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Abstract
Let G be a finite simple graph, and replace each edge e by a path with k. new internal
vertices. We derive an exact boundary-state formula for the number of maximal independent
sets of the resulting graph. If I =" _k. and A > 1 satisfies A*> = X + 1, its leading term is

AT@A+3)71E@OE TT (A2 4+ (14 2% —1].
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An explicit relative error bound, uniform in the base graph, is at most exp(B ), A73ke/2) 1,
where B < 5.600. Consequently the leading amplitude depends only on the degree sequence, and
the indicators of membership of all original vertices approach an explicit independent Bernoulli
law in total variation. These conclusions also hold for growing base graphs under the stated
summability condition. For a fixed base graph, we identify the first adjacency-sensitive correction
and extend the established one-dimensional Gaussian size law to arbitrary long edge subdivisions.
The proofs use standard finite-state transfer methods; the contribution is the explicit assembly
at the original vertices and its quantitative consequences.

Keywords. Maximal independent sets; independent domination; graph subdivision; transfer matrix;
asymptotic enumeration.
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1 Introduction

An independent set is mazimal if no further vertex can be added while preserving independence.
This is not the same as having maximum cardinality. A set is maximal independent precisely when
every vertex outside it has a neighbor in it; equivalently, it is an independent dominating set.

On a long path, independence and domination impose local constraints that are readily encoded
by a small transfer matrix. When many such paths meet at the vertices of a fixed graph, however,
their endpoint conditions must be assembled consistently. The purpose of this note is to perform
that assembly explicitly. The leading amplitude factors over original vertices, although the exact
count generally depends on their adjacency. A positive boundary representation also gives an error
estimate that does not hide any dependence on the size or degree of the base graph.

The main result is Theorem 2.1: an explicit degree-product approximation with a universal
finite-length relative error. Theorem 4.1 gives the corresponding joint law on original vertices, with
a dimension-independent total variation estimate. An exact sum over three colors on the edges
appears in Theorem 3.2. The later sections extract a first correction for equal subdivision lengths,
show that bounded m#* does not suffice for uniform degree-sequence universality, and prove a
Gaussian limit for the size of a uniformly chosen maximal independent set when the base graph is
fixed.
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1.1 Relation to established enumeration methods

The one-dimensional recurrence is established prior work. Dod [2, Theorems 4.2—4.4] gives the
weighted path recurrence, exact size coefficients, and a cycle reduction for the independent domination
polynomial. Jahari and Alikhani [3] develop graph-operation identities and a bivariate path
generating function. Three-state cavity recursions for maximal independent sets, exact on trees,
appear in Dall’Asta, Pin, and Ramezanpour [1, Section V]. Transfer matrices and related recursive
matrix methods have also been used to enumerate maximal independent sets on grids [6]. More
generally, Liu et al. [5, Appendix B.1] give tensor-network formulations for the independent-set and
maximal-independent-set solution spaces.

The bulk growth and size fluctuations in the path case are also known. The blocked one-
dimensional configurations studied by Krapivsky and Luck [4, Sections 3 and 6], with blockade
range one, are maximal independent sets of the open chain. Their renewal formulation supplies the
corresponding generating function and linear cumulant behavior. Thus the cubic equation, the path
recurrence, the finite-state methodology, and the one-dimensional bulk constants are not asserted to
be new here.

We specialize these established ideas to simultaneous long edge subdivisions and derive an
explicit factorized amplitude, a graph-uniform error bound, and a product approximation for the full
set of original-vertex indicators. A targeted literature search did not locate these exact arbitrary-
base-graph statements. That search is not an exhaustive priority determination; the results are
presented as explicit derivations rather than as a claim of a new transfer-matrix method.!

2 Definitions and the quantitative main theorem

Let G = (V,E) be a finite simple graph, with n = |V|, m = |E|, and degrees d,. Neither
connectedness nor a positive minimum degree is assumed. For each e = uv € F, choose an integer
ke > 0 and replace wv by a path from u to v with exactly k. new internal vertices and k. + 1 edges.
Distinct replacement paths have disjoint interiors. Write Gy, for the resulting graph, and put

1= k.  Mok)= MGy,

ecE

where M(H) is the family of maximal independent sets of H. In particular, |V(Gg)| =n + I. The
vertices in V will be called original vertices; this includes original vertices of degree two.
Let A be the positive root of 3 =t + 1, and define

D =2)\+3, 6 =\, (2.1)
Ag =22 14+ N4 =1 = M4 N3 1, Ca=D""]] Aa,- (2.2)
veV
Numerically, A = 1.324717957244746 ... and 6 = 0.655865618097142. ... Every A, is positive; in
particular Ag = 1.

Theorem 2.1 (Uniform degree-product estimate). For every finite simple graph G and every vector
k of nonnegative integers,

—1‘ <na(k) = [[ 1+ Bo*) -1 §exp<BZ€ke> -1, (2.3)

eckE ecE

'n particular, the full text of Hu, Mansour, and Song (2017), doi:10.1216/RMJ-2017-47-7-2219, was not accessible
in this search and has not been inspected. Its theorem-level relationship to this note remains unresolved.
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where the universal constant is

2(2\
B 22AH3) 5 oa0s15350286104. . (2.4)
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Empty products have value one. In particular, an edge-free graph has Mg(k) = Cg =1 and zero
error.

The bound is intentionally uniform and can be loose for short replacement paths. It does not
require a bound on n, m, the maximum degree, or the disparity between the lengths. Its proof is
given in Section 4.

Corollary 2.2 (Fixed and growing base graphs). For a fixed graph G with m > 0, let h = ming k.
As h — oo,

Mg(k) = CoM' (1+ O (0")). (2.5)
More generally, along any sequence of finite simple graphs and subdivision vectors for which
d o oFe —0, (2.6)
e€E(Q)

the ratio Mq(k)/(Cg)\) tends to one. A sufficient condition when m > 0 is mO" — 0.
Proof. Use Y, 0% < m#" and the last bound in (2.3). O

In particular, two fixed base graphs with the same degree multiset have the same Cqg. If
their subdivision vectors have equal total I, and both minimum lengths tend to infinity, their
maximal-independent-set counts have ratio tending to one. This forgetfulness of adjacency concerns
the leading term, not the exact counts.

3 An exact boundary formula

3.1 The three states

At an incidence of an original vertex and an edge, use a two-bit state (z,a): = records selection of
the original vertex, and a records selection of its first neighbor along that replacement path. The
possible states are

00, 01, 10,

indexed by 0, 1, 2, respectively. State 11 is forbidden by independence. Let R reverse a pair, so it
fixes state 0 and exchanges states 1 and 2.

Along a replacement path, a transition shifts a pair of bits one position to the right. It forbids
adjacent ones and the triple 000. The latter constraint says that an unselected middle vertex must
have a selected neighbor. The transition matrix, in the indicated state order, is

010
T=10 0 1 (3.1)
110
For a path with &k internal vertices, define
Ki(a,b) = (T") oy,  a,b€{0,1,2}. (3.2)



This is the number of admissible path interiors with the prescribed endpoint states. The k transitions
impose domination exactly at the k internal vertices; domination at the original endpoints is not yet
imposed. Formula (3.2) also applies when k& = 0: it then enforces consistency of the two descriptions
of the original edge.

An incidence assignment is legal at an original vertex v if either all its incident states are 10,
or all are in {00,01} and at least one is 01. The first alternative selects v; the second leaves it
unselected and dominated. An isolated original vertex must be selected and contributes one choice.

Proposition 3.1 (Positive boundary contraction). The number Mg (k) is the sum, over incidence
assignments legal at every original vertex, of

H Kke (au,ea av,e)- (33)

e=uveFE

All terms in this expression are nonnegative.

Proof. A maximal independent set determines a legal state at every incidence. For fixed states, the
choices of interiors on different replacement paths are independent, and their numbers are precisely
the factors in (3.3). Conversely, legal incidence states and admissible interiors give an independent
set dominating every internal and original vertex. These constructions are inverse, including at
ke = 0 and at isolated vertices. ]

3.2 Spectral separation and an edge-color sum

Let a and @ be the other two roots of 3 —t — 1, choosing Im a > 0, and set R = {\, a,@}. The roots
are distinct. For each r € R, a right eigenvector of T is (1,7,72)T, and a left eigenvector is (1,72,7).
Their pairing is 1+ 2r3 = 2r + 3. Multiplication by R in (3.2) therefore gives the symmetric formula

Tk-&-a-&-b

Kk:(a7 b) = Z

. (3.4)
R 2r + 3

This identity holds for every k > 0 and a,b € {0,1,2}.

Theorem 3.2 (Exact edge-color formula). For every G and k as above,

C@ke
AMM—Z<H%8HJQE@ (3.5)

cE—R \ecE
Fo(e) = [T e@)’ + [T + e(e)) - 1.

There are 3™ summands, and F,(c) =1 when d, = 0.

Proof. Insert (3.4) into Proposition 3.1 and expand, choosing a root c(e) for each edge. At v,
selection forces every incident state index to be 2, giving [],5, c(e)?. If v is unselected, the allowed
indices are 0 and 1, but the all-zero choice is excluded. Their sum is [],5,(1+ c(e)) — 1. The factors
separate over vertices, proving the formula. At degree zero the unselected contribution vanishes and
the selected contribution is one. O

The all-\ edge coloring in (3.5) is exactly CgA!. The remaining colorings describe finite-length
interactions through the replacement paths. Formula (3.5) is an exact identity, not a general
polynomial-time counting algorithm; its displayed number of terms is exponential in the number of
original edges.



4 The uniform error and the original-vertex law

4.1 Proof of the relative count estimate

The cubic root relations give
ata=—)\ laf> = 271 |20+ 3> =9 — 61 + 4/

Define the positive rank-one kernel

k+a+b
(0) A
K b) = ———. 4.1
) =~ (1)
By (3.4),
K b D k+a+b
' (;5)(a, ) _ 1’ - ‘2 Re (O‘> ] (4.2)
K, (a,b) 2a0+3 \ A
< Bek+a+b < Bek
For any complex numbers . with |d.| < te, expansion of the product gives
[[r+60) -1 <JJ(1+te) — 1. (4.3)
€ €

Apply this with the entrywise errors in (4.2), separately to every legal incidence assignment. Its
leading product is positive. Thus summing the absolute error over the same legal assignments bounds
the total error by ng (k) times the contraction with K©) in place of K. The latter contraction is
CaM!, by the vertex factorization in Theorem 3.2. This proves the first inequality of (2.3). The
second follows from 1 4 x < e® for z > 0, completing the proof of Theorem 2.1.

4.2 Asymptotic independence of all original vertices

Choose S uniformly from M(Gyg), and let X, = 1y,¢cqy for v € V. Define

)\Zd
D= A Qg = ® Bern(pg, ). (4.4)

veV

For d = 0 this is the deterministic value one. The comparison law Q) is on the original vertices
only, not on all vertices of the expanded graph.

Theorem 4.1 (Quantitative product law). Let Pg y be the joint law of (Xy)vev. If na(k) < 1, then

na(k)
drv(Pek, Qe) < —— -~
For an edge-free graph, Pg = Q¢ exactly. For a fized base graph with m > 0, the joint law converges
in total variation to Qg as min, ke — oo, with error Og(6™ine ke). The same approximation holds
for a growing sequence of base graphs under (2.6).

: (4.5)



Proof. For x € {0,1}V, let W (z) count maximal independent sets having original-vertex pattern .
Restrict the positive boundary contraction to this pattern. Its rank-one counterpart is

Wo(z) = XD~ T X [ (@+XN%—1). (4.6)

V:xy=1 V:L,=0

If an isolated vertex has z, = 0, then both W (x) and Wy(x) are zero. Otherwise Wy(x) > 0, and
the proof of Theorem 2.1, with the same restricted assignments, yields

W(aj) = WO(J:)(l + 5x)v |5x| < nG(k)'
Also Wy(z)/(CaAl) = Qa(x). With £ = Egex, normalization gives

1+¢,
14+

Pg x(r) = Qa(x)

Using the finite-space definition of total variation,

Egolex —2l _ _ na(k)
21+8) ~— 1—nglk)

The asserted limits follow from Corollary 2.2. O

drv(Po g, Qa) =

5 Consistency checks and the first correction

5.1 Paths and cycles

The cubic identity gives A; = A* and Ay = AD. Inserting a degree-two original vertex into an edge
increases m by one and decreases I by one for the same expanded graph; its new factor As cancels
these changes in Cg\!. Thus the approximation does not depend on where a degree-two point on a
path is designated as original.

For a single edge with k internal vertices, the expanded graph is the path on k + 2 vertices. The
leading count is A**8/D. For a base cycle with r > 3 vertices, every degree is two, so the leading
count is A’*7, as expected for a cycle on I 4 r vertices. More explicitly, the circular binary-word
transfer gives

IM(CN)| =tr(TV) =MV + ¥ +aV, N >3.

These are consistency checks with established path and cycle enumeration, not new one-dimensional
counting formulas.
5.2 Equal lengths and an adjacency-sensitive term

Keep G fixed and set k. = k for every edge. For d > 1, define

ba(a) = a?X272 4 (1 4+ )14+ M)t -1, (5.1)
and put
D ba, (@)bg, (@)
H = “ . 2
a(a) 2a+3uvz€:E Ay Ay (5.2)

Proposition 5.1 (First correction). As k — oo with G fized,

Mg(k1)

a k
Tk = 1+ 2Re [Hg(oz) (A) ] + Oq(0%F). (5.3)
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Proof. In (3.5), a coloring with exactly one edge uv colored « and all other edges colored A changes
the endpoint factors from Ag,, Ag, to by, (c), by, (a). Dividing by the all-A summand and summing
these contributions gives Hg(a)(a/A)*. The conjugate colorings give its complex conjugate. Every
remaining coloring has at least two non-\ edges; its normalized exponential factor has modulus
at most 62, There are finitely many colorings and fixed coefficients, which proves the remainder
estimate. ]

The coefficient Hs depends on the numbers of edges joining each pair of degrees. It can therefore
distinguish graphs with the same degree sequence. It need not distinguish every such pair. In
particular, by(a) = 0 by the cubic identities, so an edge incident to a degree-two original vertex
makes no first-order contribution. Regular graphs of equal order and degree also have the same first
coefficient.

5.3 A connected degree-matched example

Let G 4 be a triangle with a two-edge tail and Gp be a four-cycle with a pendant leaf. Using vertex
labels 0,1, 2, 3,4, their edge sets are

E(G4) = {01,12,20,03,34},  E(Gp) = {01,12,23,30,04}.
Both have degree multiset (3,2,2,2,1) and five edges. Their common amplitude is
C = D 5A3A5A, = 3.806096531012927 . . ..

Every edge of G4 meets a degree-two vertex, hence Hg, (o) = 0. In G, only the pendant edge
contributes, and
D bg (Oé)bl (Oé)

H, - — 0.041381677565467 — 0.0123349476749614 . . . .
asl®) = 503 A, !

The nonzero value can also be seen algebraically: by(a) = a* # 0 and bz(a) = (A* — 1) + (X6 — \%)
has a nonzero imaginary part. Table 1 illustrates convergence of the count ratio despite different
finite-length corrections.

Table 1: Exact counts for the two connected base graphs above, with k new vertices on every edge.
Ratios are rounded.

k MGA(kl) MGB(kl) MGA/MGB
0 ) 3 1.666666667
1 15 17 0.882352941
2 61 62 0.983870968
) 4305 4256 1.011513158
10 4860145 4854641 1.001133760

20 6206 148 196 031 6206 108 377 807 1.000006416

5.4 The scale for growing base graphs

The sufficient condition in Corollary 2.2 is not necessary for every graph family. It does, however,
have the correct uniform scale in the following sense.



Proposition 5.2 (Failure at bounded error scale). There are pairs of growing base graphs with
identical degree multisets, equal subdivision length k on all edges, and k — oo, for which m@* stays
bounded above and away from zero, but the ratio of their maximal-independent-set counts tends to e
or e~ rather than one. Thus neither k — oo alone nor bounded mO* guarantees degree-sequence
universality for all growing base graphs.

Proof. Use the connected graphs G 4, Gp just described. Proposition 5.1, their common amplitude,
and Hg, = 0 give

Mg, (k1)

log 2-Ga\"2)
& Mc, (k1)

=+ 0(0%), o = —2Re[Hey(a) (/N

Write a/\ = 0e'® and Hg, (o) = |Hg,()]e??. Since « is nonreal, €?® = 1. The finite geometric-sum
identity therefore gives

e i\f: cos? (k¢ + ) — 1
]\sz1 2

Infinitely many k& have | cos(k¢ + )| > 1/2. Pass to an infinite subsequence on which ¢ has a fixed
sign s € {—1,1}. Along it,
[Hap (0)]0° < fer| < 2|He, (a)]0".

Let r, = |1/|ck|], and take ry disjoint copies of G 4 and of G p, respectively. The resulting graphs
have identical degree multisets and m = 5rp edges. Counts multiply over components, so the
logarithm of their subdivided count ratio is

rECr + O(rke%) — 8.
Here ri|ci| — 1, r0** — 0, and 5r:0% is bounded above and away from zero. Exponentiation
proves the claim. ]
6 Weighted enumeration and the size law

The results of this section keep G fixed. No growing-base-graph central limit theorem is asserted.
Define the independent domination polynomial of the subdivided graph by

Za(k; z) = Z 218,

SeM(Gg)

Thus Zg(k;1) = Mg(k). Isolated original vertices contribute a factor z.

6.1 Weighted boundary separation

For z # 0 near one, use

T(z) =

= o O
N O W
S = O

For states p = (z,a) and ¢ = (y, b), the symmetric kernel that weights internal selected vertices, but
not original endpoints, is
Ki(2)pq = Za_y[T(Z)k]p,Rq- (6.1)



Indeed the matrix transitions weight the appended vertices, including the far endpoint y and
excluding the first neighbor a; the prefactor corrects these two boundary weights. For k = 0, any
nonzero entry forces a = y, so this formula remains valid. At a selected original vertex one now
inserts an additional factor z.

Let R, be the three roots of 73 = z(r + 1). They are distinct in a sufficiently small complex
neighborhood of one. Right and left eigenvectors of T'(z) are

(1,r/z,7‘2/z)T and (1,7‘2,r),

whose pairing is 2r + 3. Consequently

k

r
Ki(z) = Z wyw) wy = (1,7,7%/2)7. (6.2)
TERZ 2T + 3

The same local assembly as before proves the exact weighted formula

cle ke
Zolkiz) = Y (H %é))ﬁ,))nmcsz), (63)

c:E—R, \eckE veV
Fy(c;z) = z17% H c(e)® + H(l +c(e)) — 1.
esv esv

For degree zero the factor is z. Although written using roots and negative powers of z, the
expression equals the polynomial Zg(k;z) on its stated neighborhood. The kernel recurrence is
Kiyy3(z) = 2Kg41(2) + 2Kj(2), which is the familiar weighted path recurrence at the boundary
level.

6.2 An analytic asymptotic
Let A(z) denote the analytic branch of 73 = z(r + 1) with A(1) = A, and write

Ag(z) = 27 N)HM + (1+ M2))4 -1, (6.4)
Ca(z) = (2A(2) +3)™™ [] Aa.(2)-
veV

Lemma 6.1. For fized G with m > 0, there are ¢ > 0 and q < 1 such that, uniformly for |z — 1| < e
as h = min, k., — 00,
Za(k; 2) = M2)'Ca(2) (1 + Oca(qM). (6.5)

The error is analytic on a neighborhood of this closed disk, and its derivatives of any fixed order
satisfy the same type of estimate on a smaller disk.

Proof. All three roots are simple at z = 1, so all admit analytic branches nearby. Shrink a closed
disk about one until A(z), Cg(z), and every denominator 2r(z) + 3 are nonzero, and the moduli of
both other root-to-\(z) ratios are at most some ¢ < 1. This is possible by continuity and C¢g(1) > 0.
In (6.3), the all-\(z) coloring contributes \(z)!Cg(z). Every other coloring has at least one edge
with exponential ratio at most ¢”; all its remaining factors are uniformly bounded on the disk. The
finite sum proves (6.5). Start with a slightly larger disk and then restrict to obtain the derivative
assertion from Cauchy’s estimates. O



Theorem 6.2 (Gaussian size law for a fixed base graph). Fiz G with at least one edge, and let
Yr = |S| for a uniformly chosen S € M(Gg). If min, ke — oo, then

Y —ul 4
——— —> N(0,1), 6.6
Vorl 01 (00
where
A+1
= =0.4114 2646. .. .
7 13 0 95588662646 . . . , (6.7)
AA+1)
2
= —= =0.01707962
o A+ 3)3 0.017079629057537
More precisely, for some q < 1,
EYy = pl + cg + Oa(q"), (6.8)

Var(Yy) = oI +vg + Og(q"),
where cg and vg are respectively the first and second derivatives at zero of log Cq(e).

Proof. The moment generating function is Zg(k;e')/Zg(k;1). For sufficiently large h, on a fixed
small complex neighborhood of zero, Lemma 6.1 permits analytic logarithms and gives

log Be™™* = I(log A(e') — log \) + log Cg(e') — log Ci(1) 4 Oc(q™). (6.9)

The error and its fixed-order derivatives are uniformly bounded as stated. If r = A(e'), implicit
differentiation of r® = e!(r + 1) yields

ilor_r—kl d—glo 7,_1“(7“+1)
& & - (2r+3)3

dt T 2r 43 df?
Differentiating (6.9) at zero proves (6.8).

For fixed real s, substitute t = is/ V2T into (6.9) and subtract plt. A Taylor expansion gives
the leading term —s2/2, a remainder O(I~'/2?) from the leading analytic function, an amplitude
difference Og(1~'/2), and an error Og(q"). Since m > 0 and h — oo imply I — oo, the characteristic
functions converge to e* /2. The continuity theorem for characteristic functions proves (6.6). O

The constants in (6.7) are the one-dimensional bulk constants, consistent with the renewal
analysis of [4]. Here the original graph changes the finite correction C(z) while leaving the leading
density and variance per added vertex unchanged. Centering by pl rather than by u(n + I) is
harmless for a fixed graph, but the stated finite correction uses I throughout.

7 Reproducibility and scope

7.1 Computational checks

The accompanying Python programs use only the standard library and implement two distinct
checks: direct enumeration of independent dominating subsets of the actual expanded graph, and
an exact boundary contraction on the original graph. The latter can be evaluated with three
statuses per original vertex: selected, unselected with unrestricted neighboring states, and an
inclusion—exclusion term subtracting the undominated choice. The status weights at z = 1 are

10



1,1, -1, and the corresponding half-edge supports are {10}, {00,01}, and {00}. At general z the
selected status has weight z.

One implementation passed 3 300 unweighted graph—length comparisons, 386 weighted rational
evaluations at z = 1/2 or 2, 152 exact first- and second-moment comparisons using rational second-
order jets, 150 numerical spectral comparisons, and 16 example-count and first-correction checks.
Its directly enumerated expanded graphs had at most 15 vertices. Separately written programs
passed 2 352 uniform-length and 1979 mixed-length count comparisons, 228 complete original-vertex
joint-law histogram comparisons, and 456 rational weighted evaluations; they also checked cycles
Cs through Ci7. The test families overlap and these totals are not counts of mutually distinct
cases. Exact arithmetic is used for combinatorial counts and rational weighted checks; root-sum
and error-constant checks use floating-point arithmetic.

The supplied source and result files record the tested families and reproduce the displayed
examples. These computations detect errors in small cases and support reproducibility; the proofs
above, rather than the finite tests, establish the general statements. The accompanying README
identifies the test commands and distinguishes exact checks from numerical checks.

The project repository, including the reproducibility materials, is available at
https://github.com/dapylell/long-subdivision-independent-sets.

7.2 Limitations and further questions

The graph-uniform estimates concern unweighted enumeration and the original-vertex law. The
analytic weighted expansion, the Gaussian limit, and the first correction have been proved here
only with the base graph fixed. The first correction records degree-pair adjacency counts, not a
complete graph invariant. Higher-order edge-color terms can contain more topology, but no general
reconstruction result is claimed.

The condition ), 6% — 0 is sufficient and need not be necessary for particular families, although
Proposition 5.2 shows that bounded m#* cannot replace it as a uniform guarantee. Cancellation
can yield much smaller errors, as the cycle formula and the vanishing of be(«) illustrate. Optimizing
the universal constant, weakening the sufficient condition for particular graph classes, and obtaining
useful higher-order formulas for growing base graphs remain separate questions. Loops and parallel
edges are outside the stated graph class.
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