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Abstract

Every known bound on the length N of an z-progression on an elliptic curve of rank r has
the shape N < C'*7. We prove a bound that is linear in the rank for integral progressions,
with an error depending only on the height of the model. Let 32 = 22 + as2? + a4z + ag be an
integral model and Hy = 1 + |aa| + |aa| + |as|. For every € > 0, every integral z-progression of

length IV satisfies
N < (3+¢e)s+C.\/1+1ogHy,

where s < r is the rank of the span of the progression. In particular N < (2 + o(1))s whenever
log Hf = o(N?).
The proof has two halves.

e The local theory consists of exact point counts, the root-class lemma, pinned values, and
a forbidden range of primes reaching N2/49 by a shift-and-square argument. It forces
log |b] > N2, where b is the common difference.

e The spectral cap is proved in an exact form. Splitting the Néron—Tate pairing into local
kernels of positive type and summing the regularised diagonal terms over all places gives an
identity in which the bad-prime corrections cancel. Combined with a uniform archimedean
separation lemma, this yields Apax(G) < 3log X + 2¢(N — 1) + 2log Hy + 2, where
X = max |z|.

Over function fields we prove an exact colouring formula for the Gram matrix of a progression
of integral sections, which gives N < min(6y, %s) We also classify the 3-term Gram types on
rational elliptic surfaces and show that all of them occur, and we show that all sign data are
realised on elliptic K3 surfaces. The main bound is vacuous for every known example (all have
N < 14); its interest is that it is linear rather than exponential in the rank.
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1 Introduction

Let E/Q be an elliptic curve given by a Weierstrass equation. An x-progression of length N is
a sequence of points Py,...,Py_1 € F(Q) whose z-coordinates form a non-constant arithmetic
progression. Bremner [2] observed that such points tend to be independent in the Mordell-Weil
group, and conjectured that long progressions force large rank. This was motivated in part by
[3], where it is shown that the curves y? = x(x? — n?) of rank one have no non-trivial integral
progressions. Garcia-Fritz and Pasten [7] proved this for families with fixed j-invariant, in the form
147 > ¢(jo)log N. Combined with the uniform Mordell-Lang theorem of Gao—Ge—Kiihne [6], their
method gives N < ¢!*7 [9]; Harrison, Mudgal and Schmidt [10] give another proof with an effective
absolute constant. All of these bounds are exponential in the rank.

In this paper we prove a bound that is linear in the rank for integral progressions, at the cost
of a mild dependence on the height of the model. Write the model as

y? = 2% + asx? + aux + as, ay € 7, Hy =1+ |ag| + |as] + |ag], (1)
and let s be the rank of the subgroup generated by the progression, so s < r = rank E(Q).

Theorem 1.1. For every € > 0 there is an effective constant Cg such that every integral x-
progression of length N on (1) satisfies

N < (3 +¢)s+C/1+log Hy.

In particular N < (% + 0(1))s along any sequence of progressions with log Hy = o(N?).



The result also holds for every integral cubic model (Remark 8.14). It is Corollaries 9.3 and 9.4
below. The proof has two halves.

Local theory (Sections 3-6). A progression of length N reduces to too many points modulo small
good primes. Combining exact point counts with a root-class lemma and Hasse’s bound, and then a
shift-and-square argument based on Weil’s bound, we show that every prime 5 < p < ((N —77)/7)?
divides 2b lc(f) disc(f) (Theorem 4.4). Hence log |b| >> N2, so the points of a long progression have
large height.

Spectral cap (Sections 7-8). Let G be the Gram matrix of the Néron—Tate pairing on the
progression. Since rank G = s, the trace inequality tr G < s Apax(G) bounds N as soon as Apax(G)
is controlled. We split the pairing into local kernels of positive type, using an antisymmetrised
positivity lemma (Lemma 8.1), and prove an exact identity for the regularised diagonal in which
all bad-prime corrections cancel (Theorem 8.7). With a uniform archimedean separation lemma
this gives

Amax(G) < 2log X 4+ (N — 1) + 2log Hy + 2, X:mzax|mi|

(Theorem 8.10). Comparing with tr G ~ %NlogX gives Theorem 1.1.

Function fields (Section 10). Over C(t) the corresponding statements are exact: the Gram
matrix of a progression of integral sections is determined by sign data at the zeros of the common
difference (Theorem 10.1). We classify the 3-term types on rational elliptic surfaces and realise all
sign data on elliptic K3 surfaces (Theorems 10.5 and 10.6).

Section 11 discusses the relation of the method to earlier work of Baker—Petsche, Hindry—
Silverman and Helfgott—Venkatesh. Section 12 compares the consequences with those of [7], and
Section 13 lists open problems. Statements marked computer-assisted rely on computations de-
scribed in Appendix A.

Conventions
e h(x) =logmax(|ul,|v|) for x = u/v in lowest terms.

h(x).

D=

e h is the canonical height in Silverman’s normalisation, so h =

Our pairing is (P,Q) = L(h(P + Q) — h(P — Q)), so (P,P) = h(P). For points P, we write
Gij = (P, P;) and h; = h(P)).

The span rank s is the rank of the subgroup generated by the F;; it equals rank G.

e p(n) =loglem(l,...,n) =3 myp(n)logp, with my(n) = maxi<x<n vp(k). Alsod(z) =3  logp.

2 Setting
For the local theory (Sections 3-6) we work in an integral model
C: y? = f(x), f€Zx], degf=mec{3,4}, discf #0, (2)
with points P; = (x;,v;), x; =a+ib (0<i< N),a,b€Z, b#0, y; € Z. Put
S = {p prime : p|2blc(f)disc(f)}.

A rational progression x; = (a + k3)/s? becomes integral in a rescaled model, so working with
integral progressions on integral models covers common-denominator progressions as well.



For the spectral half (Sections 7-9) we take a monic cubic model
W y2:f(a:):x3+a2x2+a4x—l—a6, a € 7, Hy =14 |ag| + |aa| + |as|. (3)

Its discriminant is Ay = 16disc f, and Api, denotes the minimal discriminant of E. We write
X = max; |z;| and L = log X.

3 Point counts, root classes and pinned values

Recall that 2 € S, so every p ¢ S is odd, and f mod p is a squarefree polynomial of degree m with
unit leading coefficient. For m = 3 the reduction of (2) is then an elliptic curve E,/F, with exactly
one point at infinity. We put a, = p + 1 — #E,(F,), so that |a,| < 2,/p by Hasse.

Proposition 3.1 (Point counts). Letp ¢ S, and let 2z, be the number of residues x; mod p at which
f=0 (mod p).

(a) #C*(Fp) > 2(min(N, p) — 2p) + 2.

(b) If p < N, then the residues x; mod p exhaust Fy,, and z, is the number of roots of f in Fy. If
moreover m = 3, then a, = zp, — p.

Proof. Since p 1 b, the residues a + ib with 0 < i < min(N, p) are pairwise distinct. At each such
residue r we have f(r) = y2, a square. If f(r) # 0, then (r, £y;) are two points; if f(r) = 0, there
is one point. This gives (a).

If p< N, every x € F, is such a residue. Hence #CaH(Fp) = 2p—2zp, with 2, the number of roots
of f in [F,,. Adding the single point at infinity gives #E,(F,) = 2p —2,+ 1, that is, a, = 2z, —p. O

Lemma 3.2 (Root-class lemma). Let p{ b lc(f)disc(f), and let r € F,, be a root of f mod p. Then
at most one index i has x; = r (mod p).

Proof. Since p t le(f)disc(f), the root r is simple, so f'(r) # 0. By Hensel’s lemma there is a
unique 7 mod p? above 7 with f(7) =0 (mod p?).

If x; = r, then p | y;, so p? | f(x;) and therefore z; = 7 (mod p?).

Now suppose two indices i < i’ satisfy x; = x = r. Then i’ > i + p, so i + p is also an index,
and z;1, = r. By the previous paragraph z; = z;1, = 7 (mod p?). But x4, — ; = pb has p-adic
valuation exactly 1, a contradiction. O

Corollary 3.3. Ifp¢ S and p < N, then z, < max(0,2p — N). Moreover the roots of f mod p lie
in the residue classes a + jb with N —p < j <p—1.

Proof. For 0 < j < p—1, the class a+ jb mod p contains the indices i = j (mod p) with 0 < i < N.

There are [(N —1—j)/p] +1 > 1 of them, and the count is 1 exactly when N —p < j <p—1.
By Lemma 3.2, every root class contains exactly one index. There are max(0,2p — N) such

classes. O

Theorem 3.4 (Pinned values). Letm =3, p ¢ S andp < N. Then a, = z,—p, where z, € {0,1, 3}
and z, < max(0,2p — N). Moreover:

(a) No prime p > 11 with p < N lies outside S.

(b) The possible values for p = 3,5,7 are as follows.



-3,-2,0 - -
4-5 -3,-2 —4,—-2 (N =5) -
6-7 -3 —4,-2 —4 (N=T7)
89 -3 —4 —4
10-11 -3 58 —4
> 12 -3 58 7eS

In particular, for N > 12 every prime p < N other than 3 lies in S, and a3 = —3 if 3¢ S.

Proof. A squarefree cubic over F), has 0, 1 or 3 roots in F,: if two roots are rational, so is the
third. With Proposition 3.1(b) and Corollary 3.3, this gives a, = z, — p with z, € {0,1,3} and
zp < max(0,2p — N). It remains to intersect with the Hasse bound |z, — p| < 2,/p.

e p > 11. Hasse would need 2z, > p — 2,/p > 11 — 2y/11 > 4, which is impossible.

e p = 7. Hasse forces z; > 7 — 27 > 1.7, so z7 = 3 and a7 = —4. The constraint 3 < 14 — N
requires N < 11.

e p = 5. Hasse forces z5 > 1, so z5 € {1,3} and a5 € {—4,—2}. The constraint zz < 10 — N
excludes z5 = 3 for N > 8 and excludes everything for N > 10.

e p=3. Every 23 € {0, 1,3} is allowed by Hasse. The constraint z3 < 6 — N leaves {0, 1, 3} for
N =3, {0,1} for N =4,5, and {0} for N > 6.

O

4 The forbidden range

We use Weil’s bound in the following form [11, Thm. 11.23], [20, Thm. 2C’], [16, Thm. 5.41]. The
hypothesis in [11] reads “f is not a d-th power”. It has to be understood over F,: for a nonsquare
¢ € FY the constant f = ¢ is not a square in F,[X], yet |3, x(c)| = p.

Lemma 4.1 (Weil). Let p be odd and let x be the quadratic character of Fp. Let G € Fy[X]
be a polynomial that is not a constant multiple of a square, with d distinct roots in F,. Then

> per, X(G(2))| < (d—1)\/p.

Lemma 4.2 (Shift and square). Let p > m, p ¢ S and N < p. Then for every integer H with
m+1<H<N,
(N —H)(H—-m)* < Hp+ (2m —1)H(H —1)\/p. (4)

Proof. Put g(t) = f(a + bt) € Fplt]. Since p { b le(f)disc(f), g is squarefree of degree m. Write
R C F, for its root set, so |[R| = m. For z € F,, let

H
T(z) = Zx(g(aﬁ + h)).
h=1

Lower bound. Take z € {—1,0,...,N — H —1}. Thenz+h € [0,N — 1] for 1 < h < H, so
g(z+h) =y2,, and x(g9(z + h)) € {0,1}. The values vanish only at roots of g, and there are at



most m such h (since H < p, the x + h are distinct mod p). Hence T'(z) > H —m. These N — H
values of z are distinct mod p, since N < p. Therefore

Y T(x)® > (N-H)(H-m)

z€lFp
Upper bound. Expanding,
H
Z T(x)? = Z ZX(Q(w + h)g(x + hy)).
z€lF, hihe=1 =

The H diagonal terms are each at most p.

For hy # hg, put G(X) = g(X 4+ h1)g(X + hz). It has at most 2m distinct roots. It is a constant
times a square only if every root is double, that is, only if R — h; = R — ho. That would make R
invariant under translation by ¢ = hy — hg € IF';. In characteristic p, the orbit of any point under
translation by ¢ has exactly p elements, and p > m = |R|, so this is impossible.

Lemma 4.1 therefore bounds each of the H(H — 1) off-diagonal terms by (2m — 1),/p. O

Corollary 4.3. Let p ¢ S and N < p.

(a) N<(2m+1)/p(1+0(1)) as p— oco. For cubics this reads N < 7,/p(1 4+ o(1)).

(b) If m =3 and p > 144, then N < 7,/p + 77.
Proof. Put u = /p and H = |u]. If N < H there is nothing to prove, so assume H < N. Since
H < wu, we have H(H —1),/p < H - p, and (4) gives

(N—-H)H-m)®><2mHp, so N<H-+

This is (2m + 1)u(1 + O(1/u)), which proves (a).
For (b), take m = 3 and u > 12. The function H — H/(H — 3)? is decreasing for H > 3, and
H>u—-1,s0

6(u — 1)u? 6u(Tu — 16)
N < —— =7 —_
ST T T T ap
The last term is decreasing in w for u > 4, and equals 76.5 at u = 12. ]

Theorem 4.4 (Forbidden range, cubic case). Let m = 3 and N > 12. FEach prime p in the
following ranges lies in S':

(i) 5<p<N;
(i) N <p withp+2,/p <2N —3;
(i) max(N,144) < p < (N = 77)/7)%.

Consequently every prime 5 < p < Yy lies in S, where

Yy = max<2N —2V2N -5, (M)Qlwzlm)-



Proof. (i) is Theorem 3.4.

(ii) Suppose p > N and p ¢ S. Then the N residues x; mod p are distinct, and z, < 3.
Proposition 3.1(a) and the affine form of Hasse’s bound [11, Thm. 11.25] give 2N —z, < #C1(F,) <
p+2,/p. So any prime with p +2,/p < 2N — 3 must lie in S.

(iii) is the contrapositive of Corollary 4.3(b).

For the consequence: if p < 2N — 22N — 5, then p + 2,/p <2N —5 < 2N — 3. So the ranges
()—(iii) cover every prime in [5, Yy]. O

Corollary 4.5 (Height of the progression). Let m =3 and N > 12. Then
log |20 le(f) disc(f)| > 9(Yn) — log3.

In particular log |2b lc(f) disc(f)| > (1 — o(1))N?/49. By [19, (3.16)], 9(x) > z(1 — 1/logx) for
T > 41.

Proof. The primes in S are distinct prime divisors of 2blc(f)disc(f). By Theorem 4.4, together
with 2 € S, they include every prime p < Yy except possibly 3. O

N point counting reaches shift-and-square reaches N?2/49 Yy (explicit)

50 79 51 75
130 223 229 345 222
145 251 293 429 250
200 359 619 816 355
400 739 2819 3265 2129

1000 1907 19213 20408 17386

Table 1: The largest prime forced into S by Theorem 4.4(ii), and by inequality (4) optimised exactly
over H. Shift-and-square first beats point counting at NV = 130. See Appendix A.

Remark 4.6 (Reading of Theorem 4.4). The common difference b can absorb the forced primes.
Theorem 4.4 is therefore a statement about the height of the progression (or of the model), not
about the curve alone.

Point counting alone, range (ii), forces only ¥(2/N) ~ 2N. The shift-and-square range improves
this by a factor of order N. That improvement is what makes /(N — 1) negligible in Section 9 and
yields the constant 3/2; with range (ii) alone the same argument gives 7/4.

The ,/p scale is the natural limit of one-variable methods: square-root cancellation is all that
Lemma 4.1 provides. Burgess’s bound [11, Thm. 12.6] treats x(n) with a linear argument, via [11,
Cor. 11.24], and no analogue for x(¢(t)) with degg > 2 is known. A random model for runs of
squares predicts runs of length about 3log, p, so the true forbidden range is probably exponential
in N. Nothing below uses this.

Remark 4.7 (Quartics). For m = 4 the same arguments give: every prime 11 < p < N lies in S;
and every prime p > N with N > 9,/p(1 + o(1)) lies in S. For the first claim, a smooth genus-one
quartic model has at most p + 1 + 2,/p points, while Proposition 3.1(a) gives 2p — 4 affine points.
The second claim is Corollary 4.3(a).



5 Primes dividing the common difference
Theorem 5.1 (Damped mechanism). In the model (2), let p > 3 with vy(b) =1, p t lc(f), and
plyo, p|yr. Then:

(a) f(a) = f'(a) =0 (mod p), sop | disc f;

(b) every Py reduces to the singular point (a mod p,0) of C' mod p;

(c) if m = 3 and the model is minimal at p, then E has bad reduction at p.

Proof. All xj, are congruent to a mod p, and p | yp gives f(a) = 0. From p | yo,y1 we get P2 | f(xo)
and p? | f(x1). Since 1 = zo + b with p? | b?,

f(z1) = flxo) +bf (x0) (mod p?),

so p? | bf'(x0). As vp(b) = 1, this gives p | f'(x0), hence f’(a) = 0. This proves (a).

For (b): y2 = f(zx) = f(a) =0, so every P, reduces to (a,0), which is singular by (a).

For (c) (with m = 3): A = 16disc f, and for a model minimal at p, bad reduction is equivalent
top | A. O

Definition 5.2. Let p divide the common difference of the progression in a model minimal at p.
The prime p is a smooth zero if every P; reduces to a nonsingular point mod p, and a damped zero
otherwise.

Theorem 5.3 (Smooth-prime formula). Let p be odd and let y?> = f(x) (with f monic) be minimal
at p. Let P;, P; € E(Zy) satisfy the following:

e z; =x; (mod p);

e both reduce to nonsingular points;

o yi=cy; Z0 (mod p) with e = £1.
Then the local pairing Ay(i,j) == 2 (A\p(P + Pj) — Ap(Ps — Pj)) is

Ap(i, j) = —€ - Yoy (z; — z;) log p.
Here )\, is the local height of §8.2.
Proof. Take ¢ = +1. By the addition law,

Yi +Yj

2
) —CLQ—ZL‘i—l‘j.
l’i—IL‘j

J/‘(PZ - Pj) = (
Here y; + y; = 2y; is a unit and vy(z; — ;) > 1, so vy(x(P; — Pj)) = —2vp(z; — xj). Hence
P; — Pj € Ey with level v,(z; — x5).
Reduction is a homomorphism Ey(Q,) — Eps (Fp). The reductions of P; and P; coincide and
are not 2-torsion (since § # 0), so P; + P; reduces to 2P # O and has level 0.
By (L2) of §8.2, \y(P; + Pj) — \p(P; — Pj) = —vp(x; — x5) logp. The case e = —1 is the same
with the roles of P; & P; exchanged. O

B At a smooth zero all P; reduce to P for a single P, since all the x; agree mod p. When
P ¢ E[2], Theorem 5.3 shows that the p-adic part of the Gram matrix is a rank-one sign pattern
—eel| weighted by vp(z; — ;).



Proposition 5.4 (All zeros damped on the nine 8-term solutions). (computer-assisted) Consider
the nine 8-term solutions listed by their y-values Yy, (0 < k < 7) in Table 2. They were found by
a search over cubics with 0 < yq,...,y3 < 300; the completeness of that search is not used here.
Write Yk2 = c3k® + cok?® + c1k + co, and use the progression model

y? :X3+62X2+0163X+000§, X = c3k,
which has common difference b = c3. Then:

e cvery prime dividing the common difference dpin of the minimal model is damped (23 of 23),
of Kodaira types 1V, 13,14,17,1g, 16,17 ;

e cach of the 18 odd damped primes satisfies vy(b) = vp(dmin) = 1 and p | Yy for all k, so
Theorem 5.1 explains all of them.

(Yo,...,Y7) primes of dyi, (all damped), Kodaira type
(1,7,7,5,1,1,7,13) none (dmin = 1; this is 5077al)
(167,223,223,197,167,167,223,323) 5,7,13: IV

(3,49,53,45,29,7,21 53) 3: Ip; 11: I3

(41,127,139,125,97,71, 83, 139) 2,7:1V; 13: I3
(82,121,128,121,110,107,124, 163) 2: Tig; 7: IV

(31,52, 47 34,35,64,107,158) 2: Ig; 5,7: 1y

(139,23, 31,115,173,209,217,181) 2: I7; 7,11: 1y

(169,157, 119,67, 55,131,233,349)  2: If; 7,11: I
(217,251,205,109,17,187,379,595)  3: IV; 5,7,11: 14

Table 2: Proposition 5.4.

Remark 5.5 (Which model to test in). The hypothesis p | yx of Theorem 5.1 is not invariant under
changes of coordinates y — y + sz + t. It must therefore be tested in the progression model, not
in a minimal model reached by such a change. In the progression model it holds for every odd
damped prime in Table 2

Proposition 5.6 (Smooth zeros exist). (computer-assisted) Smooth zeros at good primes occur on
progressions of length 7 and 8, and hence of every length < 8.

(a) Length 7. Forr,s € Z put

BQ_AQ
2| =[r? +2rs — 5%, C=r?+s €= =05

A=|r*—2rs—s
and q(k) = A% + ck(k —4)(k —5). Then
9(0) = q(4) = q(5) = 4%, q(1) =q(2) =q(6) = B, q(3)=C".

The last identity holds because A% + B? = 2C?. Take r = 343, s = 1; all of A, B,C are then
even, and halving them gives

Y = (58481,59167,59167, 58825, 58481, 58481, 59167).

This gives a T-term integral progression on a curve of rank exactly 7. The prime 7 is a smooth
zero: it has good reduction, v7(dmin) = 1, and the sign vector is € = (+,+,+, —,+,+,+).
The other primes of dyin = 34314 =2-3-7-19-43 are damped; 19 and 43 have type IV.



(b) Length 8. With s = 1, requiring q(7) = (7B% —5A?)/2 to be a square gives W? = r* 4 2473 +
212 — 24r + 1. This is a genus-one curve with Jacobian E' = [0,2,0,—580,1144], of rank 1
with generator G = (—18,80). The map is r = (12x — 24 + y) /(284 — 2x).

The point 146G gives an 8-term progression with Yy of about 8300 digits. In a model minimal
at 7 (by Tate’s algorithm), 7 has good reduction, v7(b) = 1, all Yy are T-adic units, and
Y mod 7 takes values £1. So 7 is a smooth zero.

Problem 5.7. Does a 7-term z-progression with no collinear triple have a smooth zero at a good
prime? The family in Proposition 5.6 has many collinear triples.

6 Denominators of non-integral progressions

Proposition 6.1 (Denominator rule). Let y2 = 234+asx’+asz+ag be integral, and let x1+x3 = 2x9
with x; = x(F;). Fiz a prime p and put e; = max(0, —vp(z;)/2) and e = max; e;. Assume e > 0.

(a) Letp be odd. Then e is attained at least twice. The pattern ey = e3 > ey forcesp =1 (mod 4).
The pattern e; = ey > ez (or ea = e3 > e1) forces p = £1 (mod 8). In particular, for p =3
(mod 8) all three e; are equal.

(b) Let p=2 and ag = 0. Then e; = ex = e3.

Proof. Let e; > 0. In the formal group, z = 272 — ag — ay2® — --- with vp(z) = e;. Hence

wi = p*Ciz; = w?(l —agz? —---), where w; = p®/z is a unit. So u; is a unit congruent to a nonzero

square mod p. When ag = 0 the correction factor is 1 + O(2%), so u; = 1 (mod 8) if p = 2.
(a) If e were attained only at 4, then z; would have strictly smaller valuation than the other two

terms of x1 + x3 — 229 = 0. This is impossible.
o If e; = e3 = e > ey, then uy + u3 = 2p**xy =0 (mod p). So —1 is a square mod p.
o If ey = ey =€ > e3, then u; = 2uz (mod p). So 2 is a square mod p.
(b) Use v3(2) =1 and u; =1 (mod 8).
e ¢ =e3 = e > ey then vo(ug + u3) = 1, while vo(22¢+124) > 3.
e ¢ = ey = e > e3: then va(ug + 2%°x3) = 0, while vo(2us) = 1.
e A unique maximum: the same valuation argument as in (a).

All three cases are contradictions. O

7 The trace inequality

Lemma 7.1. Let G be real symmetric positive semidefinite of rank s. Then tr G < $ Apmax(G). In
particular, if M has unit diagonal, then N = tr M < s Apax(M).

Proof. tr G is the sum of the s nonzero eigenvalues, each of which is at most Apax(G). O

The Néron—Tate pairing is positive definite on F(Q) ® R, so rank G = s. The quantity that
matters is therefore Apax(G), not the mean squared cosine. Arguments through N? = (tr M)? <
str(M?) (Alon’s lemma) lose everything once the typical cosine stays above s~ /2.
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8 Local kernels of positive type

8.1 An antisymmetrised positivity lemma

Lemma 8.1. Let G be a compact abelian group, and let F : g — R be continuous and even with
absolutely convergent Fourier series I' = Z F( )x. Assume F( ) > 0 for every character x with
2 # 1. Then for all g1,...,9n, € G the matrix

Sii=F(gi—gj) — Flgi+g;) (1<i,j<n)

is positive semidefinite. Its diagonal is S; = F(0) — F(2¢;). Adding a constant to F does not
change S.

Proof. For ¢ € R™ put a, = >, ¢;x(g;). Then

ZCZCJ ij —ZF (lax]? ~ )

Since F is real and even, F(¥) = F(x) € R, and ay = a,. Two kinds of terms appear:
e a real character (x = x) has a, € R, so its term vanishes;
e a pair {x, ¥} with x? # 1 contributes ﬁ(x)(2|ax|2 —2Redl) = 4F (x)(Im ay)? > 0.

A constant only changes the coefficient of the trivial character, which is real. O

8.2 Local heights

We use the Néron functions A, : E(Q,) ~ {O} — R in Silverman’s normalisation [26, Ch. VI]. They
are model-independent, even and continuous. We need the following facts.

(L1) h(P) =3, Ao(P) for P € E(Q)~ {O} [26, Thm. VI1.2.1].

(L2) Let p be a prime and use a model minimal at p. Let Ey 2 F; O Es 2 --- be the usual
filtration of E(Qy), where Ej = {R : vy(z(R)) < —2k} U {O} for £ > 1. Define the level
lp(R) = max{k : R € Ey} (s0 £,(R) =01if R ¢ E1) and 7 = 150,(Amin) logp.

e For R € Ey ~{O}: \y(R) =+ £p(R)logp [26, Thm. VI.4.1].

e For R ¢ Ey: \p(R) = vp + cp(mR) log p, where 7 : E(Q,) — ®,, is the projection to the
component group, ¢,(0) = 0, and ¢, is even and depends only on the component. Its
values are listed in Table 3 [23, Thm. 5.2], [4, §2].

(L3) Write E(C) = C/A for the lattice A of the model (3), with x = p(2) — a2/3 and 2y = ©/(z),
so dx/2y = dz. Then A(A) = Ay, and

Mool(2) = —logle 2P (2) A(A) /2],
where 7 is the R-linear extension of the quasi-period map [26, §V1.3]. Since o(2) = 2+ O(z%),

Aoo(2) +1log|z| — —Llog |Aw]| (z —0).

11



type P, (F,) —cp on non-zero classes (X)), X2 #1

L, (split) Z/m i(m —1)/(2m) on class i 1/(4msin?(nk/m)) for x = e(k - /m)
I, (non-split) ®(Q,) CZ/2 as above (no such x)

1, IT* 0 - -

1, 111 Z/2 1,3 no such y)

Iv, Iv* Z/3 %, % (constant) é, 2

I¥,, m odd Z]4 5 (order 2), ™ (order 4)

I¥,, m even (7.)2)? 3 mTH, mTH (no such x)

Table 3: Component corrections in Silverman’s normalisation: half the values of [4, Table 2], since
ACPS — 2\ + %log |A| [4, (11)]; and their Fourier coefficients on characters of order > 2.

8.3 Non-archimedean kernels

For a prime p and an integer K > 0 define F), i : E(Q,) — R by

K

F, k(R) = cp(mR)logp + logp - min(¢y(R), K) = cp(mR)logp + logpz 1g, (R),
k=1

with £,(0) = oo, so that F}, x(O) = K log p.
Lemma 8.2. F), i satisfies the hypotheses of Lemma 8.1 on G = E(Qy). Moreover, for R # O,

Ap(R) = Fyic(R) = +logp- (6,(R) — K) . (5)

Proof. E(Q,) is a compact abelian group, and F}, i factors through the finite quotient E(Q,)/Ex 41,
so its Fourier series is a finite sum. F), i is even because ¢, is even and each K}, is a subgroup.
The indicator of a finite-index subgroup H has Fourier coefficients [G : H]™' > 0 on H* and 0
elsewhere. The function ¢, o7 has coefficient ¢,(x) on characters trivial on Ey, and 0 elsewhere. A
character y of ®,(Q,) with x? # 1 is the restriction of characters of ®,(F,), all of order > 2. So
Proposition 8.3 below gives ﬁp, x(x) > 0 whenever x? # 1.
Identity (5) follows directly from (L2). O

Proposition 8.3 (Bad-prime positivity). For every Kodaira type, ¢,(x) > 0 for every character x
of ®,(Fp) of order > 2. Here ¢(x) = |®|! >-qc(9)x(9)-
Proof. If ® C (Z/2)?, there is nothing to prove. The remaining cases are as follows.

e IV and IV* (® = Z/3). Evenness makes ¢ constant, equal to —a < 0, on the two non-zero
classes. So ¢(x) = —§(w+w) =5 > 0.

o I') with m odd (® = Z/4). Let x(1) = i. Evenness gives c¢(1) = ¢(3), so ¢(x) = 3 (—ic(1) —
¢(2) +ic(3)) = —1¢(2) =
o Ly (& =7Z/m, c(i) = —i(m —i)/(2m)). Let ¢ = e ™F/m £ 1. Using 37, i¢" =m/(¢ —1)
and Y, 1?¢" =m(m(¢—1)—2¢) /(¢ —1)%, we get >, i(m—14)¢" = 2m(/(¢ —1)?. Hence
1 ¢ 1

olk) = m ((—1)2 - 4msin®(mk/m) >0

1
g

This was also checked numerically for m < 200 (Appendix A).
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8.4 The archimedean kernel

Let A be the covolume of A, and let A* = {¢ € C : Re(w) € Z Vw € A} be the dual lattice.
Characters of C/A are eg(2) = 2™ Re(€2) with ¢ € A*. Let w; be a shortest nonzero period.

Lemma 8.4 (A is a Green function). In the sense of distributions on C,

2
Ao :Z—%Zaw.
weA

Consequently Xo\o(f) =1/(2mAl£]?) > 0 for £ € A* ~ {0}.

Proof. The function —log |o| has Laplacian —27 )", since o is entire with simple zeros exactly
on A. The term log|A|'/12 is constant.

For the remaining term, write 1(z) = az + 2. The Legendre relation n(w;)ws — n(wa)wi = 27,
with the orientation Im(wjwe) = A, gives (- 2iA = 2mi, so § = w/A. Hence

Re(%zn(z)) = %Re(azQ) + ﬁ|z|2

has Laplacian 27 /A. This gives the formula for A).

Now let g = 3 ¢ ee/(2mA|¢|?). By Poisson summation, deen- € = AD,0u, s0 Ag =
2n/A =21 6,. Thus Ac — g is a A-periodic harmonic distribution, hence constant by Weyl’s
lemma. O

Let v, be the uniform probability measure on the disc {|w| < p}. Put p = v, * v, which is
radial, supported in {|w| < 2p}, and has second moment My = [ |w|*du. Define the smoothed
kernel

Fial®) = [ Al + w) du(w)
Lemma 8.5 (Smoothing). Assume 2p < |w1].
(a) Fy satisfies the hypotheses of Lemma 8.1 on C/A.
(b) If d(z,A) > 2p, then Fio(2) = Aoo(2) + 55 Ma.
(¢) Fuo(0) = —logp+ 1 — 15 log |Aw| + 55 Mo.

Proof. (a) Fuo(€) = X;o(ﬁ)|ﬁp(f)|2 > 0. The disc transform is v,(§) = 2J1(27p|£])/(2mpl€]) =
O(|€]73/2), s0 Fao(€) = O(|¢|7%). This is summable over A*, which makes Fs, continuous with an
absolutely convergent Fourier series. Evenness is inherited from A..
(b) By Lemma 8.4, w — As(z + w) — 7% |w|? is harmonic on |w| < 2p. Its average over each
circle |w| = t therefore equals its value at 0. Since y is radial, [ Ao (2 4+ w) dp = Aoo(2) + 75 Moa.
(c) On |w| < |wi|, write Aoo(w) = —log|w| + k(w). Here k is smooth with Ak = 27/A, and
k(0) = =% log |Aw| by (L3). Asin (b), [kdu = k(0) + 2 Mo.
For the logarithmic part, the potential of v, is

U(z) = /—loglz —wl|dvp(w) = —logp+5(1—[[*/p?) (]2 < p).

Since v, is symmetric, [ —log|w|du = [[ —log|wi + wa|dv,dv, = [Udy, = —logp+ 1. O
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8.5 The general cap and the exact diagonal

Theorem 8.6 (Spectral cap, general form). Let P,..., P, € E(Q) with P;£P; # O fori # j and
2P; # O. For each place v let F, satisfy the hypotheses of Lemma 8.1 on E(Q,), with F,(P;£P;) =
Xo(P; £ Pj) — ky (1 # j) for constants k,. Assume F, =0 and k, = 7, for all but finitely many v.
Put

Syy = Fy(P;— Pj) — Fy(Pi+ P;),  Di= Zu, Bi =) _[M(2P) + F,(0) - F,(2P)].

Then
G = diag(ﬁ(Pi) + iDi) = %diag(Bl-), 80 Amax(G) < %max B;.

Proof. For i # j, (L1) gives 4Gij = h(P; + Pj) — h(P; — Pj) = 3, (\(Bi + Pj) = \o(P — P})) =
-3, S;’j; the constants k, cancel. Hence

AG = diag(4h; + D;) ZS“

and each SU = 0 by Lemma 8.1. Finally, 4h; = h(2P¢) =), (2PF) by (L1), so 4hi+D; = B;. O
Theorem 8.7 (Exact regularised diagonal). In Theorem 8.6, take the following kernels:

e at each prime p, Fy = Fp i, with K, > max;4; £,(P; & P;);

e at the archimedean place, Fso as in Lemma 8.5, with 2p < min(|w],d), where

§ =min{d(P; + P;,A) (i # j), d(2P;,A)}.

Then the hypotheses of Theorem 8.6 hold, and

Amin

Bi=—logp+ 1+ 5 log
g 4 12 Aw

+ ZmaX(Kp,Ep(ZPi)) log p. (6)

Proof. The hypotheses hold by Lemmas 8.2 and 8.5(a),(b), with x, = v, and ke = —55 M. For
all but finitely many p every level involved is 0; take K, = 0 there, and then F}, = 0.
At a prime p, (5) applied to 2P; gives

Mp(2P;) + Fy(0) — Fy(2P;) = 7 + max (K, £,(2P;)) log p.
At oo, Lemma 8.5(b),(c) gives
Aoo(2P;) + Fioo(0) — Fuo(2P;) = —log p + % — L log [ Aw|.
Sum over all places and use >, v, = -+ log | Apin|- O

Remark 8.8. Three features of (6) are worth noting.

e The component corrections ¢, have cancelled. Bad primes enter only through positivity
(Proposition 8.3) and through levels. In particular no bound for the local height differences
oy, of [4] is needed.

e The archimedean smoothing is exact on the off-diagonal entries, because Ao has constant
Laplacian away from A. Smoothing is therefore two-sided automatically: it holds for test
vectors of every sign pattern.

e The only analytic input is the separation 9.
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8.6 Archimedean separation

Proposition 8.9 (Distance lemma). For the model (3), define

oo i=max(_ sup  [~logd(Q, A) — logmax(1,]a(Q)])], loglwi]).
QeE(C)~ {0}

Then
Koo < 24 75 (log |Aw| +1og™ |j]) + 5 log(1 + |az|/3) < 3.61 + 3 log Hy.

Proof. Write A = w1 A, with A, = Z + 77, where 7 lies in the standard fundamental domain:
|7| > 1, |ReT| < %, and y =Im7 > \/3/2
Step 1: the normalised lattice. We claim that for all z ¢ A,

—logd(z,A;) — & logmax(1, [p-(2)]) < ¢ := 1.68.

The nonzero points of A, have mutual distances > 1. Discs of radius % around them are therefore
disjoint, so #{w # 0 : |w| < R} < 4(R+ )?. Partial summation then gives > w0 lw| 3 < 19.
For |w| < % and w # 0,

(w—w)? =0 <dfwl/lw],  so |pr(w) —w ] < T6uwl.

Put r; = 152712 ~ 0.187. If |w| < rq, then |p,(w)| > 3|w|™2 > 1.
Now let d = d(z, A;).

o If d < 1y, write z = wp+w with |w| = d. Then the left side is at most —logd — 1 log(1d—2) =
1
= log 2.
2

o If d > 7y, the left side is at most —logr; < 1.68.

Step 2: rescaling. We have d(z,A) = |wi|d(z/w1, A;) and pa(2) = wy 2p,(2/w1). Also |pa| <
|x| + |az2|/3, so

max(1, [pa]) < (1+ |ag|/3) max(1,[z]),  max(1,|wi| *|p-|) > min(1, [wi| ) max(1, |p-]).
Combining these with Step 1 gives
—logd(Q,A) — %log max(1,|z(Q)|) < co + max(0, — log |w1|) + %log(l + |az|/3).

Step 3: bounding — log |w;|. Homogeneity gives A(A) = w; " A(A;), and A(A;) = (2m)'2¢ ], (1—
¢")* with |g| = e72% < e7™V3, So |A(A,)| > 0.9(27) 262,
For the j-invariant, j(7) = ¢~ ! 4 744 + > n>16ng" with ¢, > 0. Hence

)Z cnq") < j(iv/3/2) — e™3 — 744 < 1335,
so |j| > €*™ — 2079. Therefore 2y < log™ |j| + log 2080, and
—log |wi| = 15 (log [Aw| —log [A(A;)]) < {5 (log |Aw]| +log™ [j]) — 1.19.
This bounds both terms in the definition of Kso.

Step 4: in terms of Hp. We have |disc f| < 54H?, so log|Aw| < log864 + 4log Hy. Also
lca| = [16a3 — 48a4| < 64HJ2c and |Aw| > 1, so log™ |j] < 310g(64HJ%). O
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8.7 Integral progressions

Theorem 8.10 (Spectral cap for integral progressions). Let W be as in (3), and let Py,...,Py_1 €
E(Z) with x; =a+1ib, b# 0, N > 3. Let I C{0,...,N — 1} be any set of indices with y; # 0 for
iel, and let G = ((P;, Pj))ijer- Then, with L =log X,

>\max (GI)

IN

(3L + (N = 1) + koo + Flog Hy + 3.58)
< 3L+ 1N —1)+ 2log Hy +2.

Proof. Let w € 7Z be such that Ay = u'?Apin.  Write up, = vp(u), so that Zp uplogp =
L log |[Aw /Amin|. Write EZV(R) = max(0, —3v,(z(R))), with z the coordinate of W.

Step 1: comparing levels. The model W is obtained from a minimal model by z = w22’ 4+ r with
r € Z[25, VIL1.3]. If R € Ej with k > w,, then v,(z(R)) = 2u,—2k < 0. Hence £,(R) < KE/(R)+up
for every R.

Step 2: levels of Py = P;. Put D = x; —x; = (i — j)b, and let uy = «(P; £ Pj). A direct
computation (also verified symbolically, Appendix A) gives

(ug+u_)D? = 2[(z;+x;) (2i25+0a1) +2a0m;7+2a6] uyu_D? = (z;2—a4)*—4dag(z;+x,)—4dazas.

Both right-hand sides are integers, so v,(uy + u—) and vy(uyu_) are at least —2v,(D). If vp(u4)
and v,(u_) are both negative, the product bound gives £ (uy) 4 £ (u_) < v,(D). If exactly one
is negative, the sum bound gives the same inequality. Hence £ (P; 4+ Pj) + £} (Pi — P;) < vp(D) <
vp(b) + my(N —1).

Step 3: levels of 2P;. We have #(2P) = (z* — 2a42® — 8agx + aj — dagag) /(4y?), so £}/ (2P;) <
vp(2y)-

Step 4: choice of K, and summation. Take K, = u, + vy(b) + m,(N — 1). This is admissible
by Steps 1-2. By Step 3,

max (Kp, (,(2P;)) < up + vp(b) + mp(N — 1) + v,(2y;).
Summing over p, the term Y u,log p cancels the term 15 log [Amin/Aw| in (6). This leaves
B; < —logp+ j +log [b] + (N — 1) +log |2y;]. (7)

Step 5: archimedean separation. Since X > (N — 1)|b|/2 > |b| > 1, we have X3/b? > X > 1,
and y? = f(x;) < H;X3. We bound |z(Q)| for each point that enters d.

e () = P, + P;. By the addition law, |2(P; £ P;)| < 4H;X3/b% + |as| + 2X < TH;X3/b%, using
Hy+2X <3HpX3/b?.

e (Q = 2P,. Every root of f has absolute value at most H. If |z;| > 2Hy, then | f(z;)| > |x;[?/8,

and the numerator of z(2F;) is at most 8H?|33i|4; so |z(2F;)| < 16HJ%X. If |z;| < 2Hy, then
lyil > 1, so |z(2F;)| < 2H?(2Hf)4 = 32HJ§. In either case |z(2PF;)| < 48H]6;X3/b2.

Let M = ZLSILI?X?’/I)2 > 1, so that max(1, |z(Q)|) < M for every @ entering . Proposition 8.9

gl;ives —logd < %logM + Koo and —log|wi| < Keo. Since (7) holds for every admissible p <

5 min(d, |w1]), we may let p increase to this value:

—log(%min(é, wi])) < log2—|—/§oo+%logM:logQ—l—Hw—|—%log48+3long+%L—log\b\.
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Combine this with (7) and log|2y;| < log2 + §log Hy + 3 L. The log |b| terms cancel, and we get
B <3L+ (N — 1) + Koo + 2log Hy + (2log 2 + 4 log 48 + 1).

The constant in parentheses is less than 3.58. Now apply Theorem 8.6 to the points F;, ¢ € I; the
hypotheses P; £ P; # O and 2P; # O hold because the x; are distinct and y; # 0. The final form
follows from Proposition 8.9. O

Corollary 8.11 (Height form). Let C™(E) = suppcpg){o (3 h( (P)) — iAL(P)) Silverman [24,
Thm. 1.1] gives C~(E) < &h(j) + p(E) +0.973, where p(E) = Lh(A) + Lhoo(§) + $hoo (b2/12) +
3log2*. For the model (3) we have by = 4ap, h(A) < lo 864+410ng and h( ), hoo(J) <

log max(|ca|?, [Aw|) < 12.48 + 6log Hy. Hence
C™(E) < 3.45 + 1 log Hy. (8)
In the setting of Theorem 8.10,

Amax(G1) < 3maxh(P) + 10(N = 1) + 307 (E) + 3log Hy + 2.

Proof. Take i* with |z;| = X. Then 1L = Lh(z;) < h(P) + C (E). O

Remark 8.12 (Numerical check). Theorem 8.7, with the actual levels and the actual §, was tested
on 104 integral progressions of length > 4. These were all such progressions on the curves y? =
23 + agx?® + ayr + ag with ag € {0, 41,2}, |ayl, Jag| < 60 and —60 < z < 200.

The ratio Apax(G)/ % max; B; never exceeded 0.819. The ratio of A\pax(G) to the explicit bound
of Theorem 8.10 never exceeded 0.27.

On the 8-term progression = —12, —8,...,16 on y? = 23 — 1122 + 400 (which is 5077a1), and
on its rescalings = — u?x for v = 2,3,5,6 (non-minimal models), the exact ratio was the same in
every model: 0.626. This is consistent with the model independence of (6). See Appendix A.

Remark 8.13 (The archimedean diagonal place by place). The archimedean contribution to the
diagonal has the heuristic size D{° ~ %logX —log|b| — %log |z;|. Lemma 8.5 gives it exactly:

= SiF = Fo(0) = Fos(2P;) = —log p+ § — 75 log |Aw| = A (2F%).
To recover the heuristic size:
e Insert —logp < %L —log |b] + Koo + %log 48 + 3log Hy + log 2 from Step 5 of Theorem 8.10.
o If |z;| > 8H/, the duplication formula gives |z(2F;)| > |x;|/6.

e A lower bound A (Q) > 3 logmax(1, |2(Q)|) — 15 log |Aw|—O(1+log Hy) is the archimedean
half of the explicit height-difference bounds [24, Thm. 5.5] (after the normalisation change [4,

Together these give

D < 3L —log|b| — 3log |z;| + O(1 + log Hy),
Theorem 8.10 does not use this per-place form. It sums \,(2F;) over all places into 43(]31-), SO no
archimedean height-difference bound enters the cap itself.

Remark 8.14 (Other integral cubic models). Every integral cubic model reduces to (3) without
changing the points, the span, or the fact that the xz-coordinates form a progression.
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e For y? = ca® + asx? + ay + ag, the substitution (X,Y) = (cx,cy) gives Y? = X3 + as X% +
cas X + c?ag. The new progression has difference cb, and H < ¢*H i

e For a general Weierstrass equation, the substitution (X,Y) = (42,4(2y + a1z + a3)) gives
Y2 = X3 + by X? + 8b4 X + 16bg. The new progression has difference 4b, and the new height
is polynomial in the old coefficients.

So Theorem 8.10 and Section 9 apply to all integral cubic models, with log Hy replaced by O(1 +
log H). Quartic models y? = g(x) are different: the map to the Jacobian does not carry progressions
to progressions, so they are left open (Section 13).

9 The linear bound

Lemma 9.1. For an integer progression x; = a + b (0 < i < N) with X = max |z;|, all but at
most one index satisfy |x;| > X/(2N).

Proof. Write z; = b(i —t) with t = —a/b € R, and let M = max; |i —t| = X/|b|. Let ip be an index
nearest to t; every other index has [i — ¢ > 1.

o If M < N, then |i — t|/M > 1/(2N).

e If M > N, thent lies outside [0, N—1], so |i—t| > M —(N—1) for every i, and (M —N+1)/M >
1/N.

O

Theorem 9.2 (Linear bound, explicit form). Let W be as in (3), and let Py,...,Py_1 € E(Z)
with x; = a+ b, b#£ 0, N > 12. Let s be the span rank. Then

(a) L > log|b| > 9(Yn) —log6 — log|disc f|;
(b) (N —4)(3L — $log(2N) —C~(E)) < s(3L+ 1y(N —1)+ 2log Hy +2).

Proof. (a) Corollary 4.5 with lc(f) = 1 gives the second inequality. The first is X > |b|.
(b) Let I be the set of indices i # i¢ (with i from Lemma 9.1) such that y; # 0. At most three
x; are roots of f, so [I| > N —4. For i € I,

h(P;) > Yogmax(1, |z;]) — C™(E) > 1L — Llog2N — C~(E).
The principal submatrix Gy has rank < s. Lemma 7.1 and Theorem 8.10 give
Sicr h(P) = tr G < 5 Amax(Gr).
If the bracket on the left of (b) is negative, (b) holds trivially. O

Corollary 9.3. If N — oo along a sequence of integral progressions on models with log Hy = o(N?),
then
N < (3+0(1)s < (3 +o(1))r

Proof. We have |disc f| < 54H;4c, and 9(Yy) = (1 +0(1))N?/49. So (a) gives L > (1 — o(1))N?/49.
Every other term in (b) is o(L): ¥(N — 1) < 1.04N [12, Lemma 4.3}, [19], log 2N, log H¢, and
C~(E) by (8). Dividing (b) by L gives N —4 < s (3 + o(1)). O
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Corollary 9.4 (General form). For every € > 0 there is an effective C. such that every integral
x-progression on a model (3) satisfies

N < (3 +¢)s+C/1+log Hy.

Proof. Choose K = K(¢) and Ny = Ny(e) large. Suppose N > Ny and N? > K(1+1log Hy). Then
by Theorem 9.2(a), L > N?/60 once K and Ny are large. Moreover, by (8), C(E)+2log Hf+2 <
6(1+log Hf) < 6N?/K < 360L/K, and (N — 1) < 63L/N. So the ratio of the bracket on the
right of (b) to the bracket on the left is at most 3 +¢, and N < (3 +¢)s + 4.

Otherwise N < max(Ny, /K (1 +log Hy)). O

N 20 50 100 150 200 500 1000 5000 oo
bound on (N —4)/s 3.10 2.03 1.89 1.78 1.69 1.56 1.53 1.505 3/2

Table 4: The ratio (3L + 1¢(N —1))/(3L — 31og2N) with L the forced lower bound (curve
constants omitted, i.e. Hy bounded). The forced primes are those of Table 1, optimised exactly.
With point counting alone the ratio would tend to 7/4.

Remark 9.5. The theorem is vacuous for every known example: all have N < 8 on cubics, and
N < 14 on quartics (MacLeod [17]). It becomes meaningful around N = 50, provided log H is
small compared with N2.

The constant % is the limit of the method. The diagonal (6) contains the separation term

(~ 3L —log|b|) and the denominator of z(2P;) (~ 3L), while the trace only sees h o~ $L. The
cosine bound Apax(M) < % is attained in the function-field example 10.3.

Corollary 9.6 (Families). For fized ¢ > 0:

(a) Quadratic twists. Fiz y*> = f(z) as in (3), and for squarefree D consider the twist model
y? = 23 + Daga® + D?agx + D3ag. It has H < |D[3Hf. So its longest integral progression

satisfies
Bt < (2 +2)r(EP) + 0c 5(Vog[D]) < w(D)+ /log|D|,
using r(EP)) <p 14+ w(D) from a 2-descent.

(b) Mordell and congruent-number curves. On y?> = x3 +n and on y?> = x3 — n’x, integral

progressions satisfy By < (3 + €)r + Oc(y/log|n]).

10 Function fields: the exact version

Let S — P! be an elliptic surface over C with zero section O, arithmetic genus y, and minimal
Weierstrass equation 4% = 3 4+ Aga? + Ayx + Ag with deg Ay, < kx. Assume all singular fibres are
irreducible.

A section P is integral (P-O = 0) exactly when x(P), y(P) are polynomials of degree < 2y and
< 3x respectively. For such sections, Shioda’s formula [22], [21, Ch. 6] reads

(P.Q)=x—-(P-Q) (P#Q), (P,P)=2x
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Theorem 10.1 (Exact colouring formula). Let Py, ..., Py_1 be integral sections with x; = a + b,
where a,b € C[t] and b # 0. Regard b as a section of O(2yx), with zeros v of multiplicity e, (including
oo with multiplicity 2x —degb), so that )", e, = 2x. Assume y;(v) # 0 for all i and v. Fiz a square
root 1, of the common value f,(a(v)), and put c,(i) = yi(v)/ny € {£1}. Then

PZ)'P ZZBUCU Cv] (Z#])v <PivPi>:2X'

Equivalently, the cosine matriz is M = %(3[ C) with C =Y, wyeyel and wy, = e,/2x, so that

Yo, Wy = 1.

Proof. Two distinct integral sections can meet only over points where z; = x;. Since x;—x; = (i—35)b
and i — j € C*, these are exactly the zeros of b.

Over a finite zero v, y;(v)? = y;(v)? = fu(a(v)) # 0, so the sections meet iff ¢, (i) = c,(j). At
the common point 9,(y*> — f) = 2y # 0, so (t,x) are local coordinates on S. The sections are the
graphs x = x;(t) and x = x(t), and their intersection multiplicity is ord,(z; — ;) = €,. At 0o, use
the chart s = 1/t, X = s?Xx, Y = s3Xy; the same computation gives e, = 2x — degb.

Hence
PZ--P]-:Zevl[cv( =c())=x+3 Zevcv i)cw(g
v

Substitute this into Shioda’s formula. O
Corollary 10.2. In the setting of Theorem 10.1:
(a) N <3/max,w, < 6x, and N < %s. Here s < p—2 < 10x — 2 by Shioda—Tate.

(b) If x =1 (rational elliptic surfaces), then N < 6. Equality forces two simple zeros with ¢; L ca,
s =4, and a relation lattice of dimension 2.

(c) A double zero of b gives C = ccT', so N <3, and N = 3 forces a dependence.

Proof. M = 0 forces Apax(C) < 3. Since C' = wyc,cl, we have Apax(C) > w,N. Also max, w, >
1/(2x), because there are at most 2y zeros. Next, C = 0 gives Amax(M) < 2, and Lemma 7.1 gives
N < shpax(M) < %s.

For (b) with N = 6: we need wq; = wy = % and Apax(C) = 3. The nonzero eigenvalues of
%(clclT +cocd) are 3 (6:|: lc1 - ¢a]), so ¢1-c2 = 0. Then C has the eigenvalue 3 twice, so M has nullity
2 and s = 4.

For (c): if C' = cc”', then Apax(C) = N < 3, and N = 3 gives Apin(M) = 0. O

Example 10.3 (An Ay ® A progression). (computer-assisted) On the rational elliptic surface
y? = 2% 4 (2262 — 46t + 13)2? + (8t* — 2483 + 9% + 4t — 2)a + (3 — 26> — 4t + 1)2,
whose discriminant is squarefree of degree 12 (so all fibres are 1), the sections
=—t,0,t with y=t3—62+3t—1, t3—22 —4t+1, 3+2> -5t +1

are integral. Here b = ¢ has simple zeros at 0 and oo, with colourings (—,+,+) and (+,+, +).
20 0
Theorem 10.1 gives the Gram matrix (8 31 —21 ), of type As @ Ay, with Apax(M) = %
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10.1 Realising sign data: rational and K3 surfaces

Throughout this subsection, a 3-term progression is indexed by i € {—1,0, 1}, with 2; = a+ib. Re-
placing P; by —P; leaves the z-progression unchanged and flips ¢, (7) at every zero v simultaneously.
We call two sets of sign data equivalent if they differ by such flips, by a global sign at a single zero
(the choice of 7n,), and by relabelling the zeros.

Lemma 10.4 (Interpolation criterion). Let a,b € C[t] with dega < 2x, and let b be squarefree of
degree exactly 2x, with zeros vi,...,vay. Let y_1,y0,y1 € C[t] have degree < 3x. Then there is a
monic cubic f = a2 + Asa® + Agx + Ag with deg Ay < kx and y? = f(a+ib) fori= —1,0,1 if and
only if, at every zero v of b,

2 2

y—1(v)* = yo(v)* = y1(v)*

and  (y19h — 29090 + y-1y1) (v) = 0. 9)
Ifyo(v) # 0 and y;(v) = cy(i)nw, the second condition is the linear condition c,(1)y](v)—2¢,(0)y,(v)+
eo(— 1)y 4 () = 0.

Proof. Lagrange interpolation at the three nodes a—b, a, a+b shows that every monic cubic through
the three points (z;,%?) has the form

f@)=(z—a+b)(z—a)zr—a—b)+yj+(z—a)Di+ (z—a)’Dy,

where ) ) ) ) )
Yi— ¥ D, = Y1720 Ty

2b 2b2 ’
and this f is unique. So f has polynomial coefficients if and only if b | y? —y2; and b | y3—2y3+y2 ;.
Since b is squarefree, these divisibilities are exactly the conditions (9). The first condition gives
the value conditions, and the derivative of the second-difference numerator gives the derivative
condition.

The degree bounds are then automatic. The numerators have degree < 6x and degb = 2y, so
deg Do < 2y and deg Dy < 4y. Expanding f in powers of = gives deg Ao < 2y, deg A4 < 4x and
deg Ag < 6x. O

D) =

So the progressions with prescribed sign data at the zeros of b form a linear family. There are
3 linear conditions per zero, on 3(3x + 1) coefficients. “All fibres I;” (A squarefree of degree 12y,
which in particular makes the Weierstrass model minimal and all fibres irreducible) is a Zariski-open
condition on this family. Hence a single member with all fibres I; shows that the generic member
has all fibres I too.

Theorem 10.5 (3-term types on rational elliptic surfaces). Let x = 1, and assume all singular
fibres are irreducible.

(a) Classification. Suppose b has two simple zeros vi,ve. Up to equivalence, the sign data are
classified by d = ¢y, ¢y, € {£1}2/ £ 1 (coordinatewise product), which takes four values. The
Gram matrices are as follows.
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d Gram matriz of (P-1, Py, P1) type

2 —1-1
(+,+,+) (—% 21 —21) Ag; P_1+ Py+ P = O (collinear)
20 0
(= +,+) (8 21 31> Ay @ Ay, end term orthogonal
2 -10
(+,+,—) (*01 2 8) As @ Ay, end term orthogonal
2 0-1 _
(+,—+) (91% 9 ) Az ® Ay, middle term orthogonal

If b has a double zero, the Gram matriz is of type As and the three points are collinear.
(b) Realisation. All five cases occur with all fibres 1.

Proof. (a) Use the flips to make ¢,, = (+,4+,4). Then ¢,, = d, and d is defined up to the global
sign at vy. Theorem 10.1 gives (P, Pj) = —3(1 4 d(i)d(j)) for i # j, which produces the four
matrices.

For a double zero, (P;, P;) = —c(i)c(j). After flips the Gram matrix is Az, which has rank 2
with kernel (1,1,1). So P_1 + Py + P; has height 0. The Mordell-Weil group of a rational elliptic
surface with irreducible fibres is torsion-free: it is the Eg lattice [21, Ch. 8]. So P_1 + Py+ P, = O.
In the d = (+, +, +) case the same argument applies.

(b) Lemma 10.4 reduces realisation to linear algebra. One explicit member of each family with
A squarefree of degree 12 is listed in Appendix A, item A.9. In each one, yo(v) # 0 at the zeros of b,
and the Gram matrix was recomputed independently of Theorem 10.1, from intersection numbers.
For example, for d = (+, —, +) take

y_1 = —16t3 + 35t% — 15t + 2,
a=2"42t+3, b=t>—t, {yo=—t3+12—8t+2,
=263+ 32—t +2,

with f given by Lemma 10.4. For the double zero, take a collinear triple on the line y = ma + k
and put f = (mx + k)* + [[;(z — x;) with b = 2. O

Theorem 10.6 (Sign data on elliptic K3 surfaces). Let x = 2, let b have four simple zeros, and
assume all fibres are 1.

(a) Normalise ¢y, = (+,+,+). The sign data at the other three zeros then form one of 20 multisets
of classes. All 20 are realised, so every equivalence class of sign data occurs. Their Gram
matrices, given by Theorem 10.1, agree with direct intersection counts.

(b) The old Gram matriz (:111 _gl é), with a cosine +i, is realised by the sign data
(<+7 =+, +)7 (_7 =+, +)7 (+7 =+, _)a (+7 =+, _>)

(c) Sign data with c,(—1)cy(1) constant across the four zeros are realised as well. They give
(P_1, Py = £2, that is, a cosine :l:%.
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Proof. (a) Each of the other three zeros carries one of four classes, and the zeros are unordered,
which gives (g) = 20 multisets. This overcounts equivalence classes, because the choice of reference
zero is not fixed, but it covers all of them. For realisation, see item A.9 of the appendix.

e For each class, Lemma 10.4 yields a linear family, from which a member was drawn.
e Each member has A squarefree of degree 24, and yo(v) # 0 at all four zeros.

e In each case the Gram matrix was computed from intersection numbers, and it equals the
formula.

(b) is one of the 20 cases. Explicitly, b = t(t — 1)(t + 1)(t — 2) and a = —3t3 + 2t> + ¢ — 3, with

y—1 = 20— 20> + 51¢* — 38> — 1014% + 63t — 3,
yo = t5 — 265 4 35¢* — 3243 — 38¢2 + 30t — 3,
yp = =3t — 7+ 2t* — 3 — 3t — 3,

and f is given by Lemma 10.4.
(c) These are the cases ¢, € {(+,+,+), (+,—, +)} for k = 2,3,4, and all of them are realised.
O

Remark 10.7 (Signs and obtuseness). A positive cosine is not an invariant of a progression: replacing
P; by —P; keeps the z-progression and changes signs in the Gram matrix. The invariant quantity
is I = G_1,0Go,1 G-1,1. When II <0, such flips make every off-diagonal entry < 0, so the triple is
obtuse up to sign. For four simple zeros, II < 0 always holds. To see this, write u, = ¢,(—1)c,(0)
and wy, = ¢,(0)cy(1). Then II = —%SuSwSuw, where S, = ), u,. If S, and S, are both nonzero,
each of v and w has at most one entry differing from the majority, and a check of the cases gives

4 -1-1
SuSwSuw > 0. For example, the matrix in (b) becomes (—i 3 2 ) after flipping Pj.

11 Relation to earlier work

The analytic ingredients of Section 8 are not new. What appears to be new is how they are
combined.

e Positive-type Néron functions. Baker and Petsche [1, Prop. 2, (13)] prove that the
archimedean Néron function has nonnegative Fourier coefficients A(y,) = b/(27|w’|2); com-
pare Lemma 8.4. They smooth it by convolution with a heat kernel, where we use a disc
measure (Lemma 8.5). For multiplicative reduction they use the Fourier positivity of the
Bernoulli term [1, Prop. 5|. Their Theorem 8 sums local discrepancies into a global lower

i~

bound for ., h(F; — Pj).

e Fourier positivity at bad places. Hindry and Silverman [12, §3, §4] use the positivity of E\g,
through the Blanksby—Montgomery—Fejér argument, to bound weighted sums of local heights
at places of multiplicative reduction. To handle additive reduction they pass to multiples of
the point.

e Average Green-function bounds. Faltings and Elkies bound the average of the Arakelov—
Green function over pairs of n points from below by —O((logn)/n). Wilms [14] gives an alter-
native, effective proof. This is the Riemann-surface analogue of Baker—Petsche’s archimedean
discrepancy, and like it, it controls the quadratic form at the all-ones vector only.
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e Gram matrices and lattice symmetry. Prakash [13] bounds Néron—Tate heights by
spectral-gap criteria for automorphisms acting on the Mordell-Weil lattice. That work uses
the height Gram matrix, but for a different purpose: effective Mordell rather than progres-
sions.

e Quasi-orthogonality. Helfgott and Venkatesh [15, §3] prove that integral points are nearly
orthogonal in the Mordell-Weil lattice, using local heights and a Mumford-type gap principle.

What the present argument adds:

(a) Antisymmetrisation (Lemma 8.1). The kernel F(g; — g;) — F(g; + g;) is insensitive to real
characters, and it yields a matrix inequality G < i diag(B;) valid for every test vector. Baker—
Petsche’s kernel A\(P; — P;) controls only the quadratic form at the all-ones vector, i.e. 17G1 —
tr G, and positivity of the full Fourier series is needed there.

(b) Additive reduction without base change. Positivity at characters of order > 2 holds for every
Kodaira type (Proposition 8.3), and the component terms cancel from the diagonal (Theo-
rem 8.7). Baker—Petsche work over a field where E is semistable; Hindry—Silverman replace
P by a multiple.

(c) The exact diagonal identity (6), together with its application to progressions via the local
theory of Sections 3-6.

We have not found (a) or (c) in the literature checked ([1, 18, 12, 15, 4, 24, 14, 13]). A wider search
of matrix forms of the Mumford gap principle is still advisable before claiming novelty.

12 Comparison with the exponential bounds

Several results bound progression length exponentially in the rank:

e Garcia-Fritz and Pasten [7]: 1+ r > ¢(jo) log max{S;, 8y} for curves with fixed j-invariant,
with ¢(jo) < 1/loglog H(jo)-

e Combined with Gao-Ge-Kiihne [6], their method gives the uniform bound n < ¢(d)!*rankl
[9, Thm. 1.1].

e Harrison, Mudgal and Schmidt [10] prove |A| < C™*" with an effective absolute C'.

e [8] deduces uniform boundedness of progression lengths from uniform boundedness of ranks,
via Dimitrov—-Gao-Habegger [5].

Corollary 9.4 concerns integral progressions only. It is linear in the span rank, but has a /log H;
dependence on the model. The two kinds of result are complementary, and the useful bound is the
minimum of the two.
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result statement effect of Corollaries 9.4 and 9.6

[7, Thm. 1.1] 1+7 > c(jo)log B s > (3 —e)N — O.(\/1+]log Hy): lin-

ear, and about the span itself (Bremner’s
“tend to be independent”)

[7, Cor. 1.3] (twists) B(EP)) < C(E)~P)+1 Bint (EP)) < w(D) + +/log | D]
[7, Cors. 1.4, 1.5] bounded ranks = bounded 3; not improved: the ,/log H¢ term blocks
Mohanty uniformity; unconditionally B (y?> =

a® +n) < (5 +e)r+ 0(\/logn|)
[7, Thms. 1.6, 1.7] bounded average moments moments not improved (the average of
(logn)*/? grows). Using the bounded

averages of k" (kK > 1) that [7] uses,
for B > +/logx the tail Pr(Bi > B)
decays exponentially in B; the bound
B < eP0+7) gives only polynomial decay

[7, Thm. 1.2] (torsion) no long progressions of torsion not touched

13

1.

A

Open problems

Remove the ,/log Hy term in Theorem 1.1, for instance via a Lang-type lower bound for h
on progression points. This would make the bound uniform in F.

. Extend the spectral cap to rational points with mixed denominators. The exact identity (6)

holds for arbitrary points; what changes is the level bound of Step 2 of Theorem 8.10.

. Treat quartic models, such as MacLeod’s 14-term examples [17]. The local theory applies,

but the spectral half needs the local heights of the Jacobian.

. Does a 7-term z-progression with no collinear triple have a smooth zero at a good prime?

. Extend Theorem 10.5 to IV > 4 terms on rational elliptic surfaces. For N = 6, Corollary 10.2

forces ¢1 L ¢o.

. Determine whether the antisymmetrised kernel of Lemma 8.1 appears in matrix forms of the

Mumford gap principle; see Section 11.

Computations

All computations were run with PARI/GP 2.17.2 (through cypari2) and SymPy.

A.1 Identities. The sum and product formulae for z(P + @) in Step 2 of Theorem 8.10, and the

duplication numerator in Step 3, were verified symbolically for y? = x3 + asz? + ayx + ag.

A.2 Fourier coefficients. ¢(k) = 1/(4msin?(nk/m)) for type I, was checked to 10~ for all m < 200

and all k.

A.3 Archimedean constants. j(i/3/2) = 2309.5777. .., so the tail in Step 3 of Proposition 8.9 is

1334.8. The factor | [J(1 — ¢"™)|** was at least 0.957 on 2000 random 7. A random search over
7 and z gave an empirical value 0.62 < ¢y = 1.68 for Step 1.

A.4 Forbidden range. Tables 1 and 4 were computed by evaluating (4) exactly, for every H, using

the monotonicity in p. They agree with the earlier figures (293, 2819, 19213). A sampled check
gives max(Npax(p) — 7,/p) ~ 30, well inside the proved 77.
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A.5 Spectral cap. Asin Remark 8.12. The levels were computed on ellminimalmodel, the distances
via ellpointtoz with a search over nearby lattice points, and G from %ellheight. No
violation occurred.

A.6 Nine 8-term solutions. Proposition 5.4. Damped primes were detected by the vanishing of both
partial derivatives at the reduction, in the minimal model; types came from elllocalred.

A.7 Smooth zeros. Proposition 5.6.

e Length 7: ellrank returns [7,7]; 7 has type Ip; 19 and 43 have type IV.
e Length 8: from 146G, on a model minimal at 7 (from elllocalred): good reduction,
v7(b) =1, and Y mod 7 € {£1}.

A.8 Function-field example. The section identities and the discriminant of Example 10.3 were
checked symbolically.

A.9 Realising sign data (Theorems 10.5 and 10.6). For y = 1 we took b = t(t — 1), and for x = 2
we took b =t(t —1)(t + 1)(t — 2). For each class of sign data:

e we solved the linear conditions of Lemma 10.4 and drew a random small integer member
together with a random a;

e we checked y? = f(;) and deg Ay, < ky;

e we checked that A is squarefree of degree 12 and that yo(v) # 0 at every zero of b;

e we computed P; - P; as degged(x; — xj,y; — y;) plus the same quantity at ¢t = oo, in the

chart (s*Xz, s3Xy), and recovered the Gram matrix from (P;, P;) = x — P; - P;.

All 4 classes for x = 1 with simple zeros, the collinear double-zero case, and all 20 multisets
for x = 2 were realised. In every case the intersection-count Gram matrix equals the formula
of Theorem 10.1. The scripts are available from the author on request.

Use of AI tools

This paper is the result of human-directed work with Claude (Anthropic), accessed through a Claude
Pro subscription. Over many conversations, the author directed the research, and synthesized and
assembled the results with Claude’s assistance. Claude contributed substantially to developing the
proofs, to running the computations reported in Appendix A, and to drafting the text. The author
takes responsibility for the content of the paper.
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