O(D) becomes, there, a cancellation statement
about L-values; the (2,1, 1) structure sum itself then factorizes into bilinear sums of twisted
truncated Euler sums against the L(2) kernel (Lemma 12.33), verified at two scales to 10~
and computed in double precision to D = 4000, where it grows like D%?3 — consistent with
the conjectured O(D), with X911/D = 4.1-107% at D = 4000. All four sectors are then
computed to D = 800 (Section 12.8): the conjectured object stays below 0.44 in absolute
value, and the growth of its absolute-value majorant indicates that, if the trend persists,
the quadruple sector cannot be bounded by absolute values alone, locating exactly what
kind of cancellation Conjecture 12.34 still needs;

(5) a precise statement of why none of this reaches the Riemann hypothesis (Section 22, placed
with the other walls in Part V).

The data reach z = 2- 107 for the full sum, D = 3-10* for distributions, 10® samples for the fourth
moment, and exact computations over the full period lem(1,...,D) for D < 18. Everything is
reproducible from the ancillary code. Part I carries the complementary, one-sided form of RH that
motivates this part: there, RH is the statement that a weighted mean of the prime-counting error
stays below the explicit constant —(1 + £ — %log 47r) for ever; here we study the Mobius side of
the same coin.

Throughout, By (y) = {y} — 3 is the sawtooth, u?(k) = 1 marks squarefree k, Jo(k) = k> [L(1-

p~2) is Jordan’s totient, and

Bo) = Y u@m (L), mon= Y A
= e

are the truncated sawtooth sum and the restricted Mertens sums; ®p(z) = >, p p(d){z/d} is
the plain truncation of (26). “Long-run” averages, written (-) = limy_, 7 fOT (+) dzx, exist because

dp is periodic with period lem(1,..., D). One convention is used silently throughout: every condi-
tionally convergent sum over frequencies is a symmetric (principal-value) limit, limy o Y <In|<U"
This is the convergence in which Bi(y) = >_,, ., e(ny)/(—2min) holds at every non-integer y, and
all the moment computations below inherit it.

9. THE SMOOTH PART IS TAME, AND THE MASS SITS AT THE LARGE DIVISORS

Lemma 9.1 (the z-smooth part is bounded). Fiz z > 2 and let P(z) =[]
to ®(x) of the d free of prime factors > z is

p<zP- The contribution

s.0)= 3 ua{}=aI[(1-3) ~#n<a: PE) =1} (@2 PE).

d|P(z) p<z
a periodic function of x with period P(z), mean 0, and |S,(z)| < 27(*)~1,

Proof. A squarefree z-smooth d divides P(z), and for x > P(z) all divisors of P(z) are < x, so the
sum is finite and complete; the displayed identity is (25) relativized to P(z) (Legendre’s formula).
Periodicity is that of each {z/d}; the mean of {z/d} over a period is § and 24 p(z) H(d) = 0 for
z > 2; the bound is £ - #{d | P(z)}. O
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Over a full period, sup|S.| = 1.514 (= %), 3.547, 8.659 for z = 7,13,19, far below the trivial
bounds 8, 32, 128 (Figure 9(d) shows a sampled range, on which the maxima seen are 1.37, 3.03,
5.46). Whatever is hard in (27), it is not the smooth divisors.

Lemma 9.2 (the pairing d <> pd). For any function g and any prime p,

Youldgd)= Y ud[g(d) — g(pd) Lpa<].

d<z d<z, ptd
Proof. A squarefree d is either coprime to p or equals pd’ with ptd', and p(pd') = —u(d'). O

Iterating over primes turns the M&bius sum into difference operators (I — 7T},) applied to the
kernel: the Euler product in operator form. Its statistical signature is visible in the data. Splitting
®(z) into octaves d € [27, 271, over 120 samples of x near 2 - 107: (i) every octave shows square-
root cancellation with the same constant, sd; ~ 0.22v/27 for all j < 22 (the constant is identified
in Remark 10.3 below as 1/v2r2 = 0.2251); (i) the octaves are not independent: Var(®) =
0.40 > y Var(octave j), with neighbouring octaves anticorrelated by as much as —0.56 — the pairing
of Lemma 9.2 seen as statistics; (74i) truncations ®p(x) stay negligible until D ~ z/30: the mass
sits at d < wx, the type II range, where {x/d} = x/d — k on (317, ¥| is piecewise smooth and each
block reduces exactly to short Mertens sums,

S woff} e & (D) ()]

xT x
a1 <4<y

Figure 9 shows all four facts. The reduction localizes the problem — RH is square-root cancel-
lation in smooth-weighted short Mertens sums at the top octaves — without solving any of it:
unconditionally those blocks are only known to be O(z exp(—c(log x)3/57¢)).

10. THE VARIANCE: AN EXACT, POSITIVE-DEFINITE IDENTITY

Lemma 10.1 (the Franel-Montgomery—Vaughan kernel; cf. [FL, MV]). For d,e > 1,

gt [ (5 m (%) ar= G

Proof. Both factors are periodic with common period de/g, g = (d,e), so the long-run average
is the integral over one period, and Parseval applies with absolute convergence: writing B (y) =
> nzo €(ny)/(—2min) (valid off the integers, a null set), the average keeps only the resonant pairs
n/d+m/e = 0, ie. n = kd/g, m = —ke/g with k # 0; such a pair contributes —1/(47%nm) =
g%/ (4n%k%de), and 2 k£0 k=2 = n%/3. O

Theorem 10.2 (the variance identity). For every D > 1,

(29 i & [ Bperas= L) yp) -y MO (e
0

12 7’ de
d,e<D

and V diagonalizes as a positive combination of squared restricted Mertens sums:

(29) V)= Y wm 2 m(2) = 0

k<D

Proof. (28) is Lemma 10.1 summed over d,e < D with weights p(d)u(e). For (29), insert Jordan’s
identity (d,e)? = 2_k|(d,e) J2(k) and exchange sums:

vo)= 3w (3 1Y,

k<D d<D
kld
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(a) o(x) = dg H(d){x/d} lives at the scale Vx (b) truncations at xo = 2 - 107: the mass sits at d = x (type II)
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FIGURE 9. The scales of ®(z) to 2-107. (a) ®/,/x is bounded in the range. (b)
Truncations: the mass sits at d < z. (c) Square-root cancellation with the same
constant at every octave. (d) The z-smooth part, bounded (Lemma 9.1).

and non-squarefree k contribute nothing, since no squarefree d is divisible by such a k and the inner
sum vanishes. For squarefree k, writing d = km with (m, k) = 1 (any other d has u(d) = 0) gives
> kja<p Md)/d = (u(k)/k) myx(D/k) by multiplicativity. Squaring removes the sign p(k)? =1 and
leaves (29). O

Remark 10.3 (the constants of the data). (1) The diagonal d = e alone gives variance
(6/7%)D/12 = D/(2w%) as D — oo: per squarefree term, 1/12; per integer, 1/(272), i.e.
standard deviation 0.22508 per term — the constant of Figure 9(c).

(2) The measured cy (D) = V(D)/D settles quickly: c(3000) = 0.33043, ¢y (10%) = 0.33138,
ey (10°) = 0.33111, ¢/ (2-10°) = 0.33114 — three stable digits from D = 3000 on. (Whether
limV(D)/D exists is not proved here; the identity (29) is exact at every D.) Taking

cy = 0.33114,
~ cyD
sd®p = 2 = 0.16612 Vv D,

against 0.2251v/D for independent terms: the ged structure of p cancels 46% of the di-
agonal variance, unconditionally. On the diagonal D = x the fixed-D law does not ap-
ply: ®(z)/+/x has root mean square ~ 0.17 (Figure 9(a)), which is the zero-sum con-

stant (2 27>0 lp¢’ (p )|_2)1/2 of Ng [Ng] (under RH and simple zeros), and ®,(z)/\/z =

(®(x) — 5M(x))/+/x has root mean square =~ 0.086, against 0.166 at fixed D. The agree-
ment of 0 17 with 0.166 is a coincidence of size, not an identification.
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(3) In (29), the top octave D/2 < k < D, where my(D/k) = 1 trivially, carries 81% of V(2-10°);
the top two octaves carry 96%. The small k, which carry the restricted Mertens sums at
large argument, are negligible unconditionally, since my(Y) — 0 by the prime number
theorem. The second moment at fixed D is, in this sense, completely understood without
any hypothesis.

The ged kernel is the aggregate view. The sharper tool, used for the rest of the paper, is to
group the Fourier frequencies of ®p by their reduced denominator.

Lemma 10.4 (class weights). Group the lifts of a reduced fraction u/q, (u,q) = 1: for every D > gq,
d D
Z p(d) _ 1(q) mq<—).
n u q
d<D, n/d=u/q
Proof. d = gm with (m,q) = 1, n = um, and p(gm)/(um) summed over m < D/q is the statement,

by multiplicativity. O

Proposition 10.5 (primitive decomposition). Group the frequencies of dp by their reduced de-
nominator. Then, exactly,

dp@)= Y w@m D)%), e =M Biw)

q<D a q tlg
q squarefree

where o4 is the primitive sawtooth of conductor q: its Fourier frequencies are exactly the u with
(u,q) = 1. Distinct components have disjoint frequency sets, hence are mutually orthogonal, and

PR 1 (/)
¢ = 2
0 124

which gives a second proof of (29): the variance identity is the orthogonality of the primitive
components.

Proof. By Lemma 10.4 the aggregated coefficient of the reduced frequency wu/q in dp is
pu(q)mg(D/q)/(—2miu); and o, as defined has coefficient 1/(—2miu) at u coprime to ¢ and
0 otherwise, by Mobius inclusion-exclusion over t | ¢q. The L? norm is Z(u7q):1(27ru)_2 =

A T (1 - 972, :

The identity was verified against sampling: at D = 3000, sampled variance 82.35 against
V(D)/12 = 82.61; the theoretical line fits from D = 300 to 3 - 10* (Figure 10). Positivity of (29)
has a one-sided consequence worth noting: any single k gives a free lower bound for the variance;
upper bounds for individual my, at large arguments are, of course, exactly the hard direction.

11. THE DISTRIBUTION IS EMPIRICALLY GAUSSIAN

With the second moment exact, the next question is the shape; this section is measurement,
not theorem. (For the distribution of the Mertens function M (z) itself, see Ng [Ng].) Over 10°
samples at D = 300, 3 -10° at D = 3000 and 6 - 10* at D = 3-10* (windows of = near 108), the
normalized ® p/sd is Gaussian to remarkable accuracy: skewness —0.003, +0.003, +0.006; kurtosis
2.992, 3.009, 2.986, each within 1.5 standard errors of 3; and the empirical tails follow the normal
law out to A = 4.5, where the probability is 7 - 1076 (Figure 14(a,b)). The symmetry is worth
a remark: the one-sidedness that the Riemann hypothesis needs in its margin form (Part I) is
nowhere in the distribution of @; it lives in the Fejér positivity of the explicit formula, not here.
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(a) the variance identity, verified (b) cy = 0.33114: the gcd cancels 46% of the diagonal (c) the k-spectrum: 96% in the top two octaves
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FIGURE 10. The variance identity. (a) Verified against sampling. (b) ¢y = 0.33114,
between the diagonal 6/7% and the moving measurement. (c) The spectrum of (29)
in k.

12. THE FOURTH MOMENT: ANATOMY OF THE (GAUSSIAN DEFECT

12.1. The resonance expansion. The method of Lemma 10.1 computes every moment. For the
fourth, define the Gaussian defect

T
(30) es(D) = lim ~ / Sp () de — 3<@)2.

T Jo 12
The subtracted term collects the Wick pairings of resonances — the count a Gaussian would give
— 50 e4(D) is what the genuine four-term resonances leave behind: tuples (n;,d;), n; # 0, d; < D,
with > ., n;/d; = 0 and no vanishing two-term subsum, weighted by [] u(d;)/(—2min;), plus the
lower-order corrections from coincident pairings. The excess kurtosis measures e4. By Lemma 10.4,
every four-term resonance class of reduced fractions (u;/q;) with Y u;/q¢; = 0 enters e, with weight
@yt 1L “ngf)mqi(D/qz')-

Regularization. Two conventions make this expansion precise. Since ®p is bounded and the
symmetric partial sums of the Fourier series of By are uniformly bounded and converge off the
integers, bounded convergence computes every joint moment as the limit of truncated frequency
sums, the truncations tending to infinity independently; at this stage the value is order-independent.
The expansion then groups the surviving quadruples into the classes of Lemma 10.4; within a class
the numerator sum is only conditionally convergent, and it is always evaluated in the symmetric
(principal-value) sense fixed in Section 8. The main theorems of this section turn out to need none
of this: they are proved in real space, as identities between long-run averages of bounded periodic
functions over a common period. The symmetric convention governs the class-by-class identities of
Remark 12.7 and the heuristic discussion; we do not claim a general interchange theorem for the
infinite sum over classes, and every assertion that ties class sums to the measurable quantities ey4,
I, X is backed by the exact full-period computations, which involve no limits at all.

Two structural consequences. (i) Classes containing an integer frequency cancel identically in X:
genuine such classes exist, with nonzero individual weights, at every fixed D > 6 — the conductor
multiset {1,2,3,6}, with witness % + % + % —1 =0, is live from D = 6 — but the conductor-1 orbit
decouples completely from the fourth moment (Theorem 12.4 below); the factor m; (D) — 0 makes
them small, the decoupling makes them irrelevant. (i) The live classes need all ¢; < D, where
mg,(D/qi) = 1+ O(g;/D) gives no damping; clearing denominators then forces the multiplicative
matching of Proposition 12.2 below. The sign p(q1)-- - p(gsa) is +1 whenever every prime divides
an even number of the conductors, though not always (a prime may divide exactly three: the
multiset {2,6,6,6}, with witness —% + % + % + % = 0, carries sign —1); the real damping is that the
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numerators live on a rank-3 lattice of covolume =< D, so the weights 1/(ujususus) suppress every
class. This is the structural reason to expect the non-pairing resonances to total far less than the
trivial O(D?) scale of the expansion (two of the four conductors free, each < D).

12.2. The intra-orbit part is exact. The decomposition of Proposition 10.5 splits the Gaussian
defect into the intra-orbit defects, which are exactly computable, and the cross-orbit resonances:

(31) eq(D) = Z 12 (q) mq<lq)>454(q) + X (D), eq4(q) = <0§> - 3<0§>2,

q<D

1(D)

where X (D) is defined by this identity — so it is as rigorous as e4 and I — and, in the resonance
expansion, collects the quadruples of frequencies from at least two different conductors. Each e4(q)
is a finite rational computation: o, is piecewise linear with nodes on %Z and slope »_,, pu(t) = g =
1], so its moments are finite sums. The first values are

es(1) = — 35, €4(2) = — g, €a(8) = —533. () = —35s,  €(6) = — 555,

all negative. For prime conductor there is a closed law with a pleasant proof.

Lemma 12.1 (prime conductors). For ¢ = p prime, o, is the discrete uniform variable on the p
equally spaced values %, 0<j<p, and

calp) = g5 (1 77%).
Proof. Write y = (j + u)/p with j uniform on {0,...,p — 1} and w uniform on [0, 1), independent.
Then o,(y) = Bi(y) — %Bl(py) = j‘FT“ -1- u;% = %: the continuous part cancels. The
moments of the symmetric discrete uniform give (JZ%) = (1 —p~?)/12 and, with (25 +1 —p)t=
p(p? — 1)(3p? — 7)/15, the stated e4(p). O

The law was also confirmed to 10717 for all primes up to 1000 by the finite algorithm.

12.3. The measurement, split exactly. With /(D) computed exactly and the fourth moment
known exactly for D < 18 (full-period computation) and to high precision at D = 100 (10® samples)
and D = 1000:

D 6 10 12 15 18 100 1000
es(D), eq. (30) —0.0181 —0.0253 —0.0336 —0.0327 —0.0411 —0.2405(38) —1.60(74)
I(D) (exact) —0.0150 —0.0210 —-0.0293 —-0.0429 —0.0512 —0.2751 —2.679
X(D) —0.0031 —0.0043 —-0.0043 +0.0102 -+0.0102 +0.035 +1.1(7)

Three facts stand out. (i) The intra part dominates and is exact; numerically I(D)/D — —0.0027,
and in the normalized units D x (excess kurtosis) = 144 e4/(c, D) the intra part alone is —3.5; the
measured total is —2.61 at D = 18, —3.07 at D = 100 and —3.34 at D = 800, so the cross part,
about +0.5 at D = 100, shrinks in these units and the total drifts towards —3.5, not towards a
constant —3 (Figure 14(c)). (4i) X is piecewise constant in D and moves only at composite squarefree
conductors. This is now a theorem in full: nothing can move at non-squarefree D (a new conductor,
or a new term m with p(m) # 0 in a weight my(D/q), requires D = gm with g, m squarefree and
coprime, so D squarefree), and X (p) = X (p— 1) at every prime p (Theorems 12.4 and 12.6 below).
(i7i) X changes sign, exactly: at D = 15, where X (15) = % = +0.01015...; and it stays
minute against the trivial O(D?) scale of the resonance expansion — X (1000) = +1.1(7).
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12.4. The prime-conductor cancellation. The constancy of X across prime arrivals has a com-
plete and elementary proof, and — unexpectedly — it needs no regularization at all: everything
below is an identity between long-run averages of bounded periodic functions over a common pe-
riod. Three ingredients: the valuation lemma, which is the p-adic skeleton; a one-line unit-interval
lemma, which decouples the conductor-1 orbit completely; and the disjointness of Fourier supports.
Call a zero-sum quadruple of reduced nonzero frequencies genuine if no two-term subsum vanishes.

Proposition 12.2 (valuation lemma). In any zero-sum quadruple of reduced frequencies u;/q;,
every prime divides either none or at least two of the conductors g;.

Proof. If p | ¢1 and p 1 g2q3q4, the p-adic valuation of u;/q; is negative and that of the other three
terms is > 0; the sum cannot be 0. ]

This is the multiplicative matching made precise: cross-orbit resonances require conductors that
share their primes in pairs, which is why only composite conductors can couple to older ones in a
new way.

Lemma 12.3 (unit-interval lemma). For squarefree ¢ > 1 the function x — o4(x/q) is constant on
every interval (j,7 4+ 1), j € Z. Consequently, for any function g of integer period that is constant
on unit intervals — in particular any polynomial in such o’s, with any conductors > 1 —

g(k) =0 for every integer k # 0, <31 ()™ g(x)> = <B{"> (g) (m >0).
Proof. oq(z/q) = >y ,(1(t)/t)B1(tz/q) jumps only where tx/q € Z, i.e. at multiples of the integer
q/t, and its slope is %Zth p(t) = 0 for ¢ > 1. If g has period L and value g; on (j,j + 1), then
G(k) = $3009 [T e(—ka)dz = 0 for 0 # k € Z, and (B{"g) = + Y, g; [y Bi(t)™ dt
{9)(BT").
Theorem 12.4 (the conductor-1 orbit decouples). Write dp = m1(D) B + Yp with ¥p
> 1<q<p (@) mg(D/q) og(z/q). Then

Ol

(Bh) =mi (BY) +6m? (B (Wh) + (wh),  (Bh) = TL+ (v},

hence
ea(D) = my(D) ea(1) + ((wh) —3(¥3)?),

and X (D) does not depend on mi(D) at all: the resonance classes containing an integer frequency
contribute nothing to X in total.

Proof. Up and its powers are constant on unit intervals (Lemma 12.3), so every mixed term splits:
<Bj‘lf(]’3> = (B{)(VY)), which vanishes for a = 1,3 and equals 75(¥Y%) for a = 2. In ey = () —
3(®%)? the terms 6m? - 5 (%) cancel exactly, leaving m{(g5 — 1) = mfes(1) plus the pure ¥p
defect. Since the ¢ = 1 term of I(D) is exactly mies(1), the weight m drops out of X =es—1. [
Remark 12.5. The cancellation is also exact per conductor multiset: a single multiset involves
finitely many fixed functions, so the bounded-convergence expansion applies to it alone, and
Lemma 12.3 gives (B{ oy, ---0q,) = (B{)(0q, ---0g,). For instance, the symmetric family sum

of {1,2,3,6} (witness 1 + 2 + 1 — 1 = 0) vanishes, as direct summation confirms.
Theorem 12.6 (prime arrivals leave X unchanged). X (p) = X(p — 1) for every prime p.

Proof. When D moves from p — 1 to p, the only coefficients of the primitive decomposition that
change are mi(D), which jumps by p(p)/p, and the new ¢, = pu(p)mp(1l) = pu(p): a new term in
mq(D/q) requires ¢gm = D with p(m) # 0, which at D = p forces ¢ € {1,p}. The change in
mq is invisible to X by Theorem 12.4. Write ¥ = W¥,,_; for the unchanged part; every conductor
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in ¥ is < p — 1, hence coprime to p. The Fourier support of o,(z/p) is {u/p : p { u}; the
supports of U, W2 U3 are contained in the fractions with denominator coprime to p (sumsets of
the W-frequencies); the support of ag lies in 1Z. All functions here are bounded and piecewise
polynomial with a common period, so their Fourier coefficients are square-summable and Parseval
applies. Then (0, V) = (6,¥3) = 0 (a reduced denominator equal to p never equals one coprime to
p: Proposition 12.2 in L? form) and (ag’\I/> =0 (%Z meets the support of ¥ only in the integers,
which ¥ does not carry). Therefore adding c,0, changes e4 by

ey oy B°) + 663 (029%) — (02)(1) + 4¢3 {o0) + clea)
and I by cﬁ&;(p), so AX is the three mixed brackets. The first and third vanish as above. For
the middle one, the supports of ag (C %Z) and ¥? (denominators coprime to p) meet only in the

integers — and both functions are constant on unit intervals, so by Lemma 12.3 neither carries any
nonzero integer frequency: (02¥?) = (02)(¥?). O

Remark 12.7 (the frequency-space view). Class by class, the same cancellations read as principal-
value identities, which we found first and record for their own sake. A pair of conductor-p frequencies
summing to an integer k # 0 carries the factor

Tp(k):u;é;pfu(pﬂf—u pk Z (u pk—u)zo

two negation-symmetric harmonic sums), and a triple of them summing to N = pk carries U,(N) =
p
iy tustus=N. Mui 1/(uyugus), Which also VanisheS' fixing us and using partial fractions with the

classical ), _. » 1 /n=7=I cot T4 gives i N ) cot ”“3, and the sum over uz pairs the resulting

TWN=w) . op T (The restriction

Y cot? T2 agalnst its reﬂectlon Wlth the opposite sign, by cot
to genume quadruples is vacuous in both: a vanishing two-term subsum would force &k = 0 or p | u;.)
These identities hold in the symmetric limit of Section 8; the real-space proof above is what makes

that limit, and the bookkeeping it would require across infinitely many classes, unnecessary.

The exact computations confirm the theorems and sharpen the picture. X (D) =0 for D < 5
(no composite conductor yet); the first nonzero value of the cross term is the exact rational X (6) =

3§ 1> and across every prime arrival in range X indeed does not move:
X(7)=X(6)=—5;,  X(11) = X(12) = X(13) = — 24T = —0.0042864198,
X (15) = X(18) = X (19) = +0.0101519799.
The composite arrivals move it: AX = —ﬁ at 6, _253W at 10, —ﬁ at 14, % at 15, —%
at 21 and — e 2T at 22. The first three are ezactly —(p*> — 1)/(32p*) for the conductors 2p,

p = 3,5,7— and the out-of-sample test at p = 11 refuted that law, AX(22) = —0.00195. .. against
a predicted —0.00026. When we first found this we recorded it as a caution against single-family
formulas; the sector decomposition of the next subsection turns both halves of the experience into
theorems: the law is exactly true, at every prime p, for one of the four sectors of X, and the
correction at p = 11 is the other three sectors switching on, each by an exact, explained amount
(Theorem 12.18). Only composite conductors drive X, exactly as Proposition 12.2 prescribes.

12.5. The four sectors of the cross term. Grouping the four frequencies of a resonance by
the multiplicities of their conductors splits X into four sectors, each an exact and finite object.
Throughout this subsection o, abbreviates o4(z/q), all conductors are squarefree in (1, D], ¢, =

w(q) mq(D/q), and Cov(f,g) = (fg) — (f){9)-

Proposition 12.8 (sector decomposition). For every D,
X(D) = X31 (D) + XQQ(D) + X211(D) + X1111(D),
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X31 =4 g cgcr <O‘20’T>, X909 =6 E c c Cov( a 02)
qF#r q<r
Xo11 =12 E g 2 2CrCs (0 0r05> X111 =24 E CqCrCsCt (040r0501),
r<s q<r<s<t
r,$#£q

and each average is a finite exact computation over the common period of its conductors.

Proof. Expand (¥%) multinomially over the orbits and subtract 3(¥?% )2 = 30>, cqu)Q, vg =
(o >; orthogonality kills nothing here but pairs the Wick term GZq < Cq quUr with the two-pair
moments, producing the covariances, while the all-equal terms give >, q(< 3> - 31}3) = I(D) —
mies(1), which cancels in X = e4 — I by Theorem 12.4. O

Lemma 12.9 (support and parity). (i) (o3

q
03 = 1—16 and Cov (o2, -) = 0: conductor 2 is inert in the (2,2) sector. (iii) For even squarefree q, o>

carries no half-integer frequency: its coefficient at & with 2§ odd sums 1/(uu') over u+u' = q& with
u,u’ odd units of q, and q€ = 3(2¢) is odd — an odd number is not a sum of two odd ones. (iv)
2
q’
the integers are blind by Lemma 12.3, and when (q,r) = 2 the half-integers are blind by (iii).

or) =0 unless r | q. (ii) 02 = F5 on unit intervals, so

Hence Cov(c2,02) = 0 unless ¢ and r share an odd prime: the common frequencies lie in ﬁZ,

Lemma 12.10 (the parity sieve). Let qi,...,qr > 1 be distinct squarefree conductors with multi-
plicities ey, ...,e; > 1. If Zi52|Qi e; 1s odd, then

< g%" Qk> = 0.
Proof. If no g; is even the count is zero and there is nothing to prove; otherwise L = lem(qi, ..., qx)

is squarefree and even, so 2 || L. Split the product into two blocks, one factor against the rest.
Both blocks are bounded periodic step functions, so Parseval applies with absolute convergence
(Cauchy—Schwarz), and the coefficient of each block at a frequency £ is an absolutely convergent
sum over the solutions of ) u;;/q; = & with every w;; coprime to its ¢; (Proposition 10.5: each o,
is supported on the reduced fractions of denominator exactly ¢;). The two blocks pair at opposite
frequencies, so every nonzero contribution to the mean comes from a resonance

ZZ =~ (uij, qi) = 1.

zljlq’

Multiply by L and reduce modulo 2. For even g; the cofactor L/g; is odd and so is u;;: the term
contributes 1. For odd ¢; the cofactor L/g; is even: the term contributes 0. The left side is therefore
= Zi:2| g €i (mod 2), odd by hypothesis, while the right side is 0. No resonance exists, and the
mean vanishes. (|

The sieve is the 2-adic mechanism of parts (iii)—(iv) of Lemma 12.9, promoted from supports
to full means: the prime 2 is the only prime with a single unit, so a resonance must use an even
number of frequency slots of even conductor. Applied to the sectors it halves the problem:

Corollary 12.11 (sector parities). In Proposition 12.8: every (3,1) term with q even and r odd
vanishes, so by Lemma 12.9(i) the (3,1) sector is supported on r | g with 2 | r whenever 2 | g;
every (2,1,1) term with r # s (mod 2) vanishes; every (1,1,1,1) term with an odd number of even
conductors vanishes. The (2,2) sector is untouched, its multiplicities being even.

Proof. Count the even slots: 3[2 | q] + [2 | r] is odd exactly when ¢ and r have opposite parity
— the case ¢ odd, r even is already void by Lemma 12.9(i), since then r 1 ¢, leaving 2 | ¢, 2 1 7;
2[2 | g|+[2 | r]+[2 | 5] is odd exactly when r # s (mod 2); > .[2 | ¢;] odd is the stated condition. [
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the means (020,0)

4327 q
with r #Z s vanish identically while the all-odd <015021035> = % and <0'50'30'15> = 1125 do not;
and the first admissible quadruple, {2, 6, 10, 15} at D = 15, carries three even conductors and dies,
(0906010015) = 0, while (o906010030) = 1200 lives with four. Across the complete term lists
to D = 800 (ancillary xsectors.py), no multiset violating the parity condition carries a nonzero

mean. The sieve also re-proves, in one line, the two vanishings of Proposition 12.16 — <0'p0'§’p> and

The corollary is sharp in every clause: (ogos) = 0 while (0309) =

<020po'%p> each use three even slots — and several entries of the kill list in Theorem 12.18.

Lemma 12.12 (the coefficient bound). For squarefree ¢ > 1 and 0 # £ € %Z, the Fourier coefficient

of o2 at & equals —fq(qf)/(47r2), where, with absolute convergence,

~ 1 27 ma
Ty(N) = Z T = Na Z cot —, Ry(N)={amodgq: (a(N —a),q) =1},
utu' =N q a€Ry(N)

and |T,(N)| < 4(1+log q)/|N|.

Proof. The coefficient is the convolution of the coefficients of o4, and >, 1/(|u||N —u]) < co. The
iilvolution u — N — u preserves the index set and swaps the partial fractions ﬁ = %( % + %), SO
Ty(N) = £ limy > juj<v 1/u over the set (the involution maps the window |u| < U to |[u— N| < U,
at a cost O(N/U) — 0), which is 5 ZaeR Zeot TEDY 30— () 1= 7 cot 7*. The bound follows

from cot z < 1/z on (0,7/2): 32971 | cot 7:1“\ S %(1 +logq). O
Theorem 12.13 (two sectors are tame). Unconditionally,
| X31(D)| < D(log D)(loglog D)®, | X92(D)| < D(log D)?(loglog D)*.

Hence X(D) = X911(D)+X1111(D)+0(Dlog* D): the sectors with at most two distinct conductors
obey the conjectured bound up to logarithmic factors, and Conjecture 12.34 reduces, up to those
factors, to the sectors with at least three distinct conductors.

Proof. For X3i: by Lemma 12.9(i) the sum has < 3 .pd(q) < DlogD terms, each at most

leql*ler| - llogll3({og)(o7))/? < (loglog D) by |loglle < 51T,4(1 +p7") and |eg| < ¢/¢(q). For
Xog9: by Lemmas 12.9 and 12.12, for g = (q,r) > 2,

2| < Z 4(1+1loggq) 4(1+logr) — 2¢(2) g*(1 +logq)(1 + logr)

| Cov(c2,0 = ,
! Ar2q|¢] Am2r(¢] m qr

O;égeéz

and summing ¢%/(qr) over q = gq1,7 = gr1 < D gives > g<D (anD/g 1/n)2 < D, so the weighted
total is < D(log D)?(loglog D). O

The same spectral method reaches into the (2,1,1) sector. The key is the analogue of
Lemma 12.12 for a pair of distinct conductors.

Lemma 12.14 (the pair-coefficient bound). Let r # s be squarefree conductors > 1, g = (r,s),
r1 =1/g, s1 = $/g. The Fourier coefficients of o,.(x/r) os(x/s) are supported on the & whose reduced
denominator is divisible by r1s1 and divides gris1; at any § # 0 with rs& € Z the coefficient equals
—W,.5(€)/(47?), where

2(1 4+ logrs)(r+s)
rs ||

W,.s(&) = Z uiv (absolutely convergent), W, s(&)] <

u/r+v/s=€
(u,r)=(v,s)=1
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Proof. The coefficient at £ is the convolution ), Jrtv)s=¢ ﬁ . ﬁ, and the sum converges abso-
lutely because v = (rs{ — us)/r grows linearly in u. The support: for a prime p | r; we have p { us
and p || r, so p survives at full power in the reduced denominator of u/r + v/s, and symmetrically
for s1; all denominators divide lem(r, s) = gris;. For the bound, put N =rs& = us+vr € Z\ {0}
and use the partial fractions % = % (5 + %) The solution set is a union of residue classes modulo
rs in u (the congruence us = N (mod r), the condition (u,r) = 1, and the condition (v,s) = 1 are
all determined by u mod rs), and v runs over a union of classes modulo rs as well. Evaluating each
half in symmetric windows — the window |u| < U transports to a window in v centred at N/r,
at a recentring cost O(N/(Us)) — 0 — the classical >, _, (M) - = g7 cot 77 and M |cot 2| <

%(1 +log M) give | S 1/ul, | 32" 1/v] < 2(1 +logrs), hence |[W| < 2(1 + logrs)(r + 5)/|N| O
Proposition 12.15 (the (2,1, 1) sector is O(D3/2+°MW)), Unconditionally,
| Xo11(D)| < D*?(log D)"/? (loglog D).

Proof. A term (g;r < s) of X911 is nonzero only if r1s1 | ¢, where g = (1, 8), 11 =1/g, s1 = s/g:
the support of 0,05 sits over denominators divisible by r1s; (Lemma 12.14) and the support of
02 over denominators dividing q. Write ¢ = r1s1h and E = (g, h); the parametrization (g, <
s1,h) — (g;r,s) is injective, and the constraints are gs; < D, r1s1h < D. Each term carries two
bounds. Trivial: [(o30,04)| < ||ogll2\/0rvs < 7 := C’(loglogD)2 by [[ogllec < %Hp‘q( +p~1) and
vg < 1—12 Spectral: the common support of 03 and 0,0, lies in e EZ so by Parseval, Lemma 12.12

at ¢¢ = hk/E and Lemma 12.14 at rs¢ = ¢g?k/E (writing £ = k/(r1s1E), k # 0),

(1+logg)E (1+logrs)(ri+s1)E o E%(r1 + s1)
- < C(log D)2 =L 50
U 0,05)| Z 2hlk] 272K < C(log D) hg

k0

where (r+s)/(rs) - r1s1E = (r1 + s1)E/g was used. Since |cle,cs| < (loglog D)*, it remains to
sum min(7, S) over the parameters. Fix (g,71,s;) and sum over h = Eh, E | g:

Z min(T, Clog2DE(Tlﬁ+sl)) < Zmin(T TliE’ Clog?’DE(rl;_Sl)) < d(g)\/7Clog® D @,

h<DJ(ris1) 9 Elg "y

using min(z,y) < /7y, in which E cancels, and (r; + s1)/(r181) < 2/r1. The number of ad-
missible s; is at most min(D/g, D/r1), so, with the per-term logarithms absorbed into £ =
(log D)*/*(loglog D)°),

) £ Tt [2 5 win(2.2) s 22 St [0 e 40,

,
9<D - <D g n 9<D g<D

and » . pd(g)/g < log? D: collecting powers, |Xo11| < D%?(log D)3/?*2(loglog D)°M). (The
inner estimate: >, ., TII/Q(D/g) +D s _3/2D <4D/.\/g.) O

This is far from the conjectured O(D), but it is the first unconditional bound on a sector with
three distinct conductors, and the proof shows exactly where the loss occurs: the absolute values
surrender the sign of the cotangent sums in W, ;. The data below suggest the truth is very much
smaller.

The remaining structure is best seen in the data. In exact arithmetic (ancillary sectors.py):
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D 6 10 14 15 21 22

X31 +0.00617 +0.00712 +0.00636 +0.00810 +0.00840 +0.00727
X2 —0.00309 —0.00429 —0.00491 —-0.00045 —0.00059 —0.00084
X211 —0.00617 —0.00712 —0.00636 +0.01077 +0.01521 +0.01465
X111 0 0 0 —0.00826 —0.02155 —0.02156

X —0.00309 —0.00429 —0.00491 +0.01015 +0.00147 —0.00048

Two striking facts: X31 + Xo11 = 0 ezactly for all D < 14, so that below D = 15 the cross term is
the (2,2) sector; and the refuted 2p law lives entirely in X99. Both have proofs.

Proposition 12.16 (the 2p ladder). For every odd prime p,

) 2
2 oy _ P —1 2 _pr -1 3y P 1
Cov(o,,03,) 18t (020,09,) = 96 % (020%5,) = 1283
<Up03p> = <020p03p> =0, and in particular 4<UQU§P> - 3<J2012’J2p> =0

Consequently the joint (3,1) 4+ (2,1,1) contribution of the cluster {2,p,2p} equals

=)
12 cacp <020502p> (CI% — f),

which vanishes — for any value of co — whenever m,(D/p) = may(D/2p).
Proof of Proposition 12.16. On (j,7 4+ 1), 0 < j < 2p, the three functions take the explicit values

2(jmodp)+1—p (—1) _2j+1_2p+(_1)j_ﬂ

Op =Vj = 2]) y g9 = — 1 O2p = Wj = 4]? 4p 9

(the last from Bj(t 23;1) t | 2p). Each identity is a sum over j of a polynomial in j, (—1)7,v;, defined

by these formulas for every odd p; splitting j by the Chinese remainder pair (j mod 2, j mod p)
and applying Faulhaber’s formulas, each side, cleared of its fixed power of p, becomes a polynomial
in p of degree at most 24. The identities hold in exact arithmetic at the twenty-nine odd values
3 < p <59 (ancillary ladder.py, which also checks the value formulas against the true o,,02),
hence identically in p; specializing to odd primes gives the statement. ]

Lemma 12.17 (double-ladder orthogonality). For distinct odd primes r # p,
(0r02r0p02p) = 0.

Proof. On (4,7 + 1) write ¢ = (—=1)/ and p = j mod r. From j mod 2r = p+r 1_5(2_1)p, the value

formula of Proposition 12.16 splits as o9, = A,(p)+eB,(p) with B, (p) = 4—17, - (j)p, and o, = v,(p).
As j runs over 2rp consecutive integers the triple (¢, 7 mod r, j mod p) is uniform on the product
(Chinese remainders), so averaging the product v, (A, +¢eB,) v,(Ap, +eB,) kills the e-odd part and

factorizes the rest over the two independent residues:

(0r02,0p02p) = U Ar VR Ay + 0, By v, By,
Both one-prime means vanish: v,4, = (o ro’ or) = 0 by orthogonality, and v.B, = ﬁvT —
+ pr Ur(p)(—1)? = 0 since v, = 0 and > 7~ ( DP2p+1—r)=2-1 —l—(l—r)—Oforoddr.
The vanishing is special to the double-ladder structure: for instance (0306014021> 26 6 #0. O

Theorem 12.18 (the 2p jumps, proved and explained). At D = 2p, p an odd prime, the (2,2)
sector jumps by exactly

2
—1
2 02) = P for every p

62 CZP Cov(c,, 03, 32,1
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(cp = pu(p)my(2) = —% and cop = 1 at arriwal; no older conductor shares an odd prime with 2p, and
conductor 2 is inert). For p = 3,5,7 the joint contribution of the other three sectors does not move
— the individual sectors do move, as the table above shows, but their changes cancel exactly: every
new multiset involving 2p is annihilated by Proposition 12.2, Lemma 12.9, Proposition 12.16 or
Lemma 1 2.17,1 except the cluster pair, whose total vanishes by the cluster identity with the relation

my (D/p") = 5, valid for every live odd prime throughout D < 14. Hence

p—1

—32pt
From D = 15 the weight relation breaks (m3(5) = =, m5(3) = ), and at D = 22 the other

sectors move through the new term —3 in ma(11), by the ezact amounts —% (sector 31),
ST (211) and — ez (1111):

"~ 67795150500

112—-1 7198 44110277
T 32-11% 4244625 22598383500
The law, its three exact successes, and its failure at p = 11 are thereby explained term by term.

AX(2p) =

exactly, for p=3,5,7.

AX(22) = —0.0019519218. ..

Proof. The (2,2) statement: the new pairs at D = 2p are {2p,q}, ¢ < 2p, and Cov(agp,ag) =0
unless ¢ shares an odd prime with 2p (Lemma 12.9), i.e. ¢ = p; older pairs can move only through
c2 and cp, but conductor 2 is inert and no older pair involving p has a partner sharing the prime

p. The weights at arrival are m,(2) = 1 — % and mg,(1) = 1, giving 6 - i : (_228;41)‘ For the
other sectors at p < 7: a new non-(2,2) multiset uses 2p and, by Proposition 12.2, must contain
p or a second even conductor. The complete list of multisets surviving Proposition 12.2, and its
fate: {p,2p,2p,2p} and {2, p, 2p, 2p}, zero by the vanishings of Proposition 12.16; {2, 2, p, 2p}, zero
since 03 is constant and (0,09,) = 0; the cluster pair {2,2p,2p, 2p} together with {2,p,p,2p} —
jointly 4c§’p02(agag’p> + 12612,0202},(020%02},), which vanishes at C]% = %C%p; the multisets {q, ¢,p, 2p}
and {q, q,r,2r} with ¢ even (older, or ¢ = 2p itself) and r odd, which die because 02 carries no half-
integer and no nonzero integer frequency while 09, (resp. o,02,) is supported on denominators 2p
and 2 (resp. 2r and 2); and the double ladders {r, 2r, p, 2p}, r < p odd prime, zero by Lemma 12.17.
Reweighting of older multisets at D = 2p goes only through Acy, Ac, and Amy, the last invisible by
Theorem 12.4; below D = 15 the only nonzero older non-(2, 2) multisets are the clusters {2,p/,2p’}
— the older double ladders vanish by Lemma 12.17 — and the clusters are linear in ¢y and zero for
any co by the weight relation, while no nonzero older multiset contains p. The values at D = 22

are exact computations over the periods of the multisets (ancillary sectors.py). O

A prediction worth recording: the (2,2) jump law holds at every prime, so at D = 26 the (2,2)
sector must move by exactly —(132 — 1)/(32 - 131) = —33;, whatever the other sectors do.

12.6. The spectral law of the pair coefficients. The absolute values surrendered in Proposi-
tion 12.15 hide an exact structure, and it is worth recording, because it identifies what the pair
sums W, ¢ are: finite combinations of Dirichlet L-values at 1. Everything in this subsection is
elementary and exact; the quantitative question it opens is stated at the end.

Theorem 12.19 (collapse of the pair sums). Let r # s be squarefree conductors > 1, & # 0 with
N =rs€&€Z, and W, 4(€) as in Lemma 12.14. Then

W,s(&) = %[Zcot? + Zcot%b},

a€A beB

where

A:{a mod r: (a,r) =1, as= N (mod r), (v(a),s) zl}, v(a) = )
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and B is the mirror set mod s. In particular N W, 4(§) is an odd function of N mod rs; on
each stratum of fixzed (N,rs) it expands in odd Dirichlet characters of the corresponding quotients
(Corollary 12.21 is the cleanest instance); and W, at any frequency costs O(r + s) cotangent
evaluations instead of the O(rs) class sum implicit in the proof of Lemma 12.1}.

Proof. In the proof of Lemma 12.14 the solution set in u is a union of residue classes mod rs. But
all three defining conditions depend on u only mod 7: the congruence us = N and the coprimality
(u,r) = 1 visibly so, and the third because v(u+r) = v(u) — s, so the class of v mod s is unchanged
under v — u+r. Each class a mod r is therefore either wholly in or Wholly out, and contains the s

classes a+jr mod rs, 0 < j < s. The cotangent multiplication formula Z 0 Lot W(xﬂ) = ncot(mz),
applied with n = s and z = a/r, collapses each class:

s—1 .

w(a + jr Ta

Zcotw = s cot —,

; rs r

7=0
SO T oD e A mod rs COL 7:,“ = T 4cacot 7%, and symmetrically for the v-side. The solution set

negates under (u,v, N) — (—u, —v,—N) and cot is odd, so NW is odd in N; it depends on N mod
rs because A and B do, and the stratiﬁed character expansion follows by Fourier analysis on the
unit groups of the quotients. The identity is verified in exact structure against the residue formula
to 10713 across the structures of the ancillary wcollapse.py. O

Lemma 12.20 (cotangent sums are L-values; classical, cf. [Dav, §9]). Let x be an odd character
mod f (not necessarily primitive). Then

Z @)cot 5 = 2w,
s

(f)

where LY (1,x) = 3, <, x(n)n~! is the L-value of the induced character, i.e. L(1,x*) with the
Euler factors at the primes dividing f removed.

Proof. By the classical 3, _, ; % = % cot 5 (symmetric limit),

f Z (ot = > MO ) M a0,y

ueZ\{0} u>1
(u,f)=1

for odd y, the negative u contributing x(—1) times the positive. (I

So every coefficient in the character expansion of N W, s is an explicit partial L(1)-value. In the
2p-ladder family the whole expansion collapses to a single character and the law closes:

Corollary 12.21 (exact law in the ladder family). Let g be squarefree with (g,6) = 1, and (k,6) =

1. Then . o ()
W29,3g<6) = —Xs(gk’)\/ggkplg (1— » )7

where x3 is the odd character mod 3; that is, 3L(1,x3) = 7/+/3 times a mobile Euler product. The
identity holds to 1071° across the family (ancillary euler_law.py).

Proof. Here r = 2g, s = 3g, N = rs¢ = g°k. The u-side vanishes. The congruence as = N mod r
reads 3a = gk mod 2, which holds for every odd a; and for p | ¢, v(a) = (gk — 3a)/2 = —3a - 27!
mod p (since p | gk), a unit exactly when a is; and (v(a),3) = 1 since v(a) = gk - 27! # 0 mod
3 by (gk,3) = 1. So A is the full set of units mod 2¢g, which is symmetric under a — —a, and
the odd cotangent sums to zero. The v-side is a character. The congruence br = N mod s reads
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2b = gk mod 3, i.e. b = 2gk mod 3, one of the two unit classes mod 3; the condition (u(b),r) =1 1is

automatic by the same computation as above. So B = {b: (b,3g) =1, x3(b) = x3(2¢gk)}, whose
indicator on units is %(1 + X3(2gk)xg(b)). The principal half dies by oddness; the character half

gives, by Lemma 12.20,

_ T x3(20k) 2-39 ) _ 3x3(29k) _xs(p)
W= s = L) == L(txa) [T (1 ; ).
plg
and x3(2) = —1, 3L(1,x3) = 7/+/3 give the statement. ]

Two structural checks. For s = 2r the collapse reproduces W = 0 at the minimal denominators
(both A and B are then full unit sets, symmetric under negation) — the analogue, in pair form,
of the identity 7),(k) = 0 of Remark 12.7. And the sign and Euler structure of Corollary 12.21 are
visible in the data of Section 12.8: the means (020,05) in the ladder families inherit the character

q
twist.
the exact L-value law kW3, 5(k/15): odd and periodic mod 15 profile sums: measured vs provable
2.4 ® O 3y 1 - x:(p)p) 61 . o ° bibiio o w. ° 103 X proved cotangent bound X % ¥x ><§ é
© olo Flc ombitiation of ddd chara o measured I" = SIWkinsiENlK XXX 1 X X
®  + measured —x:(9) g Wa 35(1/6) ; Sg5-2 L] PV
4 © © 4 0 == 2 (K t d) = -® =
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FI1GURE 11. The spectral law. Left: the exact L-value law of Corollary 12.21 across
the family r = 2g, s = 3¢ (measured dots inside predicted circles; maximal difference
1.6 - 1071°). Centre: kW3 5(k/15), odd and periodic mod 15 — the odd-character
expansion made visible. Right: the profile sums ¥* (blue) against the proved cotan-
gent bound (gray) over 61 structures.

The profile sums, and where their supremum lives. For the application to Xs1; the relevant
quantity is the profile sum

s,y = 3 LB g,
k>1

through which [(020,0%)| < Cl;r)ifl) £3* The cotangent bound of Lemma 12.14 gives only £* <

(r1+s1)(logrs)E/g. A first scan of 61 structures stayed below 2.2 with the shape min(1, s1E/g) -
O(1) (Figure 11, right); a wider scan shows that 2.2 is not a uniform bound. The structures that
break it are the divisor pairs r | s taken at full depth E = ¢: since the terms of ¥* are nonnegative,
every partial sum is a rigorous lower bound, and

¥*(13,39,13) > 2.323, ¥*(211,633,211) > 2.3718.
These are not accidents; they sit on a convergent family whose limit the collapse computes exactly.

Theorem 12.22 (the limit profile). Fiz a squarefree m > 2 and let p — oo through primes p{ m.
Take (r,s,E) = (p,mp,p), sory = 1, s = m, g = E = p, and the sampled frequencies are
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& = k/(mp) with N = pk. Then for every fized k with (k,m) =1,
mweot(mk/m)  m

Wp,mp(;;) — Weo(k) == A R

while W = 0 when (k,m) > 1, and the profile sums converge to the limit profile

(k,m)=1

Form = 3 and m = 6 — the squarefree moduli with o(m) = 2 — the limit is closed and elementary:

2
S(3) =6— = =2.3724012..., X% (6) =12 — 237 = 1.1172038.....,

V3

and for m = 2, where the cotangent vanishes at every admissible k, % (2) = $((3) = 2.1035995. ..

Proof. With r1 = 1 the solutions of us + vr = N are mu + v = k with (u,p) = 1, (v,mp) = 1;
for (k,m) = 1 the congruence v = k (mod m) makes (v, m) = 1 automatic, so the conditions at p
delete only the solutions with p | w or p | v (when p | k only the first can occur), and the deleted
subprogressions contribute O,,((1 + log2k)/p) for fixed k by the trivial estimate. The limit sum is
evaluated exactly by symmetric truncation: from mu + v = k,

1 1,1 m

u(k —mu) k(u + k—mu)’
the odd part |, <y 1/u vanishes identically, and >, </ (k — mu)~t — (m/m) cot(rk/m) by the
partial-fraction expansion of the cotangent along the progression k + mZ; removing the excluded
term u = 0, which contributes m/k, gives Woo (k) = 7 cot(wk/m)/k — m/k%. For the sum over k,
the trivial absolute bound |Wp, 1y (k/(mp))| < > oo1s 1/|uv] <im (1 +1log 2k)/k holds uniformly in p,
so (1 +log2k)/k? is a summable dominant free of p, and splitting at k = p gives the convergence
of the profile sums.

For ¢(m) = 2 write ¢, = cot(m/m); the cotangent takes only the values +¢,,, and cot(wk/m) =
Xm (k) ¢ with X, the odd quadratic character mod m. The sign of W (k) agrees with xp, (k)
for every k except k = 1, where mc,, —m < 0 because m/(mwec,,) < 2 for m = 3,6 (and 4); hence
[Woo (k)| = xm(k)We (k) away from k =1 and

Y. (m) =men, Z — — mL(3,xm) + Q(m—ﬂ'cm).
(k,m)= 1

The classical evaluations L(3, x3) = 473/(81v/3) and L(3, xs) = (1+5)L(3, x3) = 7/(18v/3) make
the first two terms cancel ezactly,

mem C2) [J(1 = p72) = m L(3, xm),

plm
leaving X% (m) = 2m — 2w cot(mr/m). For m = 2 the cotangent vanishes at every odd k, so
Weo(k) = =2/k? and ¥5,(2) = 232, oaa b° = 1¢(3). -

The same cancellation evaluates the non-squarefree analogue formally, >, 44 |7 cot(mk/4)/k —
4/k?|/k = 8 — 27, and the identical computation for a general base pair shows that (gri,gsi,g),
g — oo through primes, has limit profile ), |W;, s (k/(r151))|/k — the base pair sampled at its

own minimal denominators; for the ladder base (2,3) this is (7/v/3) 2o (ke)=1k~ 2 =73/(9V3) =
1.9890535... by Corollary 12.21. The measured landscape organizes 1tse1f around these con-
stants (Figure 12): 3% (m) is maximal at m = 3 and decays in m (checked for m < 40);

the family values increase toward their limits (2.1235, 2.3162, 2.3681, 2.3717, 2.3722, 2.3724 at
g = 5,11,41,101,211,499 against 2.3724013) while staying strictly below them; and composite g
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only lowers the limit through its Euler factors (e.g. £*(385, 1155,385) = 1.91). We therefore record,
as measured evidence organized by Theorem 12.22:

2
Conjecture 12.23. sup X*(r,s,E) =6 — —,
(r,s,FE) \/g

a supremum approached along (g,3g,9), g prime,
and not attained.

A proof of any uniform bound ¥* < C would clean the logarithms of Proposition 12.15 but, by
the accounting of its proof, not lower the exponent 3/2; the exponent is guarded by the bilinear sums
> o1 F(k)G(k)/k? in which both factors are odd periodic functions with partial-L(1) coefficients —
one from ag through Lemma 12.12, one from ¢, through Theorem 12.19. The same bilinear forms
govern the quadruple sector through the pairings ((c40,)(0s0¢)). The two remaining problems of
this section are, in this precise sense, one problem.

Limit profile sums of the families (p, mp, p), p -« The family (g, 3g, g): monotone approach to the sup
2.5 6—27‘1/\3 conjectured supz " =6 —2n/ 3 =2.37240... 2.4 '---_6_:_2_r[_/\_§_:__2;?17_2_‘l()_];3 _
2204 — old measured bound 2.2
2.0
20 A B
= A
= 2 1.8
E 1.5 rﬁ:’ X
W 2161
1.0 W
1.4+
0.5 127
' —@— g prime
107 A A A g composite
0.0 T T T T T T . . .
5 10 15 20 25 30 10" 10? 103
m g

F1curE 12. The limit profile. Left: ¥} (m) for 2 < m < 30, with the four closed
forms marked; the maximum is ©*_(3) = 6 — 2/+/3. Right: the family ¥*(g, 39, g)
climbing monotonically toward 6 — 27/4/3 (dashed), past the old measured bound
2.2 (dotted); composite g (open triangles) stays below through its Euler factors.

12.7. The bilinear L-formula for the sector means. The spectral analysis so far produced
bounds. This subsection turns it into evaluations: an exact Parseval identity writes every (2,1, 1)
mean as a single sum over frequencies of two cotangent closed forms, a Jacobi-type factorization
diagonalizes the ag side in Dirichlet characters, and the collapse of Theorem 12.19 does the same
for the pair side — with the striking simplification that the pair coefficients separate by conductor.
The result, for the structures ¢ = r1s1, is a closed formula: the mean is a finite bilinear form in

L(1, x)-values with an L(2) kernel. No absolute values are surrendered anywhere.

Lemma 12.24 (the Parseval identity). Let q,r, s be squarefree, r # s both > 1, r1s1 | q, and write
g =ri1s1h, E = (g,h). Then, with absolute convergence,

oo = ks () )

Elhk
Proof. The ¢’s are bounded, so Parseval applies to the product of 0621 and 0,05 over the com-
mon period, and by Lemmas 12.12 and 12.14 the two coefficient functions are —7T,(g€)/(47?) and
~W,.5(€)/(472) on the common support & € ﬁz; each product coefficient is an absolutely con-
vergent convolution of square-summable sequences. Three structural facts assemble the sum. Both
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coefficient functions are even: (u,u’) — (—u, —u’) and (u,v) — (—u, —v) are bijections of the defin-
ing solution sets, so fq(—N) = fq(N) and W, 5(=¢) = W, 5(€) (in the closed forms, the oddness of
the cotangent sums cancels against the prefactor 1/N). Hence the two half-lines double and the sign
is (=1)%-2/(167%) = 1/(87*), with no convention left free. The & =0 term vanishes: W, 5(0) = 0,
because a solution of us+vr = 0 has u = —r1t, v = s1t, and any prime of r1 divides (u,r) — while
if r; = 1 then s1 > 1 (as r # s are squarefree) and any prime of s; divides (v, s); so the solution set
is empty. Absolute convergence: both closed forms decay like 1/N times a constant depending only
on the conductor, by Lemmas 12.12 and 12.14, so the terms are O(1/k?). The identity is verified
against the exact rationals of this section to 107! and, by independent quadrature, to 10718, O

Lemma 12.25 (the Jacobi factorization). Let g be squarefree and write Cy(N) = EaeRq(N) cot(ma/q),
as in Lemma 12.12. For every Dirichlet character x mod q,

S XN CN) = 5,(0) S0, Se0 =Y y(a)wt%“, 0= [I v ] 2.
Ne(zZ/q)>* (a,q)=1 . p;«‘équ szinO

where x = qu Xp s the prime factorization of x. Moreover Sy(X) = 0 for even x and S;(X) =
%L(q)(l,ﬁ) for odd x; consequently, for (N,q) =1,

Cq(N) X) L9 (1,%) x(N).

X odd

Proof. Since Cy(N) = }_, .cot(ra/q) over pairs of units with a + ¢ = N, and X vanishes on

non-units,
Y X(IN)Cy(N)= > X(a+c) cot— ZX ) cot °2 > x(+1),
N

a,c units t units

by the substitution ¢ = ta (the extension of X by zero makes the restriction to unit N auto-
matic). The t-sum factors over the primes of ¢ by the Chinese remainder theorem, and mod p it is
> uz1 Xp(u), which is —1 for y; nontrivial (orthogonality) and p —2 for X, trivial. The evaluation
of S, is Lemma 12.20; its proof uses only periodicity mod ¢ and the support (a,q) = 1, never
primitivity, so it applies verbatim to imprimitive (induced) characters — a fact the next lemma
needs. The factorization is verified for every character mod 15, 21, 35 and 105 to 8 - 10713, O

Note the factor p — 2 at p = 2: it is 0. For even ¢ every character mod ¢ is trivial at 2, so
Jg = 0 and all the coefficients below vanish — the parity sieve of Corollary 12.11, rediscovered by
the L-formula as the vanishing of a Jacobi factor.

Lemma 12.26 (the pair coefficients separate by conductor). Let r # s > 1 be squarefree, g = (r, s),
and sample at the minimal depth: N = g*k with (k,r1s1) = 1. Then the u-side solution set of
Theorem 12.19 is exactly

A(k) ={umod r: (u,g) =1, u= gksy (mod )},

i.e. the condition (v(u),s) =1 is automatic: v = gkT1 mod s1 is a fixed unit class, and vri = —us;
mod g makes (v,g) = 1 equivalent to (u,g) = 1. Consequently B(k) = kW, s(k/(r151)) is odd,
periodic mod r1s1, supported on (k,r1s1) = 1, and its character coefficients B(k) = >, byt (k)
vanish unless ¥ comes from a single conductor:

2ry 251
ge(r1) g(s1)

for odd .., Vs, , and by = 0 whenever both components of 1 are nontrivial.

by, x1 = Ur, (g57) L (1,9,,), bixy,, = e (971) L9 (1,9,),
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Proof. From us + vr = ¢%k: dividing by g, us; = gk mod r; fixes the unit class u = gk37 mod r;
v = (gk —us1)/r1 gives vr; = gk mod s; — a unit class, since (gk,s1) = 1 — and vry = —us; mod
g, so (v,s) = 1 reduces to (u g) = 1, already imposed. For the coefficients: C4(k) depends on k
only mod 71, so in by, = Tm Zk ( )(Ca+ Cg)(k) the sum over k£ mod s; annihilates C'4 unless
s, is trivial (orthogonahty) and symmetrically for Cp — whence the vanishing for mixed . On
the surviving characters, substituting v = gks; and summing over the class,

> i (k) = Ur (951) Y Uy (u cot7 %(gsn L1, 9,,),

k (r1) (u,r)=1

by Lemma 12.20 for the induced character mod 7, and the normalizations B = (7/g?)(Ca +
CB), ¢(ris1) = o(r1)e(s1) give the statement. All four coefficients at (r,s) = (21,35), and the
mixed-character vanishing at ¢ = 7 and g = 2, are verified to 10715 against the discrete Fourier
transform. O

Theorem 12.27 (the bilinear L-formula). Let r # s both > 1 be squarefree and q = r1s1. Then

1 4
<0'30'7«O's> = @ Z Gy bd) L(Q)(Q,X%ZJ)» Ay = T)JQ(Y) L(q)(LY%
X,¥ odd mod ¢ Ly

with by, as in Lemma 12.26: a finite bilinear form in L(1)-values with an L(2) kernel. (The
hypotheses are only these: q squarefree and (q,g) = 1 follow automatically from the squarefreeness

of r and s.)

Proof. In Lemma 12.24 we have h = E = 1: the sum is 8%21@1 A(k)B(k)/k?* with A(k) =

qu(k’) = (2n/q)Cy(k) and B(k) = kW, s(k/q). The frequency argument of the pair side is N =
rs-k/q = g°k, so gcd(N,r1s1) = ged(k,q) and B vanishes off the unit stratum — the non-unit
strata of A, which do not vanish, are killed by the pair factor at no cost On the units, expand
both factors by Lemmas 12.25 and 12.26 and sum: > 4 X¥( (k)/k* = LD (2, x1p). O

The formula is verified at machine precision (1078, independent exact quadrature) against the
exact rationals

<0150210’35> 55714255 <0'15030’5> 33757 <0’§0'30’15> = ﬁ, <U150’6010> 677507 <0’35010014> 428875,
the last two obtained from the formula and then identified; and at ¢ even it correctly returns 0
through J, = 0 (e.g. {(08010015) = 0). For h > 1 the argument N = hk of the coefficient sums
shares the primes of h | ¢ with ¢ at every k, so Lemma 12.25 no longer applies on the nose — but

its stratified form does, and the outcome is simpler than one could hope: the entire h-dependence

is a local decoration.

Lemma 12.28 (the stratified closed form). For squarefree q and every integer N,

q mCde(N _ _
G = Y () ot TN (=N (@), ) =0 (o)
7eq
pl(d.e)=p|N
with the convention cot(mc/m) := 0 when m | ¢ — a load-bearing convention, since such sin-

gular terms do occur on the strata below. Fach term is a single cotangent whose argument has
denominator d' = d/(d,e): c/[d,e] = (Ne)q/d', & =e~! mod d'.

Proof. Expand both coprimality conditions of Rq(NN') by Mébius, [(N —a,q) = 1] = 3_ 4 (n_q 4 #(d)
and [(a,q) = 1] = > jqq #(e); a pair (d,e) is compatible exactly when every prime of (d,e)

divides IV, and then a runs over the full residue class ¢4, mod [d,e]. The multiplication formula
> jmodn cOt(m(z + j)/n) = ncot(rz), with n = g/[d, €], collapses each class to one cotangent;
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a class through the integers contributes 0 by the odd symmetry of its fiber. Verified for ¢ =
15,21, 30, 35,105,210 at every residue N to 10712 O

Theorem 12.29 (the h-decoration). Let r # s > 1 be squarefree, P = r1s1, and ¢ = Ph squarefree
with E = (g,h) < 2. Then the bilinear L-formula of Theorem 12.27 holds verbatim with the single
change

A | X L _
a, — ay(h) = x(b) hg@ _ X;f’)) an = o O LD
ooy =gg S )by P2 ),

x,¥ odd mod P

The entire dependence on h is a character value, a factor 1/h, and Euler factors at the primes of
h.

Proof. Take E = 1 first. Ap(k) = qu(hk) = (27/(hq)) Cy4(hk) is periodic mod P (as hk mod Ph is
determined by k& mod P), and the pair factor still kills every & with (k, P) > 1, so only N = hj with
(4, P) = 1 enters. In Lemma 12.28 the compatibility forces (d,e) | h. Split &’ = d/(d,e) = d, dp
into its h- and P-parts: then ged(Ne, d’) = dj, exactly, the cotangent reduces to conductor d» with
argument b = (h/d},) j € mod d'5, and the inverse of Lemma 12.20 expands it over odd characters x’

mod dp with coefficients ﬂj?cl’l;)L(d%)(l,?). Parametrizing 6 = (d,e) | h, d = éd}d}p, e = de; and

summing the Mobius weights, each prime p | h offers four options — absent, in d, in dj, in e; —
whose weights 1+ X/(p)/p — x(p)/p — x'(p)/p collapse to 1 —x'(p)/p, while X' (h/d},) = x'(h)X/(d},)
supplies the prefactor x’(h); the primes p | P/d’, contribute (1—x/(p)/p). (Here and throughout, the
Euler-factor values are those of the primitive character: the induced character mod P would vanish
at p | P/d».) These factors assemble with L(@) into L(")(1, /) [T (1 — X'(p)/p), independently
of the conductor ¢ = d’p; and the sum over the admissible ¢ with f, | ¢ | P — on all of which x; is
odd, since x¢(—1) = x,(—1) — collapses by

Z u(t) _ plf) H (1_ 1 ) _ Jr(¥)

t -1 Py’
e el) N p ¢(P)
recovering the Jacobi factor of Lemma 12.25. The W-side coefficients by, involve only (r,s) and
never see h. For £ = 2: then 2 | ¢, and C; of an odd argument vanishes identically (all units mod
an even modulus are odd, so a + ¢ is even), so every frequency outside the E-lattice drops out of
the Parseval identity term by term and the £ = 1 computation applies verbatim after reindexing;
for odd F > 3 the extra strata are genuinely present, and the formula provably fails by exactly
their sum. 0

The theorem is verified at machine precision (10717, independent exact quadrature) against six
exact rationals spanning prime and composite A and both parities of E:

2 _ _ 353 2 _ 1 2 _ 1 2 _ 1 2 _ 499
(030021035) = ~ 330750 (01003015) = 2250 (05007035) = T 551257 (01502010) = 2250° (049015035) = T 463050°
with every character coefficient checked against the discrete Fourier transform (< 2-1071%). (An-
cillary: bilinear L.py.)

The E-stratification and the factorization of the structure sum. For odd E > 3 the frequencies k
with ged(k, E) > 1 survive on both sides of the Parseval identity, and the stratification closes there
as well. Throughout this subsection E' = p is an odd prime — squarefree g forces E squarefree, and
a composite squarefree E, two or more shared primes, iterates the same surgery once per prime
and is left open — and we write g = pg’, h = ph’; the pair-side frequency is N = (g%/p)k.
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Lemma 12.30 (the generic pair side). Let (k, PE) =1. Then

k

k W'rs (7
“\ris1 FE

0
) = 2| Cbr; gks1) = Clulpris g'ks) + Cla(sr: g'km) = Cly(pss; g'km) |,
where Cli(m; B) = 3 o=g (m), (at)y=1 cOt(Ta/t) and 31 denotes the inverse of s1 to the modulus of
its class (r1, resp. pri; mirror for 71). FEach class expands over odd characters Z mod m as
Cly(m;B) = ﬁ Y7 0aad Z(B) %L(t)(l,Z) : the pair coefficients of the generic stratum live at the
conductors r1, 81 — the class terms, the analogue of Lemma 12.26 — and at pri, ps; — single-class
corrections, the genuinely new E-terms.

Proof. In the collapsed form of the pair coefficient, the r-run is over (a,r) =1 with as = N mod r
and (v,g) = 1,v = (N—as)/r. With N = pg?k: r | as—N <= 1 |as1—g¢'k < a = g'k5 (r1),
and v = (¢'k—as1)/r1. Modulo ¢, v = —as;171 is a unit multiple of a, so (v,¢') =1 <= (a,q¢') =1,
which already holds: the ¢’-condition is free. Modulo p, v =0 <= a = ¢'ks; (pr1): the p-condition
deletes exactly the subclass mod pr; from the class mod 7. (Here, as in Lemma 12.26, the residual
condition (v, s) = 1 reduces to (v,g) = 1: v = N7 is a fixed unit class mod s;.) The prefactor is
k-m/N = mp/g?; the s-run mirrors. The character expansion is Lemma 12.20 applied classwise,
with Si(Z) = X2, =1 Z(a) cot(ra/t) = (2t/7)L® (1, Z) for the induced character. The law is
verified at every residue k mod PFE in the six structures below, to 1.8 - 10715, U

Lemma 12.31 (the decorated T-side stands alone). Let ¢ = Ph be squarefree and let j be any

integer with (j, P) = 1. Then

o) = X @G, a® =@ T 0 E )
x odd mod P p'|h

The only hypotheses are the two displayed; in particular j may share primes with iL, and no pair
structure enters: at h = 1 this is Lemma 12.25.

Proof. This is the T-side computation inside the proof of Theorem 12.29, which uses nothing beyond
the two hypotheses; we rewrite its bookkeeping once, self-contained. In Lemma 12.28 at N = hj the
primes of P never divide N — (h, P) = 1 and (j, P) = 1 — so the compatibility forces ¢ := (d, e) | h,
while every prime of h divides N whether or not it divides j. Parametrize d = ddt and e = dey
with dj, | /6, U | P, e1 | q/(0d},t); then p(d)u(e) = p(dy)u(t)uler), a/[d,e] = 4/(dd},ter), and the
term’s cotangent has denominator ¢ and argument m = (h/d}) jé (mod t) — a unit class, each
factor being a unit mod t; the singular terms of Lemma 12.28 are exactly ¢ = 1, zero on both
sides (the empty odd-character sum mod 1). Expanding , each class over odd characters X’ mod t
(Lemma 12.20 for the induced character), the weight of x'(5)L(®) (1, x") factors over the primes of
g. At p’ | h the four options — absent, in ey, in d, in d}, — weigh
ST N T N T T,
1_x(1/9) +x(§9) _X(Z/O) :1_x(z/9)7
p p p p

and ?(ﬁ Jd)X (d),) = ?(B) supplies the prefactor; at the primes of P the Euler factors assemble L(*)

into L") independently of ¢ and the conductor sum collapses by > pp H(E)/o(t) = J(X)/¢(P),
exactly as in the proof of Theorem 12.29. At no point do g, E or the conductors r, s appear. [

Theorem 12.32 (the E-stratification). Letr # s > 1 and ¢ = Ph be squarefree with E = (g, h) = p
an odd prime. Then the mean splits exactly along ged(k, p),

<U§O'ro's> = Sgen + Sdiv,
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and both strata are finite bilinear forms in L-values:

1 .
Saiv = 37 Sy (h) by L2, x0)
X,¥ odd mod P
— the bilinear L-formula of Theorem 12.29, verbatim: the decorated formula, which at £ < 2
computes the whole mean, computes at odd prime E exactly the stratum p | k — and

1 ~ N\ pgen 1 (PE)
Sgen = 57 > ax (W) & LPE) (2, XY,
X,Y odd mod PFE

with ax (h') the h'-decorated coefficients one level up, at modulus PE (plain ax = ﬁJpE(Y)L(PE)(L X)

when h = p), and V5" the coefficients of Lemma 12.30: each Z odd of modulus m € {ry,pri}
contributes
2rp
g*p(m)
to the coefficient of the lifted character Y = Z, the mirror families at s contribute likewise, and
b3 is the sum of the contributions from all four families landing on'Y (a character mod 1 and
its lift to pry land on the same Y ); every Y outside the four lifted families receives zero.

7(9’51)L(7‘)(172) (+ atm=ry, — at m=pry)

Proof. The split itself is the partition of the k-sum of Lemma 12.24. On the divisible stratum,
k = pj gives A(pj) = (2nE/(hq))Cy(hj) = p Ap(j) — the T-side object of Theorem 12.29, whose
T-side collapse never uses (g,h) < 2 — and pj W = p B(j) with B the base pair function of the
structure (P;r,s), so the stratum equals p - p/p? = 1 times the decorated sum, with kernel LP)
because j runs over all (j,P) = 1. On the generic stratum (k, PE) = 1 the T-side argument
R’k shares with ¢ only the primes of h’, so Lemma 12.25 (when h = p), or the T-side of Theo-
rem 12.29 (when A’ > 1), expands A over odd characters mod PE; Lemma 12.30 expands the pair
side; and ° . pgy—y XY (k)/k* = LPE)(2, XY). Both reuses of the h-decoration are instances of

Lemma 12.31: the divisible stratum takes (15, iNz) = (P, h) — the prime p sits in h, its four options
collapse like any other prime of h, and the T-side never sees ¢ — and the generic stratum takes
(P,h) = (PE, }'), where p has moved to the P-side and enters through the conductor sum and the
Jacobi factor. The theorem is proved; the verification below is confirmation. O

The formula closes the target flagged above and five companions across E € {3,5,7}, ¢ €
{1,2,5}, b’ € {1,2}; the exact rationals are computed by rational integration over the common
period, every character coefficient is checked against the discrete Fourier transform (< 8 - 10719),
each stratum separately against its exact rational — obtained by averaging the pair factor over the
p translates = +— z + tP, which projects the Parseval sum onto p | k — to < 3- 107!, and the
assembled formula reproduces

2 236 2 _ 92 2 _9u4
(0705021035) = 31135 (0105015035) = —Gz3735:  (0165015033) = 17375
2 1489 2 _ 3083 2 16372
(0330015033) = —gos10550  (0105930042) = 33155500 (023101050165) = Tor19975

to 10717, With Theorems 12.27, 12.29 and 12.32, the sector means are finite bilinear forms in
L-values on every squarefree structure whose E is 1, 2 or an odd prime. What survives at the level
of single structures is composite squarefree E alone, and the surgery is built to iterate: for £ = p1po
the Parseval sum stratifies over the divisors of F, the four strata carrying kernels at the levels P,
Ppy, Ppa, Ppipa, and the pair side one Mobius deletion per shared prime and per side — class
sums at the levels m € {r1, piri, par1, piper1} and their mirrors; the generalized pair law is already
verified at ' = 15 on the pair (105, 165), at all 480 unit residues, to 5.3-107% with (0%,5-01050165)
as the exact target. And the structure sum is reshaped a third time: the odd-F strata enter through
the same decorated coeflicients a, (h) — the divisible stratum — and through Jacobi data one level
up, at conductor PE — the generic stratum — so the h- and E-sums remain multiplicative, L-type
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sums. Sector by sector, variable by variable, the conjecture X211 + X1111 = O(D) continues its
rewriting in the language of L-functions. (Ancillary: estrata E.py.)

With the sector means in closed form on every structure with E € {1,2} U {odd primes}, the
structure sum itself can be reorganized. Write P = rys; (odd: on every even P block Lemma 12.10
kills the means and Jp = 0 kills the coefficients), and for the odd characters x mod P and the
one-sided odd characters v of Lemma 12.26 set

5X(h):X§1h)H(1_X(p))v 5w(9)=w(g)H(1—w(p)) :

plh p 9 plg p

the h- and g-dependences of Theorems 12.27 and 12.29 are the same multiplicative decoration,
acting on the two independent variables of the structure. Define the twisted truncated Euler sums

D \2 D D
H(D:P) = 3 me(o) b, GeDirs) = Y men (5 ) mae (<) du(o).
h sqfree, (h,P)=1 g sqfree, (g,P)=1 gr g1
Ph<D gri1>1, gs1<D

where the constraint gr; > 1 excludes, in the blocks with r; = 1 only, the terms with ¢ = 1 —
these have r = gr; = 1, which is not a conductor, hence not a structure of the sector.

Lemma 12.33 (factorization of the structure sum). With a, = ﬁjp(y) LP)(1,%) as in The-

orem 12.29, with by = By y(g) by Lemma 12.26, where By is the g-free part of that lemma’s
coefficients,

2’F1 . r _
ﬁ¢r1 X1 = m Py (81) L( 1)(17 @%)
(inverse taken mod r1; mirror formula at s1), and with the kernel K., = LP)(2, 1),
12
Xon(D) = g5 > p(r1)p(s1) [Z ay Hy(D; P) Ky By Gy (D;71, 51) — Am:l] +C(D),
r1<s1 odd sqfree XY

(r1,81)=1, r1s1<D

where A, ,—1 removes, in the blocks with r1 = 1 only, the diagonal g = h > 2 (the excluded
coincidence ¢ = s). Two exclusions meet the support of the unsifted double sum, both in the 1 = 1
blocks: » =1 (iff g = 1, removed by the constraint gri > 1 in Gy) and ¢ = s (iff g = h, removed by
Ay, =1); the coincidence ¢ = r is impossible. The correction term is carried entirely by the genuine
structures of the sector (gr1 > 1, q # s) whose (g, h) share an odd prime:

C(D) =12 Z cgcrcs (<O’§UTJS> — naive),
(g,r1,81,h) as above
(g,h) shares an odd prime
with naive the bilinear form of Theorem 12.29 evaluated blindly at (g,h); the tuples with even P
contribute 0 identically to C (the mean by Lemma 12.10, the naive term by Jp = 0), so C is car-
ried by the odd-P structures alone. The identity is exact: on E < 2 the naive term is the mean
(Theorem 12.29), and at E an odd prime the naive term is exactly the divisible stratum, so C col-
lects precisely the generic strata of the E-stratification — plus the rare composite-E residuals. No
coprimality sieve couples H and G: the two exclusions above are support exclusions, not a sieve
between g and h, and the unsifted double sum is legitimate because the naive form evaluates some-
thing identified at every (g,h) with E <2 or E an odd prime — the full mean, resp. the divisible
stratum — while the remaining (composite-E) structures are quarantined in C by construction.

The proof is bookkeeping on top of the three theorems cited, and the identity was verified in
full at two scales: factorized assembly against the class-form truth agrees to 5.2- 10712 at D = 100
and 2.5 - 107 at D = 200, with the naive part +0.1064385 and the correction layer —0.0205507
summing to the exact +0.0858878 at D = 100. At D = 100 the correction is carried by the 20
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parity-live odd-sharing structures — of 66 structures whose (g, h) share an odd prime (51 distinct
pairs (g, h)), the 46 with even P contribute zero identically. Three facts of measurement then frame
the conjecture X911 = O(D):

(i) The factors are bounded. Every |mg| is < 1: ‘anx (nq)=1 p(n)/n| <1 for all ¢ and = is
a theorem (Granville and Soundararajan; Tao [Taol; the measured maximum over ¢ < 4000 is
1.0000), so |Hy| < log D and |G| < log D absolutely — and the measured H, (D) are bounded
and in fact decay across the range (|H,(D;3)| falls from 0.168 at D = 100 to 0.023 at D = 4000):
the twisted Euler sums carry no growth.

(ii) The correction layer is flat. C(100) = —0.0206, C(200) = 40.0184, C(300) = —0.0165:
bounded and oscillating, with the naive part 3-5 times larger in the computed window (ratios
5.2, 4.4, 3.5). Whatever growth Xo;; has, it lives in the naive bilinear part — that is, in L-value
language.

(iii) The sector grows like D% over the computed range — consistent with the conjectured
O(D), and clearly below the D' termwise majorant. Computing Xo11(D) exactly (class form,
validated to double precision against the exact-arithmetic sector table of Section 12.5 at D < 22)
on a grid to D = 4000 — 2008584 structures, 1018496 of them parity-live — gives +0.086 at
D =100, +0.298 at 800, +0.496 at 1500, +1.09 at 2100, +1.49 at 3000 and +1.62 at 4000: against
the absolute-value majorant D3/2t°(1) of Proposition 12.15 and the measured D2 growth of its
termwise version, the sector itself crawls. The conjectured O(D) holds in this range with margin,
and the log—log regression slope of the (oscillating) record is 0.93 over 100 < D < 4000 (0.77 when
fit only to D < 1500: the exponent drifts upward as the range extends, and the data cannot yet
separate ©(D/log” D) from ©(D); what it does separate, decisively, is the sector from its absolute
majorants). At D = 4000, X211/D = 4.1-107%.

We label precisely: the Lemma is proved given Theorems 12.27 and 12.29 and the E-stratification;
the boundedness of the m’s is a theorem [Taol; items (i)—(iii) are measurements. (Ancillary:
x211_structure.py.)

12.8. The four sectors at scale. The sector means (- ) do not depend on D — only the coefficients
cq = p(q)my(D/q) do — so each admissible multiset need be integrated once, over its own period,
and the four sectors can then be swept in D through the coefficients alone. With the support
prefilters (r | ¢ for (3,1); an odd common prime for (2,2); r1s1 | ¢ for (2,1,1); every prime dividing
at least two conductors for (1, 1,1, 1)) this reaches D = 800 in exact structure and double precision
(ancillary xsectors.py; the values at D < 22 reproduce the exact rationals of the table above
to 1071°). There are 78336 multisets with nonzero mean in the (2,1,1) sector and 146211 in the
(1,1,1,1) sector up to D = 800; the parity sieve of Corollary 12.11 is confirmed across the complete
term lists.

D X3a1 X9 Xo11 X Xonn+Xunn Elen Z)in

100 +0.0291 —-0.0138 +0.0859 —0.0673 +0.0186 0.25 0.68
200 +40.0656 —0.0215 -+0.0990 —0.0254 +0.0736 0.64 2.15

300 +0.0918 —0.0288 +0.0419 —-0.1149 —0.0730 0.99 4.46
400 +40.1203 —0.0439 +0.1694 —0.4907 —0.3212 1.45 7.33
500 +0.1581 —0.0582 +0.1988 —0.6003 —0.4016 1.86 10.47
600 +0.1864 —-0.0720 +0.3129 —-0.6391 —0.3261 2.17 13.82
700 +0.2227 —-0.0859 +0.3430 —0.5301 —0.1871 2.66 18.08
800 +0.2537 —0.0906 +0.2983 —0.3559 —0.0576 3.07 22.66

The last two columns are the sums of absolute term contributions 123 |cZccs(-)| and
243" eqerese ()| Three facts stand out (Figure 13).

The conjecture has enormous room. The running maximum of | X211 + Xj111| on 2 < D < 800
is 0.438, attained at D = 506; at D = 800 the ratio (Xo11 + X1111)/D is —7-107°. The measured
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log—log slopes on 100 < D < 800 (window fits, not asymptotics) are ~ 1.0 for X3; and Xao, ~ 1.2
for the amplitude of X911, = 1.5 for X111;7 — and ~ 0.26 for the total X (D), which at D = 800 is
+0.105: the four sectors cancel one another to a total that grows, in this window, like D/4.

The (1,1,1,1) sector cannot be tamed by absolute values. The absolute sums grow like D!-?
((2,1,1)) and D% ((1,1,1,1)) in the window. Both are still far below D at D = 800, but the
trend of the second crosses every linear bound: if it persists, no estimate that surrenders the signs
of the quadruple means — including the method of Proposition 12.15 — can prove X1111 = O(D).
The conjecture, if true, is true because of sign cancellation among the quadruples, not within them.

The individual means are small in a structured way. Across all 78 336 nonzero (2,1, 1) means, the
normalized size [(070,0)| - gr1s1 has median 10~* and 99th percentile ~ 1.3, so the typical mean
behaves like (gris;)~! — summing that model over the admissible parameters gives O(D log D),
which is why we read the D3/2 of Proposition 12.15 as an artefact of the cotangent absolute values
— but a thin tail (maximum 21.7, at (g;r,s) = (253;374,782)) keeps the uniform model false. In
the (1,1,1,1) sector the largest mean in absolute value is 3.3 - 1073 and does not grow across the
range, while |[(o40,040¢)| - lem(g, r, s,t) has 99th percentile ~ 19: the quadruple means live at the
scale of one over their own period.

the four sectors to D =800 ) signed sum vs.\ absolute sums
10
0.4 — Xa11+ X1l
1004 — Sltermslas e
0.2 Ilterms|in et T
° Y I slope D (conjecture)
1029 dopens —(

E] 0.0 104
©
>
o

5 -0.2 1070
Q
2]

-8

—0.41 10
10710
-0.6 1
10-12
0 100 200 300 400 500 600 700 800 10! 102 10°
D D

Ficure 13. The four sectors to D = 800. Left: signed values; the black curve
is X211 + Xi111, the object of Conjecture 12.34 after Theorem 12.13. Right:
| X211 + X1111| against the absolute-value sums of the two sectors, log—log, with
the conjectured slope D and the proved D3/2 for scale.

12.9. What remains.
Conjecture 12.34. X (D) = O(D).

The intra part needs no conjecture: |my(Y)| < q/¢(q) — from my(Y) = >, s u(Y/s), the
sum running over the g-smooth integers s (every prime factor of s divides ¢), where u(Z) =
2 m<z H(m)/m satisfies the elementary [u| < 1 and } 5 1/s = [[,,(1 —p H™t =¢q/p(q) — and
lea(q)] < (loglogq)?, so I(D) < D(loglog D)% unconditionally, with the data saying I(D) =~
—0.0027 D. Conjecture 12.34 would therefore give e4(D) < D(loglog D)%, and since V(D) >
2_D/2<k<D 12 (k) Jo(k)/k?* > D by positivity, excess kurtosis O(D~!(loglog D)%) — the measured
values are —3.07/D at D = 100 and —3.34/D at D = 800. By Theorem 12.13 the two sectors
with at most two distinct conductors are O(D log* D) — the conjectured bound up to logarithmic
factors — so what remains is Xo11(D)+ X1111(D) = O(D), which would give X (D) = O(Dlog* D).
Proposition 12.15 settles a first piece unconditionally, X211 < D3/21°() 50 the open problem now



THE RIEMANN HYPOTHESIS AS A MARGIN

has two named parts: improve the (2,1, 1) bound from D3/2 to D — a problem about the true size of
the pair sums W, s, which the data of Section 12.8 put at (gr1s1)~*! for the typical mean, a model
that sums to O(Dlog D) — and bound X111, where the same data say absolute values cannot
suffice and the cancellation among quadruple resonances must enter. Unlike everything else in this
circle, Conjecture 12.34 is not the Riemann hypothesis in disguise: it concerns fixed-D averages of
periodic functions — finitely many conductor multisets at each D, each a finite exact computation
— and the intra-orbit part of the problem is already settled exactly by (31) and Lemma 12.1. Its
proof would give excess kurtosis O(1/D); the constant would be 1441lim I(D)/(c}, D) ~ —3.5 if
moreover X = o(D), as the data to D = 800 suggest. It would not touch the moving diagonal

D = x.

(a) histogram, D = 300, 4 - 10° samples

(b) Gaussian tails outto A = 4.5

(c) the Gaussian defect: R4(D) = — 30%/D

—— normal N(0, 1)

density (log)
3

-4 -2 0 2 4
Bp(x)/sd

P(|z| > A)

—e— D =300

—e— D=3000

—e— D =30000
—-- Gaussian

—excess kurtosis = —Ra/0*

g
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FIGURE 14. Gaussian statistics. (a) Histogram at D = 300 against the normal
density, log scale. (b) Tails against the Gaussian law, to A = 4.5. (¢) The Gaussian
defect of the fourth moment: exact values for D < 18, high-precision Monte Carlo
at D = 100, 1000, and the reference curve —3/D; the intra part alone is —3.5/D
and the measured total drifts from —3.07/D at D = 100 to —3.34/D at D = 800

(31).

10%
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PArT 111

One constant, three mirrors

13. ONE CONSTANT

Write p for the nontrivial zeros of the Riemann zeta function, and

5 1 e 1
32 B = — =14+ = — —log4m = 0.023095708966 . . .
(32) ; S =145 —glogdr :

the sum taken with zeros paired with their conjugates, as usual; the closed form is classical (see
[Dav, §12]). Three statements, proved in three different languages, put this one number at the
centre of the Riemann hypothesis:

(1) (primes) RH <= a specific weighted mean of the error ¢(t) — t stays below —B for ever
(Section 15);
(2) (Mébius) RH <= the constant function 1 can be approximated in a weighted L? by
Mobius-weighted combinations of the sawtooths {1/nt} — and the squared error is expected
to decay exactly like 2§/ log N (Section 16);
(3) (zeros) the doubling 2B = >, 1/(p(1 = p)) is an identity, equal to >, |p| =2 precisely on
RH (Section 14).
The three languages are the three corners of the convolution identity A = pu * log: prime side,
Mobius side, zero side. The purpose of this part is modest and expository-plus-numerical: to state
the three mirrors with matching normalizations — the evaluation ), |p| 2 = 2+~g —log4m on RH
is classical [BBLS, Burn]; we add only its identification with twice the margin constant of Part I
— to recompute the Nyman—Beurling distances from scratch, and to record how early the constant
becomes visible in the data. The last section of this part says precisely why none of the three
mirrors, verified however far, could close the argument.
Throughout, vg is Euler’s constant, ¥(t) = > -, A(g), and all numerical work is reproducible
from the ancillary code.

14. THE MIRROR OF THE ZEROS
Pairing p with 1 — p (the functional equation preserves the zero set),

1 11 1
(83) Yo=Y (4 =2> - =28 =245~ logdr = 0.046191417 ..,
~p(l—p) \p 1-p P

an unconditional, absolutely convergent identity. On RH one has p = 1 —p, so |p|?> = pp = p(1 —p)
and

(34) Z |p1|2 =28 (on RH).

Moreover (34) is itself equivalent to RH: each off-line quadruple {p,1—p,p,1 —p}, p = S+ iy with
1 . . .. 2 2 2 _9

B # 3, contributes the strictly positive excess 2(28—1)%/(|p|*|[L—p|*) to >_, [p| = =22, 1/(p(1—p)),

0>, | p|=2 > 2B always, with equality if and only if every zero lies on the critical line. The third

mirror is thus an equivalence, exactly like the other two. The quantity }_ | p|~2 is exactly the

constant of the Nyman—Beurling asymptotics below: the inverse-square energy of the zeros.
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15. THE MIRROR OF THE PRIMES: THE CESARO MARGIN

This mirror is Part I: RH is equivalent to M (N) > 0 for all large N (a theorem of Suzuki [Sul]),
and by the mean identity of Section 7, with pux(N) the Kn-weighted mean of the prime-counting
error ¥,

(35) M(N) = —2logN (ux(N)+ B),  RH <= ug(N) < —B for all large N,

and the verification of Part I gives yux (N) < —B —0.0170/log N for 103 < N < 10%° and pg (N) <
—B up to 2.15-10%. The mean of the prime-counting error must hug —B from below, for ever.

16. THE MIRROR OF THE MOBIUS SAWTOOTHS: NYMAN-BEURLING

The Nyman—Beurling criterion [Ny, Be], in Bdez-Duarte’s strengthening to integer dilations [BD],
states that RH holds if and only if the constant function 1 lies in the closed span of the dilated
sawtooths ¢t + {1/nt}, n > 1, in the natural weighted L%. In the equivalent Dirichlet-polynomial
normalization used by [BCF],

P a2 dt a
2 _ 1 _ n
and RH <= dx — 0. Burnol [Burn| proved the unconditional lower bound
2
(37) liminf a3 logN > Y m(@) :
N=vo0 w17
p=1/2

m(p) the multiplicity, sharpening [BBLS]; on RH with simple zeros the right side is | p|~2 =2B
by (34), and this value is expected to be the true asymptotic:

2B _ 2+9p —log4rm
logN log N '

Bettin, Conrey and Farmer [BCF| proved that, under RH and a mild growth hypothesis on
> 0 |¢"(p)|~2, the asymptotic (38) is already attained by the explicit polynomial

(38) i ~

logn

(39) Vn(s) = Z (1 — logN>M(n) n=%:

n<N

a Cesaro-smoothed Mobius polynomial — the smoothing of Part I and the Mobius weights of Part 11
in a single object. Thus the Bdez-Duarte constant is 2B: the margin constant of Section 15, doubled
by the pairing p <+ 1—p. This is the bridge between the one-sided prime criterion and the two-sided
L? criterion.

17. THE COMPUTATION

We recomputed the Nyman-Beurling quantities from scratch. Expanding (36), with (f,g) =
5 [ fgdt/(% +t?) on the critical line, one needs |[1||> = 1, the linear functionals ¢, = (1,(n"*),
and the Gram matrix G, = ((m™%,{n"%).

The linear term. Writing ﬁ = 8(171_8) with s = 3 + it,
4
n:i Mds:_l{esg(s)n_s:’)/E—l—logn7
2mi J(1/2) s(1 = s) s=1 s(1— s) o

by closing the contour to the right across the double pole at s = 1 (expand ((s) = ﬁ +ve+0(s—1)
andn~* =n"1(1—(s—Dlogn+--)).
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The Gram matriz. By Mellin-Plancherel, Gy, is the autocorrelation [;°{1/mt}{1/nt} dt, for
which Vasyunin [Vas] (see also [BBLS, p. 141]) gave the exact closed form: for coprime m,n,

(40) mn/ooo{l}{l}dt = 10g27r7_7E(m+n) + m;nlog% - E(S(m,n) + S(n,m)),

nt) Umt 2 2
n—1
mk km
Stmn) = S Yo BT
(m,n) ; - jeot—

and Gy = g Gy for g = (m,n), m = gm/, n = gn’. We validated (40) against direct
numerical integration of |((5 + it)|?(n/m)%/(1 + t) out to ¢t = 6000 at six pairs, with agreement
to the size of the truncation tail (~ 1073), and checked that the resulting Gram matrices are
positive definite. Then d?\, =1—c"G ¢ over all n < N, solved by spectral decomposition with
monitored conditioning (relative residuals below 10~!3 throughout the table), and the energy of the
Bettin—Conrey—Farmer polynomial Vj is evaluated directly, with no inversion, over the squarefree
indices.

N 20 40 80 160 320 500 640 800
d3;log N 0.0494 0.0469 0.0481 0.0474 0.0459 0.0461 0.0453 0.0449

N 100 400 700 1000 1500 2000
11— C¢Va|?log N 0.822 0.640 0.587 0.562 0.533 0.512

Two readings (Figure 15). The optimal distance locks onto the constant almost immediately:
d?\, log N oscillates between 0.0449 and 0.0494 from N = 20 on, against 2B = 0.04619 — and the
computation inputs no zero of zeta: only fractional parts, cotangent sums and two residues. The
inverse-square energy of the zeros emerges from sawtooth geometry alone. One point of candour:
the last two entries (0.0453, 0.0449) lie below the floor 2B. Burnol’s bound (37) constrains only
the liminf, so a finite-N undershoot is logically harmless (on RH the liminf is > 2B by (37),
and otherwise dy # 0) — but it is a concrete reminder that finite data cannot certify even the
floor, which is the moral of Section 18 in miniature. The natural arithmetic approximant Vy, by
contrast, is still a factor ~ 11 above the constant at N = 2000 and descending slowly; its asymptotic
optimality [BCF] is invisible at accessible N — a known phenomenon (compare the graphs cited
in [BCF]), and a reminder of how slowly the M&bius function surrenders its cancellation.

Nyman-Beurling: optimal distance the natural arithmetic approximant is slow
0.08 16
—e— d?2-logN (optimal) —8— |1-Vn|?-logN (Cesaro-Mobius Vy)
0.07 1 --- 2B=2+y-log4n=0.04619 1.4 7 —8— dj-log N (optimal)

0.0 0.2
- ———"—— 00— 00— 1 ——————-
0.00 , , 1 001 ; , .
10! 10? 108 10’ 102 108
N N

FiGURE 15. Left: d%\, log N against 2B = 0.04619. Right: the same, with the
Cesaro—Mobius polynomial Vy of (39). No zeros of ¢ enter the computation.
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18. THE TRIANGLE, AND WHAT IT CANNOT DO

The convolution identity A = pxlog has three corners, and Bis pinned at all three. From the zero
corner it is a definition, (32). From the prime corner it is the exact level that the weighted mean of
¥ (t) — t must respect one-sidedly, (35). From the Md&bius corner it is (doubled) the exact price of
building the constant function out of sawtooths, (38). The three statements are not three theorems
about three constants; they are one constant crossing the explicit formula in three directions.

The limits are the two walls of Parts I and II: the prime mirror is a one-sided inequality to be
held for ever, and no finite verification or mean-value bound excludes a late, measure-zero failure;
the Mo6bius mirror is a limit statement whose rate carries RH only in the limit, and Burnol’s bound
(37) shows the constant 2B is a floor, not a certificate — reaching it numerically is consistent with
RH. What the triangle does provide is calibration: any proposed approach to RH through means,
margins or L? distances must, at minimum, reproduce B exactly at all three corners. It is a sharp
sanity check, and we offer it as such.
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PART IV

The cross-energy of Dirichlet partial sums

19. THE CROSS-ENERGY: STATEMENTS

Let X;,(s) = > <, k™% be the partial sums of the Dirichlet series of (. The cross-energy of
consecutive partial sums,

(41) Co(n,s) = | Xn(s))? = | X 1(s)]? —n~ % = 2Re(X,—1(s) n75),

records how the newest term interacts with all previous ones. A twenty-two—part series of the
author studies this object at the zeros of (; the parts on the strip, the energy, the slope, the Euler
product and the functional reflection are consolidated, with complete proofs, in the companion
monograph [CEn], while the window studies quoted in Part V are proved in [CE20, CE21, CE22].
This part states the main results — those the companion’s own accounting marks as new, together
with the elementary structure (Theorem 19.1) that frames them — and the threads that tie them
to Parts [-III. Throughout this part vg is Euler’s constant, p = 8 + 47 runs over the nontrivial
zeros, © = sup 3, and

1 ~
Cp 227 =2+4+g —logdnr = 2B,
—~ p(1=p)
the constant of Parts I and III once more. Proofs are in [CEn] at the stated locations; what is
classical there is credited there (Cramér’s theorem, Turing’s method, Lagarias’s pairing, Weil’s
criterion, the density theorems), and we repeat none of those attributions here.

19.1. The trichotomy and the crossing law.
Theorem 19.1 (the trichotomy; [CEn, Thm. A, §2]). For 0 <o <1,
1-20
1—5s
Consequently lim,, Cy(n, s) equals 1/(% +t%), 0 or +00 according as o = %, o> % or o < %, at

every point of the strip, and the zeros of ( appear only in the second term. The first term is the
trace of the pole at s = 1: the critical line is where it survives exactly.

Xn-1(s)n= = + ((s) n-0¢itlogn _ %n*% + O(\s\ n’z"’l).

On the line, the planar curve described by X,,_1n~* is a helix whose natural orientation gives it a
signed radius, and that signed radius is Hardy’s function Z(t): each zero on the line is a crossing of
the axis, and an off-line pair is a missing crossing (Turing’s method). At a zero, Cs(-, p), extended
to real n by the Hurwitz tail X,_1(s) = ¢(s) — ((s,n), changes sign exactly once beyond |y|?/2, at

=+ i+ e 00 (B=13),
displaced by (28 — 1)v2/(2(1 — B)) + O(1) otherwise [CEn, Prop. 2.2]; in the variable A = s(1 — s)
the law is a universal series with rational coeflicients,
£y 1 1 53
TTAT T T80n  Bodoxe T
and the X-Y energies obey the same rule: at a zero on the line |X]€|2 = N/ — ﬁ + (% +
ﬁO)N =3 4 ... to all orders, two zeros interact only through A; — Ag, and the normalised energy
gap at a zero tends to —% Re A(p)/|1 — p|?, which equals — By exactly when 3 = % At a zero on
the line Co(n,p) = 1/(v* + 1) — L — =5 + O(y*n™*) increases monotonically to its limit, and

n 12n2

RH is equivalent to the boundedness of Ca(-, p) at every zero [CEn, Cor. 2.1]. Three arithmetical
by-products [CEn, §2]: a zero detector on the critical line; the reading of Landau’s formula on
the circles of the Euler factors — placed on the circle [p~*| = p~/2 of a prime p, the zeros lean
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toward the angle 7, and toward = + arg x(p) for a Dirichlet L-function, while on the circle of e
they are uniformly distributed; and, for the finite sums ), -y k™*, a polygon condition in 7(v/N)
angles governing the real parts of their zeros, with the rules that adding a prime never moves the
right edge left, adding a power of 2 moves it left for 28 < 16 — and 112 is an exception to the
corresponding rule for prime powers.

19.2. Reflected pairs and the functional reflection. For a reflected pair p, 1 — p the weights
n~=28 and n=21-A) compensate.

Proposition 19.2 (reflected pairs; [CEn, Prop. 2.2’, 2.2"]). The product Ca(n, p) Ca(n,1—p) tends
to a finite positive limit for every B, and is a square on the line (at every point of the line, zero
or not). Off the line, beyond |y|3/?, it is negative exactly between the two crossings, an interval
that contains the crossing n*(3 +iv) of the line, with minimum asymptotically —(28 —1)?/(48(1 —
B)) times the limit; for the zeros above an effective but uncomputed height, the critical line is
characterized by the mnonnegativity of this product. The product equals (ReCs)? — (ReW)?, with
Co(N;s,1 — s) the two-variable cross-energy and W the Wronskian of consecutive partial sums,
purely imaginary on the line. Summed over the zeros with a weight, the product is Weil’s quadratic
form at test functions built from the integers below n.

Note the family resemblance to Part III: the off-line excess there was 2(28—1)2/(|p||1— p|?); the
deformation parameter (23 —1)? is the common currency of every detector in this circle. The zeros
of the truncations spiral into their limits: with the endpoint term %N ~% restored, along helices of
radius |p| N~%71/(12|¢'(p)|), proved with explicit constants and verified for the first 100 zeros; for
the Davenport—Heilbronn function the two zeros of an off-line pair converge at rates that differ by
2(8 - %) [CEn, Prop. 2.3].

(b) the product of the reflected pair

(a) s=0.7 +iys: crossings n* (1 —3) =143.1and n*(s) = 333.3 le-5

0.0002

0.00011 25
r 015
2.01

0.0000 -

r0.20 3.0

-0.00017

C;(n1-3)

—— onthe line: Ca(n, p1)? = 0

-0.0002
— off the line: C; (n,5)C; (n,1-3)

e Gy

~0.0003 - — C;(n,s), B=0.7 (left axis) L 0.00 0.0
—— C;(n,1-3),1-B=0.3 (right axis) \/ product <0on (n"(1-5),n"(s)

@ predicted minimum —}(A~ — A'"1)?
-0.0004 +
0

== crossing of the line n* (3 + iy) = 200.12

250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
n n

(d) large n: limits (4 + y2)~2 = 2.4990 - 105 and 1/(AA") = 2.0983 - 10~°
(c) universal profile: lines y1, circles y1o0, dashed the limit; minimum at u = 1 To-5

1.0

0.8

AA'C} (n,s)C; (n,1-3)

/ 1.6
— B=050 — B=0.70 141
—— B=0.55 —— B=0.80 — Cin, p1)?

~0.6 - B=0.60 121 — G, (n,5)C,(n,1-3)

05 1.0 15 2.0 2.5 3.0 35 4.0 10° 104 10° 10°
u=n/y? n (log scale)

FiGURE 16. The reflected-pair product, wave removed, at a synthetic off-line point
s = 0.7 + iy1: negative exactly between the two crossings, with depth governed by
(28 — 1)%. (Figure from [CEn].)
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The functional reflection of the cross-energy is the deepest tool of the series:
(42) C3H(N, 5) = G (s(1 = 5)) +¢(5) Kn(s),

with G explicit and K the carrier of the functional equation, whose zeros lie on the critical line
[CEn, Prop. 2.2"”"]. On the line it equals Hardy’s function times 2 cos(tlog N —9(t)), computed from
the integers below N, and it sees every zero with its real part. Applied to any number system from
its integers alone, it sees the off-line real zero of a Beurling system — which drifts with NV, because
the system has no functional equation — while the off-line zero of the Davenport—Heilbronn function
is fixed [CEn, Prop. 2.29)] (Figure 17). Weil’s criterion restricted to the cross-energy’s own test
functions f * ju, is still equivalent to RH [CEn, Prop. 2.2)], its positivity residing in the fluctuation
of the primes in the dual range [n,n?], which neither the density of the primes, nor Chebyshev’s
identity, nor random or Beurling models reproduce; a variant trades the dual range for the primes
up to ne?® and the divisor function [CEn, Prop. 2.2(%]. The margin of the restricted form at height
T is of order 772 to T—* of the Gamma term, and as n — oo the restricted criterion becomes the
positivity of the Hankel matrices of the power sums of 1/(p(1—p)) — the sequence whose first term
is Cp = 2B — computable from £ at s = 1 alone, and verified to size 43 [CEn, Prop. 2.2(8)]. The
companion notes [WW, HG, GG, RC]| have since turned this thread into instruments and theorems:
[WW] computes the restricted form two-sidedly, from the primes and from the zeros separately, with
the two computations agreeing at the 10712 level across n < 60; [HG] closes the binomial transfer
from the moments to Lehmer’s sums and the full moment sum >, <, sx = (2/v/3) Im &' /£(e™/3),
unconditionally; [GG] proves that the Gaussian n = 1 family alone is equivalent to RH — the X, are
leverage, not necessity — and that the only Gaussian coherent-state certificate of the restricted form
is the zero-counting measure itself (anti-Wick rigidity); and [RC] proves the exhaustion-detection
law of the Levinson chains of the stationary mold and computes them from the primes alone to
Toeplitz size ~ 900.

(a) the wave on the real axis: a zero near a = 0.6 only for the Beurling integers (b) the detected zero converges to the off-line zero a = 0.6

0.600

0.595

0.590
=

o)

0.585

N2 (CER(N, 0) - G)
o

-2 05807 ! ©  zero of C* - Gy (Beurling integers)
H
\ - @ NP1 - a)gh(a)

+

i
Ey ! —— zero of g(0) + N'~2Z5(1 — o)

-3 r r T T T T T T r T T
0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 0.0 0.5 1.0 15 20 25 3.0
o N Te7

FiGure 17. The functional reflection applied to a Beurling system from its integers
alone: the off-line real zero is seen, and drifts with N because the system has no
functional equation. (Figure from [CEn].)

19.3. The energy law: a fourth mirror of the same constant.

Theorem 19.3 (the energy law; [CEn, Thm. B, §3]). Let E(u) be the normalized error term of
the prime number theorem. When all zeros are simple,

. | . .
h[rjn_>solip U/o E(u)*du= Znh_{go Ca(n, p) in [0, o0l;
p
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in general both sides are finite or both are infinite, and RH holds if and only if they are finite. The
exponential growth rate of the energy is 20 — 1. An unconditional local version expresses the energy
in a Gaussian window as an absolutely convergent double sum over zeros; under RH it stays in a
band of explicit width around Cp.

Corollary 19.4 ([CEn, Cor. 3.7)). The mean energy is at least Cp = 2B unconditionally, with
equality if and only if RH holds and all zeros are simple.

So the constant of Parts I and III has a fourth mirror: it is the minimal possible mean energy of
the prime-counting error, attained exactly on RH with simple zeros — the primes up to 108 give
the slope 0.04630 against 2B = 0.04619 [EG]. Under RH, simple zeros and a spacing condition,
the energy up to X is

Cplog X + K + ®(log X) + o(1), K =25125...,

with K explicit and ® an almost periodic interference term from pairs of zeros, which the primes
up to 107 follow with correlation 0.999 [CEn, Prop. 3.8] (Figure 18); the Gram matrix of the zeros
has the C5 limits on its diagonal and as its asymptotic spectrum, and random models of the primes
and of p (Cramér, Denjoy, Wintner) carry 20 to 150 times more energy [CEn, Rem. 3.9] — an
echo, in the cross-energy metric, of the 46% gcd cancellation of Part II: arithmetic is far quieter
than chance. Each zero contributes an orbit of the prime signal, a closed ellipse if g = % and an
expanding spiral if 5 > %, whose phase also determines .

Oscillation of the prime energy around Cglog X + K, K=2.51248
0.010 -
= primes: /(X) — Cglog X — K
— = zeros: ®(log X), 341 pairs y <600

A M
WV\M\[‘

0.005 -

0.000

deviation

—0.005 A

—0.010 A

0.000

—0.002 A

difference

—0.004 -
103 10* 10° 10° 107

FIGURE 18. The second-order energy law Cplog X + K +®(log X ), K = 2.5125.. .:
the primes up to 107 follow the interference term ® with correlation 0.999. (Figure
from [CEn].)

19.4. The energy slope. Let S(o,t) = 0,log|£(o + it)|, so that RH is equivalent to S > 0 for
o> 3.

Theorem 19.5 ([CEn, Thms. C, D, E|). (C) An off-line pair p,1 — p contributes negatively to
S(o,t) exactly inside the disc (o — 1)2 + (t — )% < (B —3)%. (D) For 3 < o < 1, the set of
t € [0, T] where S(o,t) < 0 has measure at most 24/o(1 — o) N(o,T + 1): zero-density estimates

make it sparse. (E) S(o,t) is Weil’s functional evaluated at a Poisson kernel of width § = o — 3;
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truncating the kernel to a window of length L gives an exact finite expression in the prime powers
n < el which under RH lies between (1 — e=%%)? and (1 + e=9F)? times 25(0,t). Consequently,
under RH, primes up to P resolve S at distance § from the line once dlog P 2 log(1/¢); for the
Davenport—Heilbronn function, an off-line zero at horizontal distance 8 — o from the probe becomes
visible at L ~4.5/(8 — o).

Two companions of the slope: the argument of de la Vallée Poussin gives S > 0 in a region of
width ¢/logt to the left of o = 1 [CEn, Prop. 4.4]; and in the square v = (o — £)? of the distance
to the line, RH is equivalent to the concavity of log |&| in v at every height [CEn, Prop. 4.3] — the
structural conjecture of Appendix A, concavity of log W (y/u) for the Laguerre kernel, is a cognate
statement one level up.

19.5. The Euler product inside the strip. The companion’s Section 6 identifies each partial
Euler product with the Cs energy of the partial sums restricted to smooth integers, and proves
that a corrected partial product converges to ( in % < 0 < 1 exactly when RH holds, decaying
at a zero on the line like |[¢'(p)|e™ 7% /logz. On the critical line the corrected partial products,
read along u = logx, are a superposition of helices, one per zero, whose mean energy at % + it is
the curvature —(log|£|)”(t) — the quantity of Appendix A again; computed with care, the helix
built from the primes up to 108 fixes the real parts of known zeros to within about 4 - 107°, with
symmetric off-line pairs entering only at second order (Figure 19). Sieving the wave Co + iSo by
the primes and removing the pole correction turns its free amplitude into the Euler helix, so the
partial sums and the partial products describe the same object; with a smooth weight in log x the
identity becomes local — ( is reproduced to 1072 by the primes and the zeros within distance 20
of t, and (/(p) at every simple zero is given exactly, without the Deep Riemann Hypothesis [CEn,
Prop. 6.1'. On the line each prime acts on the wave by the real operator 1 — p~!T),, the same
at every height; the sieved functional equation shows why this rigidity does not combine with the
reflection — it maps the half of the strip where the Euler product converges onto the half where
it diverges. Three honesty results frame the section: the amplification that proves RH for curves
becomes over Q a one-sided bound for v(x), where, on short intervals near 10%, Selberg’s sieve
loses a factor close to 2 exactly along Liouville’s function — the parity barrier; the sums over
zeros that see [ are non-holomorphic and are reached from the primes only through energies, the
damped energy having its first singularity at 20 — 1 and detecting an off-line zero at height T
only with the primes up to about TY%: and no combination of cosines without a constant term can
be nonnegative at every logp [CEn, Prop. 6.12]: positivity prime by prime requires the pole, and
without it positivity can only be quadratic. Finally, the Jensen-moment route: mollifying by the
Euler—Céceres factor instead of a Dirichlet polynomial removes the pole barrier 0.0386; numerically,
the resulting bound for the off-line excess decays like 1.828 W (sp)/log X for ( and grows with X
for the Davenport—Heilbronn function; an attained off-line supremum of the real parts forces it to
grow like a power of X, under RH it tends to 0, and RH is equivalent to its convergence to 0 —
and, when the supremum of the real parts is attained, to the boundedness of a single mean square
of ¢/E* on the critical line [CEn, Prop. 6.1”"~Cor. 6.1(9)].

19.6. The controls. Every criterion of the series is tested against the Davenport—Heilbronn func-
tion f (same type of functional equation, zeros off the line) and its Euler-product twin L(s, x5)
(same conductor and gamma factor): f violates each criterion in the way its off-line zeros predict
— the energy grows at the rate its zeros dictate, the failure set of the pointwise inequality consists
of one interval per off-line zero and fills 86-90% of Theorem 19.5(D)’s bound, the truncated Weil
functional goes negative but outside the discs of (C), and a scan of Hardy’s function shows no
extremum that fails to cross for ¢ up to height 10°, against such extrema for f, one per off-line pair
(four already below height 200, near 85.70, 114.16, 166.48 and 176.70) — while L(s, x5) behaves
like ¢ in every test. The zeros of the minimiser of Weil’s form [Co] approximate those of f as well
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(a) Euler helix Hy(u) = u[log E;.(s) = log{(s)], s =} + 20i (b) each pair of zeros *y draws an ellipse

—— from the primes (p = 10%), smoothed in u
from 682 zeros, same smoothing

() circles on the line, spirals off it (t = 20)

102] to the right: outward spirals)
(zeros to the left: inward spirals)

o A V’\’H o
Ay xw“»'mg‘*f‘ﬁfrw‘m»—W"”’”

10°

|Hs(u)]

FiGURE 19. The Euler helix on the critical line at s = % + 20i: corrected partial
products over the primes, one helix per zero, with the running mean of the helix
energy against the curvature —(log [¢])”(20). (Figure from [CEn].)

as those of ¢ until shortly after the form loses positivity at L* ~ 3.44 (which high precision locates
below the double-precision value 3.66), after which all approximations degrade at once and one zero
of the minimiser locks onto the ordinate of the off-line pair. Weil’s form with two windows detects
an isolated zero 8 = % + d at height v with the prime powers up to (C'log 7)1/ % the corresponding
positivity holds for ¢ up to 3 -10° but fails for a random multiplicative model. And a Beurling
system of Broucke-Debruyne-Révész type, built to 3 - 107, shares every zero of ¢, has a real zero
at 0.6, and violates Chebyshev’s identity at p; with remainder of order N=94: the regularity of the
integers cannot replace the functional equation [CEn, Prop. 6.3']. These controls are the experi-
mental counterpart of the no-go theorem of Part V: criteria blind to f, or satisfied by zero-sharing

Beurling systems, cannot prove RH.
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PART V
The walls

The four parts above share a discipline: everything proved is an identity, a verified inequality, or an
average. This part collects what that discipline cannot buy; the Davenport—Heilbronn and Beurling
controls of Part IV are its experimental face. Section 20 proves it on the prime side; Section 21
reports the computational study of Weil positivity; Section 22 states the two walls on the Mobius
side; Appendix A closes a tempting door on the & side.

20. WHAT THE ARGUMENTS CANNOT SEE, AND WHAT THEY MUST USE

20.1. What the energy programme cannot see: a planted zero. Remark 4.8 says that
every route of Section 4.1 ends at the holomorphy of % This subsection makes that statement
precise in the opposite direction. We build a second system of weights on the prime powers. It
satisfies every structural ingredient the programme uses: positivity, the energy identity, the prime
number theorem with the classical error term, the local recurrence, and Chebyshev’s identity up to
O(z'/%19). Yet its slope carries an oscillation of an off-line zero. So any proof of the energy bound
must use the exact values of A at a precision that these ingredients do not give.

The construction. Fix § € (0, %), Y0 > 0, a switch-on point xg and a smooth function y with
X =0on (—00,0], x =1o0n [1,00). Put

2
flz) = — x‘ssin(vologx)x<log £), ¢ =f+Ah,
Y0 )

where h is a fixed smooth bump with compact support in (1,z¢) and A is a real constant chosen
below. Define new weights on the prime powers,

(13) v =22 (11, @) =vad),

Va4
and let Ay, oy = Ay — 2¢/7 + 3, Cw, My = R— Cy and my, be built from w exactly as A, a, C,
~1/2.

M and m are built from A(n)n

Theorem 20.1 (a planted zero). With the notation above, for xo large enough:

(i) positivity, and the weights are asymptotically the true ones: |e(q)] < Cy q‘s_% < 1, so
w(q) >0 and w(q)/q/A(q) = 1;

(ii) the energy identity: Theorem 4.4 holds verbatim for m.,, with A(q)q—'/? replaced by w(q);

(iii) the planted oscillation: unconditionally, cv,(x) = a(z) + f(x) + o(z?);

(iv) the prime number theorem is unchanged at the classical scale: > _ A(q)(1 + e(q)) =
x + O(a: e‘c\/@) ;

(v) Chebyshev’s identity up to z'/21%: for a suitable X, > g<a M) (1 +e(q))|x/q] = loglz]! +
O(x1/2+5),'

(vi) one of the two systems violates the energy bound: if vo > 76 (in particular if vo > 3.5),
then for all large X,

/X o da /X o dx X%
max( a—, aw—> > .
1 x 1 €T 76'}’(2)

Proof. (i) |f'(z)| < %(5 + 90 + [[X']|oc)2z?~! and A’ is bounded with compact support, so |e(q)| <
Cyq®~1/2. On the support of h the bound is IA\/q||h ]|, which is < 1 for the small X needed in
(v). For q > x, C¢mg_1/2 < 1 once xg is large.
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(ii) The proof of Theorem 4.4 uses only that m,, = r — 24, L + 2B, is smooth with m, = r”
between prime powers and that m!, jumps by —2w(q) at q. Nothing else about the weights enters.

(iii) Aw(z) = A(x) = X e Ma)¢ (@) = [3= & (1) dip(t). Write dip = dt +d(¢(t) —t) and integrate
the second part by parts:

Au(z) — Alz) = d(x) + &'(@) (b(x) — ) - /2 (i) — 1) (1) d.

Here ¢(2) = 0, and for = > xq, ¢ = f. With ¢(t) — t < te~°VI8 and ¢ (t) < Yot’ 2, the last two
terms are < z0e~¢ V18T — o(19).

(iv) The same computation without the factor ¢~/? gives 3 g<e A = [FVEd () dy(t) <
21219 which is smaller than the classical error term.

(v) Write [#/q] = z/q—{x/q}. The defect is D(z) = x> -, Mq)e(q)/a— > <, Ma)e(a){z/q}-
The second sum is < > ., A ()¢°~'/? <« 2'/?4%. The series S = > A9)e(q)/q converges abso-
lutely, and its tail beyond z is < 2°~%/2. The bump changes S by )\Zq AN (q)g~ V% # 0 for a
suitable h, so one value of \ gives S = O and then D(z) < z/?%9.

(vi) By (iii), f = aw — a + o(x?), so fl de’” < 3[&%0%33 + 3[@2% + o(X?). Now

%‘8 i log X' g26u sin?(you) du = ?72026 { (53%62;?;;?))(} + O(1), and the bracket oscillates between

1 +6/4/0%2 4+~ (it does not tend to 1); for 7y > 70 it is at least 1 — \/% > % - 1.001, so

fIX de?x > g -1.001 %226 for large X, and the maximum is at least one sixth of this minus o(X??).
0

For general 79 > 0 the same argument gives the constant (1 —d§/+/62 +12)/6.01 in place of 1. O

What the theorem says. Every structural fact the programme uses holds for both systems:
positivity of the weights, the energy identity, the recurrence of the minima (Proposition 3.6 is also
pure bookkeeping), the prime number theorem with its classical error, and the arithmetic identity
A x1 = log up to O(x1/2+5). Yet at most one of the two systems satisfies the energy bound of
Proposition 4.2. So a proof of RH along these lines must use the exact values of A at relative
precision 20~1/2, for every § > 0. That is the strength of the statement ¢ (z) = =+ O(x'/219) itself,
the zero-free strip of width % —9.

Beurling systems give a stronger form of the same obstruction. Their weights come from a
genuine Euler product, the integers satisfy N(z) = cz + O(2?) with # < 1, and yet the error term
of the prime number theorem can be as large as x exp(—cy/logz) [DMV]. The weights (43) do
not come from an Euler product. Their point is that they stay within ¢%~1/2 of the true ones and
violate A * 1 = log only at the scale 2'/2*%. The information that rules them out is the exact
identity >, ., A(n)[z/n| = log|z]!, equivalently ((s) = > n~° with its analytic continuation. No
step of Sections 3 and 4 uses it beyond the prime number theorem.

The numbers. Figure 4(b) plants two zeros into the true prime powers below 226, The bump
h = sin? in log z on [30, 300] fixes S = 0 on the computed range. In (A), § = 0.15, 79 = 10, 29 = 103:
max |(q)| = 0.112, the Chebyshev defect satisfies |D(z)| < 0.31 225 for 10 < 2 < 6-107, and the
block energy grows like 229%. In (B), § = 0.25, 9 = 1000, 2o = 10°: max |e(q)| = 0.077, and the
block energies agree with those of ¢ within 0.002 up to &k = 16. Case (B) is the realistic one; a true
off-line zero has 7o > Ty and is invisible below €.

Remark 20.2 (status). Theorem 20.1 is proved and unconditional. It does not say that RH is false,
or that the energy programme is useless. It says exactly which input is missing: an argument that
uses A = pxlog exactly, not only through the prime number theorem. The same test applies to any
other argument in this paper: an argument that remains valid for the weights (43) cannot prove
RH.
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20.2. Using A = p xlog exactly. Theorem 20.1 says that a proof of the energy bound must use
the identity A = p * log exactly, not only through the prime number theorem. This subsection
carries that identity through the slope a and asks what it gives.

The identity. For every n > 1,

= %: wu(d)log g, equivalently Z A(d) = logn,

C= 1 e
) (=¢'(s)-

The divisor sum is a massive cancellation (Figure 20(a)). For n with two distinct prime fac-
tors, the positive and negative terms are each as large as logn, and they cancel exactly to O.
Summed up to z, (44) is Chebyshev’s identity >, . ¥ (x/m) = log|z]!. Its Mobius inverse

Y(x) = > 4<, i(d)log|z/d]|! adds terms of size xlogz that cancel to x (Figure 20(b): at z = 10%
the first term is 82109 and the sum is 10013.4). The cleanest exact form for what follows is

(45) +logm—z,u [ Jlog

which follows from (44) by summing >, u(d )log(a:/d) = [n = 1]logxz + A(n) over n < z. It holds

to 107! in floating point at z = 10%, 12345.6 and 99 999.5.
The slope through Mébius. Write, for £ > 1 not an integer,

d d)log d d logm
Sy a0 eem

d<z d<z d<zx m<y

and So(y) = 2/ylogy — 4,/y — ¢'(3). Euler-Maclaurin gives S(y) — So(y) — 0; the constant is

—(’(%) because ngy m™~*logm = yl_ls_lggy - (?fl__sjz —('(s)+o(1) for 0 <s < 1.

Proposition 20.3 (the slope through Mébius). For every x > 1 that is not an integer, exactly,
a(z) = Ti(z) + Ta(z) + T3(w),

p(d) T
Ty = g\/g (5= 50)(3)-
Moreover (S — Sy)(y) = —Bl({y})h\)%y + O(lzg/er) with By(t) =t — %’ so that
1 x w(d log(ex/d)
B s T (5]« S o(lt)

Proof. By (44), A(z) = > 4eq it(d) logm (dm)~1/? = Y odew p(d)d=Y28(x/d). Write S = Sy +
(S —Sp). The Sy part is

ZM {[logx—logd —4\/> ¢'( %]—Q\f(mllogx—mg—le) C(%)mlp.

Subtracting 2,/z and adding ¢ = %(%) gives a = T; + T + ‘33 For (46), apply Euler—
Maclaurin to f(t) = t~/?logt Wlth the first Bernoulli function: S(y) = [/ f+C — Bi1({y})f(y) —
fyoo Bi({t})f'(t)dt. The last integral is O(|f'(y)|) after one more mtegratlon by parts, and C' is

fixed by S — Sy — 0. O

Status: proved; the identity is checked to 4.4-10~? at 400 points in [103,107] (Figure 20(c)). The
three pieces behave very differently. T; and Ty are each large: their root mean squares on [103, 107]
are 0.694 and 0.680, against 0.218 for «. But they are almost exact negatives of each other: their
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correlation is —0.9999999, and T + T3 has root mean square 0.0140. So « is essentially T3, and
%3 is essentially the Mdbius-weighted sawtooth in (46): the difference has root mean square 0.012.
This difference in turn nearly cancels 1 + To: « minus the sawtooth has root mean square 0.0020,
against 0.249 for « at the same 50 points. To within 1% in root mean square on the range tested,

- L Su((2) - )

The slope of the margin is the fractional parts of z/d, weighted by p(d)log(z/d). This is the one
place where the additive structure of N, through |-], enters the margin. The 1% agreement is not
a coincidence. By Remark 20.6, the sawtooth sum is —(¢(z) — z) up to Mertens-type sums. Under
RH, (¢(z) — x)/+/x has the coefficients —1/p = % + O(y~2), the same as « up to O(y~?).

The spectral content of the pieces. Under RH the coefficient of €7 in a(e) is lmT” (Proposi-

tion 4.1). It is rigid: it depends only on v and the multiplicity. The pieces of Proposition 20.3 are
not rigid.

Proposition 20.4 (the pieces carry 1/{'(p)). Assume RH, that the zeros are simple, and that the
Perron expansions of m1, ma and my /o over the zeros converge in B? (as they do for M(z) under

Ng’s hypothesis below). Then the coefficients of €%,  the ordinate of p = % + 17, are

ey A=) )
1(7) = - 1200 2(7) = ) 3(7) = 5 1(7) = e2(7),
for 1, To and T3. In particular, as v — 00,
(1) 4 o) = AT -1 1y
1) +e() =—7 (1+0(™h), 4+ (3) =0.0774.

Proof. Perron’s formula for m1 /2 is 2m f 47

)
C'( 7, wo = p — 1. For my, the Dirichlet series is —(1/¢) (1 + w), which
é. : v 1 2?0 (logr 1

Pl the residue of £ T Tw—a0)? is C’(p)( w%),

Hence mj log x — mo —2m; contributes g,&)) (ﬁ — wlo) Multiplying by 2y/x gives c¢1, since 1 — 2wy =
0

2 — 2iy. The sum of the three coefficients is the coefficient of a, which gives ¢3. The asymptotic
form follows from ¢; = VC’( )(1 +0(y™1)). O

dw. The zero p gives the residue ’YC ( y> SO %9 has

¢o. For mi the residue is

has a double pole with principal part

Status: the residues are a computation; the convergence in B? is an assumption of the same
type as Ng’s. A least-squares fit of the first fourteen frequencies to the computed pieces on logx €
[log 103,log 107] gives amplitudes 2|c| that agree with the predictions to the accuracy of the fit.
At 1 the predicted and fitted values are 0.6998 and 0.7058 for %5, 0.7145 and 0.7206 for T, and
0.0147 and 0.0148 for the residual ¥; + T, which is 50 times smaller than either piece.

What the factorization does to the energy. The identity (44) factors —%’ into % times —(’. The
second factor is harmless: it is holomorphic in Rs > % except at s = 1, and of polynomial growth
there. The first factor carries all the zeros, with residues ﬁ. The rigidity of « is the identity
¢(p) - ﬁ = 1, and it reappears only when the three pieces are added. The energy shows the

difference.
Proposition 20.5 (the Mobius energy). Let M(x) =3, o, pu(n).
(i) Unconditionally: if le M(z)?z~2dz = X°), then RH holds.
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(a) A(n) = ZMd)Icg(n/d): the divisors cancel (b) w(x) = 2 u(d) T(x/d), x = 10%: terms of size 8 - 10* cancel
din d=x
10.0 7
80000 A
7.5
70000 -
5.0 7
_. 60000 1
2.5 7 3
= 50000 A
o
0.0 o
T 40000
_2‘5 - VZ:ID
< 30000 -
-5.0 7
® sum =A(n) 20000 A
w(10%) =10013.4

=757 mmm positive terms u(d)log(n/d) > 0

B negative terms

10000 7

-10.0

T T T T T T T T T T T T
0 10 20 30 40 50 60 10° 10’ 102 10° 104
n D
(c) =2 + T, + I3 exactly; T, = — T, a = sawtooth (d) energy per dyadic block: rigid (zeros) vs non-rigid (zeros and '(p))
0.10 7
2, (Mertens terms, log x) — alx) —e— a: E/log2 (to 10%°)
31 T = —(’(%)(dz wdd™?-1/¢(3)) e sawtooth sum —rmdz H(d)({x/d} - Hlog 5 —e— Mertens M(x)/VX (to 22%)
PR
14
0-
-1
-2 T T T T T T T T T 0.00 T T T T T T
3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 5 10 15 20 25 30 35
log1ox block [2K, 2k+1)

FIGURE 20. A = pxlog. (a) The divisor sum (44) for n < 60: positive and negative
terms, and their sum A(n). (b) Partial sums of ¢(x) = >, p(d)log|z/d]! at
x = 10*. (c) The exact decomposition of Proposition 20.3: T; and Ty are mirror
images, and « follows the M&bius-weighted sawtooth (46) (dots). (d) Energy per
dyadic block of a (to 10'%) and of the Mertens function M (z)/+/x (to 2%¢), with
their predicted means (log€&)”(3) and 2 > 050 ¢’ (p)|72.

(ii) (Ng[Ng]) If RH holds and J_1(T) = > o <t IC'(p)|72 < T, then e */2M (e*) has a limiting
distribution with mean 0 and mean square

()] =22 LR Iz C’
>0
(iii) Numerically, the sum over the first 96 zeros is 0.0282. The Gonek—Hejhal conjecture
—1(T) =2 0cr<r 1" (p)| 2 ~ fr—%“ [Go) estimates the tail beyond v = 229.3 at 2- 3 /229.3 =
0.0008, for a total of 0.0291. The block energies of M (z)/v/x for k = 10,...,25 have mean
0.0296 (Figure 20(d)).

Proof. (i) For ®s > 1, [~ M (z)z~ 1dx = %(s) In the variable v = log z, [; M(et)e %/ 2eWudy =

— L. If the energy is e®Y), the Cauchy-Schwarz argument of Proposition 4.2 makes this
(w+3)¢(w+3)

Laplace integral converge absolutely in Rw > 0. So % is holomorphic in fs > % (ii) is proved in
[Ng], and (iii) is a computation. O

The comparison is the point of this subsection. Under RH, the energy of « is Zng /v2 Tt
is finite, equal to (log&)” (%) for simple zeros, and needs nothing more. The Md&bius energy needs
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control of ¢'(p) from below, which is not known even under RH. Through (44), the energy problem
for o becomes an energy problem for M together with a harmless smooth factor. That problem is
no easier: it is strictly less rigid.

Three levels of exactness. Which arithmetic facts exclude the systems of Theorem 20.17

(0) The planted weights (43) have an Euler product only formally. Defining (,(s) =
exp (3, A(n)(1 + e(n))n=*/logn), the local factor at p is exp (>, (1 + e(p*))p~**/k).
So pw(p) = —(1 +¢e(p)) and p,(P?) = (1 +£(»))? — (1 + £(»?))). For the system (A)
of Figure 4(b), max |u,(p)] = 1.112 on 103 < p < 23, where 55% of the primes have
|t (p)| > 1, and max |, (p?)| = 0.113. The local facts u(p) = —1 and u(p?) = 0 already
exclude them.

(1) Beurling systems have pug(p) = —1 and pup(p*) = 0 for k& > 2, because they come from
a genuine Euler product over generalized primes. Diamond, Montgomery and Vorhauer
[DMV] construct such systems with integer counting function Np(z) = rkz + O(2%), 3 <
6 < 1, whose primes satisfy mp(z) = li(z) + Q(zexp(—cyIogz)). So the multiplicative
structure, even with integers known to precision z? for any 6 > %, does not give the energy
bound. In Proposition 20.3 for such a system, the sawtooth B;({z/d}) is replaced by the
error of N at x/d, which can be as large as (x/d)? instead of O(1).

(2) The integers N: N(z) = |x], with error O(1). This is the only information left, and
Proposition 20.3 shows where it enters: the sawtooth in (46) and the two constants ((3),
¢'(3)-

Remark 20.6 (status: what an exact argument must do). By Proposition 20.3 and Theorem 20.1,
a proof along the lines of this paper must show that the Mobius-weighted sawtooth

S@) =Y uld) Bi({5}) 108
d<z

is z1/2t°() in mean square on [X,2X], and it must use the cancellation between u(d) and the
fractional parts of x/d. The identity (45) shows that nothing is gained for free. Inserting |y| =

y— 1= Bi({y}) gives, exactly,

S =3 " Diog? LS ud)log ¥ —v(x) Lo,

d<z d<z

so S is —(1/)(1‘) - ;U) up to Mertens-type sums that are O(z'/2¢) precisely when RH holds. The
identity A = p *x log is reversible, and rewriting % through it changes the form of the problem but
not its content.

The form is still informative. S is a type I sum: Mobius against the explicit, bounded, ad-
ditive function Bj({z/d}). Expanding B in its Fourier series turns S into exponential sums
Y am(d)e(ha/d). The best unconditional bounds for ) (x) — x, and so for S, save only a factor
exp (— c(log x)3/>(log log x)~1/% ) over the trivial bound. That is the Vinogradov—Korobov zero-free

region, seen from the margin. A saving of z~/2*¢ would be RH.

21. WINDOWS AND WEIL POSITIVITY: A SUMMARY

The margin is Weil’s form @ for one test function. The companion papers [CE20, CE21, CE22]
study @ on whole spaces of test functions. We summarize the results, with their status, and refer
to those papers for proofs and data.

Dirichlet polynomials [CE20]. Because A > 0, the prime part of @ on Gaussian-smoothed
Dirichlet polynomials is unbounded below. So positivity is a cancellation between the archimedean
place and the coherent sum of all primes, not a diagonal dominance (proved, elementary). With ball
arithmetic, @ is positive definite on these polynomials for every length N < 179 (computer-assisted,
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for smoothing width 0.005). No translation-invariant square || Xk||? with X a Fourier multiplier fits
below @ on the whole line; in particular, no Euler-product or mollifier multiplier does (proved).
The margin as W — E [CE21]. Following Weil’s proof for curves, write Q = W — E with the
pole W = 2§(%)§(—%) Then W is a hyperbolic plane, like the two fibres of C' x C, and Q > 0
on a space implies that F has at most one positive direction there (proved; not conversely). The
archimedean place alone has (to/m + o(1))log N positive directions, tg = 6.2898 (proved, of Szegd
type). Numerically, the primes remove them only all together and only with their powers.
Windows [CE22]. In a window of length L = log N the form is one symbol. A positive completion
of that symbol gives an exact sum of squares, and a coercive form has the completion 7/|E|? with
E;, the de Branges function of the window (proved, classical in substance). For even k of bounded

variation supported in [—%, %], with K = 74:\, the explicit formula applied to k = k gives
Qk) =) K(ty)*,
p

so under RH the least eigenvalue of a window is the minimum of 23 _, K (v)%/|Ik||* (proved).
Connes observed that the minimizer reproduces the zeros [Co]. In high precision, it does so to
1072 up to 1.3 to 1.9 times T = 27N, the height where the density i log % of the zeros equals
the Nyquist density L/27 of the window (numerical; Figure 21). For the Davenport—Heilbronn
function, the agreement stops at the corresponding scale 2wrN/5. The zeros below T™* carry a
fraction between 10725 and 10~® of the least eigenvalue.

Rigidity and recursion [GG, RC]. Two notes written after these studies close one route and
open another. The anti-Wick rigidity theorem of [GG] proves that a Gaussian coherent-state
representation of the restricted Weil form with nonnegative weight exists at exactly one width,
where the weight is forced to be the zero-counting measure itself: no local Gaussian certificate
short of the zeros exists — the proved continuum form of the no-local-certificate measurements
of [WW], where diagonal dominance fails in every localized basis by factors 41 to 1.3 - 10°. The
nested-minor (Levinson) chains of [RC] are not coherent-state representations, so rigidity does
not constrain them; that note proves their exhaustion-detection law — every off-line distance ¢ is
detected at one resolution-bound depth, with violation amplitude exactly o 2 — and computes
the chains from the primes alone to Toeplitz size ~ 900, within a measured error floor growing from
1072 to 4- 10719, each further decade of von Mangoldt table buying Av = log 10 ~ 2.30 of reach.

22. THE WALL, STATED PRECISELY

Everything proved in Part IT — the bounded smooth part, the variance identity and its constants,
the exact intra-orbit fourth moment, the decoupling of the conductor-1 orbit, the prime-arrival
invariance of the cross term, and (modulo Conjecture 12.34) the full Gaussian fourth moment —
concerns averages over x with the truncation D fixed. The Riemann hypothesis (27) is a different
kind of statement: a pointwise bound along the moving diagonal D = x, one value of ® per window,
with no average left to take.

It is worth spelling out what a full Gaussian theorem would and would not give. If the tails

of Section 11 were a theorem uniform in D — P(|<5D\ > A\ 0.166\/5) < Ce N2 then, if the
diagonal x < D were a typical sample of the period, A\ = \/2(1 + ¢) log x would give
|®(z)| <0.24v/zlog x outside a sparse exceptional set,

the Gaussian-heuristic version of RH, with a logarithmic loss and almost everywhere. It is not a
typical sample: the period has length e (1+o(1) | the window z < D has relative measure e~ P(1+o(1))
in it, and on the diagonal the root mean square is half the fixed-D value (Section 10). So even a
full Gaussian theorem at fixed D says nothing about z < D. Two gaps separate this from RH, and
they are the whole distance. Uniformity: our moments average at fixed D; the diagonal couples
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FiGURE 21. The minimizer of Weil’s form in the windows N = 4.5, 7.4, 13, 20.1
[CE22]. Left: log;, of the distance from each zero of { to the nearest zero of the
minimizer’s transform. Right: the same data with the height in units of T* = 27 N
and the error in units of Apin; dashed T, dotted eT™.

the argument to the truncation. The exceptional set: no mean-value control excludes isolated large
values, and a zero off the critical line is invisible to every fixed-D moment, which is a finite identity
independent of the zeros — it would show in ® as a coherent oscillation of size ? visible only at the
right scales, costing nothing in any fixed moment. Part I proves a no-go theorem (Section 20) on the
other side of the same coin: weights indistinguishable from the primes’ up to ¢°~'/2 satisfy every
such average statement and still carry an off-line zero, so no argument built from size estimates
and fixed-order moments alone can close (27); the exact identities — (25) here, A = u * log there
— must enter beyond their first moments. What Part II adds to that program is the exact second-
moment structure (29), the identification of all the observed constants, and one new finite problem,
Conjecture 12.34, that can be attacked without meeting the wall.

23. DISCUSSION

Every statement in Part I that is equivalent to RH is equivalent through a Landau-type argument
and the same is true of the criteria of Parts II-IV, and each reduces to the holomorphy of & Ty or

of é, to the right of the critical line. The unconditional results are of two kinds. Some are exact
identities between the primes and the margin: the Fejér formula, the description of the minima,
the energy identity and the Mobius representation. The others are statements of what cannot
work: no uniform positive lower bound for M under RH (Proposition 3.3), and no argument that
survives planted weights (Theorem 20.1). The second kind gives a test that any proposed argument
can be run against: if it also works for the weights (43), for a Beurling system [DMV], or for the
Davenport—Heilbronn function of the controls of Part IV, it cannot prove RH. What remains is
an estimate that uses N(x) = |z] exactly, through the sawtooth of Proposition 20.3. The best
unconditional estimates of that kind save exp(—c(log z)%/®(log log ) ~'/%), the Vinogradov—Korobov
region. A saving of 21/2%¢ would be RH.

Remark 23.1 (Weil positivity for small support, and where this family sits). The margin evaluates
the Weil functional on the one-parameter Fejér family: the autocorrelation underlying M (N) has
multiplicative support [N~!, N], so the primes enter only through the powers ¢ < N. The regime
in which Weil positivity is proved for all test functions is the archimedean one: Connes and Consani
[CC] establish, through the prolate and Sonin operators, a positivity inequality for every g supported
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in [271/2,21/2] (autocorrelation in [1, 2]), precisely the range in which no prime occurs; the semilocal
programme [CCM] is to add the places 2,3,...,p and the support (p~!,p) one prime at a time.
Specialized to our family, the proved range is NV < 2, where M = R and positivity is the elementary
estimate of Proposition 2.8(1); their theorem is of course much stronger there, being an operator
bound valid for all g. The map between the two languages is Section 6: adding a place is admitting
the next batch of prime powers into the walk, and the question both programmes face is the same
uniformity — positivity must survive as the support, and with it every prime, enters. Theorem 20.1
constrains the operator route too: any semilocal positivity argument robust under the planted
weights (43) cannot close RH, so the arithmetic identity A = p * log must enter the operator
estimates at some stage. We do not see how to do this, and record the translation in the hope
that the one-variable family, where every object is computable, is a useful test bench for that
programme.

APPENDIX A. A COGNATE POSITIVITY PROBLEM: THE LAGUERRE KERNEL OF f AND THE
(G AUSSIAN-MIXTURE ROUTE

Write F(t) = &(3 + it) = [, ®(x)e’™® dz with the classical theta kernel ® > 0, and let Li(t) =
F'(t)2 — F(t)F"(t) be the first Laguerre expression; RH implies L; > 0 on R, and proving this
unconditionally is an open problem of the Csordas circle [Cs]. One has the exact representation
L= W with the nonnegative, even kernel

W) = é/R(Qx — v)2 O(2)P(v — z)dx = (Pg * Dy — Py * Dq)(v), Op(x) = xkq)(:c),

so L1 > 0 is equivalent, by Bochner, to W being positive definite. A natural sufficient condition
would be a representation W(v) = [;° e~ du(a) with p > 0: positive mixtures of Gaussians are
positive definite. This route is closed. If such a p existed, g(u) = W(y/u) = [ e *du(a) would be
logarithmically convex in u, by Cauchy—Schwarz on p. Computing W in high-precision arithmetic
(Simpson quadrature of the doubly exponentially decaying integrand, step-halving agreement to
49 digits), the second differences of log W (y/u) on u € [0.4, 8.8] (step 0.2) are strictly negative
throughout, between —0.034 and —0.093 — some 38 orders of magnitude above the numerical
error. No positive Gaussian mixture represents W. The data suggest more (Figure 22): log W (\/u)
appears to be concave on all of u > 0, with monotone second differences. We record this as a
structural conjecture — (log W (y/u))"” < 0 for u > 0 — which rhymes with the doubly exponential
decay log W (v) = —2mel*l inherited from ®, and leave the positive-definiteness of W where we
found it: open, and not approachable by termwise positivity.

DATA AND CODE

Each part carries its own ancillary code, included with this paper: for Part I, the ver-
ification, certification, walk, mean and projection scripts of the Cesaro margin (including
verify margin.py, run by the author to 10'2, and certify_ zeros.py, Arb ball arithmetic);
for Part II, the exact-arithmetic suite (xexact.py, decouple.py, sectors.py, ladder.py,
xsectors.py, parity.py, wcollapse.py, euler_law.py, profile_sums.py, bilinear_L.py,
estrata E.py, x211 _structure.py with the x211/ scripts, and the sampling and figure scripts);
for Part III, nbmain.py and the Vasyunin-Gram data; for Part IV, the code and data travel
with the companion monograph [CEn]; for the appendix, the high-precision kernel computation
(wkernel.py, in the ancillary). All exact rational claims were reproduced independently in
separate arithmetic during review.
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FIGURE 22. The Laguerre kernel of ¢ in the variable u = v?: log W (y/u) is concave,
not convex, so W is not a positive mixture of Gaussians.

USE OF AI ASSISTANCE

The research programme and the choice of objects are the author’s. Claude (Anthropic) was
used throughout as a research and writing aid: to derive and check lemmas, to write and run the
computations, to referee drafts in independent sessions, and to draft text and figures. The author
checked all results and is responsible for the content.
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