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Abstract
Let V be a simple vertex algebra with a connected nonnegative integer grading, and let G be

a finite group of grading-preserving automorphisms. We prove that C2-cofiniteness of V implies
C2-cofiniteness of V G. The proof bounds the length and height of monomials in strong generators
representing classes in a relative C2 quotient. The length bound follows from a good filtration and
finite-group invariant theory. The height bound follows from differential equations for products
of fields, together with identities for invariants and vacuum coefficients. The height bound also
shows that finite strong generation passes to V G, without assuming C2-cofiniteness. For strongly
rational vertex operator algebras, the cofiniteness result and McRae’s orbifold theorem imply
strong rationality of every finite-group fixed-point algebra.

1 Introduction

Taking invariants under a finite group of automorphisms, or forming orbifolds, is one of the most
basic constructions in the theory of vertex operator algebras and conformal field theory [2, 3, 6, 7]. A
longstanding conjecture predicts that finite-group fixed-point subalgebras of strongly rational vertex
operator algebras are again strongly rational.

The C2 condition, introduced by Zhu in his work on modular invariance [14], is central to this
conjecture. For a vertex algebra A, write

C2(A) = spanC{a−2b : a, b ∈ A}, RA = A/C2(A).

The quotient RA is a commutative algebra under [a][b] = [a−1b], and A is C2-cofinite when RA is
finite dimensional. For vertex operator algebras, this condition implies that Zhu’s algebra is finite
dimensional [3, Proposition 3.6], and hence that there are only finitely many irreducible admissible
modules up to isomorphism [14, Theorem 2.2.2].

Substantial progress on the conjecture was made by Miyamoto, who proved C2-cofiniteness for
cyclic orbifolds of simple C2-cofinite vertex operator algebras of CFT type, and hence for all finite
solvable groups [11]. Carnahan and Miyamoto subsequently established regularity of fixed-point
subalgebras under finite solvable groups for simple nonnegatively graded regular vertex operator
algebras with a nondegenerate invariant bilinear form [1]. These results settled the solvable case of
the conjecture, while the general nonsolvable case remained open.

For arbitrary finite groups, McRae proved that a fixed-point algebra of a strongly rational vertex
operator algebra is strongly rational as soon as it is C2-cofinite [10, Corollary 4.23]. This reduces the
strong-rationality problem to C2-cofiniteness.

We prove that C2-cofiniteness passes to fixed points for every finite group. We work over C
throughout. More precisely, let V be a simple vertex algebra with a connected nonnegative integer
grading, meaning

V =
⊕
n≥0

Vn, V0 = C1, amVb ⊆ Vh+b−m−1 (a ∈ Vh),
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with Vn = 0 for n < 0. Let G be a finite group of grading-preserving automorphisms. Under these
hypotheses, we prove the following.

Theorem 1.1. If V is C2-cofinite, then V G is C2-cofinite.

In particular, the theorem applies to simple C2-cofinite vertex operator algebras of CFT type.
McRae’s theorem then implies that every finite-group orbifold of a strongly rational vertex operator
algebra is strongly rational (Corollary 5.1).

We also prove that finite strong generation passes to fixed points, without assuming C2-cofiniteness.

Theorem 1.2. Let V be a simple, strongly finitely generated vertex algebra with a connected
nonnegative integer grading. For every finite group G of grading-preserving automorphisms, V G is
strongly finitely generated.

The proof is given in Section 5. This resolves the finite-group case of the vertex algebra Hilbert
problem in this setting [9, Problem 7.1].

Notation. For a formal power or Laurent series with vector coefficients, we write

[zα]
(∑

γ

vγzγ

)
= vα, zα = zα1

1 · · · zαm
m .

Coefficient extraction leaves any unextracted variables unchanged. In particular, [tj ] extracts the
coefficient of tj , and [d0] extracts the constant coefficient in d. For α ∈ Zm

≥0, we use |α| =
∑

i αi,
α! =

∏
i αi!, and ∂α

z =
∏

i ∂αi
zi

; inequalities between multi-indices are componentwise. Write [n] =
{1, . . . , n} and Ic = [n] \ I for I ⊆ [n]. Linear maps on coefficient spaces act coefficientwise on formal
series.

Proof strategy. The proof has four steps.

1. Pass to a relative C2-quotient. Regard V as a V G-module and consider

Q = RV G(V ) = V/ span{b−2v : b ∈ V G, v ∈ V }.

Taking G-invariants gives
QG ≃ RV G(V G) = V G/C2(V G).

Thus it suffices to prove that Q is finite dimensional.

2. Choose homogeneous strong generators. Since V is C2-cofinite, choose homogeneous
positive-weight strong generators u1, . . . , ud with G-stable span U . Their monomials give the
spanning classes

[ui1
−n1 · · · uiℓ

−nℓ
1] ∈ Q, ℓ ≥ 0, 1 ≤ ij ≤ d, nj ≥ 1,

where ℓ = 0 gives the vacuum class. We need two bounds:

(a) Length. Find L such that classes with ℓ ≤ L already span Q.
(b) Height. For nonempty monomials of length at most L, find H such that their classes

vanish whenever maxj nj > H.
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3. Bound the length. This is the more direct part of the argument. A good filtration, defined
by the sum of the generating states’ weights and independent of the mode indices, reduces it to
a calculation in a commutative differential algebra. Modulo the ideal generated by derivatives
of invariants, integration by parts moves all derivatives off a chosen factor in each projected
monomial. Nilpotence supplied by C2-cofiniteness, together with finite-group invariant theory,
then gives the length bound.

4. Bound the height. This is the main difficulty. We proceed in the following order.

(a) Differential equations. For n ≥ 1, consider the n-point functions Y (a1, z1) · · · Y (an, zn)1,
with the fields labeled by [n] := {1, · · · , n}. Multiplying by suitable powers of zi − zj and
passing to Q gives a power series HQ(z1, . . . , zn). For each nonempty subset I ⊆ [n], we
separate the fields labeled by I from those labeled by Ic. Weak associativity combines
the selected fields at a common coordinate t, with their relative positions fixed. The
factors joining I to Ic remain as a scalar polynomial, which we call the cross factor. After
taking invariants in the selected factors, the relative C2 relation kills the positive powers
of t in the iterated field. The cross factor therefore bounds the powers of t in the full
expression from above, while regularity excludes negative powers. Its degree determines
the differential equation (∑

i∈I

∂zi

)dI

(HQ ◦ PI) = 0,

where PI projects onto invariants in the selected factors and dI is one more than the
t-degree of the cross factor.

(b) Vacuum pairs. We may take the G-action to be faithful. For each g ̸= 1, choose
homogeneous ag with ug = (1 − g)ag ̸= 0. Simplicity gives a homogeneous wg with
(ug)wt ug+wt wg−1wg = 1. To each tensor product of homogeneous components of U , we
adjoin sufficiently many copies of the G-spans of ag and wg.

(c) A polynomial module and its support. Form the universal module M for the
differential relations on this enlarged tensor product over R = C[p1, . . . , pn], with pi

representing differentiation. Let N be the submodule generated by tensors with the chosen
auxiliary states fixed. Finite-group identities show that N is supported at the origin. Since
N is finitely generated, some power of the maximal ideal at that point annihilates it:

mq0
0 N = 0, m0 = (p1, . . . , pn).

(d) Recover the height bound. The differential equations and this annihilation relation
force the enlarged series to have bounded total degree when evaluated on tensors with the
auxiliary states fixed. Taking the vacuum term of each auxiliary pair removes the extra
fields and transfers the resulting weight bound to the original products. The mode weight
formula then bounds maxj nj .

The length and height bounds leave only finitely many choices of ℓ, ij , and nj . Hence Q is finite
dimensional, and taking invariants gives C2-cofiniteness of V G.

Acknowledgements and use of generative AI. Generative AI, including ChatGPT, was used
extensively under the author’s direction for proof exploration, calculations, checking arguments and
references, and drafting and revising the exposition. This assistance contributed substantial portions
of the initial arguments and text. The author takes responsibility for the mathematical claims and
final text.
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2 The length bound

Throughout, V is a simple vertex algebra with a connected nonnegative integer grading, and G is a
finite group of grading-preserving automorphisms. We may replace G by its image in Aut(V ) without
changing V G, and hence assume the action is faithful. Write r = |G|, B = V G, and PG = r−1∑

g∈G g
for the Reynolds projection. We use the mode convention Y (a, z) =

∑
m∈Z amz−m−1 and write T for

translation. For homogeneous a ∈ Vh, write wt a = h. Normally ordered products are associated to
the right.

In this section, assume that RV is finite dimensional.

2.1 Strong generators

A subset S ⊂ V strongly generates V if V is spanned by the monomials

W = u1
−n1 · · · uℓ

−nℓ
1, ℓ ≥ 0, ui ∈ S, ni ≥ 1. (1)

The empty product is the vacuum. The elements of S are called strong generators. If S can be
chosen finite, V is strongly finitely generated. A subspace strongly generates V if its elements do. For
homogeneous positive-weight ui, the monomial (1) has length ℓ and weight

wt W =
∑

i

wt ui +
∑

i

(ni − 1). (2)

For a nonempty monomial, its height is maxi ni; in particular, ht(W ) ≤ wt W . The identity
(T n−1u)−1 = (n − 1)!u−n expresses these monomials as normally ordered products of derivatives of
the generators, up to nonzero scalar factors; see [9, Section 3].

Write RV,+ =
⊕

w>0(RV )w. Let s be a graded linear section of the quotient map on RV,+. Taking
invariants in the space of linear maps gives the equivariant section

sG(x) = 1
r

∑
g∈G

g s(g−1x), U = sG(RV,+) ⊂ V>0.

Thus U is a finite-dimensional graded G-stable space of lifts. Let

C1(V ) = TV + span{a−1b : a, b ∈ V>0}.

The identities a−2b = (Ta)−1b and T1 = 0 give C2(V ) ⊆ C1(V ). Hence V>0 = U + C1(V ), and
induction on weight shows that U strongly generates V ; see [8, Theorem 4.10]. In particular, each
Vw is finite dimensional: after choosing a finite homogeneous basis of U , both the length and the
sum of the derivative orders of a monomial of weight w are bounded.

2.2 The relative quotient

For a vertex algebra W and a W -module M , write

RW (M) = M/ span{w−2m : w ∈ W, m ∈ M}.

In particular, RW (W ) = RW . We regard V as a module over B = V G and denote RB(V ) = RV G(V )
by Q for brevity. Thus

DB = span{b−2v : b ∈ B, v ∈ V }, Q = V/DB, q : V −→ Q. (3)
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Both DB and Q are graded. Translation gives (T m−2b)−2 = (m − 1)!b−m, so

q(b−mv) = 0 (b ∈ B, m ≥ 2). (4)

Applying PG to
∑

j bj
−2vj ∈ DB ∩ B replaces each vj by PGvj ∈ B. Hence

DB ∩ B = C2(B), QG ≃ RB. (5)

The second identification uses exactness of finite-group invariants. It is therefore enough to show
that Q is finite dimensional.

2.3 The length estimate

Lemma 2.1. Let A be a commutative G-algebra and J a G-stable ideal. Then

Jr ⊆ AJG,

where AJG is the ideal generated by the invariant elements of J .

Proof. For x ∈ J , the nonleading coefficients of
∏

g∈G(t − gx) lie in JG. Evaluating at t = x therefore
gives xr ∈ AJG. Replace x by t1x1 + · · · + trxr and compare the coefficient of t1 · · · tr. It is r!x1 · · · xr,
and r! ̸= 0.

The positive-weight ideal RV,+ of the finite-dimensional, connected graded algebra RV is nilpotent.
Choose ν ≥ 1 with

Rν
V,+ = 0. (6)

We filter by the sum of the weights of the generating states, with no contribution from the mode
indices. For p ≥ 0, define

FpV = span
{

u1
−n1 · · · uℓ

−nℓ
1 :
∑

i

wt ui ≤ p

}
. (7)

Here ℓ ≥ 0, the ui ∈ U are homogeneous, and ni ≥ 1. Set F−1V = 0, so F0V = C1. The sum∑
i wt ui differs from both the length ℓ and the weight

∑
i wt ui +

∑
i(ni − 1) of the monomial. To

check that translation preserves this filtration, use T1 = 0 and [T, u−n] = nu−n−1:

T
(
u1

−n1 · · · uℓ
−nℓ

1
)

=
ℓ∑

j=1
nj u1

−n1 · · · uj
−nj−1 · · · uℓ

−nℓ
1.

Each summand uses the same generating states, so
∑

i wt ui is unchanged. Hence TFpV ⊆ FpV ,
although translation raises the weight in V by one. For example, T ju ∈ FhV ∩ Vh+j for u ∈ U ∩ Vh.
The length bound below concerns the number ℓ of factors.

By [8, Theorem 4.11], this is a good increasing filtration:

(FpV )mFqV ⊆
{

Fp+qV, m < 0,

Fp+q−1V, m ≥ 0.

Thus A = grF V is a commutative differential algebra. For homogeneous u ∈ U , let ū be its class
in Fwt uV/Fwt u−1V . The elements T j ū, j ≥ 0, generate A, where T denotes the induced derivation.
Each FpV is graded by the original weight grading and is G-stable. The two degrees are related by

Vw ⊆ FwV, C2(V ) ∩ Vw ⊆ Fw−1V. (8)

The first inclusion follows from (2). For a ∈ Vh and b ∈ Vk, the filtration properties give a−2b =
(Ta)−1b ∈ Fh+kV . This vector lies in Vh+k+1, proving the second inclusion.
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Lemma 2.2 (Length bound). Every class in Q is represented by a linear combination of monomials
(1) in U of length at most

L = rν − 1.

Proof. Let a ⊂ A be the ideal generated by the symbols of elements of U . We first show

aν = 0. (9)

Take ν homogeneous elements of U , of total weight w. Their normally ordered product lies in C2(V )
by (6), so its symbol in filtration degree w vanishes by (8). This proves (9).

Consider the commutative algebra

Ā = A/A T (AG), J = (Ā)>0,

where the subscript denotes positive filtration degree. We claim

(JG)ν = 0. (10)

Taking invariants gives
ĀG ≃ AG/

(
AGT (AG)

)
,

since projecting the coefficients in
∑

j ajT (fj), fj ∈ AG, onto invariants shows that (A T (AG))G =
AGT (AG). Every positive-degree invariant is obtained by applying PG to a sum of monomials in T j ū.
The identity

PG((Ta)b) = TPG(ab) − PG(a(Tb))

gives, by iteration,
PG((T kū)b) ≡ (−1)kPG(ū T kb) (mod A T (AG)).

Since U is G-stable, the right side belongs to a ∩ AG. Thus every element of JG has a representative
in a ∩ AG. Products of ν such representatives vanish by (9), proving (10).

Lemma 2.1 now gives
Jrν ⊆ Ā(JG)ν = 0.

Thus Ā is spanned by monomials in T j ū of length at most rν − 1.
Give DB and Q the induced filtrations. Taking invariants gives grF B = AG. If b ∈ B ∩ FpV ,

v ∈ FsV , and σj denotes the class in FjV/Fj−1V , then

σs(v) Tσp(b) = σp+s(b−2v) ∈ grF DB.

Consequently
A T (AG) ⊆ grF DB, Ā ↠ grF Q (11)

as graded vector spaces. Lift a homogeneous spanning expression in Ā to normally ordered products
of derivatives of elements of U . Subtracting these lifts from a representative in Q lowers its filtration
degree. Induction on filtration degree proves the length bound; the lifts may be chosen to preserve
the original weight.

It remains to bound the heights of these monomials. We do this by bounding the weights in Q of
coefficients in products of a fixed number of fields.
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3 The differential equations

3.1 n-point functions

Fix n ≥ 1 and finite-dimensional homogeneous G-stable subspaces Ei ⊂ Vhi
, 1 ≤ i ≤ n, and put

E =
⊗n

i=1 Ei. For the products Y (a1, z1) · · · Y (an, zn)1, set

∆(z) =
∏
i<j

(zi − zj)hi+hj . (12)

For e = a1 ⊗ · · · ⊗ an, define

HV (z)(e) = ∆(z)Y (a1, z1) · · · Y (an, zn)1. (13)

Write HQ = q ◦ HV . The ordered product belongs to the iterated Laurent space V ((z1)) · · · ((zn)).
The factor ∆ makes it a power series in all variables.

Lemma 3.1 (Regularity). The series HV belongs to HomC(E, V [[z1, . . . , zn]]). Every coefficient of
total degree d has weight ∑

i

hi + d − deg ∆. (14)

Consequently, the projection of HV to each Vw is a homogeneous polynomial.

Proof. The grading gives amb = 0 for m ≥ wt a + wt b, so hi + hj is a locality exponent for the ith
and jth fields. After multiplication by ∆, we may reorder the fields. Moving the ith field next to
the vacuum gives Y (ai, zi)1 = eziT ai, excluding negative powers of zi. Doing this for each i proves
regularity. The mode weight rule gives (14); projection to Vw fixes the total degree, leaving finitely
many monomials.

3.2 Formal spaces and expansion maps

For a vector space W , let W [[z1, . . . , zm]] denote formal power series and W ((t)) = W [[t]][t−1] Laurent
series. The simultaneous Laurent space is

LW (z1, . . . , zm) = W [[z1, . . . , zm]][z−1
1 , . . . , z−1

m ].

An element of this space has a fixed lower bound for the exponent of each variable. This condition is
stronger than membership in an iterated Laurent space such as W ((z1))((z2)).

Fix ∅ ̸= I = {i1 < · · · < im} ⊆ [n] and introduce a common coordinate t by

zi = t + xi (i ∈ I), xim = 0.

Here x = (xi1 , . . . , xim−1) records the relative positions, and zIc remains unchanged. The substitution
defines a linear isomorphism

σI : W [[z1, . . . , zn]] −→ W [[t, x, zIc ]]. (15)

The substitution preserves total degree, so every coefficient is a finite sum. Its inverse is t = zim ,
xi = zi − zim . It satisfies

∂tσI(f) = σI(∂If), ∂I =
∑
i∈I

∂zi .

For simultaneous Laurent series in the selected coordinates, define

τI : LW (zI) −→ W ((t))[[x]] (16)
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by the binomial convention

(t + xi)k =
∑
a≥0

(
k

a

)
tk−axa

i (k ∈ Z).

If the exponents of zi in f are bounded below by ℓi, the coefficient of tsxα in τI(f) uses only indices
satisfying

ki ≥ ℓi,
∑
i∈I

ki = s + |α|.

There are finitely many such indices, and for fixed α the t-exponent is bounded below by
∑

i ℓi − |α|.
Thus τI is well defined in W ((t))[[x]]. The lower bound may depend on α. For example,

(t + x)−1 =
∑
a≥0

(−1)axat−a−1 in C((t))[[x]];

there is no uniform lower bound on its t-powers as a varies.
Multiplying by a monomial in the zi reduces injectivity of τI to that of σI : the two maps agree on

power series, and the images of the monomial factors are units in C((t))[[x]]. Both maps commute
with linear maps on W , including q. Extending τI coefficientwise gives

LW (zI)[[zIc ]] −→ W ((t))[[x, zIc ]].

Here the lower bounds may depend on the coefficient of zIc . On W [[z1, . . . , zn]], the extension agrees
with σI .

3.3 Product–iterate associativity

Separate the insertions indexed by I from those indexed by Ic and write ∆ = ∆I∆Ic∆cross. The
first two factors contain differences within each group; the cross factor contains those joining the
two groups. Every difference retains its original order zi − zj , i < j. Write ∆I(x) = σI(∆I), which
depends only on the relative coordinates. We absorb the internal factors into the following two series,
leaving the cross factor explicit.

For e = a1 ⊗ · · · ⊗ an and Ic = {l1 < · · · < ln−m}, set

CI(x) = ∆I(x)Y (ai1 , xi1) · · · Y (aim−1 , xim−1)aim ,

WIc(z) = ∆Ic(z)Y (al1 , zl1) · · · Y (aln−m , zln−m)1.

Lemma 3.1 shows that both are power series with homogeneous coefficients; for CI , use the creation
axiom to set the last selected coordinate to zero. Write

CI(x) =
∑
α≥0

cαxα, WIc(z) =
∑
γ≥0

vγzγ .

For I = {i} set CI = ai; for Ic = ∅ set WIc = 1.

Lemma 3.2 (Product–iterate associativity). With the preceding definitions,

(σIHV )(e) = σI(∆cross)
∑
α,γ

xαzγY (cα, t)vγ (17)

in V ((t))[[x, zIc ]]. Here the cross factor is

σI(∆cross) =
∏

i∈I, j /∈I
i<j

(t + xi − zj)hi+hj
∏

i∈I, j /∈I
j<i

(zj − t − xi)hi+hj ,
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where xim = 0. This is a polynomial in t, x, zIc, with

degt σI(∆cross) =
∑

i∈I, j /∈I

(hi + hj).

The coefficients of xαzγ in the sum in (17) are Laurent series in t. After multiplication by the cross
factor, the full expression equals the left-hand side and belongs to V [[t, x, zIc ]]. Thus the complete
expression has no negative powers of t.

Proof. For a homogeneous v ∈ Vb, put

Lv(zI) = ∆I(zI)Y (ai1 , zi1) · · · Y (aim , zim)v.

Locality moves each selected field next to v. The grading then bounds its coordinate exponent below
by −hi − b, so Lv ∈ LV (zI). The product–iterate form of weak associativity gives

τILv =
∑
α≥0

xαY (cα, t)v in V ((t))[[x]]. (18)

Appendix A proves this identity with the expansion map (16); see also [5] and [4, Propositions 2.6
and 2.7].

After multiplication by the full polynomial ∆, locality lets us put the fields indexed by I before
the remaining fields. Expanding WIc gives the identity

HV (z)(e) = ∆cross(z)
∑
γ≥0

zγLvγ (zI)

in LV (zI)[[zIc ]]. Apply τI coefficientwise in zIc . On the regular left side it agrees with σI ; on the
right, (18) applies to each homogeneous vγ . The cross factor makes only finitely many shifts of each
coefficient. This proves (17).

3.4 Taking invariants

For I ⊆ [n], let PI be the Reynolds projection onto invariants for the simultaneous G-action on the
factors indexed by I, leaving the other factors fixed:

PI(a1 ⊗ · · · ⊗ an) = 1
r

∑
g∈G

b1(g) ⊗ · · · ⊗ bn(g), bi(g) =
{

gai, i ∈ I,

ai, i /∈ I.

Lemma 3.3 (Partial-translation equations). For ∅ ̸= I ⊆ [n], put

∂I =
∑
i∈I

∂zi , dI = 1 +
∑

i∈I, j /∈I

(hi + hj).

Then
∂dI

I

(
HQ(z) ◦ PI

)
= 0. (19)

Proof. Precompose (17) with PI and apply q. Equivariance replaces cα by c̄α = PGcα ∈ B. For every
j ≥ 1, equation (4) gives

[tj ]qY (c̄α, t)vγ = q((c̄α)−j−1vγ) = 0.

Together with lower truncation, this gives qY (c̄α, t)vγ ∈ Q[t−1].
Put D = dI − 1. By Lemma 3.2, the cross factor has t-degree D. This factor can still contribute

positive powers of t. Multiplying it by the Q-valued field series leaves none above D. Thus the full
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right-hand side, after applying PI and q, lies in tDQ[t−1][[x, zIc ]]. The same lemma identifies it with
a power series in all variables, so it has no negative powers of t. Inside Q((t))[[x, zIc ]],

Q[[t, x, zIc ]] ∩ tDQ[t−1][[x, zIc ]] = Q[[x, zIc ]][t]≤D.

The right side consists of polynomials in t of degree at most D, with coefficients in Q[[x, zIc ]].
Differentiating dI = D + 1 times gives ∂dI

t σI(HQ ◦ PI) = 0. The chain rule and injectivity of σI give
(19).

For example, take homogeneous states a, b, c of weights h1, h2, h3, put e = a ⊗ b ⊗ c, and let
I = {1, 3}. With z1 = t + x, z2 = y, and z3 = t, we have

CI(x) = xh1+h3Y (a, x)c, WIc(y) = eyT b,

and
σI(∆cross) = (t + x − y)h1+h2(y − t)h2+h3 .

The factor y − t retains the order z2 − z3. Equation (17) becomes

(σIHV )(e) = σI(∆cross)Y (CI(x), t)eyT b in V ((t))[[x, y]],

with the field on the right applied coefficientwise. Taking invariants in the first and third factors
makes every coefficient of CI invariant. After passage to Q, the cross factor bounds the t-degree by
h1 + 2h2 + h3, while regularity excludes negative powers. Hence

(∂z1 + ∂z3)h1+2h2+h3+1(HQ ◦ P{1,3}) = 0.

4 The height bound

We prove the following uniform weight bound. For monomials in homogeneous positive-weight states,
it also bounds height by (2).

Proposition 4.1. Let X ⊂ V be a finite-dimensional graded G-stable subspace and let s ≥ 1. There
is an integer H = H(X, s) ≥ 0 such that, for every 1 ≤ k ≤ s and a1, . . . , ak ∈ X, all coefficients of

q
(
Y (a1, z1) · · · Y (ak, zk)1

)
belong to

⊕H
w=0 Qw.

4.1 Two finite-group identities

For a tensor product of G-modules, PI denotes the projection onto invariants for the simultaneous
action on the factors indexed by I.

Lemma 4.2. For r finite-dimensional G-modules F1, . . . , Fr,
r⊗

i=1
Fi =

∑
∅̸=I⊆[r]

im PI . (20)

Further, let F0 and Fg for g ̸= 1 be G-modules. For v ∈ F0 and ag ∈ Fg,

v ⊗
⊗
g ̸=1

(1 − g)ag ∈
∑

J⊆G\{1}
im P{0}∪J . (21)

Both identities remain valid after adjoining arbitrary other factors.

10



Proof. Apply Lemma 2.1 to the ideal of positive-degree elements in A = Sym(
⊕

i Fi) and take
multidegree (1, . . . , 1). An invariant factor in this degree uses a nonempty subset of the Fi; multiplying
by the remaining factors gives (20).

For (21), use the identity∑
h∈G

hv ⊗
⊗
g ̸=1

(hag − gag) = v ⊗
⊗
g ̸=1

(ag − gag). (22)

Every summand with h ≠ 1 vanishes in its factor indexed by g = h. Expand the left side according
to the subset J on which hag is chosen. The corresponding sum over h is, up to sign, rP{0}∪J applied
to a tensor whose remaining factors are fixed. This proves (21).

4.2 Pairs with a vacuum coefficient

The following lemma provides the pairs of states used in the proof.

Lemma 4.3 (Vacuum coefficients). For every nonzero u ∈ Vh, h > 0, there is a homogeneous w ∈ Vk,
k > 0, such that

uh+k−1w ̸= 0 in C1.

Proof. Let π0 : V → V0 = C1 be the graded projection, and put

J = {v ∈ V : π0Y (a, z)v = 0 for all a ∈ V }.

The grading shows that J is graded. Let a, b, v be homogeneous with v ∈ J , and set N = wt a + wt b.
Every coefficient of π0Y (Y (a, x)b, t)v vanishes. The two-field case of (18), and the fact that π0
commutes with τ{1,2}, give

τ{1,2}
(
π0(z1 − z2)N Y (a, z1)Y (b, z2)v

)
= 0.

The expression inside the map belongs to LV0(z1, z2). Injectivity of the map makes it zero. The scalar
factor (z1 − z2)N is invertible in the original ordered space V0((z1))((z2)), so π0Y (a, z1)Y (b, z2)v = 0
there. Taking coefficients shows that bmv ∈ J for all b, m. Also π0T = 0 and translation covariance
give

π0Y (a, z)Tv = −∂zπ0Y (a, z)v = 0.

Thus J is stable under all left modes and T , hence is an ideal by skew symmetry. It does not contain
1, and simplicity gives J = 0.

Thus ah+k−1u ∈ C×1 for some homogeneous a ∈ Vk. Necessarily k > 0, since Y (1, z)u = u. Skew
symmetry Y (u, z)a = ezT Y (a, −z)u gives

uh+k−1a = (−1)h+kah+k−1u.

The terms involving positive powers of T have zero vacuum component. Take w = a.

Assume r > 1. For each g ≠ 1, choose a homogeneous ag with gag ̸= ag, and set ug = (1 − g)ag.
By Lemma 4.3, we can choose and rescale a homogeneous wg so that

(ug)hg+kg−1wg = 1, hg = wt ug, kg = wt wg. (23)

All higher modes vanish by the grading. Let

Ug = span{hag : h ∈ G}, Wg = span{hwg : h ∈ G}.

11



These are finite-dimensional homogeneous G-spaces, and ag, ug ∈ Ug.
Fix finite-dimensional homogeneous G-stable subspaces Ei ⊂ Vhi

, 1 ≤ i ≤ k, and put E =
⊗

i Ei.
We adjoin 2r − 1 copies of each pair (ug, wg) by setting

Ẽ = E ⊗
⊗
g ̸=1

(Ug ⊗ Wg)⊗(2r−1),

ξ =
⊗
g ̸=1

(ug ⊗ wg)⊗(2r−1).

Write the pairs in ξ as (ut, wt), 1 ≤ t ≤ N , where

N = (r − 1)(2r − 1). (24)

4.3 The polynomial relation module

We encode the differential equations of Lemma 3.3 as relations over a polynomial ring. The tensor
product Ẽ has n = k + 2N factors; let dI be the corresponding orders. Put R = C[p1, . . . , pn] and
pI =

∑
i∈I pi. Define

M = R ⊗ Ẽ∑
∅̸=I⊆[n]

R pdI
I PIẼ

. (25)

The variable pi represents differentiation in the variable of the ith field. Let N be the R-submodule
of M generated by the image of E ⊗ ξ. It is finitely generated because E is finite dimensional.

Lemma 4.4 (Support at the origin). For some integer q0 ≥ 1,

(p1, . . . , pn)q0N = 0. (26)

Proof. For λ = (λ1, . . . , λn) ∈ Cn, write mλ = (p1 − λ1, . . . , pn − λn) for the corresponding maximal
ideal of R. We show that the localization Nmλ

vanishes whenever λ ̸= 0. Put S = {i : λi ̸= 0}.
Suppose first that |S| ≥ 2r−1. Choose a line through the origin which contains none of the nonzero

λi. One of its open half-planes contains at least r of these numbers; let J be the corresponding set of
r indices. Every nonempty subset sum of these numbers is nonzero, because its projection onto a
common real direction is strictly positive. Hence pI is a unit in Rmλ

for every nonempty I ⊆ J . The
relations in (25) kill PIẼ in Mmλ

for all such I. Equation (20), with the remaining tensor factors
fixed, shows that these images span Ẽ. Thus Mmλ

= 0.
Now suppose 1 ≤ |S| ≤ 2r − 2, and choose j ∈ S. For each g ≠ 1, one of the 2r − 1 copies of ug in

ξ has an index ig /∈ S. The indices ig are distinct. Apply (21) to the factor indexed by j and these
copies of ug = (1 − g)ag, leaving the remaining factors fixed. By linearity, for every e ∈ E this gives

e ⊗ ξ ∈
∑

I⊆Sc

P{j}∪IẼ.

For each such I, p{j}∪I(λ) = λj ̸= 0. The defining relations therefore kill all the indicated images in
Mmλ

. The generators of N vanish there, so Nmλ
= 0.

Since N is finitely generated, its support is the zero set of its annihilator. The preceding localizations
and the Nullstellensatz imply

(p1, . . . , pn) ⊆
√

AnnR N ;

see [13, Tags 00L2 and 00FV]. Choose ei ≥ 1 with pei
i N = 0. Every monomial of total degree at least

q0 = 1 +
∑

i(ei − 1) is divisible by one of these powers, which proves (26). If N = 0, take q0 = 1.
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4.4 Proof of the weight bound

Proof of Proposition 4.1. By linearity, it suffices to take ai in homogeneous components Ei = X ∩Vhi
.

We fix k and h1, . . . , hk and prove a bound independent of the ai and the mode indices. Since k ≤ s
and X has finitely many weights, the maximum of these bounds and 0 gives H(X, s).

If r = 1, every singleton projection is the identity. The equations in Lemma 3.3 bound the degree
in each variable of HQ, so (14) gives the result after division by ∆ in the ordered Laurent expansion.

Assume r > 1 and form Ẽ as above. Give the original fields variables z1, . . . , zk and the tth
auxiliary pair variables xt, yt. Put Ht = wt ut and Kt = wt wt. For auxiliary states bt, ct in their
respective tensor factors, list all n = k + 2N states and variables in tensor order:

(A1, . . . , An) = (a1, . . . , ak, b1, c1, . . . , bN , cN ),
(ζ1, . . . , ζn) = (z1, . . . , zk, x1, y1, . . . , xN , yN ).

Let ηi be the weight of the ith tensor factor and write ẽ = A1 ⊗ · · · ⊗ An. Define

∆̃(z, x, y) =
∏

1≤i<j≤n

(ζi − ζj)ηi+ηj (27)

and
H̃Q(z, x, y)(ẽ) = ∆̃(z, x, y) q

(
Y (A1, ζ1) · · · Y (An, ζn)1

)
. (28)

The product in (27) runs over every pair of original and auxiliary fields. Thus it includes ∆(z),
the factors (xt − yt)Ht+Kt , and all factors between distinct auxiliary pairs or between original and
auxiliary fields. Lemma 3.1 gives H̃Q ∈ HomC(Ẽ, Q[[z, x, y]]), and Lemma 3.3 gives the differential
equations for these k + 2N fields.

Using the tensor-order coordinates ζ1, . . . , ζn, write ∂α =
∏

i ∂αi
ζi

. Differentiation at zero defines a
linear map

R ⊗ Ẽ −→ Q, pα ⊗ v 7−→ (∂αH̃Q)(0)(v) (29)

that factors through M . Indeed, the image of pαpdI
I PIv is obtained by differentiating (19) and

evaluating at zero, and is therefore zero. Taylor coefficients differ from these derivatives by the
nonzero factors α!. Lemma 4.4 therefore shows that

F (z, x, y)(e) = H̃Q(z, x, y)(e ⊗ ξ) (30)

is a polynomial of total degree less than q0. Here the auxiliary states in (28) have been fixed to
bt = ut and ct = wt.

Put D̃ = deg ∆̃ and h̃ =
∑k

i=1 hi +
∑N

t=1(Ht + Kt). By (14), the projection Fw of F to Qw is
homogeneous of total degree w − h̃ + D̃. Consequently

Fw = 0 if w > H := max{0, h̃ + q0 − 1 − D̃}. (31)

It remains to transfer this vanishing to the original product.
Equation (23) and the grading give

dHt+KtY (ut, d)wt = 1 + dAt(d), At(d) ∈ V [[d]].

Apply Lemma 3.2 to this auxiliary pair, with common coordinate yt and relative coordinate d = xt−yt.
The full factor ∆̃ remains present. The internal series for the pair is 1 + dAt(d), so the constant
coefficient in d of its iterated field is Y (1, yt) = id. The cross factors are polynomials in d with
nonnegative powers, and their constant coefficients are their values at xt = yt. Thus taking [d0]
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removes the pair and evaluates these factors on that diagonal. On the left this is the ordinary
polynomial substitution xt = yt, since F is already a polynomial. Apply this argument to the
auxiliary pairs in turn. Previously extracted scalar factors remain polynomials with nonnegative
powers of each new relative coordinate. We obtain

F (z, y, y) = C(z, y)HQ(z), (32)

where HQ is defined by E1, . . . , Ek and

C(z, y) =
k∏

i=1

N∏
t=1

(zi − yt)2hi+Ht+Kt
∏

1≤t<v≤N

(yt − yv)2(Ht+Kt+Hv+Kv). (33)

The original factors ∆(z) remain in HQ(z). The factors between original and auxiliary fields, and
between distinct auxiliary pairs, in (27) give C(z, y). In particular, C ̸= 0.

For w > H, project (32) to Qw. Equation (31) gives C(z, y)(HQ)w(z) = 0. Multiplication by the
nonzero scalar polynomial C is injective on vector-valued polynomials, so (HQ)w = 0. Finally, ∆ is
invertible in the original ordered space Q((z1)) · · · ((zk)). Dividing by it shows that every coefficient
of weight w in the original product vanishes.

5 Cofiniteness and its consequences

Proof of Theorem 1.1. Let U be the finite-dimensional graded G-stable strong generating space of
Section 2.1, and choose ν with Rν

V,+ = 0. Lemma 2.2 spans Q by monomials of length at most
L = rν − 1. Apply Proposition 4.1 with X = U and s = max{1, L}. With H = H(U, s), we obtain
Qw = 0 for w > H . Each Vw is finite dimensional, and hence so is Q =

⊕
w≤H Qw. Equation (5) now

gives dim B/C2(B) < ∞.
More explicitly, for a homogeneous basis u1, . . . , ud of U ,

Q = span
{

q(1), q(ui1
−n1 · · · uiℓ

−nℓ
1) : 1 ≤ ℓ ≤ L, 1 ≤ ij ≤ d, 1 ≤ nj ≤ H

}
.

The height bound follows from (2).

Recall that a vertex operator algebra is strongly rational if it is simple, of CFT type, self-
contragredient, rational, and C2-cofinite. Here rationality means complete reducibility of admissible
modules.

Corollary 5.1. Let V be a strongly rational vertex operator algebra and G a finite group of automor-
phisms. Then V G is strongly rational.

Proof. Theorem 1.1 gives C2-cofiniteness of V G. McRae’s theorem [10, Corollary 4.23] then gives
strong rationality.

Proof of Theorem 1.2. Choose a finite-dimensional graded G-stable strong generating space X ⊂ V>0
and use the filtration (7), with X in place of U : each generating state contributes its weight,
independently of its mode index. Put S = Sym(

⊕
j≥0 X(j)), where X(j) is a copy of X representing

T jX. The equivariant surjection S ↠ grF V induces

SG ↠ (grF V )G = grF B

by exactness of taking G-invariants. Each polynomial involves only finitely many copies X(j).
Applying Noether’s degree bound [12] to their direct sum shows that SG is generated by the elements
PG(m), where m ranges over monomials with at most r factors.
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Choose a finite homogeneous basis X of X. Lift these invariant elements by applying PG to the
corresponding right-associated normally ordered products of derivatives of elements of X . Induction
on filtration degree expresses every state of B as a linear combination of normally ordered products
of these lifts. Their classes therefore generate RB as an algebra.

By Proposition 4.1 with s = r, every lift of weight greater than HX = H(X, r) belongs to
DB ∩ B = C2(B). Only finitely many lifts have weight at most HX : each uses at most r elements
of the finite basis X , and their derivative orders are bounded. Their positive-weight members span
B>0/C1(B): products of two positive-weight states and C2(B) lie in C1(B). Weight induction, or [8,
Theorem 4.10], now gives finite strong generation.

Remark 5.2. In Theorems 1.1 and 1.2, simplicity can be replaced by the following condition: for each
g ∈ G acting nontrivially on V , there are homogeneous ag, wg such that ug = (1 − g)ag ̸= 0 and

(ug)wt ug+wt wg−1wg ∈ C×1.

These pairs replace those supplied by Lemma 4.3.

A Proof of product–iterate associativity

We verify the identity used in (18) directly from locality. Let ai ∈ Vhi
, 1 ≤ i ≤ m, and put

∆m(z) =
∏
i<j

(zi − zj)hi+hj , D = deg ∆m.

With xm = 0, write
∆m(x)Y (a1, x1) · · · Y (am−1, xm−1)am =

∑
α≥0

cαxα.

For m = 1, the assertion is immediate. Suppose m ≥ 2. For a homogeneous v ∈ Vb, expand

Lv(z) = ∆m(z)Y (a1, z1) · · · Y (am, zm)v =
∑

k

Ak(v)zk.

Locality moves each field next to v, giving the coordinate bounds ki ≥ −hi − b. In particular,
Lv ∈ LV (z), so the expansion map τ = τ{1,...,m} of (16) applies. Define Fα(t)v = [xα]τLv and extend
linearly in v. Explicitly,

[ts]Fα(t)v =
∑

ki≥−hi−b∑
i

ki=s+|α|

(∏
i<m

(
ki

αi

))
Ak(v). (A.1)

The sum is finite. Its value has weight b + hα + s, where hα =
∑

i hi + |α| − D. Thus Fα(t) is a field:
it is lower truncated on every vector.

We next show that Fα is local with every vertex operator. Fix a homogeneous a ∈ Vh and put

P (z, y) =
m∏

i=1
(zi − y)hi+h, N =

∑
i

(hi + h).

Locality of the original fields gives

P (z, y)∆m(z)[Y (a1, z1) · · · Y (am, zm), Y (a, y)] = 0.
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Apply this identity to a homogeneous v ∈ V . For each fixed power of y, the two products after
multiplication by ∆m have lower bounds in all the zi. For the first product, apply the bound for
Lv to the corresponding coefficient of Y (a, y)v; for the second, apply that mode of Y (a, y) to the
coefficients of Lv. Thus (A.1) defines the substitution coefficientwise in y on both sides. It commutes
with those fixed modes. Multiplication by the polynomial P introduces only finitely many index
shifts, so it also commutes with the expansion. The resulting equality lies in DV (t, y)[[x]], where

DV (t, y) =
∏

p,q∈Z
V tpyq

is the space of formal distributions. Multiplication by a scalar polynomial is defined by finite sums in
this space. We use no cancellation of t − y. Write

P (t + x, y) =
∑

ν

pν(t − y)N−|ν|xν , p0 = 1.

Since this holds for every v, taking the coefficient of xα yields∑
ν≤α

pν(t − y)N−|ν|[Fα−ν(t), Y (a, y)] = 0.

Induction on |α|, after multiplication by (t − y)|α|, gives

(t − y)N+|α|[Fα(t), Y (a, y)] = 0.

The exponent is independent of v.
The series L1 lies in V [[z1, . . . , zm]], where τ agrees with the regular substitution σ = σ[m].

Translation covariance and the translation invariance of ∆m give ∂t(σL1) = T (σL1). At t = 0, the
creation axiom gives (σL1)|t=0 =

∑
α cαxα. Solving this formal differential equation coefficientwise

yields
Fα(t)1 = etT cα.

The field Dα(t) = Fα(t) − Y (cα, t) therefore annihilates the vacuum and is local with every Y (a, y).
Apply locality to 1 and take the constant coefficient in y. For a sufficiently large integer L, this gives
tLDα(t)a = 0, and hence Dα(t)a = 0 for every a. Thus Fα(t) = Y (cα, t).

It follows that
τLv =

∑
α≥0

xαY (cα, t)v in V ((t))[[x]],

which is precisely (18). Every substitution used above is defined by the finite coefficient formula
(A.1).
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