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Abstract

We prove a first-order transition for hard rods in R? whose orientations vary continuously over
the sphere. For every sufficiently small positive ratio of diameter to length, the grand-canonical
pressure has a nondifferentiable point, with a jump in number density at the intermediate
Onsager scale. Following the phase-pressure strategy of Lebowitz, Mazel, and Presutti, we
connect coexistence in the homogeneous Onsager functional to the microscopic pressure through
an exact auxiliary-field representation, exponential decay of correlations in the rod gas at fixed
auxiliary field, and estimates of the free-energy cost of interfaces between connected families of
minimizing angular profiles.

1 The pressure transition and the proof strategy

Let dw be probability area measure on S?. A rod of axial length one and diameter £ > 0, with
centre x and axis u, occupies

Re(z,u) =z +[—1/2,1/2]u + B(0,g/2).

The orientation varies continuously over S?, with v and —u describing the same rod. For a bounded
region A, activity z > 0, and admissible exterior configuration &, define

2NV N
Zn . - —/ To( X1, XN d; dw(u;). 1.1
re(z]€) sz:o NT Jiaxse) he(X1 N §)jHl j dw(u;) (1.1)

The indicator requires disjoint rod interiors. Centres in A are integrated; the exterior rods are fixed.
For Ay = [—5/2,5/2]3, write

1
P.(a) = lim —‘logZAs,E(a_le“ | @). (1.2)
S
Theorem 1.1 (Nondifferentiability of the pressure). The pressure P. exists, is finite, and is convex
in a. There are a; € R, g9 > 0, and constants A, c,C > 0 such that for every 0 < e < €q there is a.,
with a. — ay as € | 0, satisfying

A
Plifae) = PL_(a) > ooy~ < Plife) < (1.3)

The one-sided derivatives are the limiting number densities from the corresponding sides of the
transition.

Thus the transition occurs at number density of order e~! and occupied volume fraction of order
e. For axial length ¢ and diameter d, these scales become (¢2d)~! and d//, respectively.
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The strategy and its relation to LMP

Lebowitz, Mazel, and Presutti (LMP) [1, 2] transferred mean-field coexistence to a continuum
system with a large but finite interaction range. Their method combines a variational description
of the reference phases, estimates within each phase, control of interfaces, and an adjustment of
the chemical potential that makes the corrected phase pressures equal. We follow this sequence.
The model-specific work replaces their Kac interactions by hard exclusion and their scalar density
minima by families of angular profiles. The contour step uses Pirogov—Sinai theory [3, 4], particularly
Zahradnik’s truncation and stability argument [5].

The conclusion here concerns the pressure. Once the physical pressure is identified with the
maximum of phase pressures whose density responses are separated, their crossing proves the
theorem. This avoids the further construction and analysis of distinct physical Gibbs measures
carried out by LMP. The argument still needs locality of the reference gas and boundary estimates
for restricted free energies; auxiliary Gibbs states are used to establish those estimates.

The following eleven steps are the subjects of the next eleven sections, in this order.

1. Identify the homogeneous phases. The Onsager functional has an isolated isotropic minimizer
and nonisotropic minimizers at one chemical potential. Their masses are separated. Analytic
coordinates divide the complete minimizing set into finitely many connected components.

2. Introduce an exact auxiliary field. Attach a normalized Gaussian variable to each spatial
and angular cell. Integrating these variables restores the original partition function exactly.
Conditional on the field, a quadratic count penalty provides the reference system used in the
subsequent estimates.

3. Derive the variational limit. The thin-rod overlap operator and a random graph representation
give the finite-volume Onsager functional for the reference gas. This supplies the microscopic
approximation that plays the role of coarse graining in LMP.

4. Prove locality of the reference gas. The quadratic penalty makes the insertion generator
coercive. Its inverse yields covariance decay uniformly in the field, the volume, and fixed exterior
rods. This replaces LMP’s restricted reference-system uniqueness estimates.

5. Construct a positive field action. Directional averaging splits the leading free energy into
nonnegative terms. A transport rigidity theorem identifies their common zeros. Minimization
over density profiles then gives a local field action and quantitative separation of its minimizing
components.

6. Restore all particle counts. A projection empties cells exceeding the reference count bound.
A convergent expansion reconstructs their contribution and propagates the reference estimates
to the exact rod integral.

7. Recover the exact field interaction. Integrate the field response to express the exact
interaction as the positive leading action plus a small summable error. A common additive
normalization allows pressures with different reference profiles to be compared.

8. Control boundary costs. Interpolate density profiles within a connected minimizing component
and compare restricted field integrals. This treats the continuous families of angular minima. It
gives surface bounds and a comparison of partition functions across a separating layer.

9. Assign contours and their costs. Blocks where a phase cannot be continued form contours.
Rigidity and isoperimetry supply their positive cost. The exact regional expansion retains the
boundary terms needed to combine neighboring regions.



10. Identify the physical pressure. Following LMP’s use of auxiliary phase pressures, truncate
large contour weights and prove uniform surface estimates. An induction then shows that the
physical pressure is the maximum of these phase pressures.

11. Locate the crossing. Differentiate the original Gaussian representation. The homogeneous
mass gap gives separated increments of the complete phase pressures, while their leading values
agree. Adjusting the chemical potential forces a crossing and hence the asserted density jump.

2 Homogeneous reference phases

Let dw be probability area measure on S? and define

(KN@) = [ Juxolf@) o), Q) = [ fllogf = 1-a)do+ (K1),

This is the grand-canonical form of Onsager’s second-virial functional [6]. Profiles are nonnegative
integrable functions; the entropy may be +o0o. Write m, = inf Q, and W, = {f : Qu(f) = mq}.

For bounds on fixed-mass Onsager minimizers, see Vollmer [7, Section 7.1]. The following lemma
gives the bounds needed with variable mass.

Lemma 2.1 (Bounds and compactness of the minimizers). The set W, is nonempty. Every
minimizer is even and satisfies

log f + 2K f = a, €@ < f < e (2.1)

The minimizers are uniformly Lipschitz on the sphere. Their union over a compact parameter
interval is relatively compact in the uniform norm, and limits at a convergent sequence of parameters
are minimizers at the limiting parameter.

Proof. If p = [ f dw, Jensen’s inequality and positivity of the kernel give

Qa(f) > plogp — (1 +a)p.

A minimizing sequence consequently has bounded mass and bounded positive entropy. It is uniformly
integrable and has a weakly convergent subsequence in L!. The entropy is lower semicontinuous.
The interaction is continuous under this convergence: approximate its continuous kernel uniformly
on S? x S? by finite sums of products of continuous functions, and use the uniform mass bound.
This proves existence. Replacing f(u) by [f(u) 4+ f(—u)]/2 preserves its interaction and mass and
strictly lowers its entropy unless f is even.

For positivity and the Euler equation, fix a minimizer f, set V = 2K f, and consider L(g) =
[g(logg —1—a+V)dw. Its unique minimizer is g = e~V. If L(g) < L(f), convexity and the
quadratic expansion give, for f; = (1 —t)f + tg,

Qa(fr) — Qalf) S tL(g) — LN+t (g — f,K(g— f)) <0

for small £ > 0, a contradiction. Thus f = ev2Kf  Since 0 < Kf < [f<e* the bounds follow.
The kernel is Lipschitz in its first argument, uniformly in the second. The Euler equation gives
a uniform Lipschitz bound for f. Arzela—Ascoli and continuity of the functional on the resulting
bounded positive profiles prove the compactness assertions. ]

The spectrum below is the Onsager-kernel spectrum computed in [7, Corollary 10], divided by
47 because dw is probability measure.



Lemma 2.2 (Angular spectrum). On spherical harmonics of degree [, the eigenvalue of K is

T T Gy’ (n>1) 0 (2.2)
Ko = — K = — n K = U. .
0T T @n—1)(2n+2) \ 4n = 2nt
In particular inf; k; = ko = —7/32, consecutive even eigenvalues are distinct, and |kon| = O(n=3).

Proof. The Funk-Hecke formula gives k; = % fil V1 —t2P)(t) dt, where P, is the Legendre polyno-
mial. Put w(t) = v/1 — ¢? and denote the integrals of wP, and P;/w by I; and J;. Two integrations
by parts in Legendre’s equation give (Il + 1)I; = 2I; — J;; the boundary terms vanish and the
remaining endpoint singularities are integrable. Odd integrals vanish. The generating function gives

- 2ny \ 2
Z Ji2t = / (1—2e")V2(1 — 27" V240 = 7 Z <(”n)> 22,
>0 0 n>0 4

Here conjugate off-diagonal terms combine into cosines with zero integral. This proves (2.2). Finally,

|I€2n+2| _ 4n2 —1 < 17
|Kon| 4n+1)(n+2)
and the central binomial coefficient bound gives the stated decay. O

The isotropic critical point is the constant r(a) > 0 determined by logr + 2kor = a; it increases
continuously with a.

Onsager’s degree-two trial profiles show how global minimality can be lost before local stability [6,
pp. 645-646]; see also Kayser and Raveché [8]. The following proof uses an explicit finite-amplitude
comparison in the grand-canonical functional.

Theorem 2.3 (Homogeneous coexistence). There is a; for which W :=W,, contains an isolated
isotropic profile ry = r(a;) < 5 and at least one nonisotropic profile.

Proof. On the convex order interval 0 < f < M, the Hessian obeys

D (Nlgsgl > (M7= 1) gl

If e* < 16/7, all minimizers lie in a strictly convex interval, so the minimizer is unique and rotation
invariant. More generally, r(a) is isolated among nearby critical points whenever r(a) < 16/7:
choose r(a) < M < 16/m and apply the same inequality in a small uniform neighborhood, uniformly
for nearby a.

To find loss of global minimality before this threshold, take g(u) = 1+ Py(u - n). It has mass
one, lies between 1/2 and 2, and [ P§ dw = 1/5. At density five,

11 2 1 2 2
)7 H:/ +3tl + 3t 7T'
32 0

0 dt =log2 —1+
2 T & 9V/3

This is strictly negative. Indeed, the series log2 =23",50372"71/(2n + 1) gives log2 < 1733/2500.
Together with /3 > 19/11 and 7 < 22/7, this yields

(59) ~ (5) =5 (H -

7 1733 ) 22(22_1)_ 8021
171 32)

3259500 T 7 11970000 =



Let a5 = log5 + 10kg. The same strict trial comparison holds near as, while r(as) =5 < 16/7.

Let S = {a : r(a) € W,} and set a; = sup{a : (—o0,a] C S}. Compactness in Lemma 2.1
implies continuity of m, and closedness of S. Thus a; € S and a; < as. There are a, | a; with
ap ¢ S. Choose minimizers f,, and take a uniformly convergent subsequence. Its limit f, lies in W
and cannot equal r: otherwise local strict convexity would force f,, = r(a,) eventually. Hence a
nonisotropic well coexists with the isolated isotropic one.

O]

Lemma 2.4 (Density separation). There is A > 0 such that

[ fdwzrea (Few (). (2.3)

Proof. We eliminate the interaction from Onsager’s equal-pressure and equal-chemical-potential
equations [6, Eq. (95)]. For f € W, write f = pg, [¢g = 1, and t = p/r;. The integrated Euler
equation and equality of the minimum values give

10gp+/glogg+2p(g,Kg> = ay, p+p*g, Kg) = r + kor}.

Eliminating the interaction yields

/glogg = —logt+2(1 + kory)(1 —t71).

The right side is strictly increasing on (0, 1] and vanishes at one, whereas the left side is nonnegative.
Thus t > 1, and equality forces g = 1. Finally W\ {r;} is compact because r; is isolated. Minimizing
its positive mass difference proves (2.3). O

2.1 The geometry of the well set

Let Px project onto the even harmonic degrees at most 2N, and put Qx = I — Py. The uniformly
convergent zonal expansion and Lemma 2.2 show that

lONK || < Z (4n + 1)|kan| — 0. (2.4)
n>N

The reduction below is a global finite-mode version of the Lyapunov—Schmidt construction used
for Onsager equilibria in [7, Section 3]: a uniform contraction on the harmonic tail covers the entire
minimizing set.

Proposition 2.5 (Global analytic well coordinates). For fized a, there are a finite-dimensional
space E, an open set U C E, a compact real analytic zero set Z € U, and an analytic injective map

U : U — Ceven(S?) such that U(Z) = W,.

Proof. Set j_ =a —2e*—1, jL =a+ 1, and let T(t) = exp(max(j_, min(¢, j+))). Choose N so
large that ¢, = 2¢/+|| QN K||csc < 1. For every v € E = PnCeoyen(S?) the contraction

wr— =20 KT (v + w)

on QN Ceven(S?) has a unique fixed point w(v). The fixed point depends globally Lipschitz continu-
ously on v. Let U consist of the v for which j_ < v+ w(v) < j; everywhere. On U the clipping is
inactive. The derivative in w of w + 20y Ke?"¥ is within ¢, of the identity, so the analytic implicit
function theorem makes w analytic on U.



For every well, (2.1) and the one-unit margin in J give w(Pylog f) = Oy log f. Define
F(v) = Py[v 4 w(v) + 2Ke" ) — g], G(v) = Qu (e’ — my,.

Both are real analytic. Their complete common zero set in U is exactly Z = Py log W,: a common
zero produces a positive profile of energy m,, and every well satisfies both equations. Compactness
and the positive lower bound in Lemma 2.1 show Z € U. The map ¥(v) = ") is injective
because Py log ¥ (v) = v.

O

Corollary 2.6 (Finitely many well components). The compact set W, has finitely many connected
components.

Proof. The analytic set Z has finitely many connected components [9, Corollary 2.7]. Its continuous
injection ¥ is a homeomorphism onto W,. O

Lemma 2.7 (Paths within a well component). Any two wells in one component can be joined by a
Lipschitz path with values in that component, in the uniform norm.

Proof. A connected compact semianalytic set is rectifiably connected [9, Theorem 6.10]. The
derivative of ¥ is bounded near Z, so its images of these curves are rectifiable in the uniform norm.
Parametrize each image by arc length. O

3 An exact auxiliary field representation

Set B = e~ ! and ¢ = e™, where a; is provided by Theorem 2.3. The parameter 8 measures rod
thinness. For the source h = a — a;, write

pe(h) = P:(a; + h), z = BCel. (3.1)

3.1 Cells, volumes, and reference measure

Partition space into congruent fine cubes B; of volume vs and partition the sphere into finitely many
shape-regular cells Uy, of probability areas w, > 0. A marked cell C' = (i, a) has measure vg = vswq.
Let P denote orthogonal averaging on these marked cells. A coarse cube contains L? fine spatial
cubes and has physical volume

Vi, = vsL3.

Volumes in pressure exponents are Euclidean volumes. Surface estimates may absorb the fixed mesh
factors in their constants.
Choose a preliminary source interval |h| < H, a pin strength «, and numbers

p>e(eH, R>H+2ap+2.

The choices of o and the mesh are specified by the operator estimates below. The count threshold
in C'is Ko = [pBvc]. It is imposed only on a reference system. The original rod model in (1.1)
remains unrestricted.



3.2 Normalized Gaussian augmentation

The completion of the square is the Gaussian auxiliary-field method of Stratonovich and Hubbard [10,
11]. We use normalized conditional densities on a bounded field interval, with the particle count
reset above the threshold.

For a physical configuration 7, let nc = No(n) and fic = nely, <k} Attach to each marked
cell an independent field ¢ € [—R, R], conditionally on 7, with density

1 Buc Buc 2070\ 2
con(nc) \/; P {_404 (¢C —h- Bvc ) } : (3.2)

The normalizer cc p(n) is the Gaussian probability of [—R, R|. For sufficiently large 3, all the means
in (3.2) stay a fixed positive distance from the endpoints. Thus, uniformly in 0 < n < K¢,

con(n) =1+ O(efc'g),

with the same conclusion for any fixed number of h-derivatives, after reducing ¢ > 0.

Put
gon(@) = || DG =ucto-h?e),
’ Ao

Expansion of the square shows that, after extracting gc p, the exact cell weight is

(BC)™ exp{dn — an®/(Bvc)}/ccn(n), 0<n < K,
We h,g(n) = (3.3)

(B¢e™)™[ean(0), n> Ke.

In particular, the second branch is independent of ¢. All geometric integrals and factorials remain
those of (1.1).

Use the probability reference dAc = doc/(2R) for the fields. If Rioqa(¢ | §) denotes the rod
integral with weights (3.3), its full field density is

Fa(@1€) =R TT gen(oc) Rioan(d | €). (3.4)

CeI(A)

Here I(A) is the set of marked cells over A. Throughout the field construction, a region is a union
of complete fine spatial cubes and contains every angular cell above each of them. Since every
conditional law (3.2) integrates to one, Tonelli’s theorem gives the exact identity

Za (56" 1) = [ Fa(6]€)drn(o). (3.5)

This equality holds for every finite volume and every admissible exterior configuration.
The explicit source contribution is

gon(éc) _ Buchéc  Buch?
gco(éc) 201 dov

Its quadratic term sums to —3h%|A|/(4a), because 3, w, = 1.

log

(3.6)



4 The finite-volume variational limit

We identify the free energy of the quadratically pinned gas. The spatial region and marked-cell
partition remain fixed throughout the limit of vanishing diameter.

Let D C R? be a bounded box and set Q = D x S2, with measure dv = dx dw(u), where
w(S?) = 1. Functions on 2 are extended by zero in the spatial variable. Write b.(X,Y") for the
overlap indicator of the rods with marks X = (z,u) and Y = (y,v), and define

1/2
(Af)(z,u) = /_I/Qf(:c + tu, u) dt, (Kf)(z,u) = /52 lu x v|f(z,v)dw(v), T =2A"KA.

The operator T' preserves positivity, is self-adjoint, has spatial range one, and has row integral 7/2
on the full space. Fix a finite partition {C;}"; of Q, put v; = v(C;) > 0, and let P be orthogonal
averaging on these cells. For a measurable activity profile 0 < a < amax < 00, define

1
Fal) = [ a(1og? ~ 1) v+ (0. Ta) + al Pal. (1)

At diameter e, the reference partition function has activity a/e, hard exclusion, the factor
exp[—ae Y, N2 /v;], and caps N; < [pv;/e].
Theorem 4.1 (Pinned finite-volume limit). Suppose T 4+ 2aP > —kI and kKamax < 1. Then

lsiigslog Zecap = — I;lzig Falq). (4.2)

fci qdv<pv;

4.1 The overlap operator and common neighbors

The leading excluded volume is Onsager’s angular interaction [6]. The following estimate strengthens
this geometric limit to convergence in operator norm.

Lemma 4.2. If B, is the integral operator with kernel b., then
|Be/e = T|22 < Ce,  sup / b-(X,Y)dv(Y) < Ce.
X

Proof. For fixed orientations u, v, the excluded displacement set is
[—1/2,1/2Ju+ [-1/2,1/2]v + B(0,¢).

It contains the normal prism over the parallelogram, of thickness 2¢. Its volume is
4
2e|u x v| + 2me? + %63.

This follows by integrating the planar parallel-body formula over normal heights; the parallelogram
has perimeter four. Parallel orientations follow by continuity. The remainder outside the prism has
volume O(e?) uniformly in u, v, so Schur’s test bounds its operator norm by Ce?.

For k € R3 write s;,(u) = sinc(k - u/2), where sinc(t) = sin(t)/t. The Fourier symbol of the
prism divided by ¢ is the angular kernel

U X v

2|u X v|sk(u)sk(v)sinc(ek - n(u,v)), n(u,v) = < o]



The symbol of T omits the last factor. Set

J(r)= /52 sp(u)? dw(u) < ¢

< , r=|k|.
1+r

The angular Hilbert-Schmidt norm of the difference is at most C' min(e2r2,1)J(r) < Ce. Plancherel
and the remainder estimate prove the norm convergence.

O]

Lemma 4.3 (Compactness of the limiting interaction). The compression of T to a bounded spatial
region s compact.

Proof. Cut the symbol of T off to |k| < R. Its localization on the left to D has Hilbert—Schmidt
norm squared

(27T)_3|D| | ”f(k)H%—IS(LQ(S2)) dk < oo.

k<R

Right localization preserves this property, and the Fourier tail has norm at most C/(1+ R), proving
compactness. O

For dy = w dv with bounded w > 0, the limiting operator 7}, on L?(p) is defined by conjugation:
the isometry U, f = \/wf maps L?(u) onto the subspace of L?(v) supported on {w > 0}, and
UT U =M 5TM g

The same conjugation applies to B /e, proving norm convergence to the compact operator 7,.

If the partitions refine with P — [ strongly, compactness gives |[T — PTP|| — 0. Since
PTP +2aP > (2a — ||T||) P, the coercivity hypothesis of Theorem 4.1 holds on a sufficiently fine
partition whenever 2« > ||T|.

Lemma 4.4 (Common-neighbor bound). Let p have bounded density on Q. For X = (x,u) and
Y = (y,v) put s=|u x|, d=|(y —z) X u|, and

e(X,Y) = / b(X, Z)be(Y, Z) du(Z).

Then
e.(X,Y) < {05,2 B s <g, (4.3)
Ce*s™ (14 log(s/e)), s>c¢,
c:(X,Y) < Cemin{l, (s +¢)/d}. (4.4)

The last quotient is interpreted as infinity when d = 0.

Proof. Fix the direction w of the common neighbor. Its possible centers lie in two slabs of thickness
2¢ inside a fixed bounded ball. The sine of the angle between their normals is

| det(u, v, w)|

> | det .
lu X w| v x w] Z | det(u, v, w)|

Their intersection has volume at most Cmin{e,s?/|det(u,v,w)|}. Integration over w, using
det(u, v, w) = sn(u,v) - w, gives (4.3).

If both intersections occur, subtraction of the two intersection relations gives y — x = tu — t'v +
Tw + e, with [¢|,[t'| < 1/2 and |e| < 2e. Dotting with u x w yields |((y — z) X u) - w| < Cs + Ce.
The allowed directions form a spherical belt of measure at most C' min{1, (s + ¢)/d}. For each of
them the center volume is at most Ce, proving (4.4). O



For r > ¢, splitting at s = \/er gives
XY
sup eXY) < C’\/g(l + log(1/¢)). (4.5)
€ r

max(s,d)>r
For independent marks of bounded density, the probability that both s < r and d < r is at most
Cr*: the angular cap and the transverse spatial cylinder each contribute two powers of r.
4.2 Sampling the interaction uniformly over trial profiles

Operator norm control makes the interaction approximation uniform over weights chosen after
sampling the point cloud.

Lemma 4.5 (Covariance sampling). Let v1,...,v, be independent copies of a random vector
v in a separable Hilbert space with |[v||> < L. Set Q = m™! >v ®@ui, A =E(vev), and
kpm = (1 + 2[logm])Y/2. Then, with by, = 2k,y,\/L/m,

E|Q — Al < bm A"+ 05, EIQI < (A" + bm)®.

Proof. Let o; be independent signs taking values £1 with equal probability, independently of the
vectors. Symmetrization and Tropp’s matrix Rademacher inequality [12, Theorem 4.1] give

2
d:=E||Q - Al < —EE,
m

Z oj(vj ® vj)
J

L 12
< — < .
ka\/;IEHQH < b/ [l Al +d

The matrices act on the sample span, of dimension at most m, and (v ® v)? < L(v ® v). Solving
the quadratic gives both bounds. Symmetrization follows by adjoining an independent sample and
applying Jensen’s inequality to these Bochner integrable trace-class operators. O

Lemma 4.6 (Empirical operator approximation). Suppose a real symmetric kernel R. on a
probability space (2, p) satisfies
1Relloe < Cofz, sup [ IRelawy)l di) < Ci /e
Y

For independent Z1, ..., Zy, of law p, let B,, have entries R.(Z;, Zy)/n off the diagonal and zero on
the diagonal. Then, for even n,

log(2n) C _
) Ball < |Rell sz + 0y B2 4 Cmene (4.6

Proof. Write n = 2m and first take independent samples X,..., X, and Y3,...,Y,,. For v; =
R.(-,Y}), the covariance operator Xy = m ™' 3, v;®v; has expectation RcRf and [|v;||> < L = C1/e.
Lemma 4.5 gives

E|Sy| < (re +01)%, re =||Re|l, b1 = 2kmy/L/m.

Define ry (z) = m~Y?(R.(z,Y1), ..., R(x, Y;,)). Its conditional covariance Gy has the same nonzero
eigenvalues as Yy, by the identities Gy = Jy Jy and Yy = Jy Jy for Jyc = m~1/2 Zj ;.

10



Put Sy (z) = ||ry (z)||>. For each fixed z, its summands have mean at most L, bound M = C3 /e?,
and variance at most M L. Scalar Bernstein therefore gives

Py {Sy(x) > 2L} < e "¢, Eyp{z: Sy(z) > 2L} <e .

Truncate ry on this exceptional set. The truncated vectors have squared norm at most 2L, and
their covariance is bounded above by Gy. Applying Lemma 4.5 conditionally on Y to the vectors
at Xi,..., Xy, shows that the matrix M;; = R.(X;,Y;)/m, with exceptional rows set to zero, has
expected norm at most r. + by + be, where by = 2k,,\/2L/m. The deleted rows have expected
squared Frobenius norm at most Me=“"¢. Thus

log(2
log(2m) €
me 3

—Ccme
e .

E|M| <r.+C

For a fixed full cloud, choose uniformly a set S of m indices, and retain in B, only entries
crossing from S to S¢. Call the resulting symmetric matrix Cs. Each off-diagonal entry is retained
with probability n/[2(n — 1)], so

B, =2 = Vg oo
n
The norm of Cg is the norm of its off-diagonal block, whose entries are half those of M. Jensen’s
inequality gives E||B,|| < (n — 1)E||M]||/n, proving (4.6). O

Apply this lemma to R. = b./e —V, where V is a fixed bounded symmetric finite rank kernel
approximating 7), on L?(p). Such kernels are dense among compact self-adjoint operators, because
bounded functions are dense in L?(x). Lemma 4.2 supplies the required row-square bound. If
ne/logn — oo, then
bo(Zj, Zy,) . V(Zj, Zk
W2 1ry, (V= LT T,

ne n

limisoupEHUn - Vn” < HTM - VHv (Un)Jk =
€

Here the diagonal correction is at most ||V ||« /n. Consequently the quadratic form error is uniform
over all f € [0,1]", since n™1||f|3 < 1.

4.3 The graph representation

For a finite graph G, let Zg(A) = > /cv(6): I independent M We use the graph case of Jenssen—
Perkins—Potukuchi—Simkin [13, Theorem 1.4]. If the maximum degree A tends to infinity, the
maximum common neighbor count is 0o(A), and pA stays in a compact subinterval of (0,00), then,

for A =p/(1 - p),
log Zg(\) = [ax {Z (:zj — zjlog J:J) B Z arjxk} + o(np) + O(np?). (4.7)
= P72 Grene

This follows by multiplying the independent-set probability by (1 + A)™. Decreasing a coordinate
above p improves both terms of the objective, justifying the displayed restriction.
Fix a vector of cell tilts t = (t;), set a® = ge~t on Cj, and include the self-pin in

Qe = aMe—ae/vi op C; A = /as,t dv, dptet = az ¢ dv/Ag .

11



Take an even sample size n < e 1% where 1/2 < b < 1, and sample the marks with this probability
law. In addition to every physical overlap edge, insert independently a pin edge for each same-cell
pair with probability p; = 1 — e=22€/Vi_ Set \ = Ac¢/(ne). Averaging the pin-edge avoidance weight
gives exp[—ae Y_; N;(N; — 1) /v;]; the self-pin supplies the missing diagonal part of N?.

Choose v € ((1+0)/2,1) and put r = 7. By Lemma 4.4, the probability of any pair with both
s <rand d < ris at most Cnr* = o(1). On the complement, all common-neighbor probabilities
are o(e) uniformly. Conditional Bernstein bounds and a union bound give physical maximum
common-neighbor count o(ne) and maximum degree O(ne). Conditioning on the physical graph,
mixed physical-pin and pin-—pin common-neighbor counts are O(ne?+logn) = o(ne). Pin degrees are
O(ne), and a cell of positive sampling mass supplies vertices of degree at least cne with probability
tending to one. Hence cne < A < Cne, and pA is bounded above and below. These are precisely
the hypotheses of (4.7) for graphs.

Matrix Bernstein [14, Theorem 1.4], conditional on the marks, gives

’ :OP( logn+logn) — op(1).

ne ne
Indeed each centered edge matrix has norm at most one and the variance parameter is O(ne).
The conditional mean, before physical overlaps are removed, converges to the finite rank kernel
2a); 10, ® 1¢; /v;. Removing physical-overlap entries changes its normalized row norm by O(e),
because the pin probabilities are O(e) and physical degrees are O(ne).

Set z; = pfj in (4.7). The preceding operator estimates and finite rank approximation give

pin adjacency — conditional mean

ne

clog Z6(\) — sup, {At [ = 110 £)ds = 540 £, 70 1)) 2~ aHP(a(”f)H%z(,,)}, (48)

where A; = fa(t) dv and dp; = a® dv/A;. Here npe — Ay.

To justify the variational maximum, express a bounded finite rank kernel in finitely many
bounded features. The empirical joint laws of these features and weights in [0, 1] have subsequential
weak limits with the prescribed feature marginal. Conditional averaging of the weight given the
features preserves the interaction moments and increases the concave entropy, giving the upper
bound. Evaluating any fixed measurable continuum weight on the independent cloud gives the
lower bound by the law of large numbers. The residual interaction is uniformly small by Lemma 4.6.
Finally the sampling density p. ; differs relatively from p; by O(e) at the fixed partition, which does
not alter these limits.

Putting ¢ = a® f in (4.8) gives —inf,>0{Fa(q) + 3 ; i Jc, 4} Clipping to a® decreases the
entropy on {q > a(t)} and both nonnegative interactions, so the constraint ¢ < a®® does not change
the minimum.

4.4 Annealing and the cap constraint

Let Z.; and P.; be the partition function and Gibbs law of the uncapped pinned gas with activity
a®) Je. Write (n)y =n(n—1)---(n— N +1). Averaging Zg over positions and pin edges multiplies
its N-particle integral by (n)y/ n™N and discards terms above n. Thus EZg < Zet. Repulsiveness
bounds the factorial moments of the particle count by those of a Poisson variable of mean A;/e:
insert prescribed particles and omit their repulsive factors. For a sufficiently large fixed K,

P {N > K/e} < e ¢/

12



On N < K/e, the binomial correction is bounded below by exp[—C/(ne?)]. Consequently
0 <log Z.; —logEZg < C/(ne?) + o(1) = o(c™1).

Changing one sampled point changes only edges incident to its vertex. Deleting that vertex bounds
the oscillation of log Z¢ by log(1 + A). Group the independent pin uniforms by their first endpoint;
each group has the same oscillation bound. The exponential bounded-differences inequality [15] for
these 2n independent blocks gives

0 <logEZg —Elog Zg < CnA? = O((ne?)™1) = o(e71).

The variables ¢log Zg are uniformly bounded, so their convergence in probability also implies
convergence of expectations. This proves the following limit, without the coercivity hypothesis.

Proposition 4.7 (Uncapped variational limit). For every fixed bounded tilt vector,

o(t) == lgii(r)lalog Zey = — élzlg {]:a(q) + %:ti /l qdy} . (4.9)
Lemma 4.8 (Uniqueness of the constrained minimizer). Under the coercivity hypothesis of Theo-
rem 4.1, Fo(q) + 2 ti Jo, ¢ has a unique minimizer for each t; > 0, with or without the cell-mass
constraints.

Proof. Clipping restricts the minimization to 0 < ¢ < a. On this convex set the entropy curvature is
at least 1/amax, so (4.1) is strongly convex under the stated coercivity margin. The order interval is
weakly compact in L?; relative entropy is weakly lower semicontinuous, and compactness of T makes
its quadratic form weakly continuous on bounded sets. This proves existence and uniqueness. [

Lemma 4.9 (Multipliers for finitely many caps). Let F' be convex on a convex class C, and let
m : C — [0,00)* be affine. Suppose

V(b) = inf{F(q) : ¢ € C, m(q) < b}

is finite for every b € (0,00)*. For such a b, if qy attains V(b), there is t € [0,00)* such that g,
minimizes F(q) +t-m(q) on C and t;(mi(q) — b;) = 0 for every i.

Proof. The finite convex nonincreasing function V' has a supporting subgradient p < 0 at b [16]. For
g€ C andn>0,use V(m(q) +nl) < F(q) in its supporting inequality and let n | 0. With ¢t = —p
this gives

F(q) +t-(m(q) —b) = V(b).
At g, every term in t - (m(gp) — b) is nonpositive, so the inequality forces each to vanish. Equality
there proves the tilted minimality. O

Proof of Theorem 4.1. Apply Lemma 4.9 on 0 < g < a, with F' = F, mi(q) = [¢. ¢, and b; = pu;.
The zero competitor and entropy lower bound make its value function finite. It gives nonnegative
multipliers ¢; and complementary slackness. Since ¢; > 0, clipping extends tilted minimality to all
q > 0. Its uniqueness remains true in a small open neighborhood of the tilt, because clipping gives
g < ae® there and the coercivity margin is strict. Thus ¢ is differentiable there, with 0,¢ = — fCi q.
Applying exponential Markov bounds using (4.9) at ¢ + se; proves exponential concentration of e V;
about this mass.

The cap upper bound follows by multiplying by e~ 2t and using N; < [pv;/e]; the ceiling
contributes only O(1) to the logarithm. For the lower bound solve the constrained problem at p’ < p.
Under its multiplier tilt, the concentration event lies strictly below all target caps. Undo the tilt on
that event and use complementary slackness to obtain the lower bound —F,(q,). As p' 1 p, the
comparison function (p’/p)q, and bounded convergence give F,(qy) — Fa(qp)- O
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5 Locality of the reference gas

We now control covariances uniformly in the volume and exterior rods. This provides the locality
supplied by the restricted-ensemble Dobrushin analysis in LMP [2, Sections 5-6]. For the gas
conditioned on the auxiliary field, we use a coercive insertion operator. The method is the
continuum Glauber coercivity argument, in particular the Mayer-kernel criterion of Kondratiev,
Kuna, and Ohlerich [17, Theorem 4.2 and Corollary 4.3]. Here the cell pin makes the Mayer operator
almost positive, and we estimate separately the terms produced by active count caps.

Use shape-regular marked cells with spatial side ¢, angular diameter comparable with ¢, and
measures v, =< ¢°. The cells and « are fixed before ¢ | 0. Let 3 = ¢~ ! and allow any measurable
one-particle activity 0 < z(X) < Mp, including arbitrary fixed accessibility multipliers. Pair
interactions are

+00, b-(X,Y) =1,
Us(X,Y) =< 2ae/v., X,Y €C.and b.(X,Y) =0,

0, otherwise.

The self-pin e~/? is included in z. Impose caps N, < K,.. A bounded measurable perturbation
J =34 Ja is permitted, with supports consisting of complete cells, and norm

Ko, = sup . [Ale™ @) 7, . (5.1)
i A

Distances are measured on the spatial cell lattice; angular cells over the same spatial cube have
distance zero. Constants may depend on the fixed mesh, o, and M. Write p for the finite-volume
Gibbs law, Dx F(n) = F(n+ X) — F(n) for insertion difference, and

rx(n) = 2(X) LN, ) ()<Ko x)} EXP [— Y U(X,Y) - DXJ(W)]
Yen

for the insertion rate. Here ¢(X) is the marked cell containing X. Forbidden insertions have rate
Z€ero.

Theorem 5.1 (Uniform covariance). Choose a > ||T'|| + 1. For a sufficiently fine fized mesh, all
sufficiently small €, and Brm,1 sufficiently small, there are C,m > 0, independent of the domain
and accessibility mask, such that

|Covu(F,G)| < €3 e ™MDD(RID;G), DF) =B, [ rx)DxFo)P av(X). (52
— C;
0]
Here C; comprises all angular cells over spatial cell i. The observables are square integrable and
have finite displayed norms.
5.1 A lower bound for the Mayer operator

The limiting operator maps L? boundedly into spatial and angular H'. For the spatial derivative
this follows from || T'(k)|| < C/(1 + |k|). For angular derivatives,

Cr, r>1,

[ IVusiw) deotu) < { \

Cr*, r<l1,
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by the substitution ¢ = ru - k/2. Combining this estimate with J(r) < C/(1 +r) for the other sinc
factor bounds the angular Hilbert—Schmidt norm of the differentiated symbol uniformly. The weak
derivative of |u x v| is bounded. Cell Poincare inequalities therefore imply

I(I—P)T| <Ct,  |T—PTP| < 2CC. (5.3)

For X e C.and € </,
/ b (X,Y) du(Y) < Cet, (5.4)

c

Indeed, the center displacement has the form tu — sv + e. In a single spatial cell ¢ — s = O({), while
a single angular cell gives |u — v| = O(£). The relevant planar area is O(¢?) and its thickening has
volume O(ef? + 20 + £3). Integrating over the angular cell gives (5.4).

The exact pair Mayer kernel is

BY" = b+ (1-b:) Y dele, ®1c,  De=1—e 20,
Cc

For € < cvmin/a,
ZvcﬁcPc > aehP,.
C

By (5.3), T + aP; > —C/I. The pin-overlap subtraction has row norm at most Cae?//, by (5.4).
Lemma 4.2 now gives '
BP"™ > —g6.1, 0e <Cl+e+ ae/l). (5.5)

Its row integral is at most C(1 + a)e, and its spatial range is fixed. Compression to a finite union of
complete cells preserves these estimates.

5.2 The insertion commutator and active caps

Since rx < M Be?:0.1, the reversible birth-death generator

(LF)) = [ Dy Fa) du(¥) + S [F(yp— )~ F(y)
Yen

has bounded birth rates. Canceling factorials in the grand-canonical density gives the Georgii—
Nguyen—Zessin identity [18, Theorem 2] and hence

£(F,G) =E, / rxDxFDxG dv(X) = (F,—LG),.

One-forms are measured in p(dn)rx (n)dv(X); their norm is denoted by || - ||1.
Hold an inserted particle X fixed and let LX evolve the background, with birth rates ry (1 + X)
and deaths of particles already in 7. Direct subtraction yields

Dx(~D)F = (~1% + DDxF + [lry(n) = ry(n+ X)|Dy Fln) du(Y),
D(-L)=HD, H=-L"+I1+K. (5.6)

The identity
rx(mry(n+X) =ry(nrx(n+Y)

makes L reversible for the one-form measure and K self-adjoint. In particular, — L% > 0.
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First take J = 0. Away from an active cap, the curvature kernel in K is BP™". Applying (5.5)
to the function rygy, and using 73 < Mfry, bounds its quadratic form below by —MJd.||g||?. If
N.(n) = K. — 1, the additional same-cell block is

e 20" 1 (X)L, (V)(L = be( X, Y))ry (1),

In its quadratic form the term 1 is a positive rank-one operator. The subtracted overlap term has
norm at most CM/*, by (5.4). Retaining the positive block gives

(9:Hg)n = (1 — Mo — CMLY|g|f3. (5.7)

Choose the mesh first so that the ¢ terms are small, and then choose ¢ small at that mesh. The
lower bound is a positive constant independent of the volume and mask.

For a bounded perturbation, an allowed double birth introduces the factor e PxPv/  Tts
difference from one is bounded by

C Y |ale  [DxDyJ[ <4 Y [Jalleo
As¢(X),c(Y) Asce(X),e(Y)

The other insertion-ratio factors lie in [0,1]. Weighted Schur summation bounds the resulting
one-form operator by CBk,,1. The previous pair and cap bounds apply with the factor e250.1 in the
rate bound. Requiring C Bk, 1 smaller than a fixed reserve in (5.7) therefore gives H > cI.

5.3 Weighted inverse and covariance

We obtain spatial decay by the exponential conjugation method of Combes and Thomas [19]. For a
spatial-cell set A, multiply one-forms by wy = ¢™¢spatial(X):4) " This weight commutes with LX
and with each positive active-cap block, because it is constant on the whole spatial cell. The pair
part has row mass O(e), rate O(/3) and finite spatial range. Its weighted commutator is therefore
O(m) at the fixed mesh. The weak part is controlled by (5.1). For a sufficiently small m > 0, both
conjugations by w and w~! have real part bounded below by ¢ > 0. In finite volume the weights
are bounded and invertible, so the conjugated operators are invertible. Their accretivity gives the
uniform inverse bound 1/¢. If P; selects insertions in spatial cell ¢, this proves

|PH P11 < Ce ™), (5.8)

The caps bound the number of rods in every finite volume. Together with bounded total birth
rates and reversibility, this makes the generators bounded on their respective L? spaces; the identities
therefore extend from bounded functions by density. Integration by parts and (5.6) give

|LF||2 = (DF,HDF), > c£(F, F).

Successive deletions reach the empty configuration. The Georgii-Nguyen—Zessin identity therefore
propagates a zero insertion gradient through every particle-number sector, so the Dirichlet kernel
consists of constants. The spectral theorem gives a gap at least c.

For centered G, solve (—L)u = G. The commutator gives Du = H~!DG, and hence

Cov,(F,G) = (DF,H ' DG);.

This is the birth—-death counterpart of the Helffer—Sjéstrand covariance representation [20]. Inserting
(5.8) proves Theorem 5.1.
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In particular, marked-cell counts satisfy
| Cov,(Ni, Nj)| < Cpe~mdd), (5.9)

If the activity on any measurable set of marks is multiplied by e¢, its counting observable has
insertion norm in a cell at most Cy/Be "2 times the square root of the mark measure in that cell.
This bound remains valid with a fixed bounded perturbation, because the insertion rate retains the
factor e~!. It is integrable over ¢ > 0 and will be used for boundary deletion. For a bounded local
observable V' supported on A,

| Cov, (N3, V)| < CI[V oo Y e M), (5.10)
JjEA

since |Dx V| < 2||V||o on its support.

6 Spatial rigidity and a positive field action

Write D = u - V,, for the transport derivative.
The next lemma is the polynomiality property of Killing tensors in Euclidean space [21, Sec-
tion IV], stated here for distributional coefficients.

Lemma 6.1 (Polynomial transport coefficients). Let B C R® be connected and open. Suppose
H(z,z) is a homogeneous polynomial of degree | in z € R3, with distributional coefficients on B,
and (z-Vz)H = 0. Every coefficient is a polynomial in x of degree at most [.

Proof. For D, = z -V, one has [D,,0,,] = —0,,. Induction gives

DIOYH = (—1Yj! Y (Z) PH (0= )< ).
£<y
€1=4
Taking |y| = j = [+1 gives 97 H = 0. Mollifying any coefficient on a relatively compact ball therefore
produces polynomials of degree at most [ on smaller balls. This finite-dimensional polynomial space
is closed in distributions, so the coefficient itself is locally such a polynomial. Polynomials agreeing
on an open overlap agree identically. Connectedness of B then gives one polynomial on the whole
domain. O

Theorem 6.2 (Local transport rigidity). If r is measurable on B x S?, r(z,-) € W, for almost every
x in a connected open set B, and Dr = 0 in distributions, then r(z,u) = f(u) almost everywhere
for a single f € W,.

Proof. The well bounds give 0 < m < r < M. Spatial mollification preserves the transport
equation and these bounds. The ordinary chain rule for the mollified functions, followed by local L?
convergence and Lipschitz continuity of the logarithm on [m, M], proves Dlogr = 0. The Euler
equation then gives DKr = 0.

Let r; be the angular harmonic component of degree [; odd components vanish. Multiplication
by u; maps degree [ into degrees [ — 1,1 + 1. At any odd degree j, the equations Dr = DKr =0
therefore read

Aj + Bj =0, Kfj—lAj + I€j+1Bj =0,

where A; and B; are the degree-j projections of Dr;_; and Drjiq. Distinct consecutive even
eigenvalues imply A; = B; = 0. Thus Dr; = 0 for every even [.
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Represent r; by its homogeneous harmonic polynomial H;(z, z). The transport identity on the
sphere extends by homogeneity to all z. Lemma 6.1 makes its spatial coefficients polynomials of
degree at most [. In the coordinates of Proposition 2.5,

v(z) = Pylogr(z) =a — 2Py Kr(x)

is consequently the restriction of a polynomial map R?® — E. It belongs to Z almost everywhere on
B, and hence everywhere there by continuity.

Fix zp € B and a direction e. The polynomial curve v.(t) = v(xg + te) lies in Z near zero. On
the component I containing zero of {t : v.(t) € U}, the analytic functions F'(v.(t)) and G(v,(t))
vanish identically. Thus v.(I) C Z. A finite endpoint of I would have its image in compact Z € U,
contradicting maximality of I. Hence I = R. The polynomial curve is bounded and therefore
constant. Since e was arbitrary, v is constant, and the identity » = ¥(v) proves the claim. ]

Following LMP’s averaged-density representation [2, Section 3|, we separate the action into an
entropy loss under averaging and a homogeneous excess. Rods require averaging along their axes,
for which Theorem 6.2 gives the equality case.

Put h(t) = tlogt — t. With the longitudinal averaging operator A, define

1/2
D) = | [ [0 bata -+ tuw) dt = h(Ag(a, )| defw),
s2 | J-1/2
Vo(f) = Qa(f) — ma.
Jensen’s inequality gives Dy > 0; V,, > 0 for all nonnegative profiles, without an evenness restriction.

Corollary 6.3 (Zero local action). If a bounded nonnegative profile q satisfies [5[Dq+V,(Aq)| dx =0
on a connected open set B, then q(x,u) = f(u) almost everywhere on B x S? for one f € W,.

Proof. Set r = Aq. The zero potential gives r(z, ) € W, almost everywhere. Strict convexity in the
equality case of Jensen’s inequality gives q(x + tu,u) = r(z,u) for almost every (x,u,t) with € B.
Choose x € C°((—1/2,1/2)) of integral one. In distributions,

r= /x(t)q(ac + tu,u)dt, Dr = —/X'(t)q(x + tu,u)dt = 0.

Theorem 6.2 gives r = f. For B’ € B and 0 < b < 1/2 with B’ + B(0,b) C B, a change of variables
gives

b
2b/ Iq—f|2§/ / lq(z + tu,u) — f(u)|?dt dzdw = 0.
B’x 5?2 BxS2J-b

An exhaustion proves the assertion on B. ]

6.1 Minimizing the density profile at a fixed field

Fix a = a; and ¢ = e*. Retain the marked cells C;; = B; x Uy, their measures v; ;, = vswp, and the
cell projection P. Fields take values in [—R, R].

Set S =T + 2aP. Both summands have nonnegative kernels and bounded row sums; 1" has
fixed finite spatial range. The operator estimate required below is

S > 41, M = ¢eft c=M1—6§>0. (6.1)
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Choose a > ||T'||. The mesh estimate (5.3) gives ||T'— PTP|| < C¢, where / is the fine marked-cell
mesh. Since PTP > —||T|| P,

S>Q2a—|T|)P—-Cl >—-Ct.
After fixing o and R, choose the mesh so that 6 = C¢ < M~!. Choose

p>sup ||flloe, R >2asup ||flleo- (6.2)
few few

Admissible density profiles satisfy ¢ > 0 and [~ ¢ < pvc on every marked cell.

Proposition 6.4 (The capped minimizing profile). Let D be a finite union of complete spatial
cells. For bounded measurable sources —R_ < ¢ < R+ 1, where R_ < o0 is fized, the functional on
profiles extended by zero outside D,

1
Gpole) = /stz q(logg —1—a—¢)+ 5{4:5pq)

has a unique capped minimizer qp ¢. It satisfies uniform bounds 0 < my < gp g < M on D, and
cell multipliers Ao > 0 satisfy

log(q/¢) = ¢+ Sq+Ac=0 onC, Ac(/cq—pvc>:0. (6.3)

Proof. Replacing ¢ by g A M decreases both terms: the derivative log(q/() — ¢ is positive above M,
and S has a nonnegative kernel. On [0, M], write the entropy as a convex function plus ¢?/(2M)
and combine the latter with S > —§I. This proves strong convexity with constant ¢, weak lower
semicontinuity, existence by weak compactness in L?, and uniqueness.

Apply Lemma 4.9 on [0, M] to G and the cell masses. The zero competitor and the entropy lower
bound make the value function finite. This gives nonnegative multipliers A\¢ and complementary
slackness. For that minimizer g, set V.= —a — ¢+ Sq. + A. The pointwise minimizer of [[h(q)+ V]
on [0, M] is g = min(M,e™") > 0. If g # g, its negative first-order improvement dominates the
quadratic remainder along the segment joining the two profiles, contradicting minimality. Thus
gx = g. Positivity of ¢, = g gives Pg, > 0 on every marked cell. Hence

logM+V =R+1—¢+ Sq¢.+ A > 2aPg, > 0.
Thus g. < M and (6.3) holds. If A\c > 0, saturation and q < (e®+1=*¢ give
0<Xc<(log¢+R+1—1logp)+.

The bounded row sum of S now gives the uniform positive lower bound.
O

We apply the exponential conjugation method of Combes and Thomas [19] to the constrained
Euler equation.

Lemma 6.5 (Weighted response). If W is a positive spatial weight constant on complete spatial
cells and |log W; — log W;| < md(i,j) for sufficiently small m > 0, then minimizers at two sources
obey

2
[W(gD,61 — Do) ll2 < EHW(% — @22 (6.4)
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Proof. Subtract (6.3) for two sources and test with W?2(q; — ¢2). The cap term is nonnegative
because a positive multiplier occurs only at a saturated cap:

swaon ) (o fa) 20

The entropy difference quotient is at least M ~!. Because W commutes with P, only T changes
under conjugation. Finite range and bounded row sums imply |[WTW ' —T| < C(e“™ —1) < ¢/2
for small enough rate m. Coercivity and Cauchy—Schwarz give (6.4). O

Corollary 6.6 (The profile in the whole space). For every field in the compact product box there is
a unique bounded positive solution in the whole space q4 of the capped Euler equations. It commutes
with lattice translations and is locally Lipschitz under changes in finitely many field coordinates.
Agreement of fields in a radius-d neighborhood of a target cell implies

lag — qullz2(cy < Ce™ ™.
Coordinatewise convergence of fields implies local L? convergence of the profiles.

Proof. For D C D', the restriction of gpr 4 to D solves the capped problem at the effective source
¢ —Tp,p\pqp,¢- This perturbation is nonpositive, bounded, and supported in a fixed boundary
strip. Apply (6.4) with a weight decreasing away from a target cell. The squared weighted source
norm is an exponentially decaying sum over the strip, bounded by Ce=2"¢ after decreasing m to
absorb lattice shell counts. Thus nested free-box minimizers are Cauchy locally. The local Euler
equations and multipliers pass to the limit.

For two bounded solutions in the whole space use the same decaying weight on their difference.
All terms are integrable, the cap contribution is nonnegative, and coercivity forces equality. This
also proves lattice translation covariance. Weighted response proves locality and finite-coordinate
continuity. To obtain product continuity, first make the exterior contribution small using locality,
then use coordinate convergence in the resulting fixed finite neighborhood. O

6.2 Local charges and an exact positive interaction

Define ]
. — . _ 2
o) = | Dy, + Va(Age)]de + 5 /. o 20PaP (6.5)

0%

The charges are nonnegative, bounded and continuous in the product topology. Their response to a
field change decays exponentially with distance, by the profile locality and the Lipschitz continuity of
entropy on the uniform positive profile interval. For a homogeneous well f and r = 2aPf, the Euler
equation shows ¢, = f by Corollary 6.6; the caps are inactive by (6.2). Consequently e;(r) = 0.

Proposition 6.7 (Positive interactions on lattice balls). There are nonnegative continuous interac-
tions ®Y ., with declared support the entire fine lattice ball B, (i), such that

in’

ei= 0, 80, ]le < Cem D (n>1),
n>0

Every atom vanishes at a homogeneous well field. For every fivzed p and 0 < o’ < m/2,

S [Ba(i)Pe” Bm B0l | < co.
i,n:0€By, ()
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Proof. Set egn](gb) = inf{ei(d;) 11 = ¢ on B, (i)}. Compactness gives attainment, and exponential
[n}

locality gives 0 < ¢; < Ce™™". Continuity follows by uniform finite-range approximation of

e;. The localizations increase with n. Take <I>00 = e[ } and <I>0 = e[n] [n 1 for n > 1. Their
nonnegativity, bounds, and root values follow 1mmed1ately There are O((n + 1)3) possible centers
with 0 € B, (i); |Bn(i)] = O((n + 1)?) and its diameter is 2n. The asserted norm is therefore
finite. O

6.3 Alignment with the well set

Write || - [|; for the norm of L?(B; x S?). If f € W, the Euler equation cancels the linear terms and
yields

Do() + Va(AQ(a /52/1/2 Q(x + tu,u) — h(f(u))
—log f(u)(Q(x + tu,u) — f(u))]dt dw(u)
+(AQ(x) - f, K(AQ(z) — [))-

For z > 0, f > 0, the entropy bracket is at most (z — f)?/f, by logt < t — 1. With myy =
inffEW,u f(u) > 07

0< [ Do +VaAQISC Y 1Q5 ~ flfa(s, ey (6.6)

i—il<r

where 7, is a fixed fine-lattice range.
In the field coordinates

2
Sib = VWrdip, (IQi)y = 2o Qi)

'USOJb BixUb
one has [[II|| < 2a/,/vs and the exact identity

1

4o

[, 16— 20PQI = (s ~TIQ* (67)

Copying whole spatial cells preserves every marked-cell cap. The normalized Lebesgue field measure
is pushed forward under this fixed diagonal coordinate change. Projected wells lie in its interior by
(6.2), giving uniform polynomial lower bounds for small-ball probabilities.

Lemma 6.8 (Alignment on a fixed patch). For a fized connected inner patch I, choose a connected
outer patch O containing a neighborhood of 1. There is a bounded, nondecreasing concave modulus
w, with w(t) =0 as t ] 0, such that, writing Eo = > ;co €i(®),

min Z lggs = 17+ D2 Nfi = filltasz) + D lsi = ILfif* < w(Eo).

fGW

1,jel i€l
i~
Here i ~ j means neighboring spatial cells and f; is any nearest well to qg; in || - ||s.

Proof. 1f the outer charge sum is zero, Corollary 6.3 makes g4 one common well on the inner patch;
the pinning square then gives ¢ = 2aPf there. If the asserted vanishing modulus failed, choose
fields whose outer energy tends to zero and whose inner error stays bounded below. Compactness of
the countable product field box gives a coordinatewise convergent subsequence. Corollary 6.6 and
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continuity of the charges pass zero energy and local profile convergence to the limit, a contradiction.
For any nearest well f;, || fi — flli < 2|l¢s; — flli, so the same modulus controls all such choices.
A measurable nearest-well selection can be used: the minimum is over a compact metric set, the
distance is continuous, and the Kuratowski-Ryll-Nardzewski selection theorem applies [22].

Let ¥(t) be the nondecreasing supremum of the bounded total inner error at energy at most
t, and choose C' > sup®. The function w(t) = infsso[1p(s) + Ct/s] is a bounded, nondecreasing
concave majorant of ¢ and tends to zero at zero. This proves the quantitative form used under
averaging.

O]

Lemma 6.9 (Separation after cell projection). The restriction of P to W is injective. The images
of distinct well components are compact sets at positive mutual distance.

Proof. If Pf = Pg for two wells, both solve the same homogeneous pinned Euler equation. The
angular operator 2K + 2a P, obeys the same lower bound as S; this follows by testing the spatial
inequality on profiles constant in larger and larger boxes and dividing by volume. Subtracting
the two Euler equations and testing with f — g gives at least ¢|f — g||3, but the expression is
zero. Thus f = g. The cell projection is therefore a continuous injection on compact W, and is
a homeomorphism onto its image. Its finitely many compact components have positive mutual
distance. O

6.4 Changes of field and comparison with trial profiles
For an arbitrary trial @, let £;(Q, ¢) be the expression in (6.5) with @ replacing gy.

Proposition 6.10 (Exact change of action). If ¢ — 1 is supported on finitely many marked cells,
then

H(g39) = 3 _lei(9) — ei(¥)]

_ /01 zc:(ch be) {Uc{wc +t(oc —ve)} _ /c q¢+t(¢—¢)] dt. (6.8)

200

The sum is absolutely convergent. It equals the sum of changes of the interactions @?’n from
Proposition 6.7.

Proof. Use the same finite free box D for both profiles and extend both profiles and fields by zero
outside it. The cancellation

1/2
Dy + V,(Aq) = /2/ q(x + tu, u))dtdw—a/ Aqdw + (Aq, K Aq) —
52.J-1/2

removes the h(Aq) terms. Integration over all spatial centers, translation invariance of the longitu-
dinal average, and expansion of the pinning square give the exact identity

Z{Ei(QD,qS? ¢p) — 4i(qp,ys YD)}

= Gp,¢(ap,) +*/ ¢* — Gp.y(ap.y) / P2,

The common constant baseline outside D cancels. Weighted response bounds each centerwise
difference by an exponentially summable function of its distance from the changed field set, uniformly
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in D. To estimate entropy use the common positive interval inside D; outside it both profiles vanish.
Dominated convergence gives the all-space charge sum.

The minimizing inequalities at two sources and the continuity of the minimizer give the envelope
formula of Danskin [23]: the minimized full action ming Gp 4(q) + (4a) ™! [, ¢? is differentiable, with
coordinate derivative vooc/(2c) — [ qp,s- Integrate along the straight segment of fields and pass
to the limit to obtain (6.8). For the ball interaction, atoms on balls missing the changed set have
zero difference. At distant centers, only radii reaching the set contribute; their exponential norms
are summable. This justifies the double sum and proves equality of the two action differences. [J

Proposition 6.11 (Comparison with a trial profile). Suppose ¢’ — ¢ is finitely supported, and Q' is
capped, 0 < Q' < M, and agrees with g4 outside finitely many complete cells. Then

> leil@) = eil@)] < 3_16(Q,¢) — g, 0)] (6.9)
i i

Proof. Put ¢ = gy and A = Q' — ¢'. Locality gives A € L' N L2, Subtract the Euler equation for
¢’ from the action difference (all integrals below converge) to obtain

SI6(@,9) (e = [IH@) ~ hia) ~1osd (@ ~ )+ 52.52) - T [

7

C
> SlIAlz = 0.

The cap term is nonnegative, because a positive multiplier means ¢’ saturates its cap, while Q' is
admissible. Bounded multipliers and L' decay justify the sum. Combining this with Proposition 6.10
gives (6.9). O

Corollary 6.12 (A homogeneous trial profile). For a homogeneous root r = 2aPf and a finite
region D,

0< Hp(ép | 7)< i > wvelpe —rel,  Hp(op|r) = ei(éprpe). (6.10)
ccp :

Proof. Use Q' = f in Proposition 6.11. Its local Onsager action is zero, and only the displayed
pinning square remains. Nonnegativity gives the lower bound. O

7 Restoring all particle counts

We use the fixed spatial and angular mesh chosen above. Its marked cells are denoted by Cj, their
one-particle measures by v;, and their particle counts by N;. Constants may depend on this mesh.
In particular 0 < v— < wv; < vy < 0o. The graph G joins any two cells in which rods can overlap.
It has bounded degree, finite spatial range, and polynomial volume growth of degree three. All
neighborhoods and distances below refer to this full graph, including when the integration domain
has holes.
Write 25, = 8¢e”, K; = [pBuv;], and use the parameters and Gaussian normalizers of (3.2)(3.3).
In particular,
0 < —logein(n) < Ce P, 0<n<K;. (7.1)

With »; denoting one-particle measure on Cj, the two cell weights relative to d€; =}, ¢ du?" /n!
are
N; N;
o _ BOT siN—aN2/(Bv) (N, < K b 2 N
;= —— P T AP ; i), = > KG). 7.2
a; Ci,h(Ni)e (N < K;) i cin(0) (Ni i) (7.2)
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The empty-cell weight is E; = ci’h(O)_l. All estimates below allow additional one-particle accessibility
multipliers in [0, 1].

7.1 The empty-cell projection

For a finite set D of marked cells and an admissible exterior rod configuration &, let R%‘H be the rod
partition function with the weights (7.2), and let RCDap be its restriction to N; < K; in every cell.
The exterior £ is not restricted by a cap. Define mw by emptying every cell whose count exceeds its
cap. Thus R R

Ni(ﬂ'w) = Ni(w), Nl‘ = Nil{NigKi}- (7.3)

A nonempty G?-connected set S C D has dependency support Ugs = Ng[S]. Two such sets are
compatible when their dependency supports are disjoint, equivalently when their G-distance is at
least three. For a capped configuration o set

Bs(@i€)= [ T biixs(wsions.§) des(ws)
N;>K;, 1€S icS

1 og=L
wg(03§) = ﬁ Bg(0;€), (7.4)

()= >, Jlws, Kp=—logEp.
F compatible SEF

Here yg is the product of hard-core factors with at least one particle in S; the empty polymer family
contributes one.

Proposition 7.1 (Exact projection). For every D,&, ¢,

RB (¢ | €) =RE (6 | ERY, ce™ . (7.5)
The pushforward of the full law by 7 is the capped law tilted by e 5D,
independent of ¢.

The correction K%, is

Proof. Decompose the full integral according to its actual bad set B = {i : N; > K;}. The G*-
components of B form a unique compatible family. Their closed G-neighborhoods are disjoint, so
the bad integrals factor conditional on the retained rods. In the corresponding term on the right of
(7.5), the indicators force the cells in B to be empty. Integrating them contributes exactly [];cp Fi,
canceling the denominator in (7.4). All remaining factors agree with the original sector. This proves
the identity sector by sector. Inserting any bounded function of ww proves the pushforward assertion.
Finally b;/E; = z}]lv ¢ and the hard factors have no field dependence. O

Lemma 7.2 (Exceptional-count tails). There is q3 = e~ after reducing ¢ > 0 if necessary, such
that -
e v)"
0<wg< q,‘gs‘y Z nm(ﬁcn'l) < CmfB™qp (7.6)
n>K; :
for every fized integer m > 0. These estimates are uniform in the exterior rods and all accessibility
multipliers.

Proof. Drop the hard constraints and accessibility multipliers. The empty weights cancel the factors
cin(0)7t. Writing r = eCel /p < 1, the inequality n! > (n/e)" gives

Z (5C6H%‘)n _ rKiJrl

' < -—
g n! 1—r
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Since v; > v_, this is exponentially small in . The ratio of successive summands is at most
Ce/p < 1 beyond the cap. Summing the geometric tail with the extra polynomial n™ gives the
second estimate. O

7.2 The expansion with a weak interaction

We shall allow a bounded measurable interaction J = )" 4 J4 on the actual rod configuration and
the field. Every declared support contains all rod and field arguments. Supports are connected in a
fixed finite-range enlargement of G. For a > 0 write

[la = sup Y e[ J4]loc = k. (7.7)
z A>zx

The exponent a is chosen with a fixed reserve for polynomial factors and spatial decay.

Expand e=7/4 = 14 f4, with g4 = ell/alle —1. A bad-site atom at i has support it = Ng[i] and
majorant gg; a weak atom A has support A and majorant n4. An object v is a nonempty set of
distinct atoms connected by overlap of their supports. Write

Uy=JBs =) |Bd, 2 =]]wa (7.8)

acy acy acy

For v = (S, F) its exact weight is

|
{os=0} l I
z U, = bz ws w 70 9
x [ falwsop\s€, @) des(ws). (7.9)
AeF

When S is empty this is simply the product of the selected weak factors on the retained configuration.
The factors in (7.9) are evaluated on the reconstructed actual configuration. The bound

S
2 <22 =)' ] na (7.10)
AeF

follows from Lemma 7.2.

Lemma 7.3 (Projection with a weak interaction). Let Kp(J) be minus the logarithm of the gas of
objects (7.9), with disjoint dependency supports. Then

Rf;ll,J — REP ]ch)"pe—KD(J). (7.11)

The full law projects to the capped law tilted by e~ K0,

Proof. Expand the weak factors and partition each selected atom set into its overlap components.
Distinct components have disjoint dependence and no hard factor connecting their bad rods, so
their integrals factor. The empty weights cancel as in Proposition 7.1. Inserting a bounded function
of the projected configuration proves the assertion about its law. O

The logarithmic expansion uses Penrose’s partition identity [24] and the Kotecky—Preiss con-
vergence criterion [25], in the formulation by iteration over trees in Ferndndez and Procacci [26,
Section 4].
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Lemma 7.4 (Mixed cluster expansion). Suppose that, for the required fized s > 0,

ps 1= SUD Z waesTNBal < 1 (7.12)
a:rt€B,

-~

The gas has an absolutely convergent logarithm. Grouping the logarithm by connected union supports
gives

=> Kpu(J),  supy N+ [UIKp ()]l < Chyplgs + ) (7.13)
U U>szx

whenever (7.12) holds with sufficient reserve beyond b. A cluster marked by one prescribed bad site
retains a factor qg; a cluster marked by a weak atom retains a factor k; the two marks together
retain ggk.

Proof. For an ordered tuple C' = (71,...,7,), let 1 (C) be the alternating sum over connected
spanning subgraphs of its incompatibility graph. Set £(C) = >, {,, and U(C) = UJ; U,,. The tree

bound is
O Y T e, s (71
T tree {i,j}€E(T)

To prove it, order edges and group connected graphs by their minimum spanning tree. Each group
is a Boolean interval, whose alternating sum is zero or has absolute value one.
For atom trees, iteration from zero in

T, = wae!Pal exp{ Z Tb}

b:ByNBo#D

is bounded by wqe®tVIBal whenever SUP. D a:zeB, weetIBal < 1. Every connected atom set has

a spanning tree. Allowing repeated species in the tree sum therefore gives

Z zfe“e” < wae(“ﬂ)'Bal, Z zifée“e7 < Z wg et Bal (7.15)
y:acy y:x€U a:rt€ B,

sly+|Uy

Apply the same recursion to object trees. Its supersolution is zife || since

# st +|U.
Z 2y € v < Ul ps.
VU NUs#2

Rooting at an object containing x and using (7.14) yields

1
Z n! Z ‘90 o)l H ZWJ l{cceU(C)} < ps- (7.16)
e

n>1

If n;(C) counts bad-atom occurrences at i, rooting at such an occurrence instead gives

Z Z|g0 )|ni (C Hz ) < qg e(sT2)IBil, (7.17)

n>1

Extra occurrence marks cost powers of ¢(C'), absorbed by the reserved exponent. For a weak mark,
let x5 be the weak-atom part of ps and multiply weak majorants by Ao = 1 + (4r,)~!. Their sum
and the bad-atom sum remain below 3/4. The inequality & < (A5 — 1)/(\g — 1) applied to the
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nonnegative majorant series gives C'k, for one weak mark, and, using (7.17), Cggks for both marks.
The case ks = 0 is immediate.

Because |U(C)| < £(C), these bounds prove (7.13). A cluster joining two sites has occurrence
size at least a fixed multiple of their distance, so the reserved exponent also gives spatial decay. For
finitely many atoms the series is the formal logarithm of the gas polynomial. The same bounds hold
in a complex activity disk larger than the unit disk; analytic continuation identifies its exponential
with that polynomial. Positivity of the original fiber integral selects the real logarithm. Absolute
convergence then permits countable atom families and marked derivatives. O

For fixed norm exponents, (7.12) follows from gz — 0 and sufficiently small  in the stronger
norm (7.7). For J =0, Kp(0) = K§, is field independent. The same bad-atom formula defines its
coefficients on the full lattice: selected cells are empty in the background, and inserted rods interact
with all retained rods. This definition also allows uncapped background counts and has the same
uniform majorants.

Evaluate both expansions at 7 = op&, retaining the original exterior rods. The finite expansion
consists of exactly those clusters whose bad-atom sites lie in D. Its difference from the ordinary
full-lattice conditional sum consists of clusters with an exterior bad-atom site and dependency union
meeting D. A term in this difference with nonzero oscillation at ¢ connects ¢ to D¢. The marked tree
bound with an exponential distance reserve therefore gives, for the differences Ay of the conditional
coefficients,

Z osc; Ay < nge_md(i’Dc). (7.18)
Ui

7.3 Uniform response and reconstruction

We use Theorem 5.1 in the following form. If a capped reference is perturbed by @ with §||Q||.
sufficiently small, then

| Coveap(F,G)| < €Y e ™D (F)DJ(G),  Di(F)? =E / rx|DxF2dX.  (7.19)

— C;
Z?]

Insertion rates satisfy ry < Cp. If particle activity in a measurable set is multiplied by e~¢, its

restricted insertion quadratic form retains that factor. All these assertions are uniform under hard

accessibility masks and admissible exterior rods. By (7.1) and (7.13), they apply to the exact

projected law whenever

Blgs + k) < co (7.20)

with the fixed constant ¢y chosen small enough.
Lemma 7.5 (Reset-count covariance). In the bare full reference,
| Cov(Ni, Nj)| < CBemdd), (7.21)

Proof. The projected reset counts are the capped counts. Their insertion gradients equal one in
their own cells and zero elsewhere, so (7.19) applies. ]

Lemma 7.6 (Response to deleting particle states). Let A be any measurable set of one-particle
states. Multiply both branches of (7.2) by e~*Na, keeping h, the Gaussian attachment and its
normalizers fived. If Iy = {j : v;(ANCj) > 0}, then

d

a BTIEN;

< C(1+ Bag)e ? Y emmda), (7.22)

J€la
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Proof. Under deletion, the same projection formula holds with correction K. Differentiation of a
bad integral inserts —N4. Whenever Ny > 1, Ngje N4 < ¢=¥/2N,. Lemma 7.2 and the marked
cluster estimate therefore give

ok, =3 52 D%, ST MU+ UPIDI) e < CopBase2. (7.23)
GEIA UDj U3j

If T4 counts retained particles in A, differentiation of the normalized capped law yields

d .~
%EtNi = - COVcap,Kt (Ni, Ty + 8th)-

t/2

The insertion norm of a deleted count in cell j is at most Cy/Be~2. For a bounded local Vy;, its

insertion difference is at most 2||Vy/| o, giving

| Cov(N;, V)| < CB| Voo D e ™),
xeU

Apply this to (7.23); connected support and its exponential reserve move x to the anchor j. The
two terms cost CBe /2 and 052%6—75/2’ respectively, which proves (7.22). O

For an exterior configuration £, the interior one-particle states forbidden by & lie in a fixed
boundary strip. Deleting those states and integrating (7.22) from zero to infinity shows that

BTIESN; — BTERN| < CemdD"), (7.24)

The same argument works for every bounded local observable of the projected configuration: its
insertion differences are bounded by twice its supremum norm. Its unscaled boundary error has a
constant finite for each fixed 8. Conditioning larger boxes on the original exterior rods then gives
convergence of all projected local marginals in total variation.

To recover the actual configuration, condition on the projected configuration o. A nonempty
retained cell is fixed. An empty retained cell contains either vacuum or an entire bad configuration,
whose configuration space is QP2 = | _ i, Cf' /6y and whose mark measure relative to the vacuum
is

n
drp™(w) = 3 hdvhw), @) < gs. (7.25)
n>K;
The hard constraints are imposed separately and only reduce this measure. Under a weak interaction
B of norm at most x, the energy change relative to the vacuum in one cell is at most 2k, so its
nonvacuum conditional mass is at most q562“.

The following is Dobrushin’s comparison argument [27, Theorem 3| applied to the dilute

conditional system.

Lemma 7.7 (Fiber comparison). The conditional bad-cell system has a unique infinite-volume law.
If ¢;j is its total-variation influence matriz, then

¢ij < Cag |Lingy + D 1Ballso | Sgpzemd(i’j)% <3 (7.26)
A>ij J

For bounded F supported on a finite set U, changing the retained configuration only at distance at
least r from U changes its conditional expectation by at most C|U|||F||cce™™", uniformly in exterior
rods.
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Proof. Changing a hard neighbor changes only the nonvacuum part of the one-cell conditional law,
of mass O(gg). For a weak term meeting both ¢ and j, the change in its energy relative to the
vacuum is at most 4||B4l|so. The total-variation change is therefore at most that energy oscillation
times C'qg. This proves the first estimate. Connected supports and the exponential reserve in (7.7)
give the second for large 5.

For the comparison statement, couple single-cell heat-bath updates by maximal coupling. If two
specifications differ by conditional discrepancies b;, their time-averaged disagreement probabilities
obey d; < b; + _; ¢ijd; in the limit along a subsequence. Such a subsequence exists since these are
finitely many numbers in [0, 1]; the marginal laws remain their prescribed finite-volume Gibbs laws
throughout the coupling. Iteration gives d < (I — C)~!b. The weighted row bound in (7.26) makes
the resolvent converge and gives exponential decay of its entries. A boundary change, or a change
of retained rods outside a large ball, supplies discrepancies only near that change, together with the
summable weak tails. Thus local marginals are uniformly Cauchy in total variation as boundaries
recede. Their consistent limits give the asserted law and quasilocality. O

Lemma 7.8 (The bare reference law). For every field with |¢;| < R, the full bare reference has
a unique infinite-volume Gibbs law vy. Finite-volume expectations of bounded local observables
converge uniformly over admissible exterior rods, with an error decaying exponentially in the distance
to the boundary; the prefactor may depend on [ and the observable.

Proof. The deletion estimate gives convergence in total variation of the projected local marginals.
Approximate a conditional fiber expectation by retaining its arguments in a finite neighborhood of
the observable. Lemma 7.7 bounds the approximation error exponentially; projected convergence
then constructs the actual local limits. Consistency gives a law on configurations. Local finite-range
conditional distributions pass to the limit in total variation, so this law satisfies the DLR equations.
Conditioning any Gibbs law on larger boxes and using the uniform boundary estimate proves
uniqueness. O

7.4 Covariance for actual rods

Proposition 7.9. Let B be a weak interaction satisfying (7.20), including any coefficientwise partial
sum or interpolation of such an interaction. For bounded actual-rod observables Fy, Gy supported
on finite sets U,V ,

| Covtan,p(Fu, Gv)| < CAIIFu |Gy oo Y ™m0, (7.27)
uelUveV
| Covian,p(Fu, Nj)| < CB||Fyllos Y emmdw), (7.28)
uelU

The estimates hold in finite volumes uniformly in frozen admissible exteriors and accessibility masks.

Proof. Let K(s,t) be minus the logarithm of the positive fiber integral with the added energy
sFy + tGy. Differentiating the projected partition function twice gives

COVqu,B(FU7 GV) = COVcap,K(KSa Kt) - Ecap,KKst- (729)
Conditional differentiation of the positive fiber integral yields

K, = Egper,FU, K = Egper,BGv s Ky = — Coviper,B(Frr, Gv)-
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Perturbing the fiber by tGy changes a one-cell conditional law only in V, by at most Cgs|t|||Gv |/co-
Divide the comparison estimate of Lemma 7.7 by |¢t| and let ¢ — 0 to get

|Kat] < Casll Fullocl| Gyl Y e ™0 (7.30)
uelUpeV

An allowed retained insertion in cell 2 changes Fy directly only if x € U. It also changes bad-cell
eligibility at z, hard accessibility nearby, and weak terms meeting x. All changes of fiber conditional
laws have size O(gg) with the same exponential profile. Hence

IDx K| < Cl[Fulloo [Lzevy + 48 > e ™. (7.31)
uelU

Applying (7.19) to the two gradients in (7.31), and convolving exponential kernels, bounds the
first term of (7.29) by the right side of (7.27), with a smaller exponent. Equation (7.30) bounds
its second term. If G = ]\Af]-, that source is constant on every fiber: Ky = N;(0) and Kz = 0. Its
capped insertion gradient is one in cell j, which proves (7.28). O

For an infinite weak background B, define B = ¥, - Bg(0) Ba and tilt the bare reference vy by

¢=B"  These are bounded scalar tilts. For S > R, interpolation of the additional terms, followed

by (7.27), gives for local Fy;
]EVB(S) Fy—E B(R) Fyl| < C@yUH,HFU||006_CdiSt(U’BR(O)C). (7.32)
® Yo

Taking the supremum over ||Fy7||oo < 1 constructs the local limits in total variation. Their projective
consistency defines V(f , independently of the exhaustion. Terms whose support meets a fixed region
have uniformly summable tails, and the bare specification has finite range. Approximation by
functions of finitely many cells therefore passes the DLR identity to this limit. This construction
also covers lexicographic partial backgrounds and preserves (7.27)—(7.28).

7.5 Weak free energies at a frozen boundary

Lemma 7.10 (Deletion response for actual observables). Let Fyy be bounded and supported on a
finite set U, and let Np count particles in a finite set B of marked cells. Multiply their activities by
e7t. Fort>0 and 0 < s < 1, under the weak background sJp,

| Coviunt,sap (Fu, NB)| < CBA+ Bag)e 2| Full . emd(=), (7.33)
zeU,yeB

Proof. Use a scalar source uFy and write S = 9, K¢(0) = Egpe; Fy. Let T count retained particles
in B and N]g’ad the reconstructed particles there. Differentiating the fiber and capped expectations
gives the exact identity

COVqu(FU7 NB) = Covcap(S, TB =+ Gth) + Ecap COVﬁber(FU, Ngad). (7.34)

The insertion norm of Tz retains e /2. For 0: K, differentiate a bad atom in the mixed expansion.

Weak-only objects have zero derivative, and (7.6) supplies one count factor C'/3. The cluster estimate
with a bad-site mark gives (7.23) with the same anchors in B, uniformly under the weak background.
Thus (7.19) and (7.31) bound the first term of (7.34) by the right side of (7.33). For the fiber term,
the derivative of a deleted cell’s conditional law has total mass at most Cﬁqge_t/ 2 by the marked
tail. The influence resolvent then gives the same bound with coefficient C3¢g. O
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Lemma 7.11 (Response of a logarithmic tilt). Let p be a probability measure and A, B real

measurable functions, with A bounded. Write p s for the normalized tilt of pu by e tB=sA_[f
Eue_(ti”)B < oo for some n > 0, then

d _a 1

= |~ log By, e ] = - /0 Cov,, .(A, B) ds. (7.35)

Proof. Differentiating the numerator and denominator gives E,, | B — E,, ,B. Since &E,, B =
— Covy, (A, B), integration in s proves the identity. The exponential moments justify differentiation
under the integrals. O

Proposition 7.12. Let Jp = > s-p Ja, and let M% be the bare full reference at fixed fields and
exterior rods . Extend the fields outside D in any bounded way and let vy be the infinite bare
reference. Then

—logE ¢ 7P +1ogEy e 2| < CH(1 + Bgp)rA(D), (7.36)
D

where A(D) is its lattice boundary area. The estimate is uniform for finite cubical unions, including
regions with holes.

Proof. Choose a strip B C D along every boundary face, of fixed physical width greater than the

hard interaction range. Then |B| < CA(D). Delete all particle activities in B by e~, holding h, the

normalizers and Jp fixed, and put Ve(t) = —log E#g e~/p. Apply Lemma 7.11 with A = Jp and
Dt

B = Np; finite-volume count tails supply its exponential moments. Summing (7.33) over the terms
of Jp gives |[V{(t)| < CB(1 + Bqs)ke t/?|B|. At t = oo the strip is empty. The remaining rods are
beyond hard interaction range of £, and Jp has no arguments outside D; consequently V¢(co) is
independent of £. Integrating proves that all V¢(0) lie in an interval of width at most the right side
of (7.36). Finally the bare DLR identity gives

Eyd)e_JD = Eyé‘DchgDe_JD.
The negative logarithm of this average lies between the extreme values of V¢(0), completing the
proof. O

7.6 A common field interaction for all regional weak gases

Let J be a weak interaction covariant under a fixed sublattice of translations, with regional
restrictions
Jp=> Ju. (7.37)
ucD
If J is obtained by expanding a gas and grouping each logarithmic cluster by the union of its
supports, restricting the original gas to supports contained in D gives exactly (7.37).
Choose a translation-covariant lexicographic order and anchor each support at its least site.
Define
Ji = J Joi = J vi(¢) = —logE s_ e~ 7. 7.38
l anchg(:U):i v - anchg(:U)<i v l(qb) i V¢< ( )
The state for the interaction J.; is defined by the preceding construction by finite tilts. Since
| Jilloo < K, we have |v;| < k. For a finite D, use J; p and J<; p with the additional support
restriction U C D, and define v; p in the same way. Finite telescoping of normalized tilts gives

Vp(9) := —logE%e_JD = Z v, D (). (7.39)
€D
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Put tg = CBk, with C large enough for the estimates below.

Lemma 7.13 (Comparison of regional increments). For d; = dist(i, D°),
lvi.p — vi| < Ok + Br*)e 4 < tge k. (7.40)

Proof. For background changes, use Lemma 7.11 with p = I/(f % and tilt observable B = AB. Apply
it to finite sums first, then pass to summable interactions by (7.27). If d; = dist(i, D°), the strong
norm and connected support imply

1Ji = Ji.plloe < Cre™%, S Uy < Cre @D (5 € D),
Uz, U¢D

with bound C'k outside D. The profile of the anchor source J; is at most Cke=4*9)_ Applying (7.35)
and convolving the exponential profiles yields (7.40). For every finite cubical union, > ;cp e~ <
CA(D): assign each site to a nearest boundary face and sum the polynomial number of sites at
each distance from that face. Equations (7.39) and (7.40) therefore show

Vb = Y vl < CtgA(D). (7.41)
€D

O

Lemma 7.14 (Local dependence of the increments). If ¢ and ¢’ agree on B,(i), then
[vi(¢) —vi(¢')] < Ctge™". (7.42)

Proof. First hold the weak functions fixed. Changing ¢; by ¢ tilts the bare law by e!Ni: this finite
tilt satisfies the new conditional specification and Lemma 7.8 identifies its law. The identity passes
through finite weak tilts and their local limits. Lemma 7.11, with A = J; and B = —Nj, therefore
gives

~

1
aquvi :/ Cov J<i+tJi(Ji7Nj)dt'
0 Y

The mixed covariance estimate bounds the sum over changed fields by Ctge™". Then change the weak
source functions to their ¢’ values. Terms that change have support meeting the complement of B.(i).
Their contribution to .J; is bounded directly by Cke ™", using |log Ee=4 —logEe™ 4| < ||A — A'||s0.
Changes in the past background are bounded by (7.35) with the same profiles as above. This proves
(7.42).

O

We now convert the local increments into an interaction by shell telescoping, following Kozlov’s
reconstruction method [28, Sections 2 and 4].

Proposition 7.15 (Regional interaction). There are bounded measurable field potentials \I/;{T,
covariant under the same translations and supported on full radius-r balls By (i), such that

sup Y (1 + T)pH\I/;{THOO < Cpots, tg = CPk, (7.43)
v i,r:x€ By (1)

for fized p and sufficiently small ¢ > 0. Their ordinary conditional Hamiltonian, the sum of all
terms whose full support meets D, satisfies

Vb(¢prpe) — Hp(6p | 1)| < Cts A(D). (7.44)
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Proof. Fix a reference field 7, for telescoping and put

0 -1
o) = Vi(PB, ()%, B. (5)e) v/ = Wl v/, = T e IS )
Their exact sum is v;, and (7.42) bounds the rth shell by Ctge™*". Polynomial volume growth
proves (7.43). In an ordinary conditional sum, every term anchored in D is included; terms anchored

outside D that meet D have radius at least their distance from D. Summing their exponential tails
costs at most CtgA(D). Combine this with (7.41) to obtain (7.44). O

The weak potentials above are contributions to the exponent. If the field action is written SH,
their contribution to its energy interaction is ¥*/ /4.

8 The effective field interaction

The auxiliary field lives on the fine spatial lattice. A site carries the angular-cell vector ¢; € K =
[—R, R|™, with normalized Lebesgue reference measure \; n,, is the number of angular cells. Write
vs for the physical volume of a spatial cell and v, for its marked-cell volumes, so that >, v, = vs.
All meshes, caps, and field bounds in this section are fixed before 8 = 7! tends to infinity. The
positive interaction ® is expressed in these original coordinates by Sia = /Wa®ia-

8.1 From finite boxes to an exact field interaction

We follow LMP in separating a leading variational functional from a local remainder [2, Sections 3-5].
Let Rg p(@ | &) be the rod-only fixed-field partition function of the reset model. The exact reset
gives

i€D,a

Rl (6 16) = [wannn| €) exp{ > @,aﬁi,a(n)}dn, Nia = Nialiy, <,y (81)

where w is nonnegative and independent of ¢. Thus log R is convex. This formula also defines it on
the enlarged box K™ = [-R — 1, R + 1]™. The enlargement is used for difference quotients; the
physical field law is still supported on K.

The finite-box variational limit, the microscopic locality estimate, and the response estimate for
the minimizing profile give the following facts. First, in each fixed free box,

Pip(9) = B log R p(¢) — Po,n(9), (8.2)
Po.p(¢) = —min {/D q(log(q/¢) — 1) + 3(¢, Tna) + | Ppgll3 — /Dqﬁq} :

with the marked-cell mass caps imposed on ¢. The limiting minimizer is unique and continuous
in ¢. The normalizer and empty-cell estimates make the convergence uniform in the fixed source
interval. Second, for the full reset reference,

’5_1ED7¢,£Ni,a — B EgNiq| < CemmodD), (8.3)

ﬁil ‘COV¢>(Ni,a7Nj,b)‘ < Ceimod(i’j).

These bounds are uniform in the original admissible exterior rods. Third, the density minimizers in
free boxes converge exponentially locally to the unique bounded all-space minimizer gg.
The expectations in (8.3) use the unique whole-space bare reference of Lemma 7.8.
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Lemma 8.1 (Uniform force convergence). Put
v -
98sia(®) = 5 (Gia —h) = B EgNig,

v
9oiia(@) = i%a - /C -

Uniformly over all fields in K2 and the fized source interval,

hv,
2a

dg := sup — 0. (8.4)

¢7h7i7a

gﬂ,h;i,a(qb) - QO;i,a(¢) +

Proof. In a fixed box, we use the convergence theorem for gradients of convex functions [16,
Theorem 25.7], with the following uniform estimate. The capped counts make the functions in (8.2)
equi-Lipschitz on K. A finite net upgrades their pointwise convergence to uniform convergence.
If its error in a fixed box is 1g p and the limiting gradient has modulus wp, convexity gives, for
O<t<land¢eK,

9:a Pl p(9) = BsaPo,(@)] < 2050/t +wp(t).

The two derivative bounds are the forward and backward difference quotients. Let 8 — oo first and
then ¢ | 0. Use a free box whose center is distance ¢ from its boundary. The locality estimates for
the microscopic gas and minimizing density bound the difference between the global forces by the
fixed-box derivative error plus 2Ce™"¢. Choose / first and 3 second. This proves (8.4). O

Lemma 8.2 (Locality of the force error). The error force Egy, in this formula is quasilocal: if
¢ =1 on B,(i), then
|E,si(¢) — Ep ()| < Ce™™. (85)

Proof. Integrating the covariance bounds and variational response bounds along successive field
coordinates proves (8.5) for finitely supported changes. Summability and exhaustion extend the
bound to arbitrary exterior changes. O

For finite-volume fields the force is the gradient of minus 8! times the logarithm of the full
fixed-field density. Boundary convergence passes the vanishing of every finite-coordinate loop integral
to the global force. The variational force has the same property. Consequently Egj, is closed and
defines the finite-change cocycle

1
Coliv) = [ B+t —0) - G dt,  A={iz6 4w}, (3.6)
i€A
whenever A is finite.
Reconstructing potentials from quasilocal conditional energies goes back to Sullivan [29] and
Kozlov [28]. The construction below adapts Kozlov’s lexicographic regrouping [28, Section 4];
exponential locality gives the weighted norm.

Proposition 8.3 (Small interaction representing the error). Fiz a homogeneous well field r.. There
is a translation-covariant interaction Agp, on complete lattice balls whose cocycle is (8.6) and for
which, whenever a < m and p is fized,

[FAVN?

wimsip 3 (4o — 0. (5.7)
r i,r: 2€Br (1)

FEvery term vanishes on .
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Proof. Order the lattice lexicographically and set
1
Ui0) = [ Buldyaarrs + 0 = 1) mgid) - (91 =) dt.

This is well defined on the infinite past by quasilocality. Let Ui(r) replace every field outside B, (i)
by r, and put A; g = UZ-(O) and A;, = Um - U-(T_l) for » > 1. Declare the support to be the entire

3 7

ball. The force bound and locality separately give
[Arlloo < Cmin{dg,e”™"}.

Finite lexicographic telescoping proves the cocycle identity for fields equal to r, outside a finite box.
Exhaustion then proves

Cu(d:0) =3 [Air() — Ajr(¥)]

i,
for arbitrary finite changes, since centers far from the changed set have an exponentially summable
contribution. Finally,

1Agnllap < CD (1 +r)PHe* min{dg,e ™} — 0.
r>0

Dominated convergence applies because a < m. Splitting the sum at m~!log(1/ dg) also gives the
bound Cdy */™ (1 + |log dg|)P . O

Retain the positive leading interaction ®° and define
h
g =0"+ 05, =) % > valbia = Tra)- (8.8)
7 a

Its force is exactly gg 5. The complete signed perturbation €35 = Vg, — ®Y satisfies

||56,h ‘a,p < C‘h| + 5micro,ﬂa 5micro,ﬂ — 0. (89)

Let Fp denote the full fixed-field density, including its Gaussian factor relative to A. For a coarse
union D, let A(D) be its number of boundary faces multiplied by L?.

Lemma 8.4 (Pressure at a fixed homogeneous field). For every homogeneous field r € K, the limit
b, = 1%11(03#1))*1 log Fp(r | free)

exists along aligned boxes. Changing the admissible exterior rods changes the logarithm by at most
CA(D), uniformly in r.

Proof. We use the argument with separated boxes for the thermodynamic limit [30, Section 2].
Divide each cell weight by its empty weight and remove the Gaussian prefactor. The normalized
empty weight is one. Dropping exclusions, (3.3) bounds the one-cell sum by 2 exp[CSv,], uniformly
in 7 and |h| < H. Emptying a complete-cell strip therefore costs at most a constant per cell at fixed
5. A strip wider than the rod range removes all exterior exclusions. Dropping exclusions between
boxes gives the product upper bound; separating boxes by empty strips gives the product lower
bound. Tiling a large aligned box and letting the tile side increase proves existence. The removed
cell prefactors have an exact volume density and can then be restored. O
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For a finite region D, let H‘g be the sum of terms whose declared supports meet D, evaluated
with the specified exterior. Define its homogeneous energy density by equal allocation to support
sites: e(r) = vyt Y 450 Pa(r)/|Al

Lemma 8.5 (Common pressure normalization). With b, = b,
by + pe(r) = by =: by. (8.10)

Proof. Integrate the difference between the finite-box and global forces along r, + t(r — r,) on D.
The boundary decay in (8.3) sums to C'A(D), so

Fp(r | free)

log =P\ 12220
©8 Fp(r. | free)

= —B[HB(rp | i) — HB(rs | 7)) + O5(A(D)).

The first spatial moment of the interaction is summable, so the energy difference equals (e(r) —
e(r))vs#D + O(A(D)). Every interaction term vanishes at 7., hence e(r,) = 0. Divide by volume
and apply Lemma 8.4. O

Define
op(r) = HpE(r | r) — e(r)vs#D. (8.11)

We retain op(r) when changing the root.
For frozen admissible rods &, subtract the canonical action from —B~!log Fp(¢ | €) and subtract
its value at the root. The resulting boundary action satisfies

105,05 (¢)| < CemmdED),

If O contains a boundary band of width cL, summing this tail on a coarse cubical union gives
sup | B(@) ~ By (¢orpio)| < Ce ™ PAD). (8.12)

The retained function of the outer fields is part of the boundary weight.

9 Surface estimates for restricted fields

9.1 Local interpolation

Write Q(¢) = ¢4 for the minimizing profile and use the trial action ¢; of (6.5). In the original
angular field coordinates, set |z|2 = >, waz) and (IoQi)a = 2c(vswa) ™! [, y, Qi- Its pinning
term is (vs/4a)|p; — IpQ;)?. We use the quadratic estimate (6.6) and the global comparison (6.9);
write ro for their fixed local profile range. Copying complete cells and inserting wells preserve all
marked-cell caps.

Fix a component W,, put M, = IIoW,, and choose a root f, with field r, = Ilyf,. All field
neighborhoods use the norm |- |,. Lemma 6.8 gives measurable nearest wells f; and a bounded
concave modulus wy controlling squared local profile errors and neighboring-well differences. Set

w(t) = C{wo(t) + \/wolt)}-

This bounded concave modulus controls both the squared errors and the linear neighboring-well
differences used in randomized rounding below. The results 2.6, 2.7, and 6.9 give finitely many
separated projected components and rectifiable paths within each component.
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Let E be a signed perturbation with exponentially summable norm at most §, in energy units
before multiplication by . Coarse blocks have side L. Assume that the declared supports of E are
connected and that F, its supports, and the reference measure are covariant under translations by
L73. This holds for the canonical perturbation and for the regional interactions of Proposition 7.15.
The phase restriction allows at most §L? fine spins outside a fixed neighborhood of M, in each
block. A radius-s ball about any projected well has A-mass at least cs" and lies inside the field
box for sufficiently small s.

For a finite vector X with probability product reference Ay, write H(X | W) = —ED(L(X |
W)||Ax); omit W for unconditional entropy.

Lemma 9.1 (Entropy after replacing coordinates). Let X be a finite vector determined by source
randomness S, and let U retain a deterministic subset of its coordinates, possibly permuted in a way
that preserves their reference measures. If fresh coordinates V' satisfy H(V | S,W) > —a, then

HU,V W) >H(X | W) —a.

Proof. The chain rule and H(- | -) < 0 give H(U | W) > H(X | W). Since U is determined by S,
conditioning gives H(V | U, W) > H(V | S,W). Adding these two bounds proves the claim; these
are the entropy inequalities of [31, Proposition 1]. O

For m fresh coordinates sampled independently, conditional on S, W, from A restricted and
normalized to radius-/3~2 balls about projected wells, the ball-mass bound above gives a = Cmlog 3,
for 5 > 2.

The elementary cubical bound used repeatedly is

#{i 1 doo(i,0D) <t} < C(t+1)A(D), 1<t<cL. (9.1)

For one coarse face the relevant prism, edge, and corner volumes are bounded by C(tL? +t?L+13) <
CtL?; summing over faces proves the assertion for arbitrary coarse unions.

Lemma 9.2 (Buffer energy). Let A > 0 be an area bound in fine-lattice units. Let B be a buffer of
width comparable to L in a restricted Gibbs field with arbitrary fized boundary fields. Assume that
B and its radius-ro neighborhood lie in a union J of freely integrated complete coarse blocks, with
#J < CLA and at most C'A fine sites in its fixed-width boundary strip. Then

EY e <CA+CLA (5 + 1025 + /3—4) . (9.2)
i€EB

Consequently a fine moving cut through a distance interval of length cL samples mean patch energy
at most
log

= C <L—1 +o+ 2l ﬁ—4> . 9.3)
Proof. Replace the fields in J by independent uniform fields in balls of radius 472 about r,. Use a
profile trial equal to f, inside J and to the old minimizing profile outside. Only a fixed-width interface
has a bounded new density-action cost, of order A. Keep the negative old terms centered in B in
(6.9) and drop the other negative terms. The weak change costs at most COLA. Lemma 9.1 bounds
the conditional entropy loss by C'LAlog 5. Conditional Gibbs optimality yields (9.2). Whole-block
replacement preserves the phase restriction. A fixed-width patch belongs to only a bounded number
of the cL cut positions. Averaging and (9.1) give (9.3). O
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Lemma 9.3 (Interpolation through a well component). For source laws satisfying Lemma 9.2,
choose a v-net in W, of cardinality N, and paths to f, of length at most D,. A moving interface
can be joined to a root plateau through Ry fine layers with expected energy cost at most Akg, where
kg < Kk and

D? RN,
k< C 9+u2+R:+<1+ - )w(nL)

Llog 5 (9.4)

+ Lo+

+ Lﬁ“‘}

also includes its entropy cost divided by BA. The coefficient of 0 is independent of the subsequent
net, paths, and R;.

Proof. Fix a separator made of coarse-block faces. Assign the blocks on each side to the source
that will be retained there. On either side choose a cut at fine distance between L/4 and L/3
from the separator, and put its interpolation strip on that same side, between the cut and the
separator. Require R; + 9 < L/6. Copy that source beyond the strip and put the root profile
between the strips. The root plateau therefore crosses the fixed separator, and every coarse block
retains coordinates from only its assigned source. The hypothesis of Lemma 9.2 is imposed on the
available bands on both sides. For a single source the other side is already at the root.

First map a nearest well f; outside W, to f,, leaving wells in W, fixed. This map is Lipschitz
on W: different components have a positive separation and the set has finite diameter. Thus the
transformed wells h; retain the neighboring rigidity bound.

Let the net be vy, ...,vn,. For the assignment step we use a fixed-order variant of the random-
radius partitions of Calinescu, Karloff, and Rabani [32]; see also the construction in [33, Lemma 3.1].
Choose u uniformly in [v,2v] and assign h to the first v; with ||h — v;|| < u. For two wells,

CN,

Py (n(h) £ n(l)) < =

Ih = 7]

Indeed, a different first successful index requires u to lie between two distances to at least one net
point; the total interval length is at most N, ||h — h/||. Parametrize each chosen path on [0, 1] with
Lipschitz constant at most D,,. Across the strip use @} = ”yn(hi)(si), where s; increases from zero
to one in R; layers. Equal assignments have neighboring discrepancy at most C' D, /R;. Unequal
assignments cost a bounded amount and have the preceding probability. The quadratic bound (6.6),
patch rigidity, and concavity of w give

D? RiN,

Al=Zv
c Rl—i-

w(ﬁL)} .

The initial interface costs CA[v? + w(ny) + 6]. Write EF ateh for the sum of charges on the fixed
enlarged patch around ¢. Projected component separation gives

Lirowy < Lougnmy)y + Cw(EPD).

Only the fixed-width initial interface pays this cost. Each minority site is charged O(L™1) after
averaging over cuts, and majority in a buffer of volume O(LA) gives CHA. Inside the strip all h;
already belong to W, so no factor R0 arises.

Conditional on the source fields, sample the fresh spins independently from A restricted and
normalized to radius-4~2 balls about their trial projected wells. There are O(LA) such spins. Their
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pinning cost is O(LAB~%), their conditional entropy is at least —CLAlog 3, and the weak cost is
O(0LA). The fixed source assignment makes each output block retain a subset of one old block. All
fresh spins lie in the phase neighborhood, so the majority constraint is preserved. Extra erased cells
lie on the root plateau and have only the pinning cost just estimated. Average over cuts and u at
the level of the expected energy, then choose deterministic parameters attaining the bound. The
retained coordinate sets are consequently deterministic for the entropy arguments below. O

One first fixes 0, then v, the finite paths and Ry, then L > Ry + 79, and finally small § and
large 5. The right side of (9.4) can be made arbitrarily small.

9.2 Rooted restricted partition functions

Let Z%’Tq be the restricted field partition on a coarse union D with root field r, outside. Its leading
rooted energy is
H)(¢p | rq) =D ei(¢prepe) > 0.
i
The weak part is the ordinary conditional Hamiltonian HE = 3 4. 4 p#e Ea, including its root
value.

Lemma 9.4 (Partition bound near a homogeneous well). For sufficiently large 3, uniformly over
finite coarse unions D,

—C(log B+ B8)#D < log ZH™ < CBI#D.
The same bounds hold after omitting nonnegative leading terms or weak interaction terms.

Proof. The leading energy is nonnegative, the weak energy has absolute value at most C'6# D, and
the reference is a probability measure; these give the upper bound. For the lower bound, integrate
each field in a radius-8~2 ball about rq- The resulting product set satisfies the phase restriction
and has reference mass at least exp[—C#D log 3]. Its leading energy is at most CB~4#D by (6.10).
Omitting nonnegative leading terms preserves both energy bounds; omitting weak terms cannot
increase their absolute norm. O

For a signed interaction, allocate every term E 4 equally among its |A| declared sites. If By is
one coarse block and p is coarse-translation invariant, define

1 1
€0=§2Euez‘, eE:ﬁZZ

i€BL, i€By, A>i

R, F
Al

Absolute summability gives |eg| < C6.

Lemma 9.5 (Restricted pressure). Along complete-block cubes D, the limit

) log Zq77‘q
my = lim =
exists and is independent of the bounded exterior field.

Proof. We again use the proof of the thermodynamic limit by division into boxes [30, Section 2].
Normalize the reference on the allowed configurations of each block. For any coarse union D, the
norm of interactions meeting both D and D¢ is

b(D) = > |9% + Ealloo = O(A(D)).
A:AND#43, AND £
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Deleting those terms changes log Zp by at most Sb(D). Tiling a large cube by fixed smaller cubes
gives matching upper and lower limits as the smaller side tends to infinity. The same bound removes
the exterior field. Restore the block-reference normalization. O

Lemma 9.6 (Restricted Gibbs state). There is a restricted Gibbs state p invariant under translations
by coarse blocks.

Proof. This is the finite-volume compactness construction of Gibbs states, adapted to the allowed-
block reference; compare [34, Appendix A]. Relative to the normalized allowed-block reference,
summability bounds each fixed marginal density in L°°, uniformly in the containing volume. Diagonal
weak-* compactness passes bounded measurable cylinder tests. Uniform interaction tails pass the
DLR kernels. Averaging translates and repeating the limit gives an invariant Gibbs state. O

Lemma 9.7 (Entropy bounds). The state p has an entropy density s. For every union C of
complete blocks,
/Hu(Xc) > S#C, H,u(XC | ch) < S#C (9.5)

Proof. We use the entropy inequalities and lexicographic construction of Robinson and Ruelle [31,
Propositions 1-2]. In a lexicographic block order, conditioning on larger finite pasts converges to
conditioning on the infinite past. The chain rule on large cubes gives its entropy per site as s. The
conditioning sets for a marginal of C' are contained in that past; those for the conditional law given
C* contain it. O

The next identity is the restricted-block form of the Gibbs variational principle [35, Theorem 3];
the passage from Gibbs conditional laws to this identity follows the boundary comparison in [34,
Appendix A].

Lemma 9.8 (Pressure identity). The entropy and mean energies of i satisfy
g =5 — [(eo + eg). (9.6)

Proof. For a complete-block box D, conditional Gibbs densities with two exterior fields have ratios
between e~ 4(D) and e*P(P) Comparing with their mixture bounds the mutual information
between Xp and Xpe by 45b(D), so their conditional and marginal entropy densities agree. The
identity

HM(XD | XDc) = 5E;¢HD(XD ‘ XDc) +EM logZD(XDc)
then gives (9.6) after division by #D. The equal allocation of interaction terms changes the mean

energy only by the boundary contribution O(b(D)). O

Lemma 9.4 gives the pressure bounds below; (9.6), s <0, and |eg| < C¢ then bound the mean
leading energy:
log B)

B

For a finite fine-site set J containing a complete-block union C, nonpositivity and the chain rule
also give

_C(log B+ B5) <7y < CBS, 0<eg<C (5 + (9.7)

Hu( Xy | Xge) = Hu(Xpo | Xge) + Hu(Xe | Xee) < s#C. (9.8)

Gibbs optimality on J follows by disintegrating the kernel on an enclosing complete-block region,
keeping each partial-block constraint.

The next bound has the role of LMP’s surface error in comparing restricted partition functions |2,
Statement 3.5 and Section 6]. Here the boundary modification interpolates within an entire connected
component of minimizing profiles.

40



Proposition 9.9 (Rooted surface bound). Under the preceding hypotheses and scale choices,
llog Z},"" — mg#D| < BrA(D) (9.9)
uniformly over finite unions of complete coarse blocks, with k of the form (9.4).

Proof. For the lower bound take X ~ p. Copy its deep part into D, interpolate to a root plateau in
the boundary band, and use root fields outside D. Apply (6.9) relative to the global root, using a
trial density profile equal to f, outside D. The plateau makes all outside-centered trial costs vanish.
Copied local terms are a subset of nonnegative old terms centered in D, so

EHY(Zp | ry) < eo#tD + kpA(D).

The equal site allocation of signed weak terms gives eg#D + CILA(D): terms wholly in the copied
core agree, and terms meeting its boundary band have total norm O(§LA(D)). Apply Lemma 9.1
to Xp, using the complete field X as source randomness, and then (9.5):

H(Zp) > s#D — CLA(D)log B.

The finite-volume variational principle proves the lower estimate.

For the upper bound let Y have the rooted restricted Gibbs law on D, independently of X ~ p.
Insert its deep core into X, using the interpolation above. Let J be the actual finite set of changed
fine sites and choose a complete-block core C' C J such that every range-rq stencil centered in C
lies among the changed cells and

[#D — #C| < CLA(D).

Every cell of J is copied from Y or is fresh. A partially cut block retains X only outside J; the
whole-block source assignment prevents it from also retaining Y. Apply (6.9) relative to X, keep
the negative old terms centered in C', and drop the other negative terms. The copied Y costs are
bounded by its entire nonnegative rooted energy. Thus

EH®(Z; X) <EHD(Yp | rg) — eo#C + kpA(D),
EHE(Z;X) <EHE(YD | 74) — e#C + CSLA(D).
Apply Lemma 9.1 to Yp, with source randomness (X, Y’) and conditioning X . Independence gives
H(Zy| Xje) > H(Yp) — CLA(D)log .
Conditional Gibbs optimality of u and (9.8) now imply
log Z5" = H(Yp) — BEHp(Yp | ry) < mg#C + BrA(D).
Replacing #C by #D costs at most CBLA(D)(6 + log 3/5) by (9.7), already included in (9.4). If

an eroded core is empty, the affected region has at most CLA(D) sites; Lemma 9.4 gives both
bounds directly. O

For the chosen perturbation E, the pressure in physical units is
pg(E) = bo + mg/vs. (9.10)

The root boundary normalization is (8.11).

For a regional weak gas, add the potentials of Proposition 7.15 divided by S to the weak energy
interaction. Their additional norm is at most Ctg//3. Equation (7.44) compares the actual regional
correction with its ordinary conditional Hamiltonian at a logarithmic cost CtgA(D). Applying
Proposition 9.9 with this enlarged weak interaction therefore gives the same rooted surface estimate
for the actual auxiliary field integral, on every coarse union, including punctured regions. The
homogeneous value of the correction is included in its branch pressure.
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9.3 Collar kernels and arbitrary caps

Let S be a finite union of coarse blocks. Partition its complement into a bounded inner region and
an outer region, called the two caps, so that every connected set joining them meets S. Prescribe
fields a, b on these caps and impose only the phase-¢ majority constraint in S. Let T" be a union of
complete coarse blocks containing the inner cap and disjoint from the outer cap.

If P is the set of coarse cubes incident to faces of 9T, assume its three-neighborhood lies in S.
Its two-neighborhood is then a complete-block reset region for Lemma 9.2. Writing A = L? times
the number of separator faces, the intervening bands have volume O(LA). Cuts at distance between
L/4 and L/3 have area O(A), and a site belongs to an R;-thick moving strip for at most CR; cut
positions. These bounds follow by counting prisms over separator faces. Assume that all declared
interaction supports are connected.

Proposition 9.10 (Collar cross ratio). Let K(a,b) > 0 be the restricted collar kernel with arbitrary
bounded inner and outer cap fields. Under this geometry,

llog K (a,b) + log K(a’,b") — log K (a,b") — log K (a’,b)| < BAk, (9.11)
with k as in (9.4), uniformly in the caps and in the collar’s size and topology.

Proof. Take independent source fields X, Y from the kernels with caps (a,b) and (a’,0’). Swap the
complete bounded side T'. On each side of its boundary place a moving interpolation strip, with a
root plateau between them wider than ry. Outside T an output retains its original source; inside it
retains the opposite source. Fresh fields occupy the intervening erased band. The source assignment
is made by whole coarse blocks, so each output block retains at most one source and satisfies the
majority condition.

For the first output use a global trial density equal to Q(X) outside the finite modified set, to
Q(Y) in its copied interior, and to the interpolation profiles in between. Reverse the roles for the
second output. The trials preserve all cell caps. Add the two inequalities (6.9). Each trial agrees
with its own source profile outside a finite set, and every stencil copied entirely from a source cancels
across the pair. The plateau has only the small field-pinning cost. Dropping the remaining negative
old terms and applying Lemmas 9.2-9.3 bounds the leading change by Axp.

The weak changes are also added before they are bounded. Terms wholly in a copied side cancel;
every remaining connected support meets the erased band. Their total norm is at most C6LA,
independent of the volume of the swapped inner cap. Choose one deterministic pair of cuts and one
net radius after averaging this expected energy estimate.

The retained collar coordinates are a deterministic permutation of a marginal of (Xg,Ys).
Lemma 9.1, with the complete source pair as randomness, bounds the joint output entropy below
by H(Xs) + H(Ys) — CLAlog 5. Their joint law is a trial for the product target law.

An interaction missing S lies on one cap side, by connectedness of its declared support. Its
contribution cancels because the complete bounded side was swapped. The sum of the two full
cocycles therefore equals the difference of the target and source collar Hamiltonians. The Gibbs
variational principle gives

log K (a’,b) +log K (a,b") > log K (a,b) +log K (a’,V) — BAk.

Interchanging the source and target cap pairings gives the reverse inequality. Positivity follows from
bounded action and the positive-mass small-ball trial. ]
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10 Contours and interface costs

We use fine spatial lattice units in this section. A fine cell has physical volume v,, and a coarse
cube contains L? fine cells. Thus

Vi =v, L3, Vol(D) = Vin(D), (10.1)

where n(D) counts coarse cubes. Surface areas A(D) are measured in fine-grid units. Constants
may absorb the fixed mesh conversion in surface estimates; the factor Vy, is retained in every bulk
identity.

Let Q, = L(v+[0,1]3), v € Z3, be closed coarse cubes. Faces are assigned measurably to one
adjacent cube when integrating variables. Topology always refers to closed cubes. Two indices are
star adjacent if their sup-norm distance is one. Thus a union of cubes is connected exactly when its
indices are star connected. Define

Ni(B) = {v : disteo (v, B) < k}.

Every spatial variable includes the entire angular fiber and all rod and field variables assigned to
that spatial cell. We choose the physical coarse side longer than the microscopic interaction range.
Use the compact projected sets My, ..., M,, and the norm | - |,, defined above. Choose p,. > 0
smaller than one quarter of their minimum separation. A fine site has label ¢ if its field lies within
ps of Mg, and label zero otherwise. A coarse cube has 7, = ¢ when at least (1 — 0)L? fine sites
have label ¢, where 0 < 6 < 1/2.
Set 7, = 0 when no phase has this majority, and define

O,=¢q <= T, =qforevery |[w— vl <1; O, = 0 otherwise.

Two star-adjacent nonzero © labels coincide. Write B = {v : ©, = 0}. A contour support is a
star component of the full, unclipped set Ni(B). Its bad set Br consists of the bad cubes whose
k-neighborhood lies in that component, and its support is Ar = Ng(Br).

10.1 Complementary components and regional domains

Lemma 10.1 (Connected complementary boundaries). For a finite connected union A of closed
coarse cubes, the open complementary components correspond to face-connected components of
unused indices. Fach complementary boundary, and its set of touching cubes on either side, is
connected in the respective Euclidean or star sense.

Proof. A path in the open complement can be perturbed away from grid edges and vertices, so it
crosses only open faces; the converse follows by joining face neighbors. Compactify space to S3. For
a complementary component D, the sets ' = S3\ D and G = D are connected finite subcomplexes
of a common triangulation: F' consists of A and the other components, whose closures meet A. If
vertices x,y belonged to different components of F'N G, choose chains a C F, b C G with boundary
y — x. The following is the reduced Mayer—Vietoris argument [36, Section 2.2, pp. 149-150]. Since
H1(S3) = 0, write a — b = 0(zr + zg) by assigning each triangle of a filling chain to F or G. Then
a—0zp = b+ 0z is a chain in F NG joining z to y, a contradiction. Thus 0D = F' NG is connected.
Its closed boundary faces have a connected intersection graph, which connects the touching cubes
by star steps. An edge or vertex contact also belongs to this graph: among incident cubes, a face
path from a D cube to an A cube first leaves D across a boundary face. O
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Lemma 10.2 (Containment of inherited regions). If D is a bounded complementary component
of a connected closed support and A’ @ D is another such support, every bounded complementary
component of A’ lies in D.

Proof. The connected set S\ D avoids A" and contains infinity, so it lies in the unbounded component
of S3\ A’ O

A physical recursion domain is a box or a bounded complementary component of a connected
closed support.

Lemma 10.3. Every complementary boundary of a contour support has a single nonzero facing
label. Components with different facing labels have index distance at least 2k + 2.

Proof. A cube outside the support and touching it has distance at least k + 1 from every bad cube.
Lemma 10.1 connects these facing cubes by star steps, so their nonzero labels coincide. A star path
between differently labeled facing cubes contains a bad cube, and hence has length at least 2k + 2.
For arbitrary cubes in differently labeled components, take a coordinate path in their bounding box.
Its first exit and last entry give facing cubes no farther apart. O

Lemma 10.4 (Regional gap). If D is a complementary face component of A, then for v € D,
disteo (v, D) = distoo (v, A).
For a child support A’ = Ni(B') C D, the regional gap is exactly
disteo (A, D) > 2 <= distoo(B', D) >k +2. (10.2)

Proof. For the distance identity, choose a nearest cube of D¢. If it is unused, a coordinate path
inside the corresponding sup-norm box must first leave D through A: face-adjacent unused cubes
remain in one component. The reverse inequality follows from A C D¢. Finally, for any set C,

distoo (N (B'), C) = max{diste (B, C) — k, 0},
by the triangle inequality and a shortest star path. This proves (10.2). O

Write Uy (D) for the restriction 7 = ¢ throughout D. The physical regional restriction Rq(D)
is © = ¢ in the first k£ + 1 inside layers. For contour indexing, extend the outside labels by g¢; the
actual adjacent outside stencil agrees with this extension, while exterior rods remain arbitrary. On
a physical recursion domain, (10.2) is equivalent to regional admissibility. Indeed, the connected
complement of D lies in the child’s unbounded component. The gap excludes bad cubes from the
first k + 1 layers. A coordinate path from a cube in this band to a nearest outside cube stays in the
band until its first exit. Its nonzero labels propagate the outside value ¢ back to the starting cube.
The converse follows immediately from the absence of bad cubes in the band.

On arbitrary finite unions, including punctured sets, we will also use an auxiliary gas indexed by
support inclusion.

10.2 Removed regions, shielding, and the contour identity

A contour datum records Br, Ar, the 7 pattern on the support, and the facing label of each
complementary component. Filling every complementary component with its facing label must
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produce exactly the recorded bad set Br. Fix an exterior phase ¢q. Let D; denote its bounded
components with facing labels p; # ¢. Define

Vr=ApU UDj, Kt = {support cubes touching a ¢ component}, Ur =Vr\ Kr.
J

The set Kt is the full star-facing layer, including boundaries of ¢ holes. Two contours are strongly
compatible when their closed supports do not touch.

Lemma 10.5 (Nesting of removed regions). The removed regions of strongly compatible q contours
are nested or disjoint. Distinct maximal regions have star distance at least two.

Proof. A connected support avoiding another lies in one complementary component. If this compo-
nent is bounded, Lemma 10.2 keeps all its interiors there: the removed regions are nested in a non-q
component and disjoint in a ¢ hole. If bounded interiors Hi, Ho overlap while the second support
avoids Hi, connectedness gives Hy C Ho; its boundary and then the first support lie in Hs, again
giving nesting. Finally the boundary of each removed region lies in its support, so disjoint removed
regions cannot touch unless their supports touch. ]

Lemma 10.6 (Microscopic separation). Every microscopic factor meeting Ur depends on exterior
variables only through Kr.

Proof. Lemma 10.3 separates the inherited non-g components from all ¢ components. The layer Kt
covers the remaining contacts, and a coarse side exceeds the microscopic interaction range. O

Let x, contain the rods and fields of a coarse cube. Write py for the nonnegative conditional
microscopic density, including every hard exclusion. On compatible ¢ data xx define the joint
integrals

NF(xK) = /pU(l'U ‘ xK)l{recorded pattern on A} H 1Rpj (Dy) dzy, (103)
J

Dr(l’K) = /pU(fL‘U | xK)qu(A\K) H qu(Dj) dxy, Wr = NF/DF. (10.4)
J

The empty rod configuration and fields near the phase root give Dr > 0. Shielding makes Wr a
function of zx alone and makes it independent of the ambient regional domain. Extend it by zero
on incompatible collar fields. The extension set is source independent.

Lemma 10.7 (Interior contour indices). After a maximal q contour has been selected, its residual
virtual contours in each D; are precisely the regional q contours there. The indices for distinct D
form a Cartesian product.

Proof. Compatibility with the parent is equivalent to (10.2). This gap also ensures compatibility
with siblings and exterior contours and admissibility in the parent domain. The denominator in
(10.4) prescribes phase ¢ in every D;. O

The cancellation of interior partition functions is the contour reweighting used by Disertori—
Giuliani [37, Section 4.3, Lemma 1] and Disertori-Giuliani-Jauslin [38, Section 4.2, Lemma 2]. Here
the quotients remain conditional on the collar variables, and the identity is established for each
exterior configuration.

45



Proposition 10.8 (Exact regional identity). Let C,(D) be the admissible q contour data in a
physical regional domain. Set

GQ(D;x> = Z H WF(xKF)v

FCCq(D) compatible 'eF

allowing nested removed regions. For every compatible exterior configuration &,

/U (D)

q

po(@p | §)Ge(D;zp) dp :/ - po(zp | §) dzp. (10.5)
q

Proof. Physical configurations have a unique outside decomposition. Extract the components of the
full thickened bad set, start in the exterior ¢ sea, and retain all ¢ contours reached through that
sea and its ¢ holes, stopping at each non-q inherited component. To justify enclosure, a contour
with exterior-facing phase p # ¢ faces a finite p sea component. Its connected outer boundary lies
in the disjoint union of supports and hence in one support. This enclosing support is different
from the original one, since the chosen facing cube was in its unbounded component. Repeating
outward terminates by strict containment and finiteness. The retained removed regions are disjoint;
everything outside them has 7 = ¢q. Conversely, the recorded support patterns, regional interior
restrictions, and ¢ exterior reconstruct exactly this decomposition. The full regional bands prevent
new bad stencils or merged k-neighborhoods at the interfaces.

Induct on the number of cubes of D. Group a virtual family by its maximal removed regions. By
Lemma 10.7, the residual family indices are a product of regional g-family indices in the inherited
components. Freeze every variable outside the first such component, including rods in touching
siblings, and apply the conditional induction identity there. Repeat for all components. Fach
transformed component retains its ¢ boundary band, so the next conditional identity has the required
exterior stencil. All selected weights are measurable outside the changed component. The resulting
integral over a selected U is exactly Dp; multiplication by Wr replaces it by Np. Shielding permits
successive cancellation for the disjoint maximal regions. The resulting sum is the physical outside
decomposition. Every inherited domain is strictly smaller. O

Following Zahradnik’s truncation construction [5], used in the continuum setting by LMP [2,
Section 3], we clip contour weights to define controlled phase pressures before proving stability.

For fixed thresholds ¢, classify a contour as active at a reference configuration when Wr > t¢p. In
each virtual family select active contours maximal under inclusion of removed regions. Their removed
regions are disjoint. All descendants inside selected inherited components are unrestricted; every
remaining contour is stable, including ancestors surrounding selected regions. Put E = D\ Urcr Vr-
The selected contribution is exactly

/ oo [T Wl Gow ™" 1] Go(D;)dap. (10.6)
Us(D)  rer TeF,j

The stable gas retains the original parent admissibility and compatibility conditions. Its actual

supports lie in F, even when a stable contour’s filled hull surrounds a hole of E. The active indicators

depend on Kr, and the stable gas depends on F. The same conditional cancellations therefore apply
o (10.6). Dropping the active indicators and enlarging the stable gas gives the positive bound

selected contribution < /pD 1p,(¢)GoE(zE) dzp, (10.7)

where the auxiliary gas contains all compatible ¢ contours with Ar C F and activities wr =
min{Wp,tF}.
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10.3 A positive charge on each contour

The contour cost supplies the energy bound in Peierls’ energy—entropy argument [39]; here it follows
from local rigidity and lattice isoperimetry.

Call a fine site defective when its label is zero or it has a nearest neighbor with a different
nonzero label. The fixed-patch rigidity estimate supplies a finite patch P; and e, > 0 such that

i defective — Z ex (@) > ex. (10.8)
zeP;

Here e, are the nonnegative leading charges. To obtain a uniform e,, take the finite union of closed
defect events with distances > p, for zero labels and < p, for prescribed nonzero labels. If the
infimum of the patch charge vanished, product compactness and exponential locality would give a
limiting zero-charge patch. Local rigidity makes all marked cells one common well, contradicting
the separation of those closed events.

Use the positive ball atoms of Proposition 6.7, writing ®,, = <I>g7,,. Their localization error is
Ce™°". Fix Ry so that |P;|Ce~¢fo < e, /2. Then

Ro
F; = Z Z(I)x,rze*/z

zeP; r=0
at each defect, and its support lies in a fixed ball Bg(i).

Lemma 10.9 (Relative lattice isoperimetry). For H C {1,..., M}3 and its internal nearest-neighbor
edge boundary OgH,
0H| = (1 —27)min{|H],|Q \ H[}*".

Proof. Replace H by its complement so a = |H| < M3/2. If P; counts its nonempty coordinate-
j fibers, the Loomis-Whitney projection inequality [40, Theorem 2] a? < PP, P3 implies some
pP; > a?/3. The projection inequality follows by applying Cauchy—Schwarz twice to 2z, QaybyzCan,
with the three projection indicators; its square is at most (3 azy)(> bgz)(z c2.). At most a/M
nonempty fibers are full. Each remaining fiber has an internal crossing edge, whence

BH| > a3 —a/M > (1 —271/3)a2/3,
O]

Proposition 10.10 (Protected Peierls charge). There is ¢g > 0, independent of L,0,[ and the
contour shape, such that for each contour of size n = |Ap| there is a fized set of leading atom labels,
depending only on Br, whose sum Ppg,. satisfies

0092/3

supp Pp;. C Na(Br), Pp. > 1L%n, T = [CTEER

(10.9)

For strongly compatible contours these protected atom sets are disjoint.

Proof. First suppose 7, = 0 and write M = L3. If the number ag of zero-labeled sites is at least
OM /2, it is a positive integer and

ap > max{1,0M/2} > 27239 M)?/3,

Otherwise at least 30/ /4 sites have nonzero labels. A most frequent phase has population a, >
3M/(4m) and complement larger than M. Hence min(aq, M — aq) > ¢, M. Relative isoperimetry
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applied to that phase gives at least ¢§2/3L? crossing edges. Each crossing has a defective endpoint,
and a site is incident to at most six edges.

If ©, = 0, either one of its 27 neighboring coarse cubes has 7 = 0, or two have different nonzero
labels. In the latter case the fine cube Ny (b) contains at least L3/2 sites of one phase and at least
that many of its complement. Relative isoperimetry again gives c02/3L? defects. Summing over Br
and using the multiplicity 27 gives

[{defects in Ny(Br)}| > c6%/3L?|Br|/27.

Color fine sites by coordinate residues modulo 25 + 1. One color has at least (25 + 1)~3 of these
defects, and their Bg(i) are disjoint. Summing the corresponding F; uses no atom twice. Since
n < (2k + 1)3|Br|, this proves the lower bound.

To make the protected Hamiltonian independent of the field, include, once per label, every @, .
with » < Ry and center within the patch radius of Ni(Br). This fixed set contains every possible
color selection and preserves the lower bound by positivity. For L > S + 2 its full supports lie
in Ny(Br). Distinct full k-neighborhood supports have bad-set distance at least 2k + 2; their N,
neighborhoods are disjoint for k > 24. O

10.4 Seams, restoration, and separated collars

Let D; be inherited components of a support or of a family with total support size N. Every
boundary face has a support cube on the other side. Therefore

Ain =Y A(Dj;) < 6L*N. (10.10)
j

cor

Suppose ||D;r|loc < Coe™" and let m(i,r) be the number of inherited components met by its

declared ball.

Lemma 10.11 (Seam estimate). For every fized p > 0,

S (1 m, )PPl < CpAin/L. (10.11)

m(i,r)>2

If a signed interaction ¢ has connected declared supports and local norm at most §, then

S m(X)|[$x e < CoA.

X:m(X)>2

Proof. For r < L/4, a ball meets at most eight coarse cubes. Two of these in different complementary
components cannot share a face; if both meet the ball, they meet each other only at an edge or
vertex. In the sup norm, the intersection of their r-neighborhoods lies in the r-neighborhood of that
edge or vertex. It belongs to the skeleton of an inherited boundary face. The number of possible
fine centers is bounded by

CZ OD;|{L(r +1)* + (r + 1)*} < 0/2“ (r+1)2

Here |0Dj| counts coarse boundary faces. Summation against e~“" proves the short-radius estimate,

with bounded m < 8. For r > L/4, a ball meeting two components crosses a boundary face. One
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face has at most CL?(r + 1)(1+ (r 4+ 1)/L)? possible centers, and m < C(1+r/L)3. The remaining
sum is at most
Cpdin Y (r+1)(1+ (r+1)/L)* e " < Cpe™L Ay,
r>L/4
A connected weak support crossing dD; contains the endpoints of a fine boundary edge. Charge
it to one such edge and sum the local norm. Summation over j counts a term meeting m interiors
at most m times. A fixed finite-range connected-support convention can be enlarged to a nearest-

neighbor connected hull at a fixed norm cost.
O

Deleting or restoring terms of total norm M changes a log integral by at most M. A term
meeting m interiors is restored in at most m interior factors, m root divisors, and a bounded number
of core or exterior factors. Its total multiplicity is C'(1 + m), covered by the first two estimates.
Thus the total logarithmic cost is at most C3(L™! 4 §)Aj,.

Take k > 24. Inside D; put

Ej(v) = diStoo(U,ch'), Sj = {1 < Ej < 8}, Ij = {£] > 9}.

Use the level-four/five faces as separator ¥;. The regional restriction makes S; pj-correct. The
one-Lipschitz property of £; separates I; from Dj. Each separator face lies a fixed number of coarse
steps from an original boundary face, so

%5 < CAWDy), 18]+ [Ni(E5)| < CLA(D;), (10.12)
for L/4 <t < L/3. Moreover
[Newr(35) \ Ne(%5)] < C(R +1)A(D;).

Indeed a single coarse face contributes O(L?) to the tube volume and O((R+1)L?) to the enlargement;
a union’s increment lies in the union of the individual increments. Any fixed alignment margin fits
inside the collar for large L, with distance cL from both caps.
For a selected family let V' be the union of removed regions and let E include its complement
and all ¢ holes. Define
So={ved:1<disto(v, F) < 8}.

The same level-four/five construction gives its outer separator. Every inherited non-g component
lies beyond it. Propagation from the facing ¢ layer makes Sy g-correct, and

distoo (So, D;) > 2k + 2 — 8.

Leading balls meeting both outer and inner collars therefore have radius at least cL and total
norm Ce~ L A;,: weak terms cost CdAj,. Delete these along with the multi-interior terms. Every
remaining declared support meets at most one collar. Connectedness of supports assigns every other
term to exactly one cap. Conditional collar integrations now factor.

The collar switch exchanges the complete bounded sides {¢; > 5} and {v € V : dist (v, E) > 5}
of the inner and outer separators. These contain the inherited interiors and exclude g holes. Omitted
cap coordinates may be extended arbitrarily when comparing cut and full kernels, since all terms
reaching them were deleted. If I; = &, the cross ratio is one.

Collar kernels impose 7 = q. Once these labels are fixed, the remaining © restrictions concern
individual caps: a radius-one stencil cannot cross a width-eight collar, and touching sibling collars
have equal labels by Lemma 10.3.
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For a conditional single-contour quotient, freeze K = Kp and work in U = Vp \ K. Set
£(v) = disteo (v, K) and use

O = {l <4}, S={5<¢<12}, Vi=U\(OuUS).

The level-eight /nine separator has the same tube bounds. The collar lies in the ¢ support buffer,
every D; remains in V', and every protected atom lies outside all these collars. For each separator
let P be its incident coarse cubes. Their distance levels are 4,5 for inner and outer collars, and
8,9 for the shifted collar. Since the distance function is one-Lipschitz, N3(P) C S: the possible
levels are respectively [1,8] and [5,12]. In the outer case these cubes remain in A, because positive
distance excludes E and the component gap excludes every D;. The region N(P) is a union of
complete coarse blocks inside the collar. The two interpolation strips lie on their respective sides
of the separator, at fine distances between L/4 and L/3. Their alignment patches remain in the
collar once Ry 4 rg < L/6. Thus all three collars satisfy the buffer and block conditions used in the
surface estimates.
The boundary-cocycle estimate |9;B¢| < Ce™¢dst:U%) gives

IB(¢) — B (doroe) |00 < Ce T A(U). (10.13)

To sum the gradient bound, assign each fine site to a nearest boundary face; at distance d there
are at most CA(U)(d + 1)? such sites. The sum starts at d > cL. Before detaching inner collars in
Vaug = S UV, also delete terms meeting both S; and Vaug- Their leading norm is Ce—cl > AD;j)
and their weak norm is C6 3", A(Dj;). This ensures that an inner root divisor has its own phase
on its whole exterior. Every deleted term meets a collar or an inherited component, whereas the

protected atoms lie in Na(Br). The Peierls charge survives all cuts.

10.5 Removed volume and contour counting

Lemma 10.12. For a contour of support size n,
n(Vp) < Cn?/2.

The number of size-n contour data whose removed region contains a specified coarse site is at most
C'ﬂ
1 .

Proof. By the same Loomis—Whitney inequality, a finite lattice set d has projection sizes satisfying
|d|> < P P,P3. Each occupied coordinate line contributes two boundary faces, giving |0d| >
2(P,+ P+ P3) > 6\d]2/ 3. Every inherited boundary face meets a support cube, so

SIpjl <o < o(Llonil) < cnt”
J J J

Add the support. Every bounded complementary component lies in its support’s coordinate bounding
box, since a ray beyond an extreme coordinate reaches infinity without meeting the support. A
star-connected support of size n has coordinate span at most n — 1. A removed region containing
the specified site therefore has only O(n?) possible support anchors. A deterministic spanning-tree
search encodes each anchored support by a depth-first walk of length 2(n — 1) with 26 choices per
step. Finite support labels and at most 6n complementary-component labels add only exponential
factors. Absorb the anchor polynomial. O
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For a contour put np = |Ar| and let its declared support Sr be all marked cells above Ar. Thus
|Sr| < dpnr. For a tuple C = (T'y,...,T'y,) set s(C) = 32, nr; and S(C) = U, Sr;. Let o7 (C) be
its connected incompatibility coefficient, as in (7.14).

Lemma 10.13 (Anchored contour clusters). For every fized b > 0, there is To(L,b) such that

1 s m —Tnr, _
Sup > ml XC: " (C)] ") [Te " ™ilgescy < Cre T/ (10.14)
i=1

m>1 """
for T > To(L,b), uniformly over regional contour index sets.

Proof. The counting bound gives at most CT* contours of size n containing a prescribed coarse site.
A contour has at most 27np incompatibility anchors. For majorants ap = e~ (7 —0)nr,

Z are"t < 2Tnr Z Cy e~ (T—b=1)n <nr
r'yxr n>1

when 7 is large. This is the Kotecky—Preiss criterion [25, Section 2, Theorem]. The rooted tree
bound from Lemma 7.4 bounds the left side of (10.14) by Cp ,>; Cre=(T=b=1n_ Increasing

To(L, b) bounds this sum by Cre=7/2, 5

For |wr| < e~ 7™, group the convergent logarithm by connected union supports. Since |S(C)| <
drs(C) and diam S(C) < Cps(C), increasing b controls the required exponential support weights
and polynomial factors. The absolute majorants, uniformly in the rods and fields, give interaction
norm at most k = CreT/2.

Lemma 10.14 (Localization of additional contour species). Let D; be disjoint physical recursion
domains in a coarse union E, and put C = E'\ U; Dj. An auziliary q contour on E absent from the
union of the regional q contour sets on D; has support meeting

S=CU U{v € Dj : distoo (v, Dj) < 2}.
J

Proof. A connected support avoiding S lies in one D; and has distance at least two from Dj. The
equivalence (10.2) makes it regionally admissible there; Lemma 10.2 keeps all its inherited regions
inside D;. Conversely every regional index is an auxiliary index. O

Lemma 10.15 (Cost of adding species). Suppose two clipped contour gases have nested index sets,
identical activities on common indices, and every additional species has support meeting a coarse set
S. Then

| log G2 —log G1l|cc < CLk#S.

Proof. This is the local cluster comparison underlying [25, Section 2, estimate (4)]. Their logarithmic
cluster series differ only in clusters containing an additional species. Mark one such species and a
site of its support in S. The anchored estimate in Lemma 10.13, summed over these sites, gives the
bound. It is pointwise in the rods and fields and hence also bounds the ratio of the corresponding
joint partition functions. O

11 The physical pressure as a maximum of phase pressures

Following LMP [2, Sections 3 and 6], we first define auxiliary pressures using clipped contours and
then bound the physical partition functions in terms of those pressures. Roots, phase neighborhoods,
regional restrictions, and the threshold T are independent of the source.
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11.1 Normalization and quantitative inputs

Fix the source h. Let v, be the unique whole-space bare rod state at constant field » (Lemma 7.8),
and v, oy¢ its marginal outside D. Write v, 4.p for the bare state at the complete field ¢prpe. The
fixed-field density Fp(r | £) includes the Gaussian prefactor; denote its pressure per physical volume
by b,. For a field restriction R and a bounded joint perturbation J, define

o

CR,J(T) _ eb,« VOI(D)E % V‘](gb) = —logE
D Vr,out FD(T ‘ é-)’ D

Vr,¢;D

The conditional Hamiltonian H% sums every interaction term whose declared support meets D,
with exterior field r. Recall

by + Be(r) = by, op(r) = Hp(r | r) —e(r) Vol(D).
Lemma 11.1 (Exact normalized field integral). With the probability reference measure Ap,

307 (r) = e PR (1) = o VoID) /R e—PHEOGIN=VE®) g p,. (11.1)

Proof. Let Gp be the Gaussian prefactor in (3.4) and set Lp = ;¢ 1(py(¢i — ri)N;. At fixed h, the
normalizers in (3.3) cancel, giving

Fp(¢|€) _ Gp(9)

— E Lp
Fp(r|€) — Gp(r) t19°

Average over v, oy;. The normalized finite tilt efoy, /EVTeED satisfies the bare specification at

¢prpe; uniqueness identifies it with v, 4. p. Thus the perturbation contributes the factor eV (9),
The logarithmic derivative of Gp(¢)E,,e“? /Gp(r) is —Bgs.n, which is also the derivative of —3H}.
Integrating from r to ¢ gives

Gp(9) E, ¢£b — ¢~ BHE @I -HE ()],
Gp(r)

Vol(D)
O

Insert this identity into C’g"] and multiply by e#?2(") The remaining constant is e(br5e()

Set 3PWS(D) = quw)’o(rq). The auxiliary partition uses R = Uy(D) and J = —log G3'55. Write
I for the corresponding field integrals, so 3 = e YoII. For a selected-family term Z p,F(&), define

_ Zp,F(§)

35 = ebra VOUD)=Bon (o) Zpr()

Jr=e¢e" VR, go0ut .
T Ep(rg | €)

The interaction ¥ = ®° + ¢ has nonnegative leading atoms vanishing at constant wells and
|¥]] < ds. Its boundary cocycle satisfies (10.13); its homogeneous trial bound is (6.10).

Apply the restricted-pressure construction to the field interaction obtained from the clipped
contour gas, and denote its physical pressure by p,. Lemma 10.13 and the rooted estimate 9.9 give,
on every finite coarse union G,

[log I§™(G) ~ (pg — bo) VOU(G)| < 00 A(G), g —bol <75, (11.2)

Here 73 = O(log 5+ B0g+tg). If the field pressure is measured per fine site as g, then p; = bg+7y/vs.
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The positive bare collar kernels satisfy, by 9.10, for arbitrary bounded caps,

Kg(v,rq)Kgs(rq, w)

KS(U,U)) = kS’

eUS(U,w), ks — KS(TLP']“q)’ ’U5’ S 56[(,/4(5) (113)

The marked estimates 7.12 and 7.15 bound changes outside the source region E in Vf)fE by
Ct3 A(E). Adding species meeting H costs Ck times its fixed-neighborhood volume. Frozen-rod
comparisons add this weak boundary cost to the bare cocycle. Moreover,

ViR (pprps) = ViE (o). (11.4)

At fixed L, tg is a fixed L-dependent constant times a polynomial in 3 times &.
Put P = max, p, and fix 0 = Cy(0¢ + tg + $0g), where C, covers the fixed constants for area
conversion, boundary terms on parent domains, and addition of contour species. Define

News = C/L + Cdg + Ce™F, (11.5)
Es = Clo + Bex + Brieus + Be™F +t]L? + C(rg +t5) Vi, (11.6)
B, = BrL* — &5. (11.7)

The induction requires B, > 37 and B, sufficiently large compared with log Cy. The sufficient
conditions 7 = 37L?/16 and &z < BTL?/2 give B, > 8T.
The root divisors satisfy
log ks > —C(log 8 + Bdg) Vol(S). (11.8)

Apply Lemma 9.4 on S with both caps at r4; the bound also allows the omitted nonnegative leading
terms.

11.2 Single-contour and simultaneous-family estimates

Lemma 11.2 (Allocation of interactions to collars). Partition the integrated coordinates into an
exterior cap I, a core cap C, inner caps Ij, and collars Sy, S;. The collar Sy separates E from the
other caps, and S; separates I; from the other caps. All components of each cap are treated together.
Delete the interaction terms specified in Section 10.3, so that a remaining declared support meets at
most one collar. A support missing all collars is then assigned to its unique cap; a support meeting
a collar is assigned to that collar. Assign by full declared supports, even when a term is constant at
the fields in question. With the fized exterior coordinates included in the appropriate cap, this gives
the exact decomposition

Heut — Hgp + He —"_ZHIj —|-h0(S0;E, C) +Zhj(5j§c7fj).
j J

Suppose the restrictions, after fixing the prescribed magjority label on every collar, are products of
collar-majority indicators and cap-only indicators. Allow any additional nonnegative cap weights,
and absorb these and e PHe into a,. Write K§™(c,e) and K$" (i, c) for the collar integrals of e~ Bho
and e Phi,

Proof. A connected support meeting distinct caps crosses a collar. If it meets only Sj;, its caps
are C, I}; if it meets only Sy, they are C, E. This proves the energy decomposition. A radius-one
correctness stencil cannot cross a width-eight collar, so after fixing the collar labels its indicator
depends on one cap. Touching inner collars have equal labels by Lemma 10.3.

O
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Lemma 11.3 (Factorization through collar kernels). With the preceding allocation, let I be its
joint field integral, including any nonnegative weights on the separate caps. For each collar let r. be
its phase root, and let M, bound the total energy norm of terms restored to compare its cut kernel
with the full kernel, uniformly in every cap extension. If the full kernel has cross-ratio bound e,
then

ese+4BMe Ké:ut (Ua Te)Kgut(Te, w)

e (o,w) < — ,
€

K™ = KE™(re,7e).
Consequently the cut integral obeys

cut rpcut cut
FptF§ Hij

t et+4B8Me
I < o2l ) TR

(11.9)

where
Fg' = [ an(@)K5" () dAs(e),

F = [ ac(oKg" (e r) [ K™ (13,1 0) dho o)
J

g / a; (1)K (i, my, ) A, (i),

Proof. The energy comparison gives |log K" — log K.| < M, at each cap pairing. The four
pairings in a cross ratio thus contribute at most 45M,. Tonelli’s theorem first integrates the collars
and writes the cut integral as

J

/ ap(e)ac(e) [T as(i) K§" (e, ) [ K*(i5,¢) drp drc T[ ds,

Apply the cross-ratio inequality pointwise. The remaining factors depend on separate caps, and
Tonelli gives (11.9). The cap weights may include boundary cocycles. For an empty inner cap the
root factor cancels its divisor. O

In each factor, terms assigned to an incident collar are integrated with that collar’s copied
variables. Its root divisor retains the same terms at the root. A term meeting m inherited domains
is restored in at most C(1 + m) factors; Lemma 10.11 bounds the total cost.

Lemma 11.4. Suppose, in every strictly smaller physical inherited domain H and for every phase

b,
SghyS(H) < ePVol(H)JrU.A(H)'

Then every q contour admissible in D satisfies uniformly in its compatible frozen collar variables
log Wr < —B,nr + (P — pg) Vol(V1). (11.10)

Proof. Keep numerator and denominator of (10.4) as joint microscopic integrals on the same
U= (A\ K)UU;D;. In the denominator apply the exact regional identity successively and
conditionally inside the D;, then clip the resulting activities. Positivity gives a lower bound with the
original regional cutoff species. Their full regional gaps make cross-sibling compatibility automatic.
Their union is one compatible subgas. By Lemma 10.14, every added auxiliary species meets the
core or the first inherited boundary layer. The core and these layers contain at most C'rnr sites, by
the boundary bounds above. Lemma 10.15 therefore bounds the comparison cost by CtgVynr.
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Use the shifted collar O, S, V' constructed above and retain only auxiliary species with actual
supports in V', again a positive denominator restriction. Integrating all rods on U gives, for every
restriction R and source J, the common normalization

§r J,
Z7€) = Fulry |00 | PO mm O Oy,
U(f»rq)

The prefactor is the same for numerator and denominator and cancels. The frozen-boundary weak
comparison replaces V(‘]]’f by the canonical correction with a small surface error and leaves the bare
B[E]’rq unchanged. Truncate that cocycle to O, with error CBe ““L?np. Set the O, S arguments
in the denominator weak correction to the root, paying CtgA(V’). Equation (11.4) leaves exactly
V{/],V ', including its scalar. Both sides now have the same bare collar kernel.

Let a¢(w) denote the entire positive outer-cap amplitude, including the possibly large retained
cocycle. Equation (11.3) gives

J ag(w)Kg(rq, w)dAo(w)
ks ’

/ ag(w)Ks(v,w)dro(w) = AcKs(v,74)ee™, A = le| < Ber A(S).
The same A¢ cancels. On Viye = S UV, restore the S reference fields and add auxiliary species
meeting S, using the marked comparison. The denominator is bounded below by the auxiliary field
integral on Ve times a small exponential loss. Equation (11.2) applies also when this domain is
punctured.

Choose the inner collars S; C D;. Delete the wrong-root long tails and all multi-collar interactions.
Lemma 10.11 counts every restoration; the protected charge is untouched. Allocate terms by full
declared supports and apply Lemma 11.3. Keep both cap factors and each root divisor, then restore
the deleted terms. If Ag = Vaug \ U; Dy, this yields

Teore+ H] Igjhys( )

I1; % ’

IN (Vang) < e Vol(core™) = Vol(4g) + ZVOI(S )

J
The core integral is at most exp[—37L?nr + Crg Vol(core™)] by positivity and Proposition 10.10.
Apply the induction hypothesis to the unchanged D;, (11.8) to the divisors, and (11.2) to the

denominator. The only nonlocal bulk difference is exactly

(P —bo) Y Vol(D;) = (pg — bo) Vol(Vaug)
J
= (P —pq) VOI(Vaug) - (P — bo) VO](A())
The last term is a core error, and the first is at most (P — p,) Vol(Vr). All surfaces are at most

CL?nr and all core and copied volumes at most CVznr. The budget (11.7) absorbs these errors
and proves (11.10). O

Lemma 11.5. Under the same smaller-domain hypothesis, a selected mazximal active q-family F,
with N = Y"pnr and exterior E = D\ Up Vi, has canonical contribution

Jr <exp{PVol(D) + cA(D) — B,N — (P — p,) Vol(E)}. (11.11)

Proof. Apply (10.7), integrate all rods together, and use the common canonical normalization once.
The result is bounded by
ebo Vol(D) e BHE(¢lrq)—V, P (& Dd\p.
Ry
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Set fields outside E to the root in the weak correction, paying CtgA(E), and use (11.4). Let
So C A = Ur Ar be the joint outer collar, and S; C D; the inherited inner collars. Put C' = A\ Sy
and I; = D; \ Sj. Allocate the restrictions to product-majority collars and cap-only indicators.
Delete every term meeting multiple collars and the required long tails. Conditional on the caps,
Lemma 11.3 factors the collar integrations and applies the cross ratios with complete root divisors.
Restore all terms with their multiplicities. The exterior acquires a copy of Sy, the core copies of all
S;, and each inherited domain remains unchanged.

Write ET = E'U Sy. In the exterior factor first restore the Sy reference fields while keeping
JE, then add species meeting Sy. The errors are CtgA(E) + Crk Vol(Sp); the full weak scalar is
preserved. We obtain

IguX(E+)(Hj Igjhys(Dj))Icore‘*'

—b() VOI(D)~ E]:
e Jr<e
ko IT; F; ’

where

Vol(E™) = Vol(E) + Vol(Sp), Vol(core™) = Vol(A) + ZVO]

The copied field volumes obey

Vol(E™) + 3 Vol(D;) + Vol(core™) — Vol(Sp) ZVol = Vol(D).
J

Apply the auxiliary surface estimate, the physical induction, the root-divisor trial, and the protected
charge. The bulk expression is

bo Vol(D) + (pg — bo)[Vol(E) + Vol(Sp)] —bo) ZVol

= PVol(D) — (P — py) Vol(E) 4 (p, — bo) Vol(Sp) — ( — bg) Vol(A).

The last two terms have magnitude at most CrgV,N. Furthermore A(E') < A(D) 4+ CL?*N and
> A(Dj) < CL®N. The constant o covers the parent boundary terms; the other errors enter (11.7),
leavmg —B.N. O

11.3 The numerical tree and the physical pressure

The simultaneous induction below adapts Zahradnik’s stability argument [5, Theorem 1.7 and
Section 1.8]: an active contour must be large relative to the pressure deficit, and summing such
contours yields the physical pressure bound.

Proposition 11.6 (Finite-volume pressure bounds). For the canonical model constructed above, let
the error budget (11.7) satisfy B, > 3T, with B, sufficiently large. Then for every physical regional
domain D and phase q,

ePa Vol(D)—c A(D < 13phys< ) < ePVOl(D)JrU.A(D). (1112)
Proof. Induct simultaneously over all phases and physical domains, ordered by their number of

coarse cubes. The cutoff pressures and P are already defined. The smaller-domain hypothesis gives
both preceding lemmas. Put a = (P — p,)Vy, > 0. If a contour is active, then

—Tn < logWr < —Bun + Can®/?,
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so for a > 0 its size is at least

N(a) = max {1, {c (B*a_ Tﬂ } .

At a = 0 there are no active contours. Extracting the common factor ef” VOUP)+oAWD) from (11.11)
leaves a sum of weights e~ 5+ 2. nre=an(E) gyer disjoint removed regions.

Expose the first unexamined coarse site. Either it belongs to E, with weight e™, or to one
removed region of size n > N(a), with at most C]' choices by Lemma 10.12. Erase that entire
removed region and continue; its ¢ holes remain available. Induction on the number of remaining
sites bounds this sum by one provided

a

e+ Z Cre=Bm <1,
n>N(a)

For a > 1 the geometric tail is smaller than 1 — e 1 for large B.. For 0 < a < 1, the hypotheses
give a tail at most C exp[—cB2/a?) < a/2 <1 — e~ %, uniformly in that interval. The case a = 0 has
only the empty active family. This proves the upper bound.

For the lower bound, clip the exact regional gas before enlarging it. Positivity makes the physical
partition at least this original regional cutoff partition. Apply Lemma 10.14 with one domain and
empty core. Added species meet its first boundary layer, whose size is bounded by C.A(D)/L?.
Lemma 10.15 gives a surface cost, proving the lower bound by the choice of o.

O
Theorem 11.7 (Pressure maximum). For the parameter range in Proposition 11.6,

pe(h) = max pq. (11.13)

Proof. At fixed 8, emptying a fixed-width boundary strip costs at most activity times strip volume
and removes the physical exterior. The fixed-field reference admits the same comparison by its
ideal-gas cell bound and positive empty-cell weight. Each conditional Gaussian law assigns a root
neighborhood probability at least e~“?, uniformly in the reset count, so imposing the regional ¢
band also costs a surface term. Thus Fp(r | £) has bulk e’ VoI(P) yniformly in &, which cancels
in the canonical ratio; op(r) is a surface correction. Divide (11.12) by volume along boxes. The
upper bound gives a pressure limsup at most P, and the lower bound for a maximizing phase gives
a liminf at least P. This proves (11.13). O

12 The crossing and the density jump

We first record the elementary pressure facts, then compare the source responses of the phase
pressures. All pressures are per Euclidean volume. The mesh, count caps, field interval, phase
neighborhoods, and contour index sets remain fixed as h varies.

Lemma 12.1 (Thermodynamic pressure). For each € > 0, the limit defining p-(h) exists, is finite,
and is convex in h.

Proof. We use the separated-box construction for the thermodynamic limit [30, Section 2]. Dropping
exclusions between boxes gives a product upper bound. Boxes separated by an empty strip wider
than 1+ ¢ give a product lower bound. Deleting a set S of allowed centres changes log Z, by at most
z|S|: integrate its particles with all exclusions dropped for the upper bound, and leave it empty for
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the lower bound. Tile large cubes with boxes of fixed side, then let that side increase. The upper
and lower bounds converge to the same limit; the strip estimate also removes exterior boundary
effects. Finally, 0 <log Z) < z|A|, and finite-volume log partition functions are convex in h. O

Lemma 12.2 (Density response). At every differentiability point of pe, the finite-volume number
densities converge to p.. The one-sided derivatives are the corresponding limits as h approaches
through differentiability points from the left or right.

Proof. The first two derivatives of log Z) are ENy and Var Np. Convex difference-quotient bounds
give convergence of the first derivatives wherever the limiting pressure is differentiable. Monotonicity
of the derivative gives its one-sided limits; these are the convex convergence principles of [16,
Theorems 24.1 and 24.5]. O

12.1 Source response of the joint model

Let D be a union of complete fine spatial cells. For a field event F and a joint perturbation
Jn =4 dan, let ZE57 (h | €) be the integral of the joint rod-field density (3.4) over E, multiplied
by e~/r. The exterior rods ¢ and the event E are independent of h. We assume

supz |Janlloo < K, supZLiph(JAJl) < 0. (12.1)
b Adi v A3

Fix 0 < hy < H. The constants below are uniform for |h| < h,.

Lemma 12.3 (Source score). For almost every h, the logarithmic derivative of the positive joint
density is

Sh = Z [g: (qb - h) + N N 8h log C; h( )} 8th (12.2)
1€l(D)

Proof. Differentiate the physical activity factor and the attached Gaussian in (3.2). Their count
terms combine to N; — N;. The reset count is independent of h. The Lipschitz assumption gives the
derivative of J, almost everywhere. O

Lemma 12.4 (Exceptional counts). If p > eCel™, then, uniformly over E and compatible exterior
. E,J
rods with Z7~ > 0,
EPY ST (N — Ni) < CBIDJe . (12.3)
icl(D)
Proof. Condition on the fields and the rods outside cell i. Emptying that cell changes J; by at
most 2k. In (3.3), the empty term and every term with n > K; have the same Gaussian normalizer.

Divide by the empty term of the conditional partition function and drop the hard exclusions. For
F >0,

E[F(N)linsry | ¢mie] <€ > F(n 5@ UZ) . (12.4)
n>K;

Apply the scalar tail bound in Lemma 7.2 with m = 1 and H replaced by h.. It gives CBe~? per
marked cell. There are at most |D|/v_ such cells, proving the claim. O

The Gaussian means stay at distance at least dy > 0 from the endpoints. The endpoint densities
therefore give

1 —¢ip(m) < e~ Puidy/ (o) |Ohcin(m)] < CV/ P e~ Pvidy/ (o)
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In particular, ¢; ,(m) > 1/2 for large 3, and

3" |hlogein(N;)] < CB|DJe <. (12.5)
iel(D)

These bounds justify differentiation under the finite-volume integral, so 9y, log Zg"] = Ef"]Sh almost
everywhere.

12.2 Differentiating the cutoff gas

The numerator and denominator of Wr are joint integrals on the same region with the same frozen
collar. Their restrictions are independent of h. If nr is the number of support cubes and Vr its
removed region, the geometric bound gives |Vp| < CVLn?f/ 2, Applying the preceding estimates with
J = 0 to both integrals yields

|0n log Wr| < CBVLRE/?. (12.6)

A zero numerator has an allowed set of zero reference measure and vanishes for every h. Extend the
cutoff by zero off its fixed compatible collar set. For an h-independent threshold T,

wp = min{Wr,e 7"}, |9pwr| < CBVLnY 2e= T (12.7)
almost everywhere. Its declared marked-cell support is unchanged, with |Sp| < dpnp.

Lemma 12.5 (Differentiated cutoff expansion). For every fized a > 0, the interaction J, = —log G},
of the cutoff gas, grouped by declared union supports, satisfies

sup Y e[ Japlle < Cre” /2, (12.8)
v A3
sup Z el Lipy,(Jan) < CrBe T/4, (12.9)
v Asi

when T exceeds a constant depending on a, the mesh, and L.

Proof. Since |S(C)| < dps(C), (12.8) follows from (10.14) with b = ady,. Differentiating a cluster
term and using (12.7) bounds its absolute majorant by CAVL >, n?f < CBVys(C)3/? times the
original majorant. Absorb this factor with $3/2 < CeTs/% and apply the same lemma with threshold
37 /4. Its bound CrBe3T/8 < CpBe~T/* proves (12.9). This is the rooted derivative expansion of
[26, Section 2, equations (2.6)—(2.7)]. Uniform absolute convergence permits integration between
source values and gives the stated Lipschitz norm. O

12.3 Increment bounds for the phase pressures

Let [m,, m;}] contain the masses of the wells in component ¢g. On the g-majority event, the good-cell

tolerance and minority fraction imply

1
~ 2a|D|

my —wo < Mp(9) : > vig <mi + wo. (12.10)

ieI(D)

Indeed, if a good spatial cell has mass error at most 7/(2«) and at most a fraction 0 of cells are
exceptions, one may take wg = 1/(2a) + R6/a. Apply this estimate block by block; boundary blocks
have vanishing volume fraction.
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Lemma 12.6 (Microscopic realization of a branch). Let Zg'" (h) be the complete joint partition
function restricted to g-majority fields and perturbed by the regional cutoff interaction J, p. With a
fixed compatible exterior configuration,

: —1 cut _
M, |D|™ log Z gy (h) = pq(h).

Proof. The bare boundary cocycle, the frozen weak comparison (7.44), and the rooted surface
estimate give

log Z5'y(h) = (bo(h) + 74 (h) /vs)|D] + Op(A(D)).
Divide by the volume of aligned boxes and use (9.10). O

Lemma 12.7 (Branch increments). Put Q,(h) = B~ 'py(h) + h?/(4a). There is o5 = Ce™ +
Cre~T/* = 0 such that, for hi < ha,

(mg —wo — 0p)(h2 = h1) < Qq(h2) — Qq(h) < (my +wo + a5)(ha — h1). (12.11)

Proof. The source score, exceptional-count bound, and cutoff estimate imply

cut

Onlog Zpy',

h
TD‘ =EpgnMp — 5-+ gD,q(h)v |5D,q(h)| < 0g. (12.12)

2c
Conversion from the marked-cell norm uses the positive minimum of v;. Integrate in finite volume,
use (12.10), and pass to the pressure limit supplied by the preceding lemma. O

12.4 Choosing the scales

Reduce the homogeneous mass gap so that 0 < A < r;. Choose the parameters in the following
order.

1. Fix H > 0, then choose a > |T|| + 1, p > eCef!, and R > H + 2ap + 2. With M = (efit!,
choose the spatial and angular mesh to satisfy the coercivity and covariance estimates. Its
marked-cell volumes are now fixed; the margin absorbs the ceiling in K; for large 5.

2. Choose disjoint phase neighborhoods preserving the mass gap, with good-cell mass error at
most A/16. Fix a rigidity patch, a radius retaining half its positive defect charge, and k > 24.
The full leading interaction is retained.

3. The protected charge has coefficient 7 = ¢pf?/3. Choose 6 so that both the minority mass
error and C),0/7 are sufficiently small. The constant C, is independent of the subsequent net
and interpolation choices.

4. Choose a well net of radius v < 1, its finite path family, and the interpolation width Rjy, so
that Cv and CDZ / Rint are small fractions of 7. Choose 19 > 0 such that

Rint NI/

C (1 - ) w(mo) < co,

where ¢ is a sufficiently small fixed constant. Then choose L large enough for the geometric
margins, C'/L < 19/3, and C/L + Ce™°F < 7.

5. The weak interaction obeys dg(h) < Clh| + Omicro,8; With dmicro 3 — 0. Choose 0 < h, < H so
that C'Lh, and Ch, fit the preceding error bounds and h,/(2«) < r;/4. Finally increase 5 to
control the microscopic remainder, Llog 3/, and the Gaussian and exceptional-count errors.
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All choices except S are now fixed. Set

BrL?
16

This threshold satisfies Lemma 12.5 for large 8. Equations (7.6) and (12.8) give 8(¢s + k) — 0,
verifying (7.20). For the error £ in (11.7), rg/B < Chy 4+ o(1) and tg/B — 0. After division by
BL?, the volume term is O(Lh,) + o(1); the other terms are controlled by the successive choices
above. Taking their finitely many allocated fractions sufficiently small gives

T:

(12.13)

B, =prL* — &5 > $pTL* = 8T. (12.14)

Lemma 12.8 (Equal limiting intercepts). At zero source,

0) — bo(0 lo t

Pq(0) — bof >‘ <c ( BB | o+ 2+ B4) —0. (12.15)
B B B

Proof. At h = 0, the canonical perturbation and the regional cutoff correction have combined energy

norm at most C(dmicro,8 + t8/3), by (8.9) and Proposition 7.15. Apply (9.7) with this norm and

use py = by + m4/vs. Division by § gives the bound. O

max
q

12.5 Proof of the main theorem

The source adjustment is the LMP coexistence mechanism [2, Section 6, proof of Statement 3.3]:
separated density responses force a crossing of the corrected phase pressures.

Proof of Theorem 1.1. The reserve (12.14) satisfies the quantitative conditions of Proposition 11.6.
Theorem 11.7 therefore gives

pe(h) = maxcpy(h), || < h.. (12.16)

The isotropic component has mass r; and the others have mass at least r;+A. Choose the tolerances
above so that wy < A/8, and take [ large enough that o3 < A/16. Equation (12.11) gives

(rr —3A/16)(h2 — h1) < Qr(h2) — Qr(h1) < (r1 + 3A/16)(he — h1), (12.17)
Qq(h2) — Qq(h1) > (rr + 13A/16)(ha — h1), q# I. (12.18)

There are finitely many components, and their increment bounds imply continuity. Thus Dg(h) =
maxgxr Qq(h) — Qr(h) is continuous. Choosing a maximizing component at h; shows that

Dy(hs) — D) > 2 (h — ). (12.19)

By (12.15), Dg(0) — 0. Consequently Dg has a unique zero h. € (—hy,h,) for large 3, and
he| < 8|Dg(0)[/(54) — 0.

To the left of the zero the physical pressure equals the isotropic branch; to the right it equals
the maximum of the other branches. Convexity gives one-sided derivatives. Their secant bounds are

30 h
/ < =t
pe—(he) < B (m + 75 2a> :

13A  h
/ > 0= e
Pes(he) = B (rf + 5 2a)



Therefore
Py (he) = pl_(he) > — > . (12.20)

The isotropic lower increment bound, A < r7, and h./(2a) < r;/4 give a positive lower bound
proportional to 5 for both derivatives. The upper increment bounds give the matching upper bound.
Setting a. = a; + h. proves the theorem for P.(a) = p-(a — ay). d
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