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A bridge between analysis on local fields and
quantum groups: the compact case

Cédric Arhancet

Abstract

Let K be a non-Archimedean local field with residue cardinality @ and let d > 1. We
establish equivalence of Dirichlet forms between radial regional Taibleson operators on the
unit ball of K¢ and little g-Jacobi operators. Under the parameter relation r?> = Q~¢,
the zonal Casimir L of the standard Podles sphere yields equivalent forms through its
powers L®/? precisely for 0 < a < 3d. Covariant quantum Markov realizations up to
equivalence of forms exist precisely for 0 < a < d. We also relate this correspondence to
boundary energies: harmonic extensions on the tree of balls recover a Taibleson energy,
while the energy per level of quantum Poisson integrals converges to a multiple of the
Casimir energy. Finally, we extend the correspondence and the sharp covariance threshold
to quantum projective spaces, identifying the Taibleson orders associated with their zonal
Casimir operators.
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1 Introduction

Aref’eva and Volovich observed a coincidence between radial Haar integration on a non-
Archimedean unit ball and the Haar state of the quantum group SU,4(2) [AV91, Section 6.1,
Proposition 1 and (71)—(75), p. 10]. Let K be a non-Archimedean local field with residue
cardinality @, and let d > 1 be an integer. Normalize additive Haar measure by u(O%) = 1, and

_ def _ def 1 d
use the maximum norm on K¢. Put 7= Q~¢ and r = 72. The volume observable z — ||z||%
has distribution

) [ Plleli)de = (0 =n) 3 FG) = HEA), A% € CSU @),

n>=0

Here h denotes the Haar state and F' is a bounded Borel function on the compact set

(1.2) X, ¥ in > 0ru{o)

Thus 2 = Q~¢, and in dimension one the quantum parameter is r = Q*%. 1 Equation (1.1)
gives a normal state-preserving *-isomorphism J from the radial algebra of the unit ball onto
the von Neumann algebra W*(A), characterized by J(F(||||}1()) = F(A).

Identities of this kind belong to a broader picture relating harmonic analysis over local
fields and g-special functions. For GL,, over a local field, Macdonald’s formula expresses the
zonal spherical functions by Hall-Littlewood polynomials [Mac95, Chapter V], which are the
specializations ¢ = 0 of Macdonald polynomials [Mac95, Chapter VI|. Freund and Zabrodin
proposed Macdonald polynomials, in which the p-adic regime corresponds to the parameters

The Jackson integral in [AVO1, (72)—(75)] has parameter Q1. In the standard quantum-group convention, the
Haar formula [AVO1, (71)] uses ¢>*. Comparison with (73) therefore gives ¢> = Q1. We use the letter r for
this quantum parameter.



g=0andt=p!, as a conceptual basis for a connection between p-adic analysis and quantum
groups | , Section 3J; see also | , Section 14]. Haran interpreted limits ¢ — 0 of little
g-Jacobi and ¢g-Hahn polynomials as spherical functions on compact p-adic groups | ], and
developed a g-interpolation between real and p-adic Markov chains on trees | , Chapters 2—
4]; see also | ] and | ]. In these works the p-adic objects are reached by a degeneration
¢ — 0 in which the measure parameter is kept fixed. In (1.1), on the contrary, the quantum
parameter r is fixed. The purpose of this paper is to show that this fixed-parameter coincidence
is not only an identity of measures. It extends to an equivalence of energies between the
Taibleson operator and a quantum Casimir operator, and the corresponding quantum dynamics
live on a quantum homogeneous space, the standard Podle$ sphere.

The principal conclusions are organized around four mechanisms. First, the measure corre-
spondence extends to a comparison of closed energies, with sharp thresholds for the powers of
the zonal Casimir. Second, the comparison has a boundary interpretation through the tree of
balls and the random walk on the dual of SU,(2). Third, the Podle$ sphere supports both an
exact expectation lifting of the Taibleson dynamics and a covariant Casimir dynamics, while
the full quantum group satisfies a quantitative obstruction to liftings continuous at zero. Fi-
nally, the crystal limit and the quantum projective spaces show that the correspondence is
compatible with degeneration and with a family of higher-dimensional compact homogeneous
spaces. These four parts use the same radial measure but distinguish carefully between equality
of distributions, equivalence of closed forms, convergence of generators and complete positivity
of the associated dynamics.

The analytic input is the regional Taibleson operator R* of order o > 0 on O%, normalized so
that the corresponding full-space Fourier multiplier has symbol ||€] %, see (2.3). Ford = a =11t
is the regional version of the Vladimirov operator, whose potential theory over Q, was developed

by Haran | ]. Its restriction R%, to radial functions acts on the weighted sequence space

3, (w), where w, o (1 —7)7™, and its eigenvalues are 0 and

def def 1 —7
An:pn+1_’(‘:’ TL}O, péQa7 K/é

The eigenfunctions are Haar-type wavelets. Up to normalization they are the little 0-Laguerre
functions which appear as spherical functions of GL4(O) acting on O? | , Section 5.2].
On the quantum side we consider, for 0 < n < 1, the birth—death operator

(13) (Lyf)(k) =m0 " L= ") (f(k) = f(k+1)) + 0~ "L =0")(f(k) = f(k = 1)), k>0,

acting on the same space €2N0 (w). Tt is symmetric with respect to w, its eigenfunctions are the

little n-Jacobi polynomials k — p, (n*; 7071, 1;7) of | , Section 14.12], and its eigenvalues
are
(1.4) An(m)=n""1=n")A—m0"), n=>0.

For n = 7, the operator L, is the zonal part of the Casimir operator of SU,(2). Indeed, the
matrix coefficients of SU,.(2) which are invariant under the two-sided action of the diagonal
torus are the little 7-Legendre polynomials in A, see | I [ I [ ] and Propo-
sition 5.3, and A;(7) is an affine normalization of the eigenvalue of the Casimir element on the
spin-{ representation (Remark 5.4). Our first main result compares these two operators.



Theorem 1.1 (Energy bridge) Let a > 0 and put 7 def Q~%. The closed quadratic forms

Er and &, of RS 4 and L, have the same domain
dom = dom, = {1 € B, (u) s 30 Q|15+ 1) — B < o0}
k>0
and there exist constants 0 < ¢ < c¢a, depending only on @Q, d and «, such that
a&y(f) < Er(f) < &y (f)

for any f in this space. Moreover, for any integer n > 0,

(1.5) A=A +1+T7—k—Tp "L
If a = d, then n = 7 and one can take c¢; = }1—: and co = (1 —7)73. Finally, let ¥ > 0 and put
s %t - Then dom &g C dom Lg,ﬂ, and the closed forms of R 4 and of LSQ,ﬂ are equivalent if

and only if o < d+29. In particular, the closed forms of R 4 and of LT% are equivalent if and
only if a < 3d.

The two operators of Theorem 1.1 have no common eigenvector besides the constants: the
first is diagonal in a basis of step functions, the second in a basis of polynomials in 1n* (Re-
mark 4.3). The theorem therefore does not follow from a spectral identification; it is proved by
reducing both forms to weighted nearest-neighbour energies. For o = d, it shows that the pa-
rameter 72 = Q= of (1.1) is also the parameter for which the Taibleson operator and the zonal
Casimir operator of SU,.(2) have equivalent energies, and spectra which differ by a bounded se-
quence. The last assertion of Theorem 1.1 shows that each operator Ly-» reproduces, through
its powers, the Taibleson energies of all orders a < d + 2¢; in particular, the single operator
L, attached to the parameter > = Q~¢ reproduces the orders a < 3d. It is proved in The-
orem 4.6 by comparing the two eigenbases directly: for n = Q~7, the coefficients of the little
n-Jacobi polynomials in the Haar wavelet basis decay like (T%n)"’m below the diagonal and
like a Gaussian above it (Lemma 4.5). The threshold d + 24 is attained by the function k ~— n*,
which is a polynomial of degree one in 7* but has infinite Taibleson energy for a@ > d + 20
(Proposition 4.7).

The energy bridge has a probabilistic interpretation for @ = d, which explains the appearance
of the two operators. Let T be the rooted tree whose vertices are the balls of O%, a ball being
joined to the balls of the next level which it contains. Its boundary is ©@?, and the harmonic
measure of the simple random walk on T seen from the root is the Haar measure. On the
quantum side, consider the discrete dual G of G = SU,.(2) and the Markov operator P = (Id ®
@) o A on (> (é), where ¢ is the normalized quantum trace of the fundamental representation.
By a theorem of Izumi | ], see also [ ], the Poisson boundary of this random walk is
the Podle$ sphere: the Poisson integral © is a bijection from L°°(S?) onto the space H"o(é7 P)
of bounded harmonic elements, which is multiplicative for a suitable product. The energy of a
harmonic element a at the level n = 2s is £ (a) = [2s + 1], Tr(K~*(P(a*a) — a*a),), and its
total energy is 3", £ (a), see (6.4).

Theorem 1.2 (Boundary energies) Let 0 <r <1, 7 =72 and ¢, = Mﬁ

1. Suppose that T = Q~¢. For any F € L2(O%), the energy of the harmonic extension of F
to T is equal to 2(1—7) <F, ./\/ldF>, where M is the Fourier multiplier of O with symbol

H§||}i( on nontrivial characters.



2. The restriction of P to the diagonal subalgebra of £°°(G) is a Markov chain on {(n,k) €
N2 : k < n}, whose second coordinate converges almost surely to a limit ko,. For the chain

started at the trivial representation, the law of ks is the Aref’eva—Volovich law (1 —7)7%.

3. For any x € L*>(S?), we have lim, o, £ (0(z)) = ¢ >, Ai(7) ||xl||ig(sz) in [0, 00],
where x; is the spin | component of x, and sup, €™ (0(x)) is bounded by a constant
multiple of this sum. In particular lim, ., E™(O(f(A))) = ;& (f) for any bounded
function f: Ng — C. On the other hand, every element of H*(G,P) which is not a
multiple of 1 has infinite total energy.

These assertions are proved in Theorem 6.1, Theorem 6.10 and Corollary 6.32. The transition
probabilities of the diagonal chain were computed by Biane | , Section 4], in his approach to
Pitman’s theorem through SU,(2). We show moreover that, for the chain started at the trivial
representation, ko, is independent of the whole level process (Proposition 6.11). For 7 = Q~¢,
the restriction of the first form to radial functions is, up to the factor 2(1 — 7) and the bounded
perturbation x(I — Eg), the closed form of Rfad, whereas the energy density of the third part
is ¢;&; on the zonal elements. Thus Theorem 1.1 for & = d compares the boundary energy of
the tree of balls with the energy density at infinity of the dual of SU,.(2), and the two harmonic
measures have the same radial law (Corollary 6.33). The total energies behave differently. On
the diagonal, the quantum walk is asymptotically the radial walk on the Bruhat-Tits tree of
degree Q% + 1, up to “horizontal” edges whose conductances do not depend on the level and
are proportional to the weights wy Sy of £, (Proposition 6.4), so that each level contributes the
same nearest-neighbour energy. The proofs rely on an algebraic property of the diagonal chain:
it preserves, on each level, the polynomials of degree at most [ in 7% (Lemma 6.5). This leads
to an explicit description of the Poisson integrals of the zonal spherical functions by ¢-Hahn
polynomials (Proposition 6.9), from which we deduce the second part without using the theorem
of Izumi. The coeflicients of this description have a generating function of basic hypergeometric
type, and their limits are Gaussian binomial coefficients (Proposition 6.12). They give an exact
formula for the energy per level of these Poisson integrals, which is bounded by a multiple of the
Casimir eigenvalue uniformly in the level (Proposition 6.30); this gives the third part for every
element of L°°(S?). Finally, in the coordinates (n—k, k), the diagonal chain is the random walk
of a product of two birth—death networks, the horizontal one being given by the energy &, ; this
yields the Poisson kernel of the diagonal chain as a function of the corresponding operator, and
shows that it is symmetric (Theorem 6.13). The entire function which appears is a Jacobi theta
function and the Fredholm determinant of the Green operator of the vertical network, whose
eigenvalues are proportional to the squares of the quantum dimensions [n],, and its inverse is
the Laplace transform of the explosion time of this network (Theorems 6.15, 6.17 and 6.22). In
particular, the harmonic measures seen from the vertices (k, k) are finite sums of products of
Gaussian binomial coefficients (Theorem 6.26), and the Poisson integral of a bounded function
converges to its boundary values at the optimal rate (n — k + 1)7"~* (Corollary 6.24).

The second step concerns quantum dynamics. A first attempt consists in lifting radial
dynamics to quantum Markov semigroups on L*°(SU,(2)). The radial algebra W*(A) is the
fixed-point algebra of the two-sided action of the torus. It is contained in the algebra L>°(S?) of
the standard Podles$ sphere S2 = SU,.(2)/T | ], which is the fixed-point algebra of the right
action only. In the concrete model, L>(S?) is a copy of B(¢3, ) on which h restricts to the Gibbs

state Tr((1 — 7)7V+) of the harmonic oscillator, and C(S?) is the unitization of the compact

operators (Proposition 5.5). Let P, def 1j0,7)(A) be the spectral projection corresponding to

the ball B,, = 704, that is P, = J(1p, ). The maps
D, (x) = (1 - P,)z(1 — P,) + 7 "h(PyzP,)P,



are Haar-preserving conditional expectations, and probability mixtures of them produce quan-
tum Markov semigroups. Exact liftings of the Taibleson dynamics are obtained in this way;
constructions from increasing conditional expectations also occur in | , Theorems 1.1 and
1.7]. Such liftings do not use the coproduct, and on C(SU,(2)) they are not continuous at zero.
We show that the quantum group structure enters through the Casimir operator and that the
Podle$ sphere is the natural domain of both dynamics.

Theorem 1.3 (Quantum dynamics on the Podle$ sphere) Let 0 <r <1 and 7 = r?.

1. There exists a Haar-preserving, GNS-symmetric and KMS-symmetric quantum Markov
semigroup (T;)t>0 on L°°(S?), commuting with the modular group of h, which leaves
C(S?) invariant and is strongly continuous on C(S?). If 7 = Q=% and o > 0, it can be
chosen such that F,J = Je tFraa for any t > 0.

2. There exists a Haar-preserving semigroup (%4)i>0 of unital completely positive maps on
C(S?) which is strongly continuous, of the form . = (Id ® wy) o A for normal states w;

invariant under the two-sided action of the torus, and such that %(uyo)) = e_tAl(T)u%

for any matriz coefficient u%) of C(S2). Its restriction to C*(A) is e tEr.

3. Every strongly continuous semigroup (Si)i>o0 of unital completely positive maps on C(S?)
which is covariant, in the sense that AoSy = (Id®Sy)oA, leaves C*(A) invariant. Suppose
that 7 = Q% and a > 0. There exists such a semigroup whose radial negative generator
has a closed form equivalent to the one of Ry, if and only if o < d. For a < d, one
can take the Bochner subordinate of () associated with the Bernstein function A — AT,

e

whose radial negative generator is L .

These assertions are proved in Theorems 7.2, 7.7 and 7.10 and in Corollary 7.8. In part
1, the semigroup is a probability mixture of the expectations ®,; we also establish uniform
noncommutative LP multiplier estimates and a bounded H* functional calculus of angle zero
for its negative generator on the mean-zero subspace (Theorem 7.4). In part 2, positivity is not
visible on the Casimir eigenvalues. It is obtained from the radial semigroup itself: the law at
time ¢ of the radial process started at 0 € X defines a probability measure u;, and w; = p; o E,
where E is the averaging over the two-sided torus action. In this dictionary the origin of the
unit ball corresponds to the counit of SU,.(2). In part 3, a covariant semigroup is a convolution
semigroup by a state invariant under the left action of the torus, so that it acts diagonally on
the zonal spherical functions. The obstruction for o > d is a Lévy—Khintchine type bound:
the exponents of a positive semigroup diagonal in the zonal spherical functions grow at most
like the Casimir eigenvalues (Proposition 7.9), whereas, by Theorem 1.1, the Taibleson energy
of order « forces a growth like Aj(7)@. Thus, for d < o < 3d, the operator L? has the right
energy but does not generate a positivity preserving semigroup, whereas the semigroup of part
1 realizes the Taibleson dynamics of every order without being covariant.

The third step explains why SU,.(2) itself is not the right domain. Write b for the generator
of C(SU,(2)) denoted « in [ ] and [ ]. Tt does not belong to C(S?).

Theorem 1.4 (Frontier between S? and SU,.(2)) Let 0 <r <1 and 7 = r2.

1. Suppose that 7 = Q%  Any family (Si)i>o of unital completely positive maps on
C(SU,(2)) whose restrictions to C*(A) are Je~"Feaa J=1 satisfies ||S,~(b) —b|| = 6 > 0
for any integer j = 1, with § independent of j.



2. There exists 6’ > 0 such that any unital completely positive map S: C(SU.(2)) —
C(SU,(2)) whose restriction to C*(A) is e L= for some 0 < t < Ay(1)~! satisfies
15(b) —bfl = ¢&".

3. There exists to > 0 such that for any 0 < t < to the linear map defined on the polynomial
algebra of SU,.(2) by uglk) — eftAluyk), l e %No, does not extend to a positive map on
C(SU,(2)), whereas its restriction to the polynomial algebra of S? extends to the map %
of Theorem 1.3.

Here Ay = r 2 —1 -2 4242 for | € %No, which coincides with A;(7) for integers .
The mechanism is the same in the three assertions. A unital completely positive map with
prescribed radial part is controlled on the shift b by the affinity between the entrance law at the
origin and its unit translate (Lemma 8.1). Both the Taibleson and the Casimir dynamics have
entrance laws with a persistent atom along times tending to zero; for the Casimir dynamics
we prove this by a Paley—Zygmund argument based on the first two zonal spherical functions
(Proposition 8.5). Theorem 1.4 is proved in Corollary 8.4 and Theorem 8.6. Part 3 shows in
particular that the heat semigroup of the Casimir operator is not a quantum Markov semigroup
on C(SU,.(2)), although its restriction to the Podles sphere is one; for the structure of generating
functionals of Lévy processes on SU4(2) we refer to | ] and | , Section 11].

The last step relates the fixed-parameter picture with the limits ¢ — 0 of | I, 1 ]
and | ]. We denote by M the Fourier multiplier of the compact group O¢ which is zero on
constants and equals [|£||% on nontrivial characters; on radial functions, M2, = R +r(I—E),
where Eg is the mean.

Theorem 1.5 (Crystal limit) Let o > 0. For any 0 < n < Q~%, put s(n) e alé‘;igf € (0,1].
n
—¢rs(m

Then the semigroups (e~ ""n " )i>0 are Markovian, and L;(n) converges to M in the norm
resolvent sense as . — 07. For any t > 0, the semigroups converge in operator norm.

The convergence of the eigenfunctions is a variant of the limits ¢ — 0 of little g-Jacobi

polynomials of Haran | ] and Koornwinder—Onn | , Theorem 2.1], in which the limit
functions are the little 0-Laguerre functions, that is the spherical functions of GL4(O) acting
on 04 | , Section 5.2]. The new point is the convergence of Markov generators, which

requires the subordination exponent s(n) — 0. For n = 7 the family contains the zonal Casimir
operator of Theorem 1.3, and for n = Q¢ it contains the operator of Theorem 1.1.

Finally, the quantum group SU,.(2) with 72 = Q~¢ is the first member of a family. Let
(CIP’Z*1 be the standard quantum complex projective space, that is the quotient of the quantum
unitary group Ug,(n) by its quantum subgroup U,(n —1) x T. By a theorem of Noumi, Yamada
and Mimachi [ ], its zonal spherical functions are little g-Jacobi polynomials, whose
parameters are those of the eigenfunctions of L, for n = ¢* and 7 = =1,

Theorem 1.6 (Quantum projective spaces) Letn > 2 and 0 < g < 1 with ¢~ = Q~4,
that is ¢* = Q= with a = =%~ . The radial Haar distribution on O% is the distribution of the

n—1-°

zonal generator of (CIPZ_l under the Haar state, and the zonal part of the Casimir operator of
(CIP’Zfl is Lg-o. The corresponding Casimir dynamics is a strongly continuous semigroup of
unital completely positive maps on C((C]P’Zﬁl), whose radial energy is equivalent to the Taibleson

energy of order o. In particular, for n = d + 1, the Taibleson operator of order 1 on O¢
1
corresponds in this way to (CIP’Z with ¢ = Q2. Moreover, let o/ > 0. The closed form of the

~

power LS_. 1is equivalent to the Taibleson form of order o if and only if o/ < d + 2a, and



there exists a covariant strongly continuous semigroup of unital completely positive maps on
C((CIE”Z_I) whose radial energy is equivalent to the Taibleson energy of order o if and only if
o < a. Finally, let Sg”fl be the quantum sphere Ug(n)/Uq(n — 1), which contains CIP’Z_I,
and let x,, be the last diagonal coefficient of the fundamental corepresentation, which belongs
to C(S2"~1) but not to C((CIP’Z_l). There exists 6 > 0 such that every unital completely positive
map S on C(Sg"_l) whose restriction to the zonal subalgebra is the Casimir dynamics at a time
0 <t<A(Q ™)1 satisfies ||S(2nn) — Tnn|| = 6. The same holds, at the times Q=7, j > 1,
for the Taibleson dynamics of any order o’ > 0.

This is proved in Theorems 10.3, 10.5 and 10.8. For n = d + 1, the last assertion shows that
the Taibleson energies of the orders o < d + 2 on O are the energies of the powers L%,l of

the zonal Casimir operator of (CIP’Z, and that the orders realized by covariant quantum Markov
semigroups are the orders o < 1. For n = 2, we recover the Podle$ sphere and the case a = d
of Theorems 1.1 and 1.3. For n = d + 1, the quantum parameter q = Q_% does not depend on
d, and the dimension d of O is reflected in the rank of the quantum group; this is the regime
t = Q7! of Freund and Zabrodin | , Section 3.

The present paper is confined to the compact setting of the unit ball, compact quantum
groups and their compact homogeneous spaces. The noncompact counterpart for the whole
local field K¢ and the locally compact quantum group E,.(2) is treated in the companion paper
[ ]. None of the arguments below depends on that noncompact construction; the compact
results established here instead provide its starting point.

Structure of the paper Section 2 gives the radial analysis of the Taibleson operator on the
unit ball. Section 3 studies the little n-Jacobi birth—death operators and their Feller semigroups.
Section 4 proves Theorem 1.1. Section 5 recalls the quantum group SU,.(2), identifies its zonal
spherical functions and describes the Podles sphere in the concrete model. Section 6 studies the
random walks on the tree of balls and on the dual of SU,(2), and proves Theorem 1.2. Section 7
constructs the quantum dynamics of Theorem 1.3, and Section 8 proves Theorem 1.4. Section 9
proves Theorem 1.5. Section 10 treats the quantum projective spaces and proves Theorem 1.6.

2 Radial analysis on the unit ball

2.1 Parameters, balls, and Fourier normalization

Let K be a non-Archimedean local field, O its ring of integers, m a uniformizer, and @ =
#(0/7O). We normalize |7|x = Q™. On K9, d > 1, we use the maximum norm and additive
Haar measure dz normalized by p(O%) = 1. Fix a nontrivial additive character y whose
annihilator of O is O, so that this measure is self-dual. We use f(£) = [ f@)x(z- &) da.

Inner products are linear in the first variable. Throughout the paper, a > 0 and

def ~_g4 def o def 1 def p—1 def 1 —7 def i1
(21) T:Q ’ :Qa rT=7T2, :1_17 = — 1 )\n:p — K.
p p

In particular, 0 < 7 <1, p > 1,0 < k < 1, and Ay = ¢ > 0. From Section 3 on, 7 will also
denote an arbitrary number of (0,1); when the local field is involved we always have 7 = Q9.
The exponent p of an LP-space will never denote the residue cardinality.

For any integer n € Z put B, df @ and Sn def B, \ Bpt1. Then
(22) w(Bp) =7 p(Sa)=w, € (1-7)7", 1p, =7"15_,.



A radial function means a function of ||z||;, equivalently one that is constant on every S,. In
dimension greater than one, invariance under scalar units alone is not this condition. Radiality
is equivalently invariance under GL4(O), since that group is transitive on each S,,. Radial L? on
the unit ball is therefore the weighted sequence space éﬁlo (w), a radial function being identified
with the sequence (f,,)n>0 of its values on the shells. The singleton {0} has Haar measure zero.
Bounded radial functions are identified with (g, and continuous radial functions on 0 with
the space of convergent sequences, that is with C(X,) through f,, = F(7™), where X is the set
(1.2).

2.2 Full-space, regional, and killed realizations

The full-space Taibleson operator is the nonnegative self-adjoint Fourier multiplier

«_ 7 o f(z) = fy)
D* = F'Myge F, D*f(z) =c e d
K ||z —yllg
on Bruhat-Schwartz functions. The second formula has the normalization of | , (1.2)—

(1.4)], with its numerator and integrand signs reversed simultaneously. For completeness, the
normalization follows by testing on a character of unit frequency. The shell of radius @ con-

tributes p=! to [(1 — x(y1)) ||y||;<d_a dy; the shells of radii @7, j > 2, contribute (1 — 7)p~7.
The sum equals ;_j = ¢! Scaling and GL4(O)-invariance then give the general symbol.
On O define the regional operator on locally constant functions by

2.3 Rof(z) & ¢ Md
= = o Yot

These functions form a dense subspace of the Hilbert space L2(09). The integral is finite
because the numerator vanishes near y = x.

Proposition 2.1 The operator (2.3) is essentially self-adjoint and nonnegative on the locally
constant functions. If f is the zero extension of such a function, then

(2.4) (D*f)loe = R f + Kf.

On the characters of O, the closure of R® has eigenvalue 0 for the trivial character and
eigenvalue p’ —k for any character of conductor j > 1. Consequently, the Fourier multiplier M®
of the compact group O% which is zero on constants and equals ||€||% on montrivial characters
is M® = R* 4+ k(I — Eqg), where Eof = [,. f.

Proof : For x € O% and y ¢ O, ultrametricity gives ||z — y||, = ||y|l - The external integral

is thus
cf Ry = - Y e =k
Kd\0d =1

This proves (2.4). Alternatively, on a nontrivial character of conductor j, the full-space sym-
bol calculation splits into the regional integral and the same external constant, because the
character integral on each external shell is zero. This gives p/ — k. On constants the regional
integral vanishes. Characters form an orthonormal basis of the Hilbert space L2(O%), and their
finite linear combinations are exactly the locally constant functions. The resulting diagonal
nonnegative operator has these finite combinations as a core, proving essential self-adjointness
and the last assertion. [ ]

We keep the notation R for the closure of (2.3).



2.3 Exact radial matrices and wavelets

Proposition 2.2 For a radial locally constant function on O%, with value f, on S,, we have

(2-5) ( ?ad )nzc(l_T)pn Zp_j(fn_fn—j)+ZTj(fn_fn+j) ;, nz=0.
j=1

i>1
FEquivalently, the off-diagonal jump rates and the diagonal entries are

min(n,k)
(2.6) Gor = e () (n# k),
" —1
p L, pn} .

(2.7) Ryn = ¢ [(1 ~7)

Detailed balance wy,qni, = Wrqin holds.

Proof : If x € S, and y € Sk, k # n, then ||z —y|/, = Q—™in(mk)  Multiplication by the
mass wy gives (2.6). The shell S,, contributes zero: the numerator vanishes identically on that
shell, irrespective of the distance between its points. Splitting into kK < n and k > n proves
(2.5). Summation of the rates gives (2.7). The balance identity follows from the symmetry of
wnwk(é)min(n,k). ]

For any integer n € Z, define the function

det 1B, ., —71p,

Theorem 2.3 On the unit ball, 1, (gn)n>0 form an orthonormal basis of 612\10 (w), and

(2.8) In

(29) ;“)fad1 = 0’ Rl("ladg’ﬂ = Angn’ dom Rl?éad = f : Z A’I2’L| <f7 gn> |2 < o0
n>0
The space C of finite linear combinations of 1, gg, g1,... s an operator core. It coincides with

the space of eventually constant sequences.

Proof : The numerator in (2.8) has integral zero and squared norm (1—7)7"*!. Nested supports

and zero means give orthogonality. The displayed orthonormal family spans every function
constant on Sy, ..., Sy_1 and constant on the remaining ball By . These spaces increase densely
in EI%O (w), and their union is the space of eventually constant sequences. Equation (2.4), applied
to gn for n > 0, together with (2.2) and the multiplier formula for D%, gives (2.9): the Fourier
transform of the numerator in (2.8) is 7"**1g_ ,, on which the symbol ||¢||% is constant, equal

to p"*t1. The diagonal spectral theorem gives the domain and the core. [ ]
Remark 2.4 Up to normalization, g, is the little 0-Laguerre function p7%9 of [ , The-
orem 2.1], which takes the values 0, —tZ= and 1 on the levels k <n -1, k=n—1and k > n.
These functions are the spherical functions of GL4(O) acting on O¢ | , Section 5.2], after

[ |; for d = 1 this interpretation goes back to Dunkl and Ramirez | ]
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2.4 The radial Dirichlet form
For any f € 612% (w), we put
def

(210) Er(HNE D" Wbkl fon — ful? €10,00], domEx =
o<m<k

{f € &, (w) : Er(f) < o0}

Since Wy, gmr = c(1 — 7)27%p™ for m < k, we have, writing k = m + j,

(2.11) Er(f) =c(1 =72 73 QU™ fon s — fnl®.
j=1 m=0

[e%
rad "

Lemma 2.5 The form (2.10) is the closed form of the nonnegative self-adjoint operator R
More precisely, dom Er = dom(Rf‘ad)%, the space C is a core for Eg, and

Er(F) =D Ml frgn) I, [ € B (w).

n=0

Proof : We first show that Eg is closed. Let (f(*)) be a sequence of dom £x which is Cauchy for
the norm (Eg(-) + ||-|I°)2. It converges in 3, (w) to some f, hence coordinatewise. By Fatou’s
lemma for series of nonnegative terms,

5R(f(i) — f) < liminf ER(f(i) B f(i/)),
' — 00

which is small for large 7. Thus f € dom &g and f) — f in the form norm.
Now, we consider an eventually constant sequence g € C, say gr = gy for £ > N, and
f € dom Eg. We claim that

(2.12) Er(f,9) = (f, Bag)ez () >

where Eg(,-) denotes the sesquilinear form associated with (2.10). By symmetry of the ker-
nel wy,qnk, we have Er(f,g) = %Zn# Wndnk(fn — fx)(9n — gk), and it suffices to show that
Zn;ék Wndnk|fnllgn — gk] < co. Terms with n,k > N vanish. For n < N, the sum over k is
bounded by 2 |||, wn|fn|Rnn. For n > N and k < N, we have wy,qni, = cwnwk(f)k, and the
corresponding sum is bounded by 2 ||g||. ¢ >, < x wik(2)* > >N Wnlfn|, which is finite since w
is a probability. Consequently we may split the product and use detailed balance:

Enlf,0) =S wnfn S qurlon — 9) ) (f, Boag)
n k#n

This proves (2.12).

Suppose that f € domE&gr satisfies Er(f,g9) + (f,g) = 0 for any ¢ € C. By (2.12),
(f,(Req+1I)g) = 0 for any g € C. The operator R% ,; + I maps C onto C, by (2.9). Hence
f is orthogonal to the dense subspace C, and f = 0. Thus C is a core for the closed form
Er. On the other hand, (2.12) with f = g € C shows that g agrees on C with the form
g+ (g, R%49) = >, Anl (g, gn) |, for which C is also a core. Both closed forms are therefore

the closure of the same form on C, which proves the lemma. [ |
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2.5 Conditional expectations and an entrance law

For n > 0 let E,, retain the first n shell values and average the rest:

flm k< n,
(2.13) (Enf)i = =7 7 furyy k=n.
Jj=0
They are probability-preserving conditional expectations, E;E; = Enyin,5), and Eqg is the mean.

On gg, E,, is zero for n < k and the identity for n > k. Therefore

Rig=c(I—Eo)+(p—1)>_ p"(I—E,)
n>1
on C. Let T} = e tfra. Put

def

(2.14) apt) 1 —e ™0, g,(t) & et — e (> 1).

For ¢ > 0 these numbers are nonnegative and sum to one, and
(2.15) T, =Y an(t)Ey.
n=0

This identity follows on the orthonormal basis and then on bounded sequences by normality.
It also proves conservativity and positivity directly. The operator E,, is the radial part of the
averaging operator over balls of radius @™, and (2.15) is an instance of the description of
isotropic Markov semigroups on ultrametric spaces as mixtures of such averaging operators
[ ]. Each E,, maps the space of convergent sequences to itself, and E, f — f uniformly
for such f. Thus (T%) is a Feller semigroup on C(X).

Write Py(n, k) = (T;14y)n for transition probabilities. Define the probability measures

vi(k) = (1= gy, k) Y a0y (k).
>0
Lemma 2.6 For anyt > 0, Pi(n,-) converges in {* to y; as n — oo:
(2.16) [Ps(n, ) = paellpn < 2e72
Fort; = p~9, 7> 1, these entrance laws have a uniformly positive atom.:

pey ()2 0, 0r (=) =) > 0.

Proof : For ¢ < n, the nth row of Ey is vy, whereas for £ > n it is the point mass at n. The total
coefficient of the latter rows is ), as(t) = e~ ™. Comparing the two probability mixtures
gives (2.16). Moreover p:(j) = (1 — 7)a;(t), and a;(t;) = ei(e™t —e™P) 2 e ! —e . [ |

3 Little n-Jacobi birth—death operators

In this section 0 < 7 < 1 and 0 < 5 < 1 are arbitrary, and wy, = (1 — 7)7%, k > 0. We consider
the space (3 (w) and the compact set

Y, € ok k=01 U0}

12



A function of k € Ny is called a polynomial in n* if it is of the form k + p(n*) for a polynomial
p € Cl[z]. We denote by P, the space of polynomials in n* of degree at most n and by
P their union. We identify such a function with the polynomial p, which is a continuous
function on Y;; in particular p(0) is the limit of p(n*) as k — oo. We use the g-shifted

factorials (a;n)n e szol(l —an'), n € Ng U {oo}, see | , (17.2.1) and (17.2.4)] and
[ , Section 1.2].

3.1 The operator and its spectral decomposition

PUt def def
Br = Pt =Y, & = TR -0F), k>o0.

In particular 6y = 0, and the detailed balance condition
k+1
(3.1) wi By = Wi410k+1 = (1 —7) (%) (1—n*h), k>0,
holds. For any function f: Ng — C we define L, f by (1.3), that is (L, f)(k) = Bx(f(k) — f(k +
1)) + 0x(f(k) — f(k — 1)), the second term being zero for k = 0. For f € (§ (w) we put
(32) &N = D weBil f(k+1) = f(R)P € [0,00], domé&, = {f € (w) : &(f) < oo}
k>0

Proposition 3.1 1. For any integer n > 0, the operator L, maps P, into P,, and
Ly(z™) — Ay (n)a™ € Pr—1, where Ay, (n) is defined in (1.4) and P—y = {0}. The sequence
(A (M) n>0 is strictly increasing and Ag(n) = 0.

2. The space P is dense in 612\10 (w) and contained in domé&,. For any f € domé, and any
p € P, we have

(3.3) Ey(f.p) = (f, an>z§0 (w) *

3. The form &, is closed and P is a core for it. The nonnegative self-adjoint operator
associated with £,, still denoted by L., is diagonal in the orthonormal basis (€])n>0 0b-
tained by the Gram-Schmidt process from 1,x,22,..., and Lye?l = A, (n)el. In particular

domé&, = domL,% and E,(f) =3, An()| (f.€l) |*.

4. For anyn > 0, the polynomial €]l does not vanish at 0, and ]! def en(0)~te is the unique

polynomial of degree n orthogonal to Pn_1 and equal to 1 at 0. It is the little n-Jacobi
polynomial p,(z; 071, 1;m) of [ , Section 14.12].

Proof : 1. Let f(k) =n"* = 2™ with z = n¥. A direct computation gives, for any k > 0,
(L f)(k) =m0 =11 =" ™ (1= ™) + 7 (1 = "™ (1= n7™)
— T n —n
=" =) () + (=)=,
which is also valid for k = 0 since g = 0 and 1 — 2 = 0 there. The bracket vanishes for n = 0.

The coefficient of ™ is —7(1 — ") — (1 —n~") = "(1 —n")(1 — ™) = A, (n). This proves
the first assertion. Moreover

A1 (n) = Ap(n) = (L=n)(n """ = ") >0,
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—n

since Ap,(n) =n~"—1—74+ 710"

2. The measure ), w0, lives on the compact set Y, and has no mass at 0. Polynomials
are unlformly dense in C(Y, ) by the Stone-Weierstrass theorem and indicators of the isolated
points n* are continuous. Slnce finitely supported sequences are dense in 620( ), the space P

is dense. For p € P, the mean value theorem gives |p(n*T1) — p(n*)| < 1Pl 1,5 [0,1] n*, hence by
(3.1)
Ey(p) < (1 - 7') 1P’ ||L°°[O 1] Z )" < oo
k>0

Now, let f € dom&,, and p € P. Put cx = wifr = Wk+10k+1. A summation by parts gives, for
any integer N > 1,

(3 4)

N-1

Z fk+1)=f(k)) (p(k + 1) wy. f(k)(Lyp)(k)+en—1f(N) (p(N) — p(N —1)).

=0 k=0

Indeed, the coefficient of f(k) on the left-hand side is cx—1 (p(k) — p(k — 1)) +cx(p(k) — p(k + 1))

for 1 <k < N—1and ¢o(p(0) — p(1)) for k = 0, which is wy(L,p)(k) by (3.1). For the boundary
_1

term, we use |f(N)| < wy? || f||, the mean value theorem and cy_1 < (%)N:

TN 1 _N _ (Ralnlizairys 1 N
len—1F(N) (p(N)—p(N—=1)) | < (5) A=) F P e o,y 7™ :?)”

which tends to zero. The left-hand side of (3.4) converges to &,(f,p), since the series defining
&,(f, p) converges absolutely by the Cauchy-Schwarz inequality. The first term of the right-hand
side converges to (f, L,p), since L,p € P is bounded. This proves (3.3).

3. The closedness follows by the Fatou argument of the proof of Lemma 2.5. Suppose that
[ € dom &, satisfies &,(f,p) + (f,p) = 0 for any p € P. By (3.3), (f, (L, + I)p) = 0 for any
p € P. By part 1, L, + I maps P, into itself with a triangular matrix whose diagonal entries
A (n) + 1 are positive, hence onto P,. Thus f L P and f = 0 by part 2. Consequently P is a
core for &,.

By (3.3) with f € P, the operator L, is symmetric on P, and &,(p) = (p, L,p) for p € P.
Since L, preserves P, the vector L,e] belongs to P, and is orthogonal to P,_1, because
(Lnel,p) = (e, Lyp) = 0 for p € P,_1. Hence Lye] is a multiple of €], and comparing the
coefficients of ™ by part 1 shows that the multiple is A (n). The basis () is complete by part
2. The closed form &, is therefore the closure of the form p— Y A, (n)|(p,e?)|? on P, which
is the closed form of the diagonal operator with eigenvalues A, (7). This proves part 3.

4. The measure ), wid, is a positive measure on [0, 1] with infinite support. By | ,
Theorem 3.3.1], the zeros of e are real, simple and contained in the open interval (0,1).
Hence €1(0) # 0. The orthogonal complement of P,,_; in P, is one-dimensional, which gives
uniqueness. The polynomials p, (z;a, b;n) of | , Section 14.12] are orthogonal with respect

(o) -1

to the weights GO (am)¥ on the points *; for a = 7y~ and b = 1 these weights are 7%. Since

pn(0;a,b;m) =1, the identification follows from uniqueness. [ |
Remark 3.2 For n = 7 the parameters are a = b = 1, and ¢], is the little 7-Legendre polyno-

mial. The first two are

(1+T)(1+T+72)x+ (1+T+7’2)(1+7’2)$2.
T T

(85) ¢i@)=1-(+7)z, ¢a)=1-
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Indeed, the moments of the weights are ), wpT™F = %, and a direct verification shows

that (3.5) are orthogonal to 1, respectively to 1 and x. The corresponding eigenvalues are

— (1 - 72 2 (1 — 13 42
(3.6) Al(T):(l)(—1)7 A2(7)=(1 A7) 17+ A(r) = Ao(7),

T T2 T

3.2 The Feller semigroup and its law at the origin

Proposition 3.3 Let (T}");>0 be the semigroup e~"*n on (3 (w).

1. The semigroup is Markovian. More precisely, P,'(n,k) e (T{"11y)(n) is a stochastic
matriz on No and (T{' f)(n) = 3, P/(n, k) f(k) for any f € 3.

2. For any f € C(Y,), the function T, f belongs to C(Y,). The resulting operators form a
Feller semigroup on C(Yy), and T}l = e~ tAn(mn,

3. The formula [ fdpy def (T'f)(0) defines a probability measure py on'Y, satisfying

(3.7) /@Z dpf! = e A p > 0.

4. Suppose that sup,, supy, || < co. Then puf({0}) = 0 for any t > 0, and P/'(n,-) — p{
in LY, asn — oc.

Proof : 1. Normal contractions operate on the kernel expression (3.2): if T: C — C satisfies
T(0) =0 and |T(a) — T(b)| < |a — b, then &,(T o f) < &,(f). Thus &, is a Dirichlet form, and
(T}") is positivity preserving and contractive on £ by | , Theorem 1.4.1]. Since 1 € P
and L,1 = 0, we have 7,1 = 1. Since w is summable, any bounded sequence f is the sum in
€§0 (w) of the series >, f(k)1{zy. Applying the bounded operator T;" and evaluating at n gives
the formula for T}" f; with f =1 we obtain )y, P/'(n, k) = 1.

2. For p € P, we have Tj'p = > e (" (p en) el which is a finite sum by part 3
of Proposition 3.1, hence a polynomial. For f € C(Y}), choose polynomials p; converging
uniformly to f on Y,,. By part 1, sup,, [(T}'p:)(n) — (T f)(n)| < supy [pi(n*) — F(*)]. Thus
T, f is the uniform limit on Ny of sequences which converge at infinity, hence converges at
infinity, that is 7} f € C(Y;). The resulting operators are positive, unital and contractive for
the uniform norm, and satisfy the semigroup law. For p € P, the finite sum above shows that
T'p — p uniformly as ¢t — 0F; by density and contractivity, (7}') is strongly continuous on
C(Y,). Finally 7@ = et 7 since 7 is a multiple of €.

3. The functional f — (7}" f)(0) is positive and unital on C(Y;), hence a probability measure
by the Riesz representation theorem. Evaluating T}'¢? = e *A»M 7 at 0 and using ¢7(0) = 1
gives (3.7).

4. Let C' = sup,, sup|py|. Parseval’s identity for the vector 1y in the orthonormal basis

. - . _ — . def 2 —
(ef) gives 3o, [el(n")[* = wy", that is 35, @] (n*)Phyt = wit with by, = [l]|” = €}(0)2.

The terms of this convergent series tend to zero and h,, < C?, hence " (n*) — 0 as n — oo for
any fixed k. By (3.7),

e = ({0} + 3wl (Pl ().

k>0

Letting n — oo, the left-hand side tends to zero, and the series tends to zero by dominated
convergence. Hence i ({0}) = 0. Since each 1y, is continuous on Y;, part 2 gives P'(n, k) =

15



(T 40y)(n) = pf ({n*}) as n — co. The rows P/'(n,-) and the limit 4/ are probability vectors
on Ny, so Scheffé’s lemma gives the convergence in El [ |

In the sequel we identify py with a probability Vector on Ny whenever pf ({0}) = 0, writing

pf (k) for pf ({n*}).

4 Comparison of energies

We return to the local field, so that 7 = Q~¢, and we fix a > 0.

4.1 The operator L, for n = Q™

We put
dﬁf Q™™ - o Ca_d
Then T =@, and (3.1) reads
(4.1) wpBr = (1 —7)QU*+D A —phthy k> 0.

Theorem 4.1 The forms Eg of (2.10) and &, of (3.2) satisfy, for any f € EI%IO (w),

(4.2) 1y (f) < Er(f) < ca€y(f),
in [0, 00], where ¢ = M(iﬂ and
p(L+7) o
W) LT fazd
| (1= 7)p* ifa<d
(p=7)(p—1)*(1 = pr) '

In particular, dom g = dom &, is the space described in Theorem 1.1, and for o = d we have

c1 = }_T_—: and cy = (1 —7)73.

Proof : For the lower estimate, we keep only the terms j = 1 in (2.11). Using 1 — ™% < 1 in
(4.1), we obtain

(4.1)
Er(f) 2 c(1=7)°T Y Q™ frmi1 — fml® = c(1—=7)7Q &) (f).

m=0
Since TQ 7 =Q “=plandc= p(pp D the constant is c;.
For the upper estimate, let j > 1 and m 2 0. By the Cauchy—Schwarz inequality,

m—+j—1

(fmts = Fml* <3 > i — fil”.

i=m
Exchanging the sums over m and 4 in the sum of nonnegative terms, we obtain

i

ZQ%mUmﬂ fm]? < JZ|fz+1 fil? Z QV"MSJCJ‘ZQ%qul—fiP’

m=0 >0 m=max(0,i—j+1) >0
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a(i—1

.. - ). . . .
where C; = j if 7, 2 0, and C; = QlZT if 74 < 0, since the inner sum has at most j terms,

each bounded by Q7" if 7, > 0, whereas it is bounded by 35 o, ;. Q"™ = % if
Ya < 0. Moreover, (4.1) gives Q’[fiy1 — fi|* < %wiﬁﬂfiﬂ — fil*. Inserting these

bounds in (2.11), we obtain

e O )

1=n i>1

If 7o > 0, then >, g2 = Zl(l_t)?, using p7Q 7 =1land 1 —n = ";pl, the constant becomes
the first expression in (4.3). If v, < 0, then 7Q 7 = Q™% = n and

. X Q'Ya o Q’Ya n
C.r7 = J— ;
276 1—62%;” 1= Qe (1—7)?

jz1

using Q7 = pr and 1 = p~! gives the second expression in (4.3). The values for a = d follow
from p = 77!, The identification of the domains follows from (4.2), (4.1) and the bounds
1—n<1—phtt 1. [

By Lemma 2.5 and Proposition 3.1, £g and &, are the closed forms of RS ; and L,,. Theo-
rem 4.1 therefore proves the first part of Theorem 1.1. We now turn to spectral consequences.

Corollary 4.2 1. For anyn > 0, equality (1.5) holds. In particular, |Ap — Apy1(n)| < 147
and A\, — Apr1(n) > 147 — K as n — oo.

rad rad

2. For any 0 < 0 < 1, we have dom(R®, ;)% = domL,%,, and the norms f — ||f||—|—H( o )ng

o
and f—||fIl + HLﬁfH are equivalent on this space.

Proof : 1. Since n = p~1, we have
Muer(n) = p" (1= p " (L= 7p ) = L

Subtracting this from A, = p"*! — & gives (1.5). Since 0 < k < 1 and 0 < 7p "1 < 7, the
difference lies in (0,1 + 7).

2. By Theorem 4.1, the Hilbert spaces dom(Rfﬁld)% and dom L,%, equipped with their graph
norms, coincide with equivalent norms. A nonnegative self-adjoint operator A on a Hilbert
space H is sectorial and A + I has bounded imaginary powers, with H(A + I)iSH < 1 by the
spectral theorem. By | , Theorem 6.6.9], the complex interpolation space [H,dom A%]g is
dom Ag, with equivalent norms. Applying this to A = R, and A = L, and using that the

two interpolation couples coincide up to equivalent norms proves part 2. [ |

Remark 4.3 The operators R, ; and L, have no common eigenvector besides the constants.
Indeed, their eigenvalues are simple, so a common eigenvector would be a multiple of some g,
and of some e, simultaneously. The function g, is constant on the infinite set {k > n + 1},
whereas a nonconstant polynomial in n* takes each value at most m times. Hence m = 0,
which is impossible since g, L 1. Theorem 4.1 thus compares two operators whose spectral

projections are in general position, with spectra differing by a bounded sequence.
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4.2 Powers of the zonal operators

In this subsection, we fix a real number ¢ > 0 and we take

def ~_»
=Q

in Section 3. The case ¥ = « is the one of Theorem 4.1. The case ¥ = d is n = 7, and then
L. is the zonal part of the Casimir operator of SU,.(2) with r? = 7, by Remark 5.4 below.
For any integer n > 2, the case ¢ = #11 corresponds to the quantum projective space (CIP’Z_l

with ¢ = 7, by Theorem 10.3 below. We write A,, o Ap(n) and ey, e el for m > 0, so
that eg = 1, Lyem = Apen, and ey, = + o | . For s > 0, the closed form of Ly is

22 . "
[ HL%JCH =Y 1 Al (fiem) [? on dom L. For any 0 < 7 < 1 and any 0 < 7 < 1, we
have A, (n) =n7™(1 —n™)(1 — 7@™), hence

(4.4) e "< Ap(n) <™, m=>1, whereg, det (I=n)(1—mn).
The following two lemmas hold for any 0 < 7 < 1 and any 0 < n < 1.

Lemma 4.4 Let m > 1 and write o7 (x) = Z] "o Cm,;x’. Put D« ( it (m;n)=t. Then

(G+1)

(4.5) lem gl < D™ 0< G <m.
Consequently, |(¢1) (z)] < Ap™™ for 0 <z < n™7 1, and |1 — ¢ (z)| < A'p~™x for 0 < z <
n™, where N
def DZ]’/]J(J2 1 A d;f DZnJ(J;D .
i>1 i>1

Moreover, ¢(z) =1 — "1z and

1— m - 2
(46) el = Y00 (S

=702 \(T31)m

Proof : By part 4 of Proposition 3.1, ¢! is the little n-Jacobi polynomial p,,(z; 7071, 1;7).
Hence | , (14.12.1)] gives

o (™)
7 (T5m);(m5m);

iG-1
2

For 1< j < m, we have |(p=™;n);| = [[Z, 0™ (1 — g™ ~%) < =I5, 0 < (my™;m); < 1,
(rsm); = (7',77)OO and (7;1); = (7;M)eo. This proves (4.5). For m = j = 1, the formula gives

11 =— 11__77". If 0 <z < ™1, then (4.5) gives
Zﬂc (m DE-1 < DZ]U = An~"™.
j=1 j=1

If 0 < z < ™, then 27 < n™U—Vg for any j > 1. Since cm,o = 1, (4.5) gives |1 — ¢l (z)| <
> i1 lem jIn™ N < Al ’m:c. The norm is given by the orthogonality relation | ,
(14.12.2)] with a = 7p~! and b = 1, taking into account the factor 1 — 7 in the weights wy. ®
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For n > 1, we put ¢n = gn 1, so that RY 1, = Ap_1%, when 7 = Q=% and for n,m > 1
we put
def
Unm = <em7wn>g§0(w) .
The families (¢n)n>1 and (em)m>1 are two orthonormal bases of the orthogonal complement
of the constants in 312\10 (w), by Theorem 2.3 and Proposition 3.1. Thus (unm,) is the matrix of a
unitary operator. The functions ,, do not depend on « and 7.

Lemma 4.5 For any integers n,m > 1, we have

m—n 2
(4.7) [t | < Ch (T%n)n_m ifn=zm, |upm| < C’gBm_"n( > if m > n,
where €y & —_U=mA__ oy, def \[(TJr") and B4 4t
1 nA—rn)(mnes’ 2 ey

Proof : 1. Let f € KQNO( w) and n > 1. Since Twy = wgy1, we have

(f1p, —7lp, ,) = Z wy f(k) — Z wit+1f(k Z wi f(k—1)),

k>n k>2n—1 k>n

the series being absolutely convergent. By (2.8), we deduce that

(48) (Fotb) = (L= 1)) 723 we(F(k) — £k —1).

k>n

Suppose that n > m. For k > n, the interval [n¥,n*~1] is contained in [0,7™~!]. Since

(i) < Land (;0)m > (77)o0, (4.6) gives [@, |71 < (1—7)"27~ % (n;n)3!. By Lemma 4.4
and the mean value theorem, we obtain
|em(k) - eM(k - 1)| < (1 - 7-)7%7'7%(775 77);1147777”(1 - 77)77]6717 k>=n.

Inserting this bound in (4.8) with f = e,, gives

1—77 A _ntm . 1 \n—
‘unml < ((.))T = Z(Tn)k = C(1 (7-277) ' m'
UGS =

2. Suppose that m > n. Every eventually constant sequence g belongs to dom L,,, and L,g
is given by (1.3). Indeed, g € dom§&,;, and for f € dom &, the identity (3.4), with p replaced by
g, has a vanishing boundary term for large N. Since the sequence L,g given by (1.3) is finitely
supported, letting N — oo gives &,(f,g) = (f, Lyg) for any f € domé&,,.

In the orthonormal basis (w,, * 14k} )k>0, the operator L, acts on finitely supported sequences
by a symmetric tridiagonal matrix. By (3.1), we have 8y = 7dx+1. Hence the diagonal entries
Br + 6 are at most (1 + 77~ 1)n~*, and the off-diagonal entries —\/Brdrs1 = _T%6k+1 have
modulus at most T%n_ln_k. Since 1+~ ' + 27%77_1 <1+ T%)Qn_l < 4n~!, the Schur test
shows that if g is supported in {0,..., N}, then L,g is supported in {0,..., N + 1} and

(4.9) IZygll < 4~ lgll -

The sequence v, vanishes on {kz n — 2} and is constant on {k > n}, and two of its values
differ by at most ((1 —7)7" ) . Thus Ly, is supported in {n —2,n —1,n} and Ly, (k)| <
(1477~ Yy~ %((1 = 7)7™)~ 2, so that

IZgwull® < (L7 1)? D 72y 20 <314 )2y,
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Let K > 1. For 1 < i < K, the sequence Lfﬂ/}n is supported in {0,...,n+i—1}, and (4.9) gives

125 nl| < VB 470~ )7~ Iﬁl A7 = VB(L gy ARy R A
i=1
Since L, is self-adjoint and Lye,, = Apen, we have Ay, = <em,Lf]{1/1n>. We choose
K =m —n. Using (4.4), we obtain
il < ey K | | < BT (A 205 eyt
n
This proves (4.7). [ |

Theorem 4.6 Suppose that 7 = Q~%, let a > 0 and ¥ > 0, and put n = Q™" and s def 5.

S S 2
1. We have dom Eg C dom L7, and there exists a constant ¢ > 0 such that ¢ HL;‘} fH < Er(f)
for any f € dom Eg.

2. If a < d+ 29, then dom Er = dom Lg, and there exists a constant C' such that Er(f) <
s 12
C HLﬁfH for any f in this space. Thus the closed forms of Ry,4 and Ly are equivalent.

rad
3. If a = d + 29, then the inclusion of part 1 is strict.

The constants c and C depend only on @, d, o and 9. In particular, for ¢ = d, the closed forms
of R4 and L7 are equivalent if and only if oo < 3d.

Proof : Both quantities vanish on the constants and are unchanged if a constant is added to
f. Thus we may suppose that f 1L 1. For n,m > 1, put a, def (f,¥n) and by, def (fyem).
Then a, = Y, Unmbm and by, = Y Unman, the series being absolutely convergent by the
Cauchy—Schwarz inequality, since > |tnm|* = >, [unm|* = 1. By Lemma 2.5 and the spectral

theorem, we have in [0, co]

enf) = Y ke, 27 = 3 Anlonl®
n>1

m2>1

Since 7* = Q* = pand 0 < k < 1, (4.4) gives ¢fp™ < Ay, < p™,and (1 —p~1)p" < \yoq =
p" — k < p". We shall use the following consequence of the Schur test: if a matrix (k;j)i j>1
satisfies |k;;| < k(i — j) for a function k € £}, then it defines a bounded operator on (3 with
norm at most Hk||%.

1. Suppose that Eg(f) < oo and put z, def pza,. Then p%b,, = don p%unmxn. By

m—n 1o 42
Lemma 4.5, p7 = |upm| < ki(m — n), where ki (j) o C2(Bpz)inz for j > 0 and k1(j) o

Cl(Tn2p*1)“*2‘ for 7 < 0. Since k; € £}, we obtain

2
[[E [z

T p_Z Er(f).

s 2
|31 < 3 7ol < sl 3 07 laal? <
m21 n>1

2. Suppose that o < d + 29, that is prn? = Q%29 < 1, and that HL?,fH < oo. Put

Ym def pZby,. Then pZa, = Yom p%unmym and pngim|unm\ < ko(n — m), where ko(j)

def
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C1(pmn? ) for j > 0 and ka(y) = Cg(Bp’%)mn% for j < 0. Since prn? < 1, the function ko
belongs to £}, and

ksl
() < 3 ol < kel Z P bl <
"7

n>=1

’ 2

L} s
3. This is Proposition 4.7 below. The last assertion is the case ¥ = d of parts 2 and 3. H

Proposition 4.7 Suppose that 7 = Q=% n = Q7 and o > d + 29. For any Borel function
F:[0,00) — [0,00), the form domain of F(L,,) contains the polynomials P, whereas the function
ks n* does not belong to dom Eg. In particular, no operator of the form F(Ly,) has the same
form domain as R 4

Proof : The polynomials are finite linear combinations of eigenvectors of L,, hence belong to
the form domain of F'(L,). Let f = n*. Before normalization, the inner product of f with the
numerator of (2.8) is the difference of two geometric tail moments,

177 1—
Z win 77210“] )( U)Tnﬂnn_

k>n41 k>n L—mn
Hence (f,g,) = *% > . By Lemma 2.5, Er(f) = %Z Apr 20,

Since (1 — p~1)p" Tt < A\, < p"tL, this is infinite if and only if prn? > 1, thatisa > d+29. &

Remark 4.8 The norm of the kernel ko in the proof of Theorem 4.6 is at least Cy(1 —
(pr1?)2)~1, so that the constant C' obtained in part 2 tends to infinity as a — d+ 29, in accor-
dance with part 3. The threshold comes from the subdiagonal decay (T%n)”*m in Lemma 4.5,
which is governed by the first order Taylor coefficients of the polynomials e, at 0. This de-
cay is attained in the first column: since e; is a polynomial of degree one in n*, the proof of
Proposition 4.7 shows that u.,; is a constant multiple of (7'%77)". In terms of the exponent s,

the condition a < d + 29 reads
d log T
§<24—-—=2+ .
U logn

For s < 1, part 2 also follows from Theorem 4.1 applied with the order ¥ and from part 2 of
Corollary 4 2 with 6 = s, since the operators R, and (R’ ,)* are diagonal in the basis (g,)
with comparable elgenvalues The new range is therefore ¥ <a<d+29. Ford=dand a <d,

part 2 recovers the form comparison of Corollary 7.8 below. For s > 1, the operator L; does

not generate a positivity preserving semigroup for ¥ = d, see Theorem 7.10, and for ¥ = -4

n—1’
see Theorem 10.5.
5 The quantum group SU,(2) and the Podle$ sphere
In this section 0 < r < 1 is arbitrary and 7 = 2.
5.1 The concrete model
We use the standard realization of the compact quantum group SU,.(2) from | , Section
5.3]. Its defining relations and coproduct are those of | , Example 1.1.5, pp. 4-5] and

[ , Section 11], where our generator b is denoted by a. On 612\10 ® L2(T) let
blen®@f)=vV1—1ren_1®f, v(en®f)=1"e,®zf.
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Here e_; = 0, and z is the coordinate unitary on T. Write C(SU,(2)) 2o C*(b,7) and M def

C(SU,(2))”. In this model

(5.1) M = B(£2)BL®(T), hiz)=(1—1) ZT"/Tx,m(z) dm(=).

n=0

The Haar formula is [ , (5.1)]. It defines a faithful normal state on M. The von Neumann
algebra equality can also be seen directly: the polar part of b supplies the unilateral shift,
spectral projections of «v*v supply matrix units, and the polar part of v supplies 1 ® z in the
von Neumann closure. Since h is faithful and normal on M, the algebra M is identified with
the von Neumann algebra L>°(SU,.(2)) generated by the GNS representation of h.

We recall the relations and the coproduct, fixing all conventions:

(5.2) bb+A=1, bb*"+7A=1, ~»'=~"v=A, by=rvyb, by =rvy*b,
(5.3) AB)=bRb—ry"®7, AM)=70b+b"®~.
The fundamental representation is u® = : _g] The coproduct extends to a normal

unital *-homomorphism A: M — MM, since it is implemented by the regular representation
[ , Theorem 1.5.3]. We denote by Pol(SU,.(2)) the *-algebra generated by b and -, and by
¢ its counit, determined by €(b) =1 and () = 0.

Let V be the unilateral forward shift. Then b = V*(1 — A)2 and V* = (1 — 74)"2b €
C(SU,(2)). Consequently ego @1 =1 —VV* and all matrix units e;; ® 1 = ViegoV*/ belong to
C(SU,(2)). More generally, ¢;; ® 2* € C(SU,(2)) for k € Z: first use p,y = r"en, @ 2, where
Pn = €nn ® 1, and then the matrix units.

With the semifinite trace Tr ®m on M, the density of h is Dy, = (1 —7)diag(7™) ® 1. Hence
its modular group is

olei; @ ) =70 e @ f, ol(b) =77, ol(y) =1
"(z) = Di*xD;'* and agrees with | , Example 1.7.4, p. 31].

The formula follows from o7

5.2 Torus actions and the symbol map
For A € T let D) be the diagonal unitary of EIQ\,O given by Djye, = A" "e,, and let ¥, be the
unitary of L2(T) given by (95 f)(¢) = f(A). For A\, u € T we put

(5.4) Brp(@) B (Dry ®9r-1,)2(Day @ 9y-1,)", @ € B2, @ L*(T)).

A direct computation gives

(5.5) Bau(®) = Aub,  Bap(y) = A1y, Baule ®2F) = Q) TN ) Pe; @ 20

Thus each S, is a normal x-automorphism of M which leaves C(SU,(2)) invariant and pre-
serves h, since Dy, commutes with D and ¥-1, preserves the Haar measure of T. The map
(A, i) — Bapu(x) is norm continuous for any = € C(SU,(2)): this is clear on the x-algebra
generated by b and v by (5.5), and follows in general by density, the automorphisms being
isometric.

Lemma 5.1 The C*-algebra J def K(4%,) @min C(T) is a closed two-sided ideal of C(SU(2)).
There exists a unique x-homomorphism o: C(SU,(2)) — C(T) with kernel J such that o(b) = z

and o(y) = 0. For A € T, the map €y & evy oo is a character of C(SU,(2)) with ex(b) = A
and ex(y) =0, and €1 extends the counit €.
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Proof : By the preceding subsection, J is contained in C(SU,(2)). Since b € B(¢5,) ® 1 and
v € J, the algebra C(SU,.(2)) is contained in B((§,) @min C(T), in which 7 is an ideal. Hence J
is an ideal of C(SU,(2)). The elements A = diag(7")®1 and 7 belong to J. By (5.2), the image
b of b in the quotient satisfies b*b = 1 = bb*, and the quotient is generated by the unitary b. It is
therefore commutative and isomorphic to C(Sp(b)) The automorphism f3; ;, leaves J invariant
by (5.5), hence induces an automorphism of the quotient sending b to pub. Thus Sp(b) = uSp(h)
for any p € T, and Sp(b ) = T. Composing the quotient map with the Gelfand isomorphism
gives 0. The last assertions follow, since £; and € are unital homomorphisms which agree on b
and 7. [ |

A direct computation on the generators, using (5.3), ex(y) = 0 and coassociativity, shows
that

(5.6) Bap=(ex®Id®e,) o (A®Id) oA on C(SU,(2)).

Indeed, both sides are x-homomorphisms. For instance, (A ® Id)A(y) = (y®@b+b*®@7) @b+
(* ®b* —ry®7*) ® v, and applying ey ® Id ® ¢, gives Apy. Thus 51 and B;,, are the left
and right translations by the classical diagonal torus of SU,.(2).

5.3 Matrix coefficients and zonal spherical functions

We use the irreducible unitary representations u(Y) = (u§-lk))jJ€7 l e %No, of dimension 2]+ 1, with

indices j,k € {—l,-1+1,...,1}, asin | , Section 11]; for [ = 1 we label the fundamental

representation so that u( 1) , =band u(%)l = b*. We have A(u(l)) = (l) ® u(l) and
12

272

N‘H

e(u; a )) = J,5. The matrix coefficients form a linear basis of Pol(SU,(2)), by [ , Example
24. 8} and the orthogonality relations [ , Theorem 1.4.3]. Moreover, if Pol,, denotes the

space of polynomials of degree at most n in b b*,v,v* and C(I) et Span{u }, then

(5.7) Pol, = @ ),

l€LNo, 2i<n

see the proof in | , Example 2.4.8]. Finally, the Woronowicz characters f¢, ¢ € C, are
unital homomorphisms of Pol(SU,(2)) [ , Proposition 1.7.2], and | , (11.2)]

58 (l) 2 C

(5:8) felugy) = o5k

Lemma 5.2 For anyl € %NO, any j, k € {—1,...,1} and any A\, u € T, we have
(5.9) EA(“%) - 5jk/\_2j, ﬁ/\u( ) =\ (l).

Consequently, the elements of Pol(SU,.(2)) fixzed by all B)\ u form the space span{uélg :1 € Ng},
and the elements fized by all By, form the space span{u 0 leNg, 7] <}

Proof : For ¢ € C\ {0}, there is a unique unital algebra homomorphism x.: Pol(SU,(2)) — C
such that x¢(b) = ¢, x¢(b*) = ¢! and x¢(v) = xc(v*) = 0, since these values satisfy the
defining relations (5.2) and their adjoints. For any noncommutative monomial x in b, b*,~,v*,
the number x¢(z) is either 0 or (™ for an integer m independent of (. Hence ¢ — x¢(z)
is a Laurent polynomial for any = € Pol(SU,(2)). By (5.8) and the labeling of u(z), the
homomorphism f¢ takes the values r=¢, r<, 0, 0 on b, b*,7,7*, so that fe = Xr—¢. By (5.8), we
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deduce that x, (uglk)) = ;0% for any x > 0. Two Laurent polynomials which agree on (0, 00)

are equal, hence this equality holds for any z € C\ {0}. For A € T, the homomorphisms X, and
e agree on b, b*,~,v*, which proves the first equality of (5.9). The second follows from (5.6)

and A (uglk)) =y uY @ ul) ® ugk) The last assertions follow from the linear independence

a,c ja
of the matrix coefficients, since —2j = 0 if and only if j = 0, which requires | € Ny. ]

Proposition 5.3 For any integer | > 0, we have u(()lo) = @] (A), where ] is the polynomial of
Proposition 3.1 with n = T, that is the little T-Legendre polynomial normalized by ] (0) = 1.
Moreover |¢] (z)] < 1 for any x € X,.

Proof : Let n > 0. The element A™ = (y*y)™ belongs to Poly,, and is fixed by all 5 ., by
(5.5). By (5.7) and Lemma 5.2, the polynomials of degree at most n in A are contained in the
space span{u(()lo) :1 € Ny, | < n}. Both spaces have dimension n + 1, since the spectrum X, of
A is infinite. Hence they are equal for any n, and by induction u(()g) = pn(A) for a polynomial
prn of degree exactly n.

Recall that h(F(A)) =Y, wiF(7%) by (5.1). By the orthogonality relations | , Theo-
rem 1.4.3 (ii)], h((u(()lo))*uégl)) = 0 for I # m. Thus the polynomials p; are orthogonal in /3 _(w),
as functions of 7%. Since £(y) = 0, we have ¢(A) = 0 and £(p(A)) = p(0) for any polynomial p;

hence p;(0) = e(uél)) = 1. By part 4 of Proposition 3.1, p; = ¢]. Finally, 1 is unitary, so that

Zj(uglo))*uglo) =1 and HUEBH < 1. Since the spectrum of A is X, this gives supy_|¢f| < 1. W
The identification of zonal matrix coeflicients with little ¢-Legendre polynomials is classical,

see | 1 N ] and the survey | ]; the proof above only uses the facts
recalled in this subsection.

Remark 5.4 We use the following conventions for U,sly, compare | , Section 2.4]:
KEK™' =B, KFK~' =1 2F, EF — FE = K=K__

A(K) = K®K, A(E)=E®1+K®E, A(F)=F®K '+1@F, K*=K, E*=FK, F*=K 'E.

def po_p—=
r—r—1

One checks on the generators that A is a *-homomorphism. Put [z],
the irreducible *-module V, has an orthonormal basis (&;)i|<s with
(5.10)

K& =r%¢, F&G=r""[s+i[s—i+1,& 1, FE&=r""[s—il[s+i+1] &1,

—21

where £4(o11) = 0. Indeed E = (FK)* on this basis, and [E, F]& = “=2"¢, follows from

. For s € %NO,

s+ d]o[s — i + 1], — [s — i]»[s + i + 1], = [2i],. Consider the Casimir element
-1 -1
def r K +rK
o ppyl 2TTR
+ (r—r—1)2

Since [E, EF] = E(K_inl) and [E, 7 1 K4+rK1] = —(r—r ) E(K—K™1), we have [E,Q] = 0,

rT—r"

and in the same way [F, Q] = 0. Hence Q) is central, and it acts on the irreducible module Vj
by a scalar, which we compute on &;. Since E¢; = 0, we have

Qé (,,,.25 _ ,,,.725 N 7,2571 + ,r,172s) 7,25+1 + 7,72571&.
SN -t (r—r—1)2 T (r—rh)2

,r,2l+1+7,—2l71

Thus € acts on V; by the scalar Q; = e Hence, for any [ € %Nm

(5.11) A2 2 22 (e )20 — Q)
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and A; = Ay(7) for | € Ny, by (1.4). Through the duality between U,sly and Pol(SU,(2)), the
operator z — (Id®Q)A(z) acts on C(I) by €;. Thus L, is, up to the affine normalization (5.11),
the restriction of this Casimir operator to the zonal polynomials ¢ (A).

5.4 The Podle$ sphere in the concrete model

We define
def

C(S2) = {x € C(SU,(2)) : B1,u(x) = a for any p € T}

and
L>°(5%) ef {r e M : p1,(z) =« for any p € T}.

By (5.6), C(S?) is the algebra of elements of C(SU,.(2)) invariant under right translations by the

diagonal torus, that is the standard Podle$ sphere | ]. We put Pol(S?) o Pol(SU,.(2)) N
C(S?), which is span{uyo) :1 €Ny, |j| <1} by Lemma 5.2. Let W be the unitary of £ ©L*(T)

defined by W(e, ® f) = e, ® z"f, and put
O(z) = W@ )W*, xeB(R,).

Finally, let w, be the faithful normal state w,(x) e Tr(Dx) on B(4, ), where D e (1-
7)diag(7™). It is the Gibbs state of the harmonic oscillator at inverse temperature log %

Proposition 5.5 1. The map 6 is a normal x-isomorphism from B((3 ) onto L>°(S?), with
9(62‘]‘) =¢€;; ® 273 and hof = w,.

2. We have 0(K(€3,) + C1) = C(S?), and Pol(S}) is dense in C(S?).

3. The image under 0 of the diagonal algebra (5 is W*(A), which is the algebra of elements
of M fized by all By .. In particular, W*(A) is a mazimal abelian subalgebra of L>°(S?).
The elements of C(SU,(2)) fized by all By, form the algebra C*(A), which is 6 of the
convergent diagonal sequences.

4. The averages Eg def fT B1pdp and E def fT2 Ba,p dAdp are faithful normal h-preserving
conditional expectations from M onto L>°(S?) and W*(A), which map C(SU,(2)) onto
C(S?) and C*(A) respectively.

Proof : 1. We have W*(e, @ f) = e, ® 27" f and W(e;; @ 1)W*(e,, ® f) = djne; @ 2079 f,
which gives 0(e;;) = e;; ® 277, The map 6 is spatially implemented, hence a normal injective
*-homomorphism. Its range is contained in L>°(5?) by (5.5). Conversely, let y € M be fixed
by all 1, with matrix entries y;; € L°°(T). By (5.5), the Fourier coefficient of index k of
yi; is multiplied by W~k under B1,. Hence y;; = ¢;;2°77 for some ¢;; € C, and W*yW
has constant entries c¢;;, that is W*yW = ¢ ® 1 with ¢ € B(£§,). Thus y = 6(c). Finally,
h(@(z)) =1 —71)>, T"Tnn = wr(x) by (5.1).

2. The elements 6(e;;) = e;; ® 277 belong to C(SU,(2)) and are fixed by £;,,. Hence
O(K(¢5,) + C1) C C(S?). Conversely, let 2 € C(S}). We have o o 8, = rot, o o, where
(rot,g)(¢) = g(uQ), since both sides are *-homomorphisms which agree on b and . Hence o(z)
is a rotation-invariant continuous function, that is a constant ¢. Then x — ¢l € J is fixed by
all 81,,,. Averaging over u, the closed linear span of the elements e;; ® 2% of J is mapped onto
the closed span of the elements e;; ® z*~7, which is 0(KC(¢3, )). Hence z € (K(¢5,)) + C1. For
the density, note that Egr maps C(SU,(2)) onto C(S?) (see part 4), that Pol(SU,(2)) is dense
in C(SU,(2)), and that E(Pol(SU,.(2))) = Pol(S?) by Lemma 5.2.

25



3. We have 0(enn) = enn ® 1 = pp = 1(zn)(A). Hence 0((F) = W*(A). By (5.5), an
element of M is fixed by all 8, if and only if its matrix entries y;; vanish for ¢ # j and are
constant for i = j. The diagonal algebra is maximal abelian in B(¢3 ). Let « € C(SU,(2)) be
fixed by all ) ,. Asin part 2, o(z) is a constant ¢, and x — c1 belongs to the closed span of the
elements e,, ® 1, that is to 8(cy). Hence z = F(A) for a function F € C(X,). The converse
inclusion is clear.

4. Each f5, is a normal h-preserving automorphism, and the map (A, u) — B, (z) is
o-weakly continuous for z € M and norm continuous for € C(SU,(2)). The averages are
therefore normal unital completely positive idempotents onto the fixed-point algebras, preserv-
ing h, and they are bimodular over their ranges. Faithfulness follows from faithfulness of h.
The integrals of norm continuous functions are norm limits of Riemann sums, which gives the
last assertion. [ ]

From now on, we identify C*(A) with C(X;) through F(A) <> F, and W*(A) with (3. For
7 = Q4, we recover the identification (1.1).

Theorem 5.6 Suppose that T = Q~%. There is a unique normal unital state-preserving *-
isomorphism 4

T L2(0%)ra = WHA),  J(F(I %)) = F(A),
where F' ranges over bounded Borel functions on X,. It maps 1g, top,, 1p, to P, def Zk2n Pk,

and continuous radial functions onto C*(A). It induces an isometry Jy from € (w) onto the

closure of W*(A) in the GNS space of h.

Proof : A radial bounded function is a sequence (f,), and Jf = Y fupn is its diagonal
realization. Orthogonality and strong summability of the p, prove multiplicativity, the -
property, normality, and bijectivity onto W*(A4). Equality of the weights in (2.2) and (5.1)
proves preservation of the state and the L? assertion. Values assigned to F at 0 are immaterial
at the von Neumann level, and continuous radial functions correspond to convergent sequences.

|

6 Boundary energies of random walks

In this section, we compare the boundary theory of the simple random walk on the tree of
balls of O¢ with the boundary theory of the random walk on the dual of SU,.(2) driven by the
fundamental representation. We prove Theorem 1.2. Throughout, 0 < » < 1 and 7 = r2, and
we have 7 = Q% whenever the local field is involved.

6.1 The tree of balls

Let T be the rooted tree whose vertices at level n > 0 are the balls z +7"0% of ©%, a ball being
joined to the Q7 balls of the next level which it contains. Its boundary is O%. We consider
the simple random walk on T, with transition probabilities pr(v,w) and reversible measure
mr(v) = deg(v). By symmetry, its harmonic measure seen from the root is the normalized
Haar measure of O?. For any F € L2(O%), we denote by HrF the harmonic extension of F to
the vertices, that is the integral of F' against the harmonic measure seen from each vertex, and
we put

(6.1) Ex(F) €S mr(v) Y pr(v, w)[HeF (w) — HrF(v)]? € [0, 00].
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Up to normalization, this is the Douglas integral of the trace of the walk on the boundary, see
[ ] and | ]. Recall that M9 denotes the Fourier multiplier of the compact group O%

which is zero on constants and equals ||€ ||dK on nontrivial characters (Proposition 2.1).
Theorem 6.1 Suppose that T = Q~%. For any F € L?(0%), we have

ET(F) = 2(1 - T) <Fa MdF>L2(Od,)

in [0, 00|, where the right-hand side is the closed form of M.

Proof : We first consider a wavelet F' =3 _ f.1. attached to a ball B of level n, where ¢ runs
over the Q¢ balls of level n + 1 contained in B and > . Je = 0. By symmetry, HrF vanishes at
the vertex B and outside the subtree of B. From a child ¢ of a vertex, the walk hits this vertex
with probability 7. Hence HrF = f.(1—7711) at the vertices of the subtree of ¢ at depth j > 0
below c. The edge from B to ¢ contributes (1 —7)2|f.|? to the edge energy, and the edges below
¢ contribute

S UL PR (L - ) = (1 - 7l £l

Jj=20

Thus the edge energy of HrF is (1 — 1) |f.]? = (1 — 7)7~(+D) ||F||iQ(Od)- Since
mr(v)pr(v,w) = 1 for neighbours v,w, the energy (6.1) is twice the edge energy. On the
other hand, the wavelets attached to the balls of level n are the finite linear combinations of
characters of conductor n + 1, on which M? acts by Q4"+l = 7—(n+1),

Now, we consider wavelets F; and F, attached to different balls B; and Bs. If By N By = 0,
the gradients of HrFy and HrpFs have disjoint supports. If By C By, the gradient of HrF; on
the edges below Bs depends only on the depth, whereas, at any depth below Bs, the sum of
the gradients of HrFs is a multiple of the sum of the coefficients of F5, which is zero. Hence,
for any m > 0, the harmonic extensions of wavelets attached to different balls are orthogonal
for the energy of the edges between the levels m and m + 1. The same holds for two wavelets
attached to the same ball, if they are orthogonal in L2(O?), by the above computation.

Finally, let F € L2(0%) and let F = ¢ + >, ¥ be its orthogonal expansion along the
constants and an orthogonal basis of wavelets. For a vertex v of level n, the harmonic measure
seen from v has a constant density on each ball of level n, by symmetry. Since the harmonic
extension of a wavelet attached to a ball of level m vanishes at the vertices of level at most m,
we deduce that, on the levels m and m + 1, the function HrF is the finite sum of ¢ and of the
functions Hrt, ¥ attached to balls of level at most m. By the orthogonality of the previous
paragraph, the energy of HrF' on the edges between the levels m and m + 1 is the sum of the
corresponding energies of these functions Hrt. Summing over m and exchanging the sums of
nonnegative terms, we obtain

En(F)=> &r(y) =21 —7)Y (b, M¥) =2(1—1) (F, M'F).
» (2

On radial functions, Proposition 2.1 gives M2, = R | + x(I — Eo) with xk = H%’ since
p=7""'for a = d. Thus the restriction of &r to radial functions is 2(1 — 7) times the Taibleson

form of order d, up to the bounded perturbation x(I — Ey).
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6.2 The random walk on the dual of SU,(2)

Let G = SU,.(2). We use the x-modules V5, s € %Nm of U,sl, and the conventions of Remark 5.4;
in particular K¢; = 7¢; and (5.10) holds. Since A is a *-homomorphism, the Hilbert space
tensor product of two such modules is a x-module, which is an orthogonal direct sum of copies
of the modules V,.. The von Neumann algebra of the dual discrete quantum group is ¢°(G) =
. B(V;), and its coproduct acts on V, ® V; by &(a) =, trarty, where 1,0V, = Vo, ® V; are

the isometric intertwiners. Consider the state ¢ e [2]71 Tr(K 1) on B(V1), the normalized
quantum trace, and put

(6.2) PE (Id®¢)oA, ha) =Y [2s+1], Tr(K'ay).

S

On central elements, P is the quantum dimension walk, with transition probability P[]zj[;itﬂlrh

from s to s = s+ 1. Since Tr(K~!-) is invariant under the adjoint action of U,sly on each
B(V), the operator P commutes with the adjoint action of G on £*°(G), and the weight h is
invariant under this action.

We denote by H>(G,P) the space of bounded P-harmonic elements of £>°(G). For any

bounded function f: Ny — C, we put f(4) %< >ox f(E)pr € W*(A), where pp = 1,5y(A), and

we identify a function F' on X, for instance a polynomial, with the function k +— F(7*) on
No. We use the following properties of the Poisson integral ©: L>(52%) — Hm(é, P), which
are established in | ], see also [ , Section 2 and Theorem B], where the convolution
operator is written with the opposite convention: the map © is normal, unital, completely
positive and bijective; it is G-equivariant for the action of G' on L>°(S2) by left translations
and the adjoint action on £*° (@), it satisfies €0 © = h, where £ is the evaluation at the trivial
representation; and it is multiplicative for the product

m—1

e 1 ;
(6.3) a-b g lim — Z P7 (ab)
7=0

m—oo M %4

of H> (@, P). In particular, the Poisson boundary of (@, P) is the Podles sphere. Its Martin
boundary is also the Podle$ sphere [ ]. For r = 1, that is on the dual of the compact group
SU(2), the classical counterparts are due to Biane: positive harmonic weights of nondegener-
ate random walks on the dual of a compact group are integrals of harmonic exponentials, an

analogue of the Choquet—Deny theorem [ ], and for central transient random walks on the
dual of SU(2) the Martin compactification is an extension of C(S?) by C*(SU(2)) | ], see
also [ , Sections 8 and 9].

For any harmonic element a, the element I'(a) e P(a*a) — a*a is positive by the Kadison—

Schwarz inequality. We define the energy of a at level n = 2s and its total energy by

(6.4) £M(a) ¥ 25+ 1], Tr (K'T(a),),  Ea(a) € Y €™ (a) = (T (a)) € [0, 00].

n>=0

For the simple random walk on T, with the weight mr in place of E, the total energy reduces
to (6.1).

~

The diagonal chain. The diagonal elements of ¢*°(G), that is the elements fixed by the
adjoint action of the torus, form a commutative subalgebra which is invariant under P. Hence
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P induces a Markov chain on the set of pairs (s,4) with |i] < s. We use the coordinates n s

and ks e {0,...,n}, so that the state space is

DY {(n,k) e N2: k <n},

and we say that (n,k) has level n. We write P(v,v’) for the transition probabilities, so that
(Pf)(v) =>, P(v,v") f(v') for functions f on D.

Proposition 6.2 For any (n,k) € D, the transition probabilities of the diagonal chain are
1 — pnoktl (1 —7nF)
k) = (n—1,k) : ,
(14+7)(1 — 7+’ (n. k) = (n ) (I1+7)(1—7nth)

Tnkarl(l _ Tk+1) Tnkarl(l _ Tk)
(1+7)(1 —7nt1)’ (14 7)1 —7nt1)’

(n,k) = (n+1,k) :

(n,k) = (n+1,k+1): (nk) > (n—1,k—1):

The chain is reversible for the measure

~ def 2k—n __ 1— 7!
(6.5) w(n, k) = [n+1]r77" = [
which is the restriction of/i; to the diagonal.

Proof : We first compute the Clebsch—Gordan coefficients of V; ® V%7 s> % (for s = 0 only V%
occurs). For —s — 1 < i < s, put

[25+1],

1 1
def [ i—s[s+i+1], )2 def ( sit1 [s—i], |2
Ty = (T 2s+1], 9 Yi = \T

Expanding the r-numbers gives r'=%[s +i + 1], + r*TiT1[s —i],, = [25 + 1],,, that is 27 + y? = 1.
We claim that, up to a phase,

(6.6) bordbipt = 0§ @8+ Y& ©®E 1, —s—-1<i<s,

with €4 (s41) = 0. The vector § ® 5% has the maximal weight s + %, hence spans the highest
weight space of the unique copy of VH%; this is (6.6) for ¢ = s. Suppose that (6.6) holds
for some i > —s — 1, and apply A(F) = F® K~' +1® F. By (5.10), we have F¢; =
T,%£7%7 F£7% =0 and K*1§% = r’lf%, so that the coefficient of &;_1 ® f% in A(F)LSJr%fH%
is 7'"’117"*1'\/[5 +i]y[s —i+ 1] 2. On the other hand, (5.10) in V1 gives A(F)i, 1§, 1 =
rmi e Is+i+ 1 [s —i+ 1], te41&i—1. Hence the modulus of the coefficient of {1 ® {1 in

the unit vector ¢, 1€ 1 is (r™! [S[jﬁ]ﬁ -

§i-1® & and § ® {1, its other coefficient has modulus (1- ac?_l)% = y;_1, which proves
(6.6) by induction. Finally, for |i + 3| < s — %, the weight space of weight i + 3 of V, ® Vi
is spanned by & ® & 1 and &1 ® 5_% , and it is the orthogonal sum of the lines spanned by
LS+%§Z-+% and LS_%fi_._%. Hence the coefficients of Ls_%fﬂr% on these two vectors have moduli

1
)2 x; = x;_1. Since this vector belongs to the span of

y; and x;. Writing i — 4 = (i — 1) + 3, we obtain

s [sti+1], j [s—it1],
| <Ls+%€i+%a§i ®§%> ?=r S[fzslﬂ]l - <Ls+%£i7%v€i ® 57%> ? = ot [L[q231+1]]r )
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| <L37%§i+%a§i ® §%> P =t <557%£i7%a§i ® 67%> P =it e

Since ¢ takes the values ﬁ and 17— on the projections onto (Cfé and (Cff%, and since ¢y &y

has weight i/, we have, for any diagonal element a,

1
) T2 .
P(a)(s,i) = Z 1+1 Z | (tor&ipms & © &m) |2a(5la1 +m).
m= % s/:s:i:%
b—al—T1"

The formulas follow from [a),./[b], = r and from s +i =n—k, s —i = k. Detailed

1—7b

balance is a direct verification. Finally, the diagonal entry of K1 at & is 77 = 72*~", which

gives (6.5). [ |
These transition probabilities were first computed by Biane [ , Section 4]. He considers
the quantum Bernoulli random walk on the dual of SU,(2) | ], restricted to the subalgebra

generated by the centre and by the generator of the torus, which is our diagonal algebra, for the
state defined by the Woronowicz character, which is our state ¢ and the state used by Izumi
[ ]. With his conventions, the dictionary is ¢> = 7 and (r,k) = (n,2k — n), where his
first coordinate is n = 2s and his second coordinate is twice the weight, up to sign. For the
tracial state %Tr in place of ¢, the same subalgebra is invariant, and Biane showed that the
corresponding chain converges, as ¢ — 0, to the Markov chain (25— X, X) of Pitman’s theorem,
where X is the simple random walk and S its running maximum | , Sections 2 and 4], see
also [ , Section 13]. For the state ¢, the limit 7 — 0 is degenerate: by Proposition 6.2, the
chain then moves deterministically from (n, k) to (n + 1, k).

Remark 6.3 Suppose that 7 = Q¢ and consider the (Q¢ + 1)-regular tree, which is the
Bruhat—Tits tree of PGLy over the unramified extension of degree d of K, whose residue field
has Q% elements | , Chapter II, Section 1.1], and its radial chain relative to a boundary
point: n is the distance to the root and k is the length of the common part with the geodesic ray
from the root to the boundary point. Off this ray, the chain moves to (n + 1,k) and (n — 1, k)
with probabilities 1-1%7 and 7. On the ray, that is if K = n > 1, it moves to (n + 1,n + 1),
(n+1,n) and (n — 1,n — 1) with probabilities 7, }I_—: and 7. By Proposition 6.2, the
diagonal chain moves from (n,n) to (n+1,n+ 1) with the same probability 17—, and its other
transition probabilities differ from those of the tree by O(7"~*) off the ray and by O(7") on
the ray. The difference lies in the “horizontal” moves (n, k) <> (n + 1,k + 1) off the ray, whose

probabilities are of order 77,

Recall that the closed form of Ly is E-(f) = Y50 wefelf(k + 1) — f(k)[> with wyfs =
(1 —7)(1 —7F*+1) see (3.1) and (3.2) with n = 7. We put

def 2T
(6.7) o = Gxna=—ne

Proposition 6.4 For any (n, k) € D, the conductance of the edge between (n, k) and (n+1,k+
1) is
N def  T(1 —7kF1) ¢
k)P k Lk+1))=bpy = ——————=— .
D k)P ((n, K. (n+ 1K+ 1)) = b 1+7)1—-7) 2 Wi
In particular, it does not depend on the level n. Moreover, the conductance of the edge between
(n,k) and (n+1,k) is

def 1 —7dt1

w(n,k)P((n, k), (n+1,k)) = ap_p, where ag = A= d € Ny.
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Consequently, in the coordinates (d, k) = (n—k, k) € N2, the diagonal chain is the random walk
associated with the Cartesian product of the networks on No with conductances (aq) and (by)
between consecutive points.

|t Tn—k+l(17Tk+1)
1—7)Tn—k ’ (1+7)(1—7n+1)

Proof : By Proposition 6.2 and (6.5), the first conductance is i

__k+1 . o n+t1 o m—k41 .
%, and the second one is (117:)7",,@ . (1_&7)7(14”1) = a,_k. In the coordinates (d, k),

the moves to (n £ 1, k) change d by +1 and keep k, and the moves to (n + 1,k £+ 1) keep d and
change k by +1. By reversibility, the conductance of an edge does not depend on its orientation,
which gives the last assertion. [ ]

The following lemma is the key algebraic property of the diagonal chain.

Lemma 6.5 Let j > 0 be an integer and let g: Ng — C be a function. Consider the function
f on D defined by f(n,k) = g(n)r7%. For anyn > 1 and any 0 < k < n, we have

(6.8) (PF)(n,k) = (A;9) ()77 + (B;g)(n)r0~ 1k,

where

et (L= 7"5742)g(n 1) + (7 — 77 )g(n — 1)
(Ajg)(n) = (14 7)(1 = 7n+1) )

aget T"H[( = Dg(n+1) + (177 = 1)g(n — 1)]

Proof : Fixn >1and 0 < k < n, and put y = 7. The probability of the move to (n — 1, k)
vanishes if k£ = n, and the probability of the move to (n — 1,k — 1) vanishes if £k = 0. Hence we
may use the formula f(n’, k') = g(n')77* for all the terms of (Pf)(n, k). By Proposition 6.2,
the number (1 + 7)(1 — 7" (Pf)(n, k) is equal to

(1 =7y Dg(n+ 1)y’ +7(1 = 7"y )g(n - 1)y’

+r Ty T A = Ty)g(n + Dy + 7y T = y)g(n — )Ty

Collecting the terms in y’ and in %7~!, we obtain (6.8). ]
Note that By = 0 and that Ag is the quantum dimension walk of the levels, since
(1+71')7(71—it'"+1) = [2][?[211] and (1+:)7(Iii"+1) = [2]}["”]11%. In particular, the level of the diagonal

chain is itself a Markov chain.

For any integer | > 0, we denote by V; the space of functions f: D — C such that, for any
n > 0, the function k — f(n,k) on {0,...,n} is of the form k — p(7*) for some polynomial p
of degree at most [. On the levels n < [ this condition is empty, since any function on n+1 < {
points is the restriction of a polynomial of degree at most [ — 1. Writing an element of V; as
f(n, k) = 22:0 g;(n)77% Lemma 6.5 shows that P(V;) C V.

Remark 6.6 The restrictions to the level n = 2s of the elements of V; are the diagonals of the
operators Zé‘:o a;K=7 on Vg, since 779 = 77373k Consider the adjoint action ad(E)(T) =
ET — KTK'E, ad(F)(T) = FTK — TFK and ad(K)(T) = KTK~! on B(V,). A direct
computation gives ad(E)(K™1) = (1-7"H)EK™! ad(E)(EK™ ') =0, ad(F)(K~ ') = (1-7)F
and ad(F)(F) = 0. Since K~! has weight zero and ad(E)?(K~!) = ad(F)?(K~!) = 0, the
operator K1 lies in the sum of the spin components of B(V;) of spin at most 1. Since the
adjoint action is a module algebra action, the powers K7, j < I, lie in the sum of the spin
components of spin at most I. If n > [, both spaces of diagonal operators have dimension [ + 1.
Hence the restriction of V; to the level n is the space of diagonal operators of spin at most [,
and the inclusion P(V;) C V), is the diagonal form of the equivariance of P. We do not use this
remark below.
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6.3 Harmonic functions of the diagonal chain

We denote by (n, k)0 the diagonal chain, by P, and E,, the probability and the expectation

for the chain started at v € D, and by 7, def ny — k; the distance to the ray {(n,n) :n > 0}. A
move is called horizontal if it changes k, that is if it is of the form (n,k) = (n £ 1,k £ 1).

Lemma 6.7 1. For any (n,k) € D, we have E, 1 [Zt>0 rjt] < @ﬁr"‘k.

2. Almost surely, the chain makes only finitely many horizontal moves, ny — oo and k; is
eventually constant. We denote by koo its final value.

3. For any bounded function f: No — C, the function Hf defined on D by Hf(v) et

E,[f(kso)] is bounded and harmonic and, for any (n,k) € D,

47 —k
5 [ flloo ™"

(6.9) Hfnk) = FB) S G e =2

4. If u is a bounded harmonic function on D such that g(k) def lim,, 00 w(n, k) exists for any
k € Ny, then u = Hg.

Proof : 1. From a state (n,k), the distance j = n — k increases by one with probability
o def WELH)’ decreases by one with probability p_ def %,

otherwise. We have p_ < 7p; and py > L‘r—: Since r~' — 1 > 0, we deduce that

and is unchanged

E[r/ — 9t (ng, ke)] = 7 [py(r = 1) +p_(r ' = 1)] <rlipy[(r = 1)+ 7(r~ " = 1)]
(1—7)(1—7)?
147

=—ritp, (1 —7)? < — rit.

2 .
Taking expectations and summing over 0 < ¢ < T, we obtain % Yoier B[] <
r?~Fk. Letting T — oo gives the assertion.

2. By Proposition 6.2, the probability of a horizontal move from (n, k) is

7”7’“1(2 — k1l Tk) 27 ek 27 ek
< T {——F-—7r
(1+7)1—7mnth 1+7)(1-71) 1+7)1-71)

By the first part, the expected number of horizontal moves of the chain started at (n, k) is at
most (I_T)gﬁr”_k < 00. Hence there are almost surely finitely many horizontal moves, and

ky is eventually constant, since k changes only through horizontal moves. Moreover ), 1/t < oo
almost surely, so that j; — oo and n; > j; — oo.

3. The function H f is bounded and harmonic by the Markov property. If the chain started
at (n, k) makes no horizontal move, then ko = k. Thus [Hf(n,k) — f(k)| is at most 2 || f||
times the probability of at least one horizontal move, which is bounded by the expected number
of horizontal moves. This proves (6.9).

4. The process (u(ng, kt))i>o0 is a bounded martingale. By the second part, we have almost
surely k; = koo for any ¢ large enough and n; — oo, so that u(ng, k) — g(ks). Note that g is
bounded by |ju|| . . By dominated convergence, u(v) = E,[u(n¢, k)] = Ey,[g9(ks)] = Hg(v) for
any v € D. |

For any n € Ng U {c0}, let m,, &f > o<k<n 7%5,%. Then (1 — T)m is the Aref’eva—Volovich

law, that is the law of A under h, and the measure w(n,-) on {0,...,n} is proportional to the
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image of m,, under 7% — k. For any integers 0 < I < n, we denote by M, the monic polynomial
of degree [ which is orthogonal in L?(m,) to the polynomials of degree at most [ — 1. It exists
and is unique, since m, has n + 1 > [ + 1 atoms. We let p; be the analogous polynomial for
Mo,. By part 4 of Proposition 3.1 with n = 7, we have @] = sp;, where s # 0 is the leading
coefficient of ¢]. Finally, for any integer [ > 1, we define the sequence (;(n)),>; by g(I) =1,
G(l—1) =0 and, for any n > [,

(6.10) (1- T"+l+2)§l(n +1)=0+7)1-7"gMmn) - (1 - T"ilJrl)gl(n —-1).

The coefficient of ¢;(n — 1) vanishes for n = [. With the notation of Lemma 6.5, the relation
(6.10) means (A4;51)(n) = q(n).

Lemma 6.8 Put P, (%72 and M, e [Tiso (1+4P-(i + 1)7"). For any integer | > 1
and any integer n =1 — 1, we have

(6.11) [a(n)] < My, [a(n+1) = q(n)] < 4P-Mp(n— 1+ 2)7" 1

Consequently, the sequence (q(n))n>1 converges to a limit (00), and |g(n) — g(oo0)| <
7‘(1{3 %2 (n—1+2)r" % for anyn > 1— 1.

Proof : Put 6(n) ef gm+1)—g(n) forn >1—1, so that (I — 1) = 1. A rearrangement of
(6.10) gives, for any n > I,

(6.12) (1 — 7" 5(n) = 16(n — 1) + 1" [(’Tl+2 — 7 —1Hqn) + g (n — 1)].

Forn > 1—1, put M(n) &f max{1,|g(l—1)|,...,|s(n)|}. The sequence (M (n)) is nondecreasing

and M(I—1) = 1. Let n > 1. We have 7"|7"+2 — 7 — 72| < 27"+ L 277 and 1 — 7042 >
1 — 77~*4 since [ > 1. Thus (6.12) gives

7|6(n — 1) + 37"~ M (n)
6] < S

Put a(n) et #% forn > 1—1, so that a(l — 1) = 1. Since M(n — 1) < M(n), we obtain

a(n) < % for any n > [. By induction, we deduce that

n—l1

1
=0
Hence |§(n)| < 4P-(n—142)7""" M (n), and M(n+1) < M(n)+[6(n)| < M(n)(144P;(n—
[+2)7"=1) for any n > — 1. We conclude that M (n) < M, for any n>1-1, which proves
(6.11). Finally, for any integer N > 1, we have > (N +p)r? = £+ = S (1 . Thus

the series D, [0(4)| is bounded by Z(lp ”{ (n —1+2)7"~*1 which gives the last assertlon. [ |

Proposition 6.9 Let [ > 1 be an integer. Consider the function b; on D defined by b;(n, k) =
S (n) My, (%) if n > 1 and by(n, k) =0 if n < L.

1. The function b; is harmonic.

2. The sequence (g(n)) converges to a limit ¢;(00) # 0, and there exists a constant C' such
that |1 (n) — g (00)] < C(n+ 1)7™ for any n > 1.
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3. We have Hy] = ﬁhl' In particular, He] vanishes on the levels n < 1, and there exists
a constant Cy such that, for any (n,k) € D,

(6.13) [HeT (n,k) — o] (T7)] < Ci(n + 1)7".

Proof : 1. For any n € Ny, let W;(n) be the orthogonal complement of the restriction of Vj_;
to the level n in the restriction of V; to the level n, for the scalar product )", w(n,k)f(k)g(k).
Since @(n, k) is proportional to 7%, we have W;(n) = CM,,(7") if n > I, and W,(n) = {0}
if n < I. Let U; be the space of functions f on D such that f(n,-) € W;(n) for any n. We
claim that P(U;) C U;. Indeed, let f € U;. We have Pf € V, by Lemma 6.5. Let g € V,_1 be
supported on a single level. Since P is self-adjoint with respect to @w by Proposition 6.2, and
since Pg € V,_; is finitely supported, we have

Y @()(Pf)(0)g(v) =Y @(v) f(v)(Pg)(v) =0,

veD veD

because f(n',-) is orthogonal to the restriction of V;_; to the level n’ for any n’. This proves
the claim.

Now, let f € U; and write f(n,-) = c(n)M;,(7") for n > I, and ¢(l — 1) = 0. For any
n > 1, the function (Pf)(n,-) belongs to Wj(n), hence it is equal to ¢/(n)M; ,(7), where ¢/(n)
is the coefficient of degree ! of the polynomial which represents (Pf)(n,-); this coefficient is
well-defined since n + 1 > [. By Lemma 6.5, the terms of degree at most [ — 1 of f(n +1,-)
contribute only to the coefficients of degree at most I — 1, so that ¢/(n) = (A;c)(n). On the
levels n < I, we have (Pf)(n,:) € Wi(n) = {0}. Consequently, f is harmonic if and only if
(Aic)(n) = ¢(n) for any n > I. Since h; € U, and (6.10) means A;5; = ¢, the function b; is
harmonic.

2. By Lemma 6.8, the sequence (g;(n)) converges, and | (n) — g(o0)| < C(n+ 1)7™ for any
n > 1, with C = ?fj%ng_l, sincen—1+2<n+1.

n

The moments of the measures m,, satisfy | fxl dm,, — f ridme| < % for any ¢ > 0. The
coefficients of M, , are obtained by solving a linear system whose matrix is the Hankel matrix
of the moments of m,, of order at most 2/ — 2, and whose right-hand side consists of moments.
The Hankel matrix of m, is invertible, since my, has infinitely many atoms. We deduce that
the coefficients of M;,, converge to those of p; with an error O(7™). In particular, we have
SUPp > SUPze(0,1] |Min(x)| < oo and SUPze(o0,1] [ My (x) — pi(x)| = O(7").

Consequently, the function b; is bounded and, for any k € Ny, we have lim,_, §;(n, k) =
s1(00)pi(7%). Suppose that ¢;(0o) = 0. Then part 4 of Lemma 6.7 gives h; = H0 = 0. This is
impossible, since b;(l,-) = M;;(7") and a nonzero polynomial of degree | cannot vanish at the
I+ 1 points 7%, 0 < k < 1. Thus g(oc0) # 0.

def

3. Put u = (o9

limy, 00 w(n, k) = 3ap1(7%) = 7 (7%) for any k. By part 4 of Lemma 6.7, we have u = H¢].
For n > [ and = 7%, we have

h;. By the second part, u is a bounded harmonic function such that

e (1 8) = 7 0) = | (S = 1) M &)+ M) = o)

and the second part gives (6.13). The finitely many levels n < [ are included by enlarging Cj.
|

Theorem 6.10 The harmonic measure of the diagonal chain seen from the trivial representa-
tion is the Aref’eva—Volovich law: for any k € Ny, we have

P00 (ke = k) = (1 —7)7".
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Proof : Let p be the law of 7% under P(9,0). For any integer [ > 1, Proposition 6.9 gives

/907 dp =E,0)[¢] (T7)] = He] (0,0) =0,

since H¢] vanishes on the level 0 < I. The Aref’eva—Volovich law (1 — 7)my, has the same
property, since ¢; is orthogonal to ¢f = 1 in £§ (w). Since (¢])ix0 is a basis of the space of
polynomials and both measures are probability measures, all the moments of x and of (1—7)me

coincide. Since these measures are supported by [0, 1], they are equal. [ ]

The following proposition gives a second proof of Theorem 6.10, which does not use the spin
harmonic functions, and a stronger statement. It is the analogue, for the state ¢, of the property
of the quantum Bernoulli walk used by Biane for the tracial state, for which the conditional
law of the weight given the levels is uniform | , Section 4].

Proposition 6.11 For (n,k) € D, put A(n,k) def (11_7:”)If, so that A(n,-) is a probability
measure on {0,...,n}, and let Q be the transition matriz on Ny given by

1 — pnt2 T(1—7")

Q(n,n-i—l) = (1+T)(17T"+1)7 Q(nvn_l): (1+7)(17Tn+1)'

1. Under any P, the process (ny — 2k;)i>0 s a random walk on Z whose steps are +1 and
—1 with probabilities H—% and H_% The matriz Q is the Doob transform of this walk killed

at —1 by the function h(n) = 1 — 7L, that is the law of this walk conditioned never to
hit —1.

2. For any n,m € Ny such that |n —m| =1 and any 0 < k' < m, we have

ZA(n, k)P ((n, k), (m, k")) = Q(n,m)A(m, k).

n

k=0
3. For any integer N > 1, any mq,...,my € Ny and any 0 < 7 < my, we have, with
mo =0,
P, (1 =m1,....,ny =mn, kn = j) = Q(mo,m1) - - Q(my—1,mn)A(my, ).

In particular, under P (o, the level process (ng)i>o is a Markov chain with transition
matriz Q, and the conditional law of kn given (ng,...,ny) is A(ny,-).

4. Under P (o), the random variable ko is independent of the level process (n4)i>0, and its
law is the Aref’eva—Volovich law (1 — 7)7%, k € Np.
Proof : Put D, & (1+7)(1 — 770,
1. The quantity n — 2k increases by 1 exactly for the moves to (n+1,k) and to (n—1,k—1).
By Proposition 6.2, the sum of their probabilities is D, ((1 — 777 F+1) 4 7n=ktl(1 — 7F)) =

I’EZH = 145, which does not depend on (n,k). By the Markov property, the increments
of (ny — 2k;) are independent and identically distributed, with the stated law. For n > 0,

we have 1J%Th(n +1) + =h(n — 1) = h(n), with h(-1) = 0, and % = Q(n,n + 1),
% = Q(n,n — 1). Finally, h(n) is the probability that the walk started at n never hits

—1, since the probability that it hits —1 is 7°*! by the gambler’s ruin formula.
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2. Suppose that m = n + 1. The only moves to (n + 1, k") come from (n,k’), if ¥’ < n, and
from (n,k" — 1), if ¥’ > 1. By Proposition 6.2, the left-hand side is equal to

(1- T)Tk/

-7 K (1 _n—k+1 K—1_n—k'+2(1 _ K } _
D {T (1 T )+T T (1 7‘)— D, ,

(1 _ 7—n+1 n

where the first term vanishes for ¥ = n + 1 and the second one for &’ = 0. This is Q(n,n +
1)A(n + 1,k"). Suppose that m = n — 1. The only moves to (n — 1, k") come from (n, k") and
from (n, k" 4+ 1), and the left-hand side is equal to

l-7 K n—k’ K +1_n—Fk' pen] _ (1= T)Tkurl
=)D, {T T(l—T )—1—7' T (1—7’ )} = D, ,
which is Q(n,n — 1)A(n — 1, k).

3. We argue by induction on N. For N = 1, the formula is part 2 with n = 0, since
A(0,) = dp. Suppose that it holds for N. By the Markov property and since each move
changes the level by +1, the probability of {n; =m1,...,ny11 =mpyi1,knt1 =7} 18

> Q(mo,ma) -+ Qmy—1,mn)A(my, k)P((my, k), (M1, )
k=0

which is Q(mg,m1) - Q(my, myy1)A(mpy41,7) by part 2. Summing over j gives the law of
(n1,...,nn), and the last assertions follow.
4. Let M € Ny and let A be an event of the o-algebra generated by ng,...,ny. For any
N > M and anyj S NQ, part 3 giVGS P(O,Q)(A N {]{1]\/ = j}) = E(070) [1AA(HN,j)], where
A(n,j) =0if j > n. By part 2 of Lemma 6.7, almost surely ny — oo and kny = ko for N large
enough, so that A(ny,j) — (1 —7)77. By dominated convergence, Po0)(A N {ks = j}) =
(1 —=7)77P(9,0)(A). These events A form a m-system which generates the o-algebra of the level
process, which gives the independence. Taking A equal to the whole space gives the law of k.
|

Part 3 is an instance of the criterion of Rogers and Pitman for functions of Markov chains
[ ], with the intertwining kernel A. Part 1 says that the restriction of P to the subalgebra
generated by K is a random walk on the dual Z of the torus, and that the level chain, which
is the restriction of P to the centre, is a Doob transform of it. This is the SU,(2) case of the
relation between the restrictions to the centre and to the torus established by Biane for SU(n)
[ ], see also | , Section 4] and | ].

In the variable n — k, the measure m,, is proportional to the orthogonality weight 7—(*~%)
of the 7-Hahn polynomials with parameters & = =1 and N = n, see | , Section 14.6]
and | , (3.6.1)~(3.6.2)]. Hence M ,,(7*) is proportional to Q;(7~("=*):1,1,n|7), which is a
polynomial of degree [ in 7%. Thus Proposition 6.9 describes the Poisson integral of the zonal
spherical function ¢](A) on each level as a ¢-Hahn polynomial, multiplied by 3¢ (n)/s(c0).
The coefficients ¢;(n) are described as follows.

Proposition 6.12 Let [ > 1 be an integer.

1. For any x € C such that |x| < 1, we have

B I B SR _
(6.14) Zgl(n)x"*l:(l_ﬂlﬂ)z@' z;7)i(T x77)17_(2l+1)z.

Sy i>0 (33; T)z‘+1(7'$; 7—)7,'+1
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2. We have g/(c0) = 0 that is the Gaussian binomial coefficient (2] by [ \

(T

(17.2.29)]. In particular, g(co) > 1.

8. There exists a constant B, such that

7N ()51 (00)

e (n—l—f—l)T"—i—BlT"—l—O(T%).

s(n) = q(o0) —
In particular, the factor n + 1 in part 2 of Proposition 6.9 cannot be removed.

Proof : 1. By Lemma 6.8, the power series G(x) o Ym0 si(l +m)z™ converges for |z < 1.
We write (6.10) with n = [+ m, multiply by 2 %! and sum over m > 0. Since /(I —1) = 0 and
q(l) =1, we have

Z (1 — 22 g+ m 4+ 1D)a™ T = G(z) — 1 — 72 (G(rz) — 1),
m=0

Z (1+7)(1 - TH'H'm)q(l +m)a™ = (14 T)x(G(a?) — TH'lG(Tx)),

m2=0

Z (1 —7™)q(l +m — 1)z™ ! = 722 (G(x) - TG(TZE)).

m=0
We deduce that, for any |z| < 1,

(1—2)(1 - 72)G(2) = (' — 72) (7" — 72)G(r2) + 1 — 721+1,

def T2l+1(1—7'7lw)(1—7'171x) . s .
Put R(z) = (=) , and denote by T;(z) the i-th term of the series in the

right-hand side of (6.14). Since Hi_:}) R(r"x) = MT@H—Ui, iterating the previous

(z;7)i (Ta37)5

identity N times gives

N— N—1
G(z) =1 -7 " Ti(@) + [] R(-"2) - G(Va).

= r=0

[ay

Since R(7"z) — 72%! as r — 0o and G(7Vx) — G(0) = 1 as N — oo, the last term tends to

zero, which proves (6.14).
2. Let p > 0. For |z| < p and any i > 0, we have |[(77'a;7);(7' le;7);| < K, =
(=77 !p;7)2,. For 0 < x < 1, we obtain
|(1 N I)T(l‘)| _ |(Tilx;7—)i(7—17lx;T)i‘,r(2l+1)i < Kl 7_(2l+1)i'
(t2;7); (T T) i1 S (nT)d

By Lemma 6.8 and Abel’s theorem, (1—2)G(x) — ¢(c0) as ¢ — 17. By dominated convergence,
we deduce that

—l N (11 . R Pl =l
— (] — g2+ Z (T 57 1) (20+1)i _ ) . 2041
Q(OO) ( T ) e~ (T;T)i(7-§7—)i+1 T 1— 71 2¢1 7_2 T, T )

where we used (7;7);41 = (1 — 7)(7%; 7);; the terms with 7 > [ vanish, since (7!~!;7); = 0. By
the ¢-Chu-Vandermonde formula [ , (IL.7)], applied with ¢ " = 717!, a = 77! and ¢ = 72

)

n 1+2,
so that <I- = 7271 the 5¢; is equal to % Since (1—72+Y) (7142, 1), = (712, 7); and
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(1=7)(7%;7)i1—1 = (7; 7)1, we obtain the formula for ¢;(c0). Finally, (T( : ’)T’)l = Hizl 1_1Ti:1+i >

1.
3. Let p > 0 and let K be a compact subset of the disc {|z| < p} which does not meet
{777 : r € No}. The functions (z;7)s and (72;7)s do not vanish on K, and |(z;7)i+1] =

%, [(T2;7)ig1| = % for any i. Hence |T;| < K'7(?*17 on K for some constant K,
the series (6.14) converges uniformly on K, and G extends to a meromorphic function on C
whose poles belong to {777 : r € Ng}. In the disc {|z| < 772}, the poles of the functions T} are
x = 1, which is simple and comes from the factor 1 — z of (z;7);11, and # = 71, which comes
from the factor 1 — 7z of (72;7);41 and, for ¢ > 1, of (z;7);+1. By the second part, the residue
of G at x = 1 is —g /(o). Moreover, Ty has a simple pole at 7=1, and for i > 1 the function

(1 — 72)72(2;7)ip1(72;7)i11 takes the value (1 — 77 1) (7;7);_1(7;7); at = 771, Hence

-1

! -
li 1— 2¢ 2l+1 7)i(T757)i L2+
T—1>I7}’£1( Tz)°G(z) = Z 1 — 7 (7)1 (75 7)s ’

i=1
the terms with 4 > [+1 vanishing since (77!;7); = 0. Writing i = p+1 and using (7771, 7) 41 =

(1~ )y (i) = (- (), and (1) = (1 7)(r%7),, the
computation of the second part shows that this limit is

2141 -1 —1 1 I+1 I+1

def T 1—7 1—7 T1-71 -7 THIA(T

A= ( _2( )Cl(oo):_ ( X )q 00)2—7()9(00)-
1—7 1—7 1—7

Consequently, there exists a constant B; such that the function G(x) — gll(oz) a Asz)z - 1B;/z

is holomorphic in the disc {|x\ < 772}, By the Cauchy estimates on the circle {|z| = 72},
its Taylor coefficients are O(%"). Since ﬁ = so(m+1)7m2™, we obtain g (I +m) =

Gi(o0) + Ay(m + 1)7™ + Bj7™ + O(r*%"). Withn =1+ m and B, = BZT_Z, this is the third
assertion. Since A;(7)g(00) # 0, the sequence 77" (g;(n) — g(00)) is unbounded. [ |
We now describe the Poisson kernel of the diagonal chain, that is the harmonic measures

vy (J) def P,(kew =j), v €D, j € Ny. Let B be the bounded operator on 612\,0, with the counting
measure, defined by

dcf
(BA)(k) = bx(f(k) = f(k+1)) + b1 (f(k) — f(k—1)), ke N,
with b_; % 0. It is self-adjoint and (Bf, f) = >, bi|f(k + 1) — f(k)|* = $E-(f), so that
B is the operator associated with the form $&. on 612\10 with the counting measure, instead of
ﬁﬁlo (w). Moreover 0 < B < 4sup,, by. We define polynomials g4, d € Ny, by 0o 41 and

d

e )\
(6.15) 0a1(N) % 0a(N) + - S ai(h), AeC.
1=0

Equivalently, ag(oas1 — 04) + @a—1(04-1 — 04) = Aga for any d > 0, with a_; < 0.
Theorem 6.13 1. For any (n,k) € D and any j € Ny, we have

s (n Ml,n(Tk)LPﬂTj%

(6.16) Vingey(§) = (1 =) yrd Z

£ a(o0) llg7 ng w

where the term I = 0 is equal to 1. In particular, the density of v(, k) with respect to the
Aref’eva—Volovich law is a polynomial of degree at most n in 17.
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2. For any A > 0, the sequence (04(\))a>o is nondecreasing and converges to a limit 9oo(A) =
1, uniformly on the compact subsets of [0,00). For any d, k,j € Ny, we have

. 0d
(6.17) Vidtk.k) () = <wa(8)5j75k>22

No

In particular, Vg i) (J) = Viatjj)(k), and the matriz (v (5))kj>0 of the harmonic
measures seen from the vertices (k,k) is the matriz of 0o (B)™!

Proof : 1. Let v = (n, k). By part 2 of Lemma 6.7, v, is a probability measure on Ny, which
we identify with a measure on X, through j — 77. By definition of H, we have [ ¢ dv, =

HeT (v), which vanishes for [ > n by part 3 of Proposition 6.9. Put ¢ o ||<,0[||71 ] and

P def Zl 0 ( f e duv)el, which is a polynomial of degree at most n. The finite signed measure

A= pw satisfies [ e;dv’ = 0 for any | € Ny, by orthonormality of (e;) in £§ (w). Since

(e7) is a basis of the space of polynomials, which is dense in C(X), we obtain ¢/ = 0, that is

vy(j) = w;p(77). Finally, part 3 of Proposition 6.9 gives [ e; dv, = %Mlm@'k) forl >1
l

and [ egdv, = 1. This proves (6.16).

2. Let A > 0. By (6.15) and induction, we have p4(A) > 1 and g44+1(A) > 0a(N), hence
0a+1(\) < Qd()\)(l—F%). Since ag > %, the products [],5o(1+(14+7)(d+1)A7?) converge
uniformly on the compact subsets of [0,00), so that g4 is bounded on these subsets uniformly
in d. By (6.15) again, the series ) (04+1 — 04) converges uniformly on these subsets, which
proves the first assertion.

Let D > 1 be an integer and j € Ny. Since B > 0 and ¢p > 1 on [0,00), the operator
op(B) is invertible. For 0 < d < D, put up(d, ) def 04(B)op(B)~16; € ¢4 ,» Which defines a
bounded function up on the strip {(d, k) : 0 < d < D}, with up(D,-) = ¢;. By Proposition 6.4,
a function v is harmonic at (d, k) if and only if

ad(u(d—l- 1,k) — u(d, k)) + ad,l(u(d —1,k) — u(d, k)) = (Bu(d, ))(k)

For d < D, the left-hand side for u = up is the k-th coordinate of (ad(gdH —04)+ag-1(04-1 —
04))(B)op(B)™18; = Bp4(B)op(B)~d;. Hence up is harmonic at any (d, k) with d < D. Let
v = (d,k) with d < D, and let op be the hitting time of {D} x Ny by the chain started at
v. In the strip, the weights satisfy w < %, so that the probability of a move from (d’, k') to

D
(d' + 1,k is at least ap(1 — 7)7P = (1;_1): , since ag = ag. Hence op < oo almost surely.

Since up is bounded and harmonic in the strip, the optional stopping theorem gives

P, (kop = j) = up(v) = (0a(B)op(B)~"8;,0).

As D — oo, we have op > D —d — 00, and k; = ko, for t large enough almost surely, by part 2
of Lemma 6.7. By dominated convergence, the left-hand side converges to v, (j). On the other
hand, 24 — 24 uniformly on the spectrum of B, since pp > 1, hence 04(B)op(B)™t — 2+(B)
in norm This proves (6.17). Since B is a self-adjoint operator with real matrix entries and 9"
is real-valued, the matrix of 5;1 (B) is real and symmetric, which gives the symmetry. The last
assertion is the case d = 0. [ ]

Remark 6.14 Theorem 6.13 gives two descriptions of the Poisson kernel. The first one is a

finite sum over the spins | < n, and it uses the ¢g-Hahn polynomials and the coefficients ¢;(n) of
Proposition 6.12. The second one separates the variables: the vertical part is the birth-death
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network (a4), which is asymptotically the radial network of the Bruhat—Tits tree of Remark 6.3,
and the horizontal part is the operator B of the Casimir energy &,. Since 0 < 5—;‘0 < 1on [0,00)
and B1 = 0, each matrix (v(q4x,k)(j))x,; is symmetric, doubly stochastic and defines a positive
contraction of 612\]0, which tends to the identity as d — oo. Both descriptions agree numerically
to 35 digits for 7 = % and d, k,j < 3. In Subsection 6.4, we compute g, explicitly, we give a
third description of the Poisson kernel, as the expectation of the heat kernel of B at an explosion
time (Theorem 6.22), and we give a closed formula for the matrix (v(z,x)(j))r,; (Theorem 6.26).

6.4 The entire function g,

In this subsection, we compute the function g, of Theorem 6.13, we diagonalize the Ja-
cobi operators of the two networks of Proposition 6.4, and we describe the consequences

for the Poisson kernel. We use the notation (a;7), et H;:Ol(l —at?) for n € Ny U {0},

(a1, ap: T L (a1 7)n - (ap;T)n | , (17.2.1), (17.2.4)-(17.2.6)], the Gaussian bino-
mial coefficients [7'] o % for 0 < k<m | , (17.2.27)], | , (0.3.2)], and
the basic hypergeometric series ¢11¢s of [ , Section 1.2], see also [ , (17.4.1)] and

[ , (0.4.2)]. The recurrence (6.15) defines polynomials g4, which we consider on the whole
complex plane. For any A € C, we choose z € C\ {0} such that

(1—-7HA

T

(6.18) 24z =2

For any integer j > 0, we have (1 —279)(1 —z7 7)) =1 - (z+ 2z ) +7¥ = (1 —-77)2 + (1 -
72)A77~1. Hence the products (z,271;7), are polynomials in ), and they do not depend on the
choice of z. Finally, for any integer n > 1, we put

def (1 —17m)2 1—71
6.19 de _
(6.19) a 1-72)mt 147

)7,

rt—r "
r—r—1

where [n], =

(Q—rmth2 g hat th - .
Ta—7mz > 7 so that the sequence (in) is increasing.

is the quantum dimension of the module V.-1. We have % =
2 n

Theorem 6.15 Let A\ € C.

1. For any y € C such that |y| < 1, we have

(620) Z Qd(/\)yd — H (1 — Tj+1y)2 + (1 - 7'2)/\ij . (sz,Tz_ly; T)oo

d>0 >0 (1 =77y)(1 —77+1y) a (Y oo (TY; T)oo

2. For any d € Ny, we have

d
(6.21) V) =3
k=

1] s

3. The sequence (04) converges uniformly on the compact subsets of C to the entire function

(6.22) 0N =[] (1 + i) = m =201 (z’jl;r, 7').

S ANS (2
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4. For any compact subset L of C, there exists a constant Cp, such that, for any A € L and
any d € Ny,
|0a(A) = 006 (N) + (1 + 7)Ao (N)dr?| < Cp7e.

Proof : 1. Put M = et [Tio (1+ (1 + 7A@+ 1)7%). Recall that ag > % for any d € Ny. By

(6.15) and induction on d, we have max;<q [0;(A)] < [T,-; (1 + (14 7)|A|(i +1)7%) < M, hence

(6 L)) A
(6.23) l0a11 (M) — 0a(A | 'Z\ N < (1+ T)MIA|(d + 1)r

In particular, the power series F(y) f > >0 04(A\)y? converges for |y| < 1. Put eg ey

and eq & 0d(A) — 04—1(N) for d > 1, so that E(y) e >0 eay? = (1 — y)F(y). Since
(1-72)7%4; =1—74" and (1 — 72)7%a,_; = 7(1 — 7%), the second form of (6.15), multiplied
by (1 — 72)7%, gives

(1— Td+1)ed+1 —7(l - Td)ed =(1- Tg))\Tde()\), d>0.

We multiply by y?*! and we sum over d > 0. Since Y, 0(1 — 7% eq 1y = 30, 0(1
™eqy? = E(y) — E(1y), we obtain (1 — 7y) (E(y) — E(Ty)) = (1 — 7))\ yF(7y), that is

(6.24) -y A =m)Fy) = [1-71y)*+ (1 =)\ F(ry), [yl <1.
Let |y| < 1. For any j > 0, put R;(y) = e a (leJrTlf’;;a(lT_ji)y/\)ij, so that R;(y) = 1+ O(79).
Applying (6.24) at the points y, 7y, ..., 7V "1y, we obtain F(y) = va 01 R;(y)- F(rNy) for any

integer N > 1. Since F(rVy) — F(0) = 1 as N — oo, this proves the first equality of (6.20).
By (6.18), we have (1 — 77T1y)2 + (1 — 72)A7iy = (1 — 79T 2y) (1 — 777127 1y), which gives the
second equality.

2. Let |y| < 1. Since |7y| < 1 = |z - 271|, the ¢-Gauss sum | , (17.6.1)], applied with
the parameters (z, 271, 7y), gives

Z ( (.z,z

2 (g

-1

Tk v T2y, 727y T oo
= e,

We divide by 1 —y. Since (1 —y)(7y; 7))k = (¥; T)r+1 and (1 — y)(7Y; T)oo = (¥; 7)o, the first

part gives
(227 55k 4 y"
F(y) = T .
,; Tk Wik
By the g-binomial theorem [ , (0.5.2)], applied with the parameter 75! (see also [ ,

(17.2.38)]), we have o T)k+1 = D usk [ | y®. The double series converges absolutely, since

[(z, 274 7)k] < [Tiso(Q+|z+2" Y7J 472 and Dok [ ] ly|¢ = (\yllyrl)kﬂ < (Iyll |)OO Comparing

the coefficients of y¢, we obtain (6.21).

3. The uniform convergence follows from (6.23), and the limit o is entire. By the first part,
the function E(y) = 37,5, eqy? is equal to W on the unit disc, and the right-hand
side is holomorphic on the disc {|y| < 771'}. Hence the Taylor series of E converges at y = 1,

and we deduce that 0 (A) = D> spea = E(1) = % Since (1 —772)(1 —7mm271) =
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(1—7")24+(1—73H)Ar "L, we have % (6.19) 1+ /%, which gives the product over n.
The last equality of (6.22) is the ¢-Gauss sum | , (17.6.1)] with the parameters (2,271, 7).

4. For |u| < 771, put H(u) def IT;50 (1= (z 4 27 H7mIu + 77u?)(tu; 7) 32, which is a
holomorphic function of (A\,u) € C x {|u| < 771} by (6.18). By the third part, E(y) = %
Write H(u) = H(1)+ (u—1)H;(u), where H; is holomorphic in the same domain. The function

H(1) 4 Hi(1) _ Hi(ry) — Hi(1)
(1-7y)? 1-—7y 1—71y

E(y) -

is holomorphic in (\,y) € C x {|y| < 772}. By the Cauchy estimates on the circle {|y| = 7~ %},

its Taylor coefficients are bounded by C”LT% for any A € L. Since ﬁ = Zd>0(d +1)7%y9,

we obtain eq = H(1)(d 4+ 1)7% — H;(1)7% + O(r ¥ ) uniformly on L. Summing over the indices
larger than d, we deduce that

O]

:1—7'

0oo(A) — 04(N) drtt + O(r%)

uniformly on L. Finally, H(1) = % =(1-2)1-2"Yo(N) (619 @QM(A), which

gives the fourth part. u

— 2
Remark 6.16 Put Q = 77! and = = % =1- W A direct computation gives

(e Qt = [{], Simert. Honce (6:21) rends

_ Qidvzazil, ) _ Qd(x71aQ|Q)
Qd()‘) - 3¢2< Qa 0 7Q7 Q - (Q7 Q)d )

where Qq4(; a, b|q) denotes the Al-Salam—Chihara polynomials | , (3.8.1)], here with the base
Q@ > 1. Thus the polynomials g4 are ¢~ !-Al-Salam—Chihara polynomials, see [ I, [ ,
Section 18.28(iv)] and | ]. In this language, the product formula (6.22) is the case
q=r1, (a,b) = (1,771) of the large degree asymptotics of these polynomials, which is obtained
by Darboux’s method in | , Lemma 4.17]. The above proof is self-contained, and it
gives in addition the generating function (6.20) and the rate of convergence of the fourth part.
Theorem 6.26 shows that the polynomials of the horizontal network are the Al-Salam—Chihara
polynomials with the base 7 and the parameters (1, 7). This duality between the bases 7 and
77! reflects the relation a4(7) = by(771) between the conductances of Proposition 6.4. Finally,
by (6.19), the product formula reads

o= T1 (1417 )

SG%NU

where dim, V; = [2s + 1], is the quantum dimension of V. We do not know a representation
theoretic explanation of this formula.

The function g is also a Fredholm determinant. For any m € N, put u,, def 1. .m} € fﬁ;o.
We consider the operator K on Kﬁ;o, with the counting measure, whose matrix is

.. def 1 o
K(Zm?) é Z a77 1,7 e]-\IO~
m

m>max(i,5)
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For any N € Ny, let Jy be the matrix of the network (ag) on {0,..., N} with the Dirichlet
condition at NV + 1, that is

UnH(@) L ag(f(d) = f(d+1)) +ag1(f(d) = f[d—1)), 0<d<N,

with f(N +1) = 0 and a_; = 0, and let Ky be the matrix Ky(3,7) o Zﬁ:max(ij) L,
0 <1i,j < N. For a positive trace class operator T" with eigenvalues k1 > ko > ---, counted

with multiplicity, the Fredholm determinant is det(Id + AT") = [[,(1 + Ax;), see | ].

Theorem 6.17 1. The series Zm>0 ai () U ) U, converges in trace norm to K, and K is
positive, injective and trace class, with

k=Y "My o L)

m=0 m2>1 n>=1 P

2. For any N € Ny, we have det Jy = HZ:O A, Jj\,l =Ky and, for any A € C, ony11(\) =
det(I+ AKy).

3. For any A € C, we have det(Id + AK) = goo (A).
4. The eigenvalues of K are the numbers ﬁ, n = 1, and they are simple. For anyn > 1,
the sequence v, def (Qm(—/.tn))m>0 is an eigenvector for t, and

Y T 1 def -
Z O (—pn)y™ = ((7-y~’7-))n’ ||vn||§§'0 =— where w, = Fnn 1)(1 _ TQ").
m>0 sy T)n n

Consequently, (\/WpVn)n>1 1 an orthonormal basis of E%O and, for anyi,j € Np,

(6.25) > @n0i(—Hn)oj(—pn) = ij.

n>1

Proof : 1. The operator (-,1uy,) u,, is positive of rank one, with trace ||un||*> = m + 1, and

7’;—11 < (L +7)(m + 1)7™. Hence the series converges in trace norm to a positive trace class

operator, whose matrix is y_ ﬁum(i)um(j) =K, 7). If (Kf, f) =3, i| (fyum)|*> =0,

then (f, u,,) = 0 for any m, hence f = 0, since 6, = U, — Upp—1. We have TrK =3~ ";:1 =
(6.22)

Tnfl
don ;L% =(1-72%) Z@ym’ and

74

) ) m ;
the two Lambert series are equal, since Y~ "= = >, sy m7™ =3, e
= 1= =

2. For 0 < n < N, the leading principal submatrix of size n + 1 of Jy + A is J,, + A, since

the diagonal entry of Jy at n is a, + a,_1. Expanding along the last row, the determinants

A, % det(J, + A) satisty A, = (a4 an_1 + AN Ap_1 — a2 Ap_y, with A_; = 1 and A_y = 0.

By the second form of (6.15), we have a,0n+1 = (an + ap—1 + A\)0n — Gp_10n-1, SO that

m—1

(1-7)% T . On the other hand, o/_(0)

m>=21l 1—7m

the numbers P, (ITn—o @m)ont1(A) satisfy the same recurrence, with P_; = gy = 1 and
Py =09+ A= Ay. Hence det(Jy + ) = (HZZO am)on+1(A). For A =0, we obtain det Jy =
qu\izo U, since oy 41(0) = 1. Now fix j and put g() def Kn(i,7) for 0 < i < Nand g(N+1) = 0.
Then g(i) — g(i + 1) = &1z, so that (Jng)(i) = Liz; — ;135 = & Thus Jy' = Ky and

on+1(N) = 2EUNEN — det(T+ AKy).
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. We identify Ky with the operator 52~ _ L (- u,,) ,y, on (R, » which has the same nonzero

m=0 a,,
eigenvalues. We have 0 < Ky < Kyj1 < Kand |[K—=Ky| < Tr(K—Ky) = Zm>N ";H — 0.
By the min-max principle | , Theorem XIII.1], applied to —K and —K, the i-th eigenvalue

ki(Kn) satisfies k;(Ky) < ni(K) and |k;(Ky) — £i(K)| < ||[K—=Ky]. Let A > 0. We have
0 < log(1+ Aki(Kn)) < Aki(K) and ), k;(K) = TrK < co. By dominated convergence and the
second part, we deduce that

log det(Id + AK) = lim D log (1+ Aki(Kyy)) = lim logon11(}) = logou ().

Both A — [],(1 + Ax;(K)) and o are entire functions, hence they are equal on C.

4. By the third part and (6.22), we have [[,(1 + Ax;(K)) = [[,,(1 + ﬁ) for any A € C.
Comparing the zeros with their multiplicities and since the pu, are distinct, we deduce that
the nonzero eigenvalues of K are the —n, each of them being simple. Let f € Zg . For any
m € No, we have (Kf)(m) =3_,.,, :l ZKZ f (%), the double series being absolutely convergent,
so that (Kf)(m + 1) — (Kf)(m) = am i<m f(i). Hence, if Kf = l%nf with f # 0, then
fm+1)—f(m) = —L£=37, . f(i) for any m, which is (6.15) with A = —p,,. Thus f = f(0)vy,

Am

and v, is an eigenvector.

For A = —pi,,, we can choose z = 77" in (6.18), since 77"+ 7" = 2+ (1_Tn)2 =2+ %
Then (729;7)oo = (T Y5 T)n—1(¥;T)oo and (72715 7)o = (T3 T) 0, and (6.20) gives the
generating function of v,,. It is a rational function whose poles are the simple poles 771, ..., 77 ™.
The pole 771 gives the leading term g,,(—ptn) = ¢, 7™ + O(7?™), where

= % — (_1)n—17_1—7"("2+1) 1—7"

(T3 T)n—1 1—7"

For \, N € C, put T, def am(gm+1(/\)gm()\’) - g,n(/\)gm+1()\’)) and T_1 = 0. The second form
of (6.15) gives Ty, — Trne1 = (A — N)om(A)om (N). Summing over 0 < m < N, dividing by
A — X and letting A — A, we obtain the confluent form of the Christoffel-Darboux formula,
compare [ , Theorem 3.2.2]

D om(N)? =an (1 (Nenv(A) = dv(Nevi1 (V).

m=0

Let A = —p, and N — oo. By Theorem 6.15, g%y — ol locally uniformly, and ayon(—pn) —

TCn

7%, ANON+1(—Hn) — 1-2. Hence ||vnl|2 = 1C+"TQ</>O(_ﬂn)- In (6.22), the factor 1 — 7"z

of (72;7)co vanishes at z = 77™. Since g—f\ = fﬂ%iz), its derivative with respect to A at
n—1 2 no1_—nn=h . omtl,
— iy is % The other factors take the value &2 7 ((TT’TT)S”‘;(T’T)& ("o
n—1 _nn-1)
(_1)1+. We deduce that
(n=1)(n-2) 1—72

6.26 ' (=pn) = (=) 72 ,

(6.26) () = (<1 r TETee——y

and an|| % = % Finally, K is a compact, self-adjoint and injective operator,
whose eigenspaces are the lines Cv,,. Hence (,/@,vy) is an orthonormal basis, and (6.25) is the
Parseval identity (0;,d;) =Y, @n (di, vn) (Un, 6;). [ |
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Remark 6.18 The Jacobi operator J 4f K=1 of the vertical network has the spectrum
{#n, : n > 1}, and by (6.25) its spectral measure at d is ), @n0,,. The total mass is
S, (= — rn(nd)y = 1. In the variable x of Remark 6.16, the masses lie at the points
2, = T+7 " and this measure is the orthogonality measure of the ¢~ !-Al-Salam—Chihara
polynomlals Qa(z;1,Q|Q), a special case of the discrete orthogonality of | ], see | ,

Theorem 4.16]. The eigenvectors are little 7-Jacobi polynomials: for any m € Ny and n > 1,

(n=1)(nt2) 1—7"

Qm(*,ufn) = (71)n717_m 1—

pn 1( 3T 1|T),

where py(z;a,blq) = 261(q7 ", abg"* 1 aq; q, qx) | , (3.12.1)]. Indeed, by the generating
function of Theorem 6.17, m — 7" 0., (— iy, ) is a polynomial of degree n — 1 in 7, and these
polynomials are orthogonal for the measure ) 72m§ m, which is the orthogonality measure of
the little 7-Jacobi polynomials with (a,b) = (7,1) [ , (3.12.2)]; the constant follows from
o0 = 1 and from the ¢-Chu-Vandermonde sum | , (17.6.3)]. This is an instance of the
duality between ¢—!-Al-Salam—Chihara and little g-Jacobi polynomials [ ].

Corollary 6.19 1. The zeros of 0o are the numbers —un,, n > 1, and they are simple. The
(log R)®
2log 1 +

entire function 9o has order 0, max|y=g [0oo(A)| = 000 (R), and log 0o (R) =
O(logR) as R — oc.

2. Let W,, be the Chebyshev polynomials of the fourth kind, W, (cos@) = w [ \

Sin b

(18.5.4)]. For any A € C, withx =1 — %, we have

nnt) 01 (u,72)
’VL n 1 9
00 (M) :7_7_32 W (z) = 1. .

)% 730 0, (0,72)sinu’

2
where w € C is such that sin? u = (1_4: 2 and 01 is the Jacobi theta function [ ,

(20.2.1)], the last expression being 1 for u = 0.

3. The function f(z) = % satisfies (1—72) f(12) = (1—271) f(2) for any 2 € C\{0},
and any holomorphic function on C\ {0} which satisfies this functional equation is a
constant multiple of f.

4. Write 00c(A) = >_,, 50 cnA". For any n > 1, we have ¢, >0 and

6"7(177—2) Z H 1_7—11

1< <<y U= 1

1 -1 2m+1/m+n\ memty
= ——— _]. m 7'
(T;T)go( T ) Z( ) n+1 ( 2n )T ’

m2>=n

def

5. For any integer k > 1, let Eop(1T) = 1 — B% D oN>102k— L(N)TN be the Eisenstein series
of weight 2k [ |, written as a power series in T, where Bay, is the Bernoulli number
/ , Section 24.2] and oa,—1(N) = 3 .\n er_l, For any u € C such that |u] <

min(m, flog ), we have
2

sinu 47sin” u (—1)k22k=1 By ok
- - e Pkp :
u ¢ ( 1- 12 ) exp(]; k(2k)! 2k(T)u

(6.27)
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Consequently, for any n > 1, the number (1f772)ncn is a polynomial with rational

coefficients in Es(7), E4(7) and Eg¢(T), whose homogeneous components have weights
0,2,...,2n, the weight of Esy being 2k. For instance,

1— 72 1-72\2/E2 E, Ey 3
S e (G5 B )
=5 (1-F) o ir 72 12 180 T 40
Proof : 1. The first assertion follows from (6.22), since the p,, are distinct. By the fourth part
below, ¢, > 0 for any n, hence max|y—g |00c(N)| = 0cc(R). Put £ = log%. By (6.19), there
exists C' > 1 such that C~ 17— < tn < C77" for any n > 1. Let R > 1 and let N be the
integer part of loiR. For n < N, we have log(1 + Mﬁ) =log R —nl+ O(1), and for n > N, we

have log(1 + uﬂ) < uﬂ < CR7™, whose sum over n > N is O(1). Hence

N(N +1)
2

(log R)* R)?

log 9o (R) = Nlog R — 57

L+ O(N) = + O(log R).

In particular, o, has order 0.

2. Forn € Ng and w € C\ {0}, put Dp(w) = 3¢, w’, so that D, (e!’) = W, (cos0)
and D, (w) = I/Vn(%“’fl)7 both sides being Laurent polynomials. Let z # 1. By Jacobi’s
triple product identity | , (17.8.1)], Zmez(—l)mTWzm = (1,2,7271 7). Since
(2;T)oo = (1 — 2)(72;T) 00, (6.22) gives

m(7n 1) m
goo()\)—(l_z mEy Z 2.

X mez

def

We group the terms m and 1 — m, m > 1, which have the same coefficient up to sign. Since

% = —D,,—1(2), we obtain the first formula with n = m — 1, and it extends to z = 1
by continuity. Now write z = e?“. Then D, (z) = W and sin’u = 2*22271 (6.18)
A=A By | , (20.2.1)], we have 6, (u,73) = 278 3, o (~1)"7 =5 sin((2n + 1)u).
Hence 000(\) = % Letting u — 0 and using 0, (0) = 1, we obtain ¢}(0,77) =
275 (1;7)3,, in accordance with [ , (20.4.2)], which gives the second formula.

3. We have f(72) = %, (72;T)oo = (1 = 72)(7%2; 7)o and (275 7)0 = (1 —

271 (1271 7)o, which gives the functional equation. Let g be a holomorphic function on
C \ {0} which satisfies it. The equation at z = 77! gives g(77!) = 0, and the equation at
z=7"F k>2 gives (1 —7!7F)g(r!7%) = (1 —7F)g(77%), so that g(77%) = 0 for any k > 1 by
induction. Similarly, the equation at z = 7%, k > 1, gives (1 — 7¥+t1)g(7%+1) = (1 — 77%)g(7F),
and the equation at z = 1 gives g(7) = 0; hence g(7*) = 0 for any & > 1. The zeros of f
are the simple zeros 7% k > 1. Hence h = % is holomorphic on C\ {0} and h(7z) = h(z).
Thus h defines a holomorphic function on the compact Riemann surface (C\ {0})/7%, and h is
constant.

4. The first formula follows from the expansion of the absolutely convergent product (6.22),
and it shows that ¢, > 0. For the second one, we use the second part and the expansion

o 2m + 1 . 1—72))
E m—|— (m+3>(2x—2)3, Where2x—2:—ﬂ.

T
=0

It holds for m = 0 and m = 1, since Wy (z) = 22+1, and it follows by induction from the relation
Dyi1(w) = (w+w™ 1) Dy (w) — Dpy—1 (w), since a direct computation shows that (2m+ 3)(m +
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j+1)(m+34) =2@2m+1)(m+j)(m+1—7)+2j(2m+1)(2j +1) — (2m—1)(m+1 —j)(m— 5).
The exchange of the sums over m and j is legitimate, since 22’?:11 (mz';] ) < (2m+1)4™ and the
coefficients TW decrease faster than any geometric sequence.

5. Let |u| < min(m, log 1) and z = e*™, so that [7"2z%!| < 1 for any n > 1. Taking
logarithms in (6.22), we obtain

—m 4sin?(mu Tm
log o) =~ 3 3 T —y=y e T
m 1—7
n>1lm>1 m2>1
the double series being absolutely convergent. We expand 4 sin?(mu) = —2 Zk>1 = 1)(2%”“)

Since e?/*I7 < 1, the series 3" cosh(2ml|ul)
For any k > 1, put

m converges, and we may exchange the sums.

2k1m

e B
Skdzfz T =3 op (NN = 42k(1—E2k( 7))-

m>=1 N2>1

. 1) ko2k-1p. 2k
We obtain log 0oc(A) = =354 W(l — E9,(7))u®". On the other hand, the product

formula of the sine | , (4.22.1)] and the values ((2k) = (1)2(+2)"(2”) [ , (25.6.2)]

u _ C(2k), 2k —1)*22" 1By 2k .
= =D k>1 joor U Ek>1 Zen] for |u| < m, which is also [ ,

(4.19.7)]. Adding the two expansions gives (6.27). Since u? = arcsin? /s is a power series in

5= % with rational coefficients and without constant term, the coefficient of s™ in (6.27)
is a polynomial with rational coefficients in the Foi, k < n, whose monomials have weights at
most 2n. For k > 2, Eyy, is a polynomial with rational coefficients in E4 and Ej | ]. The
values of ¢; and ¢y follow from the expansion up to the order 2. [ |

The second-order recurrence of the vertical network is also a g-difference equation in the
variable z = 7%, which we now compare with Heine’s equation.

Proposition 6.20 Let A € C, and consider the q-difference equation
(6.28) (I—ra)f(rz) — [1+7—71(z+2z 2] f(z) + (1 —2)f(r 'z) = 0.

1. The function 7@+ 04(\) satisfies (6.28) at the points x = 7%, d € Ny, the last term being
zero for d = 0.

2. The function ¢¥(x) def ZToy (TZ,TZ*I;TQ;T, Tx) is holomorphic on the disc {|z| < 771},

and it satisfies (6.28) for any |x| < 1. Moreover, the characteristic exponents of (6.28) at
=0 are0 and 1, and if A # 0, no function f which is holomorphic on a disc centred at
0 with f(0) # 0 satisfies (6.28) on a smaller disc.
def
3. For any d € No, put g = ¥(r?). Then aq(0as1(Nta — 0aNpar1) = 2222 In
particular,

00c(N) = (14 (14 7)A)2¢1 (TZ :Z B T, T) — Tob1 (TZ’;Zl;T, 7-2>.

Proof : 1. This is the relation (1 — 7% )eg; — 7(1 — 7%)eq = (1 — 72)Ar%04 of the proof of
Theorem 6.15, rewritten with 2 = 7 and (6.18).
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2. Let a,b,c € C with ¢ ¢ 77 and let v(x) = Zn>0 vpx™ = 961(a,b;c; T, ), so that
(1—7"")(1 = cer™)vpsr = (1 —a7™)(1 — b7™)v,. Comparing the coefficients, we obtain Heine’s
g-difference equation, compare | , (17.6.27)], where it is written with the g-derivative

(c —abra)v(r?z) — [c+ 7 — (a + b)Tz|v(rz) + 7(1 — 2)v(2) =0, |z| < 1.

For (a,b,c) = (12,7271, 7%), we have ab = 72 and a +b = 7(z + 27 1), and a direct computation

gives that the left-hand side of (6.28) for f(z) = xv(7x) is equal to £ times the left-hand side
of Heine’s equation at the point z. This proves the first assertion. If f(z) = 2°(1 + O(x)), the
coefficient of ° in (6.28) is 78 — (1 +7) + 7175 = 775(7° — 1)(7° — 7), so that the characteristic
exponents are 0 and 1. Let f(z) = >, 5 fn2™ be a solution near 0. The coefficient of z in
(6.28) is fi(r —1—7+1)+ fo(r(z+271) = 27) = —(1 — 7%\ fo, so that fo = 0if A # 0.

3. Put Wy def ad(gd+1()\)1/1d — gd()\)wd+1). For any d > 1, both sequences satisfy aggq+1 =
(ag + ag—1 + A)ga — ag—194—1, by the first two parts, hence W; = Wy_1. Moreover ¢g =
Td(]. +O(Td)), so that ad(’d}d —’(/)dJrl) — 11:7:2 = H%’ while ad(Qd+1 — Qd)wd = )\’lﬁd Zigd 0; — 0
by (6.15) and the boundedness of (g;()\)). Writing Wy = aq(04+1 — 04)¥a + 040a(Va — Va+1),

we deduce that Wy = limg oo Wy = Qi.OT(T)\)' The last formula is Wy = Qﬁ(:_‘), since ag = 14%7

and o1 (A) =14+ (1 + 7). [ |

Remark 6.21 Proposition 6.20 describes a resonant case. The parameter ¢ = 72 of Heine’s
equation is the square of the base, which is the g-analogue of an integer value of the parameter
¢ of Gauss’s equation. Accordingly, (6.28) has a solution which is holomorphic at 0, namely 4,
but no second one, and the solution g4 contains the term —(1 4 7)Agoo (A\)d7? of Theorem 6.15,
where d = %zgf plays the role of a logarithm. In particular, a naive specialization of a 9¢; in
the variable z = 7¢ cannot give gg4; the closed form (6.21) is a terminating series in the base
771 (Remark 6.16), which diverges for generic z. The third part says that (1 + 7) 1o is the
Wronskian of the solution (g4), which is regular at d = 0, and of the solution (14), which is
minimal at infinity: g is the Jost function of the vertical network, and its zeros are the values
of A for which the minimal solution satisfies the boundary condition at 0. This gives another
proof of the fact that v, is square summable in Theorem 6.17. The same computation as in the

proof of the third part gives the Weyl function <(J + )~ 1do, 50> = (1917();/;0 for A > 0, whose

residues give again the weights w,,.

We now give a probabilistic meaning to goo. Let X = (X;)o<t<¢ be the minimal continuous-
time Markov chain on Ny which jumps from d to d+ 1 with the rate ag and from d to d — 1 with
the rate ag—1, where ( is its explosion time, that is the limit of its jump times | , Chapter
2]. We denote by Py and E; the probability and the expectation for the chain started at d, and
by T e inf{t : X; = D} the hitting time of D € Ny. Let Y = (¥})¢>0 be a continuous-time
Markov chain on Ny, independent of X, which jumps from k to k + 1 with the rate b; and
from k to k — 1 with the rate by_;. Since these rates are bounded, Y does not explode and its
generator is the bounded operator —B, so that P(Y; = j|Yy = k) = (e 786}, 6;) for any ¢ > 0
and any j,k € Ny.

Theorem 6.22 1. For any d € Ny and any A > 0, we have

(6.29) Eqle ] = ji((AA))'

In particular, Py(¢ < o0) = 1 and E4l¢] = > mtl - Under Py, the explosion

m2d a,,
time ¢ has the law of . where (en)n>1 are independent exponential ran-

Ln
nzl py,’
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dom wvariables with parameter 1, and its density is Zn% Rye™#t t > 0, where
R, = (_1)7171,7_7("71)2("72) (a—rm(-r*")
n 1—72 .

2. Suppose that (Xo,Yp) = (d, k), and let Jo =0 < J; < Jo < -+ be the jump times of the
pair (X,Y) on [0,(). Then J; — ¢ almost surely, the sequence (X, +Yy,,Yy, )i>o0 is the
diagonal chain started at (d + k, k), and its final value ko is equal to Y¢ almost surely.
Consequently, for any j € Ny,

Viaskn (3) = Ea[ (e7B8;,0,) ] = <5i(5)5j,5k>,

oo
and 00(B)~1 = [Ls1 i (pn + B)~!, the product converging in norm.

3. For any d, k € Ny, we have

. 4T
Z V@) (5) = 61| < 2(bk + br—1)Ea[(] < (d+ 1)1,

= (1-7)3
and limg_, o d'r% Ej20 |V(d+lc,lc) (j) — jk| =214 7)(bg + br—_1).

Proof : 1. Let A > 0and D > 0. For 0 < d < D, put g(d) et Egyle=*?], so that g(D) = 1.
Let 0 < d < D. Under Py, the first jump time is exponential with parameter a; + a4—1 and
independent of the first jump, which goes to d + 1 with probability —f¢—. By the strong
Markov property at the first jump time, we deduce that (ag + ag—1 + A\)g(d) = aqg(d + 1) +
ag—19(d—1), that is ag(g(d+1) — g(d)) + ag—1(g(d— 1) — g(d)) = Ag(d). By induction on d and
the second form of (6.15), we obtain g(d) = ¢g(0)g4(A) for 0 < d < D, hence g(d) = Sg((’;)), since
op(A\) = 1. Here Tp = oo if X does not visit D, and e ** = 0 if A > 0. Under Py, the hitting
times Tp, D > d, are nondecreasing in D, and ¢ = limp_,, Tp almost surely. Indeed, if D,
is larger than the first [ + 1 states visited by X, then the [-th jump time is smaller than Tp,;
conversely, since the jump rates are bounded on {0,..., D}, the chain cannot make infinitely
many jumps in {0,...,D} in a finite time, so that Tp < ¢ almost surely on {¢ < oo}, see also
[ ]. By monotone convergence, we obtain (6.29) for A > 0. Letting A — 07, we obtain
P4(¢ < o00) = 1. The right-hand side of (6.29) is holomorphic on a neighbourhood of 0, so that
¢ has moments of any order, and Eq[¢] = 0, (0) — 05(0). By (6.15), 0;,,(0) = >, _,, 1:1 for any
m € No U {00}, which gives E4[(].

By (6.22), Eole=¢] =[], s = E[ef’\zn e"/“"]7 the series 3, = being almost surely

convergent since ) ;% < oo. Laplace transforms determine the laws of nonnegative random
n

variables, which gives the law of (. By (6.26), R,, = m, and > |R,| < co. Let pn def

VENENT1 and [A| = pn. Since pni1 = 7 ', for any n, we have |1 + ﬁ| > Z—JZ -1>

TN L forn < Ny and L4 [ > 1 - 2% > 1 — 7("N"DFS for n > N, Hence

min =, [000(N)| = Hﬁgl(T*i*% —1) - (72;7)os, which tends to co as N — co. The function

= > % is entire, since the poles of the two terms are simple and have the same residues.

It tends to 0 uniformly on the circles {|A| = pn} as N — 00, since | + pn| = (1 — 72)py for
|A| = pn and any n. By the maximum principle, it vanishes. Hence, for A > 0,

1 R, /OO —t —pint
= = e E R,e Hrt dt,
000 () A+ fin 0

n>=1 n>1
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by Fubini’s theorem, since ) \15 2l < 50, This gives the density.

2. By the memoryless property of the exponential holding times and the independence
of X and Y, the pair (X,Y) is, up to time ¢, a continuous-time Markov chain on N3 which
jumps from (d', k') to (d' £1,k') and to (d',k’ = 1) with the rates ag, ag_1, by and bg/_q.
cond(v,v’)

o cond(v,v")’

Tts jump chain has the transition probabilities D where cond(v,v") = @w(v)P(v,v’)

are the conductances of Proposition 6.4, written in the coordinates (n — k, k), see | ,
Section 2.6]. Since ) , cond(v,v") = w(v) ", P(v,v") = w(v), this is the diagonal chain
in the coordinates (n — k,k). By part 2 of Lemma 6.7, X;, — oo as | — oo. Since X is
constant between the times J;, each Tp is one of the J;, and each J; is smaller than Tp for
D large enough. Hence sup; J; = limpTp = (. The process Y has finitely many jumps on
[0, ¢], since ¢ < oo, and almost surely no jump at the time ¢, since ¢ is independent of Y and
has no atom, being the sum of the first holding time of X, which has a density, and of an
independent variable. Hence ko, = lim; Y);, = Y; almost surely. By independence, we deduce
that v(gyr k) (J) = Ealpc(k, j)], where p(k, j) = <e*t86j,5k>. Let s; 1 be the complex spectral
measure of B associated with ¢; and dj, which is supported by the spectrum o(B) C [0, c0).

By Fubini’s theorem and (6.29), Eqlpc(k,7)] = [ Eale ] ds;x(\) = <%(B)5j,5k>. Finally,

HId — pn (o, + B)_IH < ”ﬂill, which is summable, so that the product converges in norm, and
its limit is poo(B) ™! by the spectral theorem and (6.22).

3. Put g def by + bx_1, which is the jump rate of Y at k, and g def sup; ¢; < 13:2.
We have >, [V(atkk)(J) — k| = 2P(Ye # k). If Y¢ # k, then Y jumps before ¢, and the
probability of this event is E4[1 — e~%¢] < gxEq[¢]. Moreover, mzl < (I+7)(m+1)r and

a

ng Jm+ 1) < (((il+1)) -, which gives the inequalities. Conversely, if ¥ jumps once on
,(), then , and, for any ¢t > 0, the probability that started at k£ jumps once on
0,¢), then Y # k d, f 0, th bability that Y d at k j

[0,t] is at least gyte™@" > gi(t — qt?). Hence P(Y: # k) = qx(Eq[¢] — qEq[¢?]). We have

Eql(] = (1= 7)Y sg P55 = (1+ 7)dr? + O(r%). On the other hand, (6.15) gives

0oc — 0a = AGa, where Ga(\) = 3,2y 2= Yic,, 0i()), so that Egle=¢] =1 — 294 and

\)
Ed[c21=—2( ) =2y — ng ) — 2i(0))

m>d 1<m
—2Y Ly mg<a(Yr0) Y L
m>d " i<m i20 m>d "

which is O(7%), since Y, E;[¢] =Y, m+D® 5 We deduce that P(Y: # k) = qp(1+7)dre+

am

O(7%), which gives the limit. [ |

Remark 6.23 Theorem 6.22 is a g-deformation of a classical object studied by Biane, Pitman
def 1—7

and Yor | ]. By (6.19), the normalized explosion time ¢; = {7 satisfies, under Py,
A\l
Eole ] =] (1+755) » Az0.
et [n]?
Since [n], = Z?_Ol "=1-2 > n and [n], — n as r — 17, dominated convergence and Euler’s
product sinhz = z[[,-,(1 + nﬁ—;) [ , (4.36.1)] show that this Laplace transform tends

o} % as 7 — 17. Thus (, converges in law to Y def Zn>1 %, which has the law
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of %QT, where T is the hitting time of 1 by a three-dimensional Bessel process started at 0,

since E[e™*7] = vahr The density of Y is >, -, 2(— 1)”*1n2e’”2t, a derivative of a Jacobi

theta function, and this law and its relations with the Riemann zeta function are studied in
n—1)(n—2 n 2n

[ | and | ]. Accordingly, 1*ZR,, = (—1)""'r - )(1?1)7%” — 2(=1)""1n?

and 0o ( e )\) Hn>1 (1 + ﬁ) tends to % uniformly on the compact subsets of C, so
that the theta quotient of Corollary 6.19 is a g-analogue of this function. Finally, let s € C with
Res > —1. Since Y, |Rn|p, ®°*~! < oo, Fubini’s theorem and the density of Theorem 6.22
give

Eo[¢*] =T(s+1) Y Bopt ",

n>1

a Dirichlet series in the squares of the quantum dimensions [n].. Formally, as 7 — 17, the
corresponding series for ¢; becomes 2I'(s + 1)(1 — 2172%)¢(2s) = E[Y?], see | ]. We do not
know whether this g-analogue satisfies a functional equation.

Corollary 6.24 For any bounded function f: Ng — C and any (n,k) € D, we have

(1i777)3 [l (n—k+1)r=*

For f =1y, the left-hand side is equivalent to (14 7)(by + br—1)(n — k)7" "% as n — oo.

[Hf(n, k) = f(R)] <

Proof : We have Hf(n,k) — f(k) = >, Vnr() (f(j) — f(k)), which is bounded by
[ fll o 225 [¥(nk) (4) — 6jx|, and part 3 of Theorem 6.22 with d = n — k concludes. For f = 1y,

the left-hand side is 1 — v, 1) (k) = %ZJ [Vnk) (J) — O] [ |

Thus the rate r"—*F = "3 of (6.9) can be replaced by (n — k + 1)7"~% and this rate
is optimal. Theorem 6.22 also explains the symmetry of Theorem 6.13: the discrete chain is
reversible for w, whereas, after the time change by the holding times, the horizontal chain Y is
reversible for the counting measure and is observed at a random time ¢ which does not depend
on it. Finally, we describe the horizontal side explicitly.

Lemma 6.25 For any k,n € Ny, put
—k -1 -1
~ def )2, 2 def z,2
Qk£3¢2< ;Ta7—>a n23¢2< 7 ;TaT>7
7,0
which are polynomials in A. Then, for any k € Ny,

- b (157K

O = 7E=nH,,.
n—0 (T; T)kfn

Proof : Put ¢; def (z,271;7);. We have g = = > Aripi and H, = >, AnZ(T oyl where

Api = (Ti)Q) 7. Since (¢;) is a basis of the polynomials in A, we must show that Ay; =
Zﬁ:i (T(:)Tk)f k= ”(f_”T)l for any 0 < i < k. Using (77 ";7); = (—1)i7i(i51)—"i%, writing

n=i4i+land N =k — i, and snnphfylng, this identity becomes

N N -1
Z {l ] H(§ —7P) =¢N,  where £ = 7= +1)

=0 p=0
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This holds for any ¢ € C, by induction on N, using the relation [N;H] .= 7t []y] .t [lfl] _» since
i+ (-1 =¢ [
Theorem 6.26 Let g be the polynomials of Lemma 6.25, that is gp(\) = Q@ LrIT) iy

(757K
r=1-4 27;_))\,andf0’)“9€[0 ], put Ng defw.

1. The sequence (0r(N))k>o satisfies Bo(A) = Ao(N), the spectrum of B is [0, 125], and the
spectral measure s of B at &g is the image under 0 — Xy of the measure
2i6 2
2 (€% 7)o|® db
; %77 9 6 0, .
T (e 7ot ) 2w O €107

Moreover, (g(B)d;, o) = | gojor ds for any bounded Borel function g on [0, %] and any
j, k € Np.

2. For any d,k,j € Ny,

|( 2i6. )oo|2

N (157)%, /7r ~ _
arii () = === | eae)200)800) gy oy 4

8. For any j,k € Ny,

min(j,k)

(6.30 v N
n=0

and, for any d € No, Vaskk)(7) = Liso (0a(B)i, 01) v(i i (), where (0a(B)d:, 6 = 0 if
li — k| > d.

Proof : 1. By | , (3.8.1)] with (a,b) = (1,7), we have g = M and the recurrence

(73 T)

relation | , (3.8.4)] reads (1 — 71 gp 1 + (1 —7%) 01 = (22 — 7% — 7%+1) 5. We multiply
__kF1 k__k+1

. Since T2 — by and TZ2=T ST gy 4y — A, we obtain by (3 — Ok1) +
br—1(0k — Ok—1) = A0k, that is Bo = A\g. Since B is a bounded Jacobi operator with nonzero
off-diagonal entries and gy = 1, the map 6 ~ 0 extends to a unitary operator from (%

onto L2(s) which intertwines B with the multiplication by A, see | ]. This gives the last
€ e ie"l’
assertion. To identify s, let 3 < a < 1 and w,(6) et M By | , (3.8.2)], the

aeif reif;T)
% are orthonormal for the probability measure (7,a7;T)sow, (6) 92
n [0, 7], with © = cosf. Their recurrence coefficients, given by [ , (3.8.4)], converge to
those of (gr) as a — 1, so that the moments of these measures, in the variable Ay, converge to
the moments (BPdy, dg) of s. On the other hand, |1 — €!|> < 2|1 — ae'?|? for a > 1, so that w,
is bounded uniformly in a, and w, — w; pointwise, where w; is the density of the statement,

i6 2
which is continuous on [0,7]. Indeed, w, = wl% and the last fraction is bounded

polynomials

by 2 Hj>1 (}f:j )2. By dominated convergence, the moments of s are those of the measure of

the statement. Since both measures have compact supports, they are equal. Its support is
{\g: 0 €[0,7]} = [0, -275], which is the spectrum of B.

) 177—2

2. For 6 € [0,7], the number z = e satisfies (6.18) with A = Xy, so that goo()g) (6.22)
[(reim) oo |
NGO

. The second part follows from (6.17) and from the first part with g = Qg—d.
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3. Let d = 0. By the second part, v k) (j) = (15 7)4 foﬂ §j§kw1m7%, where wq p,0(0) =
i (aeiiszzZZiz‘)s?;;lj)w‘Q is the weight of the continuous dual 7-Hahn polynomials. By | , (3.3.1)
and (3.3.2)] with (a,b,¢) = (a,7,7), 0 < a < 1, and by the same limit a — 1 as in the first part,
the polynomials H,, of Lemma 6.25 satisfy

™ de 5mn 1— 7_77,+1
HmHn T — = 6mn
Jy b = e S~

By Lemma 6.25, we deduce that

. (T;T)j<7—;7—)k j+k—2n 1
— 1— n+
T e !

the sum being over n < min(j, k), which is (6.30), since (T(:;j)in = [7];]7(7-;7)”. Finally,

;T”i(B) = 04(B)0s(B)™1, the matrix of g, (B)~?! is (V(iyi)(]'))i,j by Theorem 6.13, and p4(B)

is a polynomial of degree d in the tridiagonal operator B. [ ]

Remark 6.27 For instance, (6.30) gives v(1,1)(1) = (1 — 7)(1 — 7 + 73), and the last part
of Theorem 6.26 gives v(1,0)(0) = (1 4 7)v(0,0)(0) — T1/(1,1)(0) = (1 — 7)(1 + 7 — 72), since
01(B) = Id + (1 + 7)B. The terms of (6.30) are nonnegative, which makes the positivity of
the Poisson kernel visible, and the matrix (v x)(j)) factorizes as CACT, where C is the lower

triangular matrix C(k,n) = %T’“’” and A = diag(1 — 7"T1).

Concerning the literature: the evaluation (6.22) is a special case of | , Lemma 4.17],
the discrete orthogonality of Theorem 6.17 is a special case of | ], see [ , Theorem
4.16], the eigenvectors of Remark 6.18 are given by the duality of | ], and the law of
the explosion time of a birth—death process with an exit boundary as a sum of independent
exponential variables is due to [ ], which extends a theorem of Keilson for finite chains,
see | ]. The transition probabilities of the diagonal chain are due to Biane | , Section
4], see the paragraph after Proposition 6.2, and its restrictions to the centre and to the torus
are those considered in | ] for SU(n) and in | ]. The identification of the objects above
with the Poisson kernel of the diagonal chain, Theorem 6.22, Corollary 6.24, (6.30) and parts 3
and 4 of Proposition 6.11 are new, as far as we know. The Martin boundary theory of quantum
random walks and their restrictions to commutative subalgebras were studied in | L1 I,

[ ] and | ]. The formulas of this subsection were also checked numerically, with 20 to
40 digits, for 7 € {3, 4,1}, and (6.29) and (6.30) were compared with Monte Carlo simulations

of the chain X and of the chain of Proposition 6.2.

6.5 Energy of Poisson integrals

Let cond(v,v") ef w(v)P(v,v") = cond(v',v) be the conductances of the diagonal chain. For

a bounded harmonic function u on D, we have I'(u)(v) = Y, P(v,v")|u(v")]* — |u(v)]* =
> P, v")|u(v") — u(v)|?, hence

(6.31) EM(u) => " cond((n, k), v")[u(v') — u(n, k)|,

k=0 v’

where v/ runs over the neighbours of (n, k). Thus £ (u) is the sum of the energies of the
edges between the levels n and n + 1 and of the edges between the levels n — 1 and n. By
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Proposition 6.4 and reversibility, the conductance of the horizontal edge between (n,k) and
(n+1,k+1) is Fwfy for any n > k. By Proposition 6.2, the conductances of the vertical
edges satisfy

1

(6.32) cond((n, k), (n £ 1,k)) < SA= )k

Proposition 6.28 For any bounded function f: Ng — C, we have

liminf M (Hf) > . & (f) € [0, 00].

n—oo

In particular, if f is not constant, then Ea('Hf) =

Proof : Keeping only the horizontal edges in (6.31), we obtain for any integers 0 < J <n
EM(HY) > Z wib ([HF (0 + Lk +1) = Hf () + [ (b +1) = HF (0 = 1 R)).

y (6.9), each term of the sum converges to 2wiSB:|f(k + 1) — f(k)|? as n — oo. Hence

hmlnf EMMHL) = ¢ X7y wifBilf(k+1) — f(k)|?, and we let J — oo. If f is not constant,
then &, (f) > 0, since the weights wy3), are positive, and the series > ™ (Hf) diverges. M

Theorem 6.29 Let F be a polynomial, identified with the function k — F (7). Then
EMHEF) = & (F) + O((n+1)*r").

In particular, lim,, . E™(HF) = ¢.&.(F) = ¢, (F, LTF>€§ ()"
0

Proof : Write F' = ZzL oarp]. By linearity, (6.13) and Hej = 1, there exists a constant Cr
such that \’HF(n k)—F(m%)| < Cr(n+1)7" for any (n, k) € D. Moreover, |F(7¢t1) — F(7%)] <
1E" | e (10,17 T
We ﬁrst cons1der the vertical edges at the level n > 1. For any k, we have [HF(n + 1,k) —
HE(n,k)| < 2Cr(n + 2)7" ! whenever (n 4 1,k) € D. Since > p_, 7~ "% < %, the bound
(6.32) shows that the contribution of the vertical edges to (6.31) is at most
8C%

n 7( —
T
2 — =

Now, we turn to the horizontal edges between the levels n and n+1. We write HF (n+1,k+
1) —HF(n, k) = F(r*) = F(7%) 4, (k), with |e, (k)| < 2Cr(n+2)7". Since GFwyfy < =27
we obtain

k)
S4C%(n 4 2)* 2 L (n 4+ 2)*r

Y b (IHF(+ Lk +1) = HE(n ) = [F(4) = F(r4)2)
k=0

CZ (n+2)7" + (n+2)%r2")

for some constant C, and the right-hand side is O((n + 1)7™). Furthermore, we have
> kon WeBe|F(TFT1) — F(77)|2 = O(72"). Hence the horizontal edges between the levels n and
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n + 1 contribute &, (F) + O((n + 1)7™). In the same way, the horizontal edges between the
levels n — 1 and n contribute $&-(F) + O((n + 1)7"). Adding the three contributions, we

obtain the first assertion. The last equality is (3.3). [ |

, def . def N
For integers 0 < I < m, we put Ay, = Yoreo T8 My (75)2, and hy oo = Zk>0 TRD(TF)2.

For any function u on D and any integer m > 0, we denote by

m m+1

em() 3" S cond((m, k), (m + 1K) [u(m + 1K) — u(m, k)|

k=0Fk'=0

the energy of the edges between the levels m and m + 1, and we put £_1(u) =) By (6.31),
we have £ (u) = &,,_1(u) + £, (u) for any n > 0.

Proposition 6.30 Let [ > 1 be an integer and put u; def Hel
1. For any integer m > 1, we have (1 — 7™ T1=Oh; 0y = (1 — 77 H42) Ry o Consequently,
(7—2l+2; T)m—l (T; T)oo hl oS
him = h < . > 1.
l,m (T;T)m,l(TQH_Z;T)OO oo X (T;T)oo’ m

l
2. We have e (u)) =0 form <1—2, 11 (uy) = % and, for any integer m > 1,

J’f12hfl,7n
1—72)77¢(00)?

em(w) = ( (L= 7" )q(m)® = 2(1 = 7" 2)q(m) (m + 1)

(1 o Tm+1)(1 o Tm+l+2)
1— 7—m-Q—l—l

(6.33) q(m+1)%].
3. There exists a constant C, depending only on T, such that £ (u;) < CrAy(7) H(p[||j2 (w)
N
for any integers I > 1 and n > 0. ’
Proof : By Proposition 6.2, from any vertex (m, k), the probabilities of a move to the level
m + 1 and of a move to the level m — 1 are
1 —gmt2 T(1—7™)
pT(m)_ (1+7-)(177—m+1)7 pi(m)_ (1+T)(1*Tm+1),

1—r™+ g

which do not depend on k. By (6.5), we have w(m, k) = e
1. Let m > 1, so that m > 1. Let j > 0 be an integer. Lemma 6.5, applied at the level
m to the function (n’,k') — 1{m+1}(n’)7jkl, shows that k — 3., P((m, k), (m + 1,k))77*

is the sum of S —rry79" and of a multiple of (D,

m+1to (n,k) — 1{m}(n’)7jk/, it shows that k' — >, P((m + 1,k’), (m, k))77* is the sum of
r—rmt2-J

Similarly, applied at the level

7% and of a multiple of 7U=DK  Consider

b,, > " cond((m, k), (m + 1, k') My (%) My 2 (7).
kK’
Since M, and M ;41 are monic of degree [ and orthogonal to the polynomials of degree at

most [ — 1 in L?(m,,) and in L2(m,, 1) respectively, we obtain

k o
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and, by reversibility,

(1 =7 Dhymia
(1—72)rm

bm = ;@(m + LK) My g (77) zk: P((m+1,K'), (m, k)) My m(T%) =

This proves the first identity. By the proof of part 2 of Proposition 6.9, the coefficients of M,
converge to those of p;, and the moments of m,, converge to those of my,. Hence h; n, — hi o,
and iterating the first identity gives hym = hi oo H@m %, which is the stated formula.
The inequality follows from (72%2;7),,, 1 < 1, (T;7) oo < (757)m—y and (7272 7)o = (75 7) 0o

2. By part 3 of Proposition 6.9, we have u; = %bl, which is real-valued and vanishes
on the levels n < . This gives &,,(u;) = 0 for m < [ —2. Let m > [ — 1. Expanding the
squares in €, (u;) and using >, cond((m, k), (m+1,k")) = w(m, k)py(m) and, by reversibility,
Yorcond((m, k), (m+ 1,k")) = w(m + 1,k )py(m + 1), we obtain &,,(u;) = Ap, — 2B, + Cpy,
where

A E pr(m) Y @(m, kyu(m, k)2, C E py(m+ 1) @(m + 1,k Yw(m + 1,K)?,
k L4
B, & z:cond((m7 k), (m+ 1,k"))w(m, k)u(m + 1, k).
ke e/

For m =1 —1, we have A,, = B,, = 0 and, since () =1,

(1 -1 1 — it s (1 — 73 hy

Cio1= O+n0—r ) T=nr gl(oo)2h” - (1 —72)7l=1g(00)?’

For m > [, the same computation gives
m+2) (1 - Tm_‘—l)%ngl(m + 1)2hl,7n+1

T=m)rral?

1—7 st (m)2hym,

_(
Am = (1 —72)7mg(00)?

y O’m =

2
and B,, = q(}ii.lqu(m)gl(m + 1)b,,,. Using part 1 to express hy 41 and by, in terms of hy ,, we

obtain (6.33).

3. Recall that @7 = sqp; and wy, = (1 — 7)7%, so that [|¢7||* = (1 — 7)s2h 0. Let m > 1
and put y & rmHl-l < g g (m) and o Gq(m + 1) — q(m). Denote by Q the bracket
in (6.33). Since 7™t = yrl, 742 = 7!t and T2 = yr2HL 5 direct computation gives
Q = Fia? + 2F>ad + R6?, where

y(1—7h [1 — 7y - Tl)}

F:
1 1_y )

N 2041 AT
By VA=) oy

1—y 1—y

We have y(1—71)(1 —741) = 7mF1A)(7) and 7171 (1 —71) < 1 — 711 since 1+ 7241 — 2741 >
(1 — 7412 > 0. Using y < 7, we deduce that

2l+1)

m+1
T Ay(7) 0<R< 1

1+7
0K < —— 77t M A A )
! 7 1—72 " 1—r

\1_7_ Al(T)v 0<F2<

Put j % m — 1. By Lemma 6.8, we have |a| < M, and || < 4P, M,(j + 2)79*1. Moreover
A (7) = PP (1 - (1 - Tl+1) > (1 —7)(1 - 7377+ We obtain |Q| < K, 7™ A(7),
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where

o 1 M2 PTM2 - 2 J+1 1 P2M2 . 2 2. j+1
o der (LETME | TSPAMEG 4 2)r | 16PEMEG 422
1—171 j=0 (1 — 7’)2 (1 — 7)2(1 — 7'2)

By (6.33), part 1 and part 2 of Proposition 6.12, we deduce that

%l2hl,oo TK-,—

m S K7 (1) = A HIES
o) (T5T)oo (L —72)7™ ’ (7 (T:T)oo(1 — 7)(1 — 72) () [l |

For m =1 — 1, we have (1 — 7)1l = fi\igi)l < HA%(:) and hy; < (fT so that part 2 gives
ei-1(w) < ey M) lef |7 Since €0 (w) = en—1(ur) + ea(w), part 3 holds with
C, = 27 max{K,(1—7),1} .

T (Tim) e (1—7)2(1—72) "
We now pass to the Poisson integrals of the Podles sphere. Recall that the left translations
by the torus act on L°°(S?) by the automorphisms ) 1, by (5.6), and that their fixed point
algebra is W*(A) by part 3 of Proposition 5.5.

Proposition 6.31 For any bounded function f: Ng — C, the Poisson integral ©(f(A)) is the
diagonal element Hf.

Proof : Since © is equivariant and bijective, it maps the fixed point algebra W*(A) of the torus
onto the diagonal part of H*(G, P), that is onto the space of bounded harmonic functions of

the diagonal chain. For such a function u, the limit u, def lim; u(ny, k¢) exists almost surely and
u(v) = Ey[us], by the martingale convergence theorem; this is the standard identification of the
bounded harmonic functions of a Markov chain with the bounded functions on the invariant
o-field of its path space, see | , Section 1]. For bounded harmonic functions u and '’
of the diagonal chain, the Cesaro means in (6.3) converge pointwise to E,[usoul ], so that
(u-u')(v) = Eylusoul,]. If Z denotes the invariant o-field of the path space, the map u — 1o
is therefore a x-isomorphism from the diagonal part of H* (CA?, P), equipped with the product
(6.3), onto L*°(Z, P 0,0)). Here we use that a nonnegative harmonic function vanishing at (0, 0)
vanishes everywhere, since every state can be reached from (0,0). Consequently, L°(Z, P g q))
is isomorphic to W*(A4), which is the weak* closed linear span of the minimal projections pg,
k € Ng. Hence O(pg) is the harmonic function v — P, () for some atom €, of Z, the atoms
Q. form a partition of the path space up to null sets, and

k

(L) (1—-m7)r".

P 0,0)(2%) = E(O(px)) = h(ps)

The variable ko, is Z-measurable. Hence, for any j € Ny, the event {ko = j} is, up to a null
set, the union of the atoms Qy, k € S}, for some partition (S})J;O of Ng. By Theorem 6.10,

we have Zkes; 7F = 77 for any j. We show by induction on j that S% = {j}. Suppose that
S; = {i} for any i < j. If j ¢ S}, then j € S] for some i > j, and Zkes’ " > 77 > 7% which
is impossible. Thus j € S}, and the equality >, s/ ¢ = 77 forces S% ={j}. We conclude that
O(pr)(v) = Py(koo = k) = H1py(v) for any k. Since fA =3, f ( )pr with convergence for
the weak* topology, and since © is normal, we obtain O(f(4)) = Zk (k)YH1gy = Hf. [

Recall that Pol(S?2) is the linear span of the matrix coefficients U]o , 1 € Ny, |j| <1, which are
pairwise orthogonal in L?(S?) by | Theorem 1 4.3 and Lemma 5.2. Thus Pol(S?) is the

orthogonal direct sum of the subspaces Poll(Sz) = span{u : 4] < I}, which are irreducible
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of spin [ for the left translations, each spin occurring once, and the fixed vectors of the torus in
Pol;(S?) are the multiples of u(()lo) = ¢7(A) (Proposition 5.3). For any = € L>°(S?), we denote
by x; the component of z in Pol;(S?).

Corollary 6.32 For any integer n > 0 and any x € L>°(S?), we have

n+1

EM (HeT
EM(O() = enl) wllfzszy, where en(l) = T (2 %)»
1=0 H‘Pl Hego (w)

and, for any | € Ny, we have lim, o e,(1) = ¢, Ai(7) and sup,, e, (1) < C.Ay(7), where C; is
the constant of Proposition 6.30. Consequently, for any x € L>°(S2),

(6.34) lim £0(O(x)) = ¢z > Mi(7) [|z]lF2 (g2 € [0,00],

n— o0
1>0

and sup, 5, €™ (0(z)) < C- >0 Mu(7) ||lei2(S2,)' In particular, lim,, . E(HS) = ¢, (f)

in [0, 00] for any bounded function f: Ny — C, and every element of H‘X’(CA?, P) which is not a
multiple of 1 has infinite energy.

Proof : Since P commutes with the action of G on £*° (@) and h is invariant, the sesquilinear form
(a,b) = [2s + 1], Tr (K ~*(P(a*b) — a*b)) is invariant. Since © is equivariant, the sesquilinear
form B,, on L>°(52) obtained by composing it with © is invariant, and its quadratic form is x
E£M)(O(x)). Moreover, © commutes with the projections onto the isotypic components, and the
components of £°(G) on the levels s’ < s+ have spin at most 2s+1 = n+1. Since £ (a) only
depends on the components of a on the levels s and s+ %, we deduce that £ (0(z)) = B, (y,v)
with y = 37, 2. By Schur’s lemma, B,, vanishes on Pol;(S?) x Poly/(S7) for [ # 1" and is a
multiple of the scalar product of L?(52) on Pol;(S?). Computing this multiple with x = ¢] (A4),
we obtain the formula, by Proposition 6.31 and ||90ZT(A)||L2(S‘;’) = ||<p[||€§!0( )- By Theorem 6.29

w

and part 3 of Proposition 3.1, we have

lim en(l) = <220 ¢ py(r).

n—00 T
7l

The bound on e,(l) is part 3 of Proposition 6.30 for [ > 1, and e,(0) = 0 since Hej = 1.
The bound on sup,, £M™(0(z)) follows. If >, Ay(7) |z||> < oo, then (6.34) follows from
the dominated convergence theorem for series. Otherwise, Fatou’s lemma for series gives
lim inf,, £ (6(z)) = co.

Let f: Ng — C be bounded. The element f(A) is fixed by the left action of the torus,
hence so are its components. Thus f(A); is a multiple of ] (A), namely f(A); = (f,e:) ei(4)
with e, = [|¢7|| " ¢F, since h(o] (A)*f(A) = (f, cp[)gé (w)- By part 3 of Proposition 3.1,

0

we have 30, Ay(7) || f(ANl® = S, M(7)| (fre) [P = E-(f) in [0,00], and O(f(A)) = Hf by
Proposition 6.31. Finally, if  is not a multiple of 1, then z; # 0 for some [ > 1, so that the
limit in (6.34) is positive and E5(O(x)) = 3_, EM(O(x)) = co. The last assertion follows since

© is onto Hoo(é, P). [ |
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6.6 Comparison of the two boundary energies

Suppose that 7 = Q~%. We identify a function f: Ny — C with the radial function F(x) = f(k)
for ||z||, = Q7% on O¢, and with the element f(A), as in Theorem 5.6.

Corollary 6.33 1. The harmonic measure of the tree T seen from the root and the harmonic
measure of the diagonal quantum walk seen from the trivial representation have the same
radial law, namely the Aref’eva—Volovich law.

2. For any f € £2N0 (w), the boundary energy of the tree and the energy density at infinity
+&-(f) of the quantum walk, which is equal to lim,, E™ (Hf) if f is bounded, by Corol-
lary 6.32, satisfy

2(1—1)? 1 T
e <am <20 -0 =77 A7)

In particular, these forms have the same domain.

Proof : 1. Under the Haar measure of O?, the valuation is distributed according to (1 —7)7%,

by (2.2). The quantum case is Theorem 6.10.
2. By Theorem 6.1 and Proposition 2.1, we have Ep(F ) =2(1-71) [53( )+ 5 1f — Eof|l” ]

with @ = d and k = H% By Theorem 4.1 with a« = d, we have 1+T€ (f) < Er(f) <
(1 — 7)73&.(f). Finally, part 3 of Proposition 3.1 gives ||f —Eof|* < A1(r)"1&.(f) with
Ay (r) = U=r20n) .

Thus the two operators compared in Theorem 4.1 for o = d have a probabilistic interpreta-
tion: the Taibleson operator of order d is, up to a bounded perturbation, the boundary energy
of the tree of balls, and the zonal Casimir operator of the Podles sphere is the energy density at
infinity of the dual of SU,.(2). On the diagonal, the quantum walk differs from the radial walk
on the Bruhat-Tits tree by the horizontal edges of Proposition 6.4. Their conductances do not
decay with the level, so that each level contributes a nearest-neighbour form in k. This is why
the total energy diverges, and why the limit is the form of a birth—death operator. For the tree,
the total energy of a harmonic extension is finite, and it is given by the long-range Taibleson
form of its boundary values.

Remark 6.34 One could expect the total energy of the quantum Poisson integrals to be finite
and comparable with the Taibleson energy. Corollary 6.32 shows that this fails: no element of
H*®° (G, P) which is not a multiple of 1 has finite energy. The comparison holds for the energy
density, which is defined by the invariant forms ™.

7 Quantum Markov semigroups on the Podles sphere

7.1 Tail expectations and an exact lifting

In this subsection 0 < 7 < 1 and 7 = r? are arbitrary, we fix p > 1, and we define ¢, &, A\,

and a,(t) by the formulas (2.1) and (2.14). If 7 = Q=% and p = Q®, these are the parameters
of Section 2. By Proposition 5.5, it is convenient to work in B(é2 ) with the state w, and to
transport the results by 6; we use the same notation for an clement of B(/%,) and its image in
L°°(S7). With this convention p, = enn, Pn = Y45, €kk, h = w; and C(S7) = K(£,) + CL.
For n > 0 define

(7.1) ®p(2) € (1= P)a(1— B+ 7 "h(PyzPy) Py, M, % (1-P)B(,)(1 - P,) &CP,,
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Lemma 7.1 The map ®,, is the faithful normal h-preserving conditional expectation onto M,,.
These algebras are increasing, ®;®; = ®rin(,5), and Po(z) = h(x)1. The expectations commute
with the modular group of h. On both the GNS and the symmetric L? realizations, ®,, converges
strongly to the identity. Each ®, maps C(S?) into itself, and ®,(z) — x in norm for any
x € C(S%). Finally, if T = Q™% then

(7.2) ®,J = JE,.

Proof : Pinching by P,, and 1— P, is normal and completely positive. The normalized restriction
x — 7 "h(P,zP,) is a state on the tail corner, since h(P,) = 7. Formula (7.1) is consequently
normal and unital completely positive, and it is idempotent and bimodular over M,,.

Each P, commutes with D, so the cross terms (1 — P, )xP,, and P,z(1— P,) have zero Haar
state and h®,, = h. This also gives faithfulness. The inclusions M, C M, ;1 are obtained by
separating p, from the tail. For ¢ < j, the map ®;®; is a normal unital completely positive h-
preserving idempotent onto M;, since ®; is the identity on M; C M;; hence it is a conditional
expectation onto M;. The algebra M; is invariant under ¢” = Ad(D'), since P; commutes
with D. By the uniqueness part of Takesaki’s theorem | , Theorem IX.4.2], we obtain
®,®; = ®;, and similarly ®,;®; = ®;. Since o = Ad(D*) and P, commutes with D, the
expectations commute with o”.

Realize the GNS space by x — zD? and the symmetric L2 space by z D%zD%, both in
the Hilbert-Schmidt class S2. In either realization, a direct computation gives

(7:3) ¥Pe = (1 P)E(L~ P+ 77" (6 DIP,)  DIP,.

2
. 1
Since H D3P,
S2

vector. Its range is orthogonal to the head compression, so each implementation is an orthogonal

= h(P,) = 7", the second term is the orthogonal projection onto that tail

projection. Finite matrices are dense in S? and fixed by @%2) for sufficiently large n. Hence
3 — I strongly in both realizations. If 7 = Q~9, then for Jf the tail state in (7.1) is the
normalized average in (2.13), which proves (7.2).

Finally, let « be a compact operator. Since P,, — 0 strongly, |P,z| — 0 and ||zP,| — 0,
so that (1 — P,)z(1 — P,) = x in norm. Moreover |77 "h(PyzP,)| = |(1—7) 3 ;> TE= e <
SUPy,>, [€kk|, which tends to zero. Thus ®,(z) — z in norm, and ®,(z) € K({§,)+ CP, C
C(S7). Since ®,(1) = 1, this proves the last assertions. [ |

Theorem 7.2 Fort > 0, the formula
(7.4) 7 E N an(t),
n=0

defines a semigroup of mormal unital completely positive, h-preserving maps on L>®(S2?). It
is point-o-weakly continuous at zero, strongly continuous on GNS L%, GNS-symmetric, KMS-
symmetric, and it commutes with the modular group of h and with the left torus action (8x1).
The negative generator of its GNS L? implementation is the nonnegative self-adjoint operator

(7.5) L =c(I-)+(p—1)>_ p"(I—®y),

n>1

initially on | J,, Ran @%2) and then closed. If d,, = <I>£L2J)rl — CID%Q), then

(7.6) L= Andy, dom 2 =&Y N[} < o0

n=0 n=0
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If 1=Q % and p = Q°, then
G =JT,, LJy=JaR%,

where the generator equality includes equality of domains on the radial subspace. Finally, each
i leaves C(S?) invariant, and the restriction of (7;) to C(S?) is a strongly continuous semi-
group of unital completely positive maps.

Proof : The coefficients in (2.14) form a probability distribution. Hence (7.4) converges in
operator norm in the space of bounded maps, is normal, unital completely positive, and preserves
h.

The projections <I>62), dy,dq, ... are mutually orthogonal and sum strongly to the identity,

by Lemma 7.1. On Randy, the maps <I>512) vanish for n < k and are the identity for n > k.
Thus (7.4) acts there by Y, _, a,(t) = e ", and acts identically on constants. This proves
the semigroup law, strong continuity and self-adjointness on GNS L2. Tt also proves (7.6).
Formula (7.5) follows from ¢+ (p — 1) Zf;:l P = Ag.

For any = € L°°(S2), the compression term in (7.1) converges strongly* to x, whereas the tail
term converges strongly* to zero: its scalar coefficient is bounded by ||z|| and P,, — 0 strongly.
Thus @, (x) — = o-weakly. For any fixed N, the total mass of the coefficients with n < N is
1 — e "~ which tends to zero as t — 07. Given a normal functional, we split the probability
mixture at N, choosing first NV such that its values on the remaining expectations are close to its
value on x. This proves point-o-weak continuity at zero. The conditional expectations commute
with ¢” and with the automorphisms 3 A1, which fix P, and h; the same commutations hold for
the semigroup. Formula (7.3) shows that each symmetric L? implementation is an orthogonal
projection. Thus the same probability mixture is self-adjoint in that realization, proving KMS
symmetry.

Suppose that 7 = Q¢ and p = Q. Equation (7.2) and the mixture formulas (2.15)
and (7.4) imply Z;J = JT;. The basis of Theorem 2.3 is mapped by J; onto unit vectors of
the one-dimensional diagonal components of the d,, so (7.6) gives the generator and domain
assertion.

Finally, .7, maps C(S?) into itself by Lemma 7.1, since the series (7.4) converges in norm.
Let € C(52%) and € > 0. By Lemma 7.1, choose N such that ||®,(z) —z| < € for n > N.
Then

|7 (2) = all <2llz] D an(t) +e = 2|z (1 - ™)+,
n<N

which is at most 2¢ for small ¢. This proves the strong continuity on C(S2). ]

The associated closed quadratic form is

(1= )] = 3 A ldnt

n>=0

o(e) = |7~ aye| + (-1 X o
n>1

The identity follows first on finite filtration ranges and then by monotone convergence.

Remark 7.3 The expectations (7.1) make sense on the whole algebra M = L>°(SU,(2)) with
P, = Zk>n exr ® 1, and Theorem 7.2 holds there with the same proof, except for the last

assertion. Indeed, on C(SU,(2)) one has Z(b) = >, -, e /T =77, 1, ® 1, so that

| Z:(b) — b|| = sup,, (1 — e *)y/T—77 = 1 for any ¢+ > 0. Section 8 shows that this defect
cannot be repaired by another lifting. The restriction to L°°(S2) removes it, since b does not
belong to C(S?).
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7.2 Noncommutative L? estimates

We denote by LP(S?) the Haagerup space [ ) ] of (L>(S2),h), for any 1 < p < oo,
and by 0j the density of h in this realization. The extension of ®,, is determined on a dense
subspace by

P (077 20}7) =07 @, (x)0F, a € L2(S?).

According to [ , Theorem 5.1 and Example 5.8], this extension is a contractive projection.

Since ®,, commutes with the modular group, the symmetric and one-sided extensions agree on

d

analytic elements by | , Proposition 5.5]. We put 5P %t @;pll — 3% forn > 0.

Theorem 7.4 Suppose that 1 < p < oo. There exists a constant Cp, depending only on p, with
the following properties.

1. For any bounded complex sequence (my, mg,m1,...), the series

(7.7) M€ =m.dF €+ 3" muoPe

n=0
converges in LP(S2) for any € € LP(S?) and defines a bounded operator satisfying

(7.8) ||Mm||Lp(sg)ﬁLp(sg) <Gy max{ [m.|, sup |mn\}

n=0

The same constant works after replacing L>°(S?), h and ®,, by My (C)RL*>®(S?), trxy ® h
and Idy, ® @, respectively, for any integer N > 1.

2. The maps ; extend to a strongly continuous semigroup of contractions on LP(S2). Its

negative generator £, is the closure of & — Zn>0 )\n&(f)f on UN>0 Ran q)g\]?), where the

sum is finite on this subspace. More precisely,

(7.9) dom %, = { € € LP(S?) : Z A0P)E converges in LP(S2)

n>=0

3. On X, = Ker <I>(()p), the restriction B, of £, is invertible, sectorial of angle zero, and
admits a bounded H*(Xg) functional calculus for any 0 < 6 < w, where ¥y = {z €
C\ {0} : |arg z| < 8}. For any f € H>®(Xy),

(7.10) F(B)E =3 F0PE 7By x, < CollFl

n=0

These estimates hold with the same constants on the matriz tensor extensions of part 1.
The fized subspace Ran @ép ) s treated separately.

Proof : 1. In the tracial case, the noncommutative Burkholder-Gundy inequalities | ,
Theorem 2.1] imply that martingale difference sequences are unconditional in LP, 1 < p < o0,
with a constant x, depending only on p | , Remark 2.4]. By the reduction method of
[ ], this unconditionality extends to the Haagerup spaces of a o-finite von Neumann alge-
bra with a normal faithful state ¢, for an increasing filtration of von Neumann subalgebras with
p-preserving normal faithful conditional expectations whose union is o-weakly dense [ ,
Theorem 6.3]. Here the filtration is (M,,)n>0, whose union contains the finite matrices. We
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apply it to the finite martingale (<I>§-p)§ — @gp)£)0<j<N+1. By convexity, the same bound holds
for real coefficients of absolute value at most one. Separating real and imaginary parts gives a

bound 2k, for complex coefficients. Since H@g\’,’)ﬂé - q)ép)ﬁu < 2|€][,, the finite sums in (7.7)
p

satisfy (7.8), for instance with C), = 1 + 4k,,.

We next justify convergence. The spaces Ran @55)
1 1

increase densely in LP(S?). Indeed, the

elements D;‘T” mbf? with = a finite matrix are dense, and such an element is fixed by @g\’;) for
sufficiently large N. Contractivity therefore implies @%)f — € in LP(S?). For N’ > N, the
transformed sum between the indices N and N’ —1 vanishes on Ran @S\I;). Consequently its norm
’f - @55)5 ’ , which tends to zero. Thus the series converges
and the finite estimates pass to the limit. Appplying the same argument to the state try ® h

proves the matrix tensor assertion.
2. The probability mixture (7.4), with each expectation replaced by its extension, defines a

at ¢ is bounded by C, sup,, |m.,|

contraction on LP(S2). Tt acts as the identity on Ran @E)p) and as e~**» on Ran 6. Hence it
satisfies the semigroup law and is strongly continuous on every finite filtration range. Density
and contractivity imply strong continuity on LP(S?). Let —%, denote its generator. Each

@S\If) commutes with the semigroup. Differentiating on the generator domain gives @%)pr =
fp@%’)g for £ € dom.Z,,. The two sides converge respectively to .Z,¢ and to the partial sums
Y onenN )\ndgp )§ . Thus the finite filtration ranges form a core and every vector of the domain

satisfies the convergence in (7.9). Conversely, if that series converges, the vectors @%)5 converge
to & and their images under %), converge to the sum. Closedness of the generator proves (7.9).

3. On X, the multiplier with coefficients A,,;* is bounded by (7.8). Finite filtration trun-

cation and closedness show that it is the inverse of B,. For any z ¢ [0,00), define R, et

> onso(z — )\n)*l&(f)f. Both this multiplier and the multiplier with coefficients A, (z — \,) ™!
are bounded. By (7.9), R,{ € dom B, and (z — B,)R,§ = £. The converse identity follows on
the domain by finite filtration truncation. For any 6 > 0,

(7.8)
su£||zRZ|| < Cp sup

2¢%g Z§E>Eoe
u

< 00.

Z—U

This proves that B, is sectorial of angle zero. We use the natural functional calculus of sectorial
operators [ , Chapter 2] and its extension to bounded holomorphic functions | ,
Section 5.1]. For a decaying holomorphic function f, the sectorial contour calculus agrees with
the multiplier (f(\,,)) on each finite filtration range, by the scalar Cauchy formula. Both maps
are bounded, so density gives equality on X,,, and the multiplier estimate proves the bound.
To pass to arbitrary bounded holomorphic functions, we use the regularizers e.(z) = - ers I +1€z’
€ > 0. They are decaying holomorphic functions on 3y, satisfy 0 < e-(\,) < 1, and converge to
one at each A\,. The multipliers ((fe:)(\,)) are uniformly bounded by C, || ]|, and converge
strongly on the dense finite filtration ranges, hence strongly on X, to the multiplier in (7.10).
This is the bounded extension of the sectorial calculus and proves the assertion. The argument
is unchanged on each matrix tensor extension. [ ]

Remark 7.5 By | , Remark 1.2], the Haagerup space of (B(Eﬁ,o),wT) is identified with
the Schatten class S?, the embedding of B(¢§, ) being = — D 2D7% . In this realization,

P (X) = (1—P,)X(1—P,)+7 "Tr (D' P, XP,)D¥P,, X €SP,
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since Tr(DP,aP,) = Tr(D'"# P,D% 2D P,). Theorem 7.4 is thus a statement on explicit
contractive projections of SP. If 7 = Q~¢, the state-preserving map .J induces an isometry JIp
from the radial LP space onto its quantum realization, given on bounded radial functions by

1 1
Jof =02 J(f)027, and (7.2) implies ®7.J, = J,E, by density.

7.3 Zonal convolution semigroups

In this subsection 0 < r < 1 is arbitrary and 7 = r2. Recall the conditional expectation E onto
W*(A) of Proposition 5.5 and the identification C*(A) = C(X;).

Proposition 7.6 Let (T;);>0 be a Feller semigroup on C(X;) and let ¢¥: Ny — [0,00) be a
function such that Typ] = e‘tw(l)cp[ for any l € Ng and any t > 0. Fort > 0, let us be the

probability measure on X defined by [ F du, = (T,F)(0), put w, def o and 7 def (Id®w; )oA.

1. Each wy is a state on C(SU,(2)) invariant under all By ,, each % is a unital completely
positive map on C(SU,(2)) preserving h, and %0, = Bx,u%-

2. For anyl € %NO and any j, k, we have (Vt( { )) = Jpoe t¥ l)u(l) if l € No, and 7 (u (l)) =
0 otherwise. In particular ., maps C(SQ) into itself, S(F(A)) = (I:F)(A) for any
F € C(X,), and the restrictions of the maps . to C(S?) form a strongly continuous
semigroup.

3. For any z,y € Pol(S?), we have h(#(y)*z) = h(y* (), and %, commutes with the
modular group of h on Pol(S?).

4. If ue({0}) = 0 for any t > 0, then each w; is normal, and each % extends to a normal
unital completely positive map on M which leaves L>°(S?) invariant.

Proof : 1. The map E is unital completely positive from C(SU,(2)) onto C*(A) by Proposi-
tion 5.5, and p; is a state on C*(A4) = C(X,). Hence w; is a state, invariant under the torus
actions since E o 3y , = E. The slice map Id ® w; is unital completely positive on the minimal
tensor product, so . is unital completely positive. By invariance of the Haar state | ,
Theorem 1.2.1], ho % = (h @ wy)A = wy(1)h = h. By (5.6) and coassociativity,

Iy =(Ex@Id@wi0B1,) 0 AP, By T = (ex@Id @ w0 B,1) 0 AP,

where A®) = (A ® Id)A. Indeed (w; ® €,)A = w; 0 By, and (g, @ W) A = w; 0 By by (5.6).
Since wy is invariant, both expressions coincide.

2. By Lemma 5.2, E(u(}) = [ A2 p~ 2 A\ dpul), | which is ulj) if m = k = 0 and zero
otherwise. By Proposition 5.3, u:(¢]) = (Ty])(0) = e (). Hence wt(u(l)k) = Gmodroe W
for I € Ny, and wt(ugl)k) = 0if I ¢ Ny. The formula for %(u%) = (l) wt(u() ) follows.
By part 1, ., commutes with (3;,, and therefore maps C(S?) into itself The two continuous
maps F' — Z(F(A)) and F — (T,F)(A) agree on each ¢, hence on polynomials, hence on
C(X,). On Pol(5?), the maps .%; act diagonally on the basis (u%)) and satisfy the semigroup
law; moreover .%;(x) — x for any x € Pol(S?), the sum being finite. Since Pol(S?) is dense in
C(S?) and the maps .%; are contractions, the semigroup law and the strong continuity extend
to C(S2?).

3. By the orthogonality relations | , Theorem 1.4.3 (ii)], h((u(,o))* ;lo)) =0ifl #1'. For
I=1"and j # j/, this also holds, since h is invariant under 8y 1, which multiplies (u(,)o)* 0 by
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N2’ —2i by Lemma 5.2. Since .%; acts on the vectors uglo) by real scalars, the symmetry identity

@ 2isj : :
follows. By | ; (11.3)], the modular group acts on ujg by the scalar r*'*, which gives the

commutation.

4. Suppose that p;({0}) = 0. For k > 0, let ¢ be the normal state z — (x(ep ® 1), e, ® 1)
on M. It is invariant under all 8y, by (5.4), so that ¢p(z) = ¢x(E(z)) = E(z)(7*). Hence
wi = Y, ue({7%})¢x is a normal state. Since A extends to a normal unital *-homomorphism
of M into M®M, the formula (Id ® w;) o A defines a normal unital completely positive exten-
sion, which commutes with the normal automorphisms 3, , by part 1 and o-weak density, and
therefore leaves L°°(S?) invariant. [

Theorem 7.7 Let 0 < r < 1 and 7 = 2, let (T7) be the Feller semigroup e~*'= of Proposi-
tion 3.3 with n = 7, and let u] be its law at the origin. The maps % = (Id®@ u] oE) o A satisfy
the conclusions of Proposition 7.6 with (1) = Aj(7), including part 4. In particular:

1. The restriction of (.#;) to C(S?) is a Haar-preserving strongly continuous semigroup of
unital completely positive maps with %g(uyo)) = e_tAl(T)ug-lO), and its restriction to C*(A)
is T7 .

2. The maps .%; extend to normal unital completely positive maps of L>°(S?), and their GNS
implementations form a strongly continuous semigroup of self-adjoint contractions.

3. If 7 =Q %, then #J = JT], and the closed form of the radial negative generator L, is
d

equivalent to the closed form of Ry, 4, with the constants of Theorem 1.1 for a = d.
Proof : By Proposition 3.3, (7T7) is a Feller semigroup on C(Y;) = C(X,) with T7 o] =
e_tAl(T)golT. By Proposition 5.3, sup; supy_ lo7| < 1, so that part 4 of Proposition 3.3 gives
u7({0}) = 0 for ¢ > 0. Proposition 7.6 applies and gives 1. For 2, the normal extensions
are given by part 4 of Proposition 7.6. By part 3, the semigroup acts diagonally with real
eigenvalues e~ **(7) on the orthogonal basis (uglo)) of the GNS space of (L°°(S2), h); the Kadison—
Schwarz inequality .7 (x)*.%(x) < .%%(x*z) and h o.% = h show that the implementations are
contractions. Strong continuity follows from the diagonal form. For 3, the intertwining follows
from part 2 of Proposition 7.6 on continuous radial functions, and from normality on bounded
radial functions. The form comparison is Theorem 4.1 with a = d, for which n = 7. ]

Corollary 7.8 Let 0 < s < 1, and let (I/t(s))t2o be the convolution semigroup of probability
measures on [0, 00) with Laplace transforms e=**" [ , Chapter 5], with l/t(l) = ;. The op-
erators Tt(s) def f[O,oo) Tr dut(s)(u) form a Feller semigroup on C(X;) with Tt(s)gaf = e () T
whose L? negative generator is LS. Consequently, Proposition 7.6 applies with (1) = Ai(T)?,
including part 4, and the resulting maps %(S) =[S dl/t(s)(u) have the properties 1 and 2 of
Theorem 7.7. If T = Q=% and s = 9 with 0 < «a < d, then the closed form of L? 1s equivalent
to the closed form of R .

Proof : For F € C(X;), the map u — T]F is continuous and bounded, so the integral
defining Tt(s)F is a Bochner integral in C(X,). The operators Tt(s) are positive, unital and

contractive. The semigroup law follows from z/t(s) * z/t(,s) = Vt(fr)t, and the semigroup law of (777),

and strong continuity follows from Vt(S) — &g weakly as t — 0% by dominated convergence.
Since [e~*A vt (u) = et we obtain Tt(s)golT =e ™M) T on ( (w), the spectral theorem

identifies Tt(s) with e F7 | see | , Chapter 12]. The law at the origin is pgs) = [ul dl/t(s)(u).
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It has no atom at 0 for ¢t > 0, since u7,({0}) = 0 for v > 0 and I/t(s)({()}) = limp 00 e ™ = 0.

Moreover ﬂgs) oE = [w, dz/t(s) (u), which gives the integral formula for %(S).

(e}

Finally, if 7 = Q=% and s = 9 with 0 < a < d, the equivalence of the forms is part 2 of
Theorem 4.6 with 9 = d, since o < 3d. [ |

Proposition 7.9 Let 0 <n < 1, and suppose that |¢] (z)| <1 for any | € Ny and any x € Y.
Let (T})1>0 be a family of positive unital maps on C(Y,), and let ¢: Ng — [0,00) be a function
such that Typ] = e Wyl for any 1 € Ny and any t > 0. Then

def max{2, A’}1 —7)
(7.11) v() < Ky pp(DA(n), 121, where K, , = e

and A’ is the constant of Lemma 4.4. We put K, def K.

Proof : Let | > 1. We first show that 1 — ¢} (z) < max{2, A’}n~' for any z € Y,,. For = <7,
this is Lemma 4.4. For x = n* with k < [, we have zn~' > 7! > 1 and |p](z)| < 1, so that
1—¢/(z) <2< 20~

For t > 0, the functional F' — (T3 F)(0) is a state on C(Y;;), that is a probability measure
on Yy, and [ ] du; = e @ since ¢ (0) = 1. By Lemma 4.4, we have x = 11::77(1 — o (x)),

hence [xdu(z) = 11:—:7](1 — e~ (M), We deduce that

1—
1—e 0 = / (1 — ) dpy < max{2, A'}n~! 1 T (1- e_tw(l)).
— 7

Yy

Dividing by ¢ and letting ¢ — 07, we obtain (1) < %ﬁ;l_ﬂn_lw(l), and (4.4) gives

(7.11). m

For n = 7, the assumption of Proposition 7.9 is satisfied by Proposition 5.3, since Y, = X,

and K, = nﬁ’:{if’z)‘t}.

Proposition 7.9 is a Lévy—Khintchine type bound: the exponents of a positive semigroup
which is diagonal in the zonal spherical functions grow at most like the Casimir eigenvalues.
We now identify the semigroups to which it applies on the Podles sphere.

Theorem 7.10 Let (Si)i>0 be a strongly continuous semigroup of unital completely positive
maps on C(S?) which is covariant, in the sense that

AoS;=Id®S)oA onC(S?), t=0.

1. There exists a function : Ng — [0,00) such that St(u%) = e_w’(l)u;lo) for any | € Ny,
any |j| <1 and any t > 0. In particular, Sy leaves C*(A) invariant, its restriction Ty to

C*(A) = C(X,) satisfies Tyl = e~V DT and (1) < K p(1)A(7) for any 1 > 1.

2. Suppose that T = Q™% and let a > 0. If the closed form f Zl>1 ()| (f,er) |? of the
negative generator of the radial semigroup (T3) on E%ﬂ (w) is equivalent to the closed form

of R4, then o < d. Conversely, if a < d, the semigroup (%(%)) of Corollary 7.8 is
covariant and has this property.

3. For any s > 1, the semigroup (e_tLi)@o on Kﬁ;() (w) is not positivity preserving.
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Proof : 1. By (5.6), we have 1, = Id®e¢e,) o A and 5,1 = (¢, ® Id) o A. By coassociativity,
we deduce that

(7.12) Aoy, = (Id® 61,/4) oA, (Bl,u ®@ld)oA=(Id® Bu,l) ©

By the first identity, A maps C(S?) into the fixed points of the maps Id ® B1,u, that is into the

range C(SU,(2)) @min C(S?) of Id ® Eg. Let w; 4 ¢ 5 S,, which is a state on C(S?). Applying
Id ® € to the covariance identity and using (Id ® €) o A = Id, we obtain S; = (Id ® w;) o A on
C(52). Since Si(z) is fixed by B, for any x € C(S?2), the second identity of (7.12) gives

(Id @ wy)A(z) = B1,,.(Se(2)) = (Id@wi 0 Bu1)A(z), z€C(SP), peT,
where we used that 3,1 leaves C(S?) invariant. For z = u(l()), Lemma 5.2 and the linear

independence of the matrix coefficients give wt(u%) = u %y, (uko) for any p € T, hence

wt(ugo)) =0 for k # 0. Consequently,

Dy, (1
Z“kat Uko = Wt(u(()g)ug‘o)'

The number wt(u(()lg) = wi(¢] (A)) is real and belongs to [—1,1], it is multiplicative in ¢ by the
semigroup law, and it depends continuously on ¢ with value 1 at ¢ = 0 by strong continuity.
Hence it is equal to e~ for a unique 9(I) € [0,00). By Proposition 5.3 and the density
of polynomials in C(X,), S; leaves C*(A) invariant and Typ] = e "YWy, The maps T; are
positive and unital, and Proposition 7.9 with n = 7 gives the last assertion.

2. Suppose that the forms are equivalent. Then e; € dom Eg for any [ > 1. By the assumed
equivalence and part 1 of Theorem 4.6 with ¥ = d, there exist constants ¢,¢’ > 0 such that
V(1) = c€r(er) = ' Ay(7)% for any | > 1. By part 1, A;(7)@ 1 is bounded in [. Since A;(7) — oo,
we conclude that « < d. Conversely, each map ., = (Id ® w, ) o A of Theorem 7.7 is covariant,
since coassociativity gives
Ao(Id®@wy)oA = (Id®Id®w,) o (A®Id)eA = (1d®Ild®w,)o (Id®A)o A = (Id®.%,) o
Integrating with respect to I/t( *) the maps .%,"° () of Corollary 7.8 are covariant. For s = & < 1,
Corollary 7.8 gives the equlvalence of the forms.

3. Suppose that the operators T, = e *L7 are positivity preserving. Since L.1 = 0, they
are unital, hence contractive for the uniform norm on bounded sequences. They map each
polynomial ¢] to et (T)Ecp[. By density of polynomials, they restrict to positive unital maps
on C(X,). Then Proposition 7.9 applied with n = 7 and ¥(l) = A;(7)* shows that A;(7)*~! is
bounded in [, which contradicts s > 1. [ ]

Remark 7.11 Theorem 7.10 and Theorem 4.6 together describe how the order « of the Taible-
son energy interacts with the quantum symmetry. For a < d, the energy is realized by covariant
quantum Markov semigroups on C(S?), namely the subordinates of the Casimir semigroup. For
d < a < 3d, it is still the energy of the power L? of the zonal Casimir operator, but no co-
variant quantum Markov semigroup realizes it, and the semigroup generated by —L? is not
positivity preserving. For o > 3d, no function of L, has the right form domain. In all cases,
the conditional expectation lifting of Theorem 7.2 realizes the Taibleson semigroup exactly, but
it commutes only with the left action of the torus.

67



Remark 7.12 The radial Taibleson semigroup is not of convolution type. More precisely, let w
be any state on C(SU,(2)) and let S = (Id®@w)oA or S = (w®Id)oA. Since S(uyk)) belongs to

1—u

C(1), the space C(0)®C(1) is invariant under S. By Proposition 5.3 and (3.5), A = 1+§“) belongs
to this space. If S(A) € C*(A), then S(A) is fixed by all 8, and belongs to C(0) &C(1), hence
to span{1, u(()%))} = span{1, A} by Lemma 5.2. On the other hand, if 7 = Q~¢, all the coefficients
(A, Jag,) are nonzero by the proof of Proposition 4.7, so that JT;J~!(A) € span{l, A} would
force e **» to be independent of n. Hence no left or right convolution by a state restricts to
JT;J=1 on C*(A) for t > 0. The Casimir semigroup of Theorem 7.7 is the zonal convolution
semigroup whose energy is equivalent to the Taibleson energy of order d.

8 The frontier between S? and SU,(2)

In this section 0 < r < 1 and 7 = r2. Recall that py = e, ® 1 € C*(A) and that b(e, ® 1) =
V1 —7"e,_1 ® 1, where 1 denotes the constant function of L?(T).

8.1 A coefficient estimate for completely positive maps

Lemma 8.1 Let S: C(SU,.(2)) — C(SU,(2)) be unital completely positive. Suppose there is a
stochastic matriz K on No such that S(pr) = Y, K(i,k)p; for every k, the sum being strongly
convergent. Then, for any i,j > 0,

(8.1) [(S(b)(e; @1),e; @ 1) <Y V1= 7F/K(i,k — )K(j, k).

k>1

In particular, if both K(n — 1,-) and K(n,-) converge in %0 to a probability measure u as
n — oo, then

(8:2) limsup [(S(b) (en © 1), eu1 @ 1)] < Flu) = Y V/iulk = Da(k).

n—00 E>1
No normal extension of S is assumed.

Proof : By Stinespring’s theorem, there exist a Hilbert space K, a representation IT of C(SU,.(2))
on K and an isometry V: /§ ® L*(T) — K such that S(z) = V*II(z)V. Put 7, def Vie,®1).

Then
(8.3) T (pr)mill® = (S(pr)(e; @ 1), e, ® 1) = K (i, k).

Since ), K(i,k) = 1 = |n:l|> and the projections I(py) are mutually orthogonal, we have
M = D k>0 L(pk)ni in norm. Even if IT has a component on which all the II(py) vanish, that
component is zero on every ;.

The relations bpg = 0 and bpy, = V1 —7F(ep_1, @ 1) for k > 1 give bpr, = pr_1bpk.
Consequently,

(S(b)(ej ®@1),e; @ 1) = (I(b)n;,n:) = Z (IL(ops )T (pre ) T (pre—1)mi) -
k>1

Each summand is bounded by ||bpg || || TI(px)n; || || TI(pr—1)n: ||, which is the corresponding term of
(8.1) by (8.3). If two probability rows converge in £!, their square roots converge in ¢2, because
|v/a—+/b|? < |a—b|. Their shifted inner products consequently converge. Dropping the weights

V1 =71k <1 gives (8.2). [

68



Lemma 8.2 For any probability measure p on Ny, we have

(8.4) Fu) < ([1- (S%p u(k))’.

Proof : Let u*t(0) =0 and p* (k) = u(k — 1) for k > 1. For the set {0,...,j}, the difference
of its probabilities under p and p* is p(j). Thus $||p—ptl, = sup; u(j). For arbitrary
probabilities p, g on Ny, the Cauchy—Schwarz inequality gives

3 3 2
%Z Ik — il < % (Z(\/F— \/CTk)2> (Z(\/er \/ng)2> =4|1- (Z \/kak> .
k k k

k

Applying this to p = p and ¢ = p™ gives (8.4). ]

Theorem 8.3 Let S: C(SU,(2)) — C(SU,(2)) be unital completely positive, and suppose that
S(C*(A)) C C*(A) and that the restriction of S to C*(A) = C(X,) is given on Ny by a stochastic
matriz K whose rows K(n,-) converge in E&;O to a probability measure u as n — oco. Then

(85) 1S®) =8l > 1= F(u) > 1 - /1= (sup (k)"

Proof : The hypothesis gives S(pi) = >, K(i,k)p;, since pj corresponds to the indicator of
the isolated point 7. By Lemma 8.1,

15(0) = bl > lim sup |[VT=77 — (S(B)(en @ 1), en1 @ 1)] > 1= F(u).

n— oo

Lemma 8.2 gives the second inequality. [ ]

8.2 The Taibleson dynamics

Corollary 8.4 Suppose that 7 = Q~¢. There is no family of unital completely positive maps
Si: C(SUL(2)) — C(SUL(2)), t > 0, which both restricts to JT;J=* on C*(A) and converges
pointwise in norm to the identity as t — 07. More precisely, every family satisfying only the
restriction condition obeys

(8.6) 1S,5(0) b =1 - \/1-82>0, j>1,

where 67 = (1 — 7)(e”! — e™P). The conclusion requires neither the semigroup law, Haar
preservation, covariance, symmetry, nor a normal extension of the maps.

Proof : By Lemma 2.6, the rows of the transition matrix of 7} converge in E%O to p¢, and
supy, pp—i (k) = 7. Theorem 8.3 gives (8.6). Since p~/ — 0, point-norm convergence is impos-
sible. [ ]

There is no contradiction with Theorem 7.2. The conditional-expectation lifting is strongly
continuous on C(S2), which does not contain b. At the accumulation point 0 € X,, which
corresponds to the counit and to the classical torus of SU,.(2) (Lemma 5.1), the radial semigroup
has the entrance law ji;, which keeps an atom of macroscopic size along the times p~7. Complete
positivity requires compatibility of this law with the shift b, and Lemma 8.1 detects exactly this
requirement.
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8.3 The Casimir dynamics

Let 0 < n < 1, and let pf be the law at the origin of the Feller semigroup (7}') generated by
—L,,, see Proposition 3.3. If |¢]'| <1 on Y, for any | € Ny, then, by part 4 of Proposition 3.3,
pf is a probability measure on Ny for any ¢ > 0, and the rows P}’ (n, -) converge to it in £{ . By
Proposition 5.3, this is the case for n = 7.

Proposition 8.5 Let 0 < n < 1, and suppose that |¢] (z)| <1 for any | € Ny and any z € Y.
Put

def (1—7)n(1 —n?)

C s = )
I S0 20— (1 7P
lOg 16
def co(T,m) def CO(Ta 77)
N, lef | Dol lef _Co{ms71)_
0(7—7 77) + 10g % ) (T7 ) SNO(T, 77)
For any 0 <t < Ay(n)~, we have supy, (k) = 6c(7,m). Moreover, co(r,7) = %

Proof : We consider the random variable z, the coordinate of Y, under s def uy, and we put
my = [xdp; and me = [2?dp,. We abbreviate Ay = Ay(n), Ao = As(n) and ¢y = ¢o(7, 7).
By [ , (14.12.1)], as in the proof of Lemma 4.4, we have

1—mn n(p) — () =)
z, 2( ) =1 77(1 _ 7_)
0y, der (L= Tn?) (A = )
’ n(l—7)(1—7n) "’

and (1.4) gives ﬁ—f = % By (3.7) for n = 1, we have

2
T+ C2 017,

1—7 _
my = 1_7_77(1*6 tAl).

Since 1 — e~
n = 2, and using the value of my, we obtain

4>y — “72 > 4 for 0 < u < 1, we obtain m; > (21(712):2)1 for tA; < 1. By (3.7) for

A
— —tAo _ 1 2 1 _ —tAq .
C2,2M3 [ + —Al ( [ )

2
For u > 0, we have e™ <1 —u+ % and 1 — e~ < u. Hence the first-order terms cancel and

2742
mo < % By the Paley—Zygmund inequality p;(x > %) >

47"—%, we deduce
mao
ml) (1 — 7-)202,2 A% Co
>— 2> = = —.
Ht <$ 2 81— A2 4

On the other hand, Markov’s inequality gives yi;(z > 371) < <. Hence pi, (3! < 2 < 8"31) > Q.

Cco C
mq 8m1
2 Co

The points 1* of the interval ( | correspond to integers k in an interval of length at most

log %
log% ’

value of co(7,7) follows from 1 —74 = (1 -7)(1+7)(1+7) and 1 -7 = (1 —7)(1+7+72). W

hence to at most Ny(7,7n) integers. Thus one of them satisfies (k) = dc(7,71). The
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Theorem 8.6 Put Ay et — Y1 —r)(1 —73), in accordance with (5.11).
1. For any 0 < t < Ay(7)™1, any unital completely positive map S: C(SU,(2)) — C(SU,(2))
such that S(F(A)) = (T] F)(A) for any F € C(X,) satisfies

IS(b) = b|| = 1 —+/1—=d¢c(r,7)2.

2. Let ty 4f in {Al(T 2A ( —/1=d¢c(r,7) )} For any 0 < t < tg, the linear map
WU, defined on Pol(SU,(2)) by U (u (l)) e*tAluglk), l € 3Ny, does not extend to a positive
map on C(SU,(2)). Its restriction to Pol(S?) extends to the unital completely positive
map % of Theorem 7.7.

Proof : 1. By the discussion preceding Proposition 8.5, the restriction of S to C*(A) satisfies
the hypotheses of Theorem 8.3 with p = u]. Proposition 8.5 with n = 7 and (8.5) give the
estimate. N

2. Suppose that %; extends to a positive map % on C(SU,(2)). By Lemma 5.1, the counit

extends to a character € of C(SU,.(2)), so that 4 co% is a state. The map S et (Id®)o A
is unital completely positive on C(SU,(2)), and

(l) Z“(l) Ui (u (l Zu(l —tAi o, (D) Wy = 6_tA’U§lk)-
Thus S = % on Pol(SU,(2)). In particular S(¢](A)) = e ™MD (A) = (T7¢7)(A) by
Proposition 5.3, so that S(F(A)) = (IT7 F)(A) for any F' € C(X;) by density of polynomials.
Moreover b = u(_i) 1, so that S(b) = ¢ "4b and
2’ 2

—tA1

|S(b) —b|=1—€¢ = tA1 <1—+/1=bc(r,7)2,

since ||b|| = 1. This contradicts part 1. The last assertion follows from part 2 of Proposition 7.6,
since both maps act on Uglo) by e~ thi(7), m

Remark 8.7 Part 2 of Theorem 8.6 shows that the heat semigroup of the Casimir operator,
normalized as in Remark 5.4, is not a quantum Markov semigroup on C(SU,.(2)), whereas its
restriction to the Podles sphere is one by Theorem 7.7. The positive maps on C(S?) use the
states p7 o E, which are invariant under the two-sided torus action, while a positive extension
to C(SU,(2)) would require the central functionals uglk) — djke "M to be states. We refer to
[ ] and | , Section 11] for the structure of generating functionals of Lévy processes on

SU,(2).

9 The crystal limit

In this section we return to the local field, so that 7 = Q~¢, and we fix o > 0. For 0 < < 1,
we consider the operator L, of Section 3 on the fixed space Eﬁlo (w). For n > 0 and k > 0, put

def 1-— nkii
Cn(k) H 1— nn—i’

=0
with Cf = 1. With the notation UZ , = (¢%;¢"")n of | , (2.21)], we have CJI(k) = Z?,"“;
these functions are the g-analogues of the cellular basis used in [ , Section 2]. '
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Lemma 9.1 1. For any n >0, C" is a polynomial of degree n in n*, C1(k) =0 for k <n
Mn)=1. Asn — O*, Cl converges in (5 (w) to 1psny = 13,

)
N
S
Q

3

2. Let ( €N)n>0 be the orthonormal family obtained by the Gram-Schmidt process from
o- Then € = el is an eigenvector of L, with eigenvalue A,(n). As n — 07,
= cmd~’7 —>gn 1 in 03 ,(w) foranyn > 1.

SO
33
\\/

Proof : 1. Writing 1 — n¥=% = 1 — %z with x = n*, we see that C7 is a polynomial of degree
n in x. For k < n, the factor i = k vanishes, and for k = n all the factors are equal to one. For
k > n, each factor belongs to (0, (1 —n)~!] and tends to one as n — 07. Thus 0 < C7 < 2" for
n < %, and C}] — 1>,y pointwise. Since w is a probability, dominated convergence gives the
convergence in (§ (w).

2. By part 1, C{l,...,C1 is a basis of P,. Hence ¢! belongs to P,, and is orthogonal to
Pr—1, so that €] = +el Wthh is an eigenvector by Proposmlon 3.1. The limits 1p,,1p,, ... are
linearly independent, and the Gram—Schmidt process is continuous on finite linearly indepen-

dent families. Hence €] converges to the nth vector of the Gram—Schmidt process applied to

(1B,,)m>0- For n > 1, the vector 15, — 71p, , belongs to span{lp,,...,1p, }, has coefficient
1 on 1p,, and is orthogonal to 1p,, for m < n, since (1p, —71p,_,,1p, ) =7"—77""t =0.
Its normalization is g,—1 by (2.8). This proves part 2. ]

Theorem 9.2 For 0 <n < Q™ %, put s(n) = akl)‘;gf? € (0,1].

1. The semigroup (e_thf("))@O is Markovian on (3 (w) and induces a Feller semigroup on
C(¥y)-
2. We have
lim [[(L57 + 1) = (Mg + D)7V =0, lim |75 —e M| =0 (¢ >0),
n—0+ n—0+

where M4 = RS 4+ k(I —Ey) is the radial part of the Fourier multiplier M® of Propo-
sition 2.1.

Proof : 1. This follows from Proposition 3.3 and subordination with respect to the Bernstein
function A\ — \*(" exactly as in the proof of Corollary 7.8.

2. By Theorem 2.3 and Proposition 2.1, M, ; is diagonal in the basis ey def 1, e, = gn-1
(n > 1), with eigenvalues vy = 0 and v,, = A\,,_1 + kK = p". By Lemma 9.1, Lf,(n) is diagonal
in the basis (€]1), with eigenvalues v, (n) o A, (n)*™. Since s(n) log% = alog (@, we have

77’”5(’7) = p" and
vn(n) = p™(L—n")* D (1 — )50,

Hence v,(n) — p™ as n — 0% for any n. Moreover, since 0 < s(n) < 1 and the last two

factors belong to (0,1], we have v,(n) > c.p™ for any n > 1 and any 0 < n < Q~%, where
def —«
e = (1=-Q 1 —1).
Let IT7 and I1% be the orthogonal projections onto Cé? and Ce. By Lemma 9.1, 117 — TI%
in norm for each n. Let f be either A — (14+X)~1 or A — e~* with ¢ > 0, which is a decreasing

function on [0, 0o) with limit zero at infinity. For any integer N > 1,

ALY = FMEDI < D I F @I = Frn)I0 || + Fep™ ) + (PN,

n<N
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since the parts of the two operators on the orthogonal complements of the first N+1 eigenvectors
have norms at most sup,,~ x f(vn(n)) < f(cp™ 1) and f(pNt1). Given e > 0, we first choose
N such that the last two terms are smaller than €, and then 7 small enough for the finite sum
to be smaller than . This proves part 2. [ ]

Remark 9.3 The family (L;)o<y<1 contains the zonal Casimir operator L, of Theorem 7.7,
and, for n = Q~%, the operator compared with R ; in Theorem 4.1; for n = Q=% we have
s(n) = 1. The subordination exponent s(n) tends to zero, and it cannot be omitted: without
it, An(n) — oo for every n > 1 as n — 0T, and the resolvents of L, converge in norm to
the projection onto the constants. In the parametrization p®%(x) = p,(¢*;q 'a,q 'b;q) of
[ , (2.2)], the eigenfunctions of L, are ¢ (n*) = p[;"" (k). Thus Lemma 9.1 is a variant of
the limit theorem of Haran | | and Koornwinder—Onn | , Theorem 2.1], in which the
parameter b = 7 tends to zero together with ¢ = 1. The limit functions are the little O-Laguerre
functions p7%°, which are the spherical functions of GL4(O) acting on O? | , Section 5.2],
in accordance with the remark following Theorem 2.3. See also the ladder structures of | ,

Chapter 4].

10 Quantum projective spaces and the orders %

In this section, n > 2 is an integer and 0 < ¢ < 1. We show that the operator L, of Section 3,
with

(10.1) n=¢*> and T=r1, def ¢,

is the zonal part of the Casimir operator of the standard quantum complex projective space

(C]P’Z_l. For n = 2, this is the Podles sphere of Section 5, with ¢ = r and n = 7. Together

_d_
n—1

to (C]P’Z_1 with ¢? = Qiﬁ. We use the computation of the zonal spherical functions of
CIP’Z_I by Noumi, Yamada and Mimachi | ]. Throughout this section, the parameter T

with Theorem 4.1, this shows that the Taibleson operator of order o« = on O corresponds

of Section 3 is 7,, so that wy, = (1 — 7,)7F, o] (z) = pi(z;man ™t 1;m) = pi(z; *=2) 1;¢%) and
Y, ={¢* : k> 0}u{0}.

10.1 Zonal spherical functions

Let U,y (n) be the compact quantum unitary group, whose *-algebra Pol(U,(n)) is generated by
the entries of the fundamental corepresentation and the inverse of the quantum determinant
[ |. We denote by h,, its Haar state, by ¢ its counit, by A its coproduct and by C(U,(n))
the universal C*-completion of Pol(U,(n)). Since the fusion rules of U,(n), together with the

classical dimension function, are those of the compact group U(n) | |, the argument of
[ , Theorem 2.7.14] shows that U,(n) is coamenable, see also | ]. Hence the universal
and the reduced C*-algebras of U,(n) coincide | , Theorem 2.7.10], and h,, is faithful on
C(Ug4(n)); recall that coamenability is equivalent to the faithfulness of the Haar state on the
universal C*-algebra | ]. Let K,, be the quantum subgroup Uy (n—1) x T of block diagonal
matrices, which corresponds to the case o = oo of | |, and let g : C(Ug(n)) — C(K,,) be

the restriction homomorphism and hx the Haar state of K,. The algebra of the standard
quantum complex projective space is

C(CP ) E {z e C(U,(n) : (ld@ x)A(x) =z @1},
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def

and we put Pol((C]P’Z_l) = Pol(Uq(n)) N C((C]P’g_l). The map

(10.2) Ex % (hxrx @1d® hgmr) o (A ®1d) o A

is a unital completely positive idempotent onto the K,-biinvariant elements of C(Uy(n)), and
it preserves h,,.

The irreducible unitary corepresentations of U,(n) are labeled by the dominant integral
weights, as for U(n). Those which admit a nonzero K, -invariant vector are the corepresentations
m of highest weight l(e; — €,), I € Ny, and the space of K, -invariant vectors of m; is one-
dimensional [ ], see also | , Section 5]. For any ! € Ny, we choose an orthonormal
basis (e;) of the space of m; which contains a K,-invariant unit vector ey, and we denote by

) 0
Wij ij
irreducible corepresentation 7 with matrix coefficients u7; in an orthonormal basis, the matrix
(hxmi (ufj))” is the orthogonal projection onto the K,-invariant vectors of . Consequently,

the corresponding matrix coefficients. Since m; is unitary, we have ||u < 1. For any

(10.3) EK(u%)) = 6io6j0uélg, Eg (uf;) = 0 if 7 is not equivalent to some ;.
The zonal spherical function of m; is gpl") o uélo) It is K,-biinvariant and satisfies e(gol(n)) =
1. By the Peter—Weyl decomposition [ , Theorem 1.5.3] and (10.3), the K,-biinvariant

elements of Pol(U,(n)) form the space span{gol(n) : 1 € Ng}, and Pol(CPZ‘l) = Span{ugé) (e
No, }.
Let (245)1<i,j<n be the fundamental corepresentation of Ug(n) in the conventions of

[ ], and put

n—1

T def Tpiy; =1 — TppToy,.

i=1
This is the element ¢,_1 of | , (4.26)], written with the elements z; = x,; and w; = 2
of | , (4.6)], and the second equality is | , (4.9.d)]. The element x,, is self-adjoint,
and e(x,) = 0 since (x,;) = dp;- The following identification is due to Noumi, Yamada and
Mimachi. By | , Proposition 4.2], the irreducible corepresentation of highest weight

le1 —mey, £,m € Ny, contains a Ugy(n — 1)-invariant vector, unique up to a scalar, which is of
weight (¢ — m)e,, for the diagonal torus; it is invariant under the factor T of K, if and only
if {=m. By | , Theorem 4.7], the corresponding matrix coefficient *™ normalized by
e(ph™) = 1 is given by | , (4.34.2)]. For £ = m = [, this formula and the definition
[ , (4.33)] of the little g-Jacobi polynomials give

(10.4) o™ = P20 (10 6?) = pi(@n; 22, 1,¢%) = @ (), L€ No,

where p;(-;a,b; ¢?) is the little g2-Jacobi polynomial of [ , Section 14.12]. Indeed, both

polynomials are equal to 2¢; (¢~ 2, g?(¢Tn=1: 2(=1). 42 ¢?2). The paper | ] uses left

invariant elements of the quotient by Uy(n — 1); since gol(n) is K,-biinvariant, (10.4) does not

depend on this convention. See also | , Theorem 3.3.1], where x,, is denoted @,,—1 and the

zonal elements are expressed by ¢-disk polynomials, and | , Section 5]. By Lemma 4.4,
1—7p, (n)

we have xn, = 1% (1 — ¢; ), so that @, is K,-biinvariant. For n = 2, (10.4) reduces to

Proposition 5.3, with zo = A and ¢ = r.

Lemma 10.1 The spectrum of x, is Yy, and the distribution of x, under the Haar state is
given by

ha(F(xn)) = (1=70) Y ThF(¢*) =Y wiF(n*), F e C(Yy).

k>0 k>0
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Moreover, we have sup;( supy, lo/| < 1.

Proof : Let p be the distribution of the self-adjoint element x,, under h,,. It is a probability
measure with compact support contained in the spectrum of z,. By the orthogonality relations

[ , Theorem 1.4.3], hy, (uélo)) = 0 for any [ > 1, since m is not trivial. By (10.4), we

deduce that [¢]du = 0 for any I > 1. The probability measure v dof >k wrdyr has the
same property, since the polynomials ¢ are orthogonal in €2N0 (w) and ¢} = 1, by part 4 of
Proposition 3.1. Since (¢}')i>0 is a basis of the space of polynomials, all the moments of 4 and v
coincide. Both measures have compact support in R, hence u = v by the Weierstrass theorem.
Since h,, is faithful on C(U ( the spectrum of x,, is the support of u, that is Y;,. Finally,

7 @a) | = supy, ], = [[uid]| < 1 by (10.4). .
Remark 10.2 Lemma 10.1 agrees with the computations of | ]. By [ , Theorem
4.6], the Haar state on the polynomials in (3, ..., (,—1 is the iterated Jackson integral | ,
(4.27)], see | , (17.2.46)] for the Jackson integral For a polynomial F in (,_; alone, the
n — 2 inner integrals are equal to (1 — ¢%)"2(¢%¢%),,  5¢" "7, see | , D. 78], so that
1—g*=1 n—2 k
hn(F(20)) = W/o F(Q)C" 7 dg2( = ™) Y THF(q
k>0
by [ , (4.24)].  Moreover, | , (4.48)] with £ = m = ¢ = m/ = [ gives

ha((0™) (™) = d;", where

n— n— 2
4y — gD 1 — 2= 7 (g2n=1), 2y,
1 —g2(n-1) (¢% )

is the quantum dimension of 7. By (4.6) with n = ¢* and 7 = 7, this is ||90?H2§2(w)’ in
0

accordance with Lemma 10.1. The orthogonality relation of the polynomials (10.4) is | ,
(4.49)).

10.2 The Casimir operator and the energy bridge

Let C be the central element ), ; > L+S( ;i) of Uggl, of | , (5.5)]. Tt acts on the
irreducible module of highest weight A by the scalar x(C) = Y_;_; P Ostn=k) | , Section
5], and in particular on the module of m; by

¢ — 22

def 2(l+n 1) —21
10.5
(10.5) X1 T

see [ , (5.7)]. A direct computation gives, for any ! € Ny,

_ B _ _ 1y (14)
(10.6)  xi—x0o=q 2+ 2D 120D = ¢72(1 — ¢®)(1 — A1) =7 Ay ().

Through the duality between U,gl,, and Pol(U,(n)), the operator Q) : z s (Id ® C)A(z) acts
on the matrix coefficients of m; by the scalar x;. For n =2, (10.6) is (5.11) with r = ¢.

Theorem 10.3 Let n > 2 and 0 < ¢ < 1, and put n = ¢ and 7, = ¢ 1.
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1. For any polynomial F, we have (QM™ —x0)(F(xy,)) = (L, F)(z,), where L, is the operator
(1.3) with T = 7, acting on polynomials in n*. In other words, L,, is the zonal part of the
Casimir operator of (C]P’Z_l, normalized by (10.6).

2. Let (T") be the Feller semigroup e~'Ln of Proposition 3.3, and uj its law at the origin.
The maps 5’,5(”) et (Id ® pf o Bk ) o A restrict to a Haar-preserving strongly continuous
semigroup of unital completely positive maps on C((CIPZ_l) with f(n (u l)) = e_“\l(”)u(l)
and ™ (F(2,)) = (T/'F)(xy) for any F € C(Y,).

3. Suppose that T, = Q™% that is ¢*> = Q™ with o = %. Then the map

Jn: Loo(od)rad — W*(wn)a Jn(f(i logQ H”K Z f 1{77’“} ZE'n)

k=0

is a normal unital state-preserving x-isomorphism onto the von Neumann algebra gener-
ated by =, in the GNS representation of h,. The closed form &, of the radial negative

generator L, of ((S”t(”)) is equivalent to the closed form Er of Ry 4, with the constants cy
and cg of Theorem 4.1. In particular, for n = d+ 1, the Taibleson operator of order 1 on

09 corresponds in this way to (CIP’g with q = Q™ 2.

Proof : 1. By (10.4), we have Q™ (p](z,)) = Q(”)(u((fo)) = X1/ (zn). On the other hand,
Lo = Ai(n)g] by part 3 of Proposition 3.1, and A;(n) = x; — xo by (10.6). Since (¢}])i>0 is
a basis of the space of polynomials, the assertion follows by linearity.

2. By Lemma 10.1, we have C*(z,) = C(Y,), so that the probability measure p; on Y,
defines a state on C*(x,,). The map Ex is unital completely positive and maps Pol(Ug(n)) onto

the polynomials in z,, by (10.3) and (10.4), hence C(U,(n)) into C*(x,,) by continuity. Thus

w ui o E is a state on C(Ugy(n)), and Y(") (Id ® wt) o A is unital completely positive.

By invariance of the Haar state, h,, o 5”,5 - (hn @ we)A = hy,. By (10.3), (10.4) and (3.7),
Wt(ug)) = 51’05]'0/90[ d:ut = 5205]06 thu )

and w(uf;) = 0 if 7 is not equivalent to some m. Hence Z(n)( (l)) > u wt( l)) =
—tAl("])u( ) By invariance of hx, we have (mx ® hxmr)A = hgng(-)1, hence (7TK QEg)A =
1® Eg by coassociativity, and (7x ® wt)A = wi(+)1. Using coassociativity again, we obtain
(Id®mr)Ao 5”(") (Id® (g @ wi)A)o A = Z(")(o) ® 1. Hence Z(") maps C(Uy(n)), and
in particular C(CPZ 1), into C(CP;~ . The map (Id ® hgmk) o A is a contractive projection
of C(Ug(n)) onto C((C]P’Z_l) which maps Pol(U,(n)) onto PO](CPZ_l), so that Pol((CIP’;’_l) is
dense in C((C]P’Zfl). On Pol((C]P’gfl), the maps Z(") are diagonal in the vectors ug(l)), satisfy
the semigroup law and are strongly continuous, the sums being finite. Since the maps 54")
are contractions, the semigroup law and the strong continuity extend to C((C]P’Z_l). Finally,
Y(")(cpl (zn)) = e MM (z,) = (T]'¢])(z) by part 2 of Proposition 3.3. Both sides of the
last assertion are continuous in F' € C(Y;) for the uniform norm, and they agree on polynomials,

which are dense by the Weierstrass theorem.
3. By Lemma 10.1, the spectral measure of x,, in the GNS representation of h,, is supported

by Y, and charges each point n* with mass wy = (1 — 7,)7%, whereas {0} is a null set. By
(2.2), the shell Sy of O¢ has the Haar measure (1 — Q~%)Q~ “dk _ = wy. Hence J, is a normal

76



unital state-preserving *-isomorphism, exactly as in Theorem 5.6. Under J,, the radial negative
generator of (%(n)) is the operator L, on €§0 (w), by part 2. Since n = Q% and 7, = Q™
Theorem 4.1 applies and gives the equivalence of the forms, with its constants. For n = d + 1,
we have o = 1 and ¢> = Q. [ ]

Remark 10.4 Theorem 10.3 shows that the quantum group SU,(2) with 72 = Q=% of the

previous sections is the case n = 2 of a family. For n = 2,...,d + 1, the quantum projective
d

space (CIP’Z_1 with ¢> = Q-1 carries a Casimir dynamics whose radial energy is equivalent

%, and whose radial Haar law is the radial Haar law of
O, In the extreme case n = d + 1, the quantum parameter ¢ = Q_% does not depend on
d, the rank of the quantum group matches the dimension of O¢, and the order is o = 1;

this is the regime t = Q! of Freund and Zabrodin | , Section 3]. In the classical limit,
Ai(q?) ~ (2log é)zl(l +mn —1), which is proportional to the eigenvalues of the Laplace-Beltrami

to the Taibleson energy of order

operator of CP"~*. The analogue of Theorem 7.10, together with the corresponding case of
Theorem 4.6, holds for any n > 2, see Theorem 10.5 below.

10.3 Powers of the Casimir operator and covariant semigroups

We now extend Theorem 7.10 to (C]P’Z_l. By the proof of Theorem 10.3, the map Eg def

(Id ® hgmr) o A is a contractive projection of C(Uy(n)) onto C((CIF’Z_l). It is unital and
completely positive. For z € C(C]P’271)7 coassociativity gives

(d®Er)A(z) = Id®1d ® hxmk )(A @ 1d)A(z) = A(Er(z)) = A().

Hence A maps C((CIP’Z_l) into the range C(Uy(n)) ®min C((C}P’Z_l) of Id ® Eg, and for any
bounded linear map S: C(CP; ') — C(CP; ") which is completely bounded, the map (Id ®
S) o A is defined on C(CP; ™).

Theorem 10.5 Letn >2 and 0 < ¢ < 1, and put n = ¢ and 1, = ¢>*~ 1.

(n—1)a

1. Suppose that T, = Q=% and let a > 0. The closed forms of R% 4 and L,, ©  are equivalent
if and only if a < %. If a > (T;Ltll)d, then no operator of the form F(L,) has the
same form domain as R .

2. Let (S1)i>0 be a strongly continuous semigroup of unital completely positive maps on
C((CIP’ZA) which is covariant, in the sense that

AoS;=(Id®8;)oA onC(CP; '), t=0.

There exists a function 1: Ng — [0,00) such that St(ul(-é)) = e_“/’(l)uz(-é) for any | € Ny,
any i and any t > 0. In particular, Sy leaves C*(x,) invariant, its restriction Ty to
C*(wn) = C(Y,) satisfies Tig) = e VD7, and Y1) < Ky, yb(1)A1) for any L > 1.

3. Suppose that 7, = Q=% and let a > 0. There exists a semigroup (St)i>0 as in part 2
such that the closed form f 375, ()| (f,e]) |2 of the negative generator of the radial

o if and only if o < 2.

n—1

)5@(”) dyt(s)(u) with s = %, where l/t(s) is the

semigroup (T3) on Eﬁlo (w) is equivalent to the closed form of R
For a < %, 000
measure of Corollary 7.8; its radial negative generator is L.

rad

one can take S; = f[
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—tL;

4. For any s > 1, the semigroup (e~""n)i>0 on E%O (w) is not positivity preserving.

Proof : 1. This is Theorem 4.6 and Proposition 4.7 with ¥ = -4~ since n = Q_%, 5= %
and d + 29 = 4,

2. Let wy ef oo S, which is a state on C((CIP’Z_l). Applying Id ® ¢ to the covariance identity
and using (Id ® €) o A =1d, we obtain S; = (Id @ w;) o A on C((C]P’”_l). Let I € Ny. For any j,
the element uglg belongs to Pol((C]P’Zfl), and A(ul(.é)) > Uy g u(l) so that

) Z uDu ().
Since St(u%)) belongs to C((CIP’ZA), we have

Zulkwt “ko )®1=(IdQ@mk)A ZU ®Z7TK lo))

By the linear independence of the matrix coefficients [ , Theorem 1.4.3], we deduce that
> WK(U,(Q)wt(u;lo)) = wy (u,(fg)l for any k. In other words, the vector v aef > Wt(uglO))Ej satisfies
(Id@mg)(uP)(v®1) = v®1, that is v is K,-invariant. Since the space of K,,-invariant vectors
of m; is Cey, we obtain wt(u%)) =0 for j #0, and

St(u%)) = wt(gal(n))uz(-é).

The number wt(gol(")) is real and belongs to [—1, 1], since <pl(n) = ¢](zn) is self-adjoint with
norm at most 1 by Lemma 10.1. It is multiplicative in ¢ by the semigroup law, and it depends
continuously on t with value 1 at ¢ = 0 by strong continuity. Hence it is equal to e *¥®
for a unique ¥ (l) € [0,00). By (10.4), the polynomials in x, are the linear combinations of
the elements <pl("), which are dense in C*(z,). Thus S; leaves C*(z,,) invariant, and T;p) =
e~ Wl under the identification C*(z,,) = C(Y;,) of Lemma 10.1. The maps T} are positive
and unital, and |¢]'| < 1 on Y, by Lemma 10.1. Hence Proposition 7.9 with 7 = 7, gives the
last assertion.

3. Put v = % and s = §. Suppose that the forms are equivalent. Then e/ € dom &g
for any [ > 1. By the assumed equivalence and part 1 of Theorem 4.6, there exist constants
¢,d > 0 such that ¥(1) > c€r(e]) = ¢/ Ay(n)* for any [ > 1. By part 2, A;(n)*~! is bounded in
l. Since A;(n) — oo, we conclude that s < 1, that is o < 5.

Conversely, suppose that s < 1. By part 2 of Theorem 10.3, the map u Yu(n)(x) is
continuous and bounded for any » € C(CP; ™~ 1), so that Sy (z dEf Ik Y(n (x) dut(s)(u) is a Bochner
integral. As in the proof of Corollary 7.8, the maps S, form a strongly continuous semigroup of
unital completely positive maps on C((C]P’;L_l), with S, (ufé)) = e_tAl(”)sugé), whose restriction
to C*(z,) = C(Yy,) is [T dv!¥ (u) = e L. Bach map " = (Id ® w,) o A is covariant by
the coassociativity computation of the proof of Theorem 7.10, and integrating with respect to
Vt(s) shows that S; is covariant. Here (1) = A;(n)®, and the closed form of part 3 is the closed
form of Lj. Since o < ¥ < d + 29, part 2 of Theorem 4.6 gives the equivalence of the forms.

4. Suppose that the operators e *Fn are positivity preserving. As in the proof of part
3 of Theorem 7.10, they restrict to positive unital maps on C(Y;) which map each ¢} to
e o1 By Lemma 10.1, Proposition 7.9 with 7 = 7, applies with (1) = A;(n)®, and
shows that A;(n)*~! is bounded in I, which contradicts s > 1. [
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Remark 10.6 Suppose that 7,, = Q~¢. Theorem 10.5 describes the orders a of the Taibleson
energy seen by (C]P’Z_l. For a < %7 the energy is realized by covariant quantum Markov

semigroups on C((C]P’Z’_l). For % < a< %, it is the energy of a power of the zonal
Casimir operator, but no covariant quantum Markov semigroup realizes it. For a > %, no

function of the zonal Casimir operator has the right form domain. In terms of the exponent
s = % of the power, these three ranges are s < 1, 1 < s < n+1and s > n+ 1,
independently of d. For n = 2, this is the description of Theorems 4.6 and 7.10. For n =d + 1,
we have g2 = Q! and s = a: the Taibleson energies of the orders 0 < a < d+2 are the energies

of the powers L%_l of the zonal Casimir operator of (C]P’g, and those of the orders 0 < o < 1

are realized by covariant quantum Markov semigroups on C((C]P’Z).

10.4 The frontier between C]P’Z_l and 5’3”_1

We now show that the phenomenon of Section 8 occurs in the whole family. Recall that K,
is the quantum subgroup of block diagonal matrices, so that mx(z;;) is the (¢,j) entry of

the fundamental corepresentation of Uy(n — 1) for 4,5 < n — 1, nx(zp,) = 1 ® z, where z

is the coordinate function of T, and 7k () = 7x(zni) = 0 for ¢ < n — 1. Let mg/ def

(Id ® €1) o mg: C(Ug(n)) — C(Ug(n — 1)), where g1 is the evaluation at 1 € T. It is the
restriction homomorphism to the quantum subgroup U,(n — 1) of K. The algebra of the
quantum sphere is

def

C(Sg"_l) {z € C(Uy(n)) : (d@ 7/ )A(x) =2 @ 1}.

It contains C((CIP’Z_l). Since A(Znp) = 3, Tnj @ Tjn, we have (Id @ Tx )A(Znp) = Tnp ® 1 and
(Id ® T ) A(Tnn) = Tnn ® (1 ® 2). Thus z,, belongs to C(S2"~1) but not to C(CP; ).

Lemma 10.7 We have

* *
TnnTypy = 1- Tpy TppTnn = 1- NTn, TpTpn = NTpnln.

Consequently, ||znn|| = 1 and, for any k € Ny, the spectral projection py, def 1gey(2n) belongs to
C*(x,,) and satisfies x%,pg = 0, 2%, pp = Pr_12%,, fork > 1, and (z,px)* (x5, p1) = (1—1%)py.

Proof : With the notation of | , (4.6) and (4.26)], we have z, = Tpn, Wy, = z,,
Cn1 = zp and , = 1. By | , (4.28.a)] with k = n, we have z,w, = 1 — (,—1 and
Wpzn = 1 — ¢*Cu_1, and by | , (4.28.b)] with k = n and ¢ = n — 1, we have z,(,—1 =

g~ 2(u—12,. This gives the three identities. By Lemma 10.1, the spectrum of x,, is Y, C [0,1]
and contains 0, so that [|z,,||> = ||l —x,|| = 1. Taking adjoints in the third identity, we
obtain x  x, = nx,x},, hence 7  P(z,) = P(nzy)z},, for any polynomial P. Since nY;, C Y,,
uniform approximation on Y, gives 7 F(x,) = F(nzy)z}, for any F' € C(Y;), where F(nz,,)
is the functional calculus of x — F(nz). The function F =1 {n*} 18 continuous on Y, since 7
is an isolated point. For z € Y;,, we have F(nz) = 1g,x-1y(x) if k > 1, and F(nz) =0 if k = 0.
Finally, (2},,pr)* (€5, 0k) = PkTnnh,pk = pr(l — 2n)pk = (1 = 0")pr. ]
For n = 2, Lemma 10.7 shows that z3, and x5 satisfy the relations (5.2) of b and A with
r? = ¢2. In general, 7, acts as a weighted shift on the spectral subspaces of z,,, whose points

are n* whereas the Haar weights are (1 — 7,,)7*

n:*

Theorem 10.8 Let n > 2 and 0 < ¢ < 1, and put n = ¢* and 7, = ¢>"~V. Let A be a unital
C*-subalgebra of C(Uy(n)) which contains @, and &py, for instance C(S2"~1) or C(Uy(n)).

79



1. Let S: A — A be a unital completely positive map. Suppose that there exists a stochastic
matriz K on Ny whose rows K (m, ) converge in 611\10 to a probability measure p as m — oo,
such that, for any F € C(Y,), we have S(F(z,)) = G(xy,) for a function G € C(Y;)
satisfying G(n™) = >, K(m, k)F(n*) for any m € No. Then

1) = anll 2 1= Fl) > 1= [1 = (sup p(k))",

where F(u) is defined in (8.2).

2. Suppose that 7, = Q™% let a« > 0, and let J, be the isomorphism of part 3 of Theo-
rem 10.3. Any family (Si)i>0 of unital completely positive maps on A whose restrictions
to C*(x,)) are J,e~fraa J-1 satisfies

||Sp*1(xnn)*znn” 21* \/176’%>05 ]217

where é7 is the constant of Lemma 2.6.

3. For any 0 < t < Ay(n)~Y, any unital completely positive map S: A — A such that
S(F(zy)) = (T,'F)(xy,) for any F € C(Y;) satisfies

1S(nn) = Tonll =1 — m>

where 0c(Tn, M) is the constant of Proposition 8.5.

4. Let (wi)e=o be a family of states on C(Uy(n)) such that wi(xjn) — 0, ast — 0T for any
1 < j < n. There exists t1 > 0 such that, for any 0 < t < t1, the map (Id ® wy) o A does
not coincide with F(z,) — (T,'F)(xy,) on C*(z,,).

Proof : 1. We realize C(Uy(n)) faithfully on a Hilbert space H. By Lemma 10.1, n™ belongs
to the spectrum of x,, hence p,, # 0 for any m € Ny. Let m > 1 and let £ € p,, H be a

unit vector. By Lemma 10.7, the vector &’ def (1-— nm)_%xfmﬁ is a unit vector of p,,,—1H, and
1

(2,6, &Yy = (1—n"™)2. By Stinespring’s theorem, there exist a Hilbert space K, a representation

IT of A on K and an isometry V: H — K such that S(z) = V*II(z)V for any = € A. Put ¢ et |43

and ¢’ def V¢'. For any F € C(Y,) and any ¢ € Ny, the operator F(xz,) acts on p;H by the

scalar F'(n'). By the hypothesis on S, applied to F' = 1.k}, we deduce that

I (pr)CIIP = (S(pr)€,€) = K(m, k), |HU(pi)|* = K(m—1,k), k€ No.

Since Y, K(m,k) =1 = [¢|[* and the projections II(py) are pairwise orthogonal, we have
¢ = >, H(pr)¢, and similarly ¢ = >, II(px)¢’. By Lemma 10.7, we have z}; po = 0 and
Th Dk = Pk—1%5,Dr for k > 1. Consequently,

(S(@3,)6: &) = (W@, )¢, ) = Y (T, ) (i) G M (pr-1)C) 4

k>1

and, since ||z%, pr|| < 1, we obtain | (S(z},,)€,&) | < Fin o D kst VE(m,k)K(m—1,k—1).
As in the proof of Lemma 8.1, F,,, — F(u) as m — oo. Since S is positive, we have S(xf, ) =
S(znn)*, hence

1S (@nn) = @nnll = [1S@h,) = 25ull 2 [((S(@5) = 23,)6 €D | 2 (1= 0™)2 = Frp.
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Letting m — oo gives the first inequality, and Lemma 8.2 gives the second one.

2. By Lemma 2.6, the rows of the transition matrix P, of e~ */aa converge in 611\,0 to the
entrance law p;. Under J,,, the function k — f(k) corresponds to F(z,) with F(n*) = f(k).
Hence S; satisfies the hypothesis of part 1 with K = P; and p = p, and supy, p1,-5 (k) > 07 by
Lemma 2.6.

3. By Lemma 10.1, we have |¢]| < 1 on Y, for any I. By Proposition 3.3, the operator T}
is given by a stochastic matrix whose rows converge in EI{;O to py. Proposition 8.5, which holds
for any 0 < 7 < 1, applied with 7 = 7,,, and part 1 give the estimate.

4. The map S; & (Id ® wy) o A is unital completely positive on C(Uy(n)), and Si(Tnn) =

> j Tnjwi(Tjn). Since the fundamental corepresentation is unitary, we have [zn;| < 1, hence

Se(@rn) — Tonll <. [wilxin) — 65n] — 0 as t — 0F. Choose 0 < t; < A;(n)~! such that this
7 J J

sum is less than 1 — /1 — d¢ (7, )2 for any 0 < t < ¢;. By part 3 with A = C(U,(n)), S; does
not coincide with F(z,) — (T,'F)(z,) on C*(z,,) for these t. [

Remark 10.9 Theorem 10.8 shows that the natural domain of the radial Taibleson and Casimir
dynamics is (C]P’Z_l, for any n > 2. On C((C]P’Z_l), the Casimir semigroup (%(")) of The-
orem 10.3 is strongly continuous. It is of the form (Id ® w;) o A with w; = pj o Eg, and
wi(Tppn) = 0 for t > 0 by (10.3), since x,, is a coefficient of the fundamental corepresentation,
which is not equivalent to some ;. By part 3, no unital completely positive map on C(Sg”_l)
with the same radial part is close to the identity on z,,. By part 4, no weak* continuous
convolution semigroup of states on C(Uy(n)), that is no Lévy process on Uy(n) in the sense of
Schiirmann, see | ], has the Casimir dynamics of (C}P’f;_l as radial part. As in Section 8,
the mechanism is the persistent atom of the entrance laws at the origin, which is incompatible
with the shift =7 .
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