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Abstract

We study one-use communication of a finite classical message through a stipulated
normalized loop containing a backward binary symmetric channel and one noisy forward
memory carrier. The carrier is either a classical bit or a qubit; no shared random seed, retained
side register, or entanglement is supplied. For every finite message count, we characterize the
qubit optimum by a constructive scalar feasibility test. For rational noise parameters and a
rational target success, the test uses O(M?) constant-size rational arithmetic checks. The
proof combines an exact decoder reduction, minimum-trace allocation for constant encoders,
and a concave geometric cap with a matching polygon construction. For three messages,
the qubit and classical-bit optima coincide throughout the allowed noise range; an explicit
Bernstein certificate proves the remaining polynomial inequality. For four messages, an exact
rational qubit protocol exceeds a bound valid for every classical-bit protocol. These are
conditional mathematical results for the declared resource model, not a construction of a
physical backward channel. Independent human review and originality assessment remain
pending.

1 Introduction

Normalized-loop communication gives a finite-dimensional optimization problem in which both a
correct-output weight and its normalization depend on the message. A useful resource question
is what changes when a single noisy forward classical bit is replaced by a noisy qubit, while the
backward channel, objective, and available side information are kept fixed. This paper gives a
complete scalar characterization of that one-use qubit problem for every finite alphabet. It also
proves that three messages do not distinguish the two memory carriers, whereas four messages
can.

The decoder-memory—encoder architecture is already present in Ji, Lloyd and Wilde [1].
Their discussion of noisy forward memory motivates the restriction considered here, but does
not specify all of its operational conventions. The conditional worst-message objective is also
established prior art: Ji, Regula and Wilde [2], Eq. (20), use the same type of message-dependent
normalization. The present calculations concern a particular feasible resource set, not a new
error criterion or a solution of a general capacity problem.

Dimension-matched classical and quantum separations have a substantial earlier literature,
including prepare-and-measure dimension witnesses [3]. Independent preparation and measure-
ment devices with local but not shared randomness are studied explicitly by Bowles, Quintino
and Brunner [4]. These precedents do not, by themselves, optimize the fixed channel-weighted,
normalized objective below. No equivalence with their witnesses is asserted, and no priority
claim is made for the exact formulas or characterization in this paper.

The main theorem is stated in Section 5 and proved using the geometric lemma of Section 4.
Section 6 proves three-message equality; the complete classical upper bound and the Bernstein
coefficient certificate are included in the appendices. Section 7 gives a rational four-message
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separation. All results concern a single use of each specified channel and dimension-two forward
memory. They do not assert physical time travel or extend to higher-dimensional memory,
additional retained registers, shared randomness, entanglement assistance, or multiple channel
uses.

2 The normalized loop model

Let M > 1 and let m,y € {0,..., M —1} denote the transmitted and recovered classical messages.
The backward input and output are bits a,b. We assume, as part of the mathematical model, a
backward binary symmetric channel

1—p, b=a, 1
N,(b|a)= 0<p<s. 1
p( ’ ) {p, b+a, p<3 ()

This stipulation does not establish the physical availability of such a backward channel.
For each b, the decoder prepares subnormalized qubit states 7,;, > 0 with

> Trry =1 (2)

It outputs y and sends its sole forward carrier through the depolarizing channel
L(r)=1—e)T+eTr(1)/2, 0<e<l. (3)

Knowing m, the encoder measures a binary POVM {Ej*, ET"}, where 0 < Ef* < I and

" =1 — Ej*, and produces a. It has no access to b or y other than through this carrier. Local
private randomness is allowed. No additional retained memory, shared per-trial random seed,
shared entanglement, quantum backward carrier, or other communication is allowed. A fixed
public codebook is allowed.

Definition 2.1. The loop weights, normalizations, and worst-message success are
wi(y) = Y Np(b | @) Tr[E7 Le(ryp)], (4)
a,b

Wi (M)

Zm:Zwm(y), S:H}riln
y

m

The maximum over all allowed qubit protocols is S{} (p, €).

The normalization in (5) is performed separately for each message. The weights Z,, are not
asserted to be laboratory acceptance probabilities and can exceed one. No extra rejection rule
is included. The decoder output y is the recovered record; it is not an encoder-accessible side
register.

The corresponding classical model uses a forward BSC(q) with input ¢ and output d, and
arbitrary stochastic maps D(y,c | b) and E(a | m,d). Its weights are

win(y) = D Np(b| a)D(y.c|b)Le(d | c)E(a|m,d), (6)
a,b,c,d

with the same normalization and resource restrictions. Write its optimum as S]C\14 (p, q). Diagonal
qubit preparations and effects reproduce exactly this classical model at

q=¢€/2. (7)



Indeed, computational-basis preparation followed by (3) and computational-basis readout is
BSC(e/2). Arbitrary diagonal states and effects give arbitrary stochastic classical maps. More
generally, if all encoder effects commute, dephasing the preparations in their common basis
preserves all contractions, because depolarization commutes with that dephasing.

Throughout, set

1—2p)(1—¢)

( 1
A=1- h = =_+h
b, 9 ) « 9 (8)

Thus 0 < h < 1/2 and 1/2 < a < A < 1. For the matched classical channel, its effective
bijective-encoder coefficients are v and 1 — «.

Lemma 2.2 (Positivity and attainment). Every allowed protocol satisfies 2p < Z,, < 2A. Both
classical and qubit optima are attained.

Proof. For each positive state 7, the two numbers Tr[E™ L(7)] are nonnegative and sum to Tr .
Weighting them by N,(b | a) € [p, A] gives a number in [pTr7, ATr7]. Summing over y and
the two rows b proves the bounds. The allowed states and effects form compact sets in finite
dimensions; the classical maps form compact simplices. The objective is continuous because its
denominators are uniformly positive. O

The excluded endpoint p = 0 may admit zero normalization and is not covered by continuity
alone. The endpoint p = 1/2 is also outside the stated parameter domain.
3 Exact decoder and encoder reductions

Write the subnormalized states in Bloch form,

typd + V- O

Tmb = f» tmp 2 0, "vmb| < tinb, (9)
where | - | is the Euclidean norm. Define
Tm = tmO + tmla Um = tmO - tmla dm = Um0 — Uml, D = de (10)
m

Lemma 3.1 (Reversible decoder reduction). The reduced variables are feasible if and only if

S Tm=2, > g =0, || < Ton,s |dpn| < T (11)
m m

In particular the allowed trace imbalance u,, imposes no additional constraint on d,,.

Proof. Necessity follows from (2), (9), and the triangle inequality. Conversely, if (11) holds, set

T + (—1)%u
by = m(2)m Oy = (—1)%

dp,

for T,,, > 0, and set both states to zero for T, = 0. Positivity follows from |d,,| < T},,. The
two row traces sum to one because Y T, = 2 and > u,, = 0, and the construction reproduces

dp,. O

Lemma 3.2 (Extreme effects suffice). Every protocol can be replaced, without lowering any
message success, by one whose E* is I, 0, or a rank-one projector for each m.



Proof. The extreme points of the effect interval 0 < E < [ are orthogonal projectors. To see
this, an eigenvalue strictly between zero and one can be perturbed in both directions, so such
an effect is not extreme. Conversely a projector cannot be a nontrivial average of two effects:
positivity forces both effects to vanish on its kernel, and the upper bound by I forces both to
equal I on its range. In dimension two the projectors are 0, I, and rank-one projectors.

For a fixed decoder, success for message m is a ratio of affine functions of E{", with positive
denominator. If an effect is expressed as a convex combination with coefficients v;, correct
weights v;, and denominators z; > 0, then

25V V% Vi

D R D D 2 '

Some extreme component therefore has at least the original success. The effect for one message
does not change another message’s weights, so these replacements can be made independently.
Joint convexity of the decoder—encoder problem is not assumed. O

Call Ef* = I a constant-0 encoder and Ej* = 0 a constant-1 encoder. Their denominators
are one and their successes are, respectively,

AtmO + ptmlv ptmO + Atml' (13)

For a projective encoder EY" = (I + ny, - 0)/2, |ny| = 1, direct contraction gives

Tim/2+ hny, - dpy,

Sm =
1+ hn,, D

(14)

The denominator is positive. Consequently a projective label can reach a target ¢ if and only if

T
%+ hldy, — D] > t. (15)

For A > 0, a maximizing threshold direction is along d,, — tD whenever this vector is nonzero;
otherwise any unit vector suffices. The same threshold condition is valid when h = 0.

Proposition 3.3 (A universal bound). For every M > 1,

A

qu <
S = =

(16)

In particular S{" =1 and S§* = S§! = A at matched forward noise.

Proof. For a label with trace T,, the correct weight is at most AT, and the incorrect weight is
at least p(2 — 1)), by the argument of Lemma 2.2. Thus

< AT,
AT, +p(2—Tn)

S

This expression is increasing in T),. Some label has T,, < 2/M, proving (16). A single message
is recovered perfectly. For two messages, direct encoding through the backward BSC, ignoring
memory, attains A. O

4 The geometric cap

The next lemma controls the joint effect of trace allocation and the normalization vector D. It
also supplies the attaining geometry used in the finite-alphabet theorem.



Lemma 4.1 (Exact longitudinal cap). Fiz 0 < h < 1/2, 0 <t <1, and 0 < r < 2. Suppose
D =re,. For a projective label of trace S, the largest feasible longitudinal coordinate z = d - e,
under |d| < S and

S/2+ hld —tre,| >t

is defined precisely when S > L, where

L:M, H:M, a:%—l—h. (17)
o @
It equals
2422 (4 _ 27712
S+ tore — (¢ 5'/2)/h7 L<S<H,
g(S) = 2tr (18)
S, S>H.

The function g is concave, has slope at least one, and satisfies g(L) = —L and g(H) = H. On
[L, H], each z € [=S,g(S)] is feasible with |d| = S.

Proof. The triangle inequality gives
S/2 + hld —tre,| < aS + htr,

so feasibility requires S > L. This bound is attained at d = —Se,. Since r < 2, H < 2t. For
L < S < H, the right side of |d — tre,| > (t — S/2)/h is nonnegative, so squaring is valid. Using
|d|? < S? gives

otrz < 8% + t2r? — (t — S/2)%/h2.
This is the quadratic branch of (18). It is attained on the sphere |d| = S, with any transverse

direction having squared length S? — 22. Substitution gives g(L) = —L and g(H) = H.
For S > H, take d = Se,. Since

Hi-r/2)

- Yy
(6

H —tr =

we have S —tr > 0, and S/2 + h|S — tr| = @S — htr > t. Thus the trivial bound z < S is exact
on this branch.
On the quadratic branch, direct differentiation gives

1 1/(h?)
- Lo1/uny

2—r
<0, "(H)—1=
g (H) 2hr

g9"(9) (19)
Its derivative decreases to a value at least one; at H the derivative can only decrease when it
joins the linear branch of slope one. The joined function is therefore concave with slope at least
one. In particular g(S) — S increases to zero at H, while g(S) + S is increasing from zero at
L. Hence —S < ¢g(S) < S on [L, H]. Every sphere point with z < ¢(5) satisfies the squared
inequality and hence the original unsquared inequality. ]

5 A complete finite-alphabet characterization

By Lemma 3.2, it suffices to consider ng constant-0 labels, n; constant-1 labels, and N projective
labels, where
ng+ny+N =M. (20)

Grouping equal encoder types is a symmetry reduction, not permission to share a random seed.
Labels remain distinct and must individually satisfy the target.



5.1 The trace cost of constant labels

Fix 0 <t <1 and put dy = ngt, di = n1t. Let x; and y; be the aggregate decoder trace assigned
to constant group ¢ in rows b = 0 and b = 1, respectively. The constraints are

Azo + pyo > do, pr1 + Ay > dy, (21)
zo +x1 < 1, Yo+uy <1, zi, yi > 0. (22)
Let C' denote the minimum total constant trace when these constraints are feasible.
Lemma 5.1 (Exact constant allocation). The following four cases exhaust (21)—(22).
(i) If do,dy < A, then C = (dp + d1)/A, attained by xg = do/A, y1 = di/A, and x1 = yo = 0.
(ii) If dy > A and dy < A, then feasibility is equivalent to

doy—A dy
— < 2.
+A_

The minimum is attained by xo =1, x1 =0, yo = (do — A)/p, and y1 = dy /A.

C=1+

(iii) If d1 > A and dy < A, exchange the two groups and the two rows in (ii).
(iv) If both dg > A and di > A, the class is infeasible.

Each nonempty group’s minimizing row masses may be split equally among its labels, making
every constant-label success exactly t.

Proof. Every coefficient in (21) is at most A, so total trace is at least (dp + dy)/A. This proves
optimality in case (i). In case (ii), let C' = xg+x1+yo +y1, S0 = Ao+ pyo, and s1 = pr1 + Ays.
Then

C'—so/p—s1/A+A/p—1=(A/p—1)(1 —z0) + (1 — p/A)z1 > 0.

Consequently C' > dy/p+ d1/A+1— A/p = C. The displayed minimizing allocation obeys its
second-row capacity exactly when C < 2; its other constraints hold automatically. If C' > 2, the
lower bound contradicts the total row capacity. Case (iii) follows by relabeling. In case (iv),
summed demands exceed 24, but summed successes are at most AC’ < 2A. Finally the group
successes of each minimizing allocation equal d; = n;t, so equal splitting gives the assertion
about individual labels. O

5.2 The exact test

Theorem 5.2 (Finite-alphabet scalar characterization). Fiz M >1,0<p<1/2,0<e<1,
and a target 0 < ¢t < 1. The inequality S3j (p,€) >t holds if and only if at least one count triple
(20) passes the following test.

First use Lemma 5.1. Reject a triple with infeasible constant allocation. For each remaining
triple let C' be its minimum constant trace.

(i) If N =0, accept the triple.
(ii) If N =1, put T =2 — C. Accept exactly when
T/2+h[(1—t)T +tC] > t. (23)

(iii) If N > 2, put T = (2—C)/N. If oT > t, accept. If &«T <t and h = 0, reject. In the
remaining case, put

1—aT/t
min — T 7 24
r W (24)
N(t—T/2)?
Py (r,t) = t(Nt — 2)r? + 2tCr + NT? — (h2/) (25)



Accept exactly when
Tmin <2 and  max Py(r,t) > 0. (26)
7€ [Tmin,2]
Every accepted triple gives an explicit valid protocol. For rational p,€,t, all acceptance decisions
use rational arithmetic: mazimize the quadratic by checking its endpoints and, only when concave
with a vertex in the interval, its vertex. The number of count triples is (M + 1)(M + 2)/2.

Proof. We prove necessity and sufficiency for each fixed count triple.

No projective labels. Every feasible protocol must satisfy the constant demands. Conversely
take a minimizing constant allocation and split it among labels as in Lemma 5.1. If row trace
remains unused, assign it to any existing constant label. This can only increase some correct
weights; all constant denominators remain one. There is at least one label because M > 1.

One projective label. Suppose the actual constant trace is C’ > C and the projective trace
isT'=2—C'. Write D =d + D,. Since t € (0, 1],

|d —tD| = |(1-t)d—tD.| < (1 -t)T" +tC".
The maximum possible left side of (15), as a function of C’, is therefore bounded by
(2-C"/2+h[(1-1t)(2—C")+tC].

Its derivative is —1/2 4+ h(2t — 1) < 0. Thus its largest value occurs at the minimum C| proving
necessity of (23).

For sufficiency, use the minimizing constant allocation, give the remaining row masses to the
projective label, set d = T'e,, and give each constant label a Bloch difference equal to minus its
trace times e,. Then D. = —C'e, and the triangle bound is equality. Lemma 3.1 reconstructs
all states, whatever their assigned trace imbalances. Choosing the encoder direction as in (15)
attains the target.

Two or more projective labels with o7 > . Use the minimizing constant allocation and
let its residual row traces be Ry, R;. Give every projective label row traces Rg/N, R1/N, hence
trace T' and imbalance u = (Ry — R1)/N. Let all constant Bloch differences be zero. Choose
projective Bloch differences of norm T in a regular planar N-gon, so their sum is zero; for N = 2,
use opposite vectors. Then D = 0, and every projective label attains aI'. The inequalities
|u| < T follow directly from Ry, Ry > 0.

If h =0 and o1 < t, arbitrary allocation cannot help: the average projective trace is no
greater than 1" and a projective success is its trace divided by two. Thus this case is infeasible.

Necessity of the quadratic test. Now assume N > 2, h > 0, and o1 < t. Consider an
arbitrary feasible decoder in the count class, with actual constant trace C’ > C, projective
traces T}, and r = |D| < 2. If r = 0, each projective success is at most a7}, and some
T; < (2—C")/N < T, a contradiction. Hence r > 0.

Rotate coordinates so D = re, and apply Lemma 4.1. Each projective trace is at least L
and each projective longitudinal coordinate is at most g(7;). Constant labels contribute at most
C’ to the longitudinal sum. Jensen’s inequality gives

N
r< O+ g(T) < '+ Ng((2 - C')/N) < C + Ng(D). (27)
j=1

For the last inequality, increasing the average projective trace from (2 — C’)/N to T increases
Ng by at least C' — C, since g has slope at least one. Both averages are in its domain.



Because aT' < t, we have T' < t/a < H; hence the quadratic branch applies. Its domain
condition T > L is precisely r > ryin. Multiplying the last inequality in (27) by 2¢r and
substituting (18) yields

0 < t(Nt—2)r? +2tCr + NT?> — N(t — T/2)*/h? = Py(r,1).

This proves (26).

Sufficiency of the quadratic test. Choose r € [ryin, 2] with Py(r,t) > 0. Use the minimizing
constant allocation, and assign every projective label trace T and imbalance (Ry — R1)/N as
above. Since T'> L and T' < H, Lemma 4.1 permits every common longitudinal coordinate
z € [-T,¢g(T)] with norm 7.

Choose an aggregate constant Bloch difference Be,, where B € [—C, C], and use the same z
for each projective label. The possible longitudinal sums B + Nz fill the interval

[~C — NT,C + Ng(T)] = [-2,C + Ng(T)].

The condition Py(r,t) > 0 is exactly r < C' + Ng(T), so that interval contains r. Choose B, z
with B+ Nz =r. If C > 0, distribute Be, among constant labels in proportion to their traces;
if C =0, take B = 0.

Give the projective differences transverse components of common length /T2 — 22 arranged
as a regular N-gon. Their transverse sum is zero, so their total together with the constants
is D = re,. Each has norm 7" and longitudinal coordinate at most ¢g(7"), hence satisfies (15).
Select its encoder direction accordingly. Lemma 3.1 gives valid states with the prescribed row
traces; the constants still succeed with probability ¢t. No shared randomization is used by this
fixed geometric construction.

The count triples exhaust all extreme encoders, completing both directions. All formulas
and possible quadratic vertices are rational when the inputs are rational. O

Remark 5.3 (Meaning of the arithmetic bound). The theorem is a complete characterization
and decision procedure, not a single elementary expression for every optimum. The O(M?)
count concerns rational arithmetic tests; it is not a bit-complexity claim polynomial in log M.
Thresholds ¢ < 0 are trivially feasible and ¢ > 1 are impossible. Downward closure and attainment
imply that exact rational bisection gives arbitrarily narrow enclosures of the optimum for rational
channel parameters, using 0 and any rational value greater than one as initial bounds. No
linear-programming or nonlinear-optimization solver is required.

Corollary 5.4 (Complete erasure). Fore=1,

A

A
S ) =7 k=1, SHLm 1) =1

k>
. (

0). (28)

These values also equal the classical optima with erased forward memory.

Proof. After complete depolarization, an effect acts only through the scalar Tr(Ep)/2. Thus every
encoder is a mixture of the two constant encoders, and the positive-denominator extremality
argument reduces to constants alone. Suppose their multiplicities are j > ¢ with j + ¢ = M. If
j =¥, Lemma 5.1 gives maximum target A/j. If j > £, the best target lies in the spillover case

and is
A

b= —
JA+1Ip

Indeed, jt > A, £t < A, and the spillover formula equals two at this value; larger targets violate

it. This also covers ¢ = 0, giving t = 1/j. The denominator jA + ¢p = Mp + j(A — p) is

minimized by the most balanced integer split. Substitution gives (28). O



6 Three messages give equal classical and quantum optima

For three messages the general scalar test simplifies to a closed expression.
Theorem 6.1 (Three-message equality). For every 0 <p <1/2 and 0 <e <1,
55" (p.e) = S5 (p,€/2) = K, (29)
where K is the unique root in (0, A) of
Ft)y=a(A-t)1—-t)—(1—-a)t*=0. (30)

Fquivalently,
K 2Ax
Ca(A+1)+/2(AF+1)2 —44a2a - 1)
In particular A/(A+ 1) < K < A, with equality in the first inequality exactly when € = 1.

(31)

The full classical statement, including its attaining decoder and upper bounds for every
stochastic protocol, is proved in Appendix A. It is used below as a proved ingredient rather than
a numerical baseline.

Proof. Classical achievability and the embedding (7) give S§" > K. If h = 0, Corollary 5.4 gives
equality. Assume henceforth h > 0,s0 1/2 <a < A< 1.

With at most one projective encoder, all effects commute; dephasing reduces the protocol
exactly to the classical model, whose optimum is K. It remains to bound the two-projector and
three-projector classes.

First record the commuting lower bound

2Ax >2a
2A+a — 37

For a direct construction, give one constant-0 label trace C' = L3/A, imbalance u = C, and
d = 0. Give two projective labels trace T'=1 — C/2, imbalance uw = —C'/2, and opposite Bloch
differences £7e,, with matching encoder directions. Then D = 0, the constant succeeds with
AC = L3, and each projector succeeds with o' = Ls. The trace imbalances are feasible since
C < 1. All effects commute, so this is a classical protocol. The second inequality in (32) follows
from o < A.

Suppose a protocol succeeds strictly above K. Choose a threshold ¢ > K below its success
and with ¢ < A; such thresholds can be taken arbitrarily close to K. For N = 2,3, the minimum
constant trace and common projective trace are

C=(3-N)t/A, T=(2-C)/N. (33)

K> L= (32)

The bounds (32) imply o7 < t in both cases. Necessity in Theorem 5.2 therefore supplies an
r € [0,2] with Px(r,t) > 0. Dropping the stronger lower bound r > 7y, only relaxes this
necessary condition.

Three projective labels. Here C'=0 and 7' = 2/3. Since t > 2a/3,

Ps3(0,t) = 3T% — 3(t — T/2)?/h* < 0.

If t < 2/3, the coefficient of r? is nonpositive and the maximum for r > 0 occurs at zero. If
t > 2/3, the quadratic is convex, so its maximum on [0, 2] occurs at an endpoint. The other
endpoint is also strictly negative, by the identity

Pn(2,t)=N@A—-h"2)(t—-T/2)?%  C+NT=2. (34)

This identity follows by expanding (25); its sign is strict because h < 1/2 and t > T'/2. Thus
the three-projector class cannot improve on K.



Two projective labels. Evaluate (25) at ¢t = K, with C =t/A and T =1 —t/(2A). Its
leading coefficient is 2¢(t — 1) < 0. Its unconstrained maximum @ and vertex are

t—T/2)? tC? C
=272 = ( . =

@ l 2 | Tai—o YT au—y (35)

Introduce ;
v = m, w:pv(v+1) (36)

The root equation (30) gives
2

po A Av re = /2. (37)

T 1+ Av TV —w
The strict lower bound K > A/(A+ 1) gives v > 1, while p > 0 and o < A give 0 < w < 1.

If v > 4, the vertex lies to the right of [0,2]. The constrained maximum is then the endpoint
P5(2,K) < 0 from (34). Here K > T'/2 follows from K > L3 and o > 1/2.

For 1 < v < 4, substitution in (35) yields the exact identity

Av R(v,w)
(v—1)2(1 + Av)*(v 4+ 1)3’

where the explicit polynomial R is given in Appendix B. Every denominator factor is positive.
That appendix exhibits a tensor Bernstein expansion of R(1+ 3z, w) on [0, 1] with all coefficients
nonpositive and its entire final row strictly negative. It follows that R(v,w) < 0 for 1 <v <4
and 0 < w < 1. Thus @ < 0, and the maximum of P»(r, K) on [0, 2] is strictly negative in this
case as well.

In either case, continuity rules out thresholds immediately above K: the maximum on the
fixed compact interval [0,2] of the quadratic P»(r,t) is continuous in ¢t. A protocol strictly
exceeding K would yield Py(r,t) > 0 for every sufficiently close threshold ¢ > K, contradicting
its strictly negative maximum at K. This excludes the final encoder class and proves the
theorem. O

Q=5 (39)

7 Four messages admit strict quantum advantage

A short classical ceiling and an explicit rational qubit protocol suffice for a dimension-matched
separation. No claim that the following witness is optimal is needed.

Lemma 7.1 (A classical four-message ceiling). For all0 <p <1/2 and 0 < ¢ <1/2,

S{(p.q) < 3 (39)

Proof. The positive-denominator extremality argument reduces classical message encoders to
the four functions Cy, C1,1, X defined in Appendix A. If two labels have the same encoder, their
normalized output distributions coincide. Their two correct probabilities therefore sum to at
most one, so at least one is at most 1/2.

Otherwise all four functions occur once. Their kernels obey K¢, + K¢, =1 and K1+ Kx =1

pointwise, so
> Zm=>_ D(y,c|b)> Kpnlbc)=4.

by,c m
Each kernel is at most A, giving
Zwm(m) = Z D(m,c|b)Kp(b,c) < 2A.
m b,m,c

The Z,,-weighted average of message successes is therefore at most A/2 < 1/2. In particular
their minimum is at most 1/2. The deterministic reduction covers every stochastic protocol. [J
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Theorem 7.2 (An exact four-message separation). At p = 1/10, for every 0 < e < 1/76,
S (1/10,€) > & > S§1(1/10,¢/2). (40)
At e = 0, a rational protocol attains worst-message success 259/512.

Proof. Use labels 0,1, 4+, — and set x = 9/16. Define the decoder states by

’7'00—$|1> 7'171 :ZL“O><O|, T071 :7'170:0, (41)

E )] . (42)

(1

T+ =

Each state is positive semidefinite, and each row has trace x + 2(1 — xz)/2 = 1. The effects are

B =1, El—0, Ef-1F (3/5)"; R ) (43)
Since (3/5)? + (4/5)? = 1, the nonconstant effects are rank-one projectors. All displayed matrix
entries are rational.
Let k = (1 —2p)(1 —€). The reduced variables of the constants are (7o, ug,dp) = (x,z, —xe,)
and (Ty,u1,dy) = (z,—x,—ze,). The other two labels have Ty = 1 —x, ux = 0, and dy =
+(1 — z)e,. Hence D = —2ze,. Equations (13) and (14) give

(1 —2)(1+ 3k/5)

4

=S =A Zi=1-—k = 14
So =5 = Az, + SRS T dhay) (44)

At p=1/10 and = = 9/16, these simplify exactly to

81 16 4 9¢ 7(37 — 12¢)
So=51=— i = Sp=——". 45
07 P 160 * 25 7 32(16 + %) (45)
In particular,
1 3(1 —76

g, L 30-76g) (46)

2~ 32(16 + 9¢)

Both constant successes exceed 1/2, and (46) is positive precisely on the stated interval.
Lemma 7.1 proves the matched classical comparison.
At € = 0, the four successes are

(8L 8L 250 250)
160” 160" 5127 512

whose minimum is 259/512. The protocol uses only the specified qubit: b and the recovered
label are not supplied to the encoder as side information. The two projective effects do not
commute, so the common-basis classical reduction does not apply. O

Corollary 7.3 (The smallest separating alphabet). Within the stated one-use dimension-two
model, four is the smallest number of messages for which a qubit can outperform a classical bit
at matched depolarizing/BSC noise.

Proof. One and two messages have equal optima by Proposition 3.3; three have equal optima by
Theorem 6.1; Theorem 7.2 supplies a four-message separation. ]
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8 Scope and verification status

The scalar characterization is global over the stated local operations and finite alphabet, and
includes constructive sufficiency. It does not assume a shared seed to convexify the feasible
protocol set. The classical upper bounds likewise permit all allowed local stochastic encoders
and decoders. The four-message witness proves separation on a positive-noise interval but is not
presented as a global optimum at those parameters.

Exact symbolic identities, rational arithmetic checks, and direct matrix contractions were
used during development. These checks supplement the proofs printed here. Their independence
is limited to separate derivations within an Al-assisted workflow; they are not independent
human review or proof-assistant certification. Independent human technical review and a fuller
originality assessment remain pending. The conditional normalization is part of an assumed
backward-channel model and does not supply a physical mechanism for backward communication.

Author and AI disclosure. Daniel A. Pyle is listed as Independent Researcher. Lyra, an
OpenAl Al assistant, carried out the technical derivations, code-based verification, literature
checking, and manuscript drafting in the research workflow. Lyra is disclosed as an Al tool and
is not listed as an author. Independent human verification of the proofs and a fuller originality
assessment remain pending.

Data and code availability. The research materials are available at https://github.com/
dapylell/normalized-loop-memory. The paper is self-contained: the proofs and the complete
finite Bernstein coefficient certificate do not require external scripts or data files.

Classification. Primary subject: Information Theory (math.IT). Secondary subject: Quantum
Physics (quant-ph). Mathematics Subject Classification: 94A40 (primary); 81P47, 81P45
(secondary).

A Complete classical three-message comparison

This appendix proves the classical ingredient in Theorem 6.1 for arbitrary 0 < p < 1/2 and
0 < ¢ < 1/2. In this appendix put

A=1-p, a=1l-p—q+2p [F=1-a (47)
Thus 1/2<a<A<1landp<p<1/2. At ¢ =¢/2, this a agrees with (8).

A.1 Deterministic reduction and a dual bound

The deterministic functions from a memory bit to a backward bit are constants Cy, C1, identity
I(d) = d, and complement X(d) = 1 — d. Their loop kernels are

Ky(b,c) =) Lg(d | )Ny(b | £(d)). (48)
d

A constant has coefficient A in its matching b row and p in the other. Identity has coefficient «
when b = ¢ and 8 otherwise; complement reverses these values. In particular,

Ke, + Ko, =1, Ki+ Kx =1. (49)

The denominator of any constant encoder is one.
Every stochastic encoder is a convex combination of these four functions. For a fixed decoder,
its normalized success is a denominator-weighted average of the four deterministic successes,
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exactly as in Lemma 3.2. The choices for different messages are independent. Hence it suffices
to bound all deterministic encoder triples while allowing an arbitrary stochastic decoder.

For a fixed encoder tuple f,,, positive weights \,,, and a target ¢, define a weighted decoder-
column expression

G(b,y,c) = A\yKy, (b,c) =t > MKy, (b, c). (50)
If G(b,y,c) < By for every column and By + By < 0, then
> Am[wm(m) —tZyn) =" D(y,c | b)G(by,c) < By + By <0. (51)
m b,y,c

Because every weight and denominator is positive, not all message successes can be strictly
greater than ¢. The row bounds By may be signed.

Simultaneous flips of the backward input/output bits and simultaneous flips of the forward
input/output bits preserve the channel laws. Along with message permutations, these symmetries
permit the canonical classes used below.

A.2 The attaining protocol and root properties

Let K be the root of (30). Set x = K/A and choose encoders Cy, I, C for labels 0, 1,2. In row
b = 0, the decoder outputs (y,c) = (0,1) with probability z and (1,0) with probability 1 — x.
In row b = 1, it outputs (2,0) with probability = and (1,1) with probability 1 — z. The two
constant successes are Ax, and the identity success is

a(l —x)

a(l —z) + fx’ (52)

Their equality is a(4 — K)(1 — K) = BK?, precisely (30). Since 0 < K < A, this is a valid
decoder.
For completeness, F(0) = aA > 0, F(A) = —3A% < 0, and on [0, 4],

F'(t)= —a(A+1)+2(a—-B)t < —a(A+1) +2aA <0.
Thus there is exactly one root in (0, A). At tg = A/(A+1),

2
Plto) = (0= B) ;157 = O

with equality exactly when @ = § = 1/2. Hence K > A/(A+ 1) > A/2, with strict first
inequality when ¢ < 1/2. Expanding the root equation gives (2a — 1)K? — a(A+ 1)K + Aa = 0.
Rationalizing its smaller root gives (31), also valid when o = 1/2.

A.3 Three distinct encoders

Up to the stated symmetries there are two possibilities.

Both constants and one bijection. Take {Cy,I,C1}. At t = K, choose

_ BK  o(l-K)
CA-K K

Aoy =gy =u, A=1, U > 0.

The equality of the two expressions for u is the root equation. In row b = 0, the largest C
column in (50) is u(A — K) — BK = 0, and the largest identity column is a(1 — K) — uK = 0.
Every Cj column is no larger than the corresponding Cj column because p < A. Row b =1 is
symmetric. Thus By = By = 0 proves the upper bound K.

13



One constant and both bijections. Take {Cy,I, X}. Its exact optimum is

B 2Ax
24+ a’

(53)

For the upper bound use weights Ac, = z = a/A and \; = A\x = 1. Write Nyp = A, N; = p. The
maximum column in row b is

By = max{zNy(1 —t) —t, a —t — zNpt}.

The two expressions tie in row zero; the second dominates in row one. Hence By + B; =
2a — t(2 + «a/A), which vanishes at t = U.

To attain U, let y = 2a¢/(2A + ). In row zero, put probability y/2 on each of (Cy,0), (Co, 1)
and probability (1 —y)/2 on each of (I,0),(X,1). In row one, put probability 1/2 on each of
(I,1),(X,0). All denominators are one, and the successes are Ay and (2 — y)/2, all equal to U.

Finally U < K. Direct expansion gives

Aa J
(2A+ )2’
J=0a?2a—1)+20(A - a)(2 — a) + 4(A - a)* (1 —a) > 0.

F(U) = (54)

Every displayed summand is nonnegative, and 0 < U < A. Since F' decreases on [0, A] and
F(K) =0, the claim follows.

A.4 Repeated encoders

If all three encoders coincide, their normalized output distributions coincide, so the worst success
is at most 1/3 < K.

Otherwise exactly two labels share an encoder. Their decoder probabilities may be sym-
metrized without reducing the smaller of their successes: this preserves every encoder denominator
and every other label’s correct weight. Let G be the repeated pair’s output group, let x; be its
total decoder mass in row b, and put X = zo + 21 € [0,2]. Each repeated label has half the
group’s success. Define the useful bounds

B aX _ a2-X)
)= toxsse—xr ‘YT ixiep-x)

u(X (55)
The first bounds the per-label success of a repeated bijection, and the second bounds the success
of a singleton bijection. They follow by bounding a bijection’s correct coefficients by a and its
incorrect coefficients below by 5. The function u increases and is at most 1/2, while v decreases.

Repeated constant and singleton opposite constant. Orient the repeated constant so its
favorable row is zero. The successes are

Axo + pr1
2 )
If both are at least a target ¢, then Axg + pxy > 2t and pxo + Axy < 1 — . Multiply the first
inequality by A and subtract p times the second to obtain

1 —pxg— Axy.

(2A+p)t —p < (A*—pP)zg < A—p.

Thus t < A/(2A+p)=A/(A+1) < K.
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Repeated constant and singleton bijection. Reaching K > A/2 requires X > 1. At fixed
X > 1, repeated-constant success is at most [A 4+ p(X — 1)]/2, because zp < 1. The singleton
success is at most v(X). By the root identity,

2a(1 — K) 2K

v(X)> K = X< AR 4pR - 4" (56)

But the repeated messages require

X21+2K_A>%,
P A

where the strict inequality follows because the difference, multiplied by Ap, is (A—p)(2K—A) > 0.
This class cannot attain K.

Repeated bijection and singleton constant. The repeated messages are bounded by u(X).
For X < 1 this is at most a/2 < A/2 < K. For X > 1, the singleton constant is at most
A(2 - X). If K > 1/2, the universal bound u(X) < 1/2 already excludes this class. Otherwise
singleton success at least K requires X <2 — K/A, and

a(2A-K)

a@A—FK)+pK] ~ &

u(2 - K/A) = ;

The strict inequality is equivalent to
26K? —a(2A - K)(1 - 2K) =aK(24-1) >0,

using (30). This excludes the class.

Repeated bijection and singleton opposite bijection. The bounds are u(X) and v(X).
Again K > 1/2 is excluded immediately. For K < 1/2, equation (56) forces X < 2K/A. At this
endpoint, u(2K/A) < K is equivalent to

A:=2A8—-a+2a—-B)K > 0.
Indeed,

A=2K—-1+p5(2A+1—-4K)
>2K — 1+ p(2A+1—4K)
=(2A-1)2K - A) > 0.
The inequality uses 5 > p and 2A+1—4K > 2A — 1 > 0. This excludes the last repeated class.

These cases exhaust every deterministic triple, hence every stochastic encoder triple. Together
with the attaining decoder they prove Sgl(p, q) = K for the full declared classical model.

B An explicit Bernstein sign certificate

This appendix supplies all coefficients needed to prove the strict polynomial sign used in (38).
Define
R(v,w) = v? — 50 — 207w — Tv" + 1405w — v° + v’w? + 24v°w — 90°
— 9vtw? + 120w — 19v* — 2503w? + 500%w — 2507
— 39v2w? + 46v%w — Tv? + 160w — Svw? — 320w + 24v
+ 16w? — 32w + 16. (57)
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Substituting (37), p = w/[v(v+1)], A=1—p,h=a—-1/2,C =t/A,and T = 1—C/2 into (35),
and clearing denominators, gives (38) with (57). Thus the displayed polynomial and rational
identity can be checked by finite polynomial multiplication, without a sign oracle or a numerical
approximation.

For n > 0, write the Bernstein basis as

7

B (z) = (’?)xiu )" 0<i<n

The exact degree-(9,3) expansion is

R(1+ 3z, w) ZZ%B9 (w), (58)

=0 7=0

where the full coefficient table is

i bio bi1 bi bi3
0 —32 —16/3 0 0
1 —368/3 —416/9 —112/9 0
2 —1054/3 —1519/9 —1141/18 —17/2
3 —6493/7 —3667/7  —21037/84 —2109/28
4 —50678/21 —98048/63 —8170/9  —3012/7
5 —132970/21  —288037/63 —197195/63 —13744/7
6 —233775/14  —555439/42 —214544/21 —53376/7
7 —517625/12 —1318745/36  —277048/9 —25536
8  —310000/3 —827200/9  —732416/9 —T71680
9 —200000 —544000/3 —163840  —147456
To verify the coefficient conversion directly, if R(1 4 3z, w) = Y0_o Ss_ capr®w?®, then
s= Y Y 8. (59)
im0 (o) ()

This follows from the identity
2": (2

which is obtained using (?)(}) = (%) (7-%) and the binomial theorem. Thus (57), (59), and the
table form a self-contained finite certificate of (58).
Each B} is nonnegative on [0, 1], and the basis sums to one. All b;; are nonpositive. Moreover,

for x > 0 the final row contributes

/\

3
1‘9 Z bng]?’(w) <0
=0

because all four coefficients in that row are strictly negative. The remaining rows contribute
nonpositive quantities. Therefore

R(143z,w) <0 0<zx<1,0<w<l), (60)
including both w endpoints and = 1. With = (v — 1)/3, this proves the sign asserted for
1 < v <4 and the physical 0 < w < 1.
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