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Nonunimodal Laurent coefficients of cluster monomials

Qiyue Tang

Abstract

We prove that cluster monomials of coefficient-free type As can have Laurent co-
efficient sequences that are neither unimodal nor log-concave. This disproves the log-
concavity and unimodality assertions in Chen’s Conjecture 5.11 and gives a further family
of counterexamples to Chen—Sun’s Conjecture 8.2, including its unimodality assertion.

AT use and scholarly credit

The results of this paper were generated using ChatGPT-6-Pro in conversations totaling
approximately thirty minutes. The manuscript was subsequently polished and revised using
Codex and underwent Al-assisted review with Rethlas-OSV [13, 16].

By posting this manuscript on this platform, I do not seek to assert ownership of the
results or claim priority. I welcome anyone interested in preparing a finished account or
checking the arguments; the eventual scholarly credit should go to those who undertake that
work.

1 Introduction

Log-concavity expresses a restriction on how neighboring coefficients can vary. A nonneg-
ative sequence (uy)kez is log-concave if u% > ug_1upy1 for every integer k. On an interval of
positive terms, these inequalities say that the successive ratios uy/ug_1 are nonincreasing. A
finite log-concave sequence whose positive terms form an interval is therefore unimodal: its
terms first increase weakly and then decrease weakly. Newton’s inequalities give a classical
source of log-concavity, through the coefficients of polynomials with nonnegative coefficients
and only real roots. The connections with counting problems, Hilbert functions and convex
geometry are developed in Stanley’s survey [20].

Representation-theoretic multiplicities give a related class of questions. Okounkov [17]
connected their logarithms with entropy and proposed log-concavity phenomena for multi-
plicities. Chindris, Derksen and Weyman [5] constructed counterexamples to his conjecture
for Littlewood—Richardson coefficients. Positive results hold in other settings. Huh, Math-
erne, Mészaros and St. Dizier [9] proved logarithmic concavity results for normalized Schur
polynomials, obtained by dividing each monomial coefficient by the product of the factorials
of its exponents. Their work applies the theory of Lorentzian polynomials developed by
Bréndén and Huh [1].

Fomin and Zelevinsky introduced cluster algebras in connection with total positivity
and canonical bases [6], and classified their finite types [7]. A cluster is a distinguished
transcendence basis of the ambient rational function field. New clusters are obtained by
exchange relations, and a cluster monomial is a product of nonnegative integer powers of
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variables from one cluster. The Laurent phenomenon states that every cluster variable is
a Laurent polynomial in the variables of any chosen cluster. The positivity problem then
asks whether its coefficients are nonnegative. In coefficient-free type A,, clusters correspond
to triangulations of a convex (n + 3)-gon; diagonals give variables, and flips give Ptolemy
relations.

Combinatorial expansion formulas made positivity accessible in this model. Schiffler [18]
gave a formula for type A using paths in a triangulated polygon. Musiker, Schiffler and
Williams [15] obtained Laurent expansion formulas for cluster algebras from surfaces, in-
cluding principal coefficients and punctures. Lee and Schiffler [12] subsequently proved
positivity for all skew-symmetric cluster algebras. Gross, Hacking, Keel and Kontsevich [§]
constructed theta functions with nonnegative multiplication constants; their construction
includes cluster monomials and also proves Laurent positivity. These results make it natural
to ask how the positive coeflicients vary with their exponent vectors.

The geometry of the support gives another part of the picture. Shen [19] showed that
supports of products of canonical basis elements for cluster X-varieties of type A,, are Stasheff
polytopes in tropical coordinates. This concerns the set of nonzero coefficients. Log-concavity
additionally compares their sizes, and in the present paper the coefficients come from the
commutative cluster A-algebra.

Chen, Huang and Sun [3] formulated the cluster log-concavity problem in a preprint
of 2024, published in 2026. For a Laurent polynomial, they fix all but one exponent and
require log-concavity of the resulting coefficient sequence. They proved this property for
cluster variables of type A,, and cluster monomials of type As. Their Conjecture 5.5 extends
the assertion to cluster monomials of type A,, n > 3. Their Conjecture 1.1 also asks for
log-concavity of theta multiplication constants in every cluster chart, with the two input
labels fixed and the output label varying; it includes all finite types.

In January 2026, Chen [2, Theorem 5.1] proved log-concavity and unimodality for every
cluster monomial of type As. The argument uses coefficient formulas and real-rootedness
through hypergeometric and Jacobi polynomials. Conjecture 5.11 of the same paper has two
parts. The first asserts that every cluster monomial of type A,, n > 4, is log-concave and
unimodal. The second asserts that these properties are independent of the initial seed. Chen
also established unimodality for cluster variables of type A, and cluster monomials of type
As [2, Proposition 3.8]. Thus the higher-rank question extends both the earlier coefficient
inequalities and their associated unimodality statements.

In October 2026, Chen and Sun [4] proved log-concavity and unimodality in every rank
when the initial triangulation is a fan, meaning that all its diagonals meet one vertex. Their
coefficient formula uses products of interval factors whose intervals are nested or disjoint. The
proof treats the parity of the rank separately, using inequalities along integer lines in even
rank and convolution in odd rank. Their Conjecture 8.2 restates Chen’s seed-independence
conjecture for a fixed cluster monomial expanded in different initial clusters. The established
cases are therefore all initial seeds in rank three and fan seeds in arbitrary rank. The
extension to other initial seeds is the assertion addressed here.

A related line of work concerns single-variable specializations of cluster expansions. The
earlier study of ¢-deformed rational numbers by Morier-Genoud and Ovsienko [14] led to
unimodality questions for rank polynomials of fence posets. These polynomials count order
ideals by cardinality; an order ideal is a subset containing every element below any of its
members. Kantarci Oguz and Ravichandran [11] proved their unimodality. Kang, Lee and
Lim [10], in work first posted in August 2025, extended the analysis to loop fence posets
arising from notched arcs on surfaces. They obtained unimodality for the rank polynomials
associated with tagged arcs, both plain and notched.

In cluster language, these rank polynomials are obtained by setting all coefficient variables



of an F-polynomial equal to one variable ¢; an F-polynomial itself is obtained from a cluster
variable with principal coefficients by setting the initial cluster variables to 1. They also
proved unimodality for the analogous specialization associated with a lamination consisting
of a single curve on an unpunctured surface [10, Theorem 14], and conjectured log-concavity
in that setting. The single-lamination statement uses the coefficient pattern determined by
the curve. These specializations sum coefficients over exponent vectors, while the coordinate
fibers studied here fix the other exponents.

We construct cluster monomials with a nonunimodal coordinate coefficient sequence in
type As. In an octagon with vertices 0,...,7, let p;; denote the variable of the diagonal
joining ¢ and j, and set all boundary variables to 1. In the initial cluster

(p047 Po5, P14, P24, p57) = (CL, b7 C, d7 6)7

the compatible product pggg?’pr has, with the exponents of a,c,d, e fixed at —2641, —49,

2688, 47, a complete five-term coefficient sequence proportional to
(293250, 292400, 294911, 53782, 23805).

Its first three terms form a strict valley. More generally, Theorem 4.1 gives a nonunimodal
fiber of p,p3s for every pair of integers ¢ > 46 and r > q(q — 2). It follows that unimodality
of cluster monomials fails in arbitrary initial clusters and depends on the initial seed. The
same valley also violates log-concavity, giving counterexamples to both assertions in Chen’s
Conjecture 5.11(1) and to both seed-independence assertions in Conjecture 5.11(2), restated
as Chen—Sun’s Conjecture 8.2.

The earlier family pj.p3g, r > 20, already gives counterexamples to the log-concavity
assertion of Conjecture 8.2 [21]. Its displayed three-term fibers are decreasing. The present
family pJ.p24 gives further counterexamples with nonunimodal fibers. Squaring the second
compatible factor produces three binomial contributions to a five-term sequence, whose co-
efficients decrease and then increase. The calculation uses Ptolemy relations and coefficient
extraction in the original cluster variables.

2 The cluster monomials and their expansions

We work over QQ in the coefficient-free cluster algebra of type As. The vertices of the
octagon are labeled 0,...,7 in cyclic order. For 0 < ¢ < j < 7, write p;; for an interior-
diagonal variable; for boundary sides set p; ;41 =1 for 0 < ¢ < 6 and pp; = 1. The Ptolemy
relation is

PikPjl = DijPkl + DilPjk 0<i<j<k<IZLT). (1)
Fix the ordered cluster

T = (p047p057p147p247p57> - (CL, b7 C, d7 6).

Writing ¢jk for the triangle with vertices i, j, k, its triangles are 014, 124, 234, 045, 057, 567.
The ordered cluster
U = (po2; P26, P27, P35, P36)

has triangles 012, 027, 236, 267, 345, 356. In particular, ps7 and p3g are compatible, and
M, = p3:p3g (r € Z>o)

is a cluster monomial.



For a finite Laurent polynomial F' in a,b,c,d,e and integers w,v,w, z, the expression
[a"c’d™e*| F retains exactly the terms with these four exponents and removes the indicated
monomial, giving a Laurent polynomial in b. For example,

[a™'cPd%e)(2a7 b + 3a™b% 4 a) = 2b + 3b°.

We use the same convention for other subsets of variables; absent coefficients are zero. A
coordinate fiber fixes all but one Laurent exponent and reads the coefficients at consecutive
integer exponents of the remaining variable. Coordinate unimodality and coordinate log-
concavity mean that every such sequence has the corresponding property. For unimodality,
the mode is chosen after the other exponents have been fixed; see [4, Definitions 3.6-3.7].
We regard the zero sequence as unimodal. For integers n > 0, set () = n!/(k!(n—k)!) when
0<k<mn,and (z) = 0 otherwise, with 0! = 1.
The quadrilaterals 0124, 0457, 0247 give

cpoz = a +d, bpar =1+ae,  apar = pozpar + d.
The quadrilaterals 0234, 4567, 0567, 0346 give

dpos = poz +a, epss =1+ paz, epos =1+b, apss = po3pac + Poe-
Hence
a+d+ ac 1+b+ae 1+
D3 =—,""7, Pag = ——F Do = — -
cd be e
Define the two numerator polynomials
P = (a+d)(1+ ae) + bed,
S=(a+d)(1+b+ae)+c(a(l+b+ ae)+ bd(1+1b)).
Substitution into the preceding Ptolemy equations gives

P s . prg o)
abc’ P36 = bede’ " art2pr2ert2d2e2”

b27 =

3 The five-term coefficient formula

Theorem 3.1. For integersr > q>5 and j =0,...,4, let A; be the coefficient at exponent
—q—2+j of b in the coordinate fiber below. Then the entire fiber is

4
[aq+3—rc—qdr—5eq—2]MT —p 12 Z Ajbj. (3)
=0

The five coefficients are positive integers given by

w=()(7)6) 2



Proof. The denominator in (2) shifts the requested exponents to
(q+3—r)+(r+2)=q+5 —q+(r+2)=r+2—gq,

(r—=5)+2=r-3, (g—2)+2=q.

Thus we extract a9t2¢"t279d"3¢? from P"S?. The power of ¢ contributed by S? is 2, 1 or
0. In these three cases respectively, ¢, ¢ — 1 or ¢ — 2 factors of P contribute (a + d)(1 + ae),
with the other factors contributing bed. Expanding in ¢ gives

[cr+2*tI]Pr52

— <2> (bd)" % (a+ d)?(1 + ae)?(a(1 + b+ ae) + bd(1 + b))2
q—
(1 +b+ae)(a(l+b+ae) +bd(1+1b))

" r=at2(g 4 ae)?? ae)?.
+<q_2>(bd) (a+d) (1 +ae)? (14 b+ ae)

+ 2( " 1) (bd)™= " (a + d)U(1 + ae)t

We compute the remaining coefficients for each summand.
In the first summand, expansion of the squared factor gives

a®(1+ b+ ae)? + 2abd(1 + b)(1 + b+ ae) + b*d?(1 + b)>.

The required e coefficients are

[e9)(1 + ae)?(1 + b+ ae)? = al ((1 +b)2+2¢(1+b) + (g)) :

(14 ae)?’(1+b+ae) =a%(qg+1+0b),
[e?](1 + ae)? = af.

For the first equality, the two factors in the square contribute e degree 0, 1 or 2, giving
respectively (1 + b)2, 2¢(1 +b) or (g) The other two equalities follow from e degrees 0,1
and 0, respectively. After including the displayed powers of a and d, the remaining terms of
(a + d)? are

addi=3, atdi™?, a’di®.

Their coefficients are (), (), (£). Define the residual polynomial

Ho(b) = (g) <(1 +b)2 + 29(1 4 b) + <g)>

+ 2<Z>b(1 +b)(g+1+D)+ <§>b2(1 +b)2

The first summand therefore contributes (;) b"9Hy(b).
In the second summand, multiply the last two factors to get
a(1+0b+ae)? +bd(1+b)(1+ b+ ae).
Here
[e9)(1+ae)” ' (1+b+ae)® =a?(2(1+b) + (¢ — 1)) = a%(q + 1 + 2b),
[e9](1 + ae)? (1 + b+ ae) = af.



The square must contribute e degree 1 or 2 in the first line, and the final factor must
contribute degree 1 in the second. The remaining powers in (a + d)? are now a*d?* and
a’di=®, because the prefactor already contains d”~9*!. Define the residual polynomial

Hy(b) = 2b <(Z> (q+1+2b) + <§)b(1 +b)) .

Including the factor 2b relative to b"~9, the second contribution is (qil)br_qH 1(b).
In the third summand, the only way to obtain e? is to take the top power from both
factors:
[€1](1+ ae)?T2(1 + b+ ae)® = a.

The required remaining term of (a + d)? is a®d4=°. Hence the third contribution is

ABIO

Combining the three summands and dividing by b" 2 proves

e (s (7 o ([£)(9).

To collect coefficients, expand

(1+b)%42¢(1+b) + <g> = <q;2> +2(g+1)b+b?

. 1 1

and b(1+b)(q+1+b) = (¢+1)b+ (q+2)6?+°. Using () + () = (“7") and (§) +(3) = (“")
gives (4)—(8). The degrees of Hy and H; are at most 4 and 3, respectively; the third
contribution inside the parentheses has degree 2, and all five coefficients of Hy are positive
for ¢ > 5. Since (2) > 0, the support is exactly the five exponents stated in (3). O
4 A strict valley and seed dependence

Theorem 4.1. For every pair of integers q > 46 and r > q(q — 2), the coefficients in (3)
satisfy Ag > A1 < As. Consequently M, is neither coordinate unimodal nor coordinate
log-concave in T'.

Proof. The binomial ratios are

(1) q (20) q(g — 1)

() r—q+l () ~ (r—g+D)(r—q+2)

Also (9)/(4) = (¢—3)/4 and (2)/(%) = (¢—3)(g—4)/20. Dividing (4) and (5) by the positive
number (2) (4) gives

Ay (g+1)(g+2) Al (g+1)? L et g=3)

() () 2 o H06) 2 2(r—q+1)
Their difference is therefore

Ao—Ar _q+1/( qlg—3)
0o 2 (-5 o




because r — ¢+ 1> q(qg—3) +1 > q(q — 3).

For the second difference, the same divisions in (5)—(6) give
20(Ax — Ay)
e

(o) ()

= (q—3)(q—4) +10(¢ +2)(g — 3) +20 — 10(q + 1)?

+(20(g ) +2(g g~ 1) - 10 + g~ 3) -t
N q(q —1)(g—3)(qg—4)
(r—q+1)(r—q+2)
B 29(¢ —3)(4g — 1)
= (g+1)(g—38) — R
q(q—1)(q—3)(qg —4)
(r—q+1)(r—q+2)

The last term is positive. Since r — ¢+ 1 > ¢q(g — 3), this expression is strictly greater than
(q+1)(q—38) —2(4q — 1) = ¢* — 45¢ — 36 = (¢ — 46)(¢ + 1) + 10 > 10.

Thus As > A;. A unimodal sequence with Ay > A; must have its mode at or before the first
term, which would require A; > As. The strict valley excludes this possibility. Moreover,
positivity gives A2 < AgAs, so log-concavity fails as well. O

For an explicit example, take ¢ = 49 and r = 2693. Since 2693 > 49 - 47, Theorem 4.1
applies. The exact fiber is

[a_2641€_49d2688€47]M2693

49 (2693
= (3)2(3619) b~°1(293250 4 2924000 + 294911b% 4 53782b% 4 23805b). (9)
Indeed, the ratios used to substitute into (4)—(8) are
2693 2693 49 49
Cis) _ 49 Car) _ 8 (i) _28  (5) _ 207
2693 ) 2693 ) 49 ) 49 :
(o) 2645 () 23805 (5) 20 () 2
Substitution gives the five normalized coefficients individually:
Ao 293250
——srgae = 1275 = ———
19 (2693 ’
( 3) (4o ) 230
Ay 49 292400
—a—srgae = 1250 + 1150 - —— =
19 (2693 ’
(5) (%59°) 2645 230
Ay 2555 4953 49 . 207 8 294911
49\ (2693 "5645 T 9 - )
(5) (%56°) 2 2645 2 23805 230
As 49 53782
—do e = 200 + 207 — = ———
49 (2693 ’
(5) (550°) 2645 230
Ay 207 23805
49\ (2693 — o9 :
(5)Cw) 2 20

This proves (9). The first two differences in its integer vector are —850 and 2511.

Corollary 4.2. The log-concavity and unimodality assertions in Chen’s Congecture 5.11(1)
are false. In particular, Conjecture 5.5 of Chen—Huang—Sun is false. Both coordinate uni-
modality and coordinate log-concavity of cluster monomials depend on the initial seed, dis-
proving the assertions in Chen’s Conjecture 5.11(2), restated as Chen—Sun’s Conjecture 8.2.



Proof. The type As example (9) lies in the range n > 4 of Chen’s conjecture. In T its first

2693,,2

three coefficients form a strict valley. In U the same element is the monomial p3-°°p5¢; each
nonzero coordinate fiber then consists of one coefficient and has both properties. ]
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