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A bridge between analysis on local fields and

quantum groups: the noncompact case

Cédric Arhancet

Abstract

Let K be a non-Archimedean local field with residue cardinality @ and let d > 1.
We establish a radial correspondence between analysis on K¢ and Woronowicz’s quantum
group E.(2), with r? = Q~%. For every a > 0, the radial Taibleson operator of order « is
unitarily equivalent, through a unitary commuting with dilations, to a bilateral birth—death
operator with Hahn—Exton g-Bessel eigenfunctions. Their Dirichlet forms are equivalent
on the same weighted sequence space, with optimal comparison constants. For a = d,
the bilateral operator is the radial part of a self-adjoint Casimir on the quantum plane
E-(2)/T, whose heat semigroup is covariant and completely positive. We further obtain
these quantum-plane dynamics by contraction of the compact Casimir dynamics on the
Podles sphere, with Mosco convergence of the forms and pointwise norm convergence of

the compressed heat maps.
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1 Introduction

Let K be a non-Archimedean local field with residue cardinality @, ring of integers O and
uniformizer 7, and let d > 1 be an integer. Normalize the additive Haar measure of K¢ by
p(O?) = 1, use the maximum norm ||-||, on K<, and put 7 e Q% and r ©f 73 Arefeva
and Volovich observed that the radial Haar distribution of the unit ball O¢ coincides with
the distribution of v*y under the Haar state of SU,(2) | , Section 6.1]. In [ ] we
showed that this coincidence extends to an equivalence of energies between the radial Taibleson
operators on O% and the zonal Casimir operator of SU,.(2), and that the corresponding quantum
dynamics live on the standard Podle$ sphere. The unit ball has total mass one, whereas the
whole space K% has infinite Haar measure. The purpose of this paper is to show that the whole
space corresponds in the same way to the locally compact quantum group E,.(2) of Woronowicz
[Word1], [Wor92].

Recall that E,.(2) is generated by a unitary v and a normal operator n satisfying vnv* = rn,
whose spectrum is {0} U {\ € C : |\| € rZ}. The volume observable z ||x||‘;< takes the values
™ m € Z, on K%\ {0}, and the Haar weight h of E,(2) computed by Pal [ | gives, for
any Borel function F: 72 — [0, o0],

(1.1) /K Fllz)%)de = (1 —7) S 7™ F(r™) = (1 — )h(F(n*n)),

mEZ

see Proposition 5.1. The restriction of (1.1) to the unit ball, that is to the spectral projection
1j0,1(n*n), is the identity of Aref’eva and Volovich. Moreover, the automorphism = +— vrv*,
which is used by Woronowicz to obtain E,(2) from SU,(2) by contraction | ], corresponds
to the dilation 2 + 72 of K¢, and h(vzv*) = 77 'h(z) corresponds to u(r~tA) = 77 u(A).
Thus the quantum group E,.(2) carries both the infinite volume of K¢ and its discrete group of
dilations. In a different direction, Zuniga-Galindo realized g-oscillator algebras on L2 (K) with
the multiplication by |z|x and a Jackson-type difference operator built from z +— 7%z | ].
The analytic input is the Taibleson operator D® of order a > 0 on K¢, that is the Fourier

multiplier with symbol [|£[|%. Its restriction D2, to radial functions acts on the weighted

sequence space (2 (w), Wy, dof (1 —7)7r™. It is diagonal in a basis of Haar wavelets (g, )mez,



with eigenvalues p™*!, where p o Q% (Proposition 2.1). On the other side, for 0 < n < 1 we
consider the bilateral birth-death operator

(1.2) (L F)k) = "1 (f (k) = f(k+ 1)) + 07" (f(k) = f(k = 1)), ke,

which is symmetric on ¢Z(w). It is obtained from the little 7-Jacobi operator L, of | , (1.3)]
on 6%,0 (w) by a translation of N steps towards the origin of the ball and a rescaling by #”, in the
limit N — oo. For n = 7, the operator (L= f)(k) = 77 *(2f(k) — f(k+1) — f(k—1)) is a second
order T-difference operator whose eigenfunctions are Hahn—Exton ¢-Bessel functions of order 0
in base 7 = r2. These functions appear as matrix coefficients of the irreducible representations
of the quantum group of plane motions | I, [ ], see also | , Section 1].

Theorem 1.1 (Energy bridge on K?) Let a > 0 and put 7 aof Q™% and o, def Q*(HTQ.

1. The closed forms Ep and E° of D,y and Ly° have the same domain

domEp = dom &£;° = {f € Lz(w): Y QUM f(m+1) — f(m)]* < oo},

meZ

and for any f in this space we have
(1.3) (14 0a)262°(F) < En(f) < (1= 0a) 2E7°(f)-
The constants are optimal.

2. The operators Dy, 4 and Ly° have the same spectrum {Q*™ : m € Z}U{0}. Their spectral
measures are purely atomic, every nonzero spectral point is a simple eigenvalue, and 0
belongs to the continuous spectrum. There exists a unitary operator W on €%(w) which
commutes with the dilation of K¢ and satisfies WD W* = L. The eigenvalue Q™™

k:+1—’m>

of Ly has the eigenfunction k — 101(0;75m,m , which is a Hahn—FExton q-Bessel

function of order g — 1 in base 7.

3. Let ¥ > 0. Then dom&p C dom(L‘?Qo,ﬂ)ﬁ, and the closed forms of D&, and of (Lao,ﬁ)%
are equivalent if and only if a < d + 29.

These assertions are proved in Theorem 4.2, Theorem 3.6 and Theorem 4.6. For a = d, the
first part gives the constants (1+7)~2 and (1 —7)~2, and the energy of D% , is 1 — 7 times the
squared ¢2-norm of (I—75)~! applied to the discrete gradient, where S is the shift (Remark 4.3).
On the unit ball, the corresponding result | , Theorem 1.1] compares the regional Taibleson
operator with L, and their eigenvalues differ by a bounded sequence | , (1.5)]. On the
whole space, this bounded error disappears and the two operators become unitarily equivalent.
They are nevertheless different operators: their eigenfunctions are step functions on one side
and g-Bessel functions on the other, and they have no common eigenvector (Theorem 4.2). The
third part has the same threshold a < d + 29 as on the unit ball | , Theorem 1.1]; for
¥ = d it shows that the powers (L)% reproduce the Taibleson energies of the orders o < 3d.

The proofs of the first two parts rest on two simple mechanisms. First, the coefficients
of a radial function in the wavelet basis are, up to normalization, the differences between its
value on a sphere and its mean on the next ball. This gives a martingale expression of &p
(Proposition 2.3), in which the mean on the ball is the image of the discrete gradient under a
weighted Hardy operator (I —7S5)~!. On the weighted space attached to &,°, the operator 75 is
0o times a unitary bilateral shift, which gives (1.3) and its optimality. Secondly, both D¢ ; and



L7 are covariant under the dilation U of K 4 in the sense that Ut AU = p~!A. Their spectra
are therefore invariant under multiplication by p. To compute the spectrum of L}, we prove that
the rescaled little n-Jacobi operators converge to L;° in the strong resolvent sense (Theorem 3.6).
The convergence of spectral projections and the covariance then give simple eigenvalues 77,
z € Z. The eigenfunctions are identified with Hahn-Exton g-Bessel functions by a Wronskian
argument at the origin. This also recovers the orthogonality relation of Koornwinder and
Swarttouw [ , Proposition 2.6] for these parameters, and gives the completeness of the
corresponding system. The third part uses the dilation covariance once more: the transition
coefficients between the two eigenbases depend only on the sum of the indices, so that the
comparison of the forms reduces to a convolution operator on Z (Theorem 4.6).

On the quantum side, we work in the concrete model of E,(2) on ¢4 ® L*(T), where
L>®(E.(2)) = B(f2)®L>(T) and h is a weighted sum of diagonal entries. The spectral pro-
jections P, = 1jg ,m)(n*n), m € Z, correspond to the balls amO%. The tail expectations of
[ , Section 7.1] have a bilateral version, which gives the following result, proved in Theo-
rem 5.5. Here J denotes the normal *-isomorphism F(||- ||}i() — F(n*n) from the radial bounded
functions onto the von Neumann algebra generated by n*n.

Theorem 1.2 (Lifting to E,.(2)) Suppose that r> = Q¢ and let « > 0. There exists a
semigroup ()0 of normal unital completely positive maps on L°°(E,(2)) which preserves the
Haar weight, is GNS-symmetric and KMS-symmetric, commutes with the modular group of the
Haar weight, is point-o-weakly continuous at zero, and satisfies Z3J = Je tPraa for any t > 0.

Asin | , Theorem 7.2], this lifting is a probability mixture of conditional expectations,
and does not use the coproduct of E,.(2). A different construction, using the coproduct, gives
the covariant Casimir dynamics on the quantum plane in Section 7. It has radial generator L2°,
rather than the Taibleson generator in Theorem 1.2.

Finally, we explain how the whole space appears in the random walk of | , Section 6].
Recall that the random walk on the dual of SU,.(2) driven by the fundamental representation has
a diagonal part, computed by Biane | , Section 4], which is a Markov chain on {(n, k) € N2 :
k < n} whose second coordinate converges to a limit k. The harmonic measures v, )(j) =
P ;1) (ke = j) are described in | , Theorem 6.13] by an entire function g, and a family
of polynomials gg, and g is a Jacobi theta function [ , Corollary 6.19]. The horizontal
coordinate k is the radial coordinate of @7, the origin corresponding to k — oco. Translating
the horizontal coordinate towards the origin is the analogue, for the walk, of the passage from
04 to K.

Theorem 1.3 (Rescaled Poisson kernel) Let 0 < 7 < 1 and put A(6) of @ for
0 € R. For any d € Ny and any l € Z, we have

- _ 1" e ito
kl;rgo Vidtik) (K +1) = o /777 o (A(9))e™ db.

SlU+2m

For d = 0, the limit is equal to (1;7)%, Ym0 0 , the convergence holds at the rate

T?T)"m,(T:,T)mA»\H

O(7%) uniformly in , and

2

lm v o (K l)iw:%, 0 cR.
lezz(kggoy(k’k)( +i))e [(T€?; 7)o |2 <

This is proved in Theorem 6.1. The limit operator is the translation-invariant horizontal
network on Z with constant conductances, which is, up to a constant factor, the network of



L2 (Remark 6.2). The spectral variable z of | , (6.18)], defined by z + 27t =2 — @,
becomes the Fourier variable el

The correspondences in this paper have several distinct levels. The Haar identity is an
identification of radial measures, and the energy bridge is an equivalence of closed forms with
a common domain. In the spectral theorem the two radial operators are, more strongly, uni-
tarily equivalent, whereas the Taibleson lifting and the quotient Casimir dynamics are different
completely positive constructions. The contraction results in Section 8 concern strong resolvent
convergence on fixed angular bands, Mosco convergence of the full forms, and point-norm con-
vergence of compressed completely positive maps on the quotient algebra. They do not assert
global operator-norm convergence of the Hilbert-space operators.

Approach of the paper The paper follows the structure of | ], and we refer to | ]
for the compact case. The two new phenomena are the following. Firstly, the whole space is
invariant under dilations, and every operator we consider is covariant under the corresponding
unitary U; this removes the bounded spectral errors of the compact case, and reduces several
comparisons to convolution operators on Z. Secondly, the boundary of the unit ball disappears,

but the origin remains: at the origin, the bilateral operator L;® is in the limit circle case as
soon as a > %, and the relevant self-adjoint realization is the one of its closed form, which
corresponds to a Neumann condition at the origin (Proposition 3.1). At the infinity of K¢, the

eigenfunctions decay faster than any exponential (Lemma 4.4).

Structure of the paper Section 2 gives the radial analysis of the Taibleson operator on K¢
and the martingale formula for its energy. Section 3 studies the bilateral operators L;°, their
spectrum and their eigenfunctions. Section 4 proves Theorem 1.1. Section 5 recalls the quantum
group E,.(2), proves (1.1) and Theorem 1.2. Section 6 proves Theorem 1.3. Section 7 identifies
the quantum plane and the closed Casimir and constructs its covariant completely positive
heat semigroup. Section 8 proves the nonradial contraction, the Mosco limit and point-norm
convergence of the quantum Markov dynamics.

2 Radial analysis on the whole space

2.1 Parameters and radial functions

We use the conventions of | , Section 2.1]. Let K be a non-Archimedean local field, O

its ring of integers, m a uniformizer and Q def #(0/m0), with |r|g = Q7. On K? we use

the maximum norm and the additive Haar measure do normalized by u(O%) = 1, and we fix
a nontrivial additive character y of K whose annihilator of O is O, so that this measure is

self-dual for the Fourier transform f(ﬁ) def J f@)x(z- &) da, see | , Chapters T and II].
Throughout the paper, & > 0 and
(2.1)
e dae: e € () - 1 € o 3
7'dzfQ_d7 1:an7 ndzf 62_(1:,0_17 rd:f'r%’ cd:f P =, Oa d:fQ_% = (1)2
-z p
P

In Section 3, the letters 7 and 7 also denote arbitrary numbers of (0,1). For any integer m € Z

we put B,, def 2m©d and Sm def B, \ Bm+1. Then

(2.2) W(By) =", w(Sm) =wm L (1 -7y, 1. =1"1p .



A radial function on K¢ is a function of ||z||,, equivalently a function which is constant on
each sphere S,,; the origin has measure zero. By | , Section 2.1], radiality is equivalent
to the invariance under GL4(O). We identify a radial function f with the sequence (f)mez
of its values on the spheres, and we also write f(m) = f,,. In this way, the space L2, j(K?) of
radial square-integrable functions is the weighted sequence space ¢%(w), with the inner product
(f,9) = > ez WmfmGm, linear in the first variable. Since Zm@ Wy, = 00, the only constant
sequence in ¢Z(w) is zero. For any function f: Z — C, we put

(Af)m dif fm+1 fma m € Z.

For any f € ¢2(w) and any m € Z, the mean of f on the ball B, is

det 71 =1-7 Tt i
(23) mm(f) - ,U(Bm) Bmf (1 ); fm+z~

The series converges absolutely indeed wy|fx|2 < ||f||* gives |fu] < (1 —7)"277% ||f||, hence

T fmal S (L=m) 727~ %75 ||f].
We also use the dilation. The operator U defined on ¢Z(w) by

dcf
= T2fm+1, m € 7,

(2.4) (U )m
is unitary, since ) W 7| frmi1]? = Dom Wing1|fma1|?. Since 8, = Sp11, it corresponds to

the unitary F — 72 F(r) of L2(K?) restricted to radial functions.

2.2 The radial Taibleson operator

The Taibleson operator D of order « is the nonnegative self-adjoint Fourier multiplier D =
F'Mjgjs F on L?(K?). On the Bruhat-Schwartz functions, it is given by

o f(z) = )
K |z —ylly
with the constant ¢ of (2.1), see | , Section 2.2], | , (1.2)—(1.4)] and | , Sec-
tion 2.2]. For any integer m € Z, we define the Haar wavelet
e 1 —71 e 1
(26) m def B’"'H—TB’"’ Sm def ((1 _ T)Terl) Z
Sm

It takes the values 0 on S for k < m, —s— on S, and —T on B, 1. These are the functions
gn of | . (2.8)], which are also defined there for n € 7.

Proposition 2.1 The family (gm)mez is an orthonormal basis of (2(w). For any m € Z, the
function g, belongs to dom D* and Dg,, = p™*1g,,. The closed subspace L2 (K?) reduces
D<=, and the part DSy of D in this subspace is the nonnegative self-adjoint operator

radf me+1 fvgm>gm7 domDrad_ {fegz Zp2(m+l)| f7 >|2 <OO}
mEeEZ meZ

Its spectrum is {p™ : m € Z}U{0}, every p™ is a simple eigenvalue and 0 is not an eigenvalue.
Finally, UD aLdU* = pD% 4 and Ugy, = gm—1 for any m € Z.



Proof : By (2.2), the Fourier transform of the numerator of g,, is 71 — 77"l =
7m+11g ., on which the symbol ||¢||% is constant, equal to Q™+ = p™+1 Hence g, €
dom D® and D%g,, = p™"'¢,,. The numerator of g,, has integral zero and squared norm
(1 —7)r™*! and for m < m’ the function g,, is constant on B, 11 D By, which contains the
support of g,,,». Hence the family is orthonormal.

We show that it is complete. Let f € ¢3(w). A direct computation gives

— T T77L+1
G = |0=7) 3 wnfe = rwmn] = =D (1) - )
m E>m+1 m
(27) = Sm (mm+1(f) - fm)7

where we used 3, -, Wi fi = 7™ m 1 (f) by (2.3). Moreover, the absolute convergence
of the series (2.3) gives, for any m € Z,

(2:8) M1 () = fn = (L=7) Y7 fonpi = fn = D 7 (Af s

i>1 i>0

Indeed, the series ;- T fmriv1 — fmas) is the difference of two absolutely convergent series,

and 300 T fnvitt = Yoo T fmti = Yoisy (77" = 7°) fngi — fm- Suppose now that f is

orthogonal to every g,,. Put h,, def My 41(f) — fm. Then h = 0 by (2.7). On the other hand,

(2.8) gives hy, — Thint1 = (Af)y, for any m € Z. Hence Af = 0, so that f is constant, and
f =0. This proves the completeness.

Each g,, is an eigenvector of D®. Hence, for any Borel set £ C R, the spectral projection
15(D) maps g, to 1g(p™1)gm, so that it leaves L2 ;(K?) invariant. Consequently, this
subspace reduces D, and the description of Dy ;, of its domain and of its spectrum follows
from the spectral theorem for the diagonal operator in the orthonormal basis (g,,). Since the
eigenvalues p™ 1 are pairwise distinct and p™*! — 0 as m — —oo, the spectrum is {p™ : m €
Z} U {0}, and 0 is not an eigenvalue since (g,,) is complete. Finally, for any k € Z,

1

1 T2
Ugm)k = Tégm(k +1) = —(Lpzm — Tlizm-1) =

Sm Sm

1
T2S8Sm—1

Im-1(k) = gm-1(k),

since sp—1 = 728y, Hence UDZ U g1 = UD&qGm = p" ' gm—1 = pD&qgm—1, and the
equality UD% ,U~! = pD2 , of self-adjoint operators follows from the spectral decomposition.

|
Remark 2.2 The functions g,, are the radial p-adic wavelets of Kozyrev [ ], and the
spectral decomposition of isotropic Markov generators on ultrametric spaces in such bases is
studied in detail in | ]. On the unit ball, the analogous statement is | , Theorem

m—+1

2.3], where the eigenvalues of the regional operator are p — k and the constants form an

additional eigenspace.

2.3 A martingale formula for the energy

L2
We denote by £p the closed form of D2 ,, that is Ep(f) = H(DO‘ )EfH =3 " (fogm) |

rad? rad

on dom&p = dom(Df‘ad)%. We extend £p to (Z(w) by the same series, with values in [0, 0o].
We introduce the weight

(2.9) @ (prymtl = Q) e 7



and the shift S defined on sequences by (Su)n, e U1

Proposition 2.3 For any f € (3(w), we have in [0, 0]

2

(2100 &N =017 @alfu —mmii (N =1 -1 @

mEeZ mEZ

Z Ti(Af)m—O—i

i>0

Proof : By (2.7), we have p™ 1| (f,gn) [P = o™ (1 — )™ iy (f) — Sl = (1 -
)@ My i1 (f) — fm|?>. Summing over m gives the first equality, and (2.8) gives the second
one. -

Remark 2.4 The form £p also has the jump-kernel expression

Ep(f) = 5 D wnwp QU ™D f— fi2 = (1 =) Y (07) " s — Fnl,

m;ék: j=>1 meZ

for any f € D, that is for any radial function vanishing near infinity and constant near the origin,
see Section 3. This is the bilateral version of | , (2.11)]. Indeed, such a function f is a
Bruhat—Schwartz function, and the kernel formula (2.5) and a symmetrization give (D f, f) =
&/ |J|c|z) ﬁcdm‘ dx dy, the integrand being zero near the diagonal. For x € S, and y € S with

m # k, we have ||z — y|| = Q~™"(™k) "and the spheres S,, do not contribute to their own
interaction. The second expression follows from w,,wy Q@)™ = (1 — 7)2p™7* for m < k. We
will only use (2.10).

3 Bilateral birth—death operators and Hahn-Exton g¢-
Bessel functions

In this section, 0 < 7 < 1and 0 < 5 < 1 are arbitrary, and wy, = (1—7)7* for k € Z. We consider

the Hilbert space ¢2(w). We use the notation (a;n), Lef 17, (1 — an’) for n € Ny U {oo}, and
the basic hypergeometric series

iG=1)
2

S /.
3.1 0;b;m,z) = ——a), zeC,
(1) werOibina) = ) G

of | , Section 1.2], see also | , (2.1)] and | , (17.4.1)], which defines an entire
function of z for any b € C\ {n~%:i € Np}.

3.1 The closed form and the operator
For any k € Z, put

def _ def _ def T\ kF1
(3.2) Be = S o S wefr = w10k = (1—7)<5) :

For any function f: Z — C, we define the function Lf: Z — C by

def

(3-3) (Lf)(k) = Be(f(k) = f(k+ 1)) + 0k (f(k) = f(k—1)), keZ.



Equivalently, wg(Lf)(k) = ck—1(Af)k—1 — ck(Af)r. Consequently, for any functions f,g: Z —
C such that g has finite support, we have the finite summation by parts

(3-4) Y w(Lg)(k) f(k) =Y cr(Ag)e(Af)k = Y wrg(k)(Lf) (k).

kEZL keZ kEZ

For any f € ¢2(w), we put

(35) EX(NE D arlf(k+1) = f(R)? € [0,00], dom&X = {f € B(w): EF(f) < o0},

keZ

and we denote by 5,‘;"( f,g) the associated sesquilinear form. Finally, let D be the space of
functions f: Z — C for which there exists an integer M > 0 such that f(k) =0 for k < —M
and f is constant on {k > M}. In the picture of Section 2, the elements of D are the radial
functions which vanish near infinity and are constant near the origin. For any j € Z, the

function 1; o 1(x>;) belongs to D.

Proposition 3.1 1. The space D is dense in (%(w) and contained in dom &R°. For any
g € D, the function Lg has finite support, and for any f € dom & we have

(3.6) EX (1 9) = (L) 2wy -

2. The form E2° is closed and D is a core for it.

3. The restriction of L to D is an essentially self-adjoint nonnegative operator on E%(w). Its
closure, which we denote by L;°, is the nonnegative self-adjoint operator associated with
the closed form E°.

4. For any f € dom L;°, we have Ly°f = Lf and limg oo cK(f(K+ 1) — f(K)) =0.

n -’

5. The kernel of Ly° is {0}.

S

The unitary U of (2.4) satisfies UD = D, EX(Uf) = nE°(f) for any f € 2 (w), and
U= LU = nLee.

Proof : 1. The finitely supported functions belong to D and are dense in ¢Z(w). Let g € D and
M as in the definition. The function Ag vanishes outside [-M —1, M —1], hence £°(g) < oo, and
Lg vanishes outside [~M — 1, M] since wy,(Lg)(k) = cx—1(Ag)k—1 — cr(Ag)k. Let f € dom EP°.
Let a < —M — 2 and b > M + 1. A summation by parts gives

o
|

1

b1
ck(Af)(Ag)k = Z F(k) (ck—1(Ag)k—1 — ck(Ag)k) + com1f (D) (Ag)o—1 — caf(a)(Ag)a.

a k=a+1

>
I

The boundary terms vanish, since (Ag), = (Ag)s—1 = 0. The left-hand side is £.°(f, g) and the
right-hand side is Y, wy f(k)(Lg)(k) = (f, Lg), since all the terms vanish outside [a,b]. This
proves (3.6).

2. Let (fi) be a sequence of dom £.° converging to f in (2 (w) such that ExX(fi—fi) =0
as i, j — oo. Convergence in ¢%(w) implies pointwise convergence, so that Fatou’s lemma gives
EX(f — fj) < liminf; E°(f; — f;), which tends to zero as j — oo. Hence the form is closed.

Now, let f € dom &°. For integers M, N > 1, we define fOLN) € D by fOMN)(E) =0 if
k< —M, fMN(Ek) = f(k)if —M <k < N and fMN)(k) = f(N) if k > N. The difference




u = f— fOMN) satisfies (Au)p = (Af)p fork < —M —2and k> N, (Au)_p—1 = —f(=M —1),
and (Au)y = 0 otherwise. Hence

EX(w) =D (ANl +emal (M =1+ D el (Af)

k<—M—2 k>N

The first and third terms are tails of a convergent series. For the second one, we have
cop—1|f(=M = D)2 = Bop—qw_p—1|f(=M — D)2 < ™ || f|I”, which tends to zero. On
the other hand, [ju]|® = 32, - wil F(k)|? + 4o n wi| f(k) — f(N)|%. The first sum tends to
zero. For the second one, the Cauchy—Schwarz inequality gives, for any k£ > N,

k—1 k—1 k—1

10— JP < (L alan?) (L at) cex Tt ev™ S alan
i=N i=N i=N i>N
Tonelli’s theorem gives the exact estimate
k—1 =N ) 1 pN+1
I;vwki;vq =§vci ;wk— TZ;” 177)(1777)

Consequently >, wi| f(k) — F(N)|? < enn™*/((1=7)(1—n)) = 0. Letting M and N tend

to infinity, we conclude that f(N) — f for the norm (£3°(-) + [|-]I*)2, which proves that D is
a core.

3. By (3.6), for any f,g € D we have (f,Lg) = &>°(f,g9) = &7(g9,f) = (Lf,g), and
(Lf, f) = £2°(f) = 0. Hence the restriction L|p is symmetric and nonnegative. We show
that the range of L|p + I is dense. Let h € ¢%(w) be orthogonal to (L + I)D. Since the
coefficients of L are real, the real and imaginary parts of h have the same property, and we
can assume that h is real-valued. Applying the orthogonality to 1;;, € D and using (3.4), we
obtain w;((L + I)h)(j) = 0, that is

(3.7 (Lh)(k) = —h(k), keZ.
Applying the orthogonality to 1, and using L1y; = —8; 11;_1} + 0;1y;) together with
wj—1Bj-1 = w;6; = cj_1, we obtain 3, - wph(k) + ¢j1 (h(j) — h(j — 1)) =0, that is
(38) ijl(Ah)jfl = —Rj, Rj déf Zwkh(k‘), j € 7.
k>3

By the Cauchy—Schwarz inequality, |R;| < (3 5, wy)? b = T |h||. Moreover, wy,|h(k)|?> — 0
as k — =00, that is [h(k)| = o(7~%). Let a < b be integers. A summation by parts using (3.8)
and Ry — Rp11 = wih(k) gives

b b
3.8
S en(an)?: B =37 Ry (k4 1) = h(k)) = Ragah(a) = Rysth(b+1) = > wih(k)>
k=a =
Since |Ryp1h(b+1)] = O(7%)o(r~%) — 0 as b — 400, we obtain

> cr(Ah)i + > wih(k)? = Rajih(a), acZ.

k>a k>a

10



The left-hand side is nonnegative and nonincreasing in a, whereas the right-hand side is
O(t%)o(17%) = o(1) as a — —oo. Hence the left-hand side vanishes for any a, and h = 0.
Consequently, the range of L|p + I is dense.

Let L be the closure of L|p. It is symmetric and ||(Z + I)f|| > || f|| for f € dom L, so that
the range of L + I is closed, hence equal to E%(w). If g € domf*, there exists f € dom L
with (L4 I)f = (L” 4 I)g, and g — f belongs to Ker(L™ + I) = Ran(L + I)* = {0}. Hence
L" = T. The closed form of the nonnegative self-adjoint operator L is the closure of the form
f— <ff, f> on the core D, which is the restriction of £7° to D by (3.6). Since D is a core for
the closed form &7° by part 2, the closed form of Lis &;°. This proves part 3.

4. Let f € dom L;°. For any j € Z, we have 1¢;; € D, hence w;(Ly°f)(j) = <L§;°f,1{j}> =
(f, L1y ) = w;(Lf)(j) by self-adjointness and (3.4). Hence Ly f = Lf. Moreover, (f, L1>;) =
¢j—1(f(j) — f(j — 1)) by the computation of part 3, whereas

)| < (Sw) sl = )

kzj

Since these two quantities are equal, we obtain ¢;_1(f(j) — f(j — 1)) — 0 as j — +o0.
5 If Lif = 0, then £°(f) = 0, so that Af = 0 and f is constant. Since f € 2 (w), we
obtain f = 0.
6. The first assertion is clear. For any f € ¢Z(w), we have
3.2)

EXW =7 ealfk+2) = Fh+ VP =73 e (AN E ner= ().

kEZ keZ

Since U is unitary, it follows that the closed form of U_lL;;OU is n&;°, which is the closed form
of nLy°. [ ]

Remark 3.2 The solutions of Lf = 0 are the functions f such that ci(Af)x does not depend
on k. At —oo, which corresponds to the infinity of K¢, the operator (3.3) is in the limit
point case, in the sense of the Weyl alternative for Jacobi operators | , Chapter 2|, since
the constant function 1 is a solution which is not square-summable near —oco. At +oo, which
corresponds to the origin of K¢, a nonconstant solution satisfies (Af); = Cc, ' with C' # 0, and
it belongs to ¢2(w) near +oo if and only if n? < 7. If 7 = Q=% and n = @, this means o > £.
In this case, both solutions are square-summable near the origin, and a boundary condition at
the origin is needed. The constants near the origin, which belong to D, select the realization
of Proposition 3.1, which satisfies the Neumann condition of part 4. Moreover, a nonconstant
solution has finite energy near +oo if and only if < 7, that is a > d.

3.2 Eigenfunctions
Proposition 3.3 Let A € C and define f\: Z — C by

(3.9) Fak) o (057, AP Y, ke Z

1. We have Lfy = Mfx. Moreover fi(k) — 1 and cp(Afa)r = O(7F) as k — +oo.

2. Let g: Z — C be a function such that Lg = \g, cx(Ag)r — 0 as k — 400, and g(k) =
0(7_3) as k — +oo. Then g is a multiple of f.

11



Proof : 1. Puty det nk. For any integer j > 0, the function k — y? = 77* satisfies

L(y) =m "t (L= n?) o " (L =) = = (L= ) (L =y
] : ; . P (—1)inli=1/2
which vanishes for j = 0. Write fx(k) = 3,5, a;(An)’y’ with a; = NCORCIE
Z 1)i\T5M) 5
converges absolutely for any y, and so does the series obtained by applying L termwise, since
L involves only the values at £ — 1, k and k£ + 1. Hence

. The series

(Lfa)( Zaj MY I (1 =) (1 — i~y —)\Zaj 1Ay Ly =t = A (k),
jz1 j=1
where we used a;(1 —n/)(1 — 7/~ !) = —pi~ta;_;. As k — +oo, we have y — 0, hence

(k) =1+ 0 and (Afa)r = O(n*), so that ¢, (Af)x O((%)knk) = 0O(7").
2. For two solutions f,g of Lf = Af and Lg = Mg, the Wronskian (compare | ,

Chapter 1]) W (k) e (9(k)(Af)r — f(k)(Ag)x) does not depend on k. Indeed, multiplying

the equality cx—1(Af)r—1 — ck(Af)r = Mg f(k) by g(k), the analogous equality for g by f(k),
and subtracting, we obtain W (k) = ck_l(g(k)(Af)k_l — f(k;)(Ag)k_l), and g(k)(Af)k—1 —
f(B)(Ag) k-1 = g(k = 1)f(k) — f(k = 1)g(k) = g(k = 1)(Af)e—1 — f(k — 1)(Ag)r—1. Take
f = fr. By part 1 and the assumptions on g, we have g(k)ci(Af), = o(r~2)O(7¥) — 0 and
f(k)erk(Ag)r — 0 as k — +o00. Hence W = 0, that is g(k)f(k + 1) = f(k)g(k + 1) for any k.
Since f(k) — 1, there exists ko such that f(k) # 0 for k > ko, and g = Cf on {k > ko} for
some C € C. Finally, the equation Lg = \g determines g(k — 1) from g(k) and g(k + 1), since
0x # 0. Hence g = C'f on Z. [ |

For any z € Z, we put f, def fo=, that is f.(k) = 101(0; 731, n*TFF1). By definition, we have
(3.10) folk+1) = for(k), thatis Uf.=73f., 2keZ,
where the second equality holds as soon as f, € ¢Z(w).

Remark 3.4 Let v > —1 be defined by 7 = 77”‘“. Recall that the Hahn—Exton g¢-Bessel
function of order v in base n is J,(z;n) =z %ypl(o n'Tn, nz?), see [ , (3.3)] for

the corresponding normalization in base ¢2. Hence

f2(k) = EZ?Z;zx_”Jy(x;n), T = nz;k.

If 1 =Q %and n = Q2 then v = g — 1. In particular, for & = d the eigenfunctions are
the Hahn-Exton ¢-Bessel functions of order 0 in base 7 = r?. Koornwinder and Swarttouw
proved the orthogonality relation | , Proposition 2.6, (2.11)], which reads, after replacing

their parameters z and ¢ by 72 and 7,

k - (mm)% ,
(3.11) S k) for (k) = 6.0 P22 22 €L
= (T
The orthogonality and completeness are already contained in | , Proposition 2.6 and Section

3]: after normalization, the kernel in (3.11) is symmetric in the lattice and spectral indices, and
the corresponding transform has the same inverse. Theorem 3.6 gives an independent operator-
theoretic proof, up to the value of the norm, and identifies this transform with the particular
self-adjoint realization of Proposition 3.1.

12



3.3 The spectrum by a limit transition

We now relate Ly° to the little n-Jacobi operator L, of [ , Section 3]. Recall that L,
is the nonnegative self-adjoint operator on (3 (w) associated with the closed form &,(f) =
> ko WEBf(k+1) — f(k)|?, where B = T~ *=1(1 — p**1) and §] = n~*(1 — n¥), and that
L, acts by (L, f)(k) = B(f(k)— f(k+1))+ 6] (f(k) — f(k—1)) on the space of polynomials in

n* | , (3.2) and Proposition 3.1]. By | , Proposition 3.1], the spectrum of L,, consists
of the simple eigenvalues
(3.12) An(n) =n~"(1=n")1—-70"), neNo,

which form a strictly increasing sequence, and the corresponding eigenvectors are the lit-
tle n-Jacobi polynomials p,(n*;7n~!,1;n). For any integer N > 0, we define the isometry
Vn: 6, (w) = (3 (w) by

V) (k) L 75 f(k+ N) iftk>-N, (Vwf)(k) <0 ifk<—N.

Its range is the space Hy of functions vanishing on {k < —N}. We put

(3.13) An E NV Ly Vi & 0y,

which is a nonnegative self-adjoint operator on ¢Z(w). Its restriction to Hy is unitarily equiv-
alent to nv L,,, so that its positive spectral points are the simple eigenvalues VAL (), n =1,
whereas 0 is an eigenvalue of infinite multiplicity because of the zero summand. Under the
identification of Section 2, Vv corresponds to the passage from O? to the ball B_y = 7=V 04,
followed by the dilation which preserves the L2-norm.

Lemma 3.5 Let g € D and let M be as in the definition of D. For any integer N > M, the
Sfunction g belongs to dom Ay, and

(Ay = L)g) (k) = =n" |7 (g(k) — gl + 1) + (9(k) — gk = 1) |, ke

In particular,

(AN — L,‘;O)gH —0 as N — oo.

Proof : Since N > M, we have ¢ € Hy and the function u = Vg, given by u(m) =
7= 2 g(m — N), is constant on {m > M + N}. We first show that u € dom L,, and that L,u is
given by the formula of L,. The function u belongs to dom &,, since Au has finite support. For
any f € dom¢&, and any integer b > M + N + 1, the summation by parts | , (3.4)] gives

b—1 b—1 _
Y weBUANR(Bu)k =D wif (k) (L) (k) + wp-1 8, f(B)(Au)y-1,
k=0 k=0

where L,u denotes the formal expression. The boundary term vanishes since (Au)y—1 = 0, and
L,u vanishes on {k > M + N + 1}. Hence &,(f,u) = (f, Lyu) for any f € dom¢&,. By the
definition of the operator associated with a closed form, v € dom L, and L,u is the formal

expression. Consequently, g = Vyu € dom EN. For k > —N, we obtain

(Ang)(k) =™ 7% (Lyu)(k + N)
= Tnfkfl(l o nk+N+1)(g(k}) o g(k + 1)) + nik(l o 77k+N)(g(k) _ g(k . 1))’
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and (Ayg)(k) = 0 for k < —N. Comparing with (3.3), and using g(k) = 0 for k < —M, we
obtain the formula. The right-hand side vanishes outside [-M — 1, M + 1] and is bounded by
4n™ max|g|. Finally, Ly*g = Lg by Proposition 3.1. [ ]

We say that a sequence (Ay) of self-adjoint operators converges to a self-adjoint operator
A in the strong resolvent sense if (Ay — 2)~! — (A — 2)~! strongly for any 2 € C \ R.

Theorem 3.6 Let0 <7 <1 and0<n<1.
1. The operators AN converge to Ly° in the strong resolvent sense as N — oo.

2. The spectrum of Lp° is {n?:2e€Z}U{0}. Its spectral measures are purely atomic, each
n* is a simple eigenvalue, and 0 belongs to the continuous spectrum.

3. For any z € Z, the function f. belongs to (2(w) and spans the eigenspace of Ly for the

eigenvalue n*. The family (¢.).cz, where ¢, def I£:1I7" £, is an orthonormal basis of
é%(w)) and U, = Gzt

4. For any z € Z, let €]! be a normalized eigenvector of L, for the eigenvalue A, (n). Then
the orthogonal projection onto CVyeR,_. converges strongly to the orthogonal projection
onto C¢, as N — oo.

Proof : 1. Let z € C\ R. For any g € D and any integer N large enough, Lemma 3.5 gives
g € dom Ay, hence

(A —2) MLy = 2)g = (L = 2) MLy = 2)9 = (An — 2) " (L7 — An)g,

, which tends to zero. Since D is a core for

}(ZN - z)_lH < |[Imz|~t

whose norm is bounded by |Im 2|~} H(L%O —An)g

Ly by Proposition 3.1, the space (L;° — z)D is dense in (3 (w). Since

for any N, we conclude that (Ay — 2)~! — (L —z)~" strongly.

2. Let 0 < a < b be real numbers which do not belong to n” and which are not eigenvalues of

L7, and put Z, det {z € Z : a < n* < b}, which is finite. We claim that, for N large enough,
the eigenvalues of Ay in (a,b) are the numbers N Ay_.(n), z € Z,.1, cach of multiplicity one.
Indeed, for any fixed z € Z, we have
(3.14) VAN = () =07 (1 =0 ) (1 =) ———
Let z4 be the largest integer such that n*+ > b, and z_ the smallest integer such that n*- < a.
By (3.14), for N large enough we have n™"An_., (1) > b, nNAn_._(n) < a and nNAn_.(n) €
(a,b) for any z € Z,;. Since n — n™VA,(n) is increasing, the eigenvalues n™V A, (n) with
n > N — z; are larger than b and those with n < N — z_ are smaller than a. This proves
the claim, since Z,, = {2z : 21 < z < z_}. Consequently, the spectral projection 1, ) (ZN)
has rank card Z,; for N large enough. By part 1 and | , Theorem VIII.24], we have
1o (EN) = L(ap) (L) strongly. A strong limit of orthogonal projections of rank at most p
has rank at most p: if uq,...,upy1 were orthonormal vectors in the range of the limit P, the
Gram matrices of the vectors Pyus, ..., Pyuy+1 would be singular and would converge to the
identity matrix. Hence rank 1, 5)(Ly°) < card Z, .

Now, let A € (0,00) \ n%. Since the set of eigenvalues of L7 is countable, we can choose
a < X < b as above with [a,b] N1n* = 0. Then Z,; = 0 and 1(4)(L;°) = 0, so that A does
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not belong to the spectrum. Since Ly° > 0, the spectrum is contained in n” U {0}. In the same
way, for any z € Z, choosing (a, b) with Z, ; = {2} shows that 1,:1(L°) has rank at most one.
Since 0 is not an eigenvalue by Proposition 3.1, the spectral measure of L7° is carried by the
countable set 7%, hence L = >, n*1,=3(Ly°) and the spectral measures are purely atomic.
By part 6 of Proposition 3.1, it Ly f = Af, then Ly°U f = nAU f, so that U maps the eigenspace
of A onto the eigenspace of nA. Hence all the eigenspaces Ker(L;’o —n?), z € Z, have the same
dimension, which is at most one. This dimension is not zero, since L;® 7 0. This proves part 2.

3. Let ¢ be a nonzero eigenvector for the eigenvalue n*. By part 4 of Proposition 3.1, we have
Lo = n*¢ and ¢ (A¢), — 0 as k — +oo. Moreover wy|p(k)[2 < ||¢||%, hence (k) = O(7~ %),
and in fact ¢(k) = o(7~%) since wy|¢(k)|2 — 0. By part 2 of Proposition 3.3, ¢ is a nonzero
multiple of f,. Hence f, € £2(w), and f, spans the eigenspace. The family (¢,) is orthonormal
since the eigenvalues are distinct, and complete since the spectral measures are supported on
the eigenvalues. Finally, (3.10) gives || fos1|| = 772 ||f2]| and U, = ¢ 41.

4. Choose 0 < a < b as in part 2 with Z,;, = {z}. For N large enough, l(a’b)(AN) is the
orthogonal projection onto CVyel_,, and L(a,p)(L;°) is the orthogonal projection onto Ce..
The assertion follows from the convergence of part 2. [ ]

Remark 3.7 Part 4 is a Hilbert space version of the limit transition from little g¢-Jacobi
polynomials to Hahn-Exton ¢-Bessel functions | , Proposition A.1], which states that
201(q™ ™, q" T tab; qa; q,q"x) — 1¢1(0;qa; g, ) uniformly on compact sets. With ¢ = 7, a =
™~ and b = 1, the eigenvector VneX _, is proportional to k pN_ (TN 1) =
201 (n~ W =2) 7N =2, 1.y, N =2p#+2+1) which converges pointwise to f. (k). Theorem 3.6 up-

grades this to the convergence of the corresponding operators and spectral projections.

4 The energy bridge on the whole space

We return to the local field, so that 7 = Q~%, and we fix a > 0, p = Q® and = Q~®. Then

7 = p7, and (3.2) gives ¢ = (1 — 7)wy, where @ is the weight (2.9). We denote by 02 (w) the

weighted sequence space with norm |lul| = (>_,, D[t |2) 2.

4.1 Optimal constants

Lemma 4.1 The shift S is bounded on (%(w), and 7S = G‘ag, where S is a unitary operator
on (2(w) whose spectrum is the unit circle a_nd_ which has no eigenvalue. Consequently, I — 75
is invertible on (% (w), (I —7S)™1 = dis0T'S", and for any u € 2 (w),

(4.1) (Lt 00) ™l < [|(T = 78) "l , < (0= 0a) " lull, -

Both constants are optimal, also when u Tuns over the finitely supported sequences.

~ . 2
Proof : Put S o (pr)2S. For any u € (3(w), we have HSuH = > OnpT|ums1|* =

> Tt [Umt1]? = Hu||i, and S is surjective. Hence S is unitary. Moreover 7(p7r)~2 =
1 ~
(%)% = 04. The unitary u — (@Waum)m from (%(w) onto ¢Z conjugates S to the bilateral
i0

shift, which is unitarily equivalent by the Fourier transform to the multiplication by e~ on
L2(T). Its spectrum is the unit circle and it has no eigenvalue. Since o, < 1, the Neumann
series gives the invertibility of I — 75 = I — 0,5 and the formula for its inverse. For any unit

vector v, we have 1 — o, < H(I - O'ag)’l)H < 1+ o,, which gives (4.1). For the optimality,
w
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let ¢ € {~1,1}. Under the Fourier transform, the function § + |1 — o,e™%| 7! is continuous
on T and equals |1 — 0,¢|~" at the point e = ¢. Choosing trigonometric polynomials whose
squared moduli concentrate at this point, we obtain finitely supported unit vectors v; such that
H(I —0,5)";
constants. |

— |1 = 04¢|7t. The cases ( = 1 and ( = —1 give the optimality of the two
w

Theorem 4.2 Let o >0 and n= Q™.

1. For any f € (2(w), we have f € dom&p if and only if Af € (i(w), if and only if
[ € dom &R In this case,

(4.2) En(f)=(=7) || = =) 'ASL, &=() =0 -7)|Af|Z .
2. For any f € dom Ep, we have

(1+0a)72E°(f) < Ep(f) < (1= 0a)2E7°(f),

and these constants are optimal.

3. The operators Dy, 4 and Ly° have the same spectrum {p™ : m € Z} U{0}, their spectral

measures are purely atomic, every p™ is a simple eigenvalue of both operators, and 0

belongs to the continuous spectrum. The unitary operator W on (2(w) defined by W g, def

G—m—1, m € Z, satisfies WD, ;W* = Lp° and WU = UW.

4. The operators Dy, 4 and Ly° have no common eigenvector.

Proof : 1. Let f € ¢2(w) and put hy, def My11(f) — fm and u def Af. By (2.8), hy, =
Zi>0 T U 44, the series being convergent, and h,, — Thy,41 = u,, for any m, that is u =
(I — 7S)h. By Proposition 2.3, we have Ep(f) = (1 —7) ||h\|2w in [0,00]. If h € ¢2(w), then
u = (I-78)h € £7(w) by Lemma 4.1. Conversely, if u € (3(w), then (I -78) " u = 3", 7°S"u
converges in ¢2(w), hence coordinatewise, and its coordinates are Zz;o T Ui = N, SO that
h=(I—78)""ue 3(w). Since £°(f) = ) crlur|> = (1 —7) ||u||2w, this proves part 1.

2. The inequalities follow from (4.2) and (4.1). Let v be a finitely supported sequence.

The function f defined by f,, def > i<m Vi vanishes near —oo and is constant near 4-oo, hence

belongs to D C ¢2(w), and Af = v. Thus every finitely supported sequence is the gradient of
an element of dom £p, and the optimality follows from the optimality in Lemma 4.1.

3. By Proposition 2.1, D2 , is diagonal in the orthonormal basis (g,,) with eigenvalues p
By Theorem 3.6, L;° is diagonal in the orthonormal basis (¢.) with eigenvalues n* = p~*. Hence
W is unitary and maps the eigenvector g,, of D, for p™*1! to the eigenvector ¢_,,_1 of Ly
for the same eigenvalue, which gives WD, W™ = L. Finally, Ugm = gm-1 and Ud, = ¢.41
give WU g, = ¢_m = UW gy, for any m.

4. Since the eigenvalues are simple, a common eigenvector would be a multiple of some g,,
and of some f,. The function g, is constant on {k > m + 1}. If f, were constant there, then
(Lf.)(k) =0 for k > m + 2, and n*f,(k) = 0 for k > m + 2, which contradicts f,(k) — 1 as
k — +oo (Proposition 3.3). [ |

m—+1

Remark 4.3 For o = d, we have w = 1, 04 = 7, ¢, = 1 — 7, and LXf(k) = 77%(2f(k)
f(k+1) — f(k—1)). In this case, the forms are £2°(f) = (1 — 7) HAfH?% and Ep(f) =
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(1—-71) ||(I—TS)_1Af||ZZ. By the Fourier transform on (2, the ratio of the two forms is
Z

described by the symbol |1 — 7€!?| =2, whose extreme values are (14 7)~2 and (1 —7)72. On
1—7

the unit ball, [ , Theorem 4.1] gives the constants ¢; = 17~ and ¢ = (1 — 7)~3 for the

regional operator R% ; and L,. The same martingale argument applies on the unit ball: with

(2.7) for m > 0 and the eigenvalues p™! — i of R® ,, where k = 1_1:;,1 [ , (2.1)], one

obtains for any a > 0 the constants ¢} = /’)’_;1(1 +04) % and ¢j = 25 (1—0,)"?, by the bounds

1_% <l1—kp ™ < land1—n<1—n™t <1 and the contraction \|7'S||Z§0(w)_>£§0(w) < og

of the backward shift. These constants are neither better nor worse than those of | ,
Theorem 4.1] in general: for o = d we obtain ¢j = (14 7)72 and ¢ = (1 — 7)~3, whereas c}
remains bounded as & — d~, unlike the constant of | , (4.3)].

4.2 Powers of the bilateral operators

In this subsection, we fix ¥ > 0, we put 7’ L0 and s & %, and we denote by (¢.).cz
the orthonormal basis of eigenvectors of Ly given by Theorem 3.6. Then (L;]’?)S(bz =n'*¢, =
p *¢.. Hence (L;’ﬁ)s is unitarily equivalent to D%, for any ¢ > 0, and the question is the

rad
comparison of the closed forms.

Lemma 4.4 Let A > 0 and let ¢ € (2(w) satisfy L¢ = \¢, where L is the operator (3.3) with
parameters T and n'. For any 0 < 6 < 1, we have ¢(k) = O(0'F) as k — —o0.

Proof : We can assume that ¢ # 0. Dividing the equation (L¢)(k) = A¢(k) by 6, = /=%, we
obtain

(4.3) Gk —1) = —Apo(k) — %gb(k +1), Ay ko1 % kel

Since Ap — +o00 as k — —oo, there exists kg such that Ax > 2 + # for any k < kg. Suppose
that |p(k)| > |¢p(k+1)| for some k < kg. Then (4.3) gives |¢p(k—1)| > (Ar— %)|¢(k)| > 2|o(k)),
and by induction |¢(j)| = 2*~9|¢(k)| for any j < k. Since w; — oo as j — —oo and ¢ € £2(w),
we have ¢(j) — 0, hence ¢(k) = 0, and then ¢(k + 1) = 0. By the recurrence, this gives ¢ = 0,
which is excluded. Hence |¢(k)| < |¢p(k + 1)| for any k < ko, and (4.3) gives

Ado)] < Itk = D1+ Slolk + I < (145 )00k + DI,k <o,

Since A, (1 + 77) = 0as k — —oo, the ratio (blzbk(_’i)ll)l is eventually smaller than 6, which proves

the lemma. m

By the dilation covariance, the transition coefficients between the two eigenbases depend
only on the sum of the indices. Indeed, Ug, = gn—1 and Ud, = ¢.41 give (po41,9n-1) =
(U, Ugn) = (¢2, gn). Hence there exists a real sequence (t(p))pez such that

(4'4) <¢zvgn> =t(n+ Z)7 n,z €%, Zt(p)z = Z | <¢079n> ‘2 =1

PpEZ nez

Lemma 4.5 1. There exist constants 0 < Cy < Cy such that C175n"? < lt(p)| < Corin'?
for any integer p large enough.

2. For any 0 < 0 < 1, we have t(p) = O(0P!) as p — —oo.
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Proof : 1. By (2.7), we have t(p) = (¢0, gp) = sp(mp+1(do) — ¢0(p)), where ¢y = ||fo||71 fo

. . . _ ’](J 1)/2
wwmmzlwwrﬂvﬂw\MMﬁM0=Zwa““”mm%=%#ﬂﬁﬁr

. . . 7(p+1)
any j > 0, the function k — 1% satisfies my41(n7") = (1—7) s i lyieti) = %
Since the double series converges absolutely, we obtain

(1 —7)n -1
my1(fo) zyﬁmm( )1 1) = S a1

1—7n4 1—7mnd’
721 N j=1 n

For

. . w1
The term j = 1 is m,

sp=((1—7)72t1)% and ¢o = || fol| ™" fo, this proves part 1.
2. Let p € Z. Since g, € D C dom L9 and Lyfdo = ¢o, we have t(p) = <L;?¢o,gp> =
(¢0, Lgp). The function Ag, is supported in {p — 1, p}, with [(Ag,)p—1| = = and (Ag,), = 2+

so that wy(Lgp)(k) = cx—1(Agp)k—1 — cx(Agp)k is supported in {p — 1,p,p + 1} and bounded

by 2max(cp—1,Cp)

and the sum of the other terms is O(n'?P) as p — +o0o. Since

; . Here ¢, = (1 — T)(n )k+1. Hence there exists a constant C, independent of p,
P
such that

6 max(c,—1,c TEN\P
()] < TCL ) g ) < () mae oo o+ )
Sp lil<1 n lil<1
By Lemma 4.4, ¢y decays faster than any exponential at —oo, which proves part 2. |

Theorem 4.6 Let o > 0 and ¥ > 0, and put s def 3

1. There exists a constant C > 0 such that H fH < CEp(f) for any f € domEp.
In particular dom Ep C dom(L Q,ﬁ)g.

2. The closed forms of D¢ 4 and of (LOO,ﬁ)S are equivalent if and only if « < d+ 2.

8. If a > d—+ 29, then no eigenvector ofL "o belongs to dom Ep.

Proof : Let f € ¢2(w) and put a, def (f,¢.) and ¢, deof (f,gn). Then H(L;,’?)EfHQ =3 p Fla.|?
and Ep(f) = >, p"enl? in [0,00]. Since (gn) and (¢.) are orthonormal bases and the
coefficients (4.4) are real, Parseval’s identity gives

cnfzaz n+z ch n+z

ZEZL nez

the series being absolutely convergent by the Cauchy—Schwarz inequality and (4.4). Put B,, def

p" a1 and G, def p"% Cn, SO that > | Bml? = ||(Lg?)%ff|2 and > |Cul? = Ep(f). A
direct computation gives

(4.5) C, = Z ki(ln —m)B,,, B, = an

meZ ne’
where £ (j ) = P2t(] —1) and 2(j) def p%t(fj ~1).

1. By part 2 of Lemma 4.5, the sequence (k2(j));>0 is summable. Since |t| < 1, the sequence
(k2(j))j<o0 is dominated by p2, hence summable. By Young’s inequality, the convolution by ks
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is bounded on #2 with norm at most ||I€2H€%. If f € dom&p, then C € £2, so that B € (2 by

(4.5) and || (L)% f||* < [mallfs €0 (F)- -

2. and 3. Suppose that o < d+20. By part 1 of Lemma 4.5, we have |k1(j)| < Cp2rind =
CQ™ = for j large, and |k1(j)| < p* for j < 0. Hence k € 0%, and (4.5) gives Ep(f) <
||/$1||?1 H(L%‘?)fﬂf for any f € dom(L%‘?)g. With part 1, the two closed forms have the same
domain and are equivalent. Suppose now that o« > d 4+ 2¢ and let z € Z. For f = ¢,, we have
¢n = t(n + z), hence by part 1 of Lemma 4.5

Eplg,) > Z PO 2E) o Z Qrle—d=20) _ o

nz=ng nzno

s

for some ng and some constant C' > 0. Since ¢, € dom(Lf]?)Z, the forms are not equivalent.
This proves parts 2 and 3. [ ]

Remark 4.7 The threshold o < d+ 29 and the inclusion of part 1 are the same as on the unit
ball | , Theorem 1.1 and Theorem 4.6]. On the unit ball, the threshold is attained by the
polynomial k +— 7’* of degree one [ , Proposition 4.7]; on the whole space, it is attained
by every eigenvector of L;7, and it is governed by the behaviour of the transition coeflicients
near the origin of K¢, since they decay faster than any exponential towards the infinity of K.
For 9 = d, the powers (L) have closed forms equivalent to the Taibleson forms of the orders
o < 3d.

5 The quantum group E,(2)

5.1 The concrete model and the Haar weight

Let 0 < r < 1 and put 7 = r%. We recall the quantum group E,(2) of Woronowicz | ], in
the concrete realization of | | and [ ]. Its Haar weight was obtained by Baaj [ ls
and computed in this realization by Pal | ]. Let (ei;)ijez be the canonical orthonormal

basis of /2, ,. Consider the unitary operator v and the closed normal operator n defined by
(51) V€5 = €i—1,5, ne;; = Ti6i7j+1, Z,] € 7.

Then vnv* = rn, and the spectrum of n is C, = {0} U {\ € C : |A| € rZ}. The C*-algebra
Co(E,(2)) is the norm closed linear span of the operators v* f(n), k € Z, f € Co(C,), and the
comultiplication is determined by A(v) = v ® v and A(n) = v ® n +n ® v*, where 4 denotes
the closure of the sum [ I, 1 ]. We denote by L>°(E,(2)) the von Neumann algebra
generated by Cy(E,(2)). For any [ € Z, the automorphism 7; f Ad(v') satisfies 7(n) = rin,
and Woronowicz obtains the comultiplication of E,.(2) from the one of SU,.(2) by conjugating
with these automorphisms | ]

The Fourier transform in the second variable gives a unitary operator from ¢, , onto (2 ®
L%(T), e;; + e; ® 27, where T carries its normalized Haar measure m and z denotes the identity
function of T. In this picture, v = vg®1 with vge; = e;_1, and n is the product of the commuting
operators diag(rt);cz®1 and 1® M,. We identify B(¢2)®L>(T) with the von Neumann algebra
of bounded matrices = (z;)i jez with entries in L>°(T), acting on ¢ ® L2(T).

Proposition 5.1 Suppose that 0 <r <1 and 7 = 2.

1. We have L*°(E,(2)) = B(£2)RL>(T).
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2. The formula

(5.2) olz) & (1-1) ZTZ‘/T% dm, z€L®(E.(2))4,

1€Z

defines a normal semifinite faithful weight ¢, and ¢ = (1 — 7)h, where h is the Haar
weight of E.(2) computed by Pal [ , (2.1) and Theorem 2.1]. Moreover por =7 lp
foranyl e Z.

3. Put A n*n. Then A= diag(7%)iez ® 1, and for any Borel function F: 72 — [0, 00], we

have
p(F(A) = (1—7))_r'F().

i€L
If 7= Q™% this is equal to [,.q F(||z|%) da.

4. Suppose that T = Q. The map J: L (K?) — W*(A) defined by J(F(H||°Il()) = F(A)
is a normal x-isomorphism such that p o J = de -dz on positive elements. For any

f € L, (K?), we have vJ(f)v* = J(f(r)). Finally, for any integer m € Z, the spectral
d

projection Py, fof 1j9,7m1(A) is equal to J(1p,,), and @(Pp) = 7™.

Proof : 1. In the picture (2 ® L?(T), the operator f(n) acts on e; ® & by e; @ f(r'z)¢.
Hence v¥f(n) is a bounded matrix with entries in L>°(T), and Co(E,(2)) C B(¢2)®L>(T).
Conversely, the von Neumann algebra generated by Co(E,-(2)) contains the spectral projections
of |n| = diag(r’) ® 1, hence the diagonal matrix units e;; ® 1, the powers of v, hence all the
matrix units e;; ® 1, and the phase 1 ® M, of n. These operators generate B(¢Z)®L>(T).

2. In the picture 2 ,, we have [}z dm = (ze;0,eq0). Hence

p(x) = (1—7) > r* (zei, €n) ,
i€z
which is 1 — 7 times the weight of | , (2.1)]. By [ , Theorem 2.1], this weight is left
and right invariant, and the left Haar weight of a locally compact quantum group is unique up
to a positive scalar | ].

3. We have Ae;; = r?'e;j, which gives A = diag(7) ® 1 and F(A) = diag(F(7%)) @ 1.
The formula for ¢(F(A)) follows from (5.2), and the last assertion follows from (2.2), since
||| =7 on S;.

4. The radial algebra L2, (K ) is identified with £2°, the origin having measure zero, and
J is the map f — diag(f;) ® 1 onto W*(A4) = {diag(c;) ® 1 : ¢ € ¢5°}, which is a normal *-
isomorphism. The weight identity follows from part 3. Since v(diag(c;) ® 1)v* = diag(c;+1) ® 1
and 7S; = Si11, we obtain vJ(f)v* = J(f(x)). Finally 1jg rm)(7%) = 1 if and only if i > m,
which gives P,, = J(1p,,), and o(Py,) = (1 —7)>" m

ism T =T [ ]
Remark 5.2 The restriction of ¢ to the corner PyL°°(E,.(2))F, is a normal state, and its
restriction to W*(A)Py is the law (1 —7) 3,5, 7"0,: of Aref'eva and Volovich, which is the
radial Haar distribution of O? | , (1.1)]. In this sense, the unit ball corresponds to the
spectral projection Py, and the balls B,, = 7O correspond to the projections P,,, = 7_,,(Pp).
The automorphisms 7, = Ad(v'), which Woronowicz uses to contract SU,.(2) to E,.(2) [ I,
implement the dilations = — 7’2 on the radial algebra. The passage from L*(0O%) to L= (K%)
by the rescaled balls 7N 0% N — oo, is the radial counterpart of this contraction; we do not
use the contraction procedure itself.
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Remark 5.3 By Remark 3.4, for a = d the eigenfunctions of L2° are Hahn-Exton g¢-Bessel
functions of order 0 in base 7 = r?. Vaksman and Korogodskii interpreted the Hahn-Exton
g-Bessel functions as matrix coefficients of irreducible representations of the quantum group
of plane motions | ], see [ , Section 1] and | ]. Section 7 identifies L° with the
radial part of a closed Casimir on the homogeneous space E,.(2)/T. This is a quotient-space
assertion, not a construction of an ordinary convolution heat semigroup on the whole group;
see Theorem 7.17.

5.2 Tail expectations and an exact lifting

In this subsection we put M % L (E-(2)) = B(£2)®L°(T), we use the weight ¢ of (5.2), the

projections P, = Zi>m e;; ® 1 and the positive invertible operator D def (1—7)diag(7?);ez ® 1,
which is affiliated with M and commutes with every P,,. We denote by & the Hilbert space of
matrices & = (&;7); jez with entries in L?(T) such that HEHi =2, ||§ij|\iQ(T) < 00, with the
inner product (§, () = >_; Jp &ijCij dm. Left and right multiplications by elements of M act
boundedly on &. Let n, = {x € M : p(z*z) < oco}. For any = € n,, the i-th column of zD?
is ((1 —7)7%)% times the i-th column of z, so that 2D? € & and

||xD%H?5 =(1-1) Z’Ti Z/T |zps|? dm = o(2z*z).
i k

The finite matrices with entries in L>°(T) belong to n,, and their images are dense in &. Hence

A(z) 4f 2D? realizes the GNS construction of (M, ) on L*(M, ) = 6. In the same way,

z — DizD7 realizes the symmetric embedding of M in & on the elements for which it is
defined. For any m € Z, we define

(5.3) Ppu(z) E (1= Po)e(l—Pp)+7 " 0(PntPn) Py Mo = (1 Py)M(1— Po) CP,
where ¢(P,,zP,,) denotes the value at x of the normal positive functional =z +— (1 —
7)Y iz T Jp i dm, whose norm is ¢(P,,) = 7.

Lemma 5.4 1. For any m € Z, the map ®,, is a normal unital completely positive condi-
tional expectation onto M, and ¢ o @, = ¢ on My. The algebras M, increase with
m, and ;®; = Py 5) for any i,j € Z.

2. For any m € Z and any x € n,, we have @, (x) € ny, and A(Pp,(x)) = @%)A(:E), where
<I>§,21) is the orthogonal projection on & defined by

def

(5.4) e (1 _p el - P+ <§,PmD%>6 P, D*.

)

The same formula holds for the symmetric embedding. Moreover (I>$,2L — I strongly as

m — +0o and @S) — 0 strongly as m — —oo.

3. The maps ®,,, commute with the modular automorphism group o¥ = Ad(D"), s € R, and
with the automorphisms Ad(1 @ Ry), X € T, where (R)\&)(z) = £(Az) on L*(T).

4. Suppose that T = Q=%. For any m € Z and any f € L (K?), we have ®,,J(f) =

J(E,f), where E,, f is the radial function equal to f on K%\ B,, and to the mean m,,(f)
on B,,.
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Proof : 1. The compression by 1 — P,, is normal and completely positive, and =z —
T "@(PnrPy) is a normal state on M since ¢(P,,) = 7. Hence ®,, is normal and unital
completely positive. It is the identity on M,, and M,,-bimodular, since P,, commutes with
M, and (1 — Py)yP, = 0 for y € M,,. For any © € M, the diagonal entries of = with
index ¢ < m are those of (1 — P,)x(1 — P,,), and those with index ¢ > m are those of
PxP,,. Hence p(z) = ¢((1 — Pp)x(l — Pp)) + ©(PnxPn) = ¢(Pm(x)) in [0,00]. The
decomposition Py, = € ® 1+ P41 shows that every element y = (1 — Pp,)y(1 — Py,) + ¢Ppy,
of M,, satisfies (1 — Ppy1)yPmi1 = 0 = Ppi1y(1 — Pry1) and Py Prs1 = ¢Ppti, S0
that M,, C M,41. If @ > j, then ®;®; = ®; since ®;(x) € M; C M;. If i < j, then
(1— P)®;(x)(1— P) = (1 - P)a(l — Py), since (1 — P)(1 - P;) =1 P; and (1— P,)P; =0,
and
o(Pi®;(x)P;) = (P — Pj)x(Pi — Py)) + 777 p(PjaP;)p(P;) = ¢(Piz D),

where we used that the functional ¢(P; - P;) only involves the diagonal entries with index at
least i. Hence ®;®; = ®;.
2. Let € n,. Since D commutes with P,,, we have (1 — Py)xz(1 — P,)Dz = (1 —

2
P,)eD*(1 — Py,). Morcover P,D% € & with HPmD% = o(P,) = 7™, and
S

(zD%,P,D%) = (1-1) Y+ /T 251 dm = (P Pra).

izm

This gives A(®,,(z)) = @5,2,)./\(33), and in particular ®,,(xz) € n,. The computation for the
symmetric embedding is the same, since <DixD% , PmD% >G = ¢(PnxPy,,) for the elements for

which the left-hand side is defined. The first term of (5.4) is the orthogonal projection onto
(1 - Pn)S(1 — Py,), and the second one is the orthogonal projection onto the line spanned
by the unit vector 7~ % P,, D%, which is orthogonal to (1 — P,,)&(1 — Py,). Hence P is
an orthogonal projection. Let £ € & be a matrix with finitely many nonzero entries, all
with indices in [-M, M]. For m > M, we have @5,%)5 = ¢, since P,¢ = ¢P,, = 0. For
m < —M, we have (1 — P,,)¢ = 0, hence <I>$,2L)§ =7 m <§,PmD%>PmD%, whose norm is at

1

most 777 | <£,PmD%> | <777 ||¢lg (1= ) X< 7%)2, which tends to zero as m — —oo

m |m|
2

since 772 = 772 . Since such matrices are dense and the projections are contractions, the
strong limits follow.

3. Since D'* commutes with P, and poAd(D'¥) = ¢, the formula (5.3) gives ®,,0Ad(D*) =
Ad(D*) o ®,,. The same argument applies to Ad(1 ® R,), which fixes P, and preserves ¢.
Recall that the modular group of ¢ is Ad(D'*), since ¢ = (Tr ®m)(D-) on M for the semifinite
trace Tr ®m, see [ , Chapter VIII].

4. We have J(f) = diag(f;) ® 1, hence (1 — P,)J(f)(1 — P,,) = diag(filicm) ® 1 and
TP (f) Pm) =77 (1= 7) Zi;m 7' fi = mn(f) by (2.3). u

For any ¢ > 0 and any m € Z, we put

(5.5) am (1) & et _etr" T S

Since p™ — 0 as m — —oo and p™ — oo as m — +oo, we have ) . a,(t) = 1, and
Yok @m(t) = e~ for any k € Z.
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Theorem 5.5 Let 0 <r <1, 7 =7r% and p > 1. Fort > 0, the formula

def
(5.6) T E N am ()P,
meZ
together with 9y = 1d, defines a semigroup of normal unital completely positive maps on

L (E-(2)) such that ¢ o T, = ¢ on positive elements. It is point-o-weakly continuous at zero,
it commutes with the modular group of ¢ and with the rotations of T, and it leaves B(f2) ® 1
and W*(A) invariant. The maps A(x) — A(Fi(x)) extend to a strongly continuous semigroup

of self-adjoint contractions on L2(E,(2), ), and the same holds in the symmetric embedding.

If dy def @fﬁl — @;f), then (di)kez is a family of mutually orthogonal projections with sum I,

and the negative generator of this semigroup is

(5.7) £ => p*dy, dom.Z = {g €&y PP ldg|g < oo}.

kEZ keZ

For any compact operator x € K((3)®1, we have | Z(x) — x| = 0 as t — 0F. Finally, suppose
that 7 = Q™% and p = Q. Then

(5.8) Ty J = JTr4, ¢ >0,

where Tr»4 def > am()Em, is a normal Markov semigroup on L, (K®) whose restriction to
L (K% NL2(KY) is e *Praa. Moreover, the isometry Jo: (3(w) — & which extends f +
A(J(f)) satisfies £ Jo = JoD2 4, with equality of domains on the radial subspace Jo(¢%(w)).

Proof : Since the coefficients a,,(t) are positive with sum one and ||®,,|| = 1, the series
(5.6) converges in the norm of bounded maps on M, and 7 is normal and unital completely
positive. For & € M., the series ) = am(t)®n(x) of positive elements converges in norm, and
the normality of ¢ gives (T3 (x)) = >_,, am(t)p(Pm(x)) = () in [0, cc], by Lemma 5.4.

By part 1 of Lemma 5.4, the projections q)ﬁ,%) increase with m, and by part 2 they converge
strongly to I as m — 400 and to 0 as m — —oo. Hence the projections di are mutually
orthogonal and ), dj = I strongly. On the range of dj, the projection @&3) is zero for m < k
and is the identity for m > k4 1. Consequently, for any = € n,, the Kadison—Schwarz inequality

[ | gives Z;(x) € n,, and

Za DA = (D an(®))ded(@) = 3 e de (@),

k€Z m>k keZ

Hence the L2-implementation is the self-adjoint contraction 2(2) =3 e_t”kﬂd;€7 which is a
strongly continuous semigroup with negative generator (5.7). By part 2 of Lemma 5.4, the
same formula holds in the symmetric embedding. In particular, () is GNS-symmetric and
KMS-symmetric with respect to ¢, in the sense of | ]. For s,t> 0 and x € n,, we obtain
NI T (x)) = AM(Ts4+(x)), hence T, Z(x) = Ty44(x) since A is injective. Since ny, is o-weakly
dense and the maps are normal, the semigroup law holds on M.

Let z € M. As m — o0, we have P,, — 0 strongly, so that (1 — P,)x(1 — Pp) —
strongly and 7" (Pnx Py )Py — 0 strongly, its scalar coefficient being bounded by ||z||.
Hence ®,,(x) — x o-weakly. Let w be a normal functional and € > 0. Choose N such that
|w(®(x)) —w(x)| < e for m > N. Then

w(Zi(2)) —w(@)| < Y an®2 o] 2] +e = 2wl llz] (1 -

m<N

N+1

)+5,
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which is at most 2¢ for ¢ small enough. This proves the point-o-weak continuity at zero. If x
is compact, then ||Py,z| — 0 and ||zP,,|| — 0, and |77 @(PnzPny)| < sup;s,, [|2iill — 0 as
m — 4o00; hence ||®,,(z) — z|| = 0, and the same splitting of the series gives ||Z;(x) — x| — 0.
The commutation properties follow from part 3 of Lemma 5.4. Each ®,, maps B(¢2) ® 1 and
W*(A) into themselves, hence so does 7.

Suppose now that 7 = Q¢ and p = Q. Part 4 of Lemma 5.4 gives (5.8). The operators E,,
are normal conditional expectations on L2, (K?), so that (T7d) is a family of normal Markov
operators, and the semigroup law follows from (5.8) and the injectivity of J. For any k € Z,
the wavelet g of (2.6) is constant on Bjy; and has mean zero on By. Hence E,,gr = g if
m 2 k+1 and E,,,gr = 0if m < k, since the support of g is contained in By C B,, in the second
case. Consequently 774 g, = >0~ am(t)gr = e~t""" g, = e~tPhaagy, by Proposition 2.1. The
operators E,, are contractions on L2(K?), and the finite linear combinations of the g are
dense in ¢2(w). The bounded radial functions in L2(K?) are approximated in L2(K?) by such
combinations, so that 7724 = e~*Praa on L, (K?) NL%(K?). Finally, J; is an isometry since
e(J()* () = > wi|f;|?, and ®,,J = JE,, shows that Jog; belongs to the range of d.
Hence ZJogr = p*t1Jagr, and (5.7) gives the equality of domains on the radial subspace. MW

Remark 5.6 Theorem 5.5 is the bilateral version of | , Theorem 7.2]; a first version of
this construction appeared in a preliminary version of | ]. The two new points are the two
endpoints of the filtration: on the unit ball ®( is the Haar state, whereas here the filtration
(M) mez has no smallest element, and @ﬁ) — 0 as m — —oo because the weight is infinite.
The lifting does not use the comultiplication of E,.(2). The restriction to B(¢2)®1 is a semigroup
on B(¢2) preserving the weight (1 —7) Tr(diag(7*)-), which is the bilateral analogue of the Gibbs
state Tr((1 — 7)7N-) on B(€},) = L>°(S2) of | , Proposition 5.5].

6 From the unit ball to the whole space: the Poisson ker-

nel
In this section 0 < 7 < 1 is arbitrary, and we use the notation of | , Section 6]. The
diagonal chain, whose transition probabilities are due to Biane | , Section 4], is a Markov

chain on {(n,k) € N2 : k < n}, its second coordinate converges almost surely to a limit k.,
and v(y, 1y (7) = Pnk) (koo = 7). In the coordinates (d, k) = (n — k, k), it is the random walk of
the Cartesian product of two networks on Ny, with conductances

1 — i+l 7(1 — 7F+1)
0= 57 bbk=——"T"5",
(1 —72)rd 1—72
by | , Proposition 6.4]. Let (Jx)ren, be the canonical basis of (% with the counting

measure, and let B be the bounded operator on /% defined by (Bf)(k) = bok (f(k)—flk+1))+
br_1(f(k) — f(k —1)), with b_; = 0. Recall that 0 < B < 4supj, by, = 1275. Let o4, d € No, be

1—72"°

the polynomials defined by go = 1 and | , (6.15)], and go, = limg g4. By [ , Theorem
6.13], we have po, = 1 on [0, 00) and, for any d, k, j € Ny,

N [ Ld ,
(6.1) Yk () = (5% <B>6J,5k>5§0.
By | , Theorem 6.15], for any A € C and any z € C\ {0} such that z+ 271 =2 — @,
we have

(72,7275 T) oo

6.2 () = TETE T
(6:2) ==
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As k — oo, the conductance by converges to b, def 7==- We denote by B, the bounded

operator on ¢2 defined by (Boof)(k) = boo(2f(k) — f(k+ 1) — f(k — 1)). Under the Fourier
transform (2 — L%(T), & — €!*?, it becomes the multiplication by

def 27(1 — cos6)

(6.3) AO) = 1 >—> O€ER,
-7
and z = e'? satisfies z 4+ 271 =2 — 7(1_Tj)’\(0).
Theorem 6.1 Let 0 <7 < 1.
1. For any d € Ny and any l € Z, we have
. _ oy det [T 0a i1
(6.4) kl;r{:o Vidtkk) (k+1) =vg(l) = 5 [ﬂ o (A(9))e db.

Moreover v3(l) = vi(=1) > 0 and >, v7(1) = 1.

2. For d =0, we have for any k € Ny and any integer [ > 0

(6.5) Vo) (K +1) = (757 (T5 T kgt Z

and for any l € Z,

6.6) &) Z -

T T
m=0 m+\l|

T\l|+2m

)2
S VD @ oer.

(e 7)o

Finally, there exists a constant C; such that v k) (k+1) — vE (1) < C-7 for any k € Ny
and any l € Z with k+1 > 0.

Proof : 1. For any integer N > 0, let Wiy : 612\;0 — (2 be the isometry defined by (Wy f)(k) =

f(k+N)ifk>—-N and (WNf)( ) = 0 otherwise, and put By f WxBWS. Then 0 < By <
14 3, and 0 < Boo < 7==. For any finitely supported u € ¢%2 and any N large enough, we have,
for any k € Z,

(B — Boo)u) (k) = (bry — boo) (k) — ullk + 1)) + (bresn—1 — boo) (k) — u(k — 1),

which vanishes outside a finite set independent of N, and whose coefficients are O(7"V). Hence
Byu — Boou. Since the operators By are uniformly bounded, By — B, strongly, and by
induction p(By) — p(Bs) strongly for any polynomial p. Let g be a continuous function on
the interval I = [0, %], which contains the spectra of all these operators. For any € > 0, the
Weierstrass theorem gives a polynomial p with sup; |[¢—p| < €, hence ||g(Bx) — p(Bn)|| < € and
lg(Boo) — P(Boo)|| < €. Consequently g(Bx) — g(Boo) strongly. Since By = WyBW} @0 with
respect to the decomposition (2 = Ran Wy @ (Ran Wy )1, we have g(By) = Wyg(B)W} +

g(0)(I — WyW§). For N > max(0,—1), this gives (g (BN)61,60>@ = (g(B)(SNH,(SN)ng. We

apply this to g = 9— , which is continuous on I since g, > 1 there. By (6.1), we obtain
. - _ 17 ilo
A vaen, iy (N +1) = {g(Boo)dr, d0)p2 = o _ﬂg()\(e))e de.

25



Since A is even, vZ(l) = v%(—l), and vZ(l) > 0 as a limit of probabilities. The function
0 — g(\(0)) is real analytic on T, hence its Fourier coefficients are summable and Y, v (1) =

g(A(0)) = 249 — 1 gince pq(0) = 1 for any d € Ny U {oo}.

000 (0)
2. Let k € Ny and [ > 0. We write W]T = %, 0 < n < m, for the Gaussian
binomial coefficients in the base 7 | , (17.2.27)]. By | , (6.30)], we have

V(k,k)(k + l) = Z

k
n=0

k+1] [k o

We put n 4 &~ m and use

{k HH K ]T<T;T)km(7;r)km+1 _ mDen(m (1 )

k—m| |k—m (T3 T)im (T3 T)m
which gives (6.5). For d = 0, we have g(\(f)) = % by (6.2) with z = €. By the
g-binomial theorem [ , Section 1.3], in the form | , (17.5.4)], we have W =

a_ime, e series converging absolutely and uniformly in . Multiplying by the complex
020 iy th i ging absolutely and uniformly in §. Multiplying by th 1
conjugate and collecting the coefficient of €l? gives (6.6).

It remains to estimate the rate. Let [ > 0 and put 5 def Zm>0 0 e

1 ) (757 )14m so that
SIS oz a=rey BY (6.5) and (6.6), we have

Vi) (k+1) —vg (1) = (13 1)k(T3 Tkt — (157)2) S
k Tl+2m7_k7m+1

_(7'§7')k(7'§7')k+l{z m+ Z 7)

m=0 m>k

7_lJer

m(T;T)ler '

For any j > k, we have 0 < (757); — (7;T)oo < 1 —[];5;(1 - 79 < dis; < %, so that the
first term is bounded by 2{?: S;. The bracket is bounded by (7; T)goQTl(lejTl + 7127&:22) Hence
there exists a constant C such that |y ) (k 4+ 1) — v§(1)| < Cr7F*! for any k,1 > 0. Now, let

1 <0 with ¥ % k+1>0. The symmetry v ) (j) = v, (k) of | , Theorem 6.13] and

the evenness of 1/ give

Wik iy (k1) = V5 (D] = e iy (K + (1) = 5 ()] < CorHI = O,
This proves the last assertion. |

Remark 6.2 The limit operator B, is the operator of the network on Z with constant con-
ductances bo,, with respect to the counting measure. For a = d, the network of L2° has the
constant conductances cx = 1 — 7, see Remark 4.3, but L2 acts on ¢2(w) instead of /2. This is

the bilateral analogue of the relation (Bf, f) = $&;(f) of | , Section 6.3]. By | , The-
orem 6.22], 5;%\)) is the Laplace transform of the explosion time ( of the vertical network started

at d, and the diagonal chain is the jump chain of a pair (X,Y") of independent continuous-time
chains. Formally, (6.4) reads v%(l) = E4[(e~*B>)q,], which is the law of Yz — Yg for the simple
random walk Y on Z with jump rate b, to each neighbour, run up to the independent time (.
We do not pursue the probabilistic interpretation of the limit as a Poisson kernel of a quantum
random walk.
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7 The quantum plane and its covariant Casimir

The following construction identifies the quantum homogeneous space and the self-adjoint
Casimir underlying the bilateral radial operator. The algebraic Casimir is classical | ,

|; the purpose here is its precise analytic realization, its covariant completely positive
dynamics, and the distinction between the homogeneous space and the whole quantum group.

7.1 Conventions and main conclusions

Fix 0 < r < 1 and put 7 = r2. Let H = (%(Z), with basis (ex)rez, and write Ve = e_1. On
H ® L?(T), set

(7.1) v=Va&l, nle®f)=rfe @zf, A=n*n=dag("")®1.

Here and below an unbounded generator is understood as an element affiliated with the C*-
algebra in the sense of | ]. Woronowicz’s group has

(7.2) vt =rn, Av)=v®v, AR)=v@n+nc®v,

where the last sum is closed in the sense of the quantum-group construction | , .
Its reduced C*-algebra A = Cy(E,(2)) is the closed span of v/ f(n) with j € Z and f € Cy(C,.),
where C, = {0} U {rFz : k € Z, 2 € T}. We use the normal semifinite faithful Haar weight

(7.3) @) =(1-7) 3 / sre(2)dm(z), M = A" = B(H)BL®(T).
kez T
It is (1—7) times Pal’s weight [ , Theorem 2.1]. This weight is both left and right invariant.

Its nontraciality must not be confused with nonunimodularity. Products such as Tr(Ax) for
x > 0 abbreviate the extended positive expression Tr(A%mA%). Inner products are linear in the
first variable.

On H,, = *(Z,w), w, = (1 —7)7%, let L = L= be the operator associated with

(7.4) E(f)=0=7) If(k+1) = f(k)], domé& = {f € Hy : &(f) < o0}
keZ

Thus
(7.5) (Lf)(k) = 77F(2f (k) — f(k+1) — f(k—1)).

We use the self-adjoint realization of Proposition 3.1, not an arbitrary extension of the difference
expression on finitely supported functions. Its operator core consists of sequences vanishing near
—oo and constant near 4+o00; at o0 its flux satisfies Af(k) — 0.

The principal conclusions are Theorems 7.1, 7.3, 7.14, 7.17 and 7.20. In particular, the
answer to the intrinsic radial-Casimir problem is affirmative for the realization specified above.
The answer to the stronger question about an ordinary convolution semigroup on the whole
group starting at the counit is negative.

7.2 The quotient by the right torus

The quotient homomorphism 7: A — C(T) is determined by 7(v) = u in multiplier algebras
and 7(n) = 0. It is the quantum subgroup of characters described by Woronowicz | ]. For

t € T put x¢ def evy m. The left and right translations are

(7.6) Ri=Id@x)A: v to, n=>tn; L= (i @IA)A: v tv, nes tn,
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They commute and preserve . Write Er = [ Rydm(t), B = [, Lydm(t) and E = ELEp for
their normal averages. Let P; = 1o ;5)(A), so that P; = >, sexr ® 1 and ¢(P)) = 7.

Theorem 7.1 Define

(7.7) Wer®f)=ex @27 %f, Ox)=W(e )W
Then the right fixed-point algebras are

(7.8) N=M"=0(B(H)), P=A%=0(K(H)+ChH).

Under this identification, the weight is y(x) = (1 —7) Tr(Az), the radial algebra is the diagonal
MASA, and EL|n is its weight-preserving conditional expectation. The restriction § = A|n
is a normal left coaction, and its restriction to P is a continuous C*-coaction. The affiliated
generator ( = vn belongs to the quotient and satisfies

(7.9) C=0(2), Z=Vdiag(rt), ¢¢=A4, =74, §)=v*@(+C1.

The origin character of P is eo(O(K + cPy)) = c. It is the restriction of the counit of A, and
(Id ®e9)d(x) = x for z € P.

Proof : In the concrete model, R;(e;; ® 2%) = tj_i_“eij ® z®%. Therefore a fixed matrix has
entries ¢;; 2977, Since O(ei;) = eij®zj_i, conjugation by W* proves the von Neumann assertion,
including boundedness of the scalar matrix (c¢;;). Formula (7.3) proves the weight identity. The
left action multiplies this matrix unit by #2—%  hence its fixed algebra is diagonal.

For the C*-assertion, J = K(H) ® C(T) is an ideal of A. Indeed all its elementary matrix
units times trigonometric monomials belong to A, and multiplying by v or by bounded functions
of n preserves it. For f € Cy(C,), the diagonal matrix f(n)— f(0)F, has entries whose uniform
norms tend to zero at both ends, hence belongs to J. In A/, the image of Py is a unit and the
image of v Py is unitary. Its spectrum is T, since the right action rotates it. Thus A/J = C(T),
with the quotient map 7. A fixed element has constant image ¢, so subtracting cP, gives an
element of J% = ©(K(H)). The reverse inclusion is immediate. Notice that Py has infinite
rank and infinite corank: the algebra in (7.8) is not K(H) + C1.

Coassociativity gives AEr = (Id ® Eg)A, hence A(N) C M®N. At the C*-level, the
compact averaging and the cancellation property of A give span{A(z)(a ® 1) : ¢ € P,a €
A} = A® P: apply Id ® Er to the corresponding cancellation identity for A. The inclusion
is nondegenerate, since Pj, j — —oo, is also an approximate identity for .A. This proves
the continuous quotient coaction. For continuous coactions and quotients of locally compact
quantum groups by closed quantum subgroups, see | ] and | ].

The product vn is right invariant by (7.6); its polar part is V ® z and its modulus is Az,
These are exactly the images of the polar data of Z under ©. Its bounded transform multiplies
Py on either side into compact operators, and (1 + A)~! € K(H) + CP, has dense ideal range
there, which verifies affiliation with the quotient algebra. The relations in (7.9) follow from
(7.2). The spectral projections of A and the polar part generate N. Finally, restriction of the
counit sends Py to 1 and all compact matrix units to 0, giving ¢ and the last identity. ]

Remark 7.2 The spatial twist is indispensable. Except on its diagonal, B(H) ® 1 is not the

right-torus fixed algebra in the original representation. The distinction between KC(H) + CPy
and a unitization is equally important for the Feller question.
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7.3 A closed quantum-plane Casimir

We now suppress © and work on B(H) with ¥ (x) = (1 — 7) Tr(Ax), A = diag(7*). Its GNS

norm is

(7.10) l2]3p = (1 =7) Y eyl

i,jEL

The angular sector H, consists of matrices xy1¢r = f(k) and is identified with H,. Put

DX (Z*)~' = VA7 on its natural dense domain. On finite matrices define

(7.11) Gan(z) = A"l + 247" — D*zD — 7D2D*.
Every term is a finite matrix. In particular,
(712) ‘Kﬁn(eij) = (Tﬁi + Tﬁj)eij — T7i7j72€i+1’j+1 - 7,27'£7j61__17j_1.

Theorem 7.3 The positive quadratic form of (7.11) is closable. Its closure is the direct sum
over { € Z of

(7.13) E(f)=01-7) (r—f S IfR+1) = fERP+ (1 —r)7> If(k)|2> :
k k

For ¢ = 0 the second term is omitted, including from the domain condition. For £ # 0 the
domain is Hy, N0*(Z); for £ =0 it is (7.4). Its associated positive self-adjoint operator € acts
sectorwise by

(7.14) (@f)(k) =77 (L 072 f(R) —r =" (f(k + 1) + f(k = 1))

In particular 6o = L as self-adjoint operators, with equality of domains. This is a realization
of the normalized algebraic quantum-plane Casimir: in the conventions of [ , Section
4,

(7.15) Gatg = (1 — T)2N(PyP-).

Here (7.15) means equality of algebraic actions on ordered coordinate monomials, not the as-
sertion that those unbounded monomials belong to the GNS space.

Proof : For a finite matrix in sector ¢, substitution into (7.11) gives (7.14). Multiplying by
wg f (k) and summing gives (7.13). Each form is closed by Fatou’s lemma and coordinatewise
convergence. When £ # 0, its norm is equivalent to || f||z, + || f]l¢z, so finite truncations are a
form core.

For ¢ = 0, the form is exactly (7.4). The core from Proposition 3.1 is a form core. Each
member of that core, constant ¢ after some index, can in turn be approximated by finitely
supported sequences: retain it through a large positive index, then decrease linearly from c
to 0 over J edges. The extra gradient energy is (1 — 7)|c|?/J, and the H,, error tends to
zero by moving this taper to +o0o. Thus finitely supported sequences are a form core also at
¢ = 0. Truncating the angular sum proves that finite matrices are a core of the direct sum form.
Summation by parts against finite matrices gives the stated operator expressions.

The algebraic coordinate relations are ZZ* = 7Z*Z and the coaction is the one in (7.9).
They match the quantum-plane relations of | , Proposition 3.7] under ¢ = r, zthere = Z,
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Uthere = 2. This is a dictionary for the coordinate action; it does not identify two global

quantum-group conventions without a covering qualification. Formula (4.2) of that source gives
(7.16) (PLP_)(Z92™) = == ], [m], 20Dz,

Direct multiplication on the common finite-vector domain, using D = (Z*)~!, gives

(7.17) Cug(Z2™) = —r1 7971 — 19) (1 — 7™z =D zm=1

with value zero if jm = 0. Since [j], = 7177(1 — 77)/(1 — 7), this is (7.15). The positive
realization has already been defined by the closed form, so no self-adjointness of the coordinate
polynomial representation is being assumed. [ ]

Remark 7.4 There is also a coordinate-commutator formula. For any finite matrix , we have

(7.18) E(x) = %w([D,x]*[D,x] + 7[D*, z]*[D*, ]).

To verify it, put G % —py. Direct expansion gives G(z*z) —G(z)*z—2*G(z) = [D, z]*[D, z] +
7[D*, 2]*[D*, z]. Furthermore ¢(G(y)) = 0 for every finite matrix y, as follows immediately from
(7.12). Symmetry then gives (7.18). The full form is its closure; this does not assert that the
two commutators are everywhere defined on bounded operators.

Remark 7.5 At ¢ = 0 the difference expression is limit circle at +oco. Finitely supported
sequences are a form core, not an operator core. The operator core includes tails constant near
400, and the selected boundary condition is

(7.19) (L =7)AL(k) =) wi(Lf)(5), Af(k) =0 (k— +00).

J>k

This is precisely the realization of Proposition 3.1. A formal Casimir calculation alone would
not determine this extension.

7.3.1 Spectrum and a norm-density statement

For p, ¢ € Z set
(720) fp,é(k) _ T|£\k1¢1 (0, 7_|€H~1; T, 7_ermaLx(Z,O)JrlﬁLl)'

Proposition 7.6 For each ¢, the functions fp, are a complete orthogonal eigenfamily for €y,
with eigenvalues TP, p € Z. FEach is a simple eigenvalue in that sector. The full operator €
has these eigenvalues with countably infinite multiplicity; 0 is in its spectrum but is not an
etgenvalue.

Proof : Let s > 1 and put 6 4f 7s+1 The multiplication h(k) ~ r*¥h(k), with a constant
normalization, is a unitary from ¢2(Z, (1 — 6)6%) to H,. A direct calculation conjugates %,
to 777 Lg%, where the two subscripts specify the weight parameter and the base in Section 3.
The forms agree first on finite supports and then by closure. Indeed the tail conductances of
Lg". are proportional to 79k 50 its constant-tail core is approximable in form norm by finite
supports. Moreover ¢_; = 7°%;. Theorem 3.6 gives (7.20), completeness and simplicity. The
same theorem with both parameters equal to 7 treats £ = 0. The remaining assertions follow
from the orthogonal angular decomposition. [ ]
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Lemma 7.7 Any f € dom L vanishes at —oo and has a finite limit at +o00. Moreover

£l ., r
s T aona=nlE

Finite spectral sums of L approximate its constant-tail core in the uniform norm.

(7.21) [flloe <

Proof : For k < 0, the coordinate bound gives | f (k)| < (1—7)~27%/2||f|| g, , which also proves
the limit at —oo. Formula (7.19) and Cauchy-Schwarz give |Af (k)| < 7*TVD/2||Lf| g, /(1 —7).
The sum over k > 0 converges and yields (7.21) by telescoping from f(0). The last assertion
follows from the spectral theorem and convergence of finite spectral sums in graph norm. H

Corollary 7.8 The eigenoperators obtained from (7.20) in all angular sectors linearly span a
norm-dense subspace of K(H) + CPy.

Proof : For £ # 0, form convergence of spectral sums implies convergence in £2(Z) by (7.13),
hence in the operator norm of a single matrix band. This approximates every off-diagonal
matrix unit. For £ = 0, graph convergence and Lemma 7.7 approximate each diagonal matrix
unit and Py. These elements span a dense subspace of the asserted algebra. The eigenoperators
themselves belong to it: in nonzero sectors the coefficients vanish at both ends, and in the radial
sector the coefficients vanish at —oo and tend to 1 at +oo. [ ]

7.4 Actual unitary representations and the spherical transform

Algebraic equivariance is not yet equivariance for the locally compact quantum group. We now
use the representations of Woronowicz, in Pal’s conventions | , Section 3, especially (3.4)].
For p € Z there is an irreducible unitary corepresentation u(?) on ¢%(Z) with

(7.22) ufﬁ)) =0 pirab(n),  fea(2) = / F.(r’zu)u™*dm(u),
T
where
1+ 7hz
(7.23) Fo(z2)=]] T
h0

on C,., with its continuous values at the removable exceptional points. These coefficients belong
to ANny,. There are also half-integral families, with right-torus weights 2b + 1; they have no

(u (p)) — 42by, (p)

fixed column and are not needed on the plane. For the integral family, R; and

Li(u (p)> 2y, l(lz;}).
Lemma 7.9 Put F,( def Jr Fr u~*dm(u) for integers a,s. Then

( 1)a,rsa

(7.24) Fal) =~

1¢1( aT7TS) (a>0)7

and, forb>1

psb+b(b—1)

(7.25) F_y(s) = 1)

————101(0; 7T, o).

The formulas hold also when s < 0.
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Proof : For s > 0, expand the numerator of (7.23) by Euler’s identity (z;7)s =
(—1)nrmn=D/2

> >0 B Co el [ , (17.5.1)] and its denominator by the g-binomial theorem
in the form - = anoﬁv lz] < 1] , (17.5.4)], see also | , Section 1.3]
and | , (1.6) and (1.7)]. Both expansions are absolutely convergent on the unit circle.

Collecting the coefficient of u® gives (7.24) and (7.25). For completeness, the continuation
to integral s < 0 is not a formal use of a divergent Laurent expansion. Introduce the entire
symmetric kernel

— 1) =1)/2 (73 .
(7.26) Sw,2) = 3 ET T e 5 7)oy (05057, 2).
2 GEF
It is symmetric in w, z: expanding the infinite product by Euler’s identity | , (17.5.1))
gives an absolutely locally uniformly convergent double series symmetric in its two indices.
This is also [ , Proposition 2.1]. For n > 1, the first n terms vanish at w = 717", giving
(7.27) E(riTm2) = (—1)"7"(”_1)/22”5(7”“,T”z).

Both formulas of the lemma are equivalently F,(s) = (—=1)%r%¢Z(7%! 7%)/(7;7)s. On the
other hand, cancellation in the product gives, for any integral s < 0,

(7.28) Fo(rfu) = u* ' F.(r? %), Fu(s) = Fu_sy1(2 — 5).

The product identity holds off the exceptional points and extends there by continuity. To check
the same reflection for the expression in Z, put n def g s, use symmetry, and then (7.27).
The resulting factor is (—1)*+7r(+1(e+7) and the remaining kernel is Z(7¢+"+1 77+1), This
is precisely the expression for F,_411(2 — s), where 2 — s > 0. Finally (7.27) with n = b gives
(7.25). Thus all lattice radii are covered. [ |

Theorem 7.10 The right-fized coefficients u(p) belong to P, are eigenvectors of € with eigen-
value TP, and are nonzero multiples of the eigenoperators in Proposition 7.6. More precisely, in
sector £ = —a their scalar coefficient is Fo(p + 1+ k). In particular

(7.29) uP) = F(A), F,(r%) = 161(0; 757, 7P FL(0) = 1,

where F, vanishes at infinity and |F,| < 1 on X = {0} UrZ. The span of ufl%), a,p € 7, is
norm dense in P and dense in its GNS space. Their coproducts satisfy

(7.30) =Y uB oul).
beZ

The GNS spectrum of € is therefore the spherical Plancherel spectrum of these genuine quantum-
group representations.

Proof : In (7.22), take b = 0. Since fyi1,4(r*2) = 2°F,(p + 1 + k), the coefficient u(p)
lies in sector —a under ©~1 and has the stated scalar entries. For a > 0 (7.24) makes it
(=1)ar®Dae(r; ) =1f, . For a = —b < 0, (7.25) makes it r*®*b)(r; 7)1 f,,. Proposition
7.6 now proves the elgenvalue and completeness assertions; Corollary 7.8 proves norm density.
Equation (7.29) is the case a = 0. The value at 0 follows from the power series, and the
bound follows because it is a coefficient of a unitary corepresentation. Equation (7.30) is the
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corepresentation identity, with the sum understood in the usual weak/strict coefficient sense.
As a normalization check, Pal’s orthogonality gives

(7.31) a3, = (1= 7)r2@P B3, = (1 —1)r .

Remark 7.11 The Fourier-coefficient calculation is the step which connects the analytic clo-
sure to the integrated quantum-group action. An equality of formal ¢-difference expressions or
of sets of eigenvalues would not establish (7.30) for the analytic eigenoperators.

7.5 The radial heat process and its entrance law

We write T; = e~ *F and regard X = {0}U77 as a locally compact space. The point 0 corresponds
to k — 400, whereas spatial infinity corresponds to k — —oo. Thus Co(X) consists of sequences
vanishing at —oo and converging at +oo.

Proposition 7.12 The operator L generates a conservative normal Markov semigroup on ¢3°,
which restricts to a strongly continuous positive contraction semigroup on Co(X). There are
probability measures uy on X, with ug = dg, such that

(7.32) uﬁbam@,éﬂmzfﬂ pel.

For every t > 0, u:({0}) = 0, and the transition rows P;(k,-) converge in €}, to ps as k — +oc.
Moreover

(7.33) a4 ) = (k) Gk € Z,t > 0).
Proof : The form (7.4) is a Dirichlet form | , Section 1.4]. The associated minimal
continuous-time chain | , Chapter 2] has rates 7% to each neighbour. Its embedded

jump chain is the recurrent simple symmetric walk on Z. It visits O infinitely often, and the
independent holding times there have exponential rate 2; their sum is infinite almost surely.
The process is therefore nonexplosive and conservative. Finite supports are a form core by
the proof of Theorem 7.3, so this minimal process realizes exactly L, rather than a different
extension at 400.

For a bounded constant-tail core function g, Lg is finitely supported. The stopped Dynkin
formula and nonexplosion give ||T:g — glloo < t||Lg|lco- For t > 0, spectral calculus gives
T;g € dom L, so Lemma 7.7 implies T;g € Co(X). Such core functions are uniformly dense
in Co(X), hence contractivity proves the Feller assertions. The functional at 0 is initially a
subprobability measure by the Riesz theorem.

We check that it has mass one. For the coordinate function a(k) = 7%, the formal Markov
generator — L satisfies (—La)(k) = ¢, = 7+ 71 — 2. Apply Dynkin’s formula up to exit from
a finite interval and then Fatou’s lemma. This yields E[a(X;)] < 7% + c.t. For k > 0, the
probability of X; < —M is at most (1 + c.t)7. Since 1>y € Co(X), with value one at the
origin, its entrance expectation is at least 1 — (1 + ¢.t)7™. Letting M — oo proves mass one.

The eigenfunction identity in Theorem 7.10, first in H,, and then on Cy(X), gives (7.32). As
p — —o00, F,(7%) = Fy(7PT*) — 0 for each fixed k, whereas F,(0) = 1 and |F},| < 1. Dominated
convergence in (7.32) gives p({0}) = 0 for t > 0. For each lattice point its indicator belongs
to Co(X), so Feller continuity gives convergence of individual transition probabilities. As both
the rows and the limit have mass one on Z, Scheffe’s argument gives ¢! convergence.
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Finally, the shift Qf(k) = f(k + 1) satisfies QLQ~! = 77! L. Consequently QT; = Ty /- Q.
Evaluate at the origin, which is fixed by the shift, and iterate to obtain (7.33). [ ]

Remark 7.13 For t > 0 the entrance probabilities have the absolutely convergent formula
(7.34) (k) = 7" Z e gy (0y 7y 7, TPTRTY).
pEZ

Indeed, expand 1y in the eigenbasis using (7.31). The resulting series for 731y, converges

uniformly, since > 7Pe~'™" < 0o and |F,| < 1. Evaluation at the origin gives (7.34). Positivity

is justified by the process above, not by the signs in this spectral sum.

7.6 Covariant completely positive heat dynamics

Let nt = hrm be the Haar idempotent of the torus. It is a state of A, not a normal state of M.
For t > 0, define a normal state of M by

(7.35) wi(z) = w(Ex) = Z,ut(k) / gk (2)dm(z), wo = nr.
kEL T

The expression at t = 0 is used only on A and its multiplier algebra.
Theorem 7.14 The maps
(736) S = (Id ® wt)A|N (t > 0), So = Idy,

form a normal unital completely positive semigroup on N. They preserve ¢|n, commute with
its modular group, and are GNS- and KMS-symmetric. Their GNS implementation is e ¢,
and

(7.37) 58S, = (Id® 8,)8, Sy(F(A)) = (T,F)(A).

The semigroup preserves P and is point-norm continuous there, and it is point-o-weakly con-
tinuous on N. Its action on the actual representation coefficients is

(7.38) Sy(ul)) = et B

The states in (7.35) satisfy ws * wy = wsyt on A and converge weakly to nr at zero. The
corresponding convolutions on the whole group satisfy

(7.39) (Id @ w)A = S,Er, (Id ®wy)A = Ep,

not the identity on A. Thus this is an idempotent-started convolution semigroup, not an ordinary
convolution semigroup starting at the counit.

Proof : Each wy, t > 0, is normal and bi-torus invariant. Therefore the normal unital completely
positive convolution R, = (Id ® w¢)A has range in N and satisfies R, Fr = FrR,, = R.,.
It preserves Haar by its invariance; this is also the general convolution fact in [ , Theorem
2.1], with attention to the opposite convention for left/right names. In particular its GNS
implementation is a contraction.

Using the torus weights and (7.32), wt(ul(jg)) = Spoet". Slice (7.30) by this normal func-
tional. This proves (7.38). The complete orthogonal eigenbasis of Theorem 7.10 implies that
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the GNS implementation is e *¢. Corollary 7.8, together with contractivity, shows directly
that S; preserves P, satisfies the semigroup law there and is point-norm continuous. Normality
and o-weak density extend the semigroup identity to V.

Coassociativity gives (7.37) for ¢ > 0 directly from (7.36), and for ¢ = 0 trivially. The
radial identity follows first on the norm-dense radial spectral span and then normally. The
restriction to P is nondegenerate in the strict sense. Indeed S;(P;) — 1 strongly as j — —oo0,
and the moment bound in Proposition 7.12 gives ||(1—S:(P;))Pol| < (1+c«t)7™7 — 0. Together
with norm convergence after multiplication by compact operators, this gives strict convergence
[ , Chapter 2] on K(H) + CPy and the unital strict multiplier extension. The modular
group is 0¥ (x) = A¥rA~% which multiplies sector ¢ by 7%¢. Hence it commutes with S;.

The GNS implementation is self-adjoint. Put Dy = (1 —7)A. The symmetric embedding

T Dql/j/4mD;/4 differs from the GNS embedding x +— xDj on sector ¢ by the scalar 7¢/4. The
same self-adjoint sector operators therefore implement S; there, giving KMS symmetry.

For clarity, point-o-weak continuity on all of N does not follow merely from norm density of
P in its own norm. Let € B(H) and let @ be a finite-rank coordinate projection containing
the vectors on which a matrix entry is tested. Complete positivity and the Schwarz inequality
bound the entries of S¢(x — QxQ) by constants times square roots of entries of S;(1— Q). Since
S¢(Q) — @Q in norm, these errors tend to zero. Also Qz@ € P and S;(QzQ) — QxQ in norm.
Thus all matrix entries converge; uniform boundedness gives o-weak convergence.

On A, FE takes values in Cy(X), so Proposition 7.12 gives wy — 0oE = nr weakly. Bi-
invariance gives (7.39). Its composition law follows from Fr|y = Idy and the semigroup law
of S;. Applying the bounded counit of A then proves w; * w; = wsiy, including s =0 or ¢ = 0.
Finally nr(py) = 0 for every k, while ), pr = 1 strongly, so nr has no normal extension to M.

|

Proposition 7.15 The semigroup of Theorem 7.14 is the unique covariant completely positive
contraction semigroup on P with the specified radial restriction Ty, where the covariance identity
1s understood with the strict extensions to multiplier algebras. Any normal extension to N is
then unique.

Proof : For a covariant map S put v def €0S. Apply Id® &g to the covariance identity to obtain
S = (Id ® v)d. Covariance also implies commutation with left torus translations. Since g is
left-torus invariant, v = vEy. Hence v is determined by the radial restriction of S. For the
prescribed Ty it is p Ep,, giving exactly (7.36). These slices can be read first in a nondegenerate
multiplier realization, or verified on the coefficient span, which is norm dense by Theorem 7.10.
Normal extensions coincide on the o-weakly dense algebra P. [ |

Remark 7.16 The complete positivity in Theorem 7.14 is established by actual convolution
states, not by a merely formal Lindblad expression. Conversely, after the theorem has been
proved, (7.11) is an explicit infinitesimal expression of Lindblad type | | with the two
unbounded jump operators D and rD*. No general unbounded-Lindblad existence theorem is
needed.

7.7 No Feller lifting to the whole quantum group
For a probability vector u on Z put

(7.40) Flu) &Y Vulk = Dplk).

keZ
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Cauchy-Schwarz gives F(u) < 1. Equality would make /j shift invariant in ¢*(Z), which is
impossible for a unit vector; hence the inequality is strict.

Theorem 7.17 Lett > 0, and let R: A — A be completely positive and contractive. Suppose
its restriction to the radial algebra {F(A) : F € Co(X)} is Ty, under the canonical identification.
Then

(7.41) |R(wPy) — vPy|| =1 — Flu) > 0.

Consequently, for any family (R;)i>o with these radial restrictions,

def

(7.42) |Res (0Po) —vPo]l > 8- 1= F(u) >0 (5 > 0).

There is no such family point-norm converging to the identity on A. No semigroup law, co-
variance, Haar invariance or normal extension is assumed in this assertion. In particular the
prescribed radial heat semigroup is not the restriction of an ordinary weakly continuous convo-
lution semigroup of states starting at the counit.

Proof : Let R(x) = V{*II(x)V; be a Stinespring representation | , Theorem 4.1] with
V1] < 1, and put &; def Vi(e; ® 1). For py def exr ® 1, the radial hypothesis gives

(7.43) | (pr)& || = Pi(i, k), Zpt ik) = 1.

Therefore ||&]] =1 and & = >, II(px)& in norm, even if IT has an additional quotient compo-

nent on which every py vanishes. Since vPypr = pr—1vPopr and |[vFy|| = 1,
(7.44)  [(R(wPo)(e; ®1),e; @ 1)| < > V/Pelisk = 1)Pi(j, k) < Y /Pili k — 1) Py(j, k).
k>0 keZ

The sums follow by approximating the two Stinespring vectors by finite sums of their orthogonal
components, not by assuming vP, is a norm sum of matrix units. Take i = j — 1 and let
j — 400. By Proposition 7.12 the two probability vectors converge in ¢! to y;. The inequality
vV — /B3 < |l — B|l1 shows that the last expression tends to F(u;). The corresponding
coefficient of vPy equals one. This proves (7.41). Scaling (7.33) leaves the affinity unchanged
and proves (7.42).

Ordinary weakly continuous convolution semigroups starting at the counit yield point-norm

continuous convolution semigroups on Cp; see | , Theorem 3.2]. Applying the preceding
obstruction excludes them. This does not exclude the idempotent-started family in Theorem
7.14, whose value at zero on A is ER. [ |

7.8 A sharp covariance threshold for Taibleson energies

This section concerns the precise class relevant to the manuscript: normal unital, Haar-weight-
preserving covariant semigroups on N whose restrictions to P are point-norm continuous and
covariant in the multiplier-algebra sense (with strict extensions of the completely positive maps).
These are the hypotheses used for the counit-slicing argument. Equivalence of radial forms is
always with the canonical radial identification, not after an arbitrary Hilbert-space unitary.

Lemma 7.18 There is a constant C, > 1 such that

(7.45) 0<1—-Fy(z) < Crmax(1,7?)(1 — Fy(z)) (reX,peZ).
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Proof : The functions are real and |F,| < 1. We first show Fy(7%) < 1 for every finite k.
By Lemma 7.9, it is the average of the continuous unit-modulus function u + F,.(r*+1u).
This function is not constant. For positive integral s, the product (—r*u=1;7)/(—7%u; T) oo
extends analytically through the unit circle and has infinitely many zeros approaching 0 in the
punctured disk, with no denominator zeros there; it cannot be a constant or a monomial. For
nonpositive s, (7.28) reduces nonconstancy to this fact. An average of a nonconstant continuous
unit-modulus function cannot have modulus one.

At +oo, the power series gives 1 — Fy(7%) = (i%;z + O(T%%). At —o0, Fy(t%) — 0.
Strict positivity at the remaining finitely many sites yields constants ¢,C > 0 with
cmin(1,7%) < 1 — Fo(r*) < Cmin(1,7%) for all k. Now use F,(7%) = Fy(r**P) and
min(1, 7%4?) < max (1, 77) min(1,7%). At the origin both sides vanish. [ |

Proposition 7.19 For every semigroup in the class specified above there are finite numbers
U(p) >0, p € Z, such that

(7.46) Sy(ulP)) = e Y@y P y(p) < C; max(1, 77)T(0).

Proof : Put vy = £0S;. As in Proposition 7.15, covariance implies S; = (Id®w; )0 and v, = v, Ey,.
Hence St(u,(l%)) = z/t(Fp(A))u,(l%). The scalars are real, have modulus at most one, are continuous
in t, equal one at zero and multiply under composition. They are therefore e *¥(®) for finite
U(p) = 0. The radial restriction of 14 is a positive measure m; of mass at most one on X.
Integrating (7.45) and adding the missing mass (the coefficient on the right is at least one)
gives

1—e®) < ¢ max(1,7P)(1 — e (O,

Divide by ¢ and let t — 0%. This argument does not need a priori conservation at the origin.
Haar preservation ensures that the scalar action is also the symmetric GNS spectral action,
since the columns are a complete orthogonal family. ]

Theorem 7.20 Let K be a local field with residue cardinality Q, let d > 1, and suppose T =
Q~¢. There exists a semigroup in the above class whose radial generator has a closed form
equivalent to that of the whole-space radial Taibleson operator D 4 if and only if 0 < o < d.

For 0 < a < d, one may take the Bochner subordinate of Theorem 7.1/ with generator €*/1.
With s = «/d, its radial form satisfies the explicit comparison

(7.47) (14 7)72E0(f) < Epe(f) < (1= 7)€L (f).

For s > 1, the radial operator L® cannot generate a conservative Feller Markov semigroup on

Co(X).

Proof : For s = § <1, A = A\* is a Bernstein function. Subordination [ , Chapters 5
and 12] preserves normal complete positivity, Haar invariance, covariance, the two symmetries
and point-norm continuity on P. Its radial generator is L®. The equivalence with Taibleson
is Theorem 4.6, with ¥ = d, since o < d < 3d. The sharper displayed constants follow from
the optimal comparison at order d in Theorem 4.2 by the operator-monotonicity of x +— x*
for 0 < s < 1, and the identity D%, = (D<,)*. The operator monotonicity of z + z° is
the Lowner—Heinz inequality [ , Theorem V.1.9]. Its proof through the representation
A = % fooo t5~IX(\ +t) "1 dt applies verbatim to nonnegative self-adjoint operators ordered
in the sense of closed quadratic forms, since this order is equivalent to the reverse order of the
resolvents [ , Theorem VI.2.21].
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Conversely, the finite exponents in (7.46) imply that every F, belongs to the radial form

domain. If o > 3d, this contradicts Theorem 4.6(3). Suppose d < a < 3d and put s of 9>

1. Then F, has finite, nonzero Taibleson energy. Writing F,(k) for F,(7*) in the following
calculation, the dilation covariance of D¢ ,, together with Fj,(k) = Fy(k + p), yields

Epa(Fp) _ pe€pa(Fo)
32— 7 7 -
1517, 1FollF,,

Equivalence of forms forces U(p) > ¢7P* for all p. Proposition 7.19 gives ¥(p) < C7P for p < 0,
which is impossible as p — —oo when s > 1.

For the last assertion, a conservative Feller Markov realization of e™** would have an origin
probability measure with moments e *™" against F,. The proof of Proposition 7.19, using
these measures and Lemma 7.18, gives 77% < C. max(1,7?), the same contradiction. This last
conclusion is about the Markov/Feller property, not merely Hilbert-space self-adjointness. ®

tL*®

8 Contraction of quantum Casimir dynamics

8.1 Framework and scope

2

Fix 0 < r <1 and put 7 def 2, Throughout, scalar products are linear in the first variable.

We use the compact realization from | , Section 5] and the quantum-plane realization of
Theorem 7.1:
(8.1) Hy =13, H={; P.=K(Hy)+Cl, P.=K(H)+CP,

where P, =) k>a Gk and Py has infinite rank and infinite corank. The von Neumann closures
are B(H,) and B(H). Their invariant state and weight are

(8.2) he(z) = (1 —7) ZkaEkk, Y(x)=(1-1) Zkakk, wy, = (1— T)Tk'

k>0 keZ

Expressions involving the weight are interpreted in the extended positive sense. Write
H. = L*(B(Hy),h:) and H. = L*B(H),v), represented by weighted matrices, with
||35||§¢ =ik w| T[>

The compact Casimir %, is normalized by

(8.3) Caly = Auly, A =7l(1—HA -7, 124, Ljez

The compact quantum Markov semigroup with this GNS implementation is denoted by Sf. Its
existence, normal extension, covariance and Feller property are the input from | , Section
7.3]. The letter £ below denotes a matriz-band index, rather than an a priori representation
label.

On the plane, a band zy4¢ 1 = f(k) identifies with H,, = ¢*>(Z,w). We use the particular
self-adjoint realization %, of Theorem 7.3, whose band forms and expressions are

(8.4) Eerlf)=(1—1) (N SIf+1) = fRIP+ (1 -7 |f(k:>2) :
k k
(85)  (Geuf) k) =7 F((L+7)f(k) =~ flk+1)—r " f(k—1)).
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At ¢ = 0 the second term in (8.4) is omitted from both the value and the domain condition. At
¢ # 0 the domain is H,, N¢*(Z). Finite matrices are a form core; they are not an operator core
in the radial band. The latter uses the zero-flux condition at 4+oc specified in Proposition 3.1.
In particular, 6.0 = L°.

We also use Proposition 7.6, Proposition 7.12 and Theorem 7.14. The band eigenfunctions
are

(8.6) Foe(k) = rlfk (0 714D, 7 ppFmax(E0) kA1) =) o 7,

with simple eigenvalues 77 in each band. Their associated eigenoperators X, , span a norm-
dense subspace of P.. There is a normal, invariant-weight-preserving, covariant quantum
Markov semigroup S§ whose GNS implementation is e~t%and it restricts to a strongly contin-
uous semigroup on P.. These inputs are not claimed as new results here. The construction of
the plane Casimir and its relation to actual representation coefficients have to be distinguished
from the classical special-function identities; see also | ,

The proofs in Sections 8.2-8.6 establish the analytic and pI‘Obablhbth contraction without
invoking convergence of quantum-group coproducts. Section 8.7 then adds compatibility with
those coproducts, using the published C*-contraction theorem of Woronowicz in its explicit
real-parameter formulation in | , Theorem 6.6]. This last input is isolated, not presented
as a new proof of quantum-group contraction.

8.2 Expanding corners and the invariant weights

For N > 0 define Jy : Hy — H by Jyer = ex—n, and put

def def def
(8.7) Qn = Py =JInJy, on(2) = Inady, pn(z) = Jyadn.
Proposition 8.1 The map vy is a x-isomorphism from P, onto QnP.Qn. Its value at the
compact unit is Qn. The corners increase with norm-dense union in P., and Qn — 1 strictly
in M(P.). Moreover

(8.8) (v (@) =7 Nhe(z) (2>0),
Consequently
(8.9) InAe(z) = 2N (n (@)

defines an isometry from H. to H.. Its range projection Ry is the weighted-matrixz compression
& QnEQN, and Ry — I strongly.

Proof : The projection Qn — Py is finite rank. Thus QnP.Qn = K(QnH) + CQn = en(Pe).
This also shows that the corners increase. They eventually contain each finite matrix and
contain Py for every IV, which proves norm density. Multiplication by Q) converges in norm
on compact operators, and Qn Py = PoQn = Py; hence QQn is a strict approximate identity.
Formula (8.8) follows by setting k = 7 — N in (8.2). It implies the isometry assertion. In
weighted matrix coordinates, Jn translates both indices by —/N and multiplies coefficients by
7N/2 50 its range projection is Ry. Finite matrices give the asserted strong convergence. W

The same formula holds for the symmetric embeddings. Indeed, if D, = (1 —7) diag(7*)x>0
and D, = (1 — 7) diag(7*)xez, then

N/2 ok 1 11
T2Ddin(x)Dé = In(DéxDE)Jy.

Thus the isometries are literal corner embeddings in the Hilbert—Schmidt standard forms. They
preserve positive cones. A C*-embedding, a GNS isometry and a state-preserving map are
nevertheless different objects: the factor in (8.8) cannot be discarded.
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8.3 The compact Casimir in every angular band

Put k, % max (0, —¢). The compact band ¢ is formed by the matrices xp4or = f(k) with
k > ky. For these indices set

coi = /(1= 7)(1 — 74+0),

(8.10)
ver =1+ 7t (1+ T)Tk — T_Z(C[7k+1 +co k)

In particular ¢, 5, = 0.

Theorem 8.2 (Angular Jacobi expression) The compact Casimir (8.3) has the band ex-
pression

(Cof) (k)= (rF 1 +77) = (1 +7)) f(k)

8.11
(8.11) R (e k1) + conf(k— 1)),

The term at k — 1 is zero at the left endpoint. Its closed form is

(8.12) Ee(f) =0 —=7)[r* Z corr1|AF(R)? + Z verl F(R)? |

k>k, k>k,

on the mazimal finite-energy domain in (*({k > ke¢},w). Finite supports are a form core.
Furthermore

(8.13) v = (=172

with v = 0. Thus the nonzero-band form domains are precisely the counting-measure £* spaces
on the corresponding half-lines.

Proof : We first identify the representation-theoretic operator and then its closure. Let s > 0.
In the concrete compact model, b*y belongs to the sphere and its scalar matrix in the sphere
realization raises the index with coefficient r*v/1 — 781, Hence (b*7)*, up to a nonzero scalar
independent of k, has coefficient

(8.14) gs(k) = rF\[(TF+1 1), k> 0.

Here (a;7)s = Hj;é(l — a77), including the empty product at s = 0.

The m + 1 linearly independent elements (b*y)*AZ, 0 < j < m, are right-torus fixed, have
left weight —2s and have polynomial degree at most 2(s + m). The Peter-Weyl polynomial
filtration and torus weights in [ , Section 5.3] show that they span exactly the coefficients
with fixed column, left label s and spins s, s + 1,...,s + m. Orthogonality therefore identifies
the spin s + m coefficient with g, times the polynomial of degree m orthogonal for the weights

wygs(k)?. These weights are proportional to

s+1.

(5.15) va(k) = et OR T 5Tk
(73 7)k

Polynomials in 7% are dense for this finite measure, and gs(k) > 0, so the resulting family is

complete in the band.
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For completeness the needed polynomial difference calculation is explicit. On polynomials
let

(Lh) (k) = By(k)(h(k) — h(k + 1)) + Dy(k)(h(k) — h(k — 1)),

(8.16) By(k) = 75 *(1 — r+6+1) D (k) = 7R (1 — %),

The ratio vs(k+1)/vs(k) proves detailed balance. Summation by parts has vanishing boundary
terms on polynomials. Substitution of h(k) = 7™ proves triangularity with leading coefficient

Asm =7 (1 —7™)(1 — g2ty
Consequently its orthogonal polynomial of degree m is an eigenfunction. Since
(817) As+m - As = T_S)\S,ma

the compact Casimir on the polynomial band is M,_(As + T_SLS)MQ_SI. The ratio

gs(k+1) |1 —rktstl
QS(k) - 1 —7h+l

gives (8.11) for ¢ = s. The negative band —s follows by taking adjoints and replacing k by
k — s. This operation changes the Hilbert norm by the fixed scalar r® and intertwines the two
compact Casimirs. L

Multiplying (8.11) by wy f (k) and summing gives (8.12) for finite supports. The elementary

inequality /(1 —u)(1 —v) <1 — (u+ v)/2 gives the more precise bound

—t 4 0
v = (1 =192+ (14 7)7F (T;—T — 1) ,

proving (8.13). All coefficients in the form are bounded for fixed ¢, and the potential has a
positive lower bound when ¢ # 0. In that case the form norm is equivalent to the counting
£ norm, which proves closedness and the finite-support core property. At ¢ = 0 the form is
(1=7)> 501 — DA f(K)[2. Tts conductances are bounded above and below by positive
constants. Truncating a finite-energy sequence and retaining its last value on the remaining
tail approximates it in form norm. A constant tail can then be tapered to zero over J edges
at energy cost at most (1 — 7)|c[?/J, after moving the taper sufficiently far out to make its
weighted Hilbert norm small. This proves the same core assertion. Closedness follows either
directly by Fatou or from the gradient realization.

Finally each polynomial eigenvector g;p,, has finite energy: for s > 0 it decays geometrically,
and for s = 0 its differences are O(7*). The finite-support summation-by-parts identity and
the form-core property give the weak eigenvalue identity on the entire form domain. Thus
these vectors belong to the associated operator domain with the desired eigenvalues. Their
completeness identifies that self-adjoint operator with (8.3). This proves equality of the closed
realizations, not merely of their formal expressions. [ ]

Corollary 8.3 (Oscillator expression) On H, put d.ey def VT=F —lep_1, with d.eg = 0,
and ho = A7' — Y. On finite matrices,

(8.18) C.(x) = hox + xho — dixd, — Td.xd).

Moreover, e JIndcJy converges on every finite-support vector in H to D = VA~2. The latter
s the jump operator of the plane expression.
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Proof : One has d:d. = A;! — 1 and 7d.d = A — 7. Matrix multiplication gives (8.11).
After translation the coefficient of the lowering shift is v7=% — 7V for k& > —N, with zero
coefficient at —N. It converges to 7% at every fixed k. The complete positivity of the compact
semigroup is an input already proved by convolution states; it is not deduced here from this
formal expression with unbounded operators. [ |

8.4 Bounded band defects, resolvents and Mosco convergence
Define the nonnegative self-adjoint operator on H,
(8.19) Ay =N INCTN ®O0piy,-

Its band restriction is denoted by Aye. On H, let Uf(k) = rf(k + 1). This is a bilateral
unitary. The zero-extended band at IV = 0 will be denoted by A ,.

Theorem 8.4 (A bounded defect in each band) For every fized ¢ € Z there is a bounded
self-adjoint operator By on H,, such that

(8.20) AN7g = (5673 + TNUNB@UiN, dom AN7g = dOm%@g.
One may take By = Ao — 6.0 on finite supports and || Be| < My, where
My = max{1 47, (1 +7 7=k}

8.21
(8:21) + 27 max{r7* 1 + 7.

In particular, for X >0 and t > 0, we have
(8.22) [(Ane+X) " = (e + M) < A2Mr™,
(8.23) |e~tANe — et || < tMTN.

Proof : Pass from weighted sequences to the counting orthonormal basis by f(k) — J/wg f(k).
The diagonal of Ag ¢ — % is —(1+7) for k > ke, and —(1+7%)77F for k < ky. Its supremum
in modulus is bounded by the first term in (8.21). The entry joining k and k + 1 is

b (k‘) _ ’I”_Z_IT_k(l — Cg,k_;,_l), k> ky,
‘ p =1k, k< k.

Using 1 — /(1 —u)(1 —v) < u + v bounds the first case by 71=*(1 + 7°) and the second by
r!=tr=k¢ The tridiagonal Schur bound proves boundedness with (8.21). These calculations
include the edge crossing the artificial left endpoint.

Finite supports are a form core for both operators: for Ay, combine the compact form
core with finite supports in its zero summand; for €., use (8.4). On this common form core
the two energies differ by (Byf, f), so their form norms, after adding (1 + ||Be||)||f||?, are
equivalent. Their completions therefore have the same form domain, and polarization extends
the bounded difference identity to that domain. The representation theorem for closed semi-
bounded forms | , Theorem VI.2.1] now gives Ay ¢ = . ¢ + Be with equality of operator
domains. This argument does not use finite supports as an operator core. The dilation identity
U _1‘56,4U = 7%, follows directly from the closed form. Translation of the compact corner now
gives (8.20). The resolvent identity proves (8.22). The bounded-perturbation Duhamel formula
[ , Corollary II1.1.7], with both heat semigroups contractive, proves (8.23). [ |

In particular the test bands £ = 1 and £ = —1 contract to exactly (8.5), without a change of
Casimir normalization. The bounds are not uniform over all angular momenta. That distinction
is necessary, as Proposition 8.7 below shows.
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Theorem 8.5 (Full Hilbert-space and form contraction) The operators Ax converge to
%, in the strong resolvent sense. Their closed forms

(8.24) an (&) = TVE(TNE)

(with zero energy on RyH.) converge to E. in the sense of Mosco [ |. The same is true for
the lower semicontinuous extended-valued forms qn defined by qn(€) = qn(§) when £ € RyHe
and gy (§) = +oo otherwise. Their effective domains need not be dense in the ambient Hilbert
space. Both versions also converge after tensoring with any finite-dimensional matriz Hilbert—
Schmidt space. Finally

(8.25) e AN — et
uniformly for t in every compact subset of [0,00), for each & € H..

Proof : The resolvent and heat claims follow immediately from Theorem 8.4 on any finite collec-
tion of bands. Orthogonal band truncations and the uniform bounds A~! and 1 for the relevant
resolvents and semigroups then prove the full assertions, including uniformity in compact time
intervals.

Here is also a direct proof of Mosco convergence, which verifies the boundary realization
independently. In band ¢, set ay = k¢ — N and, for k > ay,

Céf}i) = \/(1 — TN+E)(1 — 7 N+E+8)] véfz) =147 A +7)rNtk— rfe(cg\,grl + cg\;)).

Substituting (8.9) into (8.12) gives

(8.26) ave(f) =@ =7) [ 7703 L IArwP+ Y o1k

’CZGN kZCLN

The coordinates below a make no contribution. All summands are nonnegative, and for fixed
¢,k their coefficients tend respectively to 7—¢ and (1 —r=%)2. If &y — € in H,, every fixed
matrix entry converges. Retain an arbitrary finite collection of summands in (8.26), pass to the
limit and then take the supremum over finite collections. This gives

Ee(€) < liminf gn (€n)-

For the upper bound, finite matrices are a form core for .. For any fixed such matrix F', one
has Ry F = F eventually and gy (F) — E.(F). Approximate a finite-energy £ in form norm by
finite matrices F,, and choose an increasing sequence of cutoffs in N so that the error |gn (F,)—
Ec(Fy,)| is small and Ry F,,, = F,,, before advancing to F,4+1. This diagonal choice is a strong
recovery sequence. For infinite-energy £ the recovery upper bound is automatic. The argument
applies unchanged to the +o0o version; its recovery sequences lie in the appropriate corners. It
also applies entrywise to any fixed finite matrix amplification. Recall that Mosco convergence

is equivalent to strong resolvent convergence [ , Theorem 2.4.1 and Corollary 2.6.1], see
also | ]. The argument above proves the two Mosco conditions directly, for both choices of
the transported extended-valued form. [ ]

Remark 8.6 (Zero extension is not Markovian) The matrix-level statement refers to the
genuine completely Dirichlet forms on the varying corners, or to the preceding quadratic-form
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convergence after matrix amplification. It does not say that qx with zero energy on the orthog-
onal complement is a Dirichlet form for the fixed full algebra. In fact it generally is not. At the
algebraic level its heat implementation would act as S¢y, on QnxQN and as the identity on
the other three matrix blocks. Choose ¢ > —N and j < —N, and apply it to (e; +¢;)(e; +¢;)*.
The principal two-by-two matrix at 7, j is

(szvt(i + N,i+N) 1)
1 1)

For t > 0 the return probability in the upper left entry is strictly less than one, so the determi-
nant is negative. Thus the zero-extended Hilbert heat operator is not a positive algebra map.
The completely positive comparison maps will instead be the compressed maps of Section 8.5.

Proposition 8.7 (Failure of global norm convergence) For every N >0, t > 0 and A >

0,
(8.27) le 4% — et =1,
(3.28) I(Aw + 07" = (% 4+ 271 = A~

The same equalities hold with the first operators replaced, respectively, by the compressed oper-
ators jNe_”N(gCJK, and In(A+TNE.) " T%. On any fized finite collection of bands, however,
the zero-extended operators satisfy the norm bounds (8.22)—(8.23).

1
; 2 €ij belongs to

Proof : Fix j = —N — 1 and let ¢ — 4+00. The normalized matrix unit §; = w
RxH,. and to band £ =i — j. From (8.4), in form order,

Cep = (1- Tie)QMT—k.

The order-reversing property of the resolvent, equivalently its variational characterization, gives

1

—1gs ¢
0< <()\ +Cge) gzv£2> < A\ + (1 _ T—E)QT—j

— 0.

Since the resolvent is bounded by A7!, its value at & tends to zero in norm. Also e 2" <
CoaA+u)™t for u > 0, so [le7?&]| — 0. On these vectors e 4~ is the identity and
(A+An)~tis A1 times the identity. This proves the lower bounds in (8.27)—(8.28). The upper
bounds follow because the differences are differences of positive operators in [0, I] or [0, A711].

For the compressed operators, the compact spectrum (8.3), with finite multiplicities 21 + 1
and A; — oo, makes both operators compact. By contrast 4. has eigenvalues 77 of infinite
multiplicity, with 77 — 0 as p — 400. The essential norms of its heat operator and resolvent
are therefore 1 and A~!. Distance to a compact operator is at least the essential norm. The
same upper bounds prove equality. [ ]

8.5 Contraction of spherical eigenoperators and completely positive
maps
We now pass from Hilbert convergence to the norm topology of the quantum homogeneous

spaces. This passage is not a consequence of strong resolvent convergence alone.
For m, s > 0 write the little Jacobi polynomial explicitly as

(Tﬁm; T)a(7m+2s+1; 7_)
(T 7)a(T37)a

“(rx)"

(8:29) P (575,75 7) = )

a=0
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It is the degree-m eigenpolynomial in (8.16), normalized to be one at zero. One can verify this
directly by equating coefficients in that equation; orthogonality and uniqueness follow from its
detailed balance and triangularity.

Theorem 8.8 (Norm convergence of nonradial spherical coefficients) Fiz p € Z and
$>20. For N > max(0,p + s) set

(8.30) FN) (k) = {TSk\/WPN—p—s(TNM;T‘Q,T‘G;T), k> -N,
0,

P8 k< —N.

This is the band coefficient of an operator Xr(,f\s[) € 1y (P.) belonging to the compact spin N — p.
It satisfies
(8.31) AnFN) = Ay FY

p,s ANp = ™(1 - TN?p)(l - TN7p+1)~

Then F,ﬁfﬁ) — fp,s both in H,, and uniformly on Z. In particular X},ff) — X, s in operator
norm. The analogous assertions for negative bands follow by adjoints. The normalized rank-
one spectral projections converge in norm in each fized band.

Proof : The formula in Theorem 8.2 identifies the compact eigenfunction as gsp,,. Translating
and multiplying by an overall nonzero scalar gives (8.30); then (8.31) follows from (8.3).
Set m = N — p — s. In each term of (8.29) use

a—1

(Tﬁm; T)a _ (71)a7_7ma+a(a71)/2 H(l _ 7_mfb).
b=0
For fixed k, the absolute value of the a-th summand in the translated polynomial is bounded,
uniformly in N, by

Ta(p+s+k+1)+a(a—1)/2
(757 7)o (T3 T) o

The majorant is summable. Each fixed coefficient converges to its 1¢; counterpart, and the
square-root product in (8.30) converges to one. Dominated convergence proves pointwise con-
vergence to (8.6).

To upgrade it to Hilbert convergence, choose an interval enclosing 77 and no other point
of 72U {0}. For sufficiently large N the only eigenvalue of Ay s in this interval is Ay ,, of
multiplicity one. This follows directly from monotonicity of A; and (8.31). The norm-resolvent
convergence of Theorem 8.4 gives norm convergence of the corresponding projections to the
projection onto Cf, ;. Apply the projections to f, s and normalize to get unit vectors gy —

(8.32)

Ip.s/| fp.sll- Each Fég) is a scalar multiple of gn. Evaluation at a fixed coordinate where fp s is
nonzero, together with pointwise convergence, proves convergence of this scalar to || f s||. Thus
the claimed H,, convergence, and in partlcular uniform boundedness of the H,, norms, follows.

For k — —oo the bound |F(J§)(k)| < wy 5 ||F )HH makes the negative tails uniformly
small. For k — +oo, (8.32) gives |Fps)( k)| < Cpsrr®® when s > 0. When s = 0, its zeroth
term is one and its remaining terms give \F( )( k) — 1] < Cp,7* for all sufficiently large k,
uniformly in N. The same estimates hold for the limit. Pointwise convergence on the ﬁnlte
remaining interval proves uniform convergence.

For s > 0 the adjoint of a band-s matrix has band-(—s) coefficients shifted by s: specifically
fps(k—s)= 7“_32fp)_3(k:). Thus 7% (X},f}’))* converges to X, _s in both relevant norms, with
the same eigenvalue. This also fixes the sign convention for the negative bands. [ ]
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Theorem 8.9 (Point-norm quantum Markov contraction) For xz € P, and t > 0 define

(8.33) SN (@) = un (Sny(pn(2))) -

These are completely positive contractions; their value at t = 0 is x — QnzQN. For every
x € P, and T < oo,
(8.34) sup [|S)(2) — S¢ ()] — 0.

0<t<T
The same assertion holds after every fixed finite matriz amplification. The normal extensions
converge point-o-weakly on B(H), also locally uniformly in time. On their corners the semi-
groups preserve ¥, are symmetric for its GNS and KMS realizations, and commute with its
modular group.

Proof : Compression, Sf and ¢y are completely positive contractions. The identity pyeny = id
gives the composition law for (8.33), including its compression value at zero. Formula (8.8)
proves invariant-weight preservation on the corner. The GNS implementation of (8.33) is exactly
J, Ne_”mgc Jy: the two factors 7% and 7~ % cancel. The modular group is diagonal on matrix
bands, so the same bandwise implementation holds for the symmetric embedding and commutes
with the modular group.

For a limiting eigenoperator X = X, ¢ choose Xy from Theorem 8.8. Both the compact
and plane semigroups act on these operators with the respective eigenvalues Ay, and 7P.
Contractivity gives

(N
sup | ™ X — SE X < 20Xy — X[+ TAw, — 77X = 0.
<T
The norm density of their span in P, proves (8.34). Finite matrices over P, are handled
entrywise; complete contractivity supplies the needed uniform operator bounds.
For the normal statement, let F),, increase through finite coordinate projections to 1. Fix two
vector test states. By Stinespring and Cauchy—Schwarz, the matrix entries of SﬁN) (x—FnzFy)

are bounded by 2||z|| times suitable square roots of entries of §t(N)(1 —F,,). Here ng)(l) =Qn
For fixed m, (8.34) applies to F,, and F,,zF,,. The limiting semigroup is normal and unital,
so S¢(Fyn) T 1 strongly. The relevant scalar functions are continuous in ¢; monotonicity in m
and compactness of [0,7] make this convergence uniform in ¢. First choose m and then let
N — oo. The matrix entries converge uniformly in time. Uniform boundedness and finite-rank
approximation of trace-class test operators give point-o-weak convergence. |

Theorem 8.9 concerns the full noncommutative quotient, not merely radial functions. In par-
ticular it applies to Py as well as to all off-diagonal matrix units. It does not assert convergence
in completely bounded norm, or uniform convergence over the unit ball of P.. In fact conver-
gence over that unit ball is impossible for these compressed maps. For j < —IV, gt(N)(ejj) =0,

—2tr 7

whereas the probability of no radial jump gives (S5 (e;;));; = e . Letting j — —oo yields

||§t(N) — S¢llBep.y = 1, and hence also excludes completely bounded norm convergence.

8.6 A quantitative contraction of entrance laws

Let pf be the entrance law at the accumulation point for the compact radial heat process,
and uy the corresponding plane law. For ¢ > 0, both have no atom at that point. Define a
probability vector on Z by

MS—Nt(N+k)7 k 2 —N,

(8.35) (k) = {0 N

46



Theorem 8.10 (Total-variation estimate) For every N >0 and t > 0,

(8.36) lpene = w5l <2 (1 - e—<1+T)TNt) <201+ )N

Thus convergence is uniform on 0 < t < T for each finite T. At t = 0 both measures are
interpreted as the Dirac mass at the common accumulation point, rather than as probability
vectors on Z.

Proof : The plane chain has rates q(k, k £ 1) = 77%. After translating the compact chain and
changing time, its rates for £ > — N are

(837) QN(k,k+1) :Tik 7TN+17 QN(‘ZQk* 1) :Tik *TN.

The second one is zero at k = —N. Complete this process to all of Z by making the points
below —N absorbing.

Both minimal chains are conservative. For the plane this follows from recurrence of the
symmetric embedded walk and the holding times at a fixed site. For the compact embedded
walk, its scale ratios telescope:

Hqckk—l) ﬁ 1—7F 1-7
(k,k+1) 2L 1—7kHl 1 —pmil”

The associated scale sum diverges, so the walk hits zero almost surely and returns there indef-
initely. Its independent positive holding times there have divergent sum. This proves nonex-
plosion. The form-core statements ensure that the minimal chains are the specified self-adjoint
realizations, not additional boundary extensions.

All gn are dominated by ¢ and

(8.38) sup Z q(k,k+¢) —qn(k,k+¢)) < - (1+7)7N
REZ i1y

Above —N the sum is exactly cy. Below it, the sum is 277% < 2r7V+! < ¢n. Couple the two
chains from the same site, see | ] for the coupling method. While they agree, use common
jumps with rates ¢y and extra jumps of the plane chain with the nonnegative rate differences.
The separation hazard is at most c¢y. Nonexplosion justifies the construction by localization
and passage to the limit. Therefore separation before ¢ has probability at most 1 —e~~*, and
the ¢! distance of the transition rows is at most twice this probability.

Now let the common starting site tend to +00. The compact and plane transition rows con-
verge in ¢! to their respective entrance laws, by | , Proposition 3.3] and Proposition 7.12.
Translation of the compact law is exactly (8.35). Passing to the limit proves (8.36). [ |

The same coupling also bounds the operator norm of the difference between the plane
radial semigroup and the completed, absorbing-below-—N radial semigroup by 2(1 — e~¢N?t).
This completed radial semigroup differs from the compressed comparison at its outside points.
Neither statement contradicts Proposition 8.7 about full angular Hilbert operators.

In the full plane-motion representation M, = B(H)®L>(T) define, for ¢ > 0,

(8.39) Wnt(a Z,uNt /akk(z)dm( , Zut /akk z)dm(z2).
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Corollary 8.11 These are normal states and
(8.40) En,e = will = lluwve = pills < 201 — ™).

The equality of norms also holds on Co(E.(2)). At zero the common functional on that C*-
algebra is the Haar idempotent of the torus, not a normal state of M, and not the counit.

Proof : The upper bound follows directly from the diagonal formula. Finite diagonal sign
tests lie in Co(E,(2)) and recover arbitrarily large finite subsums of the ¢! norm, proving the
reverse inequality. The description at zero follows from torus averaging and evaluation at the
accumulation point. It annihilates each finite diagonal spectral projection, so cannot be normal
on M,. |

The transported states Wy, are not asserted to form convolution semigroups for the fized
plane coproduct. Their semigroup law belongs to the transported compact structure. The
limiting convolution semigroup starts at the torus idempotent; its action on the quotient starts
at the identity.

8.7 Compatibility with the quantum-group contraction

This section uses a published theorem, rather than deriving coproduct convergence from the
preceding Hilbert convergence. Write A, = C(SU,(2)), A. = Co(E,(2)). In the supplied
compact convention

Ac(b) =b@b—ry" @7, A7) =72b+b" ®@7.
In the Euclidean convention
A(v)=v®v, Adn)=v@n+n®uv*.

Their faithful concrete representations differ in the circular orientation needed for the contrac-
tion. Put

(8.41) Ko (D) VI — AP, Ko(7) o py, kv & Ad(v™) k.

Here the first expression is functional calculus only on Py H. On matrix entries kg is the corner
embedding followed by z + Z. It is a *-isomorphism onto Py A. Py, and xy is one onto Q nA.Qn.
For the sphere and plane twists of the manuscripts it satisfies

(8.42) ENOc(z) = Oc(en ().

In particular it identifies the right fixed-point corners, without silently replacing them by left
quotients. This is why the adjoint on n in (8.41) matters.

Proposition 8.12 (Published C*-contraction input) With the above conventions, define
completely positive contractions

(8.43) Tn(a) € (kin @ kn)Ae (K3 (QnaQn)), a € A..

Then ||[Tn(a) — Ac(a)|| = 0 for every a € A..
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Source and convention check. This is the real positive parameter instance of Woronowicz’s C*-
contraction | ], explicitly stated as | , Theorem 6.6, equation (6.7)]. In that source the
braiding is trivial for ¢ = r > 0 and the tensor products are ordinary spatial tensor products.
Tts concrete compact generator in (6.1) has the reverse circular shift, giving exactly v — n* Py
in our convention. Its inner automorphisms are Ad(v""). The norm limit on the increasing
corner algebra extends to every a by contractivity. We use that published theorem with these
substitutions; no claim of a new coproduct-contraction theorem is made here. In particular this
input includes the identification of the closed affiliated sums, something that a formal limit on
generators alone would not establish.

There is also a useful direct check on the norm topology of this input. Inside the initial

1

corner write o = ko(b), 70 = Ko(y) and ty = (7A;7)yFPy. Then aNo=N = 12 converges

in norm to an element invertible in the corner. Put a; def a® o and by def 775 @ Yo, SO

a1by = 7bia;. The finite ¢-binomial expansion | , Proposition IV.2.2], applied to the pair
(b1,aq) since a1by = Thray, of

Ny(p=N o, =N [N J(43 3 3 i

Unv =Ac(a?)(v™" @v ):Z j bi(th_; @ty_;) (07 ®@v™7)

j=o L7

converges in norm: the j-th term has norm at most 7/ /(7;7)s, and each fixed term converges.
Here the compact coproduct is transported to the initial corner. For a in that corner,

-1 _
2

Tn(a) = U Ad(ty?aty® )Uy.

Thus the norm limit exists on the initial corner. The identity I'y(Ad(v™)a) = Ad(v™ ®
V™)' y_m(a), valid for N > m, gives convergence on every translated corner, and contractivity
gives convergence on the whole algebra. The identification of this norm limit with the prescribed
A, including its affiliated generators, is the published part of the input. In these corner formulas
(a; 7)o means the corner unit when it acts as an operator.

Theorem 8.13 (Coactions and covariance) Let 6y = T'n|p,, with the identifications
(8.42). Then dn(x) — de(x) in norm for every x € P.. In particular §.(Pe) C Ae ® Pe in this
model. The comparison dynamics satisfy the exact corner covariance identity

(8.44) s SN = (1d ® S™)sy.
Both sides converge in norm to 6.S¢ = (Id®S§)d., locally uniformly in t. Moreover, for x € P,

(8.45) sup [|S™Mz — S¢x|| < |Tna — Aez|| +2(1 — e=NT) ||z
0<t<T

Proof : The dictionary (8.42) follows by applying ky to 6.(ei;) = e;; ® 2'77. Its value is
€i-Nj-N ® 277" = Oc(ei—nj—n). It follows that every dy(z) belongs to A, ® P.. Proposi-
tion 8.12 and closedness of that tensor product prove the first assertion and its stated inclusion.
The inclusion is a feature of this contraction, not a general property of noncompact homoge-
neous spaces.

For x in the compressed corner, compact covariance transported by xy gives (8.44). For
a general x, both sides first compress by Quy, so the identity still holds. Since the maps
are completely contractive, point-norm convergence extends to their tensor product with the
identity on A., by density of finite sums of elementary tensors. For the left-hand side, the
family {Sf(z) : 0 < ¢ < T} is norm compact, and the uniformly bounded maps dy — d., which
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converge pointwise in norm, converge uniformly on this compact set. For the right-hand side,
approximate d.(z) in A, ®P. by finite sums of elementary tensors and use Theorem 8.9 uniformly
on [0,7T]. These two observations, together with complete contractivity and oy (x) — d.(z),
prove convergence of the covariance identity locally uniformly in time.

The normal state in (8.39) restricts to the compact entrance state on xx(A.): its diagonal
integral there is exactly the sum with weights uSy,(k). Hence

SNy = Id@an ) Tn(z), Sfa = (Id®w)A(z).

Subtracting and using Corollary 8.11 proves (8.45) for ¢ > 0. At zero, both states on A, are the
torus idempotent and the same calculation applies. This supplies a second proof of point-norm
dynamical convergence, now using the quantum-group contraction input rather than the norm
convergence of eigenoperators. ]

Remark 8.14 The deformation parameter r is fixed throughout; N — oo enlarges the co-
ordinate corner and changes the clock. There is no assertion that SU,.(2) maps to E,(2) by
a quantum-group homomorphism. The maps I'y are cornerwise transported coproducts, and
the maps gt(N) start at compression on the ambient algebra. Likewise the convolution states
start at the torus Haar idempotent, not at the counit of the entire group. These distinctions
are compatible with the no-Feller-lifting theorems of both manuscripts. The linking-groupoid
and cocycle-deformation constructions of | , | give related, but different, relations
between the two quantum groups; they are not used as a substitute for the norm-contraction
input.

8.8 Conclusions, dependencies and limits of the result

The central new analytic calculation is (8.11), with the positive potential (8.13). It yields the
bounded band defect (8.20) and the full Mosco limit, selecting exactly the self-adjoint realization
of Theorem 7.3. The nonradial spherical coeflicients converge in both GNS and algebra norm.
Consequently the contraction extends to completely positive dynamics on the entire quotient
algebra. The elementary rate comparison (8.38) gives quantitative convergence of the entrance
laws and of the associated normal states. Adding the published quantum-group contraction
makes the dynamics compatible with the limiting coaction.

The convergence is stronger than a radial special-function limit, but weaker than global
Hilbert operator-norm convergence, which is explicitly false for the comparison conventions of
the question. Uniform norm estimates are available after restricting the angular momentum to
any fixed finite set. The zero-extension used to formulate a self-adjoint operator on a common
Hilbert space must not be confused with a completely positive extension to the whole von
Neumann algebra.

This section does not establish a uniform completely bounded norm rate, a classification of
covariant generators, a higher-rank contraction, or an independent reconstruction of Woronow-
icz’s quantum-group contraction. The existence and integrated covariance of the limiting plane
semigroup were established in Section 7; the present arguments prove their compatibility with
the compact limit. The C*-contraction itself and the underlying special-function transforms
are established inputs. The additional conclusions here concern the chosen closed realizations,
their nonradial form contraction and the completely positive heat maps.
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