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abstract

We determine the asymptotic distribution of the smallest gaps between eigenvalues
in the bulk of the spectrum of real symmetric Wigner matrices, including Bernoulli
matrices. After multiplication by N3/2, the gaps and their locations converge to
a Poisson point process with the same intensity as for the Gaussian orthogonal
ensemble. Since changing a single entry can move eigenvalues by an amount
comparable to the smallest gaps, standard perturbative comparison estimates do
not directly resolve this scale for arbitrary entry distributions. Instead, we use that
resampling a few random entries does not change the law of the matrix, and we
show that the resampling moves each pair of nearby eigenvalues by a random walk
that satisfies a local limit theorem; this requires excluding arithmetic structure in
the eigenvectors. We also prove a law of large numbers for the number of gaps
at all scales between N−3/2 and N−1, and we sketch the proof of the analogous
smallest-gap result for complex Hermitian Wigner matrices.
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section 1

Introduction

1.1 Background

The statistics of spacings between consecutive energy levels have been studied since
Wigner proposed to model the spectra of heavy nuclei by the eigenvalues of large
random matrices [78, 80, 81]. A basic feature of such spectra is the rarity of very close
neighboring levels, which is known as level repulsion. The origin of level repulsion goes
back to an observation of von Neumann and Wigner [76]. Real symmetric matrices with
a repeated eigenvalue form a set of codimension two, and complex Hermitian matrices
with a repeated eigenvalue form a set of codimension three. Heuristically, the probability
that a given spacing of a random matrix is smaller than s therefore behaves like sβ+1,
where β = 1 in the real symmetric case and β = 2 in the complex Hermitian case, and
the density of spacings vanishes like sβ near zero [36, 37]. The same exponent appears in
Wigner’s surmise for the spacing distribution [80] and in the factor ∏i<j |λi − λj|β in the
eigenvalue densities of Dyson’s ensembles [20, 21, 56].

The real symmetric case corresponds to systems with time-reversal symmetry. For
such systems, Bohigas, Giannoni, and Schmit conjectured that quantum spectra whose
classical dynamics is chaotic share the local statistics of the Gaussian orthogonal ensem-
ble (GOE) [8], in contrast with the Poisson statistics, without repulsion, expected for
integrable systems [6]. This picture is supported by experimental data (see, for example,
[38, 66] for nuclear spectra and microwave billiards).

This paper concerns the smallest spacings in a spectrum of N levels. If the spacings
were independent, with a density proportional to sβ near zero, then the smallest spacing
would be of order N−1/(β+1) times the mean spacing, and the smallest spacings, suitably
rescaled, would form a Poisson process with an intensity proportional to sβ ds. This
heuristic is described in [35, 63], and numerical simulations agree with it [49, 63]. (We
emphasize that this Poisson process describes the rare small spacings. Its intensity
vanishes at zero because of level repulsion, and it should not be confused with the
Poisson level statistics of integrable systems.) Smallest gaps also appear in numerical
linear algebra. For example, the rate at which the Toda flow, which is closely related to
the QR algorithm, diagonalizes a symmetric matrix is governed by its smallest eigenvalue
gap [3, 17, 18], and numerical experiments suggest that the resulting running times are
universal for Wigner matrices, including matrices with discrete entries [59].
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1 Introduction 1.1 Background 2

We call real symmetric or complex Hermitian random matrices with independent
entries on and above the diagonal Wigner matrices. The class considered in this paper is
specified in Definition 1.1 below. In mathematics, the local eigenvalue statistics of Wigner
matrices are now known to be universal, in the sense that under mild conditions on the
entry distributions they agree asymptotically with those of the Gaussian ensembles. This
was established through the work of many authors. We mention [25–28, 41, 70] for the
averaged bulk statistics, [22, 69] for the distribution of a single gap, and [12, 46, 47] for
statistics at a fixed energy, and we refer to the book [23] for an account of the dynamical
approach. Matrices with discrete entries are natural in this context. Wigner’s first paper
on the semicircle law concerns real symmetric matrices whose off-diagonal entries are
±1 with random signs [79], and the centered and rescaled adjacency matrix of a dense
Erdős–Rényi graph has independent Bernoulli entries above the diagonal.

Universality of a single gap does not determine the smallest gap among N gaps,
since the latter depends on rare events. For the classical ensembles, the smallest gaps
have been computed from explicit formulas for the correlation functions. When these
functions are determinants, as for the circular unitary ensemble (CUE) and the Gaussian
unitary ensemble (GUE), Vinson found the limiting law of the smallest gap [75]. Building
on Soshnikov’s analysis of extreme spacings in determinantal point processes [65], Ben
Arous and Bourgade [3] obtained the joint limit of the smallest gaps of the CUE and the
GUE together with their locations, and Figalli and Guionnet carried these results over to
several-matrix models [34]. Determinantal structure is also behind the results of Shi and
Jiang for complex Ginibre matrices [62] and those of Charlier for the two-dimensional
Coulomb gas at β = 2 with a general potential, which describes the eigenvalues of
random normal matrices [14].

For the Gaussian orthogonal ensemble (GOE), the correlation functions are Pfaffians,
and the smallest gaps were determined by Feng, Tian, and Wei [32]. Feng, Li, and Yao
[33] gave a detailed treatment of the Gaussian symplectic ensemble, together with a
sketch of a GOE version that also records the locations of the gaps, and the smallest gaps
of real Gaussian matrices were studied in [52]. Feng and Wei [30] treated the circular β-
ensembles for every positive integer β. For the largest gaps of the CUE and the GUE, Ben
Arous and Bourgade [3] determined the leading order, and Feng and Wei [31] determined
the fluctuations.

For Wigner matrices, Bourgade [10] proved universality of the smallest gaps for both
real symmetric and complex Hermitian generalized Wigner matrices under smoothness
assumptions on the entry distributions. Bourgade also proved universality of the largest
gaps in the complex Hermitian case under a smoothness assumption. Landon, Lopatto,
and Marcinek [48] proved a comparison theorem that removes this smoothness assump-
tion. In both works, the explicit largest-gap limit laws were stated for complex Hermitian
matrices because the corresponding limiting distribution for the GOE was not known at
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the time; their comparison arguments also apply to real symmetric matrices. Whether
the smallest gaps are universal without smoothness assumptions was raised in [10].
Recently, Zhang [82] proved universality of the smallest gaps for complex Hermitian
Wigner matrices whose entries have real and imaginary parts with sufficiently many
well-separated atoms (at least ten suffice), through a comparison argument that matches
many moments of the entries. In [82, Conjecture 1.6], he conjectured the analogous result
for real symmetric matrices, noting that it does not seem accessible by his methods, and
he further conjectured that two atoms suffice.

For real symmetric matrices with discrete entries, the strongest results available were
lower bounds. Nguyen, Tao, and Vu [57] proved tail bounds for gaps that imply, in the
normalization of this paper, that the smallest gap is at least N−2−o(1) with probability
tending to one, and related bounds were obtained in [13, 51, 64]. The absence of repeated
eigenvalues was proved in [13, 53, 71]. These lower bounds are smaller than the true
order N−3/2 of the smallest gaps by a factor N1/2.

1.2 Main results

We now state our results. We begin with the definition of the matrices we consider.

Definition 1.1. Let X and Z be real random variables such that EX = EZ = 0, EX2 = 1,
and EZ2 > 0, and such that there exist constants c0, C0 > 0 with

P(|X| > y) + P(|Z| > y) ≤ C0e−c0y2
for all y ≥ 0. (1.1)

For every integer N ≥ 2, let (Xab)1≤a<b≤N be independent copies of X, and let (Za)1≤a≤N
be independent copies of Z, independent of the Xab. We call the N × N real symmetric
matrix H = HN with entries

Hab = Hba = N−1/2Xab (1 ≤ a < b ≤ N), Haa = N−1/2Za (1 ≤ a ≤ N), (1.2)

the real symmetric Wigner matrix associated with X and Z.

No assumption on the symmetry, smoothness, or support of the laws of X and Z is
made beyond (1.1). In particular, X may take only two values, and EX3 may be nonzero;
for example, X may be a centered and normalized Bernoulli variable with any parameter.
The law of Z may equal that of X, in which case all entries on and above the diagonal
are identically distributed.

For a matrix H as in Definition 1.1, let λ1 ≤ · · · ≤ λN denote its eigenvalues. For
every positive integer n, we set [n] = {1, . . . , n}. For i ∈ [N − 1], we let gi = λi+1 − λi
denote the i-th gap. We let

ρsc(E) =
1

2π

√
max{4 − E2, 0}, c(E) =

π2

6
ρsc(E)3 (E ∈ R) (1.3)
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denote the semicircle density and the function that determines the intensity in our main
result. We identify a locally finite point configuration on [0, ∞)× (−2, 2) with its counting
measure. We equip the set of such measures with the vague topology, which we define as
the coarsest topology for which the maps µ 7→

∫
f dµ are continuous for all continuous

functions f with compact support in [0, ∞)× (−2, 2). We use the convention that the
minimum over the empty set is +∞. Our main result is the following theorem.

Theorem 1.2. Let H be as in Definition 1.1. Then the point processes

ΞN = ∑
i∈[N−1]:λi∈(−2,2)

δ(N3/2gi, λi)
(1.4)

on [0, ∞)× (−2, 2) converge in distribution, with respect to the vague topology, to a Poisson
point process with intensity

ν(dx dE) = c(E) x dx dE. (1.5)

Consequently, for every nonempty interval I whose closure is contained in (−2, 2) and every
x ≥ 0,

lim
N→∞

P
(

N3/2 min
i∈[N−1]:λi∈I

gi > x
)
= exp

(
− π2x2

12

∫
I

ρsc(E)3 dE
)

. (1.6)

Theorem 1.2 identifies the smallest gaps in the bulk of the spectrum for every matrix as
in Definition 1.1, including Bernoulli matrices. It settles [82, Conjecture 1.6], together with
the stronger version with two atoms, for the matrices of Definition 1.1. The conjecture
concerns real generalized Wigner matrices whose entries have tails at most c−1e−xc

and
laws supported on sufficiently many well-separated atoms (two atoms in the stronger
version), whereas Theorem 1.2 requires sub-Gaussian entries, EZ2 > 0, and identically
distributed entries above the diagonal. The limit agrees with the one obtained for the
GOE in [32, 33] and with the one obtained under smoothness assumptions in [10]. For
every interval I of positive length whose closure is contained in (−2, 2), the Poisson limit
determines the joint limiting law of the k smallest gaps in I for every k. We assign +∞ to
the k-th smallest gap when fewer than k gaps have left endpoints in I. For example, as in
[10, Corollary 1.3], which gives the limiting law of the k-th smallest gap, the k-th smallest
value of N3/2(2−1

∫
I c(E)dE)1/2gi over i with λi ∈ I converges in law to the distribution

with density 2x2k−1e−x2
/(k − 1)! on (0, ∞).

We have not attempted to optimize the assumptions. The sub-Gaussian condition (1.1)
is used in several places, for instance through the results of [57]. The condition EZ2 > 0 is
used through results on generalized Wigner matrices [10, 29], which assume that all entry
variances are bounded below by a multiple of N−1; in particular, Theorem 1.2 does not
apply directly to centered adjacency matrices of random graphs, whose diagonal vanishes.
We assume that the entries above the diagonal are identically distributed because the
resampling argument of this paper and the results of [57] use this property.
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Our second result is a law of large numbers for the number of gaps at scales between
the smallest gaps and the typical spacing. It is the main input to the proof of Theorem 1.2
and may be of independent interest. We let Ei = (λi + λi+1)/2 denote the midpoint of
the i-th gap. We extend every function on (−2, 2) by zero to a function on R, and every
function on [0, ∞)× (−2, 2) by zero to a function on [0, ∞)× R.

Theorem 1.3. Let H be as in Definition 1.1, and let α ∈ (0, 1/2). Then for every continuous
function φ : (−2, 2) → R with compact support and every continuous function f : [0, ∞) → R

with compact support,

N2α−1
N−1

∑
i=1

φ(Ei) f
(

N1+αgi
)
−→

∫ 2

−2
φ(E)c(E)dE ·

∫ ∞

0
y f (y)dy (1.7)

in probability as N → ∞.

We call a compact interval contained in (−2, 2) a bulk interval. In words, Theorem 1.3
states that for every bulk interval I and every y > 0, the number of gaps at most
yN−1−α with midpoints in I is asymptotic to N1−2α(y2/2)

∫
I c(E)dE in probability. By

Theorem 1.2, this number tends to zero in probability for α > 1/2, and it converges in
law to a Poisson random variable for α = 1/2, so a law of large numbers cannot hold for
α ≥ 1/2. For the GOE, the corresponding law of large numbers for pair statistics with
α < 1/4 (Proposition 3.6) follows from the Pfaffian formulas for its correlation functions.
We prove it in Appendix A, where it serves as the main input to the base case of our
proof.

Our methods also apply to complex Hermitian matrices, as follows.

Definition 1.4. Let Z be a real random variable such that EZ = 0 and EZ2 > 0, and let XC

be a complex random variable such that EXC = 0, E|XC|2 = 1, and EX2
C = 0. Suppose

that there exist constants c0, C0 > 0 such that P(|XC| > y) + P(|Z| > y) ≤ C0e−c0y2
for

all y ≥ 0. For every integer N ≥ 2, let (XC,ab)1≤a<b≤N be independent copies of XC, and
let (Za)1≤a≤N be independent copies of Z, independent of the XC,ab. We call the N × N
complex Hermitian matrix H with entries Hab = N−1/2XC,ab and Hba = Hab for a < b,
and Haa = N−1/2Za, the complex Hermitian Wigner matrix associated with XC and Z.

The condition EX2
C = 0 states that the real and imaginary parts of XC are uncorrelated

and have the same variance. The third moments of XC are arbitrary. For example, the
real and imaginary parts of XC may be independent copies of 2−1/2X for every X as in
Definition 1.1.

Theorem 1.5. Let H be as in Definition 1.4, with eigenvalues λ1 ≤ · · · ≤ λN and gaps
gi = λi+1 − λi, and let c2(E) = (π2/3)ρsc(E)4. Then the point processes

∑
i∈[N−1]:λi∈(−2,2)

δ(N4/3gi, λi)
(1.8)
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on [0, ∞)× (−2, 2) converge in distribution, with respect to the vague topology, to a Poisson
point process with intensity c2(E) x2 dx dE. Consequently, for every nonempty interval I whose
closure is contained in (−2, 2) and every x ≥ 0,

lim
N→∞

P
(

N4/3 min
i∈[N−1]:λi∈I

gi > x
)
= exp

(
− π2x3

9

∫
I

ρsc(E)4 dE
)

. (1.9)

The limit agrees with the one for the GUE [3]. Theorem 1.5 removes the smoothness
assumption of [10] and the assumption on the number of atoms of [82] for complex
Hermitian Wigner matrices with identically distributed entries above the diagonal. We
give the proof of Theorem 1.5 in less detail than that of Theorem 1.2. In Section 9,
we sketch how the arguments of Sections 5 and 6 and Appendix A adapt to complex
Hermitian matrices; the resampling argument is not needed in this case. We give the
details of the two estimates that are new. The first bounds, for κ ∈ (0, 1/8), the number of
triples of eigenvalues in a bulk interval within distance N−1−κ of each other by N1−8κ+o(1),
with probability tending to one. This is small compared with the number N1−3α′ of gaps
at a smaller scale N−1−α′ when α′ < 8κ/3, which is the comparison that the induction
needs. The second bounds the probability that a Gaussian perturbation of a 3× 3 diagonal
matrix has a small gap.

1.3 Methods and relation to previous work

We give an overview of the proofs in Section 2. Here we describe how their ingredients
relate to the literature.

In [10], the smoothness of the entry distributions is used through the reverse heat
flow [25], which represents the matrix, up to a small error in total variation, as a matrix
with a Gaussian component. Dyson Brownian motion [19] must run for a time at least
N−1/2+2ε, for some ε > 0, for its relaxation to resolve the gaps at the scale N−3/2. This
time corresponds to a Gaussian component of standard deviation N−1/4+ε in the variables
Xab, and this is where smoothness on the scale N−1/4+ε is needed.

The alternative is a comparison argument, which replaces the entries one at a time.
As explained in Section 2.1, for real symmetric matrices a single entry moves a gap by
an amount comparable to the smallest gaps, so the standard perturbative comparison
estimate does not give a small error at this scale. Zhang gives a different reason for
restricting his result to the complex Hermitian case, which is consistent with ours. The
error in his Green function comparison, which matches a fixed number of moments, is
small only for spectral parameters at distance much larger than N−3/2 from the real
axis (see [82, (11)] and the paragraph after it), while the smallest gaps of real symmetric
matrices are of order N−3/2. We avoid comparison at the scale N−3/2.

Instead, we use the fact that resampling a small random set of entries does not change
the law of the matrix. Resampling a few random entries of a Wigner matrix, and the
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heuristic that each resampled entry moves an eigenvalue by one step of a random walk,
were used by Bordenave, Lugosi, and Zhivotovskiy to study the noise sensitivity of the
top eigenvector [9]; see also [16] for a related dynamics. We use resampling instead to
smooth the law of the gaps while preserving the law of the matrix. The relevant random
walk acts on the traceless part of the 2 × 2 compression of the matrix to the span of two
consecutive eigenvectors. This traceless part can be identified with a vector in R2 whose
norm is half of the gap, which reflects the codimension-two phenomenon of [76].

The analysis of this random walk requires a local limit theorem that resolves the law
of the walk at the scale of a single step, which for discrete entries requires excluding
arithmetic structure in the eigenvectors. For this, we use net and decoupling arguments
developed for the invertibility of random matrices and the structure of their eigenvectors
by Rudelson and Vershynin [60], Vershynin [74], Nguyen, Tao, and Vu [57], and Tao and
Vu [71]. The local limit theorem itself is proved by Fourier analysis with smooth test
functions, as in the classical theorems of Shepp and Stone [61, 67], and the passage from
local limits to Poisson convergence uses the Bonferroni inequalities, as in the factorial
moment method used for extreme gaps in [3, 65]. We also use the tail bound of Nguyen,
Tao, and Vu for three consecutive eigenvalues [57, Corollary 2.5] at several points.

The resampling argument requires the number of gaps at a scale slightly larger than
N−3/2, which is the content of Theorem 1.3. Its proof uses a comparison argument along
the Ornstein–Uhlenbeck flow. Our comparison estimate follows the continuity estimate
of Bourgade and Yau [11, Lemma A.1] (see also [23, Chapter 15]), which descends from
the Lindeberg method of Chatterjee [15], the four moment theorem of Tao and Vu [70],
and the Green function comparison of Erdős, Yau, and Yin [28]; the expansion in a single
entry is the cumulant expansion of Khorunzhy, Khoruzhenko, and Pastur [44], in the
form of [54, Proposition 3.1].

Comparison arguments for statistics that involve all eigenvalues appear in [48], which
uses regularizations of eigenvalues through the Helffer–Sjöstrand formula following
Knowles and Yin [45], and in [82], which uses resolvent expansions with spectral pa-
rameters at distance less than N−1 from the real axis, together with many matched
moments. In these works, derivatives of the observables are controlled through resolvent
or perturbation formulas. Our observables are instead bounded by one in a complex
neighborhood of the real entries, which follows from a trace representation of the pair
statistic, the argument principle, and the local semicircle law [4, 24, 29], and we bound
their derivatives by Cauchy’s estimates. We are not aware of an earlier use of this device
in comparison arguments.

The proof of Theorem 1.3 is an induction on α. Its base case α < 1/8 uses the coupling
of Bourgade [10, Corollary 3.3] between Dyson Brownian motion started from H and
from a GOE matrix, together with the GOE result of Appendix A, which relies on the
Pfaffian formulas for the GOE correlation functions [1, 56, 72] in the form given in [33].
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To go beyond α = 1/8, we analyze matrices with a small Gaussian component
conditionally on the eigenvectors of H, as in the work of Johansson [41] and Erdős, Péché,
Ramírez, Schlein, and Yau [25] (see also [26] and [23, Chapter 12]); the regime of Dyson
Brownian motion run for times much smaller than N−1, which is the one relevant here,
was studied by von Soosten and Warzel [77]. Our perturbation lemma for entrywise
small perturbations of diagonal matrices is a variant of the quadratic residual bounds
of Mathias [55] and Li and Li [50], with entrywise bounds in place of operator norms.
The computation of gap counts at a smaller scale through independent 2 × 2 Gaussian
blocks makes rigorous, in this regime, the 2 × 2 heuristic behind Wigner’s surmise. The
induction on the scale is in the spirit of the multiscale arguments for local laws (see [4,
Section 5]) and of the induction on the size of index sets in [5].

1.4 Notation

Constants c, C > 0 may depend on the laws of X and Z in Definition 1.1 (or of XC and Z
in Definition 1.4) and on fixed parameters such as bulk intervals, test functions, integers,
and small exponents, but never on N; their values may change from line to line. The
function c(E) of (1.3) always appears with its argument, which distinguishes it from these
constants. The letter ε denotes a small positive exponent. Its value is fixed within each
argument and may change between arguments. When the dependence on a parameter
matters, we indicate it by a subscript, as in Ck.

We say that an event holds with overwhelming probability if for every D > 0 there exists
CD > 0 such that its complement has probability at most CDN−D for all N. We let o(1)
denote a deterministic quantity that tends to zero as N → ∞, oP(1) a random quantity
that tends to zero in probability, and OP(1) a family of random quantities that is tight.

For x, y ∈ Rn, we let |x| denote the Euclidean norm of x and x · y the Euclidean inner
product. For v ∈ RN, we let ∥v∥2 and ∥v∥∞ denote its Euclidean and supremum norms.
For a matrix A, we let ∥A∥ denote its operator norm, and AT and A∗ its transpose and
conjugate transpose. For an N × N matrix A and a set K ⊂ [N], we let AKK = (Ajk)j,k∈K
denote the corresponding principal submatrix. We let Idn denote the n× n identity matrix
and ea the a-th standard basis vector of RN.

For a real symmetric or complex Hermitian N × N matrix A, we let λ1(A) ≤ · · · ≤
λN(A) denote its eigenvalues, counted with multiplicity. For the matrix H of Defini-
tion 1.1, we write λi = λi(H), and we fix a measurable choice of orthonormal eigenvectors
u1, . . . , uN with Hui = λiui; we let ui(a) = eT

a ui denote the a-th coordinate of ui. Prob-
abilities and expectations conditional on H are conditional on H and on this choice of
eigenvectors.



section 2

Overview of the proof

This section explains the proofs of Theorem 1.2 and Theorem 1.3, and, in Section 2.6,
the changes needed for Theorem 1.5. It is written to be read on its own. The precise
statements and proofs occupy Sections 3 to 8 and Appendix A; a roadmap is given in
Section 2.7.

Throughout this section, except in Section 2.6, H denotes a matrix as in Definition 1.1.
It is real symmetric, its entries above the diagonal are N−1/2Xab, where the Xab are
independent copies of a centered, sub-Gaussian random variable X of variance one, and
its diagonal entries are independent, centered, and sub-Gaussian, with positive variance.
Let λ1 ≤ · · · ≤ λN denote the eigenvalues of H, and let u1, . . . , uN denote corresponding
orthonormal eigenvectors. For i ∈ [N − 1], let gi = λi+1 − λi denote the i-th gap and
Ei = (λi + λi+1)/2 its midpoint. Recall that c(E) = (π2/6)ρsc(E)3, where ρsc is the
semicircle density. Recall also that we call a compact interval contained in (−2, 2) a
bulk interval, and that an event holds with overwhelming probability if for every D > 0
its complement has probability at most CDN−D. In this section, statements involving
the exponent ε > 0 hold for all sufficiently small ε. Approximate statements about
random quantities hold with probability tending to one, and in such statements o(1)
denotes a random error that is bounded by a deterministic sequence tending to zero,
with probability tending to one.

2.1 The main difficulty

We set d = N−3/2, and we call d the critical scale. Theorem 1.2 states that the smallest
gaps of H in the bulk of the spectrum are of order d, and that for every bulk interval I
and every x > 0, the number of indices i with gi ≤ xd and λi ∈ I converges to a Poisson
random variable with mean∫

I

∫ x

0
c(E)y dy dE =

x2

2

∫
I

c(E)dE. (2.1)

The usual route to universality of local eigenvalue statistics compares H with a matrix
that has a Gaussian component, by replacing the entries one at a time and showing
that each replacement changes the observable of interest by a small amount [15, 28, 70].
For the smallest gaps of real symmetric matrices, the standard perturbative comparison

9
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estimate does not give a small error at this scale. First-order perturbation theory suggests
that changing the entries Hab and Hba by an amount h moves λi by approximately
2hui(a)ui(b). The entries are of order N−1/2, and the eigenvectors are delocalized, in the
sense that maxi,a |ui(a)| ≤ N−1/2+ε with overwhelming probability for every ε > 0 [4, 29].
So a single entry moves an eigenvalue, and therefore a gap, by about N−3/2 = d, which
is the scale of the smallest gaps. Observables that resolve gaps at the scale d are therefore
not stable under the replacement of a single entry.

In [10], this obstacle was avoided by assuming that the entry distributions are smooth,
which allows one to replace H by a matrix with a Gaussian component without a
comparison at the scale d. For complex Hermitian matrices, the smallest gaps are of order
N−4/3, which is much larger than N−3/2, and the obstacle does not arise; we return to
this case in Section 2.6.

Our argument has two parts. At the scale d, we do not compare H with another en-
semble. Instead, we use the sensitivity of the gaps to single entries through a resampling
argument, which we describe in Sections 2.2 to 2.4. This argument requires the number
of gaps at a scale slightly larger than d. At the scales N−1−α with α ∈ (0, 1/2), which lie
between d and the typical spacing N−1, the typical gap displacement caused by changing
a single entry, of order N−3/2, is small compared to this scale. In Section 2.5, we prove a
law of large numbers for the number of gaps at such scales, using a comparison argument
together with an induction on α.

Four steps of the proof are new: the resampling argument, together with the reduction
of its local limit theorem to the exclusion of eigenvectors whose coordinates take few
values, which replaces the use of smooth entry distributions in [10]; the holomorphic
bound on derivatives in the comparison argument, which replaces bounds obtained from
eigenvalue perturbation formulas or from resolvent regularizations of eigenvalues; the
induction on α, which computes gap counts through independent 2 × 2 Gaussian blocks
and replaces the direct combination of coupling and comparison, which reaches only
α < 1/8 when EX3 ̸= 0; and, for complex Hermitian matrices, a bound on triples of
nearby eigenvalues relative to the number of gaps, together with an estimate for Gaussian
perturbations of 3 × 3 diagonal matrices, which replaces the exclusion of such triples.

2.2 Resampling

Let τ = N1/100 and m = 2⌊τ/8⌋. Then m = τ/4 + O(1). We choose positions
(a1, b1), . . . , (am, bm) independently and uniformly from the set of pairs (a, b) with
1 ≤ a < b ≤ N, and we choose independent copies Y1, . . . , Ym of X, all independent
of H. We call (a1, b1), . . . , (am, bm) the selected positions. Let H̃ denote the matrix obtained
from H by replacing, for l = 1, . . . , m in turn, the entries in the positions (al, bl) and
(bl, al) by N−1/2Yl. Each replacement preserves the joint law of the entries, so H̃ has the
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same law as H. It therefore suffices to prove Theorem 1.2 for H̃, and we may perform all
computations conditionally on H.

Heuristically, one replacement moves a gap by an amount of order d, so the m
replacements should move it by a random walk with m ≈ τ/4 steps of size of order d.
To make this precise, we use the following elementary fact. The eigenvalues of a real
symmetric 2 × 2 matrix with diagonal entries h1, h2 and off-diagonal entry h12 differ by

2
∣∣∣∣(h1 − h2

2
, h12

)∣∣∣∣ . (2.2)

Fix i ∈ [N − 1], and let g̃i denote the gap between the i-th and (i + 1)-th eigenvalues
of H̃. For a < b, we define the vector D(i)

ab ∈ R2 by

D(i)
ab = N

(
ui(a)ui(b)− ui+1(a)ui+1(b), ui(a)ui+1(b) + ui(b)ui+1(a)

)
, (2.3)

and we set

zi =
(
− gi

2d
, 0
)

, Si =
m

∑
l=1

(Yl − Xalbl
)D(i)

albl
. (2.4)

We apply (2.2) to the compression of H̃ to the span of ui and ui+1, which has diagonal
entries uT

i H̃ui and uT
i+1H̃ui+1 and off-diagonal entry uT

i H̃ui+1. When the selected po-
sitions are distinct, which holds with probability 1 − O(τ2N−2), this compression has
eigenvalue gap exactly 2d|zi + Si|. If we neglect the interaction of ui and ui+1 with the
other eigenvectors, which we justify in Section 2.3, we therefore obtain the approximation
g̃i ≈ 2d|zi + Si|. We call Si the linearized increment and 2d|zi + Si| the linearized gap of the
pair (i, i + 1).

Conditionally on H, the vector Si is a sum of m independent copies of the random
vector (Y − Xab)D(i)

ab , where (a, b) is a uniformly chosen position with a < b and Y is an
independent copy of X. By the delocalization of the eigenvectors, and since all entries Xab

are bounded by Nε with overwhelming probability, we have |(Y − Xab)D(i)
ab | ≤ 2N2ε(|Y|+

Nε). The conditional mean of this vector is small by the eigenvalue equation, and its
conditional covariance is 4Id2 + o(1). Heuristically, the factor (Y − Xab)

2 has average close
to 2 over the uniformly chosen position, and the orthonormality of ui and ui+1 makes
the average of D(i)

ab (D(i)
ab )

T over a < b close to 2Id2. The entries Xab are not independent
of the eigenvectors, so these two averages cannot simply be multiplied. The two are
decoupled by the bound ∥X̊∥ ≤ N1/2+ε, which holds with overwhelming probability, for
the matrix X̊ with zero diagonal and off-diagonal entries X2

ab − 1; Lemma 8.4 contains
the computation.

So Si is approximately a centered Gaussian vector with covariance 4mId2 ≈ τId2,
whose density at y ∈ R2 is (2πτ)−1e−|y|2/(2τ). Suppose for the moment that Si satisfies a
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zi

disk of radius x/2
zi + Si

gi/(2d)

τ1/2

Figure 2.1. The linearized picture of a pair (i, i + 1). The point zi = (−gi/(2d), 0) encodes the gap
gi of H. The resampling moves it by the linearized increment Si, a sum of m ≈ τ/4 conditionally
independent steps of order one, each with covariance close to 4Id2, whose law is close to a
centered Gaussian law with covariance τId2 (dashed circles of radius τ1/2 and 2τ1/2). Up to an
error o(d), the gap of H̃ is at most xd exactly when zi + Si lies in the disk of radius x/2 around
the origin; by (2.6), this has probability close to (x2/(8τ)) exp(−g2

i /(8ℓ2)).

local limit theorem that resolves its law at the scale of a single step, in the sense that for
every smooth function ψ : R2 → R with compact support,

τ E
[
ψ(zi + Si)

∣∣ H
]
=

1
2π

exp
(
− |zi|2

2τ

) ∫
R2

ψ(y)dy + o(1). (2.5)

We set ℓ = dτ1/2 = N−299/200. Approximating the indicator function of a disk by smooth
functions, we find for every x > 0 that

P
(

g̃i ≤ xd
∣∣ H

)
≈ P

(
|zi + Si| ≤

x
2

∣∣∣ H
)
≈ πx2

4
· 1

2πτ
exp

(
− |zi|2

2τ

)
=

x2

8τ
exp

(
−

g2
i

8ℓ2

)
.

(2.6)
This mechanism is illustrated in Figure 2.1. A gap gi of order ℓ has a probability of
order τ−1 to produce a gap of H̃ of order d, and gaps gi much larger than ℓ contribute
negligibly.

To sum (2.6) over i, we need the number of gaps of H at the scale ℓ. For α = 99/200,
we have N−1−α = ℓ and N1−2α = τ, so Theorem 1.3 with this value of α counts the gaps
of H at the scale ℓ. Theorem 1.3 concerns continuous test functions with compact support.
To apply it to the indicator function of a bulk interval I and to the Gaussian function
y 7→ e−y2/8, we approximate these functions by continuous functions with compact
support. We control the tail of the Gaussian function by an upper bound that we prove
together with Theorem 1.3 (see Proposition 4.1). It states that for every bulk interval I,
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there exists CI > 0 such that with probability tending to one,

∑
1≤i<j≤N:(λi+λj)/2∈I

(
1 +

(λj − λi)
2

ℓ2

)−61
≤ CIτ. (2.7)

We obtain
1
τ ∑

i:Ei∈I
exp

(
−

g2
i

8ℓ2

)
−→ 4

∫
I

c(E)dE (2.8)

in probability, where we used that
∫ ∞

0 ye−y2/8 dy = 4. Multiplying by x2/8, we recover
the mean (2.1). We note that the dependence on τ cancels, as it must.

Summing (2.6) over all pairs requires care. The local limit theorem (2.5) has an error
o(τ−1) for each pair, while the sums run over all pairs whose gap is small enough for
the linearization to apply. These are the pairs with gi ≤ N−7/5 (see Section 2.3), and
there are about N1/5 of them, many more than τ. We therefore restrict the sums to the
pairs with gi ≤ Rℓ for a large constant R, of which there are OR(τ) by (2.7). We treat the
remaining pairs with a large-deviation bound. For gi ≥ ℓ, the conditional probability that
|zi + Si| ≤ x/2 is at most Cτ−1e−cgi/ℓ (Proposition 4.4), and these bounds are summable
against (2.7), with a sum that tends to zero as R → ∞.

To obtain a Poisson limit, we need the joint behavior of Si1 , . . . , Sik for indices i1 <

· · · < ik such that ij+1 ≥ ij + 2 for all j, so that the pairs (ij, ij + 1) are disjoint. This
restriction suffices, since we show in Section 2.3 that, with probability tending to one, the
pairs with small gaps are disjoint. The vectors Si1 , . . . , Sik are built from the same selected
positions and the same variables Y1, . . . , Ym, so they are not conditionally independent.
However, their joint conditional covariance is close to 4mId2k, again by the orthonormality
of the eigenvectors, and we prove a joint local limit theorem for (Si1 , . . . , Sik). Joint local
limits, rather than independence, suffice to compute, through the Bonferroni inequalities,
the conditional Laplace functional of the point process of the rescaled linearized gaps
2|zi + Si|, which approximate the rescaled gaps of H̃. Finally, since H̃ and H have the
same law, the Poisson limit for H̃ is also the Poisson limit for H.

The choice of τ is a compromise. The local limit theorem needs many steps, so τ must
tend to infinity. On the other hand, the error in the linearization grows with τ, as we
explain next. The choice τ = N1/100 is convenient, but not essential.

2.3 Comparing actual and linearized gaps

We now explain why the approximation g̃i ≈ 2d|zi + Si| holds up to an error o(d),
simultaneously for all relevant i. Let ∆ = H̃ − H, let U denote the orthogonal matrix
with columns u1, . . . , uN, and let W = UT∆U denote the perturbation in the eigenbasis
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of H. With probability tending to one, the matrix ∆ has at most 2m nonzero entries, each
of absolute value at most 2N−1/2+ε, so the delocalization of the eigenvectors gives

max
i,j

|Wij| ≤ ∑
a<b

|∆ab| |ui(a)uj(b) + ui(b)uj(a)| ≤ 4mN−3/2+3ε ≤ wN,

wN = τN−3/2+3ε,
(2.9)

where we used that 4m ≤ τ. This bound is much smaller than the typical spacing N−1,
but it is larger than d. So the first-order approximation is not enough, and we must
control the interaction of each pair with the rest of the spectrum.

Let s = N−7/5. We call a maximal set K ⊂ [N] of consecutive integers such that
λj+1 − λj ≤ s whenever j, j + 1 ∈ K a cluster. By a result of Nguyen, Tao, and Vu
[57], the expected number of indices i ∈ [N − 2] with λi+2 − λi ≤ r is O(N(Nr)3),
uniformly in r ≥ N−2. Applying this with r = 4s, we see that λi+2 − λi > 4s for
all i, and in particular that no cluster has three or more elements, with probability
1 − O(N(Ns)3) = 1 − O(N−1/5).

For each cluster K, a Schur complement argument (Lemma 3.8) shows that H + ∆ has
exactly |K| eigenvalues near the eigenvalues λj with j ∈ K, and that their ordered values
differ from the ordered eigenvalues of the block (Λ+W)KK, where Λ = diag(λ1, . . . , λN),
by at most

2|K|
(

max
i,j

|Wij|
)2

sup
w

∑
j/∈K

1
|λj − w| ≤ 4w2

NLN =
δN

2
,

LN = 2s−1 log N, δN = 8w2
NLN.

(2.10)

Here the supremum is over the complex numbers w in the rectangle obtained by enlarging
the interval [λminK, λmaxK] by s/4 in each direction. We show in Section 7 that the sum is
bounded by LN , because every eigenvalue λj with j /∈ K is at distance at least 3s/4 from
such w, and at most two eigenvalues lie in every interval of length 4s, since λj+2 − λj > 4s
for all j. Inserting the values of τ, s, and d, we find

δN

d
= 16N−2/25+6ε log N, (2.11)

which tends to zero when ε < 1/75. In Section 7, we take ε = 1/100.
For a two-element cluster K = {i, i + 1}, the block (Λ + W)KK is exactly the compres-

sion considered in Section 2.2, and by (2.2) its eigenvalue gap equals 2d|zi + Si| when the
selected positions are distinct. Hence g̃i = 2d|zi + Si|+ o(d) for all two-element clusters
at once, and all other gaps of H̃ exceed s/2. The same estimate, applied with a Gaussian
perturbation in place of ∆, is used in Section 2.5.
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2.4 A local limit theorem at the scale of a single step

The local limit theorem (2.5) is needed at unit scale, which is the size of a single increment
(Y − Xab)D(i)

ab . At this resolution, the lack of smoothness of X matters again. For example,
if X takes the values ±1, then Y − Xab ∈ {−2, 0, 2}. If the linearized increments were
supported on a fixed lattice with mesh bounded away from zero at unit resolution, the
local limit theorem could fail. The fixed-lattice example at the beginning of Section 8
illustrates this obstruction. The central limit theorem holds regardless, but the local
limit theorem requires a quantitative upper bound on the modulus of the conditional
characteristic function

ΦH(ξ) = E
[

exp
(
iξ · (Y − Xab)D(i)

ab

) ∣∣ H
]
, ξ ∈ R2, (2.12)

for ξ in a range of intermediate frequencies, where (a, b) is a uniformly chosen position
and Y is an independent copy of X. Small frequencies are handled by the Gaussian
approximation, and large frequencies by the decay of the Fourier transform of ψ in (2.5).

The first step is a symmetrization, which removes the old entries Xab (whose values
are fixed once we condition on H) and avoids any symmetry assumption on X. Let Y′

denote an independent copy of Y. Averaging over the uniformly chosen position (a, b)
and using the convexity of z 7→ |z|2, we find

1 − |ΦH(ξ)|2 ≥
(

N
2

)−1

∑
a<b

E
[
1 − cos

(
(Y − Y′) ξ · D(i)

ab

)]
. (2.13)

For b ∈ [N], let rb = N1/2(ui(b), ui+1(b)) ∈ R2. For ξ = (ξ(1), ξ(2)) ∈ R2, let Γ(ξ)
denote the symmetric 2 × 2 matrix with rows (ξ(1), ξ(2)) and (ξ(2),−ξ(1)). A direct
computation from (2.3) gives ξ · D(i)

ab = rT
a Γ(ξ)rb. Suppose that the right side of (2.13) is

small. Since Var X = 1, the variable |Y − Y′| lies in a fixed compact subset of (0, ∞) with
positive probability, and for such values of Y − Y′ the phases (Y − Y′) rT

a Γ(ξ)rb are close
to 2πZ for most pairs (a, b). We choose two indices a′, a′′ such that the 2 × 2 matrix Q
with rows rT

a′ and rT
a′′ is well conditioned and such that most phases in these two rows

are close to 2πZ. Then for most b, there exists nb ∈ Z2 such that

(Y − Y′) QΓ(ξ)rb = 2πnb + (small error), so that rb ≈
2π

Y − Y′ Γ(ξ)−1Q−1nb.

(2.14)
When N−c ≤ |ξ| ≤ Nc for a small constant c > 0, the vectors nb range over a set of size
at most NCc. Consequently, N1/2ui is close, in the norm v 7→ (N−1 ∑b v(b)2)1/2, to a
vector whose coordinates take at most NCc distinct values. For k pairs at once, the same
argument applies with 2k indices in place of a′, a′′.

The second step excludes this. We show that with overwhelming probability, no
delocalized unit eigenvector of H is close, in this norm, to a vector whose coordinates take
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few distinct values (Lemma 8.5). The proof replaces the eigenvector and its eigenvalue
by nearby elements of a deterministic net of approximate eigenvectors and approximate
eigenvalues, and it combines a union bound over this net with anticoncentration.

For a given vector v and a given energy E in the net, we split [N] into a set of about
N/2 indices on which |v| is largest and its complement. For an index a in the complement,
the coordinate N1/2((H − E)v)(a) equals the sum of Xabv(b) over the indices b in the first
set, plus a term that does not involve the entries Xãb with ã in the complement and b in
the first set. These coordinates are independent over a once the other entries are fixed, and
each lies in a given short interval with small probability, by the Berry–Esseen theorem. If
(H − E)v is small, then at least N/4 of these coordinates lie in such intervals. The product
of the corresponding probabilities is much smaller than the inverse of the size of the
net, which is exponential in N only through the number of possible assignments of the
few distinct values. This part follows the net and decoupling arguments for structured
approximate eigenvectors in [57, 60, 74].

2.5 Gap counts at the scales N−1−α

It remains to explain Theorem 1.3, which supplies (2.8). For α ∈ (0, 1/2), let ℓα = N−1−α

and Mα = N1−2α. Theorem 1.3 states that for every y > 0 and every bulk interval I, the
number of gaps gi ≤ yℓα with Ei ∈ I is asymptotic to Mα(y2/2)

∫
I c(E)dE. At the scale

ℓα, a single entry moves a gap by about N−3/2 = o(ℓα), so comparison arguments are
available in principle. We use the Ornstein–Uhlenbeck interpolation

Ht = e−t/2H + (1 − e−t)1/2G, t ∈ [0, 1], (2.15)

where G is a matrix from the Gaussian orthogonal ensemble (GOE), independent of H
and normalized so that its off-diagonal entries have variance 1/N and its diagonal entries
have variance 2/N.

We work with smoothed pair statistics. Let p ≥ 2 be an integer. We define fp(w) =

(1 + w2)−p for w ∈ C \ {i,−i}. Let φ be a smooth nonnegative function with compact
support in (−2, 2), and let φN denote the convolution of φ with the centered Gaussian
density of standard deviation N−1/10. The function φN extends to an entire function,
which we also denote by φN. Let ωp > 0 be a small constant depending on p. For an
N × N complex matrix A whose eigenvalues w1, . . . , wN , listed with algebraic multiplicity,
satisfy | Im wj| < ωpℓα for all j, and for θ > 0, we set

Xα(A) = ∑
1≤i<j≤N

φN

(wi + wj

2

)
fp

(wj − wi

ℓα

)
, F(A) = exp

(
− θXα(A)

Mα

)
. (2.16)

The sum does not depend on the order of the eigenvalues, since fp is even. We call Xα(A)

the pair statistic of A. (In Section 5, it is denoted Xα(A; φN, fp).) For a real symmetric
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matrix A, it is a weighted count of the pairs of eigenvalues at distance of order ℓα. We
will show that

Xα(H)

Mα
−→

∫ ∞

0
y fp(y)dy ·

∫ 2

−2
φ(E)c(E)dE (2.17)

in probability, for all sufficiently large p and all φ as above.
For p ≥ 2, the pairs (i, j) with j ≥ i + 2 and the pairs at distance much larger than ℓα

contribute o(Mα) to Xα(H). Further, linear combinations of the functions fp approximate
every continuous function on [0, ∞) with compact support, and the smoothing of φ can
be removed. Hence (2.17) implies Theorem 1.3 at the scale ℓα. We carry out this deduction
in the proof of Theorem 1.3 in Section 6.4.

Base case. For α < 1/8, we use a coupling of Bourgade [10, Corollary 3.3]. Fix c∗ ∈
(0, 1/2). For N−1+ε ≤ t < 1, there exists a coupling of Ht with a GOE matrix G′ such
that, with overwhelming probability, the gaps λi+1(Ht)− λi(Ht) and λi+1(G′)− λi(G′)
differ by at most Nε/(N2t) for all i with c∗N ≤ i ≤ (1 − c∗)N (Proposition 3.5). We take
t = T, where T = N−3/4−α. Then this error is N−5/4+α+ε, which is o(ℓα) when α < 1/8,
so (2.17) with HT in place of H follows from the corresponding statement for the GOE.
We prove the latter in Appendix A from the Pfaffian formulas for the GOE correlation
functions. It then remains to compare HT with H.

Comparison. We compare the Laplace transforms EF(Ht) and EF(H). A comparison
requires bounds on derivatives of F with respect to the entries of the matrix. Derivatives
of eigenvalues of order two and higher contain denominators (λi(A) − λj(A))−1, so
bounds obtained from perturbation formulas would require control of small gaps, which
is the information we are trying to obtain.

We avoid this through holomorphy. For a < b, let Vab = eaeT
b + ebeT

a . Let A be a real
symmetric matrix such that ∥A∥ ≤ 3, every unit eigenvector of A has all coordinates
bounded by N−1/2+ε, and every interval of length N−1 contains at most Nε eigenvalues
of A. By the local semicircle law [4, 29], these conditions hold for Ht with overwhelming
probability (Proposition 3.2). We show that there exists c = cp > 0 such that, for all
sufficiently large N and every complex ζ with |ζ| ≤ cN−α−4ε, all eigenvalues w of
A + ζVab satisfy | Im w| < ωpℓα (Lemma 5.2). Hence F(A + ζVab) is defined. Since Xα

is a symmetric function of the eigenvalues, F(A + ζVab) is a holomorphic function of ζ

(Lemma 5.5). Since the imaginary parts of the eigenvalues are much smaller than N−1/5,
the square of the smoothing scale N−1/10 of φN, and ωp is small, every term of the sum
in (2.16) has nonnegative real part (Lemmas 5.1 and 5.5). Therefore |F(A + ζVab)| ≤ 1,
and Cauchy’s estimates give, for all real ζ with |ζ| ≤ cN−α−4ε/2 and all integers n ≥ 1,∣∣∣ dn

dζn F(A + ζVab)
∣∣∣ ≤ n!

( cN−α−4ε

2

)−n
. (2.18)
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No information about gaps enters this bound. With (2.18), a Taylor expansion in one
entry at a time along the interpolation (2.15), in the style of the continuity estimate of
Bourgade and Yau [11], gives for every D > 0∣∣EF(Ht)− EF(H)

∣∣ ≤ CtN1/2+3α+12ε + CDN−D. (2.19)

The factor N1/2+3α+12ε comes from summing third-order Taylor terms, each of size
N−3/2 · N3(α+4ε), over the N2 entries. We do not assume that EX3 = 0. For t = T, the
right side of (2.19) is CN−1/4+2α+12ε + CDN−D, which tends to zero when α < 1/8. Since
this holds for all θ > 0, the statement (2.17) for HT implies (2.17) for H. This proves
Theorem 1.3 for α < 1/8.

Induction on α. Let α and α′ satisfy 1/10 ≤ α < α′ < 1/2, and suppose that (2.17)
holds. To prove (2.17) with α′ in place of α, we use the Gaussian component of Ht to
transfer information from the scale ℓα to the smaller scale ℓα′ , and then compare back. Let
tα = Nℓ2

α = N−1−2α, let U and Λ be as in Section 2.3, and let W ′ = (1 − e−tα)1/2UTGU.
Then

UT HtαU = e−tα/2Λ + W ′, (2.20)

so Htα has the same eigenvalues as e−tα/2Λ + W ′. (In Section 6, the matrices W ′ and
e−tα/2Λ are denoted W and Dy.) By the orthogonal invariance of G, conditionally on H,
the matrix W ′ is a GOE matrix multiplied by (1 − e−tα)1/2, and its entries are of order ℓα.

We group the eigenvalues of H into clusters as in Section 2.3, with the threshold
q = N−1−κ in place of s, where κ = α − α′/6. We apply the estimate (2.10) with e−tα/2Λ,
W ′, and q in place of Λ, W, and s. Since the entries of W ′ are bounded by Nεℓα with
overwhelming probability, it shows that for each two-element cluster K = {i, i + 1}, the
gap of Htα equals the eigenvalue gap of the block (e−tα/2Λ + W ′)KK up to an error of
order NCεℓ2

α/q. By (2.2), the gap of this block equals∣∣(e−tα/2gi + W ′
i+1,i+1 − W ′

ii, 2W ′
i,i+1

)∣∣. (2.21)

Here W ′
i+1,i+1 − W ′

ii and 2W ′
i,i+1 are independent centered Gaussian variables with

variance 4(1− e−tα)/N = 4ℓ2
α(1+ o(1)), and the blocks of different clusters are condition-

ally independent. Therefore, conditionally on H, the number of gaps of the blocks at the
scale ℓα′ , which approximates the corresponding number for Htα , is a sum of independent
bounded variables. Its conditional mean is a Gaussian smoothing, at the scale ℓα, of the
gap counts of H at the scale ℓα. These counts are known by the induction hypothesis, so
we obtain (2.17) with α′ in place of α for Htα . The comparison (2.19), with α′ in place of α

and t = tα, transfers it to H provided that tαN1/2+3α′ = N−1/2−2α+3α′ tends to zero.
Two further conditions are needed. We have

ℓ2
α

q
= N−1−2α+κ, N(Nq)3 = N1−3κ. (2.22)
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Figure 2.2. The induction on α. The shaded region is the set of pairs (α, α′) allowed by (2.23). The
staircase shows the first steps of the sequence α(n+1) = α(n) + min{α(n), 1/2 − α(n)}/10 starting
from α(0) = 1/10, which increases to 1/2; the base case covers all α < 1/8.

The error in the Schur complement estimate, which is of order ℓ2
α/q up to factors NCε,

must be o(ℓα′), which holds when κ < 2α − α′. Clusters with three or more elements
must be negligible. By the bound of Nguyen, Tao, and Vu, their expected number is
O(N(Nq)3), which must be o(Mα′), and this holds when 3κ > 2α′. For κ = α − α′/6,
both conditions are equivalent to α′ < 6α/5. All conditions therefore hold when

1
10

≤ α < α′ < min
{6α

5
,

1
6
+

2α

3

}
. (2.23)

The bound p ≥ 61, for which (2.17) is proved, and the lower bound α ≥ 1/10 are used
only in the bound (6.47) in the proof of Proposition 6.7, where 2p(α′ − κ) > 1 + 2α′

is needed and holds because α′ − κ > α/6 ≥ 1/60. Starting from α = 1/10, which is
covered by the base case, finitely many steps reach every α < 1/2, as shown in Figure 2.2.

2.6 Hermitian matrices

In this section only, H denotes a complex Hermitian Wigner matrix as in Definition 1.4,
with eigenvalues λ1 ≤ · · · ≤ λN and gaps gi = λi+1 − λi, and the matrix G in (2.15) is
taken from the Gaussian unitary ensemble (GUE), normalized so that E|Gab|2 = 1/N
and EG2

ab = 0 for a < b and its diagonal entries have variance 1/N. The smallest gaps
are of order N−4/3, which is the critical scale in this case, while a single entry moves
a gap by only about N−3/2. Comparison at the critical scale is therefore possible, and
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no resampling is needed. The scale N−4/3 corresponds to α = 1/3, and the analogue of
(2.19) at this scale has the right side

CtN1/2(N · N−4/3)−3NCε = CtN3/2+Cε (2.24)

when the third moments of the entries do not vanish. So the Gaussian component must
be taken at a time t = N−1−2α1 with α1 > 1/4. We also take α1 < 1/3, so that the entries
of the Gaussian part of Ht, which are of order N−1−α1 , are larger than the critical scale.

An induction on α as in Section 2.5, with Gaussian vectors in R3 in place of R2 in
(2.21), gives the Hermitian analogue of (2.17). With c2(E) as in Theorem 1.5, it states that
Xα(H)/N1−3α converges in probability to

∫ ∞
0 y2 fp(y)dy ·

∫ 2
−2 φ(E)c2(E)dE. We prove

this along a finite chain of exponents that starts below 1/8 and ends at α1 = 8/25,
which is all that the argument needs; the induction step differs from the real case in
its treatment of triples of eigenvalues, described below. At the time t = N−1−2α1 , the
2 × 2 block computation then gives the statistics of the gaps of Ht at the scale N−4/3,
provided that clusters of three eigenvalues are under control and clusters of four or more
eigenvalues are absent.

This is where nonzero third moments cause difficulty. We again group the eigenvalues
into clusters, at a threshold q = N−1−κ with κ > 0 to be chosen. For the GUE, the three-
point correlation function vanishes quadratically in each of the three distances between
its arguments, so the expected number of indices i with λi+2 − λi ≤ q and λi in a
bulk interval is of order N(Nq)2+6 = N1−8κ. Excluding such triples therefore requires
κ > 1/8. However, transferring information at the scale N−1−κ from the GUE to H
through Bourgade’s coupling and the comparison estimate requires κ < 1/8.

Instead of excluding triples, we show that they rarely produce small gaps. For
κ < 1/8, the number of indices i with λi+2 − λi ≤ N−1−κ and λi in a bulk interval is
at most N1−8κ+Cε with probability tending to one. Further, a Gaussian perturbation at
time t = N−1−2α1 turns a given triple into a gap of order N−4/3 with probability at most
NCε(N−4/3/N−1−α1)3 = N−1+3α1+Cε. The expected number of small gaps produced by
triples is therefore bounded by

N1−8κ+Cε · N−1+3α1+Cε = N3α1−8κ+2Cε, (2.25)

which tends to zero when κ > 3α1/8. This is compatible with κ < 1/8 because α1 < 1/3.
Clusters of four or more eigenvalues within distance N−1−κ are absent with probability
tending to one when κ > 1/15, by the analogous count of quadruples. A similar bound
on triples is used in the steps of the induction. We sketch the details in Section 9, where
we take α1 = 8/25.
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2.7 Organization of the paper

Section 3 collects estimates on eigenvalues and eigenvectors from the literature, a pertur-
bation lemma for matrices that are entrywise small perturbations of diagonal matrices,
and an estimate for Gaussian kernels. In Section 4, we state three propositions (the gap
counts at the scale ℓ, the local limit theorem for linearized increments, and the compari-
son of actual and linearized gaps) and deduce Theorem 1.2 from them. Section 5 contains
the holomorphic comparison estimate, which is the main input to Section 6, where we
prove Theorem 1.3 and Proposition 4.1 through the base case and the induction on α. In
Section 7, we compare actual and linearized gaps, and in Section 8, we prove the local
limit theorem. Section 9 sketches the proof of Theorem 1.5. Appendix A computes the
gap counts of the GOE needed for the base case.



section 3

Preliminaries

In this section, we collect the facts about eigenvalues and eigenvectors that are used in
the rest of the paper. Section 3.1 contains regularity and rigidity estimates for H, Ht,
and G, a level repulsion estimate for H, a coupling of the gaps of Ht with those of the
GOE, and the pair statistics of the GOE. Section 3.2 contains a deterministic lemma on
the eigenvalues of a diagonal matrix perturbed by a Hermitian matrix with small entries,
which we apply in Section 6, Section 7, and Section 9. Section 3.3 contains an elementary
Gaussian estimate used in Section 6 and Section 9.

We first fix some notation for the rest of the paper. We write σ2
Z = EZ2, which is

positive by Definition 1.1, and we set Xaa = Za for a ∈ [N], so that Xab = N1/2Hab for all
a ≤ b. We define the real symmetric N × N matrices

Vab = eaeT
b + ebeT

a (1 ≤ a < b ≤ N), Vaa = eaeT
a (a ∈ [N]), (3.1)

so that every real symmetric N × N matrix A satisfies A = ∑a≤b AabVab. Throughout
the paper, G denotes a GOE matrix independent of H, whose upper-triangular entries
are independent centered Gaussian random variables with variance N−1 off the diagonal
and 2N−1 on the diagonal, and we set

Ht = e−t/2H + (1 − e−t)1/2G, t ∈ [0, 1]. (3.2)

For i ∈ [N], we let γi denote the classical location defined by
∫ γi
−2 ρsc(E)dE = i/N. For

events indexed by a parameter, we say that they hold with overwhelming probability
uniformly in the parameter if the constant CD in the definition of overwhelming probability
can be chosen independent of the parameter.

3.1 Estimates for eigenvalues and eigenvectors

We begin with the set of matrices on which our deterministic arguments take place.

Definition 3.1. Let ε > 0. We define Gε to be the set of N × N real symmetric matrices A
with the following three properties.

(i) ∥A∥ ≤ 3.
(ii) Every unit eigenvector v ∈ RN of A satisfies ∥v∥∞ ≤ N−1/2+ε.

22
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(iii) For all E ∈ R, we have #{i ∈ [N] : λi(A) ∈ [E, E + N−1]} ≤ Nε.

We call the elements of Gε regular matrices.

Each of the three conditions becomes weaker as ε increases, so Gε ⊂ Gε′ for ε < ε′.
(Using the continuity of eigenvalues and of total eigenprojections [43], one checks that Gε

is a Borel set.)

Proposition 3.2. The following statements hold.

(a) For all ε > 0 and D > 0, there exists Cε,D > 0 such that P(Ht /∈ Gε) ≤ Cε,DN−D for all
N ≥ 2 and t ∈ [0, 1].

(b) For all c∗ ∈ (0, 1/2), ε > 0, and D > 0, there exists C > 0 such that for all N ≥ 2 and
t ∈ [0, 1],

P
(

max
c∗N≤i≤(1−c∗)N

|λi(Ht)− γi| > N−1+ε
)
≤ CN−D. (3.3)

(c) For every integer n ≥ 1, there exists Cn > 0 such that E∥Ht∥n ≤ Cn for all N ≥ 2 and
t ∈ [0, 1].

The same statements hold with Ht replaced by G.

The next lemma is an edge-inclusive rigidity estimate with subpolynomial precision,
due to Erdős, Yau, and Yin [29]. It is used only for the coupling, in the proof of
Proposition 3.5 and of its Hermitian analogue in Section 9.

Lemma 3.3. There exists A0 > 0 such that, uniformly in t ∈ [0, 1], with overwhelming
probability,

|λi(Ht)− γi| ≤ eA0(log log N)2
N−2/3 min(i, N + 1 − i)−1/3 for all i ∈ [N]. (3.4)

The same statement holds with Ht replaced by G.

Proof of Proposition 3.2. We deduce the proposition from the results of Benaych-Georges
and Knowles [4]. Their Definition 2.2 concerns a sequence A = A(N) of N × N Hermitian
random matrices with the following three properties.

(1) The entries Aab with a ≤ b are independent.
(2) We have EAab = 0 for all a, b, E|Aab|2 = N−1 for a ̸= b, and E|Aaa|2 ≤ CN−1 for all

a.
(3) For every integer n ≥ 1, there exists Cn > 0 such that E|N1/2Aab|n ≤ Cn for all N, a,

and b.

We first check that (1)–(3) hold for (HtN)N≥2, for every sequence (tN) in [0, 1], with
constants independent of the sequence. The upper-triangular entries of Ht are indepen-
dent and centered, since H and G are independent and each has independent centered
upper-triangular entries. For a ≤ b, we have

N1/2(Ht)ab = e−t/2Xab + (1 − e−t)1/2N1/2Gab, (3.5)
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and therefore

E(Ht)
2
ab =

1
N

(a ̸= b), E(Ht)
2
aa =

e−tσ2
Z + 2(1 − e−t)

N
≤

max(σ2
Z, 2)

N
.

Using (3.5), Minkowski’s inequality, and the sub-Gaussian tails of X, Z, and N1/2Gab, we
see that the moments of N1/2(Ht)ab are bounded uniformly in t, N, a, and b. The GOE
matrix G satisfies (1)–(3) by [4, Example 2.3].

Next, let A be a sequence with the properties (1)–(3). We claim that for all ε ∈ (0, 1/4],
c∗ ∈ (0, 1/2), and D > 0, there exists N0 such that for all N ≥ N0,

P(A /∈ Gε) + P
(

max
c∗N≤i≤(1−c∗)N

|λi(A)− γi| > N−1+ε
)
≤ N−D. (3.6)

We first show that the claim implies (a) and (b). The events in (a) and (b) decrease as
ε increases, so it suffices to consider ε ≤ 1/4. Suppose that (a) or (b) fails for some ε, c∗,
and D. Then for infinitely many N, there exists tN ∈ [0, 1] such that the left side of (3.6)
with A = HtN is larger than N−D, since otherwise a suitable constant would give the
bounds in (a) and (b) for all N and t. Setting tN = 0 for all other N, we obtain a sequence
(HtN) with the properties (1)–(3) for which (3.6) fails, which is a contradiction. Applying
(3.6) to A = G, we also obtain (a) and (b) for G.

We now prove the claim, and we begin with the norm and the diagonal resolvent
entries. By [4, Theorem G.1], we have ∥A∥ ≤ 3 with overwhelming probability. For
w = E + iη with η > 0, let

msc(w) =
∫ 2

−2

ρsc(E′)

E′ − w
dE′, r(w) =

( Im msc(w)

Nη

)1/2
+

1
Nη

denote the Stieltjes transform of the semicircle law and the error parameter of [4, (2.16)],
and recall that |msc(w)| ≤ 1. We also set

Wε = {E + iη : |E| ≤ 4/ε, N−1+ε/4 ≤ η ≤ 4/ε}.

The local semicircle law [4, Theorem 2.6], in the form [4, (2.17)] that holds simultane-
ously for all spectral parameters, applied with the spectral domain Wε, shows that with
overwhelming probability

|((A − w)−1)aa − msc(w)| ≤ Nε/4r(w) for all a ∈ [N] and w ∈ Wε.

We have r ≤ 2 on Wε, as Im msc ≤ 1 and Nη ≥ 1 there. Therefore, with overwhelming
probability,

max
a∈[N]

sup
w∈Wε

|((A − w)−1)aa| ≤ 3Nε/4. (3.7)

Let U denote the event that ∥A∥ ≤ 3 and (3.7) hold. We will show that conditions
(ii) and (iii) of Definition 3.1 hold on U for N ≥ N0(ε). These deductions from the local
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law are standard (compare the proof of [4, Theorem 2.10]). We write them out because
condition (ii) concerns every unit eigenvector, including the eigenvectors of multiple
eigenvalues.

We first derive (ii). For an eigenvalue λ of A, let Πλ denote the orthogonal projection
onto its eigenspace, so that

(A − w)−1 = ∑
λ′

Πλ′

λ′ − w
, w ∈ C \ R,

where the sum runs over the distinct eigenvalues of A. Let v be a unit eigenvector of A
with eigenvalue λ, and let a ∈ [N]. For all η > 0, we have

|v(a)|2 = |(Πλea) · v|2 ≤ (Πλ)aa ≤ η ∑
λ′

η (Πλ′)aa

(λ′ − λ)2 + η2 = η Im
(
(A − λ − iη)−1)

aa. (3.8)

Here the first equality follows from v = Πλv, the first inequality follows from the Cauchy–
Schwarz inequality and ∥Πλea∥2

2 = (Πλ)aa, and the second inequality follows from the
fact that (Πλ′)aa ≥ 0 for every eigenvalue λ′.

We now use (3.8) on U . There we have |λ| ≤ 3 ≤ 4/ε, so λ + iN−1+ε/4 ∈ Wε. Using
(3.8) with η = N−1+ε/4 and (3.7), we obtain

|v(a)|2 ≤ 3N−1+ε/2 ≤ N−1+2ε

for N ≥ N0(ε), which gives (ii).
Next, we derive (iii). Fix E ∈ R, and note that the set in (iii) is empty on U unless

[E, E + N−1] intersects [−3, 3], so we may assume this. Then E′ = E + (2N)−1 satisfies
|E′| ≤ 4. We set η = N−1+ε/4, so that E′ + iη ∈ Wε. Every i with λi(A) ∈ [E, E + N−1]

satisfies

|λi(A)− E′| ≤ (2N)−1 ≤ η, and hence
η

(λi(A)− E′)2 + η2 ≥ 1
2η

.

Summing over these i, we obtain

#{i : λi(A) ∈ [E, E + N−1]} ≤ 2η
N

∑
i=1

η

(λi(A)− E′)2 + η2

= 2η
N

∑
a=1

Im
(
(A − E′ − iη)−1)

aa ≤ 6Nε/2,

where we used (3.7) in the last step. The right side is bounded by Nε for N ≥ N0(ε),
which gives (iii).

As ∥A∥ ≤ 3 on U , we conclude that the first term in (3.6) is bounded by P(U c) ≤
N−D/2 for N ≥ N0.
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We now prove the rigidity estimate in (3.6). The eigenvalues in [4] are labeled in
decreasing order, and the typical location γBK

i of the i-th largest eigenvalue is defined
there by the first relation in

N
∫ 2

γBK
i

ρsc(E)dE = i − 1
2

, N
∫ γ′

i

−2
ρsc(E)dE = i − 1

2
.

The second relation holds for γ′
i = γBK

N+1−i. After relabeling, [4, Theorem 2.9] and a union
bound over i show that with overwhelming probability

|λi(A)− γ′
i | ≤ Nε/2N−2/3 min(i, N + 1 − i)−1/3 for all i ∈ [N].

Let c∗N ≤ i ≤ (1 − c∗)N and N ≥ 2/c∗. Then i/N and (i − 1/2)/N belong to [c∗/2, 1 −
c∗/2], and ρsc is bounded below on the energies whose quantiles lie in this interval, so the
mean value theorem gives |γi − γ′

i | ≤ CN−1. Since min(i, N + 1 − i) ≥ c∗N, we conclude
that with overwhelming probability

|λi(A)− γi| ≤ |λi(A)− γ′
i |+ |γ′

i − γi| ≤ Nε/2c−1/3
∗ N−1 + CN−1 ≤ N−1+ε

for all such i and all N ≥ N0. This completes the proof of the claim.
Finally, we prove (c). By [4, Theorem H.1], if an N × N Hermitian matrix A with

independent centered upper-triangular entries satisfies E exp(c′N|Aab|2) ≤ 1/c′ for all
a, b and some c′ > 0, then

P(∥A∥ ≥ x) ≤ exp
(
− c(x2 − C)N

)
for all x > 0,

where c, C > 0 depend only on c′. By (3.5), we have

N|(Ht)ab|2 ≤ 2X2
ab + 2NG2

ab,

so the independence of H and G and the sub-Gaussian tails of X, Z, and N1/2Gab show
that this hypothesis holds for Ht with some c′ > 0 independent of t, and also for G.
Setting x0 = (2C)1/2, we find

E∥Ht∥n =
∫ ∞

0
nxn−1P(∥Ht∥ ≥ x)dx ≤ xn

0 +
∫ ∞

x0

nxn−1e−cx2N/2 dx ≤ Cn,

where we used that x2 − C ≥ x2/2 for x ≥ x0. The same computation applies to G.

Proof of Lemma 3.3. We use [29, Theorem 2.2]. It concerns an N × N real symmetric matrix
A with independent centered upper-triangular entries whose variances σ2

ab = EA2
ab satisfy

the following three conditions.

(1) The variances in each column sum to one, which is [29, (2.2)].
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(2) There exist constants 0 < C− ≤ C+ with C− ≤ Nσ2
ab and Nσ2

ab ≤ C+ for all a, b ∈ [N].
By [29, Example 1], this implies the assumption [29, (2.3)]. Further, it implies [29,
(2.4)] directly.

(3) The variables Aab/σab have uniformly subexponential tails in the sense of [29, (2.17)].

The classical locations in [29] coincide with our γi, and the eigenvalues there are
labeled in increasing order. Let A1 > 1 be the constant in the lower bound on the
parameter L in [29, (2.18)]. Under the three conditions above, [29, (2.25)] with L =

A1 log log N states that

P
(
∃ i ∈ [N] : |λi(A)− γi| ≥ eA1(log log N)2

N−2/3 min(i, N + 1 − i)−1/3
)

≤ C exp
(
− c ec1 A1(log log N)2) (3.9)

for N ≥ N0, where c1 ∈ (0, 1), and where A1, c, c1, C, and N0 depend only on C± and
on the constants in [29, (2.17)]. Here we used that (log N)L = eA1(log log N)2

, and that the
upper bound on L in [29, (2.18)] holds for N large. Since ec1 A1(log log N)2

grows faster than
every multiple of log N, the right side of (3.9) is bounded by CDN−D for every D > 0.

The matrix Ht violates the first condition by a term of order N−1, and we correct this
by a scalar factor. Let

σ2
t = e−tσ2

Z + 2(1 − e−t), rN,t = 1 +
σ2

t − 1
N

,

so that σ2
t is the variance of N1/2(Ht)aa. By the computation of the variances in the proof

of Proposition 3.2, we have

N

∑
a=1

E(Ht)
2
ab =

N − 1
N

+
σ2

t
N

= rN,t for all b ∈ [N],

so the matrix A = r−1/2
N,t Ht satisfies the first condition.

Recall that σ2
Z > 0 (this is needed for the lower bound below). It follows that for

N ≥ 2,

0 < min(σ2
Z, 2) ≤ σ2

t ≤ max(σ2
Z, 2),

1
2
≤ rN,t ≤ 1 + max(σ2

Z, 2).

The variances of the entries of A satisfy

Nσ2
ab = r−1

N,t (a ̸= b), Nσ2
aa = σ2

t r−1
N,t,

so we obtain the second condition in the form

min(σ2
Z, 1)

1 + max(σ2
Z, 2)

≤ Nσ2
ab ≤ 2 max(σ2

Z, 2) for all a, b ∈ [N].
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We next check the third condition. By (3.5), we have

Aab
σab

= e−t/2Xab + (1 − e−t)
1
2 N

1
2 Gab (a ̸= b),

Aaa

σaa
=

e−t/2Za + (1 − e−t)
1
2 N

1
2 Gaa

σt
.

These variables have sub-Gaussian tails with constants independent of t, N, a, and b, as
σ2

t ≥ min(σ2
Z, 2). This implies [29, (2.17)] with constants independent of t. Hence (3.9)

holds for A = r−1/2
N,t Ht, with constants independent of t.

We now return to Ht. For N ≥ N0, we have |λi(A)| ≤ 3 for all i on the complement
of the event in (3.9). Since λi(Ht) = r1/2

N,t λi(A), we find on this complement that

|λi(Ht)− λi(A)| = |r1/2
N,t − 1| |λi(A)| ≤ 3|rN,t − 1|

≤ CN−1 ≤ CN−2/3 min(i, N + 1 − i)−1/3, i ∈ [N],

where we used |r1/2
N,t − 1| ≤ |rN,t − 1|. Combining this with (3.9), we obtain on the same

complement that, for N large and all i ∈ [N],

|λi(Ht)− γi| ≤
(
eA1(log log N)2

+ C
)

N−2/3 min(i, N + 1 − i)−1/3

≤ e(A1+1)(log log N)2
N−2/3 min(i, N + 1 − i)−1/3.

This is (3.4) with A0 = A1 + 1. For G, the same argument applies with σ2
t replaced by

2.

We next record the tail bound of Nguyen, Tao, and Vu [57] for the distance between
eigenvalues whose labels differ by two.

Proposition 3.4. For every C1 > 0, there exists C > 0 such that

sup
1≤i≤N−2

P
(
λi+2 − λi ≤ δ/N

)
≤ Cδ3 for all δ ≥ N−C1 . (3.10)

Further, for r > 0, let N3(r) denote the number of i ∈ [N − 2] such that λi+2 − λi ≤ r. Then
EN3(r) ≤ CN(Nr)3 for all r ≥ N−1−C1 .

Proof. This is [57, Corollary 2.5] with l = 2, for which the exponent cl there equals 3,
translated to our normalization. That corollary concerns real symmetric Wigner matrices
in the sense of [57, Section 1], whose strictly upper-triangular entries are independent
and identically distributed sub-Gaussian random variables with mean zero and variance
one, and whose diagonal entries are independent sub-Gaussian random variables with
mean zero and variance at most N1−o(1), independent of the strictly upper-triangular
entries. These hypotheses allow atomic entry distributions. The matrix N1/2H, whose
entries are the Xab and the Za, is of this form, since Za has variance σ2

Z.
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For every C1 > 0, [57, Corollary 2.5] gives C > 0 such that

sup
1≤i≤N−2

P
(
λi+2(N1/2H)− λi(N1/2H) ≤ δN−1/2) ≤ Cδ3 for all δ ≥ N−C1 .

As λi(N1/2H) = N1/2λi, this is (3.10). Applying (3.10) with δ = Nr, we obtain

EN3(r) =
N−2

∑
i=1

P(λi+2 − λi ≤ r) ≤ CN(Nr)3, r ≥ N−1−C1 .

We next describe the coupling of the gaps of Ht with those of the GOE, which is due
to Bourgade [10]. Let B = (B(t))t≥0 be an N × N real symmetric matrix of Brownian
motions, independent of H and G, such that the processes Bab with a < b and 2−1/2Baa

with a ∈ [N] are independent standard Brownian motions. Let (Hdyn
t )t≥0 denote the

matrix Ornstein–Uhlenbeck process

Hdyn
t = e−t/2H + N−1/2

∫ t

0
e−(t−t′)/2 dB(t′), (3.11)

which is the solution of dHdyn
t = N−1/2 dB(t)− 2−1Hdyn

t dt with Hdyn
0 = H. For each

t ≥ 0, the stochastic integral in (3.11) is a centered Gaussian real symmetric matrix,
independent of H, whose upper-triangular entries are independent with variance (1 −
e−t)N−1 off the diagonal and 2(1 − e−t)N−1 on the diagonal. Hence Hdyn

t has the law of
Ht for t ∈ [0, 1]. We write λi(t) = λi(Hdyn

t ).
Let E0 denote the event that the eigenvalues of H are distinct. As recalled in [10,

Section 1.4], the eigenvalues of Hdyn
t form, on E0, the unique strong solution of the

system

dλi(t) =
dβi(t)
N1/2 +

( 1
N ∑

j ̸=i

1
λi(t)− λj(t)

− λi(t)
2

)
dt, i ∈ [N], (3.12)

where β1, . . . , βN are independent Brownian motions with Eβi(t)2 = 2t. We extend
this definition to the complement of E0 by letting β1, . . . , βN be independent Brownian
motions with the same variance there, independent of all other random variables. We
let µ(t) = (µ1(t), . . . , µN(t)) denote the solution of (3.12) driven by the same βi, with
initial condition µi(0) = λi(G). The spectrum of G is simple almost surely, and the
βi are independent of G, since B is independent of (H, G). The law of the spectrum
of G is invariant for (3.12) (see the discussion of [10, (2.2)]), so µ(t) has the law of the
spectrum of G for every t ≥ 0. This is the coupling of [10, (1.7)–(1.8)], with λ(t) and µ(t)
corresponding to the parameter values 0 and 1 of the interpolation there.
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Proposition 3.5. For all c∗ ∈ (0, 1/2), ε > 0, and D > 0, there exists N0 such that for all
N ≥ N0 and N−1+ε ≤ t < 1,

P
(

max
c∗N≤i≤(1−c∗)N

∣∣(λi+1(t)− λi(t))− (µi+1(t)− µi(t))
∣∣ > Nε

N2t

)
≤ N−D. (3.13)

In particular, for every such t, the spectrum of Ht and that of a GOE matrix can be coupled so
that the event in (3.13) has probability at most N−D.

Proof. This follows from [10, Corollary 3.3] and a union bound, and we now check
its hypotheses. That corollary states the following. For all c∗, ε, D > 0, there exist
C, N0 > 0 such that for all N ≥ N0, all t with eC(log log N)2

N−1 < t < 1, and all i with
c∗N ≤ i ≤ (1 − c∗)N,

P
(∣∣(λi+1(t)− λi(t))− (µi+1(t)− µi(t))

∣∣ > Nε

N2t

)
≤ N−D. (3.14)

In [10], the initial condition λ(0) is the spectrum of a generalized Wigner matrix in the
sense of [10, Definition 1.1], µ(0) is the spectrum of a GOE matrix, and the initial points
are distinct.

First, the variances of the entries of a generalized Wigner matrix in [10, Definition 1.1]
have row sums exactly one, whereas those of H have row sums 1+ (σ2

Z − 1)/N. However,
[10, Remarks 2.9 and 3.2] state that the results hold, for every value of the symmetry
parameter in [10, (2.2)] that is at least one, whenever the initial conditions satisfy optimal
rigidity estimates. Indeed, the proofs of [10, Theorem 3.1 and Corollary 3.3] use the initial
spectra only through the rigidity event of [10, (2.7)] and the lower bound 1 − N−D on its
probability in [10, Lemma 2.3]. (The GOE initial condition used there also has row sums
1 + N−1.) This event requires that for every initial condition on the segment between
λ(0) and µ(0), the solution x of (3.12) with this initial condition satisfies

|xi(t′)− γi| < eC′(log log N)2/2N−2/3 min(i, N + 1 − i)−1/3

for all i ∈ [N] and t′ ∈ [0, 1], where C′ is a sufficiently large constant.
As explained before [10, Lemma 2.3], the lower bound on the probability of this event

follows from rigidity estimates at fixed times for the spectra of Hdyn
t′ with t′ ∈ [0, 1] and

of a GOE matrix (the solutions started at the endpoints λ(0) and µ(0)). The passage to
all times and to the whole segment uses a discretization in time and along the segment,
Weyl’s inequality, and a maximum principle for the derivative of the solution along the
segment. Recall that Hdyn

t′ has the law of Ht′ . For our initial data, the fixed-time estimates
are therefore given by Lemma 3.3, applied to Ht′ and to G, since

eA0(log log N)2 ≤ 1
2

eC′(log log N)2/2
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for C′ > 2A0 and N large. The remaining steps use only (3.11), (3.12), and bounds on
∥Hdyn

t′ ∥, which follow from Proposition 3.2, so the conclusion of [10, Lemma 2.3] holds
for our initial data as well.

Second, the system (3.12) is set up in [10] for distinct initial points, which holds on
E0. By [57, Corollary 2.2], applied to N1/2H as in the proof of Proposition 3.4, for every
C1 > 0 there exists CNTV > 0 such that

P(λi+1 − λi ≤ N−1−C1) ≤ CNTVN−C1 for all i ∈ [N − 1].

A union bound over i gives

P(E c
0) ≤

N−1

∑
i=1

P(λi+1 − λi ≤ N−1−C1) ≤ CNTVN1−C1 ,

and since C1 is arbitrary, E0 holds with overwhelming probability. (See also [71].) We
apply [10, Corollary 3.3] on E0 and include E c

0 in the exceptional event.
Third, (3.14) concerns a single index i. We apply it with D + 2 in place of D and take

a union bound over the at most N indices i with c∗N ≤ i ≤ (1 − c∗)N. Together with
P(E c

0) ≤ N−D−1 for large N, this bounds the probability in (3.13) by

N · N−D−2 + P(E c
0) ≤ 2N−D−1 ≤ N−D.

Finally, eC(log log N)2
N−1 < N−1+ε for N large, so every t ∈ [N−1+ε, 1) belongs to the

range of [10, Corollary 3.3]; the upper limit t < 1 is strict there. The last statement of the
proposition holds because λ(t) has the law of the spectrum of Ht and µ(t) has the law of
the spectrum of G.

For α ∈ (0, 1/2), we set

ℓα = N−1−α, Mα = N1−2α = N3ℓ2
α. (3.15)

The next proposition gives the pair statistics of the GOE at the scale ℓα for α < 1/4. We
use it for the base case in Section 6, and we prove it in Appendix A.

Proposition 3.6. Let α ∈ (0, 1/4) and p > 1. Let f : [0, ∞)×R → R be a continuous function
for which there exist a bulk interval I and a constant C f > 0 such that f (r, E) = 0 for E /∈ I and
| f (r, E)| ≤ C f (1 + r2)−p for all (r, E). Then, in L1 and hence in probability,

1
Mα

∑
1≤i<j≤N

f
(λj(G)− λi(G)

ℓα
,

λi(G) + λj(G)

2

)
−→

∫ 2

−2

∫ ∞

0
c(E) r f (r, E)dr dE. (3.16)
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3.2 Eigenvalues of entrywise small perturbations

We now consider a diagonal matrix perturbed by a Hermitian matrix with small en-
tries. We group the diagonal entries into clusters of nearby points, and we compare
the eigenvalues near each cluster with those of the corresponding diagonal block of the
perturbed matrix. In Section 6, Section 7, and Section 9, the diagonal matrix contains the
eigenvalues of H (multiplied by e−t/2 in Section 6 and Section 9), and the perturbation is
a Gaussian matrix or the resampling perturbation ∆, written in the eigenbasis of H.

We use the following notation in this section. For an N × N matrix A and nonempty
sets K,K′ ⊂ [N], we let AKK′ = (Aij)i∈K,j∈K′ denote the corresponding submatrix, with
rows and columns in increasing order, and we set Kc = [N] \ K. For a Hermitian
matrix A, we let n−(A) denote the number of negative eigenvalues of A, counted with
multiplicity. For a matrix M, we let ∥M∥∞→∞ = maxi ∑j |Mij| denote its operator norm
on ℓ∞.

We will use the inertia additivity formula of Haynsworth [39]. Let M be an N × N
Hermitian matrix and let K ⊂ [N] be a nonempty proper subset such that MKcKc is
invertible. Let

M/MKcKc = MKK − MKKc M−1
KcKc MKcK

denote the Schur complement. After a permutation of coordinates, M is congruent to
the block diagonal matrix with blocks M/MKcKc and MKcKc . Hence Sylvester’s law of
inertia [40] and the multiplicativity of the determinant give

n−(M) = n−(MKcKc) + n−(M/MKcKc), det M = det MKcKc ·det(M/MKcKc). (3.17)

The following lemma compares the eigenvalues of Λ0 +W near a group of eigenvalues
of Λ0 with those of the compression (Λ0 + W)KK, in order and with multiplicity. It is
related to the quadratic residual bounds of [50, 55], and its proof is elementary.

Lemma 3.7. Let Λ0 and W be N × N Hermitian matrices, and let K ⊂ [N] be a nonempty
proper subset such that (Λ0)KKc = 0. Let E− ≤ E+ be real numbers such that every eigenvalue
of (Λ0)KK belongs to [E−, E+], let ϑ > 0, and set R = [E− − ϑ, E+ + ϑ]. Suppose that
(Λ0)KcKc + WKcKc − x is invertible for all x ∈ R, and that there exists χ ≥ 0 such that∥∥WKKc

(
(Λ0)KcKc +WKcKc − x

)−1WKcK
∥∥ ≤ χ for all x ∈ R, ∥WKK∥+ χ < ϑ. (3.18)

Let i0 denote the number of eigenvalues of Λ0 + W smaller than E− − ϑ, counted with mul-
tiplicity. Then the eigenvalues of Λ0 + W in R, counted with multiplicity, are λi0+1(Λ0 +

W), . . . , λi0+|K|(Λ0 + W). Moreover,∣∣λi0+i(Λ0 + W)− λi
(
(Λ0 + W)KK

)∣∣ ≤ χ for all i ∈ [|K|], (3.19)

and these eigenvalues belong to [E− − ∥WKK∥ − χ, E+ + ∥WKK∥+ χ].
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Proof. We abbreviate B = (Λ0 + W)KK, and for x ∈ R, we set

S(x) = WKKc
(
(Λ0)KcKc + WKcKc − x

)−1WKcK, F (x) = B − x − S(x).

Observe that S(x) and F (x) are Hermitian, since x is real and WKcK = (WKKc)∗. As
(Λ0)KKc = 0, the matrix M = Λ0 + W − x satisfies MKKc = WKKc , and F (x) is its Schur
complement. By (3.17), we have

#{j ∈ [N] : λj(Λ0 + W) < x} = n−(Λ0 + W − x)

= n−
(
(Λ0)KcKc + WKcKc − x

)
+ n−(F (x))

(3.20)

for all x ∈ R.
The matrix (Λ0)KcKc + WKcKc has no eigenvalue in the interval R, so the first term on

the right side of (3.20) is constant on R. We denote this constant by i1.
We next compare F (x) with B − x. The bound ∥S(x)∥ ≤ χ gives

B − x − χ ≤ F (x) ≤ B − x + χ

in the sense of quadratic forms. By the Courant–Fischer minimax principle [40], an
inequality A ≤ A′ between Hermitian matrices implies λi(A) ≤ λi(A′) for all i, and
hence n−(A) ≥ n−(A′). Therefore

#{i : λi(B) < x − χ} ≤ n−(F (x)) ≤ #{i : λi(B) < x + χ} for all x ∈ R. (3.21)

Using Weyl’s inequality [40], the assumption on the spectrum of (Λ0)KK, and (3.18), we
see that every eigenvalue of B satisfies

E− − ϑ + χ < E− − ∥WKK∥ ≤ λi(B) ≤ E+ + ∥WKK∥ < E+ + ϑ − χ. (3.22)

We now identify the eigenvalues of Λ0 + W in R. Taking x = E− − ϑ, we see from
(3.22) that the right side of (3.21) vanishes, so (3.20) gives i0 = i1. Taking x = E+ + ϑ

instead, we see that the left side of (3.21) is |K|. As F (x) is a |K| × |K| matrix, this gives
n−(F (E+ + ϑ)) = |K|, and Λ0 + W has exactly i0 + |K| eigenvalues smaller than E+ + ϑ.
Moreover, (3.22) gives

F (E+ + ϑ) ≤ B − E+ − ϑ + χ < 0

in the sense of quadratic forms, so the determinant formula in (3.17) shows that E+ + ϑ

is not an eigenvalue of Λ0 + W. Hence the eigenvalues of Λ0 + W in R are λi0+1(Λ0 +

W), . . . , λi0+|K|(Λ0 + W).
It remains to prove (3.19). For brevity, we write λ′

i = λi0+i(Λ0 + W) and λ′′
i = λi(B)

for i ∈ [|K|]. For x ∈ R, the eigenvalues of Λ0 + W smaller than x are the i0 eigenvalues
smaller than E− − ϑ and the λ′

i with λ′
i < x. Inserting this into (3.20) and using (3.21), we

find

#{i : λ′′
i < x − χ} ≤ #{i : λ′

i < x} ≤ #{i : λ′′
i < x + χ} for all x ∈ R. (3.23)
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Fix i ∈ [|K|], and suppose that λ′
i < λ′′

i − χ. Every x ∈ (λ′
i, λ′′

i − χ) belongs to R
by (3.22), since λ′

i ≥ E− − ϑ. For such x, the middle term in (3.23) is at least i, since
λ′

1 ≤ · · · ≤ λ′
i < x, while the right term is smaller than i, since x + χ < λ′′

i ≤ · · · ≤ λ′′
|K|.

This contradicts (3.23). If λ′
i > λ′′

i + χ, then the same reasoning with x ∈ (λ′′
i + χ, λ′

i)

shows that the left term in (3.23) is at least i and the middle term is smaller than i,
again a contradiction. This proves (3.19), and the final statement follows from (3.19) and
(3.22).

We now apply Lemma 3.7 to a diagonal matrix with clustered entries. Let y1 ≤ · · · ≤
yN be real numbers, and let Dy = diag(y1, . . . , yN). We call a partition K of [N] into
nonempty sets of consecutive integers a family of clusters, and we call its elements clusters.
For a cluster K and ϑ > 0, we let

RK =
{

w ∈ C : min
i∈K

yi − ϑ ≤ Re w ≤ max
i∈K

yi + ϑ, | Im w| ≤ ϑ
}

(3.24)

denote the closed rectangle obtained by enlarging the interval [mini∈K yi, maxi∈K yi] by ϑ

in each direction. We call ϑ the margin of the rectangles.

Lemma 3.8. Let y1 ≤ · · · ≤ yN be real numbers, let K be a family of clusters, and let k0 ≥ 1 be
such that |K| ≤ k0 for all K ∈ K. Let ϑ > 0, and suppose that the rectangles RK with K ∈ K

are pairwise disjoint and that there exists L ∈ [0, ∞) such that

sup
K∈K

sup
w∈RK

∑
j∈[N]\K

1
|yj − w| ≤ L , (3.25)

with the convention 1/0 = ∞. Let W be an N × N Hermitian matrix such that maxi,j |Wij| ≤ w0,
where

w0L ≤ 1/2, k0w0 + 2k0w2
0L < ϑ. (3.26)

Let K ∈ K, and write K = {i0 + 1, . . . , i0 + |K|}. Then the eigenvalues of Dy + W in RK,
counted with multiplicity, are λi0+1(Dy + W), . . . , λi0+|K|(Dy + W). Moreover,∣∣λi0+i(Dy + W)− λi

(
(Dy + W)KK

)∣∣ ≤ 2k0w2
0L for all i ∈ [|K|], (3.27)

and each of these eigenvalues is within distance k0w0 + 2k0w2
0L of the interval

[mini∈K yi, maxi∈K yi].

Since |yj − w| ≥ |yj − Re w|, the supremum in (3.25) may be taken over the real points
of the rectangles, and since Dy + W is Hermitian, its eigenvalues in RK are those in
RK ∩ R. In applications, the main condition to verify is (3.25), which requires that the
points outside each cluster are not too dense near it.
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Proof. Fix K ∈ K, and set E− = mini∈K yi and E+ = maxi∈K yi. We first treat the case
K = [N], in which N ≤ k0. Bounding the operator norm by the Frobenius norm and
using Weyl’s inequality, we find

|λi(Dy + W)− yi| ≤ ∥W∥ ≤ Nw0 ≤ k0w0 < ϑ for all i ∈ [N],

and the lemma follows, since (Dy + W)KK = Dy + W.
Now suppose that Kc is nonempty. We will apply Lemma 3.7 with Λ0 = Dy, χ =

2k0w2
0L , and the interval

R = RK ∩ R = [E− − ϑ, E+ + ϑ].

The matrix Dy is diagonal, so (Dy)KKc = 0, and the eigenvalues of (Dy)KK are the yi
with i ∈ K, which belong to [E−, E+].

We now check the invertibility hypothesis of Lemma 3.7. Fix x ∈ R. The matrix
(Dy − x)KcKc is diagonal with entries yj − x, j ∈ Kc. These entries are nonzero by (3.25),
and ∥∥WKcKc(Dy − x)−1

KcKc

∥∥
∞→∞ = max

i∈Kc ∑
j∈Kc

|Wij|
|yj − x| ≤ w0L ≤ 1

2
.

Hence the Neumann series shows that Id + WKcKc(Dy − x)−1
KcKc is invertible. We

denote its inverse by Θ(x), and the Neumann series also gives ∥Θ(x)∥∞→∞ ≤ 2. Using
the factorization

(Dy + W)KcKc − x =
(
Id + WKcKc(Dy − x)−1

KcKc

)
(Dy − x)KcKc ,

we see that this matrix is invertible, and that(
(Dy + W)KcKc − x

)−1
= (Dy − x)−1

KcKc Θ(x). (3.28)

We next bound the Schur remainder

S(x) = WKKc((Dy + W)KcKc − x)−1WKcK

entrywise. Every entry of WKcK is bounded by w0, so∣∣(Θ(x)WKcK
)

ji′
∣∣ ≤ ∥Θ(x)∥∞→∞w0 ≤ 2w0, j ∈ Kc, i′ ∈ K.

By (3.28), for i, i′ ∈ K we have

|S(x)ii′ | =
∣∣∣ ∑

j∈Kc

Wij

yj − x
(
Θ(x)WKcK

)
ji′

∣∣∣ ≤ 2w2
0 ∑

j∈Kc

1
|yj − x| ≤ 2w2

0L .

Bounding the operator norms by the Frobenius norms, we obtain

∥S(x)∥ ≤ |K| · 2w2
0L ≤ χ, ∥WKK∥ ≤ |K|w0 ≤ k0w0.
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By (3.26), we have ∥WKK∥+ χ < ϑ, so the hypotheses of Lemma 3.7 hold. It gives (3.27)
and the location of the eigenvalues, with i0 replaced by the number i′0 of eigenvalues
of Dy + W smaller than E− − ϑ. Moreover, RK ∩ R contains exactly |K| eigenvalues of
Dy + W.

It remains to show that i′0 = i0. The preceding argument applies to every cluster K′

with (K′)c nonempty, and the case K′ = [N] was treated above, so each interval RK′ ∩ R

with K′ ∈ K contains exactly |K′| eigenvalues of Dy + W.
Let K′,K′′ ∈ K with maxK′ < minK′′. Then maxi∈K′ yi ≤ mini∈K′′ yi, and since the

two intervals are disjoint, every point of RK′ ∩ R is smaller than every point of RK′′ ∩ R.
As the cluster sizes add up to N, every eigenvalue of Dy + W belongs to one of these
intervals. Therefore the eigenvalues smaller than E− − ϑ are those in the intervals of the
clusters K′ with maxK′ < minK, and their number is minK − 1 = i0. This completes
the proof.

In Section 6 and Section 9, the clusters are formed by joining consecutive points at
distance smaller than a threshold, and the number of points in intervals of length N−1 is
controlled by condition (iii) of Definition 3.1. (In Definition 7.1, consecutive eigenvalues
are joined when their distance is at most the threshold, while in Corollary 3.9 below,
consecutive points are joined when their distance is less than the threshold. Each section
uses one of the two conventions throughout, and Lemma 3.8 applies to both.) The next
corollary records the parameters of Lemma 3.8 in this situation. Figure 3.1 illustrates its
proof.

Corollary 3.9. Let N ≥ 2, ε > 0, and q > 0 satisfy 2Nεq < N−1. Let y1 ≤ · · · ≤ yN be
real numbers in [−4, 4] such that #{i ∈ [N] : yi ∈ [E, E + N−1]} ≤ Nε for all E ∈ R. Let
K be the family of clusters whose elements are the maximal sets K of consecutive integers such
that yi+1 − yi < q for all i with i, i + 1 ∈ K. Then every K ∈ K satisfies |K| ≤ Nε, and the
hypotheses of Lemma 3.8 on y and K hold with

k0 = Nε, ϑ = q/3, L = 12Nε(q−1 + N log N). (3.29)

Let W be an N × N Hermitian matrix with maxi,j |Wij| ≤ w0, where

Nεw0(q−1 + N log N) ≤ 1/48. (3.30)

Then for every K = {i0 + 1, . . . , i0 + |K|} ∈ K and every i ∈ [|K|],∣∣λi0+i(Dy + W)− λi
(
(Dy + W)KK

)∣∣ ≤ 24N2εw2
0(q

−1 + N log N), (3.31)

and minj∈K yj − q/32 ≤ λi0+i(Dy + W) ≤ maxj∈K yj + q/32. In particular, if i ∈ [N − 1]
and i and i + 1 belong to different clusters, then λi+1(Dy + W)− λi(Dy + W) ≥ q/2.
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Re w

≥ q

ϑ

ϑ

RK

Figure 3.1. The points yi (dots), the clusters obtained with the threshold q, and the rectangles RK
(shaded) with margin ϑ = q/3, as in Corollary 3.9. Consecutive points in different clusters are at
distance at least q, so the rectangles are disjoint, and every point outside a cluster is at distance at
least 2q/3 from the rectangle of that cluster.

Proof. We first bound the size of the clusters. Let K = {i0 + 1, . . . , i0 + |K|} ∈ K, and
suppose that |K| > Nε. Set i1 = i0 + ⌊Nε⌋+ 1, so that i1 ∈ K. Consecutive points in K
are at distance smaller than q, so

yi1 − yi0+1 < (i1 − i0 − 1)q ≤ Nεq < N−1.

Thus the interval [yi0+1, yi0+1 + N−1] contains the ⌊Nε⌋ + 1 > Nε points yi0+1, . . . , yi1 ,
which contradicts the assumption. Hence |K| ≤ Nε = k0.

We next bound the distances from a rectangle to the points outside its cluster. Let
K ∈ K, set E− = mini∈K yi and E+ = maxi∈K yi, and fix j /∈ K. By the definition of K, we
have yi+1 − yi ≥ q whenever i and i + 1 belong to different clusters. For j < minK, the
labels minK− 1 and minK belong to different clusters, and similarly for j > maxK and
the labels maxK and maxK+ 1. Since E− = yminK and E+ = ymaxK, we obtain

yj ≤ yminK−1 ≤ E− − q (j < minK), yj ≥ ymaxK+1 ≥ E+ + q (j > maxK).

Consequently, for every w ∈ RK,

|yj − w| ≥ |yj − Re w| ≥ q − q/3 = 2q/3 for all j /∈ K. (3.32)

We next check that the rectangles are disjoint. Recall that ϑ = q/3. Let K′ ∈ K with
minK′ > maxK. Then mini∈K′ yi ≥ E+ + q, so every point of RK′ has real part at least
E+ + 2q/3, while every point of RK has real part at most E+ + q/3. Hence the rectangles
are pairwise disjoint.

We now bound the harmonic sum. Fix K ∈ K and w ∈ RK, and set x = Re w. We
have |x| < 5, since |yi| ≤ 4 for all i and q < N−1 ≤ 1, and therefore |yj − x| < 9 for all j.
For each integer n ≥ 0, let

Mn = {j ∈ [N] \ K : n/N ≤ |yj − x| < (n + 1)/N}.

The points yj with j ∈ Mn belong to the union of the two intervals [x − (n + 1)/N, x −
n/N] and [x + n/N, x + (n + 1)/N] of length N−1, so |Mn| ≤ 2Nε by assumption.
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The labels j ∈ M0 satisfy |yj − x| ≥ 2q/3 by (3.32), and the labels j ∈ Mn with n ≥ 1
satisfy |yj − x| ≥ n/N. Further, Mn is empty for n ≥ 9N. Therefore

∑
j/∈K

1
|yj − w| ≤ ∑

n≥0
∑

j∈Mn

1
|yj − x| ≤ 2Nε · 3

2q
+

9N

∑
n=1

2Nε · N
n

≤ 3Nε

q
+ 12N1+ε log N ≤ L .

In the third inequality, we used the bound

9N

∑
n=1

1
n
≤ 1 + log(9N) ≤ 6 log N (N ≥ 2).

Hence the hypotheses of Lemma 3.8 on y and K hold with the parameters (3.29).
We now verify (3.26). By (3.29) and (3.30), we have

w0L = 12Nεw0(q−1 + N log N) ≤ 1
4

, k0w0 = q · Nεw0q−1 ≤ q
48

,

2k0w2
0L = 2(k0w0)(w0L ) ≤ q

96
,

and hence
k0w0 + 2k0w2

0L ≤ q
32

< ϑ.

Therefore Lemma 3.8 applies. By (3.29), we have

2k0w2
0L = 24N2εw2

0(q
−1 + N log N),

so the lemma gives (3.31) and the location of the eigenvalues within distance q/32 of
[minj∈K yj, maxj∈K yj].

Finally, if i and i + 1 belong to different clusters, then yi+1 − yi ≥ q, and the location
of the eigenvalues gives

λi+1(Dy + W)− λi(Dy + W) ≥ (yi+1 − q/32)− (yi + q/32) ≥ q − q/16 ≥ q/2.

This completes the proof.

3.3 A Gaussian kernel estimate

We will use the following functions throughout the paper. For every integer p ≥ 1, we
define fp : R → (0, 1] by

fp(y) = (1 + y2)−p, y ∈ R. (3.33)

In Section 6, the gap of a 2 × 2 block of a matrix with a small Gaussian component is
the norm of a Gaussian vector in R2 with nonzero mean. The following lemma computes
the expectation of a function of this norm at a small scale δ, for functions bounded in
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absolute value by fp, uniformly in the mean and with an error that decays in the mean.
The case n = 3 is used for Hermitian matrices in Section 9. For an integer n ≥ 1 and
v > 0, we let

gv(z) = (2πv)−n/2 exp
(
− |z|2/(2v)

)
, z ∈ Rn, (3.34)

denote the density of the centered Gaussian distribution on Rn with covariance vIdn; the
dimension n will be clear from the context.

Lemma 3.10. Let n ∈ {2, 3}, and let p > (n+ 1)/2 be an integer. There exists C > 0, depending
only on n and p, such that the following holds. Let x ≥ 0, ϱ ∈ [1/2, 2], v, v0 ∈ [1/8, 8], and
δ ∈ (0, 1], and let Gx be a Gaussian vector in Rn with mean (ϱx, 0) ∈ R × Rn−1 and covariance
vIdn. Then for every Borel function f : [0, ∞) → R such that | f | ≤ fp,∣∣∣δ−nE f (|Gx|/δ)− gv0(x, 0)

∫
Rn

f (|y|)dy
∣∣∣ ≤ C fp(x)

(
δ + |ϱ − 1|+ |v − v0|

)
. (3.35)

In particular, E fp(|Gx|/δ) ≤ Cδn fp(x).

Proof. Throughout the proof, C denotes a constant that may depend on n and p, and we
write x̂ = (x, 0), with 0 ∈ Rn−1. We will use the bounds

gv(ϱx̂) ≤ Ce−x2/64, |∇gv(z)| =
|z|
v
gv(z) ≤ Ce−|z|2/32 (z ∈ Rn), (3.36)

which hold for ϱ ∈ [1/2, 2] and v ∈ [1/8, 8], together with the fact that e−cx2 ≤ Cc fp(x)
for every c > 0. As 2p − 1 > n, we also have∫

Rn
fp(|y|)dy +

∫
Rn

|y| fp(|y|)dy ≤ C. (3.37)

(The assumption p > (n + 1)/2, which is equivalent to 2p − n > 1, is used here and
again in the bound for the second term below.)

Recall that Gx has mean ϱx̂ and covariance vIdn, so that its density is z 7→ gv(z − ϱx̂).
Changing variables z = δy in the integral defining E f (|Gx|/δ), we have

δ−nE f (|Gx|/δ) = δ−n
∫

Rn
f (|z|/δ) gv(z − ϱx̂)dz =

∫
Rn

f (|y|) gv(δy − ϱx̂)dy.

Using gv(−ϱx̂) = gv(ϱx̂) and | f | ≤ fp, we find that the left side of (3.35) is bounded by∫
|y|≤δ−1

fp(|y|)
∣∣gv(δy − ϱx̂)− gv(−ϱx̂)

∣∣dy +
∫
|y|>δ−1

fp(|y|)
(
gv(δy − ϱx̂) + gv(ϱx̂)

)
dy

+
∣∣gv(ϱx̂)− gv0(x̂)

∣∣ ∫
Rn

fp(|y|)dy.

(3.38)
We bound the three terms in turn.
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We begin with the first term. Let |y| ≤ δ−1, and let [−ϱx̂, δy − ϱx̂] denote the segment
between these two points. Every point z′ of this segment satisfies

|z′| ≥ max(ϱx − 1, 0) ≥ max(x/2 − 1, 0), and hence |z′|2 ≥ x2

8
− 1,

where we used (a − b)2 ≥ a2/2 − b2. By the mean value theorem and (3.36),∣∣gv(δy − ϱx̂)− gv(−ϱx̂)
∣∣ ≤ δ|y| sup

z′∈[−ϱx̂,δy−ϱx̂]
|∇gv(z′)| ≤ Cδ|y|e−x2/256.

Integrating against fp(|y|) and using (3.37), we find that the first term in (3.38) is bounded
by

Cδe−x2/256
∫

Rn
|y| fp(|y|)dy ≤ Cδe−x2/256 ≤ Cδ fp(x).

The second term requires more care, since gv(δy − ϱx̂) is of order one when δy is close
to ϱx̂; there, the decay in x comes from the factor fp(|y|). The part with gv(ϱx̂) is simpler.
By (3.36) and fp(|y|) ≤ |y|−2p, we have

gv(ϱx̂)
∫
|y|>δ−1

fp(|y|)dy ≤ Ce−x2/64
∫
|y|>δ−1

|y|−2p dy ≤ Ce−x2/64δ2p−n ≤ Cδ fp(x),

where we used 2p − n > 1 and δ ≤ 1 in the last step. For the part with gv(δy − ϱx̂), we
change variables back to z = δy and use that

fp(|z|/δ) ≤ (δ/|z|)2p ≤ 2pδ2p(1 + |z|2)−p for |z| > 1.

This gives ∫
|y|>δ−1

fp(|y|) gv(δy − ϱx̂)dy = δ−n
∫
|z|>1

fp(|z|/δ) gv(z − ϱx̂)dz

≤ 2pδ2p−n
∫

Rn

gv(z − ϱx̂)
(1 + |z|2)p dz.

To bound the last integral uniformly in x, we use the inequality

1 + |a|2 ≤ 1 + (|a − b|+ |b|)2 ≤ 2(1 + |a − b|2)(1 + |b|2), a, b ∈ Rn,

with a = ϱx̂ and b = z, together with 1 + ϱ2x2 ≥ (1 + x2)/4. We obtain

(1 + |z|2)−p ≤ 2p(1 + |z − ϱx̂|2)p(1 + ϱ2x2)−p ≤ 8p(1 + |z − ϱx̂|2)p fp(x),

and therefore∫
Rn

gv(z − ϱx̂)
(1 + |z|2)p dz ≤ 8p fp(x)

∫
Rn

(1 + |z′|2)p gv(z′)dz′ ≤ C fp(x).
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Using δ2p−n ≤ δ, we conclude that the second term in (3.38) is bounded by Cδ fp(x).
Next, we bound the third term. We consider

gv′(ϱ
′ x̂) = (2πv′)−n/2 exp

(
− ϱ′2x2

2v′
)

as a function of (ϱ′, v′) in the rectangle [1/2, 2]× [1/8, 8], with partial derivatives

∂ϱ′gv′(ϱ
′ x̂) = −ϱ′x2

v′
gv′(ϱ

′ x̂), ∂v′gv′(ϱ
′ x̂) =

(
− n

2v′
+

ϱ′2x2

2v′2
)
gv′(ϱ

′ x̂).

Using (3.36), we see that on this rectangle

|∂ϱ′gv′(ϱ
′ x̂)|+ |∂v′gv′(ϱ

′ x̂)| ≤ C(1 + x2)e−x2/64 ≤ C fp(x).

The rectangle is convex, so the mean value theorem along the segment from (1, v0) to
(ϱ, v) gives ∣∣gv(ϱx̂)− gv0(x̂)

∣∣ ≤ C fp(x)
(
|ϱ − 1|+ |v − v0|

)
.

By (3.37), the third term in (3.38) is therefore bounded by C fp(x)(|ϱ − 1|+ |v − v0|).
Combining the bounds for the three terms in (3.38), we obtain (3.35). For the final

claim, we apply (3.35) with f = fp, and we obtain

δ−nE fp(|Gx|/δ) ≤ gv0(x̂)
∫

Rn
fp(|y|)dy + C fp(x)

(
δ + |ϱ − 1|+ |v − v0|

)
≤ C fp(x).

In the last step, we used (3.37), the bound gv0(x̂) ≤ C fp(x), which holds as v0 ∈ [1/8, 8],
and δ + |ϱ − 1|+ |v − v0| ≤ 10.



section 4

Reduction to three propositions

In this section, we prove Theorem 1.2 assuming three propositions. The first, Proposi-
tion 4.1, counts pairs of eigenvalues at a scale slightly above the critical scale N−3/2; we
prove it in Section 6. The second, Proposition 4.4, is a local limit theorem for the linearized
increments produced by resampling a small number of entries of H, which we prove in
Section 8. The third, Proposition 4.5, states that the small gaps of the resampled matrix
are close to the linearized gaps; its proof is given in Section 7. We state the propositions
in Section 4.1 and Section 4.2, and we deduce Theorem 1.2 from them in Section 4.3.

Throughout the rest of the paper, we use the scales

d = N−3/2, τ = N1/100, ℓ = dτ1/2 = N−299/200, s = N−7/5. (4.1)

The smallest gaps in Theorem 1.2 are of order d. Recall the scales ℓα = N−1−α and
Mα = N1−2α from (3.15). We set α∗ = 99/200, so that ℓ = ℓα∗ and Mα∗ = N3ℓ2 = τ.
Heuristically, a bulk interval contains of order τ pairs of eigenvalues at distance at most
ℓ from each other. The scale s is the threshold below which two consecutive eigenvalues
are treated together in Proposition 4.5. These scales satisfy

d
ℓ
= N−1/200,

ℓ

s
= N−19/200, Ns = N−2/5. (4.2)

Recall that gi = λi+1 − λi and Ei = (λi + λi+1)/2 for i ∈ [N − 1].

4.1 Pair counts at the scale ℓ

Recall the functions fp(y) = (1 + y2)−p from (3.33). We set p∗ = 61. This value, like the
lower bound α ≥ 1/10 in Proposition 6.7, is chosen for the bound (6.47) in the proof
of Proposition 6.7, which requires 2p(α′ − κ) > 1 + 2α′ for all integers p ≥ p∗, where
κ = α − α′/6; this holds because α′ − κ > α/6 ≥ 1/60 and α′ < 1/2.

Proposition 4.1. (i) For every continuous function f : [0, ∞)× (−2, 2) → R with compact
support, we have

1
τ ∑

1≤i<j≤N
f
(λj − λi

ℓ
,

λi + λj

2

)
−→

∫ 2

−2

∫ ∞

0
c(E)r f (r, E)dr dE (4.3)

in probability.

42
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(ii) For every bulk interval I, there exists a constant CI > 0 such that

lim
N→∞

P

(
∑

1≤i<j≤N
(λi+λj)/2∈I

fp∗

(λj − λi

ℓ

)
≤ CIτ

)
= 1. (4.4)

Compared to Theorem 1.3 with α = α∗, the sum in the first part runs over all pairs i < j
instead of consecutive eigenvalues, and the test function may depend on the energy. The
second part controls pairs at all distances, with a weight that decays only polynomially
in (λj − λi)/ℓ. We will use it to bound the number of pairs with gi ≤ Rℓ by OR(τ), and
to control the pairs with gi ≫ ℓ, which the first part does not see.

4.2 The resampling and the linearized increments

The resampling. Set

m = mN = 2⌊τ/8⌋, so that lim
N→∞

4m
τ

= 1. (4.5)

Let (a1, b1), . . . , (am, bm) be independent random pairs, each uniformly distributed on the
set {(a, b) ∈ [N]2 : a < b}. Further, let Y1, . . . , Ym be independent copies of X. We assume
that H, the pairs (al, bl), and the variables Yl are mutually independent. We call (al, bl)

the l-th selected position, and we call (al, bl, Yl)l∈[m] the resampling variables. Define real
symmetric matrices H(0), . . . , H(m) by H(0) = H and

H(l) = H(l−1) +
(

N−1/2Yl − H(l−1)
albl

)
Valbl , l ∈ [m], (4.6)

where Vab is as in (3.1). Thus H(l) is obtained from H(l−1) by setting its (al, bl) and (bl, al)

entries equal to N−1/2Yl. We set

H̃ = H(m), ∆ = H̃ − H, (4.7)

and we call H̃ the resampled matrix. We also write λ̃i = λi(H̃) for i ∈ [N], and g̃i =

λ̃i+1 − λ̃i and Ẽi = (λ̃i + λ̃i+1)/2 for i ∈ [N − 1]. Since al < bl, the resampling leaves the
diagonal entries of H unchanged. A position may be selected more than once; in that
case, the last replacement determines the final entry in that position. (The fact that m is
even is used in Section 8.)

Lemma 4.2. The resampled matrix H̃ has the same law as H.

Proof. Let σ = ((a′l, b′l))l∈[m] be a deterministic sequence of pairs of integers with 1 ≤ a′l <

b′l ≤ N, and define H(l)
σ by (4.6) with (a′l, b′l) in place of (al, bl) and H(0)

σ = H. We show

by induction on l that H(l)
σ has the law of H, the case l = 0 being trivial.
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Suppose that this holds for l − 1. Then the entries of H(l−1)
σ on and above the

diagonal are independent with the laws of the corresponding entries of H, and they are
independent of Yl, since H(l−1)

σ is a function of H and Y1, . . . , Yl−1. The matrix H(l)
σ is

obtained by replacing the entry at (a′l, b′l) by N−1/2Yl, which has the law of Ha′lb
′
l
, so the

claim holds for l.
The selected positions are independent of H and of (Yl)l∈[m], and H̃ = H(m)

σ on the
event that (al, bl) = (a′l, b′l) for all l ∈ [m]. Therefore, for every Borel set B of real
symmetric N × N matrices, we have

P
(

H̃ ∈ B
)
= ∑

σ

P
(
(al, bl)l∈[m] = σ

)
P
(

H(m)
σ ∈ B

)
= P

(
H ∈ B

)
,

where the sum runs over all sequences σ as above, and the second equality follows from
the claim.

Conditioning on H. Recall that the eigenvectors u1, . . . , uN are measurable functions
of H. Since the resampling variables are independent of H, Fubini’s theorem shows
that integrating over the resampling variables with H held fixed gives a version of the
conditional expectation given H, and we always use this version. An event A that is
measurable with respect to H has the form {H ∈ A} for a Borel set A of real symmetric
matrices. A statement such as “on A, we have P(B | H) ≥ 1 − o(1)” means that, for
every A ∈ A, the probability of B computed with H replaced by A is bounded below by
1 − o(1). In Proposition 4.4 and Proposition 4.5 below, the error terms are deterministic
quantities in the sense of our conventions. They may depend on fixed parameters, such as
k and the test functions, but not on A, on the resampling variables, or on the eigenvalue
labels involved.

Linearized increments. For i ∈ [N − 1] and a real symmetric N × N matrix B, define

Li(B) =
(uT

i Bui − uT
i+1Bui+1

2
, uT

i Bui+1

)
∈ R2. (4.8)

The map Li is linear, and Li(H) = ((λi − λi+1)/2, 0). We set

zi = d−1Li(H) =
(
− gi

2d
, 0
)

, so that |zi| =
gi

2d
. (4.9)

The map Li is relevant because of an elementary identity for 2× 2 matrices. For y1, y2, y3 ∈
R, the formula for the roots of the characteristic polynomial gives

λ2

(
y1 y3

y3 y2

)
− λ1

(
y1 y3

y3 y2

)
=

(
(y1 − y2)

2 + 4y2
3
)1/2

= 2
∣∣∣(y1 − y2

2
, y3

)∣∣∣. (4.10)

Applying (4.10) to the compression of H + B to the span of ui and ui+1, we find that the
2 × 2 matrix (uT

j (H + B)uj′)j,j′∈{i,i+1} has eigenvalue gap 2|Li(H + B)|.
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For 1 ≤ a < b ≤ N and i ∈ [N − 1], define

D(i)
ab = NLi(Vab) = N

(
ui(a)ui(b)− ui+1(a)ui+1(b), ui(a)ui+1(b) + ui(b)ui+1(a)

)
∈ R2,

(4.11)
where the second equality follows from (3.1). For i ∈ [N − 1] and l ∈ [m], define

Ji,l = (Yl − Xalbl
)D(i)

albl
, Si =

m

∑
l=1

Ji,l. (4.12)

We call Si the linearized increment of the pair (i, i + 1). Note that Xalbl
= N1/2Halbl

is the
entry of the original matrix H, also when the position (al, bl) was selected before the l-th
step. Conditionally on H, the triples (al, bl, Yl), l ∈ [m], are independent and identically
distributed, so Si is a sum of m conditionally independent and identically distributed
random vectors.

For several pairs, we use the following notation. For an integer k ≥ 1 and i =

(i1, . . . , ik) ∈ [N − 1]k, let

zi = (zi1 , . . . , zik), D(i)
ab =

(
D(i1)

ab , . . . , D(ik)
ab

)
, Si = (Si1 , . . . , Sik), (4.13)

which are vectors in R2k. Then Si = ∑m
l=1(Yl − Xalbl

)D(i)
albl

. The vectors Si1 , . . . , Sik are built
from the same resampling variables, so they are not conditionally independent given H.
The next lemma explains the name of Si.

Lemma 4.3. On the event that the selected positions (a1, b1), . . . , (am, bm) are distinct, we have

∆ = N−1/2
m

∑
l=1

(Yl − Xalbl
)Valbl and d−1Li(∆) = Si for all i ∈ [N − 1]. (4.14)

In particular, on this event, the 2 × 2 matrix (uT
j H̃uj′)j,j′∈{i,i+1} has eigenvalue gap 2d|zi + Si|

for every i ∈ [N − 1].

Proof. Suppose that the selected positions are distinct. Then for every l ∈ [m], the entry
of H(l−1) in position (al, bl) is not changed in the first l − 1 steps. Using (4.6), we deduce
that

H(l−1)
albl

= Halbl
= N−1/2Xalbl

, H(l) − H(l−1) = N−1/2(Yl − Xalbl
)Valbl .

Summing over l ∈ [m] gives the first identity in (4.14). Using the linearity of Li, (4.11),
and (4.9), we then obtain

Li(∆) = N−1/2
m

∑
l=1

(Yl − Xalbl
)Li(Valbl) = N−3/2

m

∑
l=1

Ji,l = dSi,

Li(H̃) = Li(H) + Li(∆) = d(zi + Si).

The last claim now follows from the consequence of (4.10) stated above, applied with
B = ∆.
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We call 2d|zi + Si| the linearized gap of the pair (i, i + 1). It is the gap that first-order
perturbation theory predicts for the pair (i, i + 1) when the interaction with the other
eigenvalues is neglected.

A local limit theorem. We now state the local limit theorem for the linearized increments.
The heuristic behind its normalization is explained in Section 2.2, and the conditional
covariance of the summands of Si, which is close to 4Id2k, is computed in Lemma 8.4. The
proposition resolves the conditional law of Si on the unit scale, which is much smaller
than the scale τ1/2 of its fluctuations.

Proposition 4.4. Fix an integer k ≥ 1. There exist events AN,k, measurable with respect to H,
and a constant c > 0 such that limN→∞ P(AN,k) = 1 and the following statements hold.

(i) Let Ψ ⊂ C∞
c (R2k) be a family of functions whose supports are contained in a common

compact set, and such that every partial derivative of every order is bounded uniformly over
Ψ. Then there exist numbers eN = eN(k, Ψ) ≥ 0 such that limN→∞ eN = 0 and, on AN,k,

sup
i, x, ψ

∣∣∣∣τk E
[
ψ(Si + x)

∣∣ H
]
− e−|x|2/(2τ)

(2π)k

∫
R2k

ψ(y)dy
∣∣∣∣ ≤ eN, (4.15)

where the supremum is over all ψ ∈ Ψ, all x ∈ R2k, and all i = (i1, . . . , ik) ∈ [N − 1]k such
that ij+1 ≥ ij + 2 for all j ∈ [k − 1].

(ii) Suppose that k = 1. For every x0 > 0, there exists Cx0 > 0 such that on AN,1, we have

P
(
2|zi + Si| ≤ x0

∣∣ H
)
≤ Cx0τ−1e−cgi/ℓ (4.16)

for all i ∈ [N − 1] such that gi ≥ ℓ.

The uniformity in i and x in the first part is essential, since in Section 4.3 we apply
Proposition 4.4 with x = zi to tuples i of pairs with small gaps, which are selected
according to H. The second part shows that a pair with gi ≫ ℓ, for which |zi| ≫ τ1/2,
has a linearized gap of order d with probability much smaller than τ−1.

Linearization of the small gaps. Finally, we compare the gaps of H̃ with the linearized
gaps. By Proposition 3.4 and a union bound over i, the event that λi+2 − λi > 4s for all
i ∈ [N − 2] has probability at least 1 − CN(Ns)3 = 1 − CN−1/5. On this event, every pair
(i, i + 1) with gi ≤ s is separated from the other eigenvalues by more than 3s. To state the
error terms in the comparison, we define

wN = τN−3/2+3/100, LN = 2s−1 log N, δN = 8w2
NLN. (4.17)

These quantities are also used in Section 7, where wN bounds the entries of ∆ in the
eigenbasis of H, LN bounds the sums in (3.25), and δN/2 is the resulting error in (3.27).
By (4.1), we have

wN = N−73/50,
δN

d
= 16N−1/50 log N, (4.18)
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so wN and δN/d tend to zero.

Proposition 4.5. There exist events AN, measurable with respect to H, and events BN, mea-
surable with respect to H and the resampling variables, such that limN→∞ P(AN) = 1 and the
following statements hold for all sufficiently large N.

(i) On AN, we have λi+2 − λi > 4s for all i ∈ [N − 2], and P(BN | H) ≥ 1 − o(1).
(ii) On AN ∩ BN, we have for all i ∈ [N − 1] that

∣∣d−1 g̃i − 2|zi + Si|
∣∣ ≤ δN

d
and

∣∣Ẽi − Ei
∣∣ ≤ wN +

δN

2
if gi ≤ s, (4.19)

g̃i > s/2 if gi > s. (4.20)

Thus every gap of H̃ of order d is, up to an error δN = o(d), the linearized gap of a
pair with gi ≤ s. We prove Proposition 4.5 in Section 7 by applying Lemma 3.8 in the
eigenbasis of H. Note that P(Bc

N | H) is only o(1) on AN , so in the proof of Theorem 1.2
we use it only to bound differences of bounded functionals, and we never multiply it by
a number of pairs.

4.3 Proof of the main theorem

The heuristic behind the proof is explained in Section 2.2, and we proceed as follows.
We introduce a point process Ξ̂N of rescaled linearized gaps and its truncation Ξ̂N,R to
pairs with gi ≤ Rℓ. In Lemma 4.9, which is the main step, we compute the limit of the
Laplace functional of Ξ̂N,R for smooth test functions, using the Bonferroni inequalities
and Proposition 4.4. The truncation is needed because the errors in Proposition 4.4 are
summed over j-tuples of pairs, and Proposition 4.1 bounds the number of pairs with
gi ≤ Rℓ by OR(τ). In Lemma 4.10 and Lemma 4.11, we extend this limit to continuous
test functions and remove the truncation using the second part of Proposition 4.4. In the
proof of Theorem 1.2, we pass to the gaps of H̃ using Proposition 4.5 and to H using
Lemma 4.2, and we deduce the law of the smallest gap from the void probabilities of the
Poisson limit, which are the subject of Lemma 4.12.

Setup. Let C+
c denote the set of continuous functions f : [0, ∞)× (−2, 2) → [0, ∞) with

compact support. For f ∈ C+
c , set

L( f ) =
∫ (

1 − e− f )dν =
∫ 2

−2

∫ ∞

0
c(E)r

(
1 − e− f (r,E))dr dE. (4.21)

For R > 0, define the measure νR = (1 − e−R2/8)ν and set

LR( f ) =
∫ (

1 − e− f )dνR =
(
1 − e−R2/8)L( f ). (4.22)



4 Reduction to three propositions 4.3 Proof of the main theorem 48

Let Ξ be a Poisson point process on [0, ∞)× (−2, 2) with intensity ν. Then Ee−Ξ( f ) =

e−L( f ) for all f ∈ C+
c ; see [42, Chapter 3].

Until the proof of Theorem 1.2, I denotes an arbitrary bulk interval; in that proof, it
will be chosen according to the test function. Let I′ be the closed interval with the same
midpoint as I and with length

|I′| = |I|+ dist(I, {−2, 2}), (4.23)

where |I| denotes the length of I. Then I′ is a bulk interval and I ⊂ int(I′), where int
denotes the interior. Define the sets of eigenvalue labels

C = {i ∈ [N − 1] : gi ≤ s, Ei ∈ I′}, CR = {i ∈ C : gi ≤ Rℓ} (R > 0), (4.24)

and the point processes

Ξ̂N = ∑
i∈C

δ(2|zi+Si|, Ei)
, Ξ̂N,R = ∑

i∈CR

δ(2|zi+Si|, Ei)
(4.25)

on [0, ∞)× (−2, 2).
Let AN and BN be the events of Proposition 4.5, and for every integer k ≥ 1, let

AN,k be the events of Proposition 4.4. Let CI′ be the constant of the second part of
Proposition 4.1 for the interval I′. Define

A⋆
N = AN ∩AN,1 ∩

{
∑

1≤i<j≤N
(λi+λj)/2∈I′

fp∗

(λj − λi

ℓ

)
≤ CI′τ

}
. (4.26)

All objects introduced in this paragraph, except Ξ̂N, Ξ̂N,R, and BN, are measurable with
respect to H.

Lemma 4.6. We have limN→∞ P(A⋆
N) = 1. Further, for every R′ > 0, there exists N0 > 0,

depending on R′, such that for N ≥ N0 the following statements hold on A⋆
N.

(i) Distinct elements of C differ by at least 2.
(ii) We have ∑i∈C fp∗(gi/ℓ) ≤ CI′τ, and |CR| ≤ CI′(1 + R2)p∗τ for all R > 0.

(iii) For every function Q : [0, ∞)× (−2, 2) → R such that Q(y, E) = 0 for y ≥ R′, we have

∑
1≤i<j≤N

Q
(λj − λi

ℓ
,

λi + λj

2

)
=

N−1

∑
i=1

Q
(gi

ℓ
, Ei

)
. (4.27)

Proof. The first claim follows from Proposition 4.5, Proposition 4.4, the second part of
Proposition 4.1, and a union bound. Now suppose that A⋆

N holds. The first part of
Proposition 4.5 gives

λi+2 − λi > 4s for all i ∈ [N − 2]. (4.28)
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To prove (i), suppose that i, i + 1 ∈ C for some i. Then

λi+2 − λi = gi + gi+1 ≤ 2s,

which contradicts (4.28).
To prove (ii), note that for every i ∈ C, the pair (i, i + 1) appears in the sum in (4.26),

since its midpoint is Ei ∈ I′. All terms in this sum are nonnegative, so

∑
i∈C

fp∗

(gi

ℓ

)
≤ CI′τ.

The bound on |CR| follows, because fp∗(gi/ℓ) ≥ (1 + R2)−p∗ for i ∈ CR.
Finally, to prove (iii), observe that for j ≥ i + 2,

λj − λi ≥ λi+2 − λi > 4s ≥ R′ℓ,

where we used (4.28) in the second inequality, and the last inequality holds for large N by
(4.2). Hence the terms with j ≥ i + 2 on the left side of (4.27) vanish, and the remaining
terms, with j = i + 1, are the terms on the right side.

The Bonferroni inequalities. For a finite set T , real numbers y = (yi)i∈T , and an integer
j ≥ 0, let

Pj(y) = ∑
T ′⊂T
|T ′|=j

∏
i∈T ′

yi (4.29)

denote the j-th elementary symmetric polynomial of y. In particular, P0(y) = 1, and
Pj(y) = 0 for j > |T |.

Lemma 4.7. Let T be a finite set, and let w = (wi)i∈T ∈ [0, 1]T . Then for every integer n ≥ 0,

2n+1

∑
j=0

(−1)jPj(w) ≤ ∏
i∈T

(1 − wi) ≤
2n

∑
j=0

(−1)jPj(w). (4.30)

Proof. Let (bi)i∈T be independent random variables such that P(bi = 1) = wi and
P(bi = 0) = 1 − wi. We set

M = ∑
i∈T

bi.

Expanding the products and using independence, we find

Pj(w) = E ∑
T ′⊂T
|T ′|=j

∏
i∈T ′

bi = E

(
M
j

)
, ∏

i∈T
(1 − wi) = E ∏

i∈T
(1 − bi) = P(M = 0).
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For integers M0 ≥ 1 and n0 ≥ 0, Pascal’s rule gives the telescoping identity
n0

∑
j=0

(−1)j
(

M0

j

)
= (−1)n0

(
M0 − 1

n0

)
,

whose right side is nonnegative for even n0 and nonpositive for odd n0, while for M0 = 0
the left side equals 1. Applying this with M0 = M and n0 ∈ {2n, 2n + 1} and taking
expectations, we obtain (4.30). (This is the classical Bonferroni inequality for the events
{bi = 1}.)

Counts of small linearized gaps.

Lemma 4.8. Let x0 > 0. There exist constants C, c > 0 and N0 > 0, depending on I and x0,
such that for N ≥ N0, on A⋆

N, we have

∑
i∈C

gi≥Rℓ

P
(
2|zi + Si| ≤ x0

∣∣ H
)
≤ C sup

y≥R

(
(1 + y2)p∗e−cy) for all R ≥ 0. (4.31)

In particular, for N ≥ N0, on A⋆
N, we have

E
[
Ξ̂N([0, x0]× I′)

∣∣ H
]
≤ C′, (4.32)

E
[
(Ξ̂N − Ξ̂N,R)([0, x0]× I′)

∣∣ H
]
≤ C sup

y≥R

(
(1 + y2)p∗e−cy) for all R > 0, (4.33)

where C′ = C supy≥0((1 + y2)p∗e−cy).

Proof. Let c > 0 be the constant of Proposition 4.4 for k = 1. Fix ψ0 ∈ C∞
c (R2) such that

0 ≤ ψ0 ≤ 1 and ψ0(y) = 1 for |y| ≤ x0/2. Suppose that N is large and that A⋆
N holds.

Let i ∈ C. Applying the first part of Proposition 4.4 with k = 1, the family Ψ = {ψ0}, and
x = zi on the event AN,1 ⊃ A⋆

N, we obtain

P
(
2|zi + Si| ≤ x0

∣∣ H
)
≤ E

[
ψ0(Si + zi)

∣∣ H
]
≤ 1

τ

( 1
2π

∫
R2

ψ0(y)dy + eN

)
≤ C

τ
,

where eN = eN(1, {ψ0}) is the sequence of Proposition 4.4, which is bounded.
For gi < ℓ, we have e−cgi/ℓ ≥ e−c, while for gi ≥ ℓ, the second part of Proposition 4.4

applies. After enlarging C, we therefore find that

P
(
2|zi + Si| ≤ x0

∣∣ H
)
≤ Cτ−1e−cgi/ℓ for all i ∈ C.

The sum over the pairs with gi ≥ Rℓ can then be bounded using the second part of
Lemma 4.6. For R ≥ 0, we obtain

∑
i∈C

gi≥Rℓ

P
(
2|zi + Si| ≤ x0

∣∣ H
)
≤ C

τ
sup
y≥R

(
(1 + y2)p∗e−cy) ∑

i∈C
fp∗

(gi

ℓ

)
≤ CCI′ sup

y≥R

(
(1 + y2)p∗e−cy),
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which is (4.31).
Observe that every point of Ξ̂N has its second coordinate in I′. Using the fact that C

is measurable with respect to H, we therefore find

E
[
Ξ̂N([0, x0]× I′)

∣∣ H
]
= ∑

i∈C
P
(
2|zi + Si| ≤ x0

∣∣ H
)
,

E
[
(Ξ̂N − Ξ̂N,R)([0, x0]× I′)

∣∣ H
]
= ∑

i∈C
gi>Rℓ

P
(
2|zi + Si| ≤ x0

∣∣ H
)
.

Hence (4.31) implies (4.32) and (4.33).

Smooth test functions. The local limit theorem applies only to smooth test functions,
but the function y 7→ f (2|y|, E) on R2 is in general not smooth at y = 0, even for smooth
f . For this reason, we first consider test functions of the form f (r, E) = h(r2, E) with h
smooth.

Lemma 4.9. Let R > 0, and let h ∈ C∞
c (R2) be a nonnegative function with supp h ⊂

R × int(I′). Define f (r, E) = h(r2, E) for (r, E) ∈ [0, ∞)× (−2, 2). Then f ∈ C+
c , and

E
[
e−Ξ̂N,R( f ) ∣∣ H

]
−→ e−LR( f ) (4.34)

in probability.

Proof. Fix uh > 0 and a compact interval Ih ⊂ int(I′) such that supp h ⊂ [−uh, uh]× Ih.
Then f is continuous and nonnegative, and supp f ⊂ [0, u1/2

h ]× Ih, so f ∈ C+
c .

We begin by introducing planar test functions. For E ∈ (−2, 2) and y ∈ R2, define

ψE(y) = 1 − exp
(
− h(4|y|2, E)

)
, Ah(E) =

∫
R2

ψE(y)dy. (4.35)

Since f (2|y|, E) = h(4|y|2, E), we have

1 − e− f (2|y|,E) = ψE(y) for all y ∈ R2 and E ∈ (−2, 2). (4.36)

We record three properties of ψE and Ah. First, 0 ≤ ψE ≤ 1, and ψE(y) = 0 if |y| > u1/2
h /2

or E /∈ Ih. Second, ψE ∈ C∞
c (R2), and the chain rule shows that every partial derivative

of ψE is bounded uniformly in E ∈ (−2, 2). Third, Ah is continuous by dominated
convergence, it vanishes outside Ih, and

Ah(E) =
π

2

∫ ∞

0
r
(
1 − e− f (r,E))dr, (4.37)

which follows from (4.36) by using polar coordinates in R2 with radius |y| = r/2.
We now apply the Bonferroni inequalities. For i ∈ CR, define

wi = ψEi(zi + Si) ∈ [0, 1], (4.38)
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and let w = (wi)i∈CR . Using (4.36), we find

e−Ξ̂N,R( f ) = ∏
i∈CR

e− f (2|zi+Si|,Ei) = ∏
i∈CR

(1 − wi).

Since CR is measurable with respect to H, Lemma 4.7 with T = CR implies that for every
integer n ≥ 0,

2n+1

∑
j=0

(−1)j E
[
Pj(w)

∣∣ H
]
≤ E

[
e−Ξ̂N,R( f ) ∣∣ H

]
≤

2n

∑
j=0

(−1)j E
[
Pj(w)

∣∣ H
]
. (4.39)

We claim that for every integer j ≥ 1,

E
[
Pj(w)

∣∣ H
]
−→ LR( f )j

j!
in probability. (4.40)

We first show that (4.40) implies the lemma. Let ϖ > 0. The alternating series
∑j≥0(−1)jLR( f )j/j! converges to e−LR( f ), so there exists n ≥ 0 such that∣∣∣∣ 2n

∑
j=0

(−1)jLR( f )j

j!
− e−LR( f )

∣∣∣∣ ≤ ϖ,
∣∣∣∣ 2n+1

∑
j=0

(−1)jLR( f )j

j!
− e−LR( f )

∣∣∣∣ ≤ ϖ.

Then (4.40) implies that the event∣∣∣E[
Pj(w)

∣∣ H
]
− LR( f )j

j!

∣∣∣ ≤ ϖ

2n + 2
for all j ∈ [2n + 1]

has probability tending to one. On this event, (4.39) and the choice of n give∣∣∣E[
e−Ξ̂N,R( f ) ∣∣ H

]
− e−LR( f )

∣∣∣ ≤ 2ϖ.

The number ϖ > 0 was arbitrary, so (4.34) follows.
It remains to prove (4.40). Fix j ≥ 1. For i ∈ CR, define

w̄i =
1

2πτ
exp

(
−

g2
i

8ℓ2

)
Ah(Ei), (4.41)

and let w̄ = (w̄i)i∈CR . We compare E[Pj(w) | H] with Pj(w̄), then Pj(w̄) with (∑i∈CR
w̄i)

j/j!,
and finally we show that ∑i∈CR

w̄i converges to LR( f ) in probability.
For the first comparison, let Ψj be the family of all functions of the form ψE′

1
⊗ · · · ⊗ψE′

j

with E′
1, . . . , E′

j ∈ (−2, 2), where(
ψE′

1
⊗ · · · ⊗ ψE′

j

)
(y1, . . . , yj) = ψE′

1
(y1) · · ·ψE′

j
(yj), y1, . . . , yj ∈ R2.
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By the first two properties of ψE, the members of Ψj are supported in a product of j
disks of radius u1/2

h /2, and each of their partial derivatives is bounded uniformly over
Ψj. Thus Ψj satisfies the hypotheses of the first part of Proposition 4.4 with k = j. Let N
be large enough that Lemma 4.6 applies with R′ = R + 1, and suppose that A⋆

N ∩AN,j
holds.

Let T ′ ⊂ CR with |T ′| = j. We list the elements of T ′ in increasing order as i =

(i1, . . . , ij). The first part of Lemma 4.6 shows that consecutive entries of i differ by at
least 2. We set

ψ = ψEi1
⊗ · · · ⊗ ψEij

∈ Ψj.

Then we have

∏
i∈T ′

wi = ψ(Si + zi),
∫

R2j
ψ(y)dy = ∏

i∈T ′
Ah(Ei),

|zi|2
2τ

= ∑
i∈T ′

g2
i

8d2τ
= ∑

i∈T ′

g2
i

8ℓ2 ,

where we used (4.9) and ℓ2 = d2τ in the last two equalities. Therefore the first part of
Proposition 4.4, applied with k = j and x = zi, gives∣∣∣E[

∏
i∈T ′

wi

∣∣∣ H
]
− ∏

i∈T ′
w̄i

∣∣∣ ≤ eNτ−j,

where eN = eN(j, Ψj) is the sequence of Proposition 4.4, which does not depend on T ′.
We now sum over the subsets T ′ ⊂ CR with |T ′| = j. By the second part of Lemma 4.6,

their number is bounded by

|CR|j
j!

≤ (KRτ)j

j!
, where KR = CI′(1 + R2)p∗ .

Hence, on A⋆
N ∩AN,j,

∣∣E[
Pj(w)

∣∣ H
]
− Pj(w̄)

∣∣ ≤ (KRτ)j

j!
eNτ−j =

K j
ReN

j!
. (4.42)

Next, we compare Pj(w̄) with (∑i∈CR
w̄i)

j/j!. We may assume that j ≥ 2, since the two
quantities coincide for j = 1. We expand (∑i∈CR

w̄i)
j as a sum over ordered j-tuples of

elements of CR. The tuples with distinct entries contribute j!Pj(w̄). Every other tuple has
equal entries in at least two positions, and for each of the ( j

2) choices of two positions, the
tuples with equal entries in these positions contribute(

∑
i∈CR

w̄2
i

)(
∑

i∈CR

w̄i

)j−2
≤

(
max
i∈CR

w̄i

)(
∑

i∈CR

w̄i

)j−1
.

Let ∥Ah∥∞ = supE Ah(E), which is finite by the first property of ψE. Then

max
i∈CR

w̄i ≤
∥Ah∥∞

2πτ
, ∑

i∈CR

w̄i ≤
KR∥Ah∥∞

2π
,
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where the second bound follows from the second part of Lemma 4.6. We conclude that

0 ≤
(

∑
i∈CR

w̄i

)j
− j! Pj(w̄) ≤

(
j
2

)
∥Ah∥∞

2πτ

(KR∥Ah∥∞

2π

)j−1
= O(τ−1). (4.43)

Finally, we show that

∑
i∈CR

w̄i −→ LR( f ) in probability. (4.44)

For ϖ ∈ (0, 1), define functions on [0, ∞)× (−2, 2) by

Q+
ϖ(y, E) =

1
2π

min
{

1,
(R + ϖ − y)+

ϖ

}
e−y2/8Ah(E),

Q−
ϖ(y, E) =

1
2π

min
{

1,
(R − y)+

ϖ

}
e−y2/8Ah(E).

They are continuous with support in [0, R + 1]× Ih, and they satisfy

Q−
ϖ(y, E) ≤ 1

2π
1{y ≤ R}e−y2/8Ah(E) ≤ Q+

ϖ(y, E).

Note that Rℓ ≤ s for large N by (4.2). Since Ah(Ei) = 0 unless Ei ∈ Ih ⊂ I′, we then
have

∑
i∈CR

w̄i =
1
τ

N−1

∑
i=1

1
2π

1{gi ≤ Rℓ} exp
(
−

g2
i

8ℓ2

)
Ah(Ei).

Using (4.27) with R′ = R + 1, we deduce that on A⋆
N, for large N,

1
τ ∑

1≤i<j′≤N
Q−

ϖ

(λj′ − λi

ℓ
,

λi + λj′

2

)
≤ ∑

i∈CR

w̄i ≤
1
τ ∑

1≤i<j′≤N
Q+

ϖ

(λj′ − λi

ℓ
,

λi + λj′

2

)
.

The first part of Proposition 4.1 implies that the left and right sides converge in probability
to ∫ 2

−2

∫ ∞

0
c(E)yQ−

ϖ(y, E)dy dE and
∫ 2

−2

∫ ∞

0
c(E)yQ+

ϖ(y, E)dy dE,

respectively. As ϖ → 0, dominated convergence shows that these integrals converge to

1
2π

∫ R

0
ye−y2/8 dy

∫ 2

−2
c(E)Ah(E)dE =

1
2π

· 4
(
1 − e−R2/8) · π

2
L( f ) = LR( f ),

where in the first equality we used (4.37) and (4.21). Now let ϖ′ > 0, and choose ϖ ∈ (0, 1)
such that each of these integrals differs from LR( f ) by at most ϖ′. Since P(A⋆

N) → 1, the
two-sided bound on ∑i∈CR

w̄i above and the convergence of its outer sides imply that∣∣∣ ∑
i∈CR

w̄i − LR( f )
∣∣∣ ≤ 2ϖ′
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with probability tending to one. The number ϖ′ > 0 was arbitrary, so (4.44) follows.
We now combine the three steps. The convergence (4.44) and the continuous mapping

theorem give
1
j!

(
∑

i∈CR

w̄i

)j
−→ LR( f )j

j!
in probability.

The estimates (4.42) and (4.43), whose right sides tend to zero, hold on A⋆
N ∩AN,j, and

P(A⋆
N ∩AN,j) → 1 by Lemma 4.6 and Proposition 4.4. Combining these facts with the

last display, we obtain (4.40). This completes the proof.

Continuous test functions and the truncation. In the next two lemmas and in the proof
of Theorem 1.2, we use the elementary inequality∣∣e−y1 − e−y2

∣∣ ≤ min{1, |y1 − y2|}, y1, y2 ≥ 0. (4.45)

We first extend Lemma 4.9 to continuous test functions.

Lemma 4.10. Let R > 0 and x0 > 0, and let f ∈ C+
c vanish outside [0, x0]× I. Then

lim
N→∞

Ee−Ξ̂N,R( f ) = e−LR( f ). (4.46)

Proof. To apply Lemma 4.9, we approximate f by test functions of the form h(r2, E).
Define h̄ : R2 → [0, ∞) by h̄(u, E) = 0 for E /∈ (−2, 2) and

h̄(u, E) = min{1, (1 + u)+} f
(
(max{u, 0})1/2, E

)
for u ∈ R, E ∈ (−2, 2).

Then h̄ is continuous, and

supp h̄ ⊂ [−1, x2
0]× I, h̄(r2, E) = f (r, E) for r ≥ 0, E ∈ (−2, 2).

For ϖ > 0, let hϖ be the convolution of h̄ with a smooth nonnegative function of
integral one supported in the disk of radius ϖ. Then hϖ ∈ C∞

c (R2) is nonnegative, and
∥hϖ − h̄∥∞ → 0 as ϖ → 0, since h̄ is uniformly continuous. For ϖ < 1 smaller than the
distance from I to R \ I′, we have supp hϖ ⊂ [−2, x2

0 + 1]× int(I′). Set

fϖ(r, E) = hϖ(r2, E), (r, E) ∈ [0, ∞)× (−2, 2).

Then f and fϖ vanish outside [0, x0 + 1]× I′, and

sup
(r,E)∈[0,∞)×(−2,2)

| fϖ(r, E)− f (r, E)| ≤ ∥hϖ − h̄∥∞.

We now compare the Laplace functionals of Ξ̂N,R at f and at fϖ. Using (4.45), we have∣∣Ee−Ξ̂N,R( f ) − Ee−Ξ̂N,R( fϖ)
∣∣ ≤ E min

{
1, ∥hϖ − h̄∥∞ Ξ̂N,R([0, x0 + 1]× I′)

}
≤ P

(
(A⋆

N)
c)+ ∥hϖ − h̄∥∞ E

[
1A⋆

N
E
[
Ξ̂N([0, x0 + 1]× I′)

∣∣ H
]]

≤ o(1) + C∥hϖ − h̄∥∞.
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In the last inequality, we used (4.32) with x0 + 1 in place of x0, and Ξ̂N,R ≤ Ξ̂N. Next,
Lemma 4.9 and the bounded convergence theorem give

lim
N→∞

Ee−Ξ̂N,R( fϖ) = e−LR( fϖ).

Moreover,

|LR( fϖ)− LR( f )| ≤
∫

| fϖ − f |dνR ≤ ∥hϖ − h̄∥∞ ν([0, x0 + 1]× I′).

Combining these estimates, we obtain

lim sup
N→∞

∣∣Ee−Ξ̂N,R( f ) − e−LR( f )∣∣ ≤ (
C + ν([0, x0 + 1]× I′)

)
∥hϖ − h̄∥∞,

and letting ϖ → 0 proves (4.46).

Next, we remove the truncation, using the bound (4.33), which relies on the second
part of Proposition 4.4.

Lemma 4.11. Let x0 > 0, and let f ∈ C+
c vanish outside [0, x0]× I. Then

lim
N→∞

Ee−Ξ̂N( f ) = e−L( f ). (4.47)

Proof. Let C, c > 0 be the constants of Lemma 4.8 for the window x0, and let R > 0. Then∣∣Ee−Ξ̂N( f ) − Ee−Ξ̂N,R( f )∣∣ ≤ E min
{

1, ∥ f ∥∞(Ξ̂N − Ξ̂N,R)([0, x0]× I′)
}

≤ P
(
(A⋆

N)
c)+ C∥ f ∥∞ sup

y≥R

(
(1 + y2)p∗e−cy),

where we used (4.45) and the fact that f vanishes outside [0, x0]× I in the first inequality,
and (4.33) in the second. Further, (4.22) gives∣∣e−LR( f ) − e−L( f )∣∣ ≤ L( f )− LR( f ) = e−R2/8L( f ).

Together with Lemma 4.10, these two bounds yield

lim sup
N→∞

∣∣Ee−Ξ̂N( f ) − e−L( f )∣∣ ≤ C∥ f ∥∞ sup
y≥R

(
(1 + y2)p∗e−cy)+ e−R2/8L( f ).

Letting R → ∞, we obtain (4.47).
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Void probabilities. We will deduce (1.6) from the convergence of ΞN by means of the
following standard consequence of vague convergence.

Lemma 4.12. Let S ⊂ [0, ∞) × (−2, 2) be a Borel set whose closure in [0, ∞) × (−2, 2) is
compact and whose boundary ∂S in this space satisfies ν(∂S) = 0. Let (µN)N≥2 be random
locally finite counting measures on [0, ∞) × (−2, 2) that converge in distribution to Ξ with
respect to the vague topology. Then

lim
N→∞

P
(
µN(S) = 0

)
= e−ν(S).

Proof. As Ξ has intensity ν, the assumption ν(∂S) = 0 implies that Ξ(∂S) = 0 almost
surely. Since S is relatively compact, the map µ 7→ µ(S) is continuous, for the vague
topology, at every locally finite measure µ with µ(∂S) = 0 (see [42, Chapter 4]). The
continuous mapping theorem therefore shows that µN(S) converges in distribution to
Ξ(S), which is a Poisson random variable with mean ν(S). These random variables take
integer values, so

lim
N→∞

P
(
µN(S) = 0

)
= P

(
Ξ(S) = 0

)
= e−ν(S).

Proof of Theorem 1.2. Let f ∈ C+
c . Since the support of f is compact, f vanishes outside

[0, x0]× I for some x0 > 0 and some bulk interval I. Throughout the proof, I′, C, CR, Ξ̂N ,
Ξ̂N,R, and A⋆

N are defined as in the setup above, with this choice of I. We extend f by
zero to [0, ∞)× R, and for ϖ > 0 we define

osc f (ϖ) = sup
{
| f (r, E)− f (r′, E′)| : (r, E), (r′, E′) ∈ [0, ∞)× R, |(r, E)− (r′, E′)| ≤ ϖ

}
.

(4.48)
We will show that

lim
N→∞

Ee−ΞN( f ) = e−L( f ). (4.49)

By Lemma 4.11, the limit (4.47) holds for the process Ξ̂N of linearized gaps. It remains to
pass from Ξ̂N to ΞN.

Passage to the resampled matrix and to H. Define

Ξ̃N =
N−1

∑
i=1

δ(d−1 g̃i, λ̃i)
,

regarded as a measure on [0, ∞)× (−2, 2) in the same way as ΞN, so that

Ξ̃N( f ) = ∑
i

f (d−1 g̃i, λ̃i).
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The eigenvalues are continuous functions of the matrix entries, so ΞN( f ) is a measurable
function of H, and Ξ̃N( f ) is the same function of H̃. Hence Lemma 4.2 gives

Ee−ΞN( f ) = Ee−Ξ̃N( f ). (4.50)

We now compare Ξ̃N( f ) with Ξ̂N( f ). Note that Ξ̂N records the midpoints Ei in the
spectrum of H, whereas Ξ̃N records the left endpoints λ̃i in the spectrum of H̃. By (4.18),
we have δN ≤ d for large N.

Suppose that N is large and that A⋆
N ∩BN holds, so that the conclusions of the second

part of Proposition 4.5 hold. Let i ∈ [N − 1] be such that f (d−1 g̃i, λ̃i) ̸= 0. Then g̃i ≤ x0d
and λ̃i ∈ I. We have x0d < s/2 for large N by (4.2), so (4.20) implies that gi ≤ s. Then
(4.19) gives

|Ei − λ̃i| ≤ |Ei − Ẽi|+
g̃i

2
≤ wN +

δN

2
+

x0d
2

, 2|zi + Si| ≤ d−1 g̃i +
δN

d
≤ x0 + 1.

In particular, Ei ∈ I′ for large N, so i ∈ C.
We have shown that every nonzero term of Ξ̃N( f ) comes from some i ∈ C with

2|zi + Si| ≤ x0 + 1. The same holds for the nonzero terms of Ξ̂N( f ), so

Ξ̃N( f )− Ξ̂N( f ) = ∑
i∈C

2|zi+Si|≤x0+1

(
f
(
d−1 g̃i, λ̃i

)
− f

(
2|zi + Si|, Ei

))
.

For every i in this sum, (4.19) gives

g̃i ≤ d
(

2|zi + Si|+
δN

d

)
≤ (x0 + 2)d,∣∣d−1 g̃i − 2|zi + Si|

∣∣+ |λ̃i − Ei| ≤
δN

d
+

g̃i

2
+ |Ẽi − Ei| ≤

δN

d
+

(x0 + 2)d
2

+ wN +
δN

2
.

We denote the right side of the second line by ςN . It is deterministic, and it tends to zero
by (4.18). Using the definition (4.48), we conclude that on A⋆

N ∩ BN,∣∣Ξ̃N( f )− Ξ̂N( f )
∣∣ ≤ osc f (ςN) Ξ̂N([0, x0 + 1]× I′),

and osc f (ςN) = o(1) because f is uniformly continuous.
We can now bound the difference of the Laplace functionals. Using the first part of

Proposition 4.5 and (4.32) with x0 + 1 in place of x0, we find∣∣Ee−Ξ̃N( f ) − Ee−Ξ̂N( f )∣∣ ≤ P
(
(A⋆

N)
c)+ E

[
1A⋆

N
P(Bc

N | H)
]

+ osc f (ςN)E
[
1A⋆

N
E
[
Ξ̂N([0, x0 + 1]× I′)

∣∣ H
]]

≤ o(1) + o(1) + C osc f (ςN) = o(1).
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Here the conditional probability of Bc
N enters only through the bound |e−Ξ̃N( f ) −

e−Ξ̂N( f )| ≤ 1. Combining the last estimate with (4.47) and (4.50), we obtain (4.49).
Vague convergence. The test function f ∈ C+

c was arbitrary, so (4.49) holds for all
f ∈ C+

c , and e−L( f ) = Ee−Ξ( f ). The space [0, ∞)× (−2, 2) is locally compact, separable,
and metrizable, and the measures ΞN and ν are locally finite on it. By the Laplace
functional criterion for convergence in distribution of random measures (see [42, Chapter
4]), the convergence of Ee−ΞN( f ) to Ee−Ξ( f ) for all f ∈ C+

c implies that ΞN converges in
distribution to Ξ for the vague topology. This is the first claim of Theorem 1.2.

The smallest gap. In this step, I denotes a nonempty interval with closure Ī ⊂ (−2, 2),
as in Theorem 1.2, and we fix x ≥ 0. Set S = [0, x]× I. The definition of ΞN gives{

N3/2 min
λi∈I

gi > x
}
=

{
ΞN(S) = 0

}
,

where the minimum is over i ∈ [N − 1] such that λi ∈ I, and an empty minimum is +∞.
The closure of S in [0, ∞)× (−2, 2) is the compact set [0, x]× Ī, and the interior of

S contains [0, x)× int(I). The difference of these two sets is contained in ({x} × Ī) ∪
([0, x] × ( Ī \ int(I))), which has Lebesgue measure zero, since Ī \ int(I) consists of at
most two points. The measure ν has a density with respect to the Lebesgue measure, so
ν(∂S) = 0 and

ν(S) =
∫

I

∫ x

0
c(E)y dy dE =

π2x2

12

∫
I

ρsc(E)3 dE, (4.51)

where we used the definition of c(E) in the last equality. By the first claim of Theorem 1.2,
we may apply Lemma 4.12 with µN = ΞN, which gives

lim
N→∞

P
(
ΞN(S) = 0

)
= e−ν(S).

Together with (4.51), this proves the second claim of Theorem 1.2.



section 5

A comparison estimate for pair statistics

In this section, we compare Laplace transforms of pair statistics of H with those of the
Ornstein–Uhlenbeck interpolation Ht defined in (3.2). In Section 6, pair statistics of
Ht are computed for suitable small times t using the Gaussian component of Ht, and
Proposition 5.9 below transfers these computations to H. The pair statistics count pairs
of eigenvalues at distance of order ℓα = N−1−α, weighted by a smooth function of their
midpoint, and the observables we compare are exponentials of nonpositive multiples of
such statistics.

Our argument follows the continuity estimate of Bourgade and Yau [11, Lemma A.1]
(see also [23, Chapter 15]), which is a continuous version of the Lindeberg replacement
strategy [15, 70] along the Ornstein–Uhlenbeck interpolation. It requires bounds on the
derivatives of the observable in one matrix entry, up to order three, or four when EX3 = 0.
Obtaining these bounds is the main difficulty. Derivatives of eigenvalues of order two
and higher contain inverse gaps (λi − λj)

−1, and bounding the resulting sums would
require control of pairs of nearby eigenvalues, which is what the comparison is meant to
establish. We therefore avoid eigenvalue perturbation theory. Instead, we show that the
pair statistic extends to a holomorphic function of the matrix entries whose real part is
nonnegative as long as the spectrum stays in a thin rectangle of height of order ℓα around
[−4, 4]. The observable then has modulus at most one on a complex disk in each entry,
whose radius is slightly smaller than N−α, and Cauchy’s estimates bound its derivatives
by powers of the inverse radius, uniformly in the normalization of the statistic. These
bounds suffice because the radius is much larger than the typical size N−1/2 of an entry.

Section 5.1 introduces the smoothed energy weights. In Section 5.2, we show that
a complex perturbation of one entry of a regular matrix keeps its spectrum in the
thin rectangle; this is the only place in this section where we use the conditions of
Definition 3.1. Section 5.3 constructs the holomorphic extension, and Section 5.4 proves
the comparison estimate. The proof uses the observable only through the two properties
listed in Remark 5.10.

60



5 A comparison estimate for pair statistics 5.1 Smoothed energy weights 61

5.1 Smoothed energy weights

Recall the scale ℓα = N−1−α from (3.15). For α ∈ (0, 1/2), a real symmetric N × N matrix
A, and functions φ : R → R and f : [0, ∞) → R, we define the pair statistic

Xα(A; φ, f ) = ∑
1≤i<j≤N

φ
(λi(A) + λj(A)

2

)
f
(λj(A)− λi(A)

ℓα

)
. (5.1)

Throughout the rest of this section, we fix α ∈ (0, 1/2). Recall the functions fp from (3.33).
For an integer p ≥ 1, we extend fp to C \ {i,−i} by the same formula, fp(z) = (1 + z2)−p.

We set hN = N−1/10, and for a nonnegative φ ∈ C∞
c ((−2, 2)), we define the smoothed

energy weight

φN(w) =
1√

2π hN

∫
R

φ(y) exp
(
− (w − y)2

2h2
N

)
dy, w ∈ C. (5.2)

We use this notation for every nonnegative function in C∞
c ((−2, 2)); for example, φj,N

in Definition 5.4 below denotes the function defined by (5.2) with φj in place of φ.
Differentiating under the integral sign, we see that φN is an entire function. For real x,
the number φN(x) is the average of φ with respect to the Gaussian density with mean x
and variance h2

N. For z ∈ C \ {0}, we let arg z ∈ (−π, π] denote the principal argument
of z.

Part (3) of the following lemma controls the argument of φN near the real axis. We
will use it, together with part (1), in Section 5.3, and we will use parts (1), (2), (4), and (5)
in Section 6 and Section 9.

Lemma 5.1. Let φ ∈ C∞
c ((−2, 2)) be nonnegative. Then the following statements hold for all

N ≥ 1.

(1) For all x ∈ R, we have 0 ≤ φN(x) ≤ ∥φ∥∞. If φ is not identically zero, then φN(x) > 0
for all x ∈ R.

(2) For all x ∈ R with |x| ≤ 5 and all w ∈ C with |w − x| ≤ 1, we have

|φN(w)− φN(x)| ≤
(

exp(8|w − x|h−2
N )− 1

)
φN(x). (5.3)

If moreover w ∈ R, then

exp(−8|w − x|h−2
N )φN(x) ≤ φN(w) ≤ exp(8|w − x|h−2

N )φN(x). (5.4)

(3) For all w ∈ C such that (|Re w|+ 2)| Im w| ≤ h2
N, either φN(w) = 0 or

| arg φN(w)| ≤ (|Re w|+ 2)| Im w|h−2
N . (5.5)

(4) For all x ∈ R, we have

φN(x) ≤ 2∥φ∥∞ exp
(
− dist(x, supp φ)2/(2h2

N)
)
. (5.6)
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(5) We have supx∈R |φN(x)− φ(x)| ≤ ∥φ′∥∞hN.

Proof. The first claim in part (1) holds since φN(x) is the average of φ against a probability
density. The second holds since this density is positive everywhere and φ is continuous,
nonnegative, and not identically zero.

We now prove part (2). Fix x ∈ R with |x| ≤ 5 and w ∈ C with |w − x| ≤ 1. For
y ∈ supp φ, we have |x − y| ≤ 7, and expanding (w − y)2 around x − y gives

exp
(
− (w − y)2

2h2
N

)
= exp

(
− (x − y)2

2h2
N

)
exp

(
− 2(x − y)(w − x) + (w − x)2

2h2
N

)
. (5.7)

The exponent in the second factor satisfies

|2(x − y)(w − x) + (w − x)2|
2h2

N
≤ 14|w − x|+ |w − x|2

2h2
N

≤ 8|w − x|h−2
N . (5.8)

Using |ez − 1| ≤ e|z| − 1 for z ∈ C and integrating (5.7) against φ(y)dy, we find

|φN(w)− φN(x)| ≤ 1√
2π hN

∫
R

φ(y) exp
(
− (x − y)2

2h2
N

)(
e8|w−x|h−2

N − 1
)

dy

=
(
e8|w−x|h−2

N − 1
)

φN(x),

which is (5.3).
When w is real, the exponent in the second factor of (5.7) is real, so by (5.8), we have

e−8|w−x|h−2
N ≤ exp

(
− 2(x − y)(w − x) + (w − x)2

2h2
N

)
≤ e8|w−x|h−2

N , y ∈ supp φ.

Integrating (5.7) against φ(y)dy gives (5.4).
To prove part (3), we expand

(w − y)2 = (Re w − y)2 − (Im w)2 + 2i Im w (Re w − y),

which gives

φN(w) =
1√

2π hN

∫
R

φ(y) exp
(
− (Re w − y)2 − (Im w)2

2h2
N

)
× exp

(
− i Im w (Re w − y)

h2
N

)
dy.

The first two factors in the integrand are nonnegative. For y ∈ supp φ, the phase of
the last factor has absolute value at most

β = (|Re w|+ 2)| Im w|h−2
N ≤ 1.
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Since β < π/2, the closed sector of half-angle β is an intersection of two closed half-
planes,

{0} ∪ {z ̸= 0 : | arg z| ≤ β} =
{

z : Re
(
ei(π/2−β)z

)
≥ 0

}
∩
{

z : Re
(
e−i(π/2−β)z

)
≥ 0

}
.

Each of these half-planes is preserved by integration against a nonnegative weight, so
φN(w) belongs to the sector, as claimed in (5.5).

For parts (4) and (5), we change variables in (5.2) and write, for x ∈ R,

φN(x) =
1√
2π

∫
R

φ(x + hNy)e−y2/2 dy.

The integrand vanishes unless hN|y| ≥ dist(x, supp φ), so (5.6) follows from the Gaussian
tail bound ∫

|y|≥y0

e−y2/2 dy ≤ 2
√

2π e−y2
0/2, y0 ≥ 0.

Further, the mean value theorem gives

|φN(x)− φ(x)| ≤ 1√
2π

∫
R
|φ(x + hNy)− φ(x)|e−y2/2 dy ≤

( 2
π

)1/2
∥φ′∥∞hN ≤ ∥φ′∥∞hN,

which is part (5).

5.2 Spectra under a perturbation of one entry

For an integer p ≥ 1, we set

ωp =
1

1000(p + 1)
, cp =

ωp

100
, (5.9)

and we define the open rectangle

Rα,p = {w ∈ C : |Re w| < 4, | Im w| < ωpℓα}. (5.10)

Recall the set Gε of regular matrices from Definition 3.1 and the matrices Vab from (3.1).
In the next lemma, the size 8cpN−α−4ε of the perturbation is much larger than the typical
size N−1/2 of an entry of Ht when α + 4ε < 1/2.

Lemma 5.2. Let ε > 0, and let p ≥ 1 be an integer. There exists N0 = N0(α, p) such that the
following holds for all N ≥ N0. Let A ∈ Gε, let a, b ∈ [N] with a ≤ b, and let ζ ∈ C with
|ζ| ≤ 8cpN−α−4ε. Then Spec(A + ζVab) ⊂ Rα,p.

Proof. We fix a spectral decomposition

A =
N

∑
i=1

λi(A)vivT
i ,
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where (vi)i∈[N] is an orthonormal basis of RN. Recall from the definition of Gε that
∥A∥ ≤ 3 and ∥vi∥∞ ≤ N−1/2+ε for all i ∈ [N].

We write ∂Rα,p for the boundary of Rα,p. It consists of two horizontal sides on the
lines Im w = ±ωpℓα and two vertical sides on the lines Re w = ±4.

We begin by bounding the entries of the resolvent (A − w)−1 for w ∈ ∂Rα,p. Let w
lie on a horizontal side, so that |Re w| ≤ 4 and | Im w| = ωpℓα. For a′, b′ ∈ {a, b}, the
spectral decomposition gives

∣∣((A − w)−1)
a′b′

∣∣ ≤ N

∑
i=1

|vi(a′)| |vi(b′)|
|λi(A)− w| ≤ N−1+2ε

N

∑
i=1

1
|λi(A)− w| . (5.11)

To bound the last sum, we partition the real line into the intervals

In =
[

Re w + n/N, Re w + (n + 1)/N
)
, n ∈ Z.

Every eigenvalue of A belongs to some In with |n| ≤ 7N, since λi(A) ∈ [−3, 3] and
|Re w| ≤ 4. Moreover, the definition of Gε implies that each In contains at most Nε

eigenvalues of A, counted with multiplicity. For λi(A) ∈ In, we have

|λi(A)− w| ≥


ωpℓα if n ∈ {−1, 0},

n/N if n ≥ 1,

(|n| − 1)/N if n ≤ −2,

(5.12)

where the first bound uses | Im w| = ωpℓα, and the other two use |λi(A)− w| ≥ |λi(A)−
Re w|. Summing over n, we obtain

N

∑
i=1

1
|λi(A)− w| ≤

2Nε

ωpℓα
+ 2Nε

7N

∑
n=1

N
n

≤ 2N1+α+ε

ωp
+ 2N1+ε

(
1 + log(7N)

)
.

We now choose N0 = N0(α, p) such that

2ωp
(
1 + log(7N)

)
≤ Nα for all N ≥ N0.

For such N, the right side is bounded by 3N1+α+ε/ωp, and inserting this bound into
(5.11), we obtain ∣∣((A − w)−1)

a′b′
∣∣ ≤ 3Nα+3ε

ωp
, a′, b′ ∈ {a, b}. (5.13)

It remains to treat the vertical sides. There we have |Re w| = 4, so dist(w, Spec A) ≥ 1
since ∥A∥ ≤ 3. Hence ∥(A − w)−1∥ ≤ 1 there, and (5.13) holds on all of ∂Rα,p.

Next, we reduce the characteristic polynomial of A + ζVab to a determinant of size at
most two. Recall Sylvester’s determinant identity

det(IdN + Q1Q2) = det(Id2 + Q2Q1), Q1 ∈ CN×2, Q2 ∈ C2×N.
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For a < b, we have

ζVab = Q1Q2, Q1 = (ea, eb), Q2 = ζ(eb, ea)
T.

Factoring out A − w and applying the identity, we find, for w /∈ Spec A and x ∈ [0, 1],

det(A + xζVab − w) = det(A − w)det
(

Id2 + xζ

(
((A − w)−1)ba ((A − w)−1)bb
((A − w)−1)aa ((A − w)−1)ab

))
.

(5.14)
For a = b, the same reasoning with Q1 = ea and Q2 = ζeT

a gives

det(A + xζVaa − w) = det(A − w)
(
1 + xζ((A − w)−1)aa

)
. (5.15)

Now let w ∈ ∂Rα,p and x ∈ [0, 1]. Observe that ∂Rα,p does not meet [−3, 3], so
w /∈ Spec A. Using (5.13) and our assumption on ζ, we see that every entry of the 2 × 2
matrix in (5.14), multiplied by xζ, has modulus bounded by

8cpN−α−4ε · 3Nα+3ε

ωp
=

24cp

ωp
N−ε ≤ 1

4
,

where we used cp = ωp/100. For a 2 × 2 matrix Q′ whose entries have modulus at most
1/4, we have

|det(Id2 + Q′)| = |1 + Tr Q′ + det Q′| ≥ 1 − 1
2
− 1

8
> 0.

In the case a = b, the last factor in (5.15) has modulus at least 3/4. We conclude that

det(A + xζVab − w) ̸= 0 for all w ∈ ∂Rα,p and x ∈ [0, 1]. (5.16)

Finally, we use the argument principle. For x ∈ [0, 1], we set

χx(w) = det(wIdN − A − xζVab), w ∈ C.

This is a monic polynomial of degree N in w, whose coefficients are polynomials in x.
Combining (5.16) with the compactness of [0, 1]× ∂Rα,p, we see that |χx(w)| is bounded
below by a positive constant for (x, w) in this set. Hence, with ∂Rα,p oriented counter-
clockwise, the integral

1
2πi

∮
∂Rα,p

∂wχx(w)

χx(w)
dw,

which counts the zeros of χx in Rα,p with multiplicity, is a continuous function of x ∈ [0, 1].
It takes integer values, so it is constant.

For x = 0, the zeros of χ0 are the eigenvalues of A, which belong to [−3, 3] ⊂ Rα,p,
so the integral is N for all x. Therefore all N zeros of χ1, which are the eigenvalues of
A + ζVab counted with algebraic multiplicity, lie in Rα,p. This completes the proof.
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5.3 A holomorphic extension of the pair statistic

We will need the following elementary fact.

Lemma 5.3. Let O ⊂ C be open. Then the set of matrices A ∈ CN×N such that Spec A ⊂ O is
open in CN×N.

Proof. Let (An)n≥1 be a sequence of matrices converging to A such that each An has an
eigenvalue wn /∈ O. The sequence (wn) is bounded, since |wn| ≤ ∥An∥, and after passing
to a subsequence, we may assume that wn → w. Then w /∈ O, since C \ O is closed, and

det(A − w) = lim
n→∞

det(An − wn) = 0.

Hence the set of matrices with an eigenvalue outside O is closed.

We now introduce the tensor products used to define the extension. We identify
CN ⊗ CN with CN2

, and we order the basis (ei ⊗ ej)i,j∈[N] lexicographically in (i, j). For
A ∈ CN×N, we define

D(A) = A ⊗ Id − Id ⊗ A, M(A) =
1
2
(A ⊗ Id + Id ⊗ A). (5.17)

By Schur’s theorem, there exist a unitary matrix O and an upper triangular matrix T
such that A = OTO∗, where the diagonal entries Tii = wi are the eigenvalues of A, listed
with algebraic multiplicity (in any prescribed order). Then

(O ⊗ O)∗D(A)(O ⊗ O) = T ⊗ Id − Id ⊗ T,

(O ⊗ O)∗M(A)(O ⊗ O) =
1
2
(T ⊗ Id + Id ⊗ T).

(5.18)

The matrices T ⊗ Id and Id ⊗ T are upper triangular with respect to the lexicographic
order, since

(T ⊗ Id)(ei ⊗ ej) = ∑
i′≤i

Ti′i ei′ ⊗ ej, (Id ⊗ T)(ei ⊗ ej) = ∑
j′≤j

Tj′ j ei ⊗ ej′ ,

and their diagonal entries at ei ⊗ ej are wi and wj, respectively. Hence the right sides of
(5.18) are upper triangular, with diagonal entries wi − wj and (wi + wj)/2 at ei ⊗ ej.

For a square matrix M, we define

φN(M) =
∞

∑
n=0

φ
(n)
N (0)
n!

Mn, (5.19)

where the series converges absolutely since φN is entire. Every power of an upper trian-
gular matrix is upper triangular, with the corresponding powers of the diagonal entries
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on its diagonal. Hence, for an upper triangular matrix M, the matrix φN(M) is upper
triangular with diagonal entries φN(Mii). Similarly, the inverse of an invertible upper
triangular matrix is upper triangular, with the reciprocal diagonal entries. Moreover, for
every square matrix M and every unitary matrix Q of the same size, we have

φN(Q∗MQ) = Q∗φN(M)Q. (5.20)

Suppose now that every eigenvalue wi of A satisfies | Im wi| < ωpℓα. By (5.18), the
matrix Id + ℓ−2

α D(A)2 is similar to an upper triangular matrix with diagonal entries
1 + ((wi − wj)/ℓα)2. For z = (wi − wj)/ℓα, we have | Im z| < 2ωp, and

Re(1 + z2) = 1 + (Re z)2 − (Im z)2 ≥ 1 − 4ω2
p > 0.

Therefore Id + ℓ−2
α D(A)2 is invertible, which justifies the following definition.

Definition 5.4. For an integer p ≥ 1, we define

Uα,p = {A ∈ CN×N : | Im w| < ωpℓα for every eigenvalue w of A}. (5.21)

For a nonnegative φ ∈ C∞
c ((−2, 2)), an integer p ≥ 1, and A ∈ Uα,p, we define

Xα(A; φN, fp) =
1
2

Tr
[

φN
(
M(A)

)(
Id + ℓ−2

α D(A)2)−p
]
− 1

2
Tr φN(A). (5.22)

Let J be a finite nonempty set. For each j ∈ J , let φj ∈ C∞
c ((−2, 2)) be nonnegative, let

pj ≥ 1 be an integer, and let θj ≥ 0. Set p = maxj∈J pj. We define the observable

F(A) = exp
(
− ∑

j∈J
θjXα(A; φj,N, fpj)

)
, A ∈ Uα,p. (5.23)

Since ωp ≤ ωpj , we have Uα,p ⊂ Uα,pj for all j ∈ J , so (5.23) is well defined. By
Lemma 5.3, the set Uα,p is open. It contains every real symmetric matrix and every matrix
with spectrum in Rα,p. The observable F depends on N and on the data (φj, pj, θj)j∈J ,
which we suppress from the notation. The parameters θj may depend on N, and all
bounds below are uniform in them.

Lemma 5.5. Let p ≥ 1 be an integer, and let φ ∈ C∞
c ((−2, 2)) be nonnegative. Then the

following statements hold for all N ≥ 1.

(1) The function A 7→ Xα(A; φN, fp) is holomorphic in the entries of A on Uα,p. If A ∈ Uα,p

has eigenvalues w1, . . . , wN, listed with algebraic multiplicity in any order, then

Xα(A; φN, fp) = ∑
1≤i<j≤N

φN

(wi + wj

2

)
fp

(wj − wi

ℓα

)
. (5.24)

In particular, (5.22) agrees with (5.1) for every real symmetric matrix A.
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(2) Let A ∈ Uα,p, and suppose that (|Re w|+ 2)| Im w′| ≤ h2
N/200 for all eigenvalues w and

w′ of A. Then every summand on the right side of (5.24) is either zero or has argument of
absolute value at most 1/100. In particular, ReXα(A; φN, fp) ≥ 0.

(3) If Spec A ⊂ Rα,p, then A ∈ Uα,p, and A satisfies the hypothesis of part (2).
(4) Let F be as in Definition 5.4, and suppose that p = maxj∈J pj. Then F is holomorphic in

the entries of A on Uα,p, and |F(A)| ≤ 1 for every A ∈ Uα,p satisfying the hypothesis of
part (2). In particular, |F(A)| ≤ 1 if Spec A ⊂ Rα,p or if A is real symmetric.

Proof. We begin with holomorphy. The entries of M(A)n are polynomials in the entries
of A, and ∥M(A)n∥ ≤ ∥A∥n. Since φN is entire, the series defining φN(M(A)) therefore
converges uniformly on bounded subsets of CN×N, and the entries of φN(M(A)) are
holomorphic functions of the entries of A, as locally uniform limits of polynomials. The
same holds for φN(A). By Cramer’s rule, the entries of (Id + ℓ−2

α D(A)2)−1 are quotients
of polynomials in the entries of A, whose common denominator det(Id + ℓ−2

α D(A)2)

does not vanish on Uα,p. Hence the right side of (5.22) is holomorphic on Uα,p.
Next, we prove (5.24). Let A = OTO∗ as above, with Tii = wi. Using (5.18) and (5.20)

with Q = O ⊗ O, we find that

(O ⊗ O)∗φN
(
M(A)

)(
Id + ℓ−2

α D(A)2)−p
(O ⊗ O)

= φN

(1
2
(T ⊗ Id + Id ⊗ T)

)(
Id + ℓ−2

α (T ⊗ Id − Id ⊗ T)2
)−p

.

By the facts on triangular matrices recalled after (5.19), the right side is a product of
upper triangular matrices. The diagonal entry of this product at ei ⊗ ej is

φN

(wi + wj

2

)
fp

(wi − wj

ℓα

)
.

Similarly, O∗φN(A)O = φN(T) is upper triangular with diagonal entries φN(wi). Taking
traces, we obtain

Xα(A; φN, fp) =
1
2

N

∑
i,j=1

φN

(wi + wj

2

)
fp

(wi − wj

ℓα

)
− 1

2

N

∑
i=1

φN(wi)

= ∑
1≤i<j≤N

φN

(wi + wj

2

)
fp

(wj − wi

ℓα

)
,

where we used that fp(0) = 1, so that the terms with i = j cancel the second sum, and
that the summand is symmetric in (i, j), since fp(−z) = fp(z). For a real symmetric A,
we may take wi = λi(A), and (5.24) becomes (5.1).

To prove part (2), we first bound the argument of fp. Let z ∈ C with | Im z| ≤ 1/2.
Then

Re(1 + z2) = 1 + (Re z)2 − (Im z)2 ≥ 3
4
(
1 + (Re z)2) > 0,

| Im(1 + z2)| = 2|Re z| | Im z| ≤
(
1 + (Re z)2)| Im z|.

(5.25)
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The real part of 1 + z2 is positive, so (5.25) and the inequality | arctan y| ≤ |y| give

| arg(1 + z2)| ≤ | Im(1 + z2)|
Re(1 + z2)

≤ 4
3
| Im z|. (5.26)

For such z with the additional property (4/3)p| Im z| < π, it follows that arg fp(z) =

−p arg(1 + z2), and therefore

| arg fp(z)| ≤
4
3

p| Im z|. (5.27)

Now let A be as in part (2), fix i < j, and set z = (wj − wi)/ℓα. The assumption
A ∈ Uα,p gives

| Im z| < 2ωp ≤ 1
1000

,

and in particular (4/3)p| Im z| < π. By (5.27), we have

| arg fp(z)| ≤
8p ωp

3
=

8p
3000(p + 1)

<
1

375
.

For the midpoint (wi + wj)/2, we have∣∣∣Re
wi + wj

2

∣∣∣ ≤ max(|Re wi|, |Re wj|),
∣∣∣ Im

wi + wj

2

∣∣∣ ≤ max(| Im wi|, | Im wj|),

so that our assumption gives(∣∣∣Re
wi + wj

2

∣∣∣+ 2
)∣∣∣ Im

wi + wj

2

∣∣∣ ≤ max
w,w′∈{wi,wj}

(|Re w|+ 2)| Im w′| ≤
h2

N
200

.

Applying part (3) of Lemma 5.1, we find that either φN((wi +wj)/2) = 0 or | arg φN((wi +

wj)/2)| ≤ 1/200. In the latter case, we have∣∣∣ arg
(

φN

(wi + wj

2

)
fp(z)

)∣∣∣ ≤ ∣∣∣ arg φN

(wi + wj

2

)∣∣∣+ | arg fp(z)| ≤
1

200
+

1
375

<
1

100
,

where the first inequality holds because the middle expression is smaller than π. Every
nonzero complex number whose argument has absolute value at most 1/100 has positive
real part, so the real part of the sum in (5.24) is nonnegative.

For part (3), let Spec A ⊂ Rα,p. Then A ∈ Uα,p, and all eigenvalues w and w′ of A
satisfy

(|Re w|+ 2)| Im w′| < 6ωpℓα ≤ 6
2000

N−1 ≤ N−1/5

200
=

h2
N

200
.

It remains to prove part (4). The function F is holomorphic on Uα,p by part (1), since
Uα,p ⊂ Uα,pj for all j ∈ J . Let A ∈ Uα,p satisfy the hypothesis of part (2). Applying part
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(2) with pj and φj in place of p and φ, we find that ReXα(A; φj,N , fpj) ≥ 0 for every j ∈ J .
Using θj ≥ 0, we obtain

|F(A)| = exp
(
− ∑

j∈J
θj ReXα(A; φj,N, fpj)

)
≤ 1.

The last claim follows from part (3) and, for real symmetric A, from the fact that
Xα(A; φj,N, fpj) ≥ 0, which holds by (5.1), part (1) of Lemma 5.1, and the positivity
of fpj on R.

For a function Q defined on an open set of N × N matrices containing the real
symmetric matrices, a real symmetric matrix B, indices a ≤ b, and an integer n ≥ 1, we
write

∂n
abQ(B) =

dn

dxnQ(B + xVab)
∣∣∣
x=0

(5.28)

whenever this derivative exists, and ∂ab = ∂1
ab. In the real coordinates xab obtained by

writing a real symmetric matrix as ∑a≤b xabVab, the operator ∂ab is the partial derivative
with respect to xab. The next lemma gives a crude bound on the derivatives of F that
holds at every real symmetric matrix, without any regularity assumption. We will use
it to verify the hypotheses of the derivative formula in Lemma 5.7 below and to control
contributions of events of very small probability.

Lemma 5.6. Let F be as in Definition 5.4, and let p = maxj∈J pj. For every real symmetric
matrix B and all a ≤ b, the function x 7→ F(B + xVab) is smooth on R. Moreover, for every
integer n ≥ 1, we have

|∂n
abF(B)| ≤ n!

( 2
ωp

)n(1 + ∥B∥
ℓαh2

N

)n
. (5.29)

Proof. Fix B and a ≤ b, and set

rB =
ωpℓαh2

N
2(1 + ∥B∥) .

We first locate the eigenvalues of B + ζVab for ζ ∈ C. Let w ∈ C satisfy
dist(w, Spec B) > |ζ|. Since B is real symmetric and ∥Vab∥ = 1, we have

∥ζ(B − w)−1Vab∥ ≤ |ζ|dist(w, Spec B)−1 < 1,

so the matrix
B + ζVab − w = (B − w)

(
Id + ζ(B − w)−1Vab)

is invertible. Hence every eigenvalue w of B + ζVab satisfies dist(w, Spec B) ≤ |ζ|, and in
particular

| Im w| ≤ |ζ|, |Re w| ≤ ∥B∥+ |ζ|. (5.30)
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The bound (5.30) shows that B + ζVab ∈ Uα,p whenever |ζ| < ωpℓα. Hence, by part (4)
of Lemma 5.5, the function ζ 7→ F(B + ζVab) is holomorphic on the disk {|ζ| < ωpℓα}.
Applying this with B + x0Vab in place of B for each x0 ∈ R, we see that x 7→ F(B + xVab)

is real analytic, and in particular smooth, on R.
Now let |ζ| ≤ rB, and let w and w′ be eigenvalues of B + ζVab. Using (5.30), rB ≤ 1,

and rB < ωpℓα, we find that B + ζVab ∈ Uα,p and that

(|Re w|+ 2)| Im w′| ≤ (∥B∥+ 3)rB ≤ 3(1 + ∥B∥)rB =
3
2

ωpℓαh2
N ≤

h2
N

200
.

Hence B + ζVab satisfies the hypothesis of part (2) of Lemma 5.5, and part (4) of that
lemma gives |F(B + ζVab)| ≤ 1 for |ζ| ≤ rB. Cauchy’s estimate on the circle of radius rB
about the origin gives

|∂n
abF(B)| ≤ n! r−n

B ,

which is (5.29).

5.4 Comparison along the Ornstein–Uhlenbeck interpolation

For a ≤ b and t ∈ [0, 1], we let xab(t) = (Ht)ab denote the (a, b) coordinate of Ht, so that

Ht = ∑
a≤b

xab(t)Vab, xab(t) = e−t/2Hab + (1 − e−t)1/2Gab, (5.31)

and we let H[ab]
t = Ht − xab(t)Vab denote the matrix obtained from Ht by setting its

(a, b) and (b, a) entries to zero. We also set vG
ab = EG2

ab, so that vG
ab = 1/N for a < b

and vG
aa = 2/N. The variables (Hab)a≤b and (Gab)a≤b are independent, so for each t, the

coordinates (xab(t))a≤b are independent. In particular, xab(t) is independent of H[ab]
t .

We record some properties of the coordinates. Recall from Definition 1.1 that Hab =

N−1/2Xab for a < b and Haa = N−1/2Za, where P(|X| > y) + P(|Z| > y) ≤ C0e−c0y2
for

y ≥ 0. Since Gab is a centered Gaussian variable with variance at most 2/N, we have, for
all t ∈ [0, 1], a ≤ b, and y ≥ 0,

P
(
|xab(t)| > y

)
≤ P

(
|Hab| > y/2

)
+ P

(
|Gab| > y/2

)
≤ C0e−c0Ny2/4 + 2e−Ny2/16. (5.32)

In particular, for every integer n ≥ 1, there exists Cn > 0 such that

E|xab(t)|n ≤ CnN−n/2 (5.33)

for all t ∈ [0, 1] and a ≤ b. Using the independence of Hab and Gab, the identities
EHab = EGab = EG3

ab = 0, EH2
ab = 1/N for a < b, and EH2

aa = σ2
Z/N, we also find

Exab(t)2 = vG
ab, Exab(t)3 =

e−3t/2EX3

N3/2 (a < b), Exaa(t)2 = vG
aa +

e−t(σ2
Z − 2)
N

.

(5.34)
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The following lemma expresses EQ(Ht)− EQ(H) in terms of the derivatives of Q in
single coordinates.

Lemma 5.7. Let Q be a bounded, twice continuously differentiable, complex-valued function on
the space of real symmetric N × N matrices. Suppose that there exists K0 > 0 such that

|∂abQ(A)|+ |∂2
abQ(A)| ≤ K0(1 + ∥A∥)2 (5.35)

for every real symmetric matrix A and all a ≤ b. Then for all t ∈ [0, 1],

EQ(Ht)− EQ(H) =
1
2

∫ t

0
∑
a≤b

E
[
vG

ab ∂2
abQ(Ht′)− xab(t′) ∂abQ(Ht′)

]
dt′. (5.36)

Proof. Fix realizations of H and G. The map t′ 7→ Ht′ is continuous on [0, 1] and continu-
ously differentiable on (0, 1]. Differentiating (5.31) and using the identity

e−t′(1 − e−t′)−1/2 = (1 − e−t′)−1/2 − (1 − e−t′)1/2,

we find that

d
dt′

xab(t′) = −1
2

xab(t′) +
1
2
(1 − e−t′)−1/2Gab, t′ ∈ (0, 1].

The chain rule gives, for t′ ∈ (0, 1],

d
dt′

Q(Ht′) = ∑
a≤b

∂abQ(Ht′)
(
− 1

2
xab(t′) +

1
2
(1 − e−t′)−1/2Gab

)
. (5.37)

We now justify integrating (5.37). For t′ ∈ (0, 1], we have

∥Ht′∥ ≤ ∥H∥+ ∥G∥, |xab(t′)| ≤ |Hab|+ |Gab|, 1 − e−t′ ≥ t′/e.

Together with (5.35), these bounds give∣∣∣ d
dt′

Q(Ht′)
∣∣∣ ≤ K0

(
1 + ∥H∥+ ∥G∥

)2(1 + (e/t′)1/2) ∑
a≤b

(
|Hab|+ |Gab|

)
. (5.38)

The entries of H and G have moments of all orders, and ∥H∥2 ≤ ∑a,b H2
ab. Therefore

the right side of (5.38) has finite expectation for every t′ ∈ (0, 1], and this expectation
is integrable in t′ over (0, 1] (the factor (t′)−1/2 is integrable at t′ = 0). Applying the
fundamental theorem of calculus on [t0, t] with 0 < t0 < t and letting t0 → 0, using the
continuity of t′ 7→ Q(Ht′) at t′ = 0, we obtain

Q(Ht)−Q(H) =
∫ t

0

d
dt′

Q(Ht′)dt′, t ∈ [0, 1].
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Taking expectations and using Fubini’s theorem, we find

EQ(Ht)− EQ(H) =
∫ t

0
E
[ d

dt′
Q(Ht′)

]
dt′. (5.39)

Next, we compute the expectation of (5.37) with Gaussian integration by parts. Fix
t′ ∈ (0, 1] and a ≤ b, and condition on H and on (Ga′b′)(a′,b′) ̸=(a,b). Then H[ab]

t′ and Hab are
fixed, and

Ht′ = H[ab]
t′ +

(
e−t′/2Hab + (1 − e−t′)1/2Gab

)
Vab.

Hence ∂abQ(Ht′) is a continuously differentiable function of Gab, with

∂

∂Gab
∂abQ(Ht′) = (1 − e−t′)1/2∂2

abQ(Ht′).

Moreover, (5.35) implies that this function and its derivative grow at most polynomially
in Gab.

The variable Gab is centered Gaussian with variance vG
ab and independent of the

conditioning variables. We use the standard Gaussian integration by parts formula

E[Gabψ(Gab)] = vG
abE[ψ′(Gab)],

valid for every continuously differentiable ψ : R → C such that ψ and ψ′ grow at most
polynomially. Applying it conditionally, and integrating over the conditioning variables,
we obtain

E
[
Gab ∂abQ(Ht′)

]
= (1 − e−t′)1/2vG

abE
[
∂2

abQ(Ht′)
]
. (5.40)

Taking expectations in (5.37) and inserting (5.40), we see that the integrands on the
right sides of (5.39) and (5.36) coincide, which proves (5.36).

We now explain how the integrand in (5.36) will be estimated for Q = F. Each
summand has the form

E
[
vG

abΥ′′(xab(t′))− xab(t′)Υ′(xab(t′))
]

for a random function Υ independent of xab(t′), namely the restriction of F to the line
through H[ab]

t′ in the direction Vab. When vG
ab = Exab(t′)2, a Taylor expansion of Υ′ and

Υ′′ around 0 shows that the terms of order zero and one cancel, and what remains is of
order E|xab(t′)|3 times the third derivative of Υ. The next lemma, a truncated form of the
cumulant expansion of [44] (see also [54, Proposition 3.1]), makes this precise. We state it
with a cutoff, since good bounds on the derivatives of Υ are available only on a bounded
interval.
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Lemma 5.8. Let κ be a real random variable such that Eκ = 0, Eκ2 ≤ 1, and Eκ4 < ∞. Let
r ∈ (0, 1] and K0 ≥ 0, and let Υ : R → C be four times continuously differentiable with

|Υ(n)(x)| ≤ n! r−n for |x| ≤ r and n ∈ {1, 2, 3, 4}, (5.41)

|Υ′(x)|+ |Υ′′(x)| ≤ K0(1 + |x|)2 for x ∈ R. (5.42)

Set t = (9r−3 + 2K0)E[(1 + |κ|)41|κ|>r]. Then∣∣E[κΥ′(κ)]− E[κ2]E[Υ′′(κ)]
∣∣ ≤ 9r−3E|κ|3 + t. (5.43)

If moreover Eκ3 = 0, then∣∣E[κΥ′(κ)]− E[κ2]E[Υ′′(κ)]
∣∣ ≤ 16r−4Eκ4 + t. (5.44)

Finally, we have
|EΥ′′(κ)| ≤ 2r−2 + t. (5.45)

Proof. For notational convenience, we abbreviate 1− = 1|κ|≤r, 1+ = 1|κ|>r, and v = Eκ2.
We first prove (5.43). Taylor’s theorem with integral remainder and (5.41) with n = 3
give, on the event {|κ| ≤ r},

Υ′(κ) = Υ′(0) +κΥ′′(0) + ρ1, Υ′′(κ) = Υ′′(0) + ρ2,

|ρ1| ≤ 3r−3κ2, |ρ2| ≤ 6r−3|κ|.

Therefore

E
[
(κΥ′(κ)− vΥ′′(κ))1−

]
= Υ′(0)E[κ1−] + Υ′′(0)E[(κ2 − v)1−] + E[(κρ1 − vρ2)1−].

(5.46)
The identities Eκ = 0 and E[κ2 − v] = 0 give

E[κ1−] = −E[κ1+], E[(κ2 − v)1−] = −E[(κ2 − v)1+].

Using |Υ′(0)| ≤ r−1, |Υ′′(0)| ≤ 2r−2, v ≤ 1, and r ≤ 1, we conclude that the first two
terms on the right side of (5.46) are bounded in absolute value by

r−1E[|κ|1+] + 2r−2E[(κ2 + 1)1+] ≤ 3r−3E[(1 + |κ|)41+].

Using Hölder’s inequality in the form vE|κ| ≤ E|κ|3, we find that the last term in (5.46)
satisfies ∣∣E[(κρ1 − vρ2)1−]

∣∣ ≤ 3r−3E|κ|3 + 6r−3vE|κ| ≤ 9r−3E|κ|3.

To bound the contribution of the event {|κ| > r}, we use (5.42), which gives∣∣E[
(κΥ′(κ)− vΥ′′(κ))1+

]∣∣ ≤ K0E
[
(|κ|+ 1)(1 + |κ|)21+

]
≤ K0E[(1 + |κ|)41+].
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Adding the contributions of the two events, we obtain (5.43).
When Eκ3 = 0, we expand one order further. On the event {|κ| ≤ r}, (5.41) with

n = 4 gives

Υ′(κ) = Υ′(0) +κΥ′′(0) +
κ2

2
Υ′′′(0) + ρ3, Υ′′(κ) = Υ′′(0) +κΥ′′′(0) + ρ4,

|ρ3| ≤ 4r−4|κ|3, |ρ4| ≤ 12r−4κ2.

Compared with (5.46), there is an additional term involving Υ′′′(0). We have E[κ3/2 −
vκ] = 0 and |Υ′′′(0)| ≤ 6r−3, so this term satisfies∣∣Υ′′′(0)E[(κ3/2 − vκ)1−]

∣∣ = ∣∣Υ′′′(0)E[(κ3/2 − vκ)1+]
∣∣ ≤ 6r−3E[(1 + |κ|)41+].

The remainder term is now bounded by∣∣E[(κρ3 − vρ4)1−]
∣∣ ≤ 4r−4Eκ4 + 12r−4v2 ≤ 16r−4Eκ4,

where we used v2 ≤ Eκ4. The other terms are bounded as before, and the tail contribu-
tions add up to at most

(3r−3 + 6r−3 + K0)E[(1 + |κ|)41+] ≤ t.

This gives (5.44).
Finally, (5.41) with n = 2 and (5.42) give

|EΥ′′(κ)| ≤ 2r−2 + K0E[(1 + |κ|)21+] ≤ 2r−2 + t,

which is (5.45).

Proposition 5.9. Let ε > 0 satisfy α + 5ε < 1/2. Let F be as in Definition 5.4, with p =

maxj∈J pj, and set rN = cpN−α−4ε. There exists C > 0, and for every D > 0 there exists
CD > 0, such that for all N ≥ 2 and t ∈ [0, 1],

|EF(Ht)− EF(H)| ≤ Ct
(

N1/2r−3
N + r−2

N
)
+ CDN−D. (5.47)

If EX3 = 0, then (5.47) holds with N1/2r−3
N replaced by r−4

N . The constant C depends only on
α, ε, p, and the laws of X and Z, and CD depends in addition on D. In particular, they do not
depend on J , on the weights φj, or on the parameters θj.

The proof has four steps. We first express EF(Ht)− EF(H) through the derivative
formula of Lemma 5.7. We then show that for every time t′ ∈ (0, 1], outside an event of
very small probability, the function ζ 7→ F(H[ab]

t′ + ζVab) is bounded by one on a complex
disk of radius 4rN, so that Cauchy’s estimates bound its derivatives on [−rN, rN]. This
is the main step, which rests on Lemma 5.2. Next, we Taylor expand in the coordinate
xab(t′) using Lemma 5.8. Finally, we sum over the coordinates and integrate in time.
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Proof. We abbreviate R = Rα,p. Let N0 ≥ 1 be so large that the conclusion of Lemma 5.2
holds for N ≥ N0, and such that N−1/2 ≤ rN and max(1, σ2

Z, 2) ≤ N for N ≥ N0; such
an N0 exists since α + 4ε < 1/2. For N < N0, the left side of (5.47) is bounded by
2 ≤ 2ND

0 N−D, so we may assume that N ≥ N0. Our assumption α + 5ε < 1/2 gives

Nr2
N = c2

pN1−2α−8ε ≥ c2
pN2ε, ℓαh2

N = N−6/5−α ≥ N−2. (5.48)

Step 1. The derivative formula. By part (4) of Lemma 5.5, the function F is bounded
by one on real symmetric matrices. Further, F is holomorphic on the open set Uα,p, so
the function (xab)a≤b 7→ F(∑a≤b xabVab) extends holomorphically to an open subset of
CN(N+1)/2 containing RN(N+1)/2. Hence F is real analytic, and in particular twice contin-
uously differentiable, on the space of real symmetric matrices. Combining Lemma 5.6
with (5.48), we find that for every real symmetric A and all a ≤ b,

|∂abF(A)| ≤ 2
ωp

N2(1 + ∥A∥), |∂2
abF(A)| ≤ 8

ω2
p

N4(1 + ∥A∥)2. (5.49)

Hence Lemma 5.7 applies with Q = F. For t′ ∈ [0, 1] and a ≤ b, we set

Qab(t′) = E
[
vG

ab ∂2
abF(Ht′)− xab(t′) ∂abF(Ht′)

]
,

and (5.36) reads

EF(Ht)− EF(H) =
1
2

∫ t

0
∑
a≤b

Qab(t′)dt′. (5.50)

Step 2. A holomorphic bound on a disk. Fix t′ ∈ (0, 1] and a ≤ b. We define Eab(t′) to be
the event that

Spec
(

H[ab]
t′ + ζVab) ⊂ R for all ζ ∈ C with |ζ| ≤ 4rN. (5.51)

The set of real symmetric matrices B such that Spec(B + ζVab) ⊂ R for all |ζ| ≤ 4rN
is open. Indeed, if Bn → B and Bn + ζnVab has an eigenvalue outside R for some
|ζn| ≤ 4rN , then for a limit point ζ of (ζn), the matrix B + ζVab has an eigenvalue outside
R by Lemma 5.3 with O = R. Hence Eab(t′) is an event determined by H[ab]

t′ .
Next, we bound the probability of the complement of Eab(t′). Suppose that Ht′ ∈ Gε

and |xab(t′)| ≤ rN. For |ζ| ≤ 4rN, we have

H[ab]
t′ + ζVab = Ht′ + (ζ − xab(t′))Vab, |ζ − xab(t′)| ≤ 5rN ≤ 8cpN−α−4ε,

so Lemma 5.2 shows that Spec(H[ab]
t′ + ζVab) ⊂ R. Therefore

{Ht′ ∈ Gε} ∩ {|xab(t′)| ≤ rN} ⊂ Eab(t′).
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Using Proposition 3.2, (5.32), and (5.48), we obtain, for every D > 0,

P
(
Eab(t′)c) ≤ P(Ht′ /∈ Gε) + P

(
|xab(t′)| > rN

)
≤ CDN−D, (5.52)

uniformly in t′ ∈ (0, 1] and a ≤ b.
We now turn to the derivatives in the coordinate xab(t′). We define the random

function
Υ(x) = F

(
H[ab]

t′ + xVab), x ∈ R, (5.53)

which is determined by H[ab]
t′ and smooth by Lemma 5.6. Observe that (5.28) gives

∂abF(Ht′) = Υ′(xab(t′)), ∂2
abF(Ht′) = Υ′′(xab(t′)).

On the event Eab(t′), the set of ζ ∈ C such that H[ab]
t′ + ζVab ∈ Uα,p is open and contains

the closed disk {|ζ| ≤ 4rN}. Part (4) of Lemma 5.5 shows that ζ 7→ F(H[ab]
t′ + ζVab) is

holomorphic on this open set and bounded by one in modulus on the closed disk. For
real x with |x| ≤ rN, the closed disk of radius 3rN about x is contained in {|ζ| ≤ 4rN},
and Cauchy’s estimates give

|Υ(n)(x)| ≤ n! (3rN)
−n ≤ n! r−n

N for |x| ≤ rN and n ≥ 1, on the event Eab(t′). (5.54)

Without restriction to Eab(t′), the bound (5.49) gives

|Υ′(x)|+ |Υ′′(x)| ≤ 10
ω2

p
N4(1 + ∥H[ab]

t′ ∥
)2
(1 + |x|)2, x ∈ R, (5.55)

where we used ωp ≤ 1 and

1 + ∥H[ab]
t′ + xVab∥ ≤

(
1 + ∥H[ab]

t′ ∥
)
(1 + |x|).

Step 3. Taylor expansion in one coordinate. We keep t′ and a ≤ b fixed and abbreviate
κ = xab(t′). The event Eab(t′) is determined by H[ab]

t′ , so we may split

Qab(t′) = E
[
1Eab(t′)E

[
vG

abΥ′′(κ)−κΥ′(κ)
∣∣ H[ab]

t′
]]

+ E
[
1Eab(t′)c

(
vG

abΥ′′(κ)−κΥ′(κ)
)]

.
(5.56)

We begin by bounding the second term. Using (5.49), we have

|vG
abΥ′′(κ)−κΥ′(κ)| ≤ CN4(1 + ∥Ht′∥)2(N−1 + |κ|).

Combining this bound with the Cauchy–Schwarz inequality, Proposition 3.2, (5.33), and
(5.52), we find that the second term in (5.56) is bounded in absolute value by

CN4
(

E
[
(1 + ∥Ht′∥)4(N−1 + |κ|)2])1/2

P
(
Eab(t′)c)1/2 ≤ CDN−D.
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To bound the first term in (5.56), we apply Lemma 5.8 conditionally on H[ab]
t′ , with Υ

held fixed; this is possible since κ is independent of H[ab]
t′ . We have Eκ = 0, and (5.34)

and our choice of N0 give

Eκ2 ≤ max(1, σ2
Z, 2)N−1 ≤ 1.

On the event Eab(t′), the function Υ satisfies (5.41) with r = rN ≤ 1 by (5.54). It also
satisfies (5.42) with

K0 =
10
ω2

p
N4(1 + ∥H[ab]

t′ ∥
)2

by (5.55). By the Cauchy–Schwarz inequality, (5.32), (5.33), and (5.48), we have

E
[
(1 + |κ|)41|κ|>rN

]
≤

(
E(1 + |κ|)8)1/2

P
(
|κ| > rN

)1/2 ≤ C exp
(
− cN2ε

)
for some c > 0 depending on c0 and p. Since r−3

N ≤ N3/2, it follows that the tail term of
Lemma 5.8 satisfies

t =
(

9r−3
N +

20
ω2

p
N4(1 + ∥H[ab]

t′ ∥
)2
)

E
[
(1 + |κ|)41|κ|>rN

]
≤ CDN−D(1 + ∥H[ab]

t′ ∥
)2.

(5.57)

We now decompose the integrand of the first term in (5.56) as

vG
abΥ′′(κ)−κΥ′(κ) =

(
vG

ab − Eκ2)Υ′′(κ) +
(
E[κ2]Υ′′(κ)−κΥ′(κ)

)
.

We bound the conditional expectations of the two terms on the right using (5.45) and
(5.43), respectively. Then we take expectations, using (5.33) and the bound

E
(
1 + ∥H[ab]

t′ ∥
)2 ≤ C,

which follows from Proposition 3.2 and ∥H[ab]
t′ ∥ ≤ ∥Ht′∥+ |κ|. We find that the first term

in (5.56) is bounded in absolute value by

2
∣∣vG

ab − Eκ2∣∣r−2
N + 9r−3

N E|κ|3 + CDN−D ≤ 2
∣∣vG

ab − Eκ2∣∣r−2
N + CN−3/2r−3

N + CDN−D.

When EX3 = 0 and a < b, we have Eκ3 = 0 by (5.34), and (5.44) gives the same bound
with CN−3/2r−3

N replaced by

16r−4
N Eκ4 ≤ CN−2r−4

N .

Recall from (5.34) that

vG
ab = Exab(t′)2 (a < b), |vG

aa − Exaa(t′)2| ≤ |σ2
Z − 2|N−1.
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Combining these facts with the bounds on the two terms in (5.56), we obtain

|Qab(t′)| ≤ CN−3/2r−3
N + CDN−D, a < b,

|Qaa(t′)| ≤ CN−1r−2
N + CN−3/2r−3

N + CDN−D,
(5.58)

uniformly in t′ ∈ (0, 1]. When EX3 = 0, the bound for a < b holds with CN−3/2r−3
N

replaced by CN−2r−4
N .

Step 4. Summation of the generator. There are at most N2 pairs a < b and N diagonal
coordinates. Our choice of N0 gives N−1/2r−3

N ≤ r−2
N , so (5.58) implies that for every

t′ ∈ (0, 1],

∑
a≤b

|Qab(t′)| ≤ CN1/2r−3
N + Cr−2

N + CN−1/2r−3
N + CDN2−D

≤ C
(

N1/2r−3
N + r−2

N
)
+ CDN2−D.

Inserting this bound into (5.50) and replacing D by D + 2, we obtain (5.47).
When EX3 = 0, the off-diagonal coordinates contribute at most Cr−4

N instead of
CN1/2r−3

N , and the same argument gives (5.47) with N1/2r−3
N replaced by r−4

N . The
constants depend only on α, ε, p, D, and the laws of X and Z, through Lemma 5.2,
Proposition 3.2, (5.32), and (5.33). This completes the proof.

Remark 5.10. The proof of Proposition 5.9 uses the specific form of F only through two
properties. First, F is bounded by one on real symmetric matrices, four times continuously
differentiable, and satisfies

|∂abF(A)|+ |∂2
abF(A)| ≤ CNC(1 + ∥A∥)2

for some C > 0, all real symmetric matrices A, and all a ≤ b. Second, for all t′ ∈ [0, 1] and
a ≤ b, there exists an event determined by H[ab]

t′ , whose complement has probability at

most CDN−D for every D > 0, uniformly in t′ and (a, b), on which ζ 7→ F(H[ab]
t′ + ζVab)

extends holomorphically to a neighborhood of the closed disk {|ζ| ≤ 4rN} and is bounded
by one in modulus there. Every observable with these two properties satisfies (5.47) and
its variant for EX3 = 0, with the same proof.



section 6

Pair statistics at the scales N−1−α

In this section, we prove Theorem 1.3 and Proposition 4.1. These results follow from a
law of large numbers for the pair statistics of H at the scale ℓα = N−1−α, which we prove
by induction on α. Recall the scales ℓα and Mα = N1−2α = N3ℓ2

α from (3.15), the functions
fp from (3.33), the pair statistic Xα(A; φ, f ) from (5.1), and the smoothed energy weight
φN of a nonnegative φ ∈ C∞

c ((−2, 2)) from (5.2), where hN = N−1/10. We also recall that
p∗ = 61.

We use the same notation for ordered sequences. For x = (x1, . . . , xN) ∈ RN with
x1 ≤ · · · ≤ xN, we define Xα(x; φ, f ) by the formula (5.1), with λi(A) replaced by xi for
all i ∈ [N]. Finally, we note that for all integers p ≥ 2,∫ ∞

0
y fp(y)dy =

1
2(p − 1)

. (6.1)

Definition 6.1. Let α ∈ (0, 1/2). We say that the statement P(α) holds if for every
nonnegative φ ∈ C∞

c ((−2, 2)) and every integer p ≥ p∗, we have

1
Mα

Xα(H; φN, fp) →
1

2(p − 1)

∫ 2

−2
φ(E)c(E)dE

in probability as N → ∞.

The argument is outlined in Section 2.5. We prove P(α) for α ∈ (0, 1/8) in Section 6.1,
extend P(α) to general test functions and unsmoothed energy weights in Section 6.2,
show in Section 6.3 that P(α) implies P(α′) for α′ slightly larger than α, and iterate this
step in Section 6.4 to deduce Theorem 1.3 and Proposition 4.1.

We will use the following two lemmas, the first in Section 6.1 and Section 6.2, and the
second in Section 6.1 and Section 6.3. The first compares pair statistics with smoothed
and unsmoothed energy weights.

Lemma 6.2. Let α ∈ (0, 1/2), let φ ∈ C∞
c ((−2, 2)) be nonnegative, and let δ > 0 be such that

every E ∈ R with dist(E, supp φ) ≤ δ lies in (−2, 2). Let χ ∈ C∞
c ((−2, 2)) satisfy 0 ≤ χ ≤ 2,

and suppose that χ(E) = 2 for all E ∈ R such that dist(E, supp φ) ≤ δ. Then there exist C > 0

80
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and N0 ≥ 1 such that for all N ≥ N0, all real symmetric N × N matrices A with ∥A∥ ≤ 3, and
all measurable f : [0, ∞) → R with | f | ≤ fp∗ , we have∣∣Xα(A; φN, f )−Xα(A; φ, f )

∣∣
≤ ChN min

{
Xα(A; χ, fp∗),Xα(A; χN, fp∗)

}
+ CN2 exp

(
− δ2

4h2
N

)
. (6.2)

Proof. We begin by recalling two consequences of parts (4) and (5) of Lemma 5.1. There
exists C > 0 such that

∥φN − φ∥∞ + ∥χN − χ∥∞ ≤ ChN, sup
E∈[−3,3]:dist(E,supp φ)≥δ

φN(E) ≤ C exp
(
− δ2

4h2
N

)
.

(6.3)
Let N0 be such that ChN ≤ 1 for N ≥ N0. Then χN(E) ≥ 1 for all E such that
dist(E, supp φ) ≤ δ.

Fix A and f as in the statement. For i < j, the midpoint E = (λi(A) + λj(A))/2
belongs to [−3, 3], since ∥A∥ ≤ 3, and we claim that

|φN(E)− φ(E)| ≤ ChN min{χ(E), χN(E)}+ C exp
(
− δ2

4h2
N

)
. (6.4)

When dist(E, supp φ) ≤ δ, this follows from the first bound in (6.3) and the fact that χ(E)
and χN(E) are at least 1. Otherwise, we have φ(E) = 0, and (6.4) follows from the second
bound in (6.3).

Next, we multiply (6.4) by | f ((λj(A)−λi(A))/ℓα)|, which is bounded by fp∗((λj(A)−
λi(A))/ℓα) ≤ 1, and we sum over the at most N2 pairs i < j. A sum of minima is bounded
by the minimum of the sums, so we obtain (6.2).

The second lemma transfers a law of large numbers for the pair statistic from Ht to H.

Lemma 6.3. Let α ∈ (0, 1/2), let p ≥ 1 be an integer, let φ ∈ C∞
c ((−2, 2)) be nonnegative, and

let L ≥ 0. Let ε > 0 satisfy α + 5ε < 1/2, and let (tN)N≥1 be a sequence in [0, 1] such that

lim
N→∞

tN N1/2+3α+12ε = 0.

If M−1
α Xα(HtN ; φN, fp) → L in probability, then M−1

α Xα(H; φN, fp) → L in probability.

Proof. For every real symmetric matrix A, we have Xα(A; φN , fp) ≥ 0, since φN ≥ 0 on R

and fp > 0. Fix θ > 0. By assumption, the random variable exp(−θM−1
α Xα(HtN ; φN, fp))

takes values in (0, 1] and converges to e−θL in probability, so the bounded convergence
theorem gives

lim
N→∞

E exp
(
− θM−1

α Xα(HtN ; φN, fp)
)
= e−θL.
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Let rN = cpN−α−4ε be as in Proposition 5.9. Then

tN
(

N1/2r−3
N + r−2

N
)
= c−3

p tN N1/2+3α+12ε + c−2
p tN N2α+8ε ≤

(
c−3

p + c−2
p

)
tN N1/2+3α+12ε,

which tends to zero. We apply Proposition 5.9 with the index set {1}, φ1 = φ, p1 = p,
θ1 = θ/Mα, D = 1, and t = tN. By Lemma 5.5, the observable F of Definition 5.4 is then
given by

F(A) = exp
(
− θM−1

α Xα(A; φN, fp)
)

for every real symmetric matrix A, and we deduce that

lim
N→∞

E exp
(
− θM−1

α Xα(H; φN, fp)
)
= e−θL for all θ > 0. (6.5)

We now apply (6.5) with θ = 1 and θ = 2, and we find

E
[(

e−M−1
α Xα(H;φN , fp) − e−L)2

]
= Ee−2M−1

α Xα(H;φN , fp) − 2e−LEe−M−1
α Xα(H;φN , fp) + e−2L → 0.

Hence exp(−M−1
α Xα(H; φN, fp)) → e−L in probability. The logarithm is continuous on

(0, ∞) and e−L > 0, so this implies that M−1
α Xα(H; φN, fp) → L in probability.

6.1 The base case

We begin with a deterministic lemma. It shows that the pair statistic changes by a small
relative error when the bulk gaps are perturbed by much less than ℓα, provided that the
points are close to the classical locations γi defined in Section 3.

Lemma 6.4. Let α ∈ (0, 1/2) and ε ∈ (0, 1/10], let p ≥ 1 be an integer, and let φ ∈
C∞

c ((−2, 2)) be nonnegative. Let δ ∈ (0, 1) satisfy supp φ ⊂ [−2 + 3δ, 2 − 3δ], and set

c∗ =
∫ −2+δ/4

−2
ρsc(E)dE, J = {i ∈ [N] : c∗N ≤ i ≤ (1 − c∗)N}.

Then for every ϖ > 0 there exists N0 such that the following holds for all N ≥ N0. Let
x, x′ ∈ [−3, 3]N be nondecreasing sequences such that

(a) #{i ∈ [N] : xi ∈ [E, E + N−1]} ≤ Nε for all E ∈ R;
(b) |xi − γi| ≤ N−1+ε and |x′i − γi| ≤ N−1+ε for all i ∈ J ;
(c) |(xi+1 − xi)− (x′i+1 − x′i)| ≤ N−2εℓα for all i such that i, i + 1 ∈ J .

Then ∣∣Xα(x; φN, fp)−Xα(x′; φN, fp)
∣∣ ≤ ϖ

(
Xα(x′; φN, fp) + Mα

)
. (6.6)

Proof. We may assume that φ is not identically zero, since otherwise both statistics vanish.
Throughout the proof, C denotes a constant depending on α, ε, p, φ, and δ, and N0 may
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increase from line to line. Note that 0 < c∗ < 1/2, since δ/4 < 2. Set i− = ⌈c∗N⌉ and
i+ = ⌊(1 − c∗)N⌋. By the definition of the classical locations, we have∫ γi−

−2
ρsc(E)dE =

i−
N

≤ c∗ +
1
N

<
∫ −2+δ/2

−2
ρsc(E)dE

for N ≥ N0, where the last inequality holds because ρsc is positive on (−2, 2). Using also
the symmetry ρsc(−E) = ρsc(E), we find that for N ≥ N0, we have i−, i+ ∈ J and

γi− ≤ −2 +
δ

2
, γi+ ≥ 2 − δ

2
. (6.7)

We first consider the pairs with a label outside J . The following argument applies to
x and to x′, and we write it for x. Using hypothesis (b), (6.7), and the monotonicity of x,
we find that for N ≥ N0,

xi ≤ xi− ≤ −2 +
δ

2
+ N−1+ε ≤ −2 + δ for i < c∗N, xi ≥ 2 − δ for i > (1 − c∗)N.

(6.8)
Let i < j be labels such that i /∈ J or j /∈ J , and set E = (xi + xj)/2. Suppose

first that dist(E, supp φ) ≤ δ, so that E ∈ [−2 + 2δ, 2 − 2δ]. The label i cannot exceed
(1 − c∗)N, since otherwise j > (1 − c∗)N as well, and (6.8) would give E ≥ 2 − δ. There
remain the cases i < c∗N and i ∈ J , and in the second case we have j > (1 − c∗)N.
Using (6.8) and E ∈ [−2 + 2δ, 2 − 2δ], we find

xj = 2E − xi ≥ −2 + 3δ ≥ xi + 2δ if i < c∗N,

xi = 2E − xj ≤ 2 − 3δ ≤ xj − 2δ if i ∈ J .

Thus xj − xi ≥ 2δ, and hence

φN(E) fp

(xj − xi

ℓα

)
≤ ∥φ∥∞

( ℓα

2δ

)2p
≤ CN−2−2α,

where we used the bound φN ≤ ∥φ∥∞ from part (1) of Lemma 5.1 and the inequality
2p(1 + α) ≥ 2 + 2α.

Suppose next that dist(E, supp φ) > δ. Then part (4) of Lemma 5.1 gives

φN(E) fp

(xj − xi

ℓα

)
≤ φN(E) ≤ C exp

(
− δ2

4h2
N

)
= C exp

(
− δ2N1/5

4

)
.

Summing over the at most N2 pairs, we obtain

∑
1≤i<j≤N
{i,j}̸⊂J

φN

(xi + xj

2

)
fp

(xj − xi

ℓα

)
≤ CN−2α + CN2 exp

(
− δ2N1/5

4

)
≤ ϖ

4
Mα (6.9)
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for N ≥ N0, and the same bound holds with x′ in place of x.
We now compare the terms with i, j ∈ J , and we begin with the gaps. Fix such

labels i < j. The points xi, . . . , xj belong to [xi, xj], which is covered by ⌊N(xj − xi)⌋+ 1
intervals of length N−1, so hypothesis (a) implies that

j − i + 1 ≤ Nε
(

N(xj − xi) + 1
)
.

The set J consists of consecutive integers, so every label k with i ≤ k < j satisfies
k, k + 1 ∈ J . Hypothesis (c) and a telescoping sum then give∣∣(x′j − x′i)− (xj − xi)

∣∣ ≤ (j − i)N−2εℓα

≤ N−ε
(

N(xj − xi) + 1
)
ℓα ≤ N−ε(xj − xi + ℓα),

(6.10)

where in the last inequality we used that Nℓα = N−α ≤ 1.
Next, observe that for y ≥ 0,∣∣∣ d

dy
log fp(y)

∣∣∣ = 2py
1 + y2 ≤ 4p

1 + y
, (6.11)

since y + y2 ≤ 2 + 2y2. We set

y =
xj − xi

ℓα
, y′ =

x′j − x′i
ℓα

.

By (6.10), we have |y − y′| ≤ N−ε(1 + y), so every y′′ between y and y′ satisfies

1 + y′′ ≥ (1 − N−ε)(1 + y) ≥ 1 + y
2

for N ≥ N0. Integrating (6.11) along the segment between y and y′, we obtain∣∣∣ log fp

(xj − xi

ℓα

)
− log fp

(x′j − x′i
ℓα

)∣∣∣ ≤ 8p |y − y′|
1 + y

≤ 8pN−ε. (6.12)

It remains to compare the energy weights. The midpoints E = (xi + xj)/2 and
E′ = (x′i + x′j)/2 belong to [−3, 3], and hypothesis (b) gives

|E − E′| ≤ 2N−1+ε ≤ 1.

By part (2) of Lemma 5.1, we have

|φN(E)− φN(E′)| ≤
(

exp(16N−1+εh−2
N )− 1

)
φN(E′) =

(
exp(16N−4/5+ε)− 1

)
φN(E′),

and the factor in parentheses tends to zero, as ε ≤ 1/10. Combining this bound with
(6.12), we find that for N ≥ N0 and all i < j in J ,∣∣∣φN(E) fp

(xj − xi

ℓα

)
− φN(E′) fp

(x′j − x′i
ℓα

)∣∣∣ ≤ ϖ

2
φN(E′) fp

(x′j − x′i
ℓα

)
.
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We sum over these pairs and bound the resulting sum of nonnegative terms on the
right by Xα(x′; φN, fp). Then the contributions of the pairs in J to Xα(x; φN, fp) and
Xα(x′; φN, fp) differ by at most (ϖ/2)Xα(x′; φN, fp). Together with (6.9) for x and for x′,
this gives (6.6).

Proposition 6.5. For every α ∈ (0, 1/8), the statement P(α) holds.

Proof. Fix α ∈ (0, 1/8), an integer p ≥ p∗, and a nonnegative φ ∈ C∞
c ((−2, 2)). We set

L =
1

2(p − 1)

∫ 2

−2
φ(E)c(E)dE, T = N−3/4−α, ε =

1
100

(1
4
− 2α

)
. (6.13)

Then ε ∈ (0, 1/400], and a direct computation shows that

T ≥ N−1+ε, α + 5ε <
1
2

,

Nε

N2T
= N−5/4+α+ε ≤ N−2εℓα, TN1/2+3α+12ε = N−1/4+2α+12ε.

(6.14)

Indeed, the first inequality is equivalent to ε ≤ 1/4 − α, the third to 3ε ≤ 1/4 − 2α, and
the exponent in the last expression is −(88/100)(1/4 − 2α) < 0. Using Lemma 6.3 with
tN = T, we see that it suffices to show that

1
Mα

Xα(HT; φN, fp) → L in probability. (6.15)

We first consider the GOE matrix G. Let δ ∈ (0, 1) satisfy supp φ ⊂ [−2 + 3δ, 2 − 3δ].
We fix χ ∈ C∞

c ((−2, 2)) such that 0 ≤ χ ≤ 2 and χ = 2 on [−2 + 2δ, 2 − 2δ] (the interval
[−2 + 2δ, 2 − 2δ] contains every point at distance at most δ from supp φ, as required in
Lemma 6.2).

The functions (r, E) 7→ φ(E) fp(r) and (r, E) 7→ χ(E) fp∗(r) are continuous, their E-
supports lie in bulk intervals, and they are bounded by a constant times (1+ r2)−2. Hence
Proposition 3.6 and (6.1) show that

1
Mα

Xα(G; φ, fp) → L,
1

Mα
Xα(G; χ, fp∗) →

1
2(p∗ − 1)

∫ 2

−2
χ(E)c(E)dE (6.16)

in probability. Since p ≥ p∗, we have fp ≤ fp∗ . Then Lemma 6.2, applied with A = G
and f = fp, shows that on the event {∥G∥ ≤ 3}, for N ≥ N0,

1
Mα

∣∣Xα(G; φN, fp)−Xα(G; φ, fp)
∣∣ ≤ ChN

Mα
Xα(G; χ, fp∗) +

CN2

Mα
exp

(
− δ2N1/5

4

)
.

By (6.16), the right side tends to zero in probability, and the event {∥G∥ ≤ 3} has
probability tending to one by Proposition 3.2. We conclude that

1
Mα

Xα(G; φN, fp) → L in probability. (6.17)
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We now use the coupling. Let (Hdyn
t )t≥0 and (µ(t))t≥0 be as in Proposition 3.5, and

set
λ(T) =

(
λ1(Hdyn

T ), . . . , λN(Hdyn
T )

)
, µ(T) =

(
µ1(T), . . . , µN(T)

)
.

Recall that Hdyn
T has the law of HT, and that µ(T) has the law of the ordered eigenvalues

of G.
Let c∗ be as in Lemma 6.4, defined with our choice of δ. We consider the event on

which Hdyn
T ∈ Gε, maxi∈[N] |µi(T)| ≤ 3, and

max
c∗N≤i≤(1−c∗)N

max
{
|λi(Hdyn

T )− γi|, |µi(T)− γi|
}
≤ N−1+ε,

max
c∗N≤i≤(1−c∗)N

∣∣(λi+1(Hdyn
T )− λi(Hdyn

T )
)
−

(
µi+1(T)− µi(T)

)∣∣ ≤ Nε

N2T
.

(6.18)

By Proposition 3.2, applied to HT and to G (whose ordered eigenvalues have the law of
µ(T)), the conditions other than the second inequality in (6.18) hold with overwhelming
probability. We have N−1+ε ≤ T < 1 by (6.14), so Proposition 3.5 shows that the second
inequality in (6.18) holds with probability at least 1 − N−1 for N ≥ N0. Hence this event
has probability tending to one.

The sequences x = λ(T) and x′ = µ(T) satisfy the hypotheses (a)–(c) of Lemma 6.4
on this event, where for (c) we used the third relation in (6.14). Hence, for every ϖ > 0,
with probability tending to one,∣∣∣ 1

Mα
Xα(λ(T); φN, fp)− L

∣∣∣
≤

∣∣∣ 1
Mα

Xα(µ(T); φN, fp)− L
∣∣∣+ ϖ

( 1
Mα

Xα(µ(T); φN, fp) + 1
)

.

By (6.17), we have M−1
α Xα(µ(T); φN, fp) → L in probability. Since ϖ > 0 is arbitrary, it

follows that M−1
α Xα(λ(T); φN, fp) → L in probability. The sequence λ(T) has the law of

the ordered eigenvalues of HT, which gives (6.15).

6.2 General test functions

We now show that P(α) extends to general test functions f and to unsmoothed energy
weights, and that it gives an upper bound on the number of pairs at distance of order ℓα.

Lemma 6.6. Let α ∈ (0, 1/2), and suppose that P(α) holds. Let φ ∈ C∞
c ((−2, 2)) be nonnega-

tive, and let f : [0, ∞) → R be a continuous function such that the limit limy→∞(1 + y2)p∗ f (y)
exists in R. Then

1
Mα

Xα(H; φN, f ) →
∫ 2

−2
φ(E)c(E)dE

∫ ∞

0
y f (y)dy (6.19)
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in probability, and the same holds with φN replaced by φ. Further, for every bulk interval I, there
exists CI > 0 such that

lim
N→∞

P

(
∑

1≤i<j≤N
(λi+λj)/2∈I

fp∗

(λj − λi

ℓα

)
≤ CI Mα

)
= 1. (6.20)

Proof. We set

C f = sup
y≥0

(1 + y2)p∗ | f (y)|, cφ =
∫ 2

−2
φ(E)c(E)dE.

The constant C f is finite by our assumption on f . (This assumption holds, for example,
for continuous functions with compact support and for the function y 7→ e−y2/8, which
we use in Section 6.3.) Then | f | ≤ C f fp∗ , so the integral

∫ ∞
0 y f (y)dy converges absolutely.

We begin with (6.19), and we first approximate f by a combination of the functions fp.
Define Θ f : [0, 1] → R by

Θ f (x) = x−p∗ f
(
(x−1 − 1)1/2) for x ∈ (0, 1], Θ f (0) = lim

y→∞
(1 + y2)p∗ f (y).

For y ≥ 0 and x = (1 + y2)−1, we have (x−1 − 1)1/2 = y and x−p∗ = (1 + y2)p∗ . Hence
Θ f is continuous on [0, 1], and

f (y) = fp∗(y)Θ f
(
(1 + y2)−1) for all y ≥ 0.

Let ϖ ∈ (0, 1). By the Weierstrass approximation theorem, there exist an integer
p1 ≥ p∗ and real numbers βp∗ , . . . , βp1 such that

sup
x∈[0,1]

∣∣∣Θ f (x)−
p1

∑
p=p∗

βpxp−p∗
∣∣∣ ≤ ϖ.

Note that fp∗(y)(1 + y2)−(p−p∗) = fp(y). Therefore the function

f̄ =
p1

∑
p=p∗

βp fp

satisfies
| f (y)− f̄ (y)| ≤ ϖ fp∗(y) for all y ≥ 0. (6.21)

The statistic Xα(H; φN, f ) is linear in f . Applying P(α) with each p ∈ {p∗, . . . , p1},
and using (6.1), we obtain

1
Mα

Xα(H; φN, f̄ ) → cφ

p1

∑
p=p∗

βp

2(p − 1)
= cφ

∫ ∞

0
y f̄ (y)dy in probability.
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Since φN ≥ 0, (6.21) implies that∣∣Xα(H; φN, f )−Xα(H; φN, f̄ )
∣∣ ≤ ϖXα(H; φN, fp∗),

∣∣∣ ∫ ∞

0
y( f − f̄ )(y)dy

∣∣∣ ≤ ϖ,

where for the second bound we also used (6.1). Hence∣∣∣ 1
Mα

Xα(H; φN, f )− cφ

∫ ∞

0
y f (y)dy

∣∣∣
≤

∣∣∣ 1
Mα

Xα(H; φN, f̄ )− cφ

∫ ∞

0
y f̄ (y)dy

∣∣∣+ ϖ

Mα
Xα(H; φN, fp∗) + ϖcφ.

By P(α) with p = p∗, the second term on the right converges in probability to
ϖcφ/(2(p∗ − 1)) ≤ ϖcφ. So the left side is bounded by 3ϖ(cφ + 1) with probability
tending to one. Since ϖ is arbitrary, this proves (6.19).

Next, we remove the smoothing, and we may assume that C f > 0. Let δ > 0 be such
that every E with dist(E, supp φ) ≤ δ belongs to (−2, 2). We fix χ ∈ C∞

c ((−2, 2)) such
that 0 ≤ χ ≤ 2 and χ(E) = 2 for all such E. We apply Lemma 6.2 to f /C f , and we find
that on the event {∥H∥ ≤ 3}, for N ≥ N0,

1
Mα

∣∣Xα(H; φN, f )−Xα(H; φ, f )
∣∣ ≤ CC f hN

Mα
Xα(H; χN, fp∗) +

CC f N2

Mα
exp

(
− δ2N1/5

4

)
.

By P(α), applied with χ in place of φ and p = p∗, the random variable M−1
α Xα(H; χN , fp∗)

converges in probability, and the right side tends to zero in probability. As the event
{∥H∥ ≤ 3} has probability tending to one by Proposition 3.2, the convergence (6.19)
implies the same convergence with φ in place of φN.

Finally, we prove (6.20). Let I be a bulk interval. Let χ now denote a function in
C∞

c ((−2, 2)) such that 0 ≤ χ ≤ 2 and χ = 2 on I. By part (5) of Lemma 5.1, we have

∥χN − χ∥∞ ≤ ChN ≤ 1

for N ≥ N0, so χN ≥ 1 on I. All terms of Xα(H; χN, fp∗) are nonnegative, and therefore
the sum in (6.20) is bounded by Xα(H; χN, fp∗). By P(α), we have

1
Mα

Xα(H; χN, fp∗) →
1

2(p∗ − 1)

∫ 2

−2
χ(E)c(E)dE in probability.

Hence (6.20) holds with

CI = 1 +
∫ 2

−2
χ(E)c(E)dE.
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6.3 The induction step

Proposition 6.7. Let α, α′ satisfy

1
10

≤ α < α′ <
1
2

, α′ <
6α

5
, α′ <

1
6
+

2α

3
. (6.22)

If P(α) holds, then P(α′) holds.

To prove Proposition 6.7, we use Lemma 6.3 to replace H by Htα , with tα as in (6.23)
below, and we approximate Xα′(Htα ; φN, fp) by a sum of conditionally independent
contributions of 2 × 2 blocks, whose conditional means are computed by Lemma 3.10
and determined by P(α). We first fix the parameters and define the blocks. Lemma 6.8
collects the properties of the clusters that we need, Lemma 6.9 bounds the error of the
approximation, Lemma 6.10 computes the conditional mean of the sum, and Lemma 6.11
shows that the sum concentrates around this mean. We prove Proposition 6.7 after the
proofs of these lemmas. The main technical point is the approximation, which relies on
Corollary 3.9 and on the first three constraints in (6.25).

Parameters. Throughout the rest of Section 6.3, we fix α and α′ satisfying (6.22). The
parameters and the notation introduced in this paragraph and the next two are used in
the statements and the proofs of all lemmas below. We set

κ = α − α′

6
, q = N−1−κ, tα = Nℓ2

α = N−1−2α. (6.23)

Then (6.22) implies that

2α′

3
< κ < 2α − α′ < α, α′ − κ =

7α′

6
− α >

α

6
≥ 1

60
. (6.24)

Indeed, the first two inequalities are equivalent to α′ < 6α/5, the third is equivalent to
α < α′, and the last two follow from α < α′ and α ≥ 1/10.

We fix ε > 0 such that

100ε < min
{α′

6
, α − 5α′

6
, 3α − 5α′

2
,

1
2
+ 2α − 3α′,

1
2
− α′

}
. (6.25)

Every number in this minimum is positive. For the second and third numbers, this
follows from α′ < 6α/5, for the fourth from α′ < 1/6 + 2α/3, and for the fifth from
α′ < 1/2. In terms of κ, the first three numbers are α − κ, 2α − κ − α′, and 3κ − 2α′.
Moreover,

ε <
α′

6
< κ,

where the last inequality is equivalent to α′ < 3α.
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For an integer p ≥ p∗ and a nonnegative φ ∈ C∞
c ((−2, 2)), we set

L =
1

2(p − 1)

∫ 2

−2
φ(E)c(E)dE. (6.26)

In the statements and the proofs of the lemmas below, constants may depend on α, α′, ε,
p, and φ, and N0 may increase from line to line.

Gaussian blocks. Let U = (u1, . . . , uN) be the orthogonal matrix whose columns are the
chosen eigenvectors of H. We set

yi = e−tα/2λi (i ∈ [N]), Dy = diag(y1, . . . , yN), W = (1 − e−tα)1/2UTGU.
(6.27)

Then

UT HtαU = Dy + W, so λi(Htα) = λi(Dy + W) for all i ∈ [N]. (6.28)

The matrix G is independent of H, and the law of G is invariant under conjugation by a
fixed orthogonal matrix. Since U is a measurable function of H, the conditional law of
UTGU given H is the law of G. Consequently, W is independent of H, and its entries Wij
with i ≤ j are independent centered Gaussian random variables satisfying

EW2
ij =

1 − e−tα

N
(i < j), EW2

ii =
2(1 − e−tα)

N
. (6.29)

We next bound the entries of W. By (6.29), we have for all i ≤ j

EW2
ij ≤

2(1 − e−tα)

N
≤ 2tα

N
= 2ℓ2

α.

We set
w0 = Nεℓα. (6.30)

The standard Gaussian tail bound and a union bound over the N(N + 1)/2 entries give

P
(

max
i≤j

|Wij| > w0

)
≤ 2N2 exp

(
− N2ε

4

)
→ 0. (6.31)

Clusters. Let K denote the family of clusters obtained from the points y1 ≤ · · · ≤ yN
by joining i and i + 1 whenever yi+1 − yi < q, as in Corollary 3.9. (The threshold q is
much larger than ℓα, since κ < α, and much smaller than N−1.) Every cluster is a set of
consecutive integers, and the family K is a function of H.

Let K,K′ ∈ K satisfy maxK < minK′. Then the labels maxK and maxK + 1 lie in
different clusters, and since y is nondecreasing,

yminK′ − ymaxK ≥ ymaxK+1 − ymaxK ≥ q. (6.32)
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Let P2 denote the set of clusters with exactly two elements. For K ∈ P2, we write
K = {i, i + 1}, and we set gK = gi, EK = Ei, and

BK =

(
yi + Wii Wi,i+1
Wi,i+1 yi+1 + Wi+1,i+1

)
, ĝK = λ2(BK)− λ1(BK).

Thus BK = (Dy + W)KK. For an integer p ≥ p∗ and a nonnegative φ ∈ C∞
c ((−2, 2)), we

define the block statistic

X̂α′(φ, p) = ∑
K∈P2

φN(EK) fp

( ĝK
ℓα′

)
. (6.33)

Lemma 6.8. There exists N0 ≥ 1 such that the following holds for all N ≥ N0 on the event that
H ∈ Gε/2. We have 2Nεq < N−1, the points y1 ≤ · · · ≤ yN lie in [−3, 3], and every interval of
length N−1 contains at most Nε of them. Every cluster in K has at most Nε elements, and the
number of pairs i < j that lie in a common cluster K ∈ K with |K| ≥ 3 is at most 2NεN3(4q),
where N3(r) is as in Proposition 3.4. Moreover, without restriction to this event, we have

lim
N→∞

1
Mα′

E
[
NεN3(4q)

]
= 0.

Proof. Suppose that H ∈ Gε/2. We first verify the hypotheses of Corollary 3.9 on the
points y1 ≤ · · · ≤ yN and the threshold q. We have ∥H∥ ≤ 3, so yi ∈ [−3, 3] for all i.
Each λi with yi ∈ [E, E + N−1] belongs to an interval of length etα/2N−1 ≤ 2N−1, which
is covered by two intervals of length N−1. Since H ∈ Gε/2, it follows that every interval
of length N−1 contains at most 2Nε/2 ≤ Nε of the points yi, for N ≥ N0. Further, since
ε < κ, we have

2Nεq = 2Nε−κ N−1 < N−1

for N ≥ N0. Hence Corollary 3.9 shows that every cluster has at most Nε elements.
We next count the pairs i < j in a common cluster K with |K| ≥ 3. Recall from

Proposition 3.4 that N3(r) denotes the number of i ∈ [N − 2] such that λi+2 − λi ≤ r. Let
K ∈ K satisfy |K| ≥ 3. For each of the |K| − 2 labels i such that i, i + 2 ∈ K, the definition
of the clusters gives

λi+2 − λi = etα/2(yi+2 − yi) < 2etα/2q ≤ 4q.

These |K| − 2 labels are distinct for distinct clusters, which implies that

∑
K∈K:|K|≥3

(|K| − 2) ≤ N3(4q).

Recall that |K| ≤ Nε, and note that |K| ≤ 3(|K| − 2) for |K| ≥ 3. Then the number of
these pairs is bounded by

∑
K∈K:|K|≥3

|K|2
2

≤ Nε

2 ∑
K∈K:|K|≥3

3(|K| − 2) ≤ 2NεN3(4q). (6.34)
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Finally, using Proposition 3.4 with r = 4q ≥ N−2, we have

1
Mα′

E
[
NεN3(4q)

]
≤ CNε

Mα′
N(4Nq)3 ≤ CNε+2α′−3κ = CNε−(3α−5α′/2) → 0, (6.35)

where the last step follows from (6.25).

Lemma 6.9. Let p ≥ p∗ be an integer, let φ ∈ C∞
c ((−2, 2)) be nonnegative, and let X̂α′(φ, p)

be the block statistic defined in (6.33). Then there exist N0 ≥ 1 and a deterministic sequence o(1)
such that for all N ≥ N0, on the event that H ∈ Gε/2 and maxi≤j |Wij| ≤ w0, with W and w0

as in (6.27) and (6.30), we have∣∣Xα′(Htα ; φN, fp)− X̂α′(φ, p)
∣∣

≤ o(1) X̂α′(φ, p) + 2∥φ∥∞NεN3(4q) + 4p∥φ∥∞N2
(ℓα′

q

)2p
, (6.36)

where N3(r) is as in Proposition 3.4.

Proof. Suppose that the event holds and that N ≥ N0. By Lemma 6.8, the points y1 ≤
· · · ≤ yN and the threshold q satisfy the hypotheses of Corollary 3.9 that concern them. It
remains to verify the condition (3.30) on W. On our event, the entries of W are bounded
by w0 = Nεℓα. Since N log N ≤ q−1 for N ≥ N0 and α − κ = α′/6, we have

Nεw0(q−1 + N log N) ≤ 2N2εℓαq−1 = 2N2ε−α′/6 ≤ 1
48

for N ≥ N0, where we used that 2ε < α′/6 by (6.25). Hence Corollary 3.9 applies to the
points y1 ≤ · · · ≤ yN, the threshold q, and the matrix W. By (6.28), it shows that

λi+1(Htα)− λi(Htα) ≥
q
2

whenever i and i + 1 belong to different clusters, (6.37)

and that for every cluster K = {i0 + 1, . . . , i0 + |K|} and every i ∈ [|K|],∣∣λi0+i(Htα)− λi
(
(Dy + W)KK

)∣∣ ≤ 24N2εw2
0(q

−1 + N log N) ≤ 48N4εℓ2
αq−1

= 48N4ε−α+5α′/6ℓα′ ≤ N−εℓα′
(6.38)

for N ≥ N0. In the equality, we used that

ℓ2
αq−1 = N−1−2α+κ, −1 − 2α + κ = −1 − α′ + (5α′/6 − α),

and in the last inequality, we used 5ε < α − 5α′/6, which follows from (6.25).
We now sort the pairs i < j in Xα′(Htα ; φN , fp) into three types. The first type consists

of the pairs with i ∈ K and j ∈ K′ for distinct clusters K and K′, so that maxK < minK′.



6 Pair statistics at the scales N−1−α 6.3 The induction step 93

For such a pair, the labels maxK and maxK + 1 belong to different clusters, so (6.37)
gives

λj(Htα)− λi(Htα) ≥ λmaxK+1(Htα)− λmaxK(Htα) ≥
q
2

.

Hence

fp

(λj(Htα)− λi(Htα)

ℓα′

)
≤

(
1 +

q2

4ℓ2
α′

)−p
≤ 4p

(ℓα′

q

)2p
.

Using φN ≤ ∥φ∥∞, we see that the total contribution of the pairs of the first type is
bounded by 4p∥φ∥∞N2(ℓα′/q)2p.

The second type consists of the pairs i < j in a common cluster K with |K| ≥ 3. By
Lemma 6.8, there are at most 2NεN3(4q) such pairs. Each of their terms is bounded by
∥φ∥∞, since fp ≤ 1.

The third type consists of the pairs (i, i + 1) such that {i, i + 1} ∈ P2. Fix such a
cluster K = {i, i + 1}. By (6.38), we have∣∣(λi+1(Htα)− λi(Htα)

)
− ĝK

∣∣ ≤ 2N−εℓα′ .

The right side of (6.11) is at most 4p, so integrating (6.11), we find∣∣∣ log fp

(λi+1(Htα)− λi(Htα)

ℓα′

)
− log fp

( ĝK
ℓα′

)∣∣∣ ≤ 8pN−ε.

We now turn to the midpoints. Observe that

λ1(BK) + λ2(BK) = Tr BK = yi + yi+1 + Wii + Wi+1,i+1.

Using this identity, (6.38), and the bound |EK| ≤ 3, we obtain∣∣∣λi(Htα) + λi+1(Htα)

2
− EK

∣∣∣ ≤ N−εℓα′ + w0 + 3(1 − e−tα/2) ≤ 5Nεℓα,

where in the last inequality we used ℓα′ ≤ ℓα and

1 − e−tα/2 ≤ tα

2
≤ ℓα.

Part (2) of Lemma 5.1, applied at the point EK ∈ [−3, 3], shows that φN at this midpoint
differs from φN(EK) by at most(

exp(40Nεℓαh−2
N )− 1

)
φN(EK) =

(
exp(40Nε−4/5−α)− 1

)
φN(EK).

(This bound holds at every point of [−3, 3], so midpoints near the edges of the spectrum
or outside the support of φ require no separate treatment.)
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Combining the last display with the bound on log fp above, we conclude that∣∣∣φN

(λi(Htα) + λi+1(Htα)

2

)
fp

(λi+1(Htα)− λi(Htα)

ℓα′

)
− φN(EK) fp

( ĝK
ℓα′

)∣∣∣
≤ o(1) φN(EK) fp

( ĝK
ℓα′

)
,

where the o(1) term is deterministic and uniform in K. Summing the bounds for the
three types of pairs, we obtain (6.36).

Lemma 6.10. Suppose that P(α) holds. Let p ≥ p∗ be an integer, let φ ∈ C∞
c ((−2, 2)) be

nonnegative, and let L be as in (6.26). Let X̂α′(φ, p) be the block statistic defined in (6.33). Then

1
Mα′

E
[
X̂α′(φ, p)

∣∣ H
]
→ L in probability. (6.39)

Proof. Let K ∈ P2, and write K = {i, i + 1}. We first compute the conditional law of
ĝK. Since yi − yi+1 = −e−tα/2gK, the formula (4.10) for the gap of a real symmetric 2 × 2
matrix gives

ĝK
ℓα

=

∣∣∣∣(− e−tα/2gK
ℓα

+
2
ℓα

· Wii − Wi+1,i+1

2
,

2
ℓα

Wi,i+1

)∣∣∣∣. (6.40)

By (6.29), conditionally on H, the variables (Wii −Wi+1,i+1)/2 and Wi,i+1 are independent
centered Gaussian random variables, each with variance (1 − e−tα)/N. Hence the two
random coordinates in (6.40) are independent centered Gaussian random variables with
variance vN, where

vN =
4(1 − e−tα)

Nℓ2
α

=
4(1 − e−tα)

tα
∈ [4 − 2tα, 4]. (6.41)

Here we used that

1 − t
2
≤ 1 − e−t

t
≤ 1 for t ∈ (0, 1].

The law of a centered Gaussian vector in R2 with covariance vNId2 is invariant under the
reflection that changes the sign of the first coordinate, so we conclude that, conditionally
on H,

ĝK
ℓα

d
= |Gx|, (6.42)

where Gx is as in Lemma 3.10, with n = 2 and

x =
gK
ℓα

, ϱ = e−tα/2, v = vN.

We now compute the conditional mean. Recall that

ℓα′ = Nα−α′ℓα, Mα′ = N2(α−α′)Mα. (6.43)



6 Pair statistics at the scales N−1−α 6.3 The induction step 95

Using the first relation and (6.42), we find

E
[

fp

( ĝK
ℓα′

) ∣∣∣ H
]
= E fp

(
|Gx|/Nα−α′).

Since ϱ ∈ [1/2, 2] and vN ∈ [2, 4], we may apply Lemma 3.10 with n = 2, the exponent
p > 3/2, v0 = 4, and Nα−α′ ≤ 1/2 in place of δ. For the density g4 of a centered Gaussian
vector in R2 with covariance 4 times the identity, we have

g4(x, 0) = (8π)−1e−x2/8,
∫

R2
fp(|y|)dy = 2π

∫ ∞

0
r fp(r)dr =

π

p − 1
,

where the last equality follows from (6.1). Therefore Lemma 3.10 gives

∣∣∣N2(α′−α)E
[

fp

( ĝK
ℓα′

) ∣∣∣ H
]
− e−g2

K/(8ℓ2
α)

8(p − 1)

∣∣∣
≤ C

(
Nα−α′ + |e−tα/2 − 1|+ |vN − 4|

)
fp

(gK
ℓα

)
,

and by (6.41), the factor in parentheses on the right is o(1), uniformly in K.
We multiply by φN(EK) and sum over K ∈ P2. The terms with K ∈ P2 form part of

the sum defining Xα(H; φN, fp), so the second relation in (6.43) gives∣∣∣ 1
Mα′

E
[
X̂α′(φ, p)

∣∣ H
]
− 1

8(p − 1)Mα
∑

K∈P2

φN(EK)e−g2
K/(8ℓ2

α)
∣∣∣ ≤ o(1)

Mα
Xα(H; φN, fp).

(6.44)
By P(α), the right side tends to zero in probability.

We now evaluate the sum in (6.44). The function y 7→ e−y2/8 satisfies the hypothesis
of Lemma 6.6, and ∫ ∞

0
ye−y2/8 dy = 4.

So P(α) and Lemma 6.6 give

1
Mα

∑
1≤i<j≤N

φN

(λi + λj

2

)
exp

(
−

(λj − λi)
2

8ℓ2
α

)
→ 4

∫ 2

−2
φ(E)c(E)dE in probability.

The sum on the left differs from the sum in (6.44) by the terms of the pairs i < j that do
not form a cluster in P2, which are nonnegative.

Suppose that H ∈ Gε/2 and N ≥ N0. A pair that does not form a cluster in P2 either
is contained in a cluster with at least three elements, or meets two distinct clusters K
and K′, with i ∈ K and j ∈ K′. By Lemma 6.8, there are at most 2NεN3(4q) pairs of the
former kind. For a pair of the latter kind, (6.32) gives

λj − λi ≥ etα/2(yminK′ − ymaxK) ≥ q = Nα′/6ℓα,
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where we used that α − κ = α′/6. Hence the difference of the two sums is bounded by

2∥φ∥∞NεN3(4q) + ∥φ∥∞N2 exp
(
− q2

8ℓ2
α

)
= 2∥φ∥∞NεN3(4q) + ∥φ∥∞N2 exp

(
− Nα′/3

8

)
.

Since Mα ≥ Mα′ , Lemma 6.8 and Proposition 3.2 show that this difference, divided by
Mα, tends to zero in probability. Inserting this into (6.44), and recalling the definition
(6.26) of L, we obtain (6.39).

Lemma 6.11. Assume the hypotheses of Lemma 6.10. Then

1
Mα′

X̂α′(φ, p) → L in probability. (6.45)

Proof. Conditionally on H, the matrices BK, K ∈ P2, are independent. Indeed, P2 and
y are functions of H, and each BK depends on W only through the entries Wii, Wi+1,i+1,
and Wi,i+1. These sets of entries are disjoint for distinct clusters, and W is independent
of H with independent entries. Hence X̂α′(φ, p) is a sum of conditionally independent
random variables. Using 0 ≤ φN ≤ ∥φ∥∞ and 0 ≤ f 2

p ≤ fp ≤ 1, we find

Var
(
X̂α′(φ, p)

∣∣ H
)
≤ ∑

K∈P2

φN(EK)
2 E

[
fp

( ĝK
ℓα′

)2 ∣∣∣ H
]
≤ ∥φ∥∞E

[
X̂α′(φ, p)

∣∣ H
]
.

Let ϖ > 0. The conditional Chebyshev inequality gives

P
(∣∣X̂α′(φ, p)− E

[
X̂α′(φ, p)

∣∣ H
]∣∣ > ϖMα′

∣∣∣ H
)
≤ min

{
1,

∥φ∥∞

ϖ2Mα′
· 1

Mα′
E
[
X̂α′(φ, p)

∣∣ H
]}

.

By Lemma 6.10 and Mα′ → ∞, the right side tends to zero in probability. We take expec-
tations and use the bounded convergence theorem, and we find that the unconditional
probability tends to zero as well. Together with (6.39), this implies (6.45).

Proof of Proposition 6.7. Fix an integer p ≥ p∗ and a nonnegative φ ∈ C∞
c ((−2, 2)), which

we may assume is not identically zero, and let L be as in (6.26). By (6.25), we have
α′ + 5ε < 1/2 and

tαN1/2+3α′+12ε = N−1/2−2α+3α′+12ε → 0.

Hence Lemma 6.3, applied with α′ in place of α and tN = tα, shows that it suffices to
prove

1
Mα′

Xα′(Htα ; φN, fp) → L in probability. (6.46)

The event that H ∈ Gε/2 and maxi≤j |Wij| ≤ w0 has probability tending to one, by
Proposition 3.2 and (6.31). On this event, Lemma 6.9 gives∣∣∣ 1

Mα′
Xα′(Htα ; φN, fp)− L

∣∣∣ ≤ ∣∣∣ 1
Mα′

X̂α′(φ, p)− L
∣∣∣+ o(1)

Mα′
X̂α′(φ, p)

+
2∥φ∥∞NεN3(4q)

Mα′
+

4p∥φ∥∞N2

Mα′

(ℓα′

q

)2p
.
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We now bound the last term on the right side. Since Mα′ = N1−2α′ and ℓα′/q = Nκ−α′ ,
this term is a constant multiple of N1+2α′−2p(α′−κ), so it tends to zero if and only if
2p(α′ − κ) > 1 + 2α′. This is the only step in the proof of Theorem 1.3 that uses the value
p∗ = 61 and the condition α ≥ 1/10. By (6.24), we have α′ − κ > α/6, and hence

2p(α′ − κ) >
pα

3
≥ p

30
≥ 61

30
> 1 + 2α′,

where we used α ≥ 1/10, p ≥ p∗ = 61, and α′ < 1/2. We conclude that

1
Mα′

N2
(ℓα′

q

)2p
= N1+2α′−2p(α′−κ) ≤ N1+2α′−p/30 ≤ N2−61/30 → 0. (6.47)

By Lemma 6.8 and Markov’s inequality, the third term on the right side tends to zero
in probability. Since P(α) holds, Lemma 6.11 shows that so do the first two terms, which
proves (6.46).

6.4 Iteration and conclusion

We now iterate Proposition 6.7, starting from Proposition 6.5.

Corollary 6.12. For every α ∈ (0, 1/2), the statement P(α) holds.

Proof. We define α(0) = 1/10 and

α(n+1) = α(n) +
1

10
min

{
α(n),

1
2
− α(n)

}
for n ≥ 0. (6.48)

By induction on n, we have α(n) ∈ [1/10, 1/2) for all n. Indeed, if α(n) ∈ [1/10, 1/2), then
α(n+1) > α(n) and

α(n+1) ≤ α(n) +
1

10

(1
2
− α(n)

)
<

1
2

.

The sequence (α(n)) is therefore increasing and bounded by 1/2. Its limit α(∞) ∈
(1/10, 1/2] satisfies min{α(∞), 1/2 − α(∞)} = 0 by (6.48), and hence α(n) → 1/2.

We claim that for all n ≥ 0 and all α′ ∈ (α(n), α(n+1)], the pair (α(n), α′) satisfies (6.22).
We have 1/10 ≤ α(n) < α′ ≤ α(n+1) < 1/2. Further, (6.48) gives

α′ − α(n) ≤ α(n)

10
<

α(n)

5
, α′ − α(n) ≤ 1

10

(1
2
− α(n)

)
<

1
3

(1
2
− α(n)

)
,

so that

α′ <
6α(n)

5
, α′ < α(n) +

1
6
− α(n)

3
=

1
6
+

2α(n)

3
,

as claimed.
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We have α(0) < 1/8, so Proposition 6.5 shows that P(α(0)) holds. Assuming that
P(α(n)) holds, we may apply Proposition 6.7 with (α, α′) = (α(n), α(n+1)), and we find
that P(α(n+1)) holds. Hence P(α(n)) holds for all n ≥ 0. Now let α′ ∈ (0, 1/2). When
α′ ≤ α(0), the statement P(α′) holds by Proposition 6.5. Otherwise, as α(n) → 1/2, there
exists n ≥ 0 such that α(n) < α′ ≤ α(n+1), and Proposition 6.7 with (α, α′) = (α(n), α′)
shows that P(α′) holds.

Proof of Theorem 1.3. Fix α ∈ (0, 1/2), a continuous function φ with compact support
in (−2, 2), and a continuous function f : [0, ∞) → R with compact support. Recall
that N2α−1 = M−1

α . By Corollary 6.12, P(α) holds, so Lemma 6.6 applies. Since f has
compact support, it satisfies the hypothesis of Lemma 6.6, and we fix R ≥ 1 such that
supp f ⊂ [0, R].

Suppose first that φ ∈ C∞
c ((−2, 2)) is nonnegative. We split the sum defining

Xα(H; φ, f ) into the terms with j = i + 1 and the terms with j ≥ i + 2, which gives

Xα(H; φ, f ) =
N−1

∑
i=1

φ(Ei) f
( gi

ℓα

)
+ ∑

1≤i,j≤N
j≥i+2

φ
(λi + λj

2

)
f
(λj − λi

ℓα

)
. (6.49)

To show that the second sum is negligible, we count its nonzero terms. A term in this
sum vanishes unless λj − λi ≤ Rℓα. Let N ≥ N0, so that Rℓα ≤ N−1, and suppose that
H ∈ Gα/2. For each i, there are at most Nα/2 labels j with λj ∈ [λi, λi + N−1]. A label
j ≥ i + 2 with λj − λi ≤ Rℓα exists only if λi+2 − λi ≤ Rℓα. It follows that

#
{
(i, j) : 1 ≤ i < j ≤ N, j ≥ i + 2, λj − λi ≤ Rℓα

}
≤ Nα/2N3(Rℓα). (6.50)

Using Proposition 3.4 with r = Rℓα ≥ N−2, we have

1
Mα

E
[
Nα/2N3(Rℓα)

]
≤ CNα/2

Mα
N(NRℓα)

3 = CR3N−α/2 → 0.

The second sum in (6.49) is bounded by ∥φ∥∞∥ f ∥∞ times the left side of (6.50). By
Markov’s inequality and Proposition 3.2, it is therefore oP(Mα). Combining this with
Lemma 6.6 for the unsmoothed weight φ, we obtain

1
Mα

N−1

∑
i=1

φ(Ei) f
( gi

ℓα

)
→

∫ 2

−2
φ(E)c(E)dE

∫ ∞

0
y f (y)dy in probability. (6.51)

Next, we treat a general continuous φ with compact support in (−2, 2). The positive
and negative parts of φ are continuous, nonnegative, and compactly supported in (−2, 2),
and both sides of (6.51) are linear in φ. We may therefore assume that φ ≥ 0.

Let δ > 0 satisfy supp φ ⊂ [−2+ 2δ, 2− 2δ], and set I = [−2+ δ, 2− δ]. Let ϖ > 0. By
convolving φ with a smooth mollifier supported in a sufficiently small interval [−δ′, δ′] ⊂
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[−δ, δ], we obtain a nonnegative φ̃ ∈ C∞
c ((−2, 2)) with supp φ̃ ⊂ I and ∥φ − φ̃∥∞ ≤ ϖ.

We set
C f = sup

y≥0
(1 + y2)p∗ | f (y)| ≤ (1 + R2)p∗∥ f ∥∞.

The function φ − φ̃ vanishes outside I, so∣∣∣ N−1

∑
i=1

(φ − φ̃)(Ei) f
( gi

ℓα

)∣∣∣ ≤ ϖC f ∑
i:Ei∈I

fp∗

( gi

ℓα

)
≤ ϖC f ∑

1≤i<j≤N
(λi+λj)/2∈I

fp∗

(λj − λi

ℓα

)
.

By (6.20), the right side is bounded by ϖC f CI Mα with probability tending to one.

Further, the limits in (6.51) for φ and φ̃ differ by at most ϖ
∫ 2
−2 c(E)dE

∫ ∞
0 y| f (y)|dy.

Applying (6.51) to φ̃, we find that with probability tending to one,

∣∣∣ 1
Mα

N−1

∑
i=1

φ(Ei) f
( gi

ℓα

)
−

∫ 2

−2
φ(E)c(E)dE

∫ ∞

0
y f (y)dy

∣∣∣
≤ ϖ

(
1 + C f CI +

∫ 2

−2
c(E)dE

∫ ∞

0
y| f (y)|dy

)
.

The constant CI does not depend on ϖ, and ϖ > 0 is arbitrary. This completes the
proof.

Proof of Proposition 4.1. Recall that α∗ = 99/200, ℓ = ℓα∗ , and Mα∗ = τ. By Corollary 6.12,
P(α∗) holds. The second assertion of Proposition 4.1 is (6.20) with α = α∗.

For the first assertion, let f ∈ Cc([0, ∞)× (−2, 2)). Let R ≥ 1 and δ ∈ (0, 1) satisfy
supp f ⊂ [0, R]× [−2 + 2δ, 2 − 2δ], and set I = [−2 + δ, 2 − δ]. Let ϖ > 0. The function f
is uniformly continuous, so there exists δ′ ∈ (0, δ) such that | f (r, E)− f (r, E′)| ≤ ϖ for
all r ≥ 0 and all E, E′ with |E − E′| ≤ δ′.

We approximate f by a sum of products. Using a standard smooth partition of unity,
we choose nonnegative functions χ1, . . . , χn ∈ C∞

c ((−2+ δ, 2− δ)) such that each supp χk
has diameter at most δ′ and

n

∑
k=1

χk ≤ 1 on R,
n

∑
k=1

χk = 1 on [−2 + 2δ, 2 − 2δ]. (6.52)

For each k, we choose a point E′
k ∈ supp χk, and we set

f̄ (r, E) =
n

∑
k=1

χk(E) f (r, E′
k).

We claim that

| f (r, E)− f̄ (r, E)| ≤ ϖ(1 + R2)p∗ fp∗(r)1I(E) for all (r, E) ∈ [0, ∞)× (−2, 2). (6.53)
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When E ∈ [−2 + 2δ, 2 − 2δ], the second relation in (6.52) gives

f (r, E)− f̄ (r, E) =
n

∑
k=1

χk(E)
(

f (r, E)− f (r, E′
k)
)
.

When E /∈ [−2 + 2δ, 2 − 2δ], we have f (r, E) = 0, and the same identity holds. In either
case, χk(E) ̸= 0 implies |E − E′

k| ≤ δ′, so

| f (r, E)− f̄ (r, E)| ≤ ϖ
n

∑
k=1

χk(E) ≤ ϖ.

The function f − f̄ vanishes unless r ≤ R and E ∈ I, which gives (6.53).
By (6.53) and (6.20) with α = α∗, we have with probability tending to one

1
τ

∣∣∣ ∑
1≤i<j≤N

( f − f̄ )
(λj − λi

ℓ
,

λi + λj

2

)∣∣∣ ≤ ϖ(1 + R2)p∗CI .

On the other hand, for each k the function r 7→ f (r, E′
k) is continuous with compact

support in [0, ∞), and

∑
1≤i<j≤N

f̄
(λj − λi

ℓ
,

λi + λj

2

)
=

n

∑
k=1

Xα∗

(
H; χk, f (·, E′

k)
)
.

We apply Lemma 6.6 with α = α∗ and the unsmoothed weights χk, and we obtain

1
τ ∑

1≤i<j≤N
f̄
(λj − λi

ℓ
,

λi + λj

2

)
→

n

∑
k=1

∫ 2

−2
χk(E)c(E)dE

∫ ∞

0
r f (r, E′

k)dr

=
∫ 2

−2

∫ ∞

0
c(E)r f̄ (r, E)dr dE

in probability. Finally, (6.53) gives∣∣∣ ∫ 2

−2

∫ ∞

0
c(E)r( f − f̄ )(r, E)dr dE

∣∣∣ ≤ ϖR2
∫ 2

−2
c(E)dE.

The constant CI does not depend on ϖ, and ϖ > 0 is arbitrary, which proves the first
assertion.



section 7

Actual and linearized gaps

The goal of this section is to prove Proposition 4.5, which compares the gaps of the
resampled matrix H̃ with the linearized gaps 2d|zi + Si|. Recall from Lemma 4.3 that,
when the selected positions are distinct, the linearized gap of the pair (i, i + 1) is the gap
of the compression of H̃ to the span of ui and ui+1. Heuristically, when gi is much smaller
than the distance from λi and λi+1 to the other eigenvalues of H, the gap g̃i should be
close to the linearized gap, since the remaining eigenvectors of H interact with the pair
only at second order in ∆.

The proof has two steps. In Section 7.1, we prove a deterministic statement, Corol-
lary 7.2, by applying Lemma 3.8 in the eigenbasis of H; the main task is to verify its
hypotheses with explicit exponents. In Section 7.2, we show that these hypotheses hold
with probability tending to one.

Throughout this section, we set ε = 1/100. Recall that d = N−3/2, τ = N1/100,
s = N−7/5, and m = 2⌊τ/8⌋ ≤ τ/4.

7.1 A deterministic comparison

In Section 7.1, H denotes a deterministic real symmetric N × N matrix with eigenvalues
λ1 ≤ · · · ≤ λN , and u1, . . . , uN denotes an orthonormal basis of RN such that Huj = λjuj
for all j ∈ [N]. We define gi and Ei for i ∈ [N − 1], and the maps Li, by the formulas of
Section 4, using these eigenvalues and eigenvectors.

Definition 7.1. Let K(H) denote the set of equivalence classes of the smallest equivalence
relation on [N] under which j and j + 1 are equivalent for every j ∈ [N − 1] such that
gj ≤ s. We call the elements of K(H) the clusters of H.

Observe that every cluster is a set of consecutive integers, and that for every j ∈ [N − 1],
the labels j and j + 1 lie in the same cluster if and only if gj ≤ s. In particular, K(H) is a
family of clusters in the sense of Section 3.2.

We let Λ = diag(λ1, . . . , λN), and we let U = (u1, . . . , uN) denote the orthogonal
N × N matrix with columns u1, . . . , uN, so that H = UΛUT. For K ∈ K(H), we let UK
denote the N × |K| matrix whose columns are the vectors uj with j ∈ K, in increasing
order of j, and we set ΛK = diag(λj : j ∈ K). For an N × N matrix A, we use the notation
AKK = (Ajj′)j,j′∈K of Section 3.2.

101
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Recall the quantities wN, LN, and δN from (4.17). Since ε = 1/100, they are given by

wN = τN−3/2+3ε, LN = 2s−1 log N, δN = 8w2
NLN. (7.1)

Inserting the values of τ, s, d, and ε, and using δN/d = 8(wN/d)(wNLN) and wN/d =

τN3ε, we find

wN

s
= N−9/100+3ε = N−3/50, wNLN = 2N−3/50 log N,

δN

d
= 16N−2/25+6ε log N = 16N−1/50 log N.

(7.2)

All three quantities in (7.2) tend to zero.

Corollary 7.2. There exists an absolute constant N0 ≥ 1 such that the following holds for all
N ≥ N0. Let H and u1, . . . , uN be as above, and suppose that

(i) ∥H∥ ≤ 3;
(ii) |uj(a)| ≤ N−1/2+ε for all a, j ∈ [N];

(iii) λj+2 − λj > 4s for all j ∈ [N − 2].

Let ∆ be a real symmetric N × N matrix such that ∆aa = 0 for all a ∈ [N], |∆ab| ≤ 2N−1/2+ε

for all a, b ∈ [N], and ∆ab ̸= 0 for at most τ/4 pairs (a, b) with a < b. Then every cluster
of H has at most two elements, and the two-element clusters of H are the sets {i, i + 1} with
i ∈ [N − 1] and gi ≤ s. Further, the following statements hold.

(a) Let K ∈ K(H). For all j ∈ K, we have λminK − s/4 ≤ λj(H + ∆) ≤ λmaxK + s/4.
Moreover, the numbers λj(H + ∆) with j ∈ K, in increasing order, differ by at most δN/2
from the ordered eigenvalues of ΛK + UT

K∆UK.
(b) For all K ∈ K(H), we have∣∣∣ ∑

j∈K

(
λj(H + ∆)− λj

)∣∣∣ ≤ |K|(wN + δN/2).

(c) For all j ∈ [N − 1] such that gj > s, we have λj+1(H + ∆)− λj(H + ∆) > s/2.
(d) For all i ∈ [N − 1] such that gi ≤ s, we have∣∣λi+1(H + ∆)− λi(H + ∆)− 2|Li(H + ∆)|

∣∣ ≤ δN.

Proof. We first describe the clusters. Suppose that some K ∈ K(H) has at least three
elements. As K is a set of consecutive integers, there exists j ∈ [N − 2] such that
j, j + 1, j + 2 ∈ K. Then gj ≤ s and gj+1 ≤ s, which gives λj+2 − λj ≤ 2s and contradicts
(iii). Hence every cluster has at most two elements.

If i ∈ [N − 1] satisfies gi ≤ s, then i and i + 1 lie in the same cluster, which is therefore
{i, i + 1}. Conversely, every two-element cluster has the form {i, i + 1} with gi ≤ s, since
its elements are consecutive and lie in the same cluster.
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Next, we rotate ∆ into the eigenbasis of H. Set

W = UT∆U, so that Wjj′ = uT
j ∆uj′ for j, j′ ∈ [N].

Since U is orthogonal, we have H + ∆ = U(Λ + W)UT, and therefore

λj(H + ∆) = λj(Λ + W) for all j ∈ [N].

As ∆ is symmetric with zero diagonal, the triangle inequality and (ii) give

|Wjj′ | =
∣∣∣ ∑

1≤a<b≤N
∆ab

(
uj(a)uj′(b) + uj(b)uj′(a)

)∣∣∣ ≤ τ

4
· 2N−1/2+ε · 2N−1+2ε = wN (7.3)

for all j, j′ ∈ [N]. In the inequality, we used that at most τ/4 of the coefficients ∆ab with
a < b are nonzero, that each of them is bounded by 2N−1/2+ε, and that the term in
absolute values is bounded by 2N−1+2ε by (ii).

We will apply Lemma 3.8 with Dy = Λ (so that yj = λj), the family of clusters K(H),
and the parameters

k0 = 2, ϑ = s/4, w0 = wN, L = LN.

For K ∈ K(H), the rectangle (3.24) is then

RK =
{

w ∈ C : λminK − s/4 ≤ Re w ≤ λmaxK + s/4, | Im w| ≤ s/4
}

.

We next check that these rectangles are pairwise disjoint. Let K,K′ ∈ K(H) satisfy
maxK + 1 = minK′. Then gmaxK > s, so the intervals RK ∩ R and RK′ ∩ R are at
distance gmaxK − s/2 > s/2.

We now bound the harmonic sum in (3.25). Fix K ∈ K(H) and w ∈ RK, and write
i− = minK and i+ = maxK. We first consider the labels j > i+, assuming that i+ < N.
The labels i+ and i+ + 1 lie in different clusters, so gi+ > s.

Let r ≥ 0 be an integer, and let j ∈ {i+ + 2r + 1, i+ + 2r + 2} with j ≤ N. Then

λj − Re w ≥ λi++2r+1 − λi+ − s/4 ≥ gi+ + 4sr − s/4 > 3s/4 + 4sr.

The first inequality follows from λj ≥ λi++2r+1 and Re w ≤ λi+ + s/4, and the second
follows from (iii), applied r times to the labels i+ + 1, i+ + 3, . . . , i+ + 2r − 1. Further,
(i) implies that λj − Re w < 7, so only integers r with 4sr < 7 occur. Every such r
corresponds to at most two labels j, and |λj − w| ≥ |λj − Re w|, so

N

∑
j=i++1

1
|λj − w| ≤ ∑

0≤r<7/(4s)

2
3s/4 + 4sr

≤ 8
3s

+
1
2s ∑

1≤r<7/(4s)

1
r
≤ 1

s

(19
6

+
1
2

log
7
4s

)
,

where we compared the harmonic sum with an integral in the last step.
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The same argument, with the roles of the two sides exchanged, bounds the sum over
j < i− by the same quantity. Recalling that s = N−7/5, we conclude that

∑
j/∈K

1
|λj − w| ≤

1
s

(19
3

+ log
7
4
+

7
5

log N
)
≤ 2 log N

s
= LN (7.4)

for N ≥ N0, uniformly over all clusters K and all w ∈ RK.
We now apply Lemma 3.8. By (7.3), we have maxj,j′ |Wjj′ | ≤ wN. Using (7.2), we see

that wNLN ≤ 1/2 and

1
s
(
k0wN + 2k0w2

NLN
)
=

2wN

s
+

4wN

s
· wNLN = 2N−3/50 + 8N−3/25 log N <

1
4

for N ≥ N0. Thus the hypotheses of Lemma 3.8 hold.
Let K ∈ K(H). Recalling that λj(Λ + W) = λj(H + ∆), we deduce from Lemma 3.8

that the numbers λj(H + ∆) with j ∈ K lie within distance k0wN + 2k0w2
NLN < s/4 of

[λminK, λmaxK], and that, in increasing order, they differ by at most 2k0w2
NLN = δN/2

from the ordered eigenvalues of

(Λ + W)KK = ΛK + UT
K∆UK.

This proves (a).
To prove (b), we use that the sum of the eigenvalues of a matrix is its trace. Then (a)

implies that∣∣∣ ∑
j∈K

λj(H + ∆)− Tr
(
ΛK + UT

K∆UK
)∣∣∣ ≤ |K|δN

2
, Tr

(
ΛK + UT

K∆UK
)
= ∑

j∈K
(λj + Wjj).

Combining these relations with the bound |Wjj| ≤ wN from (7.3), we obtain (b).
Next, we prove (c). Let j ∈ [N − 1] satisfy gj > s. Then j and j + 1 lie in different

clusters K and K′, with j = maxK and j + 1 = minK′. Using (a) for K and K′, we find

λj+1(H + ∆)− λj(H + ∆) ≥ (λj+1 − s/4)− (λj + s/4) = gj − s/2 > s/2.

It remains to prove (d). Let i ∈ [N − 1] satisfy gi ≤ s, so that K = {i, i + 1} is a cluster.
Recalling that uT

i Hui = λi, uT
i+1Hui+1 = λi+1, and uT

i Hui+1 = 0, we have

ΛK + UT
K∆UK =

(
uT

j (H + ∆)uj′
)

j,j′∈{i,i+1}.

By (4.10) and the definition of Li, the two eigenvalues of this matrix differ by 2|Li(H +∆)|.
By (a), the eigenvalues λi(H +∆) and λi+1(H +∆) differ by at most δN/2 from the smaller
and the larger of them, respectively, which gives (d).
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7.2 Proof of Proposition 4.5

We now return to the random matrix H and its chosen eigenvectors u1, . . . , uN, and we
apply Corollary 7.2 to their realizations. The clusters K(H) are then random sets, defined
by Definition 7.1 for each realization of H.

Proof of Proposition 4.5. Let N0 be the constant of Corollary 7.2. For N ≥ N0, let AN
denote the event

AN = {H ∈ Gε} ∩
{

λi+2 − λi > 4s for all i ∈ [N − 2]
}

∩
{
|Xab| ≤ Nε for all a, b ∈ [N] with a < b

}
,

(7.5)

and for N < N0, set AN = ∅. The event AN is measurable with respect to H (the
condition H ∈ Gε concerns every unit eigenvector of H, not only u1, . . . , uN). Further, let
BN denote the event

BN =
{
(al, bl) ̸= (al′ , bl′) for all l, l′ ∈ [m] with l ̸= l′

}
∩
{
|Yl| ≤ Nε for all l ∈ [m]

}
,

(7.6)
which is measurable with respect to the resampling variables. We will show that
P(AN) → 1, that P(BN | H) = 1 − o(1) uniformly in H, and that the conclusions
of Proposition 4.5 hold on AN ∩ BN. We may assume that N ≥ N0.

We begin with AN . Proposition 3.2 with t = 0 shows that H ∈ Gε with overwhelming
probability. By Markov’s inequality and the second statement of Proposition 3.4 with
C1 = 1, which applies since 4s = 4N−7/5 ≥ N−2, we have

P
(

min
i∈[N−2]

(λi+2 − λi) ≤ 4s
)
≤ EN3(4s) ≤ CN(4Ns)3 = 64CN−1/5. (7.7)

Note that (7.7) covers all i ∈ [N − 2], including labels at the spectral edges. This is needed,
although only pairs in the bulk are used in Section 4, because Lemma 3.8 is applied to
the whole spectrum.

Finally, the standardized entries Xab with a < b are copies of X, so the sub-Gaussian
tail bound and a union bound over fewer than N2 pairs give

P
(
|Xab| > Nε for some a, b ∈ [N] with a < b

)
≤ C0N2e−c0N2ε

.

Combining these three bounds, we obtain

P(Ac
N) ≤ CN−1/5.

Next, we bound the conditional probability of Bc
N. The selected positions and the

variables Yl are independent of H, so P(BN | H) = P(BN). For distinct l, l′ ∈ [m],
the positions (al, bl) and (al′ , bl′) are independent and uniformly distributed on a set of
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N(N − 1)/2 pairs, so they coincide with probability 2/(N(N − 1)). A union bound over
the fewer than m2/2 pairs {l, l′} and over l ∈ [m], together with m ≤ τ/4, gives

P
(
Bc

N | H
)
≤ m2

N(N − 1)
+ mC0e−c0N2ε ≤ τ2

8N2 + C0τe−c0N2ε
. (7.8)

The right side of (7.8) is deterministic and tends to zero.
We now fix a realization in AN ∩ BN and verify the hypotheses of Corollary 7.2. As

H ∈ Gε, we have ∥H∥ ≤ 3, and every unit eigenvector of H, in particular each uj, satisfies
∥uj∥∞ ≤ N−1/2+ε. Hypothesis (iii) holds by the definition of AN. The selected positions
are distinct on BN, so Lemma 4.3 gives

∆ =
m

∑
l=1

N−1/2(Yl − Xalbl

)
Valbl .

Hence ∆ is real symmetric with zero diagonal, ∆ab ̸= 0 for at most m ≤ τ/4 pairs (a, b)
with a < b, and

|∆albl
| ≤ N−1/2(|Yl|+ |Xalbl

|
)
≤ 2N−1/2+ε for all l ∈ [m],

where we used the bounds on Yl and Xalbl
contained in BN and AN. Thus Corollary 7.2

applies to H and ∆, with H + ∆ = H̃.
By Corollary 7.2, every cluster of H has at most two elements, and the two-element

clusters are the sets {i, i + 1} with gi ≤ s. Statement (c) of Corollary 7.2 gives g̃j > s/2
for all j ∈ [N − 1] with gj > s.

Now let i ∈ [N − 1] satisfy gi ≤ s, so that {i, i + 1} is a cluster. By Lemma 4.3, we
have Li(H̃) = d(zi + Si). Statement (d) of Corollary 7.2, statement (b) with K = {i, i + 1},
and (7.2) therefore give∣∣∣ g̃i

d
− 2|zi + Si|

∣∣∣ ≤ δN

d
= 16N−1/50 log N, |Ẽi − Ei| ≤ wN +

δN

2
. (7.9)

Both bounds in (7.9) are deterministic and tend to zero by (7.2). Together with P(AN) → 1
and (7.8), this establishes all assertions of Proposition 4.5.



section 8

A local limit theorem for the linearized increments

The goal of this section is to prove Proposition 4.4, whose normalization is explained
heuristically in Section 2.2. Recall from Section 4 that, for a k-tuple i, the vector Si is a sum
of m = 2⌊τ/8⌋ increments that are independent and identically distributed conditionally
on H. The central limit theorem describes Si on the scale τ1/2, but Proposition 4.4
concerns the probability that Si + x belongs to a bounded set, which is a statement on
the unit scale. For sums of independent copies of a fixed law, local limit theorems of this
kind hold when the law is nonlattice [67]. Here the law of an increment depends on N
and on H, and the main task of this section is to show that it stays away from lattice laws,
uniformly over H outside an event of small probability.

This is a genuine issue when X is discrete. Suppose, for example, that X takes the
values 1 and −1, so that Y − Xab ∈ {−2, 0, 2}, and that every coordinate of ui and ui+1

has modulus N−1/2. Then every D(i)
ab belongs to {(±2, 0), (0,±2)}, and Si takes values

in the lattice 4Z2. The conclusion of Proposition 4.4 would then fail for test functions
supported near (2, 2), although such eigenvectors satisfy the delocalization bound in the
definition of Gε.

After computing the moments of one increment in Section 8.1, we show in Section 8.2
that with overwhelming probability every unit eigenvector of H is far, in a normalized
ℓ2 norm, from all vectors whose coordinates take at most a small power of τ distinct
values. In Section 8.3, we show by a deterministic argument that this property prevents
the phases in the characteristic function of one increment from concentrating near 2πZ.
A symmetrization in Section 8.4 then bounds the squared modulus of this characteristic
function away from 1 at all frequencies between a small negative power and a small
positive power of N. With the parameters chosen in Section 8.5, this bound reads
1− cτ−1/4. This bound is the main input to the local limit theorem for sums of increments,
Lemma 8.13, which we prove in Section 8.5 by Fourier inversion. Finally, in Section 8.6
we add a large deviation estimate for pairs with large gaps and complete the proof of
Proposition 4.4. Throughout this section, we fix an integer k ≥ 1.

8.1 Notation and moments of one increment

Throughout Section 8, i = (i1, . . . , ik) denotes a k-tuple of integers in [N − 1] such that
ij+1 ≥ ij + 2 for all j ∈ [k − 1]. For w ∈ R2k, we let wj = (wj,1, wj,2) ∈ R2 denote its

107
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j-th block, so that w = (w1, . . . , wk), and we let w(η) denote its η-th coordinate, where
η ∈ [2k]. We let Ui denote the N × 2k matrix with columns ui1 , ui1+1, . . . , uik , uik+1, in
this order. Since these 2k indices are distinct, we have UT

i Ui = Id2k. For b ∈ [N], let
rb ∈ R2k denote the b-th row of N1/2Ui, so that rb,j = N1/2(uij(b), uij+1(b)). The relation
UT

i Ui = Id2k is equivalent to
1
N

N

∑
b=1

rbrT
b = Id2k. (8.1)

For ξ ∈ R2k, let Γ(ξ) denote the block-diagonal 2k × 2k matrix whose j-th diagonal
block is (

ξ j,1 ξ j,2
ξ j,2 −ξ j,1

)
. (8.2)

For k = 1, this defines Γ(ξ j) for ξ j ∈ R2, and we have Γ(ξ) = diag(Γ(ξ1), . . . , Γ(ξk)). The
matrix Γ(ξ j) is symmetric with eigenvalues |ξ j| and −|ξ j|. Hence ∥Γ(ξ)∥ = maxj |ξ j| ≤
|ξ|, and Γ(ξ j) is invertible with ∥Γ(ξ j)

−1∥ = |ξ j|−1 when ξ j ̸= 0. The map ξ 7→ Γ(ξ) is
linear, and we let Γη denote its value at the η-th standard basis vector of R2k, so that
Γ(ξ) = ∑2k

η=1 ξ(η)Γη.

Recall the vectors D(i)
ab ∈ R2 from (4.11). In Section 8, we use the formula on the right

side of (4.11) to define D(i)
ab for all a, b ∈ [N], so that D(i)

ab = D(i)
ba , and we let D(i)

ab ∈ R2k

denote the vector with blocks D(i1)
ab , . . . , D(ik)

ab . Expanding the quadratic forms on the right

side and comparing with the definition of D
(ij)

ab , we find

ξ · D(i)
ab = rT

a Γ(ξ)rb, a, b ∈ [N], ξ ∈ R2k. (8.3)

Further, after identifying R2 with C, we have

D
(ij)

ab = N
(
uij(a) + iuij+1(a)

)(
uij(b) + iuij+1(b)

)
, (8.4)

and therefore
|D(ij)

ab | = |ra,j| |rb,j|, a, b ∈ [N], j ∈ [k]. (8.5)

Definition 8.1. Let (a, b) be a random pair with the uniform distribution on {(a′, b′) ∈
[N]2 : a′ < b′}, and let Y be a copy of X, such that H, (a, b), and Y are independent. We
define the increment

J = (Y − Xab)D(i)
ab ∈ R2k. (8.6)

We define the conditional mean J̄ = E[J | H], the conditional covariance ΣH = E[(J −
J̄)(J − J̄)T | H], and the conditional characteristic function

ΦH(ξ) = E
[
eiξ·J ∣∣ H

]
, ξ ∈ R2k. (8.7)
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For an integer n ≥ 1, let S(n) denote a random vector in R2k whose conditional law given
H is the law of a sum of n independent random vectors, each with the conditional law of
J given H. We let ΦY denote the characteristic function of Y, so that ΦY(t′) = Eeit′Y for
t′ ∈ R.

These objects depend on i, which we suppress from the notation. By the definition of
S(n), we have

E
[
eiξ·S(n) ∣∣ H

]
= ΦH(ξ)

n, ξ ∈ R2k. (8.8)

Recall from Section 4 that Si = ∑m
l=1(Yl − Xalbl

)D(i)
albl

, where Xalbl
is the entry of H for

every l, also when a position is selected more than once. Conditionally on H, the m
summands are therefore independent, and each has the conditional law of J. Hence the
conditional law of Si given H is that of S(m).

We next introduce the event on which the estimates below take place. It involves the
matrix X̊ below, which records the fluctuations of the squared entries; these fluctuations
appear in the covariance of J.

Definition 8.2. Let X̊ denote the N × N real symmetric matrix with zero diagonal and
entries X̊ab = X2

ab − 1 for a ̸= b. For ε > 0, we let Areg
N (ε) denote the event that

H ∈ Gε, max
a≤b

|Xab| ≤ Nε, ∥X̊∥ ≤ N1/2+ε. (8.9)

Recall from Definition 3.1 that H ∈ Gε implies ∥H∥ ≤ 3 and ∥v∥∞ ≤ N−1/2+ε for
every unit eigenvector v of H. Hence, on Areg

N (ε), we have for every k-tuple i and all
a, b ∈ [N] that

|rb,j| ≤ 21/2Nε, |rb| ≤ (2k)1/2Nε, |D(i)
ab | ≤ 2k1/2N2ε, (8.10)

where the last bound follows from (8.5).

Lemma 8.3. For every ε > 0, the event Areg
N (ε) holds with overwhelming probability.

Proof. The three conditions in (8.9) become weaker as ε increases, so we may assume
that ε ≤ 1/4. By Proposition 3.2, we have H ∈ Gε with overwhelming probability. The
sub-Gaussian tail bound for X and Z and a union bound over the at most N2 entries give

P
(

max
a≤b

|Xab| > Nε/4
)
≤ C0N2 exp

(
−c0Nε/2), (8.11)

which is smaller than every negative power of N for large N. This gives the second
condition in (8.9).

To bound ∥X̊∥, we truncate the entries at Nε/4 and center them. Set

cN = E
[
(X2 − 1)1{|X| ≤ Nε/4}

]
= −E

[
(X2 − 1)1{|X| > Nε/4}

]
, (8.12)
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where we used EX2 = 1. The sub-Gaussian tail of X gives

|cN| ≤ C exp(−cNε/2). (8.13)

Recall that Vab = eaeT
b + ebeT

a for a < b, and define

Aab =
(
(X2

ab − 1)1{|Xab| ≤ Nε/4} − cN

)
Vab, X̊′ = ∑

a<b
Aab. (8.14)

The matrices Aab are independent, centered, and real symmetric. Since ∥Vab∥ = 1 and
|cN| ≤ 1 for large N, we have ∥Aab∥ ≤ 4Nε/2. Further, (Vab)2 = eaeT

a + ebeT
b , so ∑a<b EA2

ab
is a diagonal matrix, and∥∥∥∑

a<b
EA2

ab

∥∥∥ ≤ (N − 1)E
[
(X2 − 1)2] ≤ CN. (8.15)

We now use the matrix Bernstein inequality [73, Theorem 1.4], which we state in the
form needed here. Let (Aab)a<b be independent, centered, real symmetric random N × N
matrices such that λN(Aab) ≤ R′ almost surely for all a < b. Then for all t′ ≥ 0,

P
(

λN

(
∑
a<b

Aab

)
≥ t′

)
≤ N exp

(
− t′2/2
∥∑a<b EA2

ab∥+ R′t′/3

)
. (8.16)

We apply it to the matrices Aab and to their negatives, with R′ = 4Nε/2 and t′ = N1/2+ε/2.
Our assumption ε ≤ 1/4 gives R′t′ ≤ 2N, and we obtain

P
(
∥X̊′∥ ≥ N1/2+ε

2

)
≤ 2N exp

(
−cN2ε

)
. (8.17)

When maxa<b |Xab| ≤ Nε/4, we have

X̊ = X̊′ + cN ∑
a<b

Vab, and hence ∥X̊∥ ≤ ∥X̊′∥+ N2|cN| ≤ ∥X̊′∥+ CN2e−cNε/2
.

(8.18)
Combining the last two displays with (8.11), we conclude that ∥X̊∥ ≤ N1/2+ε with
overwhelming probability.

For v, v′ ∈ RN, we let v ⊙ v′ ∈ RN denote the vector with coordinates (v ⊙ v′)(a) =
v(a)v′(a). The following lemma identifies the first three conditional moments of one
increment.

Lemma 8.4. Let 0 < ε ≤ 1/8. There exists C > 0 such that on Areg
N (ε), for every k-tuple i,

| J̄| ≤ CN−1/2, E
[
|J|3

∣∣ H
]
≤ CN9ε,∥∥E[J JT | H]− 4Id2k

∥∥+ ∥ΣH − 4Id2k∥ ≤ CN3ε−1/2.
(8.19)

Moreover, on Areg
N (ε) we have |J| ≤ 2k1/2N2ε(|Y|+ Nε).
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Proof. The last claim follows from (8.6), (8.10), and |Xab| ≤ Nε. We begin with the mean.
Since EY = 0 and Y is independent of H and (a, b), we have

J̄ = −
(

N
2

)−1

∑
a<b

XabD(i)
ab . (8.20)

The main point is that the sum in (8.20) can be computed exactly with the eigenvalue
equation; a bound by absolute values would give only | J̄| ≤ CN3ε, while the drift mJ̄
must be small on the unit scale. Fix j ∈ [k], and abbreviate u = uij and v = uij+1. Recall
that Xba = Xab and Xaa = N1/2Haa, so that

N

∑
a,b=1

Xabu(a)u(b) = N1/2uT Hu = N1/2λij . (8.21)

Separating the diagonal terms, we obtain

∑
a<b

Xabu(a)u(b) =
1
2

(
N1/2λij −

N

∑
a=1

Xaau(a)2
)

, (8.22)

and the same identity holds with v and λij+1 in place of u and λij . Similarly, since
Hv = λij+1v and uTv = 0, we have

∑
a<b

Xab
(
u(a)v(b) + v(a)u(b)

)
= N1/2uT Hv −

N

∑
a=1

Xaau(a)v(a) = −
N

∑
a=1

Xaau(a)v(a).

(8.23)

Inserting these identities into the definition of D
(ij)

ab , we find

∑
a<b

XabD
(ij)

ab = N
(N1/2(λij − λij+1)− ∑a Xaa(u(a)2 − v(a)2)

2
, −∑

a
Xaau(a)v(a)

)
. (8.24)

We have |Xaa| ≤ Nε on Areg
N (ε), and

|λij − λij+1| ≤ 2∥H∥ ≤ 6. (8.25)

Hence the norm of the right side of (8.24) is bounded by

N(3N1/2 + 2Nε) ≤ 5N3/2. (8.26)

Inserting this into (8.20) gives | J̄| ≤ 20k1/2N−1/2.
We now compute the second moment. Since E(Y − y)2 = 1 + y2 for y ∈ R, we have

E[J JT | H] =

(
N
2

)−1

∑
a<b

(1 + X2
ab)D(i)

ab (D(i)
ab )

T =

(
N
2

)−1

∑
a<b

(
2 + X̊ab

)
D(i)

ab (D(i)
ab )

T. (8.27)
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To evaluate the first term, observe that D(i)
ab (η) = rT

a Γηrb by (8.3). Using (8.1) twice
and the symmetry of Γη′ , we obtain for η, η′ ∈ [2k] that

N

∑
a,b=1

D(i)
ab (η)D(i)

ab (η
′) =

N

∑
a=1

rT
a Γη

( N

∑
b=1

rbrT
b

)
Γη′ra = N Tr

(
ΓηΓη′

N

∑
a=1

rarT
a

)
= N2 Tr(ΓηΓη′) = 2N2δηη′ .

(8.28)

In the last equality, we used that ΓηΓη′ = 0 when η and η′ belong to different blocks, that
Γ2

η is the identity on the block of η, and that Γ2j−1Γ2j has trace zero, which can be read
off from (8.2).

Since D(i)
ab = D(i)

ba and (N
2 ) = N(N − 1)/2, the identity (8.28) gives

2
(

N
2

)−1

∑
a<b

D(i)
ab (D(i)

ab )
T =

2
N(N − 1)

(
2N2Id2k −

N

∑
a=1

D(i)
aa (D(i)

aa )
T
)

. (8.29)

Using |D(i)
aa |2 ≤ 4kN4ε from (8.10), we conclude that∥∥∥2

(
N
2

)−1

∑
a<b

D(i)
ab (D(i)

ab )
T − 4Id2k

∥∥∥ ≤ 4
N − 1

+
8kN4ε

N − 1
≤ CN4ε−1. (8.30)

Next, we bound the contribution of X̊ to (8.27). Since X̊ is symmetric with zero
diagonal, the entry (η, η′) of this contribution is(

N
2

)−1

∑
a<b

X̊abD(i)
ab (η)D(i)

ab (η
′) =

1
N(N − 1)

N

∑
a,b=1

X̊abD(i)
ab (η)D(i)

ab (η
′). (8.31)

By the definition of D(i)
ab , each coordinate D(i)

ab (η) is N times a sum of two terms of
the form ±v(a)v′(b), where v and v′ are columns of Ui. Hence the sum on the right
side of (8.31) is N2 times a sum of four terms of the form ±(v1 ⊙ v2)

TX̊(v3 ⊙ v4), where
v1, . . . , v4 are columns of Ui. Every two columns v, v′ of Ui satisfy, on Areg

N (ε),

∥v ⊙ v′∥2 ≤ ∥v∥∞∥v′∥2 ≤ Nε−1/2, (8.32)

and therefore ∣∣(v1 ⊙ v2)
TX̊(v3 ⊙ v4)

∣∣ ≤ ∥X̊∥ N2ε−1 ≤ N3ε−1/2. (8.33)

It follows that the absolute value of (8.31) is bounded by

4N2N3ε−1/2

N(N − 1)
≤ 8N3ε−1/2. (8.34)

The operator norm of a 2k × 2k matrix is bounded by 2k times its largest entry, so (8.27)
and (8.30) give∥∥E[J JT | H]− 4Id2k

∥∥ ≤ CN4ε−1 + 16kN3ε−1/2 ≤ CN3ε−1/2, (8.35)
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where we used ε ≤ 1/8. Since ΣH = E[J JT | H]− J̄ J̄T and | J̄|2 ≤ CN−1, the same bound
holds for ΣH.

Finally, the bound on |J| and the elementary inequality (y1 + y2)
3 ≤ 4(y3

1 + y3
2) for

y1, y2 ≥ 0 give

E
[
|J|3

∣∣ H
]
≤ 8k3/2N6εE

[
(|Y|+ Nε)3] ≤ 32k3/2N6ε

(
E|Y|3 + N3ε

)
≤ CN9ε. (8.36)

This completes the proof.

8.2 Eigenvectors with few coordinate values

For an integer n ≥ 1, let Vn denote the set of vectors v ∈ RN whose coordinates
v(1), . . . , v(N) take at most n distinct values. For v ∈ RN, we set

∥v∥2,N =
( 1

N

N

∑
b=1

v(b)2
)1/2

= N−1/2∥v∥2. (8.37)

Observe that Vn is the union of the finitely many linear subspaces of vectors that are
constant on the blocks of a partition of [N] into at most n blocks. Hence Vn is closed, and
the infimum of ∥w − v∥2,N over v ∈ Vn is attained for every w ∈ RN.

The following lemma states that, with overwhelming probability, no delocalized unit
eigenvector of H is close to Vn when n grows slowly. Its proof follows the net and
small-ball arguments developed for the invertibility of random matrices [60, 74].

Lemma 8.5. Let p > 0 and a > 4p. Let (ΩN) and (KN) be deterministic sequences of positive
numbers such that ΩN → ∞, Ωp

N = o(N), Ωa+1
N = o(N1/2), and 1 ≤ KN ≤ ΩN for all

sufficiently large N, and write Ω = ΩN and K = KN. Then there exists c > 0 such that for all
sufficiently large N, the event that ∥H∥ ≤ 3 and that some unit eigenvector w of H satisfies

N1/2∥w∥∞ ≤ K, inf
v∈V⌊Ωp⌋

∥N1/2w − v∥2,N ≤ Ω−a (8.38)

has probability at most exp(−cN log Ω).

Proof. Throughout the proof, we write n = ⌊Ωp⌋, and we take N large enough that
1 ≤ K ≤ Ω and 4Ω−a ≤ 1. We first replace w and its eigenvalue by elements of a
deterministic finite set. Suppose that the event in the statement holds. Let E ∈ [−3, 3]
be the eigenvalue of w, and choose v ∈ Vn such that ∥N1/2w − v∥2,N ≤ Ω−a. We obtain
v̂ ∈ RN from v in two steps. We replace each coordinate v(b) by its closest point in
[−K, K]; since |N1/2w(b)| ≤ K, this does not increase |N1/2w(b)− v(b)|. We then replace
the result by the smallest among its closest points in the grid Ω−aZ ∩ [−K, K], which
changes each coordinate by at most Ω−a. Both replacements act on each coordinate
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through a function of the value of that coordinate, so equal coordinates remain equal.
Hence

v̂ ∈ Vn, ∥v̂∥∞ ≤ K, ∥N1/2w − v̂∥2,N ≤ 2Ω−a. (8.39)

Set y = N−1/2v̂. Let E′ be a closest point to E in Ω−aZ ∩ [−3, 3]. The previous
paragraph gives

∥y − w∥2 ≤ 2Ω−a,
1
2
≤ ∥y∥2 ≤ 2, ∥y∥∞ ≤ KN−1/2. (8.40)

Using (H − E)w = 0, ∥H − E∥ ≤ 6, and |E − E′| ≤ Ω−a, we find

∥(H − E′)y∥2 ≤ ∥(H − E)(y − w)∥2 + |E − E′| ∥y∥2 ≤ 14 Ω−a. (8.41)

Let Y denote the set of vectors y = N−1/2v̂ such that v̂ ∈ Vn has all coordinates in
Ω−aZ ∩ [−K, K] and 1/2 ≤ ∥y∥2 ≤ 2. The grid Ω−aZ ∩ [−K, K] has at most 2KΩa + 1 ≤
3Ωa+1 points. We choose a set of at most n grid values, and we assign one of these values
to each coordinate. Counting these choices, we obtain

|Y| ≤
(
3Ωa+1 + 1

)n nN ≤
(
4Ωa+1)n nN. (8.42)

The grid Ω−aZ ∩ [−3, 3] has at most 7Ωa points. By (8.41), the event in the statement is a
subset of ⋃

y∈Y

⋃
E′∈Ω−aZ∩[−3,3]

{
∥(H − E′)y∥2 ≤ 14 Ω−a

}
. (8.43)

These vectors and energies are deterministic.
We now fix y ∈ Y and E′ ∈ Ω−aZ ∩ [−3, 3], and we bound the probability that

∥(H − E′)y∥2 ≤ 14 Ω−a. Let T ⊂ [N] be a set of ⌊N/2⌋ indices b for which |y(b)| is
largest, with complement T c = [N] \ T . Let yT ∈ RN denote the vector with yT (b) = y(b)
for b ∈ T and yT (b) = 0 otherwise. The average of y(b)2 over b ∈ T is at least its average
over [N], so

∥yT ∥2
2 ≥ ⌊N/2⌋

N
∥y∥2

2 ≥ 1
12

. (8.44)

Suppose that ∥(H − E′)y∥2 ≤ 14 Ω−a. Then fewer than N/4 indices a ∈ [N] satisfy
|((H − E′)y)(a)| > 28 Ω−aN−1/2. Since |T c| ≥ N/2, at least N/4 indices a ∈ T c satisfy∣∣N1/2((H − E′)y

)
(a)

∣∣ ≤ 28 Ω−a. (8.45)

The rows indexed by T c are conditionally independent once we fix the entries outside
T c × T . Indeed, for a ∈ T c we have

N1/2((H − E′)y
)
(a) = ∑

b∈T
Xaby(b) + χa, χa = ∑

b∈T c
Xaby(b)− N1/2E′y(a). (8.46)
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Let FT denote the σ-algebra generated by the entries Xab, a ≤ b, for which a and b do
not lie on opposite sides of the partition {T , T c}. Each χa is FT -measurable. The entries
Xab with a ∈ T c and b ∈ T are off-diagonal, and distinct pairs (a, b) of this kind give
distinct entries. Hence these entries are independent copies of X, independent of FT .
In particular, conditionally on FT , the random variables ∑b∈T Xaby(b) + χa, a ∈ T c, are
independent, because they are functions of disjoint families of these entries.

We bound the conditional probability of (8.45) for one row with the Berry–Esseen
inequality for sums of independent, not necessarily identically distributed, random vari-
ables [58, Chapter V]. Since EX = 0 and EX2 = 1, it states that the Kolmogorov distance
between the law of ∥yT ∥−1

2 ∑b∈T Xaby(b) and the standard Gaussian law is bounded by
CBE∥yT ∥−3

2 ∑b∈T E|X|3|y(b)|3, where CBE is an absolute constant. The standard Gaussian
probability of a closed interval is bounded by its length times (2π)−1/2, and the proba-
bilities of an interval under two laws differ by at most twice their Kolmogorov distance.
Using (8.40) and (8.44), we therefore find for every χ ∈ R that

P
(∣∣∣ ∑

b∈T
Xaby(b) + χ

∣∣∣ ≤ 28 Ω−a
)
≤ 56 Ω−a

(2π)1/2∥yT ∥2
+

2CBEE|X|3 ∥y∥∞∥yT ∥2
2

∥yT ∥3
2

≤ C
(
Ω−a + KN−1/2).

(8.47)

Recall that K ≤ Ω and Ωa+1N−1/2 → 0. Hence the right side is bounded by C2Ω−a for
some C2 > 0 and all large N, and we take N large enough that C2Ω−a ≤ 1.

We apply this bound with χ = χa, use the conditional independence of the rows, and
take a union bound over the at most 2N sets of ⌈N/4⌉ rows in T c. This gives

P
(
∥(H − E′)y∥2 ≤ 14 Ω−a

∣∣ FT
)
≤ 2N(C2Ω−a

)N/4. (8.48)

The right side is deterministic, so the same bound holds for the unconditional probability.
Combining the last display with (8.42) and the bound on the number of energies, we

find that the logarithm of the probability of the event in the statement is bounded by

n log
(
4Ωa+1)+ N log n + log

(
7Ωa

)
+ N log 2 +

N
4

log C2 −
a

4
N log Ω. (8.49)

We have N log n ≤ pN log Ω. Since n ≤ Ωp = o(N) and log Ω → ∞, the first, third, fourth,
and fifth terms are o(N log Ω). Hence (8.49) is bounded by −(a/4 − p− o(1))N log Ω,
and the lemma holds with c = (a− 4p)/8.

Remark 8.6. The vectors y ∈ Y and energies E′ in the union bound in the proof of
Lemma 8.5 are deterministic, and the eigenvector w enters only through the existence of
a nearby pair (y, E′). This is why the lemma applies to the eigenvectors of H, which are
functions of the entries of H. An argument that conditions on an eigenvector and treats
the entries of H as independent would not be valid.
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8.3 A deterministic nonlattice estimate

In Section 8.3, U denotes a deterministic N × 2k matrix with UTU = Id2k. We use the
notation of Section 8.1 for such general U, so that rb denotes the b-th row of N1/2U, and
(8.1) holds. For ξ ∈ R2k, we define

DU(ξ) =
1

N2

N

∑
a,b=1

[
1 − cos

(
rT

a Γ(ξ)rb
)]

. (8.50)

For U = Ui, the identity (8.3) shows that DU(ξ) is the average of 1 − cos(ξ · D(i)
ab ) over all

(a, b) ∈ [N]2. It is small exactly when most of the phases ξ · D(i)
ab are close to 2πZ. We

also define the exponents

pk = 4k + 4, ak = 100(k + 1), qk = 2ak + 2k + 10, (8.51)

and we note that ak > 4pk.

Lemma 8.7. There exists Ω0(k) ≥ 3 such that the following holds. Let K ≥ 1 and Ω ≥
max{Ω0(k), K2}. Suppose that maxb |rb| ≤ K and that every column u of U satisfies

inf
v∈V⌊Ωpk ⌋

∥N1/2u − v∥2,N > Ω−ak . (8.52)

Then DU(ξ) ≥ Ω−qk for all ξ ∈ R2k such that Ω−1 ≤ |ξ| ≤ ΩK−2.

Proof. We argue by contradiction. Suppose that there exists ξ with Ω−1 ≤ |ξ| ≤ ΩK−2

and DU(ξ) < Ω−qk , and abbreviate D = DU(ξ). For a, b ∈ [N], let

Θab = dist
(
rT

a Γ(ξ)rb, 2πZ
)
∈ [0, π]. (8.53)

For real t′ with dist(t′, 2πZ) = Θ, we have

1 − cos t′ = 2 sin2(Θ/2) ≥ 2Θ2

π2 , (8.54)

where we used sin y′ ≥ 2y′/π for y′ ∈ [0, π/2]. Summing over a and b, we obtain

1
N2

N

∑
a,b=1

Θ2
ab ≤

π2

2
D. (8.55)

We first discard the rows with large errors. For a ∈ [N], set

Θ̄a =
1
N

N

∑
b=1

Θ2
ab, O =

{
a ∈ [N] : Θ̄a ≤ 2π2K2D

}
. (8.56)



8 A local limit theorem for the linearized increments § 8.3 117

When D > 0, Markov’s inequality and (8.55) give

|[N] \ O| ≤ N
4K2 , (8.57)

and when D = 0, we have O = [N]. Using (8.1) and |ra| ≤ K, we find, in the sense of
quadratic forms,

1
N ∑

a∈O
rarT

a = Id2k −
1
N ∑

a/∈O
rarT

a ≥
(

1 − K2 |[N] \ O|
N

)
Id2k ≥

3
4

Id2k. (8.58)

Next, we select 2k rows that form a well-conditioned matrix. For a set O0 ⊂ O with
2k elements, let Q(O0) denote the 2k × 2k matrix with rows rT

a , a ∈ O0, in increasing
order of a. The Cauchy–Binet formula, applied to the matrix with rows rT

a , a ∈ O, gives

det
(

∑
a∈O

rarT
a

)
= ∑

O0⊂O, |O0|=2k
det

(
Q(O0)

)2. (8.59)

By (8.58), the left side is at least (3N/4)2k; in particular, |O| ≥ 2k. The sum has at most
(N

2k) ≤ N2k/(2k)! terms, so there exists O0 such that Q = Q(O0) satisfies

|det Q| ≥ (3/4)k((2k)!)1/2. (8.60)

We now bound ∥Q−1∥. The rows of Q have norm at most K, so ∥Q∥ ≤ (2k)1/2K. The
determinant is the product of the 2k singular values of Q, so the smallest singular value
of Q is at least |det Q| ∥Q∥1−2k. Therefore

∥Q−1∥ ≤ ∥Q∥2k−1

|det Q| ≤ CkK2k−1. (8.61)

Next, we round the phases against the rows of Q. For a ∈ O0 and b ∈ [N], choose
nb(a) ∈ Z such that

|rT
a Γ(ξ)rb − 2πnb(a)| = Θab. (8.62)

We let nb ∈ Z2k denote the vector with coordinates nb(a), a ∈ O0, in increasing order of
a. The coordinates of QΓ(ξ)rb are the phases rT

a Γ(ξ)rb, a ∈ O0. Since O0 ⊂ O, we find

1
N

N

∑
b=1

∣∣QΓ(ξ)rb − 2πnb
∣∣2 = ∑

a∈O0

Θ̄a ≤ 4kπ2K2D. (8.63)

Further, the bound |ξ| ≤ ΩK−2 gives

|rT
a Γ(ξ)rb| ≤ ∥Γ(ξ)∥K2 ≤ |ξ|K2 ≤ Ω, so |nb(a)| ≤ Ω

2π
+

1
2
≤ Ω. (8.64)

Hence, as b ranges over [N], the vector nb takes at most (2Ω + 1)2k ≤ (3Ω)2k values.
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We now reconstruct one block of the rows rb from the integer vectors nb. Choose
j ∈ [k] such that |ξ j| = maxj′ |ξ j′ |, so that

|ξ j| ≥ k−1/2|ξ| ≥ k−1/2Ω−1. (8.65)

Since Γ(ξ) is block diagonal, the j-th block of Γ(ξ)rb is Γ(ξ j)rb,j. For b ∈ [N], define

r̂b = Γ(ξ j)
−1(Q−1 2πnb

)
j ∈ R2. (8.66)

Then
rb,j − r̂b = Γ(ξ j)

−1
(

Q−1(QΓ(ξ)rb − 2πnb
))

j
. (8.67)

Using ∥Γ(ξ j)
−1∥ = |ξ j|−1, (8.61), and (8.63), we obtain

( 1
N

N

∑
b=1

|rb,j − r̂b|2
)1/2

≤ ∥Q−1∥
|ξ j|

(
4kπ2K2D

)1/2 ≤ CkΩK2kD1/2

≤ CkΩk+1−qk/2 = CkΩ−ak−4.

(8.68)

In the third inequality, we used K2 ≤ Ω and D < Ω−qk , and the last equality follows
from the definition of qk in (8.51).

It remains to derive the contradiction. Let u be the (2j − 1)-th column of U, so that
N1/2u(b) is the first coordinate of rb,j. Let v ∈ RN be the vector whose b-th coordinate is
the first coordinate of r̂b. The vector r̂b depends on b only through nb, so v has at most
(3Ω)2k distinct coordinates. For Ω ≥ 3, we have (3Ω)2k ≤ ⌊Ωpk⌋, and hence v ∈ V⌊Ωpk⌋.
By (8.68), we have

∥N1/2u − v∥2,N ≤ CkΩ−ak−4 ≤ Ω−ak , (8.69)

where the second inequality holds when Ω4 ≥ Ck. This contradicts (8.52), and the lemma
follows with Ω0(k) = max{3, C1/4

k }, where Ck is the constant in the last line of (8.68).

Remark 8.8. The resampling selects only pairs a < b, so the characteristic function ΦH
involves the phases rT

a Γ(ξ)rb only for a < b. We therefore need the following version of
Lemma 8.7 without diagonal terms.

For ξ ∈ R2k, we define

Doff
U (ξ) =

(
N
2

)−1

∑
a<b

[
1 − cos

(
rT

a Γ(ξ)rb
)]

. (8.70)

Corollary 8.9. Let K, Ω, and U satisfy the hypotheses of Lemma 8.7, and suppose in addition
that Ωqk ≤ N/4. Then Doff

U (ξ) ≥ Ω−qk /2 for all ξ ∈ R2k such that Ω−1 ≤ |ξ| ≤ ΩK−2.
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Proof. The summand in (8.50) is symmetric in (a, b) and takes values in [0, 2], so

DU(ξ) =
(

1 − 1
N

)
Doff

U (ξ) +
1

N2

N

∑
a=1

[
1 − cos

(
rT

a Γ(ξ)ra
)]

≤ Doff
U (ξ) +

2
N

. (8.71)

For Ω−1 ≤ |ξ| ≤ ΩK−2, Lemma 8.7 and the condition Ωqk ≤ N/4 therefore give Doff
U (ξ) ≥

Ω−qk − 2N−1 ≥ Ω−qk /2.

8.4 The characteristic function of one increment

We now convert Lemma 8.7 into a bound on |ΦH|. Let Y′ be a copy of Y independent
of Y. Since E(Y − Y′)2 = 2, we have P(Y ̸= Y′) > 0, and we may choose constants
0 < c− < c+, depending only on the law of X, such that

pY = P
(
c− ≤ |Y − Y′| ≤ c+

)
> 0. (8.72)

Lemma 8.10. Let K ≥ 1 and Ω ≥ max{Ω0(k), K2} with Ωqk ≤ N/4. Let i be a k-tuple, and
consider a realization of H for which U = Ui satisfies the hypotheses of Lemma 8.7. Then

1 − |ΦH(ξ)|2 ≥ pY

2
Ω−qk for all ξ ∈ R2k such that

1
c−Ω

≤ |ξ| ≤ Ω
c+K2 . (8.73)

Proof. Conditioning on (a, b) in (8.7) and using the independence of Y, we find

ΦH(ξ) =

(
N
2

)−1

∑
a<b

e−iXab ξ·D(i)
ab ΦY

(
ξ · D(i)

ab

)
. (8.74)

We symmetrize with the Cauchy–Schwarz inequality, which removes the phases

e−iXabξ·D(i)
ab . Using

|ΦY(t′)|2 = Eeit′(Y−Y′) = E cos
(
t′(Y − Y′)

)
, t′ ∈ R, (8.75)

we obtain

|ΦH(ξ)|2 ≤
(

N
2

)−1

∑
a<b

∣∣ΦY
(
ξ · D(i)

ab

)∣∣2 = E
[(N

2

)−1

∑
a<b

cos
(
(Y − Y′) ξ · D(i)

ab

)]
. (8.76)

By (8.3) and the linearity of Γ, we have

(Y − Y′) ξ · D(i)
ab = rT

a Γ
(
(Y − Y′)ξ

)
rb. (8.77)

Hence (8.76) and (8.70) give

1− |ΦH(ξ)|2 ≥ E
[
Doff

U
(
(Y −Y′)ξ

)]
≥ E

[
Doff

U
(
(Y −Y′)ξ

)
1{c− ≤ |Y −Y′| ≤ c+}

]
, (8.78)
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where the second inequality holds because Doff
U ≥ 0. For ξ as in (8.73) and every

realization with c− ≤ |Y − Y′| ≤ c+, we have

Ω−1 ≤ c−|ξ| ≤ |(Y − Y′)ξ| ≤ c+|ξ| ≤ ΩK−2. (8.79)

Therefore Corollary 8.9 gives

Doff
U ((Y − Y′)ξ) ≥ Ω−qk /2 (8.80)

on this event. Taking expectations and using (8.72) completes the proof.

8.5 A local limit theorem for sums of increments

We now fix the parameters. Recall that τ = N1/100, and set

εk =
1

4000 qk
, Ω = τ1/(4qk) = N10εk , K = (2k)1/2Nεk . (8.81)

Let Cmom ≥ 1 denote the constant C of Lemma 8.4 for ε = εk, and set

ϱN = (12Cmom)−1N−9εk . (8.82)

In the proof of Lemma 8.13, ϱN will be the radius of the ball of frequencies on which a
second-order Taylor expansion of ΦH is effective. The exponent of Ω is chosen so that
Ω−qk = τ−1/4, which makes mΩ−qk a positive power of τ. Since Ω, K2, and ϱ−1

N are
constant multiples of N10εk , N2εk , and N9εk , respectively, there exists N0 such that for
N ≥ N0,

Ω ≥ max{Ω0(k), K2}, Ωqk ≤ N
4

, c+K2 ≤ Ω1/2,
1

c−Ω
≤ ϱN. (8.83)

The last condition dictates the choice of εk. Since Ω = N1/(400qk) is determined by
τ, this condition can hold for large N only if 9εk ≤ 1/(400qk), and our choice gives
9εk < 10εk = 1/(400qk). Further, we have 10εkpk < 1 and 10εk(ak + 1) < 1/2, so

Ωpk = o(N), Ωak+1 = o(N1/2). (8.84)

Definition 8.11. We let AN,k denote the event that Areg
N (εk) holds and that every unit

eigenvector w of H satisfies

inf
v∈V⌊Ωpk ⌋

∥N1/2w − v∥2,N > Ω−ak . (8.85)

The event AN,k does not refer to any tuple i. This is what makes the estimates below
uniform over tuples, including tuples selected according to properties of H such as small
gaps.
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Lemma 8.12. The event AN,k holds with overwhelming probability. Moreover, for N ≥ N0, on
AN,k and for every k-tuple i, we have

1 − |ΦH(ξ)|2 ≥ pY

2
τ−1/4 for all ξ ∈ R2k such that ϱN ≤ |ξ| ≤ Ω1/2. (8.86)

Proof. Recall that ∥H∥ ≤ 3 and that every unit eigenvector w of H satisfies N1/2∥w∥∞ ≤
Nεk ≤ K on Areg

N (εk). Hence the complement of AN,k is a subset of the union of the
complement of Areg

N (εk) and the event of Lemma 8.5 with p = pk, a = ak, and Ω and K as
in (8.81). The hypotheses of Lemma 8.5 hold by (8.84), and K ≤ Ω for large N. Lemma 8.3
and Lemma 8.5 therefore show that AN,k holds with overwhelming probability.

Now let N ≥ N0, fix a realization of H in AN,k, and let i be a k-tuple. The rows of
N1/2Ui satisfy |rb| ≤ K by (8.10). The columns of Ui are unit eigenvectors of H, so the
definition of AN,k gives (8.52). Together with the first two conditions in (8.83), this verifies
the hypotheses of Lemma 8.10. The last two conditions in (8.83) show that every ξ with
ϱN ≤ |ξ| ≤ Ω1/2 satisfies the condition in (8.73). Since Ω−qk = τ−1/4, the bound (8.73)
gives (8.86).

For a positive definite 2k × 2k matrix Σ, let gΣ denote the density of the centered
Gaussian law on R2k with covariance Σ,

gΣ(y) = (2π)−k(det Σ)−1/2 exp
(
−1

2
yTΣ−1y

)
, y ∈ R2k. (8.87)

This extends the notation (3.34) on R2k, so that gv = gvId2k
for v > 0. In particular,

g4nId2k
(y) = (8πn)−ke−|y|2/(8n). We now state the local limit theorem. Its proof is the

classical Fourier-analytic argument for local limit theorems (see [7]), made uniform in H,
in the tuple i, and in the number of summands. The input specific to our setting is the
bound (8.86).

Lemma 8.13. Let Ψ ⊂ C∞
c (R2k) be a family of functions such that there exists RΨ > 0 with

supp ψ ⊂ {y ∈ R2k : |y| ≤ RΨ} for all ψ ∈ Ψ, and such that each partial derivative of each
order is bounded uniformly over ψ ∈ Ψ. Then on AN,k, for every k-tuple i, every integer n with
τ/10 ≤ n ≤ τ/3, every x ∈ R2k, and every ψ ∈ Ψ,

E
[
ψ
(
S(n) + x

) ∣∣ H
]
= g4nId2k

(x)
∫

R2k
ψ(y)dy + o(τ−k), (8.88)

where the error term is bounded in absolute value by a deterministic quantity that is o(τ−k) and
depends on Ψ, but not on i, n, x, ψ, or the realization of H in AN,k. Further, for every bounded
Borel set B ⊂ R2k, there exists CB > 0 such that on AN,k, for every k-tuple i and every integer n
with τ/10 ≤ n ≤ τ/3,

sup
x∈R2k

P
(
S(n) + x ∈ B

∣∣ H
)
≤ CBτ−k. (8.89)
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Proof. In this proof, constants may depend on Ψ in addition to k and the laws of X
and Z. We first record a trivial bound that holds for all N. By the hypothesis on the
partial derivatives of order zero, the functions in Ψ are bounded uniformly. They are also
supported in the ball of radius RΨ centered at the origin, and therefore

sup
ψ∈Ψ

∥ψ∥∞ < ∞, sup
ψ∈Ψ

∫
R2k

|ψ(y)|dy ≤ (2RΨ)
2k sup

ψ∈Ψ
∥ψ∥∞ < ∞. (8.90)

Every integer n with τ/10 ≤ n ≤ τ/3 is positive, so g4nId2k
(x) ≤ (8πn)−k ≤ (8π)−k for

all x ∈ R2k. Hence, for every realization of H and all i, n, x, and ψ as in the statement, the
error term in (8.88) is bounded in absolute value by supψ∈Ψ ∥ψ∥∞ + (8π)−k supψ∈Ψ

∫
|ψ|,

which is finite by (8.90). We take this number as the deterministic quantity in the
statement when N < N0, τ < 20, or CmomN3εk−1/2 > 1. Each of these conditions
holds only for finitely many N, and the deterministic quantity only needs to be o(τ−k)

as N → ∞. We may therefore assume from now on that N ≥ N0, that τ ≥ 20, and
that CmomN3εk−1/2 ≤ 1. Fix a realization of H in AN,k, a k-tuple i, an integer n with
τ/10 ≤ n ≤ τ/3, a vector x ∈ R2k, and ψ ∈ Ψ. Then n ≥ τ/10 ≥ 2.

We begin with bounds on the Fourier transform

ψ̂(ξ) =
∫

R2k
e−iξ·yψ(y)dy, ξ ∈ R2k. (8.91)

Set
sk = 4kqk + k + 1. (8.92)

Integrating by parts 2sk times, differentiating under the integral, and using that the
functions in Ψ are supported in a common ball and have uniformly bounded derivatives,
we find

|ψ̂(ξ)| ≤ C
1 + |ξ|2sk

, |ψ̂(ξ)− ψ̂(0)| ≤ C|ξ|, ξ ∈ R2k. (8.93)

Since 2sk > 2k, the first bound implies∫
R2k

|ψ̂(ξ)|dξ ≤ C. (8.94)

Next, we write both sides of (8.88) as Fourier integrals. Since ψ̂ is integrable, the
inversion formula

ψ(y) = (2π)−2k
∫

R2k
eiξ·yψ̂(ξ)dξ (8.95)

holds for all y. Inserting it into the conditional expectation, and using Fubini’s theorem
and (8.8), we obtain

E
[
ψ
(
S(n) + x

) ∣∣ H
]
= (2π)−2k

∫
R2k

eiξ·xψ̂(ξ)ΦH(ξ)
n dξ. (8.96)
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Further, we have

ψ̂(0) =
∫

ψ,
∫

R2k
eiξ·xe−2n|ξ|2 dξ = (2π)2kg4nId2k

(x). (8.97)

Subtracting, we find∣∣∣E[
ψ
(
S(n) + x

) ∣∣ H
]
− g4nId2k

(x)
∫

ψ
∣∣∣ ≤ (2π)−2k

∫
R2k

∣∣ψ̂(ξ)ΦH(ξ)
n − ψ̂(0)e−2n|ξ|2∣∣dξ.

(8.98)
The right side of (8.98) does not involve x, which gives the uniformity in x.

We split the integral in (8.98) into three ranges of frequencies. Since n ≥ τ/10, the
right side of (8.98) is bounded by Cτ−k(I1 + I2 + I3 + I4), where

I1 = nk
∫
|ξ|≤ϱN

∣∣ψ̂(ξ)ΦH(ξ)
n − ψ̂(0)e−2n|ξ|2∣∣dξ, I2 = nk

∫
ϱN<|ξ|≤Ω1/2

|ψ̂(ξ)| |ΦH(ξ)|n dξ,

I3 = nk
∫
|ξ|>Ω1/2

|ψ̂(ξ)|dξ, I4 = nk|ψ̂(0)|
∫
|ξ|>ϱN

e−2n|ξ|2 dξ,

(8.99)
and where we used |ΦH| ≤ 1 to define I3. All constants above depend on ψ only through
RΨ and the uniform bounds on finitely many derivatives. It therefore suffices to show
that I1 + I2 + I3 + I4 is bounded by a deterministic quantity that tends to zero.

We first treat small frequencies. Let

Φ◦
H(ξ) = e−iξ· J̄ΦH(ξ) = E

[
eiξ·(J− J̄) ∣∣ H

]
, ξ ∈ R2k. (8.100)

By Lemma 8.4 with ε = εk and our assumption CmomN3εk−1/2 ≤ 1, we have

3Id2k ≤ ΣH ≤ 5Id2k (8.101)

and

E
[
|J − J̄|3

∣∣ H
]
≤ 4

(
E
[
|J|3

∣∣ H
]
+ | J̄|3

)
≤ 8E

[
|J|3

∣∣ H
]
≤ 8CmomN9εk . (8.102)

We apply the inequality |eit′ − 1− it′+ t′2/2| ≤ |t′|3/6, valid for real t′, with t′ = ξ · (J − J̄),
and obtain ∣∣∣Φ◦

H(ξ)− 1 +
1
2

ξTΣHξ
∣∣∣ ≤ 4

3
CmomN9εk |ξ|3, ξ ∈ R2k. (8.103)

For |ξ| ≤ ϱN, the definition (8.82) gives

3
2
|ξ|2 ≤ 1

2
ξTΣHξ ≤ 5

2
|ξ|2 ≤ 1,

4
3

CmomN9εk |ξ|3 ≤ 1
9
|ξ|2. (8.104)

Hence (8.103) implies

|ΦH(ξ)| = |Φ◦
H(ξ)| ≤ 1 − 3

2
|ξ|2 + 1

9
|ξ|2 ≤ e−|ξ|2 , |ξ| ≤ ϱN. (8.105)
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We now change variables ξ = n−1/2ξ ′ in I1, which gives

I1 =
∫
|ξ ′|≤ϱNn1/2

∣∣ψ̂(n−1/2ξ ′)ΦH(n−1/2ξ ′)n − ψ̂(0)e−2|ξ ′|2∣∣dξ ′. (8.106)

By (8.93) and (8.105), the integrand is bounded by

Cn−1/2|ξ ′|e−|ξ ′|2 + C
∣∣ΦH(n−1/2ξ ′)n − e−2|ξ ′|2∣∣. (8.107)

We have ΦH(ξ)
n = einξ· J̄Φ◦

H(ξ)
n, and therefore∣∣ΦH(n−1/2ξ ′)n − e−2|ξ ′|2∣∣ ≤ ∣∣ein1/2ξ ′· J̄ − 1

∣∣e−|ξ ′|2 +
∣∣Φ◦

H(n
−1/2ξ ′)n − e−ξ ′TΣHξ ′/2∣∣

+
∣∣e−ξ ′TΣHξ ′/2 − e−2|ξ ′|2∣∣. (8.108)

We bound the three terms on the right side in turn. By Lemma 8.4, the first term satisfies∣∣ein1/2ξ ′· J̄ − 1
∣∣e−|ξ ′|2 ≤ n1/2|ξ ′|| J̄|e−|ξ ′|2 ≤ Cτ1/2N−1/2|ξ ′|e−|ξ ′|2 . (8.109)

The two exponents in the third term are at least 3|ξ ′|2/2, so the mean value theorem and
Lemma 8.4 give

∣∣e−ξ ′TΣHξ ′/2 − e−2|ξ ′|2∣∣ ≤ 1
2
∥ΣH − 4Id2k∥ |ξ ′|2e−3|ξ ′|2/2 ≤ CN3εk−1/2|ξ ′|2e−3|ξ ′|2/2. (8.110)

To bound the second term in (8.108), we set

z′ = Φ◦
H(n

−1/2ξ ′), z′′ = e−ξ ′TΣHξ ′/(2n).

The bound (8.105) and ΣH ≥ 3Id2k give

max{|z′|, |z′′|} ≤ e−|ξ ′|2/n. (8.111)

Using (8.103) and |e−t′ − 1 + t′| ≤ t′2/2 for t′ ≥ 0, we find

|z′ − z′′| ≤ 1
2

(5|ξ ′|2
2n

)2
+

4
3

CmomN9εk
|ξ ′|3
n3/2 ≤ 4|ξ ′|4

n2 +
2CmomN9εk |ξ ′|3

n3/2 . (8.112)

We now use the elementary inequality

|z′n − z′′n| ≤ n|z′ − z′′|max{|z′|, |z′′|}n−1 ≤ n|z′ − z′′|e−|ξ ′|2(n−1)/n ≤ n|z′ − z′′|e−|ξ ′|2/2,
(8.113)

where we used n ≥ 2 in the last step, and we obtain

∣∣Φ◦
H(n

−1/2ξ ′)n − e−ξ ′TΣHξ ′/2∣∣ ≤ (4|ξ ′|4
n

+
2CmomN9εk |ξ ′|3

n1/2

)
e−|ξ ′|2/2. (8.114)
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We now collect these bounds. Using τ/10 ≤ n ≤ τ/3, τ = N1/100, and τ1/2N−1/2 +

N3εk−1/2 ≤ 2τ−1/2, we find that (8.107) is bounded by

CN9εk τ−1/2(1 + |ξ ′|)4e−|ξ ′|2/2 = CN9εk−1/200(1 + |ξ ′|)4e−|ξ ′|2/2. (8.115)

Integrating over ξ ′ ∈ R2k, we conclude that

I1 ≤ CN9εk−1/200, (8.116)

which tends to zero by (8.81).
Next, we bound I2 using Lemma 8.12. For ϱN < |ξ| ≤ Ω1/2, the bound (8.86) gives

|ΦH(ξ)|n ≤
(

1 − pY

2
τ−1/4

)n/2
≤ exp

(
− pY

4
nτ−1/4

)
≤ exp

(
− pY

40
τ3/4

)
. (8.117)

Using (8.94) and n ≤ τ, we obtain

I2 ≤ Cτk exp(−pYτ3/4/40). (8.118)

For large frequencies, we use the first bound in (8.93) and n ≤ τ, which give

I3 ≤ Cτk
∫
|ξ|>Ω1/2

|ξ|−2sk dξ = CτkΩk−sk = Cτk+(k−sk)/(4qk) = Cτ−1/(4qk), (8.119)

where the last equality follows from the definition of sk. Finally, changing variables as
for I1, we find

I4 = |ψ̂(0)|
∫
|ξ ′|>ϱNn1/2

e−2|ξ ′|2 dξ ′ ≤ Ce−ϱ2
Nn ≤ C exp

(
−cN1/100−18εk

)
. (8.120)

The four bounds tend to zero, which proves (8.88).
It remains to prove (8.89). Since B is bounded, there exists a nonnegative ψB ∈ C∞

c (R2k)

with ψB ≥ 1 on B. Applying (8.88) with Ψ = {ψB}, we obtain

P
(
S(n) + x ∈ B

∣∣ H
)
≤ E

[
ψB

(
S(n) + x

) ∣∣ H
]
≤ (8πn)−k

∫
ψB + o(τ−k). (8.121)

The deterministic quantity that bounds the error term for the family {ψB} is finite for
every N and o(τ−k), so it is bounded by Cτ−k for all N. Since n ≥ τ/10, the right side is
therefore bounded by CBτ−k.

8.6 Pairs with large gaps

The second claim of Proposition 4.4 concerns a single pair. In Lemma 8.14 and its proof,
we apply the preceding results with k = 1. In particular, AN,1 denotes the event of
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Definition 8.11 for k = 1, and for i ∈ [N − 1] the objects J, J̄, and S(n) refer to the 1-tuple
i = (i). Recall that zi = (−gi/(2d), 0) and ℓ = dτ1/2, so that

|zi| =
gi

2d
=

gi

2ℓ
τ1/2. (8.122)

When gi ≥ ℓ, the vector zi lies at distance at least τ1/2/2 from the origin, so zi + Si can
be small only if Si makes a large deviation. The following lemma quantifies this.

Lemma 8.14. There exists c > 0 such that for every x0 > 0 there exists Cx0 > 0 with the
following property. On AN,1, for every i ∈ [N − 1] such that gi ≥ ℓ,

P
(
|zi + Si| ≤ x0

∣∣ H
)
≤ Cx0τ−1e−cgi/ℓ. (8.123)

Proof. Let N1 ≥ N0 be an integer depending on x0, which will be chosen below; until
the last paragraph of the proof, we assume that N ≥ N1. We begin with a bound on
the moment generating function of one increment. The increment is unbounded because
the fresh variable Y is, so we restrict the parameter of the moment generating function
to a range in which only Ee|Y|/2 < ∞ is needed. Set β0 = N−3ε1/4, and let β ∈ R with
|β| ≤ β0. By Lemma 8.4 with k = 1, we have on AN,1 that, for η ∈ {1, 2},

|J(η)| ≤ |J| ≤ 2N2ε1
(
|Y|+ Nε1

)
, and hence |βJ(η)| ≤ |Y|+ 1

2
. (8.124)

Using et′ ≤ 1 + t′ + t′2e|t
′|/2 for real t′, we obtain

E
[
eβJ(η) ∣∣ H

]
≤ 1 + β J̄(η) +

e1/2

2
β2 E

[
J(η)2e|Y|/2 ∣∣ H

]
. (8.125)

To bound the last expectation, recall from (8.27) that

E
[

J(η)2 ∣∣ H
]
=

(
N
2

)−1

∑
a<b

(1 + X2
ab)

(
D(i)

ab (η)
)2, (8.126)

and that this quantity is bounded by 5 by Lemma 8.4, provided N1 is large enough.
Conditioning on (a, b) and using (Y − Xab)

2 ≤ 2Y2 + 2X2
ab, we find

E
[

J(η)2e|Y|/2 ∣∣ H
]
≤ 2

(
N
2

)−1

∑
a<b

(
D(i)

ab (η)
)2
(

E
[
Y2e|Y|/2]+ X2

ab E
[
e|Y|/2])

≤ C E
[

J(η)2 ∣∣ H
]
≤ C,

(8.127)

where in the second inequality we used that Y is sub-Gaussian. Inserting this into (8.125)
and using 1 + t′ ≤ et′ , we obtain, for some constant C∗ > 0,

E
[
eβ(J(η)− J̄(η)) ∣∣ H

]
≤ e−β J̄(η)(1 + β J̄(η) + C∗β2) ≤ eC∗β2

, |β| ≤ β0. (8.128)
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We next derive a tail bound for sums. Let n ≥ 1 and y > 0. Conditionally on H, the
vector S(n) is a sum of n independent copies of J. Hence (8.128) and Markov’s inequality
give for 0 < β ≤ β0, η ∈ {1, 2}, and either choice of sign,

P
(
±
(
S(n) − nJ̄

)
(η) ≥ y√

2

∣∣∣ H
)
≤ exp

(
− βy√

2
+ C∗nβ2

)
. (8.129)

We choose

β =

{
y/(2

√
2C∗n) if y/(2

√
2C∗n) ≤ β0,

β0 otherwise.
(8.130)

In the second case, we have C∗nβ2
0 ≤ β0y/(2

√
2). Further, one of the two coordinates of

S(n) − nJ̄ has modulus at least |S(n) − nJ̄|/
√

2. Summing over the four cases, we conclude
that

P
(
|S(n) − nJ̄| ≥ y

∣∣ H
)
≤ 4 exp

(
−min

{ y2

8C∗n
,

β0y
2
√

2

})
. (8.131)

We now split the m resampling steps into two halves. Recall that m is even, and write
Si = S′ + S′′, where S′ is the sum of the first m/2 summands in (4.12) and S′′ is the
sum of the remaining m/2 summands. Conditionally on H, the vectors S′ and S′′ are
independent, and each has the conditional law of S(m/2). We also take N1 large enough
that for N ≥ N1 we have τ/10 ≤ m/2 ≤ τ/3, m| J̄| ≤ 1 on AN,1 (which is possible by
Lemma 8.4), and τ1/2 ≥ 4(x0 + 1).

Suppose that |zi + Si| ≤ x0. Using (8.122) and gi ≥ ℓ, we find |zi| ≥ τ1/2/2, and
therefore ∣∣∣S′ − m

2
J̄
∣∣∣+ ∣∣∣S′′ − m

2
J̄
∣∣∣ ≥ |S′ + S′′| − m| J̄| ≥ |zi| − x0 − 1 ≥ |zi|

2
, (8.132)

where the last inequality follows from |zi| ≥ τ1/2/2 and τ1/2 ≥ 4(x0 + 1). Hence

|S′ − (m/2) J̄| ≥ |zi|/4 or |S′′ − (m/2) J̄| ≥ |zi|/4. (8.133)

Let Bx0 ⊂ R2 be the closed disk of radius x0 centered at 0, and let CBx0
be the constant

of (8.89) for k = 1. To bound the probability of the first event, we condition on S′ and
use that |zi + Si| ≤ x0 holds only if S′′ + zi + S′ ∈ Bx0 . The vector S′′ is conditionally
independent of S′, so (8.89) with n = m/2, followed by (8.131), gives

P
(
|zi + Si| ≤ x0,

∣∣∣S′ − m
2

J̄
∣∣∣ ≥ |zi|

4

∣∣∣ H
)
≤

CBx0

τ
P
(∣∣∣S(m/2) − m

2
J̄
∣∣∣ ≥ |zi|

4

∣∣∣ H
)

. (8.134)

The second event is treated in the same way, with the roles of S′ and S′′ exchanged.
We now evaluate (8.131) with n = m/2 ≤ τ/8 and

y =
|zi|
4

=
giτ

1/2

8ℓ
. (8.135)
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Our choice of ε1 in (8.81) gives ε1 ≤ 1/1200, and hence τ1/2N−3ε1 ≥ 1. Therefore

y2

8C∗n
≥ 1

64C∗

(gi

ℓ

)2
,

β0y
2
√

2
=

τ1/2N−3ε1

64
√

2
gi

ℓ
≥ 1

64
√

2
gi

ℓ
. (8.136)

Since gi/ℓ ≥ 1, the minimum in (8.131) is at least cgi/ℓ, where

c = min{(64C∗)
−1, (64

√
2)−1}. (8.137)

Combining the two events, we conclude that

P
(
|zi + Si| ≤ x0

∣∣ H
)
≤

8CBx0

τ
e−cgi/ℓ, N ≥ N1. (8.138)

Finally, let N < N1. On AN,1, we have gi ≤ 2∥H∥ ≤ 6 and ℓ ≥ N−3/2 ≥ N−3/2
1 , so

τecgi/ℓ ≤ N1 exp(6cN3/2
1 ). (8.139)

Hence (8.123) holds for all N with Cx0 = max{8CBx0
, N1 exp(6cN3/2

1 )}.

Proof of Proposition 4.4. We show that the events AN,k of Definition 8.11 have the proper-
ties stated in Proposition 4.4, with the constant c of Lemma 8.14. By Lemma 8.12, we
have P(AN,k) → 1. These events are measurable with respect to H. Indeed, Gεk is a Borel
set, the other two conditions in (8.9) are closed conditions on H, and the set of matrices
A that have a unit eigenvector w violating the inequality in Definition 8.11 is closed, as
the projection along the compact unit sphere of the closed set of pairs (A, w) such that
∥w∥2 = 1, Aw = (wT Aw)w, and w violates this inequality.

We now prove the local limit theorem. Let Ψ be a family of test functions as in
the statement of Proposition 4.4. The supports of its members lie in a common ball
{y ∈ R2k : |y| ≤ RΨ}, so Ψ satisfies the hypotheses of Lemma 8.13, and (8.90) holds by
the proof of that lemma. Let e′N denote the deterministic quantity of Lemma 8.13 that
bounds the error term in (8.88) for this family Ψ. By Lemma 8.13, e′N is finite for every N,
and τke′N → 0. We define

eN =

{
τke′N + 16(k + 1)π−kτ−1 supψ∈Ψ

∫
R2k |ψ(y)|dy if τ ≥ 16,

supψ∈Ψ
(
τk∥ψ∥∞ + (2π)−k ∫

R2k |ψ(y)|dy
)

if τ < 16.
(8.140)

Since e′N is finite, (8.90) shows that the numbers eN are finite. They depend only on k and
Ψ, and they tend to zero because τke′N → 0. Next, we show that (4.15) holds on AN,k.

If τ < 16, then (4.15) holds without any restriction on H, since |E[ψ(Si + x) | H]| ≤
∥ψ∥∞ and e−|x|2/(2τ) ≤ 1. Now suppose that τ ≥ 16. Recall from Section 8.1 that the
conditional law of Si given H is that of S(m). Since m = 2⌊τ/8⌋, we have τ − 8 < 4m ≤ τ,
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and hence τ/10 ≤ m ≤ τ/3 and τ/2 ≤ 4m ≤ τ. By Lemma 8.13 with n = m, on AN,k,
we have ∣∣∣E[

ψ(Si + x)
∣∣ H

]
− g4mId2k

(x)
∫

ψ
∣∣∣ ≤ e′N (8.141)

for all k-tuples i, all x ∈ R2k, and all ψ ∈ Ψ. It remains to replace 4m by τ. Differentiating
gr′Id2k

(x) with respect to r′ > 0 and using y′e−y′ ≤ 1 for y′ ≥ 0, we find

∣∣∂r′gr′Id2k
(x)

∣∣ ≤ k + 1
r′

(2πr′)−k, x ∈ R2k.

The numbers 4m and τ lie in [τ/2, τ] and differ by at most 8, so the mean value theorem
gives

sup
x∈R2k

∣∣g4mId2k
(x)− gτId2k

(x)
∣∣ ≤ 16(k + 1)

τ
(πτ)−k. (8.142)

Inserting this into (8.141), multiplying by τk, and using |
∫

ψ| ≤
∫
|ψ| and

τkgτId2k
(x) = (2π)−ke−|x|2/(2τ), (8.143)

we obtain (4.15) with eN as in (8.140).
The second claim of Proposition 4.4 concerns the events AN,1. It follows from

Lemma 8.14, applied with x0/2 in place of x0. This completes the proof.



section 9

Complex Hermitian matrices

In this section, we sketch the proof of Theorem 1.5. The argument uses the comparison
estimate of Section 5 and the induction on the scale of Section 6, but not the resampling
argument of Sections 7 and 8; we explain the reason at the beginning of Section 9.2. We
indicate the changes to the arguments of the previous sections and give the details of
the two estimates that are new. The first is a relative bound on the number of triples of
nearby eigenvalues, Proposition 9.2, and the second is a bound on the probability that a
Gaussian perturbation of a 3 × 3 diagonal matrix has a small gap, Lemma 9.3. We prove
both in full, given the inputs collected in Section 9.3. Where we only sketch an argument,
we name the result of the earlier sections whose proof we follow and the properties that
this proof uses, and we explain why these properties hold in the complex Hermitian case.

9.1 Setup

Throughout this section, H is a complex Hermitian Wigner matrix as in Definition 1.4,
and λ1 ≤ · · · ≤ λN, gi, and c2(E) = (π2/3)ρsc(E)4 are as in Theorem 1.5; we also
let Ei = (λi + λi+1)/2. We use the notation of the previous sections with the following
changes. In this section, G denotes a complex Hermitian matrix from the Gaussian unitary
ensemble (GUE), independent of H, whose entries Gab with a < b are independent
complex Gaussian variables with EGab = EG2

ab = 0 and E|Gab|2 = 1/N, and whose
diagonal entries are independent real Gaussian variables with variance 1/N, independent
of the entries above the diagonal. The Ornstein–Uhlenbeck interpolation Ht is defined by
(3.2) with this G. We set

d2 = N−4/3, MC
α = N4ℓ3

α = N1−3α (α ∈ (0, 1/3)). (9.1)

Theorem 1.5 states that the smallest gaps in the bulk are of order d2, and we call d2 the
critical scale. By Lemma 9.1 below, for α ∈ (0, 1/4), the number of gaps of the GUE of size
at most ℓα = N−1−α with midpoints in a bulk interval is of order MC

α .

130
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Let p ≥ 1 be an integer, let χ ∈ C∞
c ((−2, 2)) be nonnegative, and let q > 0. We define

the triple and quadruple statistics of a Hermitian matrix A by

U(3)
q (A) = ∑

i<j<k
χN

(λi(A) + λj(A) + λk(A)

3

)
∏

{i′,i′′}⊂{i,j,k}
fp

(λi′(A)− λi′′(A)

q

)
,

U(4)
q (A) = ∑

i<j<k<l
χN

(λi(A) + λj(A) + λk(A) + λl(A)

4

)
× ∏

{i′,i′′}⊂{i,j,k,l}
fp

(λi′(A)− λi′′(A)

q

)
,

(9.2)

where χN is the smoothing (5.2) of χ, and the products are over the three, respectively six,
two-element subsets. We suppress the dependence on p and χ in the notation. Observe
that if λk(A)− λi(A) ≤ 4q and χN ≥ 1 at the mean of λi(A), λj(A), and λk(A), then the

term of (i, j, k) in U(3)
q (A) is at least 17−3p, since each of its three rational factors is at

least fp(4) = 17−p. Similarly, if λl(A)− λi(A) ≤ 6q and χN ≥ 1 at the mean of the four

eigenvalues, then the term of (i, j, k, l) in U(4)
q (A) is at least 37−6p, since fp(6) = 37−p.

9.2 Strategy

The smallest gaps of H are of order d2 = N−4/3. A single entry moves the eigenvalues
by about N−3/2 = o(d2), so the strip estimate of Lemma 5.2 holds at the scale d2, which
corresponds to the exponent α = 1/3 < 1/2. Consequently, the comparison estimate of
Proposition 5.9 applies to pair statistics at the scale d2, with the error

CtN1/2(Nd2)
−3NCε = CtN3/2+Cε. (9.3)

This is small if t = tα1 = N−1−2α1 with α1 > 1/4. For such t, the Gaussian part of Ht

is of order ℓα1 = N−1−α1 , and the computation of Section 6 through independent 2 × 2
Gaussian blocks determines the gaps of Ht at the scale d2, provided that the gap counts of
H at the scale ℓα1 are known and that eigenvalues of H forming clusters of three or more
at a threshold q = N−1−κ do not produce gaps of order d2. The gap counts are supplied
by an induction on the scale as in Section 6, which reaches the exponent α1 = 8/25 that
we use.

We do not use the resampling argument, which would not be available in the same
form. Heuristically, a resampling step moves the traceless part of the 2 × 2 compression
of the matrix to the span of ui and ui+1 (described by the map Li of (4.8), with a third
coordinate in the complex Hermitian case) by O(N−3/2) = o(d2), so order N1/3 steps
would be needed to move it by d2, which is beyond the range of the crude entrywise
bound (2.9).
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The main difference with Section 6 concerns clusters of three eigenvalues. In Section 6,
we used the bound of Nguyen, Tao, and Vu on three consecutive eigenvalues, Proposi-
tion 3.4. In the complex Hermitian case, the expected number of triples of span N−1−κ

for the GUE is of order N(N−κ)8, and triples become absent when κ > 1/8. However,
transferring information on the scale N−1−κ from the GUE to H through the coupling of
Proposition 3.5 and the comparison of Proposition 5.9 requires a time T with

N−1+κ ≪ T ≪ N−1/2−3κ.

The lower bound makes the coupling error Nε/(N2T) smaller than N−1−κ, and the upper
bound makes the comparison error, which is of order TN1/2+3κ, small. Such a time exists
only for κ < 1/8, so triples cannot be excluded in this way.

We therefore use relative bounds. For κ < 1/8, the number of triples of span at most
4N−1−κ in the bulk is at most N1−8κ+ε with probability tending to one, by Proposition 9.2.
In the induction step, this is negligible compared to MC

α′ = N1−3α′ when 8κ > 3α′. In the
final step, Lemma 9.3 shows that each triple produces a gap of order d2 with probability
bounded by NCε(d2/ℓα1)

3 = N−1+3α1+Cε, and the expected number of such gaps is at
most N3α1−8κ+Cε, which tends to zero when 8κ > 3α1. Since α1 < 1/3, this is compatible
with κ < 1/8.

9.3 Inputs

Regularity and coupling. In this section, Gε denotes the set of complex Hermitian
matrices with the three properties of Definition 3.1, where unit eigenvectors are taken
in CN. The estimates of Proposition 3.2 and Lemma 3.3 hold for Ht and G with the
same proofs, since [4, Definition 2.2] concerns complex Hermitian matrices and [29,
Theorem 2.2] covers complex Hermitian generalized Wigner matrices. These proofs
use the entries only through their independence, their centering, their sub-Gaussian
tails, and their variances, which are now E|(Ht)ab|2 = 1/N for a ̸= b and E(Ht)2

aa =

(e−tEZ2 + 1 − e−t)/N.
The coupling of Proposition 3.5 holds with GUE in place of GOE. In this case, B

in (3.11) is a complex Hermitian matrix of Brownian motions whose diagonal entries
are standard real Brownian motions and whose entries above the diagonal are standard
complex Brownian motions with E|Bab(t)|2 = t, all independent, and the Brownian
motions in (3.12) satisfy Eβi(t)2 = t. This is the dynamics with symmetry parameter 2 in
[10, (2.2)], whose equilibrium measure is the GUE, and [10, Theorem 3.1 and Corollary 3.3]
are stated for this dynamics as well; by [10, Remark 3.2], they require only optimal rigidity
estimates for the initial conditions. The verification of these estimates in the proof of
Proposition 3.5 applies without change, since it uses only Lemma 3.3 and Proposition 3.2.

One step requires a modification. In the proof of Proposition 3.5, the dynamics
is started from H, whose spectrum is simple with overwhelming probability by [57,
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Corollary 2.2]. The extension of this result to Hermitian matrices stated in [57, Section 2]
assumes that the real and imaginary parts of the entries are independent and identically
distributed, which we do not assume. We therefore start the dynamics from Ht∗ with
t∗ = N−10. Conditionally on H, the matrix Ht∗ has a density with respect to Lebesgue
measure on the space of Hermitian matrices, and the Hermitian matrices with a multiple
eigenvalue form a Lebesgue null set (the zero set of the discriminant of the characteristic
polynomial), so the spectrum of Ht∗ is simple almost surely.

Moreover, for t′ ≥ 0, we have

Ht∗+t′
d
= e−t′/2Ht∗ + (1 − e−t′)1/2G̃,

where G̃ is a GUE matrix independent of Ht∗ , and the rigidity estimates for these ma-
trices follow from Lemma 3.3, whose proof applies for all times in [0, 2]. Applying [10,
Corollary 3.3] with the initial condition λ(Ht∗) at time t − t∗, and using t − t∗ ≥ t/2, we
obtain (3.13) with 2Nε/(N2t) in place of Nε/(N2t), for all t with N−1+ε ≤ t < 1, and the
spectra of Ht and of a GUE matrix can be coupled accordingly.

Comparison. The definition of φN, the strip estimate of Lemma 5.2, the holomorphic
extension of Definition 5.4 and Lemma 5.5, and the derivative bound of Lemma 5.6
carry over verbatim to complex Hermitian matrices, since their proofs use only the
spectral decomposition of a Hermitian matrix, Sylvester’s determinant identity, and the
properties of Gε. For a < b, we let Ṽab = i(eaeT

b − ebeT
a ), so that the entry (Ht)ab contributes

Re(Ht)abVab + Im(Ht)abṼab to Ht. For complex ζ1 and ζ2, we have

ζ1Vab + ζ2Ṽab = (ζ1 + iζ2)eaeT
b + (ζ1 − iζ2)ebeT

a ,

and the proof of Lemma 5.2, which uses only the factorization of a perturbation supported
on the rows and columns a and b through Sylvester’s identity, applies verbatim to
perturbations ζeaeT

b + ζ ′ebeT
a with |ζ|, |ζ ′| ≤ 8cpN−α−4ε.

In Lemma 5.7, the sum runs over the diagonal entries, with vG
aa = 1/N, and over the

real and imaginary parts of the entries above the diagonal, with the directions Vab and
Ṽab and with vG = 1/(2N) for each of them; its proof uses only Gaussian integration by
parts in the independent real coordinates of G.

The real and imaginary parts of XC need not be independent, so in Steps 2 and 3 of
the proof of Proposition 5.9, we treat the two terms of each entry above the diagonal
together. For t′ ∈ (0, 1] and a < b, let H[ab]

t′ denote the matrix obtained from Ht′ by setting
its (a, b) and (b, a) entries to zero. This matrix is independent of (Re(Ht′)ab, Im(Ht′)ab).
Let Eab(t′) be the event that Spec(H[ab]

t′ + ζ1Vab + ζ2Ṽab) ⊂ Rα,p for all complex ζ1, ζ2

with |ζ1|, |ζ2| ≤ 2rN . As in Step 2 of the proof of Proposition 5.9, this event is determined
by H[ab]

t′ . By the preceding paragraphs, it contains {Ht′ ∈ Gε} ∩ {|(Ht′)ab| ≤ rN}, since the
corresponding perturbation of Ht′ has coefficients of modulus at most 6rN ≤ 8cpN−α−4ε.
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(Indeed, H[ab]
t′ + ζ1Vab + ζ2Ṽab is obtained from Ht′ by adding ζ1 − Re(Ht′)ab times Vab

and ζ2 − Im(Ht′)ab times Ṽab, and both coefficients have modulus at most 3rN.) Hence
the complement of Eab(t′) has probability at most CDN−D, as in (5.52).

On Eab(t′), the function (ζ1, ζ2) 7→ F(H[ab]
t′ + ζ1Vab + ζ2Ṽab) is holomorphic and

bounded by one in modulus on the closed polydisk of radius 2rN, by Lemma 5.5.
Cauchy’s estimates on the polydisks of radius rN centered at the points of [−rN, rN]

2

bound its partial derivatives of order n on [−rN, rN]
2 by Cnr−n

N . We now Taylor expand
jointly in the two real variables. We write x = (Re(Ht′)ab, Im(Ht′)ab) and

Υ(x1, x2) = F
(

H[ab]
t′ + x1Vab + x2Ṽab), (x1, x2) ∈ R2.

The contribution of the entry (a, b) to the integrand in (5.36) is then E[(2N)−1(∂2
1 +

∂2
2)Υ(x) − x · ∇Υ(x)], where ∇ denotes the gradient in (x1, x2), and ∂1 and ∂2 denote

the partial derivatives in x1 and x2. The vector (Re XC, Im XC) is centered with covari-
ance 2−1Id2, since EX2

C = 0 and E|XC|2 = 1, and this agrees with the covariance of
N1/2(Re Gab, Im Gab). Hence Ex = 0 and ExxT = (2N)−1Id2.

We expand ∇Υ to first order and (∂2
1 + ∂2

2)Υ to zeroth order around the origin, on the
event {|x| ≤ rN}, as in the proof of Lemma 5.8. By the last two identities, the terms of
order zero and one cancel, and we obtain, on Eab(t′),∣∣∣E[ (∂2

1 + ∂2
2)Υ(x)

2N
− x · ∇Υ(x)

∣∣∣ H[ab]
t′

]∣∣∣ ≤ Cr−3
N E|x|3 + CDN−D ≤ CN−3/2r−3

N + CDN−D.

Here the term CDN−D bounds the contribution of the event {|x| > rN}, which we control
with the crude bound of Lemma 5.6 as in Step 3 of the proof of Proposition 5.9; the
complement of Eab(t′) is treated in the same way. The diagonal entries are treated as in
the proof of Proposition 5.9, and the variance mismatch |E(Ht′)

2
aa − 1/N| ≤ CN−1 gives

the term r−2
N . Summing over the coordinates as in Step 4 of that proof, we obtain the

analogue of (5.47) for complex Hermitian matrices,

|EF(Ht)− EF(H)| ≤ Ct
(

N1/2r−3
N + r−2

N
)
+ CDN−D ≤ CtN1/2+3α+12ε + CDN−D (9.4)

for F as in Definition 5.4, α + 5ε < 1/2, and rN = cpN−α−4ε.

Triple and quadruple statistics. The comparison estimate also applies to the statistics
(9.2). We first write them as traces. Let s3(x1, x2, x3) and s4(x1, x2, x3, x4) denote the
symmetric functions such that the summands of U(3)

q and U(4)
q equal s3(λi, λj, λk) and

s4(λi, λj, λk, λl), where λi = λi(A). Summing over all tuples of indices and removing
those with coincident indices by inclusion–exclusion over the partitions of the set of
positions, we find

U(3)
q (A) =

1
6

(
∑
i,j,k

s3(λi, λj, λk)− 3 ∑
i,j

s3(λi, λi, λj) + 2 ∑
i

s3(λi, λi, λi)
)

(9.5)
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and

24 U(4)
q (A) = ∑

i,j,k,l
s4(λi, λj, λk, λl)− 6 ∑

i,j,k
s4(λi, λi, λj, λk) + 3 ∑

i,j
s4(λi, λi, λj, λj)

+ 8 ∑
i,j

s4(λi, λi, λi, λj)− 6 ∑
i

s4(λi, λi, λi, λi).
(9.6)

The coefficients are the values ∏B(−1)|B|−1(|B| − 1)! of the Möbius function of the lattice
of set partitions, where B runs over the blocks, multiplied by the number of partitions of
each type.

Each sum on the right sides of (9.5) and (9.6) is the trace of a function of commuting
matrices obtained from A by tensoring with identity matrices, exactly as in Definition 5.4.
For example, the first sum in (9.5) is the trace over (CN)⊗3 of

χN

(A1 + A2 + A3

3

)
∏

1≤i<j≤3

(
Id + q−2(Ai − Aj)

2)−p,

where A1 = A ⊗ Id ⊗ Id, A2 = Id ⊗ A ⊗ Id, and A3 = Id ⊗ Id ⊗ A. As in the proof
of Lemma 5.5, these traces are holomorphic functions of the entries of A on the set of
matrices whose eigenvalues w satisfy | Im w| < ωpq, and the identities (9.5) and (9.6) hold
there with λ1, . . . , λN replaced by the eigenvalues of A, listed with algebraic multiplicity.

Next, we bound the arguments of the summands. Suppose now that Spec A lies in
the rectangle Rκ,p of (5.10), where q = ℓκ = N−1−κ. The proof of Lemma 5.5 shows that
every rational factor in (9.2) has argument of absolute value at most 1/375, and that the
weight χN at the mean of the eigenvalues is either zero or has argument of absolute value
at most 1/200; the mean of three or four eigenvalues satisfies the same bounds on its
real and imaginary parts as the mean of two. Hence every summand of U(3)

q (A) and

U(4)
q (A) is zero or has argument of absolute value at most 1/200 + 6/375 < 1/40, so

Re U(r)
q (A) ≥ 0 and | exp(−θU(r)

q (A)/M)| ≤ 1 for all θ, M > 0 and r ∈ {3, 4}. The proof
of Lemma 5.6 applies to these observables with ℓα replaced by q. Thus the observables
exp(−θU(r)

q /M) have the two properties listed in Remark 5.10, with the polydisk above
in place of the disk. Hence the proof of Proposition 5.9, with the modifications described
in the paragraph on comparison above, gives, for q = N−1−κ with κ ∈ (0, 1/2), all M > 0,
θ > 0, D > 0, t ∈ [0, 1], and ε > 0 with κ + 5ε < 1/2,∣∣∣Ee−θU(r)

q (Ht)/M − Ee−θU(r)
q (H)/M

∣∣∣ ≤ CtN1/2+3κ+12ε + CDN−D, r ∈ {3, 4}. (9.7)

The Gaussian unitary ensemble. The following estimates replace Proposition 3.6.

Lemma 9.1. The following statements hold.
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(a) Let α ∈ (0, 1/4) and p > 3/2. Let f : [0, ∞)× R → R be a continuous function for which
there exist a bulk interval I and a constant C f > 0 such that f (r, E) = 0 for E /∈ I and
| f (r, E)| ≤ C f (1 + r2)−p for all (r, E). Then, in L1,

1
MC

α
∑

1≤i<j≤N
f
(λj(G)− λi(G)

ℓα
,

λi(G) + λj(G)

2

)
−→

∫ 2

−2

∫ ∞

0
c2(E) r2 f (r, E)dr dE.

(9.8)
(b) Let κ > 0, set q = N−1−κ, and let p ≥ 4 be an integer. Then

EU(3)
q (G) ≤ CN(Nq)8 + o(1), EU(4)

q (G) ≤ CN(Nq)15 + o(1). (9.9)

Sketch of proof. We use the kernel KN of Definition A.2 and the estimates for it proved in
Appendix A. Recall that the eigenvalues of G form a determinantal point process with
kernel KN. Thus their n-point correlation functions, defined as in (A.11) with the joint
density of the eigenvalues of the GUE, are given by

Rn,N(x1, . . . , xn) = det[KN(xi, xj)]
n
i,j=1, n ∈ [N], (9.10)

(see [2, Section 3.2]), and (A.12) holds.
The proof follows Appendix A.5. The determinantal structure makes the correlation

estimates simpler than for the GOE, and we give them below; we omit the routine
verification of the dominated convergence arguments.

Throughout the proof, Ĩ denotes a bulk interval, constants may depend on Ĩ, and
we use Lemma A.5 and Lemma A.7 for x, y ∈ Ĩ. We first record two estimates for the
correlation functions. We set

h(x) =
(

N1/4hj(
√

Nx)
)N−1

j=0 ∈ RN, so that KN(x, y) = h(x) · h(y).

The two-point function. We begin with the expansion of R2,N near the diagonal. Since
KN is symmetric, (9.10) with n = 2 gives

R2,N(x, y) = KN(x, x)KN(y, y)− KN(x, y)2.

Using the symmetry of KN again, we find

R2,N(x, x) = ∂yR2,N(x, y)
∣∣
y=x = 0,

∂2
yR2,N(x, y)

∣∣
y=x = KN(x, x)

d2

dx2 KN(x, x)− 2
(
∂2KN(x, x)

)2 − 2KN(x, x) ∂2
yKN(x, y)

∣∣
y=x.

We now bound the first two terms. By the proof of Lemma A.5(c), we have

d
dx

KN(x, x) = 2∂2KN(x, x) = −N3/2hN−1(
√

Nx)hN(
√

Nx).
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Differentiating once more and using (A.20) and KN(x, x) ≤ CN, we obtain

KN(x, x)
d2

dx2 KN(x, x) = O(N3),
(
∂2KN(x, x)

)2
= O(N2),

so the first two terms on the right side of the expression for ∂2
yR2,N(x, y)|y=x are O(N3).

For the last term, (A.19), (A.20), Lemma A.7, and the identity 1 − x2/4 = π2ρsc(x)2

give

−2KN(x, x) ∂2
yKN(x, y)

∣∣
y=x =

2π2

3
N2ρsc(x)2KN(x, x)2 + O(N3)

=
2π2

3
N4ρsc(x)4 + O(N31/8).

Further, Lemma A.5(a) gives∣∣∂3
yR2,N(x, y)

∣∣ ≤ CN5, x, y ∈ Ĩ.

Taylor’s theorem in y at y = x therefore gives∣∣∣R2,N(x, x + h)− π2

3
N4ρsc(x)4h2

∣∣∣ ≤ C
(

N31/8h2 + N5h3), x, x + h ∈ Ĩ, 0 < h ≤ N−1.
(9.11)

This is the source of the function c2(E). For larger separations, we use the bounds

R2,N(x, y) ≤ KN(x, x)KN(y, y) ≤ CN2, |KN(x, y)| ≤ C min{N, |x − y|−1}, (9.12)

which follow from (9.10) and Lemma A.5(a) and (b).
Correlation functions of nearby points. We claim that for n ∈ {2, 3, 4} and x1, . . . , xn ∈ Ĩ,

Rn,N(x1, . . . , xn) ≤ CNn min
{

1, ∏
1≤i<j≤n

(
N|xi − xj|

)2
}

. (9.13)

The matrix [KN(xi, xj)]
n
i,j=1 is the Gram matrix of the vectors h(x1), . . . , h(xn). Hadamard’s

inequality bounds its determinant by its diagonal entries, which gives

Rn,N(x1, . . . , xn) ≤
n

∏
i=1

KN(xi, xi) ≤ CNn.

To prove the second bound in (9.13), we may assume that the points are distinct. We
replace h(x1), . . . , h(xn) by the divided differences h[x1], h[x1, x2], . . . , h[x1, . . . , xn]. This
is a triangular change of basis with determinant ∏i<j(xj − xi)

−1, so

Rn,N(x1, . . . , xn) = ∏
1≤i<j≤n

(xj − xi)
2 det

[
h[x1, . . . , xi] · h[x1, . . . , xj]

]n
i,j=1.

We now bound the divided differences. By the Hermite–Genocchi formula,
h[x1, . . . , xk] is the integral of h(k−1) over a simplex of volume 1/(k − 1)! mapped into the
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convex hull of x1, . . . , xk. Hence the Cauchy–Schwarz inequality and the bound (A.21) in
the proof of Lemma A.5, with k − 1 in place of k, give

|h[x1, . . . , xk]|2 ≤ sup
y∈ Ĩ

|h(k−1)(y)|2

= sup
y∈ Ĩ

Nk−1/2
N−1

∑
j=0

h(k−1)
j (

√
Ny)2 ≤ CN2k−1, k ≤ 4.

Applying Hadamard’s inequality to the Gram determinant of the divided differences,
we obtain

Rn,N(x1, . . . , xn) ≤ ∏
i<j

(xj − xi)
2

n

∏
k=1

|h[x1, . . . , xk]|2

≤ C ∏
i<j

(xj − xi)
2

n

∏
k=1

N2k−1 = CNn2
∏
i<j

|xi − xj|2,

which is the second bound in (9.13), since n + n(n − 1) = n2.
Proof of (a). We first compute the mean. By (A.12), we have

E ∑
1≤i<j≤N

f
(λj(G)− λi(G)

ℓα
,

λi(G) + λj(G)

2

)
=

∫
R

∫ ∞

0
f
( h
ℓα

, x +
h
2

)
R2,N(x, x + h)dh dx.

Let δ > 0 be small. Since | f (r, E)| ≤ C f r−2p and the integral of R2,N over R2 is
N(N − 1), the pairs at distance larger than δ contribute at most

C f

(ℓα

δ

)2p ∫
R

∫ ∞

0
R2,N(x, x + h)dh dx ≤ CN2

(ℓα

δ

)2p
= o(1).

For the remaining pairs, both points lie in a bulk interval Ĩ, since f (r, E) = 0 for E /∈ I.
We insert (9.11) for h ≤ N−1 and change variables h = ℓαr. We will use the identities

N4ℓ3
α = MC

α , N31/8ℓ3
α = N−1/8MC

α , N5ℓ4
α = N−αMC

α .

By the first identity, the main term is

MC
α

∫
R

∫ Nα

0
f
(

r, x +
ℓαr
2

)π2

3
ρsc(x)4 r2 dr dx,

and since p > 3/2, it converges to MC
α times the right side of (9.8) by dominated

convergence. Using the other two identities, we find that the error terms in (9.11)
contribute at most

CMC
α

(
N−1/8 + N−α

∫ Nα

0

r3 dr
(1 + r2)p

)
≤ CMC

α

(
N−1/8 + N−α + N−α(2p−3) log N

)
.
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Finally, by (9.12), the pairs with N−1 < h ≤ δ contribute at most

CN2
∫ δ

N−1

(ℓα

h

)2p
dh ≤ CN2ℓα

∫ ∞

Nα
r−2p dr = CMC

α N−α(2p−3).

Hence the mean of the sum truncated to |λj(G)− λi(G)| ≤ δ, divided by MC
α , converges

to the right side of (9.8).
We now bound the variance of the truncated sum. We set

f ♯(x, y) = f
( |y − x|

ℓα
,

x + y
2

)
1|y−x|≤δ, x, y ∈ R.

As in (A.35), with f ♯ in place of g♯, the variance is the sum of three integrals, against
R4,N − R2,N ⊗ R2,N, against R3,N, and against R2,N. In the expansion of the determinant
R4,N(x1, x2, x3, x4), the terms that do not appear in R2,N(x1, x2)R2,N(x3, x4) come from
permutations that do not preserve {1, 2}, so they contain at least two factors KN(xi, xj)

connecting {1, 2} and {3, 4}, in either direction. Hence, by the symmetry of KN and
(9.12), they are bounded by C min{N4, N2 dist({x1, x2}, {x3, x4})−2}.

To integrate this bound, we write x2 = x1 + h1 and x4 = x3 + h2 and integrate first over
x3. Where |x3 − x1| ≥ 2(|h1|+ |h2|), the distance between {x1, x2} and {x3, x4} is at least
|x3 − x1|/2, and the remaining values of x3 form a set of measure at most 4(|h1|+ |h2|).
Hence the integral of the last bound over x3 ∈ R is at most

C
∫

R
min

{
N4,

4N2

|x3 − x1|2
}

dx3 + 4CN4(|h1|+ |h2|) ≤ CN3 + CN4(|h1|+ |h2|).

We now integrate over h1 and h2. Since p > 3/2, we have∫
R
| f ♯(x1, x1 + h)| (1 + N|h|)dh ≤ Cℓα(1 + Nℓα) ≤ Cℓα,

and we find that the first integral is bounded by

Cℓ2
α

(
N3 + N4ℓα

)
≤ CN3ℓ2

α = CN1−2α.

By Fischer’s inequality, we have

R3,N(x1, x2, x3) ≤ KN(x3, x3)R2,N(x1, x2) ≤ CNR2,N(x1, x2),

so the second integral is bounded by CNℓαMC
α , and the third by CMC

α , by the computation
of the mean applied to | f |. Collecting the three bounds, we find that the variance divided
by (MC

α )
2 is at most

C
N1−2α + NℓαMC

α + MC
α

(MC
α )2

= C
(

N4α−1 + N2α−1 + N3α−1),
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which tends to zero since α < 1/4. Hence the normalized sum converges in L2 after
truncation, and hence in L1.

Proof of (b). Let δ > 0 be small. We first discard two kinds of tuples. The tuples
containing two points at distance larger than δ, and the tuples whose mean is at distance
at least δ from supp χ, contribute at most

∥χ∥∞N4
(q

δ

)2p
= o(1) and CN4 exp

(
− δ2N1/5

2

)
= o(1),

respectively. For the first bound, we used that the rational factor of the two distant points
is at most (q/δ)2p, and for the second, part (4) of Lemma 5.1. For the remaining tuples,
all points lie in a bulk interval Ĩ.

We now bound the remaining tuples. Using (A.12), the second bound in (9.13), and
the substitution xi = x1 + qai for i ≥ 2, we find

EU(3)
q (G) ≤ CN9q8

∫
R2
(a2a3(a3 − a2))

2 fp(a2) fp(a3) fp(a3 − a2)da2 da3 + o(1)

≤ CN(Nq)8 + o(1),

where the integral is finite since p ≥ 3 and

(a2a3(a3 − a2))
2 ≤ 2(a4

2a2
3 + a2

2a4
3).

Similarly, with a1 = 0, we find

EU(4)
q (G) ≤ CN16q15

∫
R3

∏
1≤i<j≤4

(ai − aj)
2 fp(ai − aj)da2 da3 da4 + o(1).

To bound the integral, we bound the three factors with 2 ≤ i < j ≤ 4 by one, using
y2 fp(y) ≤ 1 for y ∈ R. The other three factors are a2

j fp(aj) for j ∈ {2, 3, 4}, so the integral

is at most
( ∫

R
a2 fp(a)da

)3, which is finite since 2p − 2 > 1. As N16q15 = N(Nq)15, this

gives the bound for U(4)
q .

9.4 Triples of nearby eigenvalues

Proposition 9.2. Let I be a bulk interval and κ ∈ (0, 1/8), and set q = N−1−κ. Then for every
ε > 0,

lim
N→∞

P
(

#{i ∈ [N − 2] : λi ∈ I, λi+2 − λi ≤ 4q} > N1−8κ+ε
)
= 0. (9.14)

If moreover κ > 1/15, then with probability tending to one there exists no i ∈ [N − 3] such that
λi ∈ I and λi+3 − λi ≤ 6q.
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Proof. We first reduce both claims to bounds on the statistics U(3)
q and U(4)

q of (9.2). Let
I+ be a bulk interval whose interior contains I. Fix a nonnegative χ ∈ C∞

c ((−2, 2)) with
χ ≥ 2 on I+, so that χN ≥ 1 on I+ for N ≥ N0 by part (5) of Lemma 5.1, and fix an
integer p ≥ 4.

Let i be a label with λi ∈ I and λi+2 − λi ≤ 4q. Then the mean of λi, λi+1, and λi+2

belongs to I+ for N ≥ N0, so the term of (i, i + 1, i + 2) in U(3)
q (H) is at least 17−3p by the

observation after (9.2). Distinct labels i give distinct triples, and all terms of U(3)
q (H) are

nonnegative, so

#{i ∈ [N − 2] : λi ∈ I, λi+2 − λi ≤ 4q} ≤ 173pU(3)
q (H).

Similarly, a label i with λi ∈ I and λi+3 − λi ≤ 6q gives U(4)
q (H) ≥ 37−6p.

It therefore suffices to show that

U(3)
q (H)

N1−8κ+ε
→ 0, U(4)

q (H) → 0 (κ > 1/15), (9.15)

in probability. We prove (9.15) for HT, at a time T chosen below, by comparison with the
GUE, and we then remove the Gaussian component with (9.7).

We now choose the time. Let ε′ ∈ (0, ε/10) be small, and set

T = N−1+κ+4ε′ ,
2Nε′

N2T
= 2N−3ε′q, TN1/2+3κ+12ε′ = N−1/2+4κ+16ε′ → 0. (9.16)

Then T ≥ N−1+ε′ , and the limit holds if ε′ is small enough, since κ < 1/8. The second
quantity in (9.16) is the coupling error at time T, and the third is the comparison error in
(9.7).

Next, we compare HT with the GUE. Let δ ∈ (0, 1) satisfy supp χ ⊂ [−2 + 3δ, 2 −
3δ], and let c∗ and J be as in Lemma 6.4, defined with this δ. By the coupling of
Proposition 3.5 at time T, in the form of Section 9.3 and applied with ε′ in place of ε,
there is a GUE matrix G′ such that, with overwhelming probability,

max
c∗N≤i≤(1−c∗)N

∣∣(λi+1(HT)− λi(HT)
)
−

(
λi+1(G′)− λi(G′)

)∣∣ ≤ 2N−3ε′q.

We intersect this event with the events of Proposition 3.2, for HT and G′ and with ε′ in
place of ε. On the resulting event, whose probability tends to one, we claim that

U(r)
q (HT) ≤ (1 + o(1))U(r)

q (G′) + o(1), r ∈ {3, 4}. (9.17)

To prove (9.17), we follow the proof of Lemma 6.4, applied to each of the three,
respectively six, rational factors of the summands and to the weight χN at the mean.
We write xi = λi(HT) and x′i = λi(G′), and we first consider the tuples whose labels all
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belong to J . For labels i < j in J , there are at most Nε′(1 + N(xj − xi)) gaps between
xi and xj, by condition (iii) of Definition 3.1. As in (6.10), it follows that∣∣(x′j − x′i)− (xj − xi)

∣∣ ≤ Nε′(1 + N(xj − xi)
)
· 2N−3ε′q ≤ 2N−2ε′(q + xj − xi),

where we used Nq ≤ 1.
We now compare the terms. Let y = (xj − xi)/q and y′ = (x′j − x′i)/q. The last display

gives |y − y′| ≤ 2N−2ε′(1 + y), so, as in (6.12),

| log fp(y)− log fp(y′)| ≤
8p |y − y′|

1 + y
≤ 16pN−2ε′

for N ≥ N0.
We next compare the weights. By Proposition 3.2, |xi − γi| and |x′i − γi| are at most

N−1+ε′ for i ∈ J , so the means x̄ and x̄′ of a tuple for x and for x′ satisfy |x̄ − x̄′| ≤
2N−1+ε′ . Recall that the smoothing (5.2) has width hN = N−1/10. By (5.4) and h−2

N = N1/5,
we have

e−16N−4/5+ε′
χN(x̄′) ≤ χN(x̄) ≤ e16N−4/5+ε′

χN(x̄′).

A summand has at most six rational factors, so the term of every such tuple for x is at

most e96pN−2ε′+16N−4/5+ε′
times the corresponding term for x′. Hence the sum of the terms

of these tuples for HT is at most (1 + o(1))U(r)
q (G′).

We now consider the tuples with a label outside J , for x and x′ alike. Suppose
first that such a tuple has its mean within distance δ of supp χ, so that the mean lies in
[−2+ 2δ, 2− 2δ]. If its smallest label is smaller than c∗N, then (6.8) shows that its smallest
point is at most −2 + δ, and hence at least δ below the mean and below its largest point;
the case where its largest label exceeds (1 − c∗)N is symmetric. In both cases, two of its
points are at distance at least δ, so its term is bounded by ∥χ∥∞(q/δ)2p.

If instead the mean of such a tuple is at distance more than δ from supp χ, then its
term is at most C exp(−δ2N1/5/2) by part (4) of Lemma 5.1. There are at most N4 tuples,
so these tuples contribute at most

N4
(
∥χ∥∞

(q
δ

)2p
+ C exp

(
− δ2N1/5

2

))
= o(1),

since p ≥ 4. This proves (9.17).
We now use the estimates for the GUE. By (9.9) and Markov’s inequality, we have

U(3)
q (G′)

N1−8κ+ε
→ 0, U(4)

q (G′) → 0 (κ > 1/15),

in probability, where for the second limit we used N(Nq)15 = N1−15κ. Combining this
with (9.17), we obtain (9.15) with HT in place of H. Since these random variables are
nonnegative, the bounded convergence theorem gives, for every θ > 0,

lim
N→∞

Ee−θU(3)
q (HT)/N1−8κ+ε

= 1, lim
N→∞

Ee−θU(4)
q (HT) = 1 (κ > 1/15). (9.18)
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Finally, we remove the Gaussian component. By (9.7) with t = T and ε′ in place of
ε, and by the last relation in (9.16), the same limits hold with H in place of HT. Since
U(r)

q (H) ≥ 0, these limits imply (9.15). This completes the proof.

9.5 Gaussian perturbations of 3 × 3 matrices

The following lemma controls the gaps produced by a cluster of three eigenvalues under
a Gaussian perturbation. We state it for a general 3× 3 diagonal matrix. Let σ > 0, and let
W be a 3 × 3 complex Hermitian random matrix whose density with respect to Lebesgue
measure on the space of 3× 3 Hermitian matrices B is proportional to exp(−Tr B2/(2σ2)).
Equivalently, the entries Wab with a ≤ b are independent, the diagonal entries are real
centered Gaussian variables with variance σ2, and the entries above the diagonal are
complex Gaussian variables with EWab = EW2

ab = 0 and E|Wab|2 = σ2. For a 3 × 3
Hermitian matrix B, we let

gap(B) = min{λ2(B)− λ1(B), λ3(B)− λ2(B)}

denote its smallest eigenvalue gap.

Lemma 9.3. There exists a constant C > 0 such that the following holds. Let y1 ≤ y2 ≤ y3

be real numbers, let Dy = diag(y1, y2, y3), and let W be as above. Then for all δ ∈ (0, σ] and
R ≥ 1,

P
(
gap(Dy + W) ≤ δ

)
≤ CR4

( δ

σ

)3
+ Ce−R2/C. (9.19)

Proof. Replacing Dy, W, and δ by Dy/σ, W/σ, and δ/σ, we may assume that σ = 1, so
that δ ≤ 1 ≤ R. The Gaussian tail bound for the entries of W gives

P(∥W∥ > R) ≤ Ce−R2/C. (9.20)

We distinguish three cases according to the configuration of y1, y2, y3. Every configuration
belongs to at least one of them.

Case 1: y2 − y1 ≥ 10R and y3 − y2 ≥ 10R. On the event {∥W∥ ≤ R}, Weyl’s inequality
shows that each eigenvalue of Dy + W differs from the corresponding yj by at most R, so

λj+1(Dy + W)− λj(Dy + W) ≥ yj+1 − yj − 2R ≥ 8R > δ, j ∈ {1, 2}.

Hence the probability in (9.19) is bounded by Ce−R2/C, by (9.20).
Case 2: y3 − y1 ≤ 30R. We use the Weyl integration formula (see [2, Section 4.1]).

The density of Dy + W with respect to Lebesgue measure on Hermitian matrices B is
proportional to

exp
(
−

∥B − Dy∥2
F

2

)
,
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where ∥ · ∥F denotes the Frobenius norm. Writing B = O diag(µ)O∗ with µ1 ≤ µ2 ≤ µ3

and O unitary, the Weyl integration formula shows that the ordered eigenvalues of
Dy + W have the density

µ 7→ c ∏
1≤i<j≤3

(µj − µi)
2
∫

U(3)
exp

(
−

∥O diag(µ)O∗ − Dy∥2
F

2

)
dO (9.21)

on {µ1 ≤ µ2 ≤ µ3}, where dO is the Haar probability measure on the unitary group
U(3) and c > 0 is an absolute constant.

By the Hoffman–Wielandt inequality for Hermitian matrices [40], we have

∥O diag(µ)O∗ − Dy∥F ≥ |µ − y|, y = (y1, y2, y3).

Hence the density (9.21) at µ is bounded by

c ∏
1≤i<j≤3

(µj − µi)
2 e−|µ−y|2/2. (9.22)

We now bound the probability that µ2 − µ1 ≤ δ. On this event, we have

∏
1≤i<j≤3

(µj − µi)
2 ≤ δ2(µ3 − µ1)

4, µ3 − µ1 ≤ |µ1 − y1|+ |µ3 − y3|+ 30R,

e−|µ−y|2/2 ≤ e−((µ1−y1)
2+(µ3−y3)

2)/2,

where the second bound uses y3 − y1 ≤ 30R. Integrating over µ2 ∈ [µ1, µ1 + δ], and then
over µ1 and µ3, we find

P(µ2 − µ1 ≤ δ) ≤ c δ3
∫

R2

(
|µ1 − y1|+ |µ3 − y3|+ 30R

)4e−((µ1−y1)
2+(µ3−y3)

2)/2 dµ1 dµ3

≤ CR4δ3.
(9.23)

The same bound holds for P(µ3 − µ2 ≤ δ), so the probability in (9.19) is bounded by
CR4δ3 in this case.

Case 3: neither Case 1 nor Case 2 holds. Then y3 − y1 > 30R, and one of the gaps y2 − y1

and y3 − y2 is smaller than 10R; the other is then larger than 20R. Let P denote the
permutation matrix that reverses the order of the coordinates. The matrix

−P(Dy + W)PT = diag(−y3,−y2,−y1)− PWPT

has the gaps of Dy + W in reverse order, and −PWPT has the law of W. Replacing
(y1, y2, y3) by (−y3,−y2,−y1) if necessary, we may therefore assume that y2 − y1 < 10R
and y3 − y2 > 20R.
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We work on the event ∥W∥ ≤ R, whose complement is controlled by (9.20), and we
set µj = λj(Dy + W). By Weyl’s inequality, we have

µ3 ≥ y3 − R ≥ y1 + 19R, µ1, µ2 ∈ [y1 − R, y2 + R] ⊂ [y1 − R, y1 + 11R],

µ3 − µ2 ≥ 19R − 11R = 8R > δ.

Thus the only possible small gap is µ2 − µ1, and µ1 and µ2 are the eigenvalues of Dy +W
in the interval

IR = [y1 − 12R, y1 + 13R].

We reduce to a 2 × 2 problem by a Schur complement. Let W[2] denote the upper left
2 × 2 block of W, let b = (W13, W23)

T, and for real w with y3 + W33 − w ̸= 0, let

A(w) = diag(y1, y2) + W[2] −
bb∗

y3 + W33 − w
. (9.24)

Let w ∈ IR, and suppose that |W33| ≤ R and |b| ≤ R, which hold if ∥W∥ ≤ R. Since
y3 − y1 > 20R, we have

y3 + W33 − w ≥ 20R − R − 13R = 6R,∥∥∥ bb∗

y3 + W33 − w

∥∥∥ ≤ R
6

,
∥∥∥ d

dw
bb∗

y3 + W33 − w

∥∥∥ ≤ R2

(6R)2 =
1
36

,

and the last term in (9.24) is negative semidefinite.
We now locate the eigenvalues of Dy + W in IR. By Weyl’s inequality, the eigenvalues

λ1(A(w)) ≤ λ2(A(w)) of the Hermitian matrix A(w) are Lipschitz functions of w ∈ IR
with constant 1/36, so the functions w 7→ λk(A(w))− w are strictly decreasing on IR.
Since ∥W[2]∥ ≤ R and y2 < y1 + 10R, the bounds above give

λk(A(w)) ∈
[
y1 −

7R
6

, y2 + R
]
⊂

[
y1 −

7R
6

, y1 + 11R
]
, w ∈ IR,

so the functions w 7→ λk(A(w)) − w are positive at w = y1 − 12R and negative at
w = y1 + 12R. Hence each of them has exactly one zero wk in IR, and w1 ≤ w2 since
λ1(A(w)) ≤ λ2(A(w)).

We now identify µ1 and µ2. By the Schur complement formula, a point w ∈ IR is
an eigenvalue of Dy + W if and only if det(A(w)− w) = 0, which holds exactly when
w ∈ {w1, w2}. Moreover, the multiplicity of such an eigenvalue is the dimension of the
kernel of A(w)− w. When w1 < w2, the two eigenvalues of Dy +W in IR are therefore w1

and w2. When w1 = w2, we have A(w1) = w1Id2, so w1 is an eigenvalue of multiplicity
two. In both cases, µk = wk for k ∈ {1, 2}.

We now transfer a small gap of Dy + W to A(w). Since λk(A(µk)) = µk and w 7→
λ2(A(w)) is Lipschitz with constant 1/36, if µ2 − µ1 ≤ δ, then

λ2(A(µ1))− λ1(A(µ1)) = λ2(A(µ1))− µ1 ≤ λ2(A(µ2)) +
µ2 − µ1

36
− µ1 ≤ 2δ. (9.25)
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We now discretize. We set

w′
j = y1 − 12R + jδ, j ∈ Z, 0 ≤ j ≤ 24R

δ
+ 1,

and we note that these points lie in IR, since δ ≤ R. If µ2 − µ1 ≤ δ, we choose j with
|w′

j − µ1| ≤ δ. Then the Lipschitz bound on A and (9.25), together with Weyl’s inequality,
give

∥A(w′
j)− A(µ1)∥ ≤ δ

36
,

λ2(A(w′
j))− λ1(A(w′

j)) ≤ 2δ +
δ

18
≤ 3δ,

|λ1(A(w′
j))− w′

j| ≤ |λ1(A(w′
j))− λ1(A(µ1))|+ |µ1 − w′

j| ≤
δ

36
+ δ ≤ 2δ.

Thus the matrix A(w′
j) has eigenvalue gap at most 3δ and an eigenvalue within distance

2δ of w′
j.

We bound the probability of this event for fixed j. Condition on W33 and b, and restrict
to the event {|W33| ≤ R, |b| ≤ R}, on which A(w′

j) = Mj + W[2] with a deterministic
Hermitian matrix Mj. The block W[2] is independent of (W33, b). We set

v =
( (Mj)11 − (Mj)22

2
, Re(Mj)12, Im(Mj)12

)
,

ξ =
(W11 − W22

2
, Re W12, Im W12

)
.

Then the eigenvalues of the Hermitian 2× 2 matrix Mj +W[2] are (Tr Mj +W11 +W22)/2±
|v + ξ|.

The four real variables (W11 + W22)/2, (W11 − W22)/2, Re W12, and Im W12 are inde-
pendent centered Gaussian variables with variance 1/2. The event above requires

|v + ξ| ≤ 3δ

2
,

∣∣∣Tr Mj + W11 + W22

2
− w′

j

∣∣∣ ≤ 4δ.

The densities of ξ and of (W11 + W22)/2 are bounded, so this event has conditional
probability at most Cδ3 · Cδ. Summing over the at most 24R/δ + 2 values of j, and using
δ ≤ 1 ≤ R, we conclude that in Case 3,

P
(
gap(Dy + W) ≤ δ

)
≤ C

(R
δ
+ 1

)
δ4 + Ce−R2/C ≤ CRδ3 + Ce−R2/C. (9.26)

Combining the three cases proves (9.19).
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9.6 Gap counts at the scales N−1−α

For α ∈ (0, 1/3), we say that the statement PC(α) holds if for every nonnegative φ ∈
C∞

c ((−2, 2)) and every integer p ≥ p∗, we have

1
MC

α

Xα(H; φN, fp) →
∫ 2

−2
φ(E)c2(E)dE

∫ ∞

0
y2 fp(y)dy (9.27)

in probability, where Xα is defined by (5.1) for Hermitian matrices. This is the analogue
of the statement P(α) of Definition 6.1.

We first record the results of Section 6 that carry over. The proofs of Lemma 6.2,
Lemma 6.3, and Lemma 6.6 apply with MC

α , c2(E), and
∫ ∞

0 y2 f (y)dy in place of Mα, c(E),
and

∫ ∞
0 y f (y)dy, and with (9.4) in place of Proposition 5.9; the integrals

∫ ∞
0 y2 fp(y)dy

are finite for p ≥ p∗. Indeed, the proof of Lemma 6.2 is deterministic and uses only the
bound ∥A∥ ≤ 3 and Lemma 5.1. The proof of Lemma 6.3 uses the comparison estimate
only through the bound (5.47) and the nonnegativity of the pair statistic, which holds
for Hermitian matrices as well. The proof of Lemma 6.6 uses only P(α), the Weierstrass
approximation theorem, and Lemma 6.2, with (6.1) replaced by the finiteness of the
integrals above.

Base case. The proof of Proposition 6.5 applies with the following changes, and gives
PC(α) for every α ∈ (0, 1/8). The GUE input is Lemma 9.1(a) in place of Proposition 3.6.
The proof of Lemma 6.4 is deterministic, and in it the pairs with a label outside J

contribute at most
CN−2α + CN2 exp(−δ2N1/5/4) = o(MC

α )

by (6.9), so its proof gives (6.6) with MC
α in place of Mα. With T = N−3/4−α as in

Proposition 6.5, the coupling error of Section 9.3 and the comparison error of (9.4) satisfy

2Nε

N2T
= 2N−5/4+α+ε ≤ N−2εℓα, TN1/2+3α+12ε = N−1/4+2α+12ε → 0

for α < 1/8 and ε small. These exponents are the same as in the real symmetric case, and
they do not use any condition on the third moments.

Induction step. Suppose that PC(α) holds, and let α′ ∈ (α, 1/3) and κ > 0 satisfy

3α′

8
< κ < min

{
α, 2α − α′,

1
8

}
, α′ − κ ≥ 1

30
, α′ <

1
6
+

2α

3
. (9.28)

We follow Section 6.3, with tα = Nℓ2
α, q = N−1−κ, and ε > 0 sufficiently small depending

on the margins in (9.28). The conditions (9.28) replace the choice of κ in (6.23) and the
conditions (6.24), and we indicate below where each of them is used.

We begin with the Gaussian blocks. Conditionally on H, the matrix Htα has the
eigenvalues of Dy + W, where yi = e−tα/2λi and W = (1 − e−tα)1/2(u∗

i Guj)
N
i,j=1 for
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orthonormal eigenvectors u1, . . . , uN of H; by the unitary invariance of the GUE, W is
independent of H and has the law of (1 − e−tα)1/2G. As in the proof of Lemma 6.9,
Corollary 3.9 applies with w0 = Nεℓα, and the error in (3.31) is o(ℓα′), since

Nεw0(q−1 + N log N) ≤ 2N2ε−α+κ → 0,

24N2εw2
0(q

−1 + N log N) ≤ CN4ε−1−2α+κ = o(ℓα′),

where we used κ < α in the first bound and κ < 2α − α′ in the last relation. For a
two-element cluster K = {i, i + 1}, since the eigenvalues of a 2 × 2 Hermitian matrix
differ by the Euclidean norm of the vector formed by the difference of its diagonal entries
and twice the real and imaginary parts of its off-diagonal entry, the gap ĝK of the block
(Dy + W)KK is

ĝK =
∣∣(e−tα/2gi + Wi+1,i+1 − Wii, 2 Re Wi,i+1, 2 Im Wi,i+1

)∣∣. (9.29)

Next, we compute the conditional mean of the block statistic, following the proof of
Lemma 6.10. The first coordinate of the vector in (9.29) minus e−tα/2gi and the other two
coordinates are independent centered Gaussian variables with variance vC

Nℓ
2
α, where

vC
N =

2(1 − e−tα)

Nℓ2
α

=
2(1 − e−tα)

tα
∈ [2 − tα, 2]

(compare (6.41)). The vector in (9.29) is three-dimensional because degeneracies of Her-
mitian matrices have codimension three. Thus ĝK/ℓα has the law of |Gx| in Lemma 3.10
with n = 3, x = gi/ℓα, ϱ = e−tα/2, and v = vC

N, and we apply Lemma 3.10 with v0 = 2 at
the scale Nα−α′ = ℓα′/ℓα; its hypothesis p > 2 holds since p ≥ p∗. In the notation (3.34)
with n = 3, we have g2(x, 0, 0) = (4π)−3/2e−x2/4, and

∫
R3 f (|y|)dy = 4π

∫ ∞
0 r2 f (r)dr for

radial integrands. Since 4π(4π)−3/2 = (2
√

π)−1, we obtain

E
[

fp

( ĝK
ℓα′

) ∣∣∣ H
]
= N3(α−α′)

[ e−g2
i /(4ℓ2

α)

2
√

π

∫ ∞

0
y2 fp(y)dy + o(1) fp

( gi

ℓα

)]
, (9.30)

where the o(1) term is deterministic and uniform in H and in K.
Recall the block statistic X̂α′(φ, p) of (6.33), and the set P2 of two-element clusters and

the quantities gK and EK defined before it. We sum (9.30), multiplied by φN(EK), over
K ∈ P2, and we bound the error terms by PC(α). Using also N3(α−α′)MC

α = MC
α′ , we find

1
MC

α′
E
[
X̂α′(φ, p)

∣∣ H
]
=

∫ ∞
0 y2 fp(y)dy

2
√

π MC
α

∑
K∈P2

φN(EK)e−g2
K/(4ℓ2

α) + oP(1)

−→
∫ 2

−2
φ(E)c2(E)dE

∫ ∞

0
y2 fp(y)dy

in probability, which is the limit in (9.27) with α′ in place of α. For the limit, we used
PC(α) and Lemma 6.6 applied to the Gaussian test function y 7→ e−y2/4, together with
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0 r2e−r2/4 dr = 2

√
π, and we removed the pairs that do not form a two-element cluster

as explained below. The conditional variance bound is as in the proof of Lemma 6.11,
since the blocks of distinct clusters are conditionally independent given H.

We now treat the pairs of eigenvalues in a common cluster with at least three elements,
which appear in (6.36) and in the evaluation of the conditional mean. Here we use
Proposition 9.2, which applies since κ < 1/8, in place of Proposition 3.4. Let δ > 0, and
let I be a bulk interval containing the closed 2δ-neighborhood of supp φ. Recall from
Lemma 6.8 that every cluster has at most Nε elements, and observe that the smallest label
i of a cluster with at least three elements satisfies λi+2 − λi < 2etα/2q ≤ 4q, as in the proof
of that lemma. Hence the number of such pairs in clusters whose smallest eigenvalue
lies in I is at most N2ε times the number of labels i with λi ∈ I and λi+2 − λi ≤ 4q.
By Proposition 9.2, with probability tending to one, this is at most N1−8κ+3ε = o(MC

α′),
since 8κ > 3α′; this replaces the use of Proposition 3.4 in (6.35). A cluster has diameter
at most 2Nεq, so the pairs in clusters whose smallest eigenvalue lies outside I have
midpoints at distance at least δ from supp φ, and by Lemma 5.1 they contribute at most
CN2 exp(−δ2N1/5/2) = o(1).

The pairs in different clusters are at distance at least q/2, by Corollary 3.9, so they
contribute at most

4p∥φ∥∞N2
(ℓα′

q

)2p
= 4p∥φ∥∞MC

α′N
1+3α′−2p(α′−κ) ≤ 4p∥φ∥∞MC

α′N
2−61/15,

where we used p ≥ p∗ = 61, α′− κ ≥ 1/30, and 1+ 3α′ < 2. In the evaluation of the condi-
tional mean, the pairs of eigenvalues of H in different clusters are at distance at least q, so,
as in the proof of Lemma 6.10, they contribute at most ∥φ∥∞N2 exp(−q2/(4ℓ2

α)) = o(1),
since κ < α. Here 4ℓ2

α replaces the denominator 8ℓ2
α of the real symmetric case, because

the Gaussian factor in (9.30) is e−g2
i /(4ℓ2

α) instead of e−g2
i /(8ℓ2

α). Finally, the comparison
(9.4) at the scale ℓα′ and time tα has the error tαN1/2+3α′+12ε = N−1/2−2α+3α′+12ε, which
tends to zero by the last condition in (9.28). This completes the proof of PC(α′).

Iteration. The conditions (9.28) hold for the triples (α, α′, κ) equal to( 3
25

,
17

100
,

67
1000

)
,

( 17
100

,
6
25

,
19

200

)
,

( 6
25

,
8

25
,

49
400

)
. (9.31)

Indeed, for these three triples, in this order, we have(3α′

8
, κ, min

{
α, 2α − α′,

1
8

})
=

( 255
4000

,
268

4000
,

280
4000

)
,
( 18

200
,

19
200

,
20

200

)
,
( 48

400
,

49
400

,
50

400

)
,

α′ − κ =
103

1000
,

29
200

,
79

400
,(

α′,
1
6
+

2α

3

)
=

( 51
300

,
74
300

)
,
( 36

150
,

42
150

)
,
( 48

150
,

49
150

)
.
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The minima in the first line are 2α − α′, 2α − α′, and 1/8, respectively. In each triple of
the first line, the numbers increase, the differences in the second line exceed 1/30, and in
each pair of the third line the first number is smaller than the second. Starting from the
base case at α = 3/25 < 1/8, three induction steps give PC(α1) with α1 = 8/25.

9.7 The critical scale

We fix α1 = 8/25 and κ1 = 49/400, so that

1
4
< α1 <

1
3

,
3α1

8
< κ1 <

1
8

,
1

15
< κ1 < 2α1 −

1
3

, (9.32)

and we set q = N−1−κ1 . Recall that tα1 = Nℓ2
α1

= N−1−2α1 . Note that κ1 < α1. We
fix ε > 0 sufficiently small depending on the margins in (9.32); for example, we need
5ε < 8κ1 − 3α1 = 1/50. Fix a bulk interval I, a bulk interval I′ whose interior contains I,
and a bulk interval I′′ whose interior contains I′. We also fix x0 ≥ 1.

The matrix Htα1
. As in the induction step, conditionally on H, the matrix Htα1

has the
eigenvalues of Dy + W, where yi = e−tα1 /2λi and W is independent of H with the law of
(1 − e−tα1 )1/2G. We form clusters at the threshold q as in Section 6.3, and we work on the
event {H ∈ Gε/2}∩{maxi≤j |Wij| ≤ Nεℓα1}, whose probability tends to one. On this event,
Corollary 3.9 applies with w0 = Nεℓα1 , since N2εℓα1(q

−1 + N log N) ≤ CN2ε−α1+κ1 → 0.
It shows that the eigenvalues of Htα1

attached to a cluster differ from those of the
corresponding diagonal block of Dy + W by at most

CN4εℓ2
α1

q−1 = CN−1−2α1+κ1+4ε = o(d2),

since κ1 < 2α1 − 1/3, and that eigenvalues attached to different clusters are at distance at
least q/2, which is much larger than d2.

We next use Proposition 9.2 to control the sizes of the clusters. The smallest label
i of a cluster with at least three elements satisfies λi+2 − λi < 2etα1 /2q ≤ 4q, and if the
cluster has at least four elements, then also λi+3 − λi < 3etα1 /2q ≤ 6q. By Proposition 9.2,
applied with κ = κ1 ∈ (1/15, 1/8) and with I′′ in place of I, with probability tending to
one no cluster whose smallest eigenvalue lies in I′′ has four or more elements, and at
most N1−8κ1+ε such clusters have three elements. A cluster that contains an eigenvalue
in I′ has its smallest eigenvalue in I′′ for N ≥ N0, since its diameter is at most 2Nεq.

Two-element clusters. Let Q(y, E) = ∑n
j=1 θj φj(E) fpj(y) with θj ≥ 0, nonnegative φj ∈

C∞
c ((−2, 2)) with support in the interior of I′, and integers pj ≥ p∗, and set p0 = minj pj.

Recall that Ei = (λi + λi+1)/2. For a two-element cluster K = {i, i + 1}, the block gap



9 Complex Hermitian matrices 9.7 The critical scale 151

ĝi = ĝK is given by (9.29) with α1 in place of α. For E ∈ R, the function ψE(y) =

1 − e−Q(y,E) satisfies 0 ≤ ψE(y) ≤ Q(y, E) ≤ CQ fp0(y). We set

ψ̄i = E
[
ψEi(ĝi/d2)

∣∣ H
]
, mQ(E) =

∫ ∞

0
y2ψE(y)dy. (9.33)

By Lemma 3.10 as in (9.30), now applied to ψEi /CQ at the scale d2/ℓα1 , we have

ψ̄i =
( d2

ℓα1

)3[ e−g2
i /(4ℓ2

α1
)

2
√

π
mQ(Ei) + o(1) fp0

( gi

ℓα1

)]
,

uniformly in i. In particular, maxi ψ̄i ≤ C(d2/ℓα1)
3 → 0.

We now sum the ψ̄i. The function mQ is nonnegative and smooth, with support in the
interior of I′. By PC(α1), Lemma 6.6 applied with the unsmoothed weight mQ and the
test function y 7→ e−y2/4, and the identities (d2/ℓα1)

3MC
α1

= 1 and
∫ ∞

0 r2e−r2/4 dr = 2
√

π,
we find

∑
i

ψ̄i −→
∫ 2

−2

∫ ∞

0
c2(E) y2(1 − e−Q(y,E))dy dE (9.34)

in probability, where the sum is over the first labels of the two-element clusters. Here the
pairs that do not form a two-element cluster were removed from the statistic of PC(α1)

as in the induction step, using 8κ1 > 3α1 for the clusters with three elements. The blocks
of distinct clusters are conditionally independent given H, so the conditional expectation
of exp(−∑i Q(ĝi/d2, Ei)) given H is ∏i(1 − ψ̄i). Since maxi ψ̄i → 0 and ∑i ψ̄i = OP(1),
this product converges in probability to the exponential of minus the right side of (9.34).

Three-element clusters. Let K = {i, i + 1, i + 2} be a cluster whose smallest eigenvalue
lies in I′′, and let BK = (Dy + W)KK. This block is a deterministic diagonal matrix plus
a random matrix WKK independent of H as in Lemma 9.3, with σ2 = (1 − e−tα1 )/N ∈
[ℓ2

α1
/2, ℓ2

α1
]. By Lemma 9.3 with R = Nε, for all δ ∈ (0, σ],

P
(
gap(BK) ≤ δ

∣∣ H
)
≤ CN4ε

( δ

ℓα1

)3
+ Ce−N2ε/C.

We now bound the contribution of BK. Every pair of eigenvalues of BK is at distance
at least gap(BK), and fp0 is decreasing on [0, ∞). Let k ≥ 0 be the smallest integer such
that gap(BK) ≤ 2kd2. Then fp0(gap(BK)/d2) ≤ 4p02−2p0k, and we find

E
[

fp0

(gap(BK)

d2

) ∣∣∣ H
]
≤ CN4ε

( d2

ℓα1

)3
∑
k≥0

2(3−2p0)k + C
(d2

σ

)2p0
+ Ce−N2ε/C log N

≤ CN4ε
( d2

ℓα1

)3
,

where the second term bounds the contribution of the k with 2kd2 > σ, and the
third the error terms of the O(log N) values of k with 2kd2 ≤ σ. On our event, the
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eigenvalues of Htα1
attached to K differ from those of BK by o(d2), so the terms

in ∑i<i′ Q((λi′ − λi)/d2, (λi + λi′)/2) of the pairs of these eigenvalues are at most
C fp0(gap(BK)/d2). Summing over the at most N1−8κ1+ε three-element clusters, we find
that their total contribution, and also the conditional probability that some three-element
cluster produces a gap at most x0d2, is bounded in conditional expectation by

CN1−8κ1+5ε
( d2

ℓα1

)3
= CN1−8κ1+5εN−1+3α1 = CN3α1−8κ1+5ε → 0, (9.35)

since 5ε < 8κ1 − 3α1.

The remaining pairs. With probability tending to one, every cluster containing an
eigenvalue in I′ has at most three elements. The pairs of eigenvalues of Htα1

attached to
different clusters are at distance at least q/2, so, since p0 ≥ p∗, they contribute at most

CN2
(2d2

q

)2p0
= CN2−2p0(1/3−κ1) = o(1).

Pairs whose midpoint lies outside I′ do not contribute. For a two-element cluster {i, i+ 1},
the gap of Htα1

differs from ĝi by o(d2), so the rational factors change by a relative amount
o(1), and the midpoint differs from Ei by at most CNεℓα1 , as in the proof of Lemma 6.9,
so the weights φj change by at most CNεℓα1 . The conditional expectation of ∑i fp0(ĝi/d2)

over the two-element clusters meeting I′ is OP(1), by Lemma 3.10 and the upper bound
(6.20) in Lemma 6.6, so these changes contribute oP(1).

Combining these facts with the two preceding paragraphs and using the bounded
convergence theorem, we conclude that, for every Q as above,

E exp
(
− ∑

i<i′
Q
(λi′(Htα1

)− λi(Htα1
)

d2
,

λi(Htα1
) + λi′(Htα1

)

2

))
−→ exp

(
−

∫ 2

−2

∫ ∞

0
c2(E) y2(1 − e−Q(y,E))dy dE

)
.

(9.36)

The same argument shows that the statistic

∑
i<i′

χ
(λi + λi′

2

)
fp∗

(λi′ − λi

d2

)
, λi = λi(Htα1

),

is tight for every nonnegative χ ∈ C∞
c ((−2, 2)). Therefore, as in the proof of Lemma 6.6,

using Lemma 6.2 at the scale d2 = ℓ1/3, (9.36) also holds after replacing the weights φj
on the left side by their smoothings φj,N, since |e−a − e−b| ≤ |a − b| for a, b ≥ 0.

Return to H. The observable on the left side of (9.36), with smoothed weights, is of
the form considered in Definition 5.4 at the scale d2 = ℓ1/3. By (9.4) with α = 1/3 and
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t = tα1 , which is (9.3), the comparison error is CN1/2−2α1+12ε = CN−7/50+12ε = o(1),
since α1 > 1/4. Hence (9.36), with smoothed weights, holds with H in place of Htα1

.

Next, we show that close triples are absent for H at the scale d2. Let U(3)
d2

be defined
by (9.2) with d2 in place of q, p = p∗, and a nonnegative χ ∈ C∞

c ((−2, 2)) with support in
the interior of I′ and with χ ≥ 2 on a neighborhood of I, and let ηχ > 0 be such that the
2ηχ-neighborhood of supp χ lies in I′. We first show that U(3)

d2
(Htα1

) → 0 in probability.
A triple of eigenvalues of Htα1

attached to a single three-element cluster has its term
bounded by C fp∗(gap(BK)/d2), so the total contribution of these triples tends to zero in
probability by (9.35). A triple attached to at least two clusters contains two eigenvalues
at distance at least q/2, so these triples contribute at most CN3(2d2/q)2p∗ = o(1). With
probability tending to one, every cluster containing an eigenvalue in I′ has at most
three elements, and the triples whose mean lies at distance at least ηχ from supp χ

contribute at most CN3 exp(−η2
χN1/5/2) = o(1). Hence U(3)

d2
(Htα1

) → 0 in probability,

and Ee−U(3)
d2

(Htα1
) → 1.

We now transfer this to H. Applying (9.7) with r = 3, d2 in place of q (that is, κ = 1/3),

θ = M = 1, and t = tα1 , we find that Ee−U(3)
d2

(H) → 1, so U(3)
d2

(H) → 0 in probability.

If λi ∈ I and λi+2 − λi ≤ x0d2, then the term of (i, i + 1, i + 2) in U(3)
d2

(H) is at least
(1 + x2

0)
−3p∗ for N ≥ N0. Consequently, with probability tending to one, there exists

no i with λi ∈ I and λi+2 − λi ≤ x0d2. In particular, every pair i < i′ with λi ∈ I and
λi′ − λi ≤ x0d2 is then a pair of consecutive eigenvalues.

Conclusion. We have shown that (9.36) holds for H, with smoothed weights. Taking
Q = θχ fp∗ and letting θ → 0, we see that the statistics

∑
i<i′

χN

(λi + λi′

2

)
fp∗

(λi′ − λi

d2

)
are tight, and Lemma 5.1 then allows us to remove the smoothing of the weights as in the
proof of Lemma 6.6. Since the Laplace transform determines the law of a random vector
with nonnegative coordinates, it follows that for all nonnegative φ1, . . . , φn ∈ C∞

c ((−2, 2))
and integers p1, . . . , pn ≥ p∗, the vector of statistics

∑
i<i′

φj

(λi + λi′

2

)
fpj

(λi′ − λi

d2

)
, j ∈ [n],

converges jointly in law to the vector of integrals of the functions (y, E) 7→ φj(E) fpj(y)
against a Poisson process Π on [0, ∞)× (−2, 2) with intensity c2(E)y2 dy dE.

We now pass to general test functions. Every continuous function f with compact
support in [0, ∞) × (−2, 2) can be approximated by such combinations, with signed
coefficients, up to an error ϖ fp∗(y)1I′(E), by the weighted polynomial approximation in
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the variable (1+ y2)−1 in the proof of Lemma 6.6 and the partition of unity in the proof of
Proposition 4.1. Together with the tightness of the statistics ∑i<i′ χ((λi + λi′)/2) fp∗((λi′ −
λi)/d2) shown above, this shows that ∑i<i′ f ((λi′ − λi)/d2, (λi + λi′)/2) converges in
law to

∫
f dΠ, and hence that the point process ∑i<i′ δ((λi′−λi)/d2,(λi+λi′ )/2) converges in

distribution to Π with respect to the vague topology.
Finally, we pass to consecutive eigenvalues. By the absence of close triples for H at

the scale d2, shown above and applied to bulk intervals I containing the E-supports of
the test functions, the pairs with λi′ − λi ≤ x0d2 are pairs of consecutive eigenvalues with
probability tending to one, and midpoints may be replaced by left endpoints since they
differ by O(d2). This gives the convergence of the point processes (1.8). The limit (1.9)
follows from Lemma 4.12, whose proof applies with Π and its intensity c2(E)y2 dy dE in
place of Ξ and ν, since

∫ x
0 c2(E)y2 dy = π2ρsc(E)4x3/9.



appendix a

Pair statistics of the Gaussian orthogonal ensemble

In this appendix, we prove Proposition 3.6. Throughout, we fix α ∈ (0, 1/4), p > 1, and
a function f as in Proposition 3.6, together with the bulk interval I and the constant C f
given there.

We follow the approach of Feng, Li, and Yao [33], who treat the Gaussian symplectic
ensemble in detail and sketch the orthogonal case. The correlation functions of the
GOE are Pfaffians of a 2 × 2 matrix kernel built from Hermite functions. The mean
of the statistic in (3.16) is an integral of the two-point function, and the variance is
controlled by the two-, three-, and four-point functions. However, the GOE analogues
of the kernel bounds in [33, Lemma 3.2] are asserted in [33, Section 7.1] without proof,
and the expansion of the two-point function that we need is not stated there, so we give
complete proofs. They rest on elementary estimates for Hermite functions, proved in
Appendix A.1, and on the density of states, which we deduce from eigenvalue rigidity in
Lemma A.7. The main step is the exact identity for the slope of the two-point function
at the diagonal in Lemma A.8; together with the density of states, it determines the
two-point function at separations below N−1. The most technical part of the argument is
the decorrelation estimate for two separated pairs of nearby points in Lemma A.9, which
controls the variance.

In this appendix only, we abbreviate λi = λi(G). For δ ∈ (0, 1), we set Iδ = [−2 +

δ, 2 − δ]. Constants C, c > 0 and thresholds N0 may depend on δ, α, p, I, and f , but not
on N.

A.1 Hermite functions

Let Hen denote the monic Hermite polynomials orthogonal with respect to the weight
e−w2/2. They are determined by the generating function

∞

∑
n=0

Hen(w)ζn

n!
= ewζ−ζ2/2, w, ζ ∈ R. (A.1)

For integers n ≥ 0, we define the Hermite functions

hn(w) = (2π)−1/4(n!)−1/2Hen(w)e−w2/4, w ∈ R, (A.2)

and we set h−1 = 0. The functions hn form an orthonormal family in L2(R) (see [2,
Section 3.2]), and hn(−w) = (−1)nhn(w). Differentiating (A.1) in w and in ζ, we find

155
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He′n = nHen−1 and wHen = Hen+1 + nHen−1. These two relations imply He′′n − wHe′n +
nHen = 0. We set

en(w) = n +
1
2
− w2

4
, n ≥ 0, w ∈ R. (A.3)

In terms of the Hermite functions, the three relations above become

whn =
√

n + 1 hn+1 +
√

n hn−1, h′n =

√
n hn−1 −

√
n + 1 hn+1

2
, h′′n = −enhn,

(A.4)
for all n ≥ 0. For w, w′ ∈ R and j ≥ 0, the first identity in (A.4) gives

(w − w′)hj(w)hj(w′) =
√

j + 1
(
hj+1(w)hj(w′)− hj(w)hj+1(w′)

)
−

√
j
(
hj(w)hj−1(w′)− hj−1(w)hj(w′)

)
.

Summing over 0 ≤ j ≤ n − 1, we see that the right side telescopes, and we obtain the
Christoffel–Darboux formula

n−1

∑
j=0

hj(w)hj(w′) =
√

n
hn(w)hn−1(w′)− hn−1(w)hn(w′)

w − w′ , n ≥ 1, w ̸= w′. (A.5)

Letting w′ → w in (A.5), we also have

n−1

∑
j=0

hj(w)2 =
√

n
(
h′n(w)hn−1(w)− h′n−1(w)hn(w)

)
. (A.6)

For integers n ≥ 0 and w ∈ R, we define

Fn(w) =
1
2

∫
R

sgn(w − w′)hn(w′)dw′, (A.7)

and we set F−1 = 0. Then F′
n = hn. Since h′n is integrable and hn(w) → 0 as |w| → ∞, we

have
1
2

∫
R

sgn(w − w′)h′n(w′)dw′ = hn(w), w ∈ R.

Inserting the second identity in (A.4) into the left side, we obtain

hn =

√
n Fn−1 −

√
n + 1 Fn+1

2
, n ≥ 0. (A.8)

We will need the following estimates.

Lemma A.1. Let δ ∈ (0, 1]. There exists C > 0, depending only on δ, such that the following
statements hold for every integer n ≥ 1.

(a) For |w| ≤ (2 − δ)
√

n and k ∈ {0, 1, 2, 3}, we have |h(k)n (w)| ≤ Cnk/2−1/4.
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(b) For |w|, |w′| ≤ (2 − δ)
√

n, we have
∣∣ ∫ w′

w hn
∣∣ ≤ Cn−3/4.

(c) If n is even, then C−1n−1/4 ≤
∫

R
hn ≤ Cn−1/4. If n is odd, then

∣∣ ∫ ∞
0 hn

∣∣ ≤ Cn−1/4.
(d) For |w| ≤ (2 − δ)

√
n, we have |Fn(w)| ≤ Cn−1/4.

Proof. We begin with (a) for k ∈ {0, 1}, using the argument of Sonine and Pólya (see [68,
Section 7.31]). On the interval [0, (4n + 2)1/2), on which en > 0, we define

Θ(w) = hn(w)2 +
h′n(w)2

en(w)
.

Using h′′n = −enhn and e′n = −w/2, we find

Θ′ = 2hnh′n +
2h′nh′′n

en
− e′n(h′n)2

e2
n

=
w(h′n)2

2e2
n

≥ 0.

Hence Θ is nondecreasing on [0, (4n + 2)1/2).
Set w1 = (2 − δ)

√
n and w2 = (2 − δ/2)

√
n. Then w2 < (4n + 2)1/2, and

en(w) ≥ n
(
1 − (1 − δ/4)2) ≥ δn

4
, w ∈ [w1, w2].

Let 0 ≤ w ≤ w1. Since Θ is nondecreasing, Θ(w) ≤ Θ(w′) for all w′ ∈ [w1, w2].
Averaging over w′, we obtain

Θ(w) ≤ 1
w2 − w1

∫ w2

w1

Θ(w′)dw′ ≤ 2
δ
√

n

( ∫
R

h2
n +

4
δn

∫
R
(h′n)2

)
=

2
δ
√

n

(
1 +

2n + 1
δn

)
≤ 8

δ2
√

n
,

where in the equality we used the identity∫
R
(h′n)2 =

2n + 1
4

,

which follows from the second identity in (A.4) and orthonormality. Consequently,

hn(w)2 ≤ Θ(w) ≤ 8
δ2
√

n
, h′n(w)2 ≤ en(w)Θ(w) ≤ 8(n + 1)

δ2
√

n
.

The same bounds hold for −w1 ≤ w ≤ 0 by the parity of hn, which proves (a) for
k ∈ {0, 1}.

The cases k ∈ {2, 3} follow from the identity h′′n = −enhn and its consequence

h′′′n = (w/2)hn − enh′n, (A.9)

together with |en(w)| ≤ n + 1 and |w| ≤ 2
√

n.
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Next, we prove (b). We have

en(w) ≥ n
(
1 − (1 − δ/2)2) ≥ δn

2
, |w| ≤ (2 − δ)

√
n.

On this interval, hn = −h′′n/en, and two integrations by parts give

∫ w′

w
hn = −

[h′n
en

−
( 1

en

)′
hn

]w′

w
−

∫ w′

w

( 1
en

)′′
hn.

We have ( 1
en

)′
=

w
2e2

n
,

( 1
en

)′′
=

1
2e2

n
+

w2

2e3
n

,

so 1/en, (1/en)′, and (1/en)′′ are bounded by Cn−1, Cn−3/2, and Cn−2 on the interval.
Using (a) and |w′ − w| ≤ 4

√
n, we find∣∣∣ ∫ w′

w
hn

∣∣∣ ≤ C
(
n−1n1/4 + n−3/2n−1/4 +

√
n n−2n−1/4) ≤ Cn−3/4.

We now prove (c). In the computations below, the exchange of sums and integrals is
justified by absolute convergence.

Suppose first that n = 2l with l ≥ 1. Multiplying (A.1) by e−w2/4 and integrating over
w ∈ R, we have

∞

∑
n′=0

ζn′

n′!

∫
R

e−w2/4Hen′(w)dw =
∫

R
e−(w−2ζ)2/4+ζ2/2 dw = 2

√
π eζ2/2.

Comparing the coefficients of ζ2l, we obtain∫
R

e−w2/4He2l(w)dw =
2
√

π (2l)!
2l l!

,

and therefore ∫
R

h2l =
2
√

π

(2π)1/4 ·
√
(2l)!
2l l!

=
2
√

π

(2π)1/4

(
4−l

(
2l
l

))1/2
.

The claim for even n now follows from the elementary bounds

(4l)−1/2 ≤ 4−l
(

2l
l

)
≤ (πl)−1/2.

Suppose next that n = 2l + 1 with l ≥ 1. For ζ ∈ R, we have∫ ∞

0
e−w2/4ewζ−ζ2/2 dw = eζ2/2

∫ ∞

−2ζ
e−v2/4 dv =

√
π eζ2/2 + 2ζ

∫ 1

0
eζ2(1/2−v2) dv.
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The first term on the right side is even in ζ. Let

jl =
∫ 1

0
(1 − 2v2)l dv.

Comparing the coefficients of ζ2l+1, we obtain∫ ∞

0
h2l+1 =

21−l
√
(2l + 1)!

(2π)1/4l!
jl =

2
√

2l + 1
(2π)1/4

(
4−l

(
2l
l

))1/2
jl.

To bound jl, we use the inequalities

0 ≤ 1 − 2v2 ≤ e−2v2
, v ∈ [0, 2−1/2],

0 ≤ 2v2 − 1 ≤ 1 − 2(1 − v) ≤ e−2(1−v), v ∈ [2−1/2, 1].

They give

|jl| ≤
∫ ∞

0
e−2lv2

dv +
∫ ∞

0
e−2lv dv ≤ 2l−1/2,

and therefore ∣∣∣ ∫ ∞

0
h2l+1

∣∣∣ ≤ Cl1/2l−1/4l−1/2 ≤ Cn−1/4.

The case n = 1 is trivial.
Finally, we prove (d). When n is even, hn is even, and when n is odd, hn is odd.

Therefore

Fn(w) =
∫ w

0
hn (n even), Fn(w) =

∫ w

0
hn −

∫ ∞

0
hn (n odd),

and (b) with w′ = 0 and (c) give the claim.

A.2 The Pfaffian formula

The entries Gab with a ≤ b are independent centered Gaussian random variables with vari-
ance 2/N for a = b and 1/N for a < b, so G has density proportional to exp(−N Tr A2/4)
with respect to Lebesgue measure on the space of N × N real symmetric matrices A.
Therefore, the eigenvalues of G, in uniformly random order, have the joint density

℘N(x1, . . . , xN) =
1
ZN

∏
1≤i<j≤N

|xi − xj|
N

∏
i=1

e−Nx2
i /4 (A.10)

on RN, where ZN is a normalizing constant (see [2, Section 2.5]; this is [33, (1.1)] for the
orthogonal ensemble). For n ∈ [N], we define the n-point correlation function

Rn,N(x1, . . . , xn) =
N!

(N − n)!

∫
RN−n

℘N(x1, . . . , xN)dxn+1 · · · dxN. (A.11)
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It is nonnegative and symmetric in its arguments. Since ℘N is symmetric, we have

E ∑
(i1,...,in)

F (λi1 , . . . , λin) =
∫

Rn
F (x1, . . . , xn)Rn,N(x1, . . . , xn)dx1 · · · dxn (A.12)

for every measurable F : Rn → [0, ∞), where the sum runs over n-tuples of pairwise
distinct indices in [N]. By linearity, (A.12) also holds for every bounded measurable F
with compact support.

We recall the definition of the Pfaffian. For an antisymmetric 2n × 2n matrix W, we set

Pf W = ∑
m

sgn(m) ∏
{σ,σ′}∈m, σ<σ′

Wσσ′ , (A.13)

where the sum runs over the perfect matchings m of [2n], and sgn(m) is the sign of
the permutation (σ1, σ′

1, . . . , σn, σ′
n) of [2n] obtained by listing the pairs {σr, σ′

r} of m

with σr < σ′
r (this sign does not depend on the order of the pairs). We use three

properties. First, Pf(BTWB) = det(B)Pf(W) for every 2n × 2n matrix B [33, Section 2.2].
Second, let 1 ≤ l < n and set P1 = [2l] and P2 = [2n] \ [2l]. Let WP1P1 and WP2P2

denote the corresponding principal submatrices. Then the terms in (A.13) indexed
by the matchings m such that every pair of m is a subset of P1 or of P2 add up to
Pf(WP1P1)Pf(WP2P2). Third, the number of perfect matchings of [2n] is (2n − 1)!!, so that
|Pf W| ≤ (2n − 1)!! maxσ,σ′ |Wσσ′ |n.

We now define the matrix kernel of the GOE, following [33, (7.2)] up to the names of
the functions.

Definition A.2. Let N ≥ 2. For x, y ∈ R, we define

KN(x, y) =
√

N
N−1

∑
j=0

hj(
√

Nx)hj(
√

Ny), P(x, y) =
N
2

hN−1(
√

Nx)FN(
√

Ny),

and S = KN + P. We define q(x) = 0 if N is even and

q(x) =
√

N hN−1(
√

Nx)
( ∫

R
hN−1

)−1

if N is odd, where
∫

R
hN−1 > 0 by the proof of Lemma A.1(c). We further set Q(x) =

(1/2)
∫

R
sgn(x − x′)q(x′)dx′ and

T(x, y) = S(x, y) + q(x), V(x, y) = −∂yS(x, y),

I(x, y) =
1
2

∫
R

sgn(x − x′)S(x′, y)dx′ − 1
2

sgn(x − y) + Q(x)− Q(y).

Finally, we define the 2 × 2 matrix

A(x, y) =
(

I(x, y) T(y, x)
−T(x, y) −V(x, y)

)
.
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We suppress the dependence on N in P, S, q, Q, T, V, I, and A. (The function KN is
the correlation kernel of the eigenvalues of the Gaussian unitary ensemble normalized
so that E|Gab|2 = 1/N for all a, b, which is the normalization of Section 9 [2, Section 3.2],
and P and q are the corrections for the orthogonal ensemble.) The functions KN, P, S, q,
T, and V are smooth, since F′

N = hN . Observe that S(·, y) and q are integrable, so I and Q
are well defined, and that Q′ = q.

Lemma A.3. Let N ≥ 2 and n ∈ [N]. For all pairwise distinct x1, . . . , xn ∈ R,

Rn,N(x1, . . . , xn) = Pf
[
A(xi, xj)

]n
i,j=1, (A.14)

where the 2n × 2n matrix on the right has the 2 × 2 block A(xi, xj) in block position (i, j).

This is the classical Pfaffian, or quaternion determinant, formula of Mehta for the
correlation functions of the GOE [56]. In the present normalization, it is [33, (7.1)–(7.2)].
In the notation of [33], the matrix size is n instead of N, the functions T, V, I, q, and Q
are denoted S(1)

n + αn, V(1)
n , J(1)n , αn, and γn, and A(x, y) is the matrix JK(1)

n (x, y); these
symbols are used only in this paragraph. For even N, the matrix kernel is derived by
Tracy and Widom [72, (9.1) and Section 10], and for odd N it is given by Adler, Forrester,
Nagao, and van Moerbeke [1, (2.11) and (4.3)]. These references use the weight e−x2/2,
which corresponds to the eigenvalues of G multiplied by (N/2)1/2. By Lemma A.4(a)
below, the matrix on the right side of (A.14) is antisymmetric.

We will use the following identities for the kernel.

Lemma A.4. Let N ≥ 2 and x, y ∈ R.

(a) We have V(x, y) = −V(y, x) and I(x, y) = −I(y, x). In particular, A(x, y)T = −A(y, x).
(b) We have

I(x, y) =
∫ x

y
T(x′, y)dx′ − 1

2
sgn(x − y). (A.15)

Consequently, ∂xI(x, y) = T(x, y) and ∂yI(x, y) = −T(y, x) for x ̸= y.
(c) We have R1,N(x) = T(x, x), and if x ̸= y, then

R2,N(x, y) = T(x, x)T(y, y)− T(x, y)T(y, x) + I(x, y)V(x, y). (A.16)

Proof. Throughout the proof, we write w =
√

Nx and w′ =
√

Ny. We begin with V. The
second identity in (A.4) gives

N−1

∑
j=0

hj(w)h′j(w′) =
1
2

N−1

∑
j=1

√
j
(
hj(w)hj−1(w′)− hj−1(w)hj(w′)

)
−

√
N

2
hN−1(w)hN(w′).

Using F′
N = hN, we have

∂yP(x, y) =
N3/2

2
hN−1(w)hN(w′),
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and therefore

V(x, y) = −N
( N−1

∑
j=0

hj(w)h′j(w′) +

√
N

2
hN−1(w)hN(w′)

)
= −N

2

N−1

∑
j=1

√
j
(
hj(w)hj−1(w′)− hj−1(w)hj(w′)

)
,

(A.17)

which is antisymmetric in (x, y).
Next, we consider I. Substituting

√
Nx′ as the variable of integration, we find

1
2

∫
R

sgn(x − x′)
√

Nhj(
√

Nx′)dx′ = Fj(w),

and therefore

1
2

∫
R

sgn(x − x′)S(x′, y)dx′ =
N−1

∑
j=0

Fj(w)hj(w′) +

√
N

2
FN−1(w)FN(w′).

Inserting (A.8) for hj(w′) and arguing as for (A.17), we find

1
2

∫
R

sgn(x − x′)S(x′, y)dx′ =
1
2

N−1

∑
j=1

√
j
(
Fj(w)Fj−1(w′)− Fj−1(w)Fj(w′)

)
. (A.18)

Let I0(x, y) denote the right side of (A.18) plus Q(x)− Q(y), so that

I(x, y) = I0(x, y)− 1
2

sgn(x − y).

The function I0 is continuous and antisymmetric, and the function (x, y) 7→ sgn(x − y) is
antisymmetric. Therefore I is antisymmetric, which completes the proof of (a), since the
identity A(x, y)T = −A(y, x) follows from the antisymmetry of I and V.

We now prove (b). Since I0 is continuous and antisymmetric, we have I0(y, y) = 0.
Further, the fundamental theorem of calculus and Q′ = q give

∂xI0(x, y) = S(x, y) + q(x) = T(x, y), x ∈ R.

Hence
I0(x, y) =

∫ x

y
T(x′, y)dx′,

which is (A.15). The formula for ∂xI follows at once, and the formula for ∂yI follows from
I(x, y) = −I(y, x).

It remains to prove (c). By (a), we have I(x, x) = 0 and V(x, x) = 0. Hence A(x, x) has
the entries T(x, x) and −T(x, x) off the diagonal and zeros on the diagonal, and (A.14)



A Pair statistics of the Gaussian orthogonal ensemble A.3 Kernel estimates 163

with n = 1 gives R1,N(x) = T(x, x). For n = 2, the definition of A and (a) show that the
matrix W in (A.14) is

W =


0 T(x, x) I(x, y) T(y, x)

−T(x, x) 0 −T(x, y) −V(x, y)
−I(x, y) T(x, y) 0 T(y, y)
−T(y, x) V(x, y) −T(y, y) 0

 .

Therefore
R2,N(x, y) = W12W34 − W13W24 + W14W23,

which is (A.16).

A.3 Kernel estimates

For functions of two real variables, we write ∂1 and ∂2 for the partial derivatives in the
first and second variables. We first bound the kernel KN and its derivatives in the bulk.

Lemma A.5. Let δ ∈ (0, 1). There exist C > 0 and N0 such that the following statements hold
for all N ≥ N0 and x, y ∈ Iδ.

(a) For all integers k1, k2 ≥ 0 with k1 + k2 ≤ 3, we have |∂k1
x ∂k2

y KN(x, y)| ≤ CN1+k1+k2 .
(b) If x ̸= y, then |KN(x, y)| ≤ C|x − y|−1 and |∂yKN(x, y)| ≤ C(N|x − y|−1 + |x − y|−2).
(c) The derivative of the function x 7→ KN(x, x) is bounded by CN on Iδ.
(d) We have

∂2
yKN(x, y)

∣∣
y=x = −N

3

(
N
(

1 − x2

4

)
+

1
2

)
KN(x, x)− N2

3
hN(

√
Nx)h′N−1(

√
Nx).

(A.19)

Proof. Let w =
√

Nx and w′ =
√

Ny, and define

K◦(w, w′) =
N−1

∑
j=0

hj(w)hj(w′), so that KN(x, y) =
√

NK◦(w, w′).

We have |w|, |w′| ≤ (2 − δ)
√

N, and there exists N0 such that (2 − δ)
√

N ≤ (2 − δ/2)
√

n
for all N ≥ N0 and n ∈ {N − 1, N}. Hence Lemma A.1(a) with δ/2 in place of δ gives

|h(k)n (w)|+ |h(k)n (w′)| ≤ CNk/2−1/4, n ∈ {N − 1, N}, k ∈ {0, 1, 2, 3}. (A.20)

We begin with (a). Using (A.6) with n = N and (A.20), we obtain

N−1

∑
j=0

hj(w)2 =
√

N
(
h′N(w)hN−1(w)− h′N−1(w)hN(w)

)
≤ C

√
N.
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Squaring the second identity in (A.4) and using the Cauchy–Schwarz inequality, we find

N−1

∑
j=0

h′j(w)2 ≤ 1
2

N−1

∑
j=0

(
jhj−1(w)2 + (j + 1)hj+1(w)2) ≤ N

N

∑
j=0

hj(w)2 ≤ CN3/2,

where in the last step we used (A.20) for hN(w). Next, for j ≤ N − 1, (A.4) and (A.9) give

|h′′j (w)| = |ej(w)||hj(w)| ≤ 2N|hj(w)|,

|h′′′j (w)| ≤ |w|
2

|hj(w)|+ 2N|h′j(w)| ≤
√

N|hj(w)|+ 2N|h′j(w)|.

Combining the last three bounds, we find

N−1

∑
j=0

h(k)j (w)2 ≤ CNk+1/2, k ∈ {0, 1, 2, 3}, (A.21)

and the same bound holds at w′. The Cauchy–Schwarz inequality and (A.21) now give

|∂k1
x ∂k2

y KN(x, y)| = N(1+k1+k2)/2
∣∣∣ N−1

∑
j=0

h(k1)
j (w)h(k2)

j (w′)
∣∣∣

≤ N(1+k1+k2)/2(CNk1+1/2)1/2(CNk2+1/2)1/2
= CN1+k1+k2 .

To prove (b), we write (A.5) in the form

KN(x, y) =
√

N
Z(w, w′)

x − y
, Z(w, w′) = hN(w)hN−1(w′)− hN−1(w)hN(w′).

By (A.20), we have

|Z(w, w′)| ≤ CN−1/2, |∂w′Z(w, w′)| ≤ C.

The bounds in (b) then follow from the last two displays and the identity

∂yKN(x, y) =
N∂w′Z(w, w′)

x − y
+

√
NZ(w, w′)

(x − y)2 .

Next, we prove (c). The second identity in (A.4) and a telescoping sum give

d
dx

KN(x, x) = 2N
N−1

∑
j=0

hj(w)h′j(w) = −N3/2hN−1(w)hN(w),

and the right side is bounded by CN by (A.20).
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It remains to prove (d), which holds for all x ∈ R. We fix w and set z(w′) = Z(w, w′),
so that z is entire and z(w) = 0. By (A.5) and the Taylor expansion of z at w, we have

K◦(w, w′) = −
√

N
z(w′)

w′ − w
= −

√
N

∞

∑
l=1

z(l)(w)

l!
(w′ − w)l−1, w′ ̸= w.

Hence

K◦(w, w) = −
√

Nz′(w), ∂2
w′K◦(w, w′)

∣∣
w′=w = −

√
N

3
z′′′(w).

To compute z′′′, we use (A.9) with n ∈ {N − 1, N}, together with eN−1 = eN − 1. We
obtain

z′′′(w) = −eN−1(w)hN(w)h′N−1(w) + eN(w)hN−1(w)h′N(w)

= −eN(w)z′(w) + hN(w)h′N−1(w).

Combining the last two displays, we obtain

∂2
w′K◦(w, w′)

∣∣
w′=w = −eN(w)

3
K◦(w, w)−

√
N

3
hN(w)h′N−1(w).

Finally, inserting the relations

∂2
yKN(x, y) = N3/2∂2

w′K◦(w, w′), K◦(w, w) =
KN(x, x)√

N
, eN(

√
Nx) = N

(
1 − x2

4

)
+

1
2

into the preceding formula for ∂2
w′K◦(w, w′)|w′=w, we obtain (A.19).

We now turn to the functions T, V, and I of Definition A.2.

Lemma A.6. Let δ ∈ (0, 1). There exist C > 0 and N0 such that the following statements hold
for all N ≥ N0 and x, y ∈ Iδ.

(a) For all integers k1, k2 ≥ 0 with k1 + k2 ≤ 2, we have |∂k1
x ∂k2

y T(x, y)| ≤ CN1+k1+k2 and
|∂k1

x ∂k2
y V(x, y)| ≤ CN2+k1+k2 .

(b) If x ̸= y, then |T(x, y)| ≤ C(|x − y|−1 + N1/2) and |V(x, y)| ≤ C(N|x − y|−1 + |x −
y|−2 + N).

(c) We have |I(x, y)| ≤ C(1 + log(1 + N|x − y|)).
(d) We have |T(x, x)− KN(x, x)| ≤ CN1/2, and the derivative of the function x 7→ T(x, x) is

bounded by CN3/2 on Iδ.
(e) We have ∣∣∣∂2V(x, x)− N

3

(
N
(

1 − x2

4

)
+

1
2

)
KN(x, x)

∣∣∣ ≤ CN2. (A.22)
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Proof. We write w =
√

Nx and w′ =
√

Ny. Let N0 be as in the proof of Lemma A.5, so
that (A.20) holds. Since |w′| ≤ (2 − δ/2)

√
N, Lemma A.1(d) and (c), with δ/2 in place of

δ, give

|FN(w′)| ≤ CN−1/4,
∫

R
hN−1 ≥ cN−1/4 if N is odd.

Recall that T = KN + P + q and V = −∂yKN − ∂yP. We first bound the corrections P
and q. For integers k1 ≥ 0 and k2 ≥ 1 with k1 + k2 ≤ 3, we have

∂k1
x P(x, y) =

N1+k1/2

2
h(k1)

N−1(w)FN(w′),

∂k1
x ∂k2

y P(x, y) =
N1+(k1+k2)/2

2
h(k1)

N−1(w)h(k2−1)
N (w′),

and, for odd N,

q(k1)(x) = N(1+k1)/2h(k1)
N−1(w)

( ∫
R

hN−1

)−1
.

Therefore

|∂k1
x P(x, y)|+ |q(k1)(x)| ≤ CNk1+1/2, |∂k1

x ∂k2
y P(x, y)| ≤ CNk1+k2 , (A.23)

where we used (A.20) and the bounds on FN(w′) and
∫

R
hN−1. The bounds in (a) follow

from (A.23) and Lemma A.5(a), and the bounds in (b) follow from (A.23) with k1 + k2 ≤ 1
and Lemma A.5(b).

To prove (c), we use (A.15) and bound the contributions of KN , P, and q to the integral
there separately. By Lemma A.5(a) and (b), we have |KN(x′, y)| ≤ C min(N, |x′ − y|−1)

for x′ ∈ Iδ, so∣∣∣ ∫ x

y
KN(x′, y)dx′

∣∣∣ ≤ C
∫ |x−y|

0
min(N, v−1)dv ≤ C(1 + log(1 + N|x − y|)).

Next, substituting
√

Nx′ as the variable of integration, we find

∫ x

y
P(x′, y)dx′ =

√
N

2
FN(w′)

∫ w

w′
hN−1,

∫ x

y
q(x′)dx′ =

( ∫
R

hN−1

)−1 ∫ w

w′
hN−1,

where the second identity is for odd N. Since |w|, |w′| ≤ (2− δ/2)
√

N − 1, Lemma A.1(b)
with δ/2 in place of δ gives ∣∣∣ ∫ w

w′
hN−1

∣∣∣ ≤ CN−3/4,

and therefore the integrals of P(·, y) and q from y to x are bounded in absolute value by
CN−1/2. Together with (A.15), this completes the proof of (c).
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We now prove (d). We have

T(x, x)− KN(x, x) = P(x, x) + q(x),
d

dx
T(x, x) =

d
dx

KN(x, x) + ∂1P(x, x) + ∂2P(x, x) + q′(x),

and (A.23) and Lemma A.5(c) bound the right sides by CN1/2 and CN3/2, respectively.
Finally, we prove (e). We have

∂2V(x, x) = −∂2
yKN(x, y)

∣∣
y=x − ∂2

yP(x, y)
∣∣
y=x,

and the second term is bounded by CN2 by (A.23). By (A.19), the first term differs
from the main term in (A.22) by N2|hN(w)h′N−1(w)|/3, which is bounded by CN2 by
(A.20).

We now deduce the density of states from eigenvalue rigidity, using the bound on the
derivative of x 7→ T(x, x) in Lemma A.6(d) to pass from intervals to points. Recall that
c(E) = (π2/6)ρsc(E)3, and note that 1 − x2/4 = π2ρsc(x)2 for |x| ≤ 2.

Lemma A.7. Let δ ∈ (0, 1). There exist C > 0 and N0 such that for all N ≥ N0 and x ∈ Iδ,

|R1,N(x)− Nρsc(x)|+ |KN(x, x)− Nρsc(x)| ≤ CN7/8,∣∣∣1
2

∂2V(x, x)− N3c(x)
∣∣∣ ≤ CN23/8.

(A.24)

Proof. Set ε = 1/8, and choose c∗ ∈ (0, 1/4) such that∫ −2+δ/4

−2
ρsc > 2c∗.

For N ≥ c−1
∗ , the definition of the classical locations and the symmetry γN−i = −γi then

give

γi < −2 +
δ

4
(i ≤ c∗N + 1), γi > 2 − δ

4
(i ≥ (1 − c∗)N − 1).

Let EN be the event that |λi − γi| ≤ N−1+ε for all i such that c∗N ≤ i ≤ (1 − c∗)N. By
Proposition 3.2(b) for G, we have P(E c

N) ≤ N−2 for N ≥ N0.
We first show that for all y1 < y2 such that [y1, y2] ⊂ Iδ/2,∣∣∣E#{i : λi ∈ [y1, y2]} − N

∫ y2

y1

ρsc

∣∣∣ ≤ CNε. (A.25)

Suppose that EN holds. Then, for i < c∗N, we have

λi ≤ λ⌈c∗N⌉ ≤ γ⌈c∗N⌉ + N−1+ε < y1,
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provided N ≥ N0, and similarly λi > y2 for i > (1 − c∗)N.
For the remaining indices, we have the implications

λi ∈ [y1, y2] =⇒ γi ∈ [y1 − N−1+ε, y2 + N−1+ε],

γi ∈ [y1 + N−1+ε, y2 − N−1+ε] =⇒ λi ∈ [y1, y2].

Since ρsc ≤ 1/π, consecutive classical locations are at distance at least π/N. Hence each
of the intervals [y1 − N−1+ε, y1 + N−1+ε] and [y2 − N−1+ε, y2 + N−1+ε] contains at most
CNε classical locations, and [y1, y2] contains N

∫ y2
y1

ρsc + O(1) of them. Therefore, on EN,

#{i : λi ∈ [y1, y2]} = N
∫ y2

y1

ρsc + O(Nε).

On E c
N, the left side is bounded by N, and NP(E c

N) ≤ N−1. Taking expectations, we
obtain (A.25).

Now let x ∈ Iδ, so that [x, x + N−3/4] ⊂ Iδ/2. Using (A.12) with n = 1, we have

E#{i : λi ∈ [x, x + N−3/4]} =
∫ x+N−3/4

x
R1,N(x′)dx′.

Note that R1,N(x′) = T(x′, x′) by Lemma A.4(c), so Lemma A.6(d) on Iδ/2 gives

|R1,N(x′)− R1,N(x)| ≤ CN3/2N−3/4 = CN3/4, x′ ∈ [x, x + N−3/4].

Using also (A.25) and the fact that ρsc is Lipschitz on Iδ/2, we find

|R1,N(x)− Nρsc(x)| ≤ N3/4
∣∣∣ ∫ x+N−3/4

x
R1,N − N

∫ x+N−3/4

x
ρsc

∣∣∣+ CN3/4 + CN1/4

≤ C
(

Nε+3/4 + N3/4) ≤ CN7/8.

By Lemma A.6(d), we have |KN(x, x)− R1,N(x)| ≤ CN1/2, which gives the first bound in
(A.24). Inserting it into (A.22) and using 1 − x2/4 = π2ρsc(x)2, we obtain

1
2

∂2V(x, x) =
(π2

6
N2ρsc(x)2 +

N
12

)(
Nρsc(x) + O(N7/8)

)
+ O(N2) = N3c(x) + O(N23/8),

which is the second bound in (A.24).

A.4 Correlation functions

We now estimate the correlation functions. In the next lemma, part (a) determines the
mean of the statistic in (3.16), and the cruder bound in part (b) will be used for the tails.

Lemma A.8. Let δ ∈ (0, 1). There exist C > 0 and N0 such that the following statements hold
for all N ≥ N0.
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(a) For all x, y ∈ Iδ such that 0 < y − x ≤ N−1,∣∣R2,N(x, y)− N3c(x)(y − x)
∣∣ ≤ C

(
N23/8(y − x) + N4(y − x)2),

|R2,N(x, y)| ≤ CN3(y − x).
(A.26)

(b) For all x, y ∈ Iδ such that |x − y| ≥ N−1, we have |R2,N(x, y)| ≤ CN2 log N.

Proof. We begin with (a). We set yv = x + v for v ∈ (0, y − x], and we define

r(v) = R2,N(x, yv) = T(x, x)T(yv, yv)− T(x, yv)T(yv, x) + I(x, yv)V(x, yv),

where the second equality is (A.16). By Lemma A.4(b) and the antisymmetry of I, we
have

I(x, y′) =
1
2
−

∫ y′

x
T(x′, x)dx′, ∂2I(x, y′) = −T(y′, x), y′ > x,

so r is smooth on (0, y − x]. Differentiating, we find

r′(v) = T(x, x)
(
∂1T + ∂2T

)
(yv, yv)− ∂2T(x, yv)T(yv, x)− T(x, yv)∂1T(yv, x)

− T(yv, x)V(x, yv) + I(x, yv)∂2V(x, yv).

We now let v ↓ 0. Then I(x, yv) → 1/2, and V(x, x) = 0 by Lemma A.4(a). Since T and
V are smooth, the first three terms in r′(v) cancel in the limit, and the fourth term tends
to −T(x, x)V(x, x) = 0. Hence r(v) → 0 and

lim
v↓0

r′(v) = 1
2

∂2V(x, x). (A.27)

Next, we bound r′ and r′′. Since v ≤ N−1, Lemma A.6(c) gives |I(x, yv)| ≤ C. The
derivatives of T and V of order at most two are bounded on I2

δ by Lemma A.6(a), and
∂2

2I(x, y′) = −∂1T(y′, x) for y′ > x. Differentiating r′ once more and inserting these
bounds, we obtain

|r′(v)| ≤ CN3, |r′′(v)| ≤ CN4, v ∈ (0, y − x].

For example, the last term of r′ contributes |I ∂2
2V|+ |∂2I ∂2V| ≤ CN4 to r′′.

Since r(v) → 0 as v ↓ 0, we have

R2,N(x, y) =
∫ y−x

0
r′(v)dv =

y − x
2

∂2V(x, x) +
∫ y−x

0

(
r′(v)− 1

2
∂2V(x, x)

)
dv,

where the last integral is bounded by CN4(y − x)2 by (A.27) and the bound on r′′.
Combining this with Lemma A.7, we obtain the first bound in (A.26). The second bound
follows from the first identity in the last display and |r′| ≤ CN3.



A Pair statistics of the Gaussian orthogonal ensemble A.4 Correlation functions 170

We now prove (b), using (A.16) and Lemma A.6. Since |x − y| ≥ N−1, parts (a), (b),
and (c) of that lemma give |T| ≤ CN on I2

δ and

|V(x, y)| ≤ C(N2 + N2 + N) ≤ CN2, |I(x, y)| ≤ C(1 + log(1 + 4N)) ≤ C log N,

where we also used |x − y| ≤ 4. Inserting these bounds into (A.16), we obtain
|R2,N(x, y)| ≤ CN2 log N.

To bound the higher correlation functions, we normalize the entries of the matrix
in (A.14). Let DN = diag(1, N−1). We let Bn denote the block diagonal matrix with n
diagonal blocks equal to DN. Then det Bn = N−n, and the first property of the Pfaffian
gives

Rn,N(x1, . . . , xn) = Nn Pf
[
DNA(xi, xj)DN

]n
i,j=1, (A.28)

where

DNA(x, y)DN =

(
I(x, y) N−1T(y, x)

−N−1T(x, y) −N−2V(x, y)

)
.

For the matrix in (A.28), we call row 2i − 1 the first row of the point xi and row 2i its
second row, and similarly for columns. By Lemma A.6(a), all entries of DNA(x, y)DN
other than I(x, y) are bounded by a constant for x, y ∈ Iδ. For ϱ > 0, we set

∆0(ϱ) = (Nϱ)−1 + N−1/2. (A.29)

Lemma A.9. Let δ ∈ (0, 1). There exist C > 0 and N0 such that the following statements hold
for all N ≥ N0.

(a) For all pairwise distinct x1, x2, x3 ∈ Iδ such that |xi − xj| ≤ N−1 for all i, j, we have
|R3,N(x1, x2, x3)| ≤ CN3.

(b) For all pairwise distinct x1, x2, x3, x4 ∈ Iδ, we have |R4,N(x1, x2, x3, x4)| ≤ CN4(log N)2.
(c) Let x1, x2, x3, x4 ∈ Iδ with x1 < x2 ≤ x1 + N−1 and x3 < x4 ≤ x3 + N−1, and set

ϱ = |x3 − x1|. Suppose that ϱ ≥ max(4(x2 − x1 + x4 − x3), N−1). Then∣∣R4,N(x1, x2, x3, x4)− R2,N(x1, x2)R2,N(x3, x4)
∣∣ ≤ CN4(log N)∆0(ϱ). (A.30)

Proof. We begin with (a). The points are pairwise within distance N−1, so Lemma A.6(c)
shows that the entries I(xi, xj) are bounded. Hence all entries of the 6 × 6 matrix in (A.28)
are bounded, and the third property of the Pfaffian gives |R3,N | ≤ 15C3N3.

Next, we prove (b). The entries I(xi, xj) of the 8 × 8 matrix in (A.28) are bounded by
C log N by Lemma A.6(c), and all other entries are bounded. The entries I(xi, xj) occupy
the positions where a first row meets a first column. There are four first rows, so each
perfect matching of [8] contains at most two pairs {σ, σ′} for which σ and σ′ are first rows.
Hence each term in (A.13) is bounded by C(log N)2, and |R4,N | ≤ 105 CN4(log N)2.
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We now prove (c), following the use of congruence transformations in [33, Section 5.2].
Let W denote the 8 × 8 matrix in (A.28) for the points x1, x2, x3, x4. We define W′ as the
matrix obtained from W by subtracting row 1 from row 3 and row 5 from row 7, followed
by the same operations on the columns. Thus row 3 of W′ is the difference of the first
rows of x2 and x1, and row 7 is the difference of the first rows of x4 and x3. We have
W′ = BTWB for a matrix B with det B = 1, so

Pf W′ = Pf W = N−4R4,N(x1, x2, x3, x4).

Let P1 = {1, 2, 3, 4} and P2 = {5, 6, 7, 8}. The transformation does not mix P1 and P2, so
W′

P1P1
is the congruence transform of WP1P1 by a matrix of determinant one, and (A.28)

with n = 2 gives

Pf W′
P1P1

= Pf WP1P1 = N−2R2,N(x1, x2), Pf W′
P2P2

= N−2R2,N(x3, x4).

We next bound the entries of W′. Observe that for x′ ∈ [x1, x2] and j ∈ {3, 4},

|x′ − xj| ≥ ϱ − (x2 − x1)− (x4 − x3) ≥
ϱ

2
,

and the same holds for x′ ∈ [x3, x4] and j ∈ {1, 2}. Each entry of W′
P1P1

is a signed sum of
at most four entries of WP1P1 , and |x1 − x2| ≤ N−1, so the entries of W′

P1P1
are bounded

by a constant by Lemma A.6(a) and (c). The same holds for W′
P2P2

.
Now consider an entry W′

σσ′ with σ ∈ P1 and σ′ ∈ P2. When σ and σ′ are second rows,
we have W′

σσ′ = −N−2V(xi, xj) for some i ∈ {1, 2} and j ∈ {3, 4}. When exactly one
of σ and σ′ is a first row, the entry W′

σσ′ is of the form ±N−1T(xi, xj) or ±N−1T(xj, xi)

with i ∈ {1, 2} and j ∈ {3, 4}, or a difference of two such entries. By Lemma A.6(b) and
Nϱ ≥ 1,

N−1|T(xi, xj)|+ N−1|T(xj, xi)| ≤ C
(
(Nϱ)−1 + N−1/2) ≤ C∆0(ϱ),

N−2|V(xi, xj)| ≤ C
(
(Nϱ)−1 + (Nϱ)−2 + N−1) ≤ C∆0(ϱ)

for i ∈ {1, 2} and j ∈ {3, 4}, so |W′
σσ′ | ≤ C∆0(ϱ) in these cases.

It remains to consider the first rows σ ∈ {1, 3} and σ′ ∈ {5, 7}, and there are four cases.
First, the entry W′

15 = I(x1, x3) is not small, but it is bounded by C log N by Lemma A.6(c).
Second, since x3 /∈ [x1, x2], (A.15) gives

W′
35 = I(x2, x3)− I(x1, x3) =

∫ x2

x1

T(x′, x3)dx′,

so Lemma A.6(b) and the assumption that x2 − x1 ≤ N−1 give

|W′
35| ≤ C(x2 − x1)(ϱ

−1 + N1/2) ≤ C∆0(ϱ).
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Third, by the antisymmetry of I and (A.15),

W′
17 = I(x1, x4)− I(x1, x3) = −

∫ x4

x3

T(x′, x1)dx′,

which is bounded in the same way. Fourth, the same argument gives

W′
37 =

∫ x2

x1

(
T(x′, x4)− T(x′, x3)

)
dx′,

which is also bounded by C∆0(ϱ).
Finally, we expand Pf W′ according to (A.13). By the second property of the Pfaf-

fian, the matchings m such that every pair of m is a subset of P1 or of P2 contribute
Pf W′

P1P1
Pf W′

P2P2
. Since |P1| = 4 is even, every other matching contains an even number

of pairs joining P1 and P2, hence at least two. Among these pairs, only the pair {1, 5},
which occurs at most once, carries an entry that is not bounded by C∆0(ϱ). Hence the
corresponding term contains at least one factor bounded by C∆0(ϱ), at most one factor
bounded by C log N, and other factors bounded by C. Using ∆0(ϱ) ≤ 2, we conclude that∣∣N−4R4,N(x1, x2, x3, x4)− N−4R2,N(x1, x2)R2,N(x3, x4)

∣∣ ≤ 105 C(log N)∆0(ϱ),

which is (A.30).

A.5 Mean, variance, and tails

We now prove Proposition 3.6. Recall from (3.15) that ℓα = N−1−α and Mα = N1−2α =

N3ℓ2
α. We choose δ ∈ (0, 1/4) such that I ⊂ I4δ. For a bounded measurable function

g : [0, ∞)× R → R, we define

Xα(G; g) = ∑
1≤i<j≤N

g
(λj − λi

ℓα
,

λi + λj

2

)
, L(g) =

∫ 2

−2

∫ ∞

0
c(E) rg(r, E)dr dE, (A.31)

where L(g) is defined whenever the integral converges absolutely. The statistic Xα(G; g)
extends the pair statistic (5.1) of G to functions g that are not products of a function of E
and a function of r. We also set

g♯(x, y) = g
( |y − x|

ℓα
,

x + y
2

)
, x, y ∈ R,

so that
Xα(G; g) =

1
2 ∑

i ̸=j
g♯(λi, λj).
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Throughout, we consider functions g that vanish for E /∈ I. If such an g is nonnegative
or vanishes for all sufficiently large r, then (A.12) with n = 2 and the substitution
y = x + v give

EXα(G; g) =
∫

x<y
g
(y − x

ℓα
,

x + y
2

)
R2,N(x, y)dx dy

=
∫ ∞

0

∫
R

g
( v
ℓα

, x +
v
2

)
R2,N(x, x + v)dx dv.

(A.32)

The integrand in (A.32) vanishes unless x + v/2 ∈ I ⊂ I4δ, and in that case x, x + v ∈ I3δ

whenever v ≤ δ.

The mean. Let r0 ≥ 1. Let g be bounded and measurable with g(r, E) = 0 for r > r0 or
E /∈ I. We claim that

lim
N→∞

EXα(G; g)
Mα

= L(g). (A.33)

Let N be large enough that r0ℓα ≤ N−1 ≤ δ. The integrand in (A.32) vanishes unless
v ≤ r0ℓα, and in that case x, x + v ∈ I3δ. Using Lemma A.8(a) with 3δ in place of δ, we
obtain

EXα(G; g) = N3
∫ r0ℓα

0

∫
R

g
( v
ℓα

, x +
v
2

)
c(x)v dx dv + O

( ∫ r0ℓα

0

(
N23/8v + N4v2)dv

)
= N3ℓ2

α

∫ r0

0

∫
I

g(r, E) c
(

E − ℓαr
2

)
r dE dr + O

(
N23/8ℓ2

α + N4ℓ3
α

)
,

where the implicit constants depend on r0 and ∥g∥∞, and in the second line we substituted
v = ℓαr and x = E − ℓαr/2. Since the function E 7→ c(E) is uniformly continuous on
[−2, 2], we have c(E − ℓαr/2)− c(E) → 0 uniformly in E ∈ I and r ∈ [0, r0]. Dividing by
Mα = N3ℓ2

α and using N23/8ℓ2
α = N−1/8Mα and N4ℓ3

α = N−αMα, we obtain (A.33).

The variance. Let r0 and g be as in the previous paragraph. We claim that

lim
N→∞

VarXα(G; g)
M2

α
= 0. (A.34)

Expanding the square of ∑i ̸=j g♯(λi, λj) according to the number of indices that the two
pairs share, and using (A.12) for n ∈ {2, 3, 4}, we find

VarXα(G; g) =
1
2

∫
g♯(x1, x2)

2R2,N(x1, x2) +
∫

g♯(x1, x2)g♯(x1, x3)R3,N(x1, x2, x3)

+
1
4

∫
g♯(x1, x2)g♯(x3, x4)

(
R4,N(x1, x2, x3, x4)− R2,N(x1, x2)R2,N(x3, x4)

)
,

(A.35)
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where the integrals are over R2, R3, and R4, and where we used

(
EXα(G; g)

)2
=

1
4

∫
g♯(x1, x2)g♯(x3, x4)R2,N(x1, x2)R2,N(x3, x4)dx1 · · · dx4.

Let N be large enough that 8r0ℓα ≤ N−1 ≤ δ. We bound the three terms in (A.35) in turn,
with constants depending on r0 and ∥g∥∞.

Since R2,N ≥ 0, the first term in (A.35) is bounded by ∥g∥∞EXα(G; |g|), which is
O(Mα) by (A.33) applied to |g|. In the second term, the integrand vanishes unless
|x2 − x1|, |x3 − x1| ≤ r0ℓα and x1, x2, x3 ∈ I3δ. The three points are then pairwise within
distance 2r0ℓα ≤ N−1, and Lemma A.9(a) bounds the second term by

CN3 · |I3δ|(2r0ℓα)
2 ≤ CMα.

We now turn to the third term. The integrand is invariant under exchanging x1 and x2

and under exchanging x3 and x4, so we may replace the factor 1/4 by 1 and restrict the
integral to the region where x1 < x2 and x3 < x4. On this region, the integrand vanishes
unless x2 − x1 ≤ r0ℓα, x4 − x3 ≤ r0ℓα, and all four points lie in I3δ. Set ϱ0 = N−1/2 and
ϱ = |x3 − x1|. We first consider the part of the region where ϱ ≤ ϱ0. There we use
Lemma A.9(b) and the bound |R2,N(x1, x2)| ≤ CN3(x2 − x1) ≤ CN2 from Lemma A.8(a).
This part of the support has measure at most |I3δ|(r0ℓα)2 · 2ϱ0, so its contribution is
bounded by

CN4(log N)2ℓ2
αϱ0.

In the remaining part, where ϱ > ϱ0, we have

ϱ ≥ N−1 ≥ 8r0ℓα ≥ 4(x2 − x1 + x4 − x3),

so Lemma A.9(c) applies. The contribution of this part is bounded by

CN4(log N)(r0ℓα)
2
∫

I3δ

∫
{x3:ϱ0<|x3−x1|≤4}

∆0(|x3 − x1|)dx3 dx1

≤ CN4ℓ2
α(log N)

(
N−1 log N + N−1/2).

Collecting the bounds and using N4ℓ2
α/M2

α = N−2ℓ−2
α = N2α, we obtain

VarXα(G; g)
M2

α
≤ C

(
M−1

α + N2α(log N)2N−1/2) = C
(

N2α−1 + (log N)2N2α−1/2).

The right side tends to zero because α < 1/4, which proves (A.34). This is the only place
in the proof where the assumption α < 1/4 is used.
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The tails. Let r0 ≥ 1. Let g be measurable with |g(r, E)| ≤ C f (1 + r2)−p for all (r, E) and
g(r, E) = 0 for r < r0 or E /∈ I. We claim that

lim sup
N→∞

EXα(G; |g|)
Mα

≤ CC f

∫ ∞

r0

r(1 + r2)−p dr. (A.36)

To prove this, we let N ≥ δ−1 and split the integral over v in (A.32), with |g| in place of g,
into three ranges. In the range r0ℓα ≤ v ≤ N−1, Lemma A.8(a) gives |R2,N(x, x + v)| ≤
CN3v, and the substitution v = ℓαr bounds the contribution of this range by

CC f |I|
∫ N−1

r0ℓα

(
1 +

v2

ℓ2
α

)−p
N3v dv ≤ CC f Mα

∫ ∞

r0

r(1 + r2)−p dr.

In the range N−1 ≤ v ≤ δ, we use (1 + v2/ℓ2
α)

−p ≤ (ℓα/v)2p and Lemma A.8(b) on I3δ.
The contribution of this range is bounded by

CC f N2(log N)
∫ δ

N−1

(ℓα

v

)2p
dv ≤ CN2p+1ℓ

2p
α log N

= CN1−2αp log N = CMαN−2α(p−1) log N.

The range v > δ contributes the expectation of the sum of |g((λj − λi)/ℓα, (λi + λj)/2)|
over the pairs i < j such that λj − λi > δ. There are at most N2 such pairs, and
each term is bounded by C f (ℓα/δ)2p, so the contribution of this range is bounded by

CN2ℓ
2p
α = CN2−2p−2αp. Since p > 1, the contributions of the last two ranges are o(Mα),

which proves (A.36).

Conclusion. Let r0 ≥ 1. Set g1(r, E) = 1r≤r0 f (r, E) and g2 = f − g1. Then g1 satisfies
the hypotheses of (A.33) and (A.34), and g2 satisfies the hypotheses of (A.36). By the
Cauchy–Schwarz inequality, (A.33), and (A.34),

E

∣∣∣Xα(G; g1)

Mα
−L(g1)

∣∣∣ ≤ (VarXα(G; g1)

M2
α

+
(EXα(G; g1)

Mα
−L(g1)

)2)1/2
−→ 0.

Since Xα(G; f ) = Xα(G; g1) +Xα(G; g2) and L( f ) = L(g1) +L(g2), it follows from (A.36)
that

lim sup
N→∞

E

∣∣∣Xα(G; f )
Mα

−L( f )
∣∣∣ ≤ lim sup

N→∞

EXα(G; |g2|)
Mα

+ |L(g2)| ≤ CC f

∫ ∞

r0

r(1 + r2)−p dr,

where in the last inequality we also used

|L(g2)| ≤ C f

(
sup

E∈[−2,2]
c(E)

)
|I|

∫ ∞

r0

r(1 + r2)−p dr.

Since p > 1, the right side tends to zero as r0 → ∞. Hence Xα(G; f )/Mα → L( f ) in L1,
and therefore in probability by Markov’s inequality. Since Xα(G; f )/Mα and L( f ) are the
two sides of (3.16), this completes the proof of Proposition 3.6.
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[12] Paul Bourgade, László Erdős, Horng-Tzer Yau, and Jun Yin. Fixed energy universal-
ity for generalized Wigner matrices. Comm. Pure Appl. Math., 69(10):1815–1881, 2016.
doi: 10.1002/cpa.21624.

[13] Marcelo Campos, Matthew Jenssen, Marcus Michelen, and Julian Sahasrabudhe. The
least singular value of a random symmetric matrix. Forum Math. Pi, 12:e3, 2024. doi:
10.1017/fmp.2023.29.

[14] Christophe Charlier. Smallest gaps of the two-dimensional Coulomb gas, 2025.
Preprint, arXiv:2507.23502.

[15] Sourav Chatterjee. A generalization of the Lindeberg principle. Ann. Probab., 34(6):
2061–2076, 2006. doi: 10.1214/009117906000000575.

[16] Sourav Chatterjee. Superconcentration and Related Topics. Springer Monographs in
Mathematics. Springer, Cham, 2014. doi: 10.1007/978-3-319-03886-5.

[17] P. Deift, T. Nanda, and C. Tomei. Ordinary differential equations and the symmetric
eigenvalue problem. SIAM J. Numer. Anal., 20(1):1–22, 1983. doi: 10.1137/0720001.

[18] Percy Deift. Some open problems in random matrix theory and the theory of
integrable systems. In Integrable Systems and Random Matrices, volume 458 of Contemp.
Math., pages 419–430. Amer. Math. Soc., Providence, RI, 2008. doi: 10.1090/conm/4
58/08951.

[19] Freeman J. Dyson. A Brownian-motion model for the eigenvalues of a random
matrix. J. Math. Phys., 3(6):1191–1198, 1962. doi: 10.1063/1.1703862.

[20] Freeman J. Dyson. Statistical theory of the energy levels of complex systems. I. J.
Math. Phys., 3(1):140–156, 1962. doi: 10.1063/1.1703773.

[21] Freeman J. Dyson. The threefold way. Algebraic structure of symmetry groups
and ensembles in quantum mechanics. J. Math. Phys., 3(6):1199–1215, 1962. doi:
10.1063/1.1703863.
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[24] László Erdős, Benjamin Schlein, and Horng-Tzer Yau. Local semicircle law and
complete delocalization for Wigner random matrices. Comm. Math. Phys., 287(2):
641–655, 2009. doi: 10.1007/s00220-008-0636-9.
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