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Abstract

To the best of our knowledge, we present a state-of-the-art change-of-basis algorithm for 2 x 2 matrix
multiplication under the Karstadt—Schwartz-style basis change regime [1]. We do this by introducing basis-
change matrices By, By, and Bw that each require only a single addition and hence give rise to a matrix-
multiplication algorithm performing

3
5n'0%27 _4p? 4 an log, n,
arithmetic operations when multiplying two n X r matrices, with n a power of 2. This improves on the

previous best bound, which had last term %nz log, n.
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1 Introduction

The Karstadt—Schwartz-style basis change is a well-studied method, and we will not repeat the method here.
For background on the Karstadt—Schwartz-style basis-change method, see [1—4]. Let R be an arbitrary ring,
and let A, B € R*2 be matrices over this ring. We use column-major vectorization, A= [a11 az| apy a22] T
Here and below, when counting additions, we will use the convention that a subtraction also counts as an
addition, see [4-6]. Let the matrices U,V, W € 774 satisfy

AB=WT ((Uﬁ) o (VE)), (1.1)

for all matrices A, B € R**2. Moreover, let By,By,Bw € 7Z**4 be invertible over Z. For arbitrary x € R*, let
Bu,Bv, Bw denote the number of additions required to compute respectively Byx, Byx, and By, x. Finally,
denote by ey, ay, and aw the number of additions required to compute respectively Ux, Vx, and WTy for
arbitrary x € R*, and y € R7, with

U =UBg, V=VB, W = WBy,.

Theorem 1.1. For n € N an integer-power of 2 we can multiply matrices A, B € R"™" in

ay +ay +aw ay +ay +aw v+ pv+pOw
(1+—)n'°g27— n2+ﬂ Pv+5 n?

3 3 1 log, n (1.2)

arithmetic operations.


https://hexagonmath.org/abs/2610.00671v1

Proof See Claim 2.9, Claim 2.12, and Corollary 2.15 in [1].

Now consider matrices

[1 0 00] [1 0 00] (10 0 0]
0 010 0 100 1-11 -1
0 100 -1-111 0-1 0 O
u=|0 -111], V=0 -111}, wW=10-11 -1
0 11 0 011 01 0 1
0 -101 0 -101 00 -11
-1 -1 11] 0 010 0 0 -1 0|
with basis-change matrices
1000 1000
_ _ 10100 -1 0100
S_BU_BV_OOIO’ S —BW—0010. (1.3)
0011 00-11

Itis straightforward to verify that the matrix triple U, V, W satisfies equation (1.1), and that By, By, and By are
invertible over Z. Moreover, clearly Bu = Bv = Bw = 1, giving us the trailing term n?log, nin equation (1.2).
We can compute U,V,and W as follows

1 0 0 0] [1 0 0 0] (10 0 0]
0010 0100 1-10 -1
01 00 -1-101 0-10 0
U=UBy'=|0-101|, V=VB,/)=|0-101|, W=WBy=[0-10 -1
00 0°1 00 0°1 01 1 1
0 -1-11 0 -1-11 00 0 1
-1-101 |0 1 0] 00 -10]|

The linear transformations induced by U and V can be computed using 3 additions each as follows:

S1 = X4 — X2, §2 =851 — X3, $3 =81 — XJ.

such that

Ux = [xl X3 X2 S| X4 82 S3]T

‘N/x = [xl X2 §3 81 X4 $2 X3]T

for all x € R*. Therefore ayy = ay = 3. The linear transformation induced by WT can be computed using 6
additions as follows:

t1 = M5 — My, =1t — M,
yi =M + M, y2 =1t — M3,
y3 = Ms — M7, Y4 =1 + Mg,
such that
WTM = [y1 y2 y3 ya|"

for any M € R’. From which it follows that ayy = 6.
By Theorem 1.1 we can thus multiply two n X n matrices using a Karstadt—Schwartz-style basis-change in

3
5n°87 —4n? 4+ ZnZ log, n

arithmetic operations, using the basis-change induced by the matrices By, By, and By defined in equation (1.3).



A Verification

The following Python program provides a simple verification of the scheme.

Listing 1: Small verification script (verify.py).

nnn

2 Artisinally hand-crafted code

nnn

Q import numpy as np
5 import sympy as sp

7 inv = np.linalg.inv

s S = np.array([[1, 0, 0, 0], [0, 1, 0, 01, [0, 0, 1, 01, [0, 0, 1, 111).astype(int)
o assert(not any(((S @ inv(S).astype(int)) - np.eye(4)).flatten())) # inv over Z sanity

check

n U =np.array( [ [1, O, O, 0], [0, O, 1, O], [0, 1, O, O], [0, -1, 1, 1], [0, O, 1, 1],

[0, -1, 0, 11, [-1, -1, 1, 1] 1) .astype(int)

2 V = np.array( [ [1, O, O, O], [0, 1, O, O], [-1, -1, 1, 1], [0, -1, 1, 1], [0, O, 1,

1], [0, -1, 0, 11, [0, O, 1, 0] 1).astype(int)
3 W =np.array( [ [1, 0, 0, 0], [1, -1, 1, -1], [0, -1, O, O],
1], [0, 0, -1, 11, [0, O, -1, 0] 1).astype(int)

o, -1, 1, -1],

o, 1, o,

s A_vec = sp.Matrix([sp.Symbol(£f"A_{j}{i}", commutative=False) for i in range(1,3) for j

in range(1,3)])

6 B_vec = sp.Matrix([sp.Symbol(f"B_{j}{i}", commutative=False) for i in range(1,3) for j

in range(1,3)])

18 # sanity check that U,V,W encodes matriz multiplication
1o print("#" * 32)
20 hadamard = sp.matrices.dense.matrix_multiply_elementwise

2 print (£"{sp.simplify(W.T @ hadamard((U @ A_vec), (V @ B_vec)))=}")

3 U_tilde = U @ inv(S).astype(int)
2 V_tilde = V @ inv(S).astype(int)
5 W_tilde =W @ S

% print("#" * 32)

7 print (£"{U_tilde=}")
s print(£"{V_tilde=}")
» print(£"{W_tilde.T=1}")

31 def compute_U(x):

2 s 1 =x[3] - x[1] # 1 add

33 s 2 =s_1-x[2] # 2 add

34 s 3 =s_1-x[0] # 3 add

35 return sp.Matrix([x[0], x[2], x[1], s_1, x[3], s_2, s_3])
3 def compute_V(x):

37 s 1 = x[3] - x[1] # 1 add

38 s 2 =s_1-x[2] # 2 add

39 s 3=s_1-x[0] # 3 add

40 return sp.Matrix([x[0], x[1], s_3, s_1, x[3], s_2, x[2]])
41 def compute_W(M):

) t_1 = M[4] - M[3] # 1 add

43 t_2=t_1-M[I1] # 2 add

44 y_1 = M[0] + M[1] # 3 add

45 y_2 =t_2 - M[2] # 4 add

46 y_3 = M[4] - M[6] # 5 add

a V.4 =t_2+M[B] #6 add

return sp.Matrix([y_1, y_2, y_3, y_41)

so print("#" * 32)

si. x = sp.Matrix([sp.Symbol(f"x_{i}") for i in range(1,5)])
52y = sp.Matrix([sp.Symbol(f"x_{i}") for i in range(1,8)])
53 print(£"Should be a bunch of zeros only:")

s+ print(£"{U_tilde @ x - compute_U(x)=}")

ss print (£"{V_tilde @ x - compute_V(x)=}")

so print(£"{W_tilde.T @ y - compute_W(y)=}")
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