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Counterexamples to log-concavity of cluster monomials
and theta structure constants

Qiyue Tang

Abstract

We disprove Conjectures 1.1 and 5.5 of Chen—Huang—Sun and the log-concavity as-
sertions in Chen’s Conjecture 5.11 and Chen—Sun’s Conjecture 8.2 by constructing coun-

terexamples for cluster monomials and theta structure constants in coefficient-free type
As.

AT use and scholarly credit

The results of this paper were generated through two conversations with ChatGPT-6-Pro,
totaling approximately two hours. The manuscript was subsequently polished and revised
using Codex and underwent Al-assisted review with Rethlas-OSV [13, 16].

By posting this manuscript on this platform, I do not seek to assert ownership of the
results or claim priority. I welcome anyone interested in preparing a finished account or
checking the arguments; the eventual scholarly credit should go to those who undertake that
work.

1 Introduction

Log-concavity expresses a restriction on how neighboring coefficients can vary. A nonneg-
ative sequence (uy)rez is log-concave if u% > ug—1up+1 for every integer k. On an interval of
positive terms, these inequalities say that the successive ratios uy/ug_1 are nonincreasing. A
finite log-concave sequence whose positive terms form an interval is therefore unimodal: its
terms first increase weakly and then decrease weakly. Newton’s inequalities give a classical
source of log-concavity, through the coefficients of polynomials with nonnegative coefficients
and only real roots. The connections with counting problems, Hilbert functions and convex
geometry are developed in Stanley’s survey [20].

Representation-theoretic multiplicities give a related class of questions. Okounkov [17]
connected their logarithms with entropy and proposed log-concavity phenomena for multi-
plicities. Chindris, Derksen and Weyman [5] constructed counterexamples to his conjecture
for Littlewood—Richardson coefficients. Positive results hold in other settings. Huh, Math-
erne, Mészaros and St. Dizier [9] proved logarithmic concavity results for normalized Schur
polynomials, obtained by dividing each monomial coefficient by the product of the factorials
of its exponents. Their work applies the theory of Lorentzian polynomials developed by
Bréandén and Huh [1].

Fomin and Zelevinsky introduced cluster algebras in connection with total positivity
and canonical bases [6], and classified their finite types [7]. A cluster is a distinguished
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transcendence basis of the ambient rational function field. New clusters are obtained by
exchange relations, and a cluster monomial is a product of nonnegative integer powers of
variables from one cluster. The Laurent phenomenon states that every cluster variable is
a Laurent polynomial in the variables of any chosen cluster. The positivity problem then
asks whether its coefficients are nonnegative. In coefficient-free type A,, clusters correspond
to triangulations of a convex (n + 3)-gon; diagonals give variables, and flips give Ptolemy
relations.

Combinatorial expansion formulas made positivity accessible in this model. Schiffler [18]
gave a formula for type A using paths in a triangulated polygon. Musiker, Schiffler and
Williams [15] obtained Laurent expansion formulas for cluster algebras from surfaces, in-
cluding principal coefficients and punctures. Lee and Schiffler [12] subsequently proved
positivity for all skew-symmetric cluster algebras. Gross, Hacking, Keel and Kontsevich [§]
constructed theta functions with nonnegative multiplication constants; their construction
includes cluster monomials and also proves Laurent positivity. These results make it natural
to ask how the positive coeflficients vary with their exponent vectors.

The geometry of the support gives another part of the picture. Shen [19] showed that
supports of products of canonical basis elements for cluster X-varieties of type A,, are Stasheff
polytopes in tropical coordinates. This concerns the set of nonzero coefficients. Log-concavity
additionally compares their sizes, and in the present paper the coefficients come from the
commutative cluster A-algebra.

Chen, Huang and Sun [3] formulated the cluster log-concavity problem in a preprint
of 2024, published in 2026. For a Laurent polynomial, they fix all but one exponent and
require log-concavity of the resulting coefficient sequence. They proved this property for
cluster variables of type A,, and cluster monomials of type As. Their Conjecture 5.5 extends
the assertion to cluster monomials of type A,, n > 3. Their Conjecture 1.1 also asks for
log-concavity of theta multiplication constants in every cluster chart, with the two input
labels fixed and the output label varying; it includes all finite types.

Chen [2, Theorem 5.1] proved log-concavity and unimodality for every cluster monomial of
type As. The argument uses coefficient formulas and real-rootedness through hypergeometric
and Jacobi polynomials. Conjecture 5.11 of the same paper has two parts: the corresponding
assertion in type A, for n > 4, and independence of these properties from the initial seed.

Chen and Sun [4] proved log-concavity and unimodality in every rank when the initial
triangulation is a fan, meaning that all its diagonals meet one vertex. Their coefficient
formula uses products of interval factors whose intervals are nested or disjoint. The proof
treats the parity of the rank separately, using inequalities along integer lines in even rank and
convolution in odd rank. Their Conjecture 8.2 restates Chen’s seed-independence conjecture.
Together, these results establish the desired inequalities in all seeds in rank three and in fan
seeds in arbitrary rank, leaving the behavior of products in other seeds to be determined.

A different specialization leads to the work of Kang, Lee and Lim [10]. The earlier study
of g-deformed rational numbers by Morier-Genoud and Ovsienko [14] led to unimodality
questions for rank polynomials of fence posets. These polynomials count order ideals by
cardinality; an order ideal is a subset containing every element below any of its members.
Kantarci Oguz and Ravichandran [11] proved their unimodality. Kang, Lee and Lim ex-
tended the analysis to loop fence posets arising from notched arcs on surfaces. In cluster
language, these rank polynomials are obtained by setting all coefficient variables of an F-
polynomial equal to one variable ¢; an F-polynomial itself is obtained from a cluster variable
with principal coefficients by setting the initial cluster variables to 1. They also proved uni-
modality for the analogous specialization associated with a lamination consisting of a single
curve on an unpunctured surface [10, Theorem 14], and conjectured log-concavity in that
setting. This specialization sums coefficients over exponent vectors; coordinate log-concavity



fixes the other exponents.

We give a family of counterexamples in coefficient-free type As. In an octagon with
vertices 0, ..., 7, let p;; denote the variable associated to the diagonal joining 7 and j. Relative
to the initial cluster of algebraically independent variables

(p047 Po5, P14, P24, p57) — (CL, ba C, da 6)7

the compatible product p32pse has, when the exponents of a, ¢, d, e are fixed at —14, —4, 17, 3,
respectively, the complete coefficient sequence in the remaining variable b

(145350, 53010, 19380) = 570(255, 93, 34).

The inequality fails because
93? — 255 - 34 = —21.

Theorem 2.1 gives the family pJ.pss for every integer » > 20. It disproves Conjecture 5.5
of [3] and the log-concavity assertion in Conjecture 5.11(1) of [2]. In a cluster containing
po7 and psg the same element is a monomial. This comparison disproves the log-concavity
assertion in Conjecture 5.11(2) of [2], restated as Conjecture 8.2 of [4]. Clearing denominators
turns the three coefficients into theta multiplication constants for one input pair and three
collinear output labels, disproving Conjecture 1.1 of [3].

The calculation uses Ptolemy relations followed by the binomial theorem. Two contribu-
tions have different polynomial growth in r, producing the failed coefficient inequality. The
passage to theta structure constants uses the independence statement for cluster-monomial
labels in [8, Theorem 7.20].

2 An octagon and its Laurent coefficients

We work over Q in the coefficient-free cluster algebra of type As. The octagon vertices are
labeled 0,1, ...,7 in cyclic order. For 0 <14 < j < 7, write p;; for the variable of an interior
diagonal. For boundary sides set p;;+1 = 1 for 0 < ¢ < 6 and pg; = 1. A triangulation
determines a cluster; noncrossing diagonals are compatible. For 0 <1 < j < k <1 <7, the
exchange relation is

PikPjl = DijPkl + DitPjk- (1)

Fix the ordered cluster

T = (po4, pos, P14, P24, P57) = (a,b,c,d, e). (2)

Here ijk denotes the triangle with vertices i, j, k. The triangles of T are 014, 124, 234, 045,
057, 567. The diagonals 27 and 36 belong to the ordered triangulation

U = (po2, P26, P27, P35, P36)- (3)

Its triangles are 012, 027, 236, 267, 345, 356, which exhibit the compatibility of its diagonals.
Thus M, = pj,p3e is a cluster monomial for every integer r > 0.

For a finite Laurent polynomial F' in a,b,c,d,e and integers u,v,w,z, the notation
[a“cd™e*]F denotes the Laurent polynomial in b obtained by retaining exactly those terms
with the indicated four exponents and removing the factors a“c’d%e®. Missing coeflicients
are zero. For example,

[a™1cPd%e) (247 b + 3a™'b% 4 a) = 2b + 3b°.



Coefficient extraction in other subsets of variables has the same meaning. A Laurent poly-
nomial with nonnegative coefficients is coordinate log-concave if each sequence obtained by
fixing all but one exponent satisfies the adjacent log-concavity inequalities, with zero coeffi-
cients outside its finite support. This is the notion in [3, Definition 2.17]. For integers r > 0
and 0 < k < r, we use (;) = r!/(k!l(r — k)!), with 0! = 1; the binomial coefficient is zero
when k£ <0 or k > r.

Theorem 2.1. For every integer r > 4,

[a5" e 4dr3e3M, = 30 <Z> b+ <10 Cl) +4 (g)) bt 44 (D b3, (4)

The square of the middle coefficient minus the product of its neighbors is

<10 <2) + 4<;>>2 ~ 120 (DQ - (%1)2(—57“2 +110r — 221). (5)

Consequently M, is not coordinate log-concave in T for every integer r > 20.

Proof. The quadrilaterals 0124, 0457, and 0247 give, in this order,
cpo2 = a +d, bpar = 1+ ae, apa7 = poz2pa7 + d.

Solving these equations yields

a+d 1+ ae (a+d)(1+ ae) + bed
Po2 = ) P47 = ) P27 = .
c b abc

The quadrilaterals 0234, 4567, 0567, and 0346 similarly give the four equations

dpo3 = po2 + a, epss = 1 + paz, epos = 1 + b, ap3e = Po3P46 + Po6-
Substitution gives

d+a+ ac 1+b+ae 1+5
po3=—"—F—", P66 = ——F, pbo6 = —,
cd be e

and
(d+a+ac)(14+b+ ae)+ bed(1 + b)
P36 = .
abede

For the coefficient calculation, denote the two numerator polynomials by

P = (a+d)(1+ ae) + bed,

S=(a+d)(1+b+ae)+c(a(l+b+ ae)+ bd(1+b)). (6)
Then prg
M, = arFlprHler+lde” (7)

The denominator shifts the four requested exponents to
6-—r)+(r+1)=7 —-4+(r+1)=r—-3, (r—-3)+1=r—-2, 3+1=4.

Thus we extract a’c™3d"~2e* from P"S. Each factor of P contributes either bed or (a +
d)(1+ae), and each term of S contains either zero or one factor of c. In the first case, exactly



r — 3 factors of P contribute bed; in the second, exactly r — 4 do. The numbers of choices

are (") = (3) and (,",) = (}), respectively. Hence

T

3PS = <3

) (bd)"3(a + d)*(1 + ae)*(1 + b + ae)

- (2) (bd)"*(a + d)*(1 + ae)* (a(l + b+ ae) + bd(1 +b)).
In the first summand, extracting e* from (1 + ae)3(1 + b + ae) gives a*. Extracting the
remaining a3d from (a + d)* gives 4. Its contribution to [a"c"~3d"~2e*|P"S is therefore
sG>,
For the second summand, extract a’d?e* from
(a+d)*(1+ ae)4(a(1 +b) +a’e + bd(1 + b)).

For a(1 +b), the e* term of (1 + ae)* is ae?, leaving the coefficient of a?d? in (a + d)*. For
a’e, the required term is 4a®e®, again leaving a?d?. For bd(1 + b), the required term is a‘e?,
leaving a3d. Consequently the three contributions are

[a"d*e¢*](a + d)*(1 + ae)*a(1 +b) = (1 + b)[a*d?|(a + d)* = 6(1 +b),
[a"d*e*)(a + d)*(1 + ae)ta’e = 4[a’d*](a + d)* = 24,
[a"d?e*)(a 4+ d) (1 + ae)*bd(1 + b) = b(1 + b)[ad](a + d)* = 4b(1 + b).
Their sum is 30 + 10b + 4b?. Thus

[a"c"3d" 2t P S = 4 (;) b 4 <Z) b" (30 + 100 + 4b?).

Dividing by b"*! sends the exponents r — 4,7 — 3,7 — 2 to —5, —4, —3 and proves (4). Since
(4) = (r = 3)(5) /4, the coefficient defect is

(0(5)<a(s)) —m0(;) =) +s0(5) () +10(3)
= (;’4)2(—5(7“ —3)2 4 80(r — 3) + 64)

2
- (34)(—57'2 +110r — 221).

This proves (5). Finally, for r > 20,
572 — 1107 + 221 = 5(r — 20)* 4+ 90(r — 20) + 21 > 0,
so the defect is negative. O
At r = 20, formula (4) reads
[a™ e 4d e3)| Mayy = 570675(255 + 93b 4 34b?). (8)

Corollary 2.2. Conjecture 5.5 of Chen—Huang—Sun is false, as is the log-concavity assertion
in Chen’s Congecture 5.11(1). Coordinate log-concavity of a cluster monomial depends on the
initial seed, disproving the log-concavity assertion in Chen’s Conjecture 5.11(2), also stated
as Congecture 8.2 by Chen—Sun.

Proof. The type As cluster monomial My violates coordinate log-concavity in 7" by (8). In
U it is a monomial, and every nonempty coordinate coefficient sequence has just one term.
Thus it is coordinate log-concave in U. O



3 Theta multiplication constants

Let A be the coefficient-free cluster variety associated to our type As algebra, obtained
by gluing the cluster tori through their exchange maps. We use the following results of [8].
Its theta labels are integral tropical points of the dual cluster variety: each seed gives integer
coordinates for a label, and the coordinate changes are the tropicalizations of the dual cluster
transformations. Write © for the subset of labels indexing the middle algebra in [8, Theorem
0.3]. Relative to T, the label coordinates lie in Z°, ordered by (a, b, c,d, ).

The middle algebra mid(A) is the Q-algebra with basis {1, : ¢ € ©} constructed in that
theorem. It has a homomorphism

v :mid(A) — up(A),

where up(.A) is the intersection, inside the ambient rational function field, of the Laurent
polynomial rings over Q of all clusters. The multiplication constants «(g, h,q) are defined
by the finite expansion

dg0n = Y _alg,h,q)dy  (g,h € O). 9)

qeO

They are nonnegative integers. Each cluster monomial has a label in © whose coordinates
in its own cluster are its exponents; v sends that theta element to the cluster monomial.
Put z = (a,b,c,d,e). For 8 = (Bi1,...,05) € Z2,, write 2 = aPvP2cP3dPrePs. Then
v(¥g) = 2%; see [8, Theorem 0.3(2), (3), (5)]. Here and below a nonnegative vector also
denotes its theta label in the T chart. We take the coefficient-free normalization obtained
by setting all principal coefficient variables to 1. This specialization gives coefficient 1 on
the corresponding cluster monomial, as in the proof of [8, Theorem 7.16].

Lemma 3.1. Let g€ 0O, let D € 2520, and suppose
ePu(y) = ) ppa”
BEZS,,

is a polynomial, where pg € Q and all but finitely many pg vanish. Then a(g, D, ) = pg for
every B € Zgo-

Proof. Since D is nonnegative, v(9p) = 2”. Apply the homomorphism v to (9) with h = D
and subtract the polynomial expansion. This gives the finite relation

> alg, D,qv(Bg) — D ppr(vp) = 0.

q€0 BeZ,

Theorem 7.20 of [8] states that, in a finite linear relation among the images v(¥,), the
coefficient at every cluster-monomial label is zero. For a fixed nonnegative 3, the coefficient
of that label in the displayed relation is exactly «(g, D, 3) — pg. It therefore vanishes. O

For an integer r > 4, let g, € © be the theta label whose coordinates in the ordered
cluster U are (0,0,7,0,1). Thus v(d,.) = M,. In the T chart define the denominator
exponent vector D, and the three output labels 3; by

D.=(r+1,r+1,r+1,1,1), Bj=(T,r—4+jr—-3r—-24) (j=0,1,2).

All D, and f; lie in the initial nonnegative cone.



Theorem 3.2. For each integer r > 20, the fized input pair (g., D,) has output constants

4

T T
algrs Dy, B1) = 10(4> +4(3>,

O‘(grv D, /82) = 4(2) .

a(gr, Dy, Bo) = 30 (7")

They violate the midpoint log-concavity inequality. Consequently Conjecture 1.1 of Chen—
Huang—Sun is false already in coefficient-free type As.

Proof. The Ptolemy calculation in the proof of Theorem 2.1 gives the polynomial identity

zPr M, = ((a+d)(1+ ae) + bed)”
((a+ d)(1 + b+ ae) + c(a(l + b+ ae) + bd(1 + b))).

Lemma 3.1 identifies a(gr, Dy, 5;) with the coefficient of a’b" i =3d" =2 in this polyno-
mial. After division by 2”7, these exponents become

(6 —7r,—5+j,—4,r—3,3).

Thus the constants are exactly the three coeflicients in (4).

In the chosen chart, 281 = By + f2. The definition preceding [3, Conjecture 1.1] requires,
for fixed inputs, a log-concave function interpolating the nonzero output constants in every
cluster chart. Here log-concavity of a positive function f on a convex set means

F(1=u+t0) > fw)' " f) (0<t<1)

for any points u,v in its domain. Taking u = By, v = P2 and t = 1/2 gives f(B1)? >
f(Bo)f(B2). All three constants are positive, and (5) contradicts this inequality. O

For r = 20, the inputs are (g0, (21,21,21,1,1)) and the three outputs are
(7,16,17,18,4), (7,17,17,18,4), (7,18,17,18,4).

Their constants are 145350, 53010, 19380, with defect —6822900.
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