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LOW-DISCREPANCY QUASI-UNIFORM DIGITAL SEQUENCES IN EVERY
DIMENSION

LEONHARD GRUENSCHLOSS

ABSTRACT. A sequence of points in the unit cube is quasi-uniform if its first N points are spread
like a grid for every N: no two of them are closer, and no empty ball between them is larger,
than a constant times N~/° in dimension s. Dick, Goda and Suzuki asked for such sequences
among the digital sequences of quasi-Monte Carlo integration, and Goda, Hofer and Suzuki
asked whether any Halton-type sequence is quasi-uniform. We show that in dimension two and
higher no Halton-type sequence, no Sobol’ sequence, no classical Niederreiter sequence and no
Faure sequence is quasi-uniform, and that linear scrambles of all coordinates but one do not
help: a carry in the last digits of one coordinate leaves the leading digits of all others unchanged,
giving explicit pairs of points that are far too close. We then show that one fixed linear scramble
of a generalized Faure sequence, the same for all numbers of points, repairs this. In it, the digits
of all coordinates at one scale are residues of one rational function, each taken at the coordinate’s
own point of the projective line, so the residue theorem ties the coordinates together and a carry
in one coordinate is seen by the others. For every dimension s and every prime base p > 2°
this gives explicit quasi-uniform digital (0, s)-sequences, hence of low discrepancy, whose first
N = p**~! points are at least (1 — 2;)_1/3)]\7_1/S apart, for every K; in dimensions two and
three, for every prime p > 5, a variant keeps its first N points at least (1 — 2/p)N_1/S apart
whenever N is a power of psz. For such scrambles, exact linear rules that place every point
inside its cell as a function of the last few digits of the cell’s index can hold at no more than
about one in s of the sizes p*®; with allowed ranges instead of exact rules we certify all of these
sizes, with points at least (1 — O(l/p))Nfl/S apart for large p. Quasi-uniform digital sequences
follow in every prime base p > 3 in dimension three, and in every prime base in dimension two,
base two included. Some steps are computer-assisted.

1. INTRODUCTION

A point set P C [0,1)° of N points is quasi-uniform if its covering radius h(P), the radius of
the largest empty ball, and its separation §(P), the smallest distance between two of its points,
are both of the optimal order N~/%; equivalently, the mesh ratio h(P)/d(P) is bounded. For
a sequence the condition is asked of every prefix Py, the first IV points, for all N at once.
Dick, Goda and Suzuki [10], continuing Part I with Larcher and Pillichshammer [9], asked for
digital nets and sequences in a fixed base that are both low-discrepancy and quasi-uniform. Their
positive example is the two-dimensional Larcher—Pillichshammer net [27]; for dimension s > 3
they state the construction as open, for nets and for sequences, and Suzuki [39] recently wrote
that no such family is known there. Goda, Hofer and Suzuki proved that the Halton sequences
are not quasi-uniform and asked whether any Halton-type sequence is [16, Open Problem 2].
The companion paper [18] answers the question of Dick, Goda and Suzuki for nets in every
dimension. This paper answers it for sequences, and settles the question of Goda, Hofer and

Suzuki: no Halton-type sequence is quasi-uniform.
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The classical sequences fail. The Halton, Faure, Sobol’ and Niederreiter sequences are built
from polynomial bases: each coordinate reads the index, written as a polynomial over a finite
field, in its own base, one block of digits at a time. Their prefixes of ¢ points are nets at
every scale, so their covering radius is always of the right order. Their separation is not, and
the reason is a carry (Figure 2). Take two indices whose difference is a carry in the last digits
of one coordinate: in base p the digits 0.a(p — 1) -+ (p — 1) of one point become 0.(a + 1)0---0
for the other, and the two points sit on either side of a cell boundary. If the same difference is
divisible by a high power of every other base, it leaves the leading digits of all other coordinates
unchanged, and the two points are close in every coordinate at once. For polynomial bases
such differences exist at infinitely many sizes. In the carrying base b a carry is a run of ones,
14+b+4---4+b""1 = (" —1)/(b—1), and this run is divisible by all the other bases as soon as
b” = 1 modulo b—1 times their product, which holds for suitable v. The Frobenius map f — f?,
which is additive in characteristic p, then stretches one such pair into a pair at p times the scale,
and the excess of the shared digits over the cell side grows each time. Theorem 6 turns this
into explicit close pairs for every digital sequence whose coordinates read the index in pairwise
coprime polynomial bases, one of them as a radical inverse.

Table 1 lists the consequences. In dimension s > 2 no Halton-type sequence is quasi-uniform,
which answers Open Problem 2 of [16] with explicit index pairs (Corollary 7); neither is any
Faure sequence (Corollary 8), any Sobol’ sequence (Corollary 13) or any classical Niederreiter
sequence (Corollary 11); and scrambling every coordinate but one does not help (Corollary 14).
These statements were not found in the literature we searched (through October 2026); the
earlier results are listed in the table. So, among sequences of this kind, a quasi-uniform one has
to scramble every coordinate beyond a scalar, and the natural repair is a scramble that lets the
coordinates see each other’s carries.

Why sequences are harder than nets. The nets of [18] also scramble the generalized Faure
sequences, but anew for every number of points. At a full level N = ¢*¥ the prefix of a (0, s)-
sequence has exactly one point in each cell of side N —1/5 g0 what decides the separation is where
each point sits inside its cell relative to its neighbours. To first order this position is given by the
geometric digits, the first digit of each coordinate below the cell. They are a linear function of
the cell digits, the offset map. What matters for the separation are its carry responses: how the
geometric digits change when one cell index steps to the next cell, across a boundary where [ of
its digits change (a carry of length [). For the Faure sequence the offset map changes with the
level: in dimension two one of its coefficients is (—1)% (K + 1) at level K, which runs through
all residues modulo p (Example 19). A net can undo this with a scramble chosen for its size. A
sequence cannot: a row of its scramble, once used, stays in use at every finer level, so one fixed
scramble has to serve all scales. The natural candidates are the self-similar scrambles. Let a. be
the point at which coordinate ¢ reads the index (its place). Multiplying the index polynomial by
w = [[.(z — a.) takes the cell picture one level finer, and for a self-similar scramble it shifts the
digits of every coordinate by one place and multiplies them by one fixed scale. Such scrambles
have the same offset map at every level (Proposition 22), and then one finite check bounds
the separation at every level (Lemma 23). What remains is to choose the infinitely many carry
responses, one for each carry length, all of them well. How much of this exact linear rules of
bounded depth can do is limited (Theorem 51 below).

The fix: residues. A Taylor coefficient of the index polynomial V' at a point a is a residue,
[(z — a)"]V = Resq(V(z — a) " 'dz). More generally, every scramble of a generalized Faure
sequence reads digit n of coordinate ¢ as the residue at the place a. of V times a differential
with a pole of order n+1 there (Lemma 21). The residues of one rational function at all its poles
on the projective line add up to zero. So if all coordinates read their digits from one rational
differential, the residue theorem is a linear identity between digits of different coordinates. It
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TABLE 1. Classical sequences that are not quasi-uniform (Section 3). All are
digital sequences in dimension s > 2; every result gives explicit close pairs along
an explicit sequence of sizes (Theorem 6). “Earlier”: the cases known before, as
far as we found.

sequences scope earlier where

polynomial-base  pairwise coprime bases b, € Fy[z] of any — Thm. 6
digital sequences degrees, every coordinate b.-adic, one
coordinate a radical inverse

Halton-type every prime p, every s > 2, any pairwise Halton sequences and Cor. 7
coprime bases in FF,,[z], monic or not, three families of
irreducible or not [16, Def. 2] Halton-type sequences
[16]
Faure, (PY,...,P*~1) in prime base p, every s=p[10]; s =2 and Cor. 8,
unscrambled 2 < s < p; any distinct places over Fy; s =p [16] Rem. 9
frames separation at most of order N~1/(s=1)
along a sequence of N when two places
differ by 1
Sobol’ every s > 2, any admissible direction s = 2 [14, 40]; the Cor. 13
numbers, with or without the van der opposite was suggested
Corput coordinate, natural or numerically [37]

Gray-code order, every projection to
s’ > 2 coordinates
Niederreiter classical, over every F, (natural - Cor. 11
identification); generalized, when one
coordinate is a radical inverse

one coordinate bases as in Thm. 6; one coordinate a Faure, s = p (every prime Cor. 14
unscrambled radical inverse up to a scalar, all others p), first coordinate
with any fixed lower-triangular unscrambled [16, Rem. 3];
scramble; for a linear base also a (L,P), (I, LP) in base 2
diagonal scramble [10, Thm. 4.2
randomizations  digital shifts, Faure-Tezuka index Owen scrambling: almost Rem. 15, 16
scrambles, reorderings that keep every  surely not quasi-uniform
full level as a set; a fixed Toeplitz [39]

scramble of the carrying coordinate with
rational multiplier (under a squarefree
condition)

holds at every level and involves no carries: a carry in one coordinate is now seen by the others.
In the simplest example, the brick wall in dimension two, the identity says that the height of
a point inside its cell in coordinate 1 is half the finest cell digit of coordinate 0, at every level:
neighbouring columns of points are staggered by half a cell, like the courses of a brick wall
(Section 4).

This gives two closed forms (Section 5). In the staggered residue sequence, the brick wall in
every dimension, one coordinate is staggered by a rank-1 lattice rule in the cell indices of the
others; it is certified at every full level for every prime p > 2%, with the constant (|p/2°~t| —1)/p,
which is the best this one-coordinate bound allows (Corollary 29). The residue sequence lets every
coordinate read the same differential V dz. The residue theorem then relates the last cell digits
of all coordinates at the prefixes Psx 1, one digit before each full level. Give one coordinate one
cell digit fewer than the others, so that every box of these depths holds one point (a skeleton
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coordinate in the language of [18]): its next digit is then a fixed linear combination of the finest
cell digits of the other coordinates, the skeleton relation. As a result the points of Psx_1 occupy
exactly those fine cells, the cubes of side p~%, whose indices lie in the Construction-A lattice
Ay ={beZ°:)  vcbe =0 (mod p)} of a check vector v € (IF,)?, one point in each (Theorem 36,
Figure 6). This is the picture of the nets of [18]: a lattice image plus a jitter of less than one
fine cell, now produced at every m = —1 (mod s) by one fixed scramble. With a Korobov check
vector the separation there is at least (p — l)pfl/s >1-2p Vs p= Lpl/sj, in every dimension
(Corollary 37); with searched check vectors it exceeds 1, the value of the cubic grid, already at
moderate primes, because the lattice A, can be close to a denser packing than the grid (the
hexagonal lattice has 1.0746 in the plane).

The nets of [18] go further at the full levels: they prescribe all s geometric digits by a fixed
linear rule in the last few cell digits, a design, and this is how they reach separations 1 —O(1/q).
A scramble puts one factor in front of the differential at each place, its local multiplier. Reading
the digits in blocks of s, with s different local multipliers per coordinate, the residue theorem
installs such a design at every s-th full level: the block-periodic residue sequences have separation
1—2/p at N = p*¥ in dimension two and at N = p in dimension three, for every prime p > 3
resp. p > 5, with a short proof (Theorem 42).

Level families. Each construction is certified at its own family of sizes N = p™, its level family
(Figure 1): m = —1 or m = 0 (mod s), or m € s2N. Every family with bounded gaps gives a
bound for all N (Lemma 2), and hence quasi-uniformity, but the bound loses the factor p=2/%,
where A is the largest gap. So a denser family can win for all N even with a smaller constant at
its certified sizes: the residue sequences give LB/p for all N, the block-periodic sequences only
LB/p®.

What more is possible, and what is not. Why not s exact relations at every full level, which
would put the design of the nets into every full level of one sequence? Within the scrambles of
generalized Faure sequences, and for exact linear relations of bounded depth among the digits,
this is impossible: a late enough range of R + 1 consecutive levels carries at most J + R + 1
independent relations of depth at most J, about one per level (Theorem 51, a residue-theorem
argument at a single place). So all s geometric digits can be designed on at most a fraction 1/s
of the full levels, which the block-periodic sequences attain (Corollary 52); the skeleton relations
of the residue sequence and designed geometric digits share one count (Corollary 59); and no
designed geometric digit fits at a full level next to skeleton relations (Corollary 58). Section 7
states the scope of each of these statements. To reach every full level with constants tending to
1, Section 8 uses certificates that are not exact relations: it keeps each carry response inside a
fixed set of allowed values, a window, by choosing the free digits of a self-similar scramble one
at a time. Half a cell is, up to 1/p, the only offset that is equally good for a forward step, a
backward step and no step (Lemma 66); staggering one coordinate by half a cell against all the
others gives 1 — O(1/p) at every full level for large primes, in every dimension (Theorem 68). In
a stated scope, windows and the skeleton relations of the residue sequence cannot be selected
together (Proposition 73).

Results. All sequences of this paper are explicit linear scrambles of generalized Faure sequences,
hence digital (0, s)-sequences, with star discrepancy O((log N)*/N) [31]. Each comes with a lower
bound on sep(Pp,) = 6(Py)N'/* at every m of its level family and is therefore quasi-uniform.
Table 2 lists the results; the headlines are these.

(1) The classical sequences fail (Section 3, Table 1), with explicit close pairs.

(2) A closed form in every dimension. For every s > 2 and every prime p > 2° the residue
sequence with a Korobov check vector is a quasi-uniform digital (0, s)-sequence with
sep(Psg—1) > (p—1)p~1/* > 1—2p~1/% for every K (Theorem 36, Corollaries 37 and 38),
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(a) certified sizes in dimension s =3 p—37
37

classical: Faure, Sobol’, Halton-type none

residue sequence (Sec. 5) I I I I I I I I I
staggered residue sequence (Sec. 5) I I I I I I I I I
block-periodic, £ = s (Sec. 6) I I I 945

two families, £ =4 (Sec. 6) I I I I 945 / .600

1 3 6 9 12 15 18 21 24 27

exponent m of the prefix P,, (N=p™ points); shaded: full levels m € 3V
(b) exact separation in dimension s=2, p=5

.600

=

.216

o

residue sequence, v= (2, —1)
0.6
brick wall W~

block-periodic, £ = s

certified size

exact sep(Py,)

size outside the family

oo ¢t ¢

certified lower bound

0.0

FIGURE 1. Level families. (a) The exponents m < 27 at which each construction
has a certified lower bound on sep(P,,) in dimension s = 3 (filled; shaded columns
are the full levels), with the certified constant at p = 37: residue sequence, best
check vector of Table 7 (Theorem 36); staggered residue sequence with dyadic
weights, 8/37 (Corollary 29); block-periodic residue sequence, 1 — 2/37 (The-
orem 42(b)); block period ¢ = 4 (Theorem 45): the design at m € 12N and

skeleton relations at m = 5,17,29,... (blue). The classical sequences have no
certified level; they fail along explicit sequences of levels (Section 3). (b) Exact
sep(Py), m = 1,...,10, in dimension two over F5: the residue sequence with

the Korobov vector v = (2, —1) (certified 0.447 at odd m), the brick wall W~
(certified 0.2 at even m, Theorem 32) and the block-periodic sequence of The-
orem 42(a) (certified 0.6 at m € 4N). Filled markers: sizes in the level family;
bars: the certified bounds. Off its family a sequence is not controlled: the block-
periodic sequence falls to 0.092 at m = 9 and the residue sequence to 0.246 at
m = 10. Exact computations from the generator matrices.

and the staggered residue sequence has sep(Psx) > (|p/257t] —1)/p for every K (Corol-
lary 29). With searched check vectors the constant of the residue sequence reaches 1.024
in dimension two (p = 1009) and 1.035 in dimension three (p = 10007) (Table 7).
Separation 1 — O(1/p) from small primes on, at every s-th full level. The block-periodic
residue sequences have sep(P,2p) > 1 — 2/p for every prime p > 3 (s =2) and p > 5
(s =3),and 1 — (a} +1)/p in every dimension s > 4 for p > 5a’ + 4; with a smaller
diagonal of the design, 1 —4/p, 1 —8/p, 1 —15/p, 1 — 60/p for s = 4,...,7 and every
prime p > 11, 23, 37, 191 (Theorem 42; computer-assisted for these four).

Limits of exact relations (Section 7): about one exact relation of bounded depth per
level, in the scope stated there.
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TABLE 2. The main results: digital (0, s)-sequences in base ¢ with sep(F,,,) > LB,
the entry of the fourth column, for every m in the stated level family, hence quasi-
uniform; the fifth column is the resulting bound 6(Py;) N /s > . for every N > 2
(Lemma 2). Form: closed, explicit functions of p (for the window constructions
with any admissible choice of the free digits); table, a finite certificate. Proof:
proof*, the last step is one exact rational evaluation; c.a., computer-assisted (Sec-
tion 2.5). p = [p'/*]; af = 5, a} = 16. First row: the closed form (p — Dp~ /s is
proved; the values for searched check vectors v are exact finite evaluations (c.a.).
Not listed: the sequences of Theorem 45 and Corollary 47, which are certified on
two level families at once.

s base levels m  sep(Prn,) > all N form proof where

> 2 prime p > 2° sN—1 (p=1p Y*>1-2p7"*; LB/p closed proof; c.a. Thm. 36,

searched v: 1.024 (s = 2), Cor. 37,
1.035 (s = 3) Tab. 7
> 2 prime p > 2° sN (lp/2°7' = 1)/p LB/p closed proof Cor. 29
2 prime p >3 4N 1-2/p LB/p* closed proof Thm. 42
3 primep>5 9N 1-2/p LB/p® closed proof Thm. 42
4; 5 prime p > 11; 23 16N; 25N 1 —4/p; 1 —8/p LB/p® closed c.a. Thm. 42
6; 7 prime p > 37; 36N; 49N 1 —15/p; 1 —60/p LB/p® closed c.a. Thm. 42
191
> 4 prime s°N 1—(at+1)/p LB/p® closed proof Thm. 42
p>ba;+4
> 3 prime p > po(s) sN 1-CY/p LB/p closed proof Thm. 68
3 prime 3N 1-—742/p LB/p closed proof* Thm. 104
p>1.97-107
2 prime p > 3677 2N 1-17/p LB/p closed proof + c.a. Cor. 70
2 2 2N 0.3678 LB/2 closed c.a. Thm. 76
3 34 3N 0.05598; 0.11293 LB/gq closed c.a. Thms. 80, 81
3 7 3N 1/7 LB/7 table c.a. Thm. 95
4 4 4N 0.03013 LB/4 closed c.a. Thm. 82
2-5 Fg,...,Fi69 sN Table 11 LB/gq closed c.a. Prop. 83
(Tab. 11)

(5) Ewvery full level. For every s > 3 a closed form gives sep(Psx) > 1—C? /p for every prime
p > po(s) (Theorem 68), in dimension three 1 — 742/p for every prime p > 1.97 - 107
(Theorem 104); in dimension two, 1 — 17/p for every prime p > 3677 (Corollary 70).

(6) Ewvery base in small dimensions (Theorem 84, which lists the level families). In dimension
two every prime base is covered (base 3 by Theorem 42(a) and, at every full level,
by a computer-assisted bound); in base 2 the sequence is a two-sided scramble of the
Sobol’ sequence with sep(Psx) > 0.3678, which answers a question of Dick, Goda and
Suzuki [10, Section 4.2]: it is well-separated in their sense [10, Def. 3.8] (Theorem 76).
In dimension three every prime base p > 3 is covered, base 5 at the sizes 57X only, and
base 4; in dimension four every prime p > 7 and base 4; in dimension five every prime
p > 11; in dimension six every prime p > 17; in every dimension s every prime p > 2°;
and prime-power bases in dimensions two to five (Table 11).

Small bases and practice. In the bases 2, 3 and 4 neither residues nor windows give anything at
every full level. There we choose frames whose local roots are lacunary series, such as ) :ch, SO
that the responses are computed by a small finite automaton and the bound at every level is one
finite minimum (Section 9). Section 9 also reads the staggered residue sequence over prime-power
fields and collects the coverage by dimension. In practice (Section 10) the residue sequences are
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generated like any digital sequence, from closed-form matrices, and they stay certified under
digital shifts (Lemma 86). In dimension three their smallest sep(Pyyj) over 64 < N < 223 is
0.235 to 0.267 at p = 13, 17, 23, 31: six to eighteen times the Owen-scrambled Sobol’ sequence
and 1.7 to 1.9 times the best plain Faure sequence (Figure 14, Table 13).

Scope. Each bound holds at the sizes of its level family; between them Lemma 2 loses the
factor g~ M/ (in Figure 14, 0.636 at the certified size against 0.020 for all N, with an observed
minimum of 0.267). The bounds are lower bounds, often loose at small primes (for s = 3, p = 11
the residue sequence has the certified 0.449 against the exact 0.7686 and 0.6144 at m = 2 and
m = 5), and at its first full level the Faure sequence is better than ours. The constants 1—0O(1/p)
at every full level concern large primes (p > 3677 in dimension two, p > 1.97 - 107 in dimension
three, po(4) < 1.44 - 10'%); at every s-th full level they hold from small primes on. Base 5 in
dimension three at every full level, the primes s < p < 2° for s > 4 at every full level (and,
outside the ranges above, at any level family), and the prime-power bases beyond Proposition 83
are open, and we measured separation, not integration error. These caveats are not repeated
below.

Related work. Quasi-uniformity of quasi-Monte Carlo point sets was studied systematically in
[9, 10]. Sobol’ and Shukhman suggested from numerical experiments that the Sobol’ sequence
keeps its points at distance of order N~/% [37]; Goda disproved this for s = 2 [14], and Corol-
lary 13 disproves it in every dimension s > 2. The negative results before this paper are those
of Table 1: the two-dimensional Sobol” sequence [14], whose mesh ratio grows at least like N1/
[40], the Faure sequence of dimension equal to its base [10], the Halton sequences and three
families of Halton-type sequences [16], and Owen-scrambled (¢, s)-sequences, almost surely [39];
Suzuki also shows that random linear scrambles of binary digital nets with fixed ¢ have mesh
ratio Op(log N) under a uniform coincidence condition, which holds for instance for the pre-
fixes of Sobol” sequences [39, Thm. 5.5, Lem. 4.10]. Without digital structure, quasi-uniform
sequences exist in every dimension: Kronecker sequences with badly approximable parameters
[9, Thm. 3.9], with discrepancy O(N~1*¢) for algebraic parameters [9, Section 3.3], and greedy
farthest-point sequences [34, 17], without a discrepancy guarantee; neither is a (¢, s)-sequence.
Sakai and Goda [35] select quasi-uniform rank-1 and Korobov lattice point sets, one for each N.
Goda [15] constructs Kronecker sequences whose two-dimensional projections are quasi-uniform
for every N, and nested lattices with this property at N = p”. Among digital nets, the Larcher—
Pillichshammer nets are quasi-uniform [27, 10], and [18] gives quasi-uniform digital (0, m, s)-nets
in every dimension with separation 1 — O(1/q); in both cases there is a separate net for each m.
Generalized Faure sequences and their scrambles are classical [12, 30, 41, 42, 33, 28]; Tezuka’s
generalized Niederreiter sequences [41] define generator rows by Laurent coefficients. Mayor and
Niederreiter [29] construct digital sequences from differentials of function fields; in genus 0 their
construction contains every scramble of a frame, in the residue form of Lemma 21, and so every
sequence of this paper. Niederreiter and Ozbudak [32] read all coordinates as residues of one
differential and use the residue theorem over all places for a duality. In these works the aim is the
quality parameter t. Choosing the scramble so that the residue theorem ties one digit of every
coordinate together with constant coefficients at every level of a level family, and using this for
the separation, was not found in the literature we searched. In computer graphics, separation
is an explicit design goal. Griinschlof, Hanika, Schwede and Keller [19] and Griinschlo8 and
Keller [20] construct (0,m,2)- and (0,m,3)-nets with large minimum distance by search and
by permutations, a new net for each m. Ahmed and Wonka [1] optimise dyadic nets and prove
5v/'N = 1//2 for a Gray-code net of each size 4¥; these nets are not nested. The progressive multi-
jittered sequences of Christensen, Kensler and Kilpatrick [5] and the stochastic (¢, s)-sequences
of Helmer, Christensen and Kensler [21] are built by randomised best-candidate choices; their
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separation is empirical. Bonneel, Coeurjolly and Ostromoukhov [3] construct (0, s)-sequences
from Artin—Schreier polynomials; their subject is the quality parameter ¢, not separation, and
their polynomials define Sobol’-type sequences, whereas our Artin—Schreier frames are a choice
of places with lacunary local roots (Section 9).

This paper keeps the frames, the cells, the geometric digits, the lattice image and the designs
of [18], and answers the question that paper leaves open: whether one fixed scramble can serve
all scales. The new ingredients are the failure theorem for polynomial bases, the residue theorem
as a design tool for the separation, the count of exact relations, and the windows.

Organisation. Section 2 fixes the objects, the level families and the conventions. Section 3
proves that the classical sequences fail. Section 4 describes the position of a point inside its cell,
the residue form of a scramble and the self-similar scrambles. Sections 5 and 6 construct the
residue and block-periodic residue sequences, Section 7 counts exact relations, and Section 8
certifies every full level with windows. Section 9 treats the small bases, prime powers and the
coverage by dimension, Section 10 implementation, practice, randomisation and Hammersley
lifts, and Section 11 open problems. The appendices hold secondary proofs, the base-7 bound
in dimension three, the computer-assisted parts with the archive and the Lean status, and the
staggered windows at a finite prime with their data.

2. DIGITAL SEQUENCES, FRAMES AND SEPARATION

This section fixes the objects and the conventions. Everything here is classical except for the
normalisation of the separation constant and the form of the prefix lemma (Lemma 2): a bound
at the prefixes of one family of sizes, with bounded gaps between consecutive sizes, gives a bound
for every number of points.

2.1. Digital Nets and Sequences. Let ¢ = p" be a prime power and s > 1. Digits live in
[F, and are read through a fixed bijection enc: Fy — {0,...,¢ — 1} with enc(0) = 0. For prime
q it is the identity on {0,...,p — 1}. For a prime power we use the natural identification of
Niederreiter [31]: fix a basis of IF; over F,, that contains 1, and read an element with coordinates
(zo,...,2xr—1) €{0,...,p—1}" as the integer >, x;p". For F4 = {0, 1, w,w?} with the basis (1,w)
this is 0,1, w,w? + 0,1,2,3. We write 7 := enc™ (¢ — 1) for the top digit ( = —1 for prime q).
A point set lives on the torus [0,1)® = R®/Z".

An elementary box in base ¢ is a product [ [, I in which I. is one of the q% intervals [ig~%, (i+
1)g~%), 0 < i < ¢%, for integers d. > 0. A set of ¢™ points is a (t,m, s)-net in base q if every
elementary box of volume ¢!~ contains exactly ¢! points. An infinite sequence of points in [0, 1)*
is a (t, s)-sequence in base q if for all k > 0 and m > t its points number k¢, ..., (k+1)¢™ — 1
form a (¢,m, s)-net [30, 31, 11]. The letter ¢ always denotes this quality parameter. A (t,s)-
sequence has star discrepancy O((log N)*/N) [31], so every sequence of this paper is a low-
discrepancy sequence.

The index. We never write the index of a point as an integer variable. The point is labelled
by its index polynomial V (z) = >, Vi2* € Fy[z], whose coefficients V}, € F, are the index digits
(Vo least significant). The integer index of the point is

U(V) = enc(Vi) ¢*,
k

so the N-th point of the sequence, counted from 0, is the point whose index polynomial has
t(V) = N. A digital sequence over Fy is given by s generator matrices Cp,...,Cs_1 € FI;IOXNO;
digit n of coordinate ¢ of the point y(V') is

Yen (V) = Z C.[n|[k] Vi, ye(V) = Z enc(yen(V)) g " .
k

n>0
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Rows are output digits (row 0 is the most significant digit) and columns are index digits. If
the digits of y.(V) are eventually g, the point lies on the upper boundary of the elementary
box named by its digits; as usual [31, Section 4.1] we assign it to that box, and the separation
bounds below allow this (the jitter in (3) may equal ¢=7). We write Yo(z) = >, yena™ for the
digit series of coordinate c¢. Coordinates are numbered ¢ =0,...,s — 1.

The prefiz Pmn = {y(V) : degV < m} consists of the first ¢™ points, and Py = {y(V) :
t(V) < N} of the first N points for general N. By Niederreiter’s criterion [30, Thm. 6.1] (the
box criterion of [18]), P, is a (0,m,s)-net if and only if for every d = (dp,...,ds—1) with
> . de = m the box matriz, formed by the first d. rows of every C. restricted to the columns
0,...,m — 1, is invertible. The points numbered kq™,...,(k + 1)¢"™ — 1 form a digital shift of
P,, (the index digits from m on are fixed), and a digital shift maps every elementary box onto
one of the same shape. Hence a digital sequence is a (¢, s)-sequence if and only if every prefix
P,, is a (t,m, s)-net.

The prefixes P are the full levels. At level K the prefix has N = ¢°¥ points, and the elemen-
tary boxes with K digits in every coordinate, the cells, have side ¢ K = N~V5; a (0, sK, s)-net
has exactly one point in each cell. (The companion paper [18] calls the level k.) Not every result
of this paper is about full levels: each one names the set of exponents m at which it bounds P,
(Section 2.4).

2.2. Frames and Scrambles. All sequences in this paper are scrambles of one classical family,
the generalized Faure sequences of Faure [12], Niederreiter [30] and Tezuka [41, 42]. As in [18] we
describe them by places on the projective line over F,. Fix distinct elements ag,...,as—1 € Fy
(so s < q), the places of the coordinates. Coordinate ¢ of the unscrambled point reads the Taylor
coefficients of the index polynomial at a.:

en(V) == )"V, ie.  Co=Pa, Palnlk]= <k> ok,

n

The index itself is read at the place oco: the prefix P, is the set of polynomials with a pole of
order less than m at co. We call (ag, ..., as—1;00) a frame. For prime ¢ = p and the Faure places
0,1,...,s — 1 this is the Faure sequence (I, P, P2 ..., Psfl), since P, = P¢; in dimension two
it is (I, P), which for ¢ = 2 is the two-dimensional Sobol’ sequence [38]. Up to a scramble, the
frame sequence is the Niederreiter sequence with the linear base polynomials z — a. [30]. For
prime q it is also exactly the Halton-type sequence of Goda, Hofer and Suzuki [16, Def. 2] with
the monic linear bases z — a.: the (z — a.)-adic digits of the index polynomial are its Taylor
coefficients at a., and their index and digit conventions coincide with ours. For s > 2 no such
sequence is quasi-uniform (Section 3).

In words: read the digits of the index as a polynomial V; coordinate c is the Taylor expansion
of V around its own point a.. For example, let ¢ = 3 and V' = 2+ z (integer index 5 = 2+ 1-3).
At a = 0 the Taylor digits are (2,1); at a=1,V =0+1-(z — 1) in F3, so the digits are (0,1).
A polynomial of degree less than 2 is determined by (V'(0), V' (1)), that is, by its cell: this is the
net property for s = 2 and one digit per coordinate, and Lemma 1 below is the same statement
for every s and every number of digits.

A Taylor coefficient is a residue: [(z — a)"]V = Res,(V (z — a) ™" !dz), where Res,(F dz)
denotes the coefficient of (2 — a)~! in the expansion of F in powers of z — a. Section 4 uses this
to write every scramble, and Sections 5-7 use it to design them.

A scramble of coordinate ¢ is an infinite lower-triangular matrix L. with nonzero diagonal,
fixed once and for all (independent of m). The scrambled sequence has the generator matrices
C. = L.P,,: digit n of the scrambled coordinate is a linear combination of the unscrambled
digits 0,...,n, with a nonzero coefficient on digit n. Dick, Goda and Suzuki, and Goda, Hofer
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and Suzuki, number the coordinates from 1, so (Lj, LoP) in the notation of [10] is (Lo, L1P1)
here.

Lemma 1 (Frames have t = 0). For distinct places ao, . ..,as—1 € Fq and arbitrary scrambles
Lo,...,Ls_1, the digital sequence with generator matrices C. = L.P,, is a (0,s)-sequence in
base q.

Proof. Let m > 1 and ) _d. = m. For the unscrambled frame, the first d. digits of coordinate ¢
are the coefficients of V mod (z —a.)% in the basis (z —a.)". By the Chinese remainder theorem
the map V + (V mod (2 — a.)%), is a bijection from the polynomials of degree less than m
onto [[.Fy[z]/((z — ac)%): both sides have ¢™ elements, and a polynomial of degree less than
m divisible by [[.(z — ac)% is zero. So every box matrix is invertible. A lower-triangular L.
replaces the first d. rows of C, by an invertible combination of themselves, so every box minor is
multiplied by [].det L, 4,) # 0, where L, 4 is the leading d x d block (the scrambling identity
of [18]). Every prefix is therefore a (0, m, s)-net. O

That scrambling preserves ¢ is classical: for nested random scrambles it is due to Owen [33],
and for lower-triangular linear scrambles it underlies the generalized Faure sequences of Tezuka
[42] and Matousek’s linear scrambling [28]. So ¢t = 0 comes for free; what the scramble changes,
and what this paper is about, is the position of each point inside its cell.

2.3. Separation and Quasi-Uniformity. For y,y’ € [0,1)° let ||y —y'||T = mingezs ||y —y’'+
k|| be the toroidal Euclidean distance. For a finite point set P with N > 2 points, the separation
is
§(P)= min |y —y'|r, and sep(P) = 6(P) NY/*
y#y'epP
is its separation constant. A (0,sK, s)-net has one point in each cell of side N~
measures the separation in cell units; sep(P) = 1 for the grid ¢~ 5Z*.

The covering radius is h(P) = supy¢(o 1js minyep [|[y — y'll, and h(P)/6(P) is the mesh ratio.
A sequence is quasi-uniform if the mesh ratio h(Py))/6(Pn)) is bounded over all N > 2 [9, 10].
Since h(P) = N~V and §(P) < N~'/% for every N-point set, this is the same as h(Pny) <
N—1/% and §(Piny) < N—1/5. We state mesh ratios as h/d; the convention of [10] divides by the
separation radius 0/2 and gives twice our value.

Which distance. The toroidal distance never exceeds the Euclidean distance in the cube. Our
lower bounds on § are toroidal, so they hold for the Euclidean separation of [9, 10, 16] as well.
Our upper bounds on § (the close pairs of Section 3) bound the Euclidean distance in the cube,
so they bound the toroidal separation too. Our bounds on h are for the Euclidean distance in
the cube. So every statement transfers to both conventions in the direction in which it is used.

/5 so sep(P)

2.4. Level Families. For a (0, s)-sequence the covering radius is never the problem: the prefixes
are nets at every scale. The problem is the separation, and it suffices to control it along one
family of prefixes. The general principle, that quasi-uniformity along a subsequence of sizes with
bounded ratios implies quasi-uniformity along all N, is [9, Lemma 1.3]; we give the toroidal
version with explicit constants, for the families of prefixes that occur in this paper.

A level family is an infinite set M C N = {1,2,...} of exponents m, namely those at which
a result certifies a bound on sep(P,,). Its largest gap is

Ap = max(min M, sup{m’ —m: m < m' consecutive elements of M}).

The families of this paper are M = sN (all full levels, Ay = s), M =sN—1={s—1,2s—1,...}
(Ap = 8), M = 52N (Ap = 5?), and unions of residue classes of these (Section 6).
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Lemma 2 (Prefix lemma). Let (y(V)) be a (0, s)-sequence in base q and M a level family with
A = Ay < 0. Suppose that sep(Py,) > LB for every m € M, with LB > 0. Then for every
N >2

h(P[N}) - \/§q1+A/s

§(Py) > LBg & N7V, (P < VsqNTV5, 5P = LB

In particular the sequence is quasi-uniform.

Proof. Separation. Let N > 2 and let m’ be the least element of M with qm/ > N. Then Py C
P,./, and a subset has at least the separation of the whole set, so 5(P[N]) > 0(P,y) > LB g m/s,

It remains to show ¢ < ¢®N. If m' = min M, then ¢ < ¢® < ¢®N. Otherwise m’ has a
predecessor m” in M; by the choice of m/, ¢ < N, and m’ —m/” < A, so ¢™ < ¢®¢™" < ¢®N.

Covering. Let m > 0 with ¢ < N < ¢™*!, and write m = sK + j with 0 < j < s. The
first ¢™ points form the prefix P, C Py, which is a (0,m,s)-net. Split the cube into the
elementary boxes with K + 1 digits in the first j coordinates and K digits in the others. Each
has volume ¢~ so it contains a point of P,,, and its diameter is at most \/Eq_K . Every point
of [0, 1] lies in the closure of one of these boxes, so h(Py)) < V5q K. Finally ¢ K = ¢qU—m)/s <
qUtD/sN=1/s < g N~/ since j+1 < s.

The bound on the mesh ratio is the quotient of the two bounds. ]

Remark 3 (The cases used). For M = sN and M = sN — 1 the factor is ¢~2/* = 1/¢:
§(Piny) = (LB/q)N~/5. For M = s?>N it is ¢—*. For M = sN comparing the two intermediate
bounds directly gives the sharper mesh ratio h/d < /s ¢/LB: if ¢°¥ < N < ¢*(5*1) | the covering
argument gives h < /s ¢~ and the separation argument § > LB¢ 5! (for K =0, h < /s
and 6 > LB/q).

The lemma loses the factor ¢—2/¢ only at the prefixes between two elements of M: for consecu-

tive m” < m < m/ in M the separation argument gives sep(P,,) > LB ¢(™~™)/5_ A construction
certified at a denser family therefore has the better bound for all NV, even when its constant at
the certified levels is smaller (Sections 6 and 7).

2.5. Conventions. Every result names its level family: the exponents m at which it bounds
sep(Py,), for every element of the family at once. The bound for all N then follows from Lemma 2.

Every result has a written proof. Some proofs end in an exact finite computation: a minimum
over an explicitly enumerated finite set, or explicit integer hypotheses checked at each prime
of a finite range. We call such a proof computer-assisted (c.a.) and state its scope with the
result. A proof whose last step is one exact rational evaluation is marked proof*; the threshold
po(s) of Section 8 is the infimum of explicit monotone conditions, and an upper estimate of it is
certified in this way. Searches only find parameters (multipliers, check vectors, window systems,
tables), whose properties are then proved or checked; a value found by a search is a lower bound
on an optimum, never a claim of optimality. Exact separations quoted for figures and tables
are illustrations. No proof uses a search or an illustration. A statement that a construction
fails, or that a kind of certificate cannot do better, is always made with its exact scope (which
sequences, which scrambles, which kind of certificate); a finite search is never used as evidence
that something does not exist. Appendix C lists the data, the independent re-verification and
the parts that are in addition verified in Lean. Table 3 lists the main symbols and terms.

3. WHY THE CLASSICAL SEQUENCES FAIL

The classical low-discrepancy sequences of Halton, Faure, Sobol’ and Niederreiter are built
from polynomial bases. Each coordinate reads the index polynomial in its own base b.(z), one



12

LEONHARD GRUENSCHLOSS

TABLE 3. Notation and terms at a glance. Terms marked [18] are used in the
sense of the companion paper on nets.

symbol or term meaning defined in
q, p, S base (prime power g = p"), its characteristic, dimension §2
V, (V) index polynomial of a point; its integer index §2
Pr., Pn first ¢" points, first N points §2
full level, cell prefix Psk; elementary cube of side qu §2
level family M, A the exponents m with a certified bound on sep(Pp,); its largest gap  §2.4
sep(P) = §(P)N'/# toroidal separation in cell units (1 for the grid) §2
natural identification digits of F, read as integers through base-p coordinates §2
frame, places ac, P, coordinate c¢ reads the Taylor digits of V' at a.; Pascal matrix §2
scramble L. lower-triangular, nonzero diagonal, fixed for all prefixes 82
be-adic coordinate its first e.Q digits depend only on V mod b¢ §3
radical inverse, digit map  digit block @ is 7. of the Q-th b.-adic digit of V' §3
Te

Halton-type sequence coordinate c reads the b.-adic digits of V'; pairwise coprime §3

geometric digit(s) ¢, Re;
layer

lattice image, jitter e.
offset map

carry length [, carry depth
carry response D; (1)

own, Cross response
constant response

slip planes

jump of depth [
uniformizer w, local root
Zc

self-similar scramble, 0, g.
Res,, principal part

local multiplier ¢,

fi, LB;

exact digit relation

depth J; admissible range

level-independent relation
skeleton coordinate, digit
skeleton relation, fine cell
check vector v; Ay; Ajie
residue sequence R,
staggered res. sequence
R;: Cx

||

brick wall W~

inclusion bound

design, reachable
block-periodic residue seq.

free series tc; Cross Ke s
window W, LB(W)
covering condition
selection rule, history
correction terms Xc,q4, Ve
staggered windows
first-order deficit
po(s)

proof*, c.a.

1
)2

be € Fpl2] [16]

first digit(s) of coordinate ¢ below the cell; layer: their change D(1)
under a carry-free step

n + enc(R)/q’; the contribution of the deeper digits (< ¢~7)

linear map from the cell digits to the geometric digits of Psx

cell digits changed by a step; coefficient index from the finest digit
change of digit K + 4 under a carry of length [ in one coordinate

o ). moving coordinate; Xc( ic, coordinate ¢ when ¢’ moves
a response that does not depend on the carry length

hyperplanes where a geometric digit wraps around modulo ¢
change of the lattice image across a boundary of carry length [ > 2

w = [].(z — ac); the root of w(Z) =z at ac

one multiplier series per coordinate; scale; multipliers
coefficient of (z — a)~'dz; the polar terms at a

unit series in z — ae; Ye,n = Resa, (Ve (0/w)"dz2)

guaranteed gap in one coordinate; digit relaxation with j digits
linear identity among the digits of a prefix, of bounded depth
relation of top index T uses the digits T'— J, ..., T} levels

[I{o7 Ko + R} of Thm. 51

exact relation with the same coefficients at every level

at Psk—1: a coordinate with one cell digit fewer; its next digit
> Vele,k—1 = 0 on Pig_1; cube of side ¢ ¥ at Pig_1

Av = {b S 7° - v-b=0mod p}; )\jit(l\) = minb#) H(|b| — 1)+H2
every coordinate reads the differential V dz at its place
geometric digit of ¢, = rank-1 lattice rule in the finest cell digits

centred absolute value of z € Fp, in [0,p/2]

R for s = 2: heights staggered by half a cell between columns
bound on sep(Psk) from Psx C Py(x41)—1

matrices F,: geometric digits from the last cell levels [18]
local multipliers repeat with period £ in the row index

what a self-similar scramble leaves free; ke o = —X<1)

set of values a response may take; the bound given by the windows
every line of the depth direction meets the window

picks an admissible free digit at each depth; the digits chosen before
deeper digits in a corrected skeleton relation; their partial sums
staggered coordinate offset by half a cell; 3 = (p+1)/2 € F,,

the constant C' in a bound 1 — C/p [18

threshold of the staggered rule

last step one exact rational evaluation; computer-assisted

§4

§4

§4

§4

§4.3
§4.3
§4.3

(5)

Def. 20
§2, Lem. 21
Lem. 21
Lem. 23
Def. 49
Def. 49, §7.2
Prop. 54
§5

§5

§5

Def. 33
Def. 25
§5.2
Def. 31
Rem. 40
§6

Def. 41
Prop. 62
Prop. 64
Prop. 64
Prop. 64
Lem. 71
§8

§8

§8

§2.5
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(c) base-5 digits of the two points

(a) Ps: 3125 points, base 5 (b) zoom, grid of side 5*
T e L FERIE AT I 1 coordinate 0 (place 0): a carry
Yo=73
index3120 0. 0 4 4 4 4
index 1 0.1 0 0 0 O
0.044445 +5°=0.1 5: next to each other
across the line yq %
index 3120
e shared yy-interval | coordinate 1 (place 1): shared digits
of length 5%
T— index3120 0. 1 0 0 0 4
index 1

index 1 0.1 0 0 0 O
four equal leading digits

FIGURE 2. A carry that the other coordinate cannot see. The two-dimensional
Faure sequence (I, P) in base 5 (the Halton-type sequence with the bases z and
z—1), prefix P5 (3125 points), exact points from the generator matrices. (a) The
prefix; the small box marks a closest pair, the points with indices 1 and 3120
(the minimum is attained by several pairs). (b) Zoom with the grid of side 5%
the two points lie on either side of the line yy = é and in the same interval of
length 5~* of coordinate 1. (c) Their digits. Coordinate 0 is a carry: 0.04444;
and 0.15 differ by 57°. Coordinate 1 has four equal leading digits. The distance
V17-57% = 1.32-1073 is the separation of Ps (Euclidean and toroidal; sep(Ps) =
0.0738), and the pair is the one of Remark 9 with @ = 5.

block of digits at a time, like a radical inverse. Their prefixes are nets at every scale, so their
covering radius is always of the right order N~1/5. Dick, Goda and Suzuki asked for quasi-uniform
digital sequences [10], and Goda, Hofer and Suzuki asked whether any Halton-type sequence is
[16]. For the classical sequences of all four kinds the answer is no, and the reason is one picture.

Take two indices whose difference is a carry in the last digits of one coordinate. In base p the
digits 0.a(p — 1) --- (p — 1) of one point become 0.(a 4+ 1)0- -0 for the other: the two points sit
on either side of a cell boundary, one unit of the last digit apart. If the same index difference is
divisible by a high power of every other base, then it does not change the leading digits of any
other coordinate. The two points are close in every coordinate at once, much closer than N~/
(Figure 2). For polynomial bases such differences exist at infinitely many sizes, because a run of
ones in one base is divisible by high powers of all the other bases (Theorem 6).

This section proves this for every digital sequence in polynomial bases with one coordinate
a radical inverse (Theorem 6), derives the classical cases (Halton-type, Faure, Niederreiter and
Sobol” sequences), and shows which scrambles do not help: as long as one coordinate is still a
radical inverse, up to a scalar, the sequence is not quasi-uniform, whatever triangular scrambles
the other coordinates receive (Corollary 14). The repair scrambles every coordinate, through
residues at the places (Sections 4 and 5).

Throughout this section s > 2, ¢ = p", and digits are read through the natural identification
enc of Section 2. The distance between two points is the Euclidean distance in the cube; it bounds
the toroidal distance from above, so every upper bound on ¢ below holds for both (Section 2).
As in [16], the separation of a prefix is the minimum over pairs of distinct indices.

3.1. Polynomial Bases. Let b. € F,[z] have degree e, > 1; it need not be monic or irreducible.
Every V' € F[z] has a unique b.-adic ezpansion V =3 - ang with degag < e., obtained by
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repeated division by b.; the ag are the b.-adic digits of V', and ag, . ..,ag—1 are determined by
V mod b?. The map V — (ag)q is Fy-linear.

Definition 4 (b.-adic coordinates and radical inverses). Coordinate ¢ of a digital sequence
over Fy is bc-adic if for every @ > 1 its first e.Q digits y.o0(V),...,¥Yce.0-1(V) depend only
on V mod b¥ ; by linearity this means that they vanish for V' e bIF ql2]. Tt is a be-adic radical
inverse with digit map m., where 7. is an Fg-linear bijection from the polynomials of degree less
than e, onto Fge, if for every V' and every @ > 0 its digit block (yege.(V);- - ¥e,(@+1)ec—1(V))
equals 7.(ag), where ag is the @Q-th b.-adic digit of V.

A radical inverse is b.-adic. The examples:

e The unscrambled frame of Section 2: coordinate ¢ is a (2 — a.)-adic radical inverse with
the identity as digit map, since the (z — a.)-adic digits of V are its Taylor coefficients

at ac.
e The Halton-type sequences of Goda, Hofer and Suzuki [16, Def. 2], in the sense of Hofer
[22]: ¢ = p prime, pairwise coprime by,...,bs—1 € Fp[z], and coordinate c reads the

be-adic digits of the index, each digit ag written as the e. base-p digits given by its
coefficients, the coefficient of 2! first. This is a b.-adic radical inverse with m.(a) =
([z°a,...,[2%a). Their index n = >, n;p' +— >, n;z" is our V with «(V) = n.

e A lower-triangular scramble L. of a b.-adic coordinate is b.-adic: its first d digits are
combinations of the first d unscrambled digits. A nonzero scalar multiple of a radical
inverse with digit map 7. is a radical inverse with digit map ume.

e Sobol” and Niederreiter sequences (Lemmas 12 and 10 below).

For a digital sequence the digits of the two points with indices V and V + D differ by the digits
of D, coordinate by coordinate. So a coordinate is blind to every index difference D that is
divisible by a high power of its base: the leading digits of the two points agree.

3.2. A Close Pair from a Carry. In a prime base the carry looks as follows. Add the digit
string 0.011---1t00.00(p—1)--- (p—1) digit by digit modulo p: the result is 0.010- - - 0, which
as a real number is exactly one unit of the last digit larger. For a prime power ¢ = p” the same
works with two special digits. Put

g=enc'(g—1), y°=enc (¢/p—1),
so § = —1 and 3° = 0 for prime ¢. Under the natural identification enc™! is additive on base-p
digit vectors. The integers ¢/p — 1 and ¢/p have the base-p digit vectors (p—1,...,p—1,0) and
(0,...,0,1), and ¢ — 1 and 0 have (p—1,...,p—1) and (0,...,0). In both cases the difference
is the vector (1,...,1) modulo p, so

(1) enc™'(g/p) —y° =enc (0) —§ = 7.
Adding —7 to every digit of y°g- - - § therefore gives enc™!(¢/p)0---0, one unit of the last digit
more.

In the lemma below these digits are written as polynomials of degree less than e through
the digit map 7: ¢ is the carry digit, added at every position of the run, and ¢ and ¢’ write
the lower of the two points, just below the cell boundary. The lemma needs three things of the
index difference D: in the carrying base it is a run of the carry digit, (i); in every other base it
is divisible by a high power, (ii), so those coordinates share their leading digits; and it is small
enough for both points to lie in P,,, (iii).

Lemma 5 (A close pair from a carry). Let coordinate ¢ of a digital sequence over Fy be a b-adic
radical tnverse with digit map 7, where b = bz has degree e = ez, and let every other coordinate
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¢ be be-adic. Let g, 9,9 € Fylz] have degree less than e with

ﬂ(g):—g(l,...,l), W(g):(yo,g,...,g), W(gl):g(l,...,l),
and put Sp, = (" —1)/(b—1) = 1+b+---+b""1. Let D € F 2]\ {0}, let 0 < 1 < X be integers,
L = e\, and suppose
(i) D=gb"S\_, (mod b*);

(ii) for every c # ¢, ble divides D for some j. with eqje > L;

(iii) deg D < m.
Then Vi = gbT+¢' b7 S5 _,_1 and Vo = Vi+D are indices of points of P, and ||y(V1)—y(Va2)|| <
Vs +3q7 L. In particular §(Py,) < Vs + 3¢ L and sep(P,,) < Vs + 3¢™/* L,

Proof. Degrees. degV; < e(A—1)4+e—1 < L. By (ii) for one ¢ # ¢ (here s > 2 is used) and
D #0,degD > e.j. > L, so L < m by (iii). Hence V; and V5 have degree less than m, and
Vi # V.

Coordinate ¢. Vi = gb" + Z;‘;% 11 ¢’V is its own b-adic expansion: its b-adic digits are § at
position 7, ¢’ at the positions n +1,..., A — 1, and 0 elsewhere. By (i) the b-adic digits of D at
the positions below A are those of gb"S\_, = 23\;3 gb’: 0 below n and ¢ from 1 on. Applying
7 blockwise and using linearity, the first L digits of coordinate ¢ are

Vi (07, 4°, gEmerh), Vo (077, % — g, 05717 = (07, enc ™ (g/p), 041

by (1). Read as integers in units of ¢~%, these prefixes are A = (q/p — 1)gl="=1 4 ¢l—en—1 — 1
and (q/p)g*~¢"~! = A+ 1. A polynomial has finitely many nonzero b-adic digits and 7(0) = 0,
so the remaining digits of each point are finitely many and contribute some 7; € [0, ¢~ %). Hence
ye(Va) —ye(V1) = ¢ "+ — 71 € (0,2¢77). ,

Coordinates ¢ # ¢. Vo — V1 = D is divisible by b°, so the first e.j. > L digits of coordinate ¢
agree, the two values lie in one closed interval of length ¢~ %, and |y.(V5) — y(V1)| < ¢~ ~.

Summing the squares, ||y(V1) —y(Va)||? < (4 +s—1) ¢~ 2L, O

The lemma turns the search for a close pair into polynomial arithmetic: one needs a difference
D of small degree that is a run of the carry digit g in base b and is divisible by high powers of
all the other bases. What counts is the excess sL — m of the length of the shared digits over
the cell side: the lemma gives sep(P,) < v/s + 3 g~ L=m)/s A family of differences along which
sL — m grows without bound proves that the sequence is not quasi-uniform.

3.3. The General Theorem. The differences come from one divisibility. In the carrying base
b, the run of ones is S, = 1+b+---+b""1 = (0" —1)/(b—1). Let © be the product of the other
bases, each raised to a power so that all factors have the same degree, and R = (1 — b)©. The
polynomial b is a unit modulo R, so some power b” is =1 (mod R), and then S, is divisible by
O, that is, by all the other bases. Multiplying by a power of the other bases that is = 1 modulo
b” lengthens their shared digits without touching the carry, and raising to the power QQ = p%“
(the Frobenius map) stretches carry and shared digits by @, while the excess grows linearly in Q.

Theorem 6 (Polynomial-base digital sequences are not quasi-uniform). Let s > 2 and let a
digital sequence over Iy have pairwise coprime by, ...,bs—1 € Fy[z]| of degrees e. > 1 such that
every coordinate c is b.-adic and one coordinate ¢ is a bg-adic radical inverse (Definition /). Put
b=bs e =ez, E=lcm(eg,...,es_1) and

o=][v¥<, R=(@-be.
c#£é
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Let v > 1 be such that R divides b* — 1 (for ezample the order of b modulo R), let k > 1 be a
multiple of the order of © modulo b with (E/e)(k+1) > v, and putn = (E/e)(k+1) —v. With
g as in Lemma 5, define for Q € {1,p,p?,...}

Do =gb?"80,0%,  Lo=QE(k+1), mg=Q(sE(k+1)—(s—1)E).
Then Dq satisfies (i)—(iii) of Lemma 5 with (n, A, L,m) = (@n, Q(n+v), Lg, mq). So Pn, con-

tains the two points with indices Vi and Vi4Dgq of the lemma, at distance less than /s + 3 q te,
and

sep(Png) < Vs+3 g Q=DE/s sep(Psk,) < Vs+3 g mQE-DE/s (Kg = [mq/s]).
Both tend to 0 as Q — oo, and the sequence is not quasi-uniform.

Proof. Existence of v and k. A common factor of b and 1 —b divides 1, and b is coprime to every
be with ¢ # ¢ so b is a unit in the finite ring Fy[z]/(R) (deg R > e > 1), and its order is an
admissible v. Likewise © is a unit modulo 0", and any large multiple of its order serves as k.
The integer n is > 0, and it is an integer because e divides E.

(i). Since k is a multiple of the order of © modulo b, ©F = 1 + v H for a polynomial H. In
characteristic p the map f ~— f9 is additive on F,[z] for every power Q of p, so

0% = (14+v"H)? =14 b9 H®.

(Only 19 =1 is used here. Had we only ©% = v (mod b”) with a constant v # 1, we would get
7%, and 9 = 7 would require @ to be a power of q.) Hence Dg = ng"SQV (mod @RV,
which is (i) with n— Qn, A =Q(n+v) and A — Qn = Qv. Then L =eX = QE(k + 1) = Lg.

(i). R divides b” — 1, so R? divides (b* —1)? = b? —1 = (b—1)Sq,, by additivity of f + f¢
again. As R9 = (1 —b)?0% and b — 1 # 0, cancelling one factor b — 1 in the factorial ring F,[z]
gives (b—1)2710% | Sp,. So OL*+D) divides D, and by divides Dg with j. = QE(k + 1) /e,
that is e.j. = Lq, for every c # ¢.

(i1i). deg® = (s — 1)E, so

degDg < (e—1)+eQn+e(Quv—1)+(s—1)EQk=Lg -1+ (s—1)(Lg — QF) =mg — 1.

Lemma 5 gives the pair and sep(Pn,) < Vs + 3 gme/s7le and mg/s — Lo = —Q(s—1)E/s.
The pair also lies in the full level P; Ko 2 Pmg; and Ko — Lg < mg/s+1— Lg. Finally, N balls

of radius h(P) cover the cube, so h(P) > wy YENs for every N-point set, ws the volume of
the unit ball. Along N = ¢"@ the mesh ratio is therefore at least ws s / sep(Prg) — 00. O

The pair needs nothing about the coordinates ¢ # ¢ except that they are b.-adic, and nothing
about ¢ except its digit map 7 (through g and V). For a fixed choice of bases and of , the close
pairs are the same for every choice of the other coordinates. The levels m¢ can be very large
(Table 4), but they are explicit, and nothing is searched. The theorem gives upper bounds on §
along one family of levels; it does not determine the rate at which the separation decays.

In the language of Section 4 (where carry responses are defined), the index difference Dg
moves the point of a cell to the next cell of coordinate ¢ with an own response of +1 in the last
digit and with cross responses that vanish to many digits: the configuration that Remark 24
calls fatal.

3.4. Halton-Type and Faure Sequences. Goda, Hofer and Suzuki proved that the Halton
sequences (in integer bases) are not quasi-uniform, and so are three families of Halton-type
sequences: dimension two with the bases z+a, z+a+1; base two with the bases z, z+1, 224+ 2+1;
and dimension p with the bases z,z—1,...,z— (p—1) [16, Thm. 2]. Their Open Problem 2 asks
to “prove or disprove that no Halton-type sequence is quasi-uniform” in dimension d > 2 and,
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if none is, to find for arbitrary bases a pair of indices that disproves quasi-uniformity [16, Open
Problem 2] (wording of the arXiv version). The following corollary answers it in the affirmative,
with explicit pairs.

Corollary 7 (No Halton-type sequence is quasi-uniform). Let p be prime, s > 2, and let
bo,...,bs—1 € Fplz] be pairwise coprime of degrees e. > 1, not necessarily monic or irre-
ducible. The Halton-type sequence in these bases [16, Def. 2| is not quasi-uniform. Explicitly,
choose any coordinate ¢, use the notation of Theorem 6, and put ¥ =1+ z+ --- + 271 and
Y =1+z+---+22 (X =0fore=1). For Q=1,p,p? ... the indices

Vi= Y09 SIS, 4 V=V 4 Bb91S,, 00

satisfy 1(V1),1(Va) < p™e, the two points are at Fuclidean distance less than /s +3p~1Q, and
5(PmQ)PmQ/S < \/.9—1—731)—@(8—1)15/5'

Proof. Every coordinate is a be-adic radical inverse with 7.(a) = ([ Ya,...,["a) (Sec-
tion 3.1), and the sequence is digital over [, because the b.-adic digits depend linearly on
the index. For ¢ = p we have y = —1 and 4° =0,s0 g =%, § = =¥ and ¢ = —X in Lemma 5.
Theorem 6 applies with any é. [l

The corollary concerns the Halton-type sequences of [16, Def. 2], over prime fields. Theorem 6
holds over IF, whenever digits are read through the natural identification; the more general
Halton-type sequences of Hofer in rational bases [23], to which [16] refer, are not treated here
(Section 11). For linear bases the corollary is about the unscrambled frames of Section 2.

Corollary 8 (Faure sequences and unscrambled frames). For every prime power q, every 2 <
s < q and all distinct places ao, . ..,as—1 € Fy, the unscrambled frame sequence (Pqq,...,Pqa,_,)
is not quasi-uniform. In particular, the Faure sequence (PO P ... P*71) in prime base p is not
quasi-uniform for every 2 < s < p.

Proof. Coordinate c is a (z — a.)-adic radical inverse with the identity as digit map, and distinct
linear polynomials are pairwise coprime. Apply Theorem 6. The Faure sequence has the places
0,1,...,s—1. O

For s = p this is due to Dick, Goda and Suzuki [10], who note that their argument does not
decide the Faure sequences with 2 < s < p; Goda, Hofer and Suzuki treat s = 2 and s = p [16].
When two places are one apart, as for the Faure sequence, a direct construction gives the rate
of [16].

Remark 9 (A faster rate when two places are one apart). Let ¢ = p be prime, let the unscram-
bled frame have places az and a., = az+ 1, put Y = 2z —a¢, 6 = a. —az and v = HC#(—&),
and for Q € {p,p?,...}

D=—'y -9 J] ¥-6)9 Vi=-(F+Y’+--4Y9Y, V=W +D.
c#é,cq

Then 6(Pis_1yq) < VP2 +s+2NVED with N = pl~DQ and sep(P;-_1)g) — 0 like
NY/s=1/(s=1) Indeed, since 6 = 6. in Fp, (Y —1)D = —y~! [Tee(Y? = 6c) = —1 (mod Y9),
so the first @ Taylor digits of D at a; are all 1. The digits of V; there are (0,—1,...,—1) and
those of V5 are (1,0,...,0), a carry of length @, so coordinate ¢ differs by less than 2p~% (as in
Lemma 5). As Y — 1 = z — a,,, the polynomial D is divisible by (z — a.,)?~! and by (z — a.)?
for the other ¢: coordinate ¢; shares Q — 1 leading digits and differs by at most p'~@, the
others share @ digits. Finally degD = (s — 1)Q — 1, degV; = Q — 1, and (4 + p*> + s — 2)p~ 2@
bounds the squared distance. Figure 2 shows the case p = 5, s = 2, places 0 and 1, Q = 5:
t(V1) = 5° — 5 = 3120, 1(V3) = 1; there the pair is the closest pair of Ps.
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3.5. Niederreiter Sequences. Niederreiter’s sequences [30] and their generalization by Tezuka
[41] (see [11, Ch. 8]) are digital sequences over F, with distinct monic irreducible bases b. €
[Fy[z]. For every ¢, @ > 0 and 0 < i < e, a polynomial ¥.q,; € F4z] is given, such that
¥,0,05 - - - s Ve,Q,e.—1 are linearly independent modulo b, for every ), and digit Qe.+i of coordinate

cis
1, 900.i(2) V(2)
) _ 1 ,Q,
Yeec+i(V) = [277] bo(z)@F1

the coefficient of z~! in the expansion in powers of z~!. (This is the generator matrix whose row
Qec+i lists the coefficients of 27t 272 . of 1967Q7i/b§+1.) The classical sequence has ¥, ¢q; = 2t
Write 9. ; for the remainder of 9.0 ; modulo b..

Lemma 10 (Niederreiter coordinates are b.-adic). In a generalized Niederreiter sequence every
coordinate c is be-adic. If 9. g, = 5071- (mod bCQH) for all @ and i, then coordinate c is a b.-adic

radical inverse; in particular every coordinate of a classical Niederreiter sequence is.

Proof. Write b = b, e = ec, Ue,,i = D_j>0 I and V = >, a;b’ (b-adic expansions). Then
Ve.0.:V/b% 1 is the sum of the terms ﬁ(j/)aj Wt =Q=1 A term with j+j’ > Q+1 is a polynomial.
A term with j+ 5 = Q+ 1 —u, u > 2, is O(z2) at infinity, since deg(ﬁ(jl)aj) <2e—2<wue—1.
Neither has a 27! coefficient, so

@ Q=g

egerilV) = [ T

=0
Block @ depends only on ay,...,aq, that is on V mod b@t1l: the coordinate is b-adic. Un-
der the congruence, 9(0) = Jei and 99 = 0 for 1 < j < @, so block Q is me(ag) with
me(a) = ([271]9cia/b)ice. The pairing (f,a) — [z7!]fa/b on polynomials of degree less than
e is nondegenerate: for a # 0 pick f with fa = 271 (mod b) (b is irreducible); then the value is
1/lc(b) # 0. Since the 9. ; form a basis of these polynomials, 7. is a bijection. O

Corollary 11 (Niederreiter sequences). Every classical Niederreiter sequence over Fy (s > 2,
natural identification) is not quasi-uniform. So is every generalized Niederreiter sequence in
which one coordinate ¢ satisfies V¢ g, = 'gé,i (mod b?“) for all Q, 1, whatever the polynomials

of the other coordinates; the close pairs of Theorem 6 then depend only on the bases and on the
Ve

Proof. Lemma 10 and Theorem 6; distinct monic irreducible polynomials are pairwise coprime.
O

The corollary uses the natural identification for the output digits. Niederreiter’s general defi-
nition allows other bijections between [, and the digits; with those the identity (1) can fail (over
F5, if the digits 0, 1,2, 3,4 stand for the field elements 0, 3,2, 1, 4, the differences 3,4, 4, 3 of con-
secutive digits all differ from the wrap-around difference 0 — 4 = 1), and we do not treat them.
Generalized Niederreiter sequences with no coordinate of the stated form, and the sequences of
Niederreiter and Xing, are not treated either.

3.6. Sobol’ Sequences. Sobol’ sequences [38] are digital sequences in base 2. Coordinate ¢ has
a polynomial b, = 2¢ + @121 4+ -+ + @12 + 1 € Fa[z] of degree e = e, and initial direction
numbers g, ..., u. (written my, in [38]), which are admissible: uy is odd and wu; < 2F. The
further direction numbers follow Sobol’s recurrence

(2) wp, = 2001 B 22 oup_o &+ B2 a1 Up_eq1 B 2%Up_e B Up—e (k> e),
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where @ adds binary expansions digit by digit modulo 2. Column k — 1 of C, holds the binary
digits of 27%uy, so y.(V) = @, Vk_1 2 *uj. Sobol’ takes distinct primitive polynomials. In the
usual implementations the first coordinate is the van der Corput coordinate, b = z and uy = 1
(so C = 1) [4, 25]; some implementations start with z + 1. Points are produced in the natural
order or in Gray-code order [2], which permutes {0,...,2™ — 1} for every m and therefore has
the same prefixes P, as sets.

Lemma 12 (Sobol’ coordinates are radical inverses). Let coordinate ¢ of a Sobol’ sequence have
the polynomial b. of degree e and constant term 1, and admissible initial direction numbers. Then
it is a be-adic radical inverse whose digit map 7. is upper unitriangular in the bases 1, z, ..., 271
and digits 0,...,e — 1.

Proof. (a) Multiplication by b. shifts the digits by e places: y.(b:V) = 27 ¢y.(V), in the sense of
binary expansions. For V = 2F=1 we have bzF 1 = ZFtel pazhte=2 4o f o, 2R+ zkil, SO

Ye(be" 1) =27 P @ a2 e 1 @ @ a1 27 i @27y

— 2—k}—6uk — 2—eyc(zl€—1)

I

by (2) at the index k 4 e, multiplied by 27*~¢. Both sides are linear in V. (b) For i < e the
number 27"~ 14,1 has binary digits only at the digit positions 0,...,7 (since u;;1 < 2°+1), with
a 1 at position i (since wu;+1 is odd). So for dega < e the point y.(a) has digits only at the
positions 0,...,e — 1, and m.(a), the vector of these digits, is upper unitriangular in a. (c) For
V=30 ang’g, (a) and (b) give y(V) = Pg 27¢@y.(ag), with the terms in disjoint blocks of
digits; so block @ is m.(ag). ]

Only admissibility and the constant term 1 are used; primitivity is not. The lemma is about
the ideal sequence with infinitely many binary digits; an implementation with 32 or 64 bits
agrees with it on those digits and on indices below 232 or 264,

Corollary 13 (No Sobol’ sequence is quasi-uniform). FEvery Sobol’ sequence is not quasi-
uniform: in every dimension s > 2, for every choice of admissible initial direction numbers,
for any pairwise coprime polynomials with constant term 1 (in particular Sobol’s distinct prim-
itive polynomials), with or without the van der Corput coordinate, in natural or in Gray-code
order. The same holds for the projection to any s’ > 2 of its coordinates. With the van der
Corput coordinate as ¢ the close pairs are explicit and do not depend on the direction num-

bers: let by,...,bs_1 be the other polynomials, E = lcme., © = Hc21 bf/ec, choose v > 1 with

(1+2)0 |2 —1 and j with 2 > v, put n= E(2) +1) — v, and for Q = 2%, w >0,
Dg = 2914244291 0(:¥9), (1) =220 (Vp) = 4(}) XOR «(Dg),

with Lg = QE(27 4+ 1) and mg = Q(sE(27 4+ 1) — (s — 1)E). The two points lie in Pp,,, at
distance less than /s + 32752, and sep(Pr,,) < Vs + 32 QL—1E/s,

Proof. By Lemma 12 every coordinate with a polynomial of constant term 1 is a radical inverse,
and the van der Corput coordinate (C' = I) is the z-adic radical inverse with 7 = 1. Polynomials
with constant term 1 are coprime to z, and distinct irreducible polynomials are coprime. A
projection is again a digital sequence of the same kind, and a sequence without the van der
Corput coordinate is a projection of one with it. Theorem 6 applies with any ¢. For the explicit
pairtakeb:z,e:1,77;1,sog:g’:1,§:0,andk:2j. Over Fy we have 0% =
0(z%") = 0(0) = 1 (mod 2%'), hence ©F =1 (mod 2*); this is all that the proof of Theorem 6
uses about k, and E(k 4+ 1) > v. Then 9 = 0(2:?'?), Sg, = 1+ 2z + --- + 2971 and

Vi = 2917180, 1 = Y791 ' Addition in Fa[2] is the XOR of the integer indices. O
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TABLE 4. The close pairs of Corollary 13 with the van der Corput coordinate as
¢, for the first s Sobol’ polynomials in the order of [4, 25]: z, z + 1, 22 + 2 + 1,
Brz+1, B34+ 22 41, 2 2+ 1, 2+ 23 + 15 vis the least admissible value,
k = 27 the least power of two > v, and Q = 1. For Q = 2% multiply L, m and
(s —1)E by Q. The last column (rounded up) bounds sep(P,,,) at @ = 1; at level
mq the bound is v/s + 32-QG6—DE/s The pairs do not depend on the direction
numbers. Exact computation, recomputed independently (Appendix C).

s degrees e1,...,es_1 FE v k Ly m; (s—1)E +/s+3 2~ (s—1)E/s
2 1 1 2 2 3 5 1 1.59

3 1,2 2 12 16 34 98 4 0.98

4 1,2,3 6 168 256 1542 6150 18 0.12

5 1,2,3,3 6 168 256 1542 7686 24 0.11

6 1,2,3,3,4 12 1680 2048 24588 147468 60 2.93-1073

7 1,2,3,3,4,4 12 1680 2048 24588 172044 72 2.54-1073

) b

The two-dimensional Sobol” sequence (I, P) was known not to be quasi-uniform [14], with a
mesh ratio that grows at least like N'/* [40]. Goda, Hofer and Suzuki proved it for the Halton-
type sequence with the bases z, 241, 22+ z+ 1, which they relate to the three-dimensional Sobol’
sequence, and state that the question remains open for Sobol’ sequences in dimension d > 3 [16].
Sobol’ and Shukhman had suggested, from numerical experiments, that the separation of the
Sobol” sequence is of the optimal order N—1/# [37]; Corollary 13 disproves this in every dimension
s > 2 (for s = 2 this is [14]). By Lemma 12 the three-dimensional Sobol’ sequence differs from
that Halton-type sequence only in the digit map of the third coordinate, which the close pairs
do not see. Corollaries 7, 8 (for 2 < s < p), 13 (for s > 3) and 11 were not found in the literature
we searched (through October 2026). The pairs of Table 4 sit at astronomically large levels for
s > 4; they prove the failure, but they are not the closest pairs, and they do not determine how
fast sep(P,,) decays.

3.7. Scrambles That Do Not Help, and What Escapes. A scramble changes the points
but keeps the shared leading digits: a lower-triangular scramble of a coordinate makes each of
its first d digits a combination of the first d unscrambled digits. So the shared leading digits that
D produces in the other coordinates survive any lower-triangular scramble. What a scramble
can destroy is the carry, and only in the coordinate that carries it.

Corollary 14 (One coordinate left unscrambled). Let s > 2 and let by,...,bs_1 € F4[z] be
pairwise coprime. Suppose that coordinate ¢ of a digital sequence over Fy is p times a bg-adic
radical inverse, y € ¥y, and that every other coordinate c is L. times a bc-adic coordinate, for
arbitrary fixed nonsingular lower-triangular matrices L.. Then the sequence is not quasi-uniform.
In particular, for distinct places a. € Fy the scrambled frame Cz = p diag(8™) Pa,, Ce = LcPq,
(c # ¢) is not quasi-uniform for any u, 3 € ;.

Proof. L. times a b.-adic coordinate is b.-adic, and p times a radical inverse with digit map 7
is a radical inverse with digit map um (Section 3.1); Theorem 6 applies. For the frame, write
V=3,=a"V(—a"=Y,8"z-a"V)(8Hz —a)" with a = az the digits
B"[(z — a)"]V of coordinate ¢ before the factor y are the 371(z — a)-adic digits of V, a radical
inverse in a linear base that is coprime to the other bases. ]

So within the polynomial-base sequences (pairwise coprime bases, every coordinate b.-adic), a
quasi-uniform sequence has no coordinate that is a radical inverse up to a scalar; for a coordinate
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with a linear base, a diagonal scramble is not enough. The generalized Faure sequences of Tezuka
[42] with one scalar scramble are covered, and so are the generalized Niederreiter sequences
of Corollary 11 after any lower-triangular scramble of the other coordinates. The sequences of
Sections 5-9 scramble every coordinate non-diagonally. For a self-similar scramble (Definition 20)
this is a one-line check: C. = LcPqo, with Le[n][j] = [2"] ge(2)(2¢(62) — ac)’, and L. diagonal
would force g. to be constant and z.(0z) = a. + Bz, hence w(a. + fz) = Ox, impossible since
w(ac + Bz) has degree s > 2 in z.

Remark 15 (Randomizations and reorderings). The following do not restore quasi-uniformity
of any sequence covered by Theorem 6. (a) Digital shifts, yen (V) = yen(V) + 0cn with addition
in Fy, in every coordinate: the first L digits of coordinate ¢ are a bijective function of V' mod b,
so there is V} of degree less than L whose shifted digits are (0°7,4°,9,...,%), and the pair V7,
V1 + Dg works as before. Only the bound becomes < /s + 3 g~ L@, because a shifted coordinate
may have infinitely many nonzero digits. (b) Index scrambles C. — C.U with one nonsingular
upper-triangular U for all coordinates (Faure and Tezuka [13]), and the Gray-code order: every
prefix P, is unchanged as a set. (¢) Reorderings that keep every full level Psx as a set: by
Theorem 6, sep(Psk,) — 0 along the full levels K, and these prefixes are the same sets in the
new order.

Remark 16 (A fixed rational multiplier in the carrying coordinate is not enough). One might
try to break the carry with a fixed Toeplitz scramble of the carrying coordinate: read coordinate
¢ of a frame over F,, as the Taylor digits at a = az of o(Y)V, where Y = z—a and o= A/B is a
rational unit, A, B € F,[Y], A(0)B(0) # 0; the other coordinates get arbitrary lower-triangular
scrambles. With 0. = ac —a, E1 = [[. (1 —Y/é.) and Ry = (1 — Y)A, the sequence is still
not quasi-uniform whenever R; E; is squarefree (in particular a + 1 is not a place). So, whenever
Ry Fy is squarefree, a fixed rational multiplier of this kind in the Taylor variable does not help
(other rational multipliers and irrational ones are not treated here); the scrambles of Section 4
change the variable itself, from z — a. to the uniformizer w.

Proof. Let v be the least common multiple of the multiplicative orders of the roots of RjFEq;
then p 1 v and R1E; | 1 — Y". Take powers Q,Q" of p with @ = 1 (mod v) and Q" > v,
put L = Q(Q + 1) and H = E{%/Ry € F,[[Y]]. Over F,, E;L(Y) = E; @™ (v@), and
1/Ry = ((1=Y")/Ry)/(1 = Y") has v-periodic coefficients. For (v — 1)Q < n < vQ and i < v
we have n —iQ) = n — i (mod v), so [Y"|H = [Y"](T/R1), where T is El_(Q/H) truncated at
degree v — 1. Since ' > v, T is the truncation of 1/Fj, which is the polynomial (1—Y")/FE;. So
[Y"|H = [Y"](1 -Y")/(E1R;1) = 0, because this is a polynomial of degree less than (v — 1)@,
and BH vanishes on [(v — 1)Q + deg B, Q).

Let n = L —vQ > Q, let Ty be BH truncated below degree vQ, and D = Ef Y"Ty. Then
oD =Y"/(1-Y) (mod Y¥), so the scrambled digits of D in coordinate ¢ are (07,177) on the
positions below L; D is divisible by (z — a.)* for ¢ # ¢ and deg D < m := sL — Q + deg B.
Let Vi be the polynomial of degree less than I whose scrambled digits at these positions are

(07,0, —1,...,—1), and Vo = V§ + D. As in the proof of Lemma 5 (with tails in [0,p~%]), the
two points are at distance at most v/s + 3p~ %, so sep(P,,,) < /s + 3p~(@—degB)/s which tends
to 0 along @ =1 (mod v). O

Remark 17 (What escapes). Theorem 6 says nothing when every coordinate is scrambled
by a lower-triangular matrix that destroys its radical-inverse structure: then the digits of D
in coordinate ¢ would have to be Lgl applied to the carry pattern, which is no longer a run
of one digit in base b. Such scrambles can indeed be quasi-uniform: the base-two sequence of
Theorem 76 is a lower-triangular scramble of both coordinates of the two-dimensional Sobol’
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sequence, with sep(Pax) > 0.3678 for every K, and the sequences of Sections 5-9 are scrambles
of every coordinate of a frame. For random scrambles the picture is different. A random nested
(Owen) scramble makes every (t, s)-sequence almost surely not quasi-uniform [39], and a random
linear (matrix) scramble of a binary digital net with fixed ¢ has mesh ratio Op(log N) under a
uniform coincidence condition, which holds for instance for the prefixes of Sobol” sequences [39,
Thm. 5.5, Lem. 4.10]; this bound does not decide whether a randomly linearly scrambled Sobol’
sequence is quasi-uniform, and we do not know the answer (Section 11).

4. RESIDUES, SELF-SIMILAR SCRAMBLES AND CARRY RESPONSES

Every prefix of a (0, s)-sequence is a net, so at a full level each cell holds exactly one point
(Lemma 1). The separation is decided by where that point sits inside its cell, compared with the
points of the neighbouring cells. This section describes that position and how it changes from
cell to cell. Section 3 showed what goes wrong for the classical sequences; here we see the same
failure at the level of the cells: for the Faure sequence the rule that places the points changes with
the level. The fix has two parts. First, every scramble can be read through residues of the index
polynomial at the places (Lemma 21). Second, for the self-similar scrambles the rule that places
the points is the same at every level (Proposition 22), so one finite check bounds the separation
at all levels (Lemma 23). Sections 5-7 use exactly this machinery, and Section 8 adds the free
digits and windows. The running example is the brick wall W~ in base 7, a two-dimensional
sequence whose neighbouring columns of points are staggered by half a cell, like the courses of
a brick wall.

4.1. Geometric Digits and the Lattice Image. Fix a level K and a point of Psx. Its cell
is n = (ng,...,ns_1), where n, = Y., enc(ye;) ¢ 177 digit i = 0 is the coarsest and digit
K — 1 the finest. As in [18], the next digit 7. := y. i, the first digit below the cell, is the
geometric digit: it locates the point inside its cell up to 1/q of the side. The change of the
geometric digits under a carry-free step of one cell index is the geometric layer of [18]; it is
the one-digit carry response D(1) defined in the next subsection. More generally, for a depth
j > 1let R, € F} be the vector of the j geometric digits yc k.- .., Ye,k+j—1, read as the integer
enc(Re) = >, enc(ye,k+i) ¢ 17" € [0,¢%). In cell units the point is

enc(R.)

¢

where the jitter . collects the digits from K + j on. The lattice image n + enc(R)/q’ of [18]
(there j = 1) is a point of the grid ¢=/Z*, the position predicted by the first j geometric digits;
the jitter moves the true point by at most one grid unit.

(3) quc =N+ + €, 0<e. < q—j’

Example 18 (Running example). The brick wall W~ in base p = 7 is the staggered residue
sequence of Section 5 with s = 2, the Faure places ag = 0, a; = 1, staggered coordinate 1, scale

0 = —% and constants pu = (—4,2) (Example 30; its residue form is given after Lemma 21). Its
generator matrices are Cy = Lo and Cy = L1Pq, with the leading blocks (entries in F7)
1 0 00 2 2 2 2 2 0 0 0
6 2 0 O 4 0 3 6 4 3 0 O
CD=15240]" “9=[3100]" 73510
01 5 1 6 1 2 0 6 2 6 5

Take the index polynomial V (z) = 3 + z (integer index 10 = 3 +1-7). Its digits are Cy(3,1)T =
(3,6,3,1) in coordinate 0 and C1(3,1)T = (1,5,3,5) in coordinate 1. At level K = 1, in the
prefix P, with its 7 x 7 cells, the point lies in the cell n = (3,1), its geometric digits are
(ro,r1) = (6,5), and its lattice image is (3 + 2,1+ 2) = (3.857,1.714). The point itself is at
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Ty = (3.921,1.792): the jitter (0.064,0.077) is less than % With j = 2 geometric digits the lattice
image is (3 + 45,1 + 38) = (3.918, 1.776), within 5 of the point.

4.2. Carries and Carry Responses. The map from the cell digits (yc,i)c, i<k to the geometric
digits (ye,k+i)e,i<j is Fg-linear, since both are linear functions of V' and the cell digits determine
V. We call it the offset map of Psx. Writing the net as the graph of this map is the graph form
of [18] with depths (K, ..., K). The offset map has two kinds of entries. The own entries say
how the geometric digits of coordinate ¢ depend on the cell digits of the same coordinate, the
cross entries how they depend on the cell digits of another coordinate ¢’. We index them by
carry depth, counted from the finest digit: own coefficient n > 1 belongs to cell digit K — n,
cross coefficient n > 0 to cell digit K — 1 — n. The shift by one between the two is chosen so
that a carry of length [ (defined next) involves exactly the own coefficients 1,. .., and the cross
coefficients 0, ..., — 1.

Separation is a question about neighbouring cells, and the step from a cell to its neighbour
is a carry. Increasing no by one changes its [ finest digits, where [ — 1 is the number of trailing
digits with code ¢ — 1; we call [ € [1, K] the carry length. For prime ¢ the step adds 1 to each of
these [ digits. The toroidal wrap, the step from the last cell ¢ — 1 to the cell 0, changes all K
digits; we count it as a step of carry length K.

Let D;(1) € F*° be the change of the geometric digit K +i of coordinate ¢ (row) when 1 € F,
is added to each of the [ finest cell digits of coordinate ¢’ (column), with D;(0) = 0; this is the
carry response. For prime ¢ it is exactly the change caused by a step of no by +1 with carry
length [; for ¢ = 4 see Remark 89 in Appendix A. We write D(l) = Dy(l) for the one-digit

response, ol = D(l)[c][c] for the own response and Xc(ic, = D()[c][c], ¢ # ¢, for the cross
response. They are partial sums of the coefficients of the offset map: if O, and X . , are the

own and cross coefficients at carry depth n, then

l) - Zocn = (.%‘) Xc(i—c’ = ZXcec n — ]

1—1:

Xc(—c’ (33)

1—z

with O.(z) = Zn>1 Ocmx and Xe. () =D ,,50 Xc<_c/7nx ; here [2"] F" is the coefficient of z™
in a power series F. A priori all of these depend on K.

In the running example at K = 1, the right neighbour of the cell (3, 1) is the cell (4, 1), which
holds the point with index polynomial V' = 4; its geometric digits are (3,2). The step changes

(ro,71) by (3,2) — (6,5) = (4,4) modulo 7, which is the column (0", X\ ) of D(1).

4.3. Sheared Lattices, Slip Planes and Jumps. Before computing the offset map we de-
scribe what it looks like. Consider a patch of cells in which every step is carry-free (I = 1) and
no geometric digit wraps around modulo ¢q. There the lattice image of the point in cell n is

n+ (11 D(1)n + const,
where the entries of the integer matrix D(1) are the representatives of D(1) realised on the patch.
So on such a patch the lattice images form the sheared lattice (I + D(1)/¢)Z?, and the points
are this lattice plus the jitter, as in the nets of [18]. Two kinds of defects interrupt it. Where a
geometric digit wraps around modulo g, the lattice is offset by one cell; these hyperplanes are
the slip planes of [18]. And where a cell index crosses a boundary of carry length I > 2, which
happens at every ¢'~!-th boundary of that coordinate, the lattice image changes by the column
D(l) instead of D(1); we call this a jump of depth l. (Jumps are not the faults of [18], which
are coefficients of its skeleton digits.) They form a hierarchy: depth-one boundaries everywhere,
depth-two boundaries every ¢ cells, depth-three boundaries every ¢? cells, and so on up to the
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(a) W™, p=17, Ps: cells ng € [40, 54), ny € [100, 110) of 343 x 343; (b) carry responses
every z-step changes (r, 1) by the column D(I) of its boundary depth ! (the same at every level K)
ng =49 =7% depth 3
(U] (U] (U] (U]
e ® = @ o © ) ¢ (¢ @ L0y Xil, O Xgly
(¢} ®
e b © °© ® P ® 1 4 4 0 1
) 3 c) e
® 4 ® <4 ® 2 0 5
® ®
g ™ ) @ &)
® ¢ ) a G ® 3 3 4 0 4
‘ © ® |DE)=(349) °
@ @ © s @
» - o €] SN ® €) 4 6 4 0 4
e (RS ) e c
O\VMM ] 0 ! 0 !
N G ® ¢ T oo o 6 6 4 0 0
® O 4 “les ©_©
’ n ® @ 7T 4 4 0 2
o (D(1) = (4,9) ® o
a CERE S ® a
® e ® ® a ® ® 8 5 4 0 6
o] d c} Y
(V] & > a &4 ®
o ® ™ ® residues mod 7 (4= 1)
el (C) ¢ m a ) .
O lattice image  ® actual point —— jitter depth [=1 depth [ =2 === depth!/=3 O image if carry-free

FIGURE 3. Jumps in the running example W~ (p = 7). (a) Cells ng € [40, 54),
ni € [100,110) of the 343 x 343 cells of the prefix Py, with lattice images and
jitter. Vertical cell boundaries are shaded by their depth (carry length) I: depth
1 everywhere, depth 2 at ng = 42 = 6 -7, depth 3 at ng = 49 = 72. Along
one row the arrows join the lattice images of horizontal neighbours. Every step
changes the geometric digits (rg,r1) by the column D(I) of its boundary depth:
D(1) = (4,4) on the plain boundaries, D(2) = (1,4) at ng = 42, D(3) = (3,4)
at ng = 49; the dashed circles show where a carry-free step would have put the
lattice image. Between boundaries of depth > 2 the points form one sheared
lattice; at each deeper boundary it jumps by an amount that depends only on .

(b) The responses [ = 1,...,8 of W~ (Table 5): the cross response X, g =4 = %

and the own response O; = 0 are constant (the brick wall), while O(()l) and X(()lil
vary with [ and are never periodic (Proposition 92). Note D(2) = (1,4): the own
shift +1 is fatal on its own (Figure 5(b)); the constant cross response 3 is what

keeps the neighbours apart. Exact digits from the generator matrices of Exam-
ple 18.

toroidal wrap, the jump of depth K (Figure 3). A jump is harmless if it moves the neighbouring
point away, and fatal if it moves it onto the point across the boundary.

In Table 5 the jump of depth [ is the difference between the columns D(l) and D(1). In
W~ two of the four responses are constant, that is, they do not depend on the carry length:
X flio =4 = % and OY) = 0 for every [. The other two keep changing with [, so the horizontal
positions change at every deeper boundary, while the vertical stagger by half a cell between
neighbouring columns stays the same. This is the brick wall; the constant half alone gives a
bound at every level (Theorem 32), and the residue form below shows in one line where it comes
from.

Refining the level turns every boundary of depth [ into one of depth [ + 1 and inserts new
boundaries of depth one. For an arbitrary scramble the responses D(l) are new at every level. For
the scrambles introduced below they are the partial sums of one fixed series (Proposition 22); a
refinement then only relabels the jumps, and a bound on the one set {D(I) : [ > 1} is a bound
at every scale.



QUASI-UNIFORM DIGITAL SEQUENCES IN EVERY DIMENSION 25

TABLE 5. The carry responses of the running example W™ in base 7 for carry

lengths [ = 1,...,8, modulo 7. A horizontal step (coordinate 0 moves) changes
(ro,7r1) by (O(()l), Xflio), a vertical step by (X(()lll, Ogl)). The values are the same

at every level K > [ (exact computation from the generator matrices at K = 8
and K = 9; Proposition 22).

l 1 2 3 4 5 6 7 8
O((Jl) (own, horizontal step) 4 1 3 6 6 6 4 5
Xflio (cross, horizontal step) 4 4 4 4 4 4 4 4
0" (own, vertical step) 00000000
X(()l()_1 (cross, vertical step) 1 5 4 4 40 2 6

TABLE 6. The Faure sequence (I,P) in base 7 at the levels K = 1,...,8. Row
2: the depth-one cross coefficient (—1)% (K + 1) of Example 19 (undefined at
K =1). Row 3: the exact separation constant of Pk, computed for K < 4. For
comparison, every response of the running example W™ is the same at all levels

(Table 5).
K 1 2 3 4 5 6 7 8
depth-one cross coefficient - 3 3 5 1 0 6 2
sep(Pak) .8690 .3115 .2463 .0174 - - — -

4.4. The Faure Baseline. The Faure sequence shows what goes wrong without this property:
its offset map changes with the level. Section 3 proves that the sequence is not quasi-uniform;
the following example shows the failure at the level of carry responses.

Example 19 (The Faure offset map). Let s = 2 and consider the Faure sequence (I, P) at level
K. Write V. = Ag + 25 A, with deg Ag,deg A1 < K. The cell digits of coordinate 0 are the
coefficients of Ag, those of coordinate 1 the Taylor coefficients y;; = [(z — 1)"]V, i < K, and
the geometric digit of coordinate 0 is 79 = A1(0). Since 2 A; = V — Ay modulo (2 — 1) and
deg A1 < K, the polynomial A; is the residue of z=%(V — Ag) modulo (z — 1)X. Expanding
K =3 (_ZK) (z — 1)* and evaluating at z = 0, where (z — 1)’ takes the value (—1)¢, the
coefficient of y1 x_1—y in g is

- —K> K—1-n+i Kolon\- <K -1+ Z> K—14n (K + ”)
-1 = (-1 = (-1 .
> () RS () < :
This is the cross coefficient of coordinate 0 at carry depth n. It depends on K: at depth zero it
alternates in sign, and at depth one it is (—1)* (K + 1), which runs through all residues modulo
p as K grows.

So the local picture of the Faure sequence changes at every level (Table 6); at level K = 4 two
of the 7% points are only 0.0174 cell units apart. The nets of [18] conjugate the binomial rows
to a fixed shape by a change of scramble that depends on m; a sequence cannot, because that
would rewrite rows that are already in use. At level K the new freedom of a scramble is row K
of each L., and once chosen it shapes the offset map at every later level. The simplest way to
obtain a bound at every level is an offset map that is the same at every level.
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4.5. Self-Similar Scrambles. The way out is to use the structure that relates the levels:
going one level finer is multiplication of the index by one fixed polynomial w. Fix a frame
(ag,...,as—1;00) over F, and put

s—1
w
w:H(z—ac)qu[z], We = T a :H(z—ab).
c=0 b#c

Since the places are distinct, w has a simple zero at every a.: it is a uniformizer at each place.
Let degV < sK. The first K unscrambled digits of coordinate ¢ are V mod (z — a.)¥, and
a scramble replaces them by an invertible triangular function of themselves. By the Chinese
remainder theorem,

{VidegV < sK} «— [[Fqlzl/((z = ac)™) = Fylzl/(w™)

is a bijection. So the cells of Py are the elements of the ring Fy[z]/(w!), the cell ring, and the
point in a cell is a function of the cell. Every V of degree less than sK has a unique w-adic
expansion

(4) V= uptwt, w@) =) et
k<K b<s k<K

by repeated division by w. Passing from level K to level K41 adds one more w-adic digit (vxp)s
at the top, and the cell ring F,[2]/(w+1) contains w - Fy[z]/(wEt) = F,[2]/(wk): going one
level finer is multiplication by w. The place oo of the index enters only here, through the degree
bound degV < sK.

To compare the places we use one local variable for all of them. Let x stand for w. For every
c there is a unique power series z.(z) € a. + 2Fy[[z]] with w(z.(x)) = @, the local root at a; it
exists because w'(a.) = we(ac) # 0, and 2.(x) = ac + z/w'(a.) + O(x?). The s local roots are
the s roots of w(Z) = z in F,[[z]], so

(5) w(Z)—x = H(Z — z(x)).

c
Substituting z = z.(z) into (4) gives V (2.(x)) = 3} ze(z)? vp(2): at every place the w-adic digits
of the index become the z-adic digits of a power series.

Every scramble can be written in this local variable, one unit series g., per row: y., =
[2"] gen () V (20(0z)), where row n of L. and the coefficients of g, up to 2" determine each
other (the Riordan form, Lemma 90 in Appendix A). Multiplication of the index by w multiplies
V(2:(0x)) by Oz, since w(z.(0x)) = Oz. If all rows of L. share one series, the digit series therefore
transform as Y.(wV') = 0z Y.(V): refinement shifts every digit by one place and multiplies it by
6.

Definition 20 (Self-similar scramble). A scramble (Lo,...,Ls—1) of the frame is self-similar
with scale 0 € F; and multipliers go, ..., gs—1 (unit series) if

Yen = [2"] ge(z) V (2c(02)) for all ¢, n, V,

with one common 6. Equivalently, Y.(z) = g.(x) V(2.(6x)) for every coordinate, and the gener-
ator matrices are C.[n][k] = [2"] ge() zc(02)F: column k of C. is the series g. z.(0x)*.

For § = 1 the prefix Py, shrunk by the factor g, reappears in the corner box [0,¢71)* of
Py (i 41); for general 6 the shrunk copy is in addition multiplied digit by digit by 6. In the
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running example (Faure frame w = 22

local roots begin
go = 14624522 +2%4- - | g = 244243224623+ -+, 2(02) = 14+-5x+322 +5a3 +at 4 - -

and zg(fzr) = 1 — z1(Ax). Column 0 of Cy is g1, that is (2,4,3,6), and column 1 is g1z =
2+ 0z 4+ 22 + 23 + ---, as in Example 18. One series per coordinate generates every row.
The Faure sequence (I,P) is not self-similar for any 6: its offset map depends on K, and by
Proposition 22 below a self-similar offset map does not.

—z,p=717,scale § = —i = 5) the multipliers and scaled

4.6. Residue Form. The multipliers g. are series in the common variable x; for the construc-
tions of the following sections it is better to write them at the places themselves, as functions of
z. A residue does this. Recall that Res,(F dz) is the coefficient of (z — a)~! in the expansion of
F in powers of z — a, and that a Taylor digit is a residue, [(z — a)*]V = Res,(V (2 — a)*"1d2)
(Section 2). A polar differential at a of pole order n + 11is Y, Ax(z — a) ™~ 1dz with A, # 0;
its terms are the principal part of a function at a.

Lemma 21 (Residue form of a scramble). Let ao,...,as—1 € F, be distinct places and w =
[I.(z —ac).

(a) For every scramble (L.) of the frame,

Yen (V) = Res,, (V 77«:,71)7 Nen = Z Le[n][k] (2 — ar:)_k_ldza
k<n
a polar differential at a. of exact pole order n + 1. Conversely, every family of polar
differentials 1., at a. of pole orders n+1 (n > 0) defines a scramble in this way.
(b) The scramble is self-similar with scale 6 (Definition 20) if and only if there are unit
power series Y. in z — a, the local multipliers, with

0\ n+1

Yen (V) = Resq, (V goc<—) dz) forallc, n, V.
w

The multipliers and the local multipliers determine each other by

ge(z) = 0 o (2(02)) 2,(0z), pe(z) = 0 ge(w(z)/0) W' (2).
(c) (Residue theorem.) Let F' € F,(z) be a rational function with no poles outside
{ag,...,as_1,00}, and let [z7'|F be the coefficient of z~' in its expansion in pow-
ers of 1/z at co. Then

) “Resq (Fdz) = [z7']F.

In particular the sum vanishes when F = O(z7?) at oo, that is, when the degree of the
numerator of F is at most the degree of its denominator minus 2.

The proof is in Appendix A.2; part (b) is a change of variable © = w in the residue, and
part (c) is partial fractions. In (b) only ¢, up to (z — a.)™ enters row n, just as row n of a
Riordan form depends on g, up to ™. Since V' is a polynomial, a part of 7., or of ¢.(6/w)"dz
that is regular at a. contributes nothing: a scramble is a family of principal parts, one at each
place for each digit. In complex analysis (c) is the statement that the residues of a rational
differential on the projective line add up to zero, > Resq.(F dz) + Reso (F' dz) = 0; over Fy we
need only the elementary form above.

Function fields. Part (a) is the genus-0 case of the construction of digital sequences from
differentials by Mayor and Niederreiter [29]. On the rational function field F,(z) take as their
expansion place the place co of the index, with local parameter 1/z, as their divisor D = —2P,,
where Py is the zero of z, and as their places the points a.. For row n of coordinate ¢ take
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the differential w = —z_QnC,n. It has a pole of order n + 1 at a., at most a double pole at 0
(one of order n + 3 if a. = 0), no other pole, and it is regular at oo, so it is an admissible
basis element of their chain Q(D) C Q(D — P.) C - --. By the residue theorem, in its expansion
at oo the coefficient of 2771 d(1/z) is Resa,(2"1cn) = Ce[n][k], and every admissible choice
there is of this form. So every scramble of a frame, and hence every sequence of this paper, is
a sequence of [29] in genus 0, and their Theorem 3.1 gives ¢ = 0 (Lemma 1). Niederreiter and
Ozbudak [32] read all coordinates of a point as residues of one differential, at all places, against
powers of a local parameter, and use the residue theorem over all places to prove a duality
and bound the quality parameter. In their language a self-similar scramble reads the differential
V' dz with one local parameter w/6 at every place; their sequences are not of this form, since
their index differentials have their pole at a place of degree two. Both papers aim at the quality
parameter. What is new here is the choice of the differentials, a common local parameter and
simple local multipliers, such that the residue theorem gives relations with one digit of each
coordinate and constant coefficients at every level of a level family, and the use of these relations
for the separation (Sections 5 and 6).
Why residues. The running example is defined by residues (Example 30):

Yyon (V) = —4 Reso(

Vdz ) Vdz )
(z = D(w/O)" /" (z = D(w/o)" /"

In the notation of (b) its local multipliers are ¢g = —4/(z — 1) and ¢; = —8z, and (b) gives
the multipliers go, g1 quoted above. Take degV < 2K and F = V/((z — 1)(w/6)¥). It has poles

only at 0, 1 and oo, and F = O(272) at oo, so by (c) its residues at 0 and 1 add up to zero. The
residue at 0 is yo, x—1(V)/(—4) and the residue at 1 is y1 x(V')/2. Hence

yLK(V) = 2y07K_1(V)/4 = %yng_l(V) for every K Z 1 and degV < 2K :

the geometric digit of coordinate 1 is half the finest cell digit of coordinate 0, and it does not
depend on the cell digits of coordinate 1. A step of ng with any carry length, the toroidal wrap
included, adds 1 to the finest digit and so moves 1 by % = 4; a step of ny; does not move it.
These are the two constant rows of Table 5. The coordinates are read at different places, and
the residue theorem ties them together at every level. Sections 5—7 build on this one identity.

yin(V)=2 Resl(

4.7. The Same Offset Map at Every Level. For a self-similar scramble the offset map is
the same at every level. In words: write the multipliers and the local roots into one s X s matrix
series A(x); the response to a carry of length [ is the [-th partial sum of the single matrix series
I — A(0)A(x)~!, and the level K does not appear, because level K + 1 is level K with one more
digit on top. Precisely, define the frame matriz A and its inverse G,

A@)[[b] = go() z.(02)* (0<ecb<s), G=A"'  G= 1 fﬂg,

with the coefficients A, = [z A, G, = [2%] G and As; = A — >a<i Aaz®. The proposition
describes all j geometric digits; on a first reading one can take i = 0, where A~oG = I — A(0)G.

Proposition 22 (Multi-digit offset map). Let the scramble be self-similar with scale 0 and
multipliers g.. Then for every K > 1,1>0 and 1 <[ < K, the carry response is

Di(l) = [z Asi(2) G(2) =1 = > AaCraia-

More precisely, the coefficient of cell digit K —1—d of coordinate c in the geometric digit K +1
of coordinate c is [z 271 As;G [c][¢']. In particular the offset map does not depend on K, and
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K=1P K =2: P; in one level-1 cell K =3: Ps in one level-2 cell K =2 across ng = 28:
side 77!; all steps carry length 1 side 772; all steps carry length 1 side 77%; all steps carry length 1 carry length 2
o © © clro.m) (? ) ®_® hS ©0.6) 17 ® ® @l mwu 6)
@ @ ) < =4 ® a ®
] v/ O 26 @ O 173 ® a ®
@g OO 2 & @ ® L c ch e ® e
4 L 2% 172
(1.0) "% d @ LOEG S ° (LB Qe X O &) ’
N ST 0 s RO S I S
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0 21 168
® e 2 ¢] S ™ <
@ 0 1 62 1 5 6 ) @ 22 @ 24 25 26 27 ) Hr\@ HN@\T‘] 171 172 173 174 € Qh )
O lattice image (from the first geometric digit) @ actual point —— jitter = step: change of (rg,71) mod 7 O image if carry-free

FIGURE 4. Self-similarity of the running example W~ in base 7. First three
panels: Py with its 7 x 7 cells; the 49 points of P, in the marked cell; the 49
points of Ps in the marked subcell (cell indices printed along the edges). The
panels are not copies of one another; what repeats is the offset map. Inside one
parent cell every step has carry length 1, and in every panel a step to the right
changes the geometric digits (ro,71) by (4,4) and a step up by (1,0) modulo 7
(printed on two arrows). From one panel to the next all first geometric digits shift
by (3,0) modulo 7, as the marked cell shows ((4,6) — (0,6) — (3,6)). Right:
a step across a boundary of carry length 2 (ng = 27 — 28 = 4 - 7) changes the
digits by D(2) = (1,4) instead of (4,4); the dashed circle is where a carry-free
step would have put the lattice image (Figure 3).

the one-digit offset map is the expansion of the matriz series
D(x)
1—a’

that is, O.(x) = D(z)[c][c] and X.c «(x) = 271D (x)[c][¢] for ¢ # c.

D(z):=1—A0)G(z), D()= ][z

Proof. A(0)[c][b] = g.(0)a’ is a Vandermonde matrix with nonzero row factors, so G exists. By
(4) and w(z.(0z)) = Oz, the digit series are Y = A(x)v(x) with 7y(z) = vp(0z), a vector of
polynomials of degree less than K. The cell digits are Y mod 2%, so # = (G (Y mod z%)) mod
2¥. Change the cell digits by 2?1 (one unit at digit a of coordinate ¢/, where 1. is the indicator
vector of ¢’). Then 7 changes by Gk _41», and Y by

Az'Geg_gly =21y — 2" AG>K_oly,

using AG = I. The first term changes only cell digits. The coefficient of 2%+ in the sec-
ond is — >, ApGat14iple with d = K — 1 — a, and this equals [z A.;G 1. because
[z9+1+7] AG = 0. Summing over the [ finest digitsa = K —1,..., K —1,i.e.d =0,...,l—1, gives
[ 27 AsG/(1 — o) = [¢M] As;G, and [25] AG = 1 gives the second form. For i = 0,
A<oG = I — A(0)G; the own coefficient n sits at d = n — 1 and the cross coefficient n at d = n,
which gives the formulas for O., X .. and D(I). O

The proposition holds in every characteristic and for every frame. The torus wrap [ = K is
not special: it is the coefficient of ¥ of the same series.

In the running example the series D(z)/(1 — x) of Proposition 22 reproduces Table 5, and the
table is the same at every level; this is what Figure 4 shows in three nested zooms.
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The responses of a self-similar scramble cannot all be constant. Two responses of one column
(the own and the cross response for s = 2, two cross responses for s > 3) are never both
rational series, so they are never both eventually periodic (Proposition 92 in Appendix A); and
in dimension two, with the places 0 and 1, no scramble has an offset map that depends only on
the finest cell digits, a sheared lattice without jumps, at two consecutive levels K, K +1 > 2
(Corollary 53). Apart from a few constant responses, as in the brick wall, the responses keep
changing with the carry length. Section 7 counts how many exact relations of this kind a sequence
can carry, and Section 8 keeps the remaining responses in fixed sets of allowed values.

4.8. Digit Relaxation. We now turn the offset map into a lower bound on the separation. The
picture is that of [18]. Two points in cells that are two or more cells apart in some coordinate are
at least one cell side apart. So only neighbouring cells matter, and for neighbours the distance
is the cell step plus the change of the lattice image, up to the jitter. The change of the lattice
image is given by the offset map, through the carry responses of the coordinates that move.
The bound in one coordinate. A point sits at the fractional position enc(R)/q¢’ plus a jitter in
its cell; its neighbour one cell to the right sits at enc(R @ o)/¢’ plus its own jitter, where o is
the change of the geometric digits given by the offset map. The worst case over the position R is
the closest the two can come; from it we subtract one grid unit for the two jitters (Figure 5(a)).

For a step e. € {—1,0,1} and a change o € IFZ of the j geometric digits of one coordinate, put

filee,0) = i maX(O, min‘ecqj +enc(R&® o) — enc(R)| — 1),
¢’ ReF},

where @ is digitwise addition in F,. It is the smallest possible gap, in cell units, between the two

points in that coordinate; we call it the guaranteed gap. For ¢ = 7 and j = 1: a backward shift

o = —3 of the neighbour gives fi(1,-3) = %, while the forward shift o = +1 gives fi(1,1) =0,

since the point at the right edge of its cell and the neighbour at the left edge of the next cell can

touch. A coordinate that does not move (e, = 0) is safe when o is near 3, half a cell (Figure 5(b)).

Lemma 23 (Digit relaxation). Let Pix be a (0,sK, s)-net in base q with ¢ > 4 and carry
responses D;(l), and let j > 1. For a step e € {—1,0,1}*\ {0}, carry lengths l» € [1, K] and
digits yor € Fy for the moving coordinates (e # 0), let o, € Fy have the entries
Oc,i = Z € 5i(lc’a yc’)[c] [Cl]’ 1< J,
c:e #0
with 6;(1,y) = D;(l) for prime q and §;(1,y) as in (8) in general. Then

1/2
sep(Psg) > min(l,LBj), LB, := min(z fj(eC,JC)Q) ,

the minimum over all steps e up to sign, all carry lengths and (for non-prime q) all digits yo of
the moving coordinates.

Proof. Let two points lie in the cells n and n’. Represent n’ — n modulo ¢ with entries in
(—q%/2,q* /2]. If some entry has absolute value at least 2, the points are at least one cell
side apart in that coordinate, which gives the 1. Otherwise n’ = n + e on the torus with
e € {—1,0,1}%\ {0}, as each cell holds one point; swapping the points we may replace e by —e.
By (3) the difference in coordinate ¢, in cell units, is

enc(R.) — enc(R .
+ ( C)qj ( C)+5’c—sc, e —ec| < q77.

Its absolute value is at most 2 < ¢% /2, so it is the toroidal difference. The offset map is F,-linear
in the cell digits, and only the cell indices of the moving coordinates change, each by a carry

C
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(a) neighbouring cells, 7 sub-intervals each; (b) guaranteed gap per coordinate: (c) diagonal step, o = (=3, — 2):
worst position R, jitter <1 (shaded) own backward, cross near +1 \/f (1 37+ fi(l, —2)7 =3
gap fi(1, —3)= %’ B fi(1,0): own (moving) = = ;i
— B f1(0,0): cross (at rest)
O e ®
6/7

cell n cell n+1
o= —3 (safe: backward shift): R=5, RGo=2

4/7 4
gap fi(1, +1)=0: points can touch

0@ 2/7

cell n cell n+1
o=+1 (fatal: forward by one): R=6, R&o=0

0 4

-3 -2 -1 0 +1 +2 +3
shift o of the geometric digit (mod 7)

O lattice image ® actual point possible jitter worst-case gap excluded disc (radius = bound)
FIGURE 5. The digit relaxation (Lemma 23) for one geometric digit, ¢ = 7
(schematic with exact values). (a) Two neighbouring cells, each split into 7 sub-
intervals. A point sits at R/7 plus a jitter of at most 1/7 (shaded); its neighbour
in the next cell sits at (R @ 0)/7 plus its own jitter. The worst case puts the
first point at the right end of its jitter and the neighbour at the left end. For
o = —3 (a backward shift) the gap is at least fi(1,—3) = 3/7 for every R; for
o = +1 (forward by one sub-interval) the point at the right edge of its cell and
the neighbour at the left edge of the next cell can touch: f1(1,1) = 0. (b) The
guaranteed gap fi(e,o) over o € F7 for a coordinate that moves to the next
cell (e = 1, own response) and for one that stays (e = 0, cross response). Own
responses must point backward; cross responses must stay near i%, half a cell.
(c) In the plane the coordinate gaps add in squares: a diagonal step with o =
(=3, —2) keeps the neighbour outside the disc of radius \/(3/7)2 + (4/7)2 = 5/7
around the point. The bound is the minimum of these numbers over all steps and
all carry lengths.

of its own length [, stopping at a digit with some value y.; by (8) this gives R, = R. ® o,
for a step +1, and a step —1 is the reverse of a step +1 from the lower cell, which gives —o..
The absolute value is therefore at least fj(ec,0.), and summing the squares over ¢ bounds the
distance in cell units. Finally 6(P,x) N'/* = §(P,x) ¢¥ is the distance in cell units. O

The case j = 1 is the one-digit relaxation of [18], which under its hypothesis (H2) on the
deeper digits in addition gives a coordinate that moves alone no jitter; here the deeper digits are
always counted as jitter. Taking the minimum over all carry lengths [ > 1 instead of [ < K only
enlarges the set, so for an offset map that does not depend on K, such as that of a self-similar
scramble (Proposition 22), the value LB; computed from all [ > 1 bounds sep(Psx) for every
K with ¢ > 4. The bound minimises each coordinate separately, over the position and the
jitter of that coordinate alone. This coordinatewise relaxation is why it is valid without knowing
where the points sit, and also why it can be loose: the worst positions in different coordinates
need not occur in the same pair of points.

Remark 24 (One digit). For j = 1 and prime ¢ = p, o is a single residue and f is explicit:

fl(lv_A)_l_Az;l (O§A<p), fl(l,l):(), fl(_170):f1(17_0)'
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So a backward shift of the neighbour’s geometric digit is harmless, and the forward shift by one
unit is fatal: the point at the right edge of its cell and the neighbour at the left edge of the next
cell can come arbitrarily close. An own response +1 together with vanishing cross responses is
the configuration behind the close pairs of Section 3. In dimension two the terms of the bound

are (f1(1, Ogl))2 + f1(0, Xfl) )2)1/2 for the axis steps of coordinate ¢, and

—c<—cC
1/2
(R (L0 = X{2) 4 (1, x{2, = 0)?)
for the diagonal (+) and antidiagonal (—) steps. In the running example (Table 5) the horizontal
step with I = 1 has o = (4,4) = (-3, 3) and the term /(3/7)2 + (2/7)% = 0.515; the step with

[ = 2 has the fatal own shift 1 and keeps only its cross term fi(0, %) = % = 0.2857, which is the
bound of Theorem 32 at p = 7.

What remains is to choose a self-similar scramble whose infinitely many responses D(l) all
stay away from the configurations that bring neighbours together. The residue form makes some
of them constant by design (Sections 5-6); the rest are kept in windows (Section 8).

5. RESIDUE SEQUENCES

Section 3 located the failure of the classical sequences in one place: each coordinate reads the
index at its own place, and a carry in the last digits of one coordinate is invisible to the leading
digits of all the others. Two points on either side of a cell boundary of one coordinate can then
agree in every other coordinate. The repair must tie the coordinates together, and it must do so
with one fixed scramble, the same for all numbers of points.

Section 4 found the tool. Every scramble reads digit n of coordinate ¢ as a residue of the
index polynomial at the place a. (Lemma 21), and the residues of one rational function at all
the places add up to its coefficient at infinity (Lemma 21(c)). If the coordinates read their digits
from one common rational differential, this identity is a linear relation between digits of different
coordinates, and it holds at every level. For the brick wall it says that the height of a point in
coordinate 1 is half the finest cell digit of coordinate 0 (Section 4).

This section turns that observation into two constructions. The staggered residue sequence
(Section 5.2) uses the identity at the full levels: one coordinate is staggered by a rank-1 lattice
rule in the cell indices of the others. This is the brick wall in every dimension, certified at
every full level for every prime p > 2%, but with a constant of about 2!7%, because the other
coordinates are not controlled inside their cells. The residue sequence (Section 5.3) deletes one
factor of the differential. The same kind of relation then holds one digit earlier, at the prefixes
P, _1, in all coordinates alike, and these prefixes become exactly the lattice image plus jitter
of the nets of [18], with constants that tend to 1 and exceed 1 at moderate primes. Section 6
carries all s geometric digits of the nets at every s-th full level, Section 7 explains why a frame
scramble cannot carry more exact relations of bounded depth, and Section 10 compares the
residue sequence with the window constructions in practice. Throughout this section p is a
prime, the places ag, ..., as—1 € Fp are distinct (sop > s), w = [[.(2 — a.) and w. = w/(z — a).

5.1. The Residue Theorem as a Design Tool. By Lemma 21(b) a self-similar scramble
with scale @ reads digit n of coordinate c as

0\ n+1
Yen (V) = Resg, (V e (a) dz) ,
with a local multiplier ¢, at each place. Take a rational function ® whose finite poles lie at the
places, and suppose that at every place a. the differential ®(6/w)?*+1dz is a constant multiple

of the differential that reads one digit of coordinate ¢. Then for degV < m the residue of
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F =V®(@/w)T*! at a. is a multiple of that digit, and by Lemma 21(c) the residues add up to
[271]F, which is 0 as soon as F' = O(z~2) at co. That is a linear relation among one digit of each
coordinate on the prefix P, the same at every level T', with no carries anywhere: an exact digit
relation (Section 7). The residue theorem over all places also gives the duality of Niederreiter
and Ozbudak [32], where the relations bound the quality parameter (Section 4). Here w/# is a
local parameter at every place at once, so (6/ w)T+1 is a single power of the local parameter at
each place, and each relation involves one digit of each coordinate. The design question is which
® and which local multipliers make this relation useful for the separation. The two simplest
choices are ® = 1/(z — a., ), which reads digit T of every coordinate except one, c,, and digit
T + 1 of ¢, (Section 5.2), and ® = 1, which reads digit T of every coordinate (Section 5.3).

5.2. Staggered Residue Sequences. Fix a coordinate c,, the staggered coordinate, and let
C = {c # ¢} be the others.

Definition 25 (Staggered residue sequence). Let s > 2, let 0, u, € Fy, and let k = (kc)cec €
(F;)S_l be the weights; put p. = —px/kc for ¢ € C. The staggered residue sequence R}, with
check vector v = (v.), ve = k¢ for ¢ € C and v,, = —1, is the digital sequence over F, with the

digits

Yen (V) = pic Resac(

Vdz Vdz
C > een(V) = s Resg ( )
e angap) (©€Oh V) = e Rese (o S
Its generator matrices have the entries (row n, column i, i.e. the coefficient of the index digit V;)

zZ

nlli] = iy —aq)" c
Celnlli] = peb™ " [( c>ng%Jwaw4 (ce Q)
GJMMZMJW@—wﬁﬂ;féW.

The matrix formula is the residue written out: at a. the denominator is (z — a.)" ! times the
unit (z — a, )Jw?*1, so the residue is the coefficient of (2 — a.)™ in V divided by that unit. Each
entry is one coefficient of a power series, computed by truncated power-series arithmetic over
[F,. In the notation of Lemma 21(b) the local multipliers are

Lhe s We
= e (), Pe, = ———,
e Z— G, (c ) . 0

both units at their places, since we, (ac,) = w'(ac,) # 0. So R} is a self-similar scramble, and
Proposition 22 applies to it.

Lemma 26 (Staggered residue sequences have t = 0). C. = L.P,. with a fized lower-triangular
matriz L. whose diagonal entries are Le[n)[n] = pcd™/((ac — ac,) w'(ac)" ™) for c € C and
L, [n][n] = p0" /W' (ac, ). Hence R}, is a digital (0, s)-sequence over Fp.

Proof. At a., ¢ € C, the differential dz/((z — ac, )(w/0)"*1) is (z — a.) ™™ ! times a unit power
series with constant term 0" /((a. — ac, )w'(a.)"1); at a,, the differential dz/((z —ac, )(w/0)")
is (z—ae,) """ ! times a unit with constant term 6" /w’(a.,)". So the digit n of each coordinate is
the residue of V' against a polar differential of exact pole order n+1 at its place, and Lemma 21(a)
gives C, = L.P,, with lower-triangular L.; its diagonal is the constant term of the unit times
e (resp. py). Nothing depends on a level, and Lemma 1 gives ¢t = 0. U

Lemma 27 (The staggered digit is a rank-1 lattice rule). For every K > 1 and every V with
degV < sK,

Yook (V) = keyer—1(V),  more generally — yo, x4i(V) =Y keyer—14i(V) (i >0).
ceC ceC
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Proof. Let F = 05V /((z — a.,)w™). Its finite poles are at the places, and its numerator has
degree at most sK — 1, two less than the degree sK + 1 of its denominator; so F' = O(z72) at
0o, and Lemma 21(c) gives ) Resq, (F dz) = 0. By Definition 25, Res,, (F dz) = ye, k(V)/ s
and Res,, (F dz) = yek—1(V)/ e for ¢ € C. Multiplying by p, and using —p./pe = ke gives the
first identity. The second is the first at level K + 4, since deg V' < sK < s(K + 1). O

For a prime base the finest cell digit y. x—1 of coordinate c at level K is the cell index n,.
modulo p, so the geometric digit of the staggered coordinate is

Te, = Z kene (mOd p),
ceC
a rank-1 lattice rule in the cell indices of the other coordinates. A step of n. by +1 adds 1 to
the finest digit whatever the carry length, the toroidal wrap included, so it moves r., by exactly

kc; a step of n., does not move it. In the language of Section 4: the cross responses Xﬁa_c =k,

and the own response O((i) = 0 are constant, for every carry length I.

So a step in a coordinate of C' offsets the neighbour in coordinate ¢, by a fixed amount, and
the theorem below measures how far from 0 these offsets stay. For x € [F,, we write |z| € [0,p/2]
for its centred absolute value, the absolute value of its representative in (—p/2,p/2).

Theorem 28 (Staggered residue sequences). Let p > 5 and put

. kel -1 ' /
k) = min S — k-e = kee € Fp.
B(k) e'e{-1,0,1}¢\{0} p c;* ’

Then sep(Psi) > B(k) for every K > 1. If B(k) > 0, the sequence is quasi-uniform, with
5(Py) = (B(k)/p)N~Y* for every N > 2 and h/5 < /sp/B(k).

Proof. We apply the digit relaxation (Lemma 23) with j = 1 and keep only the term of coordinate
¢4 For a step e with any carry lengths, the change of r., is 0., = k-¢€’, where € is the restriction
of e to C' (the constant responses above). If ¢/ = 0, then e., = +1, 0., = 0, and the term is
fi(£1,0) = (p—1)/p. If ¢ # 0 and e., = 0, the term is f1(0,0) = (Jo| — 1)/p: the two positions
enc(R) and enc(R + o) differ by & or p — &, where ¢ € [1,p — 1] represents o, and the smaller is
lo|. If ¢’ # 0 and e., = £1, then fi(1,0) = (6 —1)/p and fi(—1,0) = (p — & — 1)/p are both at
least (|o| —1)/p. Since |o| < p/2, the minimum over all steps is min(1, 3(k), (p — 1)/p) = B(k),
and Lemma 23 (with p > 5) gives sep(P;x) > B(k). The last statement is Lemma 2 with
M = sN and Remark 3. O

What the theorem sees. Take integer representatives k. of the weights and put l;c* = 0. In cell
units, the height of the point in cell n in coordinate ¢, is n., + frac(l;: -n/p) up to a jitter of
1/p. Reducing modulo p only subtracts integer multiples of the unit vector 1., , so these heights
form, globally and at every level, the lattice (I + 1., kT /p)Z? in the coordinate c,: a wrap of 7,
is a translation of this lattice, so there are no slip planes and no jumps in that coordinate. The
other s — 1 coordinates are not designed. Inside its cell a point can sit anywhere in them, a jitter
of a whole cell; two points in neighbouring cells may agree in every coordinate except c¢x, and
only the gap (Jk - €/| — 1)/p in coordinate ¢, is left. That is what §(k) measures.

Corollary 29 (Dyadic weights). Let p be an odd prime, order C as cy,...,cs—1 and put ke, =
275 € F,. Then
lp/2°7 ] -1

Blk) = =—
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and no weights k € (F;)s_l give a larger value of 8. In particular, for every s > 2 and every
prime p > 2° the staggered residue sequence with dyadic weights is a quasi-uniform digital (0, s)-
sequence with sep(Psi) > (|p/2°~t] —1)/p for every K > 1; and B(k) > 0 for some k only if
p > 2°.

Proof. For ¢’ € {—1,0,1}*71\ {0} we have k- ¢ = A/25"! with the integer A = Y, e[2071
and 0 < |A] < 2571 — 1 (A # 0 because the term of the largest i with €} # 0 exceeds the
sum of the others in absolute value). Let = be the centred representative of A/2°!. Then
2571z — A is an integer multiple of p, and it is nonzero, since otherwise 2°~! would divide A.
Hence 2°71|z| > p—|A| > p—25"1+1, and as |z| is an integer, || > [(p+1)/2571] -1 = |p/2°7].
So B(k) > (lp/2°7'] = 1)/p.

Conversely, let k be any weights and consider the 257! subset sums Sy = Yoccn ke € Ty,
A C C. The difference of two of them is k - ¢/ with ¢/ = 14 — 15 € {~1,0,1}¢ \ {0}. If all
these differences have centred absolute value at least d > 1, the 25! sums are distinct points
of the cycle Z/pZ at mutual distance at least d, so 2°71d < p. Hence ming|k - €/| < [p/2°7!]
and (k) < (|p/2°71| — 1)/p, with equality for the dyadic weights by the first part. Finally
|p/2571] > 2 if and only if p > 2% that is p > 2% then p > 5 and p > s, and Theorem 28
applies. ]

The dyadic weights stagger the coordinate ¢, by multiples of 27 of a cell: half a cell for
one other coordinate, quarters for two, and so on. Their value tends to 2' =%, and the corollary
shows that no other weights do better for this bound. The cap is a property of the certificate,
not of the sequence: the argument of the second part uses only the steps with e., = 0 and carry
length 1, so it caps every one-digit relaxation that keeps only the term of a single coordinate.
The separation itself is larger. For instance, the exact values of sep(Ps) (K = 1) computed for
s =4 and s = 5 lie between 0.1985 and 0.4837 (for instance, with the Faure places, ¢, = s — 1
and 0 = 1, 0.3678 for s = 4, p =17, and 0.4837 for s = 5, p = 37), against = 1/17 and 1/3T7;
whether such values persist for all K is open. For p = 11, 37 and 211 in dimension 3, 4 and 5 the
corollary gives 1/11, 3/37 and 12/211; in dimension three it gives 9/41, 24/101 and 251/1009 at
p =41, 101 and 1009.

Example 30 (The brick wall). Let s = 2, with the Faure places ap =0, a; = 1 (so w = 2% — z,

wo = z — 1, w; = z), staggered coordinate ¢, = 1, scale § = —% and constants p = (uo, ts) =

(—4,2). The weight is kg = —pus/po = %, the dyadic weight for s = 2. The digits are

Vdz Vdz
, V) =2Rest (),
i) el =2 (e
and the local multipliers are pg = —4/(z — 1) and ¢ = 22/0 = —8z. For p = 7 the generator
matrices are those of Example 18 (a direct check of the 4 x 4 blocks). By Lemma 27, r; = %ng
(mod p): the height of a point in coordinate 1 moves by half a cell from one column of cells to
the next and stays fixed along a column, at every level and every carry length. These are the

Yo (V) = —4 Reso(

constant responses X 1(20 = % and Ogl) = 0 of Table 5.

Definition 31 (Brick wall). For an odd prime p, the brick wall W~ is the staggered residue
sequence of Example 30 over [F),.

In the multiplier form of Definition 20, Lemma 21(b) turns the local multipliers into gy =

2/(VI-z(14++v1—1)) and g = (14 v1—12)/v1—x, where /1 —z € F,[[z]] has constant
term 1 (the scaled local roots are zp1(fx) = (1 F+/1—x)/2). In that form the two constant
responses need a computation with the frame matrix; the residue form gives them in one line.
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(a) staggered residue sequence W (b) residue sequence R,, v=(3, — 1), (c) zoom: 13 x 13 fine cells; shaded:
p=13, P, sep =0.4726 p=11, Py (1331 points) Ay; sep(P3) =0.7651
e PO PO [ S — : SR 1,3)

a —— — fo— *

Pert Lt

—a  —e

e A —a

HENN

height of coordinate 1 (designed) O lattice image (fine-cell corner) —— jitter ~® point O closest pair

FIGURE 6. The two residue constructions, exact points from the generator ma-
trices. (a) The brick wall W~ (staggered residue sequence, s = 2) for p = 13, the
full level P» with its 13 x 13 cells. In each cell the blue segment is the designed
height of the point in coordinate 1, ny +r1/13 with r1 = no (Lemma 27): it is
constant along a column and moves by half a cell from one column to the next.
The horizontal position is not designed. The circled closest pair sits in neigh-
bouring columns at almost the same horizontal position; exact sep(P2) = 0.4726
(also at m = 4,6), certified bound 5/13 = 0.3846 (Theorem 32). (b) The residue
sequence R,, s = 2, p = 11, places (0,1), 6 = 1, v = (3,—1) (the Korobov
vector, p = 3), the prefix P; (level K = 2, fine cells of side 1172). (c¢) Zoom
on the marked 13 x 13 fine cells. The shaded fine cells are those of the lattice
Ay, = {b:3bp — by =0 (mod 11)}, spanned by (1,3) and (—3,2); each holds
exactly one point, and no other fine cell holds one (Theorem 36(i)). The lattice
image of a point is the corner of its fine cell, and the jitter moves it by less than
one fine cell. Exact sep(P3) = 0.7651 (0.6238 at m = 5 and m = 7), certified
bound )\jit(/\v)p_l/2 = 2//11 = 0.6030 for every Por_1.

Theorem 32 (Brick wall). For every prime p > 5 the brick wall is a digital (0,2)-sequence over

Fp, with
p—3
sep(Par) > 5 for every K > 1,
P
and it is quasi-uniform.
Proof. This is Corollary 29 with s =2: |p/2] =1 = (p — 3)/2. O

The proof uses one coordinate and one geometric digit. Coordinate 0 is left to the frame: two
points in neighbouring columns of cells can sit at almost the same horizontal position, and then
they are only about half a cell apart (Figure 6(a)). To do better in the full levels the horizontal
positions must be controlled as well; then, in a self-similar scramble, the half can no longer be
kept exactly (Proposition 92) and has to be kept in a window, which is the hexagonal brick wall
of Section 8. The next construction instead reads one relation of the same kind in all coordinates
alike.

5.3. Residue Sequences. The staggered residue sequence reads its relation at two scales: the
coordinates of C' at the scale of the cells (their finest cell digit y. x—1), the coordinate ¢, one
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digit deeper (its geometric digit y., x). That is why the coordinates of C keep a jitter of a whole
cell. The remedy is to read the relation at one common scale in all coordinates. Deleting the
factor 1/(z — a,) from the differential does exactly this: every coordinate then reads the same
differential V dz, and the residue theorem relates the digits y. x—1 of all coordinates, at the
prefixes Psx_1, one digit before the full level.

Definition 33 (Residue sequence). Let s > 2, 6 € F, and let v = (vo,...,vs-1) € (F})° be a
check vector. The residue sequence R, is the digital sequence over F,, with the digits

Yen(V) = 07  Res,, (V(%)”Hdz), Cuolni] = v710" 1 (2 — ae)"]

Zi
wc(z)nJrl :

Its local multipliers are the constants ¢. = v, !, and by Lemma 21(b) its multipliers are

ge(z) = 02.(0x)/v.: in the common uniformizer w, every coordinate reads the w-adic digits of
the differential V dz at its own place, where the classical frame reads those of the function V.

Lemma 34 (Residue sequences have t = 0). C. = L.P,. with a fized lower-triangular L.,
Le[n][n] = v 10" Jw!(ac)" ™. Hence Ry, is a self-similar digital (0, s)-sequence over F,.

Proof. At ac, (0/w)"*'dz is (z — a.)™""! times a unit with constant term 6"!/w’(a.)"*?;
Lemma 21(a) and Lemma 1 conclude as in Lemma 26. O

Lemma 35 (The skeleton relation). For every K > 1,

Z”Z/ (V) = 0, degV < sK — 2,
— oR-t 0K [2*K-11V, degV = sK — 1.

Moreover Y . veye,k—14i(V) =0 for every i > 0 and every V with degV < sK — 2.

Proof. Let F = 0KV /wX. Then vey.x-1(V) = Res, (F dz), and by Lemma 21(c) the sum is
[z71F. As w® = 25K 4. .. wehave F = 05 [2*K-1]V. 271 1+ O(272) at co when degV < sK —1,
which gives both cases. The second statement is the first at level K + i. O

Skeleton coordinates and fine cells. The prefix P,x_1 has N = p* ~! points, one digit fewer
than a full level. Choose one coordinate ¢y and give it K — 1 cell digits and every other coor-
dinate K; the boxes with these depths have volume p~5—1) g0 each holds exactly one point
(Lemma 34). In the language of [18], cg is a skeleton coordinate, and its next digit ye, x—1, the
skeleton digit, is fixed by Lemma 35: yqy, k-1 = —vc_ol ZC#O Vele, K —1, @ rank-1 lattice rule in
the finest cell digits of the other coordinates. Every coordinate can play this role; the relation
Y e VeYe,k—1 = 0 is symmetric, and we call it the skeleton relation.

Fine cells and the lattice. Giving every coordinate K digits instead turns the skeleton relation
into a statement about cubes. The fine cells of Py_1 are the cubes of side p~%, and the fine
cell of a point is 7 = (fie), fe = 3 i Yei & 171 € [0,p) (this is [p¥y.] unless the digits of
ye end in p — 1). The skeleton relation is a relation among the last digits of the fine-cell indices,
so it describes a lattice. For a check vector v let

Ay = {b €7 zcjvcbc =0 (mod p)}, X (A) = min [l = 1),
where |b] and ()1 are taken coordinatewise. A, is the Construction-A lattice of the linear code
with parity-check vector v [8, Ch. 5], of index p in Z*; \jit(A) is the length of its shortest nonzero
vector after one unit of jitter is subtracted in every coordinate [18].

Theorem 36 (Residue sequences). Let s > 2 and let v be a check vector. For every K > 1, with
N = psK—l:
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(i) the fine cells occupied by the points of Psx_1 are exactly the elements of A, N[0, p%)?,
each holding one point;

(i) sep(Psx—1) = p~ Y% Nji(Ay).

Proof. (i) The fine cell n of a point determines its first K digits in every coordinate, and f, =
Ye,k—1 (mod p) (for a prime base the K-th digit is the last base-p digit of fi.). By Lemma 35,
Y Ve = 0 (mod p), so 7 € A,. The fine cell determines the box of depths (K,..., K, K —
1, K,...,K) of any skeleton coordinate, which holds one point, so distinct points lie in distinct
fine cells. The p*® ! points therefore occupy p*S~! distinct elements of A, N [0, p™)*. This set
has exactly p*® ! elements: A, contains pZ*, and it is the union of p** /p classes modulo p*,
one element of [0, p™)* each. So every element is occupied.

(ii) Let two points lie in the fine cells 7 and 7/, and let b. be the representative of 7, — f,
modulo p in (—p% /2,p% /2]. Then b =7’ — 7 (mod p), so b € A,, and b # 0 by (i). In units of
the fine-cell side p~%, coordinate ¢ of the two points differs by b. + 2p’® + € on the torus, with
z € Z and |e| <1 (each point lies in the closure of its fine cell). For z # 0 the absolute value is
at least p® — |be| — 1 > |be| — 1, and for z = 0 it is at least |b.| — 1. So the toroidal distance is
at least p~5|(|b] — 1)+ |l2 > p~F N\jiw(Ay), and p~ KNS = p=1/s, O

The link to the nets: lattice image and jitter. Part (i) says that Psx_1 is, in the words of [18],
a lattice image plus jitter. The lattice image of a point is the corner 72 p~ % of its fine cell; these
corners are all of p~% A, on the torus, one global lattice with no slip planes and no shifts of the
lattice between neighbouring cells of Psx—1 (no faults in the sense of [18]); and the jitter moves
each point by less than one fine cell in every coordinate (Figure 6(b),(c)). This is the net with
one skeleton coordinate of [18], whose skeleton digit is a rank-1 lattice rule in the last cell digits
of the other coordinates, and part (ii) is its Euclidean bound [18]. There are two differences.
First, the nets of [18] are built for one size m = sK — 1 at a time, by a scramble chosen for that
m; here one fixed scramble of a frame with finite places gives the lattice image at every m = —1
(mod s) at once, because the skeleton relation comes from the residue theorem and does not
depend on K. Second, the bound of [18] is stated for s > 3; the proof above is self-contained and
covers s = 2 as well. Compared with the staggered residue sequence, the relation is the same
kind of rank-1 rule, now read in the last cell digit of every coordinate: the jitter shrinks from a
whole cell to one fine cell, and the constant is no longer capped.

Corollary 37 (Korobov check vectors). Let p > 2%, p = |p"/*] and v = (p,p?,...,p* 1, —1).
Then Mjit(Ay) > p—1, so for every K >1

-1
Puc1) > (p—1)p /s (1—2 —1/s p—).
sep(Psk—1) > (p )p > max D Tl

In particular sep(Psg—1) > 1/3 for every prime p > 2° and > 1/2 for every prime p > 3°.

Proof. We show that every 0 # b € A, has a coordinate with |b.| > p (as in [18]); then ||(]b] —
1)4|l2 > p — 1. Suppose |b.| < p—1 for all c. The integer T'=Y"._. | p* b, — bs_1 is divisible
by p, and |T| < (p—1)(1+p+---+p*71) = p* —1 < p, since p* < p and p is not an s-th power.
So T'= 0. Reading T" = 0 modulo p gives p | bs_1, hence bs;_; = 0; dividing by p and repeating
gives by = --- = by_y = 0, a contradiction. Finally p'/* < p+ 1 gives (p — 1)p~ /5 > 1 —2p~1/5
and > (p—1)/(p+1); and p > 2 if and only if p > 2%, p > 3 if and only if p > 3°. O

The constant 2 in 1 — 2p~ /% is the same in every dimension. At small primes the first form
is much stronger: for s = 4 and p = 17 it is 0.492, while 1 — 2 - 171/ = 0.0150.
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Corollary 38 (Quasi-uniformity). Let LB = p~'/*\j(A,) > 0. Then §(Pny) = (LB/p) N-1/s
for every N > 2, h/§ < \/sp?/LB, and R, is quasi-uniform. A check vector with Ajit(A,) > 0
exists if and only if p > 2%, and then the Korobov vector of Corollary 37 is one.

Proof. The first part is Lemma 2 with the level family M = sN — 1, whose largest gap is s
(Remark 3). Ajit(Ay) = 0 means that A, contains a nonzero vector e € {—1,0,1}*. If p < 2%, two
of the 2° subset sums ) . 4 v. agree modulo p, and their difference is such a vector; p = 2° is
impossible. For p > 2% the Korobov vector has Ajit > p—12> 1. U

For the primes s < p < 2° the bound is empty, and whether residue sequences are quasi-
uniform there is not addressed here (Section 11). The smallest primes above 2° are 5, 11, 17, 37,
67, 131 and 257 for s =2,...,8.

Better check vectors. Theorem 36 holds for every check vector, and the Korobov vector [26, 36]
is not the best one in the Euclidean norm. (Sakai and Goda [35] also choose Korobov generating
vectors for separation, by lattice basis reduction, for lattice point sets.) Scaling v does not
change A, so every check vector can be written as v = (x,—1) with = € (F})*!, and Ajii(Ay)?
is an integer computed exactly by enumerating the vectors of A, in a box (any vector with a
coordinate larger than B in absolute value has )\jzit > B?). Table 7 lists the best vectors found,
exhaustively over all x where that is feasible. Each entry is a proof of the stated bound for the
listed v, by Theorem 36 and the exact value of )‘j21t5 a value found by a random search is only a
lower bound on the best possible one. In dimension two the bound exceeds 1 at p = 1009, and
in dimension three at p = 10007. At s = 4, p = 1009 the vector of the table improves the value
0.813 of the searched skeleton nets of [18]; the same vector serves there. The best values appear
to tend to /7, the square root of the Hermite constant (1.122, 1.189, 1.231 for s = 3,4, 5); this
is the open limit discussed in [18], and it would transfer to residue sequences verbatim.

Remark 39 (Exact separations). The exact separations at the certified sizes are above the
bound and approach it as K grows (exact computations, illustration only). For s = 3, p = 11,
v=(9,4,—1): sep(P2) = 0.7686 and sep(P5) = 0.6144, against 0.4496; for s = 3, p = 1009 and
the Korobov vector: sep(P2) = 0.9484 against 0.8973; for s = 4, p = 257, v = (4,16,64, —1):
sep(P3) = 0.7638 against 0.7493. All 27 cases computed respect the bound.

Remark 40 (Full levels). At the full levels the residue sequence has only the inclusion bound:
Psie C Pyg41)—1 and Theorem 36 give sep(Psx) > Ajit(Ay)/p, smaller by the factor pt/s7 At
P,k the geometric digits of every point satisfy ). vere = 0 (Lemma 35 at level K + 1), which
constrains the position of a point inside its cell but not its position relative to the neighbours.
The digit relaxation does not do better: its one-digit form applied to the offset map of R, gives
exactly Ajit(Ay)/p in all 13 parameter sets computed (s = 2 and s = 3, primes up to 101, several
places and scales; exact computation). This is a statement about that bound, not an upper
bound on the separation. The measured full-level separations do decrease with K, for instance
from 0.367 (m = 2,...,8) to 0.246 (m = 10) for s = 2, p =5, and from 0.444 (m = 3) to 0.172
(m =6) for s =3, p =11 (evidence, not a claim). A self-similar scramble carries only one level-
independent exact relation of this kind (Proposition 54), so it cannot have both the skeleton
relation of R, and the staggered relation of R}; Section 7 makes this precise, and Section 6
certifies a sparser family of full levels with constants close to 1.

5.4. Comparison. The two residue constructions certify different level families: R every full
level Pk, R, every prefix Psx_1. For the number of points that matters in practice, every N,
Lemma 2 puts them on the same footing: both families have largest gap s, so 6(P[N})N1/S > LB/p
in both cases. Table 8 compares them; in this all-N measure the residue sequence has the larger
certified constant in every case listed. At every full level, on the other hand, only the window
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TABLE 7. Certified bounds sep(Psg—1) > pil/s)\jit(Av) for every K > 1 (Theo-
rem 36), truncated to three digits, for the check vectors v listed and, in the last
column, for the Korobov vector (p,...,p* !, —1), p = [p'/*| (Corollary 37; there
Ajit = p — 1 in every row). )\jzit is exact. Search: E = exhaustive over all check
vectors (z,—1); R = random search over 3 - 10 vectors z, so the value is a lower
bound on the best possible one. Computed with an exact enumeration program,
each run under one minute (Appendix C).

s p best v found A% bound search Korobov
2 11 (3,-1) 4 .603 E .603
17 (4,-1) 9 727 E 727

37 (6,—-1) 25 821 E 821

101 (30,-1) 85 917 E .895

1009 (122,-1) 1060 1.024 E 944

3 11 (9,4,-1) 1 449 E 449
17 (6,2,-1) 1 388 E .388

37 (9,3,-1) 4 .600 E .600

101 (35,13,-1) 13 774 E .644

1009 (105,11,-1) 89 .940 E 897
10007  (7775,9087, —1) 498 1.035 R .928

4 17 (9,15,4,-1) 1 492 E 492
37 (14,4,2,-1) 1 405 E 405

101 (27,9,3,-1) 4 .630 E .630

1009 (443,201,758, 1) 25 887 R 709

5 37 (16,8,4,2,-1) 1 485 E 485
101 (2,4,8,16,-1) 1 397 R 397

1009 (560, 313,92, 858, —1) 9 752 R 501

constructions of Section 8 have constants tending to 1, from large primes on. Section 10 (Table 13)
measures the separation of every prefix up to 222 points in dimension three.

6. BLOCK-PERIODIC RESIDUE SEQUENCES

The residue sequences of Section 5 carry one exact relation per level: the staggered residue
sequence designs one geometric digit at every full level, the residue sequence one skeleton digit
at every prefix Psg_1. The nets of [18] design all s geometric digits of one prefix at once, the
whole geometric layer together with its responses at carry depths up to s — 2, and that is how
they reach separations 1 — O(1/q) at the full levels. A frame scramble cannot do this at every
full level by exact relations: exact relations of bounded depth can design all s geometric digits
on at most a fraction 1/s of the levels (Section 7). It can do it on exactly that fraction. The idea
is to spread the s relations over s consecutive digits: every coordinate reads its digits in blocks
of s, with s different local multipliers, and the residue theorem then installs the complete design
of the nets at every s-th full level, m € s2N. In dimensions two and three this gives 1 — 2/p for
every prime p > 3 resp. p > 5, with a short proof.

6.1. The Construction. A design in the sense of [18] prescribes how the geometric digits
depend on the last cell digits: F},[i][c] is the change of the geometric digit of coordinate i when
the cell digit of coordinate ¢ at carry depth n (the finest cell digit is at carry depth 0) increases
by one. We use designs F' = (Fp, ..., Fs_2) of integer s x s matrices, read modulo p, with partial
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TABLE 8. Certified constants for every K at the level families stated, and the re-
sulting bound for every N, 5(P[N])N1/5 > LB/p (Lemma 2), in units of 1073; all
values truncated. R}: dyadic weights (Corollary 29). R,: Korobov vector (Corol-
lary 37) and the best vector of Table 7.

sep(P,) > all N: LB/p, x1073
R Ry, m=—1 Ry Ry
S p m=0 Korobov bestwv best v
3 37 .216 .600 .600  5.84 16.22
101 .237 .644 774 235 7.66
1009  .248 .897 940  0.24 0.93
4 37 .081 .405 405 2.19 10.95
101 .108 .630 .630  1.07 6.24
1009  .123 .709 887 0.12 0.87
5 37 .027 .485 485 0.73 13.12
101 .049 397 397 049 3.93
1009  .061 .501 752 0.06 0.74

sums M) = Fy + - + Fj; a carry of length [ in coordinate ¢ changes the geometric digits by
the column ¢ of M®™in(bs=1)=1) For places a. and row constants v € (F3)°* put 7ic = 1/(a; — ac)
for ¢ # c. The design is reachable if for every column c and every n < s — 2

Fpli]ld] = Ui_l Tic Ve (Tic) (i # ¢)
with a polynomial v., € F,[X] of exact degree n; the diagonal entries are free. This is the

reachability condition of [18], with the row constants v, 1 and stated for the individual F,
instead of the partial sums, which is equivalent. Write u; = 1/(z — a;).

Definition 41 (Block-periodic residue sequence). Let p > s > 2 be a prime, ao,...,as—1 € F,
distinet places, 0 € F,, v € (F;)° row constants, F' = (Fy, ..., Fs—2) a reachable design, and
¢ > s the block period; if £ > s, let also v" € (F;)® be a second check vector. Put Q = wt/0. At
each place a. define £ local multipliers @, ..., Qcr—1:

(a) the design multipliers v o—1-rn, 0 < n < s — 2: the rational functions with

s—2
wi= =0 S Bl Gor1on  for every i £
n=0

(b) if £ > s, the skeleton multipliers p.; = w' 177 /vl 1 <j<{l—s;
(c) the own multiplier .o = v, Que+ Q3572 Fyldlle] @er1-n-

The block-periodic residue sequence is the digital sequence over I, with the digits
Yeunt; (V) = Resa, (Vpe; Q- Vdz), n>0,0<j <L

So the digits of each coordinate come in blocks of £, and multiplying the index by w’ shifts
every coordinate by one block; for £ = 1 this is a self-similar scramble. The generator matrices
are again one coefficient per entry, C.[fn + j][i] = [(z — ac)* TV 2. (2 — ao) Q=1
The system (a) has a unique solution, and the multipliers have the orders of vanishing needed
for ¢t = 0; both are shown in the proof below.

Theorem 42 (Block-periodic residue sequences). Let £ = s in Definition 41.
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(i) The sequence is a digital (0, s)-sequence over Fy.
(ii) For every K > 1, every coordinate i and every V with degV < s?°K,

s—2
yi,sK(V) = Z Z F, [Z] [C] yc,sK—l—n(V) :

c n=0
at every full level Py the geometric digits follow the design exactly.

(iii) sep(Py2g) > LB(F) for every K > 1, where LB(F') is the one-digit relazation of
Lemma 23 (j = 1) for the carry responses D(1) = M®™»s=1)=1) it js the one-digit re-
lazation of [18] with a jitter of one unit in every coordinate. The level family is M = s°N.

In particular, for every K > 1:
(a) s =2, places (0,1), v=(1,1), Fy = (j _11) sep(Pyx) > 1—2/p for every prime p > 3;
(b) s =3, places (0,2,1), v = (1,L, 1), (Fy, F1) = (M, J) with

272
-1 -1 1 0 0 -1
M=|1 -1 -1|, J=[-1 0 o],
-1 1 -1 0 -1 0
the layer of the three-dimensional nets of [18]: sep(Por) > 1—2/p for every primep > 5;
(c) s >4, the design U} of [18] mowved to the places 0,1, %, e i, withv = (1,1,2,...,s—

1): sep(Pye2g) > 1 — (al +1)/p for every prime p > 5a’ + 4, where a} is the constant
of 18] (a; = 5, a} = 16, a5 = 43, a5 = 170). For s = 4 at every prime 7 < p < 109
and for s = 5 at every prime 19 < p < 109 the value LB(F) = 1 — (a} + 1)/p holds
as well (computer-assisted). Hence sep(Pigx) > 1 — 6/p for every prime p > 7 and
sep(Pysk) > 1 —17/p for every prime p > 19.

(d) The diagonal entries of F' are free: (i)—(iii) hold for every diagonal. Keep the off-diagonal
entries of (c), put Fylc]lc] = —dc and Fy[c][c] = 0 for n > 1, with § = (3,3,3,3),
(7,...,7), (3,12,13,14,13,13), (41,44,59,57,56,6,32) for s = 4,5,6,7 (in the order of
the places). Then sep(Py) is at least 1 —4/p, 1 —8/p, 1 — 15/p, 1 — 60/p for every
prime p > 11, 23, 37, 191, respectively, and sep(Pigx) > V/3/7 at p = 7; also LB(F) > 0
for s =5 atp=11,13,17,19, for s = 6 at every prime 17 < p < 31, and for s =7 at
p=17,19,23 and every prime 31 < p < 181 (computer-assisted).

Proof. (i) Fix c and write ¥, = ¢ s—1—y for the design multipliers. At ac, u; = —> Ti]ffl(z -

ac)¥, so [(z — ac)Fu; = —Ti’z—H. By reachability, (a) reads u; = — ), TicVen(Tic)Un, and its
matrix (—TicYen(Tic))ize, n<s—2 is invertible: the 7. are nonzero and distinct, and the ., have
exact degrees 0,...,s — 2, so the matrix is a diagonal matrix times a triangular change of basis
times a Vandermonde matrix. So (a) has a unique solution, a combination of the u; with constant
coefficients. Comparing the coefficients of (2 —a.)¥, k < s—2, gives 7% = 3" 7o n(7) [(2 —ac)*]0,
at the s — 1 distinct nodes 7 = 74, hence as an identity of polynomials of degree at most s — 2.
Expanding 7% in the triangular basis (Ve shows [(z—a.)¥]9,, = 0 for k < n and [(z—a.)"]9,, # O:
¥, vanishes to order exactly n at a., i.e. ¢.; to order exactly s — 1 — j. The own multiplier
vanishes to order exactly s — 1: v, 'Qu, = v, 'w.w*~!/0 does, and the other terms vanish to
order at least s. As ) vanishes to order exactly s at a., the differential ¢ ;2 ""1dz has a pole
of order exactly s(n+ 1) — (s —1 — j) = sn + j + 1 there. So digit sn + j is the residue of V'
against a polar differential of exact order sn+ j+ 1, and Lemma 21(a) and Lemma 1 give ¢ = 0.

(ii) By (C) with £ = s, yi,sK(V) - Uz‘_l Resai(vuiﬂinz) + Zn FTL[Z][Z] yi,s(K—1)+s—1—n(V)'
The rational function Vu; Q™% has its finite poles at the places, and degree at most (s?K —
1) =1 — s?K = —2; by Lemma 21(c) its residues add up to 0. At a., ¢ # 4, (a) replaces u;

by —wv; Zn Fy, [Z] [C]QPC,S—l—m S0 Resac (VuiQ_KdZ) = Y Zn Fn [Z] [C] yc,s(K—l)—i—s—l—n(V)' Hence
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v; ' Res,, (Vu,Q Kdz) = >ezi 2on Plillc] Ye,sk—1-n(V'), which together with the own terms is
the claim.

(iii) At the full level Py each coordinate has sK cell digits, and its geometric digit is y. sx.
By (ii) it depends only on the cell digits at carry depths 0, ..., s —2, through F'; adding 1 to the
[ finest cell digits of coordinate ¢ changes it by column ¢ of M™ns=1)=1) "at every level and
for every carry length, the wrap included. These responses do not depend on K, so Lemma 23
with j = 1 gives sep(P,2) > LB(F) for every K (as p*% > 4). In LB(F) a moving coordinate
whose change o; is backward, e;0; < 0 with |o;| < p, contributes f1(e;, 07) = ¢|o,41, ¢ = 1—3/p
(Remark 24); every other coordinate contributes at least 0.

(a) F} is absent, so the carry length does not matter, and o = egFyl[-][0] 4+ e1 Fo[-][1]. The axis
steps give o0 = F(1,1) and 0 = £(1, —1): the moving coordinate is backward with |o| = 1, a term
cg = 1 — 2/p. The diagonal steps give o = £(0, —2) and +(—2,0), the terms (¢? + ¢3)'/2 > ¢,.
So LB(F') =1 —2/p for every prime p > 3. Reachability needs only nonzero crosses for s = 2.

(b) Reachability, by hand over Q: in column ¢ = 0,1,2 the values v; M[i][c]/Tic (i # ¢) are
1,1; 1, 1; —%,—%, SO 7c,0 is constant; the values v;J[i][c]/7ic are (—1,0), (0,—1), (%,0) at two
distinct nodes, so .1 has degree exactly 1. All numbers are 0, £1, £2, :I:%, so this holds over I,
for every prime p > 3. With wyg = 1 if the carry length in coordinate d is at least 2 and wqg = 0
otherwise, the changes are o; = —e; — ;41 + (1 —wjt2)e;1o (indices modulo 3), exactly as for the
nets of [18]. The sign analysis there, which uses only this formula, |o;| < 3 < p and at least two
cell digits per coordinate, shows: an axis step has o; = —e;; a step with two moving axes has
two backward coordinates with |o| < 1 and |o| < 2; a step with three moving axes has either a
backward coordinate with |o| = 3 and another with |o| < 1, or a forward coordinate and two
backward ones with |o| < 1 and |o| < 2, or three backward coordinates with |o| < 2. With the
jitter of one unit also on the axis steps this gives

LB(F) = min(ca, (3 + A2 (B + )2, \/§c3) =min(ep, V3e3) =co=1-2 (p>5),

p
since v/3(1 —3/p) > 1 — 2/p exactly when p > (3v/3 —2)/(v/3 — 1) ~ 4.37.

(¢c) Reachability. By [18], U is reachable at the places a. € {00,0,1,...,s — 2} with constant
row scalars: MW [c][d] = Weq Ga ;j(Gea) (¢ # d, 7 < s — 2), where §q; has degree j, coefficients
in Z[1/(s — 2)!] and a leading coefficient whose prime factors are at most s — 2, and W,y =
Jed = 1/(ac — aq) for finite ac, g, Wood = 1, Yood = 0, Weoo = 1, Yeoo = @c. Move the places by
x+— 1/(x+1),s0 ac. = 1/(G. + 1) (ac = 0 for 4, = o00), and let 7. = 1/(a. — aq). For finite
G, Gdy Ted = —(Ge + 1)(aq + 1)Jed, and (@c + 1)Jea = 1 + (aq + 1)Jeq; hence

Ted 1 — B 1 1
dd+1)2_&d+1’ Wed = Oc Ted Sd Qc__&c+17§d_&d+1a
an affine function of 7.4 whose coefficients depend on the column only. For G, = 00! Teeq =
—(&d + 1), Ad(’rood> = 0 = Yood aNd Weod = 1 = 000ToodSqd With 000 = —1. For ag = oc:
Teoo = Ge + 1, 80 Peoo = Aco(Teoo) With Ao (X) = X — 1, and Weoso = 0cTeooSoo With ¢oo = —1.
Therefore M) leld] = 0c Ted sadd,j(Ada(Teq)), a polynomial in 7.4 of exact degree j times 7.4, for
every prime p > s (then ag+ 1 € {1,...,s — 1} and the leading coefficients are units, and the
places are distinct). Differences of consecutive partial sums give the individual F,, so the design
is reachable with v, 1 = —p. after a change of sign of all v, i.e. v = (1,1,2,...,5 — 1) in the
order a = (00,0,...,s8 —2).

The bound. U} has the diagonal Fy[c|[c] = —a. and zero diagonal at the carry depths n > 1,
and it is diagonally dominant: . > ;. max; |M @ [c][d]|, with a¥ = max, a. [18]. An axis step
along ¢ has 0. = —eca, a term 1 — (a.+1)/p > 1 — (aX 4+ 1)/p. On a step with at least two
moving axes every moving coordinate is backward with |o;| < 2a} < p, so the step has at least
two terms caq: 11, and V2(p — 2af — 1) > p —a} — 1 for p > (3 + v/2)a} + 1, in particular for

Jed = Ad(Ted) = T
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s=4: 1—-4/pvs1—-6/p s=5 1-8/pvs1—17/p s=6: 1-15/pvs1—44/p s=7: 1-60/pvs1—171/p

10 100 1000 10 100 1000 10 100 1000 10 100 1000
prime p prime p prime p prime p

F1curE 7. LB(F') of Theorem 42 against p. Grey: U (dashed: 1 — (a} + 1)/p,
written proof for p > ba’ + 4; squares: exact values, c.a.). Blue, all c.a.: the free
diagonal of (d) (solid: 1 — (A4 1)/p past the threshold of Lemma 43; dots: exact
values below it; circles: the quoted values at p = 7, 11 < p < 19). Dotted: the
thresholds. In Lean for s = 4,5,6 (from p = 11, 23, 125), not for s = 7.

p > 5a} + 4. This is the diagonal dominance argument of [18] with a jitter of one unit on the
axis steps. So LB(F) > 1—(aX+1)/p for p > (3++/2)a’ +1 (for s = 6, 7 from p = 191, 757 on),
with equality when a row with a, = a} has the other entries of its column of Fy in {—1,0,1},
since its axis step then attains the bound. The coordinate of the place 0 (the place oo of [18])
has such a column for every s: at carry depth 0 its column is a multiple of (Weso)e = (1,...,1),
and U} takes (1,...,1); for s <10 it has a. = a} (exact computation). As the entries of Fy off
the diagonal are nonzero integers, a. > s — 1, so p > ba? + 4 implies p > s.

Small primes. LB(F') is a minimum over finitely many configurations (steps, and carry lengths
capped at s —1), and the reachability above holds for every prime p > s. Its exact value at every
prime 7 < p < 109 (s = 4) and 19 < p < 109 (s = 5) is 1 — (a} + 1)/p; with 5a} + 4 = 29
and 5af + 4 = 84 this covers every prime p > 7 resp. p > 19 (only the lower bound needs the
computation). Part (d) is proved after Lemma 43. O

The free diagonal. The diagonal of U] is chosen for diagonal dominance, which the nets need:
on every step every moving coordinate is backward. The sequence never uses the diagonal:
reachability and the system (a) involve only the entries F,,[i][c], ¢ # ¢, and in the own multiplier
(c) the diagonal terms carry the factor 2. But LB(F) is set by the worst step, and the axis step
along ¢ pays a. + 1. A smaller diagonal softens this step, as long as every other step keeps one
short backward coordinate or two backward ones. Figure 7 shows the gain. Here changes are
computed in the integers, o = 3, e, M ™nUe:s=D)=D[][c] and a moving coordinate i is backward
if €;0; < 0.

Lemma 43 (Backward coordinates). Let F be a design with partial sums MU, let A > 0
be an integer, and let S = max; Y max; [MU[i][c]|. Suppose that every step e, with every
choice of carry lengths, has a backward moving coordinate with |o;| < A or two backward moving
coordinates. Then LB(F) > 1—(A+1)/p for every prime p > S with (p— A—1)? < 2(p—S—1)%

Proof. For p > S every change has |o;| < S < p, so a backward coordinate contributes Clog|+1
(proof of Theorem 42(iii)). The term of the step is at least c441 in the first case and at least
V2 cS+1 > ca41 in the second. ]

The hypothesis does not depend on p and is a finite check. Diagonal dominance is the case
in which every moving coordinate is backward; for U} (A = af, S < 2a}) the lemma gives the
range p > (3 +v/2)a’ + 1 above.
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TABLE 9. The block-periodic residue sequences of Theorem 42 (M = s2N).

Places and row constants: (0,1), (1,1) for s = 2; (0,2, 1), (%, %, —1) for s = 3;

(0,1,%,...,&), (1,1,2,...,s — 1) for s > 4. “U¥, 0”: U} off the diagonal,
Fylc][c] = —0c. “proof”: written proof; “c.a.”: computer-assisted (exact LB(F'),

and for (d) Lemma 43); each for every prime in the range; in parentheses, further
primes with LB(F') > 0.

s design LB(F) proof c.a.

2 R=(h) 1-2/p p>3 -

3 (M,J), Thm. 42(b) 1-2/p p>5 -

4 U; (above) 1-6/p p>29 7<p<109

5 Ut 1-17/p p> 84 19 < p < 109

>4 U; l—(a;+1)/p p>5a;+4 -

4 Ui, 6=(3,333) 1—4/p - p>11(7)

5 Uz, 6=(1,7,7,7,7) 1-8/p - p > 23 (11-19)

6 UL 6= (31213,14,13,13) 1—15/p - p > 37 (17-31)

7 UZ, 8= (41,44,59,57,56,6,32) 1—60/p - p > 191 (17-23, 31-181)

Proof of Theorem 42(d). Reachability is that of (c). The hypothesis of Lemma 43 holds with
A =3,7, 14, 59 and S = 8, 23, 46, 211 (exhaustive check, computer-assisted), which gives
LB(F) > 1— (A+1)/p for every prime p > 23, 67, 127, 587. Below these primes LB(F) was
evaluated exactly at every prime of the stated ranges (computer-assisted; for s = 5 it is 1/11,
3/13, 3v/5/17, v/101/19 at p = 11,...,19), and Theorem 42(iii) applies. For s = 4,5 the bound
is attained by the axis step at the place 0 (its column of Fy is (1,...,1) off the diagonal, and
dp = A), for s = 6 by the axis step at the place % with carry length 4. O

How far can the diagonal go? With the off-diagonal entries of U fixed, the least A in Lemma 43
gives limy oo p(1 — LB(F)) = A+ 1 (a step whose only backward coordinate has |o;| = A has
the term 1 — (A+1)/p+O(p~2)). An axis step forces 0 < 6. < A, and an exhaustive search over
d € [0, A]* finds no diagonal with A < 2, 6, 13 for s = 4,5,6 (computer-assisted): in this sense
4, 8, 15 are optimal. For s = 7, 60 is the best found, against a7 + 1 = 171.

For s = 4 the design of Theorem 42(c) is, in the order of the places 0,1, %,% and with
v=(1,1,2,3),

-5 2 1 2 0 -3 -1 -1 0 2 0 -1
1 -3 -1 -1 2 0 2 1 2 0 -2 0

Fo=11 o 5 o B1={_1 4 o 3| 2= 1 o0 —2o|’
1 1 1 -3 0 -1 0 0 -1 0 -1 0

the largest diagonal entry is aj = 5, and the design of (d) replaces the diagonal of Fj by —3.
Table 9 collects the data. Figure 8 shows the case s = 2, p = 7 inside and outside the family.

Remark 44 (Exact separations and the levels in between). Exact values (illustration only)
are close to the certified ones: for s = 2, sep(P;) = 0.5730, sep(FPs) = sep(Pi2) = 0.3862 and
sep(Pig) = 0.3610 at p = 3 (bound 1/3); 0.6237 at m = 4,8 for p = 5 (bound 0.6); 0.8383,
0.8604, 0.8909, 0.9016, 0.9177 at m = 4 for p = 11, 13, 17, 19, 23; for s = 3, sep(Py) = 0.6211 at
p=2>5 (0 =1; bound 0.6) and 0.7378 at p = 7 (bound 0.7143); at p = 3, where the bound of (b)
is 0, sep(Py) = 0.4381. Outside the family the separation is not controlled: for s =2, p = 5 the
levels m = 2,3,5,6,7,9,10 have 0.368, 0.366, 0.276, 0.159, 0.354, 0.092, 0.159 (evidence, not a
claim).
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(b) uncertified level m = 6, sep(FPs) = 0.1117

(a) certified level m = 8, sep(Ps) =0.7416
(11 x 11 of the 3437 cells)

(11 x 11 of the 24017 cells)
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FIGURE 8. The block-periodic residue sequence of Theorem 42(a), s =2, p =7,
places (0,1), # = 1 (exact points). (a) The full level m = 8 (2401 x 2401 cells),
11 x 11 cells around the closest pair: each point (dot) lies within one unit of
the last digit of its lattice image n + r/p (open circle); where no geometric digit
wraps, neighbouring lattice images differ by a column of I+ Fy/p (light segments):
patches of Z? rotated by arctan(1/6), scaled by v/37/7 ~ 0.87, separated by slip
planes. Exact sep(Pg) = 0.7416 (0.7613 at m = 4), certified bound 1 — 2/7 =
0.7143. (b) The full level m = 6, which is not in the family 4N: its geometric
digits are not designed, and the closest pair is only 0.1117 cell units apart (exact).

All N. The family s°N has largest gap s, so Lemma 2 gives 6(P[N})N1/S > LB(F)p~* for
every N > 2 and the mesh ratio h/d < /sp*t!/LB(F): these sequences are quasi-uniform,
the strongest of our constructions at their certified sizes, but for all N weaker than the residue
sequences of Section 5, whose bound LB/p is larger whenever p > 2° (for s = 2, p = 5: 0.024

against 0.089).
The lost 1/p. The nets of [18] with the layer (M, J) reach 1 —1/q at every full level for ¢ > 8.

The difference is the axis step: in the nets the deeper digits of a coordinate do not depend on its
own cell, so an axis step has no jitter in the moving coordinate; here it has, and 1 —1/p becomes
1 — 2/p. Whether free data in the scramble can restore 1 — 1/p is open.

6.2. Two Level Families from One Scramble. With a block period ¢ > s the scramble has
¢ — s local multipliers left over. Giving them to a second check vector adds skeleton relations of
the residue sequence at most levels in between.

Theorem 45 (Two level families from one scramble). Let ¢ > s in Definition 41, with the second
check vector v'. Then:
(i) the sequence is a digital (0, s)-sequence over IF;
(ii) for every K > 1 and degV < slK, yixc(V) = .. Zf;% Folilld Yeorx—1-n(V), and
sep(Pyx) > LB(F);
(iii) for every T =1,...,0 —s (mod £) and degV < s(T'+1) —2, > . v.y.r(V) =0, and

Sep(PS(TJrl)fl) 2 p_l/sAjit (Av’)'
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So one scramble is certified on the design levels m € sfN, with the constants of Theorem 42, and
on the skeleton levels m = s(T'+1)—1, T = 1,...,0 — s (mod ¢), with those of Theorem 36:
a fraction 1/0 of the full levels and a fraction (¢ — s)/¢ of the levels m = —1 (mod s). For
instance s = 2, £ = 4: design levels 8N, skeleton levels 3,5,11,13,19,21,...; s =2, £ = 3: 6N
and 3,9,15,...; s =3, £ =4: 12N and 5,17,29,....

Proof. (i) As in Theorem 42(i), with € of order ¢: the design multipliers vanish to the orders
0,...,s — 2, the skeleton multipliers w’='=7 /v, to the orders  — 1 —j € {s —1,...,¢— 2}, and
the own multiplier to the order £ —1. So ¢, ; vanishes to order exactly £ —1 — j for every j, digit
In + j is the residue against a polar differential of exact order ¢n + j 4+ 1, and Lemma 1 applies.
(ii) The proof of Theorem 42(ii),(iii) is unchanged: it uses only (a), (c) and deg(Vu; Q%) < -2,
which holds for deg V' < slK; at Py the geometric digit is digit (K. (iii) Write T' = ¢n + j
with 1 < j < ¢ — 5. Then vly. (V) = Res,, (Vw'~177Q™"1dz) = "+ Res,, (Vw~T"1dz), and
by Lemma 21(c) these add up to 0 when deg V' < s(T + 1) — 2. This is the skeleton relation of
Lemma 35 at level T'+ 1 with the check vector v'. The proof of Theorem 36 uses only ¢t = 0 and
this relation, so it gives the bound. ([

The trade-off is set by ¢: £ = s is Theorem 42; as ¢ grows, almost all levels m = —1 are
certified with the constants of the residue sequence, and the full design appears on a sparser
family. Exact computations agree with both bounds, e.g. for s =2, £ =4, p = 5, v' = (2,4):
sep(Py,) = 0.5999, 0.6264, 0.4995 at the skeleton levels m = 3,5,11 (bound 0.4472) and 0.6787
at the design level m = 8 (bound 0.6). For all N the largest gap between certified levels is still
of order s? (exactly s — s + 1, for every £ > s), so Lemma 2 gives no improvement over the
residue sequence.

6.3. A Skeleton Relation Implied by the Design. Even with £ = s the design can carry a
skeleton relation at the level just after the design level, provided its diagonal is chosen for it.

Proposition 46 (A skeleton relation implied by the design). In Definition 41 (any £ > s), let
v € (Fy)*® satisfy

U = Evg/w'(a;)  for one € € F, and ' F, =0 (modp) foreveryn<s—2.
Then ", v yiox (V) =0 for every K > 0 and every V with degV < s({K + 1) — 2: the skeleton

relation with check vector v holds at the level m = s({K + 1) — 1, in addition to the design at
m = stK. Consequently sep(Psx41)—1) > p_l/s)\jit(Af,) for every K > 0.

Proof. Keep the coefficient at infinity in the proof of Theorem 42(ii): by Lemma 21(c), for every
v,

5—2
Yiex(V) =Y Falille]yeer—1-a(V) +v; 27 (Vs 2™)
¢ n=0
(for K = 0 the sum is empty). Multiply by v; and sum over i. The double sum vanishes
because 9" F,, = 0. By partial fractions Y. u;/w'(a;) = 1/w, so the rest is £[z7(VQ K jw) =
0K [z 1) (V/w'B+1), which is 0 for deg V' < s(¢K + 1) — 2. The bound follows as in Theorem 36.
U

The condition ©7F, = 0 can always be met by the free diagonal, choosing F[c][c] with
Uelyld]lc] = =37, .. ViFy[i][c]. But it has a price. It says that every column of every Fj,, read as
an integer vector of centred residues, lies in Az. Hence

Nit(Ag) < min{|[(|F.[][d] = D4ll2: n <s—2, F,[][c] # 0},
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so a good implied skeleton relation (with Aji(Ag) of order p'/*) forces an entry of order p'/* in
every nonzero column of the design, far from the entries £1 of the nets. (For example a column
(=2, —1) forces Ajix < 1.) In dimension two the price can be paid exactly at the primes one more
than a square.

Corollary 47 (Primes of the form u? + 1). Let p = u?> + 1 be a prime (u even: p =
5,17,37,101,197,257,401,... ), s = £ = 2, places (0,1), v = (—u,—1) and Fy = (=} ). Then
for every K > 1

sep(Parc) > V(u—2)2+ (u2 —u—1)2 > 1_\/pf1+2’

p p
u—1 /p—1-1

sep(Pik+1) > =

VP VP

The fine cells occupied by Pyx+1 form the square lattice Z(1,u) + Z(u, —1).

vV

Proof. For s = 2 reachability only asks for nonzero crosses. With w = 22—z, w/(0) = —1, w'(1) =
1, the vector ¥ = (u, —1) satisfies o; = v;/w'(a;), and 9" Fy = (—u+u, u>+1) = 0. Design levels.
The carry length does not matter, and the four steps give 0 = (=1, —u), (u,—1), (u—1,—u—1)
and (—u—1,1—u). The axis steps have the terms ((p —2)? + (u— 1)2)1/2/]9 > (p—2)/p. On the
diagonal steps the two coordinates contribute (u —2)/p and (p —u —2)/p = (u?> —u—1)/p, and
(p—2)2—(p—u—2)2%— (u—2)% =2pu —2u? — 4 > 0, so the diagonal term is the minimum; it
is at least (p — u — 2)/p. Skeleton levels. By Proposition 46 the skeleton relation with v holds at
m = 4K + 1. The lattice Ay = {b: uby = b1} contains (1,u) and (u, —1), whose determinant is
—p, so they span it, and |m(1,u) + n(u, —1)|*> = (m? + n?)p. The four vectors +(1,u), £ (u, —1)
have [|(]b| — 1)4+]]2 = w — 1, and every other nonzero vector has length at least \/2p, hence
(1] = 1)4ll2 > v2p — V2 > u — 1. So Ajit(Ag) = u — 1, and Theorem 36 applies. O

At the skeleton levels v = (u, —1) is the Korobov vector of Corollary 37 (p = u), so the bound
is the Korobov bound (p — l)pfl/ 2 of the residue sequence; it is about 1 — p~ /2, against the
general lower form 1 — 2p~1/2, because the fine-cell lattice is an exact square. It is the best over
all check vectors at p = 5, 17, 37, 197, not at p = 101, 257, 401, where other check vectors
have a larger )\j2it (85, 241, 369 against 81, 225, 361; exact computation). At the design levels

the constant is 1 — O(p~/2), below the 1 — 2/p of Theorem 42(a): the price of the implied
relation. Exact computations agree: LB(F') = 0.6576, 0.7912, 0.8847 at p = 17, 37, 101, against
sep(Py) = 0.6597, 0.8072, 0.8885; at the skeleton level m = 5, sep(P5) = 0.6406, 0.7988, 0.9094
at p =5, 17, 37, against 0.4472, 0.7276, 0.8220.

Remark 48 (Meeting the density bound). For s = 2 and ¢ > 3, adding the skeleton multipliers
of Theorem 45 to the design of Corollary 47 certifies the design at m € 2¢N and the skeleton
relation at the levels m = 2N + 1 with N # —1 (mod /), i.e. at a fraction (¢ — 1)/¢ of the levels
m =1 (mod 2) (Theorem 45(iii) and Proposition 46). The two densities add up to 1, the largest
value that exact relations of bounded depth allow (Corollary 59). The bound for all N does not
improve on that of the residue sequence: the largest gap between certified levels is 3, against 2
for the residue sequence.

7. How MANY EXACT RELATIONS A SEQUENCE CAN CARRY

The nets of [18] reach separations 1 —0(1/q) at the full levels by designing the whole geometric
layer: at one prefix, every geometric digit is a prescribed linear function of the last few cell digits.
These are s exact linear identities among the digits of the points, and the nets choose them
anew for every size. Sections 5 and 6 install such identities in one fixed scramble, by the residue
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theorem. The staggered residue sequence carries one at every full level, the residue sequence
one at every prefix Psx_1 (its skeleton relation), the block-periodic residue sequences carry s of
them at every s-th full level, and the sequences of Theorem 45 and Corollary 47 share the levels
between two families. In every case this is about one identity per level. Why not s at every full
level? That would put the designed lattice of the nets into every full level of one sequence, with
constants 1 — O(1/p) at every full level and the best bound for all N (Lemma 2).

This section shows that, for exact relations of bounded depth, about one per level is the
limit. The reason is a shortage of digits. Without a depth bound every full level carries s exact
relations, namely the offset map itself: each geometric digit is a linear function of all the cell
digits. A relation of depth at most J at level T uses, in a given coordinate, only the digits
T—J,...,T, and the residue theorem shows that relations at different levels cannot share these
digits: each relation needs a digit position of its own. A range of R + 1 consecutive levels offers
J 4+ R+ 1 digit positions in one coordinate, so it carries at most J + R+ 1 independent relations,
about one per level (Theorem 51 and Figure 9).

Scope. All results of this section are negative, and each holds in exactly this scope. The
sequences are the lower-triangular scrambles C. = L.P,, of a frame of s distinct places in
Fy, the class of Lemma 1; it contains every sequence of Sections 4-6 and every generalized
Faure sequence. The certificates are exact linear identities among the digits, of bounded depth
(Definition 49), whose coefficients may depend on the level. Every statement names its range
of levels. Linearity is no restriction for a designed digit: if a geometric digit is a function of the
last J cell digits at all, it is a linear one, because the offset map is linear and the cell digits
are free. Exactness is a restriction. The windows of Section 8 keep responses in sets of allowed
values instead of fixing them; they are not exact relations, and they do certify every full level.
Digital sequences that are not frame scrambles (for instance Niederreiter sequences with bases
of degree at least two, or sequences with ¢ > 0) are not covered either.

7.1. Exact Digit Relations. Fix a frame (ao, ..., as—1;00) over [F, with distinct places, s > 2,
and a scramble (L.); put w = [[.(z — a.). By Lemma 21(a) digit n of coordinate ¢ is y¢,(V) =
Resq, (V1en) with a polar differential 7., at a. of exact pole order n + 1; so 70, ..., 7.1 are
a basis of the polar differentials at a. of pole order at most T+ 1. For a rational function F'
we write pp,(F dz) for the principal part of Fdz at a: the terms (z — a)%dz, k > 1, of its
expansion.

Definition 49 (Exact digit relation). Let T > 0 and m > sT. An ezact digit relation of top
index T' on Py, is a family of coefficients f., € Fy (0 <c¢<s, 0 <n <T), not all zero, with

Z Z fern Yen (V) =0 for every V with degV < m.
c n<T
It has depth at most J at coordinate c if f., = 0 for n < T — J, and depth at most J if this
holds at every coordinate.

A relation on P, is also a relation on every smaller prefix P/, sT < m/ < m, so the relations
of top index T" on Py contain all others; they form a vector space. The examples of this paper:
(1) A designed geometric digit at the full level Pyp: y; 7 =, Zg;%fj fenYen, a relation of
top index T and depth at most J. A design in the sense of [18] is one such relation for
each of the s coordinates; Theorem 42(ii) gives them at 7" = sK with depth s — 1.
(2) The relation of the staggered residue sequence, y.,7 = .. Lo, keyer—1 on Pyr
(Lemma 27): top index T', depth 1.
(3) The skeleton relation ) vcyer = 0 on Pypipy—; (Lemma 35 at level T'+ 1): top index
T, depth 0.
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(4) The offset map: at every level T', each geometric digit y; 7 is a linear function of all cell
digits of Psyp. These are s relations of top index 1" on Psp, of depth T'.

Example (4) shows that relations as such are not scarce; the depth bound is what makes them
scarce. The next lemma, the one tool of this section, translates a relation into a single polynomial.

Lemma 50 (The polynomial of a relation). Let (f. ) be an exact digit relation of top index T
on Pp,, m > sT. There is a unique polynomial A # 0 of degree at most s(T'+1)—m—1<s—1
with

Z Jen Men = PPq, (A wiT*ldz) for every c.

n<T
The map from relations to polynomials is linear and injective, and f.r # 0 exactly for the
coordinates ¢ with A(a.) # 0. Conversely, every nonzero polynomial of degree at most s(T +
1) —m —1 is the polynomial of exactly one relation of top index T on P,,. Hence these relations
form a space of dimension s(T 4+ 1) —m (if m < s(T +1)): s on the full level Psp, and 1 on
Pyri1y-1-

Proof. Put n. = >, fennen, a polar differential at a. of pole order at most 7"+ 1, and 1 =
> Ne = Edz. The rational function = has poles only at the places, of order at most 7"+ 1, and
vanishes at oo; so Z = A/w?+! with a polynomial A of degree less than s(T + 1). Since 7. is
regular at a. for ¢’ # ¢, 1. is the principal part of = dz at a.. For a polynomial V', the differential
Ve has the same residue at a. as VEdz, so by Lemma 21(c)

S fenten(V) =) Resq, (VEdz) = [z7'] (VE).
(& n (&

This vanishes for all V of degree less than m if and only if the coefficients of z~1, ..., 2~ in the
expansion of = at co vanish, that is, if and only if A=0o0r s(T'+1) —degA>m+1. If A=0,
then every 7. = pp,, (Edz) = 0, and all f.,, = 0 because the 7., are linearly independent; so
A #0and deg A < s(T +1) —m — 1. Uniqueness and linearity are clear, since A = Zw’*!, and
injectivity is the argument just given. The pole order of ppac(Aw_T_ldz) is T'+ 1 exactly when
A(ac) # 0, which is the statement about f,r. Conversely, given A, write pp, (Aw™7"'dz) in
the basis 7.0, . .., n.7; the computation above, read backwards, shows that the coefficients form
a relation on Py,. O

So on a full level there are exactly the s relations of the offset map, and on Py 1)1 exactly
one: in the language of Section 5.3, the skeleton digit of a skeleton coordinate is always a linear
function of the other digits, and the residue sequence is the case in which this function has depth
zero (Lemma 56 below makes this precise). The numerator A also tells which digits a relation
involves. A designed geometric digit of coordinate i has f.7 = 0 for ¢ # 4, so A vanishes at the
s — 1 places a., ¢ # i: A is a multiple of w; = w/(z — a;). The staggered relation (2) has A a
multiple of w,,, and the skeleton relation (3) has a constant A.

7.2. Counting Exact Digit Relations. We call a range of levels [Ky, Ko + R]| admissible for
depth J if

Ko>J and Ky>(s—1)R+s—2.
Every subrange [Ky, Ko + R'], R* < R, of an admissible range is admissible, and for fixed J
every level Ky > max(J, s — 1) starts an admissible range of length about Ky/(s —1).

Theorem 51 (Counting exact digit relations). Let [Ko, Ko+ R] be admissible for depth J, and
fix a coordinate c. For every level T € [Ky, Ko + R| let rp be the dimension of a space of exact
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digit relations of top index T on Psp whose depth at coordinate ¢ is at most J (the depth at the
other coordinates is arbitrary, and the coefficients may depend on T'). Then

Ko+R

Z rp < J+R+1.

T=K,
More precisely, Y . rr is at most the number of digit positions n of coordinate ¢ at which at
least one of these relations has a nonzero coefficient.

Proof. Choose a basis of each of the spaces and let N, be the set of digit positions n of coordinate
c used by some basis relation; N. C [Kog — J, Ko + R], so [N¢| < J+ R+ 1. The place-c part
> femten of each basis relation lies in the span of {1, : n € N}, which has dimension |N|.
It suffices to show that the place-c parts of all ), rr basis relations are linearly independent.

Suppose a linear combination of them vanishes. Group it by levels: the part at level T' is a
relation of top index T' on Psp or zero, with a polynomial Ap of degree at most s—1 (Lemma 50;
Ar = 0 if the part is zero), and the vanishing says that > 5 pp, (Arw™! 'dz) = 0. Put T* =
Ky + R. Then

Y Apw T =w B, B=) Arw" T, degB<sR+s-1,
T T

and w~T" "B has no principal part at a.. As w is z — a. times a unit at a., this means that
(z—a.)T"+! divides B. But T*+1 = Ko+ R+1 > sR+s—1 > deg B by admissibility, so B = 0.
Since deg Ar < s = degw, the expansion B =) ApwT =T is the w-adic expansion of B, which
is unique; hence every Ap = 0, and by Lemma 50 every level part is the zero relation. The basis
relations at each level are independent, so all coefficients of the combination vanish. O

The proof uses one place only, and nothing about the scramble beyond its residue form; it
holds over every F,. The admissibility condition cannot be dropped. For s =2 and J = 1, take
the range [1, 2], which has Ko =1 > J but violates Ky > (s —1)R+ s — 2 = 1. At level 1 every
frame scramble has two relations of depth at most 1, the offset map of P, since a single cell digit
per coordinate is all there is. At level 2 the block-periodic residue sequence of Theorem 42(a)
designs both geometric digits of P4 with depth 1. That is 4 > J + R + 1 = 3 relations. So for
s =2 and J =1 the threshold Ky > 2 is sharp.

Corollary 52 (Designed geometric digits). Let J > 0, and consider a scramble of a frame of
s > 2 distinct places over F.

(a) Let E be the set of levels T at which all s geometric digits of Py are designed by ezxact
relations of depth at most J. Then |EN[Ko, Ko+ R|| < (J+R+1)/s for every admissible
range, and limsupx_,o |[E N1, X]|/X <1/s. Theorem 42 attains the density 1/s.

(b) Two geometric digits, of coordinates i # ', are not both designed with depth at most J
at all the levels Ko, ..., Ko+ J, if Ko > (s —1)J +s—2.

(c) A relation of the form y., 7 = Z#C* kcyer—1 on Psp (as for the staggered residue se-
quence) and a skeleton relation ). veyer = 0 on Pypy1)—1 (as for the residue sequence),
with any coefficients, do not both hold at two consecutive levels T = Ky, Ko + 1 with
Ko > 2s—2.

Proof. (a) The s design relations at a level T' € E are independent, since the relation of coordi-
nate ¢ has the coefficient 1 at y; 7 and 0 at y; 1, i’ # i. Theorem 51 gives s|E N [Ko, Ko+ R]| <
J+ R+ 1. For the density, cover the levels from 77 = max(/J,4s) to X by consecutive admissible
ranges [Ty, Ty, + Ry with Ry = [(Tx, —s+1)/(s — 1) and Ti41 = Ty + Ry + 1, the last one cut
at X. Then (s — 1)Ry < Tj — s+ 1 gives admissibility, and T}, > 4s gives Ry +1 > T}, /(2s — 2),
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(a) residue sequence (b) block-periodic residue sequence (c) full design at every level
6 relations on 6 digit positions 6 relations on 6 digit positions 12 relations on 7 digit positions (excluded)

11m [ ] n

10 m . u u II
om O . Il Il

s OJ . Il
= . Il

o
6l. n I
5 n I n I

digit position n of coordinate 0
[]
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level T (top index) level T (top index) level T (top index)

FIGURE 9. Why exact relations are scarce (Theorem 51), for s = 2 and the
range of levels T'= 6, ..., 11, which is admissible for depth J = 1. Each column
is a level T'; each row is a digit position n of coordinate 0. A relation of top
index T is drawn as a bar in column T covering the digit positions at which it
has nonzero coefficients in coordinate 0 (depth J = 1: positions 7' — 1 and T)).
The parts in coordinate 0 of all relations of the range are linearly independent
(proof of Theorem 51), so there are at most as many bars as rows touched (black
squares). (a) The residue sequence: one skeleton relation per level, at position
T (Lemma 35). (b) The block-periodic residue sequence of Theorem 42(a): both
geometric digits designed at the even levels (Theorem 42(ii)); the relation of
coordinate 0 uses the positions T'— 1 and T', that of coordinate 1 only T — 1;
no relation at the odd levels. (¢) Both geometric digits designed with depth 1 at
every level would need twelve bars on seven rows; Corollary 52(b) excludes it.

so the ranges grow geometrically and there are O(slog X) of them. Summing the bound over
the ranges, |[EN[1, X]| <T1 + (X + J - O(slog X))/s, and the density statement follows. The-
orem 42 designs all geometric digits at the levels T' € sN. (b) The two design relations at each
level are independent (as in (a)), so the range [Ko, Ko + J], which is admissible, would carry
2(J+1) > 2J+1 relations. (c) Both relations have top index 7" and depth at most 1, and they are
independent: the first has a polynomial A that is a nonzero multiple of w,_, of degree s —1 > 1,
and the second a constant one (Lemma 50 and the remark after it). The range [Ko, Ko + 1] is
admissible for J = 1 when Ky > 2s — 3, and would carry 4 > 3 relations. ]

The case s = 2, J = 1 of the one-place form is the obstruction stated in Section 4: no scramble
of the frame (0, 1;00) in dimension two has a sheared lattice without jumps at two consecutive
levels K, K +1 > 2. We state it as a corollary; Appendix A.3 gives a direct proof, which needs
even less: only that coordinate 0 is lower triangular and that Pox and Pi 42 are nets.

Corollary 53 (No lattice offset map). Let s =2, a9 =0, a1 =1, K > 2, and let (Lo, L1) be any
scramble over any F,. The following three conditions do not hold together: the cross part of the
offset map of coordinate 0 depends only on the finest cell digit of coordinate 1 at level K ; it does
so at level K 4+ 1; and the own part of the offset map of coordinate 1 depends only on the finest
cell digit of coordinate 1 at level K. In particular no scramble of this frame has an offset map
that depends only on the finest cell digits (a sheared lattice without jumps) at two consecutive
levels K, K +1 > 2.
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Proof. The three conditions are relations of top indices K, K+1 and K, on Pog, Paic10 and Pog:
Yo,k = X y1, k-1 + (cell digits of coordinate 0), yo x+1 = X' y1,x + (cell digits of coordinate 0),
and y1,x = O y1,k—1+ (cell digits of coordinate 0). The two relations at level K are independent
(one has the coefficient 1 at Yo,k and 0 at yq i, the other the reverse). In coordinate 1 the three
relations use only the digit positions K —1 and K, and the range [K, K +1] is admissible for depth
1 because K > 2. The refined form of Theorem 51 at coordinate 1 gives 3 < 2, a contradiction.
A finest-digit offset map at the levels K and K + 1 satisfies all three conditions. 0

7.3. Self-Similar and Block-Periodic Scrambles. For a self-similar scramble the offset map
is the same at every level (Proposition 22), so a relation is most useful when its coefficients do
not depend on the level. Theorem 51 then allows at most one such relation, and the residue form
says which one.

Proposition 54 (A self-similar scramble carries one exact relation). Let the scramble be self-
similar with scale 6 and local multipliers p. (Lemma 21(b)), and let J > 0. Call a family 9. ; € F,
(0<c<s,0<i<.J) notall zero, a level-independent relation if there is Ty > J with

J
Z Zﬁcﬂ- Yer—i(V) =0 for every T > Ty and every V with degV < sT,
c =0
a relation among the geometric digit y.r and the last J cell digits at every full level from Ty on.
Put Oc(z) =3, Ve izt
(i) For every level-independent relation there is a polynomial A # 0 of degree at most s — 1
with @. - V.(w/0) = A as power series at every place a.. The level-independent relations
form a space of dimension at most one.
(ii) If the relation holds on the larger prefives Psri; for every T > Ty, with 1 <1i < s—1,
then deg A < s — 1 —i. On the prefizes Pyry1)y—1 (i=s—1), A is a constant.
(iii) Let ¢ = p be prime. The scramble satisfies ye, 7 = Z#C* kcyer—1 on Psr for every
T > Ty if and only if every k. # 0 and it is a staggered residue sequence R} with these
weights (Definition 25). It satisfies a skeleton relation ) veyer = 0 on Pyripy—1 for
every T > Ty if and only if it is a residue sequence R, with scale 6 and a check vector
v' proportional to v (Definition 33). No self-similar scramble has both relations.

Proof. (i) At level T, ye1—i(V) = Resa, (Vpe(8/w)T = 1dz) and (0/w)T =1 = (w/0) (0 /w)TH1,
so the place-c part of the relation is pp, (67 ™ ¢p.0.(w/0) w™T"'dz). By Lemma 50 it equals
pp,, (Arw~T71dz) with a nonzero polynomial Ar of degree at most s — 1. Two functions
Hiw T~ Hyw T=! with Hy, H, regular at a. have the same principal part there if and only
if H) = Hy mod (z — a.)"*. So Ay := 0~T-1 Ay satisfies Ap = @ 9. (w/0) mod (z — a.)T*! at
every place. Then Ar = /NITH modulo every (z —a.)?*?!, hence modulo w”*!; both have degree
less than s(T'+ 1), so Ay = Ap,. Call this polynomial A. It is congruent to ¢.9.(w/8) modulo
every power of z — a., hence equal to it as a power series, and A # 0.

Let ¢ be a second level-independent relation, with polynomial A". If A" = \A, then ¢ (¢, —
Me)(w/0) = 0 at every place; as ¢, is a unit and w/# is z—a,. times a unit, ¥/, = A\, and the two
relations are proportional. Otherwise A/A’ is a non-constant rational function whose numerator
and denominator have degree at most s — 1. No ¥, is zero, since then A’ would vanish as a
power series at a.. In the Laurent series at a., A/A" = g.(w) with o.(z) = J.(x/0)/9.(x/0) €
F,(x). This is an identity of rational functions in z, and z — w is an injective map of fields
Fq,(x) — F4(2), so all g, are one non-constant ¢ = P;/P, in lowest terms. Then P;(w) and
Py(w) are coprime (a common root 5 would make w(S) a common root of P and P»), so
A/A" = P;(w)/Pz(w) has numerator or denominator of degree s max(deg P;,deg P») > s. That
contradicts the degree bound s — 1.
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(ii) On Psr4i, Lemma 50 gives deg Ay < s(T'+1) — (sT+i) —1=s—1—1.

(i) If ye,.7 = Y. keYer—1, then ¥, =1 and V(x) = —kcx for ¢ # ¢,. By (i), A = —kcpcw/6
at ac, so ke # 0 (else A would vanish at a. as a power series) and A(a.) = 0 for every ¢ # c,.
As degA < s—1, A = dw,, with A # 0. Hence ¢, = —(N0/k.)/(z — a.,) for ¢ # ¢, and
Ve, = AW, : these are the local multipliers of R} with u, = A0 and p. = —py/ke (Section 5.2).
If > veyer = 0 on Pypyq)_1, then J. = v, and, by (ii), A = « is a nonzero constant; so
every v, # 0 and ¢, = a/v., the local multipliers of R, /o Conversely both sequences have their
relations (Lemmas 27 and 35). Finally, the skeleton relation on Pyp1y_; holds in particular on
P,r, and its polynomial is constant, while the staggered relation has the non-constant polynomial
Awe, ; two independent level-independent relations contradict (i). O

Scope. The proposition counts relations whose most significant digit is the geometric digit (or,
in (ii), the digit y.r read on Pyr;). Identities among deeper digits are not extra relations: the
residue sequence satisfies Y vcyer4+i = 0 on Pyp for every i > 0 (Lemma 35), infinitely many
independent identities, but for ¢ > 1 each is the skeleton relation of a later level restricted to a
smaller prefix; in the sense of Definition 49 it has top index T + i and lives on a prefix smaller
than Py7y;). Part (iii) explains the two constructions of Section 5: each is the only self-similar
scramble with its relation, and the remark on full levels after Theorem 36 is the last statement of
(iii). Part (ii) also bounds the nets that a self-similar sequence can imitate. The prefix Py q)_;
has j skeleton coordinates, and the nets of [18] with j skeleton coordinates prescribe j skeleton
digits; a self-similar scramble supplies at most one relation of bounded depth with coefficients
independent of the level, so for j > 2 it cannot supply them in this way.

The block-periodic scrambles of Section 6 escape the count of Proposition 54 by reading
their digits in blocks. In general, a block-periodic scramble of period £ has digits ye en+;(V) =
Resa, (Ve ;27 1d2), 0 < j < £, with Q = w’/6 and power series . ; at a. that vanish to order
exactly £—1—j; Definition 41 is an instance, and ¢ = 1 is a self-similar scramble. The digit {n+j
is then the residue against a polar differential of exact order #n 4 j + 1, so this is a scramble of
the frame. Its structure repeats with period ¢ in the level, and a relation is level-independent of
class j if its coefficients 9. ; of y.r—; (i < J) are the same for all 7' = j (mod ¢), T > Tp, on
Pr.

Proposition 55 (A block-periodic scramble carries ¢ exact relations). For a block-periodic
scramble of period £ and every J > 0, the level-independent relations of all classes j =0,...,0—1
together span a space of dimension at most (: if d; is the dimension of the space of level-
independent relations of class j, then dy+ -+ -+ dp_1 < L.

Proof. Fix a class j and a relation of that class, and let T' = ¢n + j > Ty. Each digit y.7—; is
read by ¢, yQ " " ldz with T —i = én' 4 j/, and Q"' = Q"' Q"1 where j/ and n — n’
depend only on i and j. So the place-c part of the relation is ppac(th_”_ldz) with

hc = Z Pe,j’ Pc,j’(Q)a
j'<e
where the polynomials P, ; collect the coefficients 9).; and do not depend on n. The orders
of vanishing of the terms ¢, j P, /() at a. are = £ — 1 — j' (mod ¢), pairwise different, so h.
determines the P, ;/, and h. = 0 only for the zero relation. By Lemma 50 the place-c part is
also ppaC(ATw_T_ldz) with deg Ay < s — 1. Since Q"1 = g7+l =T-1y=U=1=9)  comparing
the two forms as in the proof of Proposition 54 gives h, = A, mod (z— ac)e("‘*'l) at every place,
with the polynomial A,, = 6~ 1 Apw’=177 of degree less than s(€ —j) < sl. As there, A,, does
not depend on n, and h, = A as power series at every place for one polynomial

A:Awé_l_j, deg A <s—1.
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The map from relations (of all classes) to these polynomials A is linear and injective: within
a class by the remark on h., and across classes because ) y AW t=177 = 0 with deg AY) < s

forces every AY) = 0, by the uniqueness of the w-adic expansion.
Suppose there were r > ¢ independent relations, with polynomials A1), ..., A" linearly inde-

pendent over F, and of degree less than sf. At one place a. write AR) = Zj, goc,j/Pc(?(Q). The r x

¢ matrix (Pc(? (z)) over Fy(z) has rank at most £ < r, so there are polynomials ¢1(z),..., 0,(),

not all zero, with ), QkPC(’Ij,? = 0 for every j'. Then the polynomial >, Qk(Q)A(k) vanishes as
a power series at a., hence is zero. Writing g = Y, o 2%, it is >, Q* >, ngA(k), and since
deg Q2 = sl and each ), gk’ifl(k) has degree less than s/, the uniqueness of the Q-adic expansion

gives >, Q;m»/l(k) = 0 for every 4, hence all gy ; = 0, a contradiction. ]

So a block period ¢ buys ¢ level-independent relations per £ levels, again about one per level,
in agreement with Theorem 51. A full designed layer at one class uses s of them, which is why
Theorem 42 needs ¢ > s and takes £ = s. The bound is attained by the constructions of Section 6:
exact computation of the relation spaces class by class gives 2+ 0 and 3+ 0+ 0 for Theorem 42
with s =2 and s =3,and 24+14+1+40,3+1+040, 24+ 1+0 for Theorem 45 with (s,¢) = (2,4),
(3,4), (2,3).

7.4. Skeleton Relations and Designs. The residue sequence is certified at every prefix Psx 1
with constants that tend to 1, the block-periodic sequences at every s-th full level with 1-O(1/p).
One would like both in one sequence. The skeleton relation turns out to be rigid: it fixes the
rows of the generator matrices, and then no design fits next to it.

Write g, (V) = Resa, (V w™""1dz) for the residue digits; for ¢ = p they are the digits of the
residue sequence R, with 6 =1 and v = (1,...,1).

Lemma 56 (An exact skeleton relation fixes the row). Let n > 0 and v € Fy \ {0} with
> e VeYen(V) =0 for every V with degV < s(n+1) —2. Then every v. # 0, and there is { € F,
with
Ny |
Yen = — Yen for every c :
Ve

row n of every generator matrix is the row of the residue digits, up to one nonzero scalar per
coordinate.

Proof. The relation has top index n, depth 0, and holds on Py,;1)—1. By Lemma 50 its poly-
nomial is a nonzero constant &, so vcfen = § PP, (w™"1dz) for every c. The right side has
exact pole order n + 1, as w is z — a. times a unit, so v, # 0, and ye,(V) = Resq, (Ven) =

(€ /ve) Resq, (Vw7 1dz) because the regular part of w™""!dz contributes nothing. O
Row 0 is always of this form (y.o = L.[0][0] V (a.) and g.0 = V(a.)/w'(ac)), and the skele-
ton relation on Ps_; holds for every frame scramble, with v, = 1/(L.[0][0] w'(a.)), because

Y. Viae)/w'(ac) =0 for degV < s — 2. From row 1 on the lemma is a real restriction.

Corollary 57 (Residue rows with level-dependent scalars). A scramble of the frame satisfies,
for every n > ng, a skeleton relation Y ucnYen(V) = 0 on Pypq1y—1 with some u, € Fy \ {0},
if and only if for every n > ng there are pen € Fy with yen = penfen for all c; then uy is
proportional to (1/picp)e. For g = p, the self-similar scrambles with this property are exactly the
residue sequences R, (any scale 8 and check vector v).

Proof. One direction is Lemma 56 at each n > mng. Conversely, if yen = flenfen, then
> temen (V) =D Resq, (V" 1dz) = [z71](V/w" 1), which vanishes for deg V < s(n+1)—2
(Lemma 21(c)). A self-similar tow ye,, = Resa, (Vpe(0/w)"dz2) equals picn e, for all V if and
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only if "1y, = e, mod (2 — ac)"t1; for all n > ng this forces ¢, to be a constant, ¢, = v, !,
which is the residue sequence (Definition 33); and R, has the skeleton relation at every level
(Lemma 35). O

So a scramble with the skeleton relation at every m = —1 (mod s) has no freedom left except
one vector u, per level: its direction is the check vector of the skeleton relation at that level
(and should be a good one, with Ajit(Ay,) large), its scale is free. The residue sequence is the
self-similar member, with u,, proportional to v for every n. Next to such rows there is no room
for a design.

Corollary 58 (No designed relation next to skeleton relations). Let J > 0 and K > max(s —
1,sJ), and suppose that the skeleton relations ) tuecpYen = 0 on Pyny1)—1 hold at the J + 1
levelsn =K — J,..., K. Then every exact digit relation of top index K and depth at most J on
Pk is a multiple of > uc kye,x = 0. In particular the full level Psy has no designed geometric
digit of depth at most J, and no designed layer.

Proof. By Lemma 56, 1, is a nonzero multiple of pp, (w™""'dz) for K — J < n < K. Let a
relation have polynomial A (Lemma 50, deg A < s — 1). Its place-c part pp,, (Aw=K=1dz) then
lies in the span of pp,, (w™"ldz), K —J < n < K. Fix a place a. and expand A in powers
of the uniformizer: A = Y, ., vxw* as power series at a., v, € Fy. Then ppac(Aw*Kfldz) =
> i<k Vk PPa, (w*~K=1dz), and these principal parts have the exact pole orders K + 1 — k, so
they are independent; hence v, = 0 for J < k < K. Put P(X) =), v, X*. The polynomial
A — P(w) has degree at most max(s — 1,sJ) and a zero of order at least K + 1 at a,; since
K +1> max(s —1,sJ), A = P(w). As deg A < s, P is constant, and A is a constant v. So
the place-c part is Vppac(w_K_ldz), which is Vﬁ}luQKnc,K by Lemma 56 at n = K (with its
constant k), at every place. So f., =0 for n < K and f. g = I/f;(l’u,c’ k- A designed geometric
digit of coordinate ¢ has f. g = 0 for ¢ # i, which forces v = 0, since every u. g # 0. O

The relation ), uc xyex = 0 that survives is the skeleton relation of level K restricted to
P,k it puts the geometric digits of each point on a hyperplane, which says where the point sits
inside its cell, not where it sits relative to its neighbours (Remark 40). The corollary is a local
argument and does not use Theorem 51. Its hypothesis K > max(s — 1, sJ) cannot be weakened
to K > J + 1 in general: for s = 4, the places 0,1,2,3 over Fy1, J = 3 and K = 4, the relations
of top index 4 and depth at most 3 on Pjg among the residue digits form a space of dimension 2
(exact computation by two independent methods). At every K > 5 the dimension is 1 there
(exact computation for 5 < K < 11, the corollary for K > 12), and for p = 13 and p = 17 it is
1 already at K = 4: the failure depends on the prime.

Combined with Theorem 51, the skeleton relations and the designs share one count.

Corollary 59 (Density bound for exact relations). Let J > 0, and for a scramble of a frame
let E be the set of levels T at which all s geometric digits of Psp are designed by exact relations
of depth at most J, and S the set of levels T' at which Pyi1)—1 satisfies a skeleton relation
e e rYer =0 (with any ur # 0). Then for every admissible range I = [Ko, Ko + R],

1, X —1)|EN[l,X
ISNI|+(s—1)|ENI| < J+R+1, and lim sup SN, ]+(} JENL X < 1.
X—o0

In particular dg+ (s—1)dg < 1 whenever the densities dg of S and dg of E exist, and a skeleton
relation at every level of an admissible range leaves room for at most J/(s — 1) design levels in
1t.

Proof. A level of E carries s independent relations of top index 7' (proof of Corollary 52(a)),
and a level of S carries one, of depth 0; a relation on Pyr,1)_1 is also one on Pyr. So |ISNI|+
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(s=DIENI < |(S\E)NI|+s|ENI| <)Y perrr < J+ R+ 1 by Theorem 51. The density
statement follows with the covering of the proof of Corollary 52(a). O

The bound is attained: the residue sequence has dg = 1, and for s = 2 the sequences of
Remark 48 have dg = 1/¢ and dg = (¢ — 1)/¢. Theorem 42 has dp = 1/s, dg = 0, and
Theorem 45 has (s —1)/¢+ (¢ —s)/¢ = (£ —1)/¢: one relation per block of ¢ levels is left unused.

Remark 60 (Levels certified by exact relations). Call a prefix P,, m = s(T 4+ 1) — j with
1 < j <s, certified by exact relations if its certificate uses j independent exact digit relations of
top index T on P,,, of depth at most J; by Lemma 50 P,, has exactly j relations of top index
T, and the certificate asks all of them to have bounded depth. For j = 1 this is the skeleton
relation, for j = s a design at the full level Pyp, and for 1 < j < s the j skeleton digits of
the nets of [18] with j skeleton coordinates. If several prefixes with the same 7' are certified,
the one with the largest j alone uses at least as many independent relations of top index T
as there are such prefixes. Hence in an admissible range at most J + R + 1 of the s(R + 1)
exponents sKo < m < s(Ko+ R+ 1) are certified (Theorem 51). If all gaps between consecutive
certified exponents there were at most s — 1, at least s(R + 1)/(s — 1) — 1 of them would be
certified, more than J + R+ 1 as soon as R+ 1 > (s — 1)(J + 1). Admissible ranges with
R+1> (s—1)(J+ 1) start at every level of order (s — 1)2(J + 1) and beyond, so gaps of at
least s between certified exponents occur arbitrarily far out: no certificate by exact relations
of bounded depth covers every prefix, and in Lemma 2 such certificates give at best the factor
g~ ! for all N, which the residue sequence already attains. This concerns the exponent of the
bound for all N, not its constant. Gaps of at most s need a certified exponent at every level,
and at a cost of about one relation per level this forces, at all but at most J levels of every
admissible range, a relation of depth at most J on Pyy1)_1, whose polynomial is constant: a
skeleton relation, with correction terms if its depth is positive. With depth O these are the rows
of Corollary 57, and their certificate, Theorem 36 with a check vector per level, gives at best the
constant of the residue sequence; with corrections the certificate is Theorem 72, whose bound is
smaller. A sharper analysis of these sequences than these certificates is not excluded.

Remark 61 (An exhaustive search). Can the scrambles of Corollary 57, which keep the skeleton
relation at every m = —1 (mod 2) with the best check directions, be certified at the full levels
better than by the inclusion bound Ajis(A)/p of Remark 407 Their full-level responses are explicit
in the vectors uy, so for s = 2 and p = 11, 13, 17 we enumerated all of them by an exhaus-
tive branch-and-bound search: every sequence uy,...,uk,,,, in which u;,...,ug,, . —1 have the
largest possible Ajit(Ay,) (uo and ug,,,, arbitrary), maximising the smallest one-digit relaxation
(Lemma 23, j = 1) of the actual responses over the full levels K < K. For Kpax = 10, 8
and 11 respectively the maximum equals the inclusion bound 0.1818, 0.1720, 0.1765 of the best
check direction. This is an exhaustive result in exactly this scope: s = 2, these three primes,
these Kax, the best check directions, and the one-digit relaxation. The actual separations of
these sequences can be larger than the certificate, and nothing is claimed for other primes, other
dimensions, weaker check directions or multi-digit certificates.

7.5. What Is Excluded, and What Is Open. In summary: in the class of lower-triangular
scrambles of a frame of s distinct finite places over I, exact digit relations of bounded depth are
limited to about one per level in every admissible range of levels (Theorem 51). Consequently,
all s geometric digits can be designed on at most a fraction 1/s of the full levels (Corollary 52;
attained by Theorem 42); skeleton relations and designs together obey dg + (s — 1)dp < 1
(Corollary 59; attained); a self-similar scramble carries one level-independent relation and a
block-periodic one ¢ (Propositions 54 and 55); an exact skeleton relation fixes the row it lives in
(Lemma 56), and no design of depth at most J fits at a full level next to J + 1 such relations
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(Corollary 58); and certificates by such relations leave gaps of at least s between certified sizes
(Remark 60). In particular, no sequence in this class is certified by exact relations of bounded
depth both at every prefix P;x_1 by skeleton relations and at every full level by designs. Outside
this scope these questions are open: windows, which are not exact and do certify every full
level (Section 8; whether windows can be combined with skeleton relations is the subject of
Section 8.5); certificates that use several digits or the exact positions instead of the one-digit
relaxation; choices of free digits that look at later digits; relations of unbounded depth; and digital
sequences that are not scrambles of such a frame (places of higher degree, ¢ > 0). No digital
sequence is known to us that is certified both at every m = —1 (mod s) with the constants of
Theorem 36 and at every full level with 1—O(1/p). For exact designed relations of bounded depth
next to exact skeleton relations this is excluded (Corollary 58); for windows chosen together with
a corrected skeleton relation in a self-similar scramble, Proposition 73 excludes it in the scope
stated there; in general it is open.

8. EVERY FuLL LEVEL: WINDOWS AND THE HALF-CELL STAGGER

The staggered residue sequence certifies every full level Psi for every prime p > 2%, but with
a constant of about 2= (Corollary 29); the block-periodic residue sequences reach 1 — 2/p in
dimensions two and three for every prime p > 3 resp. p > 5, but only at every s-th full level
(Theorem 42), which costs the factor p~¢ instead of p~! in the bound for every N (Lemma 2).
For exact relations this is no accident: all s geometric digits can be designed by exact relations
of bounded depth on at most a fraction 1/s of the full levels (Corollary 52).

This section certifies every full level by inequalities instead. The free digits of a self-similar
scramble, chosen one at a time, keep each carry response inside a fixed set of allowed values,
a window, without fixing it (Section 8.1); windows are not exact relations, and Theorem 51
does not apply to them. Which windows are cheap? A response read by a coordinate that steps
forward is harmless just behind 0 and fatal just in front of it; read by a coordinate that does not
move, it must stay away from 0 on both sides. Half a cell is the one response that costs the same
for every kind of step: up to 1/p, the neighbour is half a cell away in that coordinate whether
the coordinate steps forward, steps back or stays (Lemma 66). Staggering one coordinate by half
a cell against all the others gives 1 — O(1/p) at every full level, in every dimension, for large
primes (Theorem 68), and 1 — 17/p in dimension two for p > 3677 (Corollary 70).

So the gain over Theorem 42 is every full level instead of every s-th one, and the gain over
the residue sequence (Theorem 36) is a constant tending to 1 at the full levels themselves. The
thresholds are large (1 —742/p for p > 1.97-107 in dimension three), so this is a statement about
every full level, not a practical recommendation (Section 10). Section 8.5 shows, in a stated
scope, that windows and skeleton relations cannot be selected together. All proofs of this section
are in Appendix A.4, the finite-prime details in Appendix D.

8.1. Free Digits and Windows. Fix a frame (ayo, . ..,as—1;00) over F, and a scale 6. For s = 2
put @.(z) = z — aj—., and for s > 3 put @, = 1.

Proposition 62 (Responses of self-similar scrambles). Let s > 2 and consider a self-similar
scramble with scale 0 and local multipliers ¢. (Lemma 21(b)).
(a) There are unique \. € T, and unit power series . with 1.(0) = 1 such that
0 ¢c(2) @e(2) = Ae/ve(w(z)) as power series at ac. Every . € Fy and every unit
series . with 1¥.(0) = 1 occur, each for exactly one local multiplier. The multiplier of
Definition 20 is g.(x) = A/ (wc @e(ze) w’(zc)), with Y. at 0z and z. = z.(0x).
(b) The offset map is the same at every level, for every number of geometric digits.
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(c) Let s > 3. With the own kernel o = wy/w'(aw) and the cross kernel we = (apy —
ac)/(z — ac), both expanded in w at a. (so that their value at w =0 is 1),

O ('77) =1- [wc' %/] (937)7 Xeve (x) = “Reee [wcc’ 1/%;'] (955)7
0\

Ao w'(ae) (e — ae)

Reee! =

(d) Let s =2, with the places ag =0, a1 = 1. Then Xo1(x) = —Koe1 ¥1(0x) and O1(x) =
1— 21 (02)% 91 (0x) with ko1 = OXo/ M1, symmetrically for column O with vy and k1o =
OX1/Xo; in particular ko 1k10 = 02.

So column ¢ of the offset map is one free unit series v times a fixed vector of kernels, and
only the depth-zero crosses ke v = —X 1) , are fixed, by the constants \.. (The brick wall is

c<—C

Yo = 1,11 = 1/22, A = (1,2).) From now on ¢ = p > 5 is prime, and at depth I > 1 we collect

column ¢ in u; = (Og)7 (Xc(fj—;l,))c;écl) c .

Proposition 63 (Depth direction). Let s > 3, or s = 2 with the places 0,1. For every column
c and every depth | > 1,

=B+ QZ)I Qe Qe = (]-a (/{a—c’)cyﬁc’)a &l = *6l¢c’,la
where the offset B; depends only on e o, ..., Y —1. The coefficients 1y, | > 1, are free: every
choice is realized by a self-similar scramble, and row n of Ly depends only on e g, ..., 0y p.

So the free digit at depth [ moves u; along the line 5; + F,o, and the earlier choices (the
history) decide which line. A window is a set W, C F, of allowed values for every entry (row

¢ affected, column ¢ carrying), with the own window W(C) = Wy and the column window

W) .= W, OCI X Hc#, ¢ The windows define the window bound
LB = mmz min fi(ec, 0)?, Sec(e) :== Z e Wee e (sumset),
7€Sc(e) c:e #0

the minimum over all steps e € {—1,0,1}* \ {0} up to sign: the digit relaxation (Lemma 23,
j = 1) for responses known only to lie in their windows. A digit ¢ € F, is admissible at depth
[ for column ¢ if B; — 0" aw € W) and a selection rule assigns to each column, depth and
history an admissible digit. We write LB3S" for the value LBy of Lemma 23 computed from the
actual responses D(l), | < K.

Proposition 64 (Choosing within windows). Let s > 3 and any frame, or s = 2 and the places
0,1; fix 6 and the constants \.. Suppose that for every column ¢

(1) —Keeer € Wee o forall c# ', and

(ii) every line B + Fpaw, B € F,, meets W) (the covering condition ).
Then (a) at every depth and for every history admissible digits exist; (b) every selection rule
defines a self-similar scramble and o digital (0, s)-sequence over IF,; (c) all responses lie in their
windows, Ogl) € WO(C) and X(lc, € Wee o for every |l > 1; (d) for every K > 1, sep(Psi) >
min(1, LB%") > min(1, LB(W)).

The bound depends only on the windows, not on the selection rule (Appendix D.4 fixes one).
Covering costs volume:

Lemma 65 (Volume bound). Let W C Fj and o € F; \ {0}. If every line B + Fqa meets W,

then |W| > ¢*~1. In particular a column window satisfying (i) of Proposition 64 fills at least
the fraction 1/p of T},
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So one of the s entries of a column window has at least p'~1/* elements (Figure 17); the cross
responses of a column never move in lockstep (Proposition 93 in Appendix A.3), so this cannot
be escaped. What a wide window costs depends on where it lies. For ® € R/Z let frac(®) € [0, 1)
be its representative and ||®| its distance to 0, and put

f(+17 (I)) =1- frac(—@), f(—l,@) = f<+17 —Q))’ f(oaq)) = ”@H
So f(4+1,®) = frac(®) for ® # 0, and f(£1,0) = 1.

Lemma 66 (Cost of a response). Let p be prime, o € F), and ® = o /p € R/Z. Then fi(e,0) =
maX(O, fle,®) — 1/p) for e € {—1,0,1}. The three functions f(+1,-), f(—1,-), f(0,-) agree at

exactly one point, ® = %, where all three equal %

An own response, read by a coordinate that moves forward, is cheap just behind 0 and fatal
just in front of it; a response read by a coordinate that does not move must stay away from 0
on both sides (Figure 16 in Appendix D). Reading every entry of a column window at full cost
would lose about p~/# by Lemma 65. A window can be wide without being read: bounding every
step by its first moving coordinate leaves some crosses unread; this ordering of the coordinates
gave a closed form at every full level with separation 1 — O(p_l/ %) from moderate primes on in
an earlier version of this work, and it is not needed here. Or a window can be read without its
width mattering: near %, which costs the same, up to 1/p, for a forward step, a backward step
and no step.

8.2. Staggered Windows. In the limit p — oo windows become closed sets W, » C R/Z
of responses in cell units, and by Lemma 66 the window bound becomes the continuum bound
H(W)? :=min. Y, infgeg, (o) flec, P)2.

Fix a staggered coordinate ¢, and let C' = {c¢ # c¢,}. (The staggered residue sequence of
Section 5.2 shares this idea of one coordinate staggered by the others, but it is a different
construction: there the stagger is an exact relation and the coordinates of C' are not controlled
inside their cells; here every response is kept in a window.) For a,e > 0 the staggered windows
are: in column i € C, own {—a}, cross into ¢, Wi = 3 + [—¢,¢] (the half-cell offset), crosses
into the other coordinates of C' [—¢,¢]; in column c¢,, own {0} and crosses [—¢,¢|. A step in a
coordinate i € C offsets ¢, by half a cell and moves the neighbour back by a in coordinate %,
which shortens the spacing in 7 to 1 — a.

Theorem 67 (Staggered windows). Let s > 2 and a,e > 0 with (s —1)e < a < 1—¢ and
(1—a—¢)?+ (3 —¢)? > 1. Then the staggered windows have c¢*(W) > 1. Such an a ezists for
every 0 < € < g4, where

C2s+1—V3s24+4s  2—+/3 _0.134

7 2(s?2+1) T2 s
is the smaller root of (1 — sg)? + (5 —€)? =1 (for instance e3 = (7 — 1/39)/20 = 0.0377).

The binding steps are the axis step of ¢, and the steps that move one coordinate of C together
with c¢; in a step that moves two coordinates of C' the half-cell offsets cancel, but two gaps of
0.73 already exceed distance 1. So only the own responses need small windows. At € = 0 the
points form columns along ¢, on a square grid of spacing 1 — a in the coordinates of C, with
heights alternating by half a cell; at a = 1 — v/3/2 this is body-centred tetragonal in dimension
three (Figure 18 in Appendix D.2) and the hexagonal brick wall in dimension two (Section 8.4).
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8.3. Every Full Level at Large Primes. At a finite prime the windows become integer
1

intervals of width about ep and the half becomes 5 = (p + 1)/2; the fixed crosses rc, must
lie in their windows and every column must cover. On the Faure places every k... is taken
as one odd integer, a fixed fraction of p, times a fixed rational; the half is the one factor 2
that survives in the row of ¢, (Lemma 101 in Appendix D.2), so no congruence condition on
p is needed, and the coverings follow from a mixed-radix hierarchy of step sizes (Lemmas 98
and 100, Appendix D). The only loss of order 1/p is the own window of ¢,, whose size is bounded
independently of p (Lemma 99). This explicit construction is the staggered rule (Definition 102,

Appendix D.2).

Theorem 68 (Separation 1 — O(1/p) at every full level). For every s > 3 there are a staggered
rule on the Faure places (0,1,...,s—1), an effectively computable po(s) and a constant CY such
that for every prime p > po(s) the staggered rule gives a quasi-uniform digital (0, s)-sequence

over I, with
"

C
sep(Psg) > 1— —= for every K > 1.
p
There is no congruence condition on p.

The proof is in Appendix D.2; C” is the first-order deficit, as in [18]. For s = 3 one explicit
rule gives sep(Psx) > 1 — 742/p for every prime p > 1.97 - 107 (Theorem 104 in Appendix D.2,
proof*), and 1 — 779/p for every prime p > 3 - 10° (Remark 105, c.a.). For s =4 and s = 5 the
rules of Table 16 give py = 1.44- 1016, C7 = 32044 and py = 1.98-10%!, C¥ = 2.73-10° (proof*).

Where this stands. Among the constructions of this paper certified at every full level, the
staggered windows (Theorems 68 and 69) are the ones with constants 1—O(1/p); their thresholds
are large, and lowering them is open (Section 11).

8.4. Dimension Two: the Hexagonal Brick Wall. For s = 2 the staggered windows have
C = {0} and ¢, = 1: the brick wall with its half kept in a window, and the columns compressed
to the hexagonal row spacing v/3/2 (Figure 10). Proposition 62(d) takes the place of (c), and
the only constraint on the crosses is ki1oko1 = 6%. Let b,e > 1 be integers, v = 2b + 1,
k = 2ve? and 6 = ve, and choose the constants A\, with k1. = —v/2 and ko1 = —k; the
product is vk/2 = 6%, and the half comes from the factor 2 in k. With M4 = [(p — 3)/v] +3
and Mp := [(p—1)/k] — 1 the windows are

WO = [~ (k+Ma—1),—k], Wico=3+[-bb, W =[-(Mp—1),0], Woe1= [k &

Theorem 69 (Hexagonal brick wall). If 2k + Mg < p andn:= (p—1—2b—2Mp)/(2p) > 0,
then every selection rule gives a digital (0,2)-sequence over T, with sep(Pyr) > min(1, LBHB)
for every K > 1, where

k4 Ma\2 —3—2b\2 Mp\2 2k + My\2

LB —min((1- 20 (P ) (1= 50) L (=) ),
P 2p P P

Corollary 70 (Separation 1 — 17/p). For every prime p > 3677, the hexagonal brick wall with

e=1 and b= |p/68] satisfies sep(Pax) > 1 — 17/p for every K > 1, and is quasi-uniform.

The proofs are in Appendix A.5; the corollary is a hand estimate for p > 10* and an exact
evaluation at the 715 primes 3677 < p < 10* (c.a.). The threshold is small because every column
has a single cross. At p = 401 with (b, e) = (5,1) Theorem 69 certifies 0.9054; the exact value at
the first level is sep(P) = 0.9922. For comparison, the brick wall of Theorem 32 has the bound
(p —3)/(2p), and Theorem 42 gives 1 — 2/p at m € 4N for every prime p > 3.
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(b) p=401, P, (11 x 11 cells) (c) p=401, window of Py
sep(P2) =0.9922 certified sep(Pax) > 0.9054 for all K
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FIGURE 10. The hexagonal brick wall (Theorem 69), exact points from the gen-
erator matrices. (a) Schematic: the heights move by half a cell from one column
of cells to the next, as in the brick wall, and the columns are compressed to
the hexagonal spacing v/3/2, so that all neighbour gaps are about 1; where the
horizontal offset wraps around there is a slip plane. (b) p = 401, (b,e) = (5,1),
the full level P, 11 x 11 cells around the closest pair; thin lines join pairs closer
than 1.12 cells. Exact sep(P2) = 0.9922. (¢) A window of the full level P; of the

same sequence. Certified sep(Pof) > 0.9054 for every K.

8.5. Windows and Skeleton Relations. The residue sequence certifies every prefix Py 1
with constants tending to 1, and windows certify every full level with 1 — O(1/p). Can one
sequence do both? For exact relations of bounded depth Corollary 58 excludes it. For windows
the residue theorem still constrains the answer: every self-similar scramble satisfies a skeleton
relation with correction terms, and the corrections move together with the full-level responses.

Lemma 71 (Every self-similar scramble satisfies a corrected skeleton relation). Consider a
self-similar scramble with scale 6 and local multipliers p.. Put v. := 1/pc(ac) and define the
correction coefficients x4 € Fy by the expansion of 1/¢. in powers of the uniformizer at ac,

1 wH @
— = UCZXc,d(*> ) Xc,0 = 1.
Pe d>0 0

Then for every K > 1 and every V with degV < sK — 2,
K-1

> e {yc,K—l(V) + ) Xed yc,qud(V)] =0.
c d=1
The residue sequence is the case of constant local multipliers, where all x.q vanish and the
relation is the skeleton relation of Lemma 35. For s > 3, Proposition 62(a) gives v. = /A, and

Xed = Hdwcyd: the correction coefficients are the free digits of Proposition 63, up to the factor
0%. With the correction partial sums W.(j) := 3% Xea (Ve(0) = 0), the relation certifies the

prefixes Py _1 as follows. For B > 0 let
Njit,B(A) == OglbiélAH(\b’ —(1+B)1)¢[, > Ai(A) — Bys.
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Theorem 72 (Skeleton relations with bounded corrections). Let (y(V)) be a digital (0,s)-
sequence over F, and K > 1, and suppose that every point of Psx_1 satisfies the relation of
Lemma 71 for some v € (F)° and x.q € Fp (not necessarily coming from a self-similar scram-

ble), where the centred representatives of the partial sums ¥ (j) = Zézl Xe,d lie in [0, B] for
1<j<K-—1. Then sep(Psg—1) > pL/s Ajit, B(Ay).

So bounded corrections cost an additive B4/s fine cells, not a factor; [18] calls the analogous
coefficients of its skeleton digits faults. The sign condition W, > 0 is used in the proof, and it
matters: for s = 2 and p = 11,17, 29, 37, scrambles with corrections —1 have exact separations
0.02-0.08 at the first prefixes Pox 1, where corrections +1 give 0.38-0.76, all above the bound
of the theorem (exact computations, illustration only).

Proposition 73 (Windows and corrected skeleton relations cannot be selected together). Con-
sider a self-similar scramble over F), with the notation of Lemma 71.

(i) For every full level K, every step e and carry lengths l. of the moving coordinates, the
changes o, of the geometric digits satisfy Y. vcoe = =Y. ecvcVe(le).

(ii) For every column ¢ and depth 1, the sum Ogl) + V(1) depends only on ve, Xe1s-- - Xed—1,
on 0 and on the local multipliers of the other coordinates. So changing the correction

coefficients x4, d > I, moves the own response O((;l) and the correction partial sum W.(1)

by equal and opposite amounts, and leaves the cross responses Xc(,lLC unchanged.
(iii) Let W be product windows and B > 0, and suppose that every column c satisfies the
joint covering condition Wi + [0, B] = Fp: every line {(§ —t,t) : t € F}, € € Fp, meets
Wi x [0, B]. Then LB(W) < /s B/p. If moreover Theorem 72 with this B certifies a

positive bound for some A, then B < p'/* — 1 and LB(W) < /s (p/* —1)/p.

By (ii), the free digit at depth [ moves (Ogl),\I’c(l)) along a line of direction (1,—1), so a
selection rule that keeps the column response in W(©) and W.(I) in [0, B] for every history, the
analogue of condition (ii) of Proposition 64, needs the joint covering condition of (iii). (Not every
line is reached by a history: at depth 1, and at depth 2 when w"”(a.) = 0, the sum takes one value
only; so the covering of every line is a hypothesis, as in Proposition 64.) Such a joint selection
certifies at the full levels at most the order of the inclusion bound Ajit(Ay)/p of the residue
sequence (Remark 40), whatever B. Scope: Proposition 73(iii) concerns self-similar scrambles of
one frame, full levels certified by the window bound of product windows with the covering of
every line, and prefixes P;x 1 certified by Theorem 72 with a correction window maintained by
the same covering. It does not exclude certificates from the actual responses along one specific
choice of digits (covering only the lines that are actually reached, a choice that looks at later
digits), non-product column windows, windows on several geometric digits, other certificates for
the prefixes Psx—1, or scrambles that are not self-similar (Section 11).

9. SMALL BASES AND COVERAGE BY DIMENSION

The constructions of Sections 5-8 need room in the base. A residue sequence needs a check
vector with Aji¢(Ay) > 0, which exists only for p > 2° (Corollary 38); the staggered residue
sequence has a positive bound only for p > 2% (Corollary 29); the block-periodic sequences start
at p=3,5,7,19 for s = 2,3,4,5 (Theorem 42); window constructions need several residues per
window. In the bases 2, 3 and 4 none of them gives anything at every full level: base 2 is too
small for all of them, and in base 3 the brick-wall bound (p — 3)/(2p) is 0.

This section takes a different route for the smallest bases. Instead of choosing responses,
it chooses frames and multipliers for which the map [ +— D;(l) is computed by a small finite



64 LEONHARD GRUENSCHLOSS

automaton reading the base-q digits of [. The set of all responses is then finite and known exactly,
and the digit relaxation at every level is one finite minimum. This gives closed forms in base 2
in dimension two (Theorem 76, which answers a question of Dick, Goda and Suzuki), base 3 in
dimensions two and three, and base 4 in dimensions three and four. The price is that nothing
is chosen digit by digit, and the constants fall quickly with the dimension. Section 9.4 reads
the staggered residue sequence over prime-power fields, and Section 9.5 collects, dimension by
dimension, which bases are covered and for which level family.

9.1. Lacunary Roots and Exact Response Sets. The responses are coefficients of power
series built from the local roots (Proposition 22), so their structure is that of the roots (Fig-
ure 11(a)). In the Faure frame of an odd base the root 1 + u, u + u? = z, has the signed
Catalan numbers as coefficients, with no visible pattern. In characteristic two the same equation
u? + u = z is solved by the lacunary series u = >_ & :czk, whose coefficients can be read off the
binary digits of the exponent. Every algebraic power series over F, is g-automatic by Christol’s
theorem [6, 7], so automata exist for every algebraic scramble; what a usable bound needs is
that they are explicit and small. We use two families of frames whose roots are lacunary. In
both, the places form one orbit of a group of affine maps z — az+ g that fix w and oo, so every
place looks like every other.

Artin-Schreier frames. Let H C F, be an additive subgroup with |[H| = s and let the places
be the elements of H. Then w = pp(2) = [[,ey(z —h) =X, pm,i 2P is an additive polynomial,
with g0 # 0, and the translations by H fix it. For H = F, these are the places 0,...,p —1 of
the Faure sequence in dimension s = p.

Kummer frames. Let s = ¢ — 1 and let the places be the unit group, a. = (¢ for a generator
¢ of Fy, with w = 2971 — 1; the multiplications by ¢ fix it. For ¢ = 3 the places are +1, and
y = 2z — 1 carries the Faure places {0,1} onto these (y?> — 1 = 4(2? — 2) in F3).

Lemma 74 (Lacunary roots). Let q be a power of the prime p.

(a) In the Artin-Schreier frame of H the local roots are z, = a. + U, where U € zFFy[[z]]
is the solution of pp(U) = x. It is supported on the powers of p and satisfies U(zx) =
U(z9) — @y (), where ¢ is the additive polynomial with ¢ (pm(2)) = 29 — z. For

k
H=F;, U==3% 5027,
(b) In the Kummer frame the local roots are z. = a.7, where 791 =14z, 7(0) = 1, and

=T +a), i) = (1 a) (@)
i>0

[z"] 77 = 1 if every base-q digit of n is 0 or 1, and O otherwise.

In both cases the root has degree s over Fq(x).

Proof. (a) pu(ac. +U) = pu(U) = z, so a. + U is the local root at a.. The recursion U =

gal_ilo (:r — Zizl © HVZ-U”Z) preserves support in the powers of p. Since p% o pp is monic of degree
g and vanishes on Fy, it is 27 — 2; hence U? — U = @ (x), and U? = U(29). (b) T = [[,(1 +27)
satisfies T'(2)? = T'(x9) = T(z)/(1 +z), so 7 = T~ ! solves 797! = 1 + z, and (a.7)49" ! = 7971,
Expanding the product, ™ occurs once for each way of writing n as a sum of distinct powers of
q. The degree: oy (Z) — x is linear in z, and Z97! — (1 + x) is Eisenstein at 1 + z. O

Both relations are Mahler equations: the root at x is an affine function of the root at x9,
additive for translations and multiplicative for rotations. We take 8 = 1 and multipliers that
are rational functions of the root, g. € Fy(x)(U) resp. Fy(x)(7). A scramble of these frames is
symmetric if all coordinates use the same multiplier g. = g; then V(z) — V(z+h) (resp. V({z))
permutes the coordinates of every point and preserves every prefix.
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To read a coefficient digit by digit we use the Cartier operators C, (Zn cnx”) =, ContrZ",
0 <7 < g. They satisfy C,(A(z?)F) = AC,F and
(6) (2| F =[2°) Cy - CLiC,F - for 1 =3, lig".

For example, ¢ = 3 and F = 7 !: by Lemma 74(b), C,7 ! = C.(1 +2) - 77! = [r < 1771, s0
reading the digits of n visits two states, 77! and 0, and a digit 2 kills the coefficient (Figure 11(c)).
The responses behave in the same way. By Proposition 22, D;(I) = [¢!] H; with

xt (I — «Ang)

l1—=z

H; = $7iA>ié = ) A<i = Zagi Aaz®.
Proposition 75 (Exact response sets). Let a self-similar scramble have a frame matriz A(x)
with entries in Fy(x)(0), where 9 € Fy[[z]] has degree s' over Fy(z) and ¥(x) = A(z) ¥(x?)+B(x)
with A, B € Fylz]. Fiz j > 1 and let H be the vector of the series H; and xH;, i < j. There is a
finite set S of such vectors, containing H and stable under every Cy, with

(Di(l)’ Di(l - 1))i<j - [xo] Clk o 'Cloﬁ (l = 1)'
So the set {(D;(l), D;(I — 1))i<j : 1 > 1} is ezactly the set of values [z°] S over the states S € S
reached from H by a digit word with a nonzero digit, and a finite breadth-first search computes
it.

The proof (Appendix A.6) writes every series over one common denominator and shows that
the Cartier operators keep the degrees of the numerators bounded.

The proposition applies to the Artin—Schreier frames with 9 =U, A =1, B = — pzl, and to
the Kummer frames with 9 = 771, A =1+ 2, B =0 (Lemma 74). The pairs (D;(l), D;(I — 1))
are what Lemma 23 needs for ¢ = 4, through (8). With all { > 1 in place of | < K, Lemma 23
then gives one bound for every level with ¢/ > 4. The point of the proposition is exactness, not
finiteness (which Christol’s theorem gives): a screen over carry lengths up to some bound can
miss binding responses. For the base-3 sequence of Remark 78, the last of its 84 response tuples
first appears at [ = 2469.

9.2. Dimension Two. In base two every digital (0,2)-sequence is, up to a reordering inside
each prefix, a scramble (Lo, L1P1) of the Sobol” sequence [24]. Dick, Goda and Suzuki prove that
neither one-sided choice, (L,P;) or (Po, LP1), is well separated, and ask whether a two-sided
pair is [10, Section 4.2]; random linear scrambles of binary digital nets with fixed ¢ have mesh
ratio Op(log N) under a uniform coincidence condition, which the Sobol’ prefixes satisfy [39,
Thm. 5.5, Lem. 4.10]. The one-sided failure is an instance of Corollary 14: a coordinate that is
left a radical inverse up to a scalar forces close pairs. The following explicit pair, which scrambles
both coordinates, answers the question positively.

Theorem 76 (Base 2). Let u = ) ;- 22" € Fo[[]], so that u? +u = x, and let the digital
sequence over Fo have the digits -

You(V) = [z"] A+ 2)(A+uw)V(u),  y1a(V) = [2"] % V(1 +w),

that is, Co = Lo and Cy = L1Py with Lo[n][k] = [2"] (1+2)(1+u)u” and Li[n][k] = [2"1] ukTL.
It is a (0,2)-sequence in base 2, and for every K >1
V2269618

Pyr) > Y250 ),
sep(Pag) > 1096 0.36780
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(a) coefficients [z"] of the local roots, n =0, ..., 80 (blank = 0; right: share of nonzero): irregular vs lacunary

e [ D D O W -
e TR | | -
o NN WU -

0 1 2 4 8 27 32 64 80

(c) schematic: two-state automaton
) B2, octave shift: ranges [I,1+ 12] of the same pattern have the same D;(l) for [z"] 77! over F

64 128 256
digits 0, 1 digits 0, 1, 2

2’\ digit 2
- —_
- [58,70] crossing 2%: [250, 262] -

/\
g d=11301,5=12
W 052 I (150, 162): inside one octave &8 a1, 5=12-0
1 64 128 192 256

carry length I (bands: octaves [2F, 28 1))

FIcURE 11. Finite carry patterns. (a) Coefficients [2"], n < 80, of three local
roots (blank = 0): the Faure root u, u+u? = z, over F7 (signed Catalan numbers
modulo 7), the base-2 root u =), :c?k, and the Kummer root 7! over F3, whose
coefficient is 1 exactly when n has no base-3 digit 2. All three are automatic by
Christol’s theorem; only the lacunary ones have a digit rule small enough for
an explicit bound. (b) Long carries repeat short ones for the base-2 sequence
(Lemma 77, j = 12): the responses depend only on the parity of [ and the bits
|logo | mod 2 on [I,1 + 12]. A range crossing a power of two, [250,262] > 256,
has the partner [ — 3 - 2F~1 = 58, which crosses 64 at the same relative position;
a range inside one octave, [150, 162], has a partner [40,52] in an octave of the
same parity. (¢) The two-state automaton that reads the base-3 digits of n and
outputs [z"] 771 over Fs.

Consequently §(Pn)) > 0.1839 N~1/2 for every N > 2, h/§ < 7.7 along all N (15.4 in the
convention of [10]), and every prefiz P, is kny-separated in the sense of [10] (their k) with
km = [m/2] 4+ 3. In particular the sequence is quasi-uniform.

This is the Faure frame in base 2 (w = 22 + 2, roots zg = u, 21 = 1 +u, § = 1) with

=({1+2)(1+wu) and g1 = u/x = 1/(1 + u), an algebraic but not symmetric scramble of the
Artin—Schreier frame H = 5. The multipliers are chosen so that one row of the inverse frame
matrix is rational and the other lacunary:

1
90 gou ~1 Ttz x
" A= o) g (u’im) 1+U)

The one-digit responses are O[()l) [ mod 2, éll =1, O(l) = |logy!] mod 2 and Xflio =
Y n<illogo(n + 2)| mod 2. In base two the automaton of Proposmon 75 can be replaced by a
hand argument: long carries repeat the patterns of short ones.

Lemma 77 (Long carries repeat short ones). For the sequence of Theorem 76 and j < 12, the
tuples (D;(1))i<j, | > 1, take the same values as for 1 <1 < 63; for j = 12 there are 35 of them.
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(b) XOR masks D;(l), first 6 digits (weights (c) neighbour across a boundary
271, 2 6 of a cell); top: pattern of [ of carry length [ (axis steps)

(a) B2, Piy: 12 x 12 of 642 cells ogs 1] 944
sep(Pr2) = 0.3968

x-step own 2”,

) !G 2 G ? I3 [CARC] 7%
IR P NN
o | G a P .o '
» staggered pair (z-step, [ = 1)03

- x-step cross -1
2% =° oé(%u 3% o b

- x-step ===- y-step

min 0.3678 (z-s npl lJ

1.1

o
©

@
=
o

< ; e o
o @ y-step cross 27,
"o ® ® @

=]
=N

guaranteed distance cells
=
N

=]
o

y-step own 2~

boundary: carry length 2-
=1 =2 1=3 mmm]|=4

1 8 16 32 48 64 1 16 3 18 61
carry length I (dashed: [ = 2%) carry length [
boxed (a-step, I = 1, binding): oy = 111110011000, 71 = 101000100000

FIGURE 12. XOR staggering in base 2 (Theorem 76). (a) 12 x 12 of the 64 x 64
cells of P9, with lattice images and jitter; cell boundaries shaded by carry length.
The closest pair is a horizontal neighbour pair across a boundary of carry length
1, staggered vertically by the cross mask. (b) The masks D;(l) XORed onto
the first six geometric digits (rows, worth 271, ...,276 of a cell) for [ < 64;
the strips on top give the pattern of [ (Lemma 77). Boxed: the binding case, a
horizontal step with [ = 1, with the 12-digit masks op = 111110011000 (own)
and o1 = 101000100000 (cross). (c) The guaranteed distance across a boundary
of carry length [ (Lemma 23, j = 12); the minimum 0.3678 is the horizontal step
with [ = 1. Exact sep(P2) = 0.3968.

The proof (Appendix A.6) reads the entries of G off the binary digits and maps every carry
length [ > 64 to a smaller one with the same responses.

Proof of Theorem 76. The sequence is a self-similar scramble of the Faure frame, so it is a (0, 2)-
sequence (Lemma 1) whose offset map is the same at every level (Proposition 22). By Lemma 77,
Lemma 23 with j = 12 is a minimum over 35 + 35 + 2 - 352 cases (axis steps with one carry
length, diagonal and antidiagonal steps with two). This exact computation (computer-assisted)
gives LB12 = 1/2269618/4096, attained at the horizontal step with [ = 1: the own change
oo = 111110011000 and the cross change o1 = 101000100000 give fi2(1,00) = 103/4096 and
f12(0,01) = 1503/4096. This covers K > 2; for K = 1, sep(P) = 0.6334. Lemma 2 with ¢ = 2
and Remark 3 give §(Pyj) > (LB12/2)N /2 and h/§ < 2v/2/LBy3 < 7.7. Finally two points in a
square of side 27 are less than /2-27%m apart, and v/2-2-1™/21-3 < 0.1839-2-/2 < §(P,,,). O

Since k,, < m/2 + 4 and ¢ is measured on the torus, the sequence is well-separated, and
toroidally well-separated, in the sense of [10, Def. 3.8], which is the property asked for in [10,
Section 4.2].

Why it works. The offset map of a base-two sequence does not shift points by small real
amounts: what is fixed per carry length is an Fo-mask XORed onto the geometric digits (Fig-
ure 12(b)). At the most common boundary, [ = 1 in coordinate 0, the own mask can pull the
neighbour almost onto the vertical line through the point. But the cross mask has a leading 1:
the vertical offsets differ in their first digit, by :t% of a cell, corrected by the lower digits by at
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most % + ﬁ plus the jitter, so the two points stay at least 1503/4096 > 0.366 of a cell apart

vertically. Likewise every step of coordinate 1 flips the leading horizontal digit (Xé?_1 = 1).

This is the brick wall of Example 30 in XOR form: where the own mask could close the gap,
the cross mask forces a stagger of about half a cell. The true separation is somewhat larger:
sep(P,,) = 0.3968 for every even m from 12 to 26, against 0.0442 for the Sobol’ sequence at
m = 12 and 0.0007 at m = 24 (exact). The generator data, as a drop-in table of 32-bit direction
numbers with a reference implementation, are in the archive (Appendix C.2).

Remark 78 (Base 3). In base three the Faure frame is the Kummer frame {+1}, with the
lacunary root 7 = /1 + z of Lemma 74(b), and Proposition 75 handles it as well. Take the roots
2=7-1,21=2—7o0f 22— 2 =21, 0 =1 and the multipliers go = —(1+z)(1 —z+7)/(1 — ),
g1 = —(1 + 7)/7. This self-similar scramble (LoPg, L1P1) of the Faure sequence in base 3 is a
(0,2)-sequence (Lemma 1), and Proposition 75 with 9 =771, A=1+x, B =0, j = 6 (a search
of 190 states) gives exactly 84 response tuples; Lemma 23 over all steps and pairs of tuples gives
LBg¢ = 0.266926, attained at an antidiagonal step (computer-assisted). With sep(FP») = 0.5828
this gives sep(Pax) > 0.2669 for every K > 1: base three in dimension two at every full level,
where Theorem 42(a) gives sep(Pyx) > 1/3 on the sparser level family 4N. The unscrambled
Faure sequence in base 3 is not quasi-uniform [16] (Corollary 8); its separation falls to 0.016 at
m = 9, while that of this scramble stays at 0.298 or more for even m < 14 (exact).

Corollary 79 (Every prime base, dimension two). For every prime p there is an explicit closed-
form scramble (LoPo, L1P1) of the Faure sequence in base p that is a quasi-uniform (0,2)-
sequence with a bound at every full level: Theorem 76 for p = 2, Remark 78 for p = 3 and
the brick wall (Theorem 32) for p > 5, with sep(Pax ) > 0.3678, 0.2669 and (p —3)/(2p), respec-
tively, for every K.

For large primes the hexagonal brick wall improves the constant at every full level to 1 —17/p
(Corollary 70, p > 3677), and for every prime p > 3 the block-periodic residue sequence reaches
1 —2/p at every level m € 4N (Theorem 42(a)).

9.3. Dimensions Three and Four, Small Bases. The same method works with symmetric
scrambles of the Artin—Schreier frames H = F3 and H = F4 and of the Kummer frame F}. In
each case the multiplier is a short rational function of the root, found by an exhaustive screen
over small families of such functions; the proofs are identical, and their finite parts are collected
in Table 10.

Theorem 80 (Base 3, dimension 3). Let U = — )<, 23" e Fs[[z]], so that U3 —~U =z, and g =
(1+z—U)/(1—=x). The digital sequence over Fs with the digits yc,(V) = [z"] g(z) V (c+U(z)),
¢ € F3, is a scramble of the Faure sequence (Py,P1,P2) in base 3 and a (0,3)-sequence, and
sep(Ps) > 0.05598 for every K > 1. Consequently d(Py) > 0.0186 N=Y3 for all N > 2 and
h/d < 93.

Theorem 81 (Base 4, dimension 3). Let Fy = {0,1,w,w?}, let 771 = [,5o(1 + ¥ € Fyl[x]],
so that 78 = 14z, and -
w (1 + w)
T+ w?
The digital sequence over Fy with the digits yen,(V) = [2"] g(z) V(w°T(2)), ¢ = 0,1,2, is a
(0,3)-sequence in base 4, and sep(P3x) > 0.11293 for every K > 1. Consequently 6(Py)) >
0.0282 N~'/3 for all N > 2 and h/§ < 61.4. With the binary code of Fy it is a binary digital
sequence, generated by XOR like the Sobol’ sequence.

g= =14z +ws?+wied +w2® +- .
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TABLE 10. The finite parts of the small-base theorems: depth j, number of dis-
tinct responses (per moving coordinate; in brackets the change columns after
the Fy carry correction), bound LB; for every level, the step attaining it (up
to the symmetry of the frame), and the exact separation at the largest level we
computed. All entries are exact computations; the responses are exact sets by
Proposition 75 (Lemma 77 for base 2). Level family: all full levels, M = sN.

result base, s frame j responses LB, minimising step; exact sep(Fy,)

76 2,2 Faure (H =TF3) 12 35 tuples 0.367804 (1,0), 7= 1;0.3968 (m < 26)

78 3,2 Faure (F%) 6 84 tuples 0.266926 antidiagonal; 0.298 (m = 14)
80 3,3 H=T; 8 85 0.055983 (1,—1,—1); 0.129 (m = 15)
81 4,3 T 8 32(67)  0.112930 (0,1,1); 0.168 (m = 12)

82 4,4  H=F, 5 64 (120)  0.030131 all four move; 0.101 (m = 12)

Theorem 82 (Base 4, dimension 4). Let U = ), ot e Fy[[z]], so that U* + U = z, and
g =1+wU + U2 The digital sequence over Fy with the digits yen(V) = [z"] g(x) V(c + U(x)),
c €y, is a (0,4)-sequence in base 4 and a binary digital sequence, and sep(Pyx) > 0.03013 for
every K > 1. Consequently 6(Py)) > 0.0075 N=Y4 for all N > 2 and h/§ < 266.

Proof of Theorems 80, 81 and 82. By Lemma 74 the frames are the Artin—Schreier frames H =
Fs (w = 23 —2) and H = Fy (w = z* + 2) with roots ¢ + U, and the Kummer frame F?}
(w = 23 — 1) with roots wr; the multiplier is the same rational function of the root in every
coordinate. (For Theorem 81, coordinate ¢ reads V (2) w?(z —aci1)/(2 —aci2) at a. = w¢, indices
modulo 3: the multiplier has its zero and its pole at the two other places.) So ¢t = 0 by Lemma 1,
and Proposition 75 gives the exact response sets of Table 10, with the carry correction (8) for
q = 4. Lemma 23 over all steps and all combinations of response columns gives the values LB; of
the table (computer-assisted). For ¢ = 4 this covers every K > 1; for ¢ = 3 it covers K > 2, and
sep(P3) = 0.4887. Lemma 2 gives the rest. With Fy = Fy @ Fow, multiplication by an element of
F,4 is an Fa-linear 2 x 2 block and addition is XOR of the codes, which gives the binary form. [J

Dick, Goda and Suzuki prove that the Faure sequence in base 3 is not quasi-uniform [10], and
Goda, Hofer and Suzuki extend this to scrambles (Pg, L1P1, LoP2) that leave the first coordinate
unscrambled, and likewise in every prime base p in dimension p [16, Rem. 3] (Corollary 14
contains both). Theorem 80 scrambles all three coordinates (g is not constant), so it is outside
the scope of these results and consistent with them.

The certified bounds in dimensions three and four are far below the exact separations of
Table 10 because the binding steps involve long carries that the computable prefixes do not
contain; explicit close pairs of points bracket the true infimum closely (Appendix C.4, which
also explains why these bases work, Remark 97).

Base seven. At p = 7 in dimension three the residue sequences give nothing (7 < 23), and
the block-periodic residue sequence covers only the levels m € 9N (Theorem 42(b), 1 — 2/7).
Every full level is covered by a bound of a different kind, in which the admissible own response
depends on the current cross responses of its column; it is given in Appendix B (Theorem 95:
sep(Psg) > 1/7 for every K, computer-assisted).

9.4. Prime-Power Bases. Apart from ¢ = 4, the constructions above live over prime fields.
The staggered residue sequence does not need this: its two lemmas use only the residue theorem,
which holds over every field. What changes over F,, ¢ = p" with r > 2, is the carry. Adding 1
to the integer cell index changes the finest digit by an element A(y) that depends on the digit
(Remark 89), not by the constant 1, so the rank-1 rule of the staggered coordinate is read with
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several possible increments. The resulting bound is a small finite minimum, and it depends on
how the digits of I, are encoded as integers.

Write Fy = Fy[z]/(f) for a monic irreducible f of degree r, and encode >, _, ¢;z* (0 < ¢; < p)
as the integer >, ¢;p’ (the power-basis encoding of f, a natural identification in the sense of
Section 2). With this encoding A(y) is one of the 7 elements 1, 1 +x, ..., 1+ 2 +--- + 2",
according to the number of trailing digits p — 1 of the code of y; let D be this set. For weights
ke (F;)*~! put

BQ(k) =min f; (60*, Z ecke AC)a
celC
the minimum over all steps e € {—1,0,1}*\ {0} and all A. € Dy for the moving coordinates
c € C, with f; the one-digit function of Lemma 23 for this encoding.

Proposition 83 (Prime-power bases). Let (s,q, f,k) be a row of Table 11. Read Definition 25
over Fy (any s distinct places in Fy, any 0, p, € Fy, the weights k), with the power-basis encoding
of f. The result is a digital (0, s)-sequence over F, with

sep(Psk) > Bq(k) for every K > 1,

with the value of the table; it is quasi-uniform, with 6(Pn)) > (B4(k)/q) N=Ys for every N > 2.
The evaluation of By(k) is computer-assisted.

Proof. The proofs of Lemmas 26 and 27 use Lemma 21 and Lemma 1, which hold over every
finite field; so the sequence is a digital (0, s)-sequence over Fy, and y, x = > .cc ke Ye, k-1 OD
P,y for every K. In the language of Section 4 the responses of the staggered coordinate are
constant, D(l)[c,][c] = ke and D(l)[c4][cx] = 0 for every I > 1. By (8) a step of coordinate
¢ with carry length [, stopping at the digit y, therefore changes r., by A(y)k. if I > 2 (the
wrap included) and by A(y)k. if { = 1; in both cases by A k. with A, € Dy. Lemma 23 with
j =1, keeping only the term of coordinate c,, gives sep(Psx) > min(1, B4(k)) = B4(k) for every
K with ¢ > 4, which is every K > 1 since ¢ > 8. The value 3,(k) is a minimum over at
most 3°7°~! terms, each a minimum over the ¢ positions of enc differences, evaluated exactly
(computer-assisted). The last statement is Lemma 2 with M = sN. O

The bound uses one coordinate and one digit, as in Corollary 29, and it is small; the exact
separations are several times larger (last column of Table 11; for s = 3 the smallest sep(P[ N]) over
all N up to 107 is between 0.0144 (¢ = 32) and 0.1484 (¢ = 49), above 3,/q in every case). The
proof uses the encoding only through the set Dy of increments A(y), so it holds for every bijection
enc with Dy replaced by its set of increments. A zero is a zero of this bound, not a statement
about the base: for ¢ = 8,9 in dimension three 3; = 0 for every digit code and every weight, for
q = 16,27 for every [F)-linear code; in dimension four 3, = 0 for ¢ = 16, 25,27, 32,64, 81, and in
dimension five for ¢ = 49, for every power-basis encoding and every weight (exact computations).
Other constructions and certificates with more digits are untried there.

9.5. Coverage by Dimension. Which bases admit a quasi-uniform digital (0, s)-sequence with
a certified bound, and on which level family? The answer collects the results of Sections 5-9.
The level family matters: every family of this paper gives quasi-uniformity, but a denser family
gives the better bound for every N (Lemma 2), and the full levels M = sN are the classical
choice. Table 12 and Figure 13 give the details.

Theorem 84 (Coverage). In each of the following cases there is an explicit digital (0, s)-sequence
over Iy with a positive lower bound on sep(Py,) for every m in the stated level family M, and
hence, by Lemma 2, a quasi-uniform one.
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TABLE 11. Proposition 83: the staggered residue sequence over Fg,, ¢ = p", with
the power-basis encoding of the monic irreducible f; weights k by their codes; 3,
is certified for every K (M = sN). For s < 3, f and k give the best value over all
f and k (exhaustive); for s = 4,5 they were found by search. Last column: exact
sep(Ps) for the places 0, 1,2 (codes), ¢, =2, 8 = 1. 3, depends on the encoding:
for ¢ = 25, s = 2 it ranges from 5/25 (22 + 2) to 8/25 (2 + 3), and for ¢ = 32,
s = 3 it is positive for 2 of the 6 irreducible quintics.

s=2 s qf k Bq sep(Ps)
9/ K a3 95 22 4212 (9,12) 2/25 0.1961
8 2 +ax+1 (2) 1/8 32 2° +ad+ 27+ +1 (12,2) 1/32 0.1814
9 22 +1 (3) 1/9 49 2% +1 (21,7) 5/49 0.3565
16 z* +x+1 (2)  1/16 64 2%+ 2 +1 (42,23) 2/64 0.1781
25 2° +3 (10)  8/25 81 a* +22° + 22+ +2 (3,9) 2/81 0.1848
27 2° + 2% + 22+ 1 (15)  5/27 121 2> + 2245 (22, 54) 20/121 0.2719
32 2+t +ar+1 (23)  7/32 125 2% + 42° +4 (45,66) 14/125 0.2323
49 2 +2z +2 (21) 19/49 128 as for s = 2 (56,95) 7/128 0.1767
64 2° +2' +2° +z+1 (45) 13/64 169 2° + 4z +9 (51, 89) 35/169 0.2320
4 2
121 e j:g ta+l Eg;; 5;%21 449 2% 41 (7,16,19) 1/49
125 o 1 35+ 3 (51) 44/125 121 2% +x +38 (21,31,49) 7/121  —
198 o7 420 4t 420 ta® +o+1 (95) 317108 12T FaHl (2,5,10) /125 -
5121 22 +1 (13,28,36,47) 1/121 -
169 2% +2 (17,58,63,83) 2/169  —

(a) s = 2: every prime p, with M = 2N; the prime powers ¢ = 8, 9, 16, 25, 27, 32, 49, 64,
81, 121, 125, 128, with M = 2N.

(b) s=3:q=3,q=4, ¢q="T and every prime p > 11, with M = 3N; every prime p > 5,
with M = 9N; the prime powers ¢ = 25, 32, 49, 64, 81, 121, 125, 128, 169, with M = 3N.
In particular every prime base p > 3 is covered; p =5 only with M = 9N.

(c) s =4:q=4,49, 121, 125 and every prime p > 17, with M = 4N; every prime p > 7,

with M = 16N.

(d) s =5:q =121, 169 and every prime p > 37, with M = 5N; every prime p > 11, with
M = 25N.

(e) s =6: every prime p > 17, with M = 36N; s = 7: p = 17,19, 23 and every prime p > 31,
with M = 49N.

(f) every s > 2: every prime p > 2°, with M = sN and, by a second sequence, with M =
sN — 1; both are closed forms with written proofs.

Proof. Each case is a cited result; Table 12 lists the construction, the bound and the kind of
proof for each. (f) Corollary 29 (staggered residue sequence, M = sN) and Corollary 37 with
Corollary 38 (residue sequence, M = sN—1), both for every prime p > 2°. (a) p = 2: Theorem 76;
p = 3: Remark 78 (computer-assisted), and Theorem 42(a) with M = 4N (proof); p > 5:
Theorem 32. The prime powers: Proposition 83. (b) ¢ = 3: Theorem 80; ¢ = 4: Theorem 81;
q = 7: Theorem 95; p > 11: case (f), since 11 > 23. M = 9N: Theorem 42(b), for every
prime p > 5. The prime powers: Proposition 83. (¢) ¢ = 4: Theorem 82; ¢ = 49,121, 125:
Proposition 83; p > 17: case (f). M = 16N: Theorem 42(c) (written proof for p > 29, exact
evaluation for 7 < p < 109). (d) ¢ = 121, 169: Proposition 83; p > 37: case (f), since 37 is the
least prime above 2°. M = 25N: Theorem 42(d), computer-assisted (the written proof of (c)
covers p > 84). (e) Theorem 42(d), computer-assisted. O
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TABLE 12. Coverage by dimension (Theorem 84): base, construction, level family
M (the exponents m with a certified bound on sep(P,,)), the bound, and the
kind of proof (“c.a.”: computer-assisted, with the scope stated in the cited result).
The bound for every N is LBq 2M/$ with Ay = s for M = sN and sN — 1
and Ay = 8% for M = s°N (Lemma 2). p = [p'/*]. For s = 4,5 the written
proof of Theorem 42(c) gives 1 — 6/p and 1 — 17/p from p = 29 and 84 on.
Constructions certified at every full level with constants tending to 1 from large
primes on (staggered windows, Section 8) are not repeated here.

s base construction M sep(Prm) > proof

2 q=2 Thm. 76 2N 0.3678 c.a.
q=3 Rem. 78 2N 0.2669 c.a.
p>5 brick wall, Thm. 32 2N (p—3)/(2p) proof
p>5 residue seq., Cor. 37 2N -1 (p— 1)p_1/2 proof
p>3 block-periodic, Thm. 42(a) 4N 1-2/p proof

—8,...,128 Prop. 83 N Tab. 11 c.a.

3 ¢g=3 Thm. 80 3N 0.05598 c.a.
q=141 Thm. 81 3N 0.11293 c.a.
p="7 Thm. 95 3N 1/7 c.a.
p>11 stagg. residue, Cor. 29 3N (lp/4] —1)/p proof
p>11 residue seq., Cor. 37 3N-—-1 (p— 1);071/3 proof
p>5 block-periodic, Thm. 42(b) 9N 1-2/p proof
q=25,...,169 Prop. 83 3N Tab. 11 c.a.

4 qg=4 Thm. 82 4N 0.03013 c.a.
p>17 stagg. residue, Cor. 29 4N (lp/8] = 1)/p proof
p>17 residue seq., Cor. 37 4N —1 (p— l)pfl/4 proof
p>T block-periodic, Thm. 42 16N 1-4/p (p>11) c.a.

q =49,121,125 Prop. 83 4N Tab. 11 c.a.

5 p>37 stagg. residue, Cor. 29 5N (lp/16] —1)/p  proof
p > 37 residue seq., Cor. 37 5N —1 (p— l)pfl/‘r’ proof
p>11 block-periodic, Thm. 42 25N 1-8/p (p>23) ca.
q=121,169 Prop. 83 5N Tab. 11 c.a.

6; 7 see (e) block-periodic, Thm. 42 36N; 49N Tab. 9 c.a.

s p>2° stagg. residue, Cor. 29 sN (lp/2°7'] —1)/p proof
p>2° residue seq., Cor. 37 sN—1 (p— 1)p71/5 proof
p > bas +4 block-periodic, Thm. 42(c) s°N 1—(a;+1)/p  proof (s >4)

What is not covered. Bases ¢ < s are impossible: a (0, s)-sequence in base ¢ exists only for
s < ¢ [31]. Among the possible bases the following are not covered by this paper, and we do not
claim that they cannot be: the prime powers that are not in Table 11, except ¢ = 4 for s = 3,4
(for ¢ = 8,9, 16,27 in dimension three the bound of Proposition 83 is 0, for every encoding resp.
every [F-linear one); base 5 in dimension three at every full level (Remark 85); and for s > 4 the
primes s < p < 2° at every full level. On the levels s2N these primes are covered from p = 7, 11,
17 on for s = 4,5,6, for s =7 at p = 17,19,23 and p > 31, and for s > 8 where the proof range
p > ba} + 4 of Theorem 42(c) starts below 2° (not for s = 8,9,10). Whether residue sequences
are quasi-uniform for s < p < 2% is not addressed (Section 11).

Remark 85 (Base five in dimension three). For p = 5 and s = 3, Theorem 42(b) gives
sep(Pox) > 3/5 for every K (exact sep(P») = 0.6211), and hence §(Pyj) > (3/5) 573 N1/3
for every N. A certificate at every full level is open. What was tried: (i) the ordered windows
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Bl written proof computer-assisted no certified bound ¢ < s: no (0, s)-sequence
me2nN .t o7 T 111111111
s=2 me2N -1 [N (N (N (N N (N N (N N (N N N N N N (N N NN NN N N N N N NN N N
m e 4N DN N N N (N N N N N (N N N N N N N NN N N NN N N N N B
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s=6 me6N —1 1 1 1 1 1 1 1|
m € 36N [N N I (N N N N N N N N
me TN
s=T meTN—1
m € 49N
Me v e - 225288 E 5 Y35 BRELERRER%EEEEE D
base ¢ (all primes up to 113, and g = 4); larger primes: see the caption
FIGURE 13. Coverage for s = 2,...,7 (Theorem 84). Each row is a level family:

all full levels sN; the prefixes sSN—1 one digit before them, and every s-th full level
52N (which is contained in sN, so every base covered in the first row is covered in
the third). Dark: a written proof covers this base; light: computer-assisted only
(the small-base theorems of this section, Theorem 95, the exact evaluations of
Theorem 42(c) below its proof range, and Theorem 42(d)); hatched: no (0, s)-
sequence exists in base ¢ < s. Every prime above 113 is covered as in the last
column, except for s = 7, where the full levels are covered from p = 131 on. Base
5 in dimension three is certified only on 9N.

of an earlier version of this work (shown there to give no positive bound at p = 5); (ii) the
symmetric frames of this section have no three-dimensional instance over F5, since three places
cannot form one orbit of a subgroup of the affine group of F5, whose order 20 is prime to 3;
(iii) the staggered residue sequences have (k) < 0 at p = 5 (Corollary 29), and among all
their parameters up to the affine symmetries of F5 (128 choices of ¢, 6 and the weights) the
best keeps sep(Psr) > 0.30 for K < 4 (exact), but at deeper levels there are explicit close
pairs: sep(P216) < 0.0047 for the choice that is best at K < 4, and sep(P3p) < 2.9 - 1076 for
another (exact computations of the two points; whether any of them is quasi-uniform is open);
(iv) for one-digit certificates that cover every possible cross response (the graph rule of Appen-
dix B and window coverings), and for several classes of two-digit certificates (ordered product
windows as in (i) on 192 relaxed instances, two further window classes on single instances, a
frame-independent two-digit graph rule), a SAT solver reported that no positive bound exists in
the instances solved; no independently checked certificate of these results was produced, so they
are evidence about these classes only. General two-digit windows, certificates with more digits,
and other constructions remain unexplored.

10. PRACTICE

The sequences of this paper are digital sequences with fixed generator matrices, generated
like the Sobol” and Faure sequences. This section says what they cost, how they compare at the
numbers of points one can actually use, how to randomise them without losing the bound, and
what their Hammersley lifts give as nets.

10.1. Implementation and Cost. A point is a matrix—vector product over F, in each coor-
dinate. For the residue sequences of Section 5 the matrices are closed forms: each entry is one



74 LEONHARD GRUENSCHLOSS

TABLE 13. The worst normalised separation J = ming,< <23 (5(P[N])N1/3 in
dimension three (exact, toroidal), and the certified bounds (truncated). Top:
residue sequences R, (Definition 33; data: places, 6, v), each the best of 600
candidates scanned for 7; their certified bound holds at N = p?£~1 for every K
(Theorem 36), at the full levels only the inclusion bound Ajit(A,)/p is certified
(Remark 40), and for every N the bound is LB/p (Corollary 38). Bottom: alter-
natives; random linear scrambles are C. = L.P,, with random lower-triangular

Le.
certified sep(-) >

sequence p data J Psk—1 Psk Py, all N
residue sequence 13 (2,9,10), 12, (5, ,6) 0.248 0.425 0.076  0.032

17 (2,9,6), 12, (4,10, 16) 0.235 0.388 0.058  0.022

23 (18,22, 15), 5, (4, 14, 20) 0.251 0.497 0.061  0.021

31 (8,0,16), 9, (10, 30, 7) 0.267 0.636 0.064 0.020
Faure (best: p = 11) 7-31 0.059-0.140 - - -
random linear scrambles 31 median / best of 150 0.117 / 0.217 - - -
Sobol’ / Owen-scrambled 2 3 seeds (Owen) 0.035 / 0.015-0.039 - - -
coefficient of a power series over I,

1gn+1 a
N — n n
Ce[n][i] = ve 6" [(2 — ac)"] W7

computed once by truncated power-series arithmetic; a sequence is given by its places, its scale
0 and its check vector v. In base 2 a digit vector is a machine word and the product is an XOR
of columns. The sequence of Theorem 76 is therefore the Sobol’ algorithm with a different table:
the archive (Appendix C.2) lists 32-bit direction numbers that replace the first two dimensions of
a Sobol’ table, Gray-code order permutes points only inside blocks of length 2™ and keeps every
bound, and the cost is that of the Sobol’ sequence. The sequences of Theorems 81 and 82 over Fy
are binary sequences as well. In a prime base p one stores the multiples of every generator column;
a point costs [log,p N1 table lookups and additions per coordinate and one reduction modulo p
per digit, whatever the matrices. With random access to the first 223 points, a straightforward
implementation takes 31 and 43 nanoseconds per three-dimensional point in base 31 and base
13, against 4 to 8 for an XOR sequence (one core of an Apple M4; informal timing, unoptimised
code), small next to evaluating an integrand such as a light path. One table serves every number
of points.

10.2. What the Bounds Give at Reachable Sizes. In dimension three there is exactly one
full level below 223 for 17 < p < 203, and the residue sequences are certified one digit before
each full level, at N = p? and N = p°; for p = 31 only N = p? lies below 223. What matters in
practice is sep(P[N]) at every N. Table 13 and Figure 14 report its exact minimum

J = i sep(P(y)
for four residue sequences and for the usual alternatives.

Against what is used by default the gain is large: J = 0.235 to 0.267, six to eighteen times
the Owen-scrambled Sobol’ sequence, whose sep(Pjy]) keeps decaying (Figure 14), and 1.7 to
1.9 times the best plain Faure sequence. Each residue candidate is scored on the full range:
per prime 600 candidates, half with check vectors from the 20 best classes by Ajit, a tenth with
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Faure, N = 53879: sep(Py)) = 0.095

10° 4 » . .

residue sequence, same N: sep(Py)) = 0.460
.« -

r e e

1072 4 H

6 8 10 12 14 16 18 20 22

loga N
Owen-scrambled Sobol’, 3 seeds (min 0.015 to 0.039) —— residue sequence (min 0.267) ~  =----- every N: sep(Py) > LB/p=0.020
—— Faure (I, P, P?) (min 0.095) e certified: sep(Psx 1) > 0.636 (every K)

FIGURE 14. Exact sep(Py)) = 5(P[N})N1/3 for every N < 223 in dimension
three, p = 31. Blue: the residue sequence of Table 13 (places (8,0,16), 6 = 9,
v = (10,30,7)); its certified bound sep(Psx_1) > 0.636 for every K (bar at
N = p?; the next certified size p® lies beyond 22%), and sep(Pn]) > 0.020 for every
N (dashed; Corollary 38). Orange: Faure (I, P, P?). Grey: Owen-scrambled Sobol’,
three seeds. Open dots: the minimum over 64 < N < 223: 0.267 at N = 208652,
0.095 at N = 53879, and 0.015-0.039. Right: a slab one mean spacing N~1/3
thick around the closest pair at NV = 53879, where the Faure sequence is worst,
7 X 7 mean spacings, grey level = depth in the slab: the new Faure points land
next to old ones (21 points in the slab instead of about 49), the residue sequence
stays spread (53 points, sep(Py)) = 0.460). At its first full level N = p? the Faure
sequence is better (0.757 against 0.489). Minimum distance only; no integration
test.

Korobov vectors, the rest with random check vectors with Ajix > 0, each with random places,
scale and scaling of v. In scans of this kind the best residue sequences also matched or beat the
best ordered window systems of an earlier version of this work (certified at every full level there)
by 7 to 12% in J (a tie at equal search effort at p = 13); those systems are in the data archive.
Against a searched scramble without a certified bound the gain is of the same size: the best of
150 random linear scrambles at p = 31 reaches 0.217.

Where the minimum is attained is telling: at p = 13, 17, 23 it is just after a certified size or
a multiple of one, at N = 13° 459, 2-17° 4 44 and 23° + 415, when the first points of the next,
uncertified, block of p® points arrive. What moved J was the choice of places, scale and check
vector; the larger certified constant raised the median of the scan a little at p = 31 and not
at p = 23. The other residue constructions were scanned as well (exact, illustration): the best
certified staggered residue sequences reach 7 = 0.191, 0.209, 0.212, 0.246, and the block-periodic
sequence of Theorem 42, whose certified sizes p°& all lie beyond 222 at these primes, reaches only
0.062 to 0.146 in this range. The generator matrices of the four residue sequences are archived
(Appendix C). In dimension two the same picture holds for the sequence of Theorem 76: over
N < 222 the range of our Owen runs, its smallest 5(P[N})\/N is above 0.2 (proved: 0.1839),
against a median of 0.009 over 8 seeds of the Owen-scrambled Sobol’ sequence.
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10.3. Randomisation. Randomised quasi-Monte Carlo and rendering need many independent
copies of a sampler and unbiased estimates. Owen scrambling redraws every digit below the
stratum independently; it makes every (¢, s)-sequence almost surely non-quasi-uniform [39], and
it would undo the constructions of this paper. Digital shifts keep the certified bounds. A shift
translates the digit vectors, the same translation for every point; it neither repairs a classical
sequence (Remark 15) nor destroys the certificates here.

Lemma 86 (Digital shifts). Let g be prime, or ¢ = 2" with an Fa-linear code enc. Let (y(V))
be a digital (0, s)-sequence over Fy and ¢ = (s¢n) any array of digits in Fy. The sequence with
the digits Yen (V) + Sem is a (0, s)-sequence, and:

(a) every bound sep(Psk) > min(1,LB;) that Lemma 23 gives for the unshifted sequence
holds for the shifted prefizx Psg, and so does every lower bound for LBj, such as the
one-digit form (j = 1) of Theorem 42(iii) and its one-coordinate form in Theorem 28;

(b) if ¢ = p is prime and the unshifted sequence is a residue sequence R,, then for ev-
ery K > 1 the fine cells occupied by the shifted prefix Psxg_1 are the elements N of
[0, p5)* with DoeUele =Y VeSe,k—1 (mod p), each holding one point, and sep(Psg—1) >
P Nt (Ay).

In particular the bounds of Theorems 28, 42, 76, 80, 81, 82 and 95, of Remark 78, and of the
window constructions (all obtained from Lemma 23), and of Theorem 36 hold for every digitally
shifted copy, at the same levels; and if the unshifted bounds hold for every K with ¢® > 4, the
bounds of Lemma 2 hold for the shifted sequence for every N > ¢*50=1) where K is the least
K with ¢® > 4; for ¢ > 4, and for (b), this is every N > 2.

Proof. A shift maps every elementary box onto one of the same shape, so nets go to nets.

(a) At level K a point with cell digits n and geometric digits R becomes one with cell digits
n + Geel and geometric digits R + ¢geo, S0 the shifted offset map is affine with the same linear
part. Let the shifted index of coordinate ¢’ step by +1 with carry length [, stopping at a digit
y'. The digits below change from 7 to 0 and that digit from 3’ to ¥’ + A(y'); since the shift is
additive, the unshifted digits change by the same amounts. This is the carry pattern of (8) with
the digit v/, so the geometric digits change by the expression of Lemma 23 with y» = v/; the
wrap is | = K, ¢y’ = §. Lemma 23 minimises over all digits y., all carry lengths and all positions
R, among which are the shifted ones.

(b) For a prime base the last base-p digit of the fine-cell index 7. of a point of the shifted
prefix is yex—1(V) + <, x—1. By Lemma 35, " vcyex—1(V) = 0 for degV < sK — 2, so
Y e Uele =Y VeSe,k—1 (mod p). The shifted prefix is a (0, sK — 1, s)-net, so, as in the proof of
Theorem 36(i), distinct points lie in distinct fine cells; there are p*E=1 points and exactly p*K—1
fine cells with this residue, so every such cell is occupied. For two points in the fine cells n and
7/ let b be the representative of 7/ — 7 modulo p® in (—p /2, p® /2]*. The shift cancels in the
difference of the last digits, so ). vcbe = 0 (mod p), that is b € A,, and b # 0. The rest is the
proof of Theorem 36(ii), which uses only b € A, \ {0} and the fact that each point lies in the
closure of its fine cell.

The last statement is Lemma 2, applied to the shifted sequence, a (0, s)-sequence, with M =
{sK : ¢ >4} in (a) and M = sN — 1 in (b). O

Part (a) does not cover Theorem 72, whose correction terms are not of the form of Lemma 23;
we have not checked whether its bound survives a shift. In practice: XOR one random word
per coordinate into every point in base 2 and over F4; add one random digit vector modulo p
in a prime base. The shift must be additive in FF,: digitwise addition modulo 4 of the codes is
not an [F4-shift, and a non-affine permutation of a geometric digit, which still preserves the net
property, can break the offset map (it brought the brick wall at p =5 down to sep(Ps) = 0.068,
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below its certified bound 0.2). The lemma keeps the certified bound, not the exact separation,
and a typical shift comes close to the bound, which is the worst case over the positions R (for
Theorem 76, twelve random shifts all gave ming<,,<20, m even Sep(Fr,) € [0.3680,0.3681], against
0.3678). A uniformly random digital shift makes each point uniformly distributed (up to the
digits used) and gives unbiased estimators [11], with the bound of every copy certified.

10.4. Hammersley Lifts. Hammersley’s construction adds the index as a coordinate: the Ham-
mersley lift P, = {(t(V) p~™,y(V)) : deg V < m} € [0,1)*T! of a (£, s)-sequence is a (£, m, s+1)-
net [31, Lemma 4.22]. The frame nets of [18] (such as Py, ,) have this shape, with the index read
at the place oo, but with a scramble that depends on m, the index coordinate included. We
measure §(P,,)N'/(+1)  toroidal in all s+ 1 coordinates, as [18] does. A slab is the set of points
whose first coordinate lies in one interval [a p~#°, (a+1)p~%0): an aligned block of p"~#0 indices.

Proposition 87 (What the lift inherits). Let (y(V')) be a digital (0, s)-sequence over Fp,, m > 1
and 0 < Ko < m. (i) Py, is a digital (0,m, s+ 1)-net. (ii) In its last s coordinates every slab is a
digitally shifted copy of Pp—_K,, so every bound that Lemma 86 transfers to shifted copies holds
inside each slab. In particular, at the primes where the theorems hold, two points of one slab
are at distance at least LB'N~Y 6+ where LB is the bound of Theorem 28 for the staggered
residue sequence (% for the brick wall) at m = (s + 1)K, Ko = K; p~"/CtD N5 (A,) for the
residue sequence at m = (s + 1)K — 1, Ko = K; and LB(F) for the block-periodic sequence at
m=s(s+ 1)K, Ky =sK.

Proof. (ii) A slab consists of the indices V = U + 2™ 50 A, A fixed, deg U < m — Ko; by linearity
y(V) = y(U) +y(zm Ko A), a shift of P,,_f,. The three cases are Lemma 86(a) (one-coordinate
form) for Psg, (b) for Psg—1 and (a) (one-digit form) for P, rescaled to N = p™ points in
dimension s + 1. (i) A box with dy digits in the first coordinate and ). d. = m is contained in
one slab with Ky = dy, a shifted (0, m — dp, s)-net by (ii); a shift maps boxes to boxes of the
same shape, so the box holds one point. The net is digital: the first coordinate has the matrix

that reverses the m index digits, the others the generator matrices restricted to the columns
0,...,m—1. ]

What the lift loses. The sequence keeps points of order N —1/s apart inside an aligned block
of N indices; the lift needs the larger distance N~ (*1) between any two points whose indices
differ by at most about N*/(t1)_ aligned or not. Two indices on either side of a long carry
share an aligned block only at a much higher level, where the sequence guarantees much less;
for special carry lengths their index polynomials differ by a polynomial that vanishes to high
order at the places, as in Theorem 6. The index coordinate, which no scramble touches, plays
the unscrambled coordinate of Corollary 14. Let p,, be the group of n-th roots of unity in F,,.

Proposition 88 (Close pairs across a carry of the index). Let n > 1, and let C. = L:P,,, ¢ < s,
be a scrambled frame over I, with arbitrary fized nonsingular lower-triangular L. and places
A={a.} C{0}Upp. Let r,k >0 with k +np" < m. Then

5(Ppn)® < pPP (0 Alp 2 4 1€ Alp 27D 4 |4\ {0, 1} p "
In particular, with v = \/W, if A= {0} Ups—1 or A= ps, then for m = sp”:
§(Bp) NY (D < oy pp" /(s i.e. §(Pp) <y N~Vs,
for these place sets and every fixed scramble the lifts are not a well-separated family of nets.

Proof. Put £ =np" —1,i = (p' —1)p*, j = pFT* < p™; then j—i = pF, V; = —(2F 4. - 4 2P+,
V; =2 and D =V; — V; = 2¥(2™" — 1)/(z — 1). In characteristic p, 2" — 1 = (2" — 1)P" =
(z—1)P"HP with H=1+2+---+2""1 s0oD =2F(z—1)P"""'HP"; as H(¢) = (("—1)/((—1) =0
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for ¢ € up\{1}, D vanishes to order k at 0, to order at least p" —1 at 1 and at least p" at the other
¢ € py. Coordinate ¢ changes by L.P,, D; the Taylor coefficients P, D vanish below the order
of D at a., and L, is lower triangular. So the two points share the first k digits of a coordinate
with a. = 0, the first p” — 1 digits of one with a. = 1 and the first p" digits of the others, and
the index coordinates differ by p* /N; summing squares gives the bound. For m = sp” we have
N = pP"; multiply the bound by N?/%. For A = {0} U ps_1 take n = s — 1, k = p’: the terms
become p~ 262" < 1,1, p? and s — 2 times 1. For A = us taken = s, k= 0: p~26=p" <1 0,
p? and s — 1 times 1. In both cases §(P,)2N?/* < s+ p?, and NV/(st1) = N1/sp=p"/(s+1), O

The proof covers every pair with V;—V; = D and index distance p¥ /N, also when the carry runs
out of the top digit (j =i + p* (mod p™), across the torus boundary of the index coordinate),
and every digitally shifted copy. In plain words, § < yN /% says that at these sizes the lift, N
points in dimension s + 1, is no better separated than a good set of IV points in dimension s.
The bound is far from sharp, and below 1 only in windows around m = sp”, geometrically far
apart; inside them it decays fast: 0.355 at p = 5, m = 10; below 1072 at p = 13, 24 < m < 2T;
7.7-107% at p = 5, m = 50 (Figure 15(c)). These place sets, the only ones of the proposition
with a bound tending to 0, cover, whatever the scramble, the two-dimensional sequences with
the places 0,1 (Theorems 32, 28 and 36 with these places, 42(a), 45 with s = 2 and these places,
69, 76, Remark 78, so all of Corollary 79), and in dimension three the places 0, +1 (Theorem 80,
Theorem 95 with these places) and ps C Fr (the archived instance of Theorem 95). They do
not cover the places 0,1,2 for p > 5, other place sets, or the sequences over F4 of Theorems 81
and 82 (base-4 carries do not give D); whether their lifts are well separated is open.

Comparison (exact, illustration; computed range only). We computed the lifts of four se-
quences with the places 0, 1: Faure, the brick wall (Definition 31, § = —%), the residue sequence
with a Korobov vector (Corollary 37, @ = 1) and the block-periodic sequence of Theorem 42(a)
0=1).Atm=3(p=5,...,19) and m = 6 (p < 17) they give 0.04 to 0.71, against 0.73 to
0.97 for the nets of [18] (column nets, P2 4); at p = 5 the last three fall to 0.07-0.14 at m = 9,10
(Faure to 0.02), where [18] certifies 0.632 resp. 0.630. Their exact closest pairs there are pairs
of the proposition (¢ = 4; k = 4, or k = 5 for the residue and block-periodic lifts at m = 10;
three across the torus boundary), and in 20 of the 21 cases computed for these three sequences
at m € {6,9,10} the minimum comes from neighbouring slabs. In dimension four (m = 4, places
(0,1,2) or (0,2,1), p < 13) the lifts give 0.18-0.65, against at least 0.8 for [18] at p = 11,13 (at
p = 5,7 its certified values do not decide). So the lifts are nets for free, but for separation the
frame nets of [18], scrambled for each m, are the right tool.

10.5. Limitations. A sequence in base p is stratified in base p, not in base 2: renderers that rely
on dyadic strata at power-of-two sample counts should use base 2 or 4 (Theorems 76, 81, 82).
Within one base, sep(P[ N]) fluctuates with the position of N between the powers of p, more so
for large p; for the residue sequences the certified sizes are p** ~!, and the smallest values come
just after them. The discrepancy is O((log N)*/N) with a constant that grows with p [31], but
separation and integration error are different quantities, and a comparison with Owen-scrambled
Sobol’ on rendering integrands and smooth test functions is the obvious next experiment. The
guarantees concern the geometry of the point sets: they matter where clumping at an unknown,
open-ended number of samples must be excluded, as in progressive sampling, in stippling and
object placement, and in quasi-uniform designs for kernel interpolation, where the mesh ratio of

Lemma 2 enters directly.
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FIGURE 15. Lifts (places 0,1) against the nets of [18], IN'/3. (a) p = 5; dia-
monds: exact (filled) and certified (open) values of [18]; triangles: the bound of
Proposition 88. (b) m = 6; dashed: ¢(q) of [18]. (¢) The bound of Proposition 88
where below 1: each V-shaped curve is one r (best k at each m), small only near
m = 2p"; circles: /2 + p2pP"/? at m = 2p”. The minima tend to 0.

11. OPEN PROBLEMS

One sequence certified at both kinds of levels. No digital sequence is known to us that
is certified both at every m = —1 (mod s) with the constants of Theorem 36 and at
every full level with 1 — O(1/p). For exact designed relations of bounded depth next
to exact skeleton relations this is excluded (Corollary 58), and more generally exact
relations of bounded depth leave room for about one relation per level (Theorem 51);
for windows chosen together with a corrected skeleton relation in a self-similar scramble,
Proposition 73 excludes it in the scope stated there (product windows, covering of every
line, the correction window of Theorem 72). Open are selection rules that look at later
digits, windows that are not products or that use several digits, certificates other than
the one-digit relaxation, scrambles that are not self-similar, and digital sequences that
are not scrambles of a frame of finite places.

Every full level with constants tending to 1 at all primes. At every full level the constants
1—0(1/p) are certified only from large primes on: 1—17/p for p > 3677 in dimension two
(Corollary 70), and 1 — C¥/p from py(s) on in dimension s > 3, with po(3) < 1.97 - 107
and po(4) < 1.44-10'6 (Theorems 68 and 104), because one hierarchy of step sizes serves
all columns. The block-periodic residue sequences reach 1 — 2/p from p =3 (s = 2) and
p =5 (s =3) on, but only at every s-th full level, and lose one 1/p against the 1 — 1/p
of the nets of [18], as the deeper digits of a coordinate depend on its own cell. Possible
routes: windows on the free multipliers of block-periodic scrambles with period ¢ > s, to
certify the full levels between the design levels; coverings of lattice type for the staggered
windows, to lower py(s).

Base five in dimension three at every full level. Base 5 is covered only on the level family
9N (Theorem 42(b)); Remark 85 lists what was tried for every full level: symmetric
frames have no three-dimensional instance over F5, the staggered residue sequences have
explicit close pairs at deep levels, and several one- and two-digit certificate classes were
reported unsatisfiable by a SAT solver in the instances solved (evidence about those
classes only). General two-digit windows, history-dependent bounds with several digits
(as in Appendix B), and non-symmetric algebraic frames remain unexplored.
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Random linear scrambles of Sobol’. Every Sobol’ sequence fails (Corollary 13), and so
does every scramble that leaves one coordinate a radical inverse up to a scalar (Corol-
lary 14); a fixed two-sided linear scramble of the two-dimensional Sobol’ sequence is
quasi-uniform (Theorem 76). Whether a random linear matrix scramble of the Sobol’
sequence is quasi-uniform, almost surely or with positive probability, is open: the bound
Op(log N) for the mesh ratio of randomly linearly scrambled binary nets that satisfy a
uniform coincidence condition, as the Sobol’ prefixes do [39, Thm. 5.5, Lem. 4.10], does
not decide it. How fast the separation of the Sobol’ and Niederreiter sequences decays in
dimension s > 3 is open as well: Section 3 gives explicit close pairs along one sequence
of sizes, and the rate N~/(*=1) only for the Faure sequence (Remark 9).

The limit of the residue-sequence constant. The best certified constant max,, p‘l/ it (Aw)
of the residue sequences (Table 7) appears to tend to /75, the square root of the Hermite
constant; this is the open limit of the skeleton nets of [18], and an answer there transfers
verbatim. The upper bound Ajit(Ay) < /75 p/¢ is immediate, since A, has index p. A
route for the lower bound that we have not verified: the lattices A, are the sublattices
of index p of Z* (those whose check vector has no zero entry), and an equidistribution
statement for these sublattices, rescaled to covolume 1, in the space of lattices as p — oo
could give the limit, since the jitter correction costs at most /s p~Y/$5: we have neither
checked whether such a statement is available in the form needed nor worked out the
details.

Implied skeleton relations in dimension s > 3. In dimension two a design can imply a
skeleton relation at the level after the design level (Proposition 46, Corollary 47), and
with the skeleton multipliers of Theorem 45 the two families meet the density bound
of Corollary 59 (Remark 48). For s > 3 the conditions of Proposition 46 can be met
algebraically by the free diagonal, but the remark after it forces an entry of order p'/*
in every nonzero column of the design for a good skeleton constant, and then the design
constant is no longer 1 — O(1/p). No example for s > 3 has been constructed; a search
over places, check vectors and crosses has not been run.

The true full-level separation of the staggered residue sequence. The certified bound
(lp/2571] — 1)/p ~ 217 of Corollary 29 is a property of the one-coordinate certifi-
cate, not of the sequence: for s = 4 and s = 5 the exact separations of the first full
level Ps in the cases computed lie between 0.1985 and 0.4837 (Section 5.2). Whether
inf i sep(Psrc) stays of order 1 for s > 4, or decays to the order 2'~* of the bound, is
open; a certificate that uses all coordinates would be needed.

Small primes and prime powers. The primes s < p < 2% in dimension s > 4 are not
covered at every full level (on s?N, Theorem 42 covers them from p = 7, 11, 17 on for
s =4,5,6), and whether residue sequences are quasi-uniform there is not addressed. The
staggered residue sequences keep separations well away from 0 at the first levels below
2% (for instance 0.48 to 0.52 for K <7 at s = 2, p = 3; exact), but the close pairs found
at deep levels for s = 3, p = 5 (Remark 85) show how little such data say. Prime powers
beyond Proposition 83, the residue sequence over [, (the proof of Theorem 36 uses that
q is prime), and the more general Halton-type sequences of Hofer in rational bases [23],
to which [16] refer (outside the definition treated in Corollary 7), are open.

Quality at reachable sizes, integration, and base two. The certified bounds are loose at
small primes, the Faure sequence is better at its first full level, and in the scans of
Section 10 the choice of places, scale and check vector moved J more than the certified
constant did. Criteria that target the first levels while keeping a certified bound, and a
measured study of integration error, are open. A (0, s)-sequence in base 2 needs s < 2;
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the binary sequences of Theorems 81 and 82 are quasi-uniform in dimensions three and
four, with certified bounds at the sparse levels N = 26K and 285 and small constants.
Binary sequences with certified bounds at denser levels, or with constants comparable
to those of large prime bases, are open.

Use of AI systems. The constructions, proofs and Lean formalization were produced by an
AT system (Anthropic Claude Opus 5.5) under the author’s direction. The author selected the
problems, steered the research and reviewed the formal statements, but has not verified every
proof by hand; the computer-assisted parts are exact finite computations whose scope is stated
with each result. Al systems are not listed as authors; responsibility for this work rests with the
author.

APPENDIX A. STRUCTURE PROOFS

This appendix collects proofs that would interrupt the main text. Sections A.1 and A.2 support
Section 4: the carry rule for ¢ = 4 (Remark 89), the Riordan form (Lemma 90) and the proof
of the residue form (Lemma 21). Section A.3 collects facts about responses used in Sections 4
and 7. Section A.4 proves Proposition 62, Section A.5 the results on the hexagonal brick wall
(Theorem 69, Corollary 70), and Section A.6 two results of Section 9 (Proposition 75, Lemma 77).
The staggered windows at a finite prime are in Appendix D.

A.1. Carries in Base Four.

Remark 89 (Carries for ¢ = 4). For a digit y € Fq let A(y) := enc™!((enc(y)+1) mod q) —y €
[F; be the change in Fy when its code goes up by one, and let y = enc (g —1) be the top digit.
A step of carry length [ adds A(%) to each of the [ —1 finest digits and A(y) to digit K — I, where
y is the value of that digit; for Fy, A(0) = A(w) = 1 and A(1) = A(w?) = w?. By linearity such
a step changes the geometric digit K + ¢ of coordinate ¢ by

(8) 0i(l,y)[cllc'] = A®@) Di(l — D)[e[e] + Aly) (Di(l) — Ds(l - 1)) [e][¢],

which is D;(1)[c][¢] for prime ¢ and w?D;(l) or D;(I) +wD;(l — 1) for Fy.

A.2. Riordan Form and Residue Form. The Riordan form writes each row of a scramble
as one series in the common local variable x; the self-similar scrambles are those with one series
for all rows.

Lemma 90 (Riordan form). Let 0 € Fy. For every scramble L. there are unit power series
Gen € Fyllz]], n >0, such that for every V

yc,n(v) = [z"] gc,n(l‘) V(chx))-

Row n of L. determines and is determined by the coefficients of gen up to x".

Proof. Write V(z) = 3, [(2 — ac)¥]V (2 — ac)k. Since z.(0x) — a, = 0z /w'(a.) + O(2?) is x times
a unit, [2"] g(z)(2.(0z) — a.)¥ vanishes for k > n, equals g(0)(8/w’(a.))™ # 0 for k = n, and for
k < n depends only on ¢ up to "%, with the coefficient of "% entering through the factor
(0/w'(a.))* # 0. So the map from the coefficients of g up to 2" to row n is triangular with
nonzero diagonal, hence a bijection onto the rows with nonzero diagonal entry. O

For the residue form we compute residues in a different local variable. The following change
of variable is classical; we include the short proof because it must hold in every characteristic.
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Lemma 91 (Change of variable in a residue). Let Z and u be formal variables and Z = u p(u)
with a unit series p € Fy[[u]]. For every Laurent series F' € Fy((Z)),

Resz (F(Z)dZ) = Resy(F(Z(u)) Z'(u) du),
where Resyz(F dZ) is the coefficient of Z~1 in F, and Z'(u) is the formal derivative.

Proof. Both sides are linear in F. For k > 0 the series Z*Z’ has no negative powers of u, so on
both sides only the finitely many coefficients of Z*, k < 0, in F matter, and it suffices to take
F = 7k, k € Z, where the left side is 1 for k = —1 and 0 otherwise. For k = —1 the right side
is the residue of Z'/Z = 1/u + u//p, and p//u is a power series, so it is 1. Let k # —1. Write
W= o + p1u + pou? + ---. The coefficient of u=! in Z¥Z’ = u*u*(u + up') is a polynomial
with integer coefficients in ,u,al,,uo,,ul,ug, ... (finitely many of them), the same polynomial
over every field. Over a field of characteristic zero, with the u; independent indeterminates,
AVARS %(Zkﬂ/(l{ + 1)) is a derivative, whose coefficient of u™! is zero. So the polynomial is
zero, and the right side vanishes over F, as well. ([l

Proof of Lemma 21. (a) Since Res,(V(z — a)™*"'dz) = [(z — a)*]V, the right side equals
> wen Le[n][K] [(z — ac)¥]V, which is digit n of the scrambled coordinate ¢ (Section 2). The
coefficient of (z — ac)™™ ! in 7., is Lc[n][n] # 0. Conversely, a family of polar differentials
Newm = Y open Mk(z—ac) ¥~z with A, ,, # 0 defines the lower-triangular matrix L.[n][k] = A,k
with nonzero diagonal, and the same computation gives y.,(V) = Resa, (Vnen)-

(b) Fix c and expand at a. in Z = z — a. Since w = w'(a.) Z + O(Z?) with w'(a.) # 0, the
series u = w is Z times a unit, and its inverse is Z = z.(u) — a., because w(z.(u)) = u. Let ¢,
be a unit series in Z. By Lemma 91, with dz = dZ,

0\ n+1
Resq, (Vgpc (E) dz) = 0" Res, (V(zc(u)) Oe(ze(w)) w12 (u) du) = 0" u"] H(u),
with H(u) = V(zc(u))pe(ze(u))zh(u). Substituting w = fx turns [u"]H (u) into 0~ "[2"] H(0x),
so the residue equals

[2"] 0 pc(2c(02)) 2. (02) V (20(02)) = [2"] ge(z) V (2:(0)),

with g. as stated. It is a unit series, since p.(a.) # 0 and z.(0) = 1/w'(a.) # 0. So a family of
local multipliers gives a self-similar scramble with scale # and multipliers g.. Conversely, let g.
be a unit series in 2 and put ¢.(z) := 0 1g.(w(2)/0) w'(2); since w(z) /6 has no constant term at
ac, this is a power series in Z, and a unit because g.(0)w’(a.) # 0. Differentiating w(z.(u)) = u
gives w'(zc(u)) z..(u) = 1, hence

0 Spc(zc(gx)) zé(9x> = gc(x> w'(zc(990)) zé(ﬁx) = gc(x>'
So every self-similar scramble has a residue form, and the two maps ¢. — g. and g. — . are
mutually inverse: the second composed with the first gives p.(z.(w(2))) = ¢e(z), because z. is
the compositional inverse of w at a. on both sides. The scale 6§ is the same on both sides.

(c) Write F = G + Y. > 15 @ek(z — ac) ™% with a polynomial G and finitely many a.y € F,
(partial fractions; the denominator of F is a product of powers of the z—a..). At a, the polynomial
G and the terms (z — ap) ¥, b # ¢, are regular, and (z — a.) ¥ has residue 1 for £ = 1 and 0 for
k > 2;s0 Res,, (F dz) = a.1. At 0o, G contributes no power 2~ 1, and (z—a.) ™% = 27 *(1—a./2)7*
contributes to z~! only for k = 1, with coefficient 1. Hence [z71F =" _a.1 = Y., Res,, (F dz).
If F =0(272%) at oo, then [z71]F = 0. O



QUASI-UNIFORM DIGITAL SEQUENCES IN EVERY DIMENSION 83

A.3. Responses of Self-Similar Scrambles. This subsection supports Sections 4 and 7: two
responses of one column of a self-similar scramble are never both periodic (Proposition 92), the
cross responses of every digital (0, s)-sequence have full rank (Proposition 93), and Corollary 53
has a direct proof.

Proposition 92 (No periodic responses). Let s > 2, let the frame be arbitrary, and let the
scramble be self-similar over Fy. In every column c, at most one of the s series Oy and X o

(¢ # ') is rational. In particular the own response ng) and a cross response X(EQC, of one
column, as functions of the carry length [, are never both eventually periodic, and neither are
two cross responses X © xW

PRI, SIS For s =2: O1 and Xo.1 are not both rational, and neither
are Og and X1 9.

Proof. Write y = 0z and z. = z.(y). No local root is rational. The polynomial w(Z) — y has
degree one in y and is primitive in F,[Z][y], so it is irreducible in Fg[y, Z]; it is monic of degree
s > 21in Z, so by Gauss’s lemma it is irreducible in Fy(y)[Z] and has no root in Fy(y). Since
ze € Fg[ly]] is a root, z. ¢ Fy(y).

The responses. By Proposition 22, Oy = D[c][¢] and X, « = 271 D]¢|[/] with D = I-.A(0)G.
Write A = diag(g.) Vdm with Vdm[c][b] = 28. Column ¢/ of Vdm™! holds the coefficients of
the Lagrange polynomial (o (Z) = [ 0(Z — zer)/(2¢ — zer), and A(0)[c][b] = gc(0)al, so
(AO)G)[AIF] = ge(0) Le(ac) /o (). By (5) with y in place of 2, [Lusu(Z — zer) = (w(Z) —
Y)/(Z — zp); at Z = zy this is w'(2v), and at Z = a, it is —y/(ac — 2z¢ ), since w(a.) = 0. (The
series a. — 2z is nonzero: its constant term is a. — a for ¢ # ¢/, and for ¢ = ¢ its coefficient of
yis —1/w'(ay).) Hence
g0y

g (X)W (2¢)  Ae— 2o’
80 Xeee = 09c(0)/ (g (@) W' (20) (ac — 2)) # 0 for ¢ # ¢, and 1 — O = (A(0)G)[c][]. Taking
quotients,

(AO)&)[el[¢] =

1 -0y N _gc’(o) S Oc — 2 KXeyee _ Ya (0) e I

mXc(—c’ gc(o) Qe — Zc’7 Xcg<—c’ Geo (O) Qcy — Z¢! .
In both cases the right side is a nonzero constant times = = (b — z) /(b2 — 2z ) for two distinct
places by # bs. If the two series on the left were rational in z, then = would be rational in y,
E#1, and zo = (b1 — b2E)/(1 — E) would be rational, a contradiction. Finally, if the responses

Ogl) = [2!] Oy /(1 — 2) are eventually periodic in [, their generating function is rational, and so
is Oy ; the same holds for the cross responses. L]

For s = 2, and for two cross series in dimension s > 3, this is the statement used in Section 4;
the case of an own and a cross series in dimension s > 3 comes with the same proof. It is why,
apart from a few constant responses as in the brick wall, the responses of a self-similar scramble
keep changing with the carry length, and why Section 8 keeps them in windows instead.

For an arbitrary digital sequence the offset map of Psx is defined as in Section 4: the cell
digits determine the index, so every geometric digit is a linear function of the cell digits. If the
cross responses of a column moved in lockstep, X, » = X, , the vector u; of Proposition 63
would stay in a hyperplane and a smaller window would do; this never happens.

Proposition 93 (Rank of the cross responses). Let (Cy,...,Cs_1) be a digital (0, s)-sequence
over Fq, s > 2, and K > s — 1. For a coordinate ¢, let X be the (s — 1) x K matriz whose row
c #  holds the coefficients of the cell digits ye o, ..., Y k—1 in the geometric digit e = Ye i
of Psi. Then the minor of X on the s — 1 finest digits Yo' k—s41,---,Ye/ K—1 5 NONZETO; in
particular Xo has rank s — 1.
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Proof. Let B be the box matrix of the composition (K,...,K): the first K rows of every C.,
restricted to the columns 0, ...,sK — 1. It is invertible because Pk is a (0, sK, s)-net. Its rows
are indexed by pairs (c,i), i < K, and the vector of cell digits is y = BV for the vector
V =(Vy,...,Vik—1) of index digits. Let R be the (s —1) x sK matrix of the rows C.[K], ¢ # ¢/,
on the same columns. Then 7. = (RV). = (RB™ly). for ¢ # ¢, so the rows of X, are the
columns (c’,i) of RB™!. For a set S of s — 1 row indices of B, let Bg. g be B with the rows
in S replaced by the rows of R. Then Bg, r = EB, where F is the identity with the rows in
S replaced by the rows of RB™!, and expanding det F along the rows outside S shows that the
minor of RB™! on the columns S is & det Bg, g/ det B. Take S = {(¢/, K—s+1),...,(d, K—1)}.
Up to the order of the rows, Bg. r consists of the first K + 1 rows of every C,., ¢ # ¢/, and
the first K — s + 1 rows of C., on the columns below sK: the box matrix of the composition
(K+1,...,K+1,K —s+1) of sK, which is invertible since ¢ = 0. O

Direct proof of Corollary 53. Since ag = 0, Cy = Lg is lower triangular with nonzero diagonal,
and Py, Pog 4o are nets (Lemma 1), so the offset maps at the levels K and K 41 are defined on
the index polynomials of degree less than 2K and 2K +2. Suppose the three conditions hold, and
write X and X' for the coefficients of y; 1 in yp x at level K and of y; x in yo k41 at level K+1,
the only cross coefficients left. Take V = 2% Tts digits in coordinate 0 are yo; = Co[i][K] = 0 for
i < K and yo i = Co[K][K] # 0. The own part of yo x vanishes, so Co[K|[K]| = X y1 x—1(2),
and X # 0. Take V = 25*1 of degree less than 2K because K > 2. Now yg; = 0 for i < K,
so the level-K offset map of coordinate 0 gives 0 = X y1 g—1(25"1), hence y1 g—1(z5+1) = 0.
The own part of the offset map of coordinate 1 involves only y; k1, and its cross part only
the cell digits of coordinate 0, which all vanish; so y1, & (2571) = 0. Finally the offset map of
coordinate 0 at level K + 1 gives Co[K + 1][K + 1] = yo x+1(z5™) = X' y1 g (25T = 0, a
contradiction. O

The direct proof uses only that coordinate 0 is lower triangular and that Pox and Pyg 4o are
nets, so it holds for every two-dimensional digital sequence with these two properties; the proof
in Section 7 uses the frame, and the same argument works verbatim for any two distinct places
ag # a1 in place of 0, 1.

A.4. Proofs for Section 8. This subsection contains the proofs of the results on free digits,
windows and the half-cell stagger (Sections 8.1 and 8.2) and of the results on windows and
skeleton relations (Section 8.5).

Proof of Proposition 62. (a) By Lemma 21(b) the local multiplier ¢, is a unit power series at
ac, and so is Op 0., because we(a.) = a. — aj—c # 0 for s = 2. Since w = (z — a.) w.(z) with
we(ae) = w'(a.) # 0, every power series in z — a. is a power series in w; write fp. . = Q.(w)
with a unit series ., and put A. = 2.(0) and 9. = Ac/€2. Conversely, for any A\. € F; and unit
series 1. with ¥.(0) = 1, . 1= )\c/(é?zbc wc(w)) is a unit power series at a.. By Lemma 21(b),
ge() = 0pc(2c(0x)) zL(0x), and 2, = 1/w'(2.) (differentiate w(z.(u)) = w); at z = z.(0z) we
have w(z) = Oz, which gives the formula for g..

(b) This is Proposition 22.

(c) By Proposition 22, O = D[¢][¢] and X = 27 1D|(][¢/] with D = I — A(0)G. Write
y = Oz and A = diag(g.) Vdm with Vdm[c][b] = 2.(y). As in the proof of Proposition 92,

"o 9:(0) . Yy
(A(O)G) [C] [C ] B ge (33) (Zc’(y) - CLC) w/(ZC/(y)) .

By (a) with @ = 1, gc’(l') w/(zc’(y)) = Ac//¢c’(y) and gc(o) = Ac/w/(ac)' For ¢ = Cla Yy =
w(ze(y)) = (2o (y) —ac) we (2o (y)), so y/ (20 (y) —ac) = w'(ae) be (2o (y)) and (A(0)G)[C][¢] =
[Wether](y), which gives Ou. For ¢ # ¢, y/(zo(y) — ac) = yee (20(y))/(ae — ac); dividing by
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x =y/0 gives X . with the stated k... The kernels are evaluated at the point z.(y) of the
local root, that is, as series in w at a. evaluated at w = y.

(d) The displayed formula for (A(0)G)[c][¢] does not use s > 3. In the frame (0, 1;00),
w=22—z,w' =22—1,and 20+21 = 1, 2921 = —y. Column 1: & = z, s0 (a) gives g1 (x)w'(21) =
A/ (¥1(y)z1), 91(0) = A1 and go(0) = Ao/(c0(0)w'(0)) = Ao. With y/(21 — 1) = 21 and y/(z1 —
0) = 21 — 1 the formula gives (A(0)G)[1][1] = 22¢1(y) and (A(0)G)[0][1] = (Ao/A1) y 1 (y),
hence O; and Xp.1 with kg1 = OAo/A1. Column 0 is the same computation with wy =z — 1,
y/(20—0) = 20 — 1 = =21 and y/(20 — 1) = 20: (A(0)G)[0][0] = (20 — 1)*¥0(y) = 2{*o(y) and
(A0)G)[1][0] = (A1/Xo) ¥ bo(y). The product ko, 1K1 0 = 02 is immediate. O

Proof of Proposition 63. Both kernels of column ¢’ take the value 1 at w = 0 (Proposition 62(c);
for s = 2 the kernels of (d) are 27 and 1). So 1 enters the coefficient of 2™ of Oy and of
X, only for n > [, and at n = [ with the coefficients —0' and —k..6". The partial sum
OS) contains the own coefficients up to z!, and XC(Z:CI/) the cross coefficients up to z!. Freeness is
Proposition 62(a): the coefficient of 2™ of g depends only on 9 g, ...,%c n, and by Lemma 90

so does row n of L. ]

Proof of Proposition 64. (a) By (ii) the line 5 + Fpa. contains a point 3+t of W) which
gives the admissible digit 1 = —t/6'. (b) By Proposition 63 the chosen digits define one unit
series 1. per coordinate, hence a self-similar scramble; Lemma 1 applies. (c¢) The offset map is the
same at every level (Proposition 62(b)); X(1) = —x lies in its window by (i), and the admissible
choice at depth I puts u; into W), (d) Lemma 23 with j = 1 gives the first inequality. For a step
e with carry lengths [, the change of the geometric digit of coordinate ¢ is >, exD(l)[c][¢],
which lies in S.(e) by (c); hence LB3" > LB(W). O

Proof of Lemma 65. The ¢°~' lines of direction a partition Fy, and each of them contains a
point of W. 0

Proof of Lemma 66. Let 6 € [0,p) represent 0. As R runs through F, enc(R & o) — enc(R)
takes the value &, and also 6 — p if 6 > 1 (when the neighbour’s digit wraps around). For
e = 1 the minimum of |p + enc(R & o) — enc(R)| is ¢ = pfrac(®) if 6 > 1 and p if 6 = 0,

that is p f(+1,®); for e = 0 it is p||®|; e = —1 is e = 1 with —o. Subtracting the jitter
1/p gives the formula. If f(4+1,®) = f(—1,®), then frac(®) = frac(—®), so ® € {0, 3}; at 0,
f(£1L,0)=1#0= f(0,0). O

Proof of Theorem 67. Fix a step e, let E = suppe and k = |[ENC|. (i) A moving coordinate
i € C receives its own response and one cross from each other moving column, so e;®; €
[—a—(|E| —=1)e, —a+ (|E| —1)e] C (=1,0), because a > (s — 1) and a + (s — 1)e < 2a < 1 (by
(ii)); hence f(e;, ®;) > 1 —a — (|E| — 1)e. (ii) k > 2: since 1 —a — ¢ > 0, the hypothesis gives
l—a—e>,4/1- (% —€)2>1/3/2,50 a < 0.134, a + (s — 1)e < 2a < 0.268, and two moving
coordinates of C' give . flee, @)% >2-0.7322 > 1. (iii) E = {cs}: f(£1,0) = 1. (iv) E = {i}:
fle;, @) =1 —a, and ¢, does not move and receives :l:(% + [—€,€]), at distance at least % —¢
from 0; the sum is at least (1 — a)i2 +(3-¢)?2>1(v) E={i,c.}: fle;,®;) >1—a—eby (i),
and e, ®, € £(1 +[—¢,e]), where f(+1,) > 1 —¢; the sum is at least (1—a—¢e)?+ (4 —¢)? > 1.
For the second statement: ¢ — (1 — se)? + (3 — €)? decreases on [0, &) and equals 1 at &, so for
£ < g5 it exceeds 1 at a = (s — 1)e, and by continuity some a > (s — 1)e still works. O

Windows and skeleton relations.

Proof of Lemma 71. By Lemma 21(b), veXedYe,xk—1-d(V) = 0% Resq, (Vgoc . vcxc,d(w/ﬁ)d .
wdz). Summing over d < K replaces vexc,qa(w/0)? by the truncation of 1/¢, below w’. The
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rest of 1/¢p, is O(w’), and times p.w K it is regular at a.; so the sum equals 6% Res, (Vw5 dz).
By Lemma 21(c) the sum over c is 0% [z71](V/w’), which is 0 for degV < sK — 2. O

Proof of Theorem 72. As in the proof of Theorem 36, distinct points of Psx_1 lie in distinct
fine cells 7, and 7. = D, g ycyipK_l_i. Let two points lie in the fine cells 7, 7/, and let a. be
the representative of 7/, — A, modulo p¥ in (—p® /2,p% /2]. As there, the toroidal distance in
coordinate ¢ is at least (Jac| — 1) p~ . If some |a.| > p, the distance is at least (p — 1)p~& >
p*K)\ij(Av), since pl. € A,. Otherwise write 7. = puc + Yo, k-1 with the coarse index u..
Adding a. with |a.| < p changes u. modulo p®~! by some ¢, € {—1,0,1}, and ¢, # 0 only if
€c = sgn(ac). A change of u. by £1 is a carry of some length j. € [1, K — 1] (the toroidal wrap is
Jje = K — 1), which changes each of the digits y. x—1-4, 1 < d < ji, by €. and leaves the coarser
digits unchanged; put j. = 0 if €. = 0. The digit y. x—1 changes by a. modulo p. Subtracting the
relation for the two points gives v, (ac—l—eC\I/C(jc)) = 0. Let f. € €.[0, B] be the integer €, times
the centred representative of ¥.(j.), and b := a+f. Then b € A,. Each f. is 0 or has the sign of a.,
50 |be| = |ac|+|fe|] < |ac|+B, and b = 0 would force a = 0, which is excluded. Hence the distance is
at least p~"|[(Ja| = 1) 4[l2 = p~ [ (|b] = (14+B) 1)+ |2 > p~ % A, 8(Aw), and p~ X N/* = p=1/5. The
inequality Ajit, 3 > Ajit —B+/s holds because (|b|—1)+ < (|b|—(14+B)1)4++B1 coordinatewise. [J

Proof of Proposition 73. (i) Lemma 71 at level K + 1 holds on Pyg41)—1 2 Psk. For the two
points of the step, y. x changes by o, the cell digits ye x—q, 1 < d < [, change by e. (a carry
of length [ adds 1 to each of the [ finest digits modulo p), and the coarser digits do not change.
Subtracting the relation for the two points gives the identity.

(ii) Let € € F, and j > [, and replace ¢, by ¢.(1+ ew’); the other coordinates are unchanged.
By Lemma 21(b) the new digits are y.,, = yen + €07y p—j for n > j and Yo = Yen for n < j.
The offset map at level K is linear in the cell digits, and a response is its value on the change
of the cell digits: for a carry of length [ in coordinate c this change is +1 in each digit y.n,
K —-1<n<K -1, and 0 in every other cell digit. Take two index polynomials whose new cell
digits differ in this way. By induction on n their old cell digits differ in the same way, because
the correction ef? Ye,n—j involves only digits with n —j < K —1[. The geometric digits of the other
O]

coordinates are unchanged functions of V', so by linearity every X is unchanged. The own

c+-c
geometric digit 3/ ;- changes by Ogl) + eﬂjAyQK,j, where Ay, x_j is 1if j =1 and 0 if j > [.
On the other side 1/¢), = (1/¢c)(1 — ew? + O(w’T1)) leaves v, and x4, d < j, unchanged and
changes x.; by —eb7, so W.(1) changes by —ef' if j = and not at all if 7 > I. In both cases the
sum O + WU, (1) is unchanged. Any local multiplier with the same ve, X1, - -+, Xei—1 1S @c times
a unit 1 4+ O(w'), a product of such factors, and the responses up to depth I depend on finitely
many of them (only ¢, mod (z — a.)%*! enters level K, remark after Lemma 21).

(iii) By the covering condition, for every column c the set Woc) + [0, B] contains B + 1. Take
the step e = (1,...,1) and any & € >, Wee . Then w+ &+t = B+ 1 for some w € AR
and t € [0,B], so Sc(e) D0, =w+&& =B+1—-te€[l,B+1],and fi(1,0.) = (6.—1)/p < B/p
(Remark 24). Summing over ¢ gives LB(W)? < sB?/p?. For the second statement, A, has index
p in Z*, so by Minkowski’s theorem it contains b # 0 with [|bl|ec < p'/%; if B + 1 > p!/* then
(|b‘ — (1 + B)1)+ =0 and )\jit,B(Av) = 0. ]
A.5. The Hexagonal Brick Wall.

Proof of Theorem 69. The fixed depth-zero crosses lie in their windows: —r1. ¢ = v/2 =5 +b
and —kg1 = k. Column 1 needs only a fast row: Lemma 98 with one row, step k and arc [—k, k]

gives Ny =1+ [(p—2k —1)/k] = Mp. Column 0 is a doubled column, but a parity argument
halves the cost of Lemma 100: multiplied by —2, the condition ¢ + ok1, ¢ € % + [—b, b] becomes
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ov +2¢ = 20 — 1 for some |£| < b; the even numbers 2¢ form a complete residue system modulo
the odd number v, so as o runs over M4 consecutive integers, ov + 2¢ takes every value in an
interval of vM4 — 3v + 3 > p consecutive integers. So Proposition 64 applies. The hypotheses
give (D) and (N) of Lemma 99 (p — 1 — 2b—2Mp is even and positive), whose two numbers for
s = 2 (where Ty is absent) are the last two terms, and the first term bounds the axis step of
coordinate 0 as in the case E = {i} of its proof. O

Proof of Corollary 70. For p > 10* by hand: v € (p/34 — 1,p/34 4+ 1] and k = 2v € (p/17 —
2,p/17T+2],s0 Mp < 17(p—1)/(p —34) < 18 and M4 < 34(p — 3)/(p — 34) + 4 < 38.2. Hence
1— (k+ Ma)/p > 16/17 — 40/p > 0.937 and (p — 3 — 2b)/(2p) > 33/68 — 3/(2p) > 0.485,
whose squares sum to more than 1.11; 1 — (2k + My)/p > 15/17 — 42/p > 0.878 and n >
33/68 —35/(2p) > 0.483, whose squares sum to more than 1.004; and (1—Mp/p)? > (1—17/p)>.
The side conditions are immediate. For the 715 primes 3677 < p < 10* the formula of Theorem 69
was evaluated in exact rational arithmetic, with the two coverings checked as set identities in
F, (c.a.). Lemma 2 gives quasi-uniformity. O

A.6. Small Bases.

Proof of Proposition 75. All entries of # lie in Fy(2)(9) = @y Fq(z)9®. Write each as F =
Y bes P,¥®/E with one common denominator E € F,[z] and unique polynomial numerators P,.
Since F(x)? = E(x?), inserting the Mahler equation and expanding by the binomial theorem

gives .
GF=Y % ¢ (3 (DasB =BT Ry),
a<s’ b>a

of the same form with the same E. As deg(C,P < deg P/q, numerators of degree at most d stay
of degree at most d once d > ((s' — 1) max(deg A,deg B) + (¢ — 1) deg E) /(¢ — 1). The vectors
of such numerators form a finite set stable under all C,, and [z"] F is linear in them. Finally
[2']H; = D;(1), [2')2H; = D;(I — 1), and (6) applies; the words with a nonzero digit are the
expansions of the integers [ > 1. O

Proof of Lemma 77. Put G = G/(1 + z). In characteristic two (1 + )2 = 1+ 22, and for n > 1

the coefficients of ™ in the entries z_ 1t and —%  of G are, modulo 2, [n even], 1,

ﬁ’ T+z 1+a z(14+22)

|logyn], and 1 or [logy(n + 1) according as n + 1 is odd or even. By Proposition 22, (D;(l))i<;
involves G, only for [ < n <1+ j—1, and the last entry reads |logy(n+1)], so it depends only
on the pattern of [: its parity and the bits |logyn] mod 2 for [ < n <[+ j. Every [ > 64 has a
smaller I’ with the same pattern. Let 28 <1 < 281 50 2872 > j 4 4. If | + j < 2¥+1, the range
[I,1 + 4] lies in one octave and the bit is k£ mod 2 on it; the octave [2¥=2 2F=1) contains ranges
of both parities with the same constant bit. Otherwise the range contains exactly one power of
two, 2¥*1 and I’ = [ — 3 - 271 has the parity of [, its range lies in [2'“*2, 2%) and contains 2+~!
at the same relative position, with the bit k¥ — 2 = k before it and £ — 1 = k£ + 1 after it. The
count 35 is a computation over I < 63. O

APPENDIX B. BASE SEVEN IN DIMENSION THREE

At p = 7 in dimension three the residue sequences give nothing (7 < 23). The block-periodic
residue sequence of Theorem 42(b) certifies 1—2/7, but only at the levels m € 9N. This appendix
gives a bound at every full level of a different kind, in which the admissible own response depends
on the current cross responses of its column. It is the only history-aware bound of the paper.
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TABLE 14. The table w(;, &) over F7 of Theorem 95: row &7, column &, entries

in {0,...,6}.
§1\&2

B NDNNO O Otoo
N O DN Ok N
DO O NN
B OWHH~ O Ow
W = O = Ol Wl
WO Ut Ut Ww w OoO|ut
CL Ot N O N O OIS

DU WD~ O

Let s = 3 and fix any frame of three distinct places in I, a scale § and constants A.. Indices
of coordinates are taken modulo 3. For a column ¢ and a carry length [ > 1, column ¢ of D(l)
is the triple

te (l) = (OS)’ 51’ £2)’ 5 Xéli—h—c” 52 c +2<—c’

0

By Proposition 62(c) and Proposition 63, the cross partial sums X_ ', contain the cross

coefficients up to z!~! and so depend only on Ve 0y -V 1—1, While Og) is a function of

Ve 0y - Yo j—1 minus le/ch’l. So the free digit ¢ ; can give the own response at length [ any
prescribed value, after the crosses at length [ are known.

Definition 94 (Graph rule). Let w : IE‘JZQJ — IFp. The graph rule of w chooses, for every column
¢ and depth [ > 1, the unique ) ; with

00 —w(x® . xV

c c+1+c c’+2<—c’) :
The bound of w is
LB(w)? := min mln Z fi(ee, 00)?, Oc = Z o t(EN)[d,
c'eEsuppe
over the steps e € {—1,0,1}3\ {0} up to sign and over one £(¢) € F2 for each moving coordinate
¢, where t(£(¢)) is the column with own entry w(£(¢)) in row ¢ and the entries of £(¢) in rows
d+1,d+2.

By Proposition 63 every choice of the digits is realised, so the graph rule defines a self-similar
scramble and, by Lemma 1, a digital (0,3)-sequence. Every column of every D(l) lies on the
graph {(w(£);€) : € € F3}, whatever the frame. Unlike the wmdow bound of Proposition 64,
LB(w) is not a minimum over each row separately: one choice of { ) per moving column feeds
all three rows.

Theorem 95 (Base seven). Let p =7 and let w be the table of Table 14. For every frame of three
distinct places in Fr7, every scale and all constants A\, the graph rule of w gives a quasi-uniform
digital (0, 3)-sequence over Fr with
sep(Psg) > % for every K > 1.

The proof is computer-assisted.

Proof. Lemma 23 with j = 1 (7% > 4) gives sep(P3x) > min(1,LB%"). In a step e with
carry lengths I the change of row ¢ is Y. e D(lo)[c][¢'], and column ¢ of D(ly) is t(£(¢)) for
@) = (X x ) x ) /). So every term of LB%" is a term of LB(w), and LB3" > LB(w).

'+l 424
It remains to show LB(w) > 7. By Remark 24 every value of f; is a multiple of %, with
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fi(£1l,0) = 0 only for 0 = £1 and f1(0,0) = 0 only for 0 € {—1,0,1}. Hence LB(w) > %
unless some combination makes every term vanish, and this is a finite statement: up to sign
and to the rotation of the coordinates, which maps the graph rule to itself, the steps form five
classes, and each step has at most 7% combinations (E(Cl)). An exhaustive enumeration finds
no vanishing combination, so LB(w) = % (it is attained, for instance, by an axis step with
¢ =(0,1)). Quasi-uniformity follows from Lemma 2. O

The table was found by a SAT solver. The bound does not use the frame, because it covers
every pair of cross values, whether it occurs or not; for the same reason it is pessimistic. Two
programs confirm LB(w) = 1 (Table 15), and a third confirms that for the archived instance (the
cube roots of unity as places, § = 1) the bound from the actual responses is % for 4 < K < 140.
On the Faure frame, for one choice of § and constants, the exact separations at the first two
levels are sep(P3) = 0.46 and sep(Fs) = 0.33.

A table over Fi3 (not archived) certifies 1—13 in the same way; for p > 11 the staggered residue
sequences (Corollary 29) give at least as much. More generally one may replace the graph by
any set of admissible triples per column that is closed under the depth step. At p = 5 a SAT
solver reported that no bound of either kind has LB > 0, for any frame; no checkable proof was
produced, so this is evidence about this class of bounds only (Remark 85).

APPENDIX C. COMPUTER-ASSISTED PARTS, DATA, VALIDATION AND LEAN

Every computer-assisted result consists of a written reduction, a theorem proved in the text,
and an explicit finite predicate checked over a finite set. Table 15 lists these items, followed by
the exact computations quoted as parameters or as results of exhaustive searches in a stated
scope. The data (check vectors, designs, window systems, tables, certificates) are archived, each
item with a verifier that reads only the data files, never the search programs. Searches (over
check vectors, for window systems, SAT solvers) only produced the data (Section 2.5).

C.1. Verification. Every finite check used in a proof was carried out by at least two programs
(Table 15), the second written from the statements of the paper only. Remark 105 and the
brackets of Appendix C.4 for Theorems 80, 82 rest on one program each, the thresholds quoted
after Theorem 68 on one program and the Lean kernel.

Residue and block-periodic sequences. The values )\jit(Av)Q of Table 7 were computed by the
search, by an independent enumeration in the audit, and by a short program that enumerates,
for a claimed value L, the box |b.| < 1+ [VL| (which contains every lattice vector with ||(|b] —
1), |12 < L); it also checks the Korobov column and the check vectors of Table 13. The entry
s =4, p = 1009 was also confirmed by a brute force over the box |b.| < 6. For Theorem 42(c)
the two programs evaluate the one-digit relaxation from its definition (from the two possible
differences of positions, resp. by the minimum over all positions R) on one data file of U}, U
(for s = 4 the matrices printed after Theorem 42), and the second rejects a design whose largest
diagonal entry is changed by one. For Theorem 42(d) two independent programs computed
the hypothesis of Lemma 43 and LB(F); the files of UJ,...,U; agree with an independent
implementation of the definition in [18], which reproduces a? and the largest entries listed there,
and their reachability was checked by exact interpolation over Q (only the primes 2, 3,5 occur
in denominators and leading coefficients). The values 3, of Proposition 83 were computed by
two audits with their own field arithmetic; for s < 3 also as maxima over every power-basis
encoding and every weight (with the search program), and by a third program. The generator
matrices of Table 13 were rebuilt entry by entry from Definition 33, and J was recomputed by
an independent pipeline.
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TABLE 15. The computer-assisted items: the finite check, its scope, and the
independent verification. Below the middle rule: exact computations that are
quoted but are not part of a proof of a theorem, proposition or corollary.

result finite check scope verified by

Tab. 7 (Thm. 36,
Cor. 37)

Thm. 42(c) below
its proof range

Thm. 42(d)
Prop. 83
Thm. 95

Thm. 104

Rem. 105
thresholds after
Thm. 68, s = 4,5
(not part of its
proof)

Cor. 70

Thms. 76, 80, 81,
82, Rem. 78

Tab. 13, certified
bounds

exact Ajit(Ay)? by enumeration of the 18 rows, the

A, in a box; for entries marked
E, all check vectors (z,—1)

exact LB(F) of Uj, U5 (Lem. 23,
i=1)

hypothesis of Lem. 43; exact
LB(F) below its range

exact fBq(k); for s < 3 for every f,
k

no vanishing combination in
LB(w)
P(po), po = 19673600

hypotheses of Prop. 64 and
Lem. 99, crosses in [y,

P(po)

conditions of Thm. 69, coverings
as set identities

response sets (Prop. 75) and the
minimum of Lem. 23

generator matrices rebuilt from
Def. 33, exact )\jit(Av)z

Korobov column

every prime 7 < p < 109
(s=4),19<p<109
(s=5)

s=4,...,7; primes as
in the proof

the 26 rows of Tab. 11

5 classes of steps, < 7°
combinations each
one exact evaluation

1035877 primes in
[3-10%,1.97-107]
one exact evaluation
each

715 primes,
3677 < p < 10*
Tab. 10

p =13, 17, 23, 31

three programs; a brute force
at s =4, p = 1009

two programs; a third at 24
of them; Lean kernel

two programs; Lean kernel in
part (App. C.3)

two or three programs; Lean
kernel

three programs (App. B);
Lean kernel

second evaluation of P; Lean
kernel

checker with its own exact
window bound

spot check above po; Lean
kernel

second program; Lean kernel
second program; Lean kernel

three programs

Tab. 4
Cor. 7, explicit
pairs

Rem. 61 (exhaustive

in its scope)

example after
Cor. 58

Lem. 96 brackets
optimality remark

after Thm. 42(d)
Sec. 10.4, Fig. 15

orders v, k and the levels L, m
the two points of each pair are
closer than the bound

branch and bound over the
check-vector sequences of the
best class

dimension of a space of relations

explicit close pairs of points

no 4 € [0, A]° with a smaller A in
Lem. 43

exact toroidal §(P,,) of the
Hammersley lifts

s=2,...,7

244 cases of bases and
carrying coordinate
s=2;p=11, 13, 17,
Knax = 10, 8, 11

s=4,J=3;p=11,
K=4,...,11;
p=13,17, K =4

K =18 (F4), K =75, 64

s=4,5,6
s=2:p=25,...,19,

m <10 (p=1>5); s=3:
p=5,...,13, m<8

second program
exact distances of the pairs

independent reproduction

two methods (and the audit)

second program for Thm. 81
only
two programs

O(N?) check for small N;
audit program with its own
matrices

Window systems. The verifiers were in addition run by an adversarial audit with its own
implementation. The common verifier checks for a record: admissibility of the A, and the places
modulo p; the crosses k.., recomputed by Proposition 62(c) in two normalisations, against the
stored ones; integrality of the crosses of a rational system; condition (i) of Proposition 64; condi-
tion (ii) for every column, exactly (an exact scan for at most two restricted crosses, enumeration
of I}, when p?~1 < 2-105) or by Lemma 98 in the stored order of the rows; and LB(W) from its
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definition. All five archived window systems pass (the four ordered systems of Section 10 and
the staggered system of Figure 18). Each of the 30 copies with one stored cross changed by one
is rejected; of the 22 copies with an own window shortened by one at one end, 18 are rejected
and 4 (two windows, both ends) are valid with the same bound: those windows were longer than
needed. The exact separations quoted for figures and tables come from exact minimum-distance
programs on the generated points.

C.2. Archive. The archive (directory archive of the repository named on the title page, re-
lease v1.0.0, archived at Zenodo) has one directory per item: verify (the verifier of the window
systems, corruption test); residue_tables (Table 7, with the three enumeration programs);
block_1b (the designs of Theorem 42(c),(d), the evaluations of LB(F'), the check of Lemma 43,
the check of the files of U} and the optimality search after Theorem 42(d), with the programs);
primepower (Table 11 and the zeros of 3, after it, with the programs); p7_graph certificate
(Theorem 95); bs_ruleB_s3 (Theorem 104, Remark 105); bs_s45_thresholds (Theorem 68);
selection rule (Remark 106, the window system of Figure 18); practice (the residue se-
quences of Table 13 by places, scale and check vector, with generator matrices and the computa-
tion of J; the ordered window systems of Section 10; a point generator); b2_dropin (Theorem 76
as a table of 32-bit direction numbers, with a reference implementation in C and a check of its
points); failure (Table 4, the explicit pairs of Section 3); exact _relations (Remark 61, the
example after Corollary 58); hammersley (Section 10.4: the exact separations of the lifts and
the check of the pairs of Proposition 88, with the programs); common (a shared C++ header).
Each directory has a README with the statement it supports and the command that re-runs
its check; every check runs in less than a minute on one core. Requirements: Python 3, C++17
and C compilers, SymPy (exact rational evaluations; one program in block_1b), NumPy (two
programs in practice, one in hammersley). The record format of the window systems is de-
scribed in verify/README. The automata of Section 9 and the range of Corollary 70 are part
of the Lean development. The points shown in the figures are exact points of the constructions,
computed from their generator matrices, except in the panels marked as schematic; the scripts
that generate every figure, with their data, are in the directory paper/scripts of the same
repository.

C.3. Lean. The written proofs are the primary evidence; the formalization is an additional,
independent check, not a replacement. The library GeoSeq (Lean 4 with Mathlib), which extends
the Lean development of [18], contains formal statements and proofs of most results of this paper.
Every formalized statement is restated in a separate statement file and compared with its proof
by the Comparator tool, which re-checks the proofs with two independent kernels (the Lean
kernel and NanoDa) and admits only the three standard axioms (propositional extensionality,
quotient soundness, choice). No proof uses sorry or native_decide; finite computations are
evaluated by the Lean kernel.

Formalized results of this version. Section 3: every definition, lemma, theorem and corollary,
and Remarks 9 and 15; the results on carry pairs also over every finite field, for every digit code
with a carry pair, e.g. every natural identification (carryPair nat, nonqu_code). Lemma 21 ((b)
over every field), Lemma 91 over every commutative ring (reschange), Lemma 2 and Remark 3.
Section 5: every definition, lemma, theorem, corollary and example (Theorem 32 for Defini-
tion 31). Section 6: Theorem 42(i)—(iii) for every reachable design, with the design multipliers
over every field (designNum exists, designNum order); cases (a), (b); (c) for every s > 3 at
p > ba’+4 (blkS_block), and for s = 4,5 with the computer-assisted ranges and the equality of
LB(F) (b1k4_LB_eq, b1k5 LB _eq); (d) for s = 4,5, 6 at every prime p > 11, 23, 125 (b1k4d_block,
..., blk6d block), with Lemma 43 (sc_LB); Theorem 45, Proposition 46, Corollary 47. Sec-
tion 7: every definition, lemma, theorem, proposition and corollary (with the upper densities).
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Section 8 and Appendix D: every lemma, proposition, theorem and corollary (Section 8.5 is new).
Lemma 86. Section 10.4: Propositions 87 and 88 with the constant v (1iftslab_i, liftslab_ii,
liftcarry_sharp, liftcarry_closed0, liftcarry_closedMu, 1lift not_wellsep; the display
of Proposition 88 as a sum over the coordinates), (i) and (ii) of Proposition 87 over every
finite field and digit code, Proposition 88 for every digital shift. Proposition 83 for every fi-
nite field and digit code (primepower_of_check), with all rows of Table 11 evaluated on ex-
plicit models Fy,[z]/(f) (increments checked per model). Theorem 84 (coverage pp_of_parts,
coverage pp-new), except p = 11,13,17 in (d) and case (e). Kept from the previous version,
with statements that agree up to wording: Lemmas 1 and 23, Remark 24, Proposition 22, Ex-
ample 18; Theorems 76, 80, 81, 82 and 95 and Remark 78 with their automata (for the instances
used), Lemma 77, Corollary 79, and Propositions 92 and 93.

Where the formal statements differ in form. The theorems of Sections 7 and 8.5 are proved
in residue form and transferred to Definition 20 by bridge theorems (e.g. selfsim_joint ii);
Propositions 54(i) and 55 are derived from Theorem 51, for every scramble of a frame. In
Theorem 42(c),(d) the computer-assisted parts are checkers (one-digit relaxation, hypothesis
of Lemma 43) proved sound once and evaluated by the kernel; the upper bounds behind the
equalities hold for every prime (axis_term). Case (c) for general s uses the formal U} of the
nets library, defined by choice: a} is not evaluated, and the equality of LB(F') is proved under
the hypothesis g = a? (b1kS_LB_eq_of), checked in the paper for s < 10; the column of ones is
proved for every s (ustar_col0). For s = 4,5, 6 the literal matrices of the nets’ computation are
used, with reachability proved directly. The square-lattice clause of Corollary 47 is formalized
as an inclusion, Theorem 84 as an assembly.

Not formalized. Theorem 42(d) for s = 7, for s = 6 below p = 125, for s = 4,5 below p = 11,
23; a} for s > 6; the optimality remark after Theorem 42(d); Remark 15(a),(b) for prime powers;
Tables 7, 4, 13, and the optimality over f, k in Table 11; Remark 105, Lemmas 90 and 96, the
binary-sequence clauses of Theorems 81 and 82, Remark 16; in Section 10.4 the list of covered
sequences after Proposition 88 (of which the residue and staggered residue sequences with the
places 0, 1 are formalized), in-slab bounds for the lifts of the sequences over [F4, and the computed
comparison; the other remarks and the figures.

Configurations. The new results are compared in 59 Comparator configurations with 730
theorems: 32 with 311 theorems from the first stages, 27 with 419 added for this version
(comparatorGeoSeqV10_1%, V10_2, V10_3, V10_3x, V10_4*, V10_5, the last with the 51 theo-
rems of Section 10.4). All of them, and the Palomar entry below, were accepted by both kernels.
Results kept from the previous version are compared in its configurations. All configurations, of
both versions and of the Palomar entry, were re-run once in sequence on the final state of the
library and accepted by both kernels; the configuration of Section 10.4 was added afterwards,
without changing any earlier Lean module.

Palomar entry. A self-contained entry in the format of the Palomar collection (one file of 195
lines importing only Mathlib) states the two headline results with their own definitions, checked
against those of the library by bridge theorems: Corollary 7, and Theorem 36 with Corollaries 37
and 38 for the Korobov check vector and Faure places ((0, s)-sequence for every prime p > 2%,
separation bound at every prefix Psx_1, bounded mesh ratio).

C.4. The Small-Base Bounds: Explicit Close Pairs. The certified bounds of Theorems 80,
81 and 82 are far below the exact separations of Table 10, but this is not a weakness of the bound
(for Theorem 81 by two programs, for the others by one). A carry of length [ exists only from
level K =1 on, and the binding steps involve long carries, which the computable prefixes do not
contain. The next lemma turns a binding configuration into a pair of points.
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HALF-CELL STAGGER:
works for either sign
and through digit wrap

® = 1: all three equal 1,
whatever the sign of the step

=
o

one-digit gap f(e., ®)

o
o

digit wrap digit wrap

e ~

e, =0: ||®| (dashed)

0.0

3
0 i 3 3 1

1
response P (residue circle, cell units)

FIGURE 16. The half-cell stagger: the one-digit gap f(e,®) of Lemma 66 for
e=+41,-1,0. o = % is the only response where all three agree, whatever the
sign of the step; a window % + 0.1 is shaded (schematic).

Lemma 96 (Explicit close pairs). Let the offset map be the same at every level, and fix j, a step
e, carry lengths and carry digits of the moving coordinates, with the changes o. of Lemma 23. At
a level K at least the largest carry length, the cells with this carry pattern are given by prescribing
some of their finest digits. If the affine map from the remaining cell digits to the geometric digits

(Re)c € sz is onto, then sep(Psx) < (Zc(fj(ec,ac) + 2q_j)2)1/2.

Proof. Choose R} attaining the minimum in f;(e;, 0.) and, by surjectivity, a cell n with the
carry pattern and R(n) = R*. The neighbour n + e has the geometric digits R; @ o, so by (3)
the two points differ in coordinate ¢ by at most fj(ec, o¢) +2¢~7 cell units. O

For Theorem 81 the binding configuration (carry lengths 9 and 16) is realisable at K = 18,
where the map has full rank, and gives two points of Ps4 at distance 0.112940 cell units. So
0.112930 < infx sep(P3x) < 0.112940 (computer-assisted), to 0.01%. Likewise sep(Paz5) <
0.05616 for Theorem 80 and sep(Pas) < 0.03176 for Theorem 82. Larger constants in these
frames need other multipliers, not better bounds.

As binary sequences, the prefixes of 2™ points of Theorem 81 have base-2 quality parameter

t < 3for M < 18,t =0 at every M = 6K; those of Theorem 82 have t < 4 for M < 20
(computations); the three- and four-dimensional Sobol’ sequences have t = 1 and 3.
b =TI, (TZ) over the
base-q digits n; of n. For ¢ = 3 only b < 1 occurs, and for ¢ = 4, (1 + 2)? = 1 + 22 keeps
all coefficients in {0,1}, so the automata stay small; over F5 the coefficients 2, 3 appear, and
the symmetric scrambles we screened had over 300 response columns per coordinate at j = 3,
without positive bound.

Remark 97 (Why these bases). Heuristically: in a Kummer frame [z

APPENDIX D. WINDOW SYSTEMS

This appendix contains the details of the staggered windows of Section 8 at a finite prime:
the coverings by a hierarchy of step sizes (Appendix D.1); the staggered windows at a finite
prime, which prove Theorem 68 (Appendix D.2); their data and thresholds (Appendix D.3); and
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(a) both entries read: a box, (b) cross entry free: a strip,
3 X 3=92>p meets all 7 lines 1 X 7=p meets all 7 lines

6 O 6 6 O
® ol ®
’ oK 0

cross residue X
w
w
w

[ v 5|0 .| ®
O 0

0 1 2 3 4 5 6 0 1 2 3 4 5 6
own residue o own residue o

FIGURE 17. The volume bound (Lemma 65) for s =2, p =7, a = (1,3). The
free digit of column ¢’ moves its responses along a line 5 + Fpay, so the column
window must meet every line; each pair (own, cross) is labelled by its line. (a) A
3 % 3 box meets all 7 lines. (b) A strip with one own value and the full cross axis
also meets all 7 lines; an entry that the bound never reads costs nothing. Both
coverings are checked exhaustively.

a deterministic selection rule for the free digits (Appendix D.4). Throughout, p > 5 is prime and
all window systems are instances of Proposition 64.

D.1. Coverings by a Hierarchy of Step Sizes. For product windows the covering condition
(ii) of Proposition 64 is a statement about translates. In column j the point 3 + ta; has own
entry o = 3+t and cross entries o, + 0 K¢ With 0. = . — BjKkcj, and o runs over F;fl as f3
varies. So column j satisfies (ii) if and only if for every o some o € Wo(j ) puts every o¢ + 0 Keej
into its window W, ;; by Lemma 65 the column window has at least p*~! elements (Figure 17).

The covering is certified by a mixed-radix hierarchy. Let the own value o run through con-
secutive integers. If the largest step k.; is at most the width of the window of its row, the
translates of that window go once round the circle in a few steps; that row is the fast row, like
the last digit of an odometer. If the next step is much smaller, its row stays inside its window
while the fast row goes once round, and successive rounds move it across the circle; it is a slow
row. An arc is a set of at most p consecutive residues in Z/p.

Lemma 98 (Mixed-radix covering). Let k > 1, let m € Z* with vy := |my| > 1, and let I, . . ., I,
be arcs. Suppose

I
v < |, M ¢=1+P)7|1’1,

Nivy <|L|, Ny:=Np1—1+ {2—‘ (2<t<k).
1

Vi
Then for every o € (Z/p)k, every set of N consecutive integers contains an o with o + om €
I x - x Iy

Proof. By induction on t: every N; consecutive integers contain an o with o, + om, € I, for
all » < t. Fast row. For N1 consecutive o, the residues o; with some o1 + omq € I; form
the union of the translates I; — omy; consecutive translates are shifted by v1 < |I1], so the
union is an arc of min(p, |I1| + (N1 — 1)v1) = p residues. Slow rows. We may assume m; =
vy > 0. Write Iy = {L,...,L + |I;|] — 1} mod p, fix an integer representative & of oy, and put
o(n) = [(L+np—06)/v] for n € Z. For the N;_; integers o(n),...,o(n) + Ny—1 — 1 we have
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6 +ovy € [L+np, L+np+ |I| — 1], so or + ovy € I;. The o(n) increase, are unbounded in both
directions and satisfy o(n + 1) — o(n) < [p/v¢]; so a run of N; consecutive integers contains a
whole run o(n),...,o(n) + Ny—1 — 1, which by induction contains an o that is good for every
r < t, and it is good for ¢ as well. O

D.2. Staggered Windows at a Finite Prime. This subsection proves Theorem 68: the bound
for staggered windows at a finite prime (Lemma 99), the realization of the depth-zero crosses
with the half from a power of two (Lemmas 100 and 101), the staggered rule (Definition 102) and
its thresholds (Proposition 103, Theorem 104). Throughout, p is an odd prime and C' = {c # ¢, }.

At a finite prime the windows of Section 8.2 become integer intervals. We use three half-widths
in row<—column order: Bo. ¢ (into a coordinate of C' from another one), B,. ¢ (the half-cell
offsets) and Be, (into C from ¢, ). For integers A > 0, M; > 1 (i € C) and M, > 1, with
M := max; M;, the staggered windows at p are: in column ¢ € C, own [—(A + M; — 1), —A4],
Wi = % + [=Bycc, Bucc], Wjei = [-Bcwc,Bcoec| for j € C\ {i}; in column ¢,, own
[—(M, —1),0] and Wj, = [-Bcx, Bo| for j € C.

Lemma 99 (Bound for staggered windows). Let s > 2 and suppose
(D) A> (S_Q)BCFC"’_BC%M (N) A+M+(8_2)BCHC+BCH* <p, 2Bicct+2M,<p-3.
Then LB(W) > LBw, where LB, = min(Ty, Toy, To) with

2 A+ M+ Beoey\2 —1—=2Bscc —2M,\2
T*:<1——M*), To. = (1- A ) (B = )
p 2p

A+ M —-2)B B 2
T2:2(1— + M+ (s =2)Beec+ C%*) (omitted for s = 2).
p

In particular, with x := 1—((s—2)Bowc+2Bcoy)/p, y := %—Bﬂ_c/p and A = (s—2)Boc+
Beey:rif x> M/p, p(x* +y> — 1) > 22M + 2y(M, + ) and 1 — (2A + M)/p > 1/V/2, then
LBw = 1 — M, /p.

Proof. By Remark 24, fi(1l,—a) = 1— (a+ 1)/p for 0 < a < p, fi(l,0) = (o0 — 1)/p for
oe€l,p—1], fi(—1,0) = fi(1,—0), and f1(0,0) = max(0,|o| — 1)/p. Fix a step e, E' = suppe,
k = |ENC|. A moving coordinate i € C' receives its own response and one cross from each other
moving column, so by (D) and (N) e;jo; € [-(A+M —1)—(s—2)Bcc—Bcoes, 0] C [—(p—1),0],
and fi(e;,04) > 1—(A+M+(s—2)Bcwc+ Bcy)/p; if besides i only ¢, moves, this improves to
1—(A4+ M+ Bcy)/p, and if i moves alone to 1 —(A+ M) /p. If k > 2, two such coordinates give
Ty If E = {c.}, f1(1,0,) > 1— M, /p, which is T}. If E = {i}, the staggered coordinate does not
move and receives 3 + £ with [¢| < B, ¢, of centred absolute value at least (p — 1)/2 — By
the term is at least (1 — (A + M)/p)* + ((p — 3 — 2Bu¢)/(2p))* > Tew. If E = {i,c,}, then
620, = +(1 +£)+ O, is an integer in [(p—1)/2 — Bye ¢ — My + 1, (p+ 1)/2+ Byec] C [1,p— 1]
by (N), so f1 > (p — 1 — 2B,c — 2M,)/(2p), and with coordinate i this is T¢y. For the last
statement, 1—(A+M+Bc..)/p = x—M/p and the second base of T¢ is at least y— (M, +3)/p;
since (z —n1)% + (y — m2)? > 2% + 9% — 22 — 2yno, the hypothesis gives To, > 1, and Ty > 1
directly. O

The lemma is Theorem 67 at finite p: with half-widths about ep and A = (s — 1)B its bases
tend to 1 — se, % —eand 1—2(s—1)e, and 22 +y2 > 1 holds for ¢ < &,5. Under the last statement
the only loss of order 1/p is the own window of c,.

Realising the windows. The fixed depth-zero crosses must lie in the windows (condition (i) of
Proposition 64): the half-cell offsets —k..; near % and all others within O(p) of 0; and every
column must cover (condition (ii)). A cross kK = x/2 with a small odd integer x is close to p/2,

and its multiples alternate between the two half-circles, so no mixed-radix hierarchy sees it as
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a small step. Its double is the small odd number z, and doubling the column costs a factor 2 in
the own window and nothing else.

Lemma 100 (Doubling). Let & € IF";, let m € ZF represent 2€, and suppose that m satisfies the
hypotheses of Lemma 98 for arcs Iy, . .., I, with number Ni. If W, contains 2N, — 1 consecutive
integers, then for every o € IF’; some o€ Wy has o +o0€ € 11 X -+ X Ij.

Proof. W, contains o0g,00 + 2,...,00 + 2(Ny — 1), and o + (0g + 20" )€ = (0 + 0p€) + o'm for
o =0,...,N; —1; Lemma 98 applies to o + 0p&. ]

By the computation at the start of Appendix D.1, this is condition (ii) for a column with
steps § = (Keee')eters We call such a column a doubled column. The half itself comes from the
2-adic valuation of the scale. By Proposition 62(c), with the constant terms g. = g.(0) of the
multipliers,

fg
oo = A= A= w(a0) (0 = ao)
Staggered data D consist of distinct rational places ag,...,as—1, a staggered coordinate cy,
an order ji,...,js—1 of C, and positive rationals Q1,...,Qs—1 with odd numerators and odd

denominators. Let 6 > 0 be the least integer with 1 4+ 26 > va(A;,xA4j,) and 6 + va(Ayj,) —
v2(Ayj,) — v2(Aj,4,.) > 0 for all t # r, where vy is the 2-adic valuation, and let L be the least
odd positive integer such that every L/Q, and every Lng.,, ¢ # c., is an integer, where ng,, is
the value of the rational n.» below at L =1 (it exists by the choice of §).

Lemma 101 (The half from a power of two). For staggered data put g., = 1, g;, = 2'7°Q, /A,
and 0 = 2°LT with an odd integer T. Then kec o = T ey with

220 LQ, 5, Qe Ay L
n; =—€Z, Njyeg, = 2L = . —Ir _ €7, n ‘T:—El—i-Z.
e Ajt*A*jt e Qr A*jt Ajijr e QQT 2
For every prime p that divides none of the numerators and denominators of the a. — ay, the Q,,
L, T and 2, the same identities hold in Fy,; there every ke with ¢ # c, is the integer Tn.,

and each half-cell offset is K, = % + (TL/Q, — 1)/2, half a cell plus an integer.
Proof. Substitute g and 6. In the row of ¢, the frame factor cancels,
o  2°LT TL
9, A, 2170Q,  2Q,
and L/Q, is an odd integer. The other two expressions are integers by the choice of L, which

is possible because their 2-adic valuations are 1 + 26 — v2(Aj,,Ayj,) > 0 and 6 + va(Ayj,) —
v2(Ayj,) — v2(Aj,;,.) > 0. Modulo p, a half-odd rational z/2 is (z 4+ p)/2 = 5+ (z —1)/2. O

So the half needs no congruence condition on p and no root of unity, and all crosses are fixed
rational multiples of one odd integer T

Definition 102 (Staggered rule). Let D be staggered data, ey, e, Ex POsitive rationals
(window fractions) and u > 0 rational. At a prime p as in Lemma 101 with up > 1: (S1) T is the
largest odd integer < |up]; 6 and the constants g. are those of Lemma 101, s0 ke r = Tnees;
(S2) Be = |cep] for the three half-widths, A = (s — 2)Bo«c + By, and the windows of
Lemma 99; (S3) M, is the number N,_; of Lemma 98 for column ¢, (steps |kj| in decreasing
order, arcs [—Bcx, Boy]), and M; = 2N@ — 1, where N@ is the number of Lemma 98 for
the doubled column i (steps |2k« ;| in decreasing order, the half-cell offset contributing the odd
integer |T'L/Qy|; arcs of the rows); (S4) any selection rule (Appendix D.4).
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The rule is a fixed computation of O(s?) integer operations plus the selection of the free
digits; it involves no search and no covering check. It satisfies the hypotheses of Proposition 64
and Lemmas 98, 100 and 99 for all large p as soon as its limit as p — oo does. For a column,
let 7y > -+ > vs_1 > 0 be its steps divided by p in the limit, 7 = u|n¢| in column ¢, and
v = 2u|n.;| in a doubled column i € C, and let \; = 2e, be the window fraction of the
corresponding row. The data satisfy the limit hierarchy if in every column

1— M\ 1

U < A1, Niiip <A (2<t<s—1), Ny =2+—"— N=N_1+—,
141 V¢

and the fixed depth-zero crosses lie strictly inside their windows: u|n.. | < € for ¢ # ¢, and
2u|nei| < 2e4c. These are the limits of the hypotheses of Lemma 98 and of condition (i).

Proposition 103 (Threshold). For the staggered rule with given data there are an explicit finite
conjunction P(p) of inequalities between rational functions of a real variable p and an explicit
function M (p) such that (a) and (b) hold; if moreover the data satisfy the limit hierarchy,
0 < e < %, and x =1 — (s — 2)ecc — 260y and y = % — e satisfy x° +y? > 1 and
1—2(s —2)ecec — 2e0es > 1/V/2, then also (c) holds.
(a) At every prime p as in Lemma 101 with P(p), the staggered rule satisfies (i) and (ii)
of Proposition 64 and the hypotheses of Lemma 99 including its last statement, with
M, < M[(p).
(b) P(p) implies P(p') for every p' > p, and M is non-increasing.
(c) P(p) holds for all large p.
Consequently, if P(po) holds, then for every prime p > pg as in Lemma 101 the staggered rule
gives a digital (0, s)-sequence over F), with sep(Psg) > 1 — C"/p for every K, where C" :=
M (po); under the hypotheses of (c) such a py exists.

The list P and the proof are in Appendix D.3; any pg with P(pg) is a valid threshold, certified
by one exact rational evaluation.

Theorem 104 (The staggered rule in dimension three). Let s = 3 and take the staggered data
with the Faure places (0,1,2), ¢, = 0, order (1,2) and (Q1,Q2) = (7,3); then § = 2, L = 21,
0 =84T, g = (1,—-56,6), and

Kieo = 2352T, koo = —126T, koe1 = 3T, Koo = 2T, Kico=—392T, koeq = —97.

With w = 891/78 400 000 and (¢, EC-C» ExcC) = (%, ﬁ, 1%)7 the staggered rule gives for
every prime p > 1.97 - 107 a quasi-uniform digital (0, 3)-sequence over F, with sep(Psx) >
1—742/p for every K > 1.

Proof. The six crosses are Lemma 101 (the excluded primes are 2, 3, 7). The condition P(pg)
holds at py = 19673600, with M, (pg) = 742.355. .., by one exact rational evaluation (proof*);
as M, is an integer, M, < 742. Lemma 2 gives quasi-uniformity. U

The half-cell offsets are %T and %T; in column ¢, the fast row has the step w19 = 0.027p;
the first-order deficit 742 is the size of the own window of c,.

Remark 105 (Below the threshold). The hypotheses of Proposition 64 and Lemma 99 for this
rule are integer conditions at each prime. Checked at all 1035877 primes in [3-106,1.97-107] by
a program that computes the crosses in ), from the constants g. (not from Lemma 101), they
hold with (1 — LBy )p < 779 (c.a.). So the staggered rule gives sep(P3x) > 1 — 779/p for every
prime p > 3 - 10°.



98 LEONHARD GRUENSCHLOSS

TABLE 16. The staggered data: Faure places (0,1,...,s — 1), staggered coordi-
nate ¢, order of C, the rationals @, the 2-adic data ¢, L and the constants g,
of Lemma 101 (for ¢ =0, ...,s—1), window fractions, u, the threshold py (exact
bisection endpoint, rounded up in the last digit shown) and the first-order deficit
C" = M} (po) (rounded up).

s =3 (Thm. 104) s=4 5=5

Ccy; order 0; (1,2) 0; (1,2,3) 4: (0,1,2,3)

Q. (7,3) 153" 99"

6; L 2; 21 2; 3581577 5; 96059 601

Je (1,—56,6) (1,612, —46818,1591812) (—66, 34848, —7762392,
1024635744, 1)

(ECH*;EC%CHS*HC) (%&);ﬁ;%) = ﬁ £ = %

u 891/78400000  259/(1.1730858534 - 1016)  851/(4.860548184640896 - 102!

Po 19673 600 1.43146 - 1016 1.97832 - 102!

c” 742.356 32044.14 2.72224 - 10°

Proof of Theorem 68. Take any staggered coordinate, the natural order of C, uniform window
fractions € < e, and @, = R" with an odd integer R. By Lemma 101, n.s = 2°L R°f,., where
feer does not depend on R and e =t in row j; of column ¢,, e =t — r in row j; of column j,,
and e = —r for the half-cell offset of column j,.. The exponents in one column are distinct, so
for R large consecutive steps of every column differ by a factor at least 1+ 1/e, and the largest
step of every column i € C' (exponent at most s — 2) is smaller than the largest step of column
¢, (exponent s — 1). Choose u so that the latter is (1 —n)e with 0 < n < 1. Then 71 < A\ = 2¢
in every column, the fixed depth-zero crosses are strictly inside their windows, and for ¢ > 2

N1y < 2%+Z? §25t+2(1+1) ’ =2 + e < 2 =\,

<t T j>1 €
because 2 < 4e/(1+1/e) < e for € < %. So the limit hierarchy holds. With uniform widths,
xr=1-—scand y = % — ¢, and 2% + 3% > 1 follows from ¢ < &4 (proof of Theorem 67); as
y? < 1, this forces (1 — se)? > 2, hence 1 —2(s — 1)e > 1 — (2 — /3) > 1/v/2. Proposition 103
gives pp(s) and C?; the primes excluded in Lemma 101 are finitely many, and Lemma 2 gives
quasi-uniformity. g

For s = 4 (staggered coordinate 0, R = 153, ¢ = 7/250) Proposition 103 gives pg = 1.44 - 10'°
and CY = 32044, and for s = 5 (staggered coordinate 4, R = 99, ¢ = 23/1000) pp = 1.98-10?* and
Cl =2.73. 107 (exact rational evaluations, proof*; Table 16). Coverings of lattice type instead of
one shared hierarchy of step sizes are a possible route to lower thresholds (Section 11). Figure 18
shows the geometry of Section 8.2 in a staggered window system at a moderate prime, with
coverings checked exactly instead of by the rule.

D.3. Staggered Data and Thresholds. Staggered data. Table 16 gives the three staggered
rules of Theorems 104 and 68. In each, § = 29LT and k.. = Tnee with the rationals n. of
Lemma 101; for s = 4,5 the window fractions are uniform, cc. y = eo.c = €xcc = &, with
U= % £/ maxy |nj,« |, which puts the step of the fast row of column ¢, just inside its window.

The predicate P(p). Fix staggered data and a real p > 0. For a column, sort its steps by
|n| in decreasing order, ni,...,ns_1; let k = 1 for column ¢, and k = 2 for a column i € C
(Lemma 100; there the half-cell offset contributes 2|n, ;| = L/Q;), and let A\, = 2, be the
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staggered window system: slab Lz,  staggered window system: slab L x» (staggered Faure (I, P, P?): slab Lz,
staggered coordinate x, vertical coordinate), other coordinates in-plane sep(P3) = 0.8320 (no all- K bound)
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sep(Ps) = 0.6416; certified sep(Psr) > 0.5148 (every K)
cell grid (side 1/p) O lattice image ® point — jitter (O closest pair (dashed: adjacent slab)
staggered window system, staggered coordinate
staggered window system, x, vertical @y vertical (columns staggered by ~ %) Faure (I, P, P 2)

Z2

6 % 6 x 6 cells of Py, p=101, around the closest pair; links < 1.12 cells (darker = shorter); orange = shortest link

FIGURE 18. Staggered windows in dimension three: a staggered window system
at p = 101 with exactly checked coverings (certified sep(Psx) > 0.5148 for every
K) and one admissible choice of the free digits. Top: slabs of Ps one cell thick,
10 x 10 cells around the closest pair. Left, staggered coordinate vertical: the
columns are staggered by about half a cell. Middle, orthogonal to the staggered
coordinate: the coordinates of C' are pushed together and wrap around along
staircases. Right, Faure (I,P,P?). Exact sep(Ps): 0.6416, and 0.8320 for Faure,
which has no bound for all levels. Bottom: 6 x 6 x 6 cells around the closest pair,
links shorter than 1.12 cells (darker = shorter, orange = shortest), in the same
three views.

window fraction of the row of step t. Put
v, = klngl(up —2), v = klng| up,

p— (pM —1)>7

N1+ =2+ max(O, —
"

Nt+ = Nttl + ﬂ—a
Y
let M, be N | of column ¢, and M the maximum of 2N, ; — 1 over the columns i € C, and
let z, y be as in Proposition 103. Then P(p) is the conjunction of (P1) up > 2; (P2) in every
column, v;” < pA; —1 and N;* 1,7 < ph—1for 2 <t < s—1; (P3) [new|up < cep—1 for every
cross with ¢ # c¢,, where &, is the fraction of its window, and [2n. ;| up < 2(gxecp — 1) — 1 for



100 LEONHARD GRUENSCHLOSS

every half-cell offset; (P4) 22 +¢y? > 1 and p (22 + y* — 1) > 22M* + 2y (M} + 3); (P5) 2 :=
1-2(s—2)ecc —2ecesr— M /p > 0and 222 > 1; (P6) (2(s —2)ec—c +2ecw)p+ MT+2 <
p—1, 2 cp+2MF+2<p—1and z > MT/p. At a prime p, T € (up — 2, up| and every
arc of row t has at least pA\; — 1 elements, so (P2) gives the hypotheses of Lemma 98 (with
N¢ < N;7), (P3) condition (i) of Proposition 64, and (P4)—(P6) the hypotheses of Lemma 99
including its last statement ((P5) is z > 1/v/2; under (P6) the difference of the two sides of
p(z? 4+ y* — 1) > 2oM + 2y(M, + 1) increases in x and y).

Proof of Proposition 103. P is obtained from the hypotheses by four substitutions: T' € (up —
2, up], so every step lies in [k|n|(up—2), k|n|up]; every arc has at least pA\;—1 elements; [z2] < z+1
in the recursion of Lemma 98, which bounds the numbers N; by the sums N,", and hence M,, M
by M, M*; and Lemma 99 is replaced by its last statement. Since T is common to all entries,
sorting the steps of a column by size is sorting by |n|, independently of p. (a) is the statement
that each substituted inequality implies the original one; for the half-cell offsets, 2k, ; = TL/Q,
is an odd integer and —k.; = 3 — (I'L/Q, +1)/2. (b) Each N," is a sum of terms that decrease
in p for up > 2, and after division by p every inequality of P has the form “non-increasing <
non-decreasing”. (c¢) The hypotheses give e, ¢ < % and 2(s — 2)ecc + 260+« < 1, SO every
window fraction is below %, A1 < 1 and the maximum in Nfr is its second term. As p — oo,
N;” — Ny and MT/p — 0, so the strict inequalities of the limit hierarchy give P(p) for large p.
The bound is Proposition 64 with Lemma 99: LB(W) > 1 — M, /p > 1 — M} (po)/p- O

By Proposition 103(b), P is monotone, and a bisection in exact rational arithmetic gives a
point py where P(pp) holds: 19673600, 14314526 192182751 and 1978313 734 082 584 379 393
for s = 3,4, 5. Theorems 104 and 68 round these up to 1.97-107, 1.44-10'6 and 1.98 - 10%!; since
the own size M, is an integer at most M, (pg), the first-order deficits are at most 742, 32044
and 2.73 - 10% (for s = 4, P fails at 1.43 - 1019).

D.4. The Selection Rule. For reproducibility we fix one deterministic choice of the free digits.
For the staggered window system of Figure 18 it gives sep(P3) = 0.6425; the figure shows another
admissible choice.

Remark 106 (A greedy selection rule). In all our window systems the own windows are integer
intervals [loc, hic] C [—-(p—1), 0]. Rank an admissible own value o (its representative in the inter-
val) by its distance |20 — lo. — hi.| from the centre, ties to the larger o. At depth 1 the responses
are D(1), with the own values on the diagonal and —k.. off it, and the admissible depth-one
own values of different columns are independent. The rule chooses, over all combinations of
admissible depth-one own values, one that maximises LB}, ties broken by the ranking, column
by column; at every depth [ > 2 it takes the best-ranked admissible own value of each column.
It uses no look-ahead and no randomness, so a sequence is determined by its places, 8, the A,
and the windows. By Proposition 64 it has the same bound min(1, LB(W)) at every full level as
any other rule, and in addition sep(Ps) > min(1, LB%“") with the best possible depth-one choice.
That it maximises sep(Ps) or sep(Psx) is not claimed; among the selection rules we compared
on sep(P3), it was within 1073 of the best in 32 of 35 cases and never below 0.966 of it, while
rules that look at one column at a time lost up to 40% at some primes (a computation that is
not part of the archive).
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