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ABSTRACT

We determine the asymptotic distribution of the smallest gaps between eigenvalues
in the bulk of the spectrum of real symmetric Wigner matrices, including Bernoulli
matrices. After multiplication by N3/2, the gaps and their locations converge to
a Poisson point process with the same intensity as for the Gaussian orthogonal
ensemble. Since changing a single entry can move eigenvalues by an amount
comparable to the smallest gaps, standard perturbative comparison estimates do
not directly resolve this scale for arbitrary entry distributions. Instead, we use that
resampling a few random entries does not change the law of the matrix, and we
show that the resampling moves each pair of nearby eigenvalues by a random walk
that satisfies a local limit theorem; this requires excluding arithmetic structure in
the eigenvectors. We also prove a law of large numbers for the number of gaps
at all scales between N=3/2 and N1, and we sketch the proof of the analogous
smallest-gap result for complex Hermitian Wigner matrices.
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SECTION 1

Introduction

1.1 Background

The statistics of spacings between consecutive energy levels have been studied since
Wigner proposed to model the spectra of heavy nuclei by the eigenvalues of large
random matrices [78, 80, 81]. A basic feature of such spectra is the rarity of very close
neighboring levels, which is known as level repulsion. The origin of level repulsion goes
back to an observation of von Neumann and Wigner [76]. Real symmetric matrices with
a repeated eigenvalue form a set of codimension two, and complex Hermitian matrices
with a repeated eigenvalue form a set of codimension three. Heuristically, the probability
that a given spacing of a random matrix is smaller than s therefore behaves like sPt1
where f = 1 in the real symmetric case and B = 2 in the complex Hermitian case, and
the density of spacings vanishes like s? near zero [36, 37]. The same exponent appears in
Wigner’s surmise for the spacing distribution [80] and in the factor [, j A — /\]-|5 in the
eigenvalue densities of Dyson’s ensembles [20, 21, 56].

The real symmetric case corresponds to systems with time-reversal symmetry. For
such systems, Bohigas, Giannoni, and Schmit conjectured that quantum spectra whose
classical dynamics is chaotic share the local statistics of the Gaussian orthogonal ensem-
ble (GOE) [8], in contrast with the Poisson statistics, without repulsion, expected for
integrable systems [6]. This picture is supported by experimental data (see, for example,
[38, 66] for nuclear spectra and microwave billiards).

This paper concerns the smallest spacings in a spectrum of N levels. If the spacings
were independent, with a density proportional to sP near zero, then the smallest spacing
would be of order N~1/(A*+1) times the mean spacing, and the smallest spacings, suitably
rescaled, would form a Poisson process with an intensity proportional to s?ds. This
heuristic is described in [35, 63], and numerical simulations agree with it [49, 63]. (We
emphasize that this Poisson process describes the rare small spacings. Its intensity
vanishes at zero because of level repulsion, and it should not be confused with the
Poisson level statistics of integrable systems.) Smallest gaps also appear in numerical
linear algebra. For example, the rate at which the Toda flow, which is closely related to
the QR algorithm, diagonalizes a symmetric matrix is governed by its smallest eigenvalue
gap [3, 17, 18], and numerical experiments suggest that the resulting running times are
universal for Wigner matrices, including matrices with discrete entries [59].
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We call real symmetric or complex Hermitian random matrices with independent
entries on and above the diagonal Wigner matrices. The class considered in this paper is
specified in Definition 1.1 below. In mathematics, the local eigenvalue statistics of Wigner
matrices are now known to be universal, in the sense that under mild conditions on the
entry distributions they agree asymptotically with those of the Gaussian ensembles. This
was established through the work of many authors. We mention [25-28, 41, 70] for the
averaged bulk statistics, [22, 69] for the distribution of a single gap, and [12, 46, 47] for
statistics at a fixed energy, and we refer to the book [23] for an account of the dynamical
approach. Matrices with discrete entries are natural in this context. Wigner’s first paper
on the semicircle law concerns real symmetric matrices whose off-diagonal entries are
£1 with random signs [79], and the centered and rescaled adjacency matrix of a dense
Erd6s—-Rényi graph has independent Bernoulli entries above the diagonal.

Universality of a single gap does not determine the smallest gap among N gaps,
since the latter depends on rare events. For the classical ensembles, the smallest gaps
have been computed from explicit formulas for the correlation functions. When these
functions are determinants, as for the circular unitary ensemble (CUE) and the Gaussian
unitary ensemble (GUE), Vinson found the limiting law of the smallest gap [75]. Building
on Soshnikov’s analysis of extreme spacings in determinantal point processes [65], Ben
Arous and Bourgade [3] obtained the joint limit of the smallest gaps of the CUE and the
GUE together with their locations, and Figalli and Guionnet carried these results over to
several-matrix models [34]. Determinantal structure is also behind the results of Shi and
Jiang for complex Ginibre matrices [62] and those of Charlier for the two-dimensional
Coulomb gas at B = 2 with a general potential, which describes the eigenvalues of
random normal matrices [14].

For the Gaussian orthogonal ensemble (GOE), the correlation functions are Pfaffians,
and the smallest gaps were determined by Feng, Tian, and Wei [32]. Feng, Li, and Yao
[33] gave a detailed treatment of the Gaussian symplectic ensemble, together with a
sketch of a GOE version that also records the locations of the gaps, and the smallest gaps
of real Gaussian matrices were studied in [52]. Feng and Wei [30] treated the circular -
ensembles for every positive integer B. For the largest gaps of the CUE and the GUE, Ben
Arous and Bourgade [3] determined the leading order, and Feng and Wei [31] determined
the fluctuations.

For Wigner matrices, Bourgade [10] proved universality of the smallest gaps for both
real symmetric and complex Hermitian generalized Wigner matrices under smoothness
assumptions on the entry distributions. Bourgade also proved universality of the largest
gaps in the complex Hermitian case under a smoothness assumption. Landon, Lopatto,
and Marcinek [48] proved a comparison theorem that removes this smoothness assump-
tion. In both works, the explicit largest-gap limit laws were stated for complex Hermitian
matrices because the corresponding limiting distribution for the GOE was not known at
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the time; their comparison arguments also apply to real symmetric matrices. Whether
the smallest gaps are universal without smoothness assumptions was raised in [10].
Recently, Zhang [82] proved universality of the smallest gaps for complex Hermitian
Wigner matrices whose entries have real and imaginary parts with sufficiently many
well-separated atoms (at least ten suffice), through a comparison argument that matches
many moments of the entries. In [82, Conjecture 1.6], he conjectured the analogous result
for real symmetric matrices, noting that it does not seem accessible by his methods, and
he further conjectured that two atoms suffice.

For real symmetric matrices with discrete entries, the strongest results available were
lower bounds. Nguyen, Tao, and Vu [57] proved tail bounds for gaps that imply, in the
normalization of this paper, that the smallest gap is at least N~>7°() with probability
tending to one, and related bounds were obtained in [13, 51, 64]. The absence of repeated
eigenvalues was proved in [13, 53, 71]. These lower bounds are smaller than the true
order N~3/2 of the smallest gaps by a factor N'/2,

1.2 Main results
We now state our results. We begin with the definition of the matrices we consider.

Definition 1.1. Let X and Z be real random variables such that EX = EZ = 0, EX? =1,
and EZ2 > 0, and such that there exist constants ¢y, Cy > 0 with

P(|X| >y) +P(|Z] > y) < Coe ™ forally > 0. (1.1)

For every integer N > 2, let (X;p)1<,<p<N be independent copies of X, and let (Z;)1<,<n
be independent copies of Z, independent of the X,;;,. We call the N x N real symmetric
matrix H = Hy with entries

Hpy=Hp=N"12X, (1<a<b<N), Hu=N1?Z, (1<a<N), (12
the real symmetric Wigner matrix associated with X and Z.

No assumption on the symmetry, smoothness, or support of the laws of X and Z is
made beyond (1.1). In particular, X may take only two values, and IEX> may be nonzero;
for example, X may be a centered and normalized Bernoulli variable with any parameter.
The law of Z may equal that of X, in which case all entries on and above the diagonal
are identically distributed.

For a matrix H as in Definition 1.1, let Ay < --- < Ay denote its eigenvalues. For
every positive integer n, we set [n] = {1,...,n}. Fori € [N—1], welet g; = Aj11 — A;
denote the i-th gap. We let

2
0w (E) = %\/max{él ~E200, () =" pu(E)} (E€R) (13)



1 Introduction 1.2 Main results 4

denote the semicircle density and the function that determines the intensity in our main
result. We identify a locally finite point configuration on [0, o) X (—2,2) with its counting
measure. We equip the set of such measures with the vague topology, which we define as
the coarsest topology for which the maps y — [ f dyu are continuous for all continuous
functions f with compact support in [0,00) X (—2,2). We use the convention that the
minimum over the empty set is 4+-co. Our main result is the following theorem.

Theorem 1.2. Let H be as in Definition 1.1. Then the point processes

EN = Z (S(NS/Zgi,)H) (14)
ie[N—1]:A;€(—2,2)

on [0,00) X (—2,2) converge in distribution, with respect to the vague topology, to a Poisson
point process with intensity
v(dxdE) = ¢(E) xdxdE. (1.5)

Consequently, for every nonempty interval I whose closure is contained in (—2,2) and every
x>0,

2,2
lim (N2 Lpmin g x) =exp (- /IpSC(E)?’dE). (1.6)

Theorem 1.2 identifies the smallest gaps in the bulk of the spectrum for every matrix as
in Definition 1.1, including Bernoulli matrices. It settles [82, Conjecture 1.6], together with
the stronger version with two atoms, for the matrices of Definition 1.1. The conjecture
concerns real generalized Wigner matrices whose entries have tails at most c'e™* and
laws supported on sufficiently many well-separated atoms (two atoms in the stronger
version), whereas Theorem 1.2 requires sub-Gaussian entries, EZ? > 0, and identically
distributed entries above the diagonal. The limit agrees with the one obtained for the
GOE in [32, 33] and with the one obtained under smoothness assumptions in [10]. For
every interval I of positive length whose closure is contained in (—2,2), the Poisson limit
determines the joint limiting law of the k smallest gaps in I for every k. We assign +oo to
the k-th smallest gap when fewer than k gaps have left endpoints in I. For example, as in
[10, Corollary 1.3], which gives the limiting law of the k-th smallest gap, the k-th smallest
value of N3/2(271 | [ c(E)dE )1/2¢: over i with A; € I converges in law to the distribution
with density 2x2k—1e_x2/(k —1)! on (0, 00).

We have not attempted to optimize the assumptions. The sub-Gaussian condition (1.1)
is used in several places, for instance through the results of [57]. The condition EZ? > 0 is
used through results on generalized Wigner matrices [10, 29], which assume that all entry
variances are bounded below by a multiple of N~!; in particular, Theorem 1.2 does not
apply directly to centered adjacency matrices of random graphs, whose diagonal vanishes.
We assume that the entries above the diagonal are identically distributed because the
resampling argument of this paper and the results of [57] use this property.
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Our second result is a law of large numbers for the number of gaps at scales between
the smallest gaps and the typical spacing. It is the main input to the proof of Theorem 1.2
and may be of independent interest. We let E; = (A; + A;11)/2 denote the midpoint of
the i-th gap. We extend every function on (—2,2) by zero to a function on R, and every
function on [0, %) x (—2,2) by zero to a function on [0,00) X R.

Theorem 1.3. Let H be as in Definition 1.1, and let & € (0,1/2). Then for every continuous
function ¢: (—2,2) — R with compact support and every continuous function f: [0,00) — R
with compact support,

N2 qu,(Ei)f(ngi) . /2 ¢o(E)c(E) dE - /Ooyf(y) dy (1.7)
i=1 2 0

in probability as N — oo.

We call a compact interval contained in (—2,2) a bulk interval. In words, Theorem 1.3
states that for every bulk interval I and every y > 0, the number of gaps at most
yN~17% with midpoints in I is asymptotic to N'=2*(y2/2) [, c(E) dE in probability. By
Theorem 1.2, this number tends to zero in probability for « > 1/2, and it converges in
law to a Poisson random variable for « = 1/2, so a law of large numbers cannot hold for
a > 1/2. For the GOE, the corresponding law of large numbers for pair statistics with
« < 1/4 (Proposition 3.6) follows from the Pfaffian formulas for its correlation functions.
We prove it in Appendix A, where it serves as the main input to the base case of our
proof.

Our methods also apply to complex Hermitian matrices, as follows.

Definition 1.4. Let Z be a real random variable such that EZ = 0 and EZ? > 0, and let X¢
be a complex random variable such that EX¢ = 0, E|X¢|? = 1, and EX2 = 0. Suppose
that there exist constants cp, Cy > 0 such that P(|X¢c| > v) + P(|Z] > y) < Coe~0¥" for
all y > 0. For every integer N > 2, let (X¢ 4)1<a<b<N be independent copies of X¢, and
let (Z,)1<a<n be independent copies of Z, independent of the X¢ ,,. We call the N x N
complex Hermitian matrix H with entries H;, = N -1/ ZXC/ab and Hy, = H,, fora < b,
and H,, = N"1/27, the complex Hermitian Wigner matrix associated with X¢ and Z.

The condition EXZ = 0 states that the real and imaginary parts of X¢ are uncorrelated
and have the same variance. The third moments of X¢ are arbitrary. For example, the
real and imaginary parts of Xc may be independent copies of 271/2X for every X as in
Definition 1.1.

Theorem 1.5. Let H be as in Definition 1.4, with eigenvalues Ay < --- < Ay and gaps
gi = Aip1 — Ay, and let ca(E) = (712/3)psc(E)*. Then the point processes

O(N4/3g,,Ay) (1.8)
ie[N—1):0;€(—2,2)
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on [0,00) x (—2,2) converge in distribution, with respect to the vague topology, to a Poisson
point process with intensity cy(E) x> dx dE. Consequently, for every nonempty interval I whose
closure is contained in (—2,2) and every x > 0,

2

9x3 [ pic(B)'dE). (1.9)

The limit agrees with the one for the GUE [3]. Theorem 1.5 removes the smoothness
assumption of [10] and the assumption on the number of atoms of [82] for complex
Hermitian Wigner matrices with identically distributed entries above the diagonal. We
give the proof of Theorem 1.5 in less detail than that of Theorem 1.2. In Section 9,
we sketch how the arguments of Sections 5 and 6 and Appendix A adapt to complex
Hermitian matrices; the resampling argument is not needed in this case. We give the
details of the two estimates that are new. The first bounds, for x € (0,1/8), the number of
triples of eigenvalues in a bulk interval within distance N~1~* of each other by N1~8<+o(1),
with probability tending to one. This is small compared with the number N'=3% of gaps
at a smaller scale N~'~% when &’ < 8x/3, which is the comparison that the induction
needs. The second bounds the probability that a Gaussian perturbation of a 3 x 3 diagonal
matrix has a small gap.

lim P(N*/3 i > x) = -~
Noos ( ieNoer S ) exp<

1.3 Methods and relation to previous work

We give an overview of the proofs in Section 2. Here we describe how their ingredients
relate to the literature.

In [10], the smoothness of the entry distributions is used through the reverse heat
flow [25], which represents the matrix, up to a small error in total variation, as a matrix
with a Gaussian component. Dyson Brownian motion [19] must run for a time at least
N—1/2+2  for some ¢ > 0, for its relaxation to resolve the gaps at the scale N~3/2. This
time corresponds to a Gaussian component of standard deviation N~!/4+¢ in the variables
X,p, and this is where smoothness on the scale N~1/4*¢ js needed.

The alternative is a comparison argument, which replaces the entries one at a time.
As explained in Section 2.1, for real symmetric matrices a single entry moves a gap by
an amount comparable to the smallest gaps, so the standard perturbative comparison
estimate does not give a small error at this scale. Zhang gives a different reason for
restricting his result to the complex Hermitian case, which is consistent with ours. The
error in his Green function comparison, which matches a fixed number of moments, is
small only for spectral parameters at distance much larger than N~3/2 from the real
axis (see [82, (11)] and the paragraph after it), while the smallest gaps of real symmetric
matrices are of order N~3/2. We avoid comparison at the scale N~3/2,

Instead, we use the fact that resampling a small random set of entries does not change
the law of the matrix. Resampling a few random entries of a Wigner matrix, and the
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heuristic that each resampled entry moves an eigenvalue by one step of a random walk,
were used by Bordenave, Lugosi, and Zhivotovskiy to study the noise sensitivity of the
top eigenvector [9]; see also [16] for a related dynamics. We use resampling instead to
smooth the law of the gaps while preserving the law of the matrix. The relevant random
walk acts on the traceless part of the 2 x 2 compression of the matrix to the span of two
consecutive eigenvectors. This traceless part can be identified with a vector in R? whose
norm is half of the gap, which reflects the codimension-two phenomenon of [76].

The analysis of this random walk requires a local limit theorem that resolves the law
of the walk at the scale of a single step, which for discrete entries requires excluding
arithmetic structure in the eigenvectors. For this, we use net and decoupling arguments
developed for the invertibility of random matrices and the structure of their eigenvectors
by Rudelson and Vershynin [60], Vershynin [74], Nguyen, Tao, and Vu [57], and Tao and
Vu [71]. The local limit theorem itself is proved by Fourier analysis with smooth test
functions, as in the classical theorems of Shepp and Stone [61, 67], and the passage from
local limits to Poisson convergence uses the Bonferroni inequalities, as in the factorial
moment method used for extreme gaps in [3, 65]. We also use the tail bound of Nguyen,
Tao, and Vu for three consecutive eigenvalues [57, Corollary 2.5] at several points.

The resampling argument requires the number of gaps at a scale slightly larger than
N~3/2, which is the content of Theorem 1.3. Its proof uses a comparison argument along
the Ornstein—Uhlenbeck flow. Our comparison estimate follows the continuity estimate
of Bourgade and Yau [11, Lemma A.1] (see also [23, Chapter 15]), which descends from
the Lindeberg method of Chatterjee [15], the four moment theorem of Tao and Vu [70],
and the Green function comparison of Erd6s, Yau, and Yin [28]; the expansion in a single
entry is the cumulant expansion of Khorunzhy, Khoruzhenko, and Pastur [44], in the
form of [54, Proposition 3.1].

Comparison arguments for statistics that involve all eigenvalues appear in [48], which
uses regularizations of eigenvalues through the Helffer-Sjostrand formula following
Knowles and Yin [45], and in [82], which uses resolvent expansions with spectral pa-
rameters at distance less than N~! from the real axis, together with many matched
moments. In these works, derivatives of the observables are controlled through resolvent
or perturbation formulas. Our observables are instead bounded by one in a complex
neighborhood of the real entries, which follows from a trace representation of the pair
statistic, the argument principle, and the local semicircle law [4, 24, 29], and we bound
their derivatives by Cauchy’s estimates. We are not aware of an earlier use of this device
in comparison arguments.

The proof of Theorem 1.3 is an induction on «. Its base case & < 1/8 uses the coupling
of Bourgade [10, Corollary 3.3] between Dyson Brownian motion started from H and
from a GOE matrix, together with the GOE result of Appendix A, which relies on the
Pfaffian formulas for the GOE correlation functions [1, 56, 72] in the form given in [33].
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To go beyond &« = 1/8, we analyze matrices with a small Gaussian component
conditionally on the eigenvectors of H, as in the work of Johansson [41] and Erdés, Péché,
Ramirez, Schlein, and Yau [25] (see also [26] and [23, Chapter 12]); the regime of Dyson
Brownian motion run for times much smaller than N—!, which is the one relevant here,
was studied by von Soosten and Warzel [77]. Our perturbation lemma for entrywise
small perturbations of diagonal matrices is a variant of the quadratic residual bounds
of Mathias [55] and Li and Li [50], with entrywise bounds in place of operator norms.
The computation of gap counts at a smaller scale through independent 2 x 2 Gaussian
blocks makes rigorous, in this regime, the 2 x 2 heuristic behind Wigner’s surmise. The
induction on the scale is in the spirit of the multiscale arguments for local laws (see [4,
Section 5]) and of the induction on the size of index sets in [5].

1.4 Notation

Constants ¢, C > 0 may depend on the laws of X and Z in Definition 1.1 (or of X¢ and Z
in Definition 1.4) and on fixed parameters such as bulk intervals, test functions, integers,
and small exponents, but never on N; their values may change from line to line. The
function c(E) of (1.3) always appears with its argument, which distinguishes it from these
constants. The letter ¢ denotes a small positive exponent. Its value is fixed within each
argument and may change between arguments. When the dependence on a parameter
matters, we indicate it by a subscript, as in Cy.

We say that an event holds with overwhelming probability if for every D > 0 there exists
Cp > 0 such that its complement has probability at most Co NP for all N. We let o(1)
denote a deterministic quantity that tends to zero as N — oo, op(1) a random quantity
that tends to zero in probability, and Op(1) a family of random quantities that is tight.

For x,y € R", we let |x| denote the Euclidean norm of x and x - y the Euclidean inner
product. For v € RY, we let ||v||, and ||v||e denote its Euclidean and supremum norms.
For a matrix A, we let ||A]| denote its operator norm, and AT and A* its transpose and
conjugate transpose. For an N x N matrix A and a set K C [N], we let Axxc = (Aj)jrek
denote the corresponding principal submatrix. We let Id,, denote the n x n identity matrix
and e, the a-th standard basis vector of RN.

For a real symmetric or complex Hermitian N x N matrix A, we let A;(A) < --- <
AN(A) denote its eigenvalues, counted with multiplicity. For the matrix H of Defini-
tion 1.1, we write A; = A;(H), and we fix a measurable choice of orthonormal eigenvectors
ui, ..., uy with Hu; = Aju; we let u;(a) = elu; denote the a-th coordinate of u;. Prob-
abilities and expectations conditional on H are conditional on H and on this choice of
eigenvectors.



SECTION 2

Overview of the proof

This section explains the proofs of Theorem 1.2 and Theorem 1.3, and, in Section 2.6,
the changes needed for Theorem 1.5. It is written to be read on its own. The precise
statements and proofs occupy Sections 3 to 8 and Appendix A; a roadmap is given in
Section 2.7.

Throughout this section, except in Section 2.6, H denotes a matrix as in Definition 1.1.
It is real symmetric, its entries above the diagonal are N 172X, where the X,; are
independent copies of a centered, sub-Gaussian random variable X of variance one, and
its diagonal entries are independent, centered, and sub-Gaussian, with positive variance.
Let Ay < .- < Ay denote the eigenvalues of H, and let u, ..., uxn denote corresponding
orthonormal eigenvectors. For i € [N —1], let g = Aj11 — A; denote the i-th gap and
E; = (A + Aj1)/2 its midpoint. Recall that ¢(E) = (712/6)psc(E)3, where psc is the
semicircle density. Recall also that we call a compact interval contained in (—2,2) a
bulk interval, and that an event holds with overwhelming probability if for every D > 0
its complement has probability at most CoN~P. In this section, statements involving
the exponent ¢ > 0 hold for all sufficiently small e. Approximate statements about
random quantities hold with probability tending to one, and in such statements o(1)
denotes a random error that is bounded by a deterministic sequence tending to zero,
with probability tending to one.

2.1 The main difficulty

We set d = N73/2, and we call d the critical scale. Theorem 1.2 states that the smallest
gaps of H in the bulk of the spectrum are of order d, and that for every bulk interval I
and every x > 0, the number of indices i with ¢; < xd and A; € I converges to a Poisson
random variable with mean

/1/0x c(E)ydydE = X;/IC(E) dE. 2.1)

The usual route to universality of local eigenvalue statistics compares H with a matrix
that has a Gaussian component, by replacing the entries one at a time and showing
that each replacement changes the observable of interest by a small amount [15, 28, 70].
For the smallest gaps of real symmetric matrices, the standard perturbative comparison

9
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estimate does not give a small error at this scale. First-order perturbation theory suggests
that changing the entries H,, and Hj, by an amount & moves A; by approximately
2hu;(a)u;(b). The entries are of order N~1/2, and the eigenvectors are delocalized, in the
sense that max; , |u;(a)| < N~1/2+¢ with overwhelming probability for every ¢ > 0 [4, 29].
So a single entry moves an eigenvalue, and therefore a gap, by about N—3/2 = d, which
is the scale of the smallest gaps. Observables that resolve gaps at the scale d are therefore
not stable under the replacement of a single entry.

In [10], this obstacle was avoided by assuming that the entry distributions are smooth,
which allows one to replace H by a matrix with a Gaussian component without a
comparison at the scale d. For complex Hermitian matrices, the smallest gaps are of order
N—4/3 which is much larger than N —3/2 and the obstacle does not arise; we return to
this case in Section 2.6.

Our argument has two parts. At the scale d, we do not compare H with another en-
semble. Instead, we use the sensitivity of the gaps to single entries through a resampling
argument, which we describe in Sections 2.2 to 2.4. This argument requires the number
of gaps at a scale slightly larger than d. At the scales N~17% with a € (0,1/2), which lie
between d and the typical spacing N~!, the typical gap displacement caused by changing
a single entry, of order N=3/2, is small compared to this scale. In Section 2.5, we prove a
law of large numbers for the number of gaps at such scales, using a comparison argument
together with an induction on «.

Four steps of the proof are new: the resampling argument, together with the reduction
of its local limit theorem to the exclusion of eigenvectors whose coordinates take few
values, which replaces the use of smooth entry distributions in [10]; the holomorphic
bound on derivatives in the comparison argument, which replaces bounds obtained from
eigenvalue perturbation formulas or from resolvent regularizations of eigenvalues; the
induction on &, which computes gap counts through independent 2 x 2 Gaussian blocks
and replaces the direct combination of coupling and comparison, which reaches only
x < 1/8 when EX3 # 0; and, for complex Hermitian matrices, a bound on triples of
nearby eigenvalues relative to the number of gaps, together with an estimate for Gaussian
perturbations of 3 x 3 diagonal matrices, which replaces the exclusion of such triples.

2.2 Resampling

Let T = NV and m = 2|t/8]. Then m = t/4+4 O(1). We choose positions
(a1,b1),...,(am, by) independently and uniformly from the set of pairs (a,b) with
1 <a < b < N, and we choose independent copies Yj,...,Ys of X, all independent
of H. We call (ay,b1),...,(am, bm) the selected positions. Let H denote the matrix obtained
from H by replacing, for I = 1,...,m in turn, the entries in the positions (a;,b;) and
(by,a;) by N~1/2Y;. Each replacement preserves the joint law of the entries, so H has the
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same law as H. It therefore suffices to prove Theorem 1.2 for H, and we may perform all
computations conditionally on H.

Heuristically, one replacement moves a gap by an amount of order d, so the m
replacements should move it by a random walk with m ~ 7/4 steps of size of order d.
To make this precise, we use the following elementary fact. The eigenvalues of a real
symmetric 2 X 2 matrix with diagonal entries k1, h; and off-diagonal entry hy, differ by

hy —h
2‘( ! 5 z,hu)‘. (2.2)

Fix i € [N — 1], and let §; denote the gap between the i-th and (i + 1)-th eigenvalues
of H. For a < b, we define the vector sz;) € R? by

DY = N (ui(a)uy(b) — i1 (@)1 (b), wi(@)uz i (b) + wi(D)uia(a)),  (23)
and we set .
zj = (—f—;,o) , Si= 1_21(1/1 . Xalbl)Dg)bl. (2.4)

We apply (2.2) to the compression of H to the span of u; and u; 1, which has diagonal
entries uiTI:Iu,' and uiTHﬁu,-H and off-diagonal entry uiTI:IuiH. When the selected po-
sitions are distinct, which holds with probability 1 — O(T>N~2), this compression has
eigenvalue gap exactly 2d|z; + S;|. If we neglect the interaction of u; and u; 1 with the
other eigenvectors, which we justify in Section 2.3, we therefore obtain the approximation
§; ~ 2d|z; + S;|. We call S; the linearized increment and 2d|z; + S;| the linearized gap of the
pair (i,i +1).

Conditionally on H, the vector S; is a sum of m independent copies of the random
vector (Y — Xab)D,EZ)r where (a,b) is a uniformly chosen position with a < b and Y is an
independent copy of X. By the delocalization of the eigenvectors, and since all entries X

are bounded by N¢ with overwhelming probability, we have |(Y — Xﬂb)Dfi;ﬂ) | <2N2(|Y| +
N¢). The conditional mean of this vector is small by the eigenvalue equation, and its
conditional covariance is 4Id, + 0(1). Heuristically, the factor (Y — X,;)? has average close
to 2 over the uniformly chosen position, and the orthonormality of u; and u;; makes

the average of D{EZ) (DLEZ))T over a < b close to 2Id;. The entries X, are not independent
of the eigenvectors, so these two averages cannot simply be multiplied. The two are
decoupled by the bound || X|| < N'/2*¢, which holds with overwhelming probability, for
the matrix X with zero diagonal and off-diagonal entries Xﬁb —1; Lemma 8.4 contains
the computation.

So S; is approximately a centered Gaussian vector with covariance 4mld; ~ tldy,

whose density at y € R? is (2r7) e~V 2/ (), Suppose for the moment that S; satisfies a
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N\ Zi + S;

/ /2 I /\/\L disk of radius x/2
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\\ Zl /I
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gi/(2d)

Figure 2.1. The linearized picture of a pair (i,i + 1). The point z; = (—g;/(2d),0) encodes the gap
gi of H. The resampling moves it by the linearized increment S;, a sum of m ~ 7/4 conditionally
independent steps of order one, each with covariance close to 4Id>, whose law is close to a
centered Gaussian law with covariance 7lId, (dashed circles of radius 7'/? and 271/?). Up to an
error o(d), the gap of H is at most xd exactly when z; + S; lies in the disk of radius x/2 around
the origin; by (2.6), this has probability close to (x*/(87)) exp(—g?/(8(?)).

local limit theorem that resolves its law at the scale of a single step, in the sense that for
every smooth function ¢: R? — R with compact support,

1 il
CE[p(zi+50) | H] = 5-exp (~20) [ p(y)dy +o(1). 25

We set ¢ = dt!/2 = N=299/200_ Approximating the indicator function of a disk by smooth
functions, we find for every x > 0 that

2 12 2 2
e () - oe (- 8k)
(2.6)

This mechanism is illustrated in Figure 2.1. A gap g; of order ¢ has a probability of
order 7! to produce a gap of H of order d, and gaps g; much larger than ¢ contribute
negligibly.

To sum (2.6) over i, we need the number of gaps of H at the scale ¢. For a = 99/200,
we have N™!17% = / and N'~2% = 1, so Theorem 1.3 with this value of a counts the gaps
of H at the scale ¢. Theorem 1.3 concerns continuous test functions with compact support.
To apply it to the indicator function of a bulk interval I and to the Gaussian function
y eV’ /8, we approximate these functions by continuous functions with compact
support. We control the tail of the Gaussian function by an upper bound that we prove
together with Theorem 1.3 (see Proposition 4.1). It states that for every bulk interval I,

IP(g; < xd|H) %]P<|zl-—|—5i| S%‘H) R
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p paring gap.

there exists C; > 0 such that with probability tending to one,

Aj— Aj)%\ —61
y (1 + (;sz)) <Crr. 2.7)
1§i<j§N:(A,‘+/\j)/2€I
We obtain )
1 8
; Z exp ( — @) — 4/IC(E) dE (2.8)

iZEiGI

in probability, where we used that f0°° ye_yz/ 8 dy = 4. Multiplying by x?/8, we recover
the mean (2.1). We note that the dependence on T cancels, as it must.

Summing (2.6) over all pairs requires care. The local limit theorem (2.5) has an error
o(t~!) for each pair, while the sums run over all pairs whose gap is small enough for
the linearization to apply. These are the pairs with g; < N~7/5 (see Section 2.3), and
there are about N'/5 of them, many more than 7. We therefore restrict the sums to the
pairs with g; < R/ for a large constant R, of which there are Or(7) by (2.7). We treat the
remaining pairs with a large-deviation bound. For g; > /, the conditional probability that
|z; + S;| < x/2 is at most Ct~1e~8i/* (Proposition 4.4), and these bounds are summable
against (2.7), with a sum that tends to zero as R — co.

To obtain a Poisson limit, we need the joint behavior of S; ,...,S; for indices i1 <

- < i; such that ij; 1 > i;+ 2 for all j, so that the pairs (ij,i; + 1) are disjoint. This
restriction suffices, since we show in Section 2.3 that, with probability tending to one, the
pairs with small gaps are disjoint. The vectors S; ,...,S; are built from the same selected
positions and the same variables Y, ..., Y}, so they are not conditionally independent.
However, their joint conditional covariance is close to 4mldy, again by the orthonormality
of the eigenvectors, and we prove a joint local limit theorem for (S;, ..., Sik)- Joint local
limits, rather than independence, suffice to compute, through the Bonferroni inequalities,
the conditional Laplace functional of the point process of the rescaled linearized gaps
2|z; + S;|, which approximate the rescaled gaps of H. Finally, since H and H have the
same law, the Poisson limit for H is also the Poisson limit for H.

The choice of T is a compromise. The local limit theorem needs many steps, so T must
tend to infinity. On the other hand, the error in the linearization grows with 7, as we
explain next. The choice T = N'/1% is convenient, but not essential.

2.3 Comparing actual and linearized gaps

We now explain why the approximation §; ~ 2d|z; + S;| holds up to an error o(d),
simultaneously for all relevant i. Let A = H — H, let U denote the orthogonal matrix
with columns 11, ..., uy, and let W = UTAU denote the perturbation in the eigenbasis
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of H. With probability tending to one, the matrix A has at most 2m nonzero entries, each
of absolute value at most 2N~1/2+¢, 5o the delocalization of the eigenvectors gives

max [W| < ) |Agp| [ui(a)u;(b) + ui(b)uj(a)| < 4mN~>27 < wy,
<l a<b (2.9)
wy = TN-3/2+3%
where we used that 4m < 7. This bound is much smaller than the typical spacing N1,
but it is larger than d. So the first-order approximation is not enough, and we must
control the interaction of each pair with the rest of the spectrum.

Let s = N~7/5. We call a maximal set X C [N] of consecutive integers such that
Aiy1 —Aj < s whenever j,j+1 € K a cluster. By a result of Nguyen, Tao, and Vu
[57], the expected number of indices i € [N — 2] with A;,, —A; < ris O(N(Nr)3),
uniformly in r > N~2. Applying this with r = 4s, we see that A;;» — A; > 4s for
all i, and in particular that no cluster has three or more elements, with probability
1—-O(N(Ns)3) =1—-0(N"1/5),

For each cluster K, a Schur complement argument (Lemma 3.8) shows that H + A has
exactly | K| eigenvalues near the eigenvalues A; with j € K, and that their ordered values
differ from the ordered eigenvalues of the block (A + W)k, where A = diag(Aq, ..., AN),

by at most
ON
2|K|( max su < Adwd Ly =

1l (max W, 1) ® Ll w|_ NN =2,

gN =25~ llog N, (SN = SWZZVXN.

Here the supremum is over the complex numbers w in the rectangle obtained by enlarging
the interval [Amin xc, Amax ] by $/4 in each direction. We show in Section 7 that the sum is
bounded by Zy, because every eigenvalue A; with j ¢ K is at distance at least 3s/4 from
such w, and at most two eigenvalues lie in every interval of length 4s, since Aj o — A; > 4s
for all j. Inserting the values of 7, s, and d, we find

(2.10)

‘%N — 16N ~2/2F6¢]og N, (2.11)
which tends to zero when ¢ < 1/75. In Section 7, we take ¢ = 1/100.

For a two-element cluster IC = {i,i + 1}, the block (A + W)k is exactly the compres-
sion considered in Section 2.2, and by (2.2) its eigenvalue gap equals 2d|z; + S;| when the
selected positions are distinct. Hence §; = 2d|z; + S;| + o(d) for all two-element clusters
at once, and all other gaps of H exceed s/2. The same estimate, applied with a Gaussian
perturbation in place of A, is used in Section 2.5.
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2.4 A local limit theorem at the scale of a single step

The local limit theorem (2.5) is needed at unit scale, which is the size of a single increment
(Y — Xab)Dﬂ(,lb)- At this resolution, the lack of smoothness of X matters again. For example,
if X takes the values +1, then Y — X,;, € {—2,0,2}. If the linearized increments were
supported on a fixed lattice with mesh bounded away from zero at unit resolution, the
local limit theorem could fail. The fixed-lattice example at the beginning of Section 8
illustrates this obstruction. The central limit theorem holds regardless, but the local
limit theorem requires a quantitative upper bound on the modulus of the conditional
characteristic function

®p(E) = E[exp (it- (Y — X)DW) |H], ¢eR? (2.12)

for ¢ in a range of intermediate frequencies, where (a,b) is a uniformly chosen position
and Y is an independent copy of X. Small frequencies are handled by the Gaussian
approximation, and large frequencies by the decay of the Fourier transform of ¢ in (2.5).

The first step is a symmetrization, which removes the old entries X,;, (whose values
are fixed once we condition on H) and avoids any symmetry assumption on X. Let Y’
denote an independent copy of Y. Averaging over the uniformly chosen position (a,b)

and using the convexity of z — |z|?, we find
2o (NY / (i
1—|®y(&)]* > ) Y E[1—cos((Y-Y)¢-D,/)]. (2.13)
a<b

For b € [N], let r, = NY2(u;(b),u;,1(b)) € R% For ¢ = (&(1),&(2)) € R?, let T(¢)
denote the symmetric 2 x 2 matrix with rows (¢(1),¢(2)) and (&(2), —¢(1)). A direct
computation from (2.3) gives ¢ - Dtgz) = rIT(&)ry. Suppose that the right side of (2.13) is
small. Since Var X = 1, the variable |Y — Y’| lies in a fixed compact subset of (0, c0) with
positive probability, and for such values of Y — Y’ the phases (Y — Y’) r[T(&)r;, are close
to 271Z for most pairs (a,b). We choose two indices a’, 4" such that the 2 x 2 matrix Q
with rows ], and rl, is well conditioned and such that most phases in these two rows
are close to 27tZ. Then for most b, there exists n, € Z? such that

(Y —Y") QI'(&)r, = 27tny, + (small error), sothat 7, = 27 (&0 n,.

Y -Y

(2.14)

When N~¢ < |¢] < N¢ for a small constant ¢ > 0, the vectors n; range over a set of size

at most N©¢. Consequently, N'/2y; is close, in the norm v + (N~1Y,0(b)?)/?, to a

vector whose coordinates take at most N¢ distinct values. For k pairs at once, the same
argument applies with 2k indices in place of @, a”.

The second step excludes this. We show that with overwhelming probability, no

delocalized unit eigenvector of H is close, in this norm, to a vector whose coordinates take
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few distinct values (Lemma 8.5). The proof replaces the eigenvector and its eigenvalue
by nearby elements of a deterministic net of approximate eigenvectors and approximate
eigenvalues, and it combines a union bound over this net with anticoncentration.

For a given vector v and a given energy E in the net, we split [N] into a set of about
N /2 indices on which |v| is largest and its complement. For an index 4 in the complement,
the coordinate N'/2((H — E)v)(a) equals the sum of X,;,v(b) over the indices b in the first
set, plus a term that does not involve the entries Xj, with 4 in the complement and b in
the first set. These coordinates are independent over a once the other entries are fixed, and
each lies in a given short interval with small probability, by the Berry—Esseen theorem. If
(H — E)v is small, then at least N /4 of these coordinates lie in such intervals. The product
of the corresponding probabilities is much smaller than the inverse of the size of the
net, which is exponential in N only through the number of possible assignments of the
tew distinct values. This part follows the net and decoupling arguments for structured
approximate eigenvectors in [57, 60, 74].

2.5 Gap counts at the scales N~ 1%

It remains to explain Theorem 1.3, which supplies (2.8). For « € (0,1/2),let {, = N —1-a
and M, = N'72% Theorem 1.3 states that for every y > 0 and every bulk interval I, the
number of gaps g; < yl, with E; € I is asymptotic to My(y?*/2) [;c(E) dE. At the scale
{4, a single entry moves a gap by about N=3/2 = 0(/,), so comparison arguments are
available in principle. We use the Ornstein—Uhlenbeck interpolation

H=e?H+(1-eHY2G, tel0,1], (2.15)

where G is a matrix from the Gaussian orthogonal ensemble (GOE), independent of H
and normalized so that its off-diagonal entries have variance 1/N and its diagonal entries
have variance 2/N.

We work with smoothed pair statistics. Let p > 2 be an integer. We define f,(w) =
(14 w?)~F forw € C\ {i,—i}. Let ¢ be a smooth nonnegative function with compact
support in (—2,2), and let ¢ denote the convolution of ¢ with the centered Gaussian
density of standard deviation N~1/10. The function ¢y extends to an entire function,
which we also denote by ¢n. Let w, > 0 be a small constant depending on p. For an
N x N complex matrix A whose eigenvalues wy, ..., wy;, listed with algebraic multiplicity,
satisfy | Im w;| < wyl, for all j, and for 6 > 0, we set

w; + wj Wi — w; OXDC(A)> (2.16)

Xe(A) = ), (PN< 5 )fp( A ) F(A)Zexp<—Ta-

1<i<j<N

The sum does not depend on the order of the eigenvalues, since f, is even. We call X (A)
the pair statistic of A. (In Section 5, it is denoted Xy (A; ¢n, fy).) For a real symmetric
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matrix A, it is a weighted count of the pairs of eigenvalues at distance of order ¢,. We

will show that Y (H - )

ﬁ ) / yfp(y)dy- / ¢(E)e(E) dE (217)
o 0 -2

in probability, for all sufficiently large p and all ¢ as above.

For p > 2, the pairs (i,j) with j > i + 2 and the pairs at distance much larger than /¢,
contribute o(My) to X, (H). Further, linear combinations of the functions f, approximate
every continuous function on [0, c0) with compact support, and the smoothing of ¢ can
be removed. Hence (2.17) implies Theorem 1.3 at the scale ¢,. We carry out this deduction
in the proof of Theorem 1.3 in Section 6.4.

Base case. For a < 1/8, we use a coupling of Bourgade [10, Corollary 3.3]. Fix cx €
(0,1/2). For N —l+e < t < 1, there exists a coupling of H; with a GOE matrix G’ such
that, with overwhelming probability, the gaps A;,1(H;) — Aj(Hy) and A;1(G') — A;(G)
differ by at most N¢/(N?t) for all i with ¢, N < i < (1 — c,)N (Proposition 3.5). We take
t = T, where T = N~3/47% Then this error is N~°/4+¢+¢ which is 0(/,) when a < 1/8,
so (2.17) with Hr in place of H follows from the corresponding statement for the GOE.
We prove the latter in Appendix A from the Pfaffian formulas for the GOE correlation
functions. It then remains to compare Hr with H.

Comparison. We compare the Laplace transforms EF(H;) and EF(H). A comparison
requires bounds on derivatives of F with respect to the entries of the matrix. Derivatives
of eigenvalues of order two and higher contain denominators (A;(A) — A;(A))~?, so
bounds obtained from perturbation formulas would require control of small gaps, which
is the information we are trying to obtain.

We avoid this through holomorphy. For a < b, let V% = eae] +epel. Let A be a real
symmetric matrix such that ||A]| < 3, every unit eigenvector of A has all coordinates
bounded by N~1/2%¢, and every interval of length N~! contains at most N¢ eigenvalues
of A. By the local semicircle law [4, 29], these conditions hold for H; with overwhelming
probability (Proposition 3.2). We show that there exists ¢ = ¢, > 0 such that, for all
sufficiently large N and every complex { with || < ¢cN~%7%, all eigenvalues w of
A+ V% satisfy |Imw| < wpl, (Lemma 5.2). Hence F(A + (V%) is defined. Since X,
is a symmetric function of the eigenvalues, F(A + V) is a holomorphic function of {
(Lemma 5.5). Since the imaginary parts of the eigenvalues are much smaller than N—1/5,
the square of the smoothing scale N~1/10 of ¢y, and wp is small, every term of the sum
in (2.16) has nonnegative real part (Lemmas 5.1 and 5.5). Therefore |F(A + (V)| <1,
and Cauchy’s estimates give, for all real  with |{| < cN~* 4 /2 and all integers n > 1,

dTl
dzr

F(A+ gvab)) < n! (CNT“E)" (2.18)
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No information about gaps enters this bound. With (2.18), a Taylor expansion in one
entry at a time along the interpolation (2.15), in the style of the continuity estimate of
Bourgade and Yau [11], gives for every D > 0

|EF(H;) — EF(H)| < CtN'/2t3%+12¢ 4 ¢y NP, (2.19)

The factor N'/2+34+12¢ comes from summing third-order Taylor terms, each of size
N-3/2. N3("‘+45), over the N? entries. We do not assume that EX® = 0. For f = T, the
right side of (2.19) is CN~1/4+2a+12¢ . c, N~=P, which tends to zero when a < 1/8. Since
this holds for all 6 > 0, the statement (2.17) for Hr implies (2.17) for H. This proves
Theorem 1.3 for « < 1/8.

Induction on a. Let « and &’ satisfy 1/10 < a < &’ < 1/2, and suppose that (2.17)
holds. To prove (2.17) with &’ in place of a, we use the Gaussian component of H; to
transfer information from the scale ¢, to the smaller scale ¢,/, and then compare back. Let
to = N2 = N~172¢, let U and A be as in Section 2.3, and let W' = (1 — e~ )1/2UTGU.
Then

UTH, U = e /2N + W/, (2.20)

so H;, has the same eigenvalues as e */2A + W’. (In Section 6, the matrices W' and
e~*/2\ are denoted W and Dy.) By the orthogonal invariance of G, conditionally on H,
the matrix W’ is a GOE matrix multiplied by (1 — e~*)!/2, and its entries are of order /,.

We group the eigenvalues of H into clusters as in Section 2.3, with the threshold
g = N~17% in place of s, where x = a — a’/6. We apply the estimate (2.10) with e~f«/2A,
W', and g in place of A, W, and s. Since the entries of W’ are bounded by N¢/, with
overwhelming probability, it shows that for each two-element cluster K = {i,i + 1}, the
gap of H;, equals the eigenvalue gap of the block (e~**/2A + W),k up to an error of
order N®¢/2 /4. By (2.2), the gap of this block equals

i i’

| (e‘t“/zgi + W'/—|—1,i—0—1 - W 2Wi/,i+1) ‘ (2.21)

Here W/, ;.1 — W}; and 2W/, ;| are independent centered Gaussian variables with
variance 4(1 — e ') /N = 4¢2(1 + 0(1)), and the blocks of different clusters are condition-
ally independent. Therefore, conditionally on H, the number of gaps of the blocks at the
scale ¢,/, which approximates the corresponding number for H;,, is a sum of independent
bounded variables. Its conditional mean is a Gaussian smoothing, at the scale ¢,, of the
gap counts of H at the scale /,. These counts are known by the induction hypothesis, so
we obtain (2.17) with &’ in place of « for Hy,. The comparison (2.19), with &’ in place of «
and t = t,, transfers it to H provided that t, N1/ 243" — N—1/2-20+30" tonds to zero.
Two further conditions are needed. We have
2
%x — N—l—ZtX-‘rK’ N(Nq)3 — N1—3K. (2.22)
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Figure 2.2. The induction on «. The shaded region is the set of pairs («a,«’) allowed by (2.23). The
staircase shows the first steps of the sequence a"*1) = a(") 4 min{a(™,1/2 — «(™} /10 starting
from «(®) = 1/10, which increases to 1/2; the base case covers all & < 1/8.

The error in the Schur complement estimate, which is of order £2/q up to factors N,
must be o(/,/), which holds when x < 2a — /. Clusters with three or more elements
must be negligible. By the bound of Nguyen, Tao, and Vu, their expected number is
O(N(Nq)?), which must be o(M,/), and this holds when 3x > 2a’. For x = a — a’/6,
both conditions are equivalent to &’ < 6a/5. All conditions therefore hold when

1 6o 1 2w
— < '<min{—, >+ =} .
10_(x<oc <m1n{5,6+3} (2.23)
The bound p > 61, for which (2.17) is proved, and the lower bound « > 1/10 are used
only in the bound (6.47) in the proof of Proposition 6.7, where 2p(a’ — k) > 1+ 24/
is needed and holds because &’ —x > a/6 > 1/60. Starting from a = 1/10, which is
covered by the base case, finitely many steps reach every & < 1/2, as shown in Figure 2.2.

2.6 Hermitian matrices

In this section only, H denotes a complex Hermitian Wigner matrix as in Definition 1.4,
with eigenvalues Ay < --- < Ay and gaps g; = Aj+1 — Aj, and the matrix G in (2.15) is
taken from the Gaussian unitary ensemble (GUE), normalized so that E|G.|? = 1/N
and EG2, = 0 for a < b and its diagonal entries have variance 1/N. The smallest gaps
are of order N~%/3 which is the critical scale in this case, while a single entry moves
a gap by only about N~3/2. Comparison at the critical scale is therefore possible, and
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no resampling is needed. The scale N~#/3 corresponds to « = 1/3, and the analogue of
(2.19) at this scale has the right side

CENV2(N . N~#3) ONCe = cN3/2+Ce (2.24)

when the third moments of the entries do not vanish. So the Gaussian component must
be taken at a time t = N~172% with a7 > 1/4. We also take a7 < 1/3, so that the entries
of the Gaussian part of H;, which are of order N —l-m are larger than the critical scale.

An induction on « as in Section 2.5, with Gaussian vectors in R? in place of R? in
(2.21), gives the Hermitian analogue of (2.17). With ¢;(E) as in Theorem 1.5, it states that
Xx(H)/N173% converges in probability to [~ y*f,(y)dy - fEZ @(E)co(E) dE. We prove
this along a finite chain of exponents that starts below 1/8 and ends at a7 = 8/25,
which is all that the argument needs; the induction step differs from the real case in
its treatment of triples of eigenvalues, described below. At the time t = N~17241, the
2 x 2 block computation then gives the statistics of the gaps of H; at the scale N=%/3,
provided that clusters of three eigenvalues are under control and clusters of four or more
eigenvalues are absent.

This is where nonzero third moments cause difficulty. We again group the eigenvalues
into clusters, at a threshold g = N —1=% with ¥ > 0 to be chosen. For the GUE, the three-
point correlation function vanishes quadratically in each of the three distances between
its arguments, so the expected number of indices i with A;;» —A; < g and A; in a
bulk interval is of order N(Ngq)?T® = N!'=# Excluding such triples therefore requires
x > 1/8. However, transferring information at the scale N ~1=% from the GUE to H
through Bourgade’s coupling and the comparison estimate requires x < 1/8.

Instead of excluding triples, we show that they rarely produce small gaps. For
k < 1/8, the number of indices i with A;;» —A; < N™!17% and A; in a bulk interval is
at most N'~8+C¢ with probability tending to one. Further, a Gaussian perturbation at
time t = N~172% turns a given triple into a gap of order N~/3 with probability at most
NCE(N~4/3/N-1-4)3 = N~14301+C¢ The expected number of small gaps produced by
triples is therefore bounded by

N1—8K+C£ . N—1+3o¢1+Cs — N3zx1—8K+2Cs’ (2.25)

which tends to zero when x > 3a4 /8. This is compatible with x < 1/8 because a1 < 1/3.
Clusters of four or more eigenvalues within distance N~!~* are absent with probability
tending to one when x > 1/15, by the analogous count of quadruples. A similar bound
on triples is used in the steps of the induction. We sketch the details in Section 9, where
we take a7 = 8/25.
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2.7 Organization of the paper

Section 3 collects estimates on eigenvalues and eigenvectors from the literature, a pertur-
bation lemma for matrices that are entrywise small perturbations of diagonal matrices,
and an estimate for Gaussian kernels. In Section 4, we state three propositions (the gap
counts at the scale ¢, the local limit theorem for linearized increments, and the compari-
son of actual and linearized gaps) and deduce Theorem 1.2 from them. Section 5 contains
the holomorphic comparison estimate, which is the main input to Section 6, where we
prove Theorem 1.3 and Proposition 4.1 through the base case and the induction on «. In
Section 7, we compare actual and linearized gaps, and in Section 8, we prove the local
limit theorem. Section 9 sketches the proof of Theorem 1.5. Appendix A computes the
gap counts of the GOE needed for the base case.



SECTION 3

Preliminaries

In this section, we collect the facts about eigenvalues and eigenvectors that are used in
the rest of the paper. Section 3.1 contains regularity and rigidity estimates for H, H;,
and G, a level repulsion estimate for H, a coupling of the gaps of H; with those of the
GOE, and the pair statistics of the GOE. Section 3.2 contains a deterministic lemma on
the eigenvalues of a diagonal matrix perturbed by a Hermitian matrix with small entries,
which we apply in Section 6, Section 7, and Section 9. Section 3.3 contains an elementary
Gaussian estimate used in Section 6 and Section 9.

We first fix some notation for the rest of the paper. We write 02 = [EZ2, which is
positive by Definition 1.1, and we set Xz, = Z, for a € [N], so that X,;, = NV2H,, for all
a < b. We define the real symmetric N x N matrices

VO = el +epel (1<a<b<N), V%=ecel (ac]N]), (3.1)

so that every real symmetric N x N matrix A satisfies A = ¥, Ay V*. Throughout
the paper, G denotes a GOE matrix independent of H, whose upper-triangular entries
are independent centered Gaussian random variables with variance N~—! off the diagonal
and 2N ! on the diagonal, and we set

Hi=e'?H+(1-eHY2G, te[01]. (3.2)

For i € [N], we let 7; denote the classical location defined by [} psc(E) dE = i/N. For
events indexed by a parameter, we say that they hold with overwhelming probability
uniformly in the parameter if the constant Cp in the definition of overwhelming probability
can be chosen independent of the parameter.

3.1 Estimates for eigenvalues and eigenvectors
We begin with the set of matrices on which our deterministic arguments take place.

Definition 3.1. Let ¢ > 0. We define G, to be the set of N X N real symmetric matrices A
with the following three properties.

@ Al <3.
(ii) Every unit eigenvector v € RN of A satisfies ||v]|cc < N71/2+¢,

22
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(iii) For all E € R, we have #{i € [N]: A;(A) € [E,E+ N~1]} < N¢.

We call the elements of G, reqular matrices.

Each of the three conditions becomes weaker as ¢ increases, so Ge C Gy for ¢ < €.
(Using the continuity of eigenvalues and of total eigenprojections [43], one checks that G,
is a Borel set.)

Proposition 3.2. The following statements hold.

(a) Forall ¢ > 0and D > 0, there exists C,p > 0 such that P(Hy ¢ G¢) < CS,DN_Dfor all
N >2andt € [0,1].

(b) Forall c. € (0,1/2), ¢ > 0, and D > 0, there exists C > 0 such that for all N > 2 and
te0,1],

11)( max  |A(Hp) — ] > N*HE) <CNP. (3.3)
cxN<i<(1—c.)N

(c) For every integer n > 1, there exists C,, > 0 such that E||H;||" < C, for all N > 2 and
t€10,1].
The same statements hold with Hy replaced by G.

The next lemma is an edge-inclusive rigidity estimate with subpolynomial precision,
due to Erdds, Yau, and Yin [29]. It is used only for the coupling, in the proof of
Proposition 3.5 and of its Hermitian analogue in Section 9.

Lemma 3.3. There exists Ag > 0 such that, uniformly in t € [0,1], with overwhelming
probability,

Ai(Hy) — ;] < eAologlogNEN=2/30in(j N+1—4)"3  foralli€ [N].  (34)
The same statement holds with H; replaced by G.

Proof of Proposition 3.2. We deduce the proposition from the results of Benaych-Georges
and Knowles [4]. Their Definition 2.2 concerns a sequence A = AWN) of N x N Hermitian
random matrices with the following three properties.
(1) The entries A, with a < b are independent.
(2) We have EA,, = 0 for all a,b, E| Ay |> = N~! for a # b, and E|A,,|?> < CN~! for all
a.
(3) For every integer n > 1, there exists C, > 0 such that [E|N 124" < C, forall N, a,
and b.

We first check that (1)—=(3) hold for (Hy,)n>2, for every sequence (ty) in [0,1], with
constants independent of the sequence. The upper-triangular entries of H; are indepen-
dent and centered, since H and G are independent and each has independent centered
upper-triangular entries. For a < b, we have

NY2(Hyp)gp = e /X + (1 — e H)/2NV2G,, (3.5)
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and therefore

1 etz +2(1—et) < max(02,2)

E(Hy)2, = N (a #b), E(Hi)z, = N - N

Using (3.5), Minkowski’s inequality, and the sub-Gaussian tails of X, Z, and N 1/ 2G,p, We
see that the moments of N1/ 2(Ht) qp are bounded uniformly in ¢, N, 4, and b. The GOE
matrix G satisfies (1)—(3) by [4, Example 2.3].

Next, let A be a sequence with the properties (1)—(3). We claim that for all € € (0,1/4],
¢ € (0,1/2), and D > 0, there exists Ny such that for all N > N,

P(A ¢ Ge) +]P< max  |A(A) =yl > N—1+f) < ND. (3.6)
e« N<i<(1—c«)N

We first show that the claim implies (a) and (b). The events in (a) and (b) decrease as
¢ increases, so it suffices to consider ¢ < 1/4. Suppose that (a) or (b) fails for some ¢, c.,
and D. Then for infinitely many N, there exists tx € [0, 1] such that the left side of (3.6)
with A = Hy, is larger than N~D, since otherwise a suitable constant would give the
bounds in (a) and (b) for all N and ¢t. Setting ¢ty = 0 for all other N, we obtain a sequence
(Hy,, ) with the properties (1)-(3) for which (3.6) fails, which is a contradiction. Applying
(3.6) to A = G, we also obtain (a) and (b) for G.

We now prove the claim, and we begin with the norm and the diagonal resolvent
entries. By [4, Theorem G.1], we have ||A|| < 3 with overwhelming probability. For
w = E 4 iy with > 0, let

_[* psc(EN)

me(w) = [ EEESAE, e(w) = (

Im msc(w) ) 12 + 1
N7 Ny

denote the Stieltjes transform of the semicircle law and the error parameter of [4, (2.16)],

and recall that |ms.(w)| < 1. We also set

We = {E+in: |E| <4/e, N1/ <y < 4/¢}.

The local semicircle law [4, Theorem 2.6], in the form [4, (2.17)] that holds simultane-
ously for all spectral parameters, applied with the spectral domain W, shows that with
overwhelming probability

1((A —w)™ N ag — mse(w)]| < N 4e(w) foralla € [N] and w € W..

We have v <2 on W,, as Immg. < 1and Ny > 1 there. Therefore, with overwhelming
probability,
max sup |((A—w) 1)a| < 3NT4, (3.7)
a€[N] wew,
Let U denote the event that ||A|| < 3 and (3.7) hold. We will show that conditions
(i) and (iii) of Definition 3.1 hold on U for N > Ny(¢). These deductions from the local
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law are standard (compare the proof of [4, Theorem 2.10]). We write them out because
condition (ii) concerns every unit eigenvector, including the eigenvectors of multiple
eigenvalues.

We first derive (ii). For an eigenvalue A of A, let I1, denote the orthogonal projection
onto its eigenspace, so that

(A—w)_lzz/v_w, we C\R,

where the sum runs over the distinct eigenvalues of A. Let v be a unit eigenvector of A
with eigenvalue A, and let a € [N]. For all # > 0, we have

2 _ L2 U(HA/)M . m —A—i -1
[v(a)|” = [(ITxeq) - 0] S(HA)aaSU;(A,_/\)2+HZ—U1 (A=A—ip)™Y)_ . (38)

Here the first equality follows from v = I1,v, the first inequality follows from the Cauchy-
Schwarz inequality and || ITye,||3 = (I1))aq, and the second inequality follows from the
fact that (IT)/)a, > 0 for every eigenvalue A’.

We now use (3.8) on U. There we have |A| < 3 < 4/¢, s0 A +iN~1T¢/4 ¢ W,. Using
(3.8) with # = N~1*¢/4 and (3.7), we obtain

|ZJ((1)‘2 < 3N—1+£/2 < N—1+2e

for N > Ny(e), which gives (ii).

Next, we derive (iii). Fix E € R, and note that the set in (iii) is empty on U/ unless
[E,E + N~ intersects [—3, 3], so we may assume this. Then E/ = E + (2N)~! satisfies
|E'| < 4. We set 7 = N~1¢/4 5o that E' + i € W,. Every i with A;(A) € [E,E+ N7]
satisfies

1
IAi(A)—E'| < (2N) ' <7, and hence i (A) _WE/)Z 7 > g

Summing over these i, we obtain

N
#{i: \i(A) € [EE+ N} <2 L
{i: Ai(A) €] + ]} < U;(Ai(A)_E/)2+;72
N
=21 ) Im((A—E —ip)~") < 6NY?

a=1
where we used (3.7) in the last step. The right side is bounded by N¢ for N > Ny(e),
which gives (iii).

As ||A]| < 3 on U, we conclude that the first term in (3.6) is bounded by P(U¢) <

N-DP/2 for N > N,.
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We now prove the rigidity estimate in (3.6). The eigenvalues in [4] are labeled in
decreasing order, and the typical location yPX of the i-th largest eigenvalue is defined
there by the first relation in

2 o1 7i |
N [ pselE)AE == 5, N/_szC(E)dE:z—E.

The second relation holds for 'yl{ = '7%11171" After relabeling, [4, Theorem 2.9] and a union
bound over i show that with overwhelming probability

IAi(A) — 9l < N2N"2Bmin(i, N+1—i)"1/3 for all i € [N].

LetcuN <i<(1—cs«)Nand N > 2/c,. Theni/N and (i —1/2)/N belong to [c./2,1 —
¢« /2], and psc is bounded below on the energies whose quantiles lie in this interval, so the
mean value theorem gives |7y; — ’y:| < CN~1L. Since min(i, N +1—1) > ¢, N, we conclude
that with overwhelming probability

IAi(A) = vil < A(A) =i+ |7 — 7] < N2 VBN N~ < N

for all such i and all N > Nj. This completes the proof of the claim.

Finally, we prove (c). By [4, Theorem H.1], if an N x N Hermitian matrix A with
independent centered upper-triangular entries satisfies IE exp(c'N|A.|?) < 1/¢ for all
a,b and some ¢’ > 0, then

P(||A]| > x) <exp(—c(x*~C)N)  forallx >0,
where ¢, C > 0 depend only on ¢’. By (3.5), we have

N|(Hp)a|* < 2X3 +2NG;

ab’

so the independence of H and G and the sub-Gaussian tails of X, Z, and N'/2G,;, show
that this hypothesis holds for H; with some ¢’ > 0 independent of ¢, and also for G.
Setting xo = (2C)'/2, we find

EIH|" = [~ na" P(IH 2 v dx <xj+ [ nxtleeN2dx <,
Xp

where we used that x> — C > x2/2 for x > xp. The same computation applies to G. [

Proof of Lemma 3.3. We use [29, Theorem 2.2]. It concerns an N x N real symmetric matrix
A with independent centered upper-triangular entries whose variances 02, = EA2, satisfy
the following three conditions.

(1) The variances in each column sum to one, which is [29, (2.2)].
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(2) There exist constants 0 < C_ < C4 with C_ < No¢?, and No?, < C, foralla,b € [N].
By [29, Example 1], this implies the assumption [29, (2.3)]. Further, it implies [29,
(2.4)] directly.

(3) The variables A,/ 0, have uniformly subexponential tails in the sense of [29, (2.17)].

The classical locations in [29] coincide with our 7;, and the eigenvalues there are
labeled in increasing order. Let A; > 1 be the constant in the lower bound on the
parameter L in [29, (2.18)]. Under the three conditions above, [29, (2.25)] with L =
Ajloglog N states that

IP(E“‘ c [N] . ‘/\i(A) _ ')’il > eA1(loglogN)2N—2/3 min(i,N+ 1— i)_1/3>

3.9)
< Cexp ( _ CeclAl(loglogN)2>

for N > Ny, where ¢; € (0,1), and where Ay, ¢, ¢1, C, and Ny depend only on C4 and
on the constants in [29, (2.17)]. Here we used that (log N)F = e/(loglog N)? “and that the
upper bound on L in [29, (2.18)] holds for N large. Since ef141(loglog N 2 grows faster than
every multiple of log N, the right side of (3.9) is bounded by Cp NP for every D > 0.

The matrix H; violates the first condition by a term of order N~!, and we correct this
by a scalar factor. Let

o2 —1
N 7

o =eloz+2(1—et), rny=1+

so that (7,_? is the variance of N1/ 2(Ht) aa- By the computation of the variances in the proof
of Proposition 3.2, we have

N 2
N-1 o
E(Hf)ib = T + ﬁt = VN,t fOI' all b - [N],

a=1

so the matrix A = rgflt/ 2 H;, satisfies the first condition.

Recall that (7% > 0 (this is needed for the lower bound below). It follows that for
N > 2,

< rny <1+ max(03,2).

N~

0< min(a%,2) < Utz < max(az,Z),

The variances of the entries of A satisfy

2 -1 2 2.1
Nog, =ry,; (a#D), Nog, = 0pry

so we obtain the second condition in the form

min(c,1)
1+ max(c3,2)

< No?, < 2max(03,2) forall a,b € [N].
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We next check the third condition. By (3.5), we have

Nl—

A A e t27, +(1—et
= e 2%+ (1—eH)2N2Gy (a # D), @ _ Il )
Oab Oaa Ot

N2Gy,

Nl=
N|—

These variables have sub-Gaussian tails with constants independent of ¢, N, a, and b, as
O'tZ > min(a%, ). This implies [29, (2.17)] with constants independent of t. Hence (3.9)
holds for A = rlg,lt/ 2H,, with constants independent of ¢.

We now return to H;. For N > N, we have |A;(A)| < 3 for all i on the complement
of the event in (3.9). Since A;(H;) = r}\]/,tz/\i(A), we find on this complement that

Ai(H) = Ai(A)] = [y 7 = 1] [Ai(A)] < 3l — 1
<CN'<CN2Pmin(i, N+1-i)"Y3,  ie|[N],

where we used \r}\,/tz — 1] < |rn+ — 1]. Combining this with (3.9), we obtain on the same
complement that, for N large and all i € [N],

|A1(Hl’) — f)/1| < (eA1(loglogN)2 + C) N—2/3 mln(z,N 41— i)_1/3
< elAr+1)(loglog N)* \y—2/3 min(i, N +1—i)~1/3,

This is (3.4) with Ag = Aj + 1. For G, the same argument applies with ¢? replaced by
2. O

We next record the tail bound of Nguyen, Tao, and Vu [57] for the distance between
eigenvalues whose labels differ by two.

Proposition 3.4. For every Cy > 0, there exists C > 0 such that

sup P(Aiyoa— A <6/N)<C8®  forall6 >N “. (3.10)
1<i<N-2

Further, for r > 0, let N3(r) denote the number of i € [N — 2] such that Ajyp — A; < r. Then
EN3(r) < CN(Nr)3 forall r > N~1-C1,

Proof. This is [57, Corollary 2.5] with | = 2, for which the exponent c; there equals 3,
translated to our normalization. That corollary concerns real symmetric Wigner matrices
in the sense of [57, Section 1], whose strictly upper-triangular entries are independent
and identically distributed sub-Gaussian random variables with mean zero and variance
one, and whose diagonal entries are independent sub-Gaussian random variables with
mean zero and variance at most N'~°(1), independent of the strictly upper-triangular
entries. These hypotheses allow atomic entry distributions. The matrix N'/2H, whose

entries are the X,; and the Z,, is of this form, since Z, has variance 0'%.
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For every C; > 0, [57, Corollary 2.5] gives C > 0 such that

sup P(Ai2(NV2H) — A(NV2H) <oN7V2) <C5®  foralld > N L.
1<i<N-2

As A;(NY2H) = N1/2);, this is (3.10). Applying (3.10) with 6 = Nr, we obtain

N-2
EN3(r) = Y P(Aia—A; <r) SCN(Nr)®,  r>N1C.
i=1

]

We next describe the coupling of the gaps of H; with those of the GOE, which is due
to Bourgade [10]. Let B = (B(t))t>0 be an N x N real symmetric matrix of Brownian
motions, independent of H and G, such that the processes B, with a < b and 271/2B,,
with a € [N] are independent standard Brownian motions. Let (th "M)>0 denote the
matrix Ornstein—-Uhlenbeck process

t /
HO™ = e—t/ZH_I_N—l/Z/ e (=102 4B(t), (3.11)
0

which is the solution of dH;iyn = N"V/2dB(t) — 2_1thyn dt with Hgyn = H. For each

t > 0, the stochastic integral in (3.11) is a centered Gaussian real symmetric matrix,
independent of H, whose upper-triangular entries are independent with variance (1 —
e !)N~! off the diagonal and 2(1 — e~f)N~! on the diagonal. Hence Hflyn has the law of
H; for t € [0,1). We write A;(t) = A;(H™™).

Let & denote the event that the eigenvalues of H are distinct. As recalled in [10,

Section 1.4], the eigenvalues of th M form, on &), the unique strong solution of the
system

dgi(t) | (1 1 Ai(t) :

dAi(t) = 577 + <N]§ OETF O )d, icN] (3.12)
where B1,...,Bn are independent Brownian motions with EB;(t)? = 2t. We extend
this definition to the complement of & by letting B4, ..., By be independent Brownian
motions with the same variance there, independent of all other random variables. We
let u(t) = (u1(t),..., un(t)) denote the solution of (3.12) driven by the same B;, with
initial condition #;(0) = A;(G). The spectrum of G is simple almost surely, and the
Bi are independent of G, since B is independent of (H,G). The law of the spectrum
of G is invariant for (3.12) (see the discussion of [10, (2.2)]), so y(t) has the law of the
spectrum of G for every t > 0. This is the coupling of [10, (1.7)-(1.8)], with A(t) and u(#)
corresponding to the parameter values 0 and 1 of the interpolation there.
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Proposition 3.5. For all ¢, € (0,1/2), ¢ > 0, and D > 0, there exists Ny such that for all
N> Nypand N~1te <t <1,

NE¢ D
: — (D) — (i — U —) < . :
HD(C*NS{;‘?lXc*)NKAHl(t) Az(t)) (]/‘erl(t) ,uz(t)” > N2t> <N (3.13)
In particular, for every such t, the spectrum of H; and that of a GOE matrix can be coupled so
that the event in (3.13) has probability at most NP,

Proof. This follows from [10, Corollary 3.3] and a union bound, and we now check
its hypotheses. That corollary states the following. For all c,,e,D > 0, there exist
C, Ny > 0 such that for all N > N, all t with eClloglog N> N1 4 1, and all i with
N <i<(1—cy)N,

P (| (6) = () — (iaa (6) — ()| > 1) < NP (314)

In [10], the initial condition A(0) is the spectrum of a generalized Wigner matrix in the
sense of [10, Definition 1.1], #(0) is the spectrum of a GOE matrix, and the initial points
are distinct.

First, the variances of the entries of a generalized Wigner matrix in [10, Definition 1.1]
have row sums exactly one, whereas those of H have row sums 1 + (0’% —1)/N. However,
[10, Remarks 2.9 and 3.2] state that the results hold, for every value of the symmetry
parameter in [10, (2.2)] that is at least one, whenever the initial conditions satisfy optimal
rigidity estimates. Indeed, the proofs of [10, Theorem 3.1 and Corollary 3.3] use the initial
spectra only through the rigidity event of [10, (2.7)] and the lower bound 1 — N~ on its
probability in [10, Lemma 2.3]. (The GOE initial condition used there also has row sums
1+ N~1) This event requires that for every initial condition on the segment between
A(0) and u(0), the solution x of (3.12) with this initial condition satisfies

|xl~(t’) _ ’)’z" < eC/(loglogN)2/2N—2/3 min(i,N 41— i)_1/3

for all i € [N] and ' € [0,1], where C' is a sufficiently large constant.

As explained before [10, Lemma 2.3], the lower bound on the probability of this event
follows from rigidity estimates at fixed times for the spectra of Hsyn with t' € [0,1] and
of a GOE matrix (the solutions started at the endpoints A(0) and 3(0)). The passage to
all times and to the whole segment uses a discretization in time and along the segment,
Weyl’s inequality, and a maximum principle for the derivative of the solution along the
segment. Recall that Hf,lyn has the law of Hy. For our initial data, the fixed-time estimates
are therefore given by Lemma 3.3, applied to Hy and to G, since

pAo(loglog N)? < eC/(loglog N)2/2

N~
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for C" > 2Aj and N large. The remaining steps use only (3.11), (3.12), and bounds on
HHSYHH, which follow from Proposition 3.2, so the conclusion of [10, Lemma 2.3] holds
for our initial data as well.

Second, the system (3.12) is set up in [10] for distinct initial points, which holds on
&o. By [57, Corollary 2.2], applied to N'/2H as in the proof of Proposition 3.4, for every
C1 > 0 there exists Cnpy > 0 such that

P(Aiy1 — A < NTFQ) < CypyN™CG foralli € [N —1].

A union bound over i gives

< Y P(Aip— A4 < NTG) <CyrwNTE,
i=1
and since C; is arbitrary, & holds with overwhelming probability. (See also [71].) We
apply [10, Corollary 3.3] on &, and include &5 in the exceptional event.
Third, (3.14) concerns a single index i. We apply it with D 4 2 in place of D and take
a union bound over the at most N indices i with ¢,N < i < (1 — ¢.)N. Together with
P(ES) < N~P~1 for large N, this bounds the probability in (3.13) by

N-N"P721Pp(g§) <2NP-L< NP

Finally, e€(08los N’ N—1 < N=1*¢ for N large, so every t € [N~1,1) belongs to the
range of [10, Corollary 3.3]; the upper limit ¢ < 1 is strict there. The last statement of the
proposition holds because A(f) has the law of the spectrum of H; and p(t) has the law of
the spectrum of G. O

For a € (0,1/2), we set
ly=N"17% M, =N'""2=N32, (3.15)

The next proposition gives the pair statistics of the GOE at the scale ¢, for a < 1/4. We
use it for the base case in Section 6, and we prove it in Appendix A.

Proposition 3.6. Let « € (0,1/4) and p > 1. Let f: [0,00) X R — R be a continuous function
for which there exist a bulk interval I and a constant Cy > 0 such that f(r,E) = 0 for E ¢ I and
|f(r,E)| < Cp(1+12)7P forall (r,E). Then, in L' and hence in probability,

Ly f( i(G) )‘i(G),Ai(G) // E)rf(r,E)drdE. (3.16)

M, 1<i<j<N
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3.2 Eigenvalues of entrywise small perturbations

We now consider a diagonal matrix perturbed by a Hermitian matrix with small en-
tries. We group the diagonal entries into clusters of nearby points, and we compare
the eigenvalues near each cluster with those of the corresponding diagonal block of the
perturbed matrix. In Section 6, Section 7, and Section 9, the diagonal matrix contains the
eigenvalues of H (multiplied by e~*/2 in Section 6 and Section 9), and the perturbation is
a Gaussian matrix or the resampling perturbation A, written in the eigenbasis of H.

We use the following notation in this section. For an N x N matrix A and nonempty
sets K, K' C [N], we let Axxr = (Ajj)ick jek’ denote the corresponding submatrix, with
rows and columns in increasing order, and we set K¢ = [N]\ K. For a Hermitian
matrix A, we let n_(A) denote the number of negative eigenvalues of A, counted with
multiplicity. For a matrix M, we let || M|/ = max; ) ; |M;j| denote its operator norm
on (%,

We will use the inertia additivity formula of Haynsworth [39]. Let M be an N x N
Hermitian matrix and let £ C [N] be a nonempty proper subset such that My is
invertible. Let

M/ Myexe = Mg — Mycge Mictice Micexc

denote the Schur complement. After a permutation of coordinates, M is congruent to
the block diagonal matrix with blocks M/ My and Mycxe. Hence Sylvester’s law of
inertia [40] and the multiplicativity of the determinant give

Tl_(M) = Tl_(M]Cc]Cc) + n_(M/M]CCICC), detM = det MICC,CC . det(M/M]Cc]Cc). (317)

The following lemma compares the eigenvalues of Ay + W near a group of eigenvalues
of Ay with those of the compression (Ag + W)k, in order and with multiplicity. It is
related to the quadratic residual bounds of [50, 55], and its proof is elementary.

Lemma 3.7. Let Ag and W be N x N Hermitian matrices, and let IC C [N|] be a nonempty
proper subset such that (Ag)xxe = 0. Let E_ < E. be real numbers such that every eigenvalue
of (Ag)xx belongs to [E_,E;], let & > 0, and set R = [E_ — 0,E4 + 8]. Suppose that
(Ao)iceice + Wieegee — x is invertible for all x € R, and that there exists x > 0 such that

-1
[Wickee ((Ao)kcece + Wiceke —x) Wieee|| < x forall x € R, Wikl +x < 9. (3.18)

Let ig denote the number of eigenvalues of Ag + W smaller than E_ — 0, counted with mul-
tiplicity. Then the eigenvalues of Ao + W in R, counted with multiplicity, are A 1(Ao +
W), ..., A4k (Ao + W). Moreover,

Aigi(Ao +W) = Ai((Mo+W)ki) | < x  foralli € [IK]], (3.19)

and these eigenvalues belong to [E— — |[Wicke || — x, E+ + [[Wiee |l + xJ-
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Proof. We abbreviate B = (Ag + W), and for x € R, we set
-1
S(x) = Wiere ((Ao) cerce + Wicere — x) Wicer, F(x) =B—x—8(x).

Observe that S(x) and F(x) are Hermitian, since x is real and Wicexx = (Wycge)*. As
(Ag)xkxe =0, the matrix M = Ay + W — x satisfies My e = Wyke, and F(x) is its Schur
complement. By (3.17), we have

#{] € [N] Z/\]'(Ao—l-W) < x} = n_(A0+W—x)

= (Ao + Wi — ) 40 (F()) O

for all x € R.

The matrix (Ao)ceice + Wieke has no eigenvalue in the interval R, so the first term on
the right side of (3.20) is constant on R. We denote this constant by 7;.

We next compare F(x) with B — x. The bound ||S(x)|| < x gives

B—x—x<F(x)<B—x+Yx

in the sense of quadratic forms. By the Courant-Fischer minimax principle [40], an
inequality A < A’ between Hermitian matrices implies A;(A) < A;(A’) for all i, and
hence n_(A) > n_(A’). Therefore

#i: M(B) <x—x}<n_(F(x))<#{i: \;(B) <x+x} forallxeR. (321)

Using Weyl’s inequality [40], the assumption on the spectrum of (Ag)xx, and (3.18), we
see that every eigenvalue of B satisfies

E.—0+x <E-—|Wigll < Ai(B) S Eq + Wikl < Ex +8—x.  (3.22)

We now identify the eigenvalues of Ag + W in R. Taking x = E_ — 8, we see from
(3.22) that the right side of (3.21) vanishes, so (3.20) gives iy = i;. Taking x = E; + ¢
instead, we see that the left side of (3.21) is |K|. As F(x) is a |K| x || matrix, this gives
n_(F(E; +9)) = |K|, and Ao + W has exactly iy + || eigenvalues smaller than E + 0.
Moreover, (3.22) gives

F(E++9)<B—E;f—-0+x<0

in the sense of quadratic forms, so the determinant formula in (3.17) shows that E; 4 ¢
is not an eigenvalue of Ay + W. Hence the eigenvalues of Ag+ W in R are A;,11(Ag +
W), ..o, Mgy (Ao + W).

It remains to prove (3.19). For brevity, we write A} = A; 1;(A¢+ W) and A = A;(B)
for i € [|K|]. For x € R, the eigenvalues of Ay + W smaller than x are the iy eigenvalues
smaller than E_ — ¢ and the A} with A} < x. Inserting this into (3.20) and using (3.21), we
find

#li: A <x—xy<#{i: A <x}<#{i: A <x+x} forallxeR. (3.23)
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Fix i € [|K|], and suppose that Al < A — x. Every x € (A}, AY — x) belongs to R
by (3.22), since A} > E_ — 9. For such x, the middle term in (3.23) is at least i, since
Ap < -+ < Al < x, while the right term is smaller than 7, since x + y < A/ < -+ < Aﬁq.
This contradicts (3.23). If A > AY + x, then the same reasoning with x € (AY + x, A?)
shows that the left term in (3.23) is at least i and the middle term is smaller than i,
again a contradiction. This proves (3.19), and the final statement follows from (3.19) and

(3.22). O

We now apply Lemma 3.7 to a diagonal matrix with clustered entries. Let yy; < --- <
yn be real numbers, and let D, = diag(y1,...,yn). We call a partition & of [N] into
nonempty sets of consecutive integers a family of clusters, and we call its elements clusters.
For a cluster IC and ¢ > 0, we let

R;C:{wGC:minyi—ﬁgRewgmaxyi+19, | Im w| §19} (3.24)
ek iek

denote the closed rectangle obtained by enlarging the interval [min;cx y;, max;ex y;] by ¢
in each direction. We call ¢ the margin of the rectangles.

Lemma 3.8. Let y; < --- < yy be real numbers, let 8 be a family of clusters, and let ky > 1 be
such that |KC| < ko for all K € R. Let ¢ > 0, and suppose that the rectangles Ry with I € &
are pairwise disjoint and that there exists £ € [0,00) such that

sup sup ! <2, (3.25)
lyj — wl
KeﬁweRKjg[N]\ic y]

with the convention 1/0 = oo. Let W be an N x N Hermitian matrix such that max; ]Wi]'| < wy,
where
wol <1/2,  kowg + 2kow.Z < 8. (3.26)

Let K € R, and write K = {ip+1,...,ig + |K|}. Then the eigenvalues of D, + W in Ry,
counted with multiplicity, are Ajy11(Dy + W), ..., Aj 1 x|(Dy + W). Moreover,

|Aig+i(Dy + W) — A ((Dy + W)kk) | < 2kowd.?  foralli € [|K]], (3.27)

and each of these eigenvalues is within distance kowy + 2kow3. of the interval

[min;ex y;, max;ex vi)-

Since |y; — w| > |y; — Rew|, the supremum in (3.25) may be taken over the real points
of the rectangles, and since Dy, + W is Hermitian, its eigenvalues in Ry are those in
R NR. In applications, the main condition to verify is (3.25), which requires that the
points outside each cluster are not too dense near it.
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Proof. Fix K € R, and set E_ = min;cx y; and E; = max;c y;. We first treat the case
K = [N], in which N < ky. Bounding the operator norm by the Frobenius norm and
using Weyl’s inequality, we find

|/\i(Dy —|—W) —yl'| < ||W|| < Nwy < kowgy < 9 foralli € [N],

and the lemma follows, since (D, + W)xx = D, + W.
Now suppose that K¢ is nonempty. We will apply Lemma 3.7 with Ag = Dy, x =
ZkOw%X, and the interval

R =RxNR=[E_— 0 E4+ 9.

The matrix Dy is diagonal, so (Dy)xxe = 0, and the eigenvalues of (Dy)ik are the y;
with i € IC, which belong to [E_, E4].

We now check the invertibility hypothesis of Lemma 3.7. Fix x € R. The matrix
(Dy — x)xexe is diagonal with entries y; — x, j € K¢. These entries are nonzero by (3.25),
and

[IWicerce (Dy = ) el oo = max )
jekxe

Hence the Neumann series shows that Id + Wicexe (Dy — x),g},cc is invertible. We

denote its inverse by ®(x), and the Neumann series also gives ||®(x)|lco—00 < 2. Using
the factorization

(Dy + W)ICC’CC — X = (Id + W’CC}CC(Dy — x)IE}’CC) (Dy — x)ICC,CC,

we see that this matrix is invertible, and that
-1 _
((Dy + W)gere —x) = (Dy — x) iigee O(x). (3.28)
We next bound the Schur remainder
S(x) = Wicke ((Dy + W) gexe — %)~ Wicere

entrywise. Every entry of Wik is bounded by wy, so

|(®(x)W;Cc;C)].i,‘ < |O(x) oo < 2wy,  jEKS, i €K.

By (3.28), for i,i’ € K we have

< 2W3Z.

W
S(x)| = U (@(x)Wier) ., | < 2wk
| ()zz| ‘jezlcfyf_x( () ICIC)]Z — OjeZIC:C|yf_x|

Bounding the operator norms by the Frobenius norms, we obtain

IS < IK|-2w5Z <x, Wikl < |Klwo < kowo.
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By (3.26), we have ||Wik|| + x < 9, so the hypotheses of Lemma 3.7 hold. It gives (3.27)
and the location of the eigenvalues, with iy replaced by the number ij, of eigenvalues
of D, + W smaller than E_ — @. Moreover, Rx N R contains exactly |K| eigenvalues of
Dy +W.

It remains to show that i{; = iy. The preceding argument applies to every cluster K’
with (K')¢ nonempty, and the case K’ = [N] was treated above, so each interval Ry N R
with K’ € & contains exactly |K’| eigenvalues of D, + W.

Let £/, K" € & with max K’ < min £”. Then max;cx y; < min;cicr y;, and since the
two intervals are disjoint, every point of Ry’ N R is smaller than every point of Ry» N R.
As the cluster sizes add up to N, every eigenvalue of Dy, + W belongs to one of these
intervals. Therefore the eigenvalues smaller than E_ — ¢ are those in the intervals of the
clusters K’ with max K’ < min I, and their number is min K — 1 = iy. This completes
the proof. O

In Section 6 and Section 9, the clusters are formed by joining consecutive points at
distance smaller than a threshold, and the number of points in intervals of length N~ is
controlled by condition (iii) of Definition 3.1. (In Definition 7.1, consecutive eigenvalues
are joined when their distance is at most the threshold, while in Corollary 3.9 below,
consecutive points are joined when their distance is less than the threshold. Each section
uses one of the two conventions throughout, and Lemma 3.8 applies to both.) The next
corollary records the parameters of Lemma 3.8 in this situation. Figure 3.1 illustrates its
proof.

Corollary 3.9. Let N > 2, & > 0, and q > 0 satisfy 2N¢g < N1 Lety; < --- < yy be
real numbers in [—4,4] such that #{i € [N] : y; € [E,E+ N~} < Néforall E € R. Let
R be the family of clusters whose elements are the maximal sets K of consecutive integers such
that yis 1 —vy; < qforall i withi,i+1 € K. Then every K € 8 satisfies |K| < N¢, and the
hypotheses of Lemma 3.8 on y and K hold with

ko=N¢  ©0=gq/3, £ =12N%(g !+ NlogN). (3.29)
Let W be an N x N Hermitian matrix with max; ; |W;;| < wo, where
Ntwy(g ' 4+ NlogN) < 1/48. (3.30)
Then for every KK = {ip+1,...,i0+ |K|} € Rand every i € [|K|],
|Aig+i(Dy + W) — A;((Dy + W)kx) | < 24N**wj(q~' + NlogN), (3.31)

and minjexc yj — q/32 < Ajg4i(Dy + W) < maxje yj + /32 In particular, if i € [N — 1]
and i and i + 1 belong to different clusters, then Aji1(Dy + W) — Ai(Dy, + W) > g/2.
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=

Figure 3.1. The points y; (dots), the clusters obtained with the threshold g, and the rectangles R
(shaded) with margin ¢ = q/3, as in Corollary 3.9. Consecutive points in different clusters are at
distance at least g, so the rectangles are disjoint, and every point outside a cluster is at distance at
least 29/3 from the rectangle of that cluster.

Proof. We first bound the size of the clusters. Let £ = {ip+1,...,ip + |K|} € K, and
suppose that |C| > N°® Set iy = iy + [ N°] + 1, so that i1 € K. Consecutive points in K
are at distance smaller than g, so

Vi, — Vigr1 < (1 —ig—1)g < N°|g < N~

Thus the interval [y;,+1,Yi,+1 + N~!] contains the |[N¢| +1 > N¢ points yi,+1,-- -, i,/
which contradicts the assumption. Hence |K| < N¢ = k.

We next bound the distances from a rectangle to the points outside its cluster. Let
K € &, set E_ = minjcx y; and E4 = max;ex Y, and fix j ¢ K. By the definition of |, we
have y; 11 —y; > g whenever i and i 4 1 belong to different clusters. For j < min K, the
labels min K — 1 and min K belong to different clusters, and similarly for j > max K and
the labels max K and max K + 1. Since E_ = Ymin ¢ and E4 = Ymax k., We obtain

Yi < Ymink-1 S E-—9¢ (j <minK), Yj 2 Ymaxk+1 = E+ + ¢ (j > max K).
Consequently, for every w € Ry,
lyj —w| > |y —Rew| >q—q/3=2q/3  forallj¢ K. (3.32)

We next check that the rectangles are disjoint. Recall that ¢ = q/3. Let K’ € 8 with
min K’ > max K. Then min;cxr y; > E+ + g, so every point of Ry has real part at least
E; +2g/3, while every point of R has real part at most E. + q/3. Hence the rectangles
are pairwise disjoint.

We now bound the harmonic sum. Fix K € 8 and w € Rg, and set x = Rew. We
have |x| < 5, since |y;| < 4 foralliand g4 < N~! < 1, and therefore |y; — x| < 9 for all j.
For each integer n > 0, let

My ={j€[NJ\K:n/N<|yj—x| < (n+1)/N}.

The points y; with j € M, belong to the union of the two intervals [x — (1 +1)/N,x —
n/N]and [x +n/N,x+ (n+1)/N] of length N~!, so | M, | < 2N¢ by assumption.
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The labels j € M, satisfy |y; — x| > 2q/3 by (3.32), and the labels j € M, with n > 1
satisfy |y; — x| > n/N. Further, M, is empty for n > 9N. Therefore

IN €
ZL <Y ) L cone 24 221\18-N < ﬂ+12N1+8logN§.$.
[y s ey v /B 29 3 n q
In the third inequality, we used the bound
9N 1
Y. —<1 +1og(9N) < 6logN (N >2).
n=1

Hence the hypotheses of Lemma 3.8 on y and £ hold with the parameters (3.29).
We now verity (3.26). By (3.29) and (3.30), we have

kowo = q - Nfwoq ! < Ly

wo.Z = 12N¢wy (g~ + NlogN) < 18

N

(wp2) < o

2kow3 L = 2(kowy < 5¢’

~—

and hence
kowo + 2k0w(2).$ < ;—2 < 0.

Therefore Lemma 3.8 applies. By (3.29), we have
2kow?3.Z = 24N*w3(q~ ! + NlogN),

so the lemma gives (3.31) and the location of the eigenvalues within distance q/32 of
[minjex yj, maxjex y;]-

Finally, if i and i + 1 belong to different clusters, then y;,1 — y; > g, and the location
of the eigenvalues gives

Ais1(Dy + W) = Ai(Dy + W) = (yiv1 —q/32) — (vi +9/32) 2 g —q/16 = q/2.

This completes the proof. O

3.3 A Gaussian kernel estimate

We will use the following functions throughout the paper. For every integer p > 1, we
define f,: R — (0,1] by

frly) =0+y)7" yeR (3.33)

In Section 6, the gap of a 2 x 2 block of a matrix with a small Gaussian component is

the norm of a Gaussian vector in IR? with nonzero mean. The following lemma computes
the expectation of a function of this norm at a small scale J, for functions bounded in
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absolute value by f,, uniformly in the mean and with an error that decays in the mean.
The case n = 3 is used for Hermitian matrices in Section 9. For an integer n > 1 and
v > 0, we let

go(z) = (2710) "2 exp (- |2|*/ (20)), z e R", (3.34)
denote the density of the centered Gaussian distribution on IR with covariance vld,; the
dimension n will be clear from the context.

Lemma 3.10. Letn € {2,3}, andlet p > (n+1)/2 be an integer. There exists C > 0, depending
only on n and p, such that the following holds. Let x > 0, 0 € [1/2,2], v,vy € [1/8,8], and
5 € (0,1], and let G be a Gaussian vector in R" with mean (0x,0) € R x R* ! and covariance
vld,,. Then for every Borel function f: [0,00) — R such that |f| < fp,

5 EF(6:1/0) ~ 00(0) [ Flly)dy| < CHOE+le -1l +o—wl). (339
In particular, Ef,(|Gx|/0) < C8" f,(x).

Proof. Throughout the proof, C denotes a constant that may depend on n and p, and we
write £ = (x,0), with 0 € R"~1. We will use the bounds

go(0%) < Ce /%, |Vgy(z)| = %gv(z) <Ce P/ (zeRm), (3.36)

which hold for ¢ € [1/2,2] and v € [1/8,8], together with the fact that e~ < C, fr(x)
for every ¢ > 0. As 2p —1 > n, we also have

/Rn fo(lyl) dy + /]R vl fp(ly)) dy < C. (3.37)

(The assumption p > (n +1)/2, which is equivalent to 2p —n > 1, is used here and
again in the bound for the second term below.)

Recall that Gx has mean o% and covariance vld,, so that its density is z — g,(z — 0%).
Changing variables z = dy in the integral defining Ef(|Gx|/J), we have

6 EF(16:1/0) =6 [ F(Iz1/0) gulz— o) dz = [ F(Iy]) gu(oy = o) dl.

Using go(—0%) = go(0£) and |f| < fp, we find that the left side of (3.35) is bounded by

/ng fo(lyl) |80(8y — 0%) — go(—02) | dy + / Fo(ly]) (90 (8y — 0%) + go(0%)) dy

y[>o-1
+1g2(0%) =92, (D)] [ fylyl) .
(3.38)
We bound the three terms in turn.
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We begin with the first term. Let |y| < 57!, and let [~ 0%, 6y — 0%] denote the segment
between these two points. Every point z’ of this segment satisfies

2
z'| > max(ox —1,0) > max(x/2—1,0), and hence  |Z/|* > % -1,

where we used (a — b)? > a*/2 — b. By the mean value theorem and (3.36),

|60(8y — 0%) — go(—0%)| < 4]y sup Vo (z')| < C5]y|e‘x2/256.
z'€[—o0%,0y—0f]

Integrating against f,(|y|) and using (3.37), we find that the first term in (3.38) is bounded
by
Coe™/38 | Iyl (lyl) dy < Coe™/3% < Cafy (x).
R”

The second term requires more care, since g,(dy — 0%) is of order one when dy is close
to o%; there, the decay in x comes from the factor f,(|y|). The part with g,(0%) is simpler.
By (3.36) and f,(|y|) < |y|~%, we have

o —x2 _ 42 _
oled) [ Solludy < Cn /o [l dy < G < Cofy ),

where we used 2p —n > 1 and § < 1 in the last step. For the part with g,(dy — 0%), we
change variables back to z = Jy and use that

follz|/6) < (8/]z)% < 2P6*(1+|z[*) P for|z| > 1.

This gives
J s oD aetoy — o) dy =07 [ fo(l=1/0) go(= — o) d=

ly|>0

(z—
<2p(52p—n/ gv(z— J,C\)
N R (11 2P

To bound the last integral uniformly in x, we use the inequality
1+ a*> <1+ (la—b|+ b))*> <2(1+ |a—b*)(1+|b]?), a,beR”,
with a = ¢ and b = z, together with 1 + ¢>x? > (1 + x2) /4. We obtain
(1+[21%)7F <2P(1+ [z — 02*)P (14 *x%) P < 87 (1+ |z — 02[*) f (),

and therefore

fo BEED @z <807, [ (14 PP ) b < CFy ().
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Using 52r—1" < 5 we conclude that the second term in (3.38) is bounded by Cé fp(x).
Next, we bound the third term. We consider

, Ia\ n—n/2 _lexz
0(0'2) = ) " 2exp (— £ 2-)

as a function of (¢/,v’) in the rectangle [1/2,2] x [1/8, 8], with partial derivatives

Q/xz n Q/sz

7 gv’(Qlf)r av’gv’(Q%) = ( 2 + 5 202 )gv’(Qlf)-

aQ’gv’(Qlf) = -
Using (3.36), we see that on this rectangle
A ~ 42
10080 (0'%)| + 980 (€'2)] < C(1 4 x%)e ™/ < Cfy(x).

The rectangle is convex, so the mean value theorem along the segment from (1,vg) to
(0,v) gives

|80(0%) — g0y (£)] < Cfp(x) (le — 1] + o — vl ).
By (3.37), the third term in (3.38) is therefore bounded by Cf,(x)(|o — 1| + [v — vg]).

Combining the bounds for the three terms in (3.38), we obtain (3.35). For the final
claim, we apply (3.35) with f = f,, and we obtain

5 Efp(16:1/8) < 50, (8) [ fy(y]) dy+ CH(x) (6 + | — 1] +]o = wol) < Cfy(x).

In the last step, we used (3.37), the bound g,,(£) < Cf,(x), which holds as vy € [1/8,8],
and 6 + |0 — 1| + |v — vp| < 10. O



SECTION 4

Reduction to three propositions

In this section, we prove Theorem 1.2 assuming three propositions. The first, Proposi-
tion 4.1, counts pairs of eigenvalues at a scale slightly above the critical scale N~=3/2; we
prove it in Section 6. The second, Proposition 4.4, is a local limit theorem for the linearized
increments produced by resampling a small number of entries of H, which we prove in
Section 8. The third, Proposition 4.5, states that the small gaps of the resampled matrix
are close to the linearized gaps; its proof is given in Section 7. We state the propositions
in Section 4.1 and Section 4.2, and we deduce Theorem 1.2 from them in Section 4.3.
Throughout the rest of the paper, we use the scales

d—= N73/2, T = Nl/lOO/ (= dTl/z — N7299/200’ g — N77/5. (41)

The smallest gaps in Theorem 1.2 are of order d. Recall the scales £, = N~1~* and
M, = N'"2¢ from (3.15). We set &, = 99/200, so that / = ¢, and M,, = N3/ = .
Heuristically, a bulk interval contains of order T pairs of eigenvalues at distance at most
¢ from each other. The scale s is the threshold below which two consecutive eigenvalues
are treated together in Proposition 4.5. These scales satisfy

é — N—1/200 { — N—19/200 Ns = N—2/5 (4 2)

14 ’ s ’ ' '
Recall that g; = Aj11 —Ajand E; = (Ai+Aiyq)/2fori e [N —1].

4.1 Pair counts at the scale ¢

Recall the functions f,(y) = (14 y?) 7 from (3.33). We set p, = 61. This value, like the
lower bound « > 1/10 in Proposition 6.7, is chosen for the bound (6.47) in the proof
of Proposition 6.7, which requires 2p(a’ — x) > 1+ 24’ for all integers p > p., where
x = a — o’ /6; this holds because &’ —x > a/6 > 1/60 and o/ < 1/2.

Proposition 4.1. (i) For every continuous function f: [0,00) x (—2,2) — R with compact
support, we have

Loy f@f,)‘*A // E)rf(r,E) dr dE (4.3)

T1<icj<N

in probability.

42
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(ii) For every bulk interval I, there exists a constant C; > 0 such that

A — A
MnP( fo. (- SCﬂ):L (4.4)
N—o0 1§i§j:§N ( V4 )

(/\i-‘r)\j)/ZEI

Compared to Theorem 1.3 with & = w,, the sum in the first part runs over all pairsi < j
instead of consecutive eigenvalues, and the test function may depend on the energy. The
second part controls pairs at all distances, with a weight that decays only polynomially
in (A; — A;)/£. We will use it to bound the number of pairs with ¢; < R¢ by Og(7), and
to control the pairs with g; > ¢, which the first part does not see.

4.2 The resampling and the linearized increments

The resampling. Set

m=my=2|7/8], so that lim am =1. (4.5)

N—oo T

Let (a1,b1),..., (am, bm) be independent random pairs, each uniformly distributed on the
set {(a,b) € [N]?: a < b}. Further, let Y,...,Y,, be independent copies of X. We assume
that H, the pairs (a;,b;), and the variables Y; are mutually independent. We call (a;, b;)
the I-th selected position, and we call (a;, by, 1))y the resampling variables. Define real

symmetric matrices HO), . .. Hm) by HO = H and

HO — gi-1 (N~1/2y, — H(lfl))vazbzl I € [m], (4.6)

arby

where V? is as in (3.1). Thus H") is obtained from H!~1) by setting its (a;, b;) and (b;, a;)
entries equal to N~1/2Y;. We set

H=H™, A=H-H, 4.7)

and we call H the resampled matrix. We also write A; = A;(H) for i € [N], and §; =
Aig1 —A;and E; = (A; + A1) /2 for i € [N —1]. Since a; < by, the resampling leaves the
diagonal entries of H unchanged. A position may be selected more than once; in that
case, the last replacement determines the final entry in that position. (The fact that m is
even is used in Section 8.)

Lemma 4.2. The resampled matrix H has the same law as H.

Proof. Let o = ((a;,b;)) [ be a deterministic sequence of pairs of integers with 1 < a; <
b; < N, and define H((Tl) by (4.6) with (aj, b)) in place of (a;,b;) and H((,O) = H. We show
by induction on [ that Hl(yl) has the law of H, the case | = 0 being trivial.
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Suppose that this holds for | — 1. Then the entries of HL(Tl_l) on and above the
diagonal are independent with the laws of the corresponding entries of H, and they are
independent of Y;, since H,(Tl_l) is a function of H and Yj,...,Y;_1. The matrix H((Tl) is
obtained by replacing the entry at (a,b]) by N~1/2Y;, which has the law of Hypy, 50 the
claim holds for I.

The selected positions are independent of H and of (Y});¢[,,), and H= Hl(fm) on the
event that (a;,b;) = (a},b)) for all I € [m]. Therefore, for every Borel set B of real

symmetric N x N matrices, we have
P(HeB) = Y. P((a,b)1cm = o) P(H” € B) = P(H € %),
g

where the sum runs over all sequences ¢ as above, and the second equality follows from
the claim. O

Conditioning on H. Recall that the eigenvectors uj,...,uy are measurable functions
of H. Since the resampling variables are independent of H, Fubini’s theorem shows
that integrating over the resampling variables with H held fixed gives a version of the
conditional expectation given H, and we always use this version. An event A that is
measurable with respect to H has the form {H € 2} for a Borel set 2l of real symmetric
matrices. A statement such as “on A, we have P(B | H) > 1 —0(1)” means that, for
every A € 2, the probability of B computed with H replaced by A is bounded below by
1 —o0(1). In Proposition 4.4 and Proposition 4.5 below, the error terms are deterministic
quantities in the sense of our conventions. They may depend on fixed parameters, such as
k and the test functions, but not on A, on the resampling variables, or on the eigenvalue
labels involved.

Linearized increments. For i € [N — 1] and a real symmetric N x N matrix B, define

1+1Bu1+1

Li(B) = >

The map L; is linear, and L;(H) = ((A; — Ajy1)/2,0). We set

T
u; Bu; —
( e ul Bu,-+1) e R2. (4.8)

zi=d 'L;(H) = (— %,O), so that |zi| = 5—; (4.9)

The map L; is relevant because of an elementary identity for 2 x 2 matrices. For y1,y2,y3 €
R, the formula for the roots of the characteristic polynomial gives

Vi ys\ _ Vi ys\ _ B 1/2 Y1 — 12
Ao (]/3 yZ) A < > - ((yl yZ) +4y3) =2 ‘( Y3 >‘ (4.10)

Y3 Y2
Applying (4. 10) to the compression of H + B to the span of u; and u;,1, we find that the
2 x 2 matrix ( T'(H+ B)u i1)jjefii+1) has eigenvalue gap 2|L;(H + B)|.
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Forl1<a<b<Nandie€ [N —1], define

DY) = NL(V™®) = N (u(@)u;(b) — 1 ()41 (b), wi(a)us2 (b) + ui(b)ussa(a)) € R?,

4.11)
where the second equality follows from (3.1). For i € [N — 1] and I € [m], define
(i 3
Jig = (Y1 = Xa,) Dy 0 Si= 12 Jij- (4.12)
=1

We call S; the linearized increment of the pair (i,i + 1). Note that X, ,, = N'/2H,, is the
entry of the original matrix H, also when the position (a;, b;) was selected before the I-th
step. Conditionally on H, the triples (a;,1;,Y;), | € [m], are independent and identically
distributed, so S; is a sum of m conditionally independent and identically distributed
random vectors.

For several pairs, we use the following notation. For an integer k > 1 and i =
(il,. . .,ik) € [N — 1]k, let

Zi = (Zil" . "Zik)’ Déib) = (D(il) .. D(ik)>, Si = (Silf' . "Sik)’ (4.13)

ab /"’ " ab
which are vectors in R%*. Then S; = Y1 (V) — X, bl)Dsg)l. The vectors S;, ..., S;, are built
from the same resampling variables, so they are not conditionally independent given H.

The next lemma explains the name of S;.

Lemma 4.3. On the event that the selected positions (a1,b1), ..., (am, b ) are distinct, we have

m
A=N12Y (Y] = Xop)V"  and  d7'Li(A)=S; forallie [N—1]. (4.14)
I=1
In particular, on this event, the 2 X 2 matrix (”]'Tﬁ”j/)j,j’e{i,iﬂ} has eigenvalue gap 2d|z; + S;|
for every i € [N —1].

Proof. Suppose that the selected positions are distinct. Then for every I € [m], the entry
of H!=1) in position (a;,b;) is not changed in the first | — 1 steps. Using (4.6), we deduce
that

-1 B ) )
Hﬁ(llbl . H‘11171 =N 1/2Xa1bz/ HY — gD = N 1/2(Yl - Xazbz)Valbl.

Summing over | € [m] gives the first identity in (4.14). Using the linearity of L;, (4.11),
and (4.9), we then obtain

m m
Li(8) = N7"2 Y (Vi — X ) Li(V") = N2 Y ]y = ds,
I=1 I=1
Li(H) = Li(H) + Li(A) = d(zi + S)).
The last claim now follows from the consequence of (4.10) stated above, applied with
B =A. O
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We call 2d|z; + S;| the linearized gap of the pair (i,i 4+ 1). It is the gap that first-order
perturbation theory predicts for the pair (i,i + 1) when the interaction with the other
eigenvalues is neglected.

A local limit theorem. We now state the local limit theorem for the linearized increments.
The heuristic behind its normalization is explained in Section 2.2, and the conditional
covariance of the summands of S;, which is close to 41dy, is computed in Lemma 8.4. The
proposition resolves the conditional law of S; on the unit scale, which is much smaller
than the scale 7!/2 of its fluctuations.

Proposition 4.4. Fix an integer k > 1. There exist events Ay i, measurable with respect to H,
and a constant ¢ > 0 such that imy_,. P (A ) = 1 and the following statements hold.

(i) Let ¥ C C&(R%) be a family of functions whose supports are contained in a common
compact set, and such that every partial derivative of every order is bounded uniformly over
Y. Then there exist numbers ex = en(k,'¥) > 0 such that imy_,e ey = 0 and, on Ay,
K [p(S o Pl dy| < 415
|t [(Si+7) | }—W/R%lli(y) y‘_eN, (4.15)
where the supremum is over all p € ¥, all x € R?*, and all i = (iy,...,i;) € [N —1]* such
that ij,1 > i;+2forall j € [k —1].
(ii) Suppose that k = 1. For every xo > 0, there exists Cyx, > 0 such that on Ay 1, we have

P(2|z; + Si| < xo | H) < Cyy7 e 87" (4.16)
foralli € [N — 1] such that g; > £.

The uniformity in i and x in the first part is essential, since in Section 4.3 we apply
Proposition 4.4 with x = z; to tuples i of pairs with small gaps, which are selected
according to H. The second part shows that a pair with g; > ¢, for which |z;| > 7/2,

has a linearized gap of order d with probability much smaller than 7.

Linearization of the small gaps. Finally, we compare the gaps of H with the linearized
gaps. By Proposition 3.4 and a union bound over i, the event that A;;, — A; > 4s for all
i € [N — 2] has probability at least 1 — CN(Ns)? = 1 — CN~!/5. On this event, every pair
(i,i+ 1) with g; < s is separated from the other eigenvalues by more than 3s. To state the
error terms in the comparison, we define

wy = TN3/283/10 - 4 — 257 log N, Oy = 8wk Ay (4.17)

These quantities are also used in Section 7, where wy bounds the entries of A in the
eigenbasis of H, £y bounds the sums in (3.25), and dy /2 is the resulting error in (3.27).
By (4.1), we have

5
wy = N~73/%0, 71\’ = 16N~ V¥]og N, (4.18)
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so wy and dy/d tend to zero.

Proposition 4.5. There exist events Ay, measurable with respect to H, and events By, mea-
surable with respect to H and the resampling variables, such that limy_,. P(An) = 1 and the
following statements hold for all sufficiently large N.

(i) On Ay, we have Ajyp — A; > 4s foralli € [N —2],and P(By | H) > 1—0(1).
(i) On AN N By, we have for all i € [N — 1] that

5 ~ 5 .
d71g; — 2]z + Si|| < 7N and |E;—E| < wN+7N if gi <s, (4.19)
§i>s/2 ifgi > s. (4.20)

Thus every gap of H of order d is, up to an error dy = o(d), the linearized gap of a
pair with g; < s. We prove Proposition 4.5 in Section 7 by applying Lemma 3.8 in the
eigenbasis of H. Note that IP(BS, | H) is only 0(1) on Ay, so in the proof of Theorem 1.2
we use it only to bound differences of bounded functionals, and we never multiply it by
a number of pairs.

4.3 Proof of the main theorem

The heuristic behind the proof is explained in Section 2.2, and we proceed as follows.
We introduce a point process Zy of rescaled linearized gaps and its truncation Ey g to
pairs with ¢; < R{. In Lemma 4.9, which is the main step, we compute the limit of the
Laplace functional of @N,R for smooth test functions, using the Bonferroni inequalities
and Proposition 4.4. The truncation is needed because the errors in Proposition 4.4 are
summed over j-tuples of pairs, and Proposition 4.1 bounds the number of pairs with
gi < R¢ by Ogr(7). In Lemma 4.10 and Lemma 4.11, we extend this limit to continuous
test functions and remove the truncation using the second part of Proposition 4.4. In the
proof of Theorem 1.2, we pass to the gaps of H using Proposition 4.5 and to H using
Lemma 4.2, and we deduce the law of the smallest gap from the void probabilities of the
Poisson limit, which are the subject of Lemma 4.12.

Setup. Let CI denote the set of continuous functions f: [0,00) x (—2,2) — [0, 00) with
compact support. For f € CI, set

2 00
L(f) = / (1—e/)dv= / / c(E)r(1—ef"B)) drdE. 4.21)
—2.Jo
For R > 0, define the measure vg = (1 — e~K*/8)y and set

L(f) = [ (1=eydvg = (1= F/)L(f). (4.22)
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Let = be a Poisson point process on [0,00) x (—2,2) with intensity v. Then Ee~=(f) =
e ) for all f € CJ; see [42, Chapter 3].

Until the proof of Theorem 1.2, I denotes an arbitrary bulk interval; in that proof, it
will be chosen according to the test function. Let I’ be the closed interval with the same
midpoint as I and with length

1I'| = |I] + dist(I, {—2,2}), (4.23)

where |I| denotes the length of I. Then I’ is a bulk interval and I C int(I’), where int
denotes the interior. Define the sets of eigenvalue labels

C={ic[N-1]:g;<s Ecl'}, Cr={icC:g<R(} (R>0), (424)

and the point processes

[I]>
(E4))

Z (2lz+5i, B R= ) dap+s),E) (4.25)
eC ieCr
on [0,00) X (—2,2).
Let Ay and By be the events of Proposition 4.5, and for every integer k > 1, let
An i be the events of Proposition 4.4. Let Cp be the constant of the second part of
Proposition 4.1 for the interval I'. Define

— A
?\] =AnN ANJ N { Z fp*< ) < CI’T}- (4.26)

1<i<j<N
(AitA;)/2el

All objects introduced in this paragraph, except Zy, En g, and By, are measurable with
respect to H.

Lemma 4.6. We have limy_,o, P(A%,) = 1. Further, for every R’ > 0, there exists Ny > 0,
depending on R’, such that for N > Ny the following statements hold on Aj;.
(i) Distinct elements of C differ by at least 2.
(ii) We have ¥ icc fp,(gi/0) < Cpt, and |Cr| < Cp(1+ R?)Pt forall R > 0.
(iii) For every function Q: [0,00) x (—2,2) — R such that Q(y,E) = 0 for y > R’, we have

)3

1<i<j<N

Aj = A )L + A N= gi
() = L) 427
Proof. The first claim follows from Proposition 4.5, Proposition 4.4, the second part of
Proposition 4.1, and a union bound. Now suppose that A}, holds. The first part of

Proposition 4.5 gives
Aigp —A; > 4s foralli € [N —2]. (4.28)
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To prove (i), suppose that i,i +1 € C for some i. Then
Aita — A = &i+ i1 < 25,

which contradicts (4.28).
To prove (ii), note that for every i € C, the pair (i,i + 1) appears in the sum in (4.26),
since its midpoint is E; € I'. All terms in this sum are nonnegative, so

Si
Z fp* - S CI/T.
ieC ( £ )
The bound on |Cg| follows, because f,, (g;/¢) > (1+ R?)"P~ for i € Cg.
Finally, to prove (iii), observe that for j > i+ 2,
)\] — A > )\i+2 — A >4s > le,

where we used (4.28) in the second inequality, and the last inequality holds for large N by
(4.2). Hence the terms with j > i 4 2 on the left side of (4.27) vanish, and the remaining
terms, with j =i + 1, are the terms on the right side. ]

The Bonferroni inequalities. For a finite set 7, real numbers y = (y;);c7, and an integer

j>0,let
Piy)= 3, Ilw (4.29)
T'CT ieT!
T"|=j

denote the j-th elementary symmetric polynomial of y. In particular, Py(y) = 1, and

Pi(y) = 0 forj > |T]|.

Lemma 4.7. Let T be a finite set, and let w = (w;);jc € [0,1]7. Then for every integer n > 0,

2n+1 ) 2n )
Y (—1)/Pi(w) < JT(X—wj) < Y (1) Py(w). (4.30)
j=0 ieT j=0

Proof. Let (b;)ieT be independent random variables such that P(b; = 1) = w; and
P(b; =0) =1 —w;. We set
M=) b.

i€T
Expanding the products and using independence, we find

gmyﬂzz:nmzmcg, [Ja—w)=EJ](1—b)=PM=0).

T'CT ieT’ ieT ieT
7’|
=]
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For integers My > 1 and ny > 0, Pascal’s rule gives the telescoping identity

1y (M Mo —

3 -(MF) = (M),

j=0 J o
whose right side is nonnegative for even 1y and nonpositive for odd 7, while for My = 0
the left side equals 1. Applying this with My = M and ny € {2n,2n + 1} and taking

expectations, we obtain (4.30). (This is the classical Bonferroni inequality for the events
{bi =1} O

Counts of small linearized gaps.

Lemma 4.8. Let xo > 0. There exist constants C,c > 0 and Ny > 0, depending on I and x,
such that for N > Ny, on Ay, we have

Y P(2lzi+Si| <xo | H) <Csup ((1+y*)Pe %)  forall R >0. (4.31)
8iZ

In particular, for N > Ny, on A};, we have

E[En([0,x0] x I') | H] < C, (4.32)
E[(Ex — Engr)([0,x0] x I') | H] < Csup (1+y*)Pe™¥)  forallR >0,  (4.33)
y=R

where C' = Csup,~,((1+ y2)Pre=),

Proof. Let ¢ > 0 be the constant of Proposition 4.4 for k = 1. Fix ¢y € C=°(IR?) such that
0 <1 <1land ¢(y) = 1 for |y| < x¢/2. Suppose that N is large and that A}, holds.
Let i € C. Applying the first part of Proposition 4.4 with k = 1, the family ¥ = {¢}, and
x = z; on the event Ay D A}, we obtain

1,1
I[)(2|Zi+5i| < xp ‘ H) < IE‘[IP()(SZ'-I-ZI') ‘ H] < ;<E . Po(y) dy-l—eN) <

C
?/
where ey = en(1,{¢0}) is the sequence of Proposition 4.4, which is bounded.

For g; < ¢, we have ¢~ “8i /t > e=¢ while for gi > ¢, the second part of Proposition 4.4

applies. After enlarging C, we therefore find that
IP(2|z; + Si| < xo | H) < Ct e/t forallieC.

The sum over the pairs with g; > R can then be bounded using the second part of
Lemma 4.6. For R > 0, we obtain

C .
D, P2z +8] < x| H) < —sup (1+y7)Pe™) pr*%)
Sk y=R ieC
8iZ

< CCpsup ((1+y*)Pe"),
y=R
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which is (4.31).
Observe that every point of Zy has its second coordinate in I’. Using the fact that C
is measurable with respect to H, we therefore find

E[En([0,x0] x I') | H] = Y. P(2]z; + Si| < x0 | H),

ieC
E[(Ex — Engr)([0,x0] x I') | H = Y P(2]zi+Si| < x0 | H).
gilg%f
Hence (4.31) implies (4.32) and (4.33). O

Smooth test functions. The local limit theorem applies only to smooth test functions,
but the function y — f(2]y|, E) on R? is in general not smooth at y = 0, even for smooth
f. For this reason, we first consider test functions of the form f(r,E) = h(r? E) with
smooth.

Lemma 4.9. Let R > 0, and let h € C®(IR?) be a nonnegative function with supph C
R x int(I"). Define f(r,E) = h(r?,E) for (r,E) € [0,00) x (=2,2). Then f € C}, and

EleZvk() | H] —s ¢ &) (4.34)
in probability.

Proof. Fix u, > 0 and a compact interval I, C int(I’) such that supph C [—uy, uy] X I.
Then f is continuous and nonnegative, and supp f C [0, u}l/ 2 x I, so f € C}.
We begin by introducing planar test functions. For E € (—2,2) and y € R?, define

Ye(y) =1—exp (—h(4W1% E)),  AE) = | e(y)dy. (4.35)
Since f(2|y|, E) = h(4|y|? E), we have
1—efOWIE) — yr(y)  forally e R?and E € (—2,2). (4.36)

We record three properties of ¢ and Aj,. First, 0 < ¢ <1, and y(y) = 0if |y| > u1/2/2
or E ¢ I,. Second, yr € C=(IR?), and the chain rule shows that every partial derivative
of g is bounded uniformly in E € (—2,2). Third, A, is continuous by dominated
convergence, it vanishes outside I, and

T[T (1 = e S
E) =2 /0 r(1—e /"B dr, (4.37)

which follows from (4.36) by using polar coordinates in R? with radius ly| =r/2.
We now apply the Bonferroni inequalities. For i € Cg, define

w; = P, (Zi + Si) € [0,1], (4.38)
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and let w = (w;)cc,. Using (4.36), we find

eEmal) = T e f@ESIE) = T (1 - w).

ieCr ieCr

Since Cg is measurable with respect to H, Lemma 4.7 with 7" = Cg implies that for every
integer n > 0,
2n+1 ) ~ 2n )
3 (“)E[Rw) | H] < B[ | H) < Y (<Y E[RM) [H.  439)
j=0 j=0

We claim that for every integer j > 1,

L j
IE[Pj(w) ‘ H] — R](|f ) in probability. (4.40)
We first show that (4.40) implies the lemma. Let @ > 0. The alternating series
ijo(—l)jLR (f)1/j! converges to e~"*(f), so there exists n > 0 such that

< w.

2 L) _e—LR<f>‘ <o,

< Znil (—1)j.LR(f)7 _ L)
= I

=

Then (4.40) implies that the event

: — <
‘]E[P](w) | H] ; ‘ <5 forallje 2t
has probability tending to one. On this event, (4.39) and the choice of n give
‘]E[efiw,zz(f) | H] - e*'—R(f)‘ < 2.

The number @ > 0 was arbitrary, so (4.34) follows.
It remains to prove (4.40). Fix j > 1. For i € Cg, define

1 8 |
W = >—exp ( - @)Ah(a), (4.41)

and let W = (W;);cc,. We compare E[P;(w) | H] with Pj(w), then P;(W) with (¥;cc, Wi)//j!,
and finally we show that Y ;cc, W; converges to Lg(f) in probability.
For the first comparison, let ¥ be the family of all functions of the form g @ --- @ ¢ £

with Ef,.. .,E; € (—2,2), where

(g @ @) (1, ) = 9 () ¥ (), vy €RE
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By the first two properties of g, the members of ¥; are supported in a product of j
disks of radius u}l/ 2/2, and each of their partial derivatives is bounded uniformly over
¥;. Thus ¥; satisfies the hypotheses of the first part of Proposition 4.4 with k = j. Let N
be large enough that Lemma 4.6 applies with R’ = R 4 1, and suppose that A}, N Ay ;
holds.

Let 7' C Cr with |T’| = j. We list the elements of 7’ in increasing order as i =
(i1,...,i;). The first part of Lemma 4.6 shows that consecutive entries of i differ by at
least 2. We set

IPZIPEil ®"'®‘PE1]- S

Then we have

[Iw=vsez, [ ewdy=TJaE), Zo-p & 7 &
ieT! R ieT’ 2t ieT! 8d°t ieT’ 8¢
where we used (4.9) and /2 = d°7 in the last two equalities. Therefore the first part of
Proposition 4.4, applied with k = j and x = z;, gives

‘]E[l—[wi H}—]’[wi

icT’ ieT’

<enT,

where ey = en(j, ¥;) is the sequence of Proposition 4.4, which does not depend on 7.
We now sum over the subsets 7' C Cg with |T’| = j. By the second part of Lemma 4.6,
their number is bounded by

Crl/ . (KrT))
JE
Hence, on A N Ay,

, where Kgr = Cp(1+ R?)P=.

(4.42)

Next, we compare P;(w) with (¥cc, w;)//j!. We may assume that j > 2, since the two
quantities coincide for j = 1. We expand (Y ;c¢, Wi)/ as a sum over ordered j-tuples of
elements of Cg. The tuples with distinct entries contribute j!P;(w). Every other tuple has
equal entries in at least two positions, and for each of the (é) choices of two positions, the
tuples with equal entries in these positions contribute

(Zo)(£w) < (maew) (T )"

ieCr ieCr i€CR ieCr
Let ||Ap|lc = supp Aj(E), which is finite by the first property of ¢r. Then

| Aploo __ Kr|lAnll
_— E w, < —————
1 = 7

maxw; < P o

iECR 27-[T iECR
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where the second bound follows from the second part of Lemma 4.6. We conclude that

0< ( Z V_Vi>j _]-! Pj(v'v) < <;) HAhHOO (KR||Ah||0°>j_1 _ O(Tﬁl). (4.43)

icCr 21T 27

Finally, we show that

Y w; — Lgr(f) in probability. (4.44)

ieCr
For @ € (0,1), define functions on [0, ) x (—2,2) by

R+@—y)+
@

QL(y,E) = —mm{l (
Qs y,E) = 5 min {1, V2 Y s, (),

}e_yz/SAh(E),

They are continuous with support in [0, R + 1] x I;;, and they satisfy

Qa3 E) < 51y < R}eV/34,(E) < Q5 (v, ).

Note that R¢ < s for large N by (4.2). Since A, (E;) = 0 unless E; € I;, C I’, we then

have
1N=1 1

_ g
Z Wi = Z l{gl < Rl} exp ( 8é2)Ah(E-).
ieCp i=1
Using (4.27) with R’ = R + 1, we deduce that on A}, for large N,
1 —A; A +)\ 1 —Ai At Ay
T 1<i<j’<N N < ) ieCR K T 1<i<j’<N 6@< 2 )

The first part of Proposition 4.1 implies that the left and right sides converge in probability
to

/ / E)yQo(y,E)dydE  and / / E)yQq (v, E) dydE,

respectively. As @ — 0, dominated convergence shows that these integrals converge to

% /ORyeyZ/S dy /_22C(E)Ah(E)dE = Zi 41— R/ gL(f) = Lg(f),

7T

where in the first equality we used (4.37) and (4.21). Now let @’ > 0, and choose @ € (0,1)
such that each of these integrals differs from Lz (f) by at most @’. Since IP(.A};) — 1, the
two-sided bound on ) ;cc, W; above and the convergence of its outer sides imply that
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with probability tending to one. The number @’ > 0 was arbitrary, so (4.44) follows.
We now combine the three steps. The convergence (4.44) and the continuous mapping
theorem give

l'( Z v‘vi>] — M in probability.
J: ieCr J:

The estimates (4.42) and (4.43), whose right sides tend to zero, hold on A}, N Ay ;, and

P(Ay N An,j) — 1 by Lemma 4.6 and Proposition 4.4. Combining these facts with the

last display, we obtain (4.40). This completes the proof. O

Continuous test functions and the truncation. In the next two lemmas and in the proof
of Theorem 1.2, we use the elementary inequality

eV — e 2| <min{1, [y1 — 2|}, y1,y2 > 0. (4.45)
We first extend Lemma 4.9 to continuous test functions.
Lemma 4.10. Let R > 0 and xo > 0, and let f € C; vanish outside [0, xo] x I. Then

lim Ee Snr() = o=Lr(f), (4.46)

N—oo

Proof. To apply Lemma 4.9, we approximate f by test functions of the form h(r? E).
Define /i: R?> — [0,00) by hi(u,E) =0 for E ¢ (—2,2) and

h(u,E) = min{1, (1 +u);} f((max{u,0})}/%,E)  foru € R, E € (-2,2).
Then F is continuous, and
supph C [-1,x3] x I,  h(r},E) = f(r,E) forr>0, E € (=2,2).

For @ > 0, let hyp be the convolution of & with a smooth nonnegative function of
integral one supported in the disk of radius @. Then h, € C¥(IR?) is nonnegative, and
|ho — h||lee — 0 as @ — 0, since h is uniformly continuous. For @ < 1 smaller than the
distance from I to R\ I’, we have supp ho C [—2,x3 + 1] x int(I’). Set

fo(r,E) = ho(r%, E), (r,E) € [0,00) x (—2,2).
Then f and f,, vanish outside [0, xg + 1] x I’, and

sup [fo(r,E) = f(r,E)| < |lho — h|e.
(r,E)€[0,00)x (—2,2)

We now compare the Laplace functionals of @N,R at f and at f,. Using (4.45), we have
[EeEnk() — BeEnr(fe) | < Emin {1, ||ho — flle Enr([0, %0 + 1] x ')}
< P((AR)) + lho — Bl B | 14 E[En([0, %0 + 1] x I') | H]|
<o0(1) + Cllho — h|co-
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In the last inequality, we used (4.32) with xo + 1 in place of xp, and Ey g < En. Next,
Lemma 4.9 and the bounded convergence theorem give

lim Ee 2nr(fo) — p~Lr(fo),
N—oo

Moreover,

L(fe) = Lr(F)] < [ Ifio = fldvi < Il = Flloov([0,30+ 1] x I

Combining these estimates, we obtain

lim sup [EeZVk() — e~ | < (C+v([0,x0 4+ 1] % I')) || ho — ]| oo,

N—o0

and letting @ — 0 proves (4.46). O

Next, we remove the truncation, using the bound (4.33), which relies on the second
part of Proposition 4.4.

Lemma 4.11. Let xg > 0, and let f € CI vanish outside [0, xo] x I. Then

lim Ee ENU) = ¢~L(f), (4.47)

N—o0

Proof. Let C,c > 0 be the constants of Lemma 4.8 for the window x(, and let R > 0. Then

[Ee~ ) — Be =nk ()| < Emin {1, || f]le(En — Enr) ([0, x0] x I')}

<P((AX)) + Clfllw sup ((L+y*)Pe™®),
y2

where we used (4.45) and the fact that f vanishes outside [0, xo] x I in the first inequality,
and (4.33) in the second. Further, (4.22) gives

et — D] < L(f) — Lr(f) = e 5L(f).
Together with Lemma 4.10, these two bounds yield

lim sup ‘lEe_gN(f) - e_"(f)} < C||fllosup ((1+y?*)Pe~Y) + e‘Rz/SL(f).
N—oo y>R

Letting R — oo, we obtain (4.47). O]
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Void probabilities. We will deduce (1.6) from the convergence of Zy by means of the
following standard consequence of vague convergence.

Lemma 4.12. Let & C [0,00) x (—2,2) be a Borel set whose closure in [0,00) X (—2,2) is
compact and whose boundary 06 in this space satisfies v(06) = 0. Let (un)n>2 be random
locally finite counting measures on [0,00) x (—2,2) that converge in distribution to E with
respect to the vague topology. Then

lim P =0) =e ¥,
Ngnoo (‘l/lN( ) ) ¢
Proof. As E has intensity v, the assumption v(d6) = 0 implies that Z(0&) = 0 almost
surely. Since & is relatively compact, the map y — u(S) is continuous, for the vague
topology, at every locally finite measure y with ;(9&) = 0 (see [42, Chapter 4]). The
continuous mapping theorem therefore shows that yn (&) converges in distribution to
5(6), which is a Poisson random variable with mean v(&). These random variables take
integer values, so

lim P(jn(8) =0) = P(E(&) =0) = ¢ (),

N—o0

]

Proof of Theorem 1.2. Let f € C;. Since the support of f is compact, f vanishes outside
[0, x0] x I for some xy > 0 and some bulk interval I. Throughout the proof, I, C, Cg, EN,
En g, and A}, are defined as in the setup above, with this choice of I. We extend f by
zero to [0,00) X R, and for @ > 0 we define

oscy(@) = sup {|f(r,E) = f(r',E")| : (r,E),(r',E') € [0,00) X R, |(r,E) — (r',E')| < @}.
(4.48)

We will show that
lim Ee V) = ¢~L(f), (4.49)

N—o0

By Lemma 4.11, the limit (4.47) holds for the process Zy of linearized gaps. It remains to
pass from Ey to E.
Passage to the resampled matrix and to H. Define

E Z dlgz i)

i=1

regarded as a measure on [0,00) X (—2,2) in the same way as Ey;, so that

EN Zfd 1s, ).
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The eigenvalues are continuous functions of the matrix entries, so Ex(f) is a measurable
function of H, and Ex(f) is the same function of H. Hence Lemma 4.2 gives

Ee~2n() = Ee~En(f), (4.50)

We now compare Zy/(f) with Ey(f). Note that Ey records the midpoints E; in the
spectrum of H, whereas Ey records the left endpoints A; in the spectrum of H. By (4.18),
we have 6y < d for large N.

Suppose that N is large and that A}, N By holds, so that the conclusions of the second
part of Proposition 4.5 hold. Let i € [N — 1] be such that f(d=1§;,A;) # 0. Then §; < xod
and A; € I. We have xod < s/2 for large N by (4.2), so (4.20) implies that g; < s. Then
(4.19) gives

51\] xod

E— Al < |E—El+3 Swon+ 20 +705,  2z+S]<d g+

ON

3 < xy+1.

In particular, E; € I’ for large N, soi € C.
We have shown that every nonzero term of En(f) comes from some i € C with
2|z; + Si| < xp + 1. The same holds for the nonzero terms of Ex(f), so

B -Ev(f) = L (fE @A) — f(2lzi+ Sl E)).
2|z,~+é,f€|C§xo+1

For every i in this sum, (4.19) gives

)
g < d<2|2i+5i| +7N> < (x0+2)d,

) 2)d )
o, (ot+2)d, = N

|d71g — 2|z + Si| | + | — Ei| < 7 > 5

N, & | F
7+%+|E1—Ei|§

We denote the right side of the second line by ¢y. It is deterministic, and it tends to zero
by (4.18). Using the definition (4.48), we conclude that on A% N By,

EN(f) — En(f)] < oscslon) En([0,x0+1] x I'),

and oscs(gn) = o(1) because f is uniformly continuous.
We can now bound the difference of the Laplace functionals. Using the first part of
Proposition 4.5 and (4.32) with xp + 1 in place of xp, we find

[Ee3v0) — EeSv0)| < P((AR)C) + E[Lay P(BS | H)
—I—oscf(gN)IE[lA;]lE[@N([O,xo +1)x I | HH
<o(1) +o(1) + Coscs(gn) = o(1).
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Here the conditional probability of Bf; enters only through the bound |e_§N (f) —

e En(f )| < 1. Combining the last estimate with (4.47) and (4.50), we obtain (4.49).

Vague convergence. The test function f € CI was arbitrary, so (4.49) holds for all
fecCt, and e ) = Ee 2(), The space [0,00) x (—2,2) is locally compact, separable,
and metrizable, and the measures Ey and v are locally finite on it. By the Laplace
functional criterion for convergence in distribution of random measures (see [42, Chapter
4]), the convergence of Ee~=N/) to Ee~2(f) for all f € C} implies that Ey converges in
distribution to E for the vague topology. This is the first claim of Theorem 1.2.

The smallest gap. In this step, I denotes a nonempty interval with closure [ C (—2,2),
as in Theorem 1.2, and we fix x > 0. Set & = [0, x] x I. The definition of Ey gives

3/2 . =
{N / min g; > x} = {En(6) =0},
where the minimum is over i € [N — 1] such that A; € I, and an empty minimum is +oo.

The closure of & in [0,00) x (—2,2) is the compact set [0, x] x I, and the interior of
S contains [0, x) x int(I). The difference of these two sets is contained in ({x} x I) U
([0,x] x (I'\'int(I))), which has Lebesgue measure zero, since I\ int(I) consists of at

most two points. The measure v has a density with respect to the Lebesgue measure, so
v(06) = 0 and

X 2.2
V(&) :/1/0 ¢(E)ydydE = ”1—;/Ipsc(E)3dE, (4.51)

where we used the definition of c(E) in the last equality. By the first claim of Theorem 1.2,
we may apply Lemma 4.12 with un = Ey, which gives

lim P(En(S) =0) = "(®),

N—oo

Together with (4.51), this proves the second claim of Theorem 1.2. O]



SECTION 5

A comparison estimate for pair statistics

In this section, we compare Laplace transforms of pair statistics of H with those of the
Ornstein—Uhlenbeck interpolation H; defined in (3.2). In Section 6, pair statistics of
H; are computed for suitable small times t using the Gaussian component of H;, and
Proposition 5.9 below transfers these computations to H. The pair statistics count pairs
of eigenvalues at distance of order £, = N~17% weighted by a smooth function of their
midpoint, and the observables we compare are exponentials of nonpositive multiples of
such statistics.

Our argument follows the continuity estimate of Bourgade and Yau [11, Lemma A.1]
(see also [23, Chapter 15]), which is a continuous version of the Lindeberg replacement
strategy [15, 70] along the Ornstein—Uhlenbeck interpolation. It requires bounds on the
derivatives of the observable in one matrix entry, up to order three, or four when EX® = 0.
Obtaining these bounds is the main difficulty. Derivatives of eigenvalues of order two
and higher contain inverse gaps (A; — A;) !, and bounding the resulting sums would
require control of pairs of nearby eigenvalues, which is what the comparison is meant to
establish. We therefore avoid eigenvalue perturbation theory. Instead, we show that the
pair statistic extends to a holomorphic function of the matrix entries whose real part is
nonnegative as long as the spectrum stays in a thin rectangle of height of order ¢, around
[—4,4]. The observable then has modulus at most one on a complex disk in each entry,
whose radius is slightly smaller than N™*, and Cauchy’s estimates bound its derivatives
by powers of the inverse radius, uniformly in the normalization of the statistic. These
bounds suffice because the radius is much larger than the typical size N~!/2 of an entry.

Section 5.1 introduces the smoothed energy weights. In Section 5.2, we show that
a complex perturbation of one entry of a regular matrix keeps its spectrum in the
thin rectangle; this is the only place in this section where we use the conditions of
Definition 3.1. Section 5.3 constructs the holomorphic extension, and Section 5.4 proves
the comparison estimate. The proof uses the observable only through the two properties
listed in Remark 5.10.

60
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5.1 Smoothed energy weights

Recall the scale ¢, = N~1~* from (3.15). For a € (0,1/2), a real symmetric N X N matrix
A, and functions ¢: R — R and f: [0,00) — R, we define the pair statistic
Ai(A) +Ai(A)N /A(A) — Ai(A)
Xaldigf)= ¥ o (2 =),
2 Uy

1<i<j<N

(5.1)

Throughout the rest of this section, we fix & € (0,1/2). Recall the functions f, from (3.33).
For an integer p > 1, we extend f,, to C \ {i, —i} by the same formula, f,(z) = (1+2z) 7.

We set iy = N~1/10, and for a nonnegative ¢ € C°((—2,2)), we define the smoothed
energy weight

__ 1 (w—y)?
on(w) = th/qu(y)eXp(—W) dy, weC (5.2)

We use this notation for every nonnegative function in CZ°((—2,2)); for example, ¢;n
in Definition 5.4 below denotes the function defined by (5.2) with ¢; in place of ¢.
Differentiating under the integral sign, we see that ¢y is an entire function. For real x,
the number ¢y (x) is the average of ¢ with respect to the Gaussian density with mean x
and variance /3. For z € C \ {0}, we let argz € (—7, 7] denote the principal argument
of z.

Part (3) of the following lemma controls the argument of ¢y near the real axis. We
will use it, together with part (1), in Section 5.3, and we will use parts (1), (2), (4), and (5)
in Section 6 and Section 9.

Lemma 5.1. Let ¢ € CZ®((—2,2)) be nonnegative. Then the following statements hold for all
N > 1.

(1) Forall x € R, we have 0 < ¢n(x) < ||@|les. If @ is not identically zero, then gn(x) > 0
forall x € R.

(2) Forall x € R with |x| <5 and all w € C with |w — x| <1, we have
on () — o ()] < (exp(8fw — xIii?) — 1) o (). 53)
If moreover w € IR, then
exp(~8lw — x| gn(x) < pn(w) < exp(8fw — xDgn(x).  (54)
(3) For all w € C such that (|Rew| + 2)|Imw| < h%,, either pn(w) = 0 or
Jarg on(w)] < (|Rew| +2)|Im ]y 55)
(4) For all x € R, we have

on (%) < 2|[¢ll exp ( — dist(x, supp )/ (2h%)). (5.6)
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(5) We have sup, . |¢n(x) — @(x)| < || @'[|cchin-

Proof. The first claim in part (1) holds since ¢x(x) is the average of ¢ against a probability
density. The second holds since this density is positive everywhere and ¢ is continuous,
nonnegative, and not identically zero.

We now prove part (2). Fix x € R with |x| < 5 and w € C with |w — x| < 1. For
y € supp ¢, we have |x —y| <7, and expanding (w — y)? around x — y gives

exp(——(wzz%\‘;/y) =exp(— (x_y)2>exp<— 2(X—y)(ZU—x)—|—(w—x)2). (5.7)

212, 212,
The exponent in the second factor satisfies
— _ — )2 _ ]2
Py =)t x| M xR e g

213, - 213,

Using |e* — 1| < el?l — 1 for z € C and integrating (5.7) against ¢(y) dy, we find

)2 i
ox(w) — on ()| < e [ o) exp(—%) (ol _ 1) dy

_ (68|wa\hI<12 — 1)(pN(x),

which is (5.3).
When w is real, the exponent in the second factor of (5.7) is real, so by (5.8), we have

— J— J— J— 2 —
o~ 8lw—xlhy? < exp ( _ 2(x —y)(w ZhJZC) + (w—x) ) < 68\w—x|hN2, y € supp ¢.
N

Integrating (5.7) against ¢(y) dy gives (5.4).

To prove part (3), we expand

(w—y)? = (Rew —y)* — (Imw)? + 2iImw (Rew — ),
which gives
1 (Rew — y)? — (Imw)?
on(w) = NN /]R ¢(y) exp ( 22 )
ilmw (Rew —
><exp<— (h%\] w)dy.

The first two factors in the integrand are nonnegative. For y € supp ¢, the phase of
the last factor has absolute value at most

B = (|Rew|+2)|Imw|hy? < 1.
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Since B < 7/2, the closed sector of half-angle B is an intersection of two closed half-
planes,

{0}U{z #0:|argz| < B} = {z:Re (™27P)z) > 0} N {z: Re (e7I"/27F)z) > 0}.

Each of these half-planes is preserved by integration against a nonnegative weight, so
¢~ (w) belongs to the sector, as claimed in (5.5).
For parts (4) and (5), we change variables in (5.2) and write, for x € R,

1 )
on(x) = E/Iqu(HhNy)e v 2 dy.

The integrand vanishes unless hy|y| > dist(x, supp ¢), so (5.6) follows from the Gaussian
tail bound
/ e V32 dy < 2\/27‘[67%/2, Yo > 0.
y1=yo

Further, the mean value theorem gives

1 2 24\1/2
_ - _ —y-/2 “ / /
lon(x) = 9| < —— [ lg(x +hny) — p(x)le ™/ dy < () "l ol < 19 b,

which is part (5). O]

5.2 Spectra under a perturbation of one entry

For an integer p > 1, we set

1 Wp

“r=1000(p+ 1) 1007 ©9)
and we define the open rectangle
Rap ={w e C:|Rew| <4, |Imw| < wply}. (5.10)

Recall the set G, of regular matrices from Definition 3.1 and the matrices V** from (3.1).
In the next lemma, the size 8c,N %% of the perturbation is much larger than the typical
size N"12 of an entry of H; when a +4¢ < 1/2.

Lemma 5.2. Let ¢ > 0, and let p > 1 be an integer. There exists Ny = Ny(«, p) such that the
following holds for all N > Ny. Let A € Gg, let a,b € [N| witha < b, and let { € C with
1C] < 8cy,N~*74¢. Then Spec(A + V™) C Ry p.

Proof. We fix a spectral decomposition

A = Z Ai(A)oo],

N
i=1
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where (v;);c(y) is an orthonormal basis of RYN. Recall from the definition of G, that
|A]| <3and ||v;]|ee < N~V/2+¢ for all i € [N].

We write 093, for the boundary of i, . It consists of two horizontal sides on the
lines Imw = +w)f, and two vertical sides on the lines Rew = +4.

We begin by bounding the entries of the resolvent (A — w) ™! for w € 9M,,,. Let w
lie on a horizontal side, so that |[Rew| < 4 and |Imw| = wyl,. For a’,b’" € {a, b}, the
spectral decomposition gives

(A—w)),, | < Z [0i( |vz(b’)| <N- 1+282‘/\(1ﬁ. (5.11)

—w|

To bound the last sum, we partition the real line into the intervals
T, = [Rew+n/N,Rew+ (n+1)/N), n e Z.

Every eigenvalue of A belongs to some Z, with |n| < 7N, since A;(A) € [—3,3] and
|Rew| < 4. Moreover, the definition of G, implies that each Z, contains at most N°
eigenvalues of A, counted with multiplicity. For A;(A) € Z,, we have

Ai(A) —w| > < n/N ifn>1, (5.12)
(In| =1)/N ifn < =2,

where the first bound uses | Im w| = wy{,, and the other two use |A;(A) —w| > |A;(A) —
Re w|. Summing over 1, we obtain

N € 7N 14+a+te

1 2N N _2N
) < +2N°) < 1IN 4+ 1og(7N)).
SN (A) —w] = wyla = wp (1+1og(7N))

We now choose Ny = Ny(a, p) such that
2w, (1+10g(7N)) < N*  forall N > Np.

For such N, the right side is bounded by 3N I+ate Wy, and inserting this bound into
(5.11), we obtain
3 Noc+3s

[((A=w)™h) ] < oy b elab) (5.13)

It remains to treat the vertical sides. There we have |Rew| = 4, so dist(w,Spec A) > 1
since ||A[| < 3. Hence |(A — w)~!|] < 1 there, and (5.13) holds on all of 9%, .

Next, we reduce the characteristic polynomial of A + {V“ to a determinant of size at
most two. Recall Sylvester’s determinant identity

det(Idy + Q1Qz) = det(Ida + Q2Q1), Q1 € CV*%, Q, e C¥*N.
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For a < b, we have

gvab = Q1Q2, Q1= (eﬂ/ eb)/ Q2 = g(eb/ ell)T'
Factoring out A — w and applying the identity, we find, for w ¢ Spec A and x € [0, 1],

de(A 27" ) = dra e (s (A7) (470700 )
(5.14)

For a = b, the same reasoning with Q; = ¢, and Q, = e! gives
det(A +xgV™ —w) = det(A — w) (1 4+ x{((A — w) ). (5.15)

Now let w € 0%, and x € [0,1]. Observe that d%R,, does not meet [—3,3], so
w & Spec A. Using (5.13) and our assumption on J, we see that every entry of the 2 x 2
matrix in (5.14), multiplied by x{, has modulus bounded by

3N0c+3£ B 24Cp
Wp Wp

8CpN—tX—4£ . N—S S

7

=] =

where we used ¢, = w;/100. For a 2 x 2 matrix Q" whose entries have modulus at most
1/4, we have

|det(Ida + Q)| = [1+ Tr Q" + det Q'| 21—%—%>0.

In the case a = b, the last factor in (5.15) has modulus at least 3/4. We conclude that
det(A +x{V® —w) #0 forall w € 9%, and x € [0,1]. (5.16)
Finally, we use the argument principle. For x € [0,1], we set
xx(w) = det(wldy — A — x{V™), w e C.

This is a monic polynomial of degree N in w, whose coefficients are polynomials in x.
Combining (5.16) with the compactness of [0, 1] x 0%, p, we see that |x(w)| is bounded
below by a positive constant for (x,w) in this set. Hence, with 09, oriented counter-

clockwise, the integral
2mi Jom,, Xx(w)
which counts the zeros of x, in R, , with multiplicity, is a continuous function of x € [0,1].
It takes integer values, so it is constant.
For x = 0, the zeros of x are the eigenvalues of A, which belong to [—3,3] C Ry p,
so the integral is N for all x. Therefore all N zeros of ), which are the eigenvalues of
A+ IV counted with algebraic multiplicity, lie in Ry,p- This completes the proof. [l



5 A comparison estimate for pair statistics §5.3 66

5.3 A holomorphic extension of the pair statistic
We will need the following elementary fact.

Lemma 5.3. Let O C C be open. Then the set of matrices A € CN*N such that Spec A C O is
open in CN*N,

Proof. Let (Ay),>1 be a sequence of matrices converging to A such that each A, has an
eigenvalue w, ¢ O. The sequence (w,) is bounded, since |w,| < ||A;||, and after passing
to a subsequence, we may assume that w, — w. Then w ¢ O, since C \ O is closed, and

det(A — w) = lim det(A, —w,) = 0.

n—o00

Hence the set of matrices with an eigenvalue outside O is closed. O

We now introduce the tensor products used to define the extension. We identify
CN @ CN with CN*, and we order the basis (¢; ® ¢j)i jen) lexicographically in (i, j). For
A € CNXN we define

D(A) = A®1d—1d® A, im(A):%(A®Id+Id®A). (517)

By Schur’s theorem, there exist a unitary matrix O and an upper triangular matrix T
such that A = OTO*, where the diagonal entries T;; = w; are the eigenvalues of A, listed
with algebraic multiplicity (in any prescribed order). Then

(02 0)D(A)(020)=Teld-1daT,
518
(O®O)*§m(A)(O®O):%(T®Id—|-1d®T). 5:18)

The matrices T ® Id and Id ® T are upper triangular with respect to the lexicographic
order, since

(TRId)(e;®ej) =Y Trieq®ej, (Id@T)(e®e) =) Trie;ej,

i'<i i<y

and their diagonal entries at ¢; ® ¢; are w; and wj, respectively. Hence the right sides of
(5.18) are upper triangular, with diagonal entries w; — w; and (w; + wj) /2ate; ®e;.
For a square matrix M, we define

o (1) 0
— Z q)Nn'( )Mn/ (5'19)
n=0 :

where the series converges absolutely since ¢y is entire. Every power of an upper trian-
gular matrix is upper triangular, with the corresponding powers of the diagonal entries
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on its diagonal. Hence, for an upper triangular matrix M, the matrix ¢n(M) is upper
triangular with diagonal entries ¢x(M;;). Similarly, the inverse of an invertible upper
triangular matrix is upper triangular, with the reciprocal diagonal entries. Moreover, for
every square matrix M and every unitary matrix Q of the same size, we have

PN(Q"MQ) = Q" on(M)Q. (5.20)

Suppose now that every eigenvalue w; of A satisfies |Imw;| < wyl,. By (5.18), the
matrix Id + £, 2D (A)? is similar to an upper triangular matrix with diagonal entries
1+ ((w; — wj)/€y)?. For z = (w; — w;)/ La, we have | Im z| < 2wy, and

Re(1+2z%) =1+ (Rez)® — (Imz)* > 1 — 4w} > 0.
Therefore Id + ¢, 29 (A)? is invertible, which justifies the following definition.
Definition 5.4. For an integer p > 1, we define
Upp = {A € CVN i |Imw| < wyly for every eigenvalue w of A}. (5.21)

For a nonnegative ¢ € C°((—2,2)), an integer p > 1, and A € Uy, we define

Xu(A; o, fp) = % Tr [goN (M(A)) (Id + £;2D(A)?) "’} . % Tr o (A). (5.22)

Let J be a finite nonempty set. For each j € J, let ¢; € CZ°((—2,2)) be nonnegative, let
pj = 1 be an integer, and let 6; > 0. Set p = max;c 7 p;- We define the observable

F(A) =exp ( — ) 0 X(A; qoj,]\],fpj)>, A € Uyp. (5.23)
jeJg
Since w, < wp,, We have U, , C L{a,p]. for all j € J, so (5.23) is well defined. By
Lemma 5.3, the set U, , is open. It contains every real symmetric matrix and every matrix
with spectrum in 9, . The observable F depends on N and on the data (¢}, pj, 0j)jc7,
which we suppress from the notation. The parameters 6; may depend on N, and all
bounds below are uniform in them.

Lemma 5.5. Let p > 1 be an integer, and let ¢ € CP((—2,2)) be nonnegative. Then the
following statements hold for all N > 1.

(1) The function A — Xy(A; ¢, fp) is holomorphic in the entries of A on Uyp. If A € Uy,
has eigenvalues wy, . .., wy, listed with algebraic multiplicity in any order, then

X Aon )= L on(™ ;L wj)f,y(wj(;c wi). (5.24)

1<i<j<N

In particular, (5.22) agrees with (5.1) for every real symmetric matrix A.
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(2) Let A € Uy,p, and suppose that (|Rew| +2)|Imw’| < %, /200 for all eigenvalues w and
w' of A. Then every summand on the right side of (5.24) is either zero or has arqument of
absolute value at most 1/100. In particular, Re Xy (A; ¢n, fp) > 0.

(3) If Spec A C Ry, p, then A € Uy, p, and A satisfies the hypothesis of part (2).

(4) Let F be as in Definition 5.4, and suppose that p = max;jc 7 pj. Then F is holomorphic in
the entries of A on Uy,p, and |F(A)| < 1 for every A € Uy p satisfying the hypothesis of
part (2). In particular, |[F(A)| < 1if Spec A C Rq,p or if A is real symmetric.

Proof. We begin with holomorphy. The entries of M(A)" are polynomials in the entries
of A, and ||9(A)"|| < ||A]|". Since ¢y is entire, the series defining ¢n(9(A)) therefore
converges uniformly on bounded subsets of CN*V, and the entries of @y (9M(A)) are
holomorphic functions of the entries of A, as locally uniform limits of polynomials. The
same holds for ¢n(A). By Cramer’s rule, the entries of (Id + £, 2D (A)?)~! are quotients
of polynomials in the entries of A, whose common denominator det(Id + /;2D(A)?)
does not vanish on U, ,. Hence the right side of (5.22) is holomorphic on Uy p.
Next, we prove (5.24). Let A = OTO" as above, with T;; = w;. Using (5.18) and (5.20)
with Q = O ® O, we find that
(0 0)"gn (M(A)) (1d + £;>0(4)?) P (0 0)
- ¢N<1 (Tod+I1d® T)) <Id FLATRId-1d® T)2> ’

By the facts on triangular matrices recalled after (5.19), the right side is a product of
upper triangular matrices. The diagonal entry of this product at e; ® ¢; is

§0N<wl+w])fp< ;U]>'

Similarly, O*¢n(A)O = ¢n(T) is upper triangular with diagonal entries gy (w;). Taking
traces, we obtain

Xu(A; gn, fy) = Zqu( f (< af)—%iw(wi)
_ Z gON(wi-;wj)fp(ij—awi)’

1<i<j<N

wl+w])

where we used that f,(0) = 1, so that the terms with i = j cancel the second sum, and
that the summand is symmetric in (7, ), since f,(—z) = fy(z). For a real symmetric A,
we may take w; = A;(A), and (5.24) becomes (5.1).

To prove part (2), we first bound the argument of f,. Let z € C with |Imz| < 1/2.
Then

W

Re(1+z%) =1+ (Rez)* — (Imz)* > ~ (1 + (Rez)?) >0,
|Im(1+2%)| = 2| Rez| |Imz| < (1 + (Rez)?)|Imz|.

N

(5.25)
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The real part of 1+ z? is positive, so (5.25) and the inequality | arctany| < |y| give

| Im(1+2%)|

4
< =1 . 2
Re(1 1 22) _3] mz| (5.26)

|arg(1+2%)| <

For such z with the additional property (4/3)p|Imz| < 7, it follows that arg f,(z) =
—parg(1 + z2), and therefore

4
Jarg fy(2)| < 5p|Tmz]. (527)

Now let A be as in part (2), fix i < j, and set z = (wj — w;)/ly. The assumption
A € Uy,p gives
1
1000’
and in particular (4/3)p|Imz| < 7. By (5.27), we have

| Im z| < 2w, <

8p wy 8p 1
< = )
g fr(2)| = =37 = 5000, 7 1) < 375

For the midpoint (w; + w;) /2, we have

wi+w]~
2

w; + w;
1 > ]‘ < max(| Imw;|, | Imwj|),

‘Re ’ < max(| Rew;|, | Rew;]), ’Im

so that our assumption gives

(‘Re : ]‘+2)‘Im : ’)g max (|Rew|+2)|Imw'| < N,
2 2 w,w' €{w;,wj} 200

Applying part (3) of Lemma 5.1, we find that either ¢n ((w; +w;)/2) = 0 or | arg ¢n((w; +
w;)/2)| < 1/200. In the latter case, we have

’arg (‘PN(Wierwj)fP(z))‘ = ‘argqu(ijzrwjﬂJ“ larg fp(z)] < 2(1)0 + 3;5 < 1(1)0’

where the first inequality holds because the middle expression is smaller than 7r. Every
nonzero complex number whose argument has absolute value at most 1/100 has positive
real part, so the real part of the sum in (5.24) is nonnegative.

For part (3), let Spec A C Ryp. Then A € U, p, and all eigenvalues w and w’ of A

satisfy
6 N-V5 g
R 2)| Imw’ bo< - N1< =N
(IRew|+2)[Imw] < 6wple < 5566N " = 360 = 200
It remains to prove part (4). The function F is holomorphic on U, , by part (1), since

Unp CUnp forall j € J. Let A € Uy, satisfy the hypothesis of part (2). Applying part
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(2) with p; and ¢; in place of p and ¢, we find that Re X} (A; ¢; N, fpj) > (0 foreveryje J.
Using 9]~ > 0, we obtain

F(A)| =exp (— ¥ R Xa(A;pin, fi) ) < 1.
jeJ
The last claim follows from part (3) and, for real symmetric A, from the fact that
Xu(A; 9jN, fp;) = 0, which holds by (5.1), part (1) of Lemma 5.1, and the positivity
of fp, on RR. O

For a function Q defined on an open set of N x N matrices containing the real
symmetric matrices, a real symmetric matrix B, indices a < b, and an integer n > 1, we
write

dn
= 15 Q(B+ xV) - (5.28)

whenever this derivative exists, and d,, = E);b. In the real coordinates x,, obtained by
writing a real symmetric matrix as ) ,<p, Xz V7, the operator d,; is the partial derivative
with respect to x,;;. The next lemma gives a crude bound on the derivatives of F that
holds at every real symmetric matrix, without any regularity assumption. We will use
it to verify the hypotheses of the derivative formula in Lemma 5.7 below and to control
contributions of events of very small probability.

9 Q(B)

Lemma 5.6. Let F be as in Definition 5.4, and let p = max;c 7 p;. For every real symmetric
matrix B and all a < b, the function x +— F(B + xV) is smooth on R. Moreover, for every
integer n > 1, we have

2 \" /14 ||BJ[\"
n < nll =
0", F(B)| < n.(wp> ( e ) (5.29)
Proof. Fix B and a < b, and set
wpluh;
Y'B = ==+
2(1+BJ))

We first locate the eigenvalues of B + vt for ¢ € C. Let w € C satisfy
dist(w, Spec B) > |Z|. Since B is real symmetric and ||V*|| = 1, we have

1Z(B —w)~'v®|| < || dist(w, Spec B) ! < 1,

so the matrix
B+ (V% —w=(B—w)(Id+(B—w)'Vv®)

is invertible. Hence every eigenvalue w of B + ( Vb satisfies dist(w, Spec B) < ||, and in
particular
[Imw| <[¢],  |Rew| < |[|B]|+]Z]. (5.30)
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The bound (5.30) shows that B+ (V% ¢ Uy, whenever || < wpl,. Hence, by part (4)
of Lemma 5.5, the function { + F(B + V) is holomorphic on the disk {|{| < w,lq}-
Applying this with B + xoV® in place of B for each xy € R, we see that x — F(B + xV)
is real analytic, and in particular smooth, on R.

Now let || < rpg, and let w and w’ be eigenvalues of B + ( Vb, Using (5.30), rp < 1,
and rg < wply, we find that B + @V”b € Uy,p and that

/ 3 2 h%\l
(IRew|+2)[Imw'| < (|IBI| +3)rp = 3(1+ [[Bl)rp = Fwplahy < 555-
Hence B + V™ satisfies the hypothesis of part (2) of Lemma 5.5, and part (4) of that
lemma gives |F(B + V)| < 1 for |{| < rg. Cauchy’s estimate on the circle of radius rp
about the origin gives
31, F(B)| < ntry”,

which is (5.29). O]

5.4 Comparison along the Ornstein—Uhlenbeck interpolation

Fora <bandt € [0,1], we let x,;(t) = (Ht)4p denote the (a,b) coordinate of Hy, so that

H; = Z xab(t)vabr xab(t) = e_t/zHab + (1 - e_t)l/zcab/ (5-31)
a<b
and we let Ht[ab} = H; — x5 (t)V% denote the matrix obtained from H; by setting its

(a,b) and (b, a) entries to zero. We also set 0§, = EG?,, so that v, = 1/N fora < b
and v$, = 2/N. The variables (H,p),<p and (Ggp)a<p are independent, so for each ¢, the
coordinates (x,,(t)),<p are independent. In particular, x,,(t) is independent of Ht[ab}.

We record some properties of the coordinates. Recall from Definition 1.1 that H,, =
N-1/2X, for a < b and Hyy = N~/2Z,, where P(|X| > y) + P(|Z| > y) < Coe~¥" for
y > 0. Since Gy is a centered Gaussian variable with variance at most 2/ N, we have, for
allt € 0,1],a<b,and y >0,

P (|xqs(£)] > y) < P(|Hap| > y/2) +P(|Gap| > y/2) < Coe 0N /4 420 N/16. (5.39)
In particular, for every integer n > 1, there exists C, > 0 such that
E|x (1) " < C,N~"/2 (5.33)

for all t+ € [0,1] and a < b. Using the independence of H,, and G, the identities
EH,, = EG,, = EG>, =0, EH2 = 1/N for a < b, and EH2, = 05/N, we also find

€—3t/2Ex3

N (a <b), Exaq(t)? = 05, +

]Exab(t)2 = vfb/ lExab(t)3 =
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The following lemma expresses EQ(H;) — EQ(H) in terms of the derivatives of Q in
single coordinates.

Lemma 5.7. Let Q be a bounded, twice continuously differentiable, complex-valued function on
the space of real symmetric N x N matrices. Suppose that there exists Ko > 0 such that

025 Q(A)| + 105, (A)| < Ko(1+[|A]})> (5.35)

for every real symmetric matrix A and all a < b. Then for all t € [0,1],

BQ(H) ~BO(H) = 5 [ ¥ E[0$,22,Q(Hy) — va(t) 9 Q(H)| &, (539

a<b

Proof. Fix realizations of H and G. The map ' +— Hy is continuous on [0, 1] and continu-
ously differentiable on (0, 1]. Differentiating (5.31) and using the identity

e—t’<1 _ e—t’)—l/z _ (1 i e—t/)—l/Z . (1 . e—t/)l/Z’
we find that
d 1 1 i
@xab(tl) = _Exab(t,) + 5(1 —¢ t) 1/2Gabr t' e (011]'

The chain rule gives, for ' € (0,1],

d
dr

—Q(Hy) = ¥ 04 Q(Hy) (- %m(t') + %(1 —eT)T12Gy,). (537)
a<b

We now justify integrating (5.37). For t’ € (0, 1], we have
IHe | < IHI+IGH |xap(®)] < [Hapl +1Gapl,  1—e™" > #/e.

Together with (5.35), these bounds give

L a(H)| < KoL+ IHI+ 1G4+ e/0)'2) ¥ (1Husl + [Gul). (538)

a<b

The entries of H and G have moments of all orders, and ||H||*> < ¥, H,. Therefore
the right side of (5.38) has finite expectation for every ' € (0,1], and this expectation
is integrable in ' over (0,1] (the factor (#')~!/2 is integrable at ' = 0). Applying the
fundamental theorem of calculus on [y, t] with 0 < tp < t and letting ty) — 0, using the
continuity of ' — Q(Hy) at t' = 0, we obtain

o(H) - Q(H) = [ o(Har,  tefo]
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Taking expectations and using Fubini’s theorem, we find

BO(H) ~ BQ(H) = [ E[ 1, 0(Hy)] ar. (5.39)

Next, we compute the expectation of (5.37) with Gaussian integration by parts. Fix
t' € (0,1] and a < b, and condition on H and on (Ggpt) (a7 47y £(ap)- Then Ht[,ab] and H,, are
fixed, and

Hy = H}flb] + (e 2Hy + (1 —e71)V2G,,) VL.
Hence 0,, Q(Hy) is a continuously differentiable function of G, with

d _y
3G 0w Q(Hy) = (1—e™")V/2, O(Hy).
Moreover, (5.35) implies that this function and its derivative grow at most polynomially
in Gab'

The variable G, is centered Gaussian with variance vfb and independent of the
conditioning variables. We use the standard Gaussian integration by parts formula

E[Gap)(Gap)] = vGE[Y (Gap)],

valid for every continuously differentiable ¢: R — C such that ¥ and ¢’ grow at most
polynomially. Applying it conditionally, and integrating over the conditioning variables,
we obtain

E[Gop 90 Q(Hy)] = (1— ") %0GE [02,Q(Hy)]. (5.40)

Taking expectations in (5.37) and inserting (5.40), we see that the integrands on the
right sides of (5.39) and (5.36) coincide, which proves (5.36). [

We now explain how the integrand in (5.36) will be estimated for Q@ = F. Each
summand has the form

E [Ube//(xab(t/)) - xab(t/)Y/(xab(tl))}

for a random function Y independent of x,,(#'), namely the restriction of F to the line

through H t[/ab} in the direction V*. When vacb = Ex,;(')?, a Taylor expansion of Y’ and
Y" around 0 shows that the terms of order zero and one cancel, and what remains is of
order [E|x,,(#')|® times the third derivative of Y. The next lemma, a truncated form of the
cumulant expansion of [44] (see also [54, Proposition 3.1]), makes this precise. We state it
with a cutoff, since good bounds on the derivatives of Y are available only on a bounded

interval.
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Lemma 5.8. Let s be a real random variable such that Bz = 0, Es»2 < 1, and Ex* < co. Let
r € (0,1] and Ko > 0, and let Y: R — C be four times continuously differentiable with

|Y(”)(x)| <nlr™"  for|x| <randn € {1,2,3,4}, (5.41)

1Y (x)] + Y (x)] < Ko(1+ |x])*>  forx €R. (5.42)
Set t = (9r73 4 2Ko)E[(1 + |5[)*1),,5,]. Then

[E[3Y ()] — EP| E[Y" (50)]| < 9r°E|5[* +t. (5.43)

If moreover E»® = 0, then

[E[5Y'(5)] — E[5?] E[Y'(>)]| < 16r *Es* + t. (5.44)

Finally, we have
IEY"(50)| <2r %+t (5.45)
Proof. For notational convenience, we abbreviate 1 =1,,,<,, 14 =1,-,,and v = Es2.

We first prove (5.43). Taylor’s theorem with integral remainder and (5.41) with n = 3
give, on the event {|x| <r},

Y'(3) =Y'(0) +5Y"(0) + o1, Y'(5) = Y"(0) +p2,
o1 <3705, oa| < 6r73 ],

Therefore

E[(5Y'(3) —0Y"(5))1-] = Y (0)E[31_] + Y"(0)E[(>* — v)1_] + E[(3¢01 — vp2)1_].
(5.46)
The identities Esc = 0 and E[s? — 0] = 0 give

E[s1 ] = —E[>1,], E[G2—0)1.]=—E[(:2—0)1,].

Using [Y/(0)] < r~1, [Y”(0)] < 2r2,v < 1, and r < 1, we conclude that the first two
terms on the right side of (5.46) are bounded in absolute value by

rUE[|3¢[14] + 2 2E[(32 + 1)1] < 3r3E[(1 + [¢])*1].

Using Holder’s inequality in the form v[E|»| < [E|s|3, we find that the last term in (5.46)
satisfies
|E[(5¢01 — vp2)1-]| < 3r %E|s]* + 6r >vE|s| < 9 E|s[.

To bound the contribution of the event {|»| > r}, we use (5.42), which gives

IE[(3Y'(3¢) — vY" (5¢))14] | < KoE[(|3¢] + 1) (1 + [3¢])*14] < KoE[(1 + |3¢])*1].



5 A comparison estimate for pair statistics §54 75

Adding the contributions of the two events, we obtain (5.43).
When Es® = 0, we expand one order further. On the event {|»| < r}, (5.41) with
n =4 gives
2
Y/(52) = Y/(0) 4+ 22Y"(0) + Y"(0) +p3, Y'(30) = Y (0) + 2Y"(0) +p,
loa| < 4r74x]3, l0a| < 12r %52,

Compared with (5.46), there is an additional term involving Y"”(0). We have E[5%/2 —
v =0 and |Y"(0)| < 6r=3, so this term satisfies

Y (0)E[(5/2 — vs)1_]| = [Y"(0)E[(5/2 — v3)11]| < 6r E[(1+ |5])*1].
The remainder term is now bounded by
[E[(5p5 — vpa)1-]| < 4r *Es* + 12r %0 < 16r *Esc?,

where we used v? < Ex*. The other terms are bounded as before, and the tail contribu-
tions add up to at most

(3r3 4 6r3 + Ko)E[(1+ |2))*1,] < t.

This gives (5.44).
Finally, (5.41) with n = 2 and (5.42) give

EY”(3¢)] < 2r 2 + KoE[(1+ |2¢)?1,] < 2r %+,
which is (5.45). [

Proposition 5.9. Let ¢ > 0 satisfy « + 5¢ < 1/2. Let F be as in Definition 5.4, with p =
maXje 7 pj, and set ry = cpN —a—4¢  There exists C > 0, and for every D > 0 there exists
Cp > 0, such that forall N > 2 and t € [0,1],

[EF(H;) — EF(H)| < Ct(NY2r 2 +73%) + CpN P, (5.47)

IfEX? = 0, then (5.47) holds with N'/2ry> replaced by ry*. The constant C depends only on
«, €, p, and the laws of X and Z, and Cp depends in addition on D. In particular, they do not
depend on J, on the weights ¢;, or on the parameters 6;.

The proof has four steps. We first express EF(H;) — EF(H) through the derivative
formula of Lemma 5.7. We then show that for every time ' € (0, 1], outside an event of
very small probability, the function  — F(H yb} + ¢ V) is bounded by one on a complex
disk of radius 4ry;, so that Cauchy’s estimates bound its derivatives on [—ry, n]. This
is the main step, which rests on Lemma 5.2. Next, we Taylor expand in the coordinate

x4 (') using Lemma 5.8. Finally, we sum over the coordinates and integrate in time.
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Proof. We abbreviate R = R, ,. Let Ny > 1 be so large that the conclusion of Lemma 5.2
holds for N > Ny, and such that N~1/2 < ry and max(l,a%,Z) < N for N > Njy; such
an Ny exists since a +4¢ < 1/2. For N < N, the left side of (5.47) is bounded by
2 <2NP NP, so we may assume that N > Ny. Our assumption a + 5¢ < 1/2 gives

Nrd = ANT7278 > N2 nd = N~9/5% > N2, (5.48)

Step 1. The derivative formula. By part (4) of Lemma 5.5, the function F is bounded
by one on real symmetric matrices. Further, F is holomorphic on the open set U, so
the function (x,p),<p — F(L<p x5 V%) extends holomorphically to an open subset of
CNIN+1)/2 containing RNNF1)/2, Hence F is real analytic, and in particular twice contin-
uously differentiable, on the space of real symmetric matrices. Combining Lemma 5.6
with (5.48), we find that for every real symmetric A and all a < b,

2 8
9 F(A)| < w—pNZ(1 +IAlD),  [95,F(A)] < JN‘l(l + Al (5.49)
p

Hence Lemma 5.7 applies with Q = F. For ¢’ € [0,1] and a < b, we set
Quy(t') = [05, 02, F(Hy) — xap(t') duF(Hly) |,

and (5.36) reads
t
EF(H;) — EF(H) = % /0 " Qu(t) dr. (5.50)
a<b

Step 2. A holomorphic bound on a disk. Fix t' € (0,1] and a < b. We define &, (t’) to be
the event that

Spec (HI" + 7v%) ¢ R for all { € C with |{| < 4ry. (5.51)

The set of real symmetric matrices B such that Spec(B + V) C MR for all |{| < 4ry
is open. Indeed, if B, — B and B, + CnV“b has an eigenvalue outside R for some
|Cn| < 4ry, then for a limit point ¢ of ({,), the matrix B+ ( V% has an eigenvalue outside

R by Lemma 5.3 with O = R. Hence &, (t') is an event determined by H t[flb}.
Next, we bound the probability of the complement of &, (#'). Suppose that Hy € G,
and |x, ()| < rn. For || < 4ry, we have

H" 0V = Hy + (0 = xa()V™, 10— xap()] < Sry < 8e,N~* 7%,
so Lemma 5.2 shows that Spec(H l[,ab] + V) C R. Therefore

{Hp € Ge} N {lxa(t)] < 7n} C Eap(t).
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Using Proposition 3.2, (5.32), and (5.48), we obtain, for every D > 0,
P(Ep(H)) <P(Hp ¢ Ge) +P(|xp(t)| > ry) < CpN~P, (5.52)

uniformly in t' € (0,1] and a < b.
We now turn to the derivatives in the coordinate x,,(#'). We define the random
function
Y(x) = F(H" +xv®),  x€eR, (5.53)

[ab]

which is determined by H;, ™ and smooth by Lemma 5.6. Observe that (5.28) gives

OwF(Hy) =Y (xap(t)), 95, F(Hy) =Y (xa(t')).

On the event £,,(#'), the set of { € C such that H t[,ab] + Vv e Uy,p is open and contains
ab)

the closed disk {|{| < 4rn}. Part (4) of Lemma 5.5 shows that { — F (Ht[, +ZVeb) is
holomorphic on this open set and bounded by one in modulus on the closed disk. For
real x with |x| < ry, the closed disk of radius 3ry about x is contained in {|¢| < 4ry},
and Cauchy’s estimates give

1Y (x)| < n! (Bry) ™" < n! ry' for |x] <ryandn > 1, on the event &, (). (5.54)
Without restriction to &, (1), the bound (5.49) gives
10

o2
Wy

Y/(x)] + Y ()] < N1+ [ HPD 1+ x])2, x€R, (5.55)

where we used wp <1 and
b b
1+ [ HE + xveb|| < (14 | HEY) 1+ 1)),

Step 3. Taylor expansion in one coordinate. We keep t' and a < b fixed and abbreviate

s = xgp(t'). The event £, (') is determined by HlY

v, 80 we may split

Qu(t) =E [lgab(t/)]E [Ube”(%) — Y (%) ’ Ht[flb}ﬂ 556
+E |:15ab(t/)c (v Y" (3) — %Y,(%))] ’

We begin by bounding the second term. Using (5.49), we have
oG Y (3) = 5Y'(50)| < CN*(1+ || Hy[)*(N " + |5]).

Combining this bound with the Cauchy-Schwarz inequality, Proposition 3.2, (5.33), and
(5.52), we find that the second term in (5.56) is bounded in absolute value by

1/2

CN* (E[(1+ [ H DN+ [)2)) P (€ (#)%) < CoNP.



5 A comparison estimate for pair statistics §54 78

To bound the first term in (5.56), we apply Lemma 5.8 conditionally on H t[flb}, with Y
held fixed; this is possible since s is independent of H t[,ab]. We have Es = 0, and (5.34)
and our choice of Ny give

Esx? < max(l,a%,Z)N*1 <1.

On the event &,(t'), the function Y satisfies (5.41) with r = ry < 1 by (5.54). It also

satisfies (5.42) with

10
= w%
by (5.55). By the Cauchy-Schwarz inequality, (5.32), (5.33), and (5.48), we have

ab)

Ko = — N*(1+ ||H))?

E[(1+ ) 1400, ) < (B +[)%) 2P (|3 > rn)'/? < Cexp (= eN%)

for some ¢ > 0 depending on ¢y and p. Since rgf < N3/2, it follows that the tail term of
Lemma 5.8 satisfies

20 4 [ab] 1\ 2 4
— N1+ [[Hy )" JE[(X 4 [2]) 1,5,
72 ( 1)) > 657

_ b 2
< CoNP(1+ | HM |2

t= (91'1(,3 +

We now decompose the integrand of the first term in (5.56) as
05 Y (52) — 32X (5¢) = (v5, — Es)Y" (3¢) + (E[2]Y" (5¢) — 3Y'(5¢)).

We bound the conditional expectations of the two terms on the right using (5.45) and
(5.43), respectively. Then we take expectations, using (5.33) and the bound

E(1+|HM)? < c,

which follows from Proposition 3.2 and ||H t[,ab} | < ||Hy|| + |5¢|. We find that the first term
in (5.56) is bounded in absolute value by

2|08, — Es|ry? + 9 Els)® + CpN P < 2|0 — Es|ry® + CN 3213 + CpN~P.

When EX® = 0 and a < b, we have Es® = 0 by (5.34), and (5.44) gives the same bound
with CN~3/ Zrlf replaced by

167 Esc* < CN"2rh
Recall from (5.34) that

vﬁ, = Ex,(t)? (a <b), 105 — Exqq(t)?] < o2 —2|N~L.
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Combining these facts with the bounds on the two terms in (5.56), we obtain

1Qu(t")] < CN73/2% 4 CpN~P, a<b,

(5.58)
1Qaa(t')| < CNTIr> + CN¥/2 3 + CpN~P,

uniformly in #' € (0,1]. When EX® = 0, the bound for a < b holds with CN—3/2¢?
replaced by CN _21’1(]4.
Step 4. Summation of the generator. There are at most N2 pairs a < b and N diagonal

coordinates. Our choice of Ny gives N~1/2r? < r?, so (5.58) implies that for every
t' € (0,1],

Y 1Qu ()| < CNY2r P + Cr® + CN~V2r 2 + CpN*~P

a<b
< C(NY2r® +ry%) + CpN*P.

Inserting this bound into (5.50) and replacing D by D + 2, we obtain (5.47).

When EX? = 0, the off-diagonal coordinates contribute at most Crg,4 instead of
CNY/ 21’](]3, and the same argument gives (5.47) with N1/ 21'1(,3 replaced by r]f]4. The
constants depend only on &, ¢, p, D, and the laws of X and Z, through Lemma 5.2,
Proposition 3.2, (5.32), and (5.33). This completes the proof. O

Remark 5.10. The proof of Proposition 5.9 uses the specific form of F only through two
properties. First, F is bounded by one on real symmetric matrices, four times continuously
differentiable, and satisfies

9 F(A)] + [03,F(A)| < CNE(1+ [|A])?

for some C > 0, all real symmetric matrices A, and all 4 < b. Second, for all ' € [0,1] and

a < b, there exists an event determined by H t[fb}

most Cp NP for every D > 0, uniformly in #' and (a,b), on which { F(Ht[ﬁlb] + V)
extends holomorphically to a neighborhood of the closed disk {|¢| < 4ry} and is bounded
by one in modulus there. Every observable with these two properties satisfies (5.47) and
its variant for EX® = 0, with the same proof.

, whose complement has probability at



SECTION 6

Pair statistics at the scales N—174

In this section, we prove Theorem 1.3 and Proposition 4.1. These results follow from a
law of large numbers for the pair statistics of H at the scale {; = N —1=a which we prove
by induction on a. Recall the scales £, and M, = N'72* = N3/2 from (3.15), the functions
fp from (3.33), the pair statistic Xy (A; ¢, f) from (5.1), and the smoothed energy weight
@n of a nonnegative ¢ € C®((—2,2)) from (5.2), where hy = N~1/10. We also recall that
px = 61.

We use the same notation for ordered sequences. For x = (x1,...,xy) € RN with
x1 < -+ < xy, we define X, (x; ¢, f) by the formula (5.1), with A;(A) replaced by x; for
all i € [N]. Finally, we note that for all integers p > 2,

/Ooo vy dy = 5 . 6.1)

p—1)
Definition 6.1. Let « € (0,1/2). We say that the statement P(a) holds if for every
nonnegative ¢ € C°((—2,2)) and every integer p > p., we have

1 2

S Ao ) = g [ o(E)e(E)dE

in probability as N — co.

The argument is outlined in Section 2.5. We prove P(a) for a € (0,1/8) in Section 6.1,
extend P(a) to general test functions and unsmoothed energy weights in Section 6.2,
show in Section 6.3 that P(«) implies P(a’) for &’ slightly larger than «, and iterate this
step in Section 6.4 to deduce Theorem 1.3 and Proposition 4.1.

We will use the following two lemmas, the first in Section 6.1 and Section 6.2, and the
second in Section 6.1 and Section 6.3. The first compares pair statistics with smoothed
and unsmoothed energy weights.

Lemma 6.2. Let a € (0,1/2), let ¢ € C((—2,2)) be nonnegative, and let 6 > 0 be such that
every E € R with dist(E,supp ¢) < ¢ lies in (—2,2). Let x € C°((—2,2)) satisfy 0 < x < 2,
and suppose that x (E) = 2 for all E € R such that dist(E, supp ¢) < J. Then there exist C > 0

80
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and Ny > 1 such that for all N > Ny, all real symmetric N x N matrices A with | A|| < 3, and
all measurable f: [0,00) — R with |f| < fp,, we have

| Xu(A; 9N, f) — Xa(A; 9, f)]

) 0
< Chymin { X (A; X, fp.), Xa(A; XN fr.) } + CN?exp ( Ty
N

2

). 6.2)

Proof. We begin by recalling two consequences of parts (4) and (5) of Lemma 5.1. There
exists C > 0 such that
52
i)
(6.3)
Let Ny be such that Chy < 1 for N > Np. Then xny(E) > 1 for all E such that
dist(E, supp ¢) < 4.
Fix A and f as in the statement. For i < j, the midpoint E = (A;(A) +A;(A))/2
belongs to [—3,3], since | A|| < 3, and we claim that

[on = @llo + llXN — Xlleo < Chn, sup ¢oN(E) < Cexp(—
Ee[—-3,3]:dist(E,supp ¢)>4

2
9N (E) — 9(E)| < Chymin{x(E), xn(E)} +Cexp (= 0> ): (64)
N

When dist(E, supp ¢) < J, this follows from the first bound in (6.3) and the fact that x(E)
and xn(E) are at least 1. Otherwise, we have ¢(E) = 0, and (6.4) follows from the second
bound in (6.3).

Next, we multiply (6.4) by |f((A;(A) —A;(A))/£a)|, which is bounded by fp, ((A;(A) —
Ai(A))/£y) < 1, and we sum over the at most N2 pairs i < j. A sum of minima is bounded
by the minimum of the sums, so we obtain (6.2). O]

The second lemma transfers a law of large numbers for the pair statistic from H; to H.

Lemma 6.3. Let w € (0,1/2), let p > 1 be an integer, let ¢ € C>((—2,2)) be nonnegative, and
let L > 0. Let ¢ > 0 satisfy « + 5¢ < 1/2, and let (tN)n>1 be a sequence in [0,1] such that

hm tNN1/2+30L+12£ =0
N—oo

If M ' Xy (Hyy; o, fp) — L in probability, then My ' Xy (H; ¢, fp) — L in probability.

Proof. For every real symmetric matrix A, we have X, (A; ¢n, fp) > 0, since gy > 0 on R
and f, > 0. Fix § > 0. By assumption, the random variable exp(—6M; ' X, (H,; on, fp))
takes values in (0,1] and converges to e~%L in probability, so the bounded convergence
theorem gives

lim [Eexp ( — OM,;lex(HtN; (PN/fp)) = e 0L,

N—oo
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Let ry = c,N ™% be as in Proposition 5.9. Then
1/2.,.-3 -2\ _ -3 1/2+3a+12¢ -2 20+8¢ -3 -2 1/24+3a+12¢
IN(NY2ry” +ry°) = ¢, taN +c,“tNN < (¢p7 + ¢, %) tnN ,

which tends to zero. We apply Proposition 5.9 with the index set {1}, 1 = ¢, p1 = p,
01 =0/M,, D =1, and t = tN. By Lemma 5.5, the observable F of Definition 5.4 is then
given by

F(A) = exp (— 0M; ' Xa(A; 9N, f))

for every real symmetric matrix A, and we deduce that
I\l}im Eexp ( — M, ' Xy (H; on, fp)) = e F for all & > 0. (6.5)
—00
We now apply (6.5) with 6 = 1 and 6 = 2, and we find

E [(e—Mo?lXa(H;(PN/fp) _ e—L)z} — Ee M Xu(Hion.fp) _ 9o~ Lpe—Ma ' Xu(Hign.fy) 4 o=2L _y ),

Hence exp(—M, ' X, (H; ¢n, fy)) — e L in probability. The logarithm is continuous on
(0,00) and e~L > 0, so this implies that M, ' X,(H; ¢n, fp) — L in probability. O

6.1 The base case

We begin with a deterministic lemma. It shows that the pair statistic changes by a small
relative error when the bulk gaps are perturbed by much less than ¢,, provided that the
points are close to the classical locations <y; defined in Section 3.

Lemma 6.4. Let « € (0,1/2) and ¢ € (0,1/10], let p > 1 be an integer, and let ¢ €
C((—2,2)) be nonnegative. Let 6 € (0,1) satisfy supp ¢ C [—2 + 30,2 — 36|, and set

—2+6/4
¢, = /2 0s(E)dE, g7 ={i€[N]:e,N<i<(1—c,)N}

Then for every @ > 0 there exists Ny such that the following holds for all N > Ny. Let
x,x" € [—3,3]N be nondecreasing sequences such that
(a) #{i € [N] : x; € [E,E+ N1} < Néforall E € R;
(b) |xi —vi| < N1 and |x — | < N"Weforalli € #;
(©) |(xip1 — xi) — (x},q — x[)| < N“%4, for all i such that i,i+1 € 7.
Then
| Xa(x; N, ) — X (X5 o0, fp)| < @ (Xu(s @, f) + Ma). (6.6)

Proof. We may assume that ¢ is not identically zero, since otherwise both statistics vanish.
Throughout the proof, C denotes a constant depending on «, ¢, p, ¢, and 6, and Ny may
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increase from line to line. Note that 0 < ¢, < 1/2, since 6/4 < 2. Seti_ = [¢.N]| and
it = [ (1 —c«)N]. By the definition of the classical locations, we have

Vi i_ 1 —2+6/2

for N > Nj, where the last inequality holds because ps. is positive on (—2,2). Using also
the symmetry ps.(—E) = psc(E), we find that for N > Ny, we have i_,i; € ¢ and

) )
’Yi_ S _2 + E/ r)/i+ Z 2 - E (67)

We first consider the pairs with a label outside _#. The following argument applies to
x and to x/, and we write it for x. Using hypothesis (b), (6.7), and the monotonicity of x,
we find that for N > N,

) . .
xp<x; <-24+-+NH<_246 fori<cN, x; >2—06 fori> (1—cs)N.

2 (6.8)

Let i < j be labels such thati ¢ # orj ¢ ¢, and set E = (x; + xj)/2. Suppose

first that dist(E,supp ¢) < ¢, so that E € [—-2+ 26,2 — 26]. The label i cannot exceed

(1 —c«)N, since otherwise j > (1 — ¢4)N as well, and (6.8) would give E > 2 — §. There

remain the cases i < ¢,N and i € ¢, and in the second case we have j > (1 —c,)N.
Using (6.8) and E € [—2 + 24,2 — 26|, we find

xj:ZE—xi2—2—|—3(52xi+2(5 if i < cyN,
xi:2E—xj§2—35§xj—25 ifiE/.

Thus Xj—Xj > 26, and hence

on () () < gl (55) " <N,

where we used the bound ¢y < [|¢||e from part (1) of Lemma 5.1 and the inequality
2p(14+a) > 2+ 2a.
Suppose next that dist(E, supp ¢) > J. Then part (4) of Lemma 5.1 gives

Q’)N(E)fp(xj;“xz') < ¢n(E) < Cexp(— %) = Cexp(— 52111/5).

Summing over the at most N? pairs, we obtain

19;;@ on () (T —5) con g ontenp (- ‘SZT/S) <M (69)

{ijye.7
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for N > Np, and the same bound holds with x’ in place of x.

We now compare the terms with i,j € _#, and we begin with the gaps. Fix such
labels i < j. The points x;, ..., x; belong to [x;, x;], which is covered by [N(x; —x;)] +1
intervals of length N~!, so hypothesis (a) implies that

j—i+1 < N(N(xj—x) +1).

The set # consists of consecutive integers, so every label k with i < k < j satisfies
k,k+1 € ¢#. Hypothesis (c) and a telescoping sum then give

|(xf = xf) = (xj — x))| < (j—I)N"24

6.10)
<SNE(N(xj — %) + 1)y < N (xj — x; + La),

where in the last inequality we used that N/, = N™* < 1.
Next, observe that for y > 0,

d 2py 4p
J— < .
‘—dy logfp(y)\ Tt Sty (6.11)

since y + y? < 2 + 2y%. We set

/
Xj— X X — X;

Y= Y=

By (6.10), we have |y — /| < N7¢(1+y), so every i’ between y and 1’ satisfies

1+y
2

for N > Np. Integrating (6.11) along the segment between y and y’, we obtain

14y > (1-N)(1+y) >

llogfp<xj£ x> logfp< Y- )‘ < S |y+yy| 8pN . (6.12)

It remains to compare the energy Weights. The midpoints E = (x; + x;)/2 and
E’ = (x; + x}) /2 belong to [-3,3], and hypothesis (b) gives

|[E—E'| <2N- e <1,
By part (2) of Lemma 5.1, we have

9N (E) — on(E)| < (exp(16N 1" hy?) — 1) on(E') = (exp(16N ) —1) g (E),

and the factor in parentheses tends to zero, as ¢ < 1/10. Combining this bound with
(6.12), we find that for N > Npand all i < jin ¢,

on(5() — on ()5 ()| < Lonenss (520).
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We sum over these pairs and bound the resulting sum of nonnegative terms on the
right by X, (x’; ¢n, fp). Then the contributions of the pairs in _# to Xx(x; ¢n, fp) and
Xy (xX'; on, fp) differ by at most (@/2)Xx(x'; ¢n, fp). Together with (6.9) for x and for x/,
this gives (6.6). O

Proposition 6.5. For every a € (0,1/8), the statement P («) holds.

Proof. Fix & € (0,1/8), an integer p > p., and a nonnegative ¢ € C°((—2,2)). We set

N 1 2 A —3/4—a 1 /1

Then ¢ € (0,1/400], and a direct computation shows that

1
T > N~1+e, [X—|—5€<§,
c (6.14)
I\Z]\;T — N—5/4+zx+s < N—ngm TN1/2+3IX—|—128 — N—1/4+206—|—12€.
Indeed, the first inequality is equivalent to ¢ < 1/4 — a, the third to 3e <1/4 — 2a, and
the exponent in the last expression is —(88/100)(1/4 — 2«) < 0. Using Lemma 6.3 with

tn = T, we see that it suffices to show that

MLXa(HT} ¢N, fp) — L in probability. (6.15)
0

We first consider the GOE matrix G. Let ¢ € (0, 1) satisfy supp ¢ C [—2+ 36,2 — 34].
We fix x € C*((—2,2)) such that 0 < x <2 and x =2 on [—2+ 2J,2 — 2/] (the interval
[—2 4 25,2 — 2] contains every point at distance at most ¢ from supp ¢, as required in
Lemma 6.2).

The functions (r,E) — ¢(E)f,(r) and (r,E) — x(E)fp.(r) are continuous, their E-
supports lie in bulk intervals, and they are bounded by a constant times (1 + 7?) 2. Hence
Proposition 3.6 and (6.1) show that

1 1 1 2
Eth(G; ¢ fp) = L, E%(G;X/fp*) IO /_ZX(E)C(E) dE (6.16)

in probability. Since p > p., we have f, < f, . Then Lemma 6.2, applied with A = G
and f = f,, shows that on the event {||G|| < 3}, for N > Nj,

1 Chy CN? 52N1/5
R‘XK(GIQDN/fP) sz(G/(szP)‘ — Mtx Xa(G/X/fP*)'i' Moc exp( 4 )

By (6.16), the right side tends to zero in probability, and the event {||G|| < 3} has
probability tending to one by Proposition 3.2. We conclude that

MLX,X(G; oN, fp) — L in probability. (6.17)
o
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We now use the coupling. Let (Hf1 "Mi>0 and (u(t))¢=o be as in Proposition 3.5, and
set

MT) = (MEP™), .. ANHP™),  p(T) = (u(T), ..., un(T)).

Recall that H%yn has the law of Hr, and that y(T) has the law of the ordered eigenvalues
of G.

Let ¢, be as in Lemma 6.4, defined with our choice of §. We consider the event on
which H?yn € Ge, maxie|n) [pi(T)| <3, and

dyn —1+¢
M(H — 3, [ (T) — 9|t <N ,
C*NSQ?F_C*)NmaX{I i(HF™) = vil, |pi(T) — il } <
NE (6.18)

, dyny _ o cgdynyy o) — <
c*Nﬁ?Sl?lx—c*)NHAz—l—l(HT ) AI(HT )) (‘MH'l(T) ‘ul(T))|_N2T.

By Proposition 3.2, applied to Hr and to G (whose ordered eigenvalues have the law of
1#(T)), the conditions other than the second inequality in (6.18) hold with overwhelming
probability. We have N~1+¢ < T < 1 by (6.14), so Proposition 3.5 shows that the second
inequality in (6.18) holds with probability at least 1 — N~! for N > Nj. Hence this event
has probability tending to one.

The sequences x = A(T) and x" = u(T) satisfy the hypotheses (a)—(c) of Lemma 6.4
on this event, where for (c) we used the third relation in (6.14). Hence, for every @ > 0,
with probability tending to one,

1

E?Q(/\(T); §0N,fp) - L‘

< ‘M%Xa(ﬂ(T); oN, fp) — L‘ + c@(M%Xa(u(T); PN, fp) + 1)~

By (6.17), we have M ' X, (u(T); ¢n, fy) — L in probability. Since @ > 0 is arbitrary, it
follows that M, ' X, (A(T); ¢n, fy) — L in probability. The sequence A(T) has the law of
the ordered eigenvalues of Hr, which gives (6.15). [

6.2 General test functions

We now show that P(a) extends to general test functions f and to unsmoothed energy
weights, and that it gives an upper bound on the number of pairs at distance of order ¢,.

Lemma 6.6. Let a € (0,1/2), and suppose that P () holds. Let ¢ € CZ((—2,2)) be nonnega-
tive, and let f: [0,00) — R be a continuous function such that the limit limy (1 + y2)P* f (y)
exists in R. Then

ML’XXR(H} (PN/f) — /_22 (P(E)C(E) dE /000 yf(y) dy (6.19)
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in probability, and the same holds with ¢y replaced by ¢. Further, for every bulk interval I, there
exists C; > 0 such that

Ai— A
lim IP( fo (- < CIM,X) =1 (6.20)
(/\i-‘r)tj)/ZEI

Proof. We set

2
Cr=sup(L+ A" fy)l, ey = [ g(E)e(E)dE.
y=0 =2
The constant Cy is finite by our assumption on f. (This assumption holds, for example,

for continuous functions with compact support and for the function y — e~¥*/8, which
we use in Section 6.3.) Then |f| < C¢f,, so the integral fooo yf (y) dy converges absolutely.

We begin with (6.19), and we first approximate f by a combination of the functions f,.
Define ®¢: [0,1] — R by

Of(x) =x P f((x! = 1Y2) for x € (0,1], ©f(0) = lim (1+ )" f(y).

y—ro0

Fory > 0and x = (1 +y?) !, we have (x ! —1)1/2 = y and x 7P+ = (1 + y?)P*. Hence
@ is continuous on [0, 1], and

fy)=fo.(y) O (1+y*)"")  forally > 0.

Let @ € (0,1). By the Weierstrass approximation theorem, there exist an integer
p1 = ps« and real numbers B, ..., By, such that

< .

P1
sup ‘G)f(x)— 2 BpxP P
x€[0,1] P=p+«

Note that f, (y)(1+ y?)~(P=P+) = £, (y). Therefore the function

P1
f= 3 Bufy
p=p-
satisfies
fy) = fy)| < @fp,(y)  forally >0. (6.21)

The statistic Xy (H; ¢, f) is linear in f. Applying P(a) with each p € {p,...,p1},
and using (6.1), we obtain

1 ; o B *© - . .
MXa(H; on f) = cp ) Z(p—fl) = cq)/o yf(y)dy  in probability.
“ p=p+
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Since gy > 0, (6.21) implies that

|\ Xu(H; o, f) — Xa(H; o, )| < @Xu(H; o, fin), \/ y(f - Ny dy| <

where for the second bound we also used (6.1). Hence

]Ma (H; o, f) —c(p/oooyf(y)dy’
< \M%Xa(H; oN,f) = ¢q /Oooyf(y) dy| + M%Xa(H; PN fp.) + @cp.

By P(a) with p = p., the second term on the right converges in probability to
@cy/(2(px — 1)) < @cy. So the left side is bounded by 3w@(cy + 1) with probability
tending to one. Since @ is arbitrary, this proves (6.19).

Next, we remove the smoothing, and we may assume that C; > 0. Let 6 > 0 be such
that every E with dist(E,supp ¢) < J belongs to (—2,2). We fix x € C((—2,2)) such
that 0 < x <2 and x(E) = 2 for all such E. We apply Lemma 6.2 to f/Cy, and we find
that on the event {||H|| < 3}, for N > Ny,

1 CCrhy CCyN? §2N'/5
ElXK(H/q)N/f)_Xa(H/q)/f)l S M(x XDL(H/XNIfP*)—i_ M(x exp(— 4 )

By P(a), applied with yx in place of ¢ and p = p., the random variable M, ' X, (H; xn, fp.)
converges in probability, and the right side tends to zero in probability. As the event
{||H|| < 3} has probability tending to one by Proposition 3.2, the convergence (6.19)
implies the same convergence with ¢ in place of ¢y.

Finally, we prove (6.20). Let I be a bulk interval. Let x now denote a function in
CZ((—2,2)) such that 0 < x <2 and x = 2 on I. By part (5) of Lemma 5.1, we have

XN = Xlleo < Chy <1

for N > Ny, so xny > 1 on I. All terms of X, (H; xn, fp*) are nonnegative, and therefore
the sum in (6.20) is bounded by X, (H; xn, fp,)- By P(«), we have

2
sz ' )/ZX(E)C(E) dE in probability.

2(ps —1) J-

Cr=1+ /_22;((15)(:(15) dE

Hence (6.20) holds with
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6.3 The induction step
Proposition 6.7. Let a, o’ satisfy

1 1 6u 1 2«
~ < - P2t Pl 22
1O_tx<zx<2, tx<5, tx<6+3 (6.22)

If P(«) holds, then P (") holds.

To prove Proposition 6.7, we use Lemma 6.3 to replace H by H; , with t, as in (6.23)
below, and we approximate &,/ (H;,; ¢n, fp) by a sum of conditionally independent
contributions of 2 x 2 blocks, whose conditional means are computed by Lemma 3.10
and determined by P(«). We first fix the parameters and define the blocks. Lemma 6.8
collects the properties of the clusters that we need, Lemma 6.9 bounds the error of the
approximation, Lemma 6.10 computes the conditional mean of the sum, and Lemma 6.11
shows that the sum concentrates around this mean. We prove Proposition 6.7 after the
proofs of these lemmas. The main technical point is the approximation, which relies on
Corollary 3.9 and on the first three constraints in (6.25).

Parameters. Throughout the rest of Section 6.3, we fix & and « satisfying (6.22). The
parameters and the notation introduced in this paragraph and the next two are used in
the statements and the proofs of all lemmas below. We set

K=a—g, 4= N~ oty =NEZ =N"172¢ (6.23)
Then (6.22) implies that
2u’ 70 1
%<K<2(X—D&l<lx, 0(’—K=%—D€>%Z@. (6.24)

Indeed, the first two inequalities are equivalent to &’ < 6a/5, the third is equivalent to
« < o', and the last two follow from a« < &’ and « > 1/10.
We fix ¢ > 0 such that
_ra 5a/ 50/ 1 , 1

1008<m1n{g,1x—?, 3a—7,§+2a—3a,§—a}. (6.25)
Every number in this minimum is positive. For the second and third numbers, this
follows from &’ < 6a/5, for the fourth from a’ < 1/6 + 2a/3, and for the fifth from
a' < 1/2. In terms of x, the first three numbers are &« — x, 2a — xk — &/, and 3x — 2a’.

Moreover,
“/
e < g <K,

where the last inequality is equivalent to &’ < 3a.
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For an integer p > p. and a nonnegative ¢ € C°((—2,2)), we set

1 2
L:—/ E)c(E) dE. 6.26
In the statements and the proofs of the lemmas below, constants may depend on &, &/, ¢,
p, and ¢, and Ny may increase from line to line.

Gaussian blocks. Let U = (uj,...,uy) be the orthogonal matrix whose columns are the
chosen eigenvectors of H. We set

Y= e*t"‘/z)\i (i € [N]), D, = diag(y1,...,YN), W=(1- e*t“)1/2uTGLI.
(6.27)
Then

U'H,U=D,+W, so  A(Hy,)=A(D,+W) forallie [N]. (6.28)

The matrix G is independent of H, and the law of G is invariant under conjugation by a
fixed orthogonal matrix. Since U is a measurable function of H, the conditional law of
UTGU given H is the law of G. Consequently, W is independent of H, and its entries W;;
with i < j are independent centered Gaussian random variables satisfying

1—efte 2(1—etn
EW? = N (i<j), EW3= % (6.29)
We next bound the entries of W. By (6.29), we have for all i <
2(1—ef) 2t
2 & _ p2
EW;; < — N < N - 20,
We set
woy = N&Y,. (6.30)

The standard Gaussian tail bound and a union bound over the N(N + 1) /2 entries give
2¢
4

H’(r?gajx W] > w0> < 2NZexp ( - ) 0. (6.31)
Clusters. Let R denote the family of clusters obtained from the points y; < --- < yy
by joining i and i 4+ 1 whenever y;11 —y; < ¢, as in Corollary 3.9. (The threshold g is
much larger than ¢, since ¥ < a, and much smaller than N 1) Every cluster is a set of
consecutive integers, and the family R is a function of H.

Let K, K" € 8 satisfy max £ < min K’. Then the labels max K and max K + 1 lie in
different clusters, and since y is nondecreasing,

YminK/ — Ymax K > Ymax K+1 — Ymax K > q. (6-32)
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Let B> denote the set of clusters with exactly two elements. For K € 935, we write
K ={i,i+ 1}, and we set gk = gi, Ex = E;, and

i + Wi Wiit1 > .
By = ’ , = Ay(Bx) — M(Bg).
* ( Wiit1  Yis1 + Wit $x = Aa(Br) = M(Br)

Thus Bx = (Dy + W)k For an integer p > p. and a nonnegative ¢ € CZ((—2,2)), we

define the block statistic

5 Sk
Rolo.p) = ¥ on(E0)fo(55): (6.33)
Keg x
Lemma 6.8. There exists Ng > 1 such that the following holds for all N > Ny on the event that
H € G./». We have 2N¢q < N1, the points y; < --- < yy lie in [—3,3], and every interval of
length N~1 contains at most N¢ of them. Every cluster in & has at most N¢ elements, and the
number of pairs i < j that lie in a common cluster K € 8 with |KC| > 3 is at most 2N*N3(4q),
where N3(r) is as in Proposition 3.4. Moreover, without restriction to this event, we have
1
lim —IE[N°N3(49)] = 0.

N—o0 o

Proof. Suppose that H € G./». We first verify the hypotheses of Corollary 3.9 on the
points y; < --- < yy and the threshold g. We have |H|| < 3, so y; € [—3,3] for all i.
Each A; with y; € [E,E + N~1] belongs to an interval of length efe/2N-1 < 2N-1 which
is covered by two intervals of length N~1. Since H € G, », it follows that every interval
of length N —1 contains at most 2N¢/2 < N¢ of the points y;, for N > Ny. Further, since
¢ < x, we have
2Nfqg =2N**N 1 < N1

for N > Nj. Hence Corollary 3.9 shows that every cluster has at most N® elements.

We next count the pairs i < j in a common cluster K with |[KC| > 3. Recall from
Proposition 3.4 that N3(r) denotes the number of i € [N — 2] such that A;;, — A; < 7. Let
K € R satisfy |KC| > 3. For each of the || — 2 labels i such that i,i + 2 € K, the definition
of the clusters gives

Mgz = Ai = €2 (yipn — yi) < 2¢4/2q < 4q.
These || — 2 labels are distinct for distinct clusters, which implies that
Y, (IKI=2) < N3(49).
Ke&:|K|>3
Recall that || < N¥¢, and note that || < 3(|K| —2) for || > 3. Then the number of
these pairs is bounded by

2 €
y @ < N? Y. 3(IK] —2) < 2N°N3(49). (6.34)

Kef:|K|>3 Ke&:|K|>3
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Finally, using Proposition 3.4 with r = 49 > N 2 we have

€

N(4Nq)3 < CN8+2“/_3K — CNE—(30¢—504//2) —0, (635)

1 CN
ENNs(4g)] < S

o o

where the last step follows from (6.25). O

Lemma 6.9. Let p > p, be an integer, let ¢ € CX((—2,2)) be nonnegative, and let Xy (g, p)
be the block statistic defined in (6.33). Then there exist Ng > 1 and a deterministic sequence o(1)
such that for all N > Ny, on the event that H € G, /5 and max;<; |W;j| < wo, with W and wy
as in (6.27) and (6.30), we have

| X (Hiys N, fp) — X (9, p)]
~ gtx’ 2p
o(1) (g, ) + 2 g|NNa(4g) + 4N (), (636)

where N3(r) is as in Proposition 3.4.

Proof. Suppose that the event holds and that N > Nj. By Lemma 6.8, the points y; <
-+ < yn and the threshold g satisfy the hypotheses of Corollary 3.9 that concern them. It

remains to verify the condition (3.30) on W. On our event, the entries of W are bounded
by wg = N¢,. Since Nlog N < g~! for N > Ny and & — x = a’/6, we have

/ 1
Néwg(q~! + Nlog N) < 2N%(,q7 1 = 2N%%/6 < at

for N > Ny, where we used that 2¢ < a’/6 by (6.25). Hence Corollary 3.9 applies to the
points y; < --- < yy, the threshold ¢, and the matrix W. By (6.28), it shows that

Aiv1(Hy,) — Ai(Hy,) > g whenever i and i 4 1 belong to different clusters, (6.37)

and that for every cluster K = {ip+1,...,ip+ |K|} and every i € [|K]],

[Aig+i(Hr) = Ai((Dy + W)kk)| < 24N*wo(q " + NlogN) <48N*Gq™
_ 48N4€—1X+5£K//6£ , < N—gg , ( N )
= < A

for N > Np. In the equality, we used that
2g71 = N~k —1-2a+x=-1—a"+(54'/6 — ),

and in the last inequality, we used 5¢ < a — 5a’ /6, which follows from (6.25).
We now sort the pairs i < j in X,/(H,; ¢, fp) into three types. The first type consists
of the pairs with i € K and j € K’ for distinct clusters K and K/, so that max £ < min K'.
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For such a pair, the labels max K and max K + 1 belong to different clusters, so (6.37)
gives

A]'(Hfa) - Ai(Hta) > /\maxIC+1(Ht,x) - AmaxlC(Ht,x) >

N[

Hence

Aj(Hy,) — Ai(Hy,) g\ P Lo\ 2P
AR (1 )7 co(le)”
Using ¢n < ||¢|lo, we see that the total contribution of the pairs of the first type is
bounded by 47 |||l N2 (£, /q)?P.

The second type consists of the pairs i < j in a common cluster K with |[IC| > 3. By
Lemma 6.8, there are at most 2N°N3(44) such pairs. Each of their terms is bounded by
|@||co, since f, < 1.

The third type consists of the pairs (i,i + 1) such that {i,i + 1} € 9,. Fix such a
cluster £ = {i,i + 1}. By (6.38), we have

| (Ais1(Hy) = Ai(Hy,)) = $ic| < 2N"y.
The right side of (6.11) is at most 4p, so integrating (6.11), we find

‘logfp(}uﬂ(Ht“;M_ )\i(Ht,x)) — logf,a(g—f/)) < 8pN*.

We now turn to the midpoints. Observe that
M (Bi) + A2(Bi) = Tr B = yi + Yiv1 + Wii + Wit 141
Using this identity, (6.38), and the bound |Ex| < 3, we obtain

Ai(Hy,) + Ajpq(Hy,)
2

— Ex| < N~y +wg +3(1 — e '/2) < 5N¥¢,,

where in the last inequality we used ¢, < ¢, and

tu

1 - e_t“/z S - < glx.

Part (2) of Lemma 5.1, applied at the point Ex € [—3,3], shows that ¢y at this midpoint
differs from ¢n(Ex) by at most

(exp(40NLuhy?) — 1) on(Ex) = (exp(40N*~4/57%) — 1) on(Ex).

(This bound holds at every point of [—3, 3], so midpoints near the edges of the spectrum
or outside the support of ¢ require no separate treatment.)
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Combining the last display with the bound on log f, above, we conclude that

’(PN (M(Hta) +2/\i+1 (H,) )fp (Ai+1 (Htaza,— Ai(Hy,) ) — onl(E)fo <<§_§> ‘

<o gn (B0 (£5),

where the 0(1) term is deterministic and uniform in . Summing the bounds for the
three types of pairs, we obtain (6.36). O

Lemma 6.10. Suppose that P(«) holds. Let p > p. be an integer, let ¢ € C>((—2,2)) be
nonnegative, and let L be as in (6.26). Let Xy (¢, p) be the block statistic defined in (6.33). Then

]\/} E[Xy(,p)|H] =L  in probability. (6.39)
“/

Proof. Let K € P, and write £ = {i,i + 1}. We first compute the conditional law of
$xc. Since y; — y; 1 = —e'+/2gy, the formula (4.10) for the gap of a real symmetric 2 x 2
matrix gives

§ ~ta/2 2 Wi—Wii1 2
Sk _ ‘ (_ e 8k = Wi i+1,i+1 Wi,i—|—1>

, — . 6.40
6“ fga Ea 2 606 ( )
By (6.29), conditionally on H, the variables (Wj; — Wi 1 +1)/2 and W; ;11 are independent
centered Gaussian random variables, each with variance (1 — e f*)/N. Hence the two
random coordinates in (6.40) are independent centered Gaussian random variables with

variance vy, where

4(1—ete)  4(1—e )
= = 4 —2t,,4]. 6.41
Here we used that
t 1—et
1—§§ <1 fort € (0,1].

The law of a centered Gaussian vector in IR?> with covariance vxId; is invariant under the
reflection that changes the sign of the first coordinate, so we conclude that, conditionally
on H,

0K d
gg—’; 216Gy, (6.42)
where G, is as in Lemma 3.10, with n = 2 and
x =8k o=e /2, p=oy.
o

We now compute the conditional mean. Recall that

ly=N"%0, My =N2"2)p. (6.43)
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Using the first relation and (6.42), we find

]E[fr?(%) ‘ H} = Efy (|G| /N*).

Since ¢ € [1/2,2] and vy € [2,4], we may apply Lemma 3.10 with n = 2, the exponent
p>3/2,v9 =4, and N** <1/2in place of é. For the density g4 of a centered Gaussian

vector in IR? with covariance 4 times the identity, we have
x,0) = (87 _1e_x2/8, / d :27‘[/001’ 7 dVZL,
4(x,0) = (87) [ Sy =2m [ ey () ar = T

where the last equality follows from (6.1). Therefore Lemma 3.10 gives

, ; ~}/(802)
N[5 (55 [ 1] - oy =1y

<N o2 1)+ o — 4 fy (85,

and by (6.41), the factor in parentheses on the right is o(1), uniformly in K.
We multiply by ¢n(Ex) and sum over K € ;. The terms with K € 9B, form part of
the sum defining X, (H; ¢, f), so the second relation in (6.43) gives

< WA (Hipn fy)

(6.44)

-
8(p—1)M,

L B[ % (g,p) | H] -

i Y gn(Ex)e 8t/ (G0

/CG‘BZ

By P(«), the right side tends to zero in probability.
We now evaluate the sum in (6.44). The function y — e~V’/8 satisfies the hypothesis
of Lemma 6.6, and

/ ye_yz/s dy = 4.
0
So P(a) and Lemma 6.6 give

1 Ai+ A ()\ —A)
PN exp —> 4 / in probability.
bE (e (-

The sum on the left differs from the sum in (6.44) by the terms of the pairs i < j that do
not form a cluster in 9, which are nonnegative.

Suppose that H € G,/ and N > Ny. A pair that does not form a cluster in 3, either
is contained in a cluster with at least three elements, or meets two distinct clusters C
and K, with i € K and j € K'. By Lemma 6.8, there are at most 2N°N3(4q) pairs of the
former kind. For a pair of the latter kind, (6.32) gives

)L] _)\l’ Z et“/z(yminIC' _ymax/C) Z q _ N,x’/6£a’
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where we used that « — x = &’ /6. Hence the difference of the two sums is bounded by

2 o' /3

€ € N
2]/ ]lsNN3 (49) + | @lloN2exp (= 2z ) = 2] @llooNN3(4g) + lgllcsN?exp ( — —5—)-

Since M, > M,/, Lemma 6.8 and Proposition 3.2 show that this difference, divided by

M,, tends to zero in probability. Inserting this into (6.44), and recalling the definition
(6.26) of L, we obtain (6.39). O

Lemma 6.11. Assume the hypotheses of Lemma 6.10. Then

1
M,
Proof. Conditionally on H, the matrices Bx, K € B, are independent. Indeed, 3, and
y are functions of H, and each Byx depends on W only through the entries W;j;, Wi 1 11,
and W; ;1. These sets of entries are disjoint for distinct clusters, and W is independent
of H with independent entries. Hence )?a/(q), p) is a sum of conditionally independent
random variables. Using 0 < ¢n < ||@|lc and 0 < f% < fp <1, we find

Xy(p,p) > L in probability. (6.45)

Var (Xy (¢, p) | H) < K% o (Ex)*E| p(%)z‘H] < ll9ll<E[Xu(e,p) | H].

Let @ > 0. The conditional Chebyshev inequality gives
: lplle = 1 g5
< Al = / .
H) < min {1, oM, wy (e | H] }
By Lemma 6.10 and M,» — oo, the right side tends to zero in probability. We take expec-

tations and use the bounded convergence theorem, and we find that the unconditional
probability tends to zero as well. Together with (6.39), this implies (6.45). O

ﬂ’(\??a/(qv,p) —E[Xy(p,p) | H]| > @My

Proof of Proposition 6.7. Fix an integer p > p, and a nonnegative ¢ € C°((—2,2)), which
we may assume is not identically zero, and let L be as in (6.26). By (6.25), we have
o' +5¢ < 1/2 and

taN1/2+3“/+12€ _ N—1/2—20¢+3tx’+12£ 0.
Hence Lemma 6.3, applied with &’ in place of « and ty = t,, shows that it suffices to
prove

MLXM(HEX ;oN, fp) — L in probability. (6.46)
D(/

The event that H € G,/, and max;<j|W;;| < wo has probability tending to one, by
Proposition 3.2 and (6.31). On this event, Lemma 6.9 gives

o(1)

1 1 5 S
\M Xy (Hiion, fp) — L| < \M X (@, p) = L)+ 3= X (9, p)

2] @lloNN3(4) | 47[[@lloN? (Lyr\?

+ M“/ + Mtx’ < q ) ’
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We now bound the last term on the right side. Since M, = N 1-22" and ly/q=N K—a
this term is a constant multiple of N1+2¢=2P(«'=%) 5o it tends to zero if and only if
2p(a’ —x) > 14 2a’. This is the only step in the proof of Theorem 1.3 that uses the value
p« = 61 and the condition « > 1/10. By (6.24), we have a’ — x > /6, and hence

1
pe - P >6—>1+2a’,

/— — —
2p(a’ —x) > 3= 2 35 = 35

where we used « > 1/10, p > p, = 61, and «' < 1/2. We conclude that

1 NZ<Q>ZP — NP2 =2p(0'—x)  njL+20'—p/30 ~ N2-61/30 _, (6.47)
M, q - -
By Lemma 6.8 and Markov’s inequality, the third term on the right side tends to zero

in probability. Since P («) holds, Lemma 6.11 shows that so do the first two terms, which
proves (6.46). ]

6.4 Iteration and conclusion
We now iterate Proposition 6.7, starting from Proposition 6.5.
Corollary 6.12. For every a € (0,1/2), the statement P () holds.

Proof. We define a®) =1/10 and

1 1

(n+1) — 5 (1) 4 = i (n) — _ 4(n) >

x o +1Omm{o¢ /5 o } for n > 0. (6.48)

By induction on 1, we have an) e [1/10,1/2) for all n. Indeed, if MONS [1/10,1/2), then

a"+1) > 4" and . )

(n+1) < p(n) 1 = (2 _ 5(n) -

o S +10<2 IX><2.

The sequence (a(™) is therefore increasing and bounded by 1/2. Its limit a(®) ¢
(1/10,1/2] satisfies min{zx(‘”), 1/2 — oc(°°)} = 0 by (6.48), and hence a5 1/2.

We claim that for all # > 0 and all &’ € (a("),a(**1)], the pair (a("),a’) satisfies (6.22).

We have 1/10 < a(® < o/ < a("*1) < 1/2. Further, (6.48) gives

n) (n)
o — ) < alO < (x5 , o —a < 1%(% —zx(”)> < %(% —zx(”)>,
so that
o < 60" o < a4 — " _ ! + 20
5 7 6 3 6 37

as claimed.
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We have a(?) < 1/8, so Proposition 6.5 shows that P(«(?)) holds. Assuming that

P (a™) holds, we may apply Proposition 6.7 with («,a’) = (a™,a(**1), and we find
that P(a("*1)) holds. Hence P(a(™) holds for all n > 0. Now let a’ € (0 1/2). When
o' < ), the statement P (a’) holds by Proposition 6.5. Otherwise, as «(") — 1/2, there
exists 7 > 0 such that «(™ < o/ < a("*1) and Proposition 6.7 with (a,a’) = (2™, )
shows that P (a’) holds. O

Proof of Theorem 1.3. Fix a« € (0,1/2), a continuous function ¢ with compact support
n (—2,2), and a continuous function f: [0,00) — R with compact support. Recall
that N2*~1 = M, 1. By Corollary 6.12, P(«) holds, so Lemma 6.6 applies. Since f has
compact support, it satisfies the hypothesis of Lemma 6.6, and we fix R > 1 such that
supp f C [0, R].

Suppose first that ¢ € CZ((—2,2)) is nonnegative. We split the sum defining
Xu(H; ¢, f) into the terms with j =i 4 1 and the terms with j > i 4 2, which gives

At AN A — A
X, (H; ¢, f) qu (Ea) 1<§§N¢( er ’)f( ]&x ) (6.49)
j>i+2

To show that the second sum is negligible, we count its nonzero terms. A term in this
sum vanishes unless A=A < R{l,. Let N > Ny, so that R¢, < N71, and suppose that
H € Gy/». For each i, there are at most N*/2 labels j with A; € [A;,A; + N~1]. A label
j > i+2with A; — A; < R{, exists only if Aj 5 — A; < RE,. It follows that

#{(i,)) 1 1<i<j<N,j>i+2, A — A <Rl } < NY2N5(RE). (6.50)

Using Proposition 3.4 with r = R¢, > N~2, we have

w/2
L E[Ne2ps(RE)] < SN

— N(NR/,)? = CR?’N~%/2 5 0.
M, < . N(NRG) ~

The second sum in (6.49) is bounded by ||¢|le||f||c times the left side of (6.50). By
Markov’s inequality and Proposition 3.2, it is therefore op(M,). Combining this with
Lemma 6.6 for the unsmoothed weight ¢, we obtain

%EI(P(Ei)f(?—;) —>/_22(p(E)c(E)dE/Oooyf(y) dy  in probability. (6.51)

Next, we treat a general continuous ¢ with compact support in (—2,2). The positive
and negative parts of ¢ are continuous, nonnegative, and compactly supported in (-2, 2),
and both sides of (6.51) are linear in ¢. We may therefore assume that ¢ > 0.

Let 6 > 0 satisfy supp ¢ C [-2+26,2 — 2], and set = [-2+ 5,2 — J]. Let @ > 0. By
convolving ¢ with a smooth mollifier supported in a sufficiently small interval [—¢’, '] C
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[—0, 0], we obtain a nonnegative ¢ € C°((—2,2)) with supp @ C I and |[¢ — @l < @.
We set

Cr= su}g(l + )P f ()] < (14 R*)P*|| floo-
y>

The function ¢ — ¢ vanishes outside I, so

Aj = A
To-ows(f) o0 L h(f) sec T 5 (M5Y)
(A +/\ )/2€l

By (6.20), the right side is bounded by @C¢C;M, with probability tending to one.

Further, the limits in (6.51) for ¢ and @ differ by at most @ ffz c(E)dE [;"y|f(v)|dy.
Applying (6.51) to @, we find that with probability tending to one,

‘M,X Z p(E < ) /_22(P(E)C(E)dE/Oooyf(y)dy‘

< LO(1+CfC1+/_22C(E) dE/OOOy|f(y)\dy>.

The constant C; does not depend on @, and @ > 0 is arbitrary. This completes the
proof. O

Proof of Proposition 4.1. Recall that a, = 99/200, { = ¢,,, and M,, = 7. By Corollary 6.12,
P () holds. The second assertion of Proposition 4.1 is (6.20) with a = a..

For the first assertion, let f € C.([0,00) x (—2,2)). Let R > 1 and é € (0,1) satisfy
supp f C [0,R] X [-2+ 26,2 —26], and set = [-2+ 6,2 — J]. Let @ > 0. The function f
is uniformly continuous, so there exists ¢’ € (0,8) such that |f(r,E) — f(r,E')| < @ for
all » > 0 and all E, E' with |E — E'| < ¢'.

We approximate f by a sum of products. Using a standard smooth partition of unity;,
we choose nonnegative functions x1,...,xn € CC((—2+ 9,2 — §)) such that each supp xx
has diameter at most ¢’ and

n n
Y xx<1 onR, Y xk=1 on[—2+262—24]. (6.52)

For each k, we choose a point E; € supp xj, and we set

ZXk f(r, Ek

We claim that

f(rE) = f(r.E)| < @(1+ RA)P*f,,(N1;(E)  forall (r,E) € [0,00) x (—2,2). (6.53)
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When E € [—2 + 20,2 — 26], the second relation in (6.52) gives

F(r,E)— F(r,E) = k_zl xe(E) (f(r,E) — F(r, EL).

When E ¢ [-2+ 26,2 — 2], we have f(r,E) = 0, and the same identity holds. In either
case, xx(E) # 0 implies |E — E;| < &', so

n
f(r,E) = f(rE)| <@ ) x«(E) < @.
k=1
The function f — f vanishes unless r < R and E € I, which gives (6.53).
By (6.53) and (6.20) with & = a,, we have with probability tending to one

U x ¢

Thi<icj<n

A=A At A
] [ ] < 2\ p«
7 , 5 )‘_@(1+R) C[.

On the other hand, for each k the function r — f(r, E}) is continuous with compact
support in [0,00), and

)3

1<i<j<N

_Ai= A A+ A -
( ]g Z’ 12 ]):I;Xa*(H;Xklf<"E;€))'

We apply Lemma 6.6 with « = &, and the unsmoothed weights x;, and we obtain
1 A=A Ait+ A n
ERD DY { (AL Z / E)dE / rf(r,EL)d

1<i<j<N
/ / E)rf(r,E)drdE

in probability. Finally, (6.53) gives
2
‘/ / )r(f = F)(r,E) dr dE| <sz/ ¢(E) dE.
-2

The constant C; does not depend on @, and @ > 0 is arbitrary, which proves the first
assertion. n



SECTION 7

Actual and linearized gaps

The goal of this section is to prove Proposition 4.5, which compares the gaps of the
resampled matrix H with the linearized gaps 2d|z; + S;|. Recall from Lemma 4.3 that,
when the selected positions are distinct, the linearized gap of the pair (i,i 4 1) is the gap
of the compression of H to the span of u; and u;, 1. Heuristically, when g; is much smaller
than the distance from A; and A;;1 to the other eigenvalues of H, the gap ¢; should be
close to the linearized gap, since the remaining eigenvectors of H interact with the pair
only at second order in A.

The proof has two steps. In Section 7.1, we prove a deterministic statement, Corol-
lary 7.2, by applying Lemma 3.8 in the eigenbasis of H; the main task is to verify its
hypotheses with explicit exponents. In Section 7.2, we show that these hypotheses hold
with probability tending to one.

Throughout this section, we set ¢ = 1/100. Recall that d = N —-3/2 ¢ = NU/100
s=N"7/5and m=2|1/8] < 1/4

7.1 A deterministic comparison

In Section 7.1, H denotes a deterministic real symmetric N X N matrix with eigenvalues
A < --- <Ay, and ug, ..., uyn denotes an orthonormal basis of RN such that Hu]- = /\ju]-
for all j € [N]. We define g; and E; for i € [N — 1], and the maps L;, by the formulas of
Section 4, using these eigenvalues and eigenvectors.

Definition 7.1. Let R(H) denote the set of equivalence classes of the smallest equivalence
relation on [N] under which j and j + 1 are equivalent for every j € [N — 1] such that
gj < s. We call the elements of R(H) the clusters of H.

Observe that every cluster is a set of consecutive integers, and that for every j € [N —1],
the labels j and j + 1 lie in the same cluster if and only if g; <'s. In particular, R(H) is a
family of clusters in the sense of Section 3.2.

We let A = diag(Ay,...,An), and we let U = (uy,...,uy) denote the orthogonal
N x N matrix with columns w1, ...,uy, so that H = UAUT. For K € R(H), we let U
denote the N x |K| matrix whose columns are the vectors u; with j € K, in increasing
order of j, and we set Ax = diag(A;: j € K). For an N x N matrix A, we use the notation
Axx = (Ajy)jjex of Section 3.2.
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7 Actual and linearized gaps 7.1 A deterministic comparison 102

Recall the quantities wy, £y, and Jy from (4.17). Since ¢ = 1/100, they are given by
wy =TN3/283%, Ay =2s"llogN, Oy = 8wk L. (7.1)

Inserting the values of 7, s, d, and ¢, and using dn/d = 8(wn/d)(wn-LN) and wy/d =
TN3¢, we find
% — N9/100+3e _ N—3/50 wn.Zy = 2N"3/%og N,
ON
d
All three quantities in (7.2) tend to zero.

(7.2)
= 16N 2/2T6¢1og N = 16N~/ Jog N.

Corollary 7.2. There exists an absolute constant Ny > 1 such that the following holds for all
N > Ny. Let H and uy, ..., uy be as above, and suppose that

(i) |H| <3;

(i) uj(a)| < N7V forall a,j € [N];

(iii) Ajyp —Aj > 4dsforall j € [N —2].
Let A be a real symmetric N x N matrix such that Ay, = 0 for all a € [N], |Agy| < 2N~1/2He
forall a,b € [N], and Ay, # 0 for at most T/4 pairs (a,b) with a < b. Then every cluster
of H has at most two elements, and the two-element clusters of H are the sets {i,i + 1} with
i € [N—1]and g; <s. Further, the following statements hold.

(a) Let K € R(H). Forall j € K, we have Aink —s/4 < Aj(H+A) < Apaxk +5/4
Moreover, the numbers Aj(H + A) with j € K, in increasing order, differ by at most oy /2
from the ordered eigenvalues of Axc + UL AUf.

(b) Forall K € R(H), we have

) Y. (A(H+A) - j)’ < |K|(wn + 6n/2).

jek
(c) Forall j € [N —1] such that g; > s, we have Aj 1 (H+A) — Aj(H+A) > s/2,
(d) Foralli € [N — 1] such that g; <'s, we have

A (H+A) = A(H+A) = 2|Li(H + A)|| < on.

Proof. We first describe the clusters. Suppose that some K € R(H) has at least three
elements. As K is a set of consecutive integers, there exists j € [N — 2] such that
j,j+1,j+2€ K. Then g; < s and gj,1 < s, which gives A;,» — A; < 2s and contradicts
(iiif). Hence every cluster has at most two elements.

If i € [N — 1] satisfies g; < s, then i and i + 1 lie in the same cluster, which is therefore
{i,i+1}. Conversely, every two-element cluster has the form {i,i + 1} with g; <'s, since
its elements are consecutive and lie in the same cluster.
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Next, we rotate A into the eigenbasis of H. Set
W = Uurau, so that Wiyp = ujTAuj/ for j,j’ € [N].
Since U is orthogonal, we have H + A = U(A + W)UT, and therefore
Aj(H+A) =A(A+W)  forallje [N].
As A is symmetric with zero diagonal, the triangle inequality and (ii) give

T -_— p—
Wiyl = \K Y, (i) (b) + uj(b)up(a)| < 3 2NV 2NTIE — oy (73)
Sa<bs

for all j,j € [N]. In the inequality, we used that at most 7/4 of the coefficients A, with
a < b are nonzero, that each of them is bounded by 2N~1/2%¢, and that the term in
absolute values is bounded by 2N ~172¢ by (ii).

We will apply Lemma 3.8 with D, = A (so that y; = A;), the family of clusters &(H),
and the parameters

k0:2, 1925/4, wo = WnN, ZZO%N.
For K € &(H), the rectangle (3.24) is then
Ri={w € C: Anink —5/4 <Rew < Amaxic +5/4, |Imw| <s/4}.

We next check that these rectangles are pairwise disjoint. Let IC, K’ € &(H) satisfy
maxK +1 = minK'. Then gnaxic > s, so the intervals Rx NR and Ry NR are at
distance gmaxic —5/2 > s/2.

We now bound the harmonic sum in (3.25). Fix £ € &(H) and w € Ry, and write
i— =minK and iy = max K. We first consider the labels j > i, assuming that i, < N.
The labels i} and i} + 1 lie in different clusters, so g;, > s.

Let ¥ > 0 be an integer, and let j € {iy +2r+1,i; +2r + 2} with j < N. Then

Aj—Rew > Aj 1op41 —Aiy —8/4 2> g +4sr—s/4>3s/4+4sr.

The first inequality follows from A; > A; 5,11 and Rew < A;, +s/4, and the second
follows from (iii), applied r times to the labels i, +1,iy +3,...,i; + 2r — 1. Further,
(i) implies that A; — Rew < 7, so only integers r with 4sr < 7 occur. Every such r
corresponds to at most two labels j, and [A; — w| > [A; — Rew|, so

N

1 2 8 1 1 1
Loy 2 81 g 14wy
j:i++1\/\]~—w| Ogr<7/(4s)3s/4+45r 3s 251Sr<7/(4s)r s\6 2 4s

where we compared the harmonic sum with an integral in the last step.
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The same argument, with the roles of the two sides exchanged, bounds the sum over
j < i_ by the same quantity. Recalling that s = N~7/%, we conclude that

1 1,19 7 7 2log N
= Z47 < = .
(3 +1og4+510gN> <= N (7.4)

jZk |)L] — ZU| B E
for N > Nj, uniformly over all clusters K and all w € R.
We now apply Lemma 3.8. By (7.3), we have max; i [W;/| < wy. Using (7.2), we see
that wny%Ny < 1/2 and
1 2 2wy | 4wy ~3/50 ~3/25 1
S (kown + 2kowy L) = — T wNIN = 2N + 8N log N < 1
for N > Nj. Thus the hypotheses of Lemma 3.8 hold.

Let K € R(H). Recalling that Aj(A + W) = A;(H + A), we deduce from Lemma 3.8
that the numbers A;(H + A) with j € K lie within distance kowy + 2kow3, “n < s/4 of
[Amin, Amax k), and that, in increasing order, they differ by at most 2kow3, %N = dn/2
from the ordered eigenvalues of

(A4 W)k = A + UEAUK.

This proves (a).

To prove (b), we use that the sum of the eigenvalues of a matrix is its trace. Then (a)
implies that
Klo
Y Af(H+A) =T (A + UFAUK) | < | g N T (Ax + URAUK) = Y (A + W),
jek jek

Combining these relations with the bound |Wj;| < wy from (7.3), we obtain (b).
Next, we prove (c). Let j € [N — 1] satisfy g; > s. Then j and j + 1 lie in different
clusters K and X', with j = max K and j + 1 = min K'. Using (a) for £ and K’, we find

/\]‘_H(H—}—A) —)\]‘(H—i—A) > (/\]'-l-l —5/4) — (/\]'—{—S/4) :g]-—s/2 > s/2.

It remains to prove (d). Let i € [N — 1] satisfy g; < s, so that K = {i,i+ 1} is a cluster.
Recalling that uiTHul- = A, uz.THHuiH = Ajyq, and uiTHuiH = 0, we have
T _ (T
AIC —+ UKAU]C = (l/l] (H + A)”f’)j,j/é{i,i-‘rl}'
By (4.10) and the definition of L;, the two eigenvalues of this matrix differ by 2|L;(H + A)|.

By (a), the eigenvalues A;(H + A) and A1 (H + A) differ by at most /2 from the smaller
and the larger of them, respectively, which gives (d). O



7 Actual and linearized gaps 7.2 Proof of Proposition 4.5 105

7.2 Proof of Proposition 4.5

We now return to the random matrix H and its chosen eigenvectors uy, ..., uy, and we
apply Corollary 7.2 to their realizations. The clusters £(H) are then random sets, defined
by Definition 7.1 for each realization of H.

Proof of Proposition 4.5. Let Ny be the constant of Corollary 7.2. For N > Ny, let Ay
denote the event

Av={H € G}N{Aizn—A; >4sforalli e [N —2]}

7.5
N {|Xwp| < N®forall a,b € [N] witha < b}, 7.5)

and for N < Ny, set Ay = @. The event Ay is measurable with respect to H (the
condition H € G, concerns every unit eigenvector of H, not only uy, ..., uy). Further, let
By denote the event

By = {(al,bl) # (ap,by) for all I, ' € [m] with [ # l/} N {|Y1| < Nfforalll € [m]},
(7.6)

which is measurable with respect to the resampling variables. We will show that
P(Ay) — 1, that P(By | H) = 1 —o0(1) uniformly in H, and that the conclusions
of Proposition 4.5 hold on Ay N By. We may assume that N > Nj.

We begin with Ay. Proposition 3.2 with ¢ = 0 shows that H € G, with overwhelming
probability. By Markov’s inequality and the second statement of Proposition 3.4 with
C1 = 1, which applies since 4s = 4N ~7/5 > N2, we have

H)(ier[lgnz}(mz A < 4s> < EN;(4s) < CN(4Ns)? = 64CN /5. (7.7)
Note that (7.7) covers all i € [N — 2], including labels at the spectral edges. This is needed,
although only pairs in the bulk are used in Section 4, because Lemma 3.8 is applied to
the whole spectrum.

Finally, the standardized entries X,;, with a < b are copies of X, so the sub-Gaussian
tail bound and a union bound over fewer than N? pairs give

P (| Xgp| > N* for some a,b € [N] witha < b) < CoNZe— N |
Combining these three bounds, we obtain
P(AS) < CN~1/5,

Next, we bound the conditional probability of BY;. The selected positions and the
variables Y; are independent of H, so P(By | H) = P(By). For distinct [,I" € [m],
the positions (a;,b;) and (ay, by) are independent and uniformly distributed on a set of
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N(N — 1) /2 pairs, so they coincide with probability 2/(N(N —1)). A union bound over
the fewer than m? /2 pairs {I,I'} and over [ € [m], together with m < 7/4, gives

2

m 72
N(N-1)

+ mCoe_CoN2£ < — + COTe_CoNZS. (7.8)

The right side of (7.8) is deterministic and tends to zero.

We now fix a realization in Ay N By and verify the hypotheses of Corollary 7.2. As
H € G, we have ||H|| < 3, and every unit eigenvector of H, in particular each u;, satisfies
|ujlle < N~1/2¢. Hypothesis (iii) holds by the definition of Ay. The selected positions
are distinct on By, so Lemma 4.3 gives

m
A=Y NV2(Y; = Xy, V1.
I=1

Hence A is real symmetric with zero diagonal, A,, # 0 for at most m < t/4 pairs (a,b)
with a < b, and

Ay | < N~V (Jy| + [ X ]) < ON~V2+ foralll € [m],

where we used the bounds on Y; anNd Xap, contained in By and Ay. Thus Corollary 7.2
applies to H and A, with H + A = H.

By Corollary 7.2, every cluster of H has at most two elements, and the two-element
clusters are the sets {i,i + 1} with g; <s. Statement (c) of Corollary 7.2 gives &; > s/2
forall j € [N — 1] with g; > s.

Now let i € [N — 1] satisfy ¢; < s, so that {i,i + 1} is a cluster. By Lemma 4.3, we
have L;(H) = d(z; + S;). Statement (d) of Corollary 7.2, statement (b) with IC = {i,i + 1},
and (7.2) therefore give

%—2]zi+si! §%N:16N1/5010gN, \E—Ei\Swm%N. (7.9)

Both bounds in (7.9) are deterministic and tend to zero by (7.2). Together with P(Ay) — 1
and (7.8), this establishes all assertions of Proposition 4.5. O



SECTION 8

A local limit theorem for the linearized increments

The goal of this section is to prove Proposition 4.4, whose normalization is explained
heuristically in Section 2.2. Recall from Section 4 that, for a k-tuple i, the vector S; is a sum
of m = 2|7/8] increments that are independent and identically distributed conditionally
on H. The central limit theorem describes S; on the scale T'/2, but Proposition 4.4
concerns the probability that S; 4 x belongs to a bounded set, which is a statement on
the unit scale. For sums of independent copies of a fixed law, local limit theorems of this
kind hold when the law is nonlattice [67]. Here the law of an increment depends on N
and on H, and the main task of this section is to show that it stays away from lattice laws,
uniformly over H outside an event of small probability.

This is a genuine issue when X is discrete. Suppose, for example, that X takes the
values 1 and —1, so that Y — X, € {—2,0,2}, and that every coordinate of u; and u;4
has modulus N~!/2, Then every DLEZb) belongs to {(£2,0), (0, £2)}, and S; takes values
in the lattice 4Z2. The conclusion of Proposition 4.4 would then fail for test functions
supported near (2,2), although such eigenvectors satisfy the delocalization bound in the
definition of G..

After computing the moments of one increment in Section 8.1, we show in Section 8.2
that with overwhelming probability every unit eigenvector of H is far, in a normalized
2 norm, from all vectors whose coordinates take at most a small power of T distinct
values. In Section 8.3, we show by a deterministic argument that this property prevents
the phases in the characteristic function of one increment from concentrating near 27tZ.
A symmetrization in Section 8.4 then bounds the squared modulus of this characteristic
function away from 1 at all frequencies between a small negative power and a small
positive power of N. With the parameters chosen in Section 8.5, this bound reads
1 —ct~!/4, This bound is the main input to the local limit theorem for sums of increments,
Lemma 8.13, which we prove in Section 8.5 by Fourier inversion. Finally, in Section 8.6
we add a large deviation estimate for pairs with large gaps and complete the proof of
Proposition 4.4. Throughout this section, we fix an integer k > 1.

8.1 Notation and moments of one increment

Throughout Section 8, i = (iy, ..., ix) denotes a k-tuple of integers in [N — 1] such that
ijy1 > ij+2forallj € [k—1]. Forw € R, we let w; = (wj1,wj2) € R? denote its
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j-th block, so that w = (wy, ..., wy), and we let w(y) denote its y-th coordinate, where
1 € [2k]. We let U; denote the N x 2k matrix with columns u;, u; 41,..., U, Uj 41, in
this order. Since these 2k indices are distinct, we have Ul U; = Idy. For b € [N], let
rp € R? denote the b-th row of N1/2;, so that 1y, = Nl/Z(uij(b), ui+1(D)). The relation

UiT U; = Idyy is equivalent to
N

1
N = ryrt = Idy. (8.1)
For ¢ € R?%, let T(&) denote the block-diagonal 2k x 2k matrix whose j-th diagonal
block is
gin G2 )
A 62 8.2)
(C iz —Gi1 (
For k = 1, this defines I'(g;) for &; € R?, and we have I'(¢) = diag(I'(¢1),...,T()). The
matrix I'(¢;) is symmetric with eigenvalues |{;| and —[¢;|. Hence [|T()| = max; |¢;| <

€|, and T'(g;) is invertible with ||T(Z;) || = |&;|~* when &; # 0. The map & — I'({) is
linear, and we let I'; denote its value at the 7-th standard basis vector of R%, so that
I(¢) = L3 STy

Recall the vectors DLSZ) € R? from (4.11). In Section 8, we use the formula on the right
side of (4.11) to define D(Z) for all a,b € [N], so that pY) — Dl(;i)' and we let DY e R*

a ' ' ab a ab
denote the vector with blocks Da(zlbl), ceey D{EZ‘) . (E)xpanding the quadratic forms on the right

side and comparing with the definition of D uij , we find

¢ DY —/Tr(@)r,  abeN], &eR* (8.3)

Further, after identifying IR?> with C, we have

DY) = N(; (a) + it 11 (a)) (1 () + i 1 (8), 54

and therefore o
1; .
’Dab] | = ’ra,]" |rh,j’/ ﬂ,b S [N]/ ] S [k] (85)

Definition 8.1. Let (4,b) be a random pair with the uniform distribution on {(4/,V") €
[N]?:a’ < b'}, and let Y be a copy of X, such that H, (a,b), and Y are independent. We
define the increment _

J=(Y—Xu)D e R*. (8.6)

We define the conditional mean | = E[] | H], the conditional covariance Ly = E[(] —
J)(J — )T | H], and the conditional characteristic function

Oy(¢) =E[¢ | H], ¢eR* (8.7)
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For an integer n > 1, let S () denote a random vector in R%* whose conditional law given
H is the law of a sum of n independent random vectors, each with the conditional law of
J given H. We let @y denote the characteristic function of Y, so that ®y(t') = Eei"Y for
' € R.

These objects depend on i, which we suppress from the notation. By the definition of

5" we have
E [eig.s(”)

Recall from Section 4 that S; = Y"1 (Y; — Xalb])DSzl, where X, ;, is the entry of H for
every [, also when a position is selected more than once. Conditionally on H, the m
summands are therefore independent, and each has the conditional law of J. Hence the

conditional law of S; given H is that of §("),

H] =®y(f)",  EeR* (8.8)

We next introduce the event on which the estimates below take place. It involves the
matrix X below, which records the fluctuations of the squared entries; these fluctuations
appear in the covariance of J.

Definition 8.2. Let X denote the N x N real symmetric matrix with zero diagonal and
entries X,, = X2, — 1 for a # b. For € > 0, we let A} (¢) denote the event that

HeEG,  max|Xp| <N, 1X|| < N2+, (8.9)
as
Recall from Definition 3.1 that H € G, implies ||H|| < 3 and ||v|jcc < N~1/2*¢ for

every unit eigenvector v of H. Hence, on Ay®(¢), we have for every k-tuple i and all
a,b € [N] that

Il <22N%, Jn| < (2K)V2NE,  |DU| < 2kV/2NZ, (8.10)
where the last bound follows from (8.5).

Lemma 8.3. For every € > 0, the event A\ (¢) holds with overwhelming probability.

Proof. The three conditions in (8.9) become weaker as ¢ increases, so we may assume
that ¢ < 1/4. By Proposition 3.2, we have H € G, with overwhelming probability. The
sub-Gaussian tail bound for X and Z and a union bound over the at most N? entries give

I[’(m<ag< X > N€/4) < CoNZexp(—coN/2), (8.11)
a<

which is smaller than every negative power of N for large N. This gives the second
condition in (8.9).
To bound || X||, we truncate the entries at N¢/4 and center them. Set

ov = E[(X* - 1)1{|X| < N¥*}] = —~E[(X> - 1)1{|X| > N*/4}], (8.12)



8 A local limit theorem for the linearized increments §8.1 110

where we used EX? = 1. The sub-Gaussian tail of X gives
len| < Cexp(—cN¥/2). (8.13)

Recall that V% = eaeg + ebeaT for a < b, and define

Ag = (X3, = DY [Xp| N} —cy)V?, K=} Ag. (8.14)
a<b
The matrices A, are independent, centered, and real symmetric. Since ||[V?|| = 1 and

lcn| < 1 for large N, we have || Ayp|| < 4N¥/2. Further, (V)2 = esel +epel, so ¥, EA2,
is a diagonal matrix, and

| LB,

a<b

< (N-1)E[(X*-1)}] <CN. (8.15)

We now use the matrix Bernstein inequality [73, Theorem 1.4], which we state in the
form needed here. Let (A,p),<p be independent, centered, real symmetric random N x N
matrices such that Ay(A,) < R’ almost surely for all @ < b. Then for all >0,

t/2/2
P Ay Ay) >t) < Nexp(— ) (8.16)
(M (X ) 2 ¢) [T, EAL |+ Ri7/3

We apply it to the matrices A, and to their negatives, with R’ = 4N¢/2 and t' = N1/2*+¢/2,
Our assumption ¢ < 1/4 gives R't’ < 2N, and we obtain

1/2+¢

IP(||}°(’|| > ) < 2Nexp(—cN%). (8.17)
When max, . |X| < N¢/4, we have

X=X +cy Z veb and hence 1X]| < 1X/|| + N?[en| < [|X]] + CNZ2e—cN7?.

a<b
(8.18)
Combining the last two displays with (8.11), we conclude that ||X|| < N'/2*¢ with
overwhelming probability. O

For v, € RN, we let v © ¢’ € RN denote the vector with coordinates (v ® v')(a) =
v(a)v'(a). The following lemma identifies the first three conditional moments of one
increment.

Lemma 8.4. Let 0 < & < 1/8. There exists C > 0 such that on A\ (¢), for every k-tuple i,

] <CN"YV2,  E[|JP | H] < CN%,

B (8.19)
|E[JJT | H] — 41y || + ||Zp — 41dg || < CN3*71/2,

Moreover, on Ay\®(e) we have |J| < 2k/2N2%(|Y| + N¥).
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Proof. The last claim follows from (8.6), (8.10), and |X,;| < N¢. We begin with the mean.
Since EY = 0 and Y is independent of H and (a,b), we have

J=— (I;] ) Y XD (8.20)

a<b

The main point is that the sum in (8.20) can be computed exactly with the eigenvalue
equation; a bound by absolute values would give only |J| < CN*, while the drift m]
must be small on the unit scale. Fix j € [k], and abbreviate u = uj; and v = u;,11. Recall

that X;, = X, and Xa = NV2H,,, so that
N
Y Xgpu(a)u(b) = NY2uTHu = Nl/z)\i].. (8.21)
a,b=1
Separating the diagonal terms, we obtain
1 N
;Xabu(a)u(b) = §<N1/2Aij — ZlXWu(a)2>, (8.22)
a a=

and the same identity holds with v and Ai].+1 in place of u and Al-].. Similarly, since
Hv = Ajqv and uTv = 0, we have

N N
Y Xap (u(a)o(b) +v(a)u(b)) = NV2uTHo — ;X‘mu(a)v(a) = — ; Xaatt(a)v(a).

a<b

‘ (8.23)
Inserting these identities into the definition of Di;j), we find
i NY2(A; — Ajiq) — ¥y Xaa(u(a)? — v(a)?
Y XD = N( (i — A1) - an(1(a)” — 0(2) ), . ZXWu(a)v(a)>. (8.24)
a<b a
We have | X, < N¢ on A5 (e), and
Hence the norm of the right side of (8.24) is bounded by
N(3N'/2 4 2N*) < 5N%/2, (8.26)

Inserting this into (8.20) gives |J| < 20k!/2N~1/2,
We now compute the second moment. Since E(Y —y)? = 1+ y? for y € R, we have

N\ ! i i N\ ! o i i
E[J]" | H] = (2) sz(l +X§b)D§b)(Dp(zb))T = (2) Z(ZJFXab)DLSb)(DL(m))T- (8.27)
a< a<b
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To evaluate the first term, observe that ng)(i’]) = rﬂTI’Urb by (8.3). Using (8.1) twice
and the symmetry of I',;, we obtain for 17,7’ € [2k] that

) () pti) 3 <
Dy (DY (') = Y 7Ty (Y rord ) Tyra = NTe (T zra 7)

ab=1 a=1 =1 (8.28)
= N> Tr(T,T,y) = 2N?6,,
In the last equality, we used that T';T,, = 0 when 7 and 7’ belong to different blocks, that

F% is the identity on the block of 7, and that I';;_1I';; has trace zero, which can be read
off from (8.2).

Since Dé? = Dl(;l) and (§) = N(N —1)/2, the identity (8.28) gives
N\ ) T 2 2
2(2) LEDM (DT = m( N2Idy; — Z DE(DI)T).  829)
Using |D6(1§1) > < 4kN* from (8.10), we conclude that

H2<2> ZD 4Id2kH < 1 + i’;ﬁ < CN*1, (8.30)

Next, we bound the contribution of X to (8.27). Since X is symmetric with zero
diagonal, the entry (7,7%") of this contribution is

N 5@ LR R SN
(5) ZxapRmnDRo) = gy—g; L XeDY DY 631
a<b a,b=1
By the definition of DL(IZ), each coordinate Dg} (r7) is N times a sum of two terms of
the form +v(a)?v’'(b), where v and v’ are columns of U;. Hence the sum on the right
side of (8.31) is N2 times a sum of four terms of the form +(v; ® v2)"X(v3 ® v), where
v1,...,0y are columns of U;. Every two columns v, v’ of Uj satisfy, on Af}g(s),

lo© 9|l < [Jolleolf0 |2 < N2, (8.32)
and therefore
‘(vl ©) X(v30 04)‘ < | X||N*71 < N3-1/2, (8.33)
It follows that the absolute value of (8.31) is bounded by
4N2N3871/2
NN < 8N%1/2, (8.34)

The operator norm of a 2k x 2k matrix is bounded by 2k times its largest entry, so (8.27)
and (8.30) give

HIE[]]T | H] . 4Id2k|| S CN4£—1 + 16kN38—1/2 S CN3€—1/2’ (835)
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where we used ¢ < 1/8. Since 2y = E[JJT | H] — JJT and |J|> < CN~!, the same bound
holds for X y.

Finally, the bound on |J| and the elementary inequality (y1 + y2)° < 4(y3 + y3) for
y1,¥2 > 0 give

E[|JP | H] < 8K2N*E[(|Y|+ N%)?] < 32k%2N%(E|Y]® + N¥) < CN*.  (8.36)

This completes the proof. O

8.2 Eigenvectors with few coordinate values

For an integer n > 1, let V;,; denote the set of vectors v € RY whose coordinates
v(1),...,9(N) take at most n distinct values. For v € RV, we set

1 N 1/2 B
ol = (3 L o®?) " = N2z 837)
b=1

Observe that V), is the union of the finitely many linear subspaces of vectors that are
constant on the blocks of a partition of [N] into at most n blocks. Hence V;, is closed, and
the infimum of ||w — v||o 5 over v € V, is attained for every w € RV.

The following lemma states that, with overwhelming probability, no delocalized unit
eigenvector of H is close to V,, when n grows slowly. Its proof follows the net and
small-ball arguments developed for the invertibility of random matrices [60, 74].

Lemma 8.5. Let p > 0 and a > 4p. Let (Qn) and (Ky) be deterministic sequences of positive
numbers such that Qy — oo, Q8 = o(N), QY = o(NV?2), and 1 < Ky < Qy for all
sufficiently large N, and write () = Q and K = Ky. Then there exists ¢ > 0 such that for all
sufficiently large N, the event that |H|| < 3 and that some unit eigenvector w of H satisfies

NY2|w||e <K, i]£1f INY2w —v|any < Q°° (8.38)
(4

LOF ]
has probability at most exp(—cN log Q)).

Proof. Throughout the proof, we write n = [("|, and we take N large enough that
1 <K< Qand 407 < 1. We first replace w and its eigenvalue by elements of a
deterministic finite set. Suppose that the event in the statement holds. Let E € [—3,3]
be the eigenvalue of w, and choose v € V, such that || N1/2w — v, 5y < Q~°. We obtain
o € RN from v in two steps. We replace each coordinate v(b) by its closest point in
[—K, K]; since [N'/2w(b)| < K, this does not increase |N'/2w(b) — v(b)|. We then replace
the result by the smallest among its closest points in the grid Q~*Z N [—K, K|, which
changes each coordinate by at most (7. Both replacements act on each coordinate
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through a function of the value of that coordinate, so equal coordinates remain equal.
Hence
D€V,  |0llo <K, |INYZ0—5|an <20Q7° (8.39)

Set y = N~1/25. Let E’ be a closest point to E in Q7%Z N [-3,3]. The previous
paragraph gives

ly —wl2 <2077, <lyl2<2 llyllo <KN"V2 (8.40)

N~

Using (H—E)w =0, |H — E|| <6,and |[E — E'| < Q™% we find
I(H = ENyll2 < I(H = E)(y —w)ll2+ |E - E'| [lyll < 14Q7". (8.41)

Let ) denote the set of vectors y = N~1/2% such that & € V, has all coordinates in
O *ZN[—K,K]and 1/2 < ||y||2 < 2. The grid QO *Z N [-K, K] has at most 2KQ* + 1 <
30! points. We choose a set of at most 7 grid values, and we assign one of these values
to each coordinate. Counting these choices, we obtain

V] < (3% +1)"nlN < (40t N, (8.42)

The grid Q~%Z N [—3, 3] has at most 7Q)° points. By (8.41), the event in the statement is a
subset of
U U  {Il(H-E)yl. <1407} (8.43)
yeY E'eQ-9Zn[-33]
These vectors and energies are deterministic.

We now fix y € Y and E' € O%Z N [-3,3], and we bound the probability that
I(H—E)y|>» < 14Q7° Let T C [N] be a set of | N/2] indices b for which |y(b)] is
largest, with complement 7¢ = [N]\ 7. Let y7 € RN denote the vector with y7(b) = y(b)
for b € T and y7(b) = 0 otherwise. The average of y(b)? over b € T is at least its average
over [N], so

lyri > N2 > 1 (8.44
Suppose that ||(H — E' )yl < 140~ % Then fewer than N/4 indices a € [N] satisfy
|((H—E"y)(a)| >28Q7°N~1/2, Since |T¢| > N/2, at least N/4 indices a € T satisfy

INV2((H - E')y)(a)| <280Q7". (8.45)

The rows indexed by 7 are conditionally independent once we fix the entries outside
T¢ x T. Indeed, for a € T° we have

NY2(H=Ey)(@) = ¥ Xay(®) +xar  xa= Y. Xay(b) — NY2E'y(a). (8.46)
beT beTe
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Let F7 denote the c-algebra generated by the entries X,,, 2 < b, for which 2 and b do
not lie on opposite sides of the partition {7,7°}. Each x, is Fr-measurable. The entries
Xy witha € T¢and b € T are off-diagonal, and distinct pairs (a,b) of this kind give
distinct entries. Hence these entries are independent copies of X, independent of F7.
In particular, conditionally on F7, the random variables Y ,c7 X,py(b) + Xa, a € T¢, are
independent, because they are functions of disjoint families of these entries.

We bound the conditional probability of (8.45) for one row with the Berry-Esseen
inequality for sums of independent, not necessarily identically distributed, random vari-
ables [58, Chapter V]. Since EX = 0 and EX? = 1, it states that the Kolmogorov distance
between the law of |y7||;! Yper Xapy(b) and the standard Gaussian law is bounded by
Ceellyrll;> Zoer EIX|3|y(b) |3, where Cgg is an absolute constant. The standard Gaussian
probability of a closed interval is bounded by its length times (277) ~1/2, and the proba-
bilities of an interval under two laws differ by at most twice their Kolmogorov distance.
Using (8.40) and (8.44), we therefore find for every x € R that

_ 5609 2CeE| X3 ||y [|oo ||y |12
]P(‘ Y Xapy(b) +X‘ <280 u) < s | X| ||y3|| ly7ll3
beT 2m)1 2]y T ll2 ly7ll>5 (8.47)

< C(Q"+KN"V2).

Recall that K < Q and Q*"IN~1/2 — 0. Hence the right side is bounded by C,()™¢ for
some C, > 0 and all large N, and we take N large enough that C,()™* < 1.

We apply this bound with x = x,, use the conditional independence of the rows, and
take a union bound over the at most 2V sets of [N /4] rows in 7°. This gives

N/4

P(|(H-E)yl2 <1407 | Fr) <2M(GO™°) (8:48)

The right side is deterministic, so the same bound holds for the unconditional probability.
Combining the last display with (8.42) and the bound on the number of energies, we
find that the logarithm of the probability of the event in the statement is bounded by

nlog(4Q°t!) + Nlogn +log(7Q%) + Nlog2 + %log Cy— ZNlog Q. (8.49)

We have Nlogn < pNlog Q. Since n < (O = o(N) and log Q) — oo, the first, third, fourth,
and fifth terms are o(Nlog2). Hence (8.49) is bounded by —(a/4 —p —0(1))Nlog (),
and the lemma holds with ¢ = (a —4p)/8. O

Remark 8.6. The vectors y € ) and energies E’ in the union bound in the proof of
Lemma 8.5 are deterministic, and the eigenvector w enters only through the existence of
a nearby pair (y, E’). This is why the lemma applies to the eigenvectors of H, which are
functions of the entries of H. An argument that conditions on an eigenvector and treats
the entries of H as independent would not be valid.
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8.3 A deterministic nonlattice estimate

In Section 8.3, U denotes a deterministic N x 2k matrix with UTU = Idy. We use the
notation of Section 8.1 for such general U, so that r, denotes the b-th row of N'/2U, and
(8.1) holds. For & € R, we define

N
Dy(¢) = % Y [1—cos(riT(&)ry)]. (8.50)
a,b=1

For U = Uj, the identity (8.3) shows that Dy;(¢) is the average of 1 — cos(¢ - Dé?) over all

(a,b) € [N]?. It is small exactly when most of the phases ¢ - D{gib) are close to 21Z. We
also define the exponents

pr = 4k + 4, ap = 100(k+ 1), qr = 2a + 2k + 10, (8.51)
and we note that a; > 4py.

Lemma 8.7. There exists Qy(k) > 3 such that the following holds. Let K > 1 and Q) >
max{Qg(k), K?}. Suppose that max;, |r,| < K and that every column u of U satisfies

inf [|NY2u —ol],n > Q7% (8.52)

vev{ﬂpkj

Then Dy (&) > Q™% for all ¢ € R such that Q! < |&] < QK2

Proof. We argue by contradiction. Suppose that there exists & with Q! < |&] < QK2
and Dy (&) < O %, and abbreviate D = Dy;(¢). For a,b € [N], let

Oy = dist(riT(&)ry, 27Z) € [0, 7). (8.53)
For real t' with dist(#/,271Z) = ©, we have

2072

1—cost' =2sin?(©®/2) > — (8.54)
where we used siny’ > 2y’ /7t for y’ € [0, 71/2]. Summing over 4 and b, we obtain
R ?
e Yy 03 < 5D (8.55)

a,b=1

We first discard the rows with large errors. For a € [N], set

N
0, = % Y @, O={ac[N]:0,<27K*D}. (8.56)
b=1
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When D > 0, Markov’s inequality and (8.55) give

N
INI\NOI < 175, (8.57)

and when D = 0, we have O = [N]. Using (8.1) and |r,| < K, we find, in the sense of
quadratic forms,

2
— Z 1’,1 Idzk - — Z 7’”1’ > (1 — W)Idzk Z ZIde. (858)

aEO a%@ N

Next, we select 2k rows that form a well-conditioned matrix. For a set Oy C O with
2k elements, let Q(Op) denote the 2k x 2k matrix with rows rl, a € Oy, in increasing
order of a. The Cauchy-Binet formula, applied to the matrix with rows r!, a € O, gives

det(Z rarg): Y det(Q(O0))% (8.59)

aco OyC O, |Op|=2k

By (8.58), the left side is at least (3N/4)%; in particular, |O| > 2k. The sum has at most
(%) < N?/(2k)! terms, so there exists Op such that Q = Q(Oy) satisfies

| det Q| > (3/4)F((2k)1)/2. (8.60)

We now bound ||Q~!||. The rows of Q have norm at most K, so ||Q|| < (2k)'/?K. The
determinant is the product of the 2k singular values of Q, so the smallest singular value
of Q is at least | det Q| ||Q|'~2*. Therefore

e _
JdetQ] ~

Next, we round the phases against the rows of Q. For a € Oy and b € [N], choose
n,(a) € Z such that

Q71| < < G K* L (8.61)

rIT(&)ry — 270y (a)| = Opp. (8.62)

We let n, € Z?* denote the vector with coordinates n,(a), 2 € O, in increasing order of
a. The coordinates of QT (&)r;, are the phases r T'(&)ry, a € Op. Since Oy C O, we find

N
% Y |Qr(@)r, — 27mb\2 = Y 0, < 4k7*K>D. (8.63)
b=1

ae0yg

Further, the bound |¢| < QK2 gives

T@n] < IT@IR <G <0, so [m@]<yrtr <0 @69

N[ =

Hence, as b ranges over [N], the vector n, takes at most (2Q + 1) < (30)? values.



8 A local limit theorem for the linearized increments §8.3 118

We now reconstruct one block of the rows r;, from the integer vectors n;,. Choose
j € [k] such that |&;| = max;j (], so that

il > k725 = k2 (8.65)
Since I'(¢) is block diagonal, the j-th block of T'(¢)ry is T'(¢j)rp ;- For b € [N], define
fp=T(&) 1 (Q " 27rnb)]. e R>. (8.66)
Then

roj— 7y = T(&) ™ (Q7H(Qr(&)ry — 27my) ) - (8.67)

]
Using [|T(&;) 1| = 1&j|~, (8.61), and (8.63), we obtain

1 N2 _ [ 22\ 1/2 2k~1/2
=Y |ry — P < 4k?K?D)? < CLOK*D
(Ng’ =1l Bl ( ) (8.68)

< Cka+1qu/2 — Ckﬂfukfll.

In the third inequality, we used K? < Q) and D < Q~%, and the last equality follows
from the definition of q; in (8.51).

It remains to derive the contradiction. Let u be the (2j — 1)-th column of U, so that
N'/2u(b) is the first coordinate of r;,;. Let v € RN be the vector whose b-th coordinate is
the first coordinate of 7;,. The vector 7, depends on b only through n;, so v has at most
(30)% distinct coordinates. For Q) > 3, we have (30))%* < [Pk |, and hence v € V|-
By (8.68), we have

INY2y —v|lpn < GO %4 <O %, (8.69)

where the second inequality holds when O* > Cy. This contradicts (8.52), and the lemma
follows with O (k) = max{3, C;/ 41, where Cy is the constant in the last line of (8.68). [

Remark 8.8. The resampling selects only pairs a < b, so the characteristic function &y
involves the phases rIT(&)r; only for a < b. We therefore need the following version of
Lemma 8.7 without diagonal terms.

For ¢ € R%* we define
N\ !
D (&) = ( 2) Y [1—cos(raL(&)r)]. (8.70)
a<b

Corollary 8.9. Let K, O3, and U satisfy the hypotheses of Lemma 8.7, and suppose in addition
that Q% < N /4. Then DYE(E) > Q% /2 for all & € R* such that Q=1 < |¢] < QK2
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Proof. The summand in (8.50) is symmetric in (a,b) and takes values in [0,2], so

Du(g) = (1 - l)Doff((:) + L % [1— cos(rTT(&)ra)] < DY(E) + = (8.71)
u - N u N2 = a a)| > N .

For O~! < |¢| < QK™2, Lemma 8.7 and the condition Q% < N /4 therefore give D‘&ff (¢) >
Q% —2N-1>0"%/2. O

8.4 The characteristic function of one increment

We now convert Lemma 8.7 into a bound on |®p|. Let Y’ be a copy of Y independent
of Y. Since E(Y — Y")? = 2, we have P(Y # Y’) > 0, and we may choose constants
0 < c— < ¢4, depending only on the law of X, such that

py — IP(C, S ’Y— Y/’ S C+) > 0. (872)

Lemma 8.10. Let K > 1 and Q > max{Qg(k), K?} with Q% < N/4. Let i be a k-tuple, and
consider a realization of H for which U = Uj satisfies the hypotheses of Lemma 8.7. Then

1—|®y(d))* > PY o-u for all & € R?* such that b <g £ —. (8.73)
2 c_ c+K?
Proof. Conditioning on (a,b) in (8.7) and using the independence of Y, we find
N\ —~iX,, &Y (i)
dy(C) = (2> agje ab & Doy Dy (¢-D,)). (8.74)

We symmetrize with the Cauchy-Schwarz inequality, which removes the phases
; (i)
e—ngbg -D

ab . Using
Dy ()2 =B YY) = Ecos(t (Y —Y')), tER, (8.75)
we obtain
N ! i N -1 i
|©u(8)]* < (2) ;‘CDY(@ : Déb)) ‘2 =E [(2) Z;Jcos((Y -Y¢- Dbgb))}. (8.76)
a< a<

By (8.3) and the linearity of I', we have
(Y =Y & DY =TT ((Y = Y)¢)r. (8.77)
Hence (8.76) and (8.70) give

1—|@u(@)? > E[DY((Y - Y)E)] = E[DYH((Y - Y)E)1{c- < |Y - Y| < cy}], (878)
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where the second inequality holds because Dflff > 0. For ¢ as in (8.73) and every
realization with c_ < |[Y — Y| < ¢, we have

Q7' < fgl < (Y =Y)E] < e ] < QKT (8.79)
Therefore Corollary 8.9 gives
DY (Y -Y)§) > Q7 %/2 (8.80)

on this event. Taking expectations and using (8.72) completes the proof. O

8.5 A local limit theorem for sums of increments

We now fix the parameters. Recall that T = N/1%, and set

1

_ — 1/ (4ar) — N10gk K = (2k)Y/2Nex . 8.81
&= 2000 q;” ‘ ’ (2 50

Let Cmom > 1 denote the constant C of Lemma 8.4 for € = ¢, and set
ON = (12Cmom)_1N_9Sk- (8.82)

In the proof of Lemma 8.13, oy will be the radius of the ball of frequencies on which a
second-order Taylor expansion of ®y is effective. The exponent of (2 is chosen so that
Q~% = 774 which makes mQ~% a positive power of 7. Since Q, K?, and ¢, are
constant multiples of N 102 - N2¢k, and N%k, respectively, there exists Ny such that for
N > Ny,

c K2 <02,

Q> max{OQo(k), K2}, Q% < %

1
— < 0N .
—5 <o (889)
The last condition dictates the choice of ¢. Since QO = NU/(40%) js determined by
7, this condition can hold for large N only if 9¢, < 1/(400q;), and our choice gives

9¢r < 10ex = 1/(400qy). Further, we have 10¢;p;r < 1 and 10e;(ar +1) < 1/2, so
0Pk =0o(N), Q%1 =o(N?), (8.84)

Definition 8.11. We let Ay ; denote the event that Aﬁg(sk) holds and that every unit
eigenvector w of H satisfies

inf ||NY2w — o]y 5 > Q7%, (8.85)

The event Ay x does not refer to any tuple i. This is what makes the estimates below
uniform over tuples, including tuples selected according to properties of H such as small

gaps.
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Lemma 8.12. The event Ay x holds with overwhelming probability. Moreover, for N > Ny, on
AN i and for every k-tuple i, we have

1— @y (E) > %T*U‘* for all & € R?* such that oy < |&| < QY2 (8.86)

Proof. Recall that ||H|| < 3 and that every unit eigenvector w of H satisfies N'/2||w||o <
Né < K on A;e]g (ex). Hence the complement of Ay is a subset of the union of the
complement of Aﬁg(sk) and the event of Lemma 8.5 with p = p;, a = a5, and Q) and K as
in (8.81). The hypotheses of Lemma 8.5 hold by (8.84), and K < () for large N. Lemma 8.3
and Lemma 8.5 therefore show that Ay i holds with overwhelming probability.

Now let N > Nj, fix a realization of H in Ay, and let i be a k-tuple. The rows of
N1/2y; satisfy |rp| < K by (8.10). The columns of Uj are unit eigenvectors of H, so the
definition of Ay  gives (8.52). Together with the first two conditions in (8.83), this verifies
the hypotheses of Lemma 8.10. The last two conditions in (8.83) show that every ¢ with
on < |&| < Q2 satisfies the condition in (8.73). Since Q~% = 7~1/4, the bound (8.73)
gives (8.86). ]

For a positive definite 2k x 2k matrix X, let gy denote the density of the centered
Gaussian law on R with covariance X,

B B 1 ro
ox(y) = (2m) *(detx) !/ zeXp<—§yT2 11/), y € R¥, (8.87)

This extends the notation (3.34) on R%*, so that g, = guld,, for v > 0. In particular,
Gantdy (V) = (87Tn)_ke_|y|2/ (87) We now state the local limit theorem. Its proof is the
classical Fourier-analytic argument for local limit theorems (see [7]), made uniform in H,

in the tuple i, and in the number of summands. The input specific to our setting is the
bound (8.86).

Lemma 8.13. Let ¥ C CX(IR?*) be a family of functions such that there exists Ry > 0 with
suppy C {y € R%* : |y| < Ry} for all ¢ € ¥, and such that each partial derivative of each
order is bounded uniformly over € Y. Then on Ay, for every k-tuple i, every integer n with
7/10 < n < 1/3, every x € R?*, and every ¢ € ¥,

E[p(S" +2) | H] = gunan () [, 9(0)dy +o(x7™), (8.88)

2k
where the error term is bounded in absolute value by a deterministic quantity that is o(t—) and
depends on Y, but not on i, n, x, ¥, or the realization of H in Ay . Further, for every bounded
Borel set B C R?*, there exists Cg > 0 such that on Ay y, for every k-tuple i and every integer n
with t/10 <n < 1/3,

sup P(S"™ +x € B | H) < Cpr X (8.89)

x€R2k
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Proof. In this proof, constants may depend on ¥ in addition to k and the laws of X
and Z. We first record a trivial bound that holds for all N. By the hypothesis on the
partial derivatives of order zero, the functions in ¥ are bounded uniformly. They are also
supported in the ball of radius Ry centered at the origin, and therefore

[9(y)|dy < (2Ry)* sup ||[|e < 0. (8.90)
Yey

sup [[ipllcc <00, sup

pey pe¥ /R*

Every integer n with 7/10 < n < 7/3 is positive, S0 gay14,, (x) < (87tn)F < (87)7* for
all x € R%. Hence, for every realization of H and all i, n, x, and ¢ as in the statement, the
error term in (8.88) is bounded in absolute value by sup .y |||/ + (87r) 7k SUPycy [ 1],
which is finite by (8.90). We take this number as the deterministic quantity in the
statement when N < Ny, T < 20, or CmomN3~1/2 > 1. Each of these conditions
holds only for finitely many N, and the deterministic quantity only needs to be o(t¥)
as N — co. We may therefore assume from now on that N > Ny, that T > 20, and
that Cpom N°6¢~1/2 < 1. Fix a realization of H in ANk, a k-tuple i, an integer n with
1/10 < n < 1/3, a vector x € R%*, and ¢ € ¥. Then n > 7/10 > 2.
We begin with bounds on the Fourier transform

@) = [ e yy)dy,  ceR™ (8.91)

Set
s = 4kqr +k+ 1. (8.92)

Integrating by parts 2s; times, differentiating under the integral, and using that the
functions in ¥ are supported in a common ball and have uniformly bounded derivatives,

we find C
[$(8)] < T e [$(8) — $(0)| < CJEl, ¢ € R¥, (8.93)

Since 2s; > 2k, the first bound implies

RGIEES (8.94)

Next, we write both sides of (8.88) as Fourier integrals. Since i is integrable, the
inversion formula

p(y) = @m) > [ () de (8.95)

holds for all y. Inserting it into the conditional expectation, and using Fubini’s theorem
and (8.8), we obtain

E[p(s™ + ) | H] = (2m) %

R2k

€€ X (&) Py (€)" dE. (8.96)
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Further, we have

§O) = [, [ €Iz = 2m)F gy, (). (8.97)

Subtracting, we find

E[p(S") +) | H] = gatan.(x) [ 9] < @07 [ [$(@)0n(@)" - §(0)e | az.
(8.98)
The right side of (8.98) does not involve x, which gives the uniformity in x.
We split the integral in (8.98) into three ranges of frequencies. Since n > 7/10, the
right side of (8.98) is bounded by Ct—*(Z; + Z, + I3 + Z), where

_ ,k N n__ —2n|¢|? _ k n n
Ly=n /|é|<QN’¢’(C)CDH(§) $(0)e [ dg, T =n /QN<C<QM\¢(¢>H<I>H(6>\ dg,
_ Lk ) - —2n|gf?
S /|¢|>nm|¢(€)|dé’ B0l e
(8.99)

and where we used |®py| < 1 to define Z3. All constants above depend on ¢ only through
Ry and the uniform bounds on finitely many derivatives. It therefore suffices to show
that 7y + Z, + 73 4 Z4 is bounded by a deterministic quantity that tends to zero.

We first treat small frequencies. Let

O%(8) = e oy =E[CU) | H], ¢eR* (8.100)
By Lemma 8.4 with ¢ = ¢ and our assumption CmomN3€k_1/ 2 <1, we have
3ldy; < Xy < 5Idy (8.101)
and

B[]~ TP | H] <4(B[JP | H] +|]F) < SE[|JP | H] < 8CmomN**.  (8102)

We apply the inequality |t — 1 —it’ ++2/2| < |¢'|?/6, valid for real t, with ¢/ = &- (] —]),
and obtain . A
‘CP%(C) -1+ EETZHE‘ < §CmomN9£k|§\3, & e R*, (8.103)

For |&| < on, the definition (8.82) gives

3 1 5 4
§\€|2 < EéTZHC < §|€|2 <1, §CmomN9€k!§\3 < |~ (8.104)

O| =

Hence (8.103) implies

@u()] = [95() <1-SfeP +gleP <e B, e <on.  (8105)
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We now change variables & = n~1/2¢" in Z;, which gives
L= [§(n 12 ) @r(n28)" — (0)e T | (8.106)
¢ <onm!/?
By (8.93) and (8.105), the integrand is bounded by
Cn V2| e P C|@py (n=1/2E )" — e 2P, (8.107)
We have &y (¢)" = ei”C']_CI)f{(C)”, and therefore

‘q)H(n—l/Z(:/)n . 672\§’|2} < |ein1/2§/.]' _ 1‘67‘§/|2 n }@%(Tl*l/zg’f/)” B e*(?’TZHC'/Z‘

8.108
+ }e_g/TZHg//Z _6_2‘§/|2" ( )

We bound the three terms on the right side in turn. By Lemma 8.4, the first term satisfies
e T )P < /21 Tle 8 F < el 2NV e R (8.109)
2

The two exponents in the third term are at least 3|¢’'|*/2, so the mean value theorem and

Lemma 8.4 give
e ¥TEE 2 R < 2y — ldye]| [P < NP R P2, 8110)
To bound the second term in (8.108), we set
7 = ®%(n~ 12, 2" = ¢ EnE/ (2n),
The bound (8.105) and Xy > 3Idy give
max{|2'|, |2"|} < e IE'F/n, (8.111)

Using (8.103) and |e™ — 1+ /| < #2/2 for ¥/ > 0, we find

&P 4ET ., 2CmomN"HE |

1/5/EF12\2 4
/ " 9¢
2 —27| < §< ) +§Cm°mN kn3/2 =72 1372

112
o (8.112)

We now use the elementary inequality

‘Zm . Z"n‘ < n|zl . Z//l max{\z'[, ‘Z//’}nfl < Tl‘ZI . Z//’e—\g’\z(nfl)/n < n\z’ . Z//|e—|cj’|2/2,

(8.113)
where we used n > 2 in the last step, and we obtain
/14 9¢r | x113
o (n—1/2xm\n _ —&TEuE /2 418'1% | 2Cmom N"*[S" PN _jer2/0
|3, (n~ 1728 — o=ETENE /2| < ( =+ 7 )e . (8.114)
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We now collect these bounds. Using 7/10 < n < t/3, T = N/1%, and t1/2N~1/2 4
N3&=1/2 < 27-1/2 we find that (8.107) is bounded by

CN% T 1/2(1 4 ||y IE17/2 = CNOee=1/200(1 4 || )4~ IE'1/2, (8.115)
Integrating over & € R?, we conclude that
T, < CN%—1/200, (8.116)

which tends to zero by (8.81).
Next, we bound 7, using Lemma 8.12. For oy < |&| < Q!/2, the bound (8.86) gives

[Py ()" < (1 — %’1'1/4)11/2 < exp(—i—ynrfl/‘L) < exp(—%r3/4>. (8.117)

Using (8.94) and n < T, we obtain
I, < CtF exp(—pyr3/4/40). (8.118)

For large frequencies, we use the first bound in (8.93) and n < 7, which give

I < Ct* &) 72k de = CThQF sk = ekt kes)/Gay) — o= 1/0a) - (8.119)
‘§‘>Ql/2

where the last equality follows from the definition of si. Finally, changing variables as
for Z;, we find

Ty = |$(0)] / e AP g’ < Ce " < Cexp(—cN/100-18%), (8.120)

¢'|>onm!/

The four bounds tend to zero, which proves (8.88).
It remains to prove (8.89). Since B is bounded, there exists a nonnegative g € C®(IR%)
with 5 > 1 on B. Applying (8.88) with ¥ = {¢p}, we obtain

P(S™ +x € B|H) <E[pp(S™ +x) | H] < (87Tn)k/1,b3 +o(t7H). (8.121)

The deterministic quantity that bounds the error term for the family {¢p} is finite for
every N and o(77¥), so it is bounded by Ct~* for all N. Since n > 7/10, the right side is
therefore bounded by Cpt—. O

8.6 Pairs with large gaps

The second claim of Proposition 4.4 concerns a single pair. In Lemma 8.14 and its proof,
we apply the preceding results with k = 1. In particular, Ay denotes the event of
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Definition 8.11 for k = 1, and for i € [N — 1] the objects J, J, and S refer to the 1-tuple
i = (i). Recall that z; = (—g;/(2d),0) and £ = dt'/?, so that

;| = 81 = &1 7172, (8.122)

When g; > ¢, the vector z; lies at distance at least /2 /2 from the origin, so z; + S; can
be small only if S; makes a large deviation. The following lemma quantifies this.

Lemma 8.14. There exists ¢ > 0 such that for every xo > 0 there exists Cy, > 0 with the
following property. On An 1, for every i € [N — 1] such that g; > ¢,

P(|z; 4+ S;| < xp | H) < Cy, 7 le 871, (8.123)
0

Proof. Let N1 > Ny be an integer depending on xp, which will be chosen below; until
the last paragraph of the proof, we assume that N > Nj;. We begin with a bound on
the moment generating function of one increment. The increment is unbounded because
the fresh variable Y is, so we restrict the parameter of the moment generating function
to a range in which only EelY//2 < co is needed. Set g = N—3¢1/4, and let 8 € R with
|B| < Bo- By Lemma 8.4 with k = 1, we have on Ay 1 that, for € {1,2},

J < |J| < 2N%1 (Y| + N&1), and hence J < Yi+1 (8.124)
n n 2

Using et <14t + t2elf'l /2 for real t/, we obtain

o1/2
E [P | H] <1+ B](y )+—/3 E[](17)%YV2 | H]. (8.125)

To bound the last expectation, recall from (8.27) that
2 N\ 2\ (o) ()2
E U(ﬂ) } H} = 2 2(1 + Xab) (Dab (77)) 4 (8'126)
a<b

and that this quantity is bounded by 5 by Lemma 8.4, provided N is large enough.
Conditioning on (4,b) and using (Y — X,;)? < 2Y% 4+ 2X?,, we find

-1 '
E[J ()22 | H] < 2@7) E(DL(ZZ)(’?))Z(IE [Y2el¥1/2] 4+ X2, B [e1/2]) 5127)

<CE[J(y)?*|H] <C,

where in the second inequality we used that Y is sub-Gaussian. Inserting this into (8.125)
and using 1+ ¢ < et/, we obtain, for some constant C, > 0,

E[PU0T0) | H] < P00 (14 B](n) + C.7) < eSF,  [Bl <o (8128)
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We next derive a tail bound for sums. Let n > 1 and y > 0. Conditionally on H, the
vector (") is a sum of n independent copies of J. Hence (8.128) and Markov’s inequality
give for 0 < B < Bo, 7 € {1,2}, and either choice of sign,

]P(i( —n)( \/_‘H>§exp< 5y_+Cn/3> (8.129)

We choose

. {y/(zﬁc*n) if y/(2v/2Cn) < Bo, (5.130)

Bo otherwise.

In the second case, we have C.n83 < Boy/(2v/2). Further, one of the two coordinates of
5" — ] has modulus at least |S(") — n]|/+/2. Summing over the four cases, we conclude

that
2

P(|S™ —nf| >y | H) < 4exp(— min{Scyj n%}) (8.131)

We now split the m resampling steps into two halves. Recall that m is even, and write
S; = S+ 5", where S’ is the sum of the first m/2 summands in (4.12) and S” is the
sum of the remaining m/2 summands. Conditionally on H, the vectors S’ and S” are
independent, and each has the conditional law of $("/2). We also take N; large enough
that for N > Nj we have 7/10 < m/2 < ©/3, m|J| <1 on Ay (which is possible by
Lemma 8.4), and t'/2 > 4(xo + 1).

Suppose that |z; +S;| < xo. Using (8.122) and g; > /, we find |z;| > 7'/?/2, and
therefore

§ =) 2 (8 S = ml]] = i —xa 1> 2, 8132)

s - 2|+

where the last inequality follows from |z;| > t1/2/2 and 1!/? > 4(x¢ + 1). Hence
8" = (m/2)]| > |zi|/4  or  [S"—(m/2)]| > |zi]/4 (8.133)

Let By, C R? be the closed disk of radius xg centered at 0, and let Con be the constant
of (8.89) for k = 1. To bound the probability of the first event, we condition on S’ and
use that |z; + 5;| < xp holds only if S” +z; + 5" € By,. The vector S” is conditionally
independent of S, so (8.89) with n = m /2, followed by (8.131), gives

s -2 = il H) < %P(\s@m) e % |H). (6134

IP<|zi+S,-| < Xxp, 5

The second event is treated in the same way, with the roles of S’ and S” exchanged.
We now evaluate (8.131) withn =m /2 < t/8 and

_ |z _&iT
y=" =g (8.135)
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Our choice of ¢1 in (8.81) gives £ < 1/1200, and hence t1/2N—31 > 1. Therefore

NI VR T S U
8C.n — 64C \ ¢/’ 2¢/2 64v2 L T 642 ¢
Since g;/¢ > 1, the minimum in (8.131) is at least cg; /¢, where
¢ = min{(64C,) !, (64v2)"'}. (8.137)
Combining the two events, we conclude that
8Cp, /
P(|zi+Si| < x| H) < Toe—c&'/ ,  N>Nj. (8.138)

Finally, let N < N;. On Ay 1, we have g; < 2||H|| < 6and £ > N=3/2 > Nf3/2, o
Te8/t < Ny exp(6¢N3/2). (8.139)

Hence (8.123) holds for all N with Cy, = max{SCBxO, Ni exp(6cNf/2)}. O

Proof of Proposition 4.4. We show that the events Ay  of Definition 8.11 have the proper-
ties stated in Proposition 4.4, with the constant c of Lemma 8.14. By Lemma 8.12, we
have IP(Ay ) — 1. These events are measurable with respect to H. Indeed, G, is a Borel
set, the other two conditions in (8.9) are closed conditions on H, and the set of matrices
A that have a unit eigenvector w violating the inequality in Definition 8.11 is closed, as
the projection along the compact unit sphere of the closed set of pairs (A, w) such that
|w|l> =1, Aw = (w! Aw)w, and w violates this inequality.

We now prove the local limit theorem. Let ¥ be a family of test functions as in
the statement of Proposition 4.4. The supports of its members lie in a common ball
{y € R?: |y| < Ry}, so ¥ satisfies the hypotheses of Lemma 8.13, and (8.90) holds by
the proof of that lemma. Let ¢}; denote the deterministic quantity of Lemma 8.13 that
bounds the error term in (8.88) for this family ¥. By Lemma 8.13, ¢/ is finite for every N,
and tFe}, — 0. We define

o — {f"e’w +16(k+ 1) T sup, ey [ l¥(y)| dy if T > 16,
sup ey (T $lleo + (270) ™ [ [$(y)| dy) if T < 16.

Since ¢ is finite, (8.90) shows that the numbers ey are finite. They depend only on k and
Y, and they tend to zero because Tkeg, — 0. Next, we show that (4.15) holds on A .

If T < 16, then (4.15) holds without any restriction on H, since |E[¢(S; + x) | H|| <
||| and e 17P/(27) < 1. Now suppose that T > 16. Recall from Section 8.1 that the
conditional law of S; given H is that of S(™). Since m = 2|7/8], we have T — 8 < 4m < T,

(8.140)
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and hence 7/10 < m < v/3 and 7/2 < 4m < 7. By Lemma 8.13 with n = m, on Ay,
we have

(E[¢(5i+x) | H] _94m1d2k(x)/1/)‘ < ey (8.141)

for all k-tuples i, all x € R?*, and all ¢ € ¥. It remains to replace 4m by . Differentiating
8,14, () with respect to 7' > 0 and using v’ eV <1fory >0, we find

k+1

> (27r') 7k, x € R,

‘ar’gr’lek (x) | <

The numbers 4m and 7 lie in [7/2, 7] and differ by at most 8, so the mean value theorem
gives
16(k+1)

- (rt) 7k, (8.142)

SUP | Gamidy, (X) — Br1dy, ()] <
x€RZk

Inserting this into (8.141), multiplying by 7, and using | [ ¢| < [ |¢| and
— —|yl2
g, (x) = (27) K H/C0), (8.143)

we obtain (4.15) with ey as in (8.140).
The second claim of Proposition 4.4 concerns the events Ayi. It follows from
Lemma 8.14, applied with x(/2 in place of xg. This completes the proof. O



SECTION 9

Complex Hermitian matrices

In this section, we sketch the proof of Theorem 1.5. The argument uses the comparison
estimate of Section 5 and the induction on the scale of Section 6, but not the resampling
argument of Sections 7 and 8; we explain the reason at the beginning of Section 9.2. We
indicate the changes to the arguments of the previous sections and give the details of
the two estimates that are new. The first is a relative bound on the number of triples of
nearby eigenvalues, Proposition 9.2, and the second is a bound on the probability that a
Gaussian perturbation of a 3 x 3 diagonal matrix has a small gap, Lemma 9.3. We prove
both in full, given the inputs collected in Section 9.3. Where we only sketch an argument,
we name the result of the earlier sections whose proof we follow and the properties that
this proof uses, and we explain why these properties hold in the complex Hermitian case.

9.1 Setup

Throughout this section, H is a complex Hermitian Wigner matrix as in Definition 1.4,
and Ay < -+ < Ay, &, and co(E) = (7%/3)psc(E)* are as in Theorem 1.5; we also
let E; = (A; + Ajr1) /2. We use the notation of the previous sections with the following
changes. In this section, G denotes a complex Hermitian matrix from the Gaussian unitary
ensemble (GUE), independent of H, whose entries G, with a < b are independent
complex Gaussian variables with EG,, = IEng = 0 and E|G,;[?> = 1/N, and whose
diagonal entries are independent real Gaussian variables with variance 1/ N, independent
of the entries above the diagonal. The Ornstein—Uhlenbeck interpolation H; is defined by
(3.2) with this G. We set

dy=N"43,  MCE=N*3 =N'"3 (xe(0,1/3)). 9.1)

Theorem 1.5 states that the smallest gaps in the bulk are of order d,, and we call d; the
critical scale. By Lemma 9.1 below, for « € (0,1/4), the number of gaps of the GUE of size
at most £, = N~1=* with midpoints in a bulk interval is of order M.

130
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Let p > 1 be an integer, let x € C°((—2,2)) be nonnegative, and let 4 > 0. We define
the triple and quadruple statistics of a Hermitian matrix A by

I1 fp<

uP (A=Y xn

</\1'(A) + /\j(A) + )\k(A) )\i/(A) — /\i//(A>>

i<j<k 3 (it ik} q
Ai(A) + Aj(A) + Ak (A) + A (A)
u,§4)(A) = ) XN( ! 1 ) 9.2)
i<j<k<l
Ai(A) —Aw(A)
X I fp< : g : )
(i iy Lk}

where xy is the smoothing (5.2) of x, and the products are over the three, respectively six,
two-element subsets. We suppress the dependence on p and yx in the notation. Observe
that if A (A) — A;(A) <4gand xy > 1 at the mean of A;(A), A;(A), and A;(A), then the
term of (i,],k) in LI,§3)(A) is at least 17737, since each of its three rational factors is at
least f,(4) = 1777. Similarly, if A;(A) — A;(A) < 6q and xn > 1 at the mean of the four

eigenvalues, then the term of (i,},k,1) in LL§4) (A) is at least 3777, since f,(6) = 37 F.

9.2 Strategy

The smallest gaps of H are of order d = N~#/3. A single entry moves the eigenvalues
by about N=3/2 = 0(d,), so the strip estimate of Lemma 5.2 holds at the scale d», which
corresponds to the exponent « = 1/3 < 1/2. Consequently, the comparison estimate of
Proposition 5.9 applies to pair statistics at the scale dy, with the error

CtNY2(Ndy) 3NCt = CtN3/2+Ce, (9.3)

This is small if t = t,, = N —1-201 with @y > 1/4. For such ¢, the Gaussian part of H;
is of order /,, = N~17%, and the computation of Section 6 through independent 2 x 2
Gaussian blocks determines the gaps of H; at the scale dy, provided that the gap counts of
H at the scale ¢,, are known and that eigenvalues of H forming clusters of three or more
at a threshold g = N~!7* do not produce gaps of order d,. The gap counts are supplied
by an induction on the scale as in Section 6, which reaches the exponent a; = 8/25 that
we use.

We do not use the resampling argument, which would not be available in the same
form. Heuristically, a resampling step moves the traceless part of the 2 x 2 compression
of the matrix to the span of u; and u; 1 (described by the map L; of (4.8), with a third
coordinate in the complex Hermitian case) by O(N~3/2) = 0(d;), so order N'/3 steps
would be needed to move it by dy, which is beyond the range of the crude entrywise
bound (2.9).
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The main difference with Section 6 concerns clusters of three eigenvalues. In Section 6,
we used the bound of Nguyen, Tao, and Vu on three consecutive eigenvalues, Proposi-
tion 3.4. In the complex Hermitian case, the expected number of triples of span N~1~*
for the GUE is of order N(N~*)8, and triples become absent when x > 1/8. However,
transferring information on the scale N~!=* from the GUE to H through the coupling of
Proposition 3.5 and the comparison of Proposition 5.9 requires a time T with

N 1« T« N~1/273

The lower bound makes the coupling error N¢/(N2T) smaller than N~1~*, and the upper
bound makes the comparison error, which is of order TN 1/2+3% small. Such a time exists
only for k < 1/8, so triples cannot be excluded in this way.

We therefore use relative bounds. For ¥ < 1/8, the number of triples of span at most
AN~17% in the bulk is at most N =8¢ with probability tending to one, by Proposition 9.2.
In the induction step, this is negligible compared to M& = N 1-3" when 8k > 3&’. In the
final step, Lemma 9.3 shows that each triple produces a gap of order d, with probability
bounded by N%(dy/{,,)® = N~1#30+C¢ and the expected number of such gaps is at
most N31—-8+Ce which tends to zero when 8« > 3ay. Since a1 < 1/3, this is compatible
with x < 1/8.

9.3 Inputs

Regularity and coupling. In this section, G, denotes the set of complex Hermitian
matrices with the three properties of Definition 3.1, where unit eigenvectors are taken
in CN. The estimates of Proposition 3.2 and Lemma 3.3 hold for H; and G with the
same proofs, since [4, Definition 2.2] concerns complex Hermitian matrices and [29,
Theorem 2.2] covers complex Hermitian generalized Wigner matrices. These proofs
use the entries only through their independence, their centering, their sub-Gaussian
tails, and their variances, which are now E|(H;),|*> = 1/N for a # b and E(H;)2, =
(e7'EZ%?+1—e¢7*)/N.

The coupling of Proposition 3.5 holds with GUE in place of GOE. In this case, B
in (3.11) is a complex Hermitian matrix of Brownian motions whose diagonal entries
are standard real Brownian motions and whose entries above the diagonal are standard
complex Brownian motions with [E|B,,(t)|*> = ¢, all independent, and the Brownian
motions in (3.12) satisfy [EB;(¢)? = t. This is the dynamics with symmetry parameter 2 in
[10, (2.2)], whose equilibrium measure is the GUE, and [10, Theorem 3.1 and Corollary 3.3]
are stated for this dynamics as well; by [10, Remark 3.2], they require only optimal rigidity
estimates for the initial conditions. The verification of these estimates in the proof of
Proposition 3.5 applies without change, since it uses only Lemma 3.3 and Proposition 3.2.

One step requires a modification. In the proof of Proposition 3.5, the dynamics
is started from H, whose spectrum is simple with overwhelming probability by [57,
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Corollary 2.2]. The extension of this result to Hermitian matrices stated in [57, Section 2]
assumes that the real and imaginary parts of the entries are independent and identically
distributed, which we do not assume. We therefore start the dynamics from H;, with
t. = N~10. Conditionally on H, the matrix H;, has a density with respect to Lebesgue
measure on the space of Hermitian matrices, and the Hermitian matrices with a multiple
eigenvalue form a Lebesgue null set (the zero set of the discriminant of the characteristic
polynomial), so the spectrum of H;, is simple almost surely.
Moreover, for ' > 0, we have

d Y ! ~
H, .y =e "/2H;, + (1 - ")12G,

where G is a GUE matrix independent of Hj,, and the rigidity estimates for these ma-
trices follow from Lemma 3.3, whose proof applies for all times in [0,2]. Applying [10,
Corollary 3.3] with the initial condition A(H;,) at time ¢t — t,, and using t — t, > t/2, we
obtain (3.13) with 2N¢/(N?t) in place of N¢/(N?t), for all t with N~1+¢ < t < 1, and the
spectra of H; and of a GUE matrix can be coupled accordingly.

Comparison. The definition of ¢y, the strip estimate of Lemma 5.2, the holomorphic
extension of Definition 5.4 and Lemma 5.5, and the derivative bound of Lemma 5.6
carry over verbatim to complex Hermitian matrices, since their proofs use only the
spectral decomposition of a Hermitian matrix, Sylvester’s determinant identity, and the
properties of G,. For a < b, we let V% = i(ese] — eyel ), so that the entry (H),, contributes
Re(Hy) V® + Im(H;) 53V to Hy. For complex {1 and {,, we have

GV + V™ = (41 +iQ2)eae] + (31 —i2)epel,

and the proof of Lemma 5.2, which uses only the factorization of a perturbation supported
on the rows and columns 4 and b through Sylvester’s identity, applies verbatim to
perturbations Zeqe] + {'epel with |Z],[7/| < 8c,N—*~%.

In Lemma 5.7, the sum runs over the diagonal entries, with vfa = 1/N, and over the
real and imaginary parts of the entries above the diagonal, with the directions V* and
V% and with v& = 1/(2N) for each of them; its proof uses only Gaussian integration by
parts in the independent real coordinates of G.

The real and imaginary parts of X¢ need not be independent, so in Steps 2 and 3 of

the proof of Proposition 5.9, we treat the two terms of each entry above the diagonal
together. For t' € (0,1) and a < b, let H t[/ﬂb} denote the matrix obtained from Hy by setting
its (a,b) and (b, a) entries to zero. This matrix is independent of (Re(Hy )5, Im(Hy ) ap)-
Let £,,(t') be the event that Spec(Ht[fb] + 01V + 5oV € My, for all complex {1, {2
with |{1], |C2| < 2rn. As in Step 2 of the proof of Proposition 5.9, this event is determined
by H t[,ab}. By the preceding paragraphs, it contains {Hy € G} N {|(Hy)a| < rn}, since the
corresponding perturbation of Hy has coefficients of modulus at most 6ry < 8¢, N~* 4.



9 Complex Hermitian matrices 9.3 Inputs 134

(Indeed, H . 71V 4+ 7,V is obtained from Hy by adding {; — Re(Hy ), times V*
and {p — Im(Ht/) o times V%, and both coefficients have modulus at most 3ry.) Hence
the complement of &,;,(#') has probability at most Co NP, as in (5.52).

On &, (1), the function ({1,0) — F(Ht[ﬁzb] + 1V + 7,V%) is holomorphic and
bounded by one in modulus on the closed polydisk of radius 2ry, by Lemma 5.5.
Cauchy’s estimates on the polydisks of radius ry centered at the points of [—ry, n]?
bound its partial derivatives of order n on [—ry, rN]2 by C,ry". We now Taylor expand
jointly in the two real variables. We write x = (Re(Hy )5, Im(Hy ),p) and

Y(xll xz) = F(H[ub] + xlvab + x2vab) (xl,xz) € R2.

The contribution of the entry (a,b) to the integrand in (5.36) is then E[(2N)~1(0% +
93)Y(x) — x - VY(x)], where V denotes the gradient in (x1,x;), and 91 and 9, denote
the partial derivatives in x; and x,. The vector (Re X¢, Im X¢) is centered with covari-
ance 27 'Id,, since EX2 = 0 and E|Xc|?> = 1, and this agrees with the covariance of
N'/2(Re G,p, Im G, ). Hence Ex = 0 and Exx” = (2N)~'1d,.

We expand VY to first order and (9% + 93)Y to zeroth order around the origin, on the
event {|x| < ry}, as in the proof of Lemma 5.8. By the last two identities, the terms of
order zero and one cancel, and we obtain, on &, (),

p[CLEEYE

o ‘ )| Hi ] ’ < CriE|x]* + CpN =P < CN73/2r2 + CpN P,

Here the term CpN P bounds the contribution of the event {|x| > ry}, which we control
with the crude bound of Lemma 5.6 as in Step 3 of the proof of Proposition 5.9; the
complement of &,,(#') is treated in the same way. The diagonal entries are treated as in
the proof of Proposition 5.9, and the variance mismatch |E(Hy)2, —1/N| < CN~! gives
the term rN Summing over the coordinates as in Step 4 of that proof, we obtain the
analogue of (5.47) for complex Hermitian matrices,

[EF(H;) — EF(H)| < CH(NY?r® + %) + CpN P < CrNV/23et12e L cpN=D (9.4)
for F as in Definition 5.4, a + 5¢ < 1/2, and ry = ¢, N * 4.

Triple and quadruple statistics. The comparison estimate also applies to the statistics
(9.2). We first write them as traces. Let s3(x1,x2,x3) and sq(x1, X2, X3, x4) denote the
symmetric functions such that the summands of Ué?’) and U,g4) equal s3(A;, )t]-, Ar) and
sa(Ai, Aj, Ar, A1), where A; = A;(A). Summing over all tuples of indices and removing
those with coincident indices by inclusion—exclusion over the partitions of the set of
positions, we find

U (a) (Z]st;; A A, Ak) 3§S3 A A Aj) —|—2ZS3 A A A )) 9.5)



9 Complex Hermitian matrices 9.3 Inputs 135

and
24 ul;4) (A) = Z 54(/\1', )\], Akr Al) —6 Z 54(/\1', /\i/ )\], /\k) +3 254(/\1', Ai/ /\], /\])
i,jk,l i,j,k i
+38 254()\1'/ Ai, A, A]) —6 254()\1'/ Ai, A, Al)
ij i

(9.6)

The coefficients are the values [T5(—1)!BI=1(|B| — 1)! of the Mdbius function of the lattice
of set partitions, where B runs over the blocks, multiplied by the number of partitions of
each type.

Each sum on the right sides of (9.5) and (9.6) is the trace of a function of commuting
matrices obtained from A by tensoring with identity matrices, exactly as in Definition 5.4.
For example, the first sum in (9.5) is the trace over (CN)®3 of

XN(Al + Ay + AB) 1—[ (Id X qu(Ai _ Aj)z)—p,
3 1<i<j<3

where A1 = A®Id®Id, Ay =Ild® A®Id, and A3 = [d®Id ® A. As in the proof
of Lemma 5.5, these traces are holomorphic functions of the entries of A on the set of
matrices whose eigenvalues w satisfy | Im w| < wpq, and the identities (9.5) and (9.6) hold
there with A4,..., Ay replaced by the eigenvalues of A, listed with algebraic multiplicity.

Next, we bound the arguments of the summands. Suppose now that Spec A lies in
the rectangle Ry, of (5.10), where g = ¢, = N~ 1. The proof of Lemma 5.5 shows that
every rational factor in (9.2) has argument of absolute value at most 1/375, and that the
weight xn at the mean of the eigenvalues is either zero or has argument of absolute value
at most 1/200; the mean of three or four eigenvalues satisfies the same bounds on its
real and imaginary parts as the mean of two. Hence every summand of U§3) (A) and
LI[§4) (A) is zero or has argument of absolute value at most 1/200 + 6/375 < 1/40, so

Re U;r)(A) > 0 and |exp(—9U,§r)(A)/M)| <1forall§, M > 0and r € {3,4}. The proof
of Lemma 5.6 applies to these observables with ¢, replaced by g. Thus the observables

exp(—GU(gr) / M) have the two properties listed in Remark 5.10, with the polydisk above
in place of the disk. Hence the proof of Proposition 5.9, with the modifications described
in the paragraph on comparison above, gives, for g = N1~ with x € (0,1/2), all M > 0,
6>0,D>0,t€[0,1],and e > 0 with x + 5¢ < 1/2,

Ee—0Ui’ (H)/M _ g,—6Uy” (H) /M| < cpN1/2+35+12¢ | CoN'D,  ref{34). (97

The Gaussian unitary ensemble. The following estimates replace Proposition 3.6.

Lemma 9.1. The following statements hold.
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(a) Let « € (0,1/4) and p > 3/2. Let f: [0,00) x R — R be a continuous function for which
there exist a bulk interval I and a constant C¢ > 0 such that f(r,E) = 0 for E ¢ I and
|f(r,E)| < C¢(1412)"P forall (r,E). Then, in L1,

1 i(G ) Ai(G) /\i(G)
e 1<§<Nf( , //cz )12f(r, E) dr dE.
9.8)

(b) Let k >0, set g = N~17%, and let p > 4 be an integer. Then
EU(G) < CN(Ng)®+0(1),  EUY(G) < CN(Ng)® +0(1).  (9.9)
q < q , g < q . .

Sketch of proof. We use the kernel Ky of Definition A.2 and the estimates for it proved in
Appendix A. Recall that the eigenvalues of G form a determinantal point process with
kernel Ky. Thus their n-point correlation functions, defined as in (A.11) with the joint
density of the eigenvalues of the GUE, are given by

Ryn(x1,...,x,) = det[Kn(x, xj)]l’-f]-zl, n € [N], (9.10)

(see [2, Section 3.2]), and (A.12) holds.

The proof follows Appendix A.5. The determinantal structure makes the correlation
estimates simpler than for the GOE, and we give them below; we omit the routine
verification of the dominated convergence arguments.

Throughout the proof, I denotes a bulk interval, constants may depend on I, and
we use Lemma A.5 and Lemma A.7 for x,y € I. We first record two estimates for the
correlation functions. We set

h(x) = (N1/4hj(\/ﬁx))].l\;1 c RV, sothat  Ky(x,y) =h(x) -h(y).

The two-point function. We begin with the expansion of R; x near the diagonal. Since

Ky is symmetric, (9.10) with n = 2 gives

Ron(x,y) = Kn(x, x)Kn (1, ) — Kn(x, )2

Using the symmetry of Ky again, we find

Ron(x,x) = dyRon(x,¥) \y:x =0,
2

d
aﬁRz,N(x,y) }y:x = KN(x,x)WKN(x,x) — 2(82KN(x,x))2 — 2Kn(x, x) 8§KN(x,y) ‘y:x.

We now bound the first two terms. By the proof of Lemma A.5(c), we have

%KN(x,x) = 20,Kn (%, x) = =N*?hy_1(VNx)hy(VNx).



9 Complex Hermitian matrices 9.3 Inputs 137

Differentiating once more and using (A.20) and Ky (x, x) < CN, we obtain

d? 3 2 2
KN(X,X)WKN(X,X) = O<N )/ (aZKN(x/x)) = O(N )/

so the first two terms on the right side of the expression for aﬁRz,N(x, Y)|y—x are O(N®).
For the last term, (A.19), (A.20), Lemma A.7, and the identity 1 — x?/4 = 7%ps.(x)?

give

_2n?

3

_2n?

—2Kn (%, x) aﬁKN(x,y) ]y:x szsc(x)zKN(x, x)2 + O(N3)

Further, Lemma A.5(a) gives
93Ro N (x,y)| <CN,  xyel

Taylor’s theorem in y at y = x therefore gives

2 ~
Ron(x,x+h)— %N4psc(x)4h2) < C(N*82 4+ N°W3),  x,x+hel, O0<h<NL
(9.11)
This is the source of the function c;(E). For larger separations, we use the bounds

Ron(x,y) < Kn(x,x)Kn(y,y) <CN?,  [Kn(x,y)] < Cmin{N, |x—y['}, (9.12)

which follow from (9.10) and Lemma A.5(a) and (b).
Correlation functions of nearby points. We claim that for n € {2,3,4} and x1,...,x, € [,

Ryn(x1,..., %) < CN" min {1, T (Nlx— xj|)2}. 9.13)
1<i<j<n
The matrix [Ky(x;, xj)]?,jzl is the Gram matrix of the vectors h(x1),...,h(x,). Hadamard’s
inequality bounds its determinant by its diagonal entries, which gives

n
Rn,N(xl, Ce ,xn) S H KN(xi, xi) S CNn
i=1
To prove the second bound in (9.13), we may assume that the points are distinct. We
replace h(x1), ..., h(x,) by the divided differences h[x1], h[x1, x2],..., h[xq,...,x,]. This
is a triangular change of basis with determinant [;;(x; — x;)~, so

Rn,N(xl,. . .,Xn) = H (x] — xi)zdet [h[xl,...,xi] . h[xl,. . .,x]']]n

L ij=1
1<i<j<n

We now bound the divided differences. By the Hermite-Genocchi formula,
h[x,...,x] is the integral of h*~1) over a simplex of volume 1/ (k — 1)! mapped into the
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convex hull of xy, ..., x;. Hence the Cauchy-Schwarz inequality and the bound (A.21) in
the proof of Lemma A.5, with k — 1 in place of k, give

[h(xy, ..., %] < sup WD (y))?
yel

= sup ¥~ 1/22hk1 (VNy)? <CN*1, k<4
yel j=0

Applying Hadamard’s inequality to the Gram determinant of the divided differences,
we obtain

n
RnN X1y, X <H -)2H|h[x1,...,xk]
i<j k=1
n
< CTT0 %P [ TN = N T~
i<j k=1 i<j
which is the second bound in (9.13), since n + n(n — 1) = n?.
Proof of (a). We first compute the mean. By (A.12), we have
i(G ) /\i(G) Ai(G) +44(G) © h h
E Y f( , - )_/m/o f(a,erE)Rz,N(x,anh)dhdx.

1<i<j<N

Let § > 0 be small. Since |f(r,E)| < Cyr~% and the integral of Ry over R? is
N(N — 1), the pairs at distance larger than ¢ contribute at most

Cf(%)sz{/ow Ron(x,x+h)dhdx < CN2<%)2P =o0(1).

For the remaining pairs, both points lie in a bulk interval I, since f(r,E) = 0 for E ¢ I.
We insert (9.11) for h < N~ and change variables h = /,r. We will use the identities

N =Mg, NS =N"VBMS, N4 =N"Mg.

By the first identity, the main term is

MC rx—l——)n—z (x)*r2drd
3pscx)r rdx,

and since p > 3/2, it converges to M$ times the right side of (9.8) by dominated
convergence. Using the other two identities, we find that the error terms in (9.11)
contribute at most

eME(NV5 N [ Y oy (N N N3 g N
oc( + 0 m>_ ,X( + + 0g )
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Finally, by (9.12), the pairs with N —1 <« < § contribute at most

1) 2 .
CNZ/ : <%> "dh < N2, [ % dr = CMENT*23),
N- .

Hence the mean of the sum truncated to [1;(G) — A;(G)| < §, divided by MS, converges
to the right side of (9.8).
We now bound the variance of the truncated sum. We set

—Xx| x+
fﬁ(x,y) :f<|y£a |/Ty>1|yx|§(5/ x,y € R

As in (A.35), with f* in place of g%, the variance is the sum of three integrals, against
Ry N — Ron ® Ry N, against R3 iy, and against R n. In the expansion of the determinant
Ry N(x1,x2,x3,x4), the terms that do not appear in Ry n(x1, X2)Ro n(X3, x4) come from
permutations that do not preserve {1,2}, so they contain at least two factors Ky/(x;, x;)
connecting {1,2} and {3,4}, in either direction. Hence, by the symmetry of Ky and
(9.12), they are bounded by C min{N*, N> dist({x1, x2}, {x3, x4}) 2}.

To integrate this bound, we write x, = x1 + h; and x4 = x3 4 hy and integrate first over
x3. Where |x3 — x1| > 2(|h1| + |h2]), the distance between {x1, x2} and {x3,x4} is at least
|x3 — x1|/2, and the remaining values of x3 form a set of measure at most 4(|h1| + |hz]).
Hence the integral of the last bound over x3 € R is at most

2
c/ min{N‘l,Lz} dxs +4CN*(|hy| + |ha|) < CN® 4+ CN*(|hy| + |h2)).
R |3 — x1]

We now integrate over h; and hy. Since p > 3/2, we have
[ AFGer, )] (14 NIrJ) di < Clu(1+ N6 < Cli,
and we find that the first integral is bounded by
Cl3(N° + N*¢,) < CN*¢3 = CN' 2,
By Fischer’s inequality, we have
Rs,N(x1,%2,x3) < Ky (x3,x3)Ro,N (%1, X2) < CNR,N(x1,X2),

so the second integral is bounded by CN/, M, and the third by CMS, by the computation
of the mean applied to |f|. Collecting the three bounds, we find that the variance divided
by (M$)? is at most

N'=2¢ 4 NOME + MS

C — C N40¢—1_|_N21X—1 +N3D¢—1 ,
(MS)? ( )
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which tends to zero since # < 1/4. Hence the normalized sum converges in L? after
truncation, and hence in L.

Proof of (b). Let 6 > 0 be small. We first discard two kinds of tuples. The tuples
containing two points at distance larger than J, and the tuples whose mean is at distance
at least ¢ from supp x, contribute at most

S2N1/5

||)(||00N4(%>2p:0(1) and  CN'exp (=== —) =o(1),

respectively. For the first bound, we used that the rational factor of the two distant points
is at most (q/5)?7, and for the second, part (4) of Lemma 5.1. For the remaining tuples,
all points lie in a bulk interval T.

We now bound the remaining tuples. Using (A.12), the second bound in (9.13), and
the substitution x; = x1 + ga; for i > 2, we find

EU (G) < CNYg? /IR (@203(a3 — a2)2f (a2) fy (a3) (a3 — 22) day daz + o(1)
< CN(Ng)® +o(1),
where the integral is finite since p > 3 and
(aza3(az — ap))? < 2(a5a3 + a3as).
Similarly, with a; = 0, we find
EU{Y(G) < CN16g18 / [T (ai—a))*fy(a; — a;) day das dag + o(1).
R <idj<a

To bound the integral, we bound the three factors with 2 < i < j < 4 by one, using
¥2fy(y) < 1for y € R. The other three factors are a]Z fp(aj) for j € {2,3,4}, so the integral
is at most ( [ a*fp(a) da)3, which is finite since 2p — 2 > 1. As N'%¢!> = N(Ngq)"®, this
gives the bound for Ué4). O

9.4 Triples of nearby eigenvalues

Proposition 9.2. Let I be a bulk interval and x € (0,1/8), and set g = N—17%. Then for every
>0,
lim ]P(#{i EIN=2:A€EL Mg — A <4g} > NH"*S) = 0. (9.14)

N—o0

If moreover k¥ > 1/15, then with probability tending to one there exists no i € [N — 3| such that
Ai€land A3 —A; < 6q.
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Proof. We first reduce both claims to bounds on the statistics U,§3) and U,g4) of (9.2). Let
L; be a bulk interval whose interior contains I. Fix a nonnegative xy € CZ°((—2,2)) with
X > 2on I, so that xy > 1 on I, for N > Ny by part (5) of Lemma 5.1, and fix an
integer p > 4.

Let i be a label with A; € I and Aj;» — A; < 4g9. Then the mean of A;, Aj1, and A5
belongs to I} for N > Nj, so the term of (i,i+1,i+2) in LI,§3) (H) is at least 17737 by the
observation after (9.2). Distinct labels i give distinct triples, and all terms of U§3) (H) are
nonnegative, so

#i€ [N=2: A €1, Ao — A < 4q} < 177U ().

Similarly, a label i with A; € I and A3 — A; < 6q gives U\ (H) > 3767
It therefore suffices to show that

uf® (H)

N1-8k+e — 0, u1§4)(H) —0 (K > 1/15), (915)

in probability. We prove (9.15) for Hr, at a time T chosen below, by comparison with the
GUE, and we then remove the Gaussian component with (9.7).
We now choose the time. Let ¢’ € (0,¢/10) be small, and set

2N¢

T — N71+K+4€/
’ N2T

— 2N73€/q’ TN1/2+3K+12€/ — N71/2+4K+16€/ 0. (916)

Then T > N~17¢, and the limit holds if ¢ is small enough, since ¥ < 1/8. The second
quantity in (9.16) is the coupling error at time T, and the third is the comparison error in
9.7).

Next, we compare Hr with the GUE. Let 6 € (0,1) satisfy suppx C [-2+ 36,2 —
34], and let ¢, and # be as in Lemma 6.4, defined with this 6. By the coupling of
Proposition 3.5 at time T, in the form of Section 9.3 and applied with ¢ in place of ¢,
there is a GUE matrix G’ such that, with overwhelming probability,

nmax | (Ais1(Hr) = Ai(Hr)) = (Ai1(G) = Ai(G))| < 2N,
We intersect this event with the events of Proposition 3.2, for Hy and G’ and with ¢’ in
place of e. On the resulting event, whose probability tends to one, we claim that

uy (Hr) < 1+o())Uui(G') +0(1),  re {34} 9.17)

To prove (9.17), we follow the proof of Lemma 6.4, applied to each of the three,
respectively six, rational factors of the summands and to the weight xn at the mean.
We write x; = A;(Hr) and x} = A;(G’), and we first consider the tuples whose labels all
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belong to _#. For labels i < jin _#, there are at most N¢ (1 + N (xj — x;)) gaps between
x; and x;, by condition (iii) of Definition 3.1. As in (6.10), it follows that

‘(X; —x;) = (xj—x;)| < NS/(l + N(xj — x;)) 2Ny <N (g + Xj— Xj),

where we used Ng < 1.
We now compare the terms. Let y = (x; — x;)/qand ¥’ = (x

gives |y — /| <2N~%'(1+y), so, as in (6.12),

8 -y o
Hog fy (1) ~log fy ()] < LY < 1opn -

/_

i —x{)/q. The last display

for N > Nj.

We next compare the weights. By Proposition 3.2, |x; — ;| and |x] — ;| are at most
N~ for i € #, so the means % and ¥ of a tuple for x and for ¥’ satisfy |¥ — /| <
2N~1+¢ Recall that the smoothing (5.2) has width hy = N —1/10, By (5.4) and h&z = N1/3,

we have

_ —4/5+¢ _ _ —4/5+¢ _
e 16N XN(x/) < XN(x) < el6N XN(x/)-

A summand has at most six rational factors, so the term of every such tuple for x is at

—2¢/ —4/5+€ . .
most e?0PN™" 16N times the corresponding term for x’. Hence the sum of the terms

of these tuples for Hr is at most (1 + 0(1))U,§r) (G").

We now consider the tuples with a label outside ¢, for x and x’ alike. Suppose
first that such a tuple has its mean within distance ¢ of supp x, so that the mean lies in
[—2+ 25,2 — 20]. If its smallest label is smaller than ¢, N, then (6.8) shows that its smallest
point is at most —2 + J, and hence at least § below the mean and below its largest point;
the case where its largest label exceeds (1 — ¢, )N is symmetric. In both cases, two of its
points are at distance at least , so its term is bounded by ||x|«(q/6)?".

If instead the mean of such a tuple is at distance more than J from supp y, then its
term is at most C exp(—3°N'/5/2) by part (4) of Lemma 5.1. There are at most N* tuples,
so these tuples contribute at most

N (s (2) + Cexp (- ZN2)) = o),

since p > 4. This proves (9.17).
We now use the estimates for the GUE. By (9.9) and Markov’s inequality, we have
3
ué )(G’)
N1-8x+e

—0, uPGc)—0 (x>1/15),

in probability, where for the second limit we used N(Ng)!®> = N'=15¢_ Combining this
with (9.17), we obtain (9.15) with Hr in place of H. Since these random variables are
nonnegative, the bounded convergence theorem gives, for every 6 > 0,

3) ~8Kte (4)
lim Ee 0Us (H/NS g i e 0U (1) — 1 (x > 1/15). 9.18)
N—oo N—o0



9 Complex Hermitian matrices 9.5 Gaussian perturbations of 3 x 3 matrices 143

Finally, we remove the Gaussian component. By (9.7) with t = T and ¢’ in place of
g, and by the last relation in (9.16), the same limits hold with H in place of Hr. Since

Uér) (H) > 0, these limits imply (9.15). This completes the proof. O

9.5 Gaussian perturbations of 3 X 3 matrices

The following lemma controls the gaps produced by a cluster of three eigenvalues under
a Gaussian perturbation. We state it for a general 3 x 3 diagonal matrix. Let ¢ > 0, and let
W be a 3 x 3 complex Hermitian random matrix whose density with respect to Lebesgue
measure on the space of 3 x 3 Hermitian matrices B is proportional to exp(— Tr B2/ (202)).
Equivalently, the entries W,;, with a < b are independent, the diagonal entries are real
centered Gaussian variables with variance ¢?, and the entries above the diagonal are
complex Gaussian variables with EW,, = EW? = 0 and E|W,|*> = 0% Fora 3 x3

Hermitian matrix B, we let
gap(B) = min{A(B) — A1(B), A3(B) — A2(B)}
denote its smallest eigenvalue gap.

Lemma 9.3. There exists a constant C > 0 such that the following holds. Let y; < y» < y3
be real numbers, let D, = diag(y1,y2,y3), and let W be as above. Then for all § € (0,0] and
R >1,

3
IP(gap(Dy + W) < §) < CR4(g) +CeRC, (9.19)
Proof. Replacing Dy, W, and J by Dy/ o, W/o, and /0, we may assume that o = 1, so
that § <1 < R. The Gaussian tail bound for the entries of W gives

P(|W| > R) < Ce R*/C. (9.20)

We distinguish three cases according to the configuration of y1,y2, y3. Every configuration
belongs to at least one of them.

Case 1: yo —y1 > 10R and y3 — y, > 10R. On the event {||W|| < R}, Weyl's inequality
shows that each eigenvalue of D), + W differs from the corresponding y; by at most R, so

/\]'Jrl(Dy + W) — /\](Dy + W) > Yit1 —Yj— 2R >8R > 4, ] c {1,2}

Hence the probability in (9.19) is bounded by Ce R/C, by (9.20).

Case 2: y3 —y1 < 30R. We use the Weyl integration formula (see [2, Section 4.1]).
The density of D, + W with respect to Lebesgue measure on Hermitian matrices B is
proportional to

exp (- _sz”%)'
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where || - || denotes the Frobenius norm. Writing B = O diag(u)O* with 1 < pp < u3
and O unitary, the Weyl integration formula shows that the ordered eigenvalues of
Dy + W have the density

B _ O diag()O* — Dy |1}
p—c JT (wj—m) /U(S) exp( 5 )dO (9.21)

1<i<j<3

on {y1 < o < uz}, where dO is the Haar probability measure on the unitary group
U(3) and ¢ > 0 is an absolute constant.
By the Hoffman-Wielandt inequality for Hermitian matrices [40], we have

1O diag(#)O" = Dyllp = p—yl. v = (y1,y2,15)-
Hence the density (9.21) at u is bounded by

c TT (w— )2 eyl (9.22)

1<i<j<3

We now bound the probability that pp — 1 < J. On this event, we have

IT =) <P(us—m)*  ws—p1 < |pn—val + lus — ya| + 30R,

1<i<j<3

e Im1?/2 < o= (=1 +(3=y3)*) /2.

where the second bound uses y3 — i1 < 30R. Integrating over yp € [p1, 41 + 6], and then
over yp and p3, we find

P(p — 1 < 8) <cd® /]Rz (111 — yal + |us — ya| +30R) "o (= + (=922 4y dpsg
< CR*.
(9.23)
The same bound holds for P(u3 — u < ), so the probability in (9.19) is bounded by
CR*6% in this case.
Case 3: neither Case 1 nor Case 2 holds. Then y3 — y; > 30R, and one of the gaps y, — y1
and y3 — i is smaller than 10R; the other is then larger than 20R. Let P denote the
permutation matrix that reverses the order of the coordinates. The matrix

—P(Dy + W)PT = diag(—ys, —y2, —y1) — PWPT

has the gaps of Dy + W in reverse order, and —PWPT has the law of W. Replacing
(y1,Y2,y3) by (—y3, —y2, —y1) if necessary, we may therefore assume that y, —y; < 10R
and y3 —y > 20R.
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We work on the event ||[W|| < R, whose complement is controlled by (9.20), and we
set u; = A;(Dy + W). By Weyl’s inequality, we have

3 >y3—R>y1+19R,  py,po € [y1 — R y2+R] C [y1 — R, y1 +11R],
pz — p2 > 19R — 11R = 8R > ¢.
Thus the only possible small gap is y» — p1, and y1 and p; are the eigenvalues of Dy, + W

in the interval
Ir = []/1 — 12R,y1 + 13R]

We reduce to a 2 x 2 problem by a Schur complement. Let W5 denote the upper left
2 x 2 block of W, let b = (Wy3, Wp3)T, and for real w with Y3+ Wss —w # 0, let
bb*
Y3+ W33 — w’
Let w € Ig, and suppose that [Ws3| < R and |b| < R, which hold if ||[W]|| < R. Since
y3 — Y1 > 20R, we have

A(w) = diag(y1,y2) + Wi — (9.24)

y3+ Wz —w > 20R — R — 13R = 6R,
e B W,

~R H d R2 1
y3+W33—w -6’ dwy3+W33—w

H = 6R) ~ 36’

and the last term in (9.24) is negative semidefinite.

We now locate the eigenvalues of D, + W in Ig. By Weyl’s inequality, the eigenvalues
AM(A(w)) < Ay(A(w)) of the Hermitian matrix A(w) are Lipschitz functions of w € I
with constant 1/36, so the functions w — Ax(A(w)) — w are strictly decreasing on I.
Since [|[Wy|| < Rand y, < y1 + 10R, the bounds above give

Me(A(w)) € [yl . ?,yz +R} c [y1 . %,yl + 11R}, we Iy,

so the functions w — A (A(w)) — w are positive at w = y; — 12R and negative at
w = y1 + 12R. Hence each of them has exactly one zero wy in Ig, and w; < w, since
M(A®)) < A2(Aw)).

We now identify y; and uy. By the Schur complement formula, a point w € Iy is
an eigenvalue of D, + W if and only if det(A(w) — w) = 0, which holds exactly when
w € {wy,wy}. Moreover, the multiplicity of such an eigenvalue is the dimension of the
kernel of A(w) — w. When wy < wj, the two eigenvalues of D, + W in I are therefore w;
and w,. When w; = wy, we have A(w;) = wildy, so w; is an eigenvalue of multiplicity
two. In both cases, py = wy for k € {1,2}.

We now transfer a small gap of D, + W to A(w). Since Ax(A(pux)) = px and w —
A2(A(w)) is Lipschitz with constant 1/36, if pp — p11 < 6, then

M2(AGu)) = M(A(n) = A2(AGn)) = < Aa(AGu) + B -y <20 (925)
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We now discretize. We set

. . . 24R
wi =y —12R+j5, jEZ, 0<j<—+1,

and we note that these points lie in I, since § < R. If yp — u; < 6, we choose j with
|w; — p1| < 6. Then the Lipschitz bound on A and (9.25), together with Weyl’s inequality,
give

I AGw) = AGn)]| < 5,
Mol A(w])) — M(A(])) £ 20+ 15 <30,
M (A(w))) - ] < () = M(AGu) | + | — ] < 52 +6 <26

Thus the matrix A(w;) has eigenvalue gap at most 36 and an eigenvalue within distance
25 of w;

We bound the probability of this event for fixed j. Condition on W33 and b, and restrict
to the event {|W33| < R, |b| < R}, on which A(w;) = M; + W)y with a deterministic
Hermitian matrix M;. The block W[, is independent of (Ws3,b). We set

. ((Mj)ll ; (M;)22
Wi — Wa
o (R

,Re(M;j)12, Im(Mj)12> ,
’ Re le, Im W12> .

Then the eigenvalues of the Hermitian 2 x 2 matrix M; + Wy are (Tr M; + Wiy + Wnn) /2 £
o +¢l.

The four real variables (Wy1 + Wx) /2, (Wi — Waz) /2, Re Wyp, and Im Wy, are inde-
pendent centered Gaussian variables with variance 1/2. The event above requires

36 Tr Mj + W11 + Wy

< 2 < 46.
v+ ¢ < 5 5 <

/
wi

The densities of ¢ and of (Wj; + Why)/2 are bounded, so this event has conditional
probability at most C§° - C5. Summing over the at most 24R/§ + 2 values of j, and using
0 <1 < R, we conclude that in Case 3,

R
IP(gap(Dy + W) < 8) < C(E + 1)54 +Ce R/C < CR&® + e R/C, (9.26)

Combining the three cases proves (9.19). [
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9.6 Gap counts at the scales N~17%

For « € (0,1/3), we say that the statement P¢(a) holds if for every nonnegative ¢ €
C®((—2,2)) and every integer p > p., we have

L x.(H; )%/2 (E) (E)dE/oo 2f (y)d 9.27)
Me SN, fp L, PE)e . V) dy :

in probability, where X, is defined by (5.1) for Hermitian matrices. This is the analogue
of the statement P(«) of Definition 6.1.

We first record the results of Section 6 that carry over. The proofs of Lemma 6.2,
Lemma 6.3, and Lemma 6.6 apply with M$, c2(E), and [, y*f(y) dy in place of My, c(E),
and [;° yf(y) dy, and with (9.4) in place of Proposition 5.9; the integrals [;° y*f,(y) dy
are finite for p > p.. Indeed, the proof of Lemma 6.2 is deterministic and uses only the
bound ||A|| < 3 and Lemma 5.1. The proof of Lemma 6.3 uses the comparison estimate
only through the bound (5.47) and the nonnegativity of the pair statistic, which holds
for Hermitian matrices as well. The proof of Lemma 6.6 uses only P(«), the Weierstrass
approximation theorem, and Lemma 6.2, with (6.1) replaced by the finiteness of the
integrals above.

Base case. The proof of Proposition 6.5 applies with the following changes, and gives
PC(a) for every a € (0,1/8). The GUE input is Lemma 9.1(a) in place of Proposition 3.6.
The proof of Lemma 6.4 is deterministic, and in it the pairs with a label outside ¢
contribute at most
CN~2% 4 CN?exp(—6>N'5/4) = o(MY)
by (6.9), so its proof gives (6.6) with MS in place of M,. With T = N —3/4-4 a5 in
Proposition 6.5, the coupling error of Section 9.3 and the comparison error of (9.4) satisfy
2N*
N2T
for « < 1/8 and € small. These exponents are the same as in the real symmetric case, and
they do not use any condition on the third moments.

— 2N75/4+D€+€ < N72€£[X TN1/2+30(+12€ — N71/4+21X+12€ -0

Induction step. Suppose that P¢(«) holds, and let &’ € («,1/3) and x > 0 satisfy

! 1 1 1 2
3%<K<min{zx, 200 — o, g}, OC/—KE%, oc'<6+?a. (9.28)
We follow Section 6.3, with t, = N¢2, g = N~17%, and ¢ > 0 sufficiently small depending
on the margins in (9.28). The conditions (9.28) replace the choice of x in (6.23) and the
conditions (6.24), and we indicate below where each of them is used.

We begin with the Gaussian blocks. Conditionally on H, the matrix H;, has the

eigenvalues of Dy + W, where y; = ¢ /2); and W = (1 — e‘tﬂ)l/z(u;‘Guj)ﬁljzl for
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orthonormal eigenvectors uy,...,uy of H; by the unitary invariance of the GUE, W is
independent of H and has the law of (1 —¢~*)!/2G. As in the proof of Lemma 6.9,
Corollary 3.9 applies with wy = N¢/,, and the error in (3.31) is 0(¢,/), since

Néwy(q7' + Nlog N) < 2N*7%% 0,
24N*w3 (g~ + Nlog N) < CN41720FK — 5(7,),

where we used k¥ < a in the first bound and x < 2a — & in the last relation. For a
two-element cluster K = {i,i + 1}, since the eigenvalues of a 2 x 2 Hermitian matrix
differ by the Euclidean norm of the vector formed by the difference of its diagonal entries
and twice the real and imaginary parts of its off-diagonal entry, the gap ¢i of the block
(Dy + W) KK 18

Sic = (e ?gi + Wiy1i11 — Wi, 2Re W1, 2Im W, 1) |- (9.29)

Next, we compute the conditional mean of the block statistic, following the proof of
Lemma 6.10. The first coordinate of the vector in (9.29) minus e~ */2 gi and the other two
coordinates are independent centered Gaussian variables with variance v$;¢2, where

c_ 2(1—ef) 2(1—e )

- - ER—t,2
N N7 e 2~ te,2]

(compare (6.41)). The vector in (9.29) is three-dimensional because degeneracies of Her-
mitian matrices have codimension three. Thus §i /¢, has the law of |Gy| in Lemma 3.10
withn =3, x =gi/ly, 0 = e t/2 and v = U(IE], and we apply Lemma 3.10 with vy = 2 at
the scale N*~% = £,,//,; its hypothesis p > 2 holds since p > p.. In the notation (3.34)
with 1 = 3, we have g5(x,0,0) = (471)3/2e~*/4, and [, f(|y|) dy = 47 [;° r2f(r) dr for
radial integrands. Since 471(471)~3/2 = (24/71) !, we obtain

EUF(%) H] = N [% s (E)], 030

where the 0(1) term is deterministic and uniform in H and in K.

Recall the block statistic AA,’M (¢, p) of (6.33), and the set 3, of two-element clusters and
the quantities gx and Ex defined before it. We sum (9.30), multiplied by ¢n(Ex), over
K € %, and we bound the error terms by PC(zx). Using also N3(*~¢) MC = MC, we find

(X/’
L erp _ o v —g2/(4L2
—_E[X, H] on(Ex)e 8K/ 46) 4 op (1)
MS [ P IH] 2/t Mg ,C;BZ

— [ oEaEde [T

in probability, which is the limit in (9.27) with &’ in place of a. For the limit, we used
PC(a) and Lemma 6.6 applied to the Gaussian test function y eV /4, together with
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fooo r2e /4 dr = 2y/7, and we removed the pairs that do not form a two-element cluster
as explained below. The conditional variance bound is as in the proof of Lemma 6.11,
since the blocks of distinct clusters are conditionally independent given H.

We now treat the pairs of eigenvalues in a common cluster with at least three elements,
which appear in (6.36) and in the evaluation of the conditional mean. Here we use
Proposition 9.2, which applies since ¥ < 1/8, in place of Proposition 3.4. Let § > 0, and
let I be a bulk interval containing the closed 25-neighborhood of supp ¢. Recall from
Lemma 6.8 that every cluster has at most N¢ elements, and observe that the smallest label
i of a cluster with at least three elements satisfies A;,, — A; < 2¢'/2g < 4q, as in the proof
of that lemma. Hence the number of such pairs in clusters whose smallest eigenvalue
lies in I is at most N% times the number of labels i with A; € I and Aj» — A; < 4q.
By Proposition 9.2, with probability tending to one, this is at most N'~83 = o(MS),
since 8x > 3a/; this replaces the use of Proposition 3.4 in (6.35). A cluster has diameter
at most 2N?g, so the pairs in clusters whose smallest eigenvalue lies outside I have
midpoints at distance at least J from supp ¢, and by Lemma 5.1 they contribute at most
CN2exp(—38°N5/2) = o(1).

The pairs in different clusters are at distance at least 4/2, by Corollary 3.9, so they
contribute at most

0.\ 2p . ;o ~
2 gllN?(72) 7 = Wil MGNT ) < 7)) MENZ€1/,

where we used p > p. = 61,2’ —x > 1/30,and 1+ 3a’ < 2. In the evaluation of the condi-
tional mean, the pairs of eigenvalues of H in different clusters are at distance at least g, so,
as in the proof of Lemma 6.10, they contribute at most ||¢||N? exp(—g?/(4¢2)) = o(1),
since k¥ < a. Here 4¢2 replaces the denominator 8/2 of the real symmetric case, because
the Gaussian factor in (9.30) is et/ (4% instead of e=8i/ (%), Finally, the comparison
(9.4) at the scale ¢,, and time f, has the error f,N1/2+3¢'+12e — N—1/2-20+30'+12¢ (v hich
tends to zero by the last condition in (9.28). This completes the proof of P (a’).

Iteration. The conditions (9.28) hold for the triples («,a’, ) equal to

Indeed, for these three triples, in this order, we have

,,;}>_(255 268 280>,<18 19 20)/(48 49 50)/

3a’

il ' 2n —al =

(8 K, n {"" a-a 40007 4000” 2000/ \200” 200”200/ \400’ 400’ 400
, 103 29 79

* = 1000” 200 400

(“/’ o 2_“> = (35010’37040>’ (13560’ f&s20>’ (ffo' 14590>'
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The minima in the first line are 2« — &/, 20 — &/, and 1/8, respectively. In each triple of
the first line, the numbers increase, the differences in the second line exceed 1/30, and in
each pair of the third line the first number is smaller than the second. Starting from the
base case at & = 3/25 < 1/8, three induction steps give P (1) with a1 = 8/25.

9.7 The critical scale
We fix a1 = 8/25 and x; = 49/400, so that

1 3061
<<z, — <K <

1 1
— 2000 — = 32
4 3 3 <K < 2xq , (93)

8 15 3

and we set g = N-17%_ Recall that ty, = Néﬁl = N~17281 Note that x; < a;. We
fix e > 0 sufficiently small depending on the margins in (9.32); for example, we need
5¢ < 8x1 — 3ay; = 1/50. Fix a bulk interval I, a bulk interval I’ whose interior contains I,
and a bulk interval I” whose interior contains I’. We also fix xo > 1.

The matrix Htal- As in the induction step, conditionally on H, the matrix Htal has the

eigenvalues of D, + W, where y; = e f/2); and W is independent of H with the law of
(1 — e "1)1/2G. We form clusters at the threshold g as in Section 6.3, and we work on the
event {H € G/} N{max;<j|W;j| < N/, }, whose probability tends to one. On this event,
Corollary 3.9 applies with wg = N*®/,,, since stﬁal(q_l + NlogN) < CN2e—atr 5,
It shows that the eigenvalues of Hy, attached to a cluster differ from those of the
corresponding diagonal block of Dy, + W by at most

CN4€£§1(1_1 — CN—1—2041+K1+4£ — O(dz),

since k1 < 2«7 — 1/3, and that eigenvalues attached to different clusters are at distance at
least q/2, which is much larger than d5.

We next use Proposition 9.2 to control the sizes of the clusters. The smallest label
i of a cluster with at least three elements satisfies Aj,p — A; < 2¢'1/ 2 < 4g, and if the
cluster has at least four elements, then also A; 3 — A; < 3e'™ / 2q < 64. By Proposition 9.2,
applied with ¥ = x; € (1/15,1/8) and with I” in place of I, with probability tending to
one no cluster whose smallest eigenvalue lies in I” has four or more elements, and at
most N1 ~817¢ such clusters have three elements. A cluster that contains an eigenvalue
in I’ has its smallest eigenvalue in I” for N > N, since its diameter is at most 2N*g.

Two-element clusters. Let Q(y, E) = ¥/, 0;¢;(E)fy;(y) with 6; > 0, nonnegative ¢; €
C2°((—2,2)) with support in the interior of I’, and integers p; > p., and set pg = min, p;.
Recall that E; = (A; + Aj41)/2. For a two-element cluster K = {i,i + 1}, the block gap
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¢; = S is given by (9.29) with a1 in place of a. For E € R, the function yr(y) =
1 — e QWE) satisfies 0 < Yr(y) < Q(y, E) < Cofp,(y). We set

$i = E[yr,(§i/d2) | H],  mg(E) = /0 v ye(y) dy. (9.33)
By Lemma 3.10 as in (9.30), now applied to g, /Cg at the scale d,//,,, we have

3 e—g,g/(4€§1)

5= (1) [z mo(E) ol ()],

uniformly in i. In particular, max; §; < C(da/la,)® — 0.

We now sum the ;. The function mg is nonnegative and smooth, with support in the
interior of I’. By P¢(a;), Lemma 6.6 applied with the unsmoothed weight mg and the
test function y — e¥’/4, and the identities (d2 /€a1)3M§51 =1and fooo r2e /4 dr = 2/7,
we find

Y i — / 22 /O T ea(E) (1 — e QWE)) dy dE (9.34)

in probability, where the sum is over the first labels of the two-element clusters. Here the
pairs that do not form a two-element cluster were removed from the statistic of P (x7)
as in the induction step, using 8x; > 3a; for the clusters with three elements. The blocks
of distinct clusters are conditionally independent given H, so the conditional expectation
of exp(—Y; Q($i/da, E;)) given H is [T;(1 — ¢;). Since max; ; — 0 and }_; ; = Op(1),
this product converges in probability to the exponential of minus the right side of (9.34).

Three-element clusters. Let L = {i,i +1,i 4 2} be a cluster whose smallest eigenvalue
lies in I”, and let Bx = (Dy + W)k This block is a deterministic diagonal matrix plus
a random matrix Wy independent of H as in Lemma 9.3, with 02 = (1 —e¢ ™) /N €
[03,/2,43]. By Lemma 9.3 with R = N¥, for all § € (0,01,

3 £
]P(gap(B;C) <4 | H) < CN4‘C’<%> + Ce—N*/C,

a1

We now bound the contribution of By.. Every pair of eigenvalues of By is at distance
at least gap(Bx), and f, is decreasing on [0, c0). Let k > 0 be the smallest integer such
that gap(By) < 2%dy. Then fp,(gap(Bx)/d2) < 4P0272P0k, and we find

B [ (BB [ 1] < o (12)° 12020k 4 (%)™ 4 coV Crog

&1 k>0
< cw‘k(%) ,
1

where the second term bounds the contribution of the k with 2¥d, > ¢, and the
third the error terms of the O(log N) values of k with dez < ¢. On our event, the
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eigenvalues of Hy, attached to K differ from those of Bg by o(dz), so the terms
in Y, » Q((Ay — Ay)/da, (Ai + Ay)/2) of the pairs of these eigenvalues are at most
Cfp,(gap(Bx)/dz). Summing over the at most N'~8¥17¢ three-element clusters, we find
that their total contribution, and also the conditional probability that some three-element
cluster produces a gap at most xpdy, is bounded in conditional expectation by

CN18K1+5€(Z_2>3 — CNI-8rit5e 143 — cNBm—8a+5e _y o (9.35)
@1

since be < 8x1 — 3a7.

The remaining pairs. With probability tending to one, every cluster containing an
eigenvalue in I’ has at most three elements. The pairs of eigenvalues of Hy,, attached to
different clusters are at distance at least q/2, so, since pg > p«, they contribute at most

CN? (2212) = CN?2n(1/37:) = (1),

Pairs whose midpoint lies outside I’ do not contribute. For a two-element cluster {i,i+ 1},
the gap of H;, differs from §; by 0(d2), so the rational factors change by a relative amount
0(1), and the midpoint differs from E; by at most CN¢/,,, as in the proof of Lemma 6.9,
so the weights ¢; change by at most CN®/,,. The conditional expectation of }; fp,(&:/d2)
over the two-element clusters meeting I’ is Op (1), by Lemma 3.10 and the upper bound
(6.20) in Lemma 6.6, so these changes contribute op(1).

Combining these facts with the two preceding paragraphs and using the bounded
convergence theorem, we conclude that, for every Q as above,

E exp < - i; Q(Ai/(Ht“l )0; Ai(Ht“l), Ai(Hy,, ) z Ap(Hy,, )))

—>exp //cz (1—e QWE))dydE).

The same argument shows that the statistic

Z?C(A sl )fp*< 2)\')/ Ai = Ai(Hy,, ),

i<i’

(9.36)

is tight for every nonnegative xy € C((—2,2)). Therefore, as in the proof of Lemma 6.6,
using Lemma 6.2 at the scale d; = ¢;,3, (9.36) also holds after replacing the weights ¢;
on the left side by their smoothings ¢; n, since |e™" — et < |a—b|forab>0.

Return to H. The observable on the left side of (9.36), with smoothed weights, is of
the form considered in Definition 5.4 at the scale dy = /1 /3. By (9.4) with « = 1/3 and
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t = ty,, which is (9.3), the comparison error is CN1/2-2:+12e — CN—7/50+128 — (1),
since a1 > 1/4. Hence (9.36), with smoothed weights, holds with H in place of Hj,, .

Next, we show that close triples are absent for H at the scale d;. Let LI( ) be defined
by (9.2) with d; in place of g, p = p«, and a nonnegative x € C*((—2,2)) w1th support in
the interior of I’ and with x > 2 on a neighborhood of I, and let 77,, > 0 be such that the
217,-neighborhood of supp x lies in I’. We first show that Ug’) (Hy,,) — 0 in probability.
A triple of eigenvalues of H;, attached to a single three-element cluster has its term
bounded by Cf, (gap(Bx)/d2), so the total contribution of these triples tends to zero in
probability by (9.35). A triple attached to at least two clusters contains two eigenvalues
at distance at least q/2, so these triples contribute at most CN3(2d,/q)?/* = o(1). With
probability tending to one, every cluster containing an eigenvalue in I’ has at most
three elements, and the triples whose mean lies at distance at least 7, from supp x

contribute at most CN3 exp(—1772CN1/5/2) = 0(1). Hence U(Sli)(Htwl) — 0 in probability,
and Ee U (Hu) — 1.

We now transfer this to H. Applying (9.7) with r = 3, d, in place of g (that is, x = 1/3),
6 — M=1,and t  t,, we find that Be %% ™ _, 1, so Uy (H) — 0 in probability.
If A; € Iand Ajyp — A; < xody, then the term of (i,i +1,i +2) in Uéz)(H) is at least
(1+x3)~%~ for N > Nj. Consequently, with probability tending to one, there exists

no i with A; € I and Ajp — A; < xpdp. In particular, every pair i < i’ with A; € I and
Air — A < xody is then a pair of consecutive eigenvalues.

Conclusion. We have shown that (9.36) holds for H, with smoothed weights. Taking
Q = 0xfp, and letting 6 — 0, we see that the statistics

ZXN(/\ +/\1/)fp*( 6;/\)

i<i

are tight, and Lemma 5.1 then allows us to remove the smoothing of the weights as in the
proof of Lemma 6.6. Since the Laplace transform determines the law of a random vector
with nonnegative coordinates, it follows that for all nonnegative ¢1,..., ¢, € CX((—2,2))
and integers py,..., pn > p+, the vector of statistics

Yo (M) (M), el

i<i

converges jointly in law to the vector of integrals of the functions (y, E) — ¢;(E) fy;(y)
against a Poisson process IT on [0,00) x (—2,2) with intensity ¢, (E)y?dy dE.

We now pass to general test functions. Every continuous function f with compact
support in [0,00) X (—2,2) can be approximated by such combinations, with signed
coefficients, up to an error @f, (y)1y(E), by the weighted polynomial approximation in
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the variable (14 y?)~! in the proof of Lemma 6.6 and the partition of unity in the proof of
Proposition 4.1. Together with the tightness of the statistics Y, x ((A; +A#) /2) fp, (A —
Ai)/dy) shown above, this shows that Y ;_; f((Ay — A;)/da, (A + Ay)/2) converges in
law to [ fdII, and hence that the point process } ;. O((Ay—A;)/da,(Ai+Ay)/2) CONVErges in
distribution to II with respect to the vague topology.

Finally, we pass to consecutive eigenvalues. By the absence of close triples for H at
the scale dp, shown above and applied to bulk intervals I containing the E-supports of
the test functions, the pairs with Ay — A; < x¢d; are pairs of consecutive eigenvalues with
probability tending to one, and midpoints may be replaced by left endpoints since they
differ by O(d,). This gives the convergence of the point processes (1.8). The limit (1.9)
follows from Lemma 4.12, whose proof applies with IT and its intensity c,(E)y* dy dE in
place of Z and v, since [ c2(E)y? dy = m2psc(E)*x3/9.



APPENDIX A

Pair statistics of the Gaussian orthogonal ensemble

In this appendix, we prove Proposition 3.6. Throughout, we fix « € (0,1/4), p > 1, and
a function f as in Proposition 3.6, together with the bulk interval I and the constant Cy
given there.

We follow the approach of Feng, Li, and Yao [33], who treat the Gaussian symplectic
ensemble in detail and sketch the orthogonal case. The correlation functions of the
GOE are Pfaffians of a 2 x 2 matrix kernel built from Hermite functions. The mean
of the statistic in (3.16) is an integral of the two-point function, and the variance is
controlled by the two-, three-, and four-point functions. However, the GOE analogues
of the kernel bounds in [33, Lemma 3.2] are asserted in [33, Section 7.1] without proof,
and the expansion of the two-point function that we need is not stated there, so we give
complete proofs. They rest on elementary estimates for Hermite functions, proved in
Appendix A.1, and on the density of states, which we deduce from eigenvalue rigidity in
Lemma A.7. The main step is the exact identity for the slope of the two-point function
at the diagonal in Lemma A.8; together with the density of states, it determines the
two-point function at separations below N~!. The most technical part of the argument is
the decorrelation estimate for two separated pairs of nearby points in Lemma A.9, which
controls the variance.

In this appendix only, we abbreviate A; = A;(G). For é € (0,1), we set Iy = [-2 +
3,2 — 4]. Constants C,¢ > 0 and thresholds Ny may depend on 4, «, p, I, and f, but not
on N.

A.1 Hermite functions

Let He;,, denote the monic Hermite polynomials orthogonal with respect to the weight
e /2, They are determined by the generating function

o H n
)3 en;(quU)—C = Wi/ w,{ € R. (A1)
n=0 :

For integers n > 0, we define the Hermite functions
he(w) = 271) " V4(n!) "V 2 He, (w)e /4, weR, (A.2)

and we set h_; = 0. The functions h, form an orthonormal family in L?(R) (see [2,
Section 3.2]), and h,(—w) = (—1)"h,(w). Differentiating (A.1) in w and in {, we find

155



A Pair statistics of the Gaussian orthogonal ensemble A1 Hermite functions 156

He], = nHe,,_1 and wHe, = He,,,1 + nHe,_1. These two relations imply He| — wHe], +

nHe,, = 0. We set
1 w?
en(w):n—ki—z, n>0 wek (A.3)

In terms of the Hermite functions, the three relations above become

h,_1— vV 1h
why, = vn+1h,q+ \/Ehn—lz h;z = \/E nl 2 n n+1’ h:ql = —eyhy,
(A4)
for all n > 0. For w,w’ € R and j > 0, the first identity in (A.4) gives

(w —w")hj(w)h;(w') = /j+1 (hjr1(w)h;(w') —hj(w)hjq(w'))
—/j (hj(w)hj—1(w") = hj_1(w)h;(w")).

Summing over 0 < j < n — 1, we see that the right side telescopes, and we obtain the
Christoffel-Darboux formula

n—1 / /
Z h](w)h](w/) _ \/% hn(ZU)hn_l(ww)__::;_l(w)hn(w ), n>1, w 7& ZU/. (A5)
j=0
Letting w’ — w in (A.5), we also have
n—1
Y hi(w)? = v/n(hy,(w)hy—1(w) — b, (w)ha(w)). (A.6)
j=0

For integers n > 0 and w € R, we define

Fo(w) = % /R sgn(w — ' )hn (') deo/, (A7)

and we set F_; = 0. Then F}, = h,. Since h;, is integrable and h,(w) — 0 as |w| — co, we
have

1
E/ sgn(w — w')h}, (') dw’ = h,(w), w € R.
R
Inserting the second identity in (A.4) into the left side, we obtain

_ VnF,_1—vn+1F, 4
2 4

hn

n > 0. (A.8)

We will need the following estimates.

Lemma A.1. Let 6 € (0,1]. There exists C > 0, depending only on J, such that the following
statements hold for every integer n > 1.

(a) For |lw| < (2—46)/nand k € {0,1,2,3}, we have |h£lk)(w)| < Cnk/2-1/4,
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(b) For |w|, |w'| < (2 — 6)+/n, we have | f;}ul hp| < Cn=3/4,
(c) If nis even, then C~1n=Y/* < [ hy < Cn V4 Ifnis odd, then | [;° hy| < Cn=1/4,
(d) For |w| < (2 — &)/n, we have |F,(w)| < Cn=1/4,

Proof. We begin with (a) for k € {0,1}, using the argument of Sonine and Pélya (see [68,
Section 7.31]). On the interval [0, (4n + 2)1/ 2), on which e, > 0, we define

Using h;) = —eyh, and e, = —w/2, we find

by e (m)? _ w(h)?

O = 2h,h; =
i en e2 2¢2  —

Hence @ is nondecreasing on [0, (41 4 2)'/2).
Setwy = (2—6)y/nand wy = (2 —6/2)/n. Then w, < (4n +2)V/2, and

on

en(w) >n(1—(1 —(5/4)2) > e w € [wy, wy).

Let 0 < w < wj. Since © is nondecreasing, O(w) < O(w') for all w' € [wy, wy].
Averaging over w’, we obtain

1 wy 2 4
< / /< /h2 _/ h/2
®(w)_w2—w1/wl Ow) dw _5\/ﬁ< R ”+(5n IR( ”)>
2 2n+1 8
= 1 < ,
(5\/ﬁ< 57’1 >_52\/ﬁ

where in the equality we used the identity

2n+1
[t ==,
R

which follows from the second identity in (A.4) and orthonormality. Consequently,

8 W (0)? < en(w)O(w) < 8(;—\%1)

w < 0 by the parity of h,, which proves (a) for

ha(w)? < O(w) < 5

TS

The same bounds hold for —w;,
ke {0,1}.
The cases k € {2,3} follow from the identity h), = —e,h, and its consequence

h = (w/2)hy — exhl,, (A.9)

together with |e,(w)| < n+1and |w| < 2y/n.
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Next, we prove (b). We have

)
en(w) >n(1—(1-6/22) > 2, || < (2-0)Vn
On this interval, h, = —h], /e,,, and two integrations by parts give
1N/ 7w w1\
[l G- )

We have )

<1>’_w (1)”_ 1 +w
en/  2e27 en/ 22 2e¥

158

so 1/ey, (1/e,)’, and (1/e,)" are bounded by Cn~!, Cn=3/2, and Cn~2 on the interval.

Using (a) and |w’ — w| < 4y/n, we find

/

w
A
w

< C(n_1n1/4+n_3/2n_1/4+ﬁn_2n_1/4) < Ci’l_3/4.

We now prove (c). In the computations below, the exchange of sums and integrals is

justified by absolute convergence.

Suppose first that n = 21 with [ > 1. Multiplying (A.1) by e~®*/4 and integrating over

w € R, we have
9 —(w—27)2 2 2
n” / w /4Hen )dw _ /Re (w—20)*/4+4C /Zdw -9 /7T€C /2.

Comparing the coefficients of %, we obtain

/]Rewz/‘lHe [(w) dw = 2\/_(21) /

Co2m

oo B - B ()

The claim for even n now follows from the elementary bounds

(41)—1/2 < 4—1 (le> < (nl)—l/z.

Suppose next that n = 2l +1 with [ > 1. For { € IR, we have

and therefore

/°° W /4gwi=C1/2 o = o£7/2 /OO e /4 dy = \/Ee€2/2 +2¢ /1 & (1/2-7%) g,
0 -2¢ 0
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The first term on the right side is even in (. Let

1
i = / (1-20%) do.
0
Comparing the coefficients of {?*1, we obtain

/Ooo . 2L /I+ 1) 2v/20+1 (4*1 <Zl)>1/z.

Qo)A T )i/ z -

To bound j;, we use the inequalities

0<1-20”< e‘zvz, ve [0’2—1/2]’
0 < 22}2 -1 < 1— 2(1 . U) < 8—2(1—0), vE [2—1/2, 1]

They give
il < / R +/ e 20 do < 21712,
0 0

and therefore -
’/ h21+1) < CIV2VA1/2 < o 1/4,
0

The case n = 1 is trivial.
Finally, we prove (d). When n is even, h, is even, and when 7 is odd, h, is odd.
Therefore

Fulw) = | The (neven),  Fu(w) = / Cha - /Omhn (1 0dd),

and (b) with w’ = 0 and (c) give the claim. O

A.2 The Pfaffian formula

The entries G,;, with a < b are independent centered Gaussian random variables with vari-
ance 2/N fora = band 1/N for a < b, so G has density proportional to exp(—N Tr A%/4)
with respect to Lebesgue measure on the space of N x N real symmetric matrices A.
Therefore, the eigenvalues of G, in uniformly random order, have the joint density

1 N e
pN(xl,...,xN) = = H |xl-—x]-|He Nxi'/4 (A.10)
N 1<i<j<N i=1

on RN, where Zy is a normalizing constant (see [2, Section 2.5]; this is [33, (1.1)] for the
orthogonal ensemble). For n € [N], we define the n-point correlation function

N!

Rn,N(xl,. ..,xn) = m /]RNn pN(Xl,. . .,xN) dxn+1 tee de. (All)
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It is nonnegative and symmetric in its arguments. Since py is symmetric, we have

E Y f(A,-l,...,Ain):/nf(xl,...,xn)Rn,N(xl,...,xn)dxl---dxn (A12)
(11/-/in)

for every measurable F: R" — [0, ), where the sum runs over n-tuples of pairwise
distinct indices in [N]. By linearity, (A.12) also holds for every bounded measurable F
with compact support.

We recall the definition of the Pfaffian. For an antisymmetric 2n x 2n matrix W, we set

PfW =) sgn(m) [ W, (A.13)

{o,0'}em, <0’

where the sum runs over the perfect matchings m of [2n], and sgn(m) is the sign of
the permutation (04,07, ...,04,0;,) of [2n] obtained by listing the pairs {o, 07} of m
with 0, < oy (this sign does not depend on the order of the pairs). We use three
properties. First, Pf(BTWB) = det(B) Pf(W) for every 2n x 2n matrix B [33, Section 2.2].
Second, let 1 < | < n and set P; = [2I] and P, = [2n] \ [2I]. Let Wpp, and Wp,p,
denote the corresponding principal submatrices. Then the terms in (A.13) indexed
by the matchings m such that every pair of m is a subset of P; or of P, add up to
Pf(Wp, p,) Pf(Wp,p,). Third, the number of perfect matchings of [2n] is (2n — 1)!!, so that
| PEW| < (2n — 1)!!'max, o |Weer|™.

We now define the matrix kernel of the GOE, following [33, (7.2)] up to the names of
the functions.

Definition A.2. Let N > 2. For x,y € R, we define
N-1 N
Kn(x,y) = VN ) bi(VN0h(VNY),  P(xy) = Shyoa (VNX)FN(VNY),
j=0

and S = Ky + P. We define q(x) = 0 if N is even and
-1
q(x) = \/NhN—l(\/Nx)</RhN—1)

if N is odd, where [ hy—1 > 0 by the proof of Lemma A.1(c). We further set Q(x) =
(1/2) [gsgn(x — x")q(x") dx” and

Tloy) =S y) +alx),  V(xy) =—95S(xy),

() = 5 [ sgnlx—3)S(¢,y) da’ = 3 sgn(x ) +Q(x) - Q).

Finally, we define the 2 x 2 matrix

e = (('wy) o Ty
Ax.) (—T(w) —v<x,y>>'
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We suppress the dependence on Nin P, S, q, Q, T, V, |, and A. (The function Ky is
the correlation kernel of the eigenvalues of the Gaussian unitary ensemble normalized
so that IE|G,;|2 = 1/N for all a, b, which is the normalization of Section 9 [2, Section 3.2],
and P and q are the corrections for the orthogonal ensemble.) The functions Ky, P, S, q,
T, and V are smooth, since F}\, = hy. Observe that S(-,y) and q are integrable, so | and Q
are well defined, and that Q" = q.

Lemma A.3. Let N > 2 and n € [N]|. For all pairwise distinct x1,...,x, € R,
Run(x1, ..., xn) = P [A(x;, x})] ijl’ (A.14)
where the 2n x 2n matrix on the right has the 2 x 2 block A(x;, x;) in block position (i, ).

This is the classical Pfaffian, or quaternion determinant, formula of Mehta for the
correlation functions of the GOE [56]. In the present normalization, it is [33, (7.1)—(7.2)].
In the notation of [33], the matrix size is n instead of N, the functions T, V, |, q, and Q
are denoted S,(ql) + ay, Vé”, ],51), ay, and 7, and A(x,y) is the matrix ]K,(ll)(x,y); these
symbols are used only in this paragraph. For even N, the matrix kernel is derived by
Tracy and Widom [72, (9.1) and Section 10], and for odd N it is given by Adler, Forrester,
Nagao, and van Moerbeke [1, (2.11) and (4.3)]. These references use the weight e=x*/ 2
which corresponds to the eigenvalues of G multiplied by (N/2)'/2. By Lemma A.4(a)
below, the matrix on the right side of (A.14) is antisymmetric.

We will use the following identities for the kernel.

Lemma A.4. Let N > 2and x,y € R.

(a) We have V(x,y) = —V(y,x) and |(x,y) = —I(y, x). In particular, A(x,y)T = —A(y, x).
(b) We have

I(x,y) = /x T(x,y)dx" — 1sgn(x —Y). (A.15)
y 2
Consequently, 9,1(x,y) = T(x,y) and o,l(x,y) = —=T(y,x) for x # y.
(c) We have Ry n(x) = T(x,x), and if x # y, then
Ron(x,y) = T(x, ) T(y,y) = T(x,y)T(y, x) + 1 (x,y)V(x,y). (A.16)

Proof. Throughout the proof, we write w = v/Nx and w’ = v/Ny. We begin with V. The
second identity in (A.4) gives

N-1 N-1
;} hj(w)hi(w') = % 21 Vi(hj(w)hj1(w') —hjy (w)hj(w')) - gth(w)hN(w')-
j= j=

Using F}, = hy, we have

N3/2
9yP(x,y) = ThN—1<w)hN(wl)/



A Pair statistics of the Gaussian orthogonal ensemble A.2  The Pfaffian formula 162

and therefore

(A.17)

which is antisymmetric in (x, y).
Next, we consider |. Substituting v/ Nx’ as the variable of integration, we find

%/}ngn(x — x’)\/Nhj(\/NX/) dx’ = F]'(EU),

and therefore

N%

2/sgn x —x")S(x Z Fi( ")+ ——Fn-1(w)Fn(w).

Inserting (A.8) for h;(w') and arguing as for (A.17), we find

2/ sgn(x —x')S(x',y) d Z Vi(F; w') — Fj_q1(w)Fi(w')). (A.18)
Let lp(x, y) denote the right side of (A.18) plus Q(x) — Q(y), so that

(e, y) = lo(x,y) — %Sgn(x —Y).

The function |y is continuous and antisymmetric, and the function (x,y) — sgn(x —y) is
antisymmetric. Therefore | is antisymmetric, which completes the proof of (a), since the
identity A(x,y)T = —A(y, x) follows from the antisymmetry of | and V.

We now prove (b). Since ly is continuous and antisymmetric, we have lp(y,y) = 0.
Further, the fundamental theorem of calculus and Q' = q give

dxlo(x,y) =S(xy) +a(x) =T(xy), xeR

Hence

lo(x,) :/y T(x,y)dx/,

which is (A.15). The formula for d.l follows at once, and the formula for d,| follows from
I(x,y) = —1(y, x).

It remains to prove (c). By (a), we have I(x,x) = 0 and V(x,x) = 0. Hence A(x, x) has
the entries T(x,x) and —T(x, x) off the diagonal and zeros on the diagonal, and (A.14)
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with n =1 gives Ry y(x) = T(x, x). For n = 2, the definition of A and (a) show that the
matrix W in (A.14) is

0 T(x,x)  1(x,y) T(y, x)
o | TEx 0 Ty Vi)
—I(x,y) T(xy) 0 T(v,y)
—T(y,x) Vxy) —T(v.y) 0
Therefore
Ron(x,y) = W1aW3g — Wi3Woy + Wi4Wops,
which is (A.16). O

A.3 Kernel estimates

For functions of two real variables, we write d; and d, for the partial derivatives in the
first and second variables. We first bound the kernel Ky and its derivatives in the bulk.

Lemma A.5. Let § € (0,1). There exist C > 0 and Ny such that the following statements hold
forall N > Nyand x,y € I;.

(a) For all integers ki,ky > 0 with ky + ky < 3, we have |8’§18§2KN(x,y)| < CN1tkithe,

(8) If x # y, then [Kn(x,y)| < Clx — |~V and [3,Kn(x,y)| < C(N|x—y|~ + [x — y|2).
(c) The derivative of the function x — Ky(x, x) is bounded by CN on I;.

(d) We have

3K (5,9, =~ (N(1= 50 4 2 YK, 2) = S (VR (V).

3 4 2
(A.19)
Proof. Let w = VNx and w' = /N y, and define

N-1
K®(w,w') = ) hi(w)hj(w'), so that Ky(x,y) = VNK®(w,w’).
=0

We have |w], |w'| < (2 —6)v/N, and there exists Ny such that (2 — §)v/N < (2 —6/2)\/n
forall N > Ny and n € {N — 1, N}. Hence Lemma A.1(a) with §/2 in place of  gives
I ()] + [ (@) < CNF27V4, ne (N—1,N}, ke {0,1,2,3}.  (A20)

We begin with (a). Using (A.6) with n = N and (A.20), we obtain

N-1
Z(:) hj(w)2 = VN (hly (w)hy_1(w) — hly_; (w)hy(w)) < CVN.
i=
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Squaring the second identity in (A.4) and using the Cauchy-Schwarz inequality, we find

N-1 ) 1 N-1 ' 5 ' ) N ) )
> hi(@)? < 5 ) (fhjm1(@)? + (G + Dhja(w)?) <N Y hj(w)® < CN*2,
j=0 j=0 j=0

where in the last step we used (A.20) for hy(w). Next, for j < N —1, (A.4) and (A.9) give
[hi' (w)] = lej(w)|Ihj(w)| < 2N|h;(w)],
w
b’ (w)] < %|h]-(w)| +2N|hi(w)| < VN |hj(w)] +2N|hj(w)].

Combining the last three bounds, we find

N-1
Y hPw)? <CeNF2 ke {0,1,2,3}, (A21)
j=0

and the same bound holds at w’. The Cauchy-Schwarz inequality and (A.21) now give

N-1
|8§18§2KN(X,y)| _ N(1+k1+k2)/2‘ Z h(-kl)(ZU)h(.kz)(w/)
=0 ] ]

< N(1+k1+k2)/2(CNk1+1/2)1/2(CNkz—H/Z)l/Z _ CNltkitke

To prove (b), we write (A.5) in the form

Kn(x,y) = mziwf“;) Z(w,w') = hy(w)hy_1 (") — hy_1 (w)hy (')

By (A.20), we have
1Z(w,w")| < CN~1/2, 0 Z(w,w')] < C.
The bounds in (b) then follow from the last two displays and the identity

NoyZ(w,w') N VNZ(w,w'")

oty =y (r—y)?

Next, we prove (c). The second identity in (A.4) and a telescoping sum give

d N-1
N (xx) =2N Y. hi(w)hi(w) = =N*2hy_1(w)hn(w),
j=0

and the right side is bounded by CN by (A.20).
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It remains to prove (d), which holds for all x € R. We fix w and set z(w') = Z(w, w'),
so that z is entire and z(w) = 0. By (A.5) and the Taylor expansion of z at w, we have

KO(w, w/) _ —\/N Z/(w/) mi Z(l)lﬂ(w/ . w)lfll w' £ w.
I=1 :

w—w

Hence

K®(w,w) = —VNZ'(w), 92,/ K® (w, w")| = —@z”’(w).

w' w'=w 3
To compute z"”/, we use (A.9) with n € {N — 1, N}, together with ey_1 = ey — 1. We
obtain
2"(w) = —en—1(w)hn(w)hy_1(w) + en(w)hy-1(w)hy (w)

= —en(w)z'(w) 4 hn(w)hy_4 (w).

Combining the last two displays, we obtain

o e w o)
2 (w0, = ke w0, 0) — Y hyy ()bl ().

Finally, inserting the relations

Kn(x, x) x? 1

2 __ N73/232 o / o _ NAAN\A, — _ _
9, Kn(x,y) = N7 %05, K (w,w'), K°(w,w)= /N en(V Nx) N(l 1 ) +5
into the preceding formula for 92,K°(w, ') |,y—s, we obtain (A.19). O

We now turn to the functions T, V, and | of Definition A.2.

Lemma A.6. Let 6 € (0,1). There exist C > 0 and Ny such that the following statements hold
forall N > Ny and x,y € I;.
(a) For all integers ky,ky > 0 with ky + ko < 2, we have |81;18§2T(x,y)| < CNMhitke gy
051952V (x,y)| < CN2Zthithe,
®) If x # v, then [T(x,y)| < C(|x — v~ + NY2) and |V (x,y)| < C(N|x —y| 1 +|x
yI72+N).
(c) We have |I(x,y)| < C(1+log(1+ N|x —yl)).
(d) We have |T(x,x) — Kn(x,x)| < CN'/2, and the derivative of the function x — T(x, x) is
bounded by CN>/2 on I5.
(e) We have
x? 1

9V (x,x) — g<N<1 - Z> + 5) KN(x,x)‘ < CN2. (A.22)
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Proof. We write w = V/Nx and w’ = /N y. Let Ny be as in the proof of Lemma A.5, so
that (A.20) holds. Since |w'| < (2 —6/2)v/N, Lemma A.1(d) and (c), with §/2 in place of
J, give

Fn(w')| < CN~/4, / hy_1 > N4 if Nis odd.
R

Recall that T = Ky + P +q and V = —d,Ky — 9,P. We first bound the corrections P
and q. For integers k; > 0 and k» > 1 with k; + k» < 3, we have

alfclP(x,y) = 1\71+Tk1/2h§\,;1)1(w)FN(w,)’
311312p x,y) = N ) ol ),
and, for odd N,
10 N )
Therefore
051P (x, )| + [q®) (x)] < CNMIFL2, 1h1gkp(x, )| < CNFITR, (A.23)

where we used (A.20) and the bounds on Fy(w’) and f]R hxy_1. The bounds in (a) follow
from (A.23) and Lemma A.5(a), and the bounds in (b) follow from (A.23) with k1 +kp, <1
and Lemma A.5(b).

To prove (c), we use (A.15) and bound the contributions of Ky, P, and q to the integral
there separately. By Lemma A.5(a) and (b), we have |Ky(x/,y)| < Cmin(N, |x' —y|™!)
for x' € I, so

=yl
min(N, v~ 1) do < C(1 +log(1 + N|x —y|)).

’ /yx Kn(x,y)dx’

Next, substituting v/ Nx' as the variable of integration, we find

x X -1 w
/ P(x// y) dx/ = FN / hN 1, / Q(X/) dxl = </ hN*l) / hN*l/
Y y R w’

where the second identity is for odd N. Since |w|, |w'| < (2—6/2)v/N — 1, Lemma A.1(b)
with /2 in place of § gives

w
‘/ hN—l‘ < CN3/4,
w/

and therefore the integrals of P(-,y) and q from y to x are bounded in absolute value by
CN-1/2, Together with (A.15), this completes the proof of (c).
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We now prove (d). We have

T(x, x) = Kn(x,x) = P(x,x) +q(x),
d

_ d /
ET(xl X) — aKN(xl x) + alp(x/ x) + a2P(xl .X) +q (x)/

and (A.23) and Lemma A.5(c) bound the right sides by CN 1/2 and CN3/2, respectively.
Finally, we prove (e). We have

az\/(x, x) = —E);KN(x,yﬂy:x - alz/P(x’y)}y:x’

and the second term is bounded by CN? by (A.23). By (A.19), the first term differs
from the main term in (A.22) by N?|hy(w)hy_,(w)|/3, which is bounded by CN? by
(A.20). O

We now deduce the density of states from eigenvalue rigidity, using the bound on the
derivative of x — T(x,x) in Lemma A.6(d) to pass from intervals to points. Recall that
c(E) = (712/6)psc(E)3, and note that 1 — x? /4 = m%ps.(x)? for |x| < 2.

Lemma A.7. Let 6 € (0,1). There exist C > 0 and Ny such that for all N > Ny and x € I,

[Rin(x) = Npse(x)] + [Kn (%, %) — Npsc(x)| < CN7/8,

1 (A.24)
’EBZV(x,x) - N3c(x)’ < CN?¥/8,
Proof. Set ¢ = 1/8, and choose ¢, € (0,1/4) such that
—2+6/4
/_ , Psc > 2Cx.
For N > ¢!, the definition of the classical locations and the symmetry yn_; = —7; then

give

o . o .
7 <=2+ (i <c«N+1), vi>2-4 (i>(1—c)N-1).

Let £y be the event that |A; — ;| < N~!*¢ for all i such that c.N < i < (1 —c,)N. By
Proposition 3.2(b) for G, we have P(£§) < N72 for N > Nj.
We first show that for all y; < y, such that [y1,y2] C Ls/o,

. yz ts)
E#{i: A € [y1,y2]) — N / 0| < CNE. (A.25)
Y1

Suppose that Ex holds. Then, for i < c.N, we have

Ai S Aen) Ve TN <y,
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provided N > Ny, and similarly A; > y, for i > (1 —cx)N.
For the remaining indices, we have the implications
Ai € [yLy2l = vi€ i — Ny + N7,
Y € 1+ Ny — N = A; € [y1, 2]
Since psc < 1/, consecutive classical locations are at distance at least 71/ N. Hence each

of the intervals [y; — N~!1¢,y; + N~1*¢] and [y, — N~17¢,y, + N~1*¢] contains at most
CN¢ classical locations, and [y1, 2] contains N | yy1 ? psc + O(1) of them. Therefore, on Ey;,

) Y2
#i: A€ yLy2l} =N [ psc+O(NF).
n

On £&f;, the left side is bounded by N, and NIP(£f,) < N -1 Taking expectations, we
obtain (A.25).
Now let x € I, so that [x, x + N=3/4] C I5,,. Using (A.12) with n = 1, we have
x+N—3/4
E#{i: \; € [x,x+ N34} = / Ryn(x')dx.

X
Note that Ry 5(x’) = T(x/,x") by Lemma A.4(c), so Lemma A.6(d) on s/, gives
IRy y(x') — Ryn(x)] < CN3/2N-3/4 — CN3/4, ¥/  [x,x + N~3/4].

Using also (A.25) and the fact that ps is Lipschitz on 15/, we find

x+N-3/4 x+N-3/4
/ Rl,N - N/ Osc
X X

S C(NS+3/4 + N3/4) S CN7/8.

IRy n(x) — Npse(x)] < N3/4 + CN3/% y cNV/4

By Lemma A.6(d), we have |Ky/(x,x) — Ry n(x)| < CN'/2, which gives the first bound in
(A.24). Inserting it into (A.22) and using 1 — x2/4 = 712psc(x)?, we obtain

1 2 2, N 7/8 2 3 23/8
592V (x,%) = (7 N2psc(x)® + 35 ) (Npse(x) + O(N"/%)) + O(N?) = N(x) +- O(N*/%),

which is the second bound in (A.24). O]

A.4 Correlation functions

We now estimate the correlation functions. In the next lemma, part (a) determines the
mean of the statistic in (3.16), and the cruder bound in part (b) will be used for the tails.

Lemma A.8. Let § € (0,1). There exist C > 0 and Ny such that the following statements hold
forall N > Nj.
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(a) Forall x,y € Issuch that 0 <y —x < N71,

|Ron(x,y) = NPc(x) (y — x)| < C(N®/B(y —x) + N*(y — x)?),

X (A.26)
[Ron(x,y)| < CN°(y — x).

(b) Forall x,y € Is such that |x —y| > N~1, we have |Ro 5(x,y)| < CN?log N.

Proof. We begin with (a). We set y, = x + v for v € (0, — x], and we define

r(v) = Ro,n(x,¥0) = T(x, X) T (Yo, ¥o) — T(x,Y0) T (Yo, X) + (X, y0)V (X, y0),

where the second equality is (A.16). By Lemma A.4(b) and the antisymmetry of |, we
have

/

1 y
I(x,y) = 5 —/x T(x,x)dx’, Wl(x,y)=-TW,x), vy >x

so r is smooth on (0,y — x|. Differentiating, we find

r’(v) = T(x,x) (81T + BZT) (Yo, Yo) — 2T (x,¥0) T (Yo, X) — T(X,Y0)01 T (Yo, x)
— T (Yo, X)V(x,y0) + 1(x,y0)92V(x, y0).

We now let v | 0. Then I(x,y,) — 1/2, and V(x, x) = 0 by Lemma A .4(a). Since T and
V are smooth, the first three terms in r'(v) cancel in the limit, and the fourth term tends
to —T(x,x)V(x,x) = 0. Hence r(v) — 0 and

1
limr’ = —drV(x, x). A.27
im ' (0) = 502V(x, %) (A.27)

Next, we bound r’ and r”. Since v < N~!, Lemma A.6(c) gives |I(x,y,)| < C. The
derivatives of T and V of order at most two are bounded on Ig by Lemma A.6(a), and
d3l(x,y') = —0,T(y,x) for y’ > x. Differentiating r' once more and inserting these
bounds, we obtain

' (v)] < CN3, " (v)| < CN?, v e (0,y—x].

For example, the last term of ' contributes |1 93V| + 9,1 9,V| < CN* to r".
Since r(v) — 0 as v | 0, we have
y—x y—x

Ryn(x,y) = /0 r'(v)do = 5 9,V (x, x) + /ny <r’(v) — %E)ZV(x,x)> do,

where the last integral is bounded by CN*(y — x)? by (A.27) and the bound on r”.
Combining this with Lemma A.7, we obtain the first bound in (A.26). The second bound
follows from the first identity in the last display and |r'| < CN?.
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We now prove (b), using (A.16) and Lemma A.6. Since [x —y| > N -1 parts (a), (b),
and (c) of that lemma give |T| < CN on I? and

IV(x,y)| < C(N?>+N?+N) <CN?  |I(x,y)] <C(1+1log(1+4N)) < ClogN,

where we also used |x —y| < 4. Inserting these bounds into (A.16), we obtain
IRy n(x,v)] < CN?log N. O

To bound the higher correlation functions, we normalize the entries of the matrix
in (A.14). Let Dy = diag(1,N~!). We let B, denote the block diagonal matrix with n
diagonal blocks equal to Dy. Then det B, = N™", and the first property of the Pfaffian

gives
n
ij=1"

B I(x, ) N~'T(y, x)
DNA(x,y)Dy = <_N1T(x,y) _sz(x,y))'

RnlN(xl,...,xn) = N"Pf [DNA(XI',X]')DN} (A.28)

where

For the matrix in (A.28), we call row 2i — 1 the first row of the point x; and row 2i its
second row, and similarly for columns. By Lemma A.6(a), all entries of DyA(x,y)Dn
other than I(x, y) are bounded by a constant for x,y € I;. For ¢ > 0, we set

Mo(e) = (No) ™' + N7V/2 (A.29)

Lemma A.9. Let § € (0,1). There exist C > 0 and Ny such that the following statements hold
forall N > Nj.

(a) For all pairwise distinct x1,xp,x3 € Is such that |x; — x]-] < N1 for all i,j, we have
|R3,N(X1,XZ, X3)’ S CN3.

(b) For all pairwise distinct x1,x5,x3, x4 € Is, we have |Ry n(x1, X2, x3,%4)| < CN*(log N)2.

(c) Let x1,%3,%x3,x4 € Iy with x; < xo < x1+N"Vand x3 < x4 < x3+ N7, and set
0 = |x3 — x1|. Suppose that ¢ > max(4(xy — x1 + x4 — x3), N~1). Then

‘R4,N(x1, X2, X3, X4) — Rle(xl, X2)R2,N(X3, X4)‘ S CN4(10g N)Ao(g) (A.30)

Proof. We begin with (a). The points are pairwise within distance N~!, so Lemma A.6(c)
shows that the entries I(x;, x;) are bounded. Hence all entries of the 6 X 6 matrix in (A.28)
are bounded, and the third property of the Pfaffian gives |R3 n| < 15C3N3.

Next, we prove (b). The entries I(x;, x;) of the 8 x 8 matrix in (A.28) are bounded by
Clog N by Lemma A.6(c), and all other entries are bounded. The entries I(x;, x;) occupy
the positions where a first row meets a first column. There are four first rows, so each
perfect matching of [8] contains at most two pairs {¢, ¢’} for which ¢ and ¢’ are first rows.
Hence each term in (A.13) is bounded by C(log N)?, and |Ryn| < 105 CN*(log N)2.
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We now prove (c), following the use of congruence transformations in [33, Section 5.2].
Let W denote the 8 x 8 matrix in (A.28) for the points x1, x, x3, x4. We define W’ as the
matrix obtained from W by subtracting row 1 from row 3 and row 5 from row 7, followed
by the same operations on the columns. Thus row 3 of W’ is the difference of the first
rows of x, and x71, and row 7 is the difference of the first rows of x4 and x3. We have
W’ = BTWB for a matrix B with detB = 1, so

PfW = PfW = N *Ry n(x1, X2, X3, X4).

Let P, = {1,2,3,4} and P, = {5,6,7,8}. The transformation does not mix P; and P,, so
W%l P, is the congruence transform of Wp p, by a matrix of determinant one, and (A.28)
with n = 2 gives

PfW;;lpl = Pprlp1 = N_ZRz,N(xl, x2), PfW%2P2 = N_ZRZIN(Xg,x;L).
We next bound the entries of W’. Observe that for x’ € [x1,x;] and j € {3,4},

X' —xj] > 0— (2 —x1) — (x4 — x3) > g,

and the same holds for x” € [x3,x4] and j € {1,2}. Each entry of W}, p is a signed sum of
at most four entries of Wp,p,, and |x; — x2| < N —1 50 the entries of W};l p, are bounded
by a constant by Lemma A.6(a) and (c). The same holds for W%z Py

Now consider an entry W/ _, with o € P; and ¢’ € P,. When ¢ and ¢ are second rows,
we have W/ , = —N~2V(x;, xj) for some i € {1,2} and j € {3,4}. When exactly one
of o and ¢’ is a first row, the entry W/, is of the form +N"'T(x;,x;) or £N~'T(x;, x;)
with i € {1,2} and j € {3,4}, or a difference of two such entries. By Lemma A.6(b) and
No > 1,

N7HT (x, 27)| + N7HT (g, 0)] < C((Ne) ™! + N712) < Cap(o),
<

N72|V(x;,xj)| < C((No)™' + (Ng) >+ N~1) < CAo(0)

fori € {1,2} and j € {3,4}, so [W/_,| < CAg(0) in these cases.

It remains to consider the first rows ¢ € {1,3} and ¢’ € {5,7}, and there are four cases.
First, the entry W{s = I(x1, x3) is not small, but it is bounded by Clog N by Lemma A.6(c).
Second, since x3 ¢ [x1, x2], (A.15) gives

X2

W35 = 1(x2, x3) — I(x1,x3) = / T(x, x3) do’,

X1
so Lemma A.6(b) and the assumption that x, — x; < N~! give

IW3s| < C(xz — x1) (07! + N'2) < CAy(0).
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Third, by the antisymmetry of | and (A.15),

X4
Wiy = I(x1, x4) — I(x1, x3) = —/ T(x', x1)dx/,
X

3

which is bounded in the same way. Fourth, the same argument gives

W5, = /xz (T(x', x4) = T(x', x3)) dx/,
X1
which is also bounded by CAy(o).

Finally, we expand PfW’ according to (A.13). By the second property of the Pfaf-
fian, the matchings m such that every pair of m is a subset of P; or of P, contribute
PEW}, p PEWD, . Since [Py| = 4 is even, every other matching contains an even number
of pairs joining P; and P,, hence at least two. Among these pairs, only the pair {1,5},
which occurs at most once, carries an entry that is not bounded by CAg(0). Hence the
corresponding term contains at least one factor bounded by CAy(¢), at most one factor
bounded by Clog N, and other factors bounded by C. Using Ay(0) < 2, we conclude that

IN“*Ry N (x1, %2, %3,x4) — N™*Ro n (1, x2) Ro,n (33, 24) | < 105 C(log N)Ao(0),

which is (A.30). O

A.5 Mean, variance, and tails

We now prove Proposition 3.6. Recall from (3.15) that £, = N~'"% and M, = N!=2* =
N3/2. We choose 6 € (0,1/4) such that I C I;. For a bounded measurable function
g:[0,00) x R — R, we define

Ai— A A+ A
Xu(G;g) = Z g( ]&x a l—; ]>, / / E)rg(r,E)drdE, (A.31)

1<i<j<N

where £(g) is defined whenever the integral converges absolutely. The statistic X (G;g)
extends the pair statistic (5.1) of G to functions g that are not products of a function of E
and a function of r. We also set

ly — x| X_+y> Ly ER,

g(xy) = g(—&x 5

so that

Zg Ais ).

21
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Throughout, we consider functions g that vanish for E ¢ I. If such an g is nonnegative
or vanishes for all sufficiently large r, then (A.12) with n = 2 and the substitution
Yy =x+0v give

—Xx x+
EX,(G;g) :/ g(y , y>R2,N(xr]/) dx dy
x<y E(x 2

o0 v -
N /0 /M(g'” E)Rz,w(x,xw) dx do.

(A.32)

The integrand in (A.32) vanishes unless x +v/2 € I C l45, and in that case x,x +v € Iz;
whenever v < 4.

The mean. Let ry > 1. Let ¢ be bounded and measurable with g(r,E) = 0 for r > r( or
E ¢ I. We claim that
lim —]EX“(G;g)
N—oo M,x
Let N be large enough that rol, < N -1 < 5. The integrand in (A.32) vanishes unless
v < rply, and in that case x, x + v € I35. Using Lemma A.8(a) with 3/ in place of §, we
obtain

= L(g). (A.33)

ly la
EX,(G;g) = N° /Oro A{g(%,x—k g)c(x)vdxdv—l—O(/ro (N23/80+N402) dv)

0
)
_ N%/OO /Ig(r,E)c(E - f;—r)rdE dr + O(N®/822 + N*3),

where the implicit constants depend on rg and |||, and in the second line we substituted
v = lyr and x = E — {,r/2. Since the function E — ¢(E) is uniformly continuous on
[—2,2], we have ¢(E — £,47/2) — ¢(E) — 0 uniformly in E € [ and r € [0, rg]. Dividing by
M, = N3/2 and using N?3/802 = N=1/8M, and N*2 = N~*M,, we obtain (A.33).

The variance. Let rgp and g be as in the previous paragraph. We claim that

lim Var X, (G; Q)

=0. A3
N—o0 Mz% 0 ( 3)

Expanding the square of } ; ,; g (A, Aj) according to the number of indices that the two
pairs share, and using (A.12) for n € {2,3,4}, we find

1
Var X, (G; g) = E/gﬁ(xbxz)sz,N(xl,xz) + /gﬁ(xl,xz)gﬁ(xhx3)R3,N(x1,x2,x3)

1
+7 / g% (x1,%2)8% (x3, x4) (Ran (%1, X2, X3, X4) — Ro (%1, ¥2) R v (%3, x4)),
(A.35)
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where the integrals are over R?, R3, and R*, and where we used

1
(IEXa(G;g))z =1 /gﬁ(xlfxz)gﬁ(x& x4)Ro N (%1, x2)Ro N (X3, x4) dxq - - - diy.

Let N be large enough that 8r9¢, < N —1 < 5. We bound the three terms in (A.35) in turn,
with constants depending on rg and ||g||co-

Since Ry n > 0, the first term in (A.35) is bounded by | g||«EXx(G;|g|), which is
O(M,) by (A.33) applied to |g|. In the second term, the integrand vanishes unless
|x2 — x1], |x3 — x1| < roly and x1, X2, x3 € I35. The three points are then pairwise within
distance 2rol, < N7, and Lemma A.9(a) bounds the second term by

CN? | I35](2r9ls)? < CM,.

We now turn to the third term. The integrand is invariant under exchanging x; and x,
and under exchanging x3 and x4, so we may replace the factor 1/4 by 1 and restrict the
integral to the region where x; < x; and x3 < x4. On this region, the integrand vanishes
unless xp — x1 < roly, x4 — x3 < 1o¥y, and all four points lie in I35. Set g9 = N-Y2 and
0 = |x3 — x1|. We first consider the part of the region where 0 < go. There we use
Lemma A.9(b) and the bound |Ry n(x1,%2)| < CN3(xp — x1) < CN? from Lemma A.8(a).
This part of the support has measure at most |I35|(r0y)? - 200, so its contribution is
bounded by

CN*(log N)?¢2 y.

In the remaining part, where ¢ > ¢g, we have
0> N1 >8rgly > 4(xp — x1 + x4 — x3),

so Lemma A.9(c) applies. The contribution of this part is bounded by

CN*(log N) (rola)? / No(|x3 — x1]) dxz doy

Iz [{X3ZQ0<X3X1|§4}
< CN*/%(log N)(N~'log N + N~1/2).

Collecting the bounds and using N*¢2 /M2 = N=2/,2 = N?*, we obtain

Var X, (G; g)

M% < C(M(X_l + NZa(logN)2N—1/2) _ C(NZa—l + (log N)ZNQ‘X_UZ).

The right side tends to zero because o < 1/4, which proves (A.34). This is the only place
in the proof where the assumption a < 1/4 is used.
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The tails. Letro > 1. Let ¢ be measurable with [g(r, E)| < C¢(1 + r2)7P for all (r, E) and
g(r,E) =0forr <rygor E ¢ I. We claim that

. EXy(G; ® _

lim sup % < CCf/ r(14r3)"Fdr. (A.36)
N—ro0 o 70

To prove this, we let N > 5! and split the integral over v in (A.32), with |g| in place of g,

into three ranges. In the range roly < v < N~!, Lemma A.8(a) gives |[Ry n(x, x +0)| <

CN3v, and the substitution v = /,r bounds the contribution of this range by

N1 o
CCf|1|/ 1+£2) NPvdo < CCfM,X/ r(1+72)"P dr.

o

In the range N~! < v < §, we use (1+02/£2)"F < (£y/v)?’ and Lemma A.8(b) on Is;.
The contribution of this range is bounded by

1) 2
CCyN2(log N) /N B (%) " dv < CN#*+1P 10g N
= CN'"2*P log N = CM,N~2(P=D]og N.

The range v > J contributes the expectation of the sum of |g((A; — A;) /Ly, (A + A;)/2)]
over the pairs i < j such that A; —A; > 4. There are at most N2 such pairs, and
each term is bounded by C¢ (/s / 5)??, so the contribution of this range is bounded by
CN2(3P = CN2-2P—20%_ Since p > 1, the contributions of the last two ranges are o(M,),
which proves (A.36).

Conclusion. Let rg > 1. Set ¢1(r,E) = L,<,f(r,E) and g» = f — g1. Then g; satisfies
the hypotheses of (A.33) and (A.34), and g satisfies the hypotheses of (A.36). By the
Cauchy-Schwarz inequality, (A.33), and (A.34),

E]—X“(]\Zgl) ~ L(g1)| < (VanXA(ZG?gl) N (EXKZE/IGa;gl) —£(g1))2)1/2 o

Since Xy (G; f) = Xu(G; 1) + Xu(G; g2) and L(f) = L(g1) + L(g2), it follows from (A.36)
that

lim su IE f) E ) S llmsu w + E( 5 S CC 0 7’(1 + 7,2)—;7 dr,
p p M 8 f
N—oo N—oo o 70

where in the last inequality we also used

]E(g2)|§Cf( sup c(E)>|I|/ r(1+r2)7Pdr.
E€[-22] 0

Since p > 1, the right side tends to zero as g — co. Hence X, (G; f)/ My — L(f) in L1,
and therefore in probability by Markov’s inequality. Since X, (G; f)/ M, and L(f) are the
two sides of (3.16), this completes the proof of Proposition 3.6.
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