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CROSS-ENERGY OF DIRICHLET PARTIAL SUMS.
PART 11: A TWO-SIDED CRITERION FOR THE RIEMANN HYPOTHESIS
FROM WEIGHTED PRIME SUMS, VERIFIED UP TO 2-10%

PEDRO CACERES

ABSTRACT. For N > 1let C(N) = 23, _ A(n)n"*/*log(N/n) and let M(N) = R(N) — C(N),
where R(N) = 8/ N — 5.3721834log N — 7.4013354 + O(N ~%/?) is explicit. By a theorem of Suzuki,
the Riemann hypothesis (RH) holds if and only if M(N) > 0 for all large N, and then 0 < M(N) <
4(log 5)”(%) = 0.18484. We prove, with computer assistance, that this two-sided inequality holds for
every real 1 < N < 2.15-10%°: up to 10'° from the primes with correctly rounded arithmetic, and
beyond from the first 4520 zeros, certified with ball arithmetic, together with the verification of RH
to 3-10'2 and an explicit zero-density estimate. The same ingredients give, for every N and without
any hypothesis, —E(N) < M(N) < 0.18484 4+ E(N) with E(N) explicit and E(10*°) < 3-107°.
We describe the local minima of M exactly, through the slope a(z) = 3, A(n)n™"/? — 2\/z + <.
Under RH the margin is the variogram of a, and RH is equivalent to flx oAde/x = X°M | Without
any hypothesis we prove an energy identity, which expresses the energy of the slope as a C-transform
of the margin against the prime measure, and a lower bound for the mean energy that is attained
exactly under RH with simple zeros. We then show what such arguments cannot do. Positive weights
within ¢®~/2 of A(q)qil/2 satisfy the energy identity, the prime number theorem and Chebyshev’s
identity up to zt/ 245 vet carry an off-line zero. So the structural inputs listed do not suffice, and a
proof along these lines has to use A = u * log exactly. Carrying that identity through the slope, « is
numerically, to within 1% in the range tested, a Mobius-weighted sawtooth, and the exact argument
reduces to a type I sum of u against the fractional parts of x/d, which is RH again.

1. INTRODUCTION

For N > 1 put
A(n), N
N)=2 ——log —
C(N) > NS

n<N

the Cesaro (Riesz) mean of order one of 3 A(n)n~/2, and

- 2 N—(2k+1/2)
1 N) = N—(l T 431 2)1 N-16+" 14G-25 —
(1) R(N)=8VN — (logm+ 75 + 7 +3log2) log 6+ 5 +4G ,;1(2“%)2

with vg Euler’s constant and G Catalan’s constant. The three pieces of R are the pole of (, the
conductor with the I' factor at s = %, and the trivial zeros. The object of this paper is the margin
M(N) = R(N)—C(N). Both R and C are of size 8/N. By Suzuki’s theorem [Sul, Su2] (Theorem 3),
RH holds if and only if M(N) > 0 for all large N, and then 0 < M (V) < 0.18484 for every N > 1.
So RH is equivalent to confining a sum of size 84/ N over the prime powers below N to a window of

fixed width, from both sides. This is as hard as RH.
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What the paper does. It studies this one-variable inequality from three sides and records exactly
where each side stops.

(1) The margin (Section 2). The margin is a Fejér sum over the zeros (Proposition 1). The
window width is 4(log&)”(3), computable without the zeros (Corollary 4). The two-sided
inequality holds for all real 1 < N < 10'° by a computation from the primes with correctly
rounded arithmetic, up to 102 by a double-precision computation with a priori error bounds,
and, from the certified first 4520 zeros, up to 2.15 - 10%%; without any hypothesis it holds up
to an explicit error E(N) (Proposition 8, Theorem 6, Corollary 7).

(2) The minima and the slope (Section 3). M is convex between prime powers, so its local minima
form an explicit countable set, and RH is equivalent to their nonnegativity (Corollary 10).
Under RH they accumulate at 0 (Proposition 11). The slope of the margin is the fluctuation
o of 2 A(n)n~1/2 (Proposition 12). The minima are the downward zeros of «, and they
follow from one another by a recurrence (Proposition 14).

(3) Energy (Section 4). Under RH, M is the variogram of «, and the window is the inequality 0 <
(Af)?) < 4(f*) (Proposition 15). RH is equivalent to finite energy of o (Proposition 16),
and to a one-sided bound for the L-average of M (Proposition 21). Without hypothesis we
prove an energy identity (Theorem 18) and a lower bound for the energy (Theorem 20).
Block energies to 10'? agree with the prediction.

(4) Variance and area (Section 9, version 3). The four zeros % + ¢ £ iy of an off-line quadruple
form a rectangle of area 46y = 2[Im A,|. The holomorphic sum ot = —1+(log )W (3) and
the modulus sum } |t,|~* differ by twice a sum of squared areas (Proposition 30). Under
RH the logarithmic variance of M is 8 m2y™ > —2(log&)W(3) = 2.9738 - 1074, with
equality iff the zeros are simple, without LI (Proposition 31); the primes below 2 - 10® and
the zeros agree on the measured variance to three to four digits.

(5) Limits (Section 5). Theorem 23 plants an off-line zero in positive weights that satisfy every
structural input of the energy arguments, so these arguments cannot prove RH. Proposition 25
carries the identity A = uxlog, which excludes the planted weights, through the slope exactly.
The result is a type I sum of p against the sawtooth (Remark 28). Section 6 summarizes the
companion results on Weil’s form in windows [CE13, CE14, CE21].

What is due to others. Weil’s explicit formula and criterion [Web52, Bo, IK]; the explicit formula for
Riesz means [In]; the one-variable criterion, its bounds and its Laplace transform are Suzuki’s [Sul,
Su2| (we found his papers after our proofs were written); Landau’s theorem on Laplace transforms
[Wi, Inl; the evaluation of 3~ (p — )72 [Vol; the limiting distributions of prime error terms [RuSa,
ANS]; Beurling systems with large oscillation [DMV]; the distribution of the Mertens function [Ng].
What we believe is new: the verification to 10'2, the exact description of the minima and their
recurrence, the variogram reading of the margin, the energy identity and the energy lower bound,
the planted-zero theorem, and the Mobius representation of the slope.

Controls. A statement that holds for the Davenport—Heilbronn function [DH, T], which has the
functional equation of ¢ but no Euler product and zeros off the line, cannot be the reason for RH.
We use it, a Beurling system [DMV] and planted weights (Section 5.1) as controls throughout.

Notation. A nontrivial zero on the line is written p = % + 47, with v, real, and a zero off the
line p = 4 iy with vy > 0 and § = 3 — % (its conjugate is p). For every nontrivial zero we put
tp:=(p— %)/z, so that t, = v, on the line and ¢, = v —6 off the line; m, is the multiplicity. We write
To = 3 -10'2 for the height to which RH is verified [PT]. For a test function g, §(z) = [ g(x)e**dz.
The explicit formula, for G even, continuous, of bounded variation and compact support [Bo, IK],
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the sum over the zeros taken symmetrically. Weil’s criterion says that RH holds if and only if the
right side is nonnegative for every G = g x g, where g(x) = g(—x). The right side is Weil’s quadratic
form Q(g).
Place in the book. This is Part 11 of the series, the first chapter of block III (The margin and the
constant B). It builds on Part 13 [CE13] (the Euler cross-energy and the one-variable form of RH),
Part 14 [CE14] (the margin written as W — E), Part 21 [CE21] (the minimizer of Weil’s form in a
window), Part 10 [CE10] (the Caceres prime kernel) and Part 37 [CE37] (the 6k + 1 margin). It is
used by Part 12 [CE12] (the constant B seen from three sides), by Parts 23 and 29 [CE23, CE29)
(window minimizers; Weil windows as density operators), by Part 36 [CE36] (the Mébius side of the
same margin) and by Parts 10 and 37. It is also used by Parts 24, 27 and 30 [CE24, CE27, CE30].

2. THE MARGIN

The margin is the explicit formula for one test function, the autocorrelation of the indicator of
[0, log N].

Proposition 1 (the margin over the zeros). Let N > 1 and L =log N. Without any hypothesis,

4sin®(Lz/2 L 2
M=), Fue =T i) e w),
0
p

the sum over all nontrivial zeros with mult@plzczty, absolutely convergent More generally, for a
window ¢ > 0 on [0, L] with autocorrelation A(u fo o(v+u)dv and t € R, let C(t) =
2> L onAln)n ~1/2 A(log n) cos(tlogn) and let RW ( ) be the rzght side of (2) without the prime term
for G(u) = A(|u|) cos(tu). Then R%(t) — Cx(t) = Ep 3 (go(tp t)p(t, —t) + o(t, + 1)o(t, + t)), a
two-parameter family [CE13, Proposition 10]; the case p =1, t =0 is the first statement.

z

Proof. Take G(u) = (L — |u|)+, which is g x g for g = 1y 1), s0 G = [§]> = FL on R; G is even,
continuous, of bounded variation, supported in [—L, L], and @(z) = O(|z|7?) on horizontal lines, SO
(2) applies. Tts prime side is >, A(n)n~'/2.2(L—logn); = C(N). The pole terms are f G(u “/2
e~%?)du = 8(v/N + N=1/2 — 2). For the archimedean term, Gauss’s integral t(z fo
£ )dx and 5~ f@(r)e*i”ﬂdr = G(%) give, after x = 2u,

0 [ e—2u 2¢—u/2
_Llogw+/ [ ¢ _ G(u)]du,
0

T

U 1—e2u

and Proposition 2 evaluates the total as R(N). The general window is the same computation with
G(u) = A(Jul) cos(tu) = 1 3", (ks * ki) (u), ke (u) = p(u)ete. -

Proposition 2 (the remainder in closed form). The right side of (2) for G(u) = (L — |u|)+, without
the prime term, is R(N) given by (1).

Proof. The pole term is 8(v/N 4+ N~1/2 — 2). Extending the archimedean integral to (0, c0),

oo e—2u 2e—u/2 % 94, e—u/2 0 2(u . L)e_u/2
L [ — ]d ————du — ———du.
/0 u 1—e2u u+/0 12 /L 1_e2u




4 PEDRO CACERES

The first mtegral is 1/1(%) Ve 3log2. Expanding (1 — e 2%)~! = 37, e 2% the second is
2 k>0(2k + 2= ’(%) oy 4G and the third is 23,54 N —(k+1/2) (2 4 )72, whose term
k = 0 cancels the SN~ 1/ of the pole. ]

A second derivation, independent of Proposition 1, integrates von Mangoldt’s explicit formula for
S ey An)n™1/2 twice in log N' [In, MV]: it gives C(N) = R(N) — M(N) with

C/ ) 1_N—(2m+1/2) 1_Nzt,,
R(N)=8(vVN —1) —2>(3)log N + 2 , ) =2 ,
() = 8/W = 1) =2 (Ploe N +2 3 s Y

and comparing with (1) gives logm +vg + § +3log2 = 2C ( ), which is 5’( ) = 0. So the remainder

is the smoothed sum of the smooth part of the partial sum (the pole, the constant %(%) and the

trivial zeros), and the margin is the smoothed sum of its oscillating part.

2.1. RH in one variable.

Theorem 3 (Suzuki [Sul, Su2|). RH holds if and only if M(N) > 0 for all sufficiently large N.
Under RH,

(3) _42 — COos ’ylogN c [0’ 827_2],

v>0 v>0
so then M(N) >0 for every N > 1.

Proof. By Proposition 1, M(e*) = Zp Fr(t,). Under RH every term is > 0, and pairing £ gives
(3). Conversely, suppose M (el) > 0 for L > Ly. For Res > 1, since |F(t,)| < (2+2¢%/2)]t,| 72 and
>~ |tp|7? < oo, Fubini gives

> Ly —sL _ 2 —. s
| arehye =3 s = 9O

meromorphic on C with poles at 0 and at s = +it,. A pole s fixes t2 52

so only +t, meet there,
with equal nonzero residues, and no cancellation occurs. An off- hne Z€ETO 2 + 6+ iv0, 0 > 0, has
vo # 0 because ¢ has no real zeros in (0, 1), and gives a pole at § + iy off the real axis; the zeros on
the line give poles on the imaginary axis. So G is analytic on (0,00). By Landau’s theorem [In, MV],
the Laplace integral of a function that is > 0 on [Lg,00) has a singularity at the real point of its
abscissa of convergence; it differs from G by an entire function, so the abscissa is < 0, and G has no
pole with Res > 0. O

Status: proved. It is Landau’s oscillation method for a Riesz mean of ¢ (x) — x weighted by n=1/2,
and the theorem is Suzuki’s: with M = 2¥(log N), RH holds if and only if ¥ > 0, and if and only if
U = O(1) [Sul, Theorems 1.6, 1.7]; the criterion with the main term alone is [Su2, Theorem 1]. Our
proof is independent. The constants in (3) are values of £ at the centre: Hadamard’s product gives

(log€)"(s) = — 32, (s — p)~%, and at s = §

o 1 7T2 C// CI 2 .
(4) (log&)" (1) =3 R A (> - (%)) &) = 00462100,
p
unconditionally; under RH it is 2 Zv>0 ~~2, and with the 4520 zeros below 5000 and the tail the two
agree to 6 - 10710,

Corollary 4 (the sandwich). The following are equivalent: (1) RH; (2) M(N) > 0 for all large N;
(8) M(N) < B for some B and all large N; (4) for every N > 1,

(5) R(N) — 4(log€)"(3) < C(N) < R(N),  4(log€)"(}) = 0.18484.
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Proof. (1)=(4) is (3) with (4); (4)=(2),(3) are immediate; (2)=-(1) is Theorem 3; for (3)=-(1) apply
the same argument to B— M (e*) > 0, whose Laplace integral has the same poles off the real axis. [

Status: proved; the equivalences (1)—(3) and the bounds are in [Sul], and the evaluation (4) of
>0 t;2 is classical [Vo]. Writing the window this way makes (5) checkable without the zeros, which
is what the verification below uses. The two sides are not redundant in general: a real zero 5 € (%, 1)
would push M upwards only, and only the upper side sees it. For ¢, which has no such zeros, either
side alone is equivalent to RH; for the Beurling system and the fake curve of [CE13] the lower side
never fails and the upper side fails for all large N.

2.2. What is known unconditionally.

Proposition 5 (unconditional bound, crude form). For every N > 1, M(N) > —8(3 + vV/N)S >
—2.29-10" "B +V/'N), with § = Y"1, oq, (Imp) ™2 < 2.854 - 10712,

Proof. In Proposition 1 the zeros on the line contribute > 0. By Platt and Trudgian [PT] every zero
with 0 < Im p < Tj is on the line, so an off-line zero belongs to a quadruple p,p,1 — p,1 — p with
p=B+iv,y>Tp,0<6=p—%<1i anditst, is one of £y+id. With Fy(z) = (2—el*—e711%) /22,
|FL(2)| < (24 N4+ N7%)/|z|? < (3++vN)/~?, and summing over the off-line ordinates, which come
in quadruples +v =16, gives at most 8(34+v/N)S (a conservative constant). Stieltjes integration and
Trudgian’s bound for N (u) [Tr] give S < f;oo 2N (u)u=3du < 2.854 - 10712, O

The factor /N is the price of a hypothetical zero near Res = 1. A zero-density estimate says
that such zeros are rare, and it improves the bound by many orders of magnitude. Let N(o,T)
be the number of zeros § + ¢y with 8 > 0, 0 < v < T. Kadiri, Lumley and Ng [KLN] prove, for
T > Hy = 3.0610046 - 10'° and each o in their Table 1 (o = 0.60,0.65,...,0.85,0.86,...,0.99), with
constants Ay, B, and k, < 1 listed there,

(6) N(o,T) < A,(log ko T)2 (log T)* 47309 4 B_(log T)? < A, (log T)*"2°T31=9) + B, (log T2

Theorem 6 (explicit unconditional lower bound). Let Ty = 3 - 10'2, N(t) = o log o, and let
% =0gp<o01< - -<ogy<oj1=1 be %, the twenty values of o in [KLN, Table 1], and 1. Put

Sy = N(t)t=3 dt, S; :2/ min(NKLN(Jj,t),%N(t))t_g dt (1<j<.J),
To To

with NxpN the right side of (6). Then for every N > 1

J
(7) M(N) > —E(N), E(N)= 4[(3 + NOT2)S > (N7 N”f—%)sj} .

j=1
One may take Sy = 1.4822 - 10712, 5; = S1/2 to four digits for o; < 0.75, S(0.80) = 4.71 - 10713,
5(0.85) = 8.63-10715, 5(0.90) = 1.57-10716, $(0.95) = 2.85-10"*%, S(0.99) = 1.14-10~*°, and E(N)
takes the values of Table 1. In particular | min(M(N),0)| < 1073 for N < 5-10%* and E(N) < 0.043
for N < 2.3-10%.

Proof. As in Proposition 5, M(N) > — >~ |FL(t,)|, the sum over the off-line zeros, all of which have
|Tm p| > Ty, and |Fr(t,)| < (3 + NIP)/42. A zero p = B + iy with 8 > 2. v > Ty, brings the
quadruple p,p,1 — p,1 — p, so

8—-1/2

B>3%, v>To
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Write (o) = 3 550,51, 72, Since N#71/2 < N%+171/2 when o; < 8 < 0j11, Abel summation
over the bins gives

B>57>To j=1

It remains to show E(%) < Sy and X(oj) < S;. Since N(o,Tp) = 0, Stieltjes integration gives
Y(o) = 2f;§ N(o, t)t_gdt. By the symmetry 8 <+ 1 — 3, at most half of the zeros up to height
t lie to the right of the line, so N(o,t) < LIN(t); and N(t) < N(t) for t > Ty, since N(t) =
Llog ot + L +60(0.1121ogt + 0.278loglogt + 2.51 + 0.2/t) with |#] < 1 [Ty], and the term —o-
dominates. This gives X(3) < S1/. For o; > 0.6, (6) applies since Ty > Ho, and ¥(o;) < S;.
The values used come from adaptive quadrature in u = logt (ebound.py); they are rigorous upper
bounds, because each integrand g(u) is positive and decreasing for ¢t > T (both Nkrn(o,t)t™2 and

N(t)t~2 decrease), so a left Riemann sum of step 10~ on [log Ty, log Ty + 120] plus an explicit tail
bounds the integral from above, and every quadrature value exceeds that bound (ebound_rig.py;
the ratio is at most 0.9984). For instance S}/, = (log Lo 4 1)/(27Tp) = 1.47970 - 10712 exactly, the
Riemann sum gives 1.47977 - 10712 and the value used is 1.48222 - 10~ '2. ]

Corollary 7 (unconditional two-sided bound). For every N > 1,
—E(N) < M(N) < 4(log€)"(3) + E(N) = 0.18484 + E(N).

Proof. The lower side is Theorem 6. For the upper side split M = > p Fr(t,) into zeros on and
off the line. A pair v on the line contributes 4(1 — cosyL)/y? < 8/42, and the off-line zeros
contribute at most E(N) in absolute value, as in the proof of Theorem 6. Identity (4) holds without
RH, with t, = (p — 1)/i complex for an off-line zero. A quadruple £v & i§ contributes to it
4(v2 = 6%)/(v? + %)% > 0, since § < 3 <. Hence > . the eV > < (log€)”(3), and the zeros on
the line contribute at most 4(log £)"(3). O

So without any hypothesis (5) holds up to E(N) on both sides; RH removes E(N).

TABLE 1. The off-line contribution: crude bound of Proposition 5 against E(N) of Theorem 6.

N 1010 101 1020 102 1027 1030
8(3++VN)S 23-107% 7.2-107* 023 72 720  2.3-10%
E(N) 1.0-107% 4.7-1077 24-107% 1.3-107% 6.3-107% 0.072

The crude bound is below the least margin observed (0.0427, Proposition 8) as long as N <
3.5 - 10'8; the explicit bound (7) stays below it up to 2.3 - 10*°. Beyond that it grows like N935
(the bin 0.80 < # < 0.85 dominates) and says nothing. This is the familiar fact that verifying RH
to a height H, together with zero-density estimates, gives bounds of RH quality only in a range
polynomial in H [Jn]; it comes from the zeros, not from the primes. Theorem 6 holds whether or
not RH is true, and it is silent for N > 1030,

2.3. Verification.

Proposition 8 (the sandwich verified). (1) For every real N with 1 < N < 1019, 0 < M(N) <
0.14; more precisely M(N) > 0.0148log N for 1 < N < /15 M(N) > 0.0276 for /30 <
N <109, M(N) > 0.0429 for 10° < N < 10'°, and M(N) < 0.1379 throughout.
(2) For every real N with 10" < N < 10'2, 0.04268 < M(N) < 0.13122. The least value of M
on (103,10'?] is attained near N = 1.056 - 101,
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(3) M(N) > 0.0415 for every real N with 10 < N < 10, M(N) > 0.0481 for 10 < N < 10%7,
and M(N) > 0 for 101 < N < 2.15-10%; M(N) < 0.1377 for 108 < N < 10%" and
M(N) < 0.18484 for 108 < N < 4.28 -10%°; s0 (5) holds on [108,2.15 - 10%°]. Here the 4520
zeros below 5000 are certified: with ball arithmetic, N (5000) = 4520 and each ordinate used
lies within 9.1 - 10712 of the true one.
Since 0.14 < 0.18484, parts (1) and (3) give the two-sided inequality (5) for every real N with
1< N <215-10%; part (2) checks the range [101°,10'2] independently of the zeros.

Proof. (1) Write m(L) = M(e*) and (L) = R(e"). Near N = 1, no prime power lies in (1,2) and
M = R; elementary bounds on the series in (1) give r(L) > 0.01488L for L < & and r(L) < 0.1016 for
L< 3—10, and on [%, log 2] monotonicity of each piece on 3300 intervals gives 0.0670 < M < 0.1282.
From 2 to 10'°: between consecutive prime powers ¢ < ¢/, m(L) = r(L) — 2AL + 2B with A =
> n<q A(n)n=/? and B = > n<q A(n)n~Y21ogn constant, and m” = 1 = 2eL/2 —2¢=L/2 /(2L 1) >
0 for N > 2, so m is convex there and its minimum on [log ¢,log ¢] is bounded below by the tangent
lines at the two ends; its maximum is at an end. Arithmetic: Python’s decimal at 34 digits, whose
+, —, x,/,\[, log,exp are correctly rounded; 7,vg, G entered to 48 digits; a margin of 10719 is
subtracted from every lower bound and added to every upper bound. The computation ran over
all 455062 595 prime powers below 10'°, from a segmented sieve; 8 intervals below N = 100 needed
subdivision. The least lower bound for N > 103 is 0.042997, on [34 186 367,34 186 499], where the
minimum of M below 10'° is attained; the largest upper bound is 0.137816 at N = 319439.

(2) Same convexity argument, over all 37607 992 088 prime powers below 10'? (the count equals
7(10'2) = 37607912018 plus the 80070 powers p¥, k > 2, which checks the sieve). On [log ¢, log ¢'],
minm > max(m(a) — (b— a) max(0, —m/(a)), m(b) — (b— a) max(0,m’(b))). The arithmetic is IEEE
double precision. The operations +, —, X, /, / are correctly rounded; the library logarithm was
checked at run time to be within 0.5 ulp of the correctly rounded value on 2- 10 test points, and an
error of 2 ulp is assumed in the bounds. The sums A and B are accumulated in segments of length
5-107, each total exactly rounded (math.fsum) and the totals added exactly in rational arithmetic.
Every lower bound is lowered, and every upper bound raised, by an explicit bound for all rounding
errors (the error in A(102) = 1999 997.3576058 is at most 2.1-107?, and the error of one evaluation
of m is of order 10~7). The least lower bound is 0.042686, near N = 105606345 001; the largest
upper bound on [10'° 10'2] is 0.131211, near N = 742864 907 663. The same program reproduces
part (1) on [103,10%] (0.042997, 0.137816, 455062 595 prime powers). The minimum near 1.056-10*!
is also visible from the zeros: there the sum over the 4520 zeros below 5000 in part (3) is 0.041711,
and the difference 0.00098 is the mean contribution 427>5000 =2 = 0.00098 of the omitted zeros.

(3) Unconditionally M = > F(t,); the zeros up to 3 - 10'2 are on the line and contribute > 0,
so dropping those not in the list and bounding the rest as in Proposition 5, M(N) > 43", (1 —
cosvL)/7v? —8(3++/N)S. The sum is Lipschitz with constant 43" 1/y = 14.132; on a grid of 805 906
points covering [log 10%,1og 10%3], the least value of the sum on a cell, minus the Lipschitz loss and
minus 8(3 + v/N)S at the right end of the cell (at most 7.2 - 1074), is 0.04156; it is attained near
N = 1.06 - 10", where the sum is 0.041711, the Lipschitz loss 1.41 - 10~% and the tail term 7 - 1076.
For 10> < N < 10%0 the same computation with E(N) of Theorem 6 in place of 8(3 + v/N)S,
on a grid of step 2- 1075 in L (1726941 points), gives the least lower bound 0.048104 up to 10?7,
0.047549 up to 10?® and 0.034188 up to 10%?; the first cell where W — E < 0 is at N = 2.159 - 10%?,
where £ = 0.0418 and the sum is near its least value on the range, 0.038908 at N = 2.18 - 10%°
(Figure 1). For the upper side, the zeros on the line above 5000 contribute at most 8 Zv>5000 v2,
and by Stieltjes integration with N(5000) = 4520 and Trudgian’s bound for N(¢) this is at most
82446 - 1071 = 1.957 - 1073, (As a check, 2(D 472 + 4 - 2.446 - 1071) = 0.184841, against
4(log £)"(3) = 0.184840.) So M < W +1.957- 1073 + E(N). The largest upper bound on the cells,
the maximum of W plus the Lipschitz gain, plus 1.957-1073 + E(N), is 0.137298 up to 10?°, 0.137626
up to 10?7 and 0.161553 up to 10%%, and it first reaches 0.18484 at N = 4.28 - 10?°; the maximum
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of the cell upper bounds on [10%,10%°] is 0.135632 (W itself peaks at 0.135491). An error ¢ in each
ordinate changes the sum by at most 46L > ~v~2 < 3.2 for N < 103, ]

Status: (1) is computer-assisted, with correctly rounded arithmetic, and was checked in three
independent ways (an extended-precision scan of A and B to 10'°, 45-digit values below 2 - 109,
and an independent sieve on three windows). (2) is computer-assisted in double precision with a
priori error bounds; it relies on the stated accuracy of the library logarithm, which was tested but not
proved. (3) uses the zeros below 5000, certified with Arb [Arb] through python-flint: acb.zeta_zeros
returns balls guaranteed to contain the n-th zeros, isolated by sign changes of Hardy’s Z with the
count checked by Turing’s method. The 4520-th zero lies in [4999.32968137297,4999.32968137298]
and the 4521-st above 5000.2343169313, so the list is complete, and it is accurate to 9.1-1072, which
changes W by less than 3-10~!!. The grid evaluation of W in double precision has error below 10~1°
(each term 4(1 — cosyL)/~? to a few units in the last place of yvL < 3.5 - 10°). Neither reaches the
statement for all large N: the primes cost one evaluation per prime power, and the zeros stop near
2 -10% by Theorem 6.

(a) how far can off-line zeros move M(N)? (b) both sides of the sandwich, 101®> < N < 103
104 0.25
— old: 8(3+VN)S W(L): zeros below 5000 — E)
2 —— new: E(N) (zero density) W(L) = E(N): certified lower bound for M W +0.002 + E: certified upper bound for M
107 .

0.20
004 e +
.......\east observed margin 0.0427

10-2 015 1 w \‘"l

/
I
2.16-10%°

0.10 1 ‘\

—
—
=
=
———
=
=
—

1078 1 0.05 1

bound on the off-line contribution
3 3
& IS
—
e
=
———
——
—

0.00

5 10 15 20 25 30 16 18 20 22 24 26 28 30
logio N logio N

FIGURE 1. (a) The bound on how far off-line zeros could move M(N): the crude
bound of Proposition 5 and E(N) of Theorem 6, which uses the zero density of
[KLN]. (b) For 10> < N < 10%: the contribution W of the 4520 zeros below 5000
(grey), the bound E(N) (red) the certified lower bound W — E for M (blue), positive
up to 2.16 - 10%Y (dashed), and the upper bound W + 1.96 - 10~ + E (green), below
0.18484 up to 4.28 - 10%°.

The wave. Formula (3) says what the primes must produce: an almost periodic function of
log N with mean 427>0 7~2 = 0.0924, frequencies at the ordinates and amplitudes 4/42. From
the 5762859 prime powers below 108, at 6000 values of log N, M agrees with the right side of (3)
truncated at the zeros below 5000 to 5.4 - 107°; its spectrum in log N, from the primes alone, has
peaks at 14.132, 21.023, 25.014, 30.425, ... with heights agreeing with 4/42 to 1075 (Figure 2). Over
4-10° values of log N in [log 2, log 10%] the mean is 0.092367 (predicted 2(log&)”(3) = 0.092420) and
the standard deviation 0.017219 (predicted /8> v~% = 0.017245 for independent phases).

A least-squares fit of m(L) = M(el) on the first 40 ordinates, from the prime powers below
107, gives cosine amplitudes equal to —4/~2 to within 0.4% and sine amplitudes below 1077, as (3)
predicts under RH. The decay 4/42 is the regularity of m: it is continuous, and its slope jumps by
—2A(q)/+/q at L =logq (Proposition 9).

Where the difficulty sits. By blocks at N = 0.999-108: R(N) = 79853.63, the primes give 79665.63,
the prime squares 130.68, the higher powers 57.21, and M = 0.114. The squares are controlled
without RH; the whole difficulty is in the sum over primes, which has to be known to O(1) out of
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¢, t = 0: the Fejer margin is an almost periodic function of log N

0.14 1 ’l —— margin from the primes: Ry(0) — CN(D)

- fuﬂl M fﬂ' W’ o | f\lvf ‘\ i A LAl L f\m '—°°wn
i

J‘ W | { j (’ VA M

0.04 A

0.02 1

0.00

logN
0.0200 4 —— spectrum of the margin (from the primes)
® 4/y? atthe zeros
0.0175 1
0.0150 1
0.0125 1
0.0100 1
0.0075 1
0.0050 1
0.0025 4
0.0000 1
T T T T T T
10 20 30 40 50 80

frequency in log N

FIGURE 2. Top: the margin M (N) computed from the primes below 10% (black) and
the right side of (3) from the 4520 zeros below 5000 (dashed); mean 0.0924, least
value 0.043. Bottom: its spectrum in the variable log NV, from the primes, against
4/~? at the zeros.

8v/N. Without RH the best bound for that sum is of size v/ N exp(—c(log N)3/%(loglog N)~1/5), and
closing the gap to O(1) is RH. For the Davenport—Heilbronn function the same construction gives
its own window wy = 0.78456; its margin computed from its coefficients up to 2 - 107 stays inside,
and the model with its zeros predicts the first exit near N = 2.3 - 108 [CE13]: in one variable the
criterion is the simplest, but the slowest to detect an off-line zero.

3. THE LOCAL MINIMA AND THE SLOPE

The proof of Proposition 8 uses that the margin is convex between consecutive prime powers.
This has a sharper consequence: the minima of M are a discrete set, one at most between two prime
powers, with an explicit location and value. The criterion of Theorem 3, a statement about every
real N, becomes a statement about countably many points given by sums over primes. We keep the
notation of the proof of Proposition 8: m(L) = M(el), (L) = R(e’), and for consecutive prime
powers ¢ < ¢’

Aln A(n)logn
A= J(ﬁ) By=>_ (\)/ﬁ m(L) = r(L) — 24,L + 2B, (logq < L <logq).
n<q

Write ¢ = logm + g + § + 3log2 = 5.3721834 and Ko = —16 + %2 + 4G = —7.4013354, so that by
(1)

(8) r(L) = 8e"? — gL+ Ko — 7(L),  7(L) =2

n<gq

1
o~ (2k+3)L

— .
= (2k + 3)2
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Proposition 9 (the local minima of the margin). (1) On L > L. = 0.2812 (N > 1.3247),
(L) = 2eM/2 — 2eL/2 /(2L — 1) > 0; so m is strictly convex on every interval between
consecutive prime powers.

(2) At a prime power q = p* the derivative of m jumps down: m'(logqt) — m/(logq™) =
—2A(q)/\/q < 0. Hence no prime power is a local minimum of m.

(3) For N > 2, the local minima of M are exactly the points Nj = eFa with r'(Ly) = 24, and
q < N; < ¢, one at most between two consecutive prime powers; at such a point

. 24,4+ ¢
(9) M(N}) = 2B, + Ko — 8ug(logug — 1) + ¢4, ug = qTO,
with Ny = ui(l + O(uq_5)) and €, coming from T: le,| < 0.035, and |e;] < 3-107C for
Ny > 100.

(4) On 1 < N <2, where M = R, the only local minimum is at N = 1.5904, with M = 0.0793,
and M(N) =0 as N — 17T,

Proof. (1) Differentiating (8), (L) = 212 =237, ., e~ (@kt3)L — 9eL/2 _ 2¢~L/2 (€2l — 1), which
is positive exactly when e’(e?” — 1) > 1, that is for e > 1.32472 (the real root of 2® — z = 1),
L > 0.2812. Between prime powers m” = . (2) C(er) = 23 A(n)n~'/?(L —logn) gains the
slope 2A(q)/+/q at L = logq, and r is smooth. A local minimum at log ¢ would need m/(logq™) <
0 < m/(logq™), which the jump forbids. (3) By (1) and (2), for L > log2 every local minimum is an
interior critical point of a strictly convex piece, so it is the unique solution of m’ =" — 24, =0 in
that piece, if it lies there. With /(L) = 4el/? — ¢g 4+ 71(L), 71 = —7/, the equation is 4e"/? = 24, +
co —11(L), so €L/ = u, — 1 (L*) /4. Tnserting /2 = u, and L* = 2logu, in m = r — 24,L + 2B,
gives 8uy — 2logug (co +2A4) + Ko + 2B, = 2B, + Ko — 8ugy(log ug — 1); the difference with the exact
value comes from 7 and 71, of order N~%/2 and its size is the computed one. (4) On (1,2) the sum
over primes is empty, " < 0 for N < 1.3247 and r” > 0 after, ' vanishes once on (1.3247,2), at
N =1.5904, and r(0) = 0 with (L) > 0.0148L near 0 (Proposition 8). O

Status: proved; the bounds for ¢, and the values in (4) are numerical, from the exact solution of
(L) = 2A4 by Newton’s method. Part (1) is the convexity already used in Proposition 8; parts (2)
and (3) are new to this paper as far as we know.

Corollary 10 (a discrete criterion). RH holds if and only if M(N;) > 0 for every prime power q
with ¢ < Ny < ¢, that is, if and only if

(10) 2B, > 8uq(loguq — 1) — Ko —¢q whenever q < N; <d.

Proof. If RH holds, M > 0 everywhere by Theorem 3. Conversely, assume (10) and suppose M (Ny) <
0 for some No > 2 (M > 0 on (1,2) by Proposition 8). Let Ly = log No. If m/(L;) > 0, follow
m to the left: on the convex piece containing Lg it decreases towards the left end unless it meets
a critical point, which would be a local minimum with value < m(Lg) < 0; at a prime power the
left derivative is larger than the right one by (2), so m keeps decreasing to the left. Either we meet
a local minimum with negative value, contradicting (10), or we reach L = log?2 with m(log2) < 0,
contradicting Proposition 8. If m/ (Lar ) < 0, follow m to the right in the same way: either a local
minimum with negative value appears, or m decreases for all L > Lg; in the second case M < M (Ny)
for all N > Ny, so M is bounded above, and Corollary 4(3) gives RH, hence M > 0, a contradiction.
One of the two cases occurs, since m/(Ly) > m’(L{) and they cannot be both < 0 and > 0 unless
Ly is itself a critical point, which is then a local minimum with negative value. ([

So RH is equivalent to countably many inequalities between two explicit sums over the prime
powers below ¢, at the prime powers ¢ for which the stationary point ug falls before the next prime
power. The reduction removes the need to look at every real N; it does not make the inequality
easier. Both sides of (10) are of size 4,/glog g, and their difference is M(N;) € [0,0.185] under RH.
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Proposition 11 (no margin). If RH holds, then iminfy_,oo M(N) = 0, and the local minima of
Proposition 9 accumulate at 0: lim infM(N;) = 0 over the prime powers q with ¢ < Nj < q.

Proof. Under RH, m(L) = 4% (1 — cos vL)/¥% by (3), an absolutely convergent trigonometric
series, so m is uniformly almost periodic with mean 2(log )" (3) = 0.0924. Given ¢ € (0,0.09), choose
T with 8 ZW>T =2 < £/2. By Dirichlet’s simultaneous approximation theorem there are arbitrarily
large Lo with ||vLo/2n| so small for every 0 < v < T that 43" (1 — cosvLo)/y? < €/2; then
m(Lg) < €. Since m is almost periodic with mean 0.0924 > ¢, the set {m > ¢} is relatively dense,
so there are a < Ly < b with m(a), m(b) > £. The minimum of m on [a,b] is < €, is not at a or b,
and is not at a prime power by Proposition 9(2); so it is a local minimum N, with M (N;) < ¢, and
Ng > e is arbitrarily large. U

Status: proved, conditional on RH, and needs no linear independence of the ordinates. So no
proof of M > 0 can rest on a uniform positive lower bound: under RH the margin is positive without
margin, as the least eigenvalues of the windows are in Section 6.

The minima from the primes. Below 107 there are 665 134 prime powers and 10 341 of the intervals
between them, 1.6%, contain a local minimum. The least is M(N;) = 0.055041 at N, = 3099.71,
between g = 3089 and ¢’ = 3109; the largest is 0.137816 at Ng = 319433.67, next to the maximum
of M found in Proposition 8; the mean is 0.091059, against the mean 0.0924 of M. The first ones
are M = 0.0718, 0.0754, 0.0862, 0.0652 at N; = 2.448, 3.598, 4.298, 5.934. The minimum 0.042997
of M below 10'°, near N = 3.4 - 107, is necessarily one of these points.

Both sides of (10) are of size 4,/qlogq, and their difference is at most 0.185. In this subsection
we remove the common smooth part of the two sums A and B and look at what remains. The
criterion becomes a condition on the fluctuation of one weighted Chebyshev sum, B, at the points
where the fluctuation of the other, A, vanishes. The identities below are exact and elementary, and
they contain no information beyond Corollary 10. What they do is separate the two roles that the
primes play at a minimum, where it lies and how deep it is, and show the size of the problem.

For real # > 1 let A(z) =3, .. A(n)n~Y2 and B(z) =3, ., A(n)n~2logn, so that A, = A(q)
and B, = B(q), and define their fluctuations -

(11) a(z) = A(z) — (2\/5 - %) B(x) = B(z) — (2v/zlogz — 4/z).

The smooth parts are the integrals [ t—12dt = 2/z and Iy t=12logtdt = 2\/xloga — 4/,
that is, the two sums with di(t) replaced by dt; the constant —cp/2 in « is the one that the
closed form (8) imposes. By the prime number theorem and partial summation, «(z) = o(y/z) and
B(z) = o(y/zlog x); under RH, () —x = O(y/zlog? ) gives a(x) = O(log? z) and (z) = O(log® x).
Between two consecutive prime powers A and B are constant, so « decreases, with da/dlogz = —/x,
and at a prime power ¢ it jumps up by A(q)/,/q. It is a sawtooth (Figure 3(a)).

Proposition 12 (the two sums give the slope and the value of the margin). Let N > 2 not be a
prime power, L =1log N, and 1y = —7', that is, T1(L) =2+, 67(2k+%)L/(2k +3). Then
n(L) —m/(L)
2 9y
m(L) — Ko+ 7(L)
5 .
Equivalently, M(N) = Ko+2(8(N)—a(N)log N)—7(log N) and B(N) = 5(m—Lm/—Ko+7+Lm).

(12) a(N) =

(13) B(N) — La(N) =

Proof. Let ¢ < N < ¢ be the consecutive prime powers around N. On (log ¢, log ¢') we have A(el) =
A,, B(el) = B, and m(L) = r(L) — 2A,L + 2B,. Differentiating (8), r'(L) = 4e"/2 — cq + 71(L), so

m/(L) = 4e*? — ¢co + 1 (L) — 24, = 71 (L) — 20(N),
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which is (12). Write A, = 2¢%/2 — @ + a and B, = 2Le*/? — 4el/2 + B, with a = a(N), B = B(N).
Inserting these and (8) in m = r — 2A,L + 2B, gives

m = 8% — oL + Koy — 7 — 2L<26L/2 — %0 —I—a) +2(2L€L/2 — 4el/? -l—,@’) =Ko—7+2(f8 - La).
The terms in /2, Lel/? and L cancel, and what remains is (13). O

Status: proved, elementary. So « is, up to the factor —% and the trivial-zero term 7y, the slope of
the margin in the variable log N. The combination 8 — alog N is its value, up to the constant Ky
and the factor 2. The trivial-zero terms are small: 7(log2) = 0.0615 and 71 (log2) = 0.165, and both
are O(N~%/2).

Corollary 13 (the minima as zeros of ). For N > 2, the local minima of M are the points Ny of an

interval (q,q") between consecutive prime powers at which the sawtooth «v crosses the level %7'1 (log N),
a quantity below 0.083 that tends to 0. At such a point

(14) M(Ny) = Ko +2B(Ny) —7(Ly) — Ly 1 (Ly), Ly =log N;.
Consequently RH holds if and only if

. Ko 7(L})+ L:n(L})
(15) BNg) >~ 4 Toe T

where —Ko/2 = 8 — /4 — 2G = 3.7006677 and the correction is below 1.8 -107> for Nx > 100.

at every local minimum N,

Proof. By Proposition 9(3) the local minima are the solutions of m/(L) = 0 inside the intervals

(log q,logq"), and by (12) these are the points where a@ = %7'1. On L > log2 the function o — %7’1 is

strictly decreasing between prime powers, since its derivative in L is —e’/2 + Y o>t e~k < 05
so there is at most one such point in each interval, and a crosses the level from above. At that point
(13) gives m = Ko — 7+ 28 — 2La = Koy — 7 + 28 — L1y, which is (14). The equivalence with RH is
Corollary 10. The bound for the correction is the computed maximum of §(7+ L7;) over the minima
with Ny > 100. O

In words: a minimum of the margin lies where the staircase A comes down to its smooth curve
2y/x — %, inside an interval free of prime powers. Its depth is twice the excess of the staircase B over
its smooth curve at that point, minus 7.40. The large term alog IV in (13) is switched off exactly at
the minima, which is why the value of a minimum depends on 3 alone. One function of the primes
locates the minima and the other measures them.

The numbers. On the 10341 local minima below 107 the identities hold to the precision of the
computation: |a(Ny)— +71| <5.5-10712, and (14) holds to 2.2-1071°. The values of 3 at the minima
lie in [3.72819, 3.79680], with mean 3.74621, against the threshold 3.70067 of (15) (Figure 3(c)). The
least value is at Ny = 3099.71, the least minimum of M below 107, and its excess over the threshold,
0.02752, is half of M(N;) = 0.05504. The least value of M below 10'%, 0.042997, corresponds to
B =3.72217.

The minima one after another. Let N7 < N5 < --- be the local minima of M on [2,00), and

write L; = log N, uj = /N and §3; = ﬁ(N]’-").

Proposition 14 (the recurrence of the minima). The first minimum is Ny = 2.44777, with B =
(log2)2/v/2 — 4us(logug — 1) = 3.796801 and M(N7) = 0.071795. For j > 1, N7,y is the stationary
point u?, 4u = 2A, + co — 11(2logu), of the first interval (q,q') after N¥ that contains it. With dA
the measure of mass A(n)/\/n at each prime power n,

Niv1 d
(16) Bj+1 — Bj = / log % (dA(:z:) _

. : \/5> + %(TI(LJ‘H) —11(Ly)),
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and the two measures have equal mass on (N}, N7, ) up to 2(11(Lj+1) — 71(Lj)). RH holds if and
only if the running sum By never falls below the threshold of (15).

Proof. The position follows from Proposition 9(3) and Corollary 13. Subtracting a(N}) = s71(Ly)
from a(N%,,) = bri(Ly1) gives A(N?,) — AXN?) — 2(uj1 — u3) = 3(ri(Lys1) — n(Ly)), which
is the statement about the masses. With S(u) = 4u(logu — 1) we have 841 — B; = (B(Nj,) —

B(N;))—(S(uj+1)—S(u;)). Writelogn = log(n/N)+L; in the first difference and [ = “2ogxdr =
[a=1/? log(z/N})dz + L; [27Y2dz in the second. The terms in L; combine to L; times the mass
difference, which gives (16). The last statement is Corollary 13. O

Status: proved, elementary. Between two minima, the primes and the smooth density Y 2dy
contribute the same mass, and 8 changes by the difference of their first moments in log(z/N7).
RH says that, starting from 81 = 3.796801, these mass-balanced moments never lose more than
b1+ Ko/2 = 0.0961. Run forward with the prime powers alone, the recurrence finds the same
10341 minima below 107, with § correct to 1.7 - 107!; 5258 steps go up and 5082 go down. Like
Corollary 10, it is exact but contains no information beyond Landau’s form of the criterion [In].

(a) a=A — (2V'x — ¢o/2): a sawtooth; minima at its downward zeros (b) @ = —m’/2: the slope of the margin (zeros: under RH)
0.6 7
041 |
) ‘ |
| i ‘
f)( “, il "ng i 0 \ * l
0.2 least minimum below 107 021 | ’ M W | ‘ \'\ ]" U" l
N’ =3099.71, M =0.0550 - { * 1 ' {1\ ,
MLt f ') W 1] 1 .
o oof Ml N‘u"‘wi L Ilj m \{ {af i\ | J l
= O A A - | Il ‘
3 1 \ SUTIE T L ﬂw\ ]H [” &
0.2 I MJ \\ ! ‘\\ ‘J | M M “ \
LR ‘
~0.4 1 ] | ’ ‘
\ |
041 — ax -0.6 }q I —— a(et) from the primes
@ local minima N, (a=0) ‘| fzvsémsm(vu/y
2950 3000 3050 3100 3150 3200 3250 7.00 7.25 7.50 7.75 8.00 8.25 8.50 8.75 9.00
X L=logx
(c) M(Nq*) =Ko+ ZB(N;): RH & B=3.70067 at every minimum (d) the depth of the minima is set by the first zeros (under RH)
+ B(Ng)at the 10341 minima below 10’ 100 A & ®
3.80 1 —— —Ko/2 =3.70067 (value of B where M = 0)
= =Ko/2 + (log §)"(1/2) (mean of M) ©
3.78 1 £ 901
€
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FIGURE 3. The minima read from the slope. (a) The sawtooth a(x) on [2950, 3250];
its downward zeros (red) are the local minima N;, among them the least minimum

below 107. (b) a(e”) from the primes and —2 D <oiage SI(YL) /v from the zeros. (c)

B(Ny) at the 10341 minima below 107; the red line is M = 0 by (14). (d) Share of
the variance of the minima reproduced by the first K zeros.
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4. THE MARGIN AS AN ENERGY

By Proposition 12, « is, up to the factor —5 and the term 71, the slope of the margin. Under RH,
« is almost periodic in log N, and the margln turns out to be the mean square of its increments.
This makes both sides of the sandwich of Corollary 4 visible: M > 0 because it is a mean of squares,
and M < 4(log€)”(3) because the variance of a is (log€)”(3). The same identity turns RH into a
statement about energy: « has finite mean square in log x.

Write (f) = limy_o0 ¢ fOU f(u) du when the limit exists. B? is the Besicovitch space of almost
periodic functions, the closure of trigonometric polynomials in the seminorm (| f|?)!/2. For f € B?
with Fourier series >_  a,,e™", Parseval’s identity (|f|?) = > |aw|? holds [Bes].

Proposition 15 (the margin is the variogram of ). Assume RH. Then u — a(e®) belongs to B2,
has mean 0, and has the Fourier series

a(e) ~ Z M giru — 22 —sm (yu),
v v v>0

where v runs over the distinct ordinates of the zeros (both signs in the first sum) and m is the
multiplicity. Consequently, for every L > 0,

(17) V(L) = (la(e"™h) —ale)P) =4

v>0

(18) = 22 > (log€&)"(1) = 0.046210.. .,

7>0

m% (1 —cosvyL)
2

> M(e"),

with equality in both, for all L, if and only if all zeros are simple. In that case M(e*) = V(L) is a
mean of squares, and the sandwich 0 < M < 4(log §)”(%) is the elementary inequality

0 < {[f(u+L) = f(w)*) <2(|f(u+ L)) +2(|f (w)*) = 4(|f).
Proof. Let ¢(u) = e=*/2(p(e*) — e*). Under RH, ¢ € B? with Fourier series — >0 e /p [RuSa,
ANS]. This is the explicit formula ¢(z) = 2 — 3 2°/p — log2m — $log(l — z72), with the series
converging in B? because >0 Ip| 72 < .
Partial summation with A(z) =3, ., A(n)n~1/2 gives, for = ¥ not a prime power,
A(z) = Q/)\ﬁ? + 2, qu(/Q) dt, ale") = / ¢(v) dv + %0 -1
Integrating the explicit formula termwise, which is justified as in [In, Ch. IV], gives

et — 1
= | ¢=—) ——+Kk+0(1)
2/0 2 zp: p P

for a constant x. Here the series converges absolutely and uniformly, since ) lvp|~! < oo. Hence
a(e*) € B2, and its coefficient at " is
1 1 20y + 1 m im
(b ) o 2 e
2iyp 2iyp Y g
The mean is 0. Indeed, for s > %, the Laplace transform of a(e") is

! 2
L[a](s) = — §(s+;)s—8_1+gz.

By the Abelian theorem [Wi], the mean equals lim,_,o+ 0 L]a](0) = —%(%) + 4, which is 0 by the
identity ¢y = 2C (1) of Section 2.
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Translation and difference preserve B2. So a(etl) — a(e*) has coefficients 7MT”(E,’”L — 1), and
Parseval gives (17), because |¢©7Y — 1|2 = 2(1 — cosyL) and each v > 0 appears with its negative.
Parseval for « itself gives (18).

For the comparisons, (3) counts zeros with multiplicity, so M (el) = 4%, ~omy(1 —cosyL) /2
Similarly (log&)”(3) = —Zp(% —p) 2 = 23 50 m~/v%. Since m? > m, with equality iff m = 1,
both inequalities and the equality cases follow, because 1 — cosyL does not vanish identically in
L. (|
Proposition 16 (RH as finite energy). The following are equivalent:

(i) the Riemann hypothesis;
(ii) a has bounded mean energy in loga: & fOU e")?du = O(1);
(iii) fO 2du = eV, that is, fl Qd"’” XO()

Proof. (i)i(ii) is Proposition 15. In substance it is Cramér’s theorem that, under RH, fQX(w(x) —
r)2272dx ~ clog X [In].

(ii)=>(iii) is trivial

(iii) (i): let I(U fo ")2du = €°Y) and o > 0. Integration by parts against dI shows that
Jo© aule)? e 20’ “du < oo for every o' > 0. By Cauchy-Schwarz with 0 < ¢/ < o,

[t ([ ez ([ ) <o

So L]e](s) converges absolutely in Rs > 0 and is holomorphic there. For Rs > 3 it equals —%/(s +
Hi 5—2 2 by partial summation from 3, A(n)n =125 = —%(s +3).

By analytic continuation, —%l(w)/(w — 3) — 2/(w — 1) is holomorphic in Rw > 3. The pole of
—% at w = 1 is cancelled, since its residue 1 divided by w — % = % gives % So ¢ has no zeros in
Rw > 3. O

Remark 17 (what Proposition 16 changes, and what it does not). Proposition 16 replaces the posi-

tivity M > 0 by an energy bound for the slope, fl 2d5” = X°(1)_ Positivity is then automatic:
under (ii), Proposition 15 applies and M is a mean of squares The bound in (iii) is weak: it allows
sub-exponential growth in log X. Yet it is equivalent to RH.

Unconditionally, a(z) < 29Vt where O is the supremum of the real parts of the zeros. This
gives only flx a?de « X?0-1%¢ and the gap between X2©~! and X°M) ig exactly the gap between
the known zero-free regions and RH.

By the Paley-Wiener theorem, (ii) says that £[a] belongs to the Hardy space H? of every half-
plane Rs > o > 0. Its holomorphy there is the content of RH. Its L? size on vertical lines is a
mean-square bound for %/ to the right of the critical line, which is known under RH [MV]. So an

unconditional proof of (iii) would have to control % in mean square on every line Rw = % + o and
show that it extends holomorphically. No method we know does the first without the second. We
do not claim progress on it.

Numerically, with the prime powers below 108, M (e”) and the variogram of a agree to three digits
at L =0.2,0.6,...,3, and the empirical variance of a(e") is 0.04625, against (log 5)”(%) = (0.04621.

4.1. The energy programme: dyadic blocks and averages in L. Proposition 16 reduces RH
to an energy bound for «. This subsection follows the two natural ways of attacking that bound: in
dyadic blocks, using the recurrence of the minima, and by averaging the margin in L. Each route
gives exact statements and a clear account of where it stops. Neither route proves RH.

An ezact identity: the energy of the slope is a C-transform of the margin. Write m(L) = M (e"),
so that m’ = 7 — 2a by Proposition 12.
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Theorem 18 (energy identity). For 1 < X <Y, neither of them a prime power, and without any
hypothesis,

logY ( logY log Y
L=2 — L)r"(L)dL !
[ =2 3 S — [ m@rwar + ] 7

og X X<q<Y og X

where q runs over prime powers and (L) = 2eX/? — 2 D k> (2k+3)L

Proof. Between consecutive prime powers, m = r —2A4,L + QBq is smooth with m” = r”. At a prime
power ¢, m is continuous, and m/ = ' — 24 jumps by —2A(q)/\/q. On each gap, [ m'? = [mm/] —
[/ m7”. Summing over the gaps, the interior boundary terms combine into ,m(ogq) (m/(logq™) —

m'(log q*+)) = 23, "B M (q). O

The prime measure \5‘1) dlogq and its smooth density el2dL = 1r” dL + O(e~5L/2) both look at

the margin. Theorem 18 says that the energy of the slope is twice the difference between what the
primes see and what the continuum sees, which is the C-transform of M with the weight A(n)/\/n.

Corollary 19 (the rate is the window width). Assume RH and that the zeros are simple. Then

logY
22 / mr"” dL :4(a2>logY—|—o(logY)—l—O(1—|— la(Y)]),
q<Y 0

with 4{a?) = 4(log 5)”(%) = 0.18484... In particular, the left side divided by logY tends to 0.18484
along every sequence with a(Y') = o(logY'), and so on a set of Y of logarithmic density 1. In words:
per unit of log N, the primes see the margin more than the continuum does by exactly the width of
the window of Corollary 4.

Proof. Under RH, 0 < m < 0.18484 (Corollary 4), and m/ = 7 — 2« with 71(L) = O(e™°/2). So the
boundary term of Theorem 18 is O(1 + |a(Y")]), and fology m'? = 4f010gy a2+ 0(1) = 4{a*) logY +
o(logY’) by Proposition 15. For simple zeros, (18) gives the value. Finally, a(e") has a limiting
distribution under RH [ANS], so |a(Y)| < K on a set of logarithmic density tending to 1 as K — oo.
(The boundary term cannot be dropped altogether: « is unbounded, by Littlewood’s theorem.) O

Theorem 20 (a lower bound for the energy, without hypothesis). Unconditionally,

lim sup > (log&)"(3) = 0.046210. . .,

X —o00 IOg X

and the limit exists and equals (log f) (%) if and only if RH holds and all zeros are simple.

Proof. 1If RH fails, Proposition 16 shows that fX 2‘? is not X°), so the limsup is infinite. If RH
holds, Proposition 15 gives the limit (a?) =237 _m3/v*. Thisis > 23 _;m,/y* = (log 8" (1),
with equality iff every m, = 1. O

So the energy of the slope is a computable test of “RH and simple zeros” together, with an excess
2 Z(m% —m)/+? for multiple zeros. The empirical value is 0.04625 up to 10%, and 0.0465 from the
block energies to 10'° below.

Dyadic blocks. Let Ej, = fk(’fogg 1962, (¢")2du be the energy in the block (2%, 2K+ 1); by Proposi-

tion 16, RH is equivalent to Ej = 20 ). We computed Ej, and Wy, = [ m/? for every block below
100, exactly between consecutive prime powers, from all 455062595 prime powers (Figure 4(a)).
The block energies do not grow: the mean of Fj/log2 over 6 < k < 32 is 0.0465, against 0.0462,
and Wy /log 2 has mean 0.1858, against the rate 0.1848 of Corollary 19. Theorem 18 holds block by
block to 4 - 10~ for k > 15.
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Why this does not give a proof: on a block, a(z) = a(2¥) + Dy (x), where Dj, depends only on
the prime powers of the block. Its energy is the energy of the normalized error (1/1(3:) —p(2F) — (z —
2’“)) /2F/2 of the prime number theorem on an interval as long as its position. A bound 2°() for it
is already RH. The recurrence of Proposition 14 moves a exactly from one prime power to the next
and reproduces Dy, so it gives nothing more. Finally, no computation can see an off-line zero. Such
a zero has v > Tp, so its term in « is at most 1071228-1/2 which reaches the size 0.2 of « only
beyond z = €®* even for B = 1.

(a) the energy of the slope does not grow (b) positive weights with a planted off-line zero
01
—e— Ei/log2 = @J‘hlockaz du —e—  (true weights)
& Wil(dlog2), Wi = Ibmkm,z dL —e— planted (A): 6 =0.15, yo = 10
0.08 1 —e— planted (B): 6 =0.25, yp = 1000
10° 4
0.06 7 ~
NEA g
- . A =
W
0.04 - \J v 4 \./
107"
0.02 7
dashed: (log£)"(3) = 0.0462 (RH, simple zeros)
0.00 - T T T T T T T T T T T T T
5 10 15 20 25 30 7.5 10.0 12.5 15.0 17.5 20.0 225 25.0
dyadic block [2¥, 2¥*1), all prime powers below 101° dyadic block [2K, 2K* 1), prime powers below 22°

FIGURE 4. (a) Energy per dyadic block of the slope, Ej/log2, and of the margin’s
derivative, Wj/(4log2), from all prime powers below 10'°, against (log&)”(3). (b)
The same block energy, below 220, for the true weights and for the weights (19) with
a planted zero: (A) 6 = 0.15, v9 = 10; (B) 6 = 0.25, 79 = 1000 (Theorem 23).

Awerages in L. Averaging the margin in L is a second-order Riesz mean:

log N A(TL) N

My(N) := / M(e")dL = Ry(N) = > ——1log> —

0 n<N \/ﬁ "

Under RH and simple zeros, Ma(N) =437 7 2log N — 43 ~osin(ylog N)/v* = 2(a?)log N +
O(1), which is the identity (M) = 2(a?).

; RQ(N):/OlogNR(eL)dL.

Proposition 21 (averaging in L). The following are equivalent:
(i) RE;
(ii) for every e > 0, My(N) > —C.N°¢;
(i) [Ma(N)| = N,

Proof. (1)=>(ii),(iii): under RH, 0 < M < 0.18484 by Corollary 4, so 0 < M3(N) < 0.184841log N.
(iii)=>(i): integrating by parts, [;° M(eX)e *tdL = s [ Ma(el)e*FdL converges for Rs > 0, so
the function G of the proof of Theorem 3 is holomorphic in s > 0. But each zero p = % + 6+ it
with 6 > 0 gives G a pole at s = § + it.
(ii)=(i): apply Landau’s theorem [Wi] to May(el) + C.el > 0. Its Laplace transform is G(s)/s +
C./(s — €), which is holomorphic at every real point s > €, because zeros of ( are not real and
((o) # 0 for % < 0 < 1. So the integral converges in $s > €, and G has no pole there. O

Proposition 21 is weaker than Theorem 3 in its hypothesis, since it needs only a one-sided bound on
an average and allows N¢. It is equivalent all the same, and it is the same statement as Proposition 16,
because My = 2(a?)log N + O(1) under RH. The least eigenvalue of a window (Section 6) is an
infimum of such energies over test functions, so it enters through the same door.
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Remark 22 (where both routes stop). Every statement in this subsection that is equivalent to RH is
equivalent through a Landau-type argument. The analytic content is always the same: the Laplace
transform of m, of «, or of the kernel’s remainder is —% shifted by %, divided by a polynomial in s,
plus explicit terms. Each bound in the programme (energy, average, one-sided bound) is equivalent
to the holomorphy of %l in Rw > %

The two routes make this concrete. The block computation shows that “local” in logx means a
prime number theorem on intervals as long as their position. Averaging shows that averaging changes
the order of the Riesz mean but not the abscissa. Theorem 18 is the one exact link between the
energy and the primes. To be useful it would need an independent lower bound for the continuum
term or an upper bound for the prime term, and each of these is again a statement about % to the
right of the line.

We record the programme as a reformulation with exact identities and verified numerics.

5. WHAT THE ARGUMENTS CANNOT SEE, AND WHAT THEY MUST USE

5.1. What the energy programme cannot see: a planted zero. Remark 22 says that every
route of Section 4.1 ends at the holomorphy of % This subsection makes that statement precise in
the opposite direction. We build a second system of weights on the prime powers. It satisfies every
structural ingredient the programme uses: positivity, the energy identity, the prime number theorem
with the classical error term, the local recurrence, and Chebyshev’s identity up to O(xl/ 2H9) | Yet its
slope carries an oscillation of an off-line zero. So any proof of the energy bound must use the exact
values of A at a precision that these ingredients do not give.

The construction. Fix § € (0, %), Yo > 0, a switch-on point zy and a smooth function y with y = 0
on (—o0,0], x =1 on [1,00). Put

2
f(z) = = 2°sin(yo logx)x<10g £)7 ¢ = f+ Ah,
Y0 o

where h is a fixed smooth bump with compact support in (1,z9) and A is a real constant chosen
below. Define new weights on the prime powers,

(19) wlg) = A(f; (Lte@), @)= vad(a).

and let Ay, ay = Ay — 2/ 4+, Cy, My = R — Cy and m,, be built from w exactly as A, a, C,

M and m are built from A(n)n=1/2.

Theorem 23 (a planted zero). With the notation above, for xo large enough:

(i) positivity, and the weights are asymptotically the true ones: |e(q)| < Cy q(s_% <1, sow(q) >
0 and w(q)y/q/Mq) — 1;

(ii) the energy identity: Theorem 18 holds verbatim for m,,, with A(q)q

(iii) the planted oscillation: unconditionally, cu,(z) = a(x) + f(z) + o(2?);

(iv) the prime number theorem is unchanged at the classical scale: > . A(q)(1 +¢(q)) = = +
O(ZE e—c\/log x) ;

(v) Chebyshev’s identity up to z'/2%%: for a suitable ), Yg<a Ma)(1 +e(q))[z/q) = log|z]! +
O(2+%);

(vi) one of the two systems violates the energy bound: if vo > 70 (in particular if vo > 3.5), then

for all large X,
/X o da /X o dz X%
max( a—, aw—> > -
1 xr 1 T 7(5’}’0

~12 replaced by w(q);
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Proof. (i) |f'(z)] < £ =6+ + X' |loo)2?~" and R’ is bounded with compact support, so |e(q)| <
Cyq®~ /2. On the support of h the bound is |A[\/q||h/||s0, which is < 1 for the small X needed in (v).

For q > =z, C¢x0 1/2 < 1 once xg is large.
(ii) The proof of Theorem 18 uses only that m,, = r — 24, L + 2B,, is smooth with m! = r”
between prime powers and that m/, jumps by —2w(q) at q. Nothing else about the weights enters.
(iii) Aw(z) — A(x) = 3, Ma)¢'(q) = [5- ¢'(t) dip(t). Write dyp = dt + d(y(t) — t) and integrate
the second part by parts:

Au(z) — Alz) = 6(z) + &'(@) (b(z) — ) — / ") — )¢ (1) dr.

Here ¢(2) = 0, and for = > zq, ¢ = f. With ¢(t) — t < te=*VIet and ¢”(t) < yot°~2, the last two
terms are < z0e¢ V18T — o(z9).

(iv) The same computation without the factor ¢~—/2 gives 3 g<e A = [Vt () dy(t) <
21/2%9 which is smaller than the classical error term.

(v) Write [z/q] = x/q — {x/q}. The defect is D(z) =z}, Ma)e(@)/q — X<, Ma)e(a){z/q}-
The second sum is < 37 o, A ()¢ ~'/? < 2'/?%9. The series S = > A(9)e(q)/q converges abso-
lutely, and its tail beyond z is < 29~'/2. The bump changes S by /\Zq AW (q)g~ V% # 0 for a
suitable h, so one value of A gives S = 0, and then D(z) < z/?*9.

(vi) By (iil), f = aw — a + o(2%), so flx de?x < 3foz%ud% + 3fa2d% + o(X?). Now
% i log X 25u sin?(you) du = Xza[ 6%62%1%)(] + O(1), and the bracket oscillates between

0

58 O+
1£6/y/62+73 (it does not tend to 1); for 79 > 74 it is at least 1 — \/% > 5.1.001, so

fl f2 dz > 6 - 1. 001 for large X, and the maximum is at least one sixth of this minus o(X??).

For general vg > 0 the same argument gives the constant (1 — §/4/62 + ~¢)/6.01 in place of % O

What the theorem says. Every structural fact the programme uses holds for both systems: pos-
itivity of the weights, the energy identity, the recurrence of the minima (Proposition 14 is also
pure bookkeeping), the prime number theorem with its classical error, and the arithmetic identity
Ax1 = log up to O(x1/2+5). Yet at most one of the two systems satisfies the energy bound of
Proposition 16. So a proof of RH along these lines must use the exact values of A at relative preci-
sion 2971/2 for every § > 0. That is the strength of the statement 1(z) = z + O(2'/2%9) itself, the
zero-free strip of width % — 9.

Beurling systems give a stronger form of the same obstruction. Their weights come from a genuine
Euler product, the integers satisfy N(x) = cx + O(2%) with @ < 1, and yet the error term of the
prime number theorem can be as large as x exp(—cy/logxz) [DMV]. The weights (19) do not come
from an Euler product. Their point is that they stay within ¢%~1/2 of the true ones and violate
A %1 = log only at the scale /279, The information that rules them out is the exact identity
Yon<s An)|x/n] = log|z]!, equivalently ((s) = > n~% with its analytic continuation. No step of
Sections 3 and 4 uses it beyond the prime number theorem.

The numbers. Figure 4(b) plants two zeros into the true prime powers below 226, The bump
h = sin? in log z on [30, 300] fixes S = 0 on the computed range. In (A), § = 0.15, yo = 10, zg = 10%:
max |g(q)| = 0.112, the Chebyshev defect satisfies |D(x)| < 0.312%6° for 10¢ < 2 < 6 - 107, and the
block energy grows like 220%. In (B), 6 = 0.25, 79 = 1000, zg = 10°: max |(q)| = 0.077, and the
block energies agree with those of ¢ within 0.002 up to £ = 16. Case (B) is the realistic one; a true
off-line zero has vg > Tp and is invisible below e%%.

Remark 24 (status). Theorem 23 is proved and unconditional. It does not say that RH is false, or
that the energy programme is useless. It says exactly which input is missing: an argument that uses
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A = pxlog exactly, not only through the prime number theorem. The same test applies to any other
argument in this paper: an argument that remains valid for the weights (19) cannot prove RH.

5.2. Using A = u xlog exactly. Theorem 23 says that a proof of the energy bound must use the
identity A = p * log exactly, not only through the prime number theorem. This subsection carries
that identity through the slope a and asks what it gives.

The identity. For every n > 1,

= Zu(d) log g, equivalently Z A(d) = logn, ——/(s) = ((13) - (=¢'(s9)).
dln

The divisor sum is a massive cancellation (Figure 5(a)). For n with two distinct prime factors, the pos-
itive and negative terms are each as large as logn, and they cancel exactly to 0. Summed up to z, (20)
is Chebyshev’s identity ) ., ¥(x/m) = log|x]!. Its M&bius inverse ¢ (z) = ), -, p(d)log|z/d]!
adds terms of size xlog x that cancel to  (Figure 5(b): at x = 10* the first term is 82109 and the
sum is 10013.4). The cleanest exact form for what follows is

(21) —I—logm—z,u [ Jlog
d<z
which follows from (20) by summing >, u(d) log(z/d) = [n = 1]logz + A(n) over n < z. It holds

to 107! in floating point at = = 10%, 12345.6 and 99 999.5.
The slope through Mébius. Write, for £ > 1 not an integer,

p(d) p(d) logd u 10gm
) 2277 mz(ﬂﬁ):ZTv mya(z Z Z
d<z d<z d<zx m<y
and So(y) = 2/ylogy—4/y—('(3). Euler Maclaurin gives S(y) — So(y) — 0; the constant is —('(3)
because },, ., m~*logm = yl_ls_lzgy 1 5)2 —(¢'(s) +o(1) for 0 < s < 1.

Proposition 25 (the slope through Mobius). For every x > 1 that is not an integer, exactly,
a(:(:) =% (.TC) + 52(1') + Tg(l‘),
1
‘21:2\/5(m110gx—m2—2m1—1), TQZ_CI(%)<m1/2_C(1))7
2
u x
Ty = so)(%).
== y
d<z

Moreover (S — So)(y) = fBl({y})loiyy + O(log/éy) with By(t) = so that

4
@ - Twon((; }W@M o)

Proof. By (20), A(x) = > 4<p i(d) logm (dm)~1/? = S aen i(d)d"12S(z/d). Write S = Sy + (S —
So). The Sy part is

ZM [\/%logx—logd —4\[ ¢ %]—%ﬁ(mﬂogw— ma = 2ma) = ¢'(3) mao.

Subtracting 2y/x and adding % = =< ( ) gives a = %4 + T+ 3. For (22), apply Euler—-Maclaurin to

f(t) = t~Y2logt with the first Bernoulh function: S(y) = [Y f+C—Bi({y})f f Bi({t})f'(t)dt
The last integral is O(]f'(y)|) after one more 1ntegrat10n by parts, and C'is ﬁxed by S—Sy—0. D
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Status: proved; the identity is checked to 4.4 - 1072 at 400 points in [103,107] (Figure 5(c)). The
three pieces behave very differently. T; and To are each large: their root mean squares on [103,107]
are 0.694 and 0.680, against 0.218 for «. But they are almost exact negatives of each other: their
correlation is —0.9999999, and ¥; + T3 has root mean square 0.0140. So « is essentially T3, and
T3 is essentially the Mdbius-weighted sawtooth in (22): the difference has root mean square 0.012.
This difference in turn nearly cancels T; + %o: « minus the sawtooth has root mean square 0.0020,
against 0.249 for « at the same 50 points. To within 1% in root mean square on the range tested,

0= ({5} e

The slope of the margin is the fractional parts of x/d, weighted by u(d)log(x/d). This is the one
place where the additive structure of N, through |-|, enters the margin. The 1% agreement is not a
coincidence. By Remark 28, the sawtooth sum is —(¢(z) — z) up to Mertens-type sums. Under RH,
(v(x) — x)/+/z has the coefficients —1/p = % + O(y72), the same as a up to O(y2).

The spectral content of the pieces. Under RH the coefficient of /% in a(e®) is "nT” (Proposition 15).
It is rigid: it depends only on ~ and the multiplicity. The pieces of Proposition 25 are not rigid.

Proposition 26 (the pieces carry 1/('(p)). Assume RH, that the zeros are simple, and that the
Perron expansions of m1, ma and my o over the zeros converge in B? (as they do for M(x) under

Ng’s hypothesis below). Then the coefficients of €%,  the ordinate of p = % + 17, are

LG ek N S Y S S S g
(i —120() ) ==570) 3(7) = 1(7) = e2(7),

~
for 1, To and T3. In particular, as v — 00,

(4+¢(3)i
v ¢ (p)

ci(y) =

c1(y) +e2(y) = (1+O(7‘1)), 4+ ¢ (%) =0.0774.

) : 1
Proof. Perron’s formula for m1 /218 55 / mdw The zero p gives the residue WC( o) SO %9 has
c2. For my the residue is C’( 7o Wo = ,0 1. For ma, the Dirichlet series is —(1/¢) (14 w), which has
a double pole with principal part W’ the residue of %~ " (p)(u% o) is Z”, i 0) (l(fox — wig) Hence

m1 log x —ms — 2my contributes =% 40 ( 1 0). Multiplying by 2./ gives c1, since 1 —2wg = 2 —2i7.

The sum of the three coefficients is the coefﬁcient of «, which gives c3. The asymptotic form follows
from ¢; = 74’(,0) (14+0(™1)). O

Status: the residues are a computation; the convergence in B? is an assumption of the same
type as Ng’s. A least-squares fit of the first fourteen frequencies to the computed pieces on logz €
[log 103,10og 107] gives amplitudes 2|c| that agree with the predictions to the accuracy of the fit. At
~1 the predicted and fitted values are 0.6998 and 0.7058 for T3, 0.7145 and 0.7206 for %1, and 0.0147

and 0.0148 for the residual 1 + %o, which is 50 times smaller than either piece.
What the factorization does to the energy. The identity (20) factors —% into % times —(’. The
second factor is harmless: it is holomorphic in Rs > % except at s = 1, and of polynomial growth

there. The first factor carries all the zeros, with residues ﬁ. The rigidity of « is the identity

(p) - ﬁ = 1, and it reappears only when the three pieces are added. The energy shows the
difference.

Proposition 27 (the Mobius energy). Let M(x) =}, o, pu(n).
(i) Unconditionally: if le M(z)?z~2dz = X°), then RH holds.
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(a) A(n) = Y p(d)log(n/d): the divisors cancel (b) @w(x) = z u(d) T(x/d), x = 10*: terms of size 8 - 10* cancel
din
10.0 1
80000 A
7.5 1
70000 -
5.0 1
_. 60000 7
2.5 1 3
X 50000 A
=]
0.0 1 S
T 40000 1
_2 5 E 1‘1
WL 30000 1
-5.0 1
¢ s =Am 200007 (10%)=10013.4
-75 1 itive t | w(10%) =
B posi |Ye erms u(d)log(n/d) >0 10000 F-=—====—= -
I negative terms
-10.0 1
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FIGURE 5. A = pxlog. (a) The divisor sum (20) for n < 60: positive and negative
terms, and their sum A(n). (b) Partial sums of ¢(z) = > ., p(d)log|z/d|! at x =
10*. (c) The exact decomposition of Proposition 25: T; and T are mirror images,
and « follows the Mobius-weighted sawtooth (22) (dots). (d) Energy per dyadic block
of a (to 10'°) and of the Mertens function M (z)/y/z (to 226), with their predicted

means (log&)”(3) and 235 o [p¢'(p)| 2.

(ii) (Ng [Ng]) If RH holds and J_1(T) = > o <7 IC"(p)| 72 < T, then e=*/2M (e%) has a limiting

distribution with mean 0 and mean square
(M (z)/ =2 Z p C,
>0

(iii) Numerically, the sum over the first 96 zeros is 0.0282. The Gonek—Hejhal conjec-
ture J_1(T) = ZO<W§T I’ (p)| 72 ~ 1—7; [Go| estimates the tail beyond v = 229.3 at
2-%/229.3 = 0.0008, for a total of 0.0291. The block energies of M (z)/+/x for k =10,...,25
have mean 0.0296 (Figure 5(d)).

Proof. (i) For ®s > 1, [[° M(z)z~* 'dz =

sg(s) In the variable v = log x, fo (e®)e W/ 2eWidy =
— L. If the energy is e°¥), the Cauchy Schwarz argument of Proposition 16 makes this
(w+3)¢(w+3)

Laplace integral converge absolutely in fw > 0. So % is holomorphic in s > % (ii) is proved in
[Ng], and (iii) is a computation. O

The comparison is the point of this subsection. Under RH, the energy of « is QZm% /2.
is finite, equal to (log¢&)” (%) for simple zeros, and needs nothing more. The Mobius energy needs



A TWO-SIDED CRITERION FOR RH VERIFIED UP TO 2-10%° 23

control of ¢’(p) from below, which is not known even under RH. Through (20), the energy problem
for a becomes an energy problem for M together with a harmless smooth factor. That problem is
no easier: it is strictly less rigid.

Three levels of exactness. Which arithmetic facts exclude the systems of Theorem 237

(0) The planted weights (19) have an FEuler product only formally. Defining (,(s) =
exp (3, A(n)(1 + e(n))n=/logn), the local factor at p is exp (> (1 + e(p))p~**/k).
So puw(p) = —(1 +e(p)) and pw(p®) = 5((1 +£(p))* — (1 +&(p?))). For the system (A)
of Figure 4(b), max |py(p)] = 1.112 on 10® < p < 28 where 55% of the primes have
| (P)| > 1, and max |, (p?)| = 0.113. The local facts u(p) = —1 and p(p?) = 0 already
exclude them.

(1) Beurling systems have pp(p) = —1 and pug(p*) = 0 for k > 2, because they come from a
genuine Euler product over generalized primes. Diamond, Montgomery and Vorhauer [DMV]
construct such systems with integer counting function Np(z) = sz + O(z?), 3 < 0 < 1,
whose primes satisfy mp(z) = li(z) + Q(z exp(—cy/logz)). So the multiplicative structure,
even with integers known to precision x¥ for any 6 > %, does not give the energy bound. In
Proposition 25 for such a system, the sawtooth By ({z/d}) is replaced by the error of Np at
x/d, which can be as large as (x/d)? instead of O(1).

(2) The integers N: N(x) = |z, with error O(1). This is the only information left, and Propo-

sition 25 shows where it enters: the sawtooth in (22) and the two constants ¢(3), ¢'(3).

Remark 28 (status: what an exact argument must do). By Proposition 25 and Theorem 23, a proof
along the lines of this paper must show that the M&bius-weighted sawtooth

S@) =Y uld) Bi({5}) 108
d<zx

is z'/2t°(1) in mean square on [X,2X], and it must use the cancellation between u(d) and the
fractional parts of x/d. The identity (21) shows that nothing is gained for free. Inserting |y| =

y — 3 — Bi({y}) gives, exactly,

S(x) :xzﬂiid)logz - %Zu(d)log% —(x) — log ,

d<z d<z

so S is —(¢(x) - x) up to Mertens-type sums that are O(z'/2*¢) precisely when RH holds. The
identity A = p * log is reversible, and rewriting v through it changes the form of the problem but
not its content.

The form is still informative. S is a type I sum: Mobius against the explicit, bounded, ad-
ditive function Bj({z/d}). Expanding B; in its Fourier series turns S into exponential sums
Y am(d)e(hx/d). The best unconditional bounds for 1 (z) — z, and so for S, save only a factor
exp ( — c(log x)%/%(loglog z)~ Y/ ®) over the trivial bound. That is the Vinogradov—Korobov zero-free

region, seen from the margin. A saving of =2+ would be RH.

6. WINDOWS AND WEIL POSITIVITY: A SUMMARY

The margin is Weil’s form @ for one test function. Parts 13, 14 and 21 of this series [CE13, CE14,
CE21] study @ on whole spaces of test functions. We summarize the results, with their status, and
refer to those papers for proofs and data.

Dirichlet polynomials [CE13]. Because A > 0, the prime part of () on Gaussian-smoothed Dirichlet
polynomials is unbounded below. So positivity is a cancellation between the archimedean place
and the coherent sum of all primes, not a diagonal dominance (proved, elementary). With ball
arithmetic, @ is positive definite on these polynomials for every length N < 179 (computer-assisted,
for smoothing width 0.005). No translation-invariant square || Xk||?> with X a Fourier multiplier fits
below @ on the whole line; in particular, no Euler-product or mollifier multiplier does (proved).
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The margin as W — E [CE14]. Following Weil’s proof for curves, write Q = W — E with the
pole W = 2§(%)§(—%) Then W is a hyperbolic plane, like the two fibres of C' x C, and @ > 0
on a space implies that E has at most one positive direction there (proved; not conversely). The
archimedean place alone has (to/m + o(1))log N positive directions, o = 6.2898 (proved, of Szegd
type). Numerically, the primes remove them only all together and only with their powers.

Windows [CE21]. In a window of length L = log N the form is one symbol. A positive completion
of that symbol gives an exact sum of squares, and a coercive form has the completion 7/|Ey|? with

Ep, the de Branges function of the window (proved, classical in substance). For even k of bounded

variation supported in [—%, %], with K = E, the explicit formula applied to k = k gives

Qk) = K(t,)*,
P

so under RH the least eigenvalue of a window is the minimum of 23 oK (7)?/|1k||? (proved).

Connes observed that the minimizer reproduces the zeros [Co]. In high precision, it does so to 1072
up to 1.3 to 1.9 times T* = 27N, the height where the density % log % of the zeros equals the
Nyquist density L/27 of the window (numerical; Figure 6). For the Davenport—Heilbronn function,
the agreement stops at the corresponding scale 2w N/5. The zeros below T™* carry a fraction between
1072° and 1078 of the least eigenvalue.

Error of the minimizer at each zero Rescaled: height in units of T, error in units of Apin
1.0 1
01 /-- P e e POR e ¥ o
0.8
-20 1
c
~ £
I S 06
(X kg
w5 —40 g
° =
g 5
N e
- 5 0.4
<
> -60 =1
8 ES
0.2 1
—e— L=1.50(N=4.5) —e— L =150 (N=4.5)
-801 L=2.00(N=7.4) L=2.00 (N=7.4)
—e— L =256 (N=13.0) —e— L=2.56 (N=13.0)
—e— L =3.00 (N=20.1) 0.0 | —e— L=3.00 (N=20.1)
50 100 150 200 250 0.0 0.5 1.0 15 2.0 25
y yIT", T" =2nN

FIGURE 6. The minimizer of Weil’s form in the windows N = 4.5, 7.4, 13, 20.1
[CE21]. Left: log;, of the distance from each zero of { to the nearest zero of the
minimizer’s transform. Right: the same data with the height in units of T* = 27N
and the error in units of Apin; dashed T, dotted eT™.

7. COMPANION PAPERS

The Caceres prime function [CE10]. The weight a(n) = Zpkun log pp~*/? has Dirichlet series

C(s)K(s). Its kernel K is —%(s +3)+ %(25 + 1) — 13- plus a function holomorphic in Rs > —3,
so it sees each zero twice, at iy and at iy/2. In the language of this paper, the kernel’s margin
is M(N) — 2M(v/N) under RH, and its slope is a(z) — a(y/z) without hypothesis; its energy is
2(log f)”(%), less 2> ~v~2 over the pairs of ordinates with 7' = 2v. Since a = 1 * b with b fixed by
the primes, the kernel carries no information beyond A, and Theorem 23 applies to it verbatim.
The 6k £ 1 race [CE37]. The same construction for the character y_3 gives a margin M, whose
positivity is equivalent to GRH for L(s,x—3). It holds with 0.102 < M, < 0.355 for 2 < N <

227 In the margin’s weighting, the prime powers = 2 (mod 3) lead those = 1 (mod 3) by exactly
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’

2%(%, X—3)log N — % ’(%) + M, (N), up to exponentially small terms. So under GRH the weighted
6k £ 1 race never reverses.

8. THE MARGIN AT LARGE N: A PROBABILISTIC PROJECTION

Proposition 11 says that under RH the margin comes arbitrarily close to 0. This section asks
how fast. The answer is a projection, not a theorem: it assumes RH and the linear independence of
the ordinates (LI), as in the work of Rubinstein and Sarnak [RuSa] and of Akbary, Ng and Shahabi
[ANS] on limiting distributions.

The limiting distribution. Under RH, (3) writes M (e%) = > 00~y (1 = cosyL) with ay = 4/~2.
Under LI, by the Kronecker—Weyl theorem the phases vL modulo 27 become equidistributed on the
infinite torus as L — oo, so the proportion of L € [0,T] with M (el) < z tends to P(X < z), where

(23) X = Z a(1 —cosb,), EeitX = H e Jo(ta),
v>0 ~v>0

with independent 6., uniform on [0, 27). Its mean is 2(log €)”(3) = 0.0924 and its standard deviation
(83 7~4)1/2 = 0.01724. Fourier inversion of (23) with the 4520 certified zeros (the rest contribute
their mean 0.00098 and a variance below 3 - 107!1) gives its density, a smooth bump on [0.04,0.145]
with two shallow maxima. For the lower tail we use the saddle point: with K(s) = logEesX =
> (say +log Iy(sa,)) and K'(8) = x, the Lugannani-Rice formula gives

P(X <0.04) =3.7-107%, P(X <0.03) =1.0- 1071,

P(X <0.02)=4.2-107%", P(X <0.01) =1.7-107",
in agreement with Fourier inversion to 0.6% where both apply (z > 0.03). Numerically logP(X <
r) ~ —C/z?: halving = multiplies the exponent by about 3.7.

How often the margin dips. The rate of downcrossings of a level x, per unit of L = log N, is given
by Rice’s formula v(z) = fx(2) E[|X'| | X = 2] /2, with X' = > vaysinf,. Conditioning on X =z
by exponential tilting turns each 6, into a von Mises variable of concentration x, = |5|a, for which
Esin? 0 = I1(r)/(kIo(k)); taking X’ conditionally Gaussian,

_ Ix(@) 16 Ii(ky) \1/2 K@
(24) V(CC) = \/ﬂ (; 'YQ"WIO(“'y)> ) fx(m) ~ \/m

We tested the model against the function itself, computed from the zeros on 7 < L < 3000: for
z = 0.060,0.055,0.050,0.045 the observed proportion of time below z is 2.12 - 1072, 6.1 - 1073,
1.17-1073, 1.2 - 10~* against 2.14-1072, 6.3- 1073, 1.16 - 1073, 1.1 - 1074, and the observed number
of excursions per unit of L on [1000,3000] is 0.686, 0.259, 0.068, 0.0085 against 0.683, 0.262, 0.065,
0.0083 from (24).

The record low. If dips below x arrive as a Poisson process of rate v(x), then P(minN/SN M(N') >

z) ~ e v(@1eN The median value of log N at which M first drops below x is log 2/v(z):

T 0.040 0.035 0.030 0.025 0.020 0.015 0.010

1/x 25 28.6 33.3 40 50 66.7 100
median log,, N 7.5-10° 7.9-10* 1.3-10° 2.7-10" 1.2-10* 5.8-10* 6.4-10"

Since log P(X < ) ~ —C/x2, the record low decreases like (loglog N)~1/2. Fitting the median gives

1
(25) o T 10.4y/logjglog N (N — o),

which reproduces the median to within 3% for log;,log N > 13; for smaller N the median lies above
the law (Figure 7(b)).

The actual record, under RH only. Under RH alone, M () = W (L) +T(L), where W is the sum
(3) over the 4520 certified zeros and 0 < 7' < 2-0.00098, T" having mean 0.00098. We followed the
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record low of W +0.00098 for 7 < L < 10°: a coarse pass with the first 100 zeros, whose partial sum
is a pointwise lower bound for W, selects the candidates, which are then refined with all 4520 zeros.
The records are

0.0430 (N =3.4-107), 0.04269 (1.06 - 10'), 0.0399 (2.2 - 10%),
0.0385 (10'21), 0.0369 (10%2™), 0.0362 (10%*41),

the first two agreeing with the primes (Proposition 8) to 107°. The last three fall inside the 10-90%
band of the model; the first three come early (each had probability 2-6% of arriving so soon), so the
region N < 10% is somewhat atypically low.

(a) 1/M for 103 < N < 10*3° (from the zeros, under RH) (b) the spikes of 1/M grow like /loglog N

Most of the time 1/M sits between 7 and 15. Under RH, 1/M never turns negative but has no ceiling.
Now and then the waves of many zeros line up, 100 - !ts spikes grow extremely slowly: to reach 100, 100 at N ~ 10%(10"93)
251 Mdips and 1/M spikes. The highest spike so far N needs about 1093 digits. If RH failed,
is about 25, near N = 2.2629 (M = 0.0399). 1/M would eventually change sign.

801

201

60

50 at N ~ 10%(10"23)

401

highest value of 1/M so far

33atN ~10%(10"8)

model: 10%-90% band

= model: median record

201 ——

-~ law 10.4\/log1olog N (large N)
5 = actual record of 1/M (zeros, logN = 10°)

0 20 40 60 80 100 120 1 2 5 10 20 50 100
logio N (number of digits of N) logyolog N

FIGURE 7. The reciprocal 1/M. (a) 1/M(N) for 10> < N < 10'3%, from the certified
zeros under RH: it stays between 7 and 15 most of the time and spikes when many
waves are in phase. (b) The record of 1/M against log;,log N: actual records for
log N < 10° (red), the median record and 10-90% band of the model (24) under RH
and LI (blue), and the law (25) (dashed).

Remark 29 (status). Formula (23) for the limiting distribution is a theorem under RH and LI; the
saddle-point values are numerical approximations checked against Fourier inversion; the rate (24),
the Poisson approximation and the law (25) are heuristics, checked against the function itself where
it can be computed. The projection describes how the margin behaves if RH holds. Read through
the reciprocal, it says that 1/M is positive and unbounded, and that its spikes grow like v/loglog N,
so that 1/M reaches 100 only for N with about 10”3 digits. If RH failed, 1/M would eventually
change sign.

9. THE VARIANCE OF THE MARGIN AND THE AREA OF THE QUADRUPLES

The mean of the margin in log NV is half the window; this section shows that its variance is also
a constant of £, the fourth logarithmic derivative at the centre, and it records, as a separate and
elementary identity, how far the non-holomorphic sum Y [t,| ™ is from that constant: by the squared
areas of the rectangles formed by the zeros and their reflections. The two statements meet only under
RH, where the areas vanish.

The quadruple and its area. A zero off the line comes with three others. With p = %—HH—Z'% 0 >0,
~v > 0, the functional equation and the reality of & on the real axis give the four zeros % + 0 +in.
They are the vertices of a rectangle centred at s = %, of width 26 and height 2+, so of area

(26) A, =46y=2|Imt2| =2|Im ),

) tp:’Y_iéa )\pzp(l—p):i—l-t%,
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since t% = 72 — 62 — 2i67y (Figure 8(a)). A zero on the line is a degenerate rectangle of area 0. In
the variable t%, or in A,, the quadruple becomes a pair of complex conjugates, and its area is twice
their distance from the real axis. So RH is the statement that every quadruple has area zero, which
is the statement that £, as a function of A, has only real zeros. The margin sees the zeros through
t;Q (formula (3) and Proposition 1), and the area is the imaginary part of the variable it uses.

Proposition 30 (the squared-area gap; the power sums over the zeros are classical [Leh]). Without
any hypothesis, the sums below converge absolutely, the sums being over all nontrivial zeros with
multiplicity, and

A2 1

1 1 1 12 1
(27) A::2;<W—Reté>:;<lmt2) :§4t5’8 >0, Z%Z—g(logé)(‘”(%)-

In particular A = 0 if and only if RH holds, and }_, Ito| ™ = —¢(log W (3) +24.

Proof. For a complex number u, |u|? — Reu? = 2(Imu)?; take u = t, 2 and Imt_ —Imt2/|tp\4
which by (26) has modulus A,/(2[t,|?). The sums converge absolutely because lto] =< |p| and
S |p|72 < 0o. By the Hadamard product, & I " log&(s) = (=1)F1(k —1)! PINCES p)~F for k > 2, and
at s = %, (s —p)t = (ity)* = tﬁ. Finally A = 0 if and only if every A, = 0, that is, 6 = 0 for every
Zero. U

The two sums in (27) have different natures. The sum of t/j4 is holomorphic in the zeros: it is a
Taylor coefficient of log & at the centre and is computed without knowing a single zero. The sum of
|tp\_4 is not holomorphic, and it is the kind of quantity that a mean square sees. This is the same
structure as the gap Q of Part 5 [CE5], 3~ lp| ™2 =2+ g — log4r + Q, with Q a sum of 62 terms:
here the defect is a sum of squared areas. The holomorphic sum is classical (the power sums of the
zeros; see [Vo]), and the identity |u|? — Reu? = 2(Imu)? is elementary. The next proposition says
that, under RH, the mean square of the margin is that non-holomorphic sum.

Proposition 31 (the logarithmic mean and variance of the margin). Assume RH, and let m~ be the
multiplicity of the ordinate v > 0. Then, with L =log N,

1 [T i
1 _ w1 Y 1 Ly " l — 7
TIEEOT/ M(e¥)dL =2(log€)"(3), Vi : T@;OT/O (M(e)—2(log&)"(3)) AL = 8%0 S
and

1 2
Vir 2 4) g =5 (1g)(3),
P |'Yp‘ 3
with equality if and only if all zeros are simple. No hypothesis of linear independence of the ordinates
s needed.

Proof. Under RH, (3) reads M(e*) = ¢ — > >0 @y cos(yL) with ay = 4m /72 over the distinct
positive ordinates and ¢ = Y ay, =437 myy 2 = 2>, 7,2 = 2(log €)"(1), by the Hadamard
product as above ((3 — p)? = —7%). The series converges absolutely and uniformly, so M(el) is
a uniformly almost periodic function of L with distinct frequencies v, and Parseval’s identity for
such functions [Bes] gives the mean ¢ and the variance Y a2/2 = 8% m2y~%. Since m2 > m,,
Vi > 8 27>0 myy~t =4 Zp 7,74, with equality if and only if every m, = 1, and under RH A = 0,
so Proposition 30 gives the value —2(log D (). O

What happens without RH. If there is a quadruple of positive area, the unconditional formula
M(N) =23 (1 - N'?)/t2 contains, for each of its two zeros with § > 0, a term of modulus

about 2N°/|t,|?, since [N | = N?; the margin leaves its window (Theorem 3) and its mean square
over [0, L] is unbounded as L — oo (by the Cauchy—Schwarz and Laplace-transform argument of
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Proposition 16); in this sense Vs is infinite. So the three quantities are ordered as follows. If RH
holds, Vyy is finite and exceeds the holomorphic constan —%(log 6™ (%) only through multiple zeros.
If RH fails, the holomorphic constant is still finite, Y [¢,| = exceeds it by twice the squared-area gap
A > 0, and V); is infinite. The variance does not measure the area; it is the area that decides
whether the variance exists. This is the exponent form of the common wall of the book [CE0]: a
quadruple of small width 26 shows up only at log N 2 1/4.

The constants. A least-squares fit of logf(% + ), 0.01 < z < 0.35, by an even polynomial of
degree 8, with ( evaluated by Euler-Maclaurin, gives

(log €)"(3) = 0.04620999, (log &)W (1) = —4.46071 - 10~*,

against 2 772 = 0.04620999 and —12)7 _;y~* = —4.460707 - 10~* from the 1517 zeros be-

low 2000 (with the tail of > ~~2 added; the tail of > ~7~* is below 1071%). So the prediction of
Proposition 31 for simple zeros is

Vir = —2(log &)W (3) =2.9738 - 107*,  /Viy = 0.017245,

the value used, under RH and LI, in Section 8; Proposition 31 shows that LI is not needed for it.

The measurement. We computed M (N) from the 11080801 prime powers below 2- 108, at 4 - 10°
equally spaced values of L = log N in [log 10,log(2 - 108)], and the right side of (3) from the 1517
zeros below 2000, with the zeros above 2000 replaced by their mean contribution. The two agree to
8.0-107° for N > 103, and their statistics are:

range of N mean (primes) mean (zeros) variance (primes) variance (zeros)
[10, 2 - 10%] 0.09251 0.09248 2.9929 - 1074 2.9917-10~*
[10%, 2108 0.09242 0.09242 3.0103-107* 3.0103-107*
[10°, 2 - 105 0.09226 0.09226 3.0228 - 1074 3.0228 - 1074
L — oo (Prop. 31) 0.092420 2.9738 - 1074

The primes and the zeros agree to three to four digits on every range, and the difference from
the limiting values, between 0.6% and 1.7% in the variance, is the finite length of the window in L
(about 38 periods of the first ordinate), which the zeros reproduce exactly. The running variance
stays within 2% of 2.9738 - 10~* (Figure 8(b)), and the distribution of M is the non-Gaussian
bump of Section 8 (Figure 8(c)), with least value 0.0430 and largest 0.1378 on this range. Status:
Propositions 30 and 31 are proved; the constants and the table are numerical (m_variance.py,
area fig.py, logxi_derivs.py).

Two readings of the area. The same area appears in Part 3 [CE3]: at a zero off the line, the

imaginary part of the reflected cross-energy tends to Im/\ip = ﬁ, the only first-order view of
0 in the book, and for the Davenport—Heilbronn zero 0.8085 + 85.699: the area is 105.75 while
A/(2|A]?) = 9.8 - 1077, The Hankel-Jacobi criterion of Part 3 and the Hankel gauge of Part 27 ask
that every A\, be real, that is, that every area vanish. The margin asks the same question through

t% =\, — 1, and its variance is the sesquilinear (non-holomorphic) side of the gap (27).

10. THE WALK OF THE PRIMES AGAINST THE CURVE

Proposition 9 can be read as a geometric reformulation of the whole problem. Write P, = (44, By)
for the pair of prime sums at the prime power ¢, and

24,+c o
(28) D, =2B,+ Ko — ®(uy), ®(u) = 8u(logu — 1), Ug = qTO =./q+ (;)7

the last equality because A = 2,/g+a(q)—%. By (9), Dq is, up to |eg| < 3-1079, the value of the local
minimum of M attached to the block [¢,¢’) when that minimum is interior. Every local minimum

of M on N > 2 is of this form (Proposition 9(3)), and a sign change of the continuous function
M, positive near N = 1, would happen at a negative local minimum. So RH is the statement
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(a) the quadruple: area A = 46y = 2|ImA| (b) variance of the margin in log N (c) distribution of Mon 10 =N <2 - 108

1-5 0 32

31

2y 3.0

2.9

running variance of M (x107%)

1-p o 2.8 —— primes below 2-10°
~==- 1517 zeros below 2000
oo =2(log £)“)(1/2) (RH, simple zeros)

0.0 0.2 0.4 0.6 0.8 1.0 2 3 4 5 6 7 8
o logio N

FIGURE 8. (a) The quadruple % + § + iy of an off-line zero: a rectangle of area
A = 46y = 2|Tm A| (not to scale). (b) The running variance of M (e*) over [log 10, L],
from the primes below 2 - 10® (black) and from the 1517 zeros below 2000 (dashed),
against —2(log f)(4)(%) = 2.9738 - 10~* (dotted). (c) The distribution of M(N) on
10 < N < 2-10% in the measure dL, from the primes and from the zeros, and the
Gaussian with the same mean and variance.

that the walk q — P, pushed forward one prime power at a time, never crosses the fized curve
2B + Ky = @(2’{%) beyond some point; Dy is the height of the walk above the curve (Figure 9).

10.1. The exact step.

Proposition 32 (the step of the walk). Let ¢ < ¢’ be consecutive prime powers, X\ = A(q')qg~ /2.
Then, for some & € (uq, uq),

/ 2
q a(q) A
(29) Dy — Dy =2A(log L —210g(1+ %)) - 2.
q q q 2\/& €
In particular the step is 2\ log(q’/N;)—l-O()\Q/\/a) : the prime power ¢' lowers the floor when it arrives
before the pending minimum N, and raises it when it arrives after; and no single prime power
moves the floor appreciably: the first inequality below holds for every q > 10% with |a(q)| < ¢/* (true
throughout the computed range), and the second under the same hypothesis for 106 < ¢ < ¢’ < 4-10'8,

/ /
Dy - Dyl < 2logq <1 q | la(q)] +1> - 2log ¢ (|a(g) +2)

og — +
N Va q

Proof. Ay = Ag+ A\, By = Bg+Alogd/, ugy = ug+ % So Dy — Dyq = 2\ log ¢/ — (®(ug+ %) — D(uy)),
and by Taylor with ®'(u) = 8logu, ®”(u) = 8/u, the bracket is 4\logu, + A\?/£. Now 2logu, =
log g + 2log(1 + g(—%), which gives (29); and 2logug = log N; 4+ O(u;”) by Proposition 9(3). The
first inequality follows from (29), A(¢) < log ¢/, log(1 +v) < v for v > 0, —log(1 — z) < = + 22 for
0 <z < i (with 2 = |a|/2,/7 the excess in 2|log(1+ 2%/&” over |a|/\/q is at most a?/2¢g < 1/(2,/7)),
and A\2/¢ < 2\ - 0.008/,/q. The second needs log(q'/q) < ¢ Y2, that is a gap ¢/ —q < V/q between
consecutive prime powers: the maximal prime gaps are below 1500 < ,/q for 2.25 - 106 <¢g<4-10'8
and at most 148 < 103 < /g for 106 < ¢ < 2.25-10° [OHP]. We also used that log q/,/q decreases.
Beyond 4 - 10'® a gap below v/q is not known unconditionally, and we do not claim the second
inequality there; between 10'% and 4 - 10'® the hypothesis |a(q)| < ¢/* is outside our computed
range and remains a hypothesis of the statement (it would follow from an explicit bound for () —t
of Biithe’s type by partial summation, which we have not carried out). [l

Identity (29) was checked against the exact D, over 10°-long stretches at ¢ ~ 10°, agreeing to
1.9 - 107 !1; the largest single step there is 1.6 - 107, falling to 9 - 10~ at ¢ ~ 10® and 3.3 - 107°
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at ¢ ~ 10°. The two terms of the step are the two clocks of the problem: the gap log(q’/q), what
the primes do, against a(q)/,/q, where the running account stands. Their accumulated difference is
—2 [adlogz (Section 3), so no individual prime matters and only the area under the slope does.

10.2. What it takes to cross.

Proposition 33 (local crossing bound). Let x < y and suppose M changes sign in [x,y], with
M (z) > 0. Then

max «(t) > M,

telzy) 2log(y/x)
and the mazimum is attained at a prime power of [x,y] or at t = x. Moreover a(t) — a(x) depends
only on the prime powers in (z,t]: a(t) — a(z) = 3., o An)n™12 = 2(Vt — /7).

Proof. With m(L) = M(e*), m' = —2a(e”) + 7 (L) and 71 > 0 (Section 3), so for L € [logz,logy],
m(L) > m(log x) — 2(L —log x) max, , « > M(x) —2log(y/z) max a. If M changes sign the left side
is < 0 somewhere. Between prime powers a(t) = A — 2v/t + % decreases, and it jumps up at each
prime power, so its maximum on a closed block sits at a prime power. ]

TABLE 2. What a first sign change in a dyadic block [z,2x] would require, from
Proposition 33 with the verified lower bounds for M (z): a surplus a > M (z)/(2log2),
i.e. about ay/x/logx prime powers above the smooth count, present at some prime
power of the block.

x 1012 1020 10%7 1029
M(z) > 0.0426  0.0481  0.0481 0.0341
needs o > 0.031 0.035 0.035 0.025

extra prime powers 1.1-10% 7.5-10% 1.8-10° 1.2.10"

Status: both propositions are proved, and they answer a natural question — can one added prime,
or one added zero, flip the sign of M? — precisely. A zero on the line only adds the nonnegative
window 4(1—cosyL)/?; an off-line zero flips the sign for large N, but that is RH itself; a single prime
power beyond 10° in the computed range moves the floor by less than 7- 107> (Proposition 32; the
largest step observed is 1.6-107?). Proposition 33 does not close the argument: the required surplus,
about 0.15 standard deviations of o (whose mean square is (log€&)”(3) by Theorem 20), occurs in
a positive proportion of blocks. The content is the exact bookkeeping: a sign change cannot start
in a block where the primes run behind their smooth count, and the surplus must be present at a
prime power, locally auditable through the second identity of Proposition 33. The obstruction to
converting this into a proof is the one of Theorem 23: the bound uses |a/, not the identity A = pxlog.

10.3. Anatomy of the close approaches. The walk has come closest to the curve at the record
minima of Section 8. Two complementary mechanisms show up, one in the primes and one in the
ZETOoS.

In the primes. At the record minimum near N = 34186454 (M = 0.042997, between the prime
powers 34 186 367 and 34 186 499), the surplus was assembled one octave earlier: on (8.5-10%, 1.7-107]
the weighted count of prime powers exceeds 2+/z by +0.223 in the slope — about 49 extra prime powers
— while the neighbouring octaves run near balance (+0.017) or behind (—0.193, —0.203). The final
descent is short: M crosses its mean 0.0924 for the last time at N = 3.09 - 107 and reaches the
record a factor 1.105 later, paying 2 [ adlogz = 0.0494 with « averaging +0.25 on the stretch; the
bottom is reached exactly when the surplus is spent: @ = 0.0149 at the last prime power 34 186 367,
and « vanishes at the minimum N* = 34186 454.25 (the minimum is the zero of «, Proposition 9).
Figure 10(a) shows a from the primes against a = —2%__ sin(ylogz)/v from the 4520 certified
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zeros: the two are indistinguishable at this scale. At the next record, N = 1.056 - 10!, the primes
(Proposition 8(2)) give 0.042686 and the zeros give 0.042689: the same event seen from both sides,
to 3-1076.

In the zeros. At every record the low-lying zeros conspire: of the first 20 phases cos(vx log N),
between 13 and 16 exceed 3 simultaneously (Figure 10(b)), the first 10 zeros carry 74-92% of the
depth 0.0924 — M, and the first 100 carry 99%. Independent phases would align like this with
probability of order 374 ~ 10~7 per sample, which is the rarity that the rates of Section 8 quantify;
the next deeper conspiracies are predicted near N ~ 1010%,

(a) the height D4 over the first prime powers (b) Dq for the 455062 595 prime powers below 10
0.16

012 I

0.4
[ ] l!
010 1 l‘..
i

' ] St Ll
S | g :;_; I e
0.04 1

s = 0.08
) ,
0.06
0.04 A e
closest approach 0.042997
=34186367
0.02 1 0.02 1 "
0.00 0.00
10 102 10? 10° 10* 10° 10° 107 108 10° 10
prime power q prime power q

FIGURE 9. The walk against the curve. (a) The height D, of (28) over the first prime
powers: each prime power moves the point, down when it arrives before the pending
minimum N7, up when after (29). (b) D, for all prime powers below 10'%; the closest
approach 0.042997 at ¢ = 34186 367 is the minimum of M on [103,10'°] (beyond 10'°
the verified lower bound is smaller, 0.0426 near 1.06 - 10'1).

(a) the surplus of primes behind the dip at N = 3.42 - 107 (b) the conspiracy of phases at three record minima

T
—— a(x) from the primes | record
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FIGURE 10. Anatomy of the record minima. (a) The slope a around the record at
N = 3.42-107, from the primes and from the zeros: a surplus of about 49 prime powers
accumulates on (8.5-10°%,1.7-107], the margin pays for it on the shaded stretch, and
the record sits where « returns to 0. (b) The phases cos(yx log N) of the first 20 zeros
at three records: the dips are conspiracies of the low zeros.
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11. THE MARGIN AS A ONE-SIDED MEAN OF THE PRIME-COUNTING ERROR

The attempt to push the verification beyond the computed range with explicit prime-counting
bounds fails, and it fails for a reason worth recording exactly. Let

KN(t):t—3/2(1+%1og%), E*(t) = ¢(t)—t+log 2m+ L log(1-t72), B = 1—1———710g47r

so that E* is the remainder of ¢ against the full smooth model of the explicit formula, B= > p p~t=

0.0230957 ... is the Hadamard constant of &, and le Kn(t)dt =log N exactly, since —t~1/21log(N/t)
is an antiderivative of K.

Proposition 34 (the margin as a weighted mean). For every N > 1, exactly and unconditionally,
N

(30) M(N) = —2 / E*(t) Kn(t) dt — 2B log N.
1

Proof. All three steps are elementary. First, C(N) = 2 fl t)dt: by the antiderivative
N _ .

above, 2fq Kn = 2¢7'/?10g(N/q), so the right 51de is DN 2A( ) 1/2 log(N/q) = C(N), with

no boundary terms. Second, with S(t) = t — log2m — 1log(1 — t72), termwise integration with

fl 471 (1+ 5 log(N/t)) dt = 2= 1+N“‘12;‘;1°gN, a = —(2k+1) for the k-th term of —% log(1—¢72%) =

3 2%k, gives

N
2/ S(t)Kn(t)dt = 8VN + (2—510g2—210g7r— g) log N + Ko — 7(log N) :
1

the N=28=3 coefficients are %(l 4 L) - _

502 which is —7 term by term; the log N coefficient

2
G
uses » psq m =1)(2)+~p = 4—3log2—Z; and the constant uses D k1 k(4k+1)2 =8—-3log2—
5= TQ 2G, Wh1ch follows from the trlgamma value 1/)1( ) = 72 + 8G, and comes out as exactly

Ko=-16+ %- —|— AG. Third, comparing with (1),
—2/ S(t)Kn(t)dt = (—co—2+5log 2+2log m+7%) log N = (log dmr—vp—2)log N = —2Blog N.
1

Since ) = S+ E*, M = R—C = =2 [ E*Ky — 2Blog N. O

Identity (30) was checked to machine precision against (1) for 1.5 < N < 10! (ident.py). The

1

proof never mentions the zeros; the Hadamard constant B= > p P materializes on the prime side

out of the digamma values at %.
Corollary 35 (RH as one inequality for one mean). LetA,u(N) = ﬁ le E*(t)Kn(t)dt, the Kn-
weighted mean of E*, so that M(N) = —2log N (u(N) + B). Then RH holds if and only if
w(N) < -B for all sufficiently large N,
and in that case —B— 0 18484 < u(N) < -B for N > 1, sou(N) — -B one-sidedly. Unconditionally,

w(N) < =B+ E(N )/(210g N) by Theorem 6, and the verification gives ji(N') < —B—0.0170/log N
for 103 < N < 10% and pu(N) < —B up to 2.15 - 10% (Figure 11).

Three remarks on what (30) says, and what it cannot do.

Where the weight sits. The measure Ky (t)dt has total mass log N, of which the interval [1,2] —
before the first prime — carries the share 1 — 271/2 + O(1/log N), about 30%, and [1,4] about 51%;
the oscillation at height ¢ enters with density ~ ¢~1/2 per unit. The mean is dominated by the first
integers.
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The head start and the payback. On [1,2], 1» = 0 and the integrand is forced: that interval alone
contributes dlog N +0.115 to M(N), with d = [ S(t)t~3/2dt = 0.06344. Since the total drift in (30)

is —2[3 log N = —0.046191log N, the primes from 2 on must pay back at the exact asymptotic rate
d — 2B = 0.01725 per unit of log N — they must run, in this weighted sense, slightly ahead of the
smooth model forever — and RH is the statement that they never overpay: the accumulated account
w(N) + B reaches 0 from below at most.

Why explicit prime bounds are powerless here. The sharpest explicit estimates of the ¢-remainder,
such as [¢(t) — t| < 0.94v/¢ for 11 < ¢ < 10'% [Bu], give only [u(N)| < 0.94(1 + +log N) + O(1),
which does not even keep p bounded; the criterion needs the signed mean accurate to the absolute
constant B = 0.0231. At N = 10'2 the gap is a factor of about 300. This is the quantitative form of
the obstruction of Section 5: positivity of M is a statement about cancellation in E* at the scale v/%,
which no absolute-value estimate can see, and Theorem 23 shows that the structural inputs of the
energy arguments do not suffice. We record (30) because it compresses RH into a single one-sided
inequality for a single weighted mean, with an explicit classical constant on the other side.

The weighted mean of the PNT remainder: u(N) » — B one-sidedly, B=1+¥ — llog4r

0.00
APAAPPrAAP AP APt
/\ Ao/ P f\\/ Vi \/\N i

f\/“ ............................
(@
X —0021
g

~0.03 1 RH: the curve may approach 0 but never touch or cross it

E —— u(N) +B = —M(N)/(2log N), from the primes
-0.047 mean under RH: —0.0924/(2log N)
--- floor under RH: —0.1848/(2log N)
1 2 3 4 5 6 7 8 9 10

logio N

FIGURE 11. The one-sided convergence that is RH: ju(N) + B = —M(N)/(2log N),
computed from the primes up to 1010, against the mean —0.0924/(2log N) and the
extreme —0.1848/(21og N) allowed under RH. RH says the blue curve approaches the
axis from below and never touches it.

12. DISCUSSION

Every statement in this paper that is equivalent to RH is equivalent through a Landau-type
argument, and each reduces to the holomorphy of %’, or of %, to the right of the critical line. The
unconditional results are of two kinds. Some are exact identities between the primes and the margin:
the Fejér formula, the description of the minima, the energy identity and the Mobius representation.
The others are statements of what cannot work: no uniform positive lower bound for M under RH
(Proposition 11), and no argument that survives planted weights (Theorem 23). The second kind
gives a test that any proposed argument can be run against: if it also works for the weights (19), or
for a Beurling system [DMV], it cannot prove RH. What remains is an estimate that uses N(x) = |z]
exactly, through the sawtooth of Proposition 25. The best unconditional estimates of that kind save
exp(—c(log z)%/%(loglog ) ~1/%), the Vinogradov-Korobov region. A saving of z~'/2%¢ would be RH.
We do not prove the Riemann hypothesis.
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Remark 36 (Weil positivity for small support, and where this family sits). The margin evaluates
the Weil functional on the one-parameter Fejér family: the autocorrelation underlying M (N) has
multiplicative support [N !, N], so the primes enter only through the powers ¢ < N. The regime in
which Weil positivity is proved for all test functions is the archimedean one: Connes and Consani
[CC] establish, through the prolate and Sonin operators, a positivity inequality for every g supported
in [2*1/ 2 9t/ 2] (autocorrelation in [%, 2]), precisely the range in which no prime occurs; the semilocal
programme [CCM] is to add the places 2,3,...,p and the support (p~!,p) one prime at a time.
Specialized to our family, the proved range is N < 2, where M = R and positivity is the elementary
estimate of Proposition 8(1); their theorem is of course much stronger there, being an operator bound
valid for all g. The map between the two languages is Section 10: adding a place is admitting the next
batch of prime powers into the walk, and the question both programmes face is the same uniformity
— positivity must survive as the support, and with it every prime, enters. Theorem 23 constrains the
operator route too: any semilocal positivity argument robust under the planted weights (19) cannot
close RH, so the arithmetic identity A = p * log must enter the operator estimates at some stage.
We do not see how to do this, and record the translation in the hope that the one-variable family,
where every object is computable, is a useful test bench for that programme.

DATA AND CODE

The verification of Proposition 8 is certificado_segmentado.py (Python’s decimal only). The
minima and their recurrence (Section 3, Figure 3) come from minimos.py, recurrencia.py,
fig fondos.py and fig_fondos_rec.py in anc/minimos. The block energies to 10! and the en-
ergy identity come from blocks.py (segmented sieve, extended precision); the planted systems from
fake.py; Figure 4 from fig energy.py, all in anc/energy. The Mobius representation and Figure 5
come from compute.py, saw.py and figure.py in anc/mobius. The wave (Figure 2) and the win-
dows are computed by the ancillary files of [CE13, CE21]. Theorem 6, the extended certificate and
Figure 1 come from ebound.py, ebound rig.py, cert_ext.py, cert_up.py, certify_zeros.py and
fig ext.py, and part (2) of Proposition 8 from verify margin.py in anc/verification. Section 8
and Figure 7 come from dist.py, saddle.py, rice.py, sweep.py, project.py and fig inv.py
in anc/projection. Section 10 comes from traj.py, stepcheck.py, anatomy.py, phases.py and
figs.py in anc/walk. Section 11 and Figure 11 come from ident.py, mu.py and fig mu.py in
anc/mean in anc/explicit, with the ordinates in zeros5000.npy. All are included with this paper.

USE OF AI ASSISTANCE

The cross-energy, the one-variable formulation and the research programme are the author’s.
Claude (Anthropic) was used as a research and writing aid: to derive and check proofs, to write and
run the computations, to test statements against the controls, to search the literature, and to draft
and edit text and figures. The author checked all results and is responsible for the content.
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